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Contributions of the Energy Level Structure of the af115d1 Intermediate
~ Configuration to the Electronic Raman Scattering Intensities of TmPOA
* .

- Xia Shangda, Glen M. Williams, and Norman M. Edelstein

Materials and Chemical Sciences Division
Lawrence Berkeley Laboratory

1 Cyclotron Road

Berkeley, California 94720 U.S.A.

Abstract

We present a direct calculation of electronic Raman scattering
intensities of TmPO, by considering the detailed energy structure of the
intermediate configuration 4f115d1. The calculated relative intensities
for 24 electronic Raman transitions are improved (as compared to the
experimental results) and the scattering intensities are about five
times larger than the predictions of the Judd-Ofelt-Axe theory when the
same value of the radial factor I(Aflr]Sdblz is used. The asymmetry of
the 3H6F1 - 3H6F5 transition intensities and the contributions of
"quantum number mixing" of intermediate states caused by various
stationary perturbations are discussed. In addition, we discuss the

 significance of this direct calculation to the Judd-OféLt theory of one-

photon processes in rare earth crystals.

*Permanent address: Department of Physics, The University of Science and

Technology of China, Heifei, Anhui, China.



(I) Introduction

The availability of laser sources has resulted in detailed
investigations of two-photon processes of rare-earth ions in crystals.

For example, transitions which are not allowed by one-photon processes

1,2

can be studied experimentaliy by two-photon processes. The Judd-

Ofelt-Axe (J-0-4) formulat:ion3’4 for the intensities of rare earth

transitions has been applied to the results of these studies and appears
to be somewhat inadequate. To explain the disagreement between

experimental data and J-0-A calculation, higher-order terms of the

stationary perturbations including spin-orbit coupling, crystal-field

1,5

interaction, etc. are required. Even with these corrections, J-0-A

theory does not seem able to solve all the discrepancies. For instance,
the calculated asymmetry of the electronic Raman scattering of the

3H6P1 - 3H6P5 transition in a crystal of TmPO4 disagrees markedly with

2,6,7 It is worthwhile to do further calculations to

the observed value.
find the reasons for the discrepancies.

In this paper, we have used the analyzed experimental data for
Er3+(4f11) and Ce3+(5d1) to estimate the energy level structure of the

intermediate configuration 4f115d1 of TmPOa.s’9 By neglecting both the

1 core and the Sd1 electron, and the

Coulomb interaction between the 4f
crystal-field splitting within the afll term, we have carried out a

direct calculation of the intensities of the electronic Raman scattéring
of TmPO,, . The calculation scheme and formulas are exp1ained in Section

II, Table 1, and Appendices A and B. The results are presented and

discussed in Section III and Table 2.



(I1) Calculation Scheme and Formulas

(1) Formulas for the Electronic Raman Scattering Amplitude

The scattering tensor, which represents the amplitude of the
scattering of an incident photon of polarization ¢ and energy #Aw into a
photon of polarization p and energy ﬁws with the atomic system making a
transition from the initial electronic state |I) to the final state |F),

can be written [1}:

(1L

(FIp_[3)¢3Ip_|1)  (FID_|J){IID |T)
(apa)FI = Z hw . -fiw :

+
5 3 hw J+fws
Quite often this equation is quoted in the literature without the minus
sign that precedes it. This can lead to serious error if interference
with other amplitude channels are being considered or some correction

terms are being added. It is easy to see that this minus sign comes

from the second term of the following time-dependent perturbation

‘ formula for the radiative transition rate:

(F|H,|3) (I |H,|T)
1. if’z' |(FlHg (1) - %§ IwJ-wI 2, ... (2)

where Hp is the material-radiation interaction Hamiltonian.

We want to emphasize here the intermediate state IJ) and its energy
EJ-ﬁwJ. Based on time-dependent perturbation theory, state ]J) should
belong to the same stationary basis-function set as |I) and |F), and the

——————



energy Evahould be the corresponding stationary energy. We may expand
state |J) and keep the energy E;.

We now look at the well-known "closure" suggested by B.R. Juda? and
G.S. Ofelt and J.D. Axe, Jr.a from the above point of view. They
assumed all the states in a given intermediate configuration, for
example AfN-15dl, are totally degenerate. We can consider the states
|J> as the Oth order antisymmetric determinant function
Wo - |(4fmsm£)11(5dm;m;)1> which is an eigenfunction of the central
field Hamiltonian Hy in a stationary perturbation treatment while the
Coulomb interaction Hl between (N-1) electrons, tﬁe spin-orbit
interaction Hz, and crystal-field interaction H3 are perturbation
Hamiltonians. Due to the complete degeneracy of EJ and in the limit of
a given intermediate configuration, no matter what kind of
eigenfunntion, (i.e. the eigenfunctions of HO or Ho + H1 (i=1,2,3) or HO
+ H o+ Hj (imj=1,2,3) or H, +‘H1 + Hy + Hy) we take as [J) the same
results will be obtained by the summation over |J> in formula (1). The
reason for this is the eigenfunctions ]J) are linear combination of ¥o's
and all the‘pross-terms will totally cancel. The errors introduced by
"closure” are due to the use of average energy denominators for the
summation of non-cross-terms in |J)(J|, and the total cancellation of

cross-terms.

(2) Direct Calculation Scheme

|
We present a direct and detailed calculation of the contributions

in Equation (1) from the most important intermediate configuration

&f]‘lSd1 of the TmPO,, crystal, by ignoring for simplicity both the
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Coulomb interaction between 4f™" and Sd1 and the crystal-field splitﬁing

ofvafll. The energy levels and wavefunctions of afll

3

are obtained by

4 6

diagonalizing the energy matrix of Er * in LuPOa8 assuming Bg - Bo - Bo

- BZ = 0. Energy levels and wavefunctions for Sd1 are obtained from the

3+ 4n LuPO, . 9 3+

wavefunctions and energy levels are shown in Table 1. The neglect of

11 and Sd1 makes the energy structure of the

analysis of experimental absorption data of Ce The Ce

interactions between 4f

1

configuration 4f1 Sd1 of TmPOa very simple. Every one of the 41 levels

for Afll

of Sdl. The crystal-field parameter BZ of 54

is split into 5 levels corresponding to the 5 Kramers doublets

1 is large so that the Jz

mixing (AJz = $4) is extensive as shown in Table 1. The energy

f115d1 configuration and the

ground state of the TmPO, crystal is estimated to be 63040 + 136 cmﬂl -

1

difference between the lowest level of the 4

63176 cm'l where 63040 cm = is the energy of the lowest O-phonon f - d

3 10 1
2

half-width of crystal-field split band of the lowest multiplet [1‘1]15/2

of Er3+ in LuPOa.8 The energies and wavefunctions of the initial and

transition in the absorption data of Tm * in caF and 136 cm ~ is the

final states of electronic Raman scattering of the TmPOa crystal are
obtained from Ref. 6. The details of the calculation are shown in

Appendix A.

1
(3) Contributions of "cross-terms" of |J)(J| caused by stationary
perturbations
To explain disagreements between the J-0-A predictions and the

experimental data of two-photon processes in lanthanide(III) systenms,



various authors have introduced higher-order correction terms for the
intermediate configurations. For example, Judd and Poolers.have
introduced higher-order terms involving spin-orbit mixing, Downer1
included higher-order terms of the crystal-field and spin-orbit

11-13 onsidered

interactions, Sztucki and Strek, and Reid and Richardson
the so-called static and dynamic coupling bétwéen the lanthanide ion and
ligand ions, etc. In our calculation we can separate out the
contributions from the various kinds of cross-terms which are caused by
the respective perturbation Hamiltonians and which lead to the

corresponding "mixing" of state quantum numbers. The details of these

calculations are shown in Appendix B.

VY



(ITI). Results and Discussions
The calculated results are listed together with the J-0-A
calculations and with the experimental data in Table 2. There are

several points to note.

(1) Improvement in the calculation of the felative scattering
intensities

For most of the transitions our calculations of the relative
intensities are closer to the experimental values than the J-0-A theory
(especially for transition Nos. 2, 4, 6, 14, 16, 24). Two transitions
are predicted to be weak and were unobserved (No. 15 and No. 23), and
for our calculations were a little worse. Transitions 7, 8, and 9 are
predicted to be observable but were not. We have explained their
absence by considering a "two optical phonon decay"” model for the final

states ) (248 em 1y and r, (256 cm™ 1y 14

(2) Values of the scattering amplitudes

It is surprising that our values of (apa)FI are very different from
the J-0-A’s values. Generally speaking, most of our (apa)FI values are
just over twice the J-0-A values as shown in Table 2. Therefore our
values of I(apa)nl2 will be about five times greater if the same value
of the radial factor |(4f|r|5d)|2 is used in both cases. The reason for
this large difference is that the initial and final multiplets of Tm3+
are the lowest or next lowest multiplets of the ground configuration
Aflz, that is 3“6 and [3F]4 of the TmPO,, crystal. These multiplets are

related mainly to the lowest or the very low terms of the configuration



4£lsal.  Indeed the summation ¥ 1(£'2 3u(jetlays L) |2 = 0.70
- a,S,L
1°171
. 4 4, 2 2, 4
when (allel) only goes over the lowest five terms I, F, “H2, “K, G,

while it equals 1.00 when (allel) goes over all 17 terms of the Afll B
configuration. These low-lying terms play the main part as intermediate
states of the scattering, and usually decide the signs of the scattering

matrix elements.

We can compare the two kinds of calculation as follows. In our

example Edf = 110 x 103 cm'l, ko = 20 x 103 cm'l; and the lowest crystal
. 4 . pay 3 -1
field level EJm = E( 115/2, P7) = 63 x 10" cm ~. So
2E
1 1 Jm -3
+ = — = 0,0353 x 10 cm.
EJm-hw EJm+hw E§ _ﬁ2w2
m
For the J-0-A calculation
1 + 1 T SRR T 0.0182 x 10°2 cm
EJ-hw EJ+hw = EZ 22 T . ) ’

agh e Eyr

In the above example the ratio between our calculation and the
J-0-A value is close to 2 if all the energy levels of the Aflldl
configuration areAassumed to be at the energy of the lowest level EJm'
Furthermore, contributions to the scattering matrix eléments from
higher-lying states are usually of the opposite sign, but their higher-
energy denominators make their contributions less important than in the
" assumed case in which EJ - EJm*for any J. Therefore we'expect the

ratios to be larger than 2 for most transitions. Thus, the lower states

of the intermediate configuration are the most important which results \



in values of the scattering amplitude in our direct calculation that are
more than twice as large as the J-0-A values.

It is possible that our values of (apa)FI can help explain the
discrepancy mentioned by Judd3 when he presented his theory 25 years

ago. He pointed out that the empirical values of T2, T T6 of Er3+

4
were 5-10 times larger than the calculated ones. If the numerical
estimates of the configuration average energy A(n’'2') in the expression
Z(A,t) were changed to be about half as large as found for the Raman
case, the calculated values of the radial parameters TA would be about
four to five times larger and would be approximately equal to the
empirical values. Since most studies have used the J-0-A formalism for
the calculation of relative intensities or for the fitting of empirical

parameters, the absolute values of the parameters have not been

important.

(3) Contributions of various cross-terms to the scattering amplitude
Calculations described in Appendix B allow the various "cross-term
contributions” to be separated out and are shown in columns (A), (B),
(C), (D) of Table 2.
As can be seen from column (B), the cross-term contribution from

Hs L is very important for some transitions. For example, even for the
171 : '

1
strongest transition 3, the contribution is about 10%X. We find a
similar contribuﬁion for transitions 4, 9, 11, 14, etc. For transitions
17, 18, and 24, the contribution is around 20X. Thus our results are

consistent with earlier work by Judd and Pooler.5
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The cross-term contributions from hcd of Sdl [see column (C)],

usually are less than from Hs L.’ but most are of the same order of

171
magnitude. For transitions 5 and 12, they are much bigger than from -
Hs L. " So they cannot be neglected, as others have not:ed.l’ll’12
171 -

The contributions from cross-terms caused by hsl of Sd1 [see column
(D)] are one order of magnitude smaller than those caused by hcd and are
not important.
(4) The asymmetry of transitions 3H6F1 - 3H6P5
(a) In the J-0-A theory the scattering asymmetries are related to the

ratio of two parameters Fl and F,. These parameters are given by

| | 2 —_—
P50 _ (-1)t-7-(2x2+1)-[3 : g] -<§f|r|5db2. Jaeel - {1 32

31¢
(-1)©
'[E per R - ] 3
af "¢ af" e
PR Fy
Using the value of E . of 109,400 cm ~, = ,238. Values for may

also be determined by equating the expressions derived from the J-0-A
theory for the scattering asymmetries with the values of the scattering

asymmetries determined from the results of our direct calculation. For

F

the pairs 1-2, 4-5, and 10-11 we find that 7= 1is 0.127, 0.184, and
2 )

0.127 (average 0.146), respectively. Thus the "closure" overestimates

F
the value of Fl . v
2
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(b) However, the corrections introduced by our calculation still do not

adequately explain the asymmetry. Becker et al.6 found that the
F
observed asymmetries were best fit by a value of Fl - -.03 - 0.
2
Our direct calculation neglects the crystal-field interaction of

11

4f"" but this does not seem important here.. We have also ignored the

1 and 5d1 configurations including

Coulomb interaction between the Afl
the removal of Kramers degeneracies, but the inclusion of this
interaction does not seem able to change the sign of the ratio
F{Sd)/F§5d). The removal of the Kramers degeneracy cannot change apn of
transitions 2, 5, and 11 because the matrix elements of (apa)FI are of
the type (FIDolJ)(JID_1|I> where D_, belongs to an irreducible basis of
Ty-symmetry (Dy,), 1) is of T, -symmetry, so (J| must be of the Ts-
symmetry which is doubiy degenerate and similar to a Kramers degeneracy.
Thus the intermediate states for these transitions would be
doubly-degenerate after inclusion of the Coulomb interaction. Keeping
these three aD's unchanged, it is difficult to believe the ratio

F§5d)/F§5d) could change greatly.

J. Sztucki and W. Strek11

suggested that the crystal field might
have important contributions to the asymmetry problem. According to our
results, the cross-terms caused by hcd do not solve this discrepancy.

On the contrary, ap of transition 5 decreased markedly which is the
reason why the ratio F{Sd)/F§5d) = 0.184 for the second 5air is bigger

than 0.127 for the other two pairs.
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Conclusion

3+:LuPO

A calculation of the Raman scattering cross-section for Tm 4

including the detailed structure in the intermediate configuration
afllsdl has been given. It has been shown that the lowest-lying stéces
of this intermediate configuration are the major contributors to the
Raman cross-section. The contributions to ﬁhe cross-sections from the

intermediate state mixing caused by various terms in the stationary

Hamiltonian have been evaluated.
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Table 1. Energy Levels and Eigenfunctions for the

5d1 Configuration in Ce3+:LuPO4
Energy
(em Eigenfunctions®
r§ 0.376|5/2,-3/2) -0.742|5/2,5/2) +0.55513/2,-3/2)
50000 »
sk 0.376]5/2,3/2) -0.742]5/2,5/2)  -0.555|3/2,3/2)
re  -0.299]3/2,1/2)  -0.954]5/2,1/2)
43734 i
L rg -0.299(3/2,-1/2)  0.954|5/2,-1/2)
- rS  -0.888|5/2,-3/2)  -0.118]5/2,5/2)  +0.445]|3/2,-3/2)
41360
rof  -0.88815/2,3/2)  -0.118|5/2,-5/2)  -0.445|3/2,3/2)
rg 0.954|3/2,-1/2) +0.300|5/2,-1/2)
39641 "
rg 0.954]3/2,1/2) -0.300|5/2,1/2)
r§ 0.264|5/2,-3/2) +0.660|5/2,5/2) +0.704(3/2,-3/2)
30338
‘ r?k 0.264]5/2,3/2) +0.660]5/2,-5/2)  -0.704|3/2,3/2)
zSdlconfiguration in D2d symmetry; parameters used to obtain energies,
eigenfunctions: FO = 41015 em™l, ¢, = 1154 cm™", B3 = 3615 cm’!, B} -
. 3922 cm'l, BZ = -24333 cm-l. Basis set IJ,Jz>, Kramers degenerate state

1-3
19,905 = (-1) "Z|3,-7) Reference 9.



Table 2. Calculated Hesults and Comparlisons for TmPOu

Direct Calculation Contributions to o f

Final® Enetgy Polar-2. . . 4 . D ] Relatl;e lntu:slties , . * Transition
State  (em ) ization () (B) (Cc) (D) a Direct® Exp.” J-0-A a uD/uJ No.
3u6 rg 30 XZ,YZ -0.0122 -0.0096 0.0077  0.0008 -0.0133 0.2 3.7 13.2  -0.0459  0.29 1
ZX,Z2Y 0.1805 0.0213 -0.0209 -0.0015 0.1794 34.8 1.2 86.4 0.1218 V.u7 2
f3 86 XY,YX 0.4308 0.0458 ;0.0152 70.002" O.NSQO 228.0 228.0 228.0 — 0.20u1 2.25 3
F5 138 Xz,YZ 0.1772 0.0166 -0.0149 -0.0009 0.1780 34.3 - 21.6 51.6 0.0958 1.86 y
ZX,2Y 0.1208. -0.0020 -0.0306 0.0012 0.0894 8.7 2u.0 7.4 0.0390 2.29 5
r2 183 | XY,¥YX  0.0405 -0.0178 -0.0108 -0.0014 0.0461 2.3 3 1a 0.0433 1.07 | 6
rl 248 XX,YY 0.0705 0.0450 -0.0059 0.0008 OflIOR 13.2 1 10.2 0.0“37 2.53 7
Z -0.2178 0.0112 -0.0143 0.0029 -0.2180 51.“ i 41.0 . -0.0873 2.50 8
r, 254 XX,YY /~0.1978 -0.0226 -0.0212 0.0016  -0.1976 2.3 1 7.6 -0.0934 2.12 9
FS 280 Xz,Yz o.n21 0.0049 0.0015 0.0004 0.1189 15.3 23.u4 11.2 0.0U446 2.67 10
ZX,ZY 0.1259 o0.01T 0.0014 -0.0015 'o.1u29 22.1 20.3 23.4 0.0640 2.23 1"
r3 303 XY, YX 0.0122 0.0052 0.0132 0.0000 .0.0306 | 1.0 J 0.4 0.0068 4.50 12‘
r" 321 XX,YY -0.0760 -0.0141 -0.0053 0.0008 -0.0946 9.7 J 7.8 -0.0370 2.m 13

9T



M

5602 XY,YX

5676 XX,YY
ZZ

5688 XZ,YZ
ZX,2Y

5135 XY,YX
5763 XX, YY
5842 XZ,YZ

ZX,2Y
5870 XX, YY

27

-0.1370
-0.0857
0.1702
-0.1695
-0.1723
-0.0038
-0.0255
0.0172
0.0269
0.0827

-0.1629

aFrom References 2 and 6.

bThis work including all the non-cross terms I(4f my mg)i! (5d "l. m;))I ) ( (4f mymg)!! (5d n{ m;)‘l and the cross terms caused

-0.0260
-0.0191
0.0247
-0.033
-0.0339
0.0020
-0.0097
0.0100
0.0074
0.0288

-0.0383

by Coulomb Hamiltonian Hcy, of 4f11.

This work from the cross terms caused by spin-orbit Hamiltonian Hgy_ of 411,

dThis work from the cross terms caused by crystal-field Hamiltonian heg of Sd!.

0.0078
-0.0053
-0.0152

0.007

0.0010
-0.0013
-0.0070
-0.0002

0.0040

0.0132

0.0034

Table 2. (continued)

0.0006
-0.0007
-0.0009

0.0011

0.0009
-0.0010

0.0024
-0.0014

0.0002
-0.0020

0.0047

-0. 1516
-0.1108
0.1788
-0.1944
-0.2043
-0.0041
-0.0398
0.0256
0.0385
0.1227

-0.1931

€This work from the cross terms caused by spin-orbit Hamiltonian hg of 5d1.

fin units of (10-5cm ( 4f I 1 5d )2/hc). Sum of columns A-D.

gThis calculation. The normalization of References 2 and 6 is used.

5.9
13.3
34.6
40.9
45.2
0.0
1.7
0.7
1.6
16.3

4o.4

hin units of (10-5cm ( 4f1 1) 5d }2/hc). Values obtained from the J-O-A approximation.

iNot observed. Disappearance explained by consideration of a two optical phonon decay, Ref. 14.

iNot observed.

30.3
10.9
43.6
48.0
48.0
0.0
2.0
1.0
1.0
13.0

51.8

-0.0726
-0.0438
0.0877
-0.0911
-0.0911
0.0000
-0.0179
0.0138
0.0138
0.0475

-0.0951

2.79
2.58

2.03

1
15
16
17
18
19
20
21
22
23

24

(T
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Appendix A
The most convenient way to describe the intermediate states here is

by use of the following uncbupled functions:
12

|3y = |us ) = IIAEN'I [ay81Ly1913,1) i 5d" %D Tgrg Pt (A-1)

where instead of using one index J we use the index pair (u;£) to define

a state in which 11 electrons occupy the uth state of Afll and one

electron occupies the 2th state of Sdl, and "A" means anti-symmetric
with respect to electron exchange.

Then the fundamental matrix element in formula (1) is:

(FIp,13)

. A (1) N-1 o - 12 A
(AfN afoLfJfFf7fl§ riCi, llaf [allellele)#,ISd D Pd7d>£>

1 2

A
D Tg7y) p

-NA (1) 1
N AaeN gfstfJfrfyflz cf IlafN (@811, 1909,)

_N_ A/ N (1) N-1 A 12
" (4f afoLfJfnyflr Cy ||4f [a;S,L,; ]Jlle) «|54* “D rd7d>£) (A-2)

. 1
The last step means the probability that the Nth electron occupies

1

the 2th state of 5d~ while the other (N-1) electrons occupy the uth

state of 4f11 is | ;é:'lz - é, Formula (A-2) combined with formula
N .
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(A-5) (see below) is similar to the formula (2-75) of B.G. Wybourne'’s
book [15].

We expand the wavefunctions as:

12

|sd* “D Fd’d?z - g dzpljdpjzdp> | (A-3)

where the coefficients d, are obtained from Ref. [5] (Table 1) and

£p
N-1 A -1 , A
lag [allel]Jlle>p = § va |4fN alusluLlquszlp
N-1 A
- Mz " (S, L MerMy 9, 0000 1457 7 @, Sy Ly Mg M) 7. (a-4)
Mgty

The coefficients C#y are obtained from Ref [4] by setting all BE = 0 as

mentioned earlier. Now

A N A N
(47 agSeL I J o = MZ y (Jed gSpLetgMe) «(bf apS LMo M|

seMe
N

- ) (TeT, gl SeLeMg M) (4" @S Le(lazS L) o (LeMe|L;3M;me)
sfo
aiSiLi

MimeMgimee
Lo m yecd g1 _
(SMgplS oMgymep) < (3 mgg 3 mg| o7 (af °;51L1"s1“1I (a-3)

By substituting (A-3), (A-4), and (A-5) into (A-2) we have

(FID,1J) = (FID |u;2)
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A,, N (1) -1 . 12 A
- S(4f afoLfJszf|§ riCi, ||4fN [allel]Jlle>#, |54~ “D Pd?d?2>

. = A (1) -1 A
- /N <afNafstfJszf|rNCNp [(yg)nyléfN alvslylelelep>

. N ‘ -
* dﬁledpjzdp> ] _ ' (A-6)

o /N AyueN (L
/N (4f afoLfJszferch [ ug cpu<sle1uM51Ml|J1szlp>
M5ty

N-1 A . N :
alvsluLluMSlM1> 'dlpljdszdp> ] (A-7)

| &£

— A,, N (L)
- js (4f afstfJszfIrNCNp [ gp Cpu(sluLluMSlullleleﬂ)
Mo My
Bed™d

L agN-1 A, ./l 1 N .
|4f alusluLluM51M1> dzp (2 Zdemdljdpjzdp>|2 mstmd} ] (A-8)

- ug C#vd2p<JszflstfMSfo><sle1vM51Ml|J1ﬂJ21#>
MsefeMsiy

B £ Psq™d

1., . . N ‘
(3 2 mggmyligpdyap) (4F agSeletlay S L)) (LeMg|Ly 3 Mymg)

(SMlSy, 3 Mgymeg) (3 mglrciP 12 my (A-9)

1 3+

While the functions of 4gN"

are written as eigenfunctions of the Er~ free

ion in Equation (A-6), they are expressed in (A-7) as a linear summation of

IAfN-1alusluL1uMSIM1>A which are eigenﬁunccions of a Hamiltonian containing
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only the central field and the Coulomb interaction between the (N-1) f
electrons. This formalism is convenient for separating out the spin-orbit
cross-term contributions as will be shown. This is also true for the 54l
functions in formula (A-8).

Similar formulas can be obtained for (JjDa|I> - (p;£|D0|I> in the same
way. By substituting formula (A-9) for the matrix elements (FIDPIJ> into
the numerators, and the energies E“I = Aw; into the denominators of Equation
(1), the scattering amplitudes (apa)FI can be calculated directly. Of

course, only contributions from the intermediate configuration AfN'ISdl are

included.
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Appendix B.

In the calculation of (apa)FI’ instead of formula (A-9), we

substitute formula (A-6) into (1), and have for |J)(J|:

IJ><J| = IP'£><“'£| = Z Cuu'alusluLileszlu>.dedepjzdp>

vp
Aq

)} C#A<alkslklelelepl°d2q<quszq| ' (B-1)

We can easily separate many kinds of "cross-term contributions" by

completing different kinds of summations over [J){J| in formula (1) as

follows:
(a) wusing (A-8) and neglecting’"crdss‘terms", we have

e s . ‘ (A
V% S (Sl MsiM V1,7 21,0 1o, Sk M)
Mg1My

msdmd

1 N
*d5p{2 zmsdmd|jdpjzdp>"%msdzmd?

. A ' . 1 A
Cuu (S Ly MMy 19,3510 < (o, Sy Ly My My 18 (5 2megmyl 3 353, 400
: t

N gagq 2yl 3-2)
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This summation does not contain the "cross terms" caused by the spin-

orbit coupling Hg L of afll and hsl of Sd1

171
crystal-field Hamiltonian hcd of Sdl, but it does contain the "cross

and those caused by the

terms" caused by the Coulomb interaction between the 11 f electrons. Of -

course, the non-cross terms of Oth order functions

| (4fmm ) (5dm_m )Y ((4fm my) L (Sam_ m )t

are a fundamental part of it.

(b) Using (A-7) and neglecting "cross terms", we have

A N
§p Cpu'<sluLluM51M1|J1qulp>°|a1usluL1yMSIM1> .dlpljdpjzdp>

MMy

g ° .A ° N, -
.cpy <sle1vM81M1|Jlﬂlep> <a1vsle1uMSlH1| dlp <Jdpjzdpl (B-3)

The difference between (B-3) and (B-2) will give the cross-term contribution

caused by h_, when the cross terms caused by H and h_, are ignored.
sk 514 cd

Because hsl is small it can be considered as a "cross-term contribution" to a

good approximation.

(¢) Using (A-6) and only neglecting the "cross term"” caused by hcd’ we have

A N . A N, .
Ek Colen St T2 dplapdzap *Cun ClaSaliaT il 21l dep Gapdaap! (B9
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The difference between (B-4) and (B-3) is the "cross-term contribution”

caused by HS L when the cross terms caused by h q are ignored.
171 N

(d) Using (A-6) and only doing the summation for "cross terms" caused-

by hcd we have

A
u§ Ialu luleJIszlp> dlpljdjzdpp BA (a

P¥q

12 IALIAlelep| d9q q<3djzdl (B-3)

This summation corresponds to the "cross-term contribution" caused by hcd
The summations of (B-4) and (B-5) are the complete contributions of

the 4£tlsgl

configuration to the'scattering amplitude (apa)FI' It is easy
to see that our scheme to separate "cross-term contributions™ is direct
and contains the contributions to all orders of stationary perturbation

theory.

N
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