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ABSTRACT 

We have intercompared geomagnetic field models in B- L space 

for 0.20 ~ B ~ 0.24 gauss and 1.2 :::; L:::; 1.8 R (earth radii). Three 
e 

field models were selected because of their general usage in the analysis 

of trapped radiation data: Jensen and Whitaker (512 coefficient); Jensen 

and Cain (48 coefficient); GSFC (9/65)(99 coefficient). These models were 

compared with the GSFC (12/66) field model (121 coefficient). The geo-

graphic coordinates of constant B- L trajectories were computed using 

the GSFC (12/66) field in both the southern and northern hemispheres. 

At each geographical point along the trajectories thus defined, Band L 

values were recalculated using different geomagnetic field models. We 

find that variations in B- L space of the 48- and 512- coefficient models 

with respect to the 121- coefficient model are great enough to cause sig-

nificant ambiguities in flux contours of the trapped radiation. We also 

have examined the effects of temporal variations of the geomagnetic 

field on B- L space. The uncertainties in the proton flux contours in B- L 
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space blilused by errors in the field models and time variations of the 

geomagnetic field demonstrate the rieed for ca·reful reevaluation of exist

ing data that pertain to possible time variations of inner- belt protons. . " 

." 
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INTRODUC TION 

Since its inception, B- L space has been used extensively in the 

study of radiation trapped in the earth's m.agnetic field. B- L space 

was developed by [McIlwain, 1961] in order to apply the adiabatic in

variants of charged particle m.otion [Northrop and Teller, 1960] to the 

azimuthally asym.m.etric geomagnetic field in a physically m.eaningful 

coordinate system. [Stone, 1963] has shown that the B- L coordinates 

for mirroring particles accurately reflect the invariant shells (I, Bm.)' 

TheoretIcally, B- L space is an accurate space in which particle flux 

measurements may be reduced and com.pared. However, a geomag

netic field model must be used in the calculation of Band L, and errors 

dependent on the model can be significant. If the geomagnetic field 

m.odel used in calculating Band L does not accurately describe the 

earth's magnetic field, then a real mirror point trajectory will not be 

represented by a point in B-L space. In order to study variations of 

m.easured particle fluxes in B- L space, it is necessary to know the 

variations which could be introduced by the generating geomagnetic 

field model. 

A num.ber of geom.agnetic field m.odels are available for the cal

culation of Band L values. We have selected the following four field 

m.odels ,for the present study: 

1. The Jensen and Whitaker 512-coefficient sphercical-harmonic 

expansion model (JW) [Jensen and Whitaker, ·1960] ; 

2. The Jensen and Cain 48-coefficient model (JC) [Jensen and 

Cain, 1962]; 
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3. The GSFC (9/65) 99-coefficient model [Hendricks and Cain, 

1966] ; 

4. The GSFC {12/66} 121-coe£ficient model [Cain et al., 1967]. 

We chose the first three field models because of their use in the analyses 

of trapped-radiation data. The JW model, for instance, was used in the 

reduction of the Explorer 4 flux data [McIlwain, 1961]. The JC model 

is considered to be the standard field model for the interpretation of 

trapped-particle data [Walt, 1966]. Both the JW and JC models are 

static, constructed to represent the geomagnetic field in 1955 and 1960 

respectively. The GSFC (9/65) model contains first-time derivatives in 

the. first 48 coefficients and is more accurate than the JW and JC models 

[Hendricks and Cain, 1966]. The GSFC (12/66) field is the latest field 

model, and was constructed from OGO- 2 satellite magnetic-field mea-

surements as well as the data used in the construction of GSFC (9/65). 

The GSFC (12/ 66) contains both first- and second-time derivatives in all 

its coefficients. Actually, there are two sets of coefficients labeled 

GSFC (12/66) Sets I and II. Both sets were constructed in the same 

manner using semi-independent samples of the same data. We have 

chosen arbitrarily to use Set I for our study. 

We have limited our study to the region in ~- L space bounded. 

by 0.20~ B ~ 0.24 gauss and 1.2 ~ L ~ 1.8 R" (earth radii). The lower 
e· 

portion of the inner radiation belt is contained in this interval of B- L 

values. The gradient of the trapped-particle flux is large along B in 

this region [Valerio, 1964], and small errors in the com.putation of B 

can result in significant errors in the calculated particle flux. In this 
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B- Lregion, ionization and nuclear collision in the atmosphere are the 

dominant particle loss mechanisms. The solar cycle changes in the at

mosphere will affect changes in particle loss rates, and, hence, particle 

fluxes. Any valid observation of such changes in the particle flux and loss 

rates with respect to the solar cycle must clearly take account of the ac

curacy of the flux representations. 

Periodic comparisons have been made of various geomagnetic-field 

models with direct measurements of the earthl s magnetic field [Cain, 1965, 

1966, 1967]. The results with respect to the four above fields are listed 

in Table 1. The rms errors in Table I are net values over the geomagnetic

field data set and, therefore, do not give direct information about mode1-

dependent errors at any given point in B- L space. 

For a direct comparison of the accuracy of the four field models 

within the range of B- L values we are considering, we obtained, from the 

U. S. Coast Guard, magnetic-field measurements taken in the region of 

the South Atlantic anomaly (- 600 to 0 0 longitude, - 45 0 to - 15 0 latitude) 

for the period 1900 through 1965. These data set contains surface, air, 

and, for 1965, OGO-2 satellite measurements. We compared the Coast 

Guard data with field values calculated from the four field models, and we 

aggregated the differences in three ways: 

a), for 1900 through 1963 

b) for 1955 through 1963 

c) for 1965. 

The mean diffe rence and the standard deviation from the mean were com

puted for these three aggregations. The results appear in Table II. 
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We did not weight the Coast Guard data with respect to reliability of the· 

types of geomagnetic field measurements. For 1955 through 1963, the 

GSFC (9/65) and the GSFC (12/66) models describe the anomaly region 

equally well. For 1900 through 1963 GSFC (12/66) is the best model; 

the importance of the second time derivatives is clearly evident. Since 

the OGO-2 satellite data were not used in the generation of the GSFC 

(9/65) field, the error of GSFC (9/65) with respect to OGO-2 measure

ments indicates that both the GSFC (9/65) and GSFC (12/66) field models 

are capable of accurately computing field values in the South Atlantic 

anomaly for 1965. 

The above comparisons of the errors in the magnitude of the 

geomagnetic field are not, however, a sufficient measure of the model-

dependent errors in B-L space. To examine such errors it is necessary 

to compare the geomagnetic field models over the entire mirror-point 

trajectory. Since we do not have satellite data that encompass the B- L 

region of interest at all longitudes, we have, on the basis of the results 

given in Tables I and II, selected the GSFC (.12/66) field model as the 

reference with which the other models can be compared. Since a point 

in B- L space represents the trajectory of the mirror points of a particle 

trapped in the geomagnetic field; it is necessary to compare the models 

over complete B- L trajectories to reveal the differences that may exist 

between field models. Our purpose, then, is to compare the fields 

directly in B- L space. 

We have made this comparison by (a) calculating the geographic 

coordinates at various longitudes for a given .point in B- L space in the 

northern and soutli'ern hemispheres, as defined by the GSFC (12/66) . 
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model, and (b) calculating Band L values for these particular geo

graphic coordinates as computed by the other spherical-harmonic field 

expansions. 

Method 

Using the GSFC (12/66) field model, we calculated sets of geo-' 

graphic coordinates of B- L trajectories for B values of 0.20 to 0.24 

gauss in steps of 0.01 gauss and L values of 1.2 to 1.8 Re in steps of 

0.2 R,e. We generated these sets for the years 1955 to 1975 in 5-year 

steps for both the northern and southern hemispheres. The geographic 

contours were calculated for a given Band L value at 10° intervals in 

longitude, and in the South Atlantic anomaly region at 5- and 2.5 0 inter

vals. By holding B, L, and longitude constant and searching for the al

titude and latitude, we located geographic coordinates of a B- L trajec

tory with a variation of the computer program SHELL [Reoderer and 

Herod, 1966]. For the computation of Band L we used the computer 

program INVAR, expanding the subroutine NEWMAG to handle the JW 

coefficients [McIlwain, 1966]. Using the geographic coordinates com

puted for the sets of B- L trajectories defined by the GSFC (12/66) model, 

we calculated new Band L values using other field models. In this 

manner we compared the JW and JC fields with the GSFC (12/66) model, 

both for the years they represent (1955 for JW, 1960 for JC) and for ten 

years later; and GSFC (9/65) with GSFC (12/66) for 1955, 1965, and 

1975. , We used GSFC (12/66) for 1965 as the reference field for an 

examination of the time dependence of the geomagnetic field. We also 

compared GSFC (12/66) Set I 'with Set II of GSFC (12/66) for 1955, and 

1975 to determine the internal accuracy of GSFC (12/66). An internal 
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comparison of GSFC (12/66) Set I with itself indicates that the computa

tions ~re accurate to within B=±10 y (1y = 10-
5 

gauss), L=±0.0005 

R . .. e 

RESULTS 

Using the me~hod described above, we made 560 comparisons 

between the various field representations for selected B- L points in the 

interval 0.20 ~ B ~ 0.24 gauss and 1.2 ~ L ~ 1.8 Re' respectively. We 

plotted in B- L space a sample of all B- L trajectories which show a 

deviation from the generating B- L point of more than 100 y in B or 

0.005 R , in L. Figure 1 is one of these plots. The contour is the trace e, 

of Band L values computed using the JC model for the geographic points 

of the B (0.24)- L( 1.4) trajectory defined by t.he GSFC (12/66) model for 

1960. Figure 1~ is typical of all of the comparisons we made because 

there is no function that will transfer a point in B-L space generated by 

one geomagnetic field model into a point in B- L space generated by 

another field model, unless the longitude and hemisphere are known. In 

other words, flux contours in B- L space cannot be corrected for model-

dependent errors without knowing where the data were collected. The 

fiux contours in Fig. 1 are 40 to 1i0-MeV proton flux contours from 

INJUN 3 [Valerio, 1964] and are given to indicate the possible range of 

flux values that can be as signed to the same B- L point. 

Let us consider a specific example. Assuming that the INJUN 3 

flux contours accurately reflect the shape of the proton flux in the inner 

radiation belt, then the flux at B = 0.24 gauss, L = 1.4 Re i!3 30 protons/ 

2 
cm - sec (fO)' If proton flux data were collected in the southern hemi-

sphere at 325 0 longitude and B- L values were calculated using the JC 

, . 
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model, the flux value of fO would be assigned to the point B = 0.235 

gauss, L = 1.41 R • Owing to this (downward) shift in the flux contours, 
e 

the "expected" flux value at B = 0.24 gauss, L = 1.4 R would be approxe 

imately 5 protons/cm
2 

sec. If in another flight experiment, flux data 

were collected at 0 0 longitude in the southern hemisphere, then fO 

would' be at B = 0.243 gauss, L = 1.386 Re' and the flux contour would 

be shifted (upward) so that the flux expected at B = 0.24 gauss, L = 1.4 

2 R would be 75 protons/ cm sec. In the two above cases, the apparent 
·e 

1:15 ratio in flux values at B = 0.24 gauss, L = 1.4 Re is due only to 

relative inaccuracies in the JC field model. 

In Fig. 2 we show the B- L coordinates as computed by the JC 

field, given the mirror point trajectory for B = 0.24 gauss, L = 1.4 Re 

using the GSFC (12/66) for 1970. If we as sume, for the sake of argu-

ment, that the flux contours in B- L space are time-independent, then 

flux data collected at 325 0 longitude in the southern hemisphere in 1970 

and reduced using the JC field, fO (= 30), would be shifted such that at 

2 
B = 0.24 gauss, L = 1.4 Re' the flux would be 40 protons/ cm sec. If 

these data were to be compared with data collected at the same geo-

graphic coordinates in 1960 (Fig. 1), the factor of 8 in the fluxes would 

be solely due to temporal variations in the geomagnetic field. In Fig. 2, 

proton-.flux data collected in the northern hemisphere at 0 0 longitude 

compared with flux collected in the southern hemisphere at 0 0 longitude 

will give flux values of 20 and 160 protons/ cm
2 

sec for the same (JC) 

B- L points, due only to inaccuracies in the JC field in 1970. Figure 3 

is a comparison of the JW model with the GSFC (12/66) model for 1955. 

By referring to the INJUN 3 proton-flux contours, we note that proton 
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fluxes at B = 0.24 gauss, L = 1.4 ~ can varyfrom 5 to 250 protons/ 

cm2 sec--variations attributable to relative errors in the JW model 

only. 

Table III gives the maximum deviation in Band L for three ex-

amples of B- L points for various field comparisons. The comparison 

of GSFC (9/65) with GSFC (12/66) confirms the conclusion drawn from 

the comparisons of these fields with direct geomagnetic-field measure-

ments in the South. Atlantic anomaly region- - namely, that the two models 

agree quite well for 1965 but diverge from each other 10 years before or 

after. The comparisons between JC and GSFC (12/66) show large 

variations at all B-L points studied in both 1960, the year the JC field 

model was generated to represent, and 10 years later. The variations 

\ 

between JW and GSFC (12/66) are even larger. 

Table III also shows the range of proton-flux values as deduced 

from the INJUN 3 proton-flux contours, which could be assigned to the 

same B- L point due to er,rors in the geomagnetic-field model. We note 

that the flux variations caused by errors in the JW and JC fields are, 

comparable to the magnitude of flux changes expected over a solar cycle 

(Blanchard and Hess, 1964]. 

Large flux variations need not necessarily appear as a large 

scatter, of equal flux values in B- L space measured in a single satellite 

experiment. In fact, it is possible to have the flux contours well defined. 

The flux measurements for a given B- L point can be collected only where 

the satellite orbit intercepts the B- L trajectory. This generally means 

that the flux measurements for a B- L point are collected only in a small 

portion of the B- L trajectory. If the geomagnetic field model used in 
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the Band L calculations is inaccurate, it can sytematically shift Band 

L in one direction for one experiment and in another direction for another 

experiment. Comparison of such experiments as to absolute proton flux 

values can lead to faulty conclusions. 

J 

The comparison of GSFC (12/66) for 1965 with GSFC (12/66) for 

1955 and for 1975 shows another factor which must be taken into consid-

eration in studies of the temporal changes of the trapped radiation. 

Figure 4 is a comparison of GSFC (121 66) for 1965 with GSFC (121 66) for 

1975 at B = 0.24 gauss, L = 1.4 Re. The magnitude of the variation in 

B-L space of the same geogq\:phic coordinates over a 10-year period 

(Fig. 4) shows that the geomagnetic field is dynamic. Trapped radiation 

flux contours constructed in B- L space can contain significant errors if 

the field model u,sed does not represent the geomagnetic field at the time 

the data were collected. An important feature of the time variations of 

the geomagnetic field with respect to the trapped radiation is the change 

in altitude of the same B- L trajectory in the South Atlantic anomaly re-

gion. Figure 5 shows the B- L trajectories of L = 1.4 Re' B = 0.22 and 

0.24 gauss for 1965 and for 1975. Over a 10-year period the minimum 

mirror-point altitude at L = 1.4 R e , B = 0.20 gauss decreases about 70 

kilometers. Particles mirroring at the same Band L values will ex-

perienc~ a denser atmosphere in 1975 than in 1965. The flux of trapped 

radiation at L = '1.4 Re and B = 0.23 gauss will decrease by about a factor 

of four, and at B = 0.24 gauss will virtually disappear in 10 years, inde-

pendent of solar activity. The problems introduced by the time depen-

dence of minimum mirror-point altitudes cannot be circumvented by the 

use of a static field model because of the nature of temporal variations 
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(Fig. 4); The geomagnetic field must be treated as a dynamic field for 

any long- range studies and predictions of trapped radiation. 

For the field-model comparisons made in our study, we have as

sumed that the GSFC (12/66) field model is an accurate representation of 

the geomagnetic field. We have shown that the GSFC (12/66) is the best 

field model considered both for general geomagnetic-field measurements 

and for measurements in the South Atlantic anomaly region (Tables I and 

II). To measure the accuracy of the GSFC (12/66) Set I model, we have 

compared it with GSFC (12/66) Set II and with GSFC (9/65) for 1965. In 

the region of B- L space considered, Set I differs from Set II by a max

imum of ±25 'Y for 1955 and 1965, ±75 'Y for 1975, whi Ie GSFC (12/66) 

differs from GSFC (9/65) by a maximum of ±60 'Y for 1965. 

All the plots of the geomagnetic field comparisons listed in Table 

III are available in University of California Space Sciences Laboratory 

Report Series 8 Issue 69, "B-L Space and Geomagnetic Field Models". 

We have plotted seven B- L points for each intermodel comparison: 

1. B = 0.21 gauss, L= 1.2 RE 

2. B :: 0.21 L= 1.4 

3. B = 0.24 L= 1.4 

4. B = 0.21 L = 1.6 

5. B :: 0.24 L== 1.6 

6. B == 0.21 L== 1.8 

7. B == 0.24 L== 1.8 

These plots can be used in converting flux data in B- L space defined by 

one geomagnetic-field model into B- L space defined by another field 

model, p:rovided geog raphic positions of the flu.x measurements are known. 
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CONCLUSION 

Model-dependent errors can cause large apparent differences in 

trapped particle fluxes in B-L space. There is no sim.ple way to trans

form. B-L points of one field m.odel to B-L points of another field m.odel 

without using the geographic coordinates used in generating the B- L 

points. Tem.poral variations of the geom.aghetic field alter the geographic 

positions of m.irror-point trajectories. Since the dom.inant particle-loss 

m.echanism.s for the region of B- L space studied are ionization and nuclear 

collision in the atm.osphere, any com.putation of loss rates, lifetim.es, and 

tem.poral change of particles in the inner belt strongly depends on the use 

of an accurate tim.e-dependent geom.agnetic-field m.odel. The range of 

m.odel-dependent errors in B- L space dem.onstrates the need for careful 

reevaluation of existing data that pertain to pos sible tim.e variations of 

inne r- belt pa rticle £luxe s. 
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Table 1. Root-rnean- square deviation between unweighted 
survey data for 1945-1965 "and computed values. 

Field model 

JW 

JC 

GSFC (9/65) 

GSFC (12/66) 

a y = 10- 5 gauss. 

bEstimate from our B- L comparisons. 

c Cain, et al., 1965. 

rms error {y) a 

,.. 800b 

440 c 

220d 

122e 

d This rms error was derived from an earlier version of the GSFC 

(9/65) model, narnely, GSFC (7/65). The GSFC (7/65) model con-

tains an external-field component, whereas GSFC (9/65) does not. 

Each of these models was constructed from the same data set and 

have the same accuracies [Cain, 1966]. 

e.Rms computation with survey data for 1900 through 1965. 

[Cain, et al., 1967]. 
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Table II. Mean deviation and standard deviation between un
weighted magnetic survey data and computed value s 
in the region of the South Atlantic anomaly. 

Surface and air 1900-1963 geomagnetic-field measurements 

Field model Number of Mean Standard 
data Eoints deviation (y) deviation {y) 

JW 1369 -155.6 1056.3 

JC - 560.2 892.0 

GSFC (9/65) 297.0 477.6 

GSFC (12/66) -1.2 180.0 

Surface and air 1955-1963 geomagnetic-field measurements 

JW 

JC 

GSFC (9/65) 

GSFC (12/66) 

GSFC (9/65) 

GSFC (12/66) 

825 461.2 

-20.4 

15.2 

9.7 

OGO- 2 satellite measurements 

1330 7.1 

1.8 

524.4 

301.5 

177.2 

171.9 

14.5 

7.2 



Table III. Geomagnetic comparisons of various field model configurations for three B- L points. 

B1 L1 Year for GSFC(12/66) Field fo revaluating B- L Range of differences Range of differences 
Range of INJUN 3 proton fluxes 
(J = particles/ cm2 sec allowed 

(Re) 
used in generating at geographic. coordinates ±~L. between Land L1 ± ~B. between Band B1 b::z:: errors in B- L sEace 

(g~uss) B
1
-L

1 
trajectory of B 1- L1 trajectory +~L -~L +~B -~B 

J J 
(10- 4 R ) (10- 4 R ) ('I) ('I) max min 

e e 

0.21 1.2 1955 GSFC (9/65) for 1955 16 16 61 36 160 130 

1965 GSFC (9/65) for 1965 16 12 37 39 160 140 

1975 GSFC (9/65) for 1975 39 62 149 84 170 130 

1960 JC 91 94 122 208 190 90 

1970' JC 148 190 545 222 310 110 

1955 JW 69 127 685 378 290 70 

1965 JW 77 217 739 440 350 70 

1965 GSFC (12/66) for 1955 75 158 504 107 300 120 

1965 GSFC (12/66) for 1975 199 62 105 600 170 40 

0.24 1.4 1955 GSFC (9/65) for 1955 30 33 105 89 35 25 

1965 GSFC (9/65) for 1965 26 16 45 42 30 30 

1975 GSFC (9/65) for 1975 106 83 163 160 40 20 

1960 JC 135 148 416 544 75 5 .... 
1970 JC 323 358 830 211 180 20 C1' 

I 

1955 JW 213 312 1028 596 170 5 

1965 JW 230 385 1366 662 325 0 

1965 GSFC (12/66) for 1955 227 323 628 181 140 20 

1965 GSFC (12/66) for 1975 379 226 181 613 45 0 

0.24 1.8 1955 GSFC (9/65) for 1955 39 47 119 63 125 110 

1965 GSFC (9/65) for 1965 32 31 51 79 120 110 

1975 GSFC (9/65) for 1975 165 117· 288 285 140 95 

1960 JC 121 192 603 584 160 80 

1970 JC 444 468 1189 108 200 105 

1955 JW 363 440 706 605 170 80 

1965 JW 274 439 1110 678 200 75 

1965 GSFC (12/66) for 1955 350 433 693 174 160 105 

1965 GSFC (12/66) for 1975 481 377 180 816 130 75 

c: 
() 

::0 
l' 
I .... 
-.J 
.;:... 
-.D 
N 
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FIGURE LEGENDS 

Fig. 1. Band L values computed using the JC field model for the 

geographic coordinates of the B = 0.24 G, L = 1.4 R trajectory e 

defined by the GSFC (12/66) field for 1960. Longitude is indicated 

at each 10 0 interval. 

Fig. 2. Band L values computed using the JC field model for the 

geographic coordinates of the B = 0.24 G, L = 1.4 R trajectory 
e 

defined by ,the GSFC (12/66) field for 1970. Longitude is indicated 

at each 10 0 interval. 

Fig. 3. Band L values computed using the JW field model for the 

geographic coordinates of the B = 0.24 G, L = 1.4 R trajectory 
e 

defined by the GSFC (12/66) field for 1955. Longitude is indicated 

at each 10 0 interval. 

Fig. 4. Band L values computed using the GSFC (12/66) field for 1975 

for the geographic coordinates of the B = 0.24 L = 1.4 R trajectory e 

defined by the GSFC (12/66) field for 1965. Longitude is indicated 

at each 10 0 interval. 

Fig. 5. Altitudes of the B-L trajectories in the region of the South 

Atlantic anomaly computed using the GSFC (12/66) field for 1965 

and 1975. 
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This report was prepared as an account of Government 
sponsored worko Neither the United States, nor the Com
m1SS10n, nor any person acting on behalf of the Commission: 

Ao Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

80 Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this reporto 

As used in the above, "person acting on behal f of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractoro 






