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ABSTRACT OF THE DISSERTATION

Extremal Graphs and Additive Combinatorics

by

Craig Michael Timmons
Doctor of Philosophy in Mathematics
University of California, San Diego, 2014

Professor Jacques Verstraéte, Chair

In this thesis we investigate graphs that are constructed using objects from
additive number theory. Sidon sets are used to construct C-free graphs that show
ex(¢> — ¢ —2,C4) > 2¢® — ¢* — O(¢**) whenever ¢ is an odd prime power. This
disproves a conjecture of Abreu, Balbuena, and Labbate and improves the current
lower bound by 4. Sidon sets are also used to show that there are bipartite graphs I
for which the following holds: for infinitely many n there is an n-vertex graph with
Q(ex(n, F)) edges and has the property that every edge lies in exactly one copy of
F'. This disproves a conjecture of Solymosi concerning a possible extension of the
removal lemma to sparse graphs. An ordered Turan problem for bipartite graphs is
introduced and studied. We prove upper bounds on this problem and use Bj-sets

to obtain lower bounds. Generalizations of Sidon sets, such as k-fold Sidon sets



and Bj-sets, are studied. We prove that for any integer k£ > 3,if A C {1,2,..., N}
is a Bj-set, then |A| < (1 + 04(1))N'/¥. This improves the previously best known
upper bound by a factor of i. For odd k£ > 3, we construct Bj-sets that have
more elements than the Bose-Chowla Bj-sets. A consequence is that there are
Bj-sets in {1,2,..., N} that are asymptotically larger than any Bs-set contained
in {1,2,...,N}. For any integer k > 3, we prove that if A C {1,2,...,N} is a
k-fold Sidon set, then |A| < (N/k)'2 + O((N/k)/*). This improves the current

upper bound by a factor of (1/k)"/2.
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Chapter 1
Introduction

In this thesis we investigate graphs that are constructed using Sidon sets, k-
fold Sidon sets, and Bj-sets. These constructions generate graphs with interesting
properties from an extremal point of view. Algebraic properties of these sets from
additive number theory are used to deduce structural properties about the graph.
For instance it is known that Sidon sets in finite abelian groups can be used to
construct graphs that do not contain a 4-cycle. In addition, we investigate k-
fold Sidon sets and Bj-sets as these are interesting objects in their own right. In
fact, there are similarities between bipartite Turan problems and the theory of
invariant linear equations which was initiated by Ruzsa [71]. Sidon sets and their
generalizations play an important role in this theory. We begin by giving an outline

of this thesis followed by a summary of most of our main results.

1.1 Outline of Thesis

Our main results are stated in Section 1.2. Section 1.3 contains some fre-
quently used notation. Chapter 2 is an introduction to the bipartite Turédn problem
and Chapter 3 is an introduction to Sidon sets. In these chapters we state some
of the important results in these two areas and introduce techniques that will be
used in later chapters.

Our contributions are contained in Chapters 4, 5, 6, 7, and 8. In Chapter 4

we use Sidon sets to construct graphs that are C4-free and have many edges. These



graphs disprove a conjecture of Abreu, Balbuena, and Labbate [1] concerning the
Turan number of C4. In Chapter 5 we investigate an ordered version of the Turan
problem for bipartite graphs that was motivated by the work of Erdos, Czipszer,
and Hajnal [23], and Dudek and Rddl [24]. For this problem, Bj-sets are used
to construct graphs that do not contain certain ordered cycles of length 2k. In
Chapter 6 we use Sidon sets to disprove a conjecture of Solymosi concerning a pos-
sible extension of the removal lemma to sparse graphs. We also show how k-fold
Sidon sets can be used to construct other counterexamples to Solymosi’s conjec-
ture. These k-fold Sidon sets were first introduced by Lazebnik and Verstraéte
[55] in their work on a hypergraph Turdn problem. We study k-fold Sidon sets
in Chapter 7. In Chapter 8 we study another generalization of Sidon sets called
Bj-sets and prove new upper bounds on the maximum size of a Bj-set contained
in {1,2,...,N}.

1.2 Main Results

In this section we summarize several of our main results and it is written
so that it is self contained. We have made an attempt to minimize the number
of references and technical details while still presenting an accurate picture of our

work.

1.2.1 Sidon Sets and Graphs Without 4-cycles

Let F' be a graph. The Turdn number of F is the maximum number of
edges in an n-vertex graph that does not contain F' as a subgraph. Write ex(n, F’)
for this maximum. Estimating Turan numbers for different graphs F' is one of the
most well studied problems in extremal graph theory. A case of particular interest
is the Turan number of Cjy, the cycle with four vertices. A well known double
counting argument of Kévari, Sés, and Turdn [51] (see also Reiman [68]) implies
ex(n,Cy) < %n?’/Q + 4. Using polarities of projective planes, Brown [14], Erdés,

Rényi, and Sés [32] constructed for each prime power ¢, a graph with ¢* + ¢ + 1



vertices, %q(q + 1)% edges, and no Cy. This implies
2 1 2
ex(¢°+q+1,Cy) > §q(q +1)

for any prime power ¢q. Erdds conjectured that this lower bound is best possible.

Fiiredi [43] proved this conjecture and so
2 1 2
ex(¢”+q+1,C1) = Salg+1)

for any prime power ¢ > 15.
In 2010, Abreu, Balbuena, and Labbate [1] used the polarity graphs of
Brown, Erdés, Rényi, and Sés to obtain new lower bounds on ex(n,Cy). In par-

ticular, they showed that for any odd prime power ¢,
ex(¢® —¢—2,C4) 2 5¢° —¢* — 30+ L.

They conjectured that this lower bound is best possible. Using Sidon sets, we show

[79] that their conjecture is false and improve this lower bound by £.
Theorem 1.2.1 (Tait, Timmons, 2013). If q is an odd prime power, then
ex(¢® —q—2,Ch) = 3¢° — ¢ = O(¢*).

It is well known that Sidon sets can be used to construct graphs that do
not contain Cy. To obtain our lower bound, we prove that Bose-Chowla Sidon sets
have an arithmetic property that, to the best of our knowledge, has not appeared

in the literature.

1.2.2 Ordered Turan Problems

Given the large amount of research on the bipartite Turdan problem, it
is natural to considered generalizations and extensions. Czipszer, Erdos, Hajnal
23], and Dudek, R6dl [24] considered a Turan type problem in which the vertices
of the host graph and of the forbidden graph are ordered. Taking their work
as motivation, we introduced the following ordered Turan problem. Let G be

an n-vertex graph with V(G) = {1,2,...,n}. View the vertices of G as being



ordered in the obvious way. Let Z, be a 4-cycle whose vertices are positive integers
ny < ng < ng < ny, and whose edges are nyns, niny, nens, and nany. Let ex(n, Zy)
be the maximum number of edges in an n-vertex graph with vertex set {1,2,...,n}
that does not contain a Z,. If G is a Cy-free graph with V(G) = {1,2,...,n}, then
G is also Z,-free thus

ex(n, Cy) < ex(n, Zy).

From the asymptotic formula ex(n,Cy) = $n%? + o(n*?), we obtain the lower
bound %n3/ 2 4+ 0(n%?) < ex(n, Z,). Using a counting argument inspired by Fiiredi

[40], we prove the following result.
Theorem 1.2.2 (Timmons, 2012 [80]). For any integer n > 1,
ex(n, Zs) < 2n%?% 4+ O(n®/4).

We conjecture that ex(n, Zy) = in*? + o(n®?), but this is still open.
Using projective planes we showed that the difference between ex(n,C})

and ex(n, Z;) can be made arbitrarily large.
Theorem 1.2.3 (Timmons, 2012 [80]). For any prime p,
ex(pPP+p+1,7,) > p*+ex(p® +p+1,Cy).

We considered other types of ordered Turan problems for complete bipartite

graphs and even cycles. For more on this topic, we refer the reader to Chapter 5.

1.2.3 A Counterexample to Sparse Removal

One of the most important theorems in extremal graph theory is the triangle
removal lemma first proved by Ruzsa and Szemerédi in 1976 [73]. The triangle
removal lemma states that any n-vertex graph with o(n?) triangles can be made
triangle free by removing o(n?) edges. This was later generalized to the graph
removal lemma by Erdés, Frankl, and Rédl [29], although they did not state the
graph removal lemma as it is usually stated today. Let H be a graph with h
vertices. The graph removal lemma states that if G is an n-vertex graph with

o(n™) copies of H, then G can be made H-free by removing o(n?) edges.



It was observed by Ruzsa and Szemerédi [73] that the triangle removal
lemma implies a weak form of Roth’s Theorem [69] on 3-term arithmetic progres-
sions in Z. This was the starting point of a line of research in which removal
lemmas for graphs and hypergraphs were used to prove results in combinatorial
number theory such as Szemerédi’s Theorem [76] on k-term arithmetic progres-
sions and the Corner’s Theorem of Atjai and Szemerédi [4]. This approach has
been considerably successful. The graph removal lemma has been generalized in
several directions such as removal in hypergraphs, random graphs, and groups. For
a more thorough discussion, we refer the reader to the survey of Conlon and Fox
[22]. Despite these advances, there is no known removal lemma for sparse graphs.
A sequence (G )nen of graphs is sparse if G, has n vertices and e(G,,)/n*> — 0 as
n — 00. As a possible removal lemma for sparse graphs, Solymosi [75] made the

following conjecture.

Conjecture 1.2.4. [Solymosi, 2011] Let F be a graph with ex(n,F) = O(n%)
where 1 < a < 2. If G is an n-vertex graph with the property that every edge of
G lies in one copy of F, then G has o(n®) edges.

Using Sidon sets, we construct infinitely many bipartite graphs F' for which

Conjecture 1.2.4 is false.

Theorem 1.2.5 (Timmons, Verstraéte, 2013 [82]). There are infinitely many bi-
partite graphs F with ex(n, F) = ©(n®?) for which the following holds: for in-
finitely many n, there is an n-vertex graph G with Q(n3/2) edges such that every

edge of G lies in exactly one copy of F'.

The smallest graph for which we know Conjecture 1.2.4 is false has 10
vertices and 16 edges. Conjecture 1.2.4 is still open for Cy. Lazebnik and Verstraéte
[55] introduced objects called k-fold Sidon sets which are a generalization of Sidon
sets. It is known that k-fold Sidon sets can be used to construct graphs with the
property that every edge is in exactly one 4-cycle (see [82] for details). Therefore

it is of interest to investigate these objects and this leads us into our next topic.



1.2.4 k-fold Sidon Sets

Let k > 2 be an integer. Let N > k be an integer that is coprime to each
integer in the set {1,2,...,k}. We say that a set A C Zy is a k-fold Sidon set if

A has only trivial solutions to each equation of the form
121 + caTo + c3x3 + 4y =0

where 1 < |¢;| < k, and ¢; + o + ¢35 + ¢4 = 0. We define k-fold Sidon sets
in {1,2,...,N} C Z in the same way, except that we do not require N to be
relatively prime to each integer in {1,2,... k}.

A short counting argument shows that a k-fold Sidon set A C Zx has at
most (N/k)'/2 + 1 elements. Lazebnik and Verstraéte [55] showed that for any
t € N, there is a 2-fold Sidon set A C Zy such that |A| > IN'? — 3 where
N = 22" 4 92" 4+ 1. This shows that for k¥ = 2, N¥/2 is the correct order of
magnitude. Obtaining upper bounds in Zy is often easier than obtaining upper
bounds in {1,2,...,N}. For example, a short counting argument shows that a
Sidon set A C Zy has at most N/2 4+ 1 elements, whereas it is a famous result of
Erd6s and Turdn [37] that a Sidon set A C {1,2,..., N} has at most N'/24+O(N'/4)
elements. We generalize the Erdés-Turan upper bound and show that one can
match the upper bound of (N/k)/2 + 1 in Zy on the size of a k-fold Sidon set in

{1,2,..., N}, up to an error term.

Theorem 1.2.6 (Cilleruelo, Timmons, 2013 [20]). Let k > 1 be an integer and let
1 < <c <+ < bek distinet integers. If A C {1,2,...,N} is a set with

only trivial solutions to c¢;(x1 — x) = cj(xs — x4) for each 1 <1 < j <k, then

A< (I +0 ((cikN)l/”‘)'

If we take ¢; = j for 1 < j < k, then we immediately obtain that a k-fold
Sidon set A C {1,2,..., N} has at most (N/k)Y? + O((kN)'/*) elements.

Using the methods of Lazebnik and Verstraéte [55], we construct sets which

show that Theorem 1.2.6 is close to best possible.

Theorem 1.2.7 (Cilleruelo, Timmons, 2013 [20]). There exists k distinct integers
c1,...,cx and infinitely many N such that there is a set A C Zy with



Al = (1= o(1)) 47,

and A has only trivial solutions to ¢;(x1 —x2) = ¢;(x3—x4) for each 1 <i < j <k.

1.2.5 B;-sets

A well studied generalization of Sidon sets are By-sets. Let I' be an abelian

group. A set A C I' is called a By-set if
a;+---+ap=0b + -+ by with a;,0; € A,

implies (aq, . .., ax) is a permutation of (by,...,b;). A Ba-set is the same as a Sidon
set. The problem concerning By-sets that has attracted the most attention is that
of determining the maximum size of a By-set in {1,2,..., N}. A construction of
Bose and Chowla [13] shows that for any integers £k > 2 and N > 1, there is a
By-set A C {1,2,...,N} with |A] = (14 o(1))N'*. Erdds [27], Bose and Chowla
[13] have conjectured that this is best possible, but a matching upper bound is well
out of a reach at the moment. The best known upper bounds are due to Green
[47] and are roughly of the form %N 1/k for the maximum size of a Bj-set contained
in {1,2,...,N}. The main obstacle in improving the upper bound is obtaining a
good upper bound in Zy. In Zy, a short counting argument gives the best upper
bound (see Chapter 8) and improving this bound is a difficult open problem.
Ruzsa considered a generalization of Bj-sets that are sometimes called Bj-

sets. A set A is a Bj-set if
ar+ -+ ag = agp1 + -+ agy, with a; € A,

implies a; = a; for some 1 < ¢ < 7 < 2k. If A is a By-set, then it is also
a Bj-set but the converse is not true in general. Ruzsa [71] proved that a Bj-
set in {1,2,..., N} has at most (1 + o(1))k* YNV elements. Let Fy(N) and
F}(N) denote the maximum size of a By, and Bj-set, respectively, contained in the
interval {1,2,...,N}. The results of Green [47] and Ruzsa [71] do not rule out
the possibility that Fi(N) is asymptotic to F}(N). Using Bose-Chowla By-sets,
we proved that F3(N) is not asymptotic to F5 (V).



Theorem 1.2.8 (Timmons, 2012 [81]). Let k > 3 be an odd integer. For any
integer N > 1,

Fy(N) > (14 o(1))2'-VENL/E,

If F,(N) = (1+0(1))N'* as Erdés conjectured, then Theorem 1.2.8 shows
that Fi(N) is not asymptotic to F}(N) for all odd & > 3. It is still unknown
however if Fy(N) is asymptotic to F;(N).

Using arguments of Ruzsa [71], we improve the upper bound on F}(N) by

a factor of i for large k.

Theorem 1.2.9 (Timmons, 2012 [81]). If k > 3 is an integer, then
Fi(N) < (3 +e(k)) k*NYE

where €(k) — 0 as k — oo.

Theorems 1.2.8 and 1.2.9 do not encompass all of our results on this topic.
We introduce objects that we call B, -sets, which are another generalization of Bj-
sets, and investigate the corresponding function F;'(N). For more on this topic

we refer the reader to Chapter 8.

1.3 Frequently Used Notation
e [N]={1,2,...,N}.
e [, is the finite field with ¢ elements.
e [ is the multiplicative group of nonzero elements of the finite field F,.
e 7y is the group of integers modulo .
e ex(n, F') is the Turdan number of F'.
e K, is the complete graph on t vertices.

e K, ,, is the complete bipartite graph with n vertices in one part and m

vertices in the other.



e (' is a cycle of length k.

e ¢((G) is the number of edges of the graph G.



Chapter 2
Bipartite Turan Problems

In this chapter we discuss the Turan problem for graphs. We start with the
two most important results in this area: Turan’s Theorem and the Erdds-Stone-
Simonovits Theorem. We then briefly discuss Turdn numbers of trees. Section
2.3 forms the bulk of the chapter. In this section we discuss the bipartite Turan
problem with an emphasis on even cycles and complete bipartite graphs. We
introduce some of the techniques and methods, and present some of the more
important theorems such as the Even Circuit Theorem of Bondy and Simonovits,
and the Kovari-Sés-Turdan upper bound on the maximum number of edges in a

graph with no K.

2.1 Non-Bipartite Graphs

Let F be a family of graphs. We say that a graph G is F-free if no subgraph
of GG is isomorphic to a graph in F. The maximum number of edges in an n-vertex
graph that is F-free is called the Turdn number of F and is denoted by ex(n, F).
When the family F consists of a single graph, say F = {F'}, then we write ex(n, F)
instead of ex(n, {F'}).

Determining Turan numbers of different families of graphs is one of the
most well-studied problems in extremal graph theory. The earliest result is due
to Mantel [61] who, in 1907, determined the Turan number of K3. Mantel proved
that ex(n, K3) = [n/2][n/2] for all n > 1. Furthermore, he showed that if G is an

10



11

n-vertex Ks-free graph with |n/2|[n/2] edges, then G is isomorphic to K|, /2) rn/2]-
Mantel’s Theorem was generalized by Turan in 1941. Turédn’s Theorem is often
considered to be the first theorem in extremal graph theory. In order to state this
result we require the definition of the Turan graph. Given integers n > 1 and
r > 2, let T, , be the r-partite graph whose part sizes are as equal as possible, and
all pairs of vertices that belong to different parts are adjacent. Observe that T;, ,

is K, -free.

Theorem 2.1.1 (Turdn, 1941 [83]). Let r > 3 be an integer. For any integer
n>1,

ex(n, K,) = e(Th—1).
Furthermore, any n-vertex K,.-free graph with ex(n, K,) edges is isomorphic to

Tn,r—l-

Shortly after Turan’s Theorem appeared, Erdés and Stone determined an
asymptotic formula for the Turan number of blow ups of complete graphs. Given
integers r > 2 and t > 1, let K,.(t) be the complete r-partite graph with ¢ vertices

in each part.

Theorem 2.1.2 (Erdés, Stone, 1946 [36]). Let r > 2 and t > 1 be integers. Given
e > 0, there exists an ng = no(r,t,€) such that the following holds: if n > ng and

G is an n-vertex graph with

1 n?
> (11— —
e(G)_( 7’—1+6)2’

then G contains a subgraph isomorphic to K.(t). In particular,

ex(n, K, (t)) = (1 _ ) %2—1—0(712)

r—1

for any integer t > 1.

The Erdds-Stone Theorem is sometimes refered to as the fundamental the-
orem of extremal graph theory. It was later observed by Erdds and Simonovits [33]
that the Erdos-Stone Theorem gives an asymptotic formula for the Turdn number

of any family of non-bipartite graphs.
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Theorem 2.1.3 (Erdds-Stone, Erdés-Simonovits, 1966). Let F be a family of
graphs and let r = minper x(F). If r > 2, then

2
ex(n, F) = (1 — i 1) % + o(n?).

The special case when F consists of a single non-bipartite graph is worth

mentioning on its own. If F'is a graph with x(F') > 3, then by Theorem 2.1.3,
2
ex(n, F) = (1 — ﬁ) % + o(n?).

From this we see that it is the chromatic number of a non-bipartite graph that
controls its Turdn number. More precise results on the error term are known (see
[9]) and they rely estimates on bipartite Turdn numbers.

Having an asymptotic formula for the Turdn number of any non-bipartite

graph, it is natural to look for a similar formula for bipartite graphs.

2.2 Turan Numbers of Trees

When F is a bipartite graph, Theorem 2.1.3 implies ex(n, F') = o(n?), but
it is certainly desirable to look for better estimates. For instance a classical result
of Erdés and Gallai [30] from 1959 gives the Turdn number of the path. If r > 1 is
an integer and P, is the path of length r, then ex(n, P.) < %n Equality occurs
if and only if r divides n, in which case the unique extremal graph is a disjoint
union of ** copies of the complete graph K. In general, one can show that for any
tree T" with r + 1 vertices,

r—1
2
(see Proposition 2.1.8 [86]). The famous Erdds-Sés conjecture is that if n > r 41,

n<ex(n,T)<rn (2.1)

then ex(n,T) < %n where T' is any tree on r + 1 vertices. Recent progress on
this conjecture has been made by Atjai, Komlds, Simonovits, and Szemerédi (see

[45], Theorem 6.2). They proved that there is an integer ¢ so that if T' is any tree

with 7 + 1 > g vertices, then ex(n,T) < “Sn.

By (2.1) and Theorem 2.1.3, we can say that Turdan numbers of trees are

linear in n, and Turan numbers of non-bipartite graphs are quadratic in n. What
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remains then is bipartite graphs that contain a cycle. As we shall see shortly, the

picture here is more complicated.

2.3 Bipartite Turan Numbers

Let F' be a bipartite graph that contains a cycle. By the Erdés-Stone-
Simonovits Theorem, ex(n, F') = o(n?). On the other hand, using random graphs

one can construct an F-free n-vertex graph with n+¢

edges where ¢ > 0 is a positive
constant depending only on F. From this we deduce that the Turan number of
any bipartite graph that contains a cycle is not linear and also not quadratic. The
first question that one would like to answer then is given F', can we determine the
order of magnitude of ex(n, F')? Erdds and Simonovits [34] conjectured that for
any bipartite graph F', there exists a constant ¢ = cp such that

lim ex(n, F)
n—00 nt

exists and is positive. This conjecture is still open for many bipartite graphs such
as Cg and Ky 4.

An early result of Kévéri, Sés, and Turén [51] provides an upper bound on
the Turdn number of K,,;. We include the proof as it is a good example as how
double counting arguments can be used to obtain upper bounds on bipartite Turan

numbers.

Theorem 2.3.1 (Kévéri, Sés, Turan, 1954). Let s >t > 2 be integers. For any

integer n > 1,
t
ex(n, Kg) < =(s — D)Yin> 1t 4 En

N | —

Proof. Let G be an n-vertex K -free graph. The sum
Z (d(v))

t
veV(G)

counts sets of ¢ distinct vertices that are contained in the neighborhood of some

vertex in G. Since G is K, -free, no subset of vertices of size ¢ can be counted
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more than s — 1 times by this sum. Therefore,

(s — 1)(7;) > vg(:@ (d(t“)).

By convexity,

veV(G)

from which we deduce that

o))

To complete the proof we use the trivial estimates (s — 1)(7) < (s — 1)?—:S and

t
n(%(cj)/ ”) >z <M — t) . Some simple algebra then shows that the inequality

(s—l)%zﬁ(w—t)t

t! n
implies the desired upper bound on ¢(G). O

It is believed by many that the exponent 2—% is correct; that isfor s >t > 2,

2-1/t

ex(n, K,) is of order n . This is still open for most values of s and ¢t. Using a

more sophisticated double counting argument, Fiiredi [40] proved

ex(n, Ky4) < =(s —t + DYp> V't 4 O(n?72/%) (2.2)

N —

for s > t > 2. This is essentially the best known upper bound on the Turan
number for K. Recently Nikiforov [64] improved the error term.

Obtaining good lower bounds on ex(n, K ;) is a difficult problem. Incidence
graphs of projective planes imply ex(n, K2) > ﬁn?’/ 2 + 0(n%?) which matches
the exponent of (2.2). Graphs constructed independently by Erdés, Rényi [31] and
Brown [14] improve the constant ﬁi to % This gives one of the rare instances in
which we have an asymptotic formula for the Turdan number of a bipartite graph

that contains a cycle:

1
ex(n, Ky) = §n3/2 + o(n?/?).
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Fiiredi [42] generalized some of the results of [31], [14] and constructed K s-free
n-vertex graphs with %\/s — 1n%2 4+ 0(n%?) edges for any s > 2. Therefore, if s > 2
then

ex(n, Ky ) = =V/s — 1n*? 4 o(n®/?).

) give

o N

A construction of Brown [14] and (2.
1
ex(n, K33) = 5715/3 + o(n®/?).

To give the reader an idea of what these constructions look like, we take a moment
to present the K ;-free graphs constructed by Fiiredi [42], and the K33 3-free graphs
constructed by Brown [14].

K, ,-free graphs. Let s > 2 be an integer. Let ¢ be a prime power chosen
so that s divides ¢g—1. Let I, be the finite field with ¢ elements. The multiplicative
group of nonzero elements of F, is isomorphic to Z, ;. Choose an element h € F
that generates an s element subgroup in F;. Let H = {1,h,h* ..., h°~'}. Define
an equivalence relation on F, x F,\{(0,0)} by saying that (a,b) and (da’,b’) are
equivalent if h*(a,b) = (a/,V') for some o € {0,1,...,s — 1}. Write (a,b) for the
equivalence class that contains (a,b). Let G, be the graph whose vertices are
the set of equivalence classes. We join (a,b) to (z,y) if ax + by € H. The graph
Gy s has ‘727_1 vertices and at least 3(¢q — 1)(‘127_1) edges. For the remaining details,
including a proof that G ; is K> s-free, see [42].

K3 s-free graphs. Let p be an odd prime. If p = 3(mod 4), let a be a fixed
nonzero quadratic residue in IF,,, otherwise let o be a fixed non-quadratic residue

in IF,. Let G, have vertex set ]F;;. Given = = (x1, z9,x3) € Ff), let

S(x) = {1, 42, y3) « (21— 11)* + (22 — 12)* + (w3 — y3)* = ).

Vertices z and y are adjacent if y € S(x). The graph G, has p® vertices, at least
+p*(p* — p) edges, and is K3 3-free (see [14]).

When s > (t — 1)! 4+ 1, the projective norm graphs constructed by Kollar,
Roényai, and Szabé [50] (see also the paper of Alon, Rényai, Szabé [3]) show that

2-1/t " For other values of s and ¢, there are no lower bounds

ex(n, K1) > coun
that match (2.2) in order of magnitude. The graph K, 4 is the simplest complete

bipartite graph for which the order of magnitude of ex(n, K, 4) is not known.
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Another family of bipartite graphs that has been studied is even cycles. Of
course a 4-cycle is the same as Ky, so we will discuss even cycles of length at
least 6. Here the picture is similar to that of complete bipartite graphs. A general
upper bound of Bondy and Simonovits [11] gives the correct order of magnitude
of ex(n,Cy) for k € {2,3,5}. If k ¢ {2,3,5}, then the order of magnitude of
ex(n, Cy) is not known.

Upper bounds on ex(n, Cy;) are not as easy to obtain as upper bounds on
ex(n, K4), unless of course k = 2. The first good upper bound on ex(n, Cy) is due
to Bondy and Simonovits [11] who proved ex(n, Cy) < 100n'*Y/* for any k > 2.
This is sometimes called the Even Circuit Theorem. The best known upper bound
on ex(n, Cy) for general k is due to Pikhurko [67] who, using ideas of Verstraéte
[84], showed that

ex(n, Cor) < (K — Dn'V* 4 16(k — 1)n. (2.3)

A proof that ex(n,Co,) = O(n'™'/*) would be too long to reproduce here. The
simplest proof is perhaps the one found in [84]. It is unlikely that (2.3) is asymp-
totically best possible for any k. Constructions of Cg-free and Cig-free graphs
given by Benson [7] and Wenger [85] show that the exponent 1+ 1/k is cor-
rect in these cases. Fiiredi, Naor, and Verstraéte [44] proved that for sufficiently
large n, ex(n,Cg) < 0.6272n*3. They also gave a construction which shows
ex(n, Cg) > 0.5338n%/3 for infinitely many n. Lazebnik, Ustimenko, and Woldar
[54], using the construction of Wenger [85], proved ex(n, C1g) > 4/5%°n%/5+0(n%").
To summarize, ex(n,Cy) is known asymptotically. For k € {3,5}, the order of
ex(n, Cop) is n'*V*. For k ¢ {2,3,5}, ex(n,Ca) is O(n'*'/*¥) but there is no
matching lower bound.

For more on bipartite Turdn problems, we refer the reader to the excellent

survey of Fiiredi and Simonovits [45].



Chapter 3

Sidon Sets

In this chapter we introduce Sidon sets which are objects from additive
number theory. Sidon sets and their generalizations play a central role in this
thesis. In Section 3.1 we state some well known upper bounds on the sizes of finite
Sidon sets. This section includes a proof of the famous Erdés-Turan upper bound
on the size of a Sidon set contained in {1,2,..., N}. In Section 3.2 we introduce
several constructions of Sidon sets in various groups. Some of these constructions

will be used in later chapters.

3.1 Upper Bounds

Let I" be an abelian group. A set A C I' is a Sidon set if
a+b=c+dwith a,b,c,d € A,

implies (a, b) is a permutation of (¢, d).

The study of combinatorial properties of Sidon sets has its origins in a
paper of Erdés and Turdn [37] from 1941. According to Erdds [26], Hungarian
mathematician Simon Sidon introduced Sidon sets to Erdés in 1932 or 1933. Sidon
was interested in Sidon sets because of a connection to problems in analysis (see
[72] for a simple example how Sidon sets arise naturally in an analytic context).
Erdés viewed these sets from a combinatorial point of view and what emerged

was a beautiful collection of problems that have drawn a large amount of interest
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from the mathematical community. Sidon sets and problems related to Sidon sets
appear frequently in the problem papers of Erdds. A survey of O’Bryant [65]
contains over 100 references to papers on Sidon and Sidon type sets.

According to Erdés and Turan [37], it was Sidon who was the first to ask

for the maximum size of a Sidon set contained in the interval {1,2,... N}. Let

F5(N) = fé%{w : A is a Sidon set}.

We begin with a simple proposition that provides an upper bound on Fy(N).

Proposition 3.1.1. For any integer N > 1,
Fy(N) < (2N)Y2 +1.

Proof. Let A C [N] be a Sidon set. Each ordered pair of distinct elements of A

determines a unique difference that is contained in the interval
{-N+1,-N+2,...,N—2 N —1}.
This implies |A|(|A] — 1) < 2N so that |A] < (2N)Y/2 4 1. m

In 1941, Erdés and Turdn [37] improved the upper bound of Propsition

3.1.1. The following result is one of the most well-known theorems on Sidon sets.
Theorem 3.1.2 (Erdés, Turdn, 1941). For any integer N > 1,
Fy(N) < NY2 £ O(NY4. (3.1)

Proof. Let A C [N] be a Sidon set. Let m > 1 be an integer and let I = [m]. For
any integer j, let I; = {1+ 4,2+ 4,...,m+j}. The sum Zévzfmﬂ |ANI;| counts

each element of A exactly m times. By Cauchy-Schwarz,

N 2 N
|A|Pm? = (Z |Am1jy) <(N+m=1) Y |JANIP
j=—m+1 J=—m+1

N

5 (|Ar;m) +m,A|> |

Jj=—m+1

= (N+m-1) (2
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Given d € [m — 1], there is at most one pair {a,b} with a,b € A and b —a = d.
The sum Z;V:_mﬂ (‘Agm) counts such pairs and if {a,b} is a pair with b —a = d
for some d € [m — 1], then this pair is counted exactly m — d times. Therefore,

N m—1

> <|A21j|> < dfj(m—d) < m?,

j:—m—|—1 1

Combining the previous two estimates, we get
|A]Pm? < (N 4+m — 1)(m? +m|Al). (3.2)

The rest of the proof involves optimizing the choice of m and simplifying.
Rewrite (3.2) as [A]? < (£2)(m + |A]). We can complete the square to
get

/2
(N +m)2\' N+m
’A| < (N—f‘m—f—w +

N+m)\"? N 1

_ N2 (1 (— —_— 4z
( +N+ 4Nm? + +
N +m)? N 1

vz m  (NEmPy N
< (+2N+ ) Tt

m N3/2  N1/2 1 N 1

oNiZ g T am Tesvie Ton Ty

2m

— N1/2 _|_

If we choose m = | N3], then we get after simplifying |A| < NY/2 + NV 41 as
required. O

Erdés and Turan conjectured Fy(N) < N2 + C where C is an absolute
constant. This is still open and Erdds [26] offered $500 for a proof or disproof of this
conjecture. Currently the best known upper bound on Fy(N) is due to Cilleruelo
[19] who obtained Fy(N) < N'/2 4 N'/4 4+ 1/2 as a consequence of a more general
result. This improved the previous upper bound of F5(N) < N'/2 4+ N'/4 41 which
had been established in 1969 by Lindstréom [57]. His argument was essentially the
same as that of Erdos and Turan and it is this bound that we proved above. It
seems safe to say that new ideas will be required to prove or disprove the conjecture

of Erdés and Turén.
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The leading term N'/2 in (3.1) is best possible. It was observed by Erdds

[25] that a construction of Singer [74] could be used to give a lower bound on
F5(N).
Theorem 3.1.3 (Singer, 1938). If q is a prime power, then there is a Sidon set
A C Zq2+q+1 with |A’ =(q + 1.
Given an integer N > 1, let
Cy(N) = g‘ré%};ﬂfﬂ : A is a Sidon set}.
If A C Zy is a Sidon set, then A is also a Sidon set when viewed as a subset
of Z so Cy(N) < F5(N) for all N > 1. Theorem 3.1.3 gives the lower bound
(+1<Co@+q+1) < B(+q+1) (3.3)

for any prime power ¢q. The function F5(NN) is nondecreasing in N so using esti-

mates on gaps between primes (see [6]), one obtains
FQ(N) > N1/2 . O(N0'2625).

Singer’s construction and (3.1) determine the asymptotic behaviour of Fy(N):
. I(N)

e vz

Unfortunately it is not known if C5(V) is nondecreasing in N so we do not obtain

the same lower bound for Cy(N). Since Co(N) < Fp(N), (3.1) implies Cy(N) <
N2+ O(N'*) although the following simple argument gives a better upper bound.

= 1.

Proposition 3.1.4. If N > 1 is any integer, then

Co(N) < /N —3/4+1/2.

Proof. Let A C Zy be a Sidon set. Each pair of distinct elements of A determine

a unique nonzero element of Zy so |A|(|A] —1) < N — 1. After some simplifying

we find that |A] < /N — 3/4+ 1/2 as required. O
By Theorem 3.1.3,
. Ca(N)

There are other constructions of Bs-sets with many elements but they all use primes
in some way. There is no known general construction that works for arbitrary N.

This leads us into our next section which is lower bounds on Fy(N) and Cy(N).
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3.2 Lower Bounds

In this section we present several constructions of Sidon sets in a variety of

groups.

Proposition 3.2.1. The set A = {(a,a*) : a € N} is a Sidon set in the group Z*.

Proof. Suppose (a,a®) + (b,b*) = (¢,c?) + (d,d?). Then
a—c=d—->banda®—c*=d* -V

If a — c =0, then (a,a?) = (¢,c?) and (b,b%) = (d, d?). Othwerwise, we can divide
a’? —c? = d*> —1? through by a —c =d —b to get a+c = b+ d. Add this last
equation to a — c = d — b to get 2a = 2d. This implies that a =d and b =c¢. [

The same proof can be used to prove the next proposition.

Proposition 3.2.2. Let q be an odd prime power. The set A = {(a,a?):a € F,}

is a Sidon set in the group Fz.

The Sidon sets of Proposition 3.2.2 will be used in Chapter 6. The next
example is due to Erdés and Turdn [37]. Given an integer y, let (y), be the unique

integer between 1 and p that satisfies y = (y),(mod p).
Theorem 3.2.3. Let p be an odd prime. The set
A={x+2p(a?),:1<x<p}
is a Sidon set in Z that is contained in the interval {1,2,...,2p* + p}.
Proof. Suppose
+2p(2%)y +y + 20(y*)p = u + 2p(u?), + v + 2p(v?), (3.5)
for some 1 < z,y,u,v < p. Since |z +y —u —v| < 2p— 2, (3.5) implies

r+y=u+v(mod p) and z* + y* = u? + v*(mod p).

As in the proof of Proposition 3.2.1, we have either x = u(mod p) or z = v(mod p).

Since 1 < z,y,u,v < p, these congruences become equalities so {z,y} = {u,v}. O
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The Sidon sets of Theorem 3.2.3 show that Fy(N) > (\/L5 —o(1))N2. As

noted by Erdés [25], the following result of Singer [74] gives a better lower bound.
Theorem 3.2.4 (Singer, 1938). If q is an odd prime power, then there is a Sidon
set A C Lgpyqr1 with |[A] =q+ 1.

The construction of A in Theorem 3.2.4 is more complicated than the pre-
vious examples. Since we will not need these Sidon sets, we omit the details and
refer the reader to [13].

The next construction is due to Bose and Chowla [13]. We will use these

Sidon sets in Chapters 4 and 7.

Theorem 3.2.5 (Bose, Chowla, 1962). If ¢ is a prime power, then there is a Sidon

set A C Zgp—y with |A] = q.

Proof. Let 0 be a generator of F7,. Let Fy = {b1,...,b,}. Define a; € Zp2 1 by

0% =0+0b; fori =1,2,...,q.

Let A={a,...,a,}. We will now show that this is a Sidon set in Z,_;.
Suppose a; + a; = ap + a;(mod ¢* — 1). Then %% = §*§%. We can

rewrite this equation as (6 + b;)(8 + b;) = (6 + bg)(0 + b;) and then cancel 6% from

both sides. What remains is a degree one equation with coefficients in F, which

is impossible, unless the equation is trivial. Therefore, {b;,b;} = {by, b;} which

implies {a;,a;} = {ag, a;}. O

In 1993, Ruzsa [71] gave one of the simplest constructions of a Sidon set

that has many elements.

Theorem 3.2.6 (Ruzsa, 1993). If p is a prime, then there is a Sidon set A C Z,2_,,
with |A| =p— 1.

Proof. Let p be a prime and let ¢ be a generator of the multiplicative group Fy.
Define p — 1 residues a; by
a; =i(mod p—1) and a; =6 (mod p)

fori=1,2,...,p—1. Let A={ay,...,a,-1}. We now show that A is a Sidon set
in Zyp—1)- Suppose a; + a; = b(mod p(p — 1)). Then
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i+j=0bmodp—1) and 6"+ ¢’ = b(mod p).

Working over F,,, we see that
* —br+ 0 = (z—0")(z — &)

is the unique factorization of 22 — bx +#°. Therefore, b determines i and j uniquely

up to ordering. O]
Theorems 3.2.4, 3.2.5, and 3.2.6 give the following lower bounds on Cy(N):
1. Co(¢* +q+1) > g+ 1 for any prime power gq.
2. Cy(¢* — 1) > ¢ for any prime power q.
3. Cy(p? — p) > p — 1 for any prime p.

Recall that if A C Zy is a Sidon set, then |A|(JA] —1) < N — 1. This
simple inequality shows that each of the three lower bounds given above is best
possible. Despite this, determining the asymptotic behavior of Cy(N) is still a
challenging open problem. It seems likely that Cy(N) is asymptotic to Fy(N).

The best bounds that we currently have are
Ca(N)

L o limint &
V2 = Nhee NU2 = P TN

The lower bound follows from the observation that a Sidon set A C {1,..., |N/2]}
is also a Sidon set when viewed as a subset of Zy. A consequence of this observation
is that F5(|N/2|) < Cy(N) for all N > 1.

For more on Sidon sets, the standard reference is the book of Halberstam

and Roth [48].



Chapter 4

Sidon Sets and Graphs Without
4-cycles

The problem of determining the maximum number of edges in an n-vertex
graph that does not contain a 4-cycle has a rich history in extremal graph theory.
Using Sidon sets, for each odd prime power ¢ we construct a graph with ¢ — ¢ — 2
vertices, 3¢ — ¢ — O(¢*/*) edges, and no 4-cycle [79]. This disproves a conjecture
of Abreu, Balbuena, and Labbate [1] on the Turdn number ex(¢* —q— 2, Cy) where

¢ is an odd prime power.

4.1 Introduction

Let F' be a graph. Recall that the Turdn number of F, denoted ex(n, F),
is the maximum number of edges in an n-vertex graph that does not contain F
as a subgraph. As mentioned in Chapter 2, one of the most studied cases is when
F = (}y, the cycle on four vertices. Before stating our main result, we recall some
of the known results concerning the Turan number of Cy. Some of these results
were mentioned in Chapter 2.

The Kévéri-Sés-Turdn bound [51] implies ex(n, Cy) < $n®?

+ 5 for every
n > 1. Using polarity graphs of projective planes Brown [14], Erdés, Rényi, and
Sés [32] independently proved that for each prime power ¢, ex(¢? + q + 1,Cy) >

1q(q+1)%. Therefore, ex(n, Cy) = 1n*? + 0(n*?) is an asymptotic formula for the

24
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Turdn number of Cy.

The exact value of ex(n, Cy) was determined using computer searches ([21],
[70]) for all n < 31. Fiiredi [43] proved that whenever ¢ > 15 is a prime power,
ex(¢®> + ¢+ 1,C4) < 1g(g + 1)? thus we have the exact result ex(¢? + ¢ + 1,Cy) =
2q(q + 1)? for all prime powers ¢ > 15. It was also shown in [43] that the only
graphs with ¢*+¢+1 vertices and 1¢(g+1)? edges that do not contain a 4-cycle are
orthogonal polarity graphs of finite projective planes. Along with the constructions
of [14] and [32], the results of Fiiredi are the most important contributions to the
4-cycle Turdn problem. Recently Firke, Kosek, Nash, and Williford [38] proved
that for even ¢, ex(¢® + ¢,C4) < 3q(q +1)* — ¢. If ¢ is a power of two, then we
have the exact result ex(q*+ ¢, Cy) = %q(q +1)? — ¢q. The lower bound in this case
comes from taking an orthogonal polarity graph of a projective plane of order ¢
and removing a vertex of degree ¢. In [38], it is stated that if ¢ is a power of two
and G is a Cy-free graph with ¢+ ¢ vertices and %q(q—i— 1)% — q edges, then G must
be obtained by deleting a vertex of minimum degree from a polarity graph. Hence
we have characterizations of the extremal graphs when n = ¢> + ¢+ 1 and ¢ is a
prime power, and when n = ¢ + ¢ and ¢ is a power of two. The results we have
mentioned so far describe all of the cases in which an exact formula for ex(n, Cy)
is known.

While investigating adjacency matrices of polarity graphs, Abreu, Bal-
buena, and Labbate [1] were able to find subgraphs of a polarity graph that have
many edges. By deleting such a subgraph, they proved that for any prime power

4,
1@ - —1+1 if¢isodd,
2

ex(q®* —q—2,Cy) > {

1,3 e
30 —q if ¢ is even.

They conjectured that these bounds are best possible. Our main result shows that

when ¢ is an odd prime power, this lower bound can be improved by 2 — O(g%*).
Theorem 4.1.1 (Tait, Timmons, 2013). If q is an odd prime power, then
1
ex(q” —q=2,Ci) > 54" = ¢* = O(¢"").

We will construct graphs without 4-cycles using the Sidon sets constructed

by Bose and Chowla [13]. Let I" be an abelian group. Recall aset A C I is a Sidon
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set if whenever a + b = ¢+ d with a,b,c,d € A, the pair (a,b) is a permutation of
(c,d).

Let g be a prime power and € be a generator of the multiplicative group IFZQ
where IF;2 is the nonzero elements of the finite field Fj2. Bose and Chowla proved
[13] that

Aq,0) ={a€Zp_,:0"—0cF,}

is a Sidon set in the group Zg,_; (see also Chapter 3, Section 3.2).

Definition 4.1.2. Let g be a prime power and 6 be a generator of the multiplicative
group Fl;. The graph Ggp is the graph with vertex set Z,2_; and two distinct

vertices ¢ and j are adjacent if and only if i + 7 = a for some a € A(q,0).

It is known that Sidon sets can be used to construct Cy-free graphs. We
will prove a result about the Bose-Chowla Sidon sets, Lemma 4.2.6, that will help
us find a subgraph of Gy g with ¢+ 1 vertices and has many edges. We remove this
subgraph to obtain a graph with ¢* — ¢ — 2 vertices and at least 1¢* — ¢* — O(¢*/*)
edges. In addition to providing examples of graphs with no 4-cycle, the graphs
G40 have been used to solve other extremal problems [16].

We would like to remark that we could have defined Gy as a polarity graph
in the following way. Let P = Z,2_; and let £ be the set of ¢> — 1 translates of
A(q,0). That is, L = {Ay, As,..., Ap_1} where A; := A(q,0) + i. This defines a
geometry in the obvious way: ¢ € P is incident to A; € £ if and only if ¢ € A;.
We define a polarity by (i) = A2y, for all i € P, and m(4;) = ¢* — 1 — i for all
A; € L. The fact that 7 is a polarity can be checked directly. We choose to use

Definition 4.1.2 as it is more convenient for our argument.

4.2 Proof of Theorem 4.1.1

Fix an odd prime power ¢ and a generator 6 of the multiplicative group Fr..
We write A for the Sidon set A(q,8) in Z,_; and observe that |A| = ¢. All of our
manipulations will be done in the group Z,_; or in the finite field Fg .. If it is not
clear from the context we will state which algebraic structure we are working in.

The first two lemmas are known. We present proofs for completeness.
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Lemma 4.2.1. The graph Gg does not contain a 4-cycle.

Proof. Suppose ijkl is a 4-cycle in G . There are elements a, b, c,d € A such that
i+j=a,j+k=0bk+1=c, and [ + ¢ = d. This implies

at+c=>b+d.

Since A is a Sidon set, (a,c¢) is a permutation of (b,d). If a=btheni+j=j+k
sot=k. lfa=dtheni+j=1[+1s0j =1[. In either case we have a contradiction

thus Gy does not contain a 4-cycle. O

Lemma 4.2.2. [f A— A:={a—0b:a,b € A} then
A-A= Zlﬂ*l\{q + 172<q + 1)73<q + 1)7 ceey (q - 2)((] + 1)}

Proof. Suppose s(¢+1) € A— Afor some 1 <s<q—2. Writes(g+1)=a—0b
where a,b € A and a # b. We have for some o, 8 € F,

0> = 0" = 0°07" = (0 + o) (0 + B) .

From this we obtain

0+a=(0+p)O"")"

but 691 € F, so 0 + a = (6 + )y for some v € F,. Since 6 does not satisfy a
nontrivial linear relation over F, we must have v = 1 hence a = § (in Fj2) so
a=1"> (in Zp_1). From this we get s(¢ + 1) = 0 which contradicts the fact that
1 < s < q— 2. This shows that

(A-A)n{g+1,2(¢+1),....(¢ = 2)(¢+ 1)} = 0.

Since A is a Sidon set, |A — A| = ¢(¢ — 1) + 1 which is precisely the number of

elements in the set

Zpa\{g+1,2(q+1),....(¢—2)(¢+ 1)}

and this completes the proof of the lemma. n

Let i be a vertex in G 9. If i+i € A then the degrecof iisg—1. If i+i ¢ A

then the degree of 7 is ¢. We call a vertex of degree ¢ — 1 an absolute point.
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Lemma 4.2.3. Distinct vertices i and j in Gyg have a common neighbor if and

only if i — 5 € (A — A)\{0}.

Proof. First suppose ¢ and j are distinct vertices that have a common neighbor k.
Theni+k=aand k+j =0 for some a,b € Asoi—j=(a—k)—(b—k)=a—0.
Since ¢ # j, we get that a — b # 0.

Now suppose i — j = a — b for some a,b € A with a # b. Let k = a — 1.
Then k + i = a so k is adjacent to 7. Also, k =a—i=b—jsok+j=0bandk is
adjacent to j. O

Lemma 4.2.4. If 1 is an absolute point then i + (12771 1s also an absolute point.
Proof. If 2i = a for some a € A then 2(i + ‘IQT_l) =2i=a. O

Lemma 4.2.5. Let i and j be two distinct absolute points of Ggg. If i # j + q22—_1
then © and j have a common neighbor and if i = j + % then © and j do not have

a common neighbor.

Proof. By Lemmas 4.2.2 and 4.2.3, ¢« and j have a common neighbor unless ¢ —
j =s(qg+1) for some 1 < s < ¢— 2. Since ¢ and j are absolute points, there
exists elements a,b € A such that 20 = a and 2j = b thus a — b = 2s(q + 1).
By Lemma 4.2.2; it must be the case that a = b so 2¢ = 2j. The solutions to
22 = 2y(mod ¢* — 1) arex:yandx:y—k% hencei:jori:ij%. Thus
1 and j will have a common neighbor whenever they are distinct absolute points

with 7 # j + ‘127_1 and will not have a common neighbor when ¢ = j + (127—1_ O

Lemma 4.2.6. Let {ay,a2,a3} and {b1, by, b3} be subsets of A with ay,as, and ag
all distinct and by, by, and bs all distinct. If

261—a1:2b2—a2:2bg—a3
then two of the ordered pairs (ay,by), (ag,bs), (as,bs) are equal.

The proof of Lemma 4.2.6 is simple but it is not short. For this reason we

postpone the proof until after the proof of Theorem 4.1.1.

Lemma 4.2.7. Any vertex j is adjacent to at most two absolute points.
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Proof. Suppose j is a vertex of G,y that is adjacent to three distinct absolute

points 4;, i3, and i3. There exists elements aq, as, as, by, bs, b3 € A such that
22]@ = ag and Zk +] = bk

for k = 1,2,3. Since iy,19,13 are all distinct, by, by, and b3 must all be distinct.
If a, = a; for some 1 < k <[ < 3 then i, = 7, + ‘127_1. In this case, the vertices
1 and 7; are absolute points with a common neighbor but this is impossible by
Lemma 4.2.5. We conclude that aq, as, and ag are all distinct. For each k, we can

write i + j = by as 27 = 2by, — ay, so that
2b1 — Ao = 2[)2 — ag = 2b3 — as.

By Lemma 4.2.6, (ag, br) = (a;, b;) for some 1 < k <1 < 3 but we have already ar-
gued that a; and a; are distinct. This gives the needed contradiction and completes

the proof of the lemma. O

Proof of Theorem 4.1.1. Let P be the absolute points of G,4. By Lemma 4.2.4,
the absolute points come in pairs so we can write

2 2 2 _ 1

.. q — . - . q
P:{Zl,'ll“— 2 ,ZQ,ZQ+ 2 ,...,Zt,lt—{— 2 }

where 2t is the number of absolute points of G,9. When ¢ is odd, ¢* — 1 is even
and we can write ¢2 — 1 = 2"m where r > 1 is an integer and m is odd. If a € A
then the congruence

2z = a(mod 2"m)

has no solution when a is odd and two solutions if a is even. Therefore ¢ is exactly
the number of even elements of A when we view A as a subset of Z. Lindstrém [60]
proved that dense Sidon sets are close to evenly distributed among residue classes.

In particular, the results of [60] imply that

t= g +0(¢**) (4.1)
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so we know that we have ¢+O(¢**) absolute points in G- The number of vertices
of Gy is ¢* — 1 and the number of edges of G, is
1, 1, 1
e(@) =5 (ale = 1=20) +(¢=1)(2)) = 56" — 54—t
Let S C V(G,p) with |S| = ¢ + 1 and let ts be the number of absolute
points in S. The graph G,4\S has ¢> — ¢ — 2 vertices and
1 1 _
5613 - §q —t—e(S) —e(5,9) (4.2)
edges. Here e(S,S) is the number of edges of G, with exactly one endpoint in S.
We can rewrite e(S) + e(S,S) as
e(S)+e(S,S) = Zd —e(9) = (q+1—ts)qg+ts(g—1)—e(S) = ¢*+q—ts—e(9).
€S
By (4.2) we can write the number of edges of G,4\S as
1, 1 ) 1, , 3
50 —ga—t= (" +ta—ts—elS) =50 —¢ —ga—t+tste(S). (43)
For any 1 < j; < j» < t, the pair ¢;, and 4;, of absolute points have a
unique common neighbor by Lemmas 4.2.5 and 4.2.1. Set k = [$/8¢+9 — 3|
and note that for large enough ¢ we have k < t. The integer k is chosen so that
it is as large as possible and still satisfies the inequality ( ) +k < g+ 1. Let
S1 = {i1,...,i}. For each pair 1 < j; < jo <k, let z;, ;, be the unique common
neighbor of the absolute points i;, and 4;,. Let So = {z}, j, : 1 < j; < j2 < k}. By
Lemma 4.2.7, S5 consists of (g) distinct vertices. A short calculation shows that
(’2“) +k>q—0(/q). Let S5 be aset of g+ 1 — (’2“) — k vertices chosen arbitrarily
from V(G,0)\(S1 U Ss). Let S be the subgraph of G, induced by the vertices

S1 U S5 U S3. By construction, S has ¢ + 1 vertices and at least 2(’2“) edges so

ts+e(S)>k+ 2(];) >2q— 0(/q).

By (4.1) and (4.3), removing the vertices of S from G, leaves a graph with ¢*—q—2
vertices and at least

1 1
50 = 0" =20+ 20 - 0(¢"") = 56" — ¢ = O(¢™").

edges. O]
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Now we return to the proof of Lemma 4.2.6.

Proof of Lemma 4.2.6. Let {a1,as,as},{b1,bs,b3} C A with aq,as, and as all dis-
tinct, and by, by, and bs all distinct. Since a;, b, € A, there exists elements
¢k, dy € IF, such that
0% =0+, and 0% =0+ d,

for k =1,2,3. Observe that ¢y, ¢a, and ¢z are all distinct and so are dq, do, and d3.

The generator 6 satisfies a degree two polynomial over F,, say 6% = af + f3
where o, 8 € F,. Since 0 generates F7., it cannot be the case that a = 0 and
if 5 =0, then #(0 — o) = 0 which is impossible since § ¢ F,. The polynomial
X?—3X +3p € F,[X] has at most two roots in F,. Without loss of generality, we
may assume that

¢ —3cia+38#0 (4.4)

since ¢y, ¢o, and cg are all distinct. This fact will be important towards the end of
the proof.

Consider the equation 2b; + as = 2by + a;. We can rewrite this as
(0 + d1)2(9 + 02) = (0 —|— d2)2(6 —|— Cl>.
If we expand, use #? = af + 3, and regroup we obtain

6(261106 + Ccox + d? —+ 2d102) -+ (2d1ﬂ —+ Cgﬂ —+ d%CQ)
= 6(2612@ + o+ d% + 2d261) + (ngﬂ + Clﬂ + d;Cl).

These coefficients are all in [F; so we must have
2d10€ + coax + d% + 2d1€2 = 2d204 +cia + d% + 2d201 (45)

and

2d1 8 + 28 + d2cy = 2dy 8 + 18 + d2cy. (4.6)

Similar arguments show that both (4.5) and (4.6) hold with ¢3 replacing ¢o and dj
replacing dy. We view ¢; and d; as begin fixed and (cs, d3) and (cs3, d3) as solutions

to the system

2dio+ Xa +df +2d1 X =2Ya + cia+ Y +2Y ¢y, (4.7)
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2018+ XB+d2X =2Y B+ 1B+ Yie. (4.8)

One solution is (X,Y) = (¢1,dy). If we can show that the system (4.7), (4.8) has at
most two solutions then we are done as this forces two of the pairs (¢1,dy), (2, dz),
(c3,d3) to be the same and the pair (¢, di) uniquely determines the pair (ay, by).
Multiply (4.7) by ¢; and then subtract (4.8) to eliminate Y2 and obtain

(2cidia+cydi +c1B—2d1 B —cia) + X (acy +2¢1dy — B —d3) = Y (2] +2c1a—23).
(4.9)
Next we subtract « times (4.8) from S times (4.7) to get

2B+ X(2d, 8 — dia) = Y?(B — acy) + Y (2¢18). (4.10)

If we knew that the coefficient of X was nonzero in (4.9) and  — ac; # 0 then we
could easily deduce that there are at most two solutions (X, Y’). Unfortunately we
do not know this and so we have to work to overcome this obstacle.
Suppose (4.9) is an equation where the coefficients of X and Y are both 0.
Then
2¢] +2cia — 2B =0 and ac; + 2¢;d; — B —d; = 0.

Since ¢ is odd, the first equation can be rewritten as ¢ + c;a — 3. Subtracting the
second equation ¢? + cia — 3 gives ¢ — 2¢ydy +d3 = 0 hence (¢; —dy)(c; +dy) = 0.

If c; = dy then 0% =0+ ¢, = 0 +d; = 0" s0 a; = by (in Zg2—1). Using
2b; — a1 = 2by — ag we get by + as = by + by S0 by = by, a contradiction. Assume
¢1 = —d;. Then ¢; # 0 and d; # 0 otherwise ¢; = d; which we already know does
not occur. Since both coefficients of X and Y are 0 in (4.9) the constant term

must also be 0 so, using ¢; = —dy,
0 = 2cdia+cids +c1f—2d5 — Ga
= —3cia+c + 3
= ¢ (¢ =31+ 33).
By (4.4) this is impossible. We conclude that at least one of the coefficients of X
or Y in (4.9) must be nonzero.

If the coefficient of X in (4.9) is nonzero then we can write X = Y+, for

some 71, V2 € ;. Substituting this equation into (4.7) gives a quadratic equation in
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Y which has at most two solutions and Y uniquely determines X since X = v;1Y 4+,
and we are done.

Assume now that ac; + 2c;dy — 8 — d? = 0. Then (4.9) gives a unique
solution for Y. Since (X,Y’) = (c1,d) is a solution we must have that all solutions

to the system (4.7), (4.8) have Y = d;. Substituting into (4.7) and (4.8) we get

X(Oé + 2d1) = Cl(Oé + 2d1)
X(B+d}) =ci(B+d3).

If dy =0 then Xa = ¢y and since a # 0 we get X = ¢; are we are done.
Assume d; # 0. If either o + 2d; or 3 + d? are nonzero then we are done.

Assume o + 2d; = 3+ d} = 0. If we substitute Y = d; into (4.10) then we get
Xdl(QB — dloz) = dlcl(Qﬁ — dloé).

Again, if 28 — dy« is nonzero we are done so assume 23 —dya = 0. Using the three

equations

a+2d, =0, B+d>=0,28—dia=0

we have

0=28—da=2(—d?) — di(—4d,) = 242

so d; = 0 giving the needed contradiction.

Chapter 4 is a reprint of “Sidon sets and graphs without 4-cycles,” 2013.
Tait, Michael; Timmons, Craig. This paper has been submitted for publication.

The dissertation author was one of the primary investigators and authors of this

paper.



Chapter 5

Ordered Turan Problems

In this Chapter we introduce an ordered version of the Turan problem for
bipartite graphs. Let G be a graph with V(G) = {1,2,...,n} and view the vertices
of G as being ordered in the natural way. A zig-zag K, denoted Z,,, is a complete
bipartite graph K, whose parts A = {n; <ng <--- <ng}and B ={m; <my <
-+« < my} satisfy the condition ng < my. A zig-zag Cyy is an even cycle Cy, whose
vertices in one part precede all of those in the other part. Write Zy; for the family
of zig-zag 2k-cycles. We investigate the Turdn numbers ex(n, Z,+) and ex(n, Za).
In particular, we show that ex(n, Zs») < 2n%? + O(n**). For infinitely many n
we construct a Zso-free n-vertex graph with at least (n — /n — 1) + ex(n, Ks2)
edges.

Our motivation for introducing ordered Turan problems comes from a con-
nection between Sidon sets and Z4-free graphs. As discussed in Chapter 2, obtain-
ing good lower bounds on ex(n, Cy) is a difficult problem. Using generalizations
of Sidon sets called By-sets, we can construct graphs that are Z}, -free, where ZJ,
is a particular subfamily of Z,,. This construction works for every k£ > 2, and

gives lower bounds of order n!*'/* on the ordered Turdn number ex(n, Z5,).

5.1 Introduction

Given an n-vertex graph G, label its vertices with the integers in [n] using

each integer exactly once. This induces a natural ordering of the vertices of G and

34
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1 n ns Ty s e ni 2 ns Ty s

nq no ns N4 n 2

Z4 = 2272 A Member of ZG ZQ73
Figure 5.1: Z, = Z35, a Member of Zg, and Z3 3

we use this ordering to distinguish between different types of a fixed subgraph.
This idea is not new to Turdn theory. Czipszer, Erdds, and Hajnal [23] and Dudek
and Rodl [24] investigated Turdn problems for increasing paths of length k. An
increasing path of length k is a sequence of k edges nins, nons, ..., ngnky1 such
that ny <ng < --- < ngyq.

Let H be a bipartite graph with parts A and B. Let f : {1,2} — {A, B}
be a bijection and call f an ordering of the parts. A zig-zag H relative to f and
bipartition {A, B} is a copy of H in G such that all of the vertices in f(1) precede
all of the vertices in f(2). One of the reason we consider zig-zag bipartite graphs
as opposed to bipartite graphs that do not zig-zag is because there exist graphs
with %nz + 0(n?) edges that do not contain increasing paths of length 2. One such
graph is obtained by joining each even vertex to all of the odd vertices that come
after it in the ordering. If a complete bipartite graph does not zig-zag, then it will
contain an increasing path of length 2. In contrast, if a zig-zag bipartite graph is
forbidden, then the number of edges will not be quadratic in n. Our focus will be
on zig-zag complete bipartite graphs and zig-zag even cycles so we specialize the
notation.

As before let G be an n-vertex graph with V(G) = [n] and consider the
vertices of G as being ordered. A zig-zag K,;, which will be denoted by Z,,, is
a Ky, whose parts A = {n; <ny < --- <ng}and B={my <my < --- < my}
satisfy the condition ng < my. A zig-zag 2k-cycle, denoted Zy, is a 2k-cycle whose
vertices are {n; < ng < -+ < ng} and A = {ny,...,ng}, B = {ngs1,...,nox} is
the bipartition. Let Zo; be the family of all zig-zag 2k-cycles. Observe that for
k = 2, Z9, consists of a single graph and we simply write Z; for this family.

Any n-vertex K, ;-free graph G can be used to define a Z,;-free graph so
ex(n, Ky;) < ex(n, Zs;). A non-trivial relation between ex(n, Ky ;) and ex(n, Zs)

can be viewed as a compactness result (see [34]) since one is forbidding a special
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type of K, rather than forbidding all K,,’s. The same remark applies to zig-zag
even cycles as well.

Our original motivation for investigating zig-zag bipartite graphs comes
from a problem in additive number theory. A set A C Z is a By-set if a1 + ay =
by + by with a;,b; € A implies {a1, a2} = {b1,b2}. Ba-sets, also called Sidon sets,
were introduced in the early 1930’s and since then they have attracted the attention
of many researchers. These sets were discussed in Chapter 3, but we briefly recall
a few results. Let F5(n) be the maximum size of a By-set contained in [n]. Erdés
and Turén [37] proved Fy(n) < n'/? 4 O(n'/*). In 1968 Lindstrom [57], refining
the argument of Erdés and Turdn, proved Fy(n) < n'/2 4+ n'/* + 1. Cilleruelo [19]
obtained Fy(n) < n'/?2+n'/*41/2 as a consequence of a more general result. Erdés
conjectured Fy(n) < n'/? + O(1) and offered $500 for a proof or disproof of this
conjecture [26]. The error term of n'/ has not been improved since the original
argument of Erdos and Turan.

The connection between Bs-sets and ordered Turan theory is given by the
following construction. Let A C [n] be a By-set. Define the graph G4 by V(G4) =
[n] and

E(Ga)={ij:i=j+afor some a € A}.

It is easily checked that G4 is Zs-free and so bounds on ex(n, Z4) translate to
bounds on Fy(n).

Our first theorem gives an upper bound on ex(n, Z).

Theorem 5.1.1. Let k > 2 be an integer. For any n,

k— 3/2 1+1/k
=g _1"

ex(n, Zay) + (2k — 3)nlog, n.

For comparison, recall that the best known upper bound on ex(n,Cy) is
due to Pikhurko [67] who showed that

ex(n, Cor) < (k — D)n'** 4 16(k — 1).

The next theorem gives an upper bound on ex(n,Z,;) corresponding to

Fiiredi’s upper bound on ex(n, K;;).
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Theorem 5.1.2. Let t > s > 2 be integers. For any n,
ex(n, Zs1) < %n%l“ + <(t — Y4 %(s - 1)) n?2712% 4 (s — 1)n.
For small values of s and t there is a gap between the upper bounds on
ex(n, Ks;) and ex(n, Zs;). When s = t = 2, the upper bound of Theorem 5.1.2
gives ex(n, Zop) < 2n3/2 + O(n®/*) whereas (2.2) gives ex(n, Ky») < in*?+0(n).
We are able to give a construction using projective planes which shows

limsup (ex(n, Z;) — ex(n, Cy)) = 0.

Unfortunately we were unable to determine whether or not ex(n, Z;) ~ ex(n, Cy),

but we do have the following theorem.

Theorem 5.1.3. For any prime p,
ex(p? +p+1,7,) >p* +ex(p® +p+1,C)).

The upper bound ex(n, Zy) < 2n*? + o(n®?) given by Theorem 5.1.2 can

probably be improved. We believe that the constructions are best possible.

Conjecture 5.1.4. The zig-zag Turdn number ex(n, Z,) satisfies
L 3 3/2
ex(n, Z,) < 3" + o(n*?).

The notion of compactness [34] has produced several interesting problems
concerning Turan numbers for bipartite graphs. Similar questions can be asked for

our ordered version of the problem.

Problem 5.1.5. Is it true that for any bipartite graph H and any zig-zag ZH we
have
ex(n, ZH) = O(ex(n, H))?

A positive answer to Problem 5.1.5 is supported by Theorem 5.1.2.
Another interesting problem related to compactness is the following. Let
Z5. be the sub-family of Z,, that consists of all Zy;’s with a longest or shortest

edge.
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Problem 5.1.6. Is ex(n, Z,5) = O(n'*'/¥) for k > 37

We will discuss Problem 5.1.6 in more detail in Chapter 9. For now we
remark that it is not difficult to show ex(n, Z).) > cn'*¥/* for all k > 3. This
may come as a surprise considering the difficulty in finding good lower bounds on
ex(n, Cy) for k ¢ {2,3,5}.

In the next three sections we prove Theorems 5.1.1, 5.1.2, and 5.1.3. In this
chapter all floor and ceiling symbols are omitted whenever they do not affect the

results.

5.2 Proof of Theorem 5.1.1

Let k > 2 be an integer. Let G be a Zy-free graph with V(G) = [n]. Given
two subsets A, B C V(G), write A < B if all of the elements of A are less than
the smallest element of B. For disjoint subsets A, B C V(G), let G(A, B) be the
subgraph of G with V(G(A, B)) = AU B and

E(G(A,B)) = {ij € E(G) :i € A,j € BY.

For any pair of subsets A, B C V(G) with A < B, the graph G(A, B) is Co-
free since G is Zoi-free. Given integers m; and mg, let ex(my, ma, Co) be the
maximum number of edges in a Cy;-free bipartite graph with m; vertices in one
part and my vertices in the other. Naor and Verstraéte [63] proved an upper bound
on ex(myq, my, Cyy) that implies a Cox-free bipartite graph with m vertices in each
part has at most (2k — 3)(m'*/¥ + 2m) edges. Applying this bound to G(4;, B;)
where Ay ={1,2,...,n/2} and By ={n/2+1,n/2+2,...,n} gives

e(G(A1, B1)) < (2k — 3)((n/2)"*V* 4+ ).

We repeat the argument on the sets Aoy = {1,2,...,n/4}, Boy = {n/4+1,n/4+
2,...,n/2} and on the sets Aoy = {n/2+1,n/2+42,...,3n/4}, Bys = {3n/4 +
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1,3n/4+2,...,n}. Continuing in this fashion gives

logy 1

e(G) < ZZl_leX(nQ_l,nZ_l,Cgk)
=1

logy
< ) 272k = 3) ((n/2) VR 4+ 2n/2)
1=1
(k—3/2)n /S 1!
< 2/1/1 Z o) T (2k — 3)nlogyn
1=0
k—3/2
= o _/1n1+1/k + (2k — 3)nlog, n.

5.3 Proof of Theorem 5.1.2

The following lemma was used by Fiiredi [40] in proving (2.2). The proof of
the lemma is an easy application of Jensen’s Inequality. For k > 1 and z > k — 1

define (}) = fz(x —1)--- (. —k+1). If k— 1>z > 0 define (}) = 0. For fixed

k each of these functions is convex.

Lemma 5.3.1 (Fiiredi, [40]). If n,k > 1 are integers and ¢,y, 1, ...,z are non-

negative real numbers and Y ;. (“;C‘) < c(z) then

n

in <y VR 4 (k= 1)n. (5.1)
i=1

Proof. Let s = Y 0 ;. If s < n(k — 1) then the inequality holds so assume
2 —k+1>0. Apply Jensen’s Inequality to get >_7" , (“I’:) > n(sén) which implies
c(?) > n(sén). Rearranging this inequality gives

yy-Dy—=2)---(y—k+1)
(s/n)(s/n—1)---(s/n—k+1)

v

n
.

13

k k
The left hand side can be bounded above by (W) to get <5/Tyk+1> > o
Solving this inequality for s gives (5.1).

DO

Define the back neighborhood of a vertex i € V(G) to be the set

I~(i)={j<i:jie EG).
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Let G be a Z,-free graph with V(G) = {1,2,...,n}. Define an n by n
bipartite graph H with parts L = {by,bs,...,b,}, P ={1,2,...,n}, and edge set

E(H) = {{i,b;} i e I (j)}.

H is the incidence graph of the back neighborhoods {I'" (i)}, of G.
It is easy to check that e(H) = e(G) and H has no complete bipartite
subgraph with ¢ vertices in L and s vertices in P. Let k = n'/2-1/2s

1,2,...,k let

. For 5 =

Any back neighborhood I'~(4) is a subset of {1,2,...,i—1} and so the neighbors of
b; in H are contained in the set {1,2,...,i—1}. If i < (j—1)2 41 then dp, (b;) = 0

hence
n

e(L,Pj):dej(bi): > dp(b). (5.2)

i=1+(-1)%

Recall ("z) =0if0 <z < s and so

— (dp,(b;)\ - dp, (b;)
Z ( s - Z s '
i=1 i=(—1)2 41

Each subset of size s in P; can be counted at most ¢ — 1 times in the sum
Sy (“71%) therefore

B 5 ()

By Lemma 5.3.1,

»
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Using this inequality and (5.2), we obtain

e(H) = ) e(L,F)

:_ 1/sp2-1/s F k
< D S - G- )/ (s = e Y (- G- /W
< (t _ 1)1/sn2—1/s

. (1 —i—/o (1- %)1’1/%95) + (s —1)n(1 —i—/o (1- %)dm)

(=Y, (= DY (s Lnk

— _ -1
215 n + ? + 5 +(s—1)n
-0 5 s, L 3/2-1/2

= —_— s -1 s - -1 s —1 .
2_1/877, +(t—1) —|—2(3 ) n +(s—=1)n

Since e(G) = e(H), this completes the proof.

5.4 A Lower Bound

Graphs constructed by Erdés, Rényi [31] and Brown [14] show that ex(q¢? +
q+1,Cy) > %q(q—i— 1)? where ¢ is any odd prime power. Since ex(n, Z4) > ex(n, Cy),
this implies

1
ex(n, Zy) > §n3/2 —o(n??).

The construction we present improves this lower bound in the error term. Recall
Fiiredi [43] proved ex(¢*> + ¢ + 1,C4) < 3q(q¢ + 1)? = 3¢* + ¢* + 3¢ for ¢ > 15.
Using the constructions of Erdés, Rényi, and Brown we have the exact result
ex(¢*+q+1,Cy) = %q(q—i— 1)? for prime power ¢. For each prime p, we construct a
Z,-free graph with p? +p+2 vertices, maximum degree p+ 1, and %p?’ +2p2 + %p—i— 1
edges. It follows that there exists a Z,-free graph on p? + p + 1 vertices with at
least %pg +2p? + %p edges and so for prime p > 15,

ex(p’ +p+1,Co) +p* <ex(p’ +p+1,2Z).
Before giving the construction we point out a connection between Z,-free

graphs on n-vertices and collections subsets of [n]. Let G be a Zy-free graph on [n].

The back neighborhoods {I'~ (i)}, form a collection of subsets of [n] that satisfy
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1. I(i) C[i—1) for 2 <i<nmn.
2. Forany i #j, I ()N~ ()] < 1.

Conversely any collection of sets {A;}7-]' that satisfy 4; C [i] and |[4; N 4;] <1
for i # j can be used to define a Z,-free graph G by setting I'" (i + 1) = A;. We
will construct a family of sets Ay, ..., Ay, that satisfies these conditions by
labeling the points of a projective plane using the numbers 1,2,...,p? +p+1 and
by labeling the lines of the plane using the numbers 1,2,...,p*> +p+ 1. Suppose [
is a line that is assigned label ¢ and we denote this by ;. Our goal is to make the

suIm
p*+p+1

>

i=1
as large as possible for if G is defined by setting I'"(i + 1) = ; N [¢] for 1 < i <
p? 4+ p+ 1, then

p>+p+2 PP +p+1
@)=Y I-Ol= Y LNl
=2 i=1

Now we proceed with the construction. Fix a prime p. The number p?+p+1

and the numbers in the array

P+p pPP+p-1 pPP+p-2 ... pP+l
p? p?—1 p?—2 .o pP=p+1
P p—1 p—2 o1

are the points of the projective plane. To define the lines of the plane it is con-
venient to let a = p?> + p+ 1 and let a;_1; be the (i, j)-entry in the array above.
The lines of the plane are (r) = {a,a,1,0,2,...,a,,} where 0 < r < p, and
l(r,c) = {aoss a1 r4e, @249¢s - - -5 Apripet Where 1 <7, c < p. The second subscript
r + jc is reduced modulo p so that its value is in {1,2,...,p}. These names are
used only to define the lines and at this point we are ready to assign the labels
1,2,...,p* +p+1 to the lines. Each label will be used exactly once and there are
p? 4+ p+1 lines so to label the lines we just drop the name after the label has been
assigned. Give [(0) label p? + p+1 and for 1 < r < p, give [(r) label p* — p(r — 1).
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l(O) — lp2+p+1 l(T’) — lp2,p(rfl) fOI‘ 1 S T S p

To determine the label assigned to {(r,c), we look at which point I(r, ¢) contains
from the (c+ 1)-st row of the array. This point, or more precisely its label, will be
the label assigned to [(r,c) unless this element is a multiple of p. Specifically for

1<rc<p,

I(r,c) — { o if gy < p* = (e 1p,
7 z

p2ip—(c—1) I Geprez =p* — (c— 1)p.

Before going further an example is needed. For p = 3 form the array

12 11 10

9 8 7

6 5 4

3 2 1
In this case a = 13, ap1 = 12, app = 11, ap3 = 10,a:1 = 9,...,a33 = 1. Below
we show the lines before the label assignments are given and the new labels. For
lines of the form [(r, ¢) we have underlined the point of the line used to determine
its label.
1(0) = {13,12,11,10} — i3, (1) ={13,9,8,7} — Iy, 1(2) = {13,6,5,4} — s

1(3) = {13,3,2,1} — Is,
1(1,1) = {12,8,4,3} = I, 1(1,2) = {11,7,5,3} — Is, 1(1,3) = {10,9,6,3} — L
1(2,1) = {12,7,6,2} — Ir, 1(2,2) = {11,9,4,2} — L, 1(2,3) = {10,8,5,2} — Iy
1(3,1) = {12,9,5,1} — Lo, 1(3,2) = {11,8,6,1} — 111, 1(3,3) = {10,7,4,1} — [,
To compute Ef:{p 1, N [4]], we divide it into three smaller sums. It is
easy to check ,
> N lipll=p-p (5.3)
and -
pP+p+l
SNl =(p+1(p+1). (5.4)
i=p2+1
For fixed j with 0 < j <p—1,
(G+Dp—1
Y. Ln[ll=@-1G+1). (5.5)

1=jp+1
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Putting (5.3), (5.4), and (5.5) together gives

pP+p+l

p
1 3
> N =p? D+ (p—1)) j=sp"+2"+p+1
“| [l =p"+(+1)"+ @ )jlj 5P 2+ gp

We summarize this construction as a result on labeling points and lines of
a projective plane. Define a labeling of a projective plane (P, £) of order ¢ to be a

pair of bijections Lp : P — {1,2,...,¢°+q+1} and L : £ — {l1,lo,. .., l2q11}

Proposition 5.4.1. Let (P, L) be a projective plane of order p where p is prime.
There is a labeling of the points Lp : P — {1,2,...,p*> + p + 1} and the lines
Le:L—{ly,lo,...,l21pi1} such that

pP+p+l

L1 3
> LN = §p3—|—2p2+§p+1.
=1

An easier way to obtain a labeling of a projective plane of order ¢ is to

?+q+1
i=1

label the points and lines randomly. The sum X = ) |l; N [i]| is a random
variable whose expectation and variance can be computed exactly as EX = %q?’ +
¢*+3¢+1and VarX = &\/n—3/4— 2L +Ly/n—3/4— 3 wheren = ¢*+¢+1.
Furthermore X has a nice symmetry property that allows one to prove that there
are outcomes where X > EX + %\/m . This method produces a labeling with
X > 1%+ ¢+ O(¢™®). When g is prime this matches our construction in the
leading term but is not as good in second term. On the other hand, we do not
know of any other method to label projective planes whose order is not a prime.

One may suspect that with some clever labeling we can find a sequence of
projective planes of order ¢; < g < ... such that

q,% +qr+1

> infil> (5+e)d

=1

for a fixed € > 0. The next result shows that this cannot be done.

Proposition 5.4.2. Let (P, L) be a projective plane of order q. If Lp, L. is a
labeling of (P, L) then

7°+q+1

S [l = 3¢+ ole?).

i=1
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To prove Proposition 5.4.2 we need the following lemma (see [49]).

Lemma 5.4.3. Let G be a d-reqular, n-vertex bipartite graph with parts X,Y and
set X\ = max;z1, |Ni| where \y > -+ > X\, are the eigenvalues of the adjacency

matriz of G. Forany S C X, T CY,

2dISIITI

e(5,T) - (\S| +1T).

Proof of Proposition 5.4.2. Let (P, £) be a projective plane of order ¢ and let Lp,
L. be a labeling of (P, £). Let t = ¢*/* and for 1 < i < ¢, let S; = {1,2,...,

- t
and

E:{l1+(z ‘I7l2+( 1)‘17"’ ‘ZT ’qu}

Let A be the adjacency matrix of the incidence graph of (P, L). The eigenvalues
of A are ¢+ 1, —(¢ + 1), each with multiplicity 1, and all other eigenvalues are
+,/q. This can be seen by considering the matrix A? which has the rather simple

B 0
form A% = ( ) where B = I + ¢J and J is the all 1’s matrix. Using
0 B

Lemma 5.4.3,

?+q+1

ol < (q+1)2+Z|lzﬂ[i]|S(Q+1)2+Z€(Suﬂ)

=1

2(q +1)q"i \/_(Zq q2>)
< 24 + X (E
N Z( 20¢* +q+1)2 2
¢'(t+1) @7 PP+
< 1)
S @D+ or T T 4
1
= §q3—|—0(q3).
A similar argument gives the lower bound ) 7 7 “ratl ;N[ > 2¢* + o(¢?). O

Proof of Theorem 5.1.3. By Proposition 5.4.1, there exists a Z4-free graph G, with
p?+p+2 vertices and $p° +2p*+ 3p+1 edges for prime p. Furthermore this graph
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has maximum degree p + 1. Let G, be a subgraph of G, with p? 4+ p + 1 vertices
and at least %pS +2p% + %p edges. Then

1 1
ex(p’ +p+1,2:) = e(G) =50+ 2"+ op

= ex(pP+p+1,04) +p*

5.5 Sidon Sets and Z,-free Graphs

In this section we show how Bs-sets can be used to construct Z,-free graphs.
Let A C [n] be a By-set. Define the graph G4 by V(G4) = [n] and

E(Ga)={ij:i=j+a,a€ A}

Perhaps the most interesting feature of this construction is that, in general, G 4 will
contain many C}’s but will still be Zy-free. For each vertex i and pair {a,b} C A

with i +a + b < n, the vertices {i,i+ a,i + b,i + a+ b} form a C; in G.

Lemma 5.5.1. If A C [n] is a Ba-set, then G 4 is a Zy-free graph with 31— |AN[i]]
edges.

Proof. Suppose n1 < ny < nz < ny are the vertices of a Z; in G. There exists
a,b,c,d € A such that n3 = a+ny, ngy = b+ ny, ng = c+ no, and ny = d + ns.
This implies a — ¢ +d — b = 0 so that {a,d} = {b,c}. If a = b then ng = ny and if
a = ¢ then n; = ny. In either case we have a contradiction.

The number of edges of G4 is >, [I'7(i)] and [T~ (¢)| = [AN[i —1]]. O
Observe that for any such G4,
eX(n7 Z4) > e(GA>'

If we can accurately estimate 7" |A N [i]| then upper bounds on ex(n, Z4) can
imply upper bounds on |A|. We can use the following result of Cilleruelo to show

e(Ga) = in*? — o(n*?) provided A is chosen appropriately.



47

Theorem 5.5.2 (Cilleruelo, [17]). If A C [n] is a Ba-set with n'/?> — L elements

then any interval of length cn contains c|A| + ey elements of A where
les] < 52n"/4(1 + /2nM/3) (1 + LY 1/8)
and L, = max{0, L}.

Theorem 5.5.3. For each By-set A with |A| = n'/? there exists an n-vertex Z,-free
graph G4 with
1.
e(Gya) > §n3/2 — O(n®%).

Furthermore G 4 has at least T—; — O(n*®/®) 4-cycles.

Proof. Suppose A C [n] is a By-set with |A| = n'/2. Let k = n'/* and for 1 < j < k,

let ( )
—1)n j—1)n an
-~ 2 = .., =}
7+ k Y 7k}

Using Theorem 5.5.2,

Z\Am \>ZZ\A0 i%

Jj=2 i€P; j=2

where e;; satisfies the inequality

e = —52nt/4 (1 +1/ ‘%nw;) )

Now 2# Zf ) \A[ 1p3/2 "2,2 and so it remains to find a lower bound
on the sum —52”5/4 L(1 + /j/kn'/®). Estimating the sum with an integral
gives

52 O 52n5/4 2n1/8k 104n11/8
n Z<1+\/j/l€nl/8>2— Z (k:—|— n3 ):—52n5/4—+.
-1
Thus
n®/? 104n't/8 1
AN i n3/2 _ _ 5ol _ S 2032 _ O(ndlh,
Z’ 1] > 5" ok 3 2 5n (n°%)

To prove the statement concerning 4-cycles, observe Theorem 5.5.2 implies

1
|AN[1,n/3]] > gnl/z — 1040378,
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For any vertex ¢ € [1,n/3] and pair {a,b} C AN[1,n/3], the vertices {3, i+a, i+b, i+
a+ b} form a 4-cycle. If v = in'/? —104n*®, then there are 2(5) = ’1‘—; — O(n'/?)

such 4-cycles.
O

For ¢ a prime power, there exists By-sets A C [¢?—1] with |A| = ¢ (see [13]).
Applying Theorem 5.5.3 to such a Bs-set gives a Zy-free graph with 1n®?+o0(n%?)

edges where n = ¢® — 1.

Chapter 5 is a reprint of “An ordered Turan problem for bipartite graphs,”
Timmons, Craig. FElectr. J. Combin. 19 (4) #P43, 2012.



Chapter 6

A Counterexample to Sparse

Removal

The graph removal lemma is one of the most important results in extremal
graph theory. It states that if H is a graph with h vertices, then any n-vertex
graph G with o(n") copies of H can be made H-free by removing o(n?) edges. The
special case when H is a triangle was proved by Ruzsa and Szemerédi [73]. This
special case, often called the triangle removal lemma, is known to imply a weak
form of Roth’s Theorem [69] on three term arithmetic progressions in subsets of
the integers. There is a large amount of research aimed at obtaining graph removal
type lemmas in different settings such as hypergraphs, directed graphs, and finite
groups. One area where we do not yet have an analogue of the graph removal
lemma is sparse graphs.

Solymosi [75] conjectured that if H is a graph and ex(n, H) = O(n®) where
a > 1, then any n-vertex graph with the property that each edge lies in exactly
one copy of H has o(n®) edges. This can be viewed as a possible extension of the
removal lemma to sparse graphs. Using the removal lemma, it is easy to show
that the conjecture is true when H is a non-bipartite graph and so the conjecture
concerns bipartite graphs. In this chapter we use Sidon sets to exhibit infinitely

many bipartite graphs H for which the conjecture is false.

49
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6.1 Introduction

One of the most important consequences of the Regularity Lemma [77] is

the graph removal lemma, also known as the removal lemma.

Theorem 6.1.1 (Graph Removal Lemma). Let H be a graph with h vertices.
Given € > 0, there exists a § = 6(H,€) > 0 and an integer ng = no(H, €) such that
the following holds: if n > ng and G is an n-vertex graph with at most on" copies

of H, then G can be made H-free by removing at most en? edges.

This is the modern formulation of the graph removal lemma. Ruzsa and
Szemerédi [73] proved Theorem 6.1.1 in that case that H is a triangle. Erdés,
Frankl, and Radl [29] proved a generalization of the triangle removal lemma and,
while they did not state the graph removal lemma as it is stated above, all of the
ideas needed to prove Theorem 6.1.1 are present in [29]. The removal lemma is
a central tool in extremal combinatorics with many applications [22]. Because of
its importance, removal type lemmas have been extended to other settings such as
directed graphs, random graphs, and hypergraphs. One area in which we still do
not have a removal lemma is in the realm of sparse graphs. A sequence {G,, },en of
graphs is sparse if G, has n vertices and e(G,,)/n* — 0 as n — co. There are many
natural families of sparse graphs. For example, any sequence of K, ;-free graphs is
sparse graph by the K6vari-Sés-Turan Theorem (see Chapter 2). Theorem 6.1.1 is
trivial for sparse graphs. To see this, let H be any graph and let € > 0. Suppose
{G,} is a sequence of sparse graphs. Choose ng so that e(G,) < en? for all n > ny.
Then for every n > ngy, we can make the graph G,, H-free by removing all of the
edges of G,,. Since e(G,) < en?, this removes at most en? edges and we did not
require any assumption on how many copies of H were contained in G,.

Solymosi [75] conjectured an analogue of the removal lemma that would
apply to sparse graphs which involved the Turan number of H. The ezponent of a
graph H, when it exists, is a real number « such that ex(n, H) = ©(n®) as n — 0.
Erdés and Simonovits [34] conjectured that every graph has an exponent, but this
conjecture remains open. In the case that H is not bipartite the exponent is 2. In

the bipartite case the exponent is generally not known. Solymosi’s conjecture is
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as follows.

Conjecture 6.1.2. If H is a graph with exponent «, then any n-vertex graph in

which every edge is in exactly one copy of H has o(n®) edges.

In the case H = Cy i.e. H is a quadrilateral, Solymoési [75] conjectured
that if an n-vertex graph is a union of ©(n%?) edge-disjoint quadrilaterals, then
the graph contains Q(n?) quadrilaterals. By the removal lemma, Conjecture 6.1.2
is true for non-bipartite graphs H, so the conjecture is interesting for bipartite
graphs.

Our main result shows that there are infinitely many bipartite graphs H
for which Conjecture 6.1.2 is false. Let Hj be the graph with vertex set V(Hy) =
{1,2,...,2k} and edge set E(Hy) = {14,2,35,4j : 3<i < k+2 < j <2k} —see
Figure 6.1.

5 6 7 k+2

k+3 k+4 kE+5 2k

Figure 6.1: The Bipartite Graph Hj,

We shall prove that Hj, has exponent % for all k > 3 (Section 6.2.4), and then
the following theorem shows that the graphs Hj for k > 5 give counterexamples

to Conjecture 6.1.2.

Theorem 6.1.3. Let k > 5 and let P be the set of primes p = 1 mod 4. There
exists a sequence of graphs (Gp)pep such that G, has n = 2kp? vertices, ©(n/?)

edges, and every edge of every G, is contained in exactly one copy of Hj,.

The proof of Theorem 6.1.3 is based on a construction described in Section

6.2 involving simple field arithmetic and the quadratic character of IF,. The proof



52

is given in Sections 6.2 — 6.2.4. The case that H is a quadrilateral in Conjecture

6.1.2 remains open.

6.2 Outline of the Proof of Theorem 6.1.3

The proof of Theorem 6.1.3 is achieved in three steps. Before we describe
these steps, we introduce some notation. Throughout this section, p is a prime, k
is a positive integer, and IF,, denotes the finite field of order p. Let x denote the
quadratic character of F,, namely x(z) = 1 if x is a non-zero quadratic residue,
x(z) = —1if z is not a quadratic residue, and x(0) = 0. The graph Hj has vertex
set [2k] :={1,2,...,2k} and edge set

E(Hg) :={1i,2i,37,4j : 3<i< k+2<j<2k}.

Let V(G) and E(G) denote the vertex set and edge set of a graph G. If G; and
G are edge-disjoint graphs, then we write G = G1 & G, if V(G) = V(G,) UV (G2)
and E(G) = E(G1) U E(G2).

6.2.1 Step I. Construction of Graphs Gr s(H).

Let I" be a finite abelian group and S C I'. Let H be an arbitrary graph
with vertex set [k], edge set E, and let A = {\, \o,..., A} C Z. For i € [k] let
X, =I' x {i}. Forij € E with i < j, let Gras(ij) be the bipartite graph with
parts X; and X;, where x € X, is adjacent to y € X; whenever there exists a € S
such that y = = + (A\; — A\;)a. Finally, define the following k-partite graph with
parts X, Xo, ..., Xg:

Gras(H) = U Groa,s(ij).

ijeE
A key observation is that Gr o s(H) is built up from edge-disjoint copies of H. The

following is proved in Section 6.3:

Proposition 6.2.1. Let k € N and let H be a k-vertex graph. For any finite
abelian group I', S C T, and A C Z, the graph Gr s s(H) has k|I'| vertices, |E||L'||S|
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edges, and there ezist induced subgraphs H(1),H(2),...,H(|L'||S|) of Gras(H),
each isomorphic to H, such that

[Tl S|

Gras(H) = @ H(i).

The proof of Theorem 6.1.3 involves a suitable choice of the group I', the
set S, and the set A C Z. The graphs Gra s(H) may be useful as constructions

for other extremal graph theory problems.

6.2.2 Step II. The Choice of I', S, and A.

Let I' = F2 and S = {(a,a?) : a € F;} where p = 1 mod 4 is prime. We
aim to show that there exists a choice of A = {\{,..., A\;} such that every edge
of G, = Gr s(Hg) is in exactly one copy of Hy, which is the heart of Theorem
6.1.3. It is convenient to let \;; = A\; — A;. After some arithmetic preparations in

Section 6.4.1, we prove the following in Section 6.4.2.
Proposition 6.2.2. Let p =1 mod 4 be a prime, I' =F>, and S = {(a,a?) : a €
). Suppose A = {\; :i € [2k]} and

1. )\1 = 0, )\2 - 1
2. Forie {3,4} and] € {1,2}, X()\ll)\12) = X()‘3j)‘j4) = —1.
3. Forb <i<k+2<j<2k, wehave x(A; i2) = X(A35\ja) = 1.

Then every edge of G, = Gra,s(Hy) is contained in exactly one copy of Hy.
Note that x(A;;) = x(=A;i) = x(Aj;) since p =1 mod 4. A set A satisfying

the conditions in Proposition 6.2.2 is called suitable. We prove the following in

Section 6.5:
Proposition 6.2.3. Ifk > 5 and p > 4k+3, then there exist a suitable set A C F,,.

IfI' =F, and S = {(a,a®) : a € F}}, then it is not hard to show Gr,g4(Cy)
contains ©(n?) quadrilaterals for any set A, so Grga(Cy) cannot be used as a

counterexample to Conjecture 6.1.2 when H = Cj.
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6.2.3 Step III. The Turan Number for Hj.

It remains to show ex(n, Hy) = ©(n3/?), which is the final step in the proof
of Theorem 6.1.3. A counting argument will be used to determine the order of
magnitude of ex(n, Hy).

Proposition 6.2.4. For any integer k > 3, ex(n, Hy) = ©(n*?).

This proposition is proved in Section 6.6. Since Ky C Hj, the results of

Fiiredi [42] show

1
ex(n, Hy) > ex(n, Koy) > 5 k— 103/ + o(n®/?)

and this establishes the lower bound in Proposition 6.2.4.

6.3 Proof of Proposition 6.2.1

It follows from the definition of Gr s ¢(H) that Gra s(H) has k|| vertices.
We now prove that G a s(H) is a union of edge-disjoint copies of H. We observe
that H appears naturally as a subgraph of Gras(H) in the following manner:
for v € I' and a € S, the set {v; = v+ Na : i € [k]} induces a subgraph
H(v,a) isomorphic to H, since v;v; € Gp s(H) if and only if ij € E(H). Also, if
(x,1),(y,7) € H(v,a) and (x,17), (y,j) € H(w,b), then

r=v+Na=w+Nb y=v+Na=w+\;b

and therefore \;(a — b) = \;(a — b) which means a = b and so v = w. Therefore,

no two subgraphs H (v, a) share any pair of vertices. We conclude

GrasH)= @ H(v,a).

(v,a)el'x S

In particular, Gra s(H) has |E||T'||S| edges. This proves Proposition 6.2.1.

6.4 Proof of Proposition 6.2.2

This section is split into two parts. First we describe the interaction between

quadrilaterals in Gy(H) := Gpas(H) for general H, I' = F,, A C F, and S =
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{(a,a*) : a € F}}. We then show that if the conditions of Proposition 6.2.2 are
satisfied, then every edge of G, = G,(Hj,) is in exactly one copy of Hj.

6.4.1 Quadrilaterals in Gr s(H).

Throughout this subsection, H is a graph, G,(H) = Gra,s(H) where I' =
F2, A C F, and S = {(a,a*) : a € F;}. The following simple but key arithmetic

lemma is due to Ruzsa [71].

Lemma 6.4.1. Let o, 3,7, 9,a,b,¢c,d € Fy where a+ =~ +0 #0. If
ala,a®) + B(b,b*) = v(c, ) + 6(d, d*),
then af(a — b)? = ~vd(c — d)?.
Proof. Multiply aa® + Bb? = vc? 4+ 6d* by a + = v + 6 to get
a?a® + af(a® + b%) + B2 = 7 + (¢ + dP) + §*d°.
Subtracting the square of aa + b = yc + dd gives afi(a — b)? =v6(c —d)®.. O

This lemma has a number of consequences relative to the distribution of
quadrilaterals in G(ij) := Grag(ij) for ij € H. For hi,ij € E(H), let G(hij) =
G(hi) UG(ij).

Lemma 6.4.2. For any edge ij € E(H), the graph G(ij) is Cy-free.

Proof. Consider a quadrilateral (x,4)(y, j)(z,4)(w, ) C G(ij). For some a,b, c,d €
F*
p7

y =1+ \j(a,a®) = 2+ Nj(b,b%) w =z + \ij(c,?) = 2 + \i;(d, d°).

Canceling out x,y,z and w and dividing by A;;, we obtain in each component

R
a+b=c+dand a®*+b* = * + d*>. By Lemma 6.4.1, (a — b)? = (¢ — d)? and
soa—b=c—dora—b=d— c. In either case, together with a +b = c+ d
we find {a,b} = {c,d}. But then (z,7) = (2,7) or (y,j) = (w, j), a contradiction.

Therefore G(i7) has no Cy. O
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Lemma 6.4.3. For any edges hi,ij € E(H), the graph G(hij) is Ks3-free.

Proof. Suppose G(hij) contains a Ks3. By Lemma 6.4.2, G(hi) and G(ij) are
C)-free, and so the three vertices of degree two in the Ks3 must be in X;, say
(21,1), (22,1), (23,1), and the other two vertices are (x, h) € X}, and (y,j) € X;. By

definition, for some a1, az, a3 € Fy; and by, by, b3 € I,
y =z + Apilar, a?) + \ij (b, b?)

for r € {1,2,3}. Note that the a, are distinct and the b, are distinct, for if a, = a,
or b, = b, for some r # s, then 2z, = z, and so (z,,1) = (z,1), a contradiction.
On the other hand, by Lemma 6.4.1, (a, — b,)? = (as — b,)? for all r,s € {1,2,3}.
Taking square roots, some pair of square roots has the same sign, namely for some

r # s, we have a, — b, = a5 — b,. For all r, s, we also have
Anity + Aijby = Apiag + Aijbs.

Subtracting Ap;(a, —b,) = Api(as —bs) from this equation, we obtain A;b,. = Ap;bs.

Therefore, b, = by and (z,,1) = (zs,7) which is a contradiction. O

Lemma 6.4.4. If C = (x,i)(y,j)(z, k)(w,l) is a quadrilateral in G,(H) and
(#,9)(y,4)(2,k) C H(v,a), then C C H(v,a).

Proof. By definition of G,(H), there exist a,c,d € F; such that
y=1z+ Nj(a,a®) z=y+N\i(a,a®) w=z+ (e, c®) z=w+ \y(d,d?).

This implies
)\ij<a7 CL2> + /\jk(a, (12) = )\lk(c, C2) + )\il(d7 d2)

By Lemma 6.4.1 with oo = \;;, 8 = Ak, 7 = Ak, and d = Ay, noting o+ 3 = v+,
we have

¥o(c—d)* =0

and therefore ¢ = d. Now

)\ika = )\Z»ja + )\jka = /\lkC + )\Z[d = /\Z-kc
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so we conclude a = ¢ = d. In particular, since z = v + A\px(a, a?),
w =z + Au(a,a?) = v+ Aox(a,0*) + Au(a, 0®) = v + Au(a, a?)
and we conclude C' C H(v,a). O

Lemma 6.4.5. If C = (x,i)(y,j)(2 k)(w,l) is a quadrilateral in G,(H) and
X(NijAjpAuAi) = —1 then C' C H(v,a) for some (v,a) € IF]% x S.

Proof. By definition of G\,(H), there exist a,b,c,d € F}, such that
Aij(a,a?) 4+ Nig(e, ) = M(d, d2) + M (b, b°).

By Lemma 1,
)\ij/\jk(a — 6)2 = )\zl>\lk(d — b)2
Since x(AijAjgAadik) = x(AijAjpAuAi) = —1, we conclude ¢ = ¢ and b = d.

The equation A;ja + Ajze = A\yd + A\ reduces to \jpa = \ipd and we conclude
a=0b=c=d. Letting v =2 — \g;(a,a?®), we have C C H(v,a). O

6.4.2 Proof of Proposition 6.2.2

Suppose F' C G, = Gra,s(Hy) is isomorphic to Hy and let ¢ : V(Hy) —
V(F) be an isomorphism. We aim to show that F' = H(v,a) for some v € [, and
a € S by finding, via Lemma 6.4.5, a quadrilateral C* C Hj, with ¢(C*) C H(v,a).
This is the point where we make heavy use of the last two conditions in Proposition
6.2.2. Let ¢: V(Hy) — A be the proper vertex-coloring of Hj, given by ¢(z) = \;
if and only if ¢(x) € X;. Let [m,n| :={m,m+1,m+2,...,n}.

Claim 1. Fach quadrilateral in Hy is colored with at least three colors, and

each Ks 3 in Hy, is colored with at least four colors. Furthermore,

{e(1),¢(2),¢(3),¢c(4)} C {A1, A2, Az, Ay}

Proof of Claim 1. The first statement is an immediate consequence of Lemmas
6.4.2 and 6.4.3. Consider the vertex 1 € V(H},) (see Figure 1).

If ¢(1) € {Xs5, X6, .-, Apro} then each neighbor of 1 is assigned color A; or
color \y. This follows from the fact that if zy € E(Hj,) and ¢(z) = A; and ¢(y) = A;,
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then ij € E(Hy). The neighbors of 1 are also neighbors of 2 so that ¢ assigns one
color to at least three common neighbors of 1 and 2. This is impossible by the
first part of the claim. A similar argument shows that ¢(1) & {Axi3, Aera, -5 Aok}
thus ¢(1) & {As, Xg, - .., Ao }. By symmetry, we must have ¢(i) ¢ {5, As, ..., Aok}
for 1 <7 <4 and so

{c<]‘)7 C(Z)v C(B)J C(4)} C {)\17 )\27 )\37 )\4}
This proves Claim 1. O

Claim 2. There is a quadrilateral C* = ghij in Hy, such that

x ((e(g) = e(h))(e(h) = () (c(i) = ¢(5))(c(j) = ¢(g))) = —1.

Proof of Claim 2. By Claim 1 there is a path ghi C 1324 such that ¢(g), ¢(h), ¢(7)
are distinct. Without loss of generality, assume that ¢ =1, h = 3, and ¢« = 2. If
we can find a j € [5, k + 2| such that ¢(j) € {1, A2, A3, A4} then by the conditions
of Proposition 6.2.2,

X(A13A32A25 A1) = X (A13A32) - X (AgjAj1) = —1

and so 1327 is the required cycle. To find j, note that no two vertices in [5, k + 2]
have color ¢(3) otherwise those two vertices together with 1,3 and 2 form a 3-
colored K3, contradicting Claim 1. Similarly, no two vertices in [5, k + 2] have
color ¢(4). Since k > 5, there are at least three vertices in [5, k + 2] and so one of

them, say 7, has a color not in {1, A2, A3, Ay}, as required. O

We now complete the proof of Proposition 6.2.2. By Lemma 6.4.5, there
exists v € F and a € S such that ¢(C*) C H(v,a). Given any edge e of F' = ¢(Hy),
there exist quadrilaterals C* = C',C? ..., C" C Hy such that e € E(¢(C")), and
E(¢(CY) N E(p(C™1)) # 0 for i < r. By Lemma 6.4.4, we inductively have
#(C") C H(v,a) for all i < r. In particular, e € F(H(v,a)) and we conclude
F C H(v,a). Since H(v,a) is an induced subgraph of G,(Hj,) isomorphic to F,
we conclude F' = H(v,a). The completes the proof of Proposition 6.2.2.
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6.5 Proof of Proposition 6.2.3

To build a suitable set A C IF,,, we use the following identity (see Theorem
5.48, [56]):

Proposition 6.5.1. Let f(z) = axx® + a1 + ag € Fplz] where ag # 0. If a? —
dagas # 0 then

> x(f(e) = —x(az).

celFp
Let k > 5, p > 4k + 3 be prime with p = 1(mod 4), and \; =0, Ay = 1. By
Proposition 6.5.1,

Z x(c? —c)= -1 (6.1)

celyp
so there are least ’%3 > 2k elements of I, for which x(c? —¢) = —1. Let A3 be any
one of them and observe that since x(A3 — A\3) = —1, we have A\3 # 0 and A3 # 1.
Using the fact that y(—1) =1,

—1=x(A5 = A3) = x((0 = XA3)(A3 — 1)) = x((\1 — A3) (A3 — A2)).

Next we choose \;. Let g(z) = (1 — x(z? — 2))(1 — x(A\32)) and X = {c €
F, : g(c) = 4}. If ¢ € X then x(c¢* — ¢) = x(A3¢) = —1. Suppose ¢ € F, and
0 < g(c) < 2. Then either x(c® —¢) = 0 or x(\3¢) = 0 which means ¢ =0 or ¢ = 1
thus

‘Zg(c) —4|X\’ <2.2. (6.2)

cel,

Expanding g(c) and using Proposition 6.5.1,

D gle)=p+ > (=x(® =) = x(Na)x(c) + x()x(As)x(c = 1)) = p+1. (6.3)

celFy, ceFyp

Here we have used the well known fact that }_ cp x(c) = 0. By (6.2) and (6.3),

1
x> 2= 1

and since 1%3 > 1, the set X is not empty. Choose Ay so that —1 = x(Ag(A\y —

1)) = x(A3A4). Then )4 is not equal to any of Aj, Ay, or A3. The relation —1 =
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X(A4(Ag — 1)) implies —1 = x((A; — A4)(Aq4 — Ag)) and the relation —1 = x(A3\y4)
implies —1 = x((A3 — A\1)(A\; — A\y)). Furthermore

X((As = A2) (A2 = A1) = x((As —1)(A— 1))
= X(A3(A3 = 1))x(AsAa) x(Aa(Ag — 1))
(D1 = 1

so that all of the requirements of Condition 2 are satisfied.

Choosing the remaining \;’s will be straightforward. By (6.1), there are
at least ’%3 elements ¢ € F, for which y(c¢* —¢) = 1. Since ’%3 > 2k we can
choose As, Ag, ..., Apro so that none of these are equal to A\;, Ay, A3 or A4, and
X(A1—=X)(Ai— X)) =1forall 4 <i<k+2.

Let f(z) = (A3 —2)(x — M) = =22 + (A3 + M)z — M. If ap = —1,
a; = A3 + Ay, and ag = —A3\y, then a? — dagay = (A3 — M\y)? # 0. By Proposition
6.5.1,

ST (€)= —x(=1) = -1

celyp
and there are at least 252 elements ¢ for which x(f(c)) = 1. Since 22 > 2k we
can choose Agi3, Agi4, - -, Aog S0 that all of A, Ao, ..., Aoy are distinct and for any
4<1<k+2,
X((As = Nigr—2)Nigr—2 — Ag)) = 1.

This completes the proof of Proposition 6.5.

6.6 Proof of Proposition 6.2.4

The claim ex(n, Hy) = ©(n%/2) follows by proving ex(n, Hy) < kn®? for all
k > 3 and large enough n. We follow the method of dependent random choice [39],
but we do not optimize the constants in the upper bound we obtain for ex(n, Hy).
Let G be an Hj-free n-vertex graph with average degree d := 2|E(G)|/n.
It is sufficient to show d < 2ky/n. Choose uniformly at random a pair of vertices
{z1,29} in G and let S = N(z1, z3), the common neighborhood of z; and z5. Given

a pair of vertices {y1, vz}, let d(y1,y2) = [N (y1,v2)|. Let X = |S| and let Y be the
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number of {y1,y2} C S with d(y;,y2) < 2k. If X —Y > k+2, then there exist two
vertices {z1, 22} C V(G) with d(x1,x2) > k+2 and some pair {y1,y2} C N(z1,z2)
with d(yi1,y2) > 2k, and we easily find a copy of Hy by mapping {1,2} to {z1,x2}
and {3,4} to {y1,y2}, a contradiction. So X —Y <k + 1.

On the other hand, using convexity of binomial coefficients,

k+1 > E(X-Y)

- ev(a) ((zg) ) (Z) |

= () - (%)

>

It follows that if n is large enough, then d < 2k+/n. This proves Proposition 6.2.4.

6.7 Concluding Remarks

A generalization of Sidon sets was given in [55]. Consider all equations
aa+ b = vyc+ 6éd where a+ 5 =v+9dand 1 < o, 5, |7],|9] < k. If A CT has
no solution to any of these equations other than {a,b} = {c¢, d}, then A is called a
k-fold Sidon set. 1t is easy to see that a k-fold Sidon set in a finite abelian group I'
has size O(|T'|*/?). Bounds on k-fold Sidon sets will be discussed in more detail in
Chapter 7 which is based on [20]. A 2-fold Sidon set of size roughly VN /2 in Zy is
constructed for infinitely many N in [55], but it is an open question to construct a
k-fold Sidon set of size ©(v/N) in any abelian group I'y of order N for any k > 3.

In fact the following is conjectured in [55].

Conjecture 6.7.1. Let k € N. Then there exists ¢, > 0 such that for any N € N,
there exists a k-fold Sidon set A C [N] of size at least cx/N.

The densest current construction available is due to Ruzsa [71], who showed
that for each k there exists a k-fold Sidon set of size N*/27°() in Z . The construc-

tion used for Theorem 6.1.3 is easily adapted to give counterexamples to Conjecture
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6.1.2 if there exists a k-fold Sidon set of size ©(v/N) in an abelian group I'y of
order N. The following theorem is proved in the same way as Theorem 6.1.3, by
taking Gy = Grya.s(C) where C is a quadrilateral, A = {0,3,1,2} and S is a
3-fold Sidon set:

Theorem 6.7.2. If there exists a 3-fold Sidon set of size @(\/N) i an abelian
group T of order N, then there exists a 4N-vertex graph Gy with ©(N3/?) edges

such that every edge of G is contained in exactly one quadrilateral.

A small step in answering Conjecture 6.7.1 would be a solution to the

following problem.

Problem 6.7.3. Determine if for infinitely many N, there is a set A C [N] with

|A| > ¢N'/2 where A has only trivial solutions to each of the equations
X1 — Ty =3 — Xy, T3 —To=2(x3—1x4), and 1 — x9 = 3(T3 — 14).

A more general setting is given in [55] in the language of hypergraphs [8].
An r-uniform hypergraph has girth five if whenever one pair of vertices is selected
from each hyperedge, the resulting graph has no cycles of length at most four
(and in particular no double edges). In [55] it is conjectured that for every r > 2,
there exists an r-uniform hypergraph on n vertices with girth five and ©(n%?)
hyperedges. This is settled for r = 2 by Erdés and Rényi [31], and for = 3 in [55].
In the case r = 4, if this conjecture is true then we may place a quadrilateral in
each hyperedge to obtain a graph with @(n3/ %) edges and n vertices, in which every
edge is in exactly one quadrilateral. Using Ruzsa’s construction [71], one finds for

3/2—o(1

each r > 3 an n-vertex r-uniform hypergraph of girth five with n ) edges. In

particular, if f,.(n) is the maximum number of hyperedges in an r-uniform n-vertex

hypergraph of girth five, then fo(n) = ©(n*?), f3(n) = tn*? + o(n*?), and for

some constant ¢, > 0,
n3/2

exp(c/logn)

for all » > 4. We conclude this chapter with the following problem concerning this

< fr(n) < n*? 4+ 0(n)

r(r—1)

inequality.
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Problem 6.7.4. Determine if f,(n) = Q(n3/2) for r > 4.

Chapter 6 is a reprint of “On a counterexample to sparse removal,” 2013.
Timmons, Craig; Verstraéte, Jacques. This paper has been submitted for publica-
tion. The dissertation author was one of the primary investigators and authors of

this paper.



Chapter 7

k-fold Sidon Sets

Let £ > 1 be an integer. A set A C Z is a k-fold Sidon set if A has
only trivial solutions to each equation of the form ciz1 4+ coxs + c3x3 + 424 = 0
where 0 < |¢;| < k, and ¢; + ¢ + ¢35 + ¢4 = 0. We prove [20] that for any
integer k > 1, a k-fold Sidon set A C [N] has at most (N/k)'/? + O((Nk)'/*)
elements. Indeed we prove that given any k positive integers ¢; < --- < ¢, any
set A C [N] that contains only trivial solutions to ¢;(z1 — z2) = ¢j(z3 — z4) for
each 1 < i < j < k, has at most (N/k)/2 + O((c2N/k)'/*) elements. On the
other hand, for any k£ > 2 we can exhibit k positive integers ci,...,c; and a set
A C [N] with [A] > (3 + o(1))N'/2, such that A has only trivial solutions to
¢i(r1 — x3) = cj(x3 —x4) for each 1 <7 < j < k.

7.1 Introduction

Let
cry+ - +cx, =0 (7.1)

be an integer equation where ¢; € Z\{0}, and ¢; + --- + ¢, = 0. Call such an
equation an invariant equation. A solution (z1,...,z,) € Z" to (7.1) is trivial
if there is a partition of {1,...,r} into nonempty sets Ti,...,T,, such that for
every 1 < ¢ < m, we have ZjeTi ¢; = 0, and z;, = z;, whenever ji,jo € T;. A

natural extremal problem is to determine the maximum size of a set A C [N]

64
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with only trivial solutions to (7.1). This problem was investigated in detail by
Ruzsa [71]. One of the important open problems from [71] is the genus problem.
Given an invariant equation F : ¢iz1+- - -+ ¢z, = 0, the genus g(E) is the largest
integer m such that there is a partition of {1, ..., 7} into nonempty sets 11, ..., T,,,
such that > .
equation and A C [N] has only trivial solutions to FE, then |A| < cpNY9E),

c; = 0 for 1 < i < m. Ruzsa proved that if £ is an invariant

Here cg is a positive constant depending only on the equation E. Determining if
there are sets A C [N] with |A] = NY9F)=e() and having only trivial solutions
to E is open for most equations. In particular, the genus problem is open for
the equation 2y + 2z9 = 3wx3 + 4. This equation has genus 1 but the best
known construction [71] gives a set A C [N] with |A| > ¢NY2 where ¢ > 0 is a
positive constant. More generally, Ruzsa showed that for any four variable equation
E : cixy 4 coxy = c3w3 + cqxy with ¢; + ¢ = ¢35+ ¢4 and ¢; € N, there is a set
A C [N] with only trivial solutions to E and |A| > cgN'/27°()_ In this chapter we
consider special types of four variable invariant equations.

Let £ > 1 be an integer. A set A C Z is a k-fold Sidon set if A has only

trivial solutions to each equation of the form
C1T1 + C2T2 + C3T3 + C4T4 = 0

where 0 < |¢;| < k, and ¢; + ¢o + ¢3 + ¢4 = 0. A 1-fold Sidon set is a Sidon set. A

2-fold Sidon set has only trivial solutions to each of the equations
T, + 9 — 13 — x4 = 0, 201 + 19 — 223 — x4 = 0, 21 — x9 — 13 = 0.

One can also define k-fold Sidon sets in Zy. We must add the condition that N
is relatively prime to all integers in the set {1,2,... k}. The reason for this is
that if a coefficient ¢; € {1,2,...,k} has a common factor with N, then in Zy one
could have ¢;(a; — az) = 0 with a; # a. In this case, if |[A| > 3, we can choose
az € A\{ai, a2}, and obtain the nontrivial solution (1, e, x3,24) = (a1, as, as, as)
to the equation ¢;(x; — z3) + 23 — x4 = 0.

Lazebnik and Verstraéte [55] were the first to define k-fold Sidon sets. They

conjectured the following.
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Conjecture 7.1.1 (Lazebnik, Verstraéte [55]). For any integer k > 3, there is a
positive constant ¢, > 0 such that for all integers N > 1, there is a k-fold Sidon
set A C [N] with |A] > ¢, NV/2.

This conjecture is still open. Lazebnik and Verstraéte proved that for in-
finitely many N, there is a 2-fold Sidon set A C Zy with [4] > INV2 — 3.
Axenovich [5] and Verstraéte (unpublished) observed that one can adapt Ruzsa’s
construction for four variable equations (Theorem 7.3, [71]) to construct k-fold
Sidon sets A C [N] or A C Zy with |A] > ¢ NY2e~*VeN for any k > 3. An
affirmative answer to Conjecture 7.1.1, even in the case when k£ = 3, would have
applications to hypergraph Turdn problems [55] and extremal graph theory [82].

Since any k-fold Sidon set is a Sidon set, the trivial upper bound |A| <
/N —3/4 4+ 1/2 for a Sidon set A C Zy, and the Erdés-Turdn bound |A| <
NY2 4+ O(N'Y4) for any Sidon set A C [N], also hold for k-fold Sidon sets. We will
obtain better upper bounds for k-fold Sidon sets. Instead of considering all the
possible equations cixq1 + coxs + c3x3 + c4xy = 0 with ¢4 4+ ¢ + ¢35+ ¢4 = 0, we will

take advantage only of the equations of the form

c1(xy) — x9) = ca(x3 — 24).

For any ¢y, ..., ¢ with (¢;, N) = 1, if A C Zy contains only trivial solutions
to ¢i(x1 — x2) = ¢;j(xs — x4) for each 1 <7 < j <k, then
N—-1 1 1
Al <y ————+ =+ =. 7.2
R e e (72)
To see this, consider all elements of the form ¢;(z —y) where 1 <i <k, and x # y
are elements of A. All of these elements are distinct and nonzero. Therefore,
k|A|(JA] — 1) < N — 1 which is equivalent to (7.2).
The short counting argument used to obtain (7.2) does not work in Z. Using

a more sophisticated argument, we can show that a bound similar to (7.2) does
hold in Z.

Theorem 7.1.2. Let k > 1 be an integer and 1 < ¢; < ¢g < --- < ¢ be a set of

k distinct integers. If A C [N] is a set with only trivial solutions to c¢;(x; — x9) =
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cj(xs — xy) for each 1 <i < j <k, then

a= () o (1))

Taking ¢; = j for 1 < j < k, we have the following corollary.

Corollary 7.1.3. If k > 1 is an integer and A C [N] is a k-fold Sidon set, then

4] < (%)/ + O((kN)4),

It is natural to ask if we can improve Corollary 7.1.3 if we make full use
of the assumption that A is a k-fold Sidon set. For example, the bound |A4| <
(N/3)/2 4+ O(N'/*) holds under the assumption that A C [N] has only trivial
solutions to ¢;(z1 — @) = ca(x3 — x4) for each 1 < ¢ < g < 3. A 3-fold Sidon
set additionally has only trivial solutions to 2z, + 229 = 323 + x4. Our argument
does not capture this property. It is not known if this additional assumption would
improve the upper bound |A| < (N/3)/2 + O(N'4).

The method used by Lazebnik and Verstraéte to construct 2-fold Sidon sets

is rather robust. Using this method, we prove the following theorem.

Theorem 7.1.4. There exist k distinct integers cy, ..., cx and infinitely many N,
such that there is a set A C Zy with
1/2
Al > (1—o(1))

and having only trivial solutions to ¢;(x1—x2) = ¢;(x3—x4) for each 1 <i < j <k.

The next section contains the proof of Theorem 7.1.2. Section 7.3 contains

the proof of Theorem 7.1.4.

7.2 Proof of Theorem 7.1.2

For finite sets B, C' C Z, define
rg_c(z) ={(b,c) :b—c=z,b€ B,ce C}|.

The following useful lemma has appeared in the literature (see [19] or [71]).
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Lemma 7.2.1. For any finite sets B,C C Z,

(1Bllc])?
BT S <|B|IC|+ ) rp_p(a)ro-—c(x). (7.3)

x#0

Proof. By Cauchy-Schwarz,

2
(BICY? _ (Ticpsernec(a) <Z7~B+c

1B+ O] |B+C
= Y rp_p(@)re—cl(z) = |B||C|+Z7“B s(x)ro-c(@).

x x#0

O

Proof of Theorem 7.1.2. Let 1 < ¢; < ¢ < --- < ¢ be k distinct integers. Let
A C [N] be a set with only trivial solutions to ¢;(z1 — x2) = ¢;(z5 — x4) for each
1<i<j<k Let

B,,={r:cx+ic A}

for 1 <r <kand0 <i<g¢ —1. Therefore,

cr—1 cr—1

|A|:Z|{a€A:aEi (mod ¢,)}| = Z|Bm
=0

so by Cauchy-Schwarz,

cr—1 2 cr—1
A2 = <Z |Br,i|> < Y |Bul” (7.4)
=0

=0

For any y # 0,

cr—1

k
Z Z rBr,i_Br,i (y) S 1 (75)
r=1 i=0

To see this, suppose

Y=T1— Ty = T3 — T4 (7.6)

where 1,29 € B,; and 3,24 € By for some 1 <r.7’' <k, 1<i<¢ —1, and

1 <i" < ¢ — 1. There are elements aq, as, as, as € A such that

T +i=a1, CGIy+i=ay cvx3+1 =az, and cyxs+ i = as.
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Then (7.6) implies
1 1 1 1
a(al —1i) - C—r(@ —i) = c_,,/(a?’ —i) - c—r,(% — 1),
thus ¢ (a1 — az) = ¢,.(a3 — aq). Since y # 0, we have a; # as and a3 # a4 and the
we would have a non trivial solution of the equation.
Let C ={0,1,...,m —1}. Forany 1 <r <k and 0 <i < ¢, — 1, the set
B, ;+ C'is contained in the interval {0, 1,..., N/¢, +m —1}. This gives the trivial
estimate |B,; + C| < N/c¢, + m. By Lemma 7.2.1,
|Br,i|2m2

~ T S Bri _B.. _ .
Njc, +m — |Brilm + Y 15, —5, (y)re—c(y)

y7#0
We sum this inequality over all 1 <r <k and 0 <17 < ¢, — 1 to get

cr—1 k cr—1
rz < B,
mZN/Cr+mZ| ;;| ifm
k cr—1
y#0 r=1 i=0
< kl|Alm + Zrofc(y)
y#0
< m(k|A|+m).
From (7.4) we deduce
Lo
2 A 2 - < k‘ A ‘ .
" |;N—I—Crm_m(| [+m) (7.7)

The left hand side of (7.7) is at least béhrkm Therefore, J\? J|r M < kA 4+ m, and

|A|2km < (N + ¢m)(m + k| A|).

From this inequality, we obtain

N Cp 2 N cam N Cr 2
A = < = - 4+ =
(1-(n*5)) = 3 (s
N, am, N g
-k k 2m2 2

_ N, am Nk kg

k N 2m2 2N



70

Upon solving for |A|, we get

Al < MY ppam, Nk kG N o
- k N 2m?2 2N 2m 2

N\ 2 cEm N3/2|1/2 k:l/zcz N ¢
%) tweneT o Toneton T

Take m = ((N3/4k1/4)/c,1€/21 to get |A| < (%)1/2 + O((c2N/k)Y/*). This completes
the proof of Theorem 7.1.2.
[

7.3 Proof of Theorem 7.1.4

Let £ > 2 be an integer. Let p be a prime, and let M > 1 be a large integer.
Let r be any prime with » > Mk. Let ¢ > 1 be an integer, and set ¢t = r* and
q=p"

We will prove that for ¢; = p/~! for j = 1,...k there exists a set A C Zpz2_4
with [A] > ¢ (1 - 5;) = (p* = 1)(M — 1) and having only trivial solutions to

T — X2 :pjfl(% - 374)

for 1 < 5 < k. This proves Theorem 7.1.4 because as ¢ tends to infinity, the
term (1 — ﬁ) is the dominant term. M can be taken as large as we want, and
(p* — 1)(M — 1) is constant with respect to i.
Let 6 be a generator of the cyclic group Fi.. Bose and Chowla [13] proved
that the set
Clq.0)={acZp_,:0°—0cF,}

is a Sidon set in Z,2_;. Lindstrém [59] proved
B(q,0) ={b€Zp ,:0"+0" =1}
is a translate of C'(¢q,#) and is therefore a Sidon set.

Lemma 7.3.1. The map x — px is an injection from Zgp_y to LZge_y that maps
B(q,0) to B(q,0).
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Proof. The map x + px is 1-to-1 since p is relatively prime to ¢>—1. If b € B(q, ),
then
1 = (Hb + gqb)p — grb 4 gapb)

so pb € B(q,0). m

Let 7 : B(q,0) — B(q,0) be the permutation m(b) = pb. As in [55], we use
the cycles of 7 to define A. Let o = (by,...,b,) be a cycle of w. If m < k, then
remove all elements of o from B(q, §). If m > k, then remove all b; in o for which
J is not divisible by k. Do this for each cycle of 7. Let A be the resulting subset
of B(q,0).

Lemma 7.3.2. For each c € {1,p,p?, ... ,p" 1}, A has only trivial solutions to
1 — o = c(x3 — x4).

Proof. Suppose a1, as,as,as € A and a; — ay = p’ (a3 — ay) for some 0 < j < k—1.
By Lemma 7.3.1, there are elements b3, b, € B(q,0) such that p/as = bz and
p’ay = by. This gives a; — ay = b3 — by. Since B(q, 0) is a Sidon set, either a; = as,
by = by or a1 = b3, as = by.

If a3 = ay and by = by, then ag = a4 and the solution (aq,as,as, ay) is
trivial. Suppose a; = bs and ay = by. This implies b3 € A, so both pas and a3 are

in A. This contradicts the way in which A was constructed. O
Lemma 7.3.3. [A| >4 (1—- L) — (p" = 1)(M —1).

Proof. In order to obtain a lower bound on | A|, we need to estimate the number of
cycles of 7 that are short. For instance, if all cycles of = have length less than k,
then |A| = 0. For a cycle o of m with length mk > Mk, we delete at most m(k—1)
elements from B(q,#) and keep at least m — 1 elements.

We estimate the number of cycles of length at most Mk — 1. Let ¢ =
(b, pb, ..., p°~1b) be a cycle of 7 of length e where e < Mk — 1. The integer e is the

smallest positive integer such that p°b = b(mod ¢* — 1). This is the same as saying

?—1

that the order of p in the multiplicative group of units Z; is e where n = ST

Since

pr—1=0p"-DE*+1) =(-1)p" +1)
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we have p* = 1(mod ¢* — 1), so e must divide 4t = 4r%. Since r is prime and
r > Mk, e cannot divide r, so e must divide 4. To count the number the number
of cycles of m with length at most Mk — 1, it is enough to count the elements
z € Zgp_1\{0} such that p*z = z(mod ¢* — 1). This follows from the fact that if
e € {1,2} and p°z = x(mod ¢* — 1), then p*zr = x(mod ¢* — 1). The number of
solutions to this congruence is ged(p* — 1,¢%> — 1) < p* — 1. Therefore, there are
at most p* — 1 cycles of 7 of length at most Mk — 1. For a cycle of length at least
MFE, the proportion of elements of the cycle that are put into A is at least %

(the function f(z) = £ is increasing provided k > 0). Since |B(q,0)| = g,

A1 = 0t - oo (72 ) =2 (1= 57 ) - 0 - e -,

Theorem 7.1.4 follows from Lemmas 7.3.2 and 7.3.3.

Chapter 7 is a reprint of “k-fold Sidon sets,” 2013. Cilleruelo, Javier; Tim-
mons, Craig. This paper has been submitted for publication. The dissertation

author was one of the primary investigators and authors of this paper.



Chapter 8
BZ-sets

Let T' be an abelian group. A set A C I' is a B, -set if whenever
a1+'--+ak:b1+-~-+bk Withai,bj EA,

there is an ¢ and a j such that a, = b;. If A is a By-set then it is also a B,j—set,
but the converse is not true in general. Determining the largest size of a By-
set in the interval {1,2,..., N} C Z or in the cyclic group Zy is a well-studied
problem. In this chapter we investigate the corresponding problem for Bjf-sets.
We prove nontrivial upper bounds on the maximum size of a B; -set contained in
the interval {1,2,...,N}. For odd k > 3, we construct B, -sets that have more
elements than the Bj-sets constructed by Bose and Chowla. We prove that any
Bf-set A C Zy has at most (1 + o(1))(8N)'/3 elements. A set A is a Bj-set if
whenever ay + -+ + ap = agy1 + -+ + a9, with a; € A, there is an ¢ # j such
that a; = a;. We obtain new upper bounds on the maximum size of a Bj-set

A cC{1,2,...,N}, a problem first investigated by Ruzsa.

8.1 Introduction

Let T' be an abelian group. A set A C I' is a B} -set if

a1+ ---+a,=by+---+b, with ay,...,ax,b1,...,bb € A (81)
implies a; = b; for some i and j. A set A is a By-set if (8.1) implies (a4, ..., a;) is a
permutation of (by,...,b;). If Ais a Bj-set then A is also a B -set, but in general

73



74

the converse is not true. Often Bs-sets are called Sidon sets and have received
much attention since they were first studied by Erdés and Turdn [37] in 1941. Let
Fi(N) be the maximum size of a By-set A C [N] and let C%(N) be the maximum
size of a Bp-set A C Zy. If A C Zy is a Bj-set, then A is also a Bj-set when
viewed as a subset of Z. Thus for any k > 2, Ci(N) < F(N).

Before discussing the functions Ck(N) and Fi(N) in more detail, we recall
some of the results from Chapter 3. Erdés and Turdn [37] proved that for any
N > 1, Fy(N) < NY2 4+ O(N'Y*). Their argument was used by Lindstrém [59]
to show Fy(N) < NY2 4+ NY4 1. In 2010, Cilleruelo [19] obtained Fy(N) <
NY2 4 NV4A 4 % as a consequence of a more general result. This is the best known
upper bound on Fy(N). By counting differences a — b with a # b, it is easy to
prove Cy(N) < /N + 1. There are several constructions of dense By-sets (see [74],
[13], [71]) that show Cy(N) > N'/2 for infinitely many N. These constructions
imply F3(N) ~ +/N and lim sup % =1

For k > 3, bounds on Fj(N) and Cy (V) are not as precise. For each k > 2
and prime power ¢, Bose and Chowla [13] constructed a By-set A C Zx_; with
|A| = ¢ so that

(14 0(1))NY* < F(N).

The current upper bounds on Fi(N) and Cy(N) do not match this lower bound
for any £k > 3. If A C [N] is a By-set then each k-multiset in A gives rise to a
unique sum in {1,...,kN}. Therefore, ('A‘Zk_l) < kN which implies Fi(N) <
(k!-kN)Yk Similar counting shows Cy(N) < (k!N)'*. By considering differences
one can improve these bounds. We illustrate this idea with an example that is
relevant to our results. Let A C Zy be a Bs-set. There are ('g')(|A| — 2) sums
of the form a; + as — a3 where a,as, and az are distinct elements of A. Let
A® = Hz,y} : z,y € A,z # y}. It is not hard to check that each n € Zy
has at most one representation as n = a; + ay — az with {aj,as} € A and

as € A\{a1, az}. This implies ("g')(|A| —2) < N so |A] < (2N)'3 +2. In general,

for any k > 2
CL(N) < (EJ! m !N) " o, (8.2)
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Fp(N) < (EJ' m' @ N> . + OR(NY?), (8.3)

These bounds were first obtained by Jia [52] in the even case, and Chen [15] in the

and

odd case. The best upper bounds on Fi(N) are to due to Green [47]. For every
k > 2, (8.3) has been improved (see for example [47] or [18]), but there is no value
of k > 3 for which (8.2) has been improved. This is interesting since all of the
constructions take place in cyclic groups and provide lower bounds on Cy(N). For
other bounds on Bj-sets the interested reader is referred to Green [47], Cilleruelo
[18], O’Bryant’s survey [65], or the book of Halberstam and Roth [48].

Now we discuss B, -sets. Write F;f(N) for the maximum size of a B; -set
A C [N], and C}f (N) for the maximum size of a B; -set A C Zy. Ruzsa [71] proved
that a set A C [N] with no solution to the equation z1 + -+ 2z =y; + -+ yx in
2k distinct integers has at most (1 4 o(1))k*>"'/*N'/* elements. Call such a set a
Bj-set and define F}'(N) in the obvious way. Any B; -set is also a Bj-set so that
Ff(N) < Ff(N). Using the constructions of Bose and Chowla [13] and Ruzsa’s
Theorem 5.1 of [71], we get for every k > 3,

(1+o(1))NY*F < F(N) < FF(N) < FF(N) < (14 o(1))k* VENE,

In this chapter we improve this upper bound on F, (N) and F;(N). We
also improve this lower bound on F; (N) for all odd & > 3, and we prove a
nontrivial upper bound on C5 (N). We do not consider the case when k = 2. The
reason for this is that Ruzsa [71] proved F}(N) < NY2 4 4N'Y* 4 11, and thus
Fy(N) ~ Fy (N) ~ F;(N) ~ N2, In fact, a By-set is the same as a By -set.

Our first result is a construction which shows that for any odd k > 3, there

is a B; -set in [N] that has more elements than any known Bj-set contained in [N].

Theorem 8.1.1. For any prime power q and odd integer k > 3, there is a B -set
A C Zy(gr_1y with A = 2q.

Using known results on densities of primes (see [6] for example), Theo-

rem 8.1.1 implies
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Corollary 8.1.2. For any integer N > 1 and any odd integer k > 3,
EF(N) > (1+o0(1))2' VENE,

Green proved F3(N) < (1 4 o(1))(3.5N)¥3. We will use a Bose-Chowla
Bs-set to construct a Bi-set A C [2¢°] with |A| = 2¢ = (4 - 2¢*)Y/3. Putting the
two results together we see that A is denser than any Bs-set in [2¢?] for sufficiently
large prime powers ¢q. Our construction and Green’s upper bound show that F3(N)
and F3(N) are not asymptotically the same.

The proof of Theorem 8.1.1 is based on a simple lemma, Lemma 8.2.1,
which implies

2Ck(N) < C{F(2N) for any odd k > 3. (8.4)

This inequality provides us with a method of estimating Cy(N) by proving upper
bounds on C}(N) for odd k. Our next theorem provides such an estimate when

k=3.
Theorem 8.1.3. If A C Zy is a By -set, then
|A| < (14 0(1))(8N)Y3,
Theorem 8.1.3 and (8.4) imply
Corollary 8.1.4. If A C Zy is a Bs-set, then
|A| < (14 0(1))(2N)"3,

As shown above, there is a simpler argument that implies this bound. The
novelty here is that our results imply (8.2) for £ = 3. It is important to mention
that the error term we obtain is larger than the error term in the bound C3(N) <
(2N)'/3 + 2. We feel that any improvement in the leading term of Theorem 8.1.3
or (8.2) would be significant.

In Z we obtain the following bounds for small k.
Theorem 8.1.5. (i) If A C [N] is a By -set, then

Al < (14 o(1))(18N) 2.
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(ii) If A C [N] is a B -set, then
|A] < (14 o(1))(272N)V4,

Recall that Ruzsa [71] proved F(N) < (1+ o(1))k* /¥ N'/* wwhich implies
FX(N) < (1 +o0(1)k*VENYE For k > 5, we were able to improve this upper
bound on F;"(N) by modifying arguments of Ruzsa. Our method also applies to
Bj-sets. As a consequence, we improve the upper bound on Fj(N) for all £ > 3.
We state our result only for £ = 3 and for large k. For other small values of k£ the

reader is referred to Table 1 in Section 8.6.

Theorem 8.1.6. If A C [N] is a Bj-set, then

|A| < (1 +0(1))(162N)Y3.
If A C [N] is a Bj-set, then

Al < (§ ) e
where €(k) — 0 as k — oo.

We remark that Ruzsa’s upper bound on Fj(N) is asymptotic to K2NE,
Our results do not rule out the possibility of F,"(N) being asymptotic to Fy(N).

Problem 8.1.7. Determine whether or not F;f(N) is asymptotic to Fj(N) for
k> 3.

If A C [N]isa Bj-set, then the number of solutions to 2z +zy+- - -+xp_1 =
Y1 + -+ yp with z;,y; € A is o(JA|*) (see [71]). A Bj-set allows solutions to this
equation with x1,..., 251,91, ...,y all distinct, but such a solution cannot occur
in a B;-set. If it were true that F;(N) is asymptotic to F}(N), then this would
confirm the belief that it is the sums of & distinct elements of A that control the
size of A and the lower order sums should not matter. Jia [52] defines a semi-By-set
to be a set A with the property that all sums consisting of £ distinct elements of
A are distinct. He states that Erdds conjectured [27] that a semi-By-set A C [N]
should satisfy |A] < (14 o(1))N%. A positive answer to Problem 8.1.7 would be

evidence in favor of this conjecture.
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At this time we do not know how to construct By,-sets or Bj,-sets for any
k > 2 that are bigger than the corresponding Bose-Chowla Byy-sets. We were able
to construct interesting B, -sets in the non-abelian setting.

Let G be a non-abelian group. A set A C G is a non-abelian By-set if
aiao - A = bibg - - - bk with a;, bj €A (85)

implies a; = b; for 1 <i < k. If A C G is a non-abelian By-set, then every k-letter
word in |A| is different so |A|* < |G|. Odlyzko and Smith [66] proved that there
exist infinitely many groups G such that G' has a non-abelian By-set A C G with
Al = (14 0(1)) (%) 1/4. They actually proved a more general result that gives
constructions of non-abelian Bj-sets for all £ > 2. The case when k = 4 is the
only result that we will need. Define a non-abelian B; -set to be a set A C G such
that (8.5) implies a; = b; for some ¢ € {1,2,...,k}. As in the abelian setting,
a non-abelian Bj-set is also a non-abelian B,j—set but the converse is not true in

general. Using a construction of [66], we prove

Theorem 8.1.8. For any prime p with p — 1 divisible by 4, there is a non-abelian

group G of order 48(p* — 1) that contains a non-abelian By -set A C G with

A= S0 1)

Our result shows that there are infinitely many groups G such that G has
1/4
a non-abelian Bj -set A with |A| = (%) + o(|G|"*). We conclude our intro-

duction with the following conjecture concerning B, -sets.

Conjecture 8.1.9. If £ > 4 is any even integer, then there exists a positive

constant ¢; such that for infinitely many NV,
EF(N) > (1 + ¢ +o(1))NVE,

If Conjecture 8.1.9 is true with ¢, = 2'7%/* —1 as in the odd case, then using
Green’s upper bound Fy(N) < (1+0(1))(7N)'/*, we can conclude that Fy(N) and
F;(N) are not asymptotically the same just as in the case when k& = 3. Our hope
is that a positive answer to Conjecture 8.1.9 will either provide an analogue of
(8.4) for even k > 4, or a construction of a B;-set that does not use Bose-Chowla

By.-sets.
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8.2 Proof of Theorem 8.1.1

In this section we show how to construct B,j—sets for odd £ > 3. Our idea

is to take a dense Bi-set A and a translate of A.

Lemma 8.2.1. If A C Zy is a By-set where k > 3 is odd, then
At :={a+bN:ae€ Abe{0,1}}

is a By -set in Zaoy.

Proof. Let k > 3 be odd and suppose

k k
> ai+bN=> c;i+d;N (mod 2N) (8.6)
=1

=1

where a;,¢; € A, and b;,d; € {0,1}. Taking (8.6) modulo N gives

k k
Zai = Zci (mod N).
i=1 i=1
Since A is a By-set in Zy, (ai,...,ar) must be a permutation of (¢1,...,¢x). If
we label the a;’s and ¢;’s so that a1 < as < --- < ap and ¢ < ¢y < --- < ¢, then

a; = ¢; for 1 <i < k. Rewrite (8.6) as
k k
> BN =) "d;N (mod 2N).
=1 =1

The sums Zle b; and Zle d; have the same parity. Since k is odd and b;,d; €
{0, 1}, there must be a j such that b; = d;, so a; +b;N = ¢; +d;N (mod 2N). O

Let ¢ be a prime power, k > 3 be an odd integer, and A; be a Bose-Chowla
By-set with Ay, C Zx_y (see [13] for a description of Ay). Let

Af ={a+b(¢d"—1):a€ A, be {0,1}}.

By Lemma 8.2.1, A] is a B)f-set in Zy .1y and |A]| = 2|A,| = 2¢. This proves
Theorem 8.1.1.
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8.3 Proof of Theorem 8.1.3

Let A C Zy be a By -set. If N is odd, then 2z = 2y (mod N) implies
x =y (mod N). If N is even, then 2z = 2y (mod N) implies z = y (mod N) or
x = y+N/2 (mod N). Because of this, the odd case is quite a bit easier to deal with

and so we present the more difficult case. In this section N is assumed to be even.

If N is odd, then the proof of Theorem 8.1.5(i) given in the next section works
in Zy. The only modification needed is to divide by N instead of 3N when
applying Cauchy-Schwarz. For simplicity of notation, we write = y rather than
x =y (mod N).

For n € Zy, define

fn)=#{({a,c},b) e AP x Ain=a—b+c {ac}n{b}=0}.

Recall that A® = {{z,y} : 2,y € A,z # y}. The sum > f(n)(f(n) — 1)
counts the number of ordered pairs (({a,c},b), ({z,z},y)) such that the tuples
({a,c},b) and ({, 2}, y) are distinct, and both are counted by f(n). For each such
pair we cannot have {a,c} = {z,z}. Otherwise, the tuples would be equal. If
(({a,c},b), ({x, 2},y)) is counted by >~ f(n)(f(n) — 1), then a+y+c=x+b+ 2.
By the Bi property, {a,y,c} N {z,b,z} # 0 so that {a,c} N {z,z} D orb=y.
The tuples are distinct, so both of these cases cannot occur at the same time.
Case 1: {a,c} N{x, 2z} #D and b # y.

Without loss of generality, assume a = x. Cancel a from both sides of the
equation a — b+ ¢ = x — y + 2z and solve for ¢ to get ¢ = b — y + 2. Here we are
using the ordering of the tuples (({a,c},b), ({z,2},y)) to designate which element
is solved for after the cancellation of the common term.

If z = b, then ¢+ y = 2b and we have a 3-term arithmetic progression (a.p.
for short). The number of trivial 3-term a.p.’s in A is at most 2| A| since for any
a€ A,

a+a=2a=2(a+ N/2).

Next we count the number of nontrivial 3-terms a.p.’s. By nontrivial, we mean
that all terms involved in the a.p. are distinct, and a+a = 2(a+ N/2) is considered

to be trivial.
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If p+ q = 2r is a 3-term a.p., then call p and g outer terms. Let p be an
outer term of the 3-term a.p. p + ¢ = 2r where p,q,r € A. We will show that p is
an outer term of at most one other nontrivial a.p. Let p+ ¢ = 2r’ be another a.p.
with ¢, € A and (q,r,) # (¢, ').

Ifr=17" thenp+q=2r=2r"=p+ ¢ so q=¢. This is a contradiction
and so we can assume that r £ 1/,

Ilfg=¢,then2r=p+q=p+q¢ =2r"sor' =r or ' =r+ N/2. Thus,
p+q=2rorp+q=2(r+ N/2).

Now suppose r # r’ and g # ¢'. Since 2r — g = p = 21" — ¢ we have by the
B3 property,

{r.d}n{r'.q} #0.
The only two possibilities are r = ¢q or ' = ¢/, but in either of these cases we get

a trivial 3-term a.p. Putting everything together proves the following lemma.

Lemma 8.3.1. If A C Zy is a Bf-set, then the number of 3-term arithmetic

progressions in A is at most 4|A|.

Given a fixed element a € A and a fixed 3-term a.p. ¢ +y = 2b in A, there
are at most 4! ways to form an ordered tuple of the form (({a,c},b), ({a,b},y)).
The number of ordered tuples counted by > f(n)(f(n)—1) when {a,c}N{x, 2} # 0
and z = b is at most 4!|A| - 4|A| = 96| A|?. The first factor of |A| in the expression
41 A| - 3|A| comes from the number of ways to choose the element a.

Assume now that z # b. Recall that we have solved for ¢ to get ¢ = b—y+2z.
If b = y, then ¢ = z which implies {a,c} = {x, z}, a contradiction as the tuples
are distinct. By definition y # z, so ¢ = b — y + 2 where {b,z} € A® and
{y}N{b, z} = 0. The number of ways to write ¢ in this form is f(c). Given such a
solution {b, z},y counted by f(c), there are two ways to order b and z, and | A| ways
to choose a = 2. The number of ordered tuples we obtain when {a,c} N{z,z} # 0
and z # b is at most |A[-2) ", f(c). This completes the analysis in Case 1.

Before addressing Case 2, the case when b = y and {a, c} N{xz, 2z} = ), some

additional notation is needed. For d € A + A, define

S(d) = {{a, bl € A® : a4+ b=d and there is a pair {a’,b'} € A®
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with {a,0} N {d/,b'} =0 and o' + V' = d}.

Let dy,ds,...,dy be the integers for which S(d;) # 0. Write S? for S(d;) and
define
T! = {a:a € {a,b} for some {a,b} € S?}.

Let s; = |S?| and dy,ds, . . ., d,, be the integers for which s; = 2. Let dpy1,- .., dy
be the integers for which s; > 3. For 1 < ¢ < M, we will use the notation
S? = {{af, by}, {ab, 04}, ... {al b }}. A simple, but important, observation is
that for any fixed i € {1,..., M}, any element of A appears in at most one pair in
S2.

If A was a Bs-set, then there would be no d;’s. This suggests that a B; -set
or a Bj-set that is denser than a Bs-set should have many d;’s. The By -set Aj

A7 |
2

subset of Z, then m ~ %(lAZ;‘) (see Lemma 8.4.3 which also holds in Zy if N is
odd).
Case 2: b=y and {a,c} N{z,z} = 0.

If b=y, then a + ¢ = x + z. There are |A| choices for b = y and

constructed in Theorem 8.1.1 has m ~ 3("3'). However, if AJ is viewed as a

M
Y ISPISE = 1)
i=1

ways to choose an ordered pair of different sets {a,c}, {z,2} € A® with a + ¢ =

x+ z, and {a,c} N{x,z} = 0.

Putting Cases 1 and 2 together gives the estimate

Y f)(f(n) =1) < |A] (2Zf(0) +Z|53|(|53| - 1)) +96]A7. (8.7)

ceEA

Our goal is to find upper bounds on the sums

eea fle) and 3L, [S7](157] 1)

Lemma 8.3.2. If v € T} NT} for somei # j, then (i) max{s;,s;} <3 and (ii) if
s; = 8; = 3, then for some x1,y, z € A depending on i and j, we have d; = d;+N/2
and §2 = (Lm0}, (.21 (4240 82 = [rmt 50 (42 2] {24 2
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Proof. If s; = 2 and s; = 2 then we are done. Assume s; > 2. Let S? =
{{ai,0i},... {a}, b, }} and 57 = {{a],b]},. .., {al,, bl }}. Without loss of gen-
erality, suppose z = a} and x = ajl-. By definition, s; > 2 so we can write

d; =z + b = ab + b and%zx—i—b{zaé—kb&zaé—i—b@.

Solve for z to get « = a} + by — b = a} + b}, — bl. This can be rewritten as

al + by + b = al + b}, + bi. (8.8)

Since d; # d;, b} cannot be b therefore b is not on the right hand side of (8.8), and
b? is not on the left hand side of (8.8). By the By property, {a}, b} N {a}, b} # 0.
The same argument can be repeated with a} in place of @ and b} in place of b}, to
get

{ag, 0} N {a3, 3} # 0.

Recall any element of A can occur at most once in the list a{, b{, ag, b%, .. .agj, bgj
thus s; < 3. By symmetry, s; < 3.
Now suppose s; = s; = 3. Repeating the argument above, we have for each

2<k<3and2<[<3,
{al, b} N {ad, B} = 1.

This intersection cannot have size 2 since d; # d;. Without loss of generality, let
y=ab=ua), 2 ="b =al, u=a =0} and v = by = b,. We represent these
equalities between T'! and le using a bipartite graph with parts 7' and le where

3 K3

w € T} is adjacent to w’ € T} if and only if w = w’ (see Figure 8.1).

The equalities d; = y+2 = u+v and d; = y+u = z+v imply d;—d; = z—u
and d; — d; = u — z. Therefore 22 = 2u. If z = u, then this is a contradiction
since the elements in the list z,b%, vy, 2, u, v are all distinct. It is in this step that

the parity of N plays an important role. We conclude u = z + N/2 and
di=y+u=y+(z+N/2)=y+2+N/2=d;+ N/2.
Let b) =z so b} =2, + N/2. Since d; =y + 2z = u + v and u = z + N/2,

v=y+z—u=y+z—(24+N/2)=y— N/2=y+ N/2.
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@l =z b al =y b, =u al =z
Figure 8.1: Equality Graph for Lemma 8.3.2

Substituting u = z + N/2 and v = y + N/2 gives the assertion about the pairs in
S; and S? when s; = 5; = 3. O

Corollary 8.3.3. If s; > 4, then for any j # i, T} N le = (). Furthermore, any

x € A is in at most two T}’s with s; = 3.

Proof. The first statement follows immediately from Lemma 8.3.2. For the second
statement, suppose x € T} N7} with s; = 5; = 3 and 7 # j. By Lemma 8.3.2,
{z, 21} € S7 and {z, 2, + N/2} € S for some z; € A. If z € T with k # 4, then
{z,21+ N/2} € S sodj =z + (x1+ N/2) =di and j = k. O

Lemma 8.3.4. If A C Zy is a By -set, then

> fle) < AP+ 7|4

ceEA

Proof. For c € A, let

gi(c) = # {({z, 2z}, v) e A® xAic=z—y+zc#y{z2}n{y} =0}

and

g(c) =#{({z.z}y) e AP x Arc=a—y+zc=y {z, 2N {y} =0}.

For each c € A, f(c) = g1(c) + g2(c). The sum ) _, g2(c) is exactly the number
of nontrivial 3-term a.p.’s in A. By Lemma 8.3.1, > _, g1(c) < 4|A|. Estimating

Y eca 91(c) takes more work. To compute gi(c) with ¢ € A, we first choose an
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i with ¢ € T}, and then choose one of the pairs {x,2} € S?\{c,y} to obtain a
solution ¢ = x — y + z with ¢ # y and {z, 2z} N {y} = 0.
If c¢ T} U---UT}4,, then the equation ¢ +y = x + z with ¢,y, z, and z all
distinct has no solutions in A so g1(c) = 0. Assume c € T} U---UTY,.
Case 1: c¢ T} U---UTL.
By Corollary 8.3.3, there are two possibilities. One is that there is a unique
j with ¢ € le and s; > 3. In this case, |Sj2| < |2i| so gi(c) < %. The other
possibility is that ¢ € T} N T} with s; = s; = 3 and i # j. In this case, gi(c) < 4
because we can choose either ¢ or j, and then one of the two pairs in S? or 5]2 that
does not contain c.
Case 2: ce T} U---UTL.
By Lemma 8.3.2, ¢ is not in any le with s; > 4 and c is in at most two
T}’s with s; = 3. There are at most |A| T}'’s with ¢ € T}' since there are at most
|A| pairs {c,y} that contain ¢ so g;(c) < |A| + 4.
In all cases, g;1(c) < |A| +4 and
Y f© =) (91(e) +g2(0)) < [AI(JA] +4) +4]A]
ceA ceA

which proves the lemma. O

Lemma 8.3.5. If g1(c) is the function of Lemma 8.5.4, then

2Z|S2 (571 =1) =D g(e).

ceA
Proof. Define an edge colored graph G with vertex set A, edge set UM S2, and
the color of edge {a,b} is a +b. The sum S |S2[(|S2| — 1) counts ordered pairs
({c,y}, {z, z}) of distinct edges of G where {c,y} and {z, 2z} have the same color,
ie.c+y = x+ 2 and ¢,y,x, and 2z are all distinct elements of A. The sum
Y eca 91(c) counts each such ordered pair ({c,y},{x,2}) exactly two times, one

contribution coming from g;(c) and the other from g, (y). O

By Lemma 8.3.5,

M

D ISPISE - 1) Zf (8.9)

i=1 cEA
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Next we use the following version of the Cauchy-Schwarz inequality.

Lemma 8.3.6 (Cauchy-Schwarz). If x1, ..., z, are real numbers, t € {1,2,...,n—
1}, and A=13"0 2; — 230 @y, then

a 1 (<& ’ tnA?

i=1

A simple counting argument shows that > f(n) = (l‘;“)(|A| — 2). Let
Soea fle) =0|AP. If

A:=riHZf(c)—%;f(m=5|A|—%zn:f(n)

cEA

then, using Ruzsa’s bound |A| = O(N'/3) and Cf (N) < F"(N), we get

N (1A -2
A:5|A\—%25|A|—C

where C' is some absolute constant. By Lemma 8.3.6,

|A[\2 _ o\2 ) 2

N N4
2
2 _C
(A =22 o (1)
N 1 — Al

N

By (8.7) and (8.9),

M
d fm)?* < > f(n) +A| (2Zf(6) + ) ISPI87| - 1)) + 96| AJ?
ceA i=1
AP 5lA
% + %;f(c) + 96| A|?
T (HTM) + 96|42,

Combining the two estimates on Y f(n)? gives the inequality

Al =
N 1-— &

2
AN2( Al — 9)2 1— &
(2) (1A[-2) +52|A]3< 5|A> <|AP <1+T55) + 96| A|*. (8.10)
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If § =0, then (8.10) is not valid but we still get

2
(D 0Al-2? _ |ap
N -2
This inequality implies |A| < (1 + o(1))(2N)Y/3. Assume that § > 0. In this case,
(8.10) simplifies to

+ 96| A*.

Al < (14 0(1)) (2+ 105 — 452)'* N'/3, (8.11)

At this point we find the maximum of the right hand side of (8.11) using the fact
that 0 <9 <1+ |_Zx|7 which follows from Lemma 8.3.4. For |A] > 28, the maximum

occurs when 6 =1 + ﬁ therefore, after some simplifying, we find

Al < (1+0(1))(8N)'/°.

8.4 Proof of Theorem 8.1.5(i)

The proof of Theorem 8.1.5(i) follows along the same lines as the proof of
Theorem 8.1.3. We will use the same notation as in the previous section. The
derivation of (8.7) is very similar except in Z, or in Zy with N odd, there are
fewer 3-term a.p.’s in A. Regardless, (8.7) still holds under the assumption that
A C[N]is a Bf-set, or A C Zy is a By -set and N odd.

Next we prove a lemma that corresponds to Lemma 8.3.2.

Lemma 8.4.1. If z € T} N le for distinct © and j, then either s; = s; = 2, or if
s; > 2, then s; =2, s; =3, and |T} NT}| > 3.

Proof. The proof of this lemma is exactly the same as the proof of Lemma 8.3.2
up until the point where we write the equation 2z = 2u. In Z (or Zy with N odd),
this implies z = u which is a contradiction since the elements x, b}, y, z, u, v are all
distinct. This allows us to conclude that T} N le = () for any 7 # j with s; > 3
and s; > 3.

The assertion |T}! N T]l| > 3 can be verified with some easy computations.
Alternatively, one can just ignore a} = u and b5 = v in Figure 1 to see |T;' N T}| >
3. O
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Corollary 8.4.2. If m+1<i<j <M, then T, NT} = 0.

Proof. 1t x € T; N'T; with ¢ # j, then by Lemma 8.4.1, one of s; or s; must be
equal to 2. O

The next lemma has no corresponding lemma from the previous section. It

will be used to estimate ), f(c).

Lemma 8.4.3. If A C [N] is a B -set or if A C Zy is a Bf -set and N is odd,
then for any a € A, the number of distinct i € {1,2,...,m} such that a € T} is at

)

A
most |2—‘

Proof. To make the notation simpler, we suppose a € T} for 1 < i < k and
we will show £ < %'. The case when a € T N --- N T;C for some sequence
1 <34 <--- < i, <mis the same. For this lemma we deviate from the notation
S? = {{al, 01}, .. . {al b }}. Write S? = {{a, a;}, {b;, c;}} and a+a; = bj+c; where
1 <1 < k, and for fixed 7, the elements a, a;, b;, and ¢; are all distinct. Observe
ai,...,a, are all distinct since the sums a + a; are all distinct. For 1 <1 < k,

a = b; + ¢; — a;. Therefore,
bi—FCi—FCLJ’ :bj+cj+ai

for any 1 < 14,7 < k. These two sums must intersect and they cannot intersect at

a; or a;, unless ¢ = j, so for 2 < j <k,

{br, e}y N {by, ¢} # 0.

Let 2 < 7 <[ be the indices for which the sums intersect at by. Let [ +1 < 5 <k

be the indices for which the sums intersect at ¢;. Let b = by and ¢ = ¢;. We have
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the k equations

at+a = b+ec,
a+ay = b+ co,

a+a = b+g,

a+aq = b1+,

a-+ap = bk—i—c.

We will show that aq,...,ax,c1,...,¢,b41,...,b, are all distinct which
implies 2k < |A].

Suppose a; = b; for some 2 < i < land [+ 1 < j < k. Then a+b; =
a+a; =b+c, but a ="0; +c— a;. Therefore, b+c¢; = a+0b; = 2b; +c — a;
which implies 2b; + ¢ = b + ¢; + a;. The elements a;,b;, and c are all distinct so
these sums cannot intersect at a;. Similarly they cannot intersect at c. The only
remaining possibility is b; = ¢;, but then a; = b; = ¢;, which is a contradiction.
We conclude that a; and b; are distinct for 2 <7 <land [ +1 <j <k. A similar
argument shows that a; and ¢; are distinct for [ +1 < j <k and 2 <7 <.

Suppose now that a; = ¢y for some 2 < i 44 <. Then b+ ¢; =a+a; =
a+cy =a+ (a+ay —b), so that 2b+ ¢; = 2a + ay. Since 2 < ¢/ <[, these sums
cannot intersect at b and they cannot intersect at a. If ¢; = a;, then a = b which
is impossible. The equation 2b + ¢; = 2a + ay contradicts the By property. Note
that 2b = 2a need not imply a = b if A C Zy with N even. We conclude that
a; # ¢y for each 2 <1 #4' <[. Similarly, a; # by for [ +1 < j# 7' <k.

The previous two paragraphs imply
{0,1, as, . .. ,Gk} N {Cg, C3,...,Cp, bl+17 bl+27 e bk} = @

To finish the proof we show {ca, ¢s, ..., }{ b1, biga, ..., bx} = 0. Suppose ¢; = b;
for some 2 <i<land [+ 1< j <k. Then

ata;=b+c=b+bj=b+(a+a;—c)=b+a+a;—(a+a;1—b)=a;+2b—a;
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which implies a+a;+a; = a;+2b. Since i < [41 < j, these sums cannot intersect at
a;. They cannot intersect at b either since a, a;, b, and ¢; are all distinct whenever
1 < ¢ < 1. This is a contradiction. Therefore, ¢; # b; for all 2 < ¢ < [ and
I+1<j<k. m

Lemma 8.4.4. If A C [N] is a B -set, then

Y fle) < @ +4]A|.

ceA

Proof. Again we write f as a sum of the simpler functions ¢g; and g,. Recall that

for c € A,

ge)=#{({r,2},y) € AP x Aic=x—y+z,c£y {z,2}n{y} =0},

and

gQ(c):#{({x,z},y) e A® ><A:c:x—y—i-z,c:y,{x,z}ﬂ{y}=®}.

For each ¢ € A, f(c) = gi(c) + g2(c). The sum ) _, g2(c) is exactly the number
of nontrivial 3-term a.p.’s in A. By Lemma 8.3.1, this is at most 4|A|.

If c¢ T} U---UTL,, then the equation ¢ +y = x + 2z with ¢, y, z, and z all
distinct has no solutions in A so g;(c) = 0. Assume ¢ € T} U---UT},.
Case 1: c¢ T} U---UTL.

By Corollary 8.4.2, there is a unique j with ¢ € le and m+1<j5< M.

For such a j we have |S?| < |‘2ﬂ by Corollary 8.4.2. There is a unique pair in

14]

S]2 that contains ¢ so y is determined. There are at most %

{ZE, Z} S S?\{C,y} SO 91<C) < %
Case 2: ce T} U---UTL.

choices for the pair

First assume ¢ ¢ T, U---UT4,. A solution to ¢ +y = x + z with ¢, y, ,
and z all distinct corresponds to a choice of an S? with 1 <i < m and ¢ € T}'. By
Lemma 8.4.3, ¢ is in at most @ TYs and so g;(c) < %.

Lastly suppose ¢ € T,),,; U---UT};. There is a unique j with ¢ € le and
m+ 1 < j < M. Furthermore, for this j we have |T]1| = 6 by Lemma 84.1. If
c € T} with 1 < ¢ < m then, again by Lemma 8.4.1, |T}! N T]l| > 3. There are
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(g) 3-subsets of le and given such a 3-subset, there are (i’) ways to pair up an
element in the 3-subset with ¢ in S?. This implies ¢ is in at most 3(2) S#s with
1<i<m,soqg(c) <2+ 3(2) < %. The 2 comes from choosing one of the two
pairs in S7\{c, y}. O

The rest of the proof of Theorem 8.1.5(i) is almost identical to that of
Theorem 8.1.3. If 3~ _, f(c) = §|AJ?, then by (8.7) and (8.9),

> s < 148 (252 + odap)

We use the same version of the Cauchy-Schwarz inequality to get

(4?(1A] - 2)2 (1 - —5&\) 1450

2 21113 < 3 2

N + 82| A S |4 < 5 >+O(|A\ ). (8.12)
If 0 =0, then

2
(3°(A1=27 _ AP
3N -2
which implies |A| < (1 + 0(1))(6N)'/3. Assume 6 > 0. Then (8.12) simplifies to

+0(|4]%)

|A| < (14 0(1))(6 + 308 — 126%)/3N1/3.
By Lemma 8.4.4, 0 < § < % + %. The maximum occurs when 6 = % + % and we
get

|A| < (14 0(1))(18N)Y3.

If we were working in Zy with N odd, then in (8.12) the 3N can be replaced
by N. Some simple calculations show that we get Theorem 8.1.3 in the odd case.
We actually obtain the upper bound |A| < (1 + o(1))(6N)Y/? when A C Zy is a
By -set and N is odd.

8.5 Proof of Theorem 8.1.5(ii)

Let A C [N] be a BJ -set. For n € [-2N,2N], define

f(”) = #{({ah%}, {bl,bg}) e AP x A@ . ai 4+ ay — by — by =n,
{ay, a2} N {by, b2} = 0}.
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Recall that A® = {{x,y} : z,y € A,z # y}.
Lemma 8.5.1. If A C [N] is a Bf -set, then A is a By-set.

Proof. Suppose a +b = ¢+ d with a,b,¢,d € A. If {a,b} N {c,d} = 0, then the
equation 2(a + b) = 2(c + d) contradicts the B; property so {a,b} N {c,d} # 0.
Since a + b= c+d and {a, b} N{c,d} # 0, we have {a,b} = {c,d}. O

Lemma 8.5.2. If A C [N] is a Bf -set, then for any integer n, f(n) < 2|A|.

Proof. Suppose f(n) > 1. Fix a tuple ({ai,as}, {b1,b2}) counted by f(n). Let
({c1, o}, {d1,ds}) be another tuple counted by f(n), not necessarily different from
({al,ag}, {bl, bg}) Then a, + as — b1 - bg =cC+C — d1 - dg SO

a; +as +dy +dy = c1 +co+ by + b (8.13)

By the B; property, {ai,as,dy,do} N {cy,co,b1,02} # 0. In order for this in-
tersection to be non-empty, it must be the case that {aj,as} N {c1,c0} # 0 or
(b1, b2} N {dy, do)} # 0.
Case 1: {a1,a2} N{c1,cat # 0.

Assume a; = ¢;. There are at most |A| choices for ¢o so we fix one. The

equality a; = ¢; and (8.13) imply
d1+d2:b1+b2+62—a2. (814)

The right hand side of (8.14) is determined. By Lemma 8.5.1, there is at most one
pair {d;,d>} such that (8.14) holds.
Case 2: {aj,a2} N{c1,c} =0 and {by, b} N {dy,do} # 0.

Again there is no loss in assuming b; = d;. There are at most |A| choices

for dy so fix one. The equality b; = d; and (8.13) imply
cl+02:a1+a2—b2+d2. (815)

The right hand side of (8.15) is determined and there is at most one pair {c;, ¢}
satisfying (8.15) as before.

Putting the two possibilities together we get at most 2| A| solutions
({c1, o}, {d1,ds}). We have also accounted for the solution ({aq,as},{b1,b2}) in
our count so f(n) < 2|A|. O
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Lemma 8.5.3. If A C [N] is a By -set, then

> f)(fn) —1) <24 Y f(n (8.16)

neA—A

Proof. The left hand side of (8.16) counts the number of ordered tuples

(({ar, a2}, {b1,b2}), ({e1, ca}, {dy, da}))

such that ({a1,as}, {b1,b2}) # ({c1, 2}, {d1,dz2}), and both tuples are counted by
f(n). Equation (8.13) holds for these tuples. As before we consider two cases.
Case 1: {a1, a2} N{c1,ca} # 0.

Assume a; = ¢; so that ay — ¢y = by + by — di — ds.

If {b1,bo} N{d1,d2} # 0, say by = dy, then ay — cg = by — dy. We can
rewrite this equation as as + dy = by + ¢3 so that {ag,ds} = {bs,c2}. Since
{a1,a2}N{b1, b2} = 0, it must be the case that a; = ¢ and dy = by. This contradicts
the fact that the tuples are distinct. We conclude {b1,bs} N {dy,d2} = 0.

There are |A| choices for the element a; = ¢; and we fix one. Since as —cy =
b1 + by — dy — dy and {by, by} N {dy,ds} = 0, there are f(as — ¢2) ways to choose
{b1,b2} and {d;,ds}. Also observe that each n € A — A with n # 0 has a unique
representation as n = as — ¢o with ao, co € A. This follows from the fact that A is
a Bs-set.

Case 2: {a,a2} N{c1,ca} =0 and {b1,ba} N {dy,d2} # 0.
The argument in this case is essentially the same as that of Case 1.

Putting the two cases together proves the lemma.
O

Observe > f(n) = ('3‘) (|A|272). Using Cauchy-Schwarz, and Lemmas 8.5.3
and 8.5.2,

(1)

A A
= s (D) (M) e s
necA—A
Al
< T+2!AHA—AI~2\A!
4 4
4 4
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After rearranging we get

|A] < (1+0(1))(16 - 17TN)Y* = (1 4 0(1))(272N) /4,

8.6 Proof of Theorem 8.1.6

Lemma 8.6.1. Let A be a B, -set with k > 4. If k = 21, then there is a subset
A" C A such that A’ is a B -set and |A'| > |A] —2l. If k =2l + 1, then there is a
subset A" C A such that |A'| > |A] — 2k and A is either a B -set or a B} ,-set.

Proof. Suppose k = 2] with [ > 2. If A is not a B;'-set, then there is a set of 21

(not necessarily distinct) elements aq, ..., ay € A, such that
ar+---t+a =aq41+ -+ ay

and {aq,...,aq;} N{ap1,...,a9} = 0. Let A = A\{ay,aq,...,ay}. If A" isnot a

Bj-set, then there is another set of 2 elements of A’, say by, ..., by, such that
byt by = by et by
and {by, ..., 0} N {bis1,...,by} = 0. Adding these two equations together gives
a+--Fa+b+-+h=ap1+ - Fay+br+ -+ by

with {a1,...,a;,b1,...,0} N {ayq,...,a9,b41,...,by} = 0. This is a contradic-
tion.
The case when £ = 2] + 1 > 5 can be handled in a similar way.
O

It is easy to modify the proof of Lemma 8.6.1 to obtain a version for B;-sets.

Lemma 8.6.2. Let A be a Bj;-set with k > 4. If k = 2l, then there is a subset
A" C A such that A" is a By-set and |A'| > |A| —2l. If k =2l + 1, then there is a
subset A" C A such that |A'| > |A| — 2k and A’ is either a B} -set or a B} 4-set.

For A C [N] and j > 2, let

oj(n) =#{(ar,...,a;) € AV :a; +---+a; =n}.
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Let e(z) = €™ and f(t) = Ze(at). For any j > 1, f(t)? = 3 oj(n)e(nt) so by

aeA

Parseval’s Identity, Y o;(n fo |f(t)[¥dt. The next lemma is (5.9) of [71].

Lemma 8.6.3. If A C [N] is a Bj-set, then

> or(n)® < (1+o(1)E|A]D  ox_1(n)’. (8.17)

In [71], Ruzsa estimates the right hand side of (8.17) using Hoélder’s In-

equality and shows

k—2
BT, 1
Zak_l(n)Q S (Z O'k(n>> Pl |A|k—1
Our next lemma uses Holder’s Inequality in a different way.

Lemma 8.6.4. Let A C [N] be a Bj-set. If k > 4 is even, then

> or(n)® < (L4 o(1)E A " ay0(n)

If k=2l412>5, then

Y on(n) —|—0(1))max{k:k+1|A|l+1Zal 2 ALY 01(n) }

Proof. First assume that k£ = 2] > 4. By Lemma 8.6.2, we may assume that A is
a Bj-set. Otherwise, we pass to a subset of A that is a B/ set and has at least

|A| — 2k elements. Applying Holder’s Inequality with p = =5 and ¢ = 3, we get
1 1 i
Soatnf = [P Ve = [rel
0 0

< ([ vora) " ([ 1rorar) "
= (Zowo?) " (Zotr)

Substituting this estimate into (8.17) and solving for Y o1 (n)? gives the first part
of the lemma.
Now assume k = 2]l +1 > 5. Again by Lemma 8.6.2, we can assume that A

is either a B[-set or a B} -set.

I+1
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Suppose A is a B/-set. Applying Holder’s Inequality with p = k—*i and

k—
q= %, we get

> o) < (3 owm)?) = (> am?) ™

This inequality and (8.17) imply

S on(n)? < (14 o(L))EFHAIE S oy(n)?.

If A'is a By -set instead, then apply Holder’s Inequality with p = l_L and ¢ =

1
1 1

and proceed as above. It is in this step that we must assume k = 2l +1 > 5

otherwise if £ = 3, then [ = 1 and p is not defined. m

For k > 2 let ¢ be the smallest constant such that for any B, -set A,

S k() < (1+o(1))ef A"

Define ¢}, similarly. The techniques of [71] can be used to show that ¢ < k?* so ¢
and ¢}, are well defined. Observe that for any k > 2, ¢/ < ¢}. Using Lemma 8.6.4,
it is not difficult to show that for even k > 4,

F< k;k‘c;’/2 and ¢} < k’kcz/Q, (8.18)
Similarly, one can show that for odd k =2[ +1 > 5,
o < max{kk“cl*, kRt

i1} and ¢ < max {K* K ) (8.19)

Lemma 8.6.5. Let A C [N] be a B} -set. If k > 4 is even, then
k1 1k
Al < (14 0(1)) <k ck/2N) . (8.20)
If k=2l412>5, then

1/1<;

|A] < (1+0(1)) (K - max{k®¢]", ¢/, }N) (8.21)

The same inequalities hold under the assumption that A C [N] is a Bj-set provided

that the ¢ ’s are replaced with ¢} ’s
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Proof. By Cauchy-Schwarz,

2k
|f:_|N <3 ou(n)? (8.22)

for any k& > 2.
First suppose k > 4 is even. By (8.22) and Lemma 8.6.4,
1A~ <D k() < (L4 o(WDKH AP Y " oa(n)? < (14 o(1))k e | A",
kN k/2
Solving this inequality for |A| proves (8.20).
Now suppose k =20+ 1 > 5. By (8.22) and Lemma 8.6.4,

A2k
lk;]|\f < S op(m)? < (1+ o(1)) max (K A, K1t A}

= (1+o(1)|A"K* " max{k*c], ¢, }-

]

Lemma 8.6.5 shows that we can obtain upper bounds on B;-sets and Bj-

sets recursively. To start the recursion we need estimates on ¢y, ¢4, ¢, and c}.

Lemma 8.6.6. If A is a Bj-set, then
> oa(n)? < 2|4 + 32| 4]
and therefore ¢ < 2.

Proof. Let d(n) = #{(a1,as) € A% : a; — ay = n}. Observe Y o9(n)? = > d(n)2
In [71] (see Theorem 4.7) it is shown that 6(n) < 1 for any n # 0, and §(n) = 2

for at most 8| A| integers n. We conclude

> 6(n) )2+ 8|A| -4+ |A— A| < 2|A]> + 32|4].

Lemma 8.6.7. If A C [N] is a B -set, then

> os(n)* < (14 0(1))18|4°

and therefore c3 < 18.
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Proof. Let A C [N] be a By -set and let
:#{{a,b}eA@):a—i—b:n}.

Define 2- A:={2a:a € A}. Forn € 2- A, 092(n) = 2ry(n) + 1 and o3(n) = 2ry(n)
otherwise. The sum ), ,72(n) counts the number of 3-term a.p.’s in A so by

Lemma 8.3.1,

Zag(n)2 = 4Zr2 +4Zr2 )+ 12 Al

ne2-A

< 4 ra(n)?+4-4A[+ A =4 ry(n)’ + 17]A]

Using the notation and results of Section 3, and the inequality z? < 2z(z — 1) for

x > 2, we have

> ra(n) Zysﬂ<22\52 (1571 = 1) <) flo) AT + 3|4

ceA

Combining this inequality with (8.17) gives

Z o3(n)?

(1+0(1))3%|A] Y " oa(n)* < (14 0(1))9|A[(4) " ra(n)® + 17| A))
< (1+ 0(1))9|A|(2|A|2+29|A|)_(1+o( ) (18| A]® + 261 AJ?).

IN

Lemma 8.6.8. If A C [N] is a Bj-set, then
> os(n)* < (14 0(1))54|A)°
and therefore ci < 54.

Proof. Let A C [N] be a Bj-set. The idea of the proof is motivated by the same
arguments that we used for By -sets. For d € A + A, let

P3(d) = {{a,b} € A® :a+b=d}.

Define mg = 0 and for 1 < j < 4, let dmj71+1, dmj71+2, .. ,dmj be the integers for
which |P?(d;)| = j. Let dy,11, dmy12, - - -, dar be the integers for which | P?(d;)| > 5.
Write P? for P?(d;), p; for |P?|, and for 1 <i < M, let

= {a: a € {a,b} for some {a,b} € P?}.
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We will use the notation P? = {{a{,bi},...,{a; b }}. A difference between the
P?s of this section and the S?’s of earlier sections is that we allow for a P? to
contain only one pair.

Lemma 8.6.9. If x € Q; N le for some i # j where p; > 3 and p; > 3, then
pi+p; < T

Proof. Without loss of generality, assume z = a% and x = a{ where

Pi2 = {{alf bil}a {CL;, Z2}’ R {a;p b;_}} and P]2 = {{aji’ bjl}v {ajé? b%}7 R {af;ja b%]}}

For 2 <1 < p; we have d; = = + b} = a} + b}. Similarly, for 2 < k < p; we have
dj:x%—b{:ai%—bi. Thenaf+bf—b§:x:a;,i—i—bf;—b{,so

at 4+ + b =al, + b, + b for any 2 <1< p; and 2 < k < p;. (8.23)

If b} € T}, then there is no loss in assuming b} € {a},bi}. The same assumption
may be made with ¢ and j interchanged. This means that for [ > 3, b{ is not a
term in the sum af +bi and for k > 3, bi is not a term in the sum a], + ). The B}

property and (8.23) imply
{ai, b} N{al. b} =1forany 3<I<p and3<k<p;.  (8:24)

In particular, {a}, 04} N {a}, b3} # 0 and {a}, b5} N {a},b}} # 0 so that p; < 4.
Here we are using the fact that any element of A can occur at most once in the

list ai,bt, ... al b . By symmetry, p; < 4.

PP TPt
If p; = p; = 4, then by (8.24), {a, b}, a%, b} = {a}, b}, a),b}} but then
2d; = al + b + a) + by = 2d; implying d; = d;, a contradiction. O

Corollary 8.6.10. If p; > 4 and p; > 4 with i # j, then Q} N Q; = 0.

Using the definition of the P?’s, we can write

M M
ng(n)2 = Z |P2? = my+4(mg—my)+9(ms—my)+16(my—ms) + Z | P2|2.

=1 i=mg+1
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If p; = p; = 4 for some i # j, then Q;NQ} = ) by Corollary 8.6.10 so my—ms < %.
For 1 <17 <3, let §|A|> =m; — m;_;. Then
> ra(n)? < JAP(S; + 46, + 955) + Z |P2|? 4 2| Al. (8.25)

i=mg+1
Define a graph H with vertex set Q},, ., U---UQ),. and edge set P2, U
U P2 . Let n = |V(H)|. The graph H has 3(ms — ms) = 3d5|A[* edges so

303|A|> < % which can be rewritten as

V605 Al < Qs U+ U Qp, - (8.26)

For any ¢ and j with mo +1 < i <mgand my+1 <5 < M, Q}QQ} = by
Lemma 8.6.9. Thus (8.26) implies

M M

1 1 1
2. 1P=5 X Q=51 U U Q] < 51— V60) 4]

i=mg+1 i=mg+1

2
We conclude S |P?|* < (%) |A]?. This estimate and (8.25) give

i=mg+1

1
ZT’Q(?’L)2 S |14|2 <51 + 4(52 + 953 + 1(1 -V 653)2) + 2|A’ (827)
Each pair {a,b} € A® is in at most one P? so

A Al?

|A|2(81 4 265 + 365) = my + 2(my — my) + 3(ms — my) < (l 9 ’) < %

The maximum of d; + 45 + 993 + %(1 —1/643)? subject to the conditions d; + 252 +
303 < %, 8 >0, 05 >0, and 65 > 0 is 2, achieved when §; = 6, = 0 and 3 =

27
By (8.27),

3|Al?
D ra(n)? < |2| +2|A]. (8.28)
An immediate consequence is that

3 () = Y taataran) < 1412 (T ) < 2japn (529

ne2-A
Next we proceed as in Lemma 8.6.7. Using (8.29) and (8.28),

ZO’Q(H)Z = 427“2 —1—427"2 )+ 12 Al

ne2-A

< 6|AP2 +8|AP? +9|A|.
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By Lemma 8.6.3,
> o3(n)? < (1+0(1)32[4] Y oa(n)*.

The previous two estimates show that >~ o3(n)? < (140(1))54|AJ]>. This completes
the proof of Lemma 8.6.8. O

Corollary 8.6.11. If A C [N] is a Bj-set, then
|A] < (1+0(1))(162N)Y3.
Proof. Let A C [N] be a Bj-set. By Cauchy-Schwarz and Lemma 8.6.8,

L <3 o3(n)? < (1+0(1))54/4P°.

]

So far we have shown c¢f < ¢ <2, ¢f <18, and ¢} < 54. Now we describe
our method for obtaining upper bounds on F;f(N) and F}(N). Assume we have
upper bounds on ¢, ¢3,...,¢f ;. Lemma 8.6.5 gives an upper bound on |A| in
terms of c,j/z when k is even, and in terms of ¢;" and cltrl when k£ =2[+1 > 5.
An upper bound on ¢ is obtained from (8.18) and (8.19). We can also apply this
method to Bj-sets. The upper bounds we obtain are given in Table 1 below. They
have been rounded up to the nearest tenth. They hold for large enough N without

error terms.

Table 8.1: Upper Bounds on B} -sets and Bj-sets

k | Ub.of [7T1] on Fy | Our U.b. on Fy | Our U.b. on F,"
3 6.3N1/3 5.5N1/3 2.7TN1/3
4 11.4NY4 6.8N1/4 4 1NV4
5 18.2N/5 11.2NV/5 1INY/5
6 26.8N'1/6 15.8 N1/6 13.1NV/6
7 37.2N1/7 21.6N1/7 185NV
8 49.4N1/8 22.7TN1/8 22.7TN1/8
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We conclude this section with our proof of the second statement of The-
orem 8.1.6. Recall that (8.18) states ¢ < k’“cz/2 for any even k > 4. For
k=204+12>5, (819) gives ¢ < k"' max{c},c},,}. For z > 0, let [2] be
the smallest integer greater than or equal to x. Let |x] be the greatest integer
less than or equal to z. For k > 0, define ¢1(k) = [£] and ¢;(k) := ¢1(¢i_1(k))
for ¢ > 2. A simple induction argument can be used to show that for all i > 1,
¢i(k) < k271 4 37070 271, The conclusion is that for every i > 1, ¢;(k) < k27 + 2.
For any k > 5,

|log, k| |logy k| . Lo
¢ < LR+l H ¢i(k)¢i(k)+1 < R H (l{:2_1—|—2) 3
i=1 i=1
Taking k-th roots,
[log, k] ]
(Cz)l/k S kl—i—l/k H (k2—i+2)2—1+3/k
i=1
k 731052]6 [log, k| 4 ‘
< R (5 - 2) I (k2 +27"
i=1
S il e DV Lmﬁkj o-i 4 2 o
- i=1 k
2 4logo k UogQ kJ . 2 2
< ko ] (2 o)

=1

We claim the sequence (cf)'/* is bounded above by a function F(k) that

tends to %2 as k — oo. With this in mind, we rewrite the previous inequality as

[log, k| 271
4(@7;)1/]“ 4logo k 2
< 4k 27+ - . 8.30
It is easy to check R 5 1las kb — oo Using > 7 jna™ ! = ﬁ from

elementary calculus, we obtain

|logs k| (1 Zztflgz k] j9—i

II e (1 =

, 2
=1

| =
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as k — oco. Using the inequality 1+ z < e” for x > 0, we have

[log, k] 2=t 4 9/ [logs k| 9i+1 2-
R A (T

log, k —i
HL p (202 =1 ’f
[log, k| ’ Llog k]
< H eT“/k D DRl < e/
i=1

As k — oo, e/ = 1 s0

[logs k] 9 21 1
270 = - =,
I (+3) ~3

i=1
This shows that the right hand side of (8.30) tends to 1 as k — oo which proves

the claim.
Given € > 0, we can choose k large enough so that k'*(cp)V/* < (1 +
e) . The theorem now follows from the definition of ¢} and the estimate 14 |2 <

> ok(n)”.

8.7 Proof of Theorem 8.1.8

Lemma 8.7.1. If A C G is a non-abelian By-set and B C H is a non-abelian
B, -set, then A x B is a non-abelian B -set in G x H.

Proof. Suppose ay, ... ,ag, ay,...,a; € A, by,..., b, by, ... b, € B and
(a1, b1) -~ (aw, be) = (a3, by) - -~ (aj, b).

Then ay---ap = a}---a;, and by --- by = b} --- b} so that a; = a] for every i and
bj = b’ for some j. Thus, (a;,b;) = (a},b}). O

VR

Let Fy = {0, 1, a,b} be the finite field with four elements. Let

Ty .
H = cxelFLyelF,,.
0 271

H is a group under matrix multiplication and |H| = 12. Let

(a 1) <a a)
o= and (= :
0 b 0 b
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Simple computations show that « and 3 satisfy a® = 3° = id and o283 =
B2a.
Lemma 8.7.2. The set {a, 3} is a B} -set in H.

Proof. Suppose there is a solution to the equation xxox3xs = Y1Yy2ysys with x; # y;
for 1 <i <4, and z;,y; € {«, B} for all i,j. Without loss of generality, assume
1 = « and y; = (. There are eight cases which we can deal with using the
relations o® = 33 = id and o?8 = B%a. Instead of considering each individually,
we handle several cases at the same time.

Case 1: o = % or o8 = BPa or a3% = Ba’.

If any of these equations hold, then the relation o

= 33 = id implies o = S,
a contradiction.
Case 2: o?Ba = %af or o?p% = 3%a’.

If either of these equations hold, then the relation o?8 = %« implies a = 3.
Case 3: af3a? = Baf>.

Multiplying the equation on the right by A and using % = id, we get
aBa’B = Ba. On the other hand, aBa?B = afa = o so combining the two
equations we get Sa = o?. This implies o = 3, a contradiction.

Case 4: afaf = fafa.

Multiply the equation on the left by 32 to get B2afa3 = aBa. This can be
rewritten as a?B%af = afSa using f2a = o?B. Replace B%a with o on the left
hand side of a?3%a8 = aSa and cancel o to get 5% = Ba. This implies 3 = a.
Case 5: af%a = fa’f.

Using the relation 2a = 23, we can rewrite this equation as a3 = 3«
which implies o = 3 since o® = 5% = id.

]

The set {a, 3} is not a non-abelian By-set since a3 = 2. The next
theorem is a special case of a result of Odlyzko and Smith. We will use it in our

construction.

Theorem 8.7.3 (Odlyzko, Smith, [66]). For each prime p with p—1 divisible by 4,
there is a mnon-abelian group G of order 4(p* — 1) and a non-abelian By-set A C G
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with
A= 20— 1)

Armed with Lemma 8.7.1, Lemma 8.7.2, and Theorem 8.7.3, we now prove
Theorem 8.1.8.

Let p be any prime with p — 1 divisible by 4. By Theorem 8.7.3, there is a
group G of order 4(p* — 1) and a non-abelian By-set A; C Gy with |4;] = 1(p—1).
Define the group G to be the product group G = G x H. Let A = A; x {«, 5}.
Clearly |G| = 12-4(p*—1), |A| = 1(p—1), and by Lemma 8.7.1, A is a non-abelian
B} -set in G.

Chapter 8 is a reprint of “Upper and lower bounds on B, -sets,” Timmons,
Craig. Integers, 14A1 (2014), 1-27. The dissertation author was the primary

investigator and author of this paper.



Chapter 9

Future Work

In this final chapter we discuss some future work.

9.1 The Turan Number of C}

Abreu, Balbuena, and Labbate [1] proved for that any prime power g,

13 _ 2 g e

=¢°—q°— <1+ 1 if ¢ is odd,
ex(¢’ —q—2,Cy) > qu T !

1P - if ¢ is even.
They conjectured that these lower bounds are best possible. In Chapter 4 we
showed

1
ex(¢® —q—2,Cy) > 5613 —¢* = O(¢*")

for each odd prime power ¢ which disproves the conjecture of Abreu et al. in the

case when ¢ is odd. The case when ¢ is even is still open.
Problem 9.1.1. Determine if the lower bound

ex(¢> —q—2,04) > %q?’ — ¢%,q a power of 2
is best possible.

Recall the graph G, ¢ defined in Chapter 4. This graph has vertex set Z,2_;
where ¢ is a prime power. Distinct vertices x and y are joined in x +y € A(q,0)

where

Alg,0) ={a€Zp_1:0"—0 cF,}

106
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is a Bose-Chowla Sidon set.

Recently, it was shown that the graph Gy is a large induced subgraph
of the graphs constructed by Brown [14], Erdés, Rényi, and Sés [32]. Let us
introduce some notation for these graphs. Let ¢ be a prime power and let ER, be
the graph with vertex set the points of PG(2,¢q). Two distinct vertices (zg, 1, 2)
and (yo, y1, y2) are adjacent if zoyo+x1y1 + 22y2 = 0. The graph ER, has ¢* +¢+1
vertices, %q(cﬁ— 1)% edges, and is Cy-free. These are precisely the graphs constructed

in [14] and [32].

Theorem 9.1.2 (Tait, Timmons, 2014 [78]). Let ¢ > 15 be a prime power. The
graph G is isomorphic to an induced subgraph of E'R,.

Theorem 9.1.2 allows one to study E'R, by studying Bose-Chowla Sidon
sets. In [62], Mubayi and Williford investigated the independence number of ER,,.
An open problem mentioned in [62] is to construct an independent set I in ER,
for any ¢ that is not an even power of 2 with |I| = ¢*/? + O(q), or show that no
such set exists. The graphs Gy and ER, differ by only ¢ + 2 vertices and so the
independence number of G, ¢ differs from the independence number of ER, by at
most g + 2. Using the definition of adjacency, we find that an independent set I
in G, is a set [ C Zgp_; such that x +y ¢ A(q,0) for all x # y, x,y € I; that is

a(Gyo) = 5 {H]: (I +D\2- 1)) " Alg,0) = 0}

21

where 2- 1 = {2z : 2 € I}.
Problem 9.1.3. Let A(q,6) be a Bose-Chowla Sidon set. Determine

max {|I|: (I +I1)\(2-1)) N A(q,0) = 0}.

ICZqQ 1
Another open problem from [62] is to find an induced subgraph of ER,, ¢ a
power of 2, that is triangle free and has at least % + O(¢%?) vertices. Again, since
this problem concerns induced subgraphs, finding such a subgraph in G,y would

solve this problem in ER,.

Problem 9.1.4. Find the largest set J C Z,2_; such that for any z,y,2 € J with
x,1, z all distinct, at least one of the sums z + y, x + z, or y + 2 is not contained

in A(q,0).
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9.2 Ordered Turan for Even Cycles

Determining the order of magnitude of ex(n, Cy) for k ¢ {2, 3,5} is one of
the most important open problems concerning bipartite Turdan numbers. The upper
bound ex(n, Cy,) = O(n'™/*) holds for all k > 2 [11]. Algebraic methods have
been used to prove lower bounds on ex(n, Cq). For example Lazebnik, Ustimenko,
and Woldar [53] proved that ex(n,Cy) = Q(nHﬁ) for all £ > 2 where t = 0
if k£ is odd, and t = 1 if k£ is even. Despite these efforts, it is still unknown if
ex(n, Co) = Q(n'*V/k) for k ¢ {2,3,5}. Since ex(n, Cy,) < ex(n, Za), it may be

easier to solve the following problem.
Problem 9.2.1. Determine if ex(n, Zy;) = Q(n'*V/*) for k ¢ {2,3,5}.

The family Z4 contains six different ordered 6-cycles (see Figure 9.1). The
family Zg is even larger and in general, the number of ordered graphs in the family
Zo, increases with k. If instead of forbidding all ordered 2k-cycles in the family Zo
we forbid a particular subfamily, then Bj-sets can be used to obtain lower bounds
of the form en'*'/*. The construction is as follows. Let A C [n] be a Bj-set. Let
G 4 be the graph with vertex set [n] and vertices ¢ and j are adjacent if i = j 4+ a
for some a € A. Consider a Zy, in G4. Suppose this Zsy, is T1y1T2Ys . . . TLYLT1

where x; < y; for all 4, j. Since A is a Bj-set,

{yi =21,y — o,y —w} = {1 — T2, 2 — T3, .. Ys — 21}

and so we cannot have an edge that is longer or shorter than all of the other edges.

Let Z;;, be the family of Zy,’s with a longest or shortest edge. For example
ZGX = {Z§>Zg’Zg>ZGSaZ(?}'

The ordered 6-cycle Z2 has an edge that is shorter than all of the others and the
ordered 6-cycles Z3, Z3, Z2, and Z¢ have an edge that is longer than all of the
others. Using the By-sets constructed by Bose and Chowla, [13], we get the lower
bound

ex(n, ZJ) > en! Tk

for all kK > 3. Here ¢ > 0 is a constant independent of k. We would like to know if

there is an upper bound that matches the order of magnitude of this lower bound.
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Z§ Zg
zZ3 Zg
% @\%

Figure 9.1: The Family Z;4

Problem 9.2.2. Let £ > 3 be an integer. Determine if
ex(n, Z5) = O(n't/k).
A much more difficult problem is the following.

Problem 9.2.3. Let k£ > 3 be an integer. Determine if for any Zs, € 25, we have
ex(n, Zop) = O(n' /%),

We can also use By -sets to give interesting constructions. Let A C [n] be
a Bf-set with |A] = (1 + 0(1))(4n)'/3. The existence of such a set was proved
in Chapter 8. Define G 4 as before. One can check that G4 is Z¢-free and, using
an inequality of Katz and an argument of Graham [16], we can show that G4 has
at least .79n*/3 edges for large enough n. Using the upper bound on ex(n, Cg) of
Fiiredi, Naor, and Verstraéte [44], we get

ex(n, Cg) + .15n*3 < ex(n, Z9).

Since ex(n, Cg) = O(n*?), we see that forbidding just one ordered 6-cycle is not
the same as forbidding all 6-cycles. It would be very nice to prove a corresponding
upper bound of the form ex(n, Z8) = O(n*/?) which is a special case of Problem

9.2.3.
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9.3 3-fold Sidon Sets

In Chapter 7 we showed if A C [N] is a k-fold Sidon set, then

|Al < (%)1/2 + O((EN)Y4).

Lazebnik and Verstraéte [55] constructed 2-fold Sidon sets A C [N] for infinitely
many N with |A| > (1/2 + o(1))N'/2. The next step is of course constructing
3-fold Sidon sets.

Problem 9.3.1. Construct a 3-fold Sidon set A C [N] for infinitely many N with
|A| > ¢N'/2, or show that the maximum size of a 3-fold Sidon set in [N] is o(N'/2).

A 3-fold Sidon set A C [N] with [A| > ¢N'/? is known to imply the existence
of a graph with ¢; N vertices, coN%/? edges, and every edge is in exactly one cycle

of length four [82]. A problem that may be easier is the following.

Problem 9.3.2. Construct a set A C [N] for infinitely many N with |A| > ¢N/?2

and A has only trivial solutions to

c1(xy — x9) = co(x3 — 24)
for 1 < ¢ < ¢y < 3, or show that no such sequence of sets exists.

Another problem is to determine the maximum size of a 2-fold Sidon set in
Zy or [N]. Let Sg(N) be the maximum size of a k-fold Sidon set in Zy. For any
integer ¢ > 1, there are 2-fold Sidon sets A C Zy, N = 22" + 2 + 1, with |A| >
IN'/2 — 3 (see [55]). Theorem 7.1.2 gives an upper bound of (N/2)Y/% 4 O(N'/*)

and so
1 ) >(N) 1
2 S e =g
S2(N)

Problem 9.3.3. Determine limsupy_, ., <577 -

In the case of Sidon sets, we have limsup_, ., % =1 by [37] and [74].
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9.4 DBj-sets

In Chapter 8 we used Bose-Chowla Bj-sets to prove that
F{(N) > (1+o(1))2 - V/ENE (9.1)

for all odd k£ > 3. It would be interesting to determine if a bound similar to (9.1)
holds when k£ > 4 is even.

Problem 9.4.1. Determine if there is a positive constant ¢ > 0 such that
F{(N) > (14+c+o(1))NV*
for even k > 4.

The results of Chapter 8 imply that F3(N) is not asymptotic to Fy (V).
We do not know if F; (N) and F;(N) are asymptotic to one another.

Problem 9.4.2. Determine if F; (N) is asymptotic to Fj(N).
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