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Abstract
Bayesian Radiation Image Reconstruction and Uncertainty Quantification
by
Jaewon Lee
Doctor of Philosophy in Engineering- Nuclear Engineering
University of California, Berkeley

Professor Kai Vetter, Chair

This dissertation reports the development of radiation image reconstruction and uncertainty
quantification algorithms incorporating Bayesian principles. The proposed algorithms effec-
tively combat the ill-posed nature of radiation image reconstruction problems, while provid-
ing deeper insights into the physical quantities of interest through their uncertainty quan-
tification capabilities.

The first algorithm, dubbed Kullback-Leibler (KL) divergence maximum a posteriori expec-
tation maximization (KLD MAP-EM), incorporates a sparsity-inducing prior distribution
based on KL divergence. As a result, the algorithm yields parsimonious solution images ef-
fectively minimizing image artifacts caused by measurement noise, while accurately localizing
radiation source hotspots. The algorithm is computationally efficient and requires minimal
modification of the conventional maximum likelihood-expectation maximization (ML-EM)
algorithm, making it readily applicable to a variety of radiation imaging applications where
sparsity in solution images is required.

The second algorithm, named the Gaussian process prior (GPP) image reconstruction algo-
rithm, imposes spatial correlations between image voxels through an underlying Gaussian
process (GP) variable with a choice of link function. The algorithm is highly robust to overfit-
ting, and the GP covariance kernel can be modified to incorporate structural priors, thereby
enhancing the quality of reconstructed images. Furthermore, a complete Bayesian frame-
work for uncertainty quantification and hyperparameter selection methods was developed
for the GPP algorithm, leveraging the Laplace approximation and preconditioned Crank-
Nikolson Markov Chain Monte Carlo (pCN MCMC). As a result, the GPP algorithm not
only produces high quality reconstructed images but also provides accompanying uncertainty
images, offering a more comprehensive understanding of the imaging subject. Furthermore,
the method provides uncertainties for derived quantities such as radiation dose and total
reconstructed activity, enhancing decision-making reliability in high-stakes scenarios.



Lastly, the full-spectral GPP algorithm was developed, in which the following three different
inverse problems are solved simultaneously: radiation spectra decomposition, deconvolution,
and image reconstruction. The result is a novel algorithm decomposing a time-series of
radiation energy spectra collected from a single, free-moving detector into their constituent
contributions from radiological components, while reconstructing source distribution images
corresponding to the identified components. The full-spectral GPP algorithm demonstrates
exceptional performance, reconstructing source images and components even from low signal-
to-noise ratio (SNR) measurements with fluctuating background contributions. Moreover, it
enables deeper understanding of radiological environment by identifying salient radiological
source and background features present in the imaging space.

The proposed algorithms have been rigorously tested using both simulated and real-world
measurement, data, that are challenging for conventional image reconstruction algorithms.
Although primarily demonstrated for free-moving single detector imaging modality, these
methods are broadly applicable across various imaging modalities, offering numerous avenues
for future research.



To Mr. Jang, my former teacher, who turned my life around when I was 11.
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Chapter 1

Motivation and Introduction

1.1 Motivation for Radiation Image Reconstruction

Over the past century, radiation imaging has established itself as a central component in var-
ious applications, including medical diagnostic imaging [1], astrophysics [2], non-destructive
testing (NDT) [3], and nuclear safety and security [4]. For example, medical diagnostic
imaging techniques such as computed tomography (CT), single-photon emission computed
tomography (SPECT), and positron emission tomography (PET) have become vital tools
for understanding the anatomical and functional features of human diseases. In NDT, radio-
graphy techniques using X-rays or neutrons are routinely performed to ensure the structural
integrity of manufactured components. Furthermore, the mapping of dispersed radioactivity
over large areas can effectively aid in emergency response and contamination remediation
efforts, whose importance was highlighted again after the Fukushima Daiichi nuclear power
plant accident in 2011 [5]. Lastly, there have been growing interests in incorporating radiation
imaging into nuclear safeguard tasks, as it provides better spatial awareness of radioactive
materials while significantly reducing the dose to inspectors|6].

In most applications, the goal of radiation imaging is to produce images that reveal
spatial distribution of radioactivity or properties of intervening materials. Such spatial in-
formation is often not straightforward to obtain; instead, it requires various forms of physical
modulation of radiations to encode the desired spatial information. For example, in medical
CT, X-rays are projected at multiple angles and attenuated inside the patient’s body, encod-
ing anatomical features based on the varying densities of tissues they traverse. In SPECT
imaging, radiation emitted from radiotracers is physically blocked by collimators, allowing
only those traveling in specific directions to penetrate, thereby encoding the distribution of
the radiotracers. In both examples, the modulated radiation is then detected by various
radiation detectors, converting it into readable signals.

However, the measured signals are often not directly interpretable by humans, neces-
sitating an additional post-processing step: image reconstruction. This process converts
raw signals from detectors into meaningful visual images. Image reconstruction is typically
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mathematically formulated as an inverse problem. It begins with a mathematical model,
called the forward operation (or forward model), which represents physical and stochastic
processes involved in signal formation. The original image that generated the data is then
determined by inverting the forward operation.

Unfortunately, image reconstruction is a challenging task for three main reasons.

1. Radiation generation, modulation, and detection are inherently stochastic processes.
Consequently, the measured signals inevitably contain noise, which degrades the quality
of the reconstructed images.

2. The signal formation process cannot be fully understood or accurately modeled, leading
to inaccuracies in the forward model.

3. Lastly, certain imaging scenarios do not yield sufficient information in the measured
signals to produce meaningful images.

These limitations together result in undesirable reconstructed images corrupted by statis-
tical and physical perturbations. Therefore, significant efforts have been dedicated to the
development of advanced image reconstruction techniques to address these challenges.

This work aims to contribute to these efforts by presenting the development of novel
Bayesian radiation image reconstruction algorithms. Leveraging Bayesian framework, these
algorithms demonstrate robust performance even in information-limited radiation imaging
scenarios. As a result, they enable radiation imaging to be effectively applicable across a
variety of challenging and versatile context. Throughout this dissertation, the development,
applications and general implications of these algorithms will be discussed in depth.

1.2 Dissertation Overview

The primary objective of this work is to present the development of Bayesian image re-
construction algorithms. Readers are assumed to have a foundational understanding of
common radiation imaging modalities and the basics of image reconstruction algorithms.
However, to underscore the applicability of the proposed methods and their improvements
over conventional approaches, Chapter 2 reviews several radiation imaging modalities and
the fundamentals of radiation image reconstruction.

Chapter 3 details the development of the Kullback-Leibler maximum a posteriori (KLD
MAP-EM) algorithm. Chapter 4 discusses the Gaussian process prior (GPP) image recon-
struction and uncertainty quantification algorithm in detail. In Chapter 5, the full-spectral
GPP algorithm—an extension of the GPP algorithm leveraging spectral information in mea-
surement data—is presented in detail.

Finally, Chapter 6 summarizes the proposed algorithms, highlights their broad implica-
tions, and outlines motivations for future research.



Chapter 2

Radiation Imaging Modalities and
Reconstruction Algorithms

2.1 Radiation Imaging Modalities

In this section, several widely used radiation imaging modalities for astrophysics, nuclear
medicine, nuclear security and safety applications are briefly introduced. In particular, the
principles of Compton imaging, Coded aperture imaging, and recently developed free-moving
3D radiation imaging techniques are discussed.

Compton Imaging

In Compton imaging, the kinematics of Compton scattering is used to deduce and image the
origin of photons [7]. Consider a photon with a known initial energy Ey undergoing Compton
scattering at position r; depositing some energy, followed by a photoelectric absorption at
ro. Denoting the energy deposited in the interactions F; and Fs, we have Fy = E; + Ej.
Note that the interaction positions and deposited energies can be measured from a position
sensitive radiation detection system. Then, the Compton kinematics formula allows us to
deduce the angle # at which the photon scattered as

1 1
—=cos ' (1— 2 —— = 2.1
0 = cos ( MeC (EO_El E2>>’ (2.1)

where m, is the rest mass of an electron and c is the speed of light. The pair of Compton
scattering and photoelectric absorption is referred to as a Compton event. Hence, for a given
Compton event, the origin of the photon is constrained to lie on a conic surface, whose
opening angle is  and the rotation axis is around r; — ry. See Fig. 2.1 for illustration.

As the first interaction in a Compton event must be Compton scattering, the sensitivity of
a Compton imaging device depends on both the incident gamma-ray energy and the detector
material. Figure 2.2 presents a ternary map illustrating the relative probabilities of different
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Detector

Figure 2.1: Schematic illustration of Compton imaging.

o Relative Probability of Photon Interaction vs Energy and Atomic Number
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Figure 2.2: Relative probabilities of photoelectric absorption, Compton scattering and pair

production as a function of photon energy and effective atomic number of matter. Data was
obtained from NIST XCOM photon cross sections databse [8].
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photon interaction modes as a function of the incoming photon energy and the material
atomic number. Note that the incoming photon energy is application specific, varying widely
from few hundreds keV to 10 MeV. For example, in nuclear molecular imaging, gamma rays
emitted from radiopharmaceuticals are typically less than 1 MeV [9]. On the other hand,
Gamma-ray Compton telescopes are commonly designed for photon energies up to 10 MeV
[10]. Hence, the detector material must be carefully chosen to maximize the sensitivity of
the Compton imaging system for a given application.

Since Compton imaging does not rely on mechanical collimators, it is particularly well-
suited when a wide field of view (FOV) or high sensitivity is required. Due to these advan-
tages, Compton imaging has been applied in astrophysics [10][11][12], nuclear medicine [13],
and nuclear threat detection [14].

Coded Aperture Imaging

Detector

Source )/

Source

Figure 2.3: Schematic illustration of coded aperture imaging. Depending on the source
position, a distinct mask shadow is cast on the detector.

In coded aperture imaging, a photon-opaque mask with a known pattern, called a coded
aperture mask, is placed in front of a position sensitive detector. Therefore, radiations
emitted from radioisotopes are blocked by the mask, casting a unique patterned shadow on
the detector, depending on the location of the radiation source. Subsequently, this shadow
pattern is then used to reconstruct image of radioactive source distribution [15].
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The pinhole camera is a special case of coded aperture imaging, where a single aperture
is used to modulate incident photons. In pinhole camera imaging, the radiation count dis-
tribution on the detector directly reveals the radioactivity distribution in the imaging space,
requiring minimal image reconstruction effort. However, because most emitted photons are
blocked by the mask, it suffers from a low signal-to-noise ratio (SNR), requiring long expo-
sure time for image formation. One can simply enlarge the pinhole to allow more photons
to pass through, thereby increasing the SNR. However, the increased SNR comes at the
cost of degraded resolution, as the pinhole camera resolution is inversely proportional to the
diameter of pinhole [16].

The key idea behind coded aperture imaging is to place multiple small apertures across
the mask, increasing the open fraction of the mask up to a range of 25-50% [17]. Therefore,
the SNR is significantly improved compared to that of a pinhole camera, while minimizing
resolution degradation by maintaining a small aperture size. Figure 2.3 illustrates the prin-
ciple of coded aperture imaging. Note that unlike the pinhole camera, data obtained from a
coded aperture imaging requires a non-trivial image reconstruction process to “decode” the
image from the measurement, due to overlapping “pinhole” projections [18].

Coded aperture masks are typically made of high-density metals, such as tungsten, to
effectively block incoming photons via photoelectric absorption. From Fig. 2.2, it can be
noted that for tungsten, photoelectric absorption is the primary mode of photon interaction
below 300 keV, making coded aperture effective for imaging low-energy gamma rays and
X-ray emitters. For this reason, coded aperture imaging is sometimes complemented with
Compton imaging, enabling radiation imaging across wide range of photon energies [19][20].
Coded aperture imaging has found its applications in X-ray telescopes [21], nuclear medicine
[22], non-destructive testing [23] and nuclear power plant decommissioning[24].

Scene Data Fusion and Single Detector Imaging

The Compton and coded aperture imaging introduced are stationary radiation imaging
modalities, meaning that the entire measurements are taken with the imaging system held
fixed in place. If these imaging systems are to be moved, it must follow well-planned paths
around a constrained FOV. For applications such as medical imaging, the use of such sta-
tionary imaging systems is practical, as a fixed region-of-interest (ROI) is typically assumed.
However, when the potential source location is not known a prior: within a large imaging
space, such static imaging systems pose the following two main challenges. First, because
the radiation intensity follows the inverse-square law, imaging systems are only sensitive to
radiation emitters in their vicinity, necessitating multiple time-consuming measurements at
different locations. Secondly, imaging space is only locally defined for a stationary mea-
surement; therefore, “stitching together” different imaging spaces from multiple stationary
measurements becomes a non-trivial task.

Scene Data Fusion (SDF), a recently developed concept that combines advances in com-
puter vision and radiation imaging technologies, overcomes these challenges and provides
a novel capability to map and localize radiological sources in 3D on free-moving platforms
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Figure 2.4: A schematic illustration of SDF applied to Compton imaging and single detector
imaging. The locations and orientations of an imager are tracked, and Compton events
recorded at different times are combined in a global map, localizing the source. In free-
moving single detector imaging, the variation in count rate is used to deduce the source
distribution and its strength.

[25][4][26][27]. In SDF, a conventional stationary imaging system (e.g., a Compton or coded
aperture imager) is equipped with a position tracking system such as Simultaneous Localiza-
tion and Mapping (SLAM). This allows the system to track both locations and orientations
of the imager, while it is being freely moved around in the imaging space. As a result, data
collected at each timestep is associated with a specific detector position and orientation. The
time-dependant measurement data is then reconstructed in a global imaging space, enabling
3D, free-moving radiation imaging. Figure 2.4 illustrates the principle of SDF applied to
Compton imaging.

An example of SDF with a real-world measurement is illustrated in Fig. 2.5. The
measurement was conducted with Polaris-LAMP, a free-moving gamma-ray imager developed
at Lawrence Berkeley National Laboratory (LBNL) [28]. Polaris-LAMP combines Polaris-
H, a commercial off-the-shelf stationary imager with Compton and coded aperture imaging
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capability, and a suit of contextual sensors enabling SLAM, such as a LiDAR, visual camera
and inertial measurement unit (IMU). As illustrated in the figure, Polaris-LAMP effectively
localizes and maps the depleted uranium hexafluoride (DUFg) radiation source in container
cylinders using measurement data collected while being freely moved around in the imaging
space.

Paducah Measurement
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Figure 2.5: (a) Polaris-LAMP, which combines a commercial gamma-ray imager with con-
textual sensors, enabling SDF. (b) A free-moving measurement of three 30-A cylinders for
DUFg. Two cylinders near the trunk were empty, while the third one contains 1/2-2/3 capac-
ity of DUF§, emitting 185.7 keV and 1001 keV gamma rays from 23°U and 28U, respectively.
Note that the measurement path and count rate are shown in the map. (c) Free-moving
coded aperture imaging with 185.7 keV gamma-ray source. (d) Compton imaging mapping
1001 keV gamma-ray source. Image from [28] with permission.

Due to its free-moving nature, SDF is particularly effective when the potential source lo-
cation is unconstrained in a large environment. Earlier works have demonstrated its utilities
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in a variety of potential applications, including nuclear threat detection, emergency response
contamination remediation, and nuclear safeguard [25][4][28][29].

Moreover, SDF enables the use of a series of count rate data measured from a single
detector to map radiological source distributions[29][30][31]. In single detector mapping,
variations in count rate is recorded as the detector is moved around in an imaging space.
According to the inverse square-law, the radiation count rate increases as the detector ap-
proaches the source and decreases as it moves farther away. Therefore, the fluctuation in
count rate data encodes information about the location and distribution of the source. See
Fig. 2.4 for illustration of single detector imaging.

The only requirement for single detector imaging is a non-position sensitive radiation
detector equipped with a position tracking system. Consequently, compared to conventional
Compton and coded aperture imagers, it can be constructed with simple electronics and
detectors, making it a robust and cost-effective alternative. Moreover, single detector imaging
offers very high sensitivity with 47 FOV, owing to the absence of collimation. Due to these
advantages, it has been studied for potential applications in environmental radiation mapping
[32], lost source search [33], and accident remediation [28][34].

Despite the promise of single detector imaging, it is often challenged by the lack of reliable
image reconstruction methods [30]. Note that when using a single detector, the direction-
ality of radiation is not encoded due to the lack of collimation. As a result, conventional
image reconstruction algorithms often fail to produce desirable images. Throughout this dis-
sertation, limitations of conventional image reconstruction methods in the context of single
detector imaging will be demonstrated in detail.
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2.2 Radiation Imaging Data Formation and
Reconstruction methods

In this section, some of the foundational principles of the measurement data formation and
reconstruction methods are briefly explained.

Radiation Image Formation

Suppose we represent a true 2D image as a function, f(x,y) with its input arguments being
a point in Cartesian coordinate. The true image f(x,y) is then observed with an imaging
system, vielding an observed image f (z,y). A simple image formation model assumes lin-
ear and shift-invariant (LSI) relationship between f(z,y) and f(z,y). For an LSI imaging
system, formation of the observed image f (x,y) can be expressed in terms of convolution

A~

f(x,y) = a(z,y) * f(z,y) +n(z,y), (2.2)

where a(x,y) is called the point spread function (PSF) or impulse response function, and
n(z,y) denotes a random noise process. Note that the PSF a(z,y) is the observed image
when f(x,y) = d(x,y), where §(z,y) is a 2D direct delta function. Typically, a(x,y) is a
blurred image of the delta function, and the convolution a(z,y)* f(x,y) introduces the same
blurring effect across the entire image domain. Then, the blurred image is subject to random
noise n(z,y), yielding a noisy measured image f(z, ).

The LSI model provides useful insights in image formation as the convolution model can
be easily analyzed in the Fourier domain. Through Fourier transformation of (2.2), the PSF
function a(zx,y) is interpreted as a frequency filter suppressing high frequency components
of the true image f(x,y). However, in many imaging modalities, the imaging system is not
strictly LSI; although most imaging systems operate in a relatively linear response region,
imaging systems are rarely exactly shift-invariant. In other words, the impulse response (i.e.,
PSF) may vary depending on the location of the impulse in the imaging domain. Moreover,
in most radiation imaging modalities, the measurement is not a continuous image function
f (z,y). Instead, it is often digitized signals read from a radiation detection system.

For these reasons, it is more realistic to consider the following measurement formation
model for radiation imaging:

ym] = // (2, 9)E (2, y) dx dy + n[m], (2.3)

where y[m] is the m-th element of a discretized observed measurement vector y € RM,
ap(x,y) is the measurement contribution of f(z,y) to y[m], and n[m] is the m-th element of
a noise vector n € R™. Note that the measurement vector y does not necessarily represent
an observed image. For example, it could be a vector of measured radiation counts from an
imaging system.
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In radiation image reconstruction, the goal is to estimate the unknown true image f(z,y),
given the measurement vector y. Hence, image reconstruction is a prime example of inverse
problems whose forward model is given in equation 2.3.

For the purpose of image reconstruction, the image to be estimated is also discretized
in a vector form. Therefore, the model in 2.3 can be simply written with a matrix-vector
multiplication as

y = Ax+n, (2.4)

where A € RM*Y is commonly referred to as a system matrix, and x € RY) is the unknown
image to be estimated. -

Note that with the noise vector n, we are assuming an additive noise model, such as
Gaussian noise. The additive noise model is valid in some radiation imaging modalities such
as CT. However, in most radiation imaging modalities, Poisson model more aptly describes
the measurement noise characteristics due to the quantized nature of radiation emission and
detection. With Poisson noise in the measurement, the model in equation 2.4 becomes'

y ~ Poisson(y) where y = Ax. (2.5)

In cases where the system matrix A is invertible and no noise is present, direct inversion
of A~y guarantees a good reconstruction of x. However, such an ideal scenario is never
encountered in reality, and direct inversion yields an undesirable reconstructed image with
amplified noise. Moreover, the system matrix A is rarely invertible in practice, due to its
non-square matrix shape and rank deficiency.

Due to the aformentioned practical difficulties, the image reconstruction problem is con-
sidered to be a classic example of an ill-posed inverse problem. Hadamard first listed the
properties of a well-posed problem as follows [35]:

1. The problem has a solution.
2. The solution is unique.
3. The solution’s behavior changes continuously with the initial conditions.

Problems that do not satisfy any of these properties are considered ill-posed. In the case
of image reconstruction, the first and third conditions are usually satisfied. However, there
may be many—if not infinite—solutions that could produce the measurement y, and hence
the solution is rarely unique. As a result, most image reconstruction techniques incorporate
prior knowledge to specify a unique solution.

'For Poisson measurement noise model, elements of the measurement vector y € Z, are non-negative
integers.
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Measurement Data Types (Binned and List-mode Data)

Due to the quantized nature of radiation, raw output from radiation detectors is recorded
on an event by event basis, and represented as a collection of J vectors {a; }3-]:1, where each
a; € R¥ is referred to as an attribute vector. The dimensions of attribute vectors K is
determined by the number of relevant attributes for a given imaging modality. In radiation
imaging, some common attributes include measured radiation energies, interaction positions
and measurement timestamps. These attribute vectors can be regarded as a collection of
Cartesian coordinates in an K-dimensional hyperspace.

The attribute vectors are randomly and independently generated according to a Poisson
point process. A Poisson point process is a stochastic process where the number of occurrence
in a bounded region in an underlying space is Poisson distributed. In other words, suppose
we are given an intensity function A(a) : RX — Rso and any bounded region B in RX.
Then, under the Poisson point process, the number of events in the bounded region N (B) is
Poisson distributed as follows:

N(B) ~ Poisson (A\g), where )\B:/B)\(a) da (2.6)

The collection of vectors {a;}7_, produced from an underlying Poisson process is referred
to as list-mode data [36]. Another way of representing the same data is to use a frequency
distribution in R¥. Suppose we have M number of disjoint bounded regions {B,,}*_, that
are called bins. Then, by counting the number of attribute vectors within each bin, we have a
length-M vector b € Z3 whose entries are frequencies of attribute vector occurrence within
the bins. The frequency vector b € RM, together with the bins {B,}M_,  are commonly
referred to as binned data.

When binning the list-mode data, some loss of information is inevitable as attribute
vectors close to each other are lump together in bins. The amount of information loss
depends on the size of the bins used, {B,,}}_,; the smaller the bin size, the more information
is retained. Therefore, in practice, the size of the bins (or equivalently, the number of bins
M) should be chosen such that the amount of information loss is tolerable with negligible
degradation in image reconstruction process. For more detailed discussion of information
loss in binned data, see [37]

Whether to use binned or list-mode data in reconstruction tasks mostly depends on
imaging modalities. For example, in Compton imaging, relevant attributes from the raw data
include the positions in Cartesian coordinate and energies deposited in the first (Compton
scattering) and second (photoelectric absorption) interactions, resulting in attribute vectors
with 8 elements, a = (z1, y1, 21, E1, T2, Y2, 22, , F2). Even if we discretize each attribute
dimension very coarsely with 10? bins, the resulting binned data will be of size 10'6. Naively
storing such binned data requires about 10 petabytes of memory. One can compress the
large binned data as Compton events are not common and most of the bins will contain no
events. However, resolution of the Compton imaging is highly sensitive to precision of the
attributes, and therefore coarsely binned data severely impacts the image quality. For these
reasons, Compton imaging is almost always performed with list-mode data [38].
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Conversely, in coded aperture imaging, a large number of attribute vectors are recorded
due to its high sensitivity, and each attribute vector contains a 2-D Cartesian coordinate
(x, y) of the interaction position on a detector. The large number of events, combined
with the low-dimensional attribute space facilitates the use of binned data for compact
representation.
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Analytical Image Reconstruction Methods

Here, we review several classical analytical image reconstruction methods and examine their
properties. Although the focus of this thesis is on iterative (statistical) reconstruction meth-
ods, these analytical methods provide insights into several important general characteristics
of image reconstruction.

Analytical image reconstruction techniques were first developed and extensively stud-
ied in the context of medical CT image reconstruction [39]. Here, we introduce several
backprojection-based CT image reconstruction methods, and discuss their connection to re-
construction methods in other imaging modalities and iterative reconstruction methods. In
2D CT imaging, a measurement generates a collection of 1D projections of a ground truth
image f(z,y) taken at multiple angles. This imaging procedure produces a 2D function
s(l,0) called a sinogram, where [ and 6 denote the 1D detector position and projection an-
gle, respectively. Mathematically, the sinogram s(l,#) is obtained via the Radon transform
of the original image f(x,y). In practice, the sinogram is discretized and stored as binned
data, s € RM. Hence, with an operator P representing the Radon transform, we have a data
generation model,

s="Pf(x,y). (2.7)

For image reconstruction, the target image is also discretized and represented in a vector
form, f € RY. In addition, we define a discrete Radon transform with a matrix P € RM*V.
With the discretized original image and Radon transform operator, we have

s = Pf. (2.8)

Each column of the projection matrix P[:, n] corresponds to a discrete sinogram generated
from an impulse valued image e,, where e, is a standard basis vector. In other words,
P[:,n] = Pe,. Also, it should be emphasized that (2.7) is the actual model reflecting the
underlying physical reality, whereas (2.8) is a constructed model for the purpose of image
reconstruction.

Since the sinogram s consists of projections of the unknown image f(z,y) at different
angles, a natural approach to image reconstruction is to reverse the projection process by
smearing each projection back into the imaging space, a procedure known as “backprojec-
tion”. Backprojection of the sinogram is achieved by applying transpose of the projection
matrix to the sinogram, P's. Simply speaking, the backprojection matrix P" can be thought
of as equally redistributing each sinogram element s[l] to its possible origins in the imaging
vector f. The simple backprojection (SBP) is performed by applying the backprojection
operator to the measured sinogram, as follows:

fspp = P's =P Pf(z,y) = P'Pf (2.9)

Note that the SBP reconstruction is perfect if and only if PTP = I. In other words, P is
an orthonormal matrix whose transpose is its inverse. An example of such imaging system
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is a perfect pinhole camera; however, such condition is never met in practice and the SBP
inevitably introduces blur in the reconstructed image fsgp.

The matrix PP in (2.9) possesses an important physical meaning, as the n-th column
of PTP is a blurred response from SBP when the input image is e,. For this reason, P'P
is often referred to as a PSF matrix. When the response is shift-invariant, the PTP is a
Toeplitz matrix and interpreted as a discrete convolution matrix. Therefore, the PSF matrix
applies a low-pass frequency filter to the original image f, leading to a blurred image fsgp.

Understanding the effect of SBP, a natural choice to reverse the blurring is to apply the
inverse of the PSF matrix (PTP)~! as follows:

frgp = (P'P)'P's = (P'P)'P'Pf =f. (2.10)

Applying (PTP)~! is equivalent to applying an inverse frequency filter to undo the effect
of blur added by SBP. Hence, the equation (2.10) first backproject the sinogram s onto
the imaging space via SBP, then the blur introduced in SBP is removed with the inverse
filker (PTP)~!. For this reason, (2.10) is known as the backproject-then-filter algorithm
in CT image reconstruction. In fact, applying the inverse filter (PTP)~! to the SBP im-
age is equivalent to applying a filter to the sinogram s, such that the backprojection of
the filtered sinogram retrieves the original image f. This approach is the traditional fil-
tered backprojection (FBP) algorithm and therefore, the backproject-then-filter algorithm
in (2.10) is equivalent to FBP. For more detailed discussions on the equivalence between the
backproject-then-filter algorithm and FBP, see [40][41]. Figure 2.6 presents the results from
the SBP and the FBP reconstruction methods when applied to the noiseless sinogram data
from the Shepp-Logan phantom [42].

The FBP algorithm is traditionally understood with the filtering of the projection data
s and its backprojection onto imaging space, without introducing the projection matrix P
[43]. Here we used a different approach to derive the FBP, and this linear-algebraic derivation
of the FBP provides interesting insights into the properties of FBP.

Although the FBP in equation (2.10) yields perfect reconstruction with the noiseless
measurement s, the reconstructed images degrade quickly with addition of measurement
noise. With the zero-mean Gaussian noise vector n ~ N(0, 0?) added to s, the performance
of the FBP can be analyzed with the help of singular vector decomposition (SVD).

Using SVD, we write P = UXV T, where U and V are the orthonormal singular vector
matrices and 3 is the diagonal matrix with singular values. The FBP with noise then is
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Figure 2.6: (A): Shepp-Logan phantom (B): Noiseless sinogram of the Shepp-Logan phantom
(C): Simple backprojection of the noiseless sinogram. Note that it intriduces blurr, which
is characterized by the PSF matrix P"P. (D): Filtered backprojection of the noiseless
sinogram. In the absence of noise, the FBP produces perfect reconstruction.
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written as,

frgp = (PTP)'P (s +n) (2.11)
= (VE2VHT'VEU (s +n) (2.12)
= (VE2VHVEU' (s +n) (2.13)
= (VE'U")(s +n) (2.14)
= (VZ'U)(USV'f+n) (-s=Pf=UZV'f) (2.15)
=f+(VE'U)n (2.16)
-t o+ (VE'U")n (2.17)

original image noise in FBP

UT and V are orthonormal matrices, and therefore applying it to the noise vector only rotates
it without any changes in the magnitude ||n||,. However, the inverse singular values in X1
become very large when the projection matrix P is poorly conditioned (i.e., its smallest
singular value is close to 0). As a result, the noise in FBP “blows up” and significantly
degrades the reconstructed image frgp. For this reason, the inverse filter (PTP)~ is typically
augmented to prevent exploding noise in the reconstructed image.

Another important insight can be found by inspecting the FBP equation (2.10). That is,
the FBP in (2.10) is the solution to the following ordinary least-square (OLS) optimization
problem:

argmin | Pf — s|3. (2.18)
£

This optimization problem has been extensively studied, and is also known to yield max-
imum likelihood estimation (MLE) solution when the measurement is corrupted with inde-
pendently and identically distribute (i.i.d.) Gaussian noise. In CT imaging, i.i.d. Gaussian
noise is sometimes assumed due to high photon flux at the detector. However, in many other
imaging modalities with photon starve measurements, Poisson noise more aptly describes
the stochasticity of measurements, and therefore, the FBP is not an optimal choice for re-
construction. Moreover, the optimization problem (2.18) does not assume non-negativity in
f, leaving the risk of obtaining negative values in the reconstruction frgp.

As described before, the FBP was first developed in the context of CT image reconstruc-
tion. However, its connection to the OLS (2.18) has prompted the use of the term “FBP”
when the OLS is used for image reconstruction [44][45]. However, in many of these cases the
PSF matrix PTP is not a Toeplitz matrix (i.e., the PSF is not shift-invariant), and therefore
its inverse (P"P)~! cannot be interpreted as a conventional frequency filter.

Despite its limitations, the FBP is still widely adapted in clinical tomography image
reconstruction due to its simple implementation, fast reconstruction speed, and a reasonably
good reconstruction quality when the SNR is sufficiently high.
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Iterative (Statistical) Image Reconstruction Methods

The limitations of the FBP are greatly alleviated with the iterative image reconstruction
techniques. In iterative image reconstruction, the task of image reconstruction is formulated
as an optimization problem, where the objective function is derived from the statistical
characteristics of the imaging modalities. For this reason, these methods are often referred to
as statistical reconstruction methods. Once the objective function is defined, an optimization
algorithm is employed to determine the parameters (i.e., the reconstructed image) that solve
the optimization problem. These optimization algorithms typically operate in an iterative
manner, hence the name iterative image reconstruction methods.

We first mathematically describe formulation of binned data y € RM with an unknown

image x € Rgo and a known system matrix A € R%XN as,

y =Ax+n, where neRM and n~ N(0,0?) (2.19)

In other words, we assume i.i.d. zero-mean Gaussian noise with variance o2 in the
measurement y. The system matrix A is constructed from the underlying physics of imaging
systems, such that

Ali,j] =T - P(i < j) := T - P(a radiation emission from voxel j collected in bin 7),
(2.20)

where T' denotes the measurement time?. Note that the role of T is to keep the units of
voxel values “radiation emission per unit time”.

From the probability density function (pdf) of the Gaussian distribution, the likelihood
function p(y|x) is written as

1 lAx — ;5
p(ylx) = WGXP <—T2 > (2.21)

where |[-||, denotes I norm. Note that the measurement y is known, so that the liklihood
p(y|x) is a function of x. In the MLE, the goal is to obtain xyg by solving the following
optimization problem:

xyrE = argmax p(y|x) (2.22)
= argmin — log p(y|x) (2.23)
M Ax —yl;
= argmin — log 270? + [Ax = yll, (2.24)
X 2 202
— argmin ||Ax — y| (2.25)

2This particular probabilistic description of the system matrix is only true when the image vector x
represents radiation emission rate (e.g., emission tomography). In the case of transmission tomography such
as CT, it contains weights that model line-integration (i.e., Radon transform)
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Equation (2.23) is derived from the monotonicity of the logarithm function, which ensures
that the solution to the optimization problem remains unchanged. The transition from
equation (2.24) to (2.25) relies on the fact that adding constants or multiplying non-negative
constants to the optimization objective does not alter the optimization solution.

The optimization problem (2.25) is commonly referred to as an OLS problem. Upon
inspection, it becomes evident that the optimization problem (2.25) has the same mathe-
matical form as (2.10), which is solved using the FBP. Therefore, the solution to (2.25) is
given as®,

XMLE = (ATA)ilATy. (226)

This observation implies that the underlying assumption of the FBP algorithm is that the
measurement noise follows an i.i.d. Gaussian distribution. A significant caveat of the least-
square problem (2.10) is that the image vector x is unconstrained. Consequently, in cases
where the system matrix A is poorly conditioned and the measurement had low signal-to-
noise ratio (SNR), there is a risk of obtaining negative elements in the MLE solution xypg,
which is not physically justified.

A non-negative MLE solution is found by imposing non-negativity constraint to the
optimization problem (2.25) as follows:

XMLE = argmin ||Ax — y||§ , (2.27)

X,X>=

where we used x = 0 to denote element-wise non-negativity. The optimization problem
(2.27) is commonly referred to as non-negative least-square problem.

With the addition of the non-negativity constraint, the (2.27) has no analytical closed-
form solution. Instead, iterative approaches such as the projected gradient descent algorithm
is employed to find the solution. Here, we briefly introduce the image space reconstruction
algorithm (ISRA) and its derivation via gradient descent [46].

The gradient of the optimization objective function in (2.25) is,

VillAx —y| =2AT(Ax —y) = 2(ATAx — ATy) (2.28)

One may view the gradient as twice of the difference between the SBP with the estimated
image AT Ax and the SBP from the measurement A'y. Obviously, when the estimate x is
close to the solution of (2.27), the magnitude of the gradient is small. The gradient descent
algorithm iterative updates x(*), the estimate of x at iteration ¢, by taking a “step” towards
the negative gradient direction as follows:

K 2 X, A R 0
=x® —2p(ATAXxY — ATy),

3The MLE solution (2.26) is for when the system matrix A has more rows than columns. When A has
more columns than rows, the OLS has infinite solutions and xyrg = AT(AAT) !y gives a solution with
the smallest ||xmLg|; -
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where 7 is the stepsize hyperparameter determining the amount of “leap” towards the neg-
ative gradient direction. Instead of keeping a constant m for the entire gradient descent
algorithm, we choose an element-wise, adaptive stepsize by setting n = %. Applying
n, the update rule (2.29) becomes

2x(®
(t+1) t T t T
ATy
—xWO =7
X" © = ok (2.31)

where ® denotes an element-wise multiplication operator. Note that with the choice of adap-
tive hyperparameter 7, the negative terms in (2.29) is removed and the gradient update rule
becomes multiplicative. Therefore, as long as the initial estimate x(® does not contain any
negative elements, the non-negativity constraint is automatically satisfied. With a sufficient
number of iterations, the ISRA algorithm converges to the solution of (2.27).

The ISRA algorithm introduced solves the non-negative least-squares problem, which
assumes i.i.d. Gaussian noise in the measurements. However, in most radiation imaging
modalities, measurement noise is better modeled by a Poisson distribution due to the discrete
nature of radiation measurements. Under the Poisson noise model, the data measurement is
described as,

y ~ Poisson(y) where y = Ax. (2.32)

The Poisson distribution is parameterized by its mean y, which is the forward projection of
the image x. From the definition of Poisson distribution probability density function (pdf),
the Poisson likelihood is given as

M —[Ax]i[ A x|
e X|;
by = [ (2.33)
i=1 v

With the Poisson likelihood function, the MLE problem is written as follows:

XLp = argmax p(y|x) (2.34)
X,X=
= argmin — log p(y|x) (2.35)
x,x=0
M
= argmin Z[Ax]i — vy, log [Ax]; + logy,! (2.36)
x,x>=0 i1
M
= argmin Z[Ax]i —y, log [Ax]; (2.37)
x,x5=0 1

The quantity in (2.37) is sometimes referred to as Poisson loss. For notational brevity, it is
often written in a vectorized form, 1T (Ax — y ® log Ax), with 1 denoting a vector of ones.
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Noisy measurement data y

Shepp-Logan phantom
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Figure 2.7: (A): Shepp-Logan phantom (B): A measured sinogram corrupted with Gaussian
noise. (C): Simple backprojection reconstruction result (D): Filtered backprojection recon-
struction result (E)(F): Reconstruction results after 20 and 100 iterations of SART. With
increasing number of iterations, the reconstructed image exhibits pronounced high spatial
frequency features, including noise.
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The MLE problem with Poisson noise is most commonly solved using the Maximum
Likelihood-Expectation Maximization (ML-EM) algorithm. The ML-EM algorithm was
first derived by L.A. Shepp and Y.Vardi using the Expectation-Maximization (EM) algo-
rithm [47]. The EM algorithm introduces the concept of complete data, representing the
contribution of each pixel to each measurement element [48]. It alternates between updating
the complete data and the image vector, ultimately converging to the solution, Xy k.

Here, instead of the EM based derivation, we introduce a gradient descent based deriva-
tion analogous to the ISRA algorithm. Recently, the gradient descent based optimization
algorithms have been extensively studied for machine learning applications. Therefore, un-
derstanding the conventional ML-EM algorithm through the lens of gradient descent provides
useful insights that can be readily adopted from the deep neural network research.

We first proceed by finding the gradient of the Poisson loss in (2.37) as follows:

Vil (Ax —y©logAx) = AT1 — ATAL. (2.38)
X
With the gradient found, the gradient descent update rule is written as
xH) = xO — v, 1T(Ax — y ©log Ax) |, _, )
2.39
_ () _ T4 _ AT Y (
X n(A'1-A Ax(t))'

Similarly to the derivation of the ISRT, we choose an adaptive h;fperparameter 1 to remove
(t

the negative terms in the update rule (2.39). By setting n = {+5, we have
(t)
(t+1) _ ) _ X AT1 AT Y
X X ATl ® ( Ax(t)) (2.40)
(t) '
_ X T Y
a1 08 Axo

Similarly to the ISRA, the ML-EM update rule in (2.40) is multiplicative. Therefore, with
non-negative initialization of x, the non-negativity constraint is satisfied automatically. Ad-
ditionally, it is known that the ML-EM algorithm asymptotically converges to the solution
to the MLE problem in (2.37).

The ML-EM algorithm introduced assumes binned measurement data. In the case of list-
mode data, Barret and Parra et al, [36][49] have derived the list-mode ML-EM algorithm from
the first principles, using the fundamental stochasticity of list-mode data and its likelihood
function. However, perhaps an easier, albeit mathematically less rigorous, way to “derive”
the list-mode ML-EM is to consider list-mode data as binned data with infinitesimally small
bins.

In the limit of bin widths approaching zero, the measurement vector y € {0, 1}*° becomes
infinitely large with its elements being either 1 or 0. Consequently, the number of rows in
the system matrix A € R®*" becomes infinite. With the dimensionality of y and A in
mind, recall that the binned data ML-EM update rule is given as

(t)
t+1) _ X T Y
X _AT1®A A0 (2.41)
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Yy
Ax(®)

all zeroed entries in y and the corresponding rows in A. Let 1 € {1} and A’ € R%XN
denote such modified data vector and system matrix. Then the ML-EM update rule becomes

Upon inspection, it can be noticed that the computation of A" is unaffected if we remove

©) 1
t+1) X T
X == ﬁ @ ! A/X(t)' (2.42)
And rewriting the update rule element-wise,
. M o
xHD[j] = xj] Z A'li, j]
S AllL ] = SN A kO [k

=1 i=1 > gy Ali, kIxO[E] (2.43)

___ x ﬁf P(i ¢ j)
TY2 PU =) S 30, Pl kxOK]

Next, we note that the probability P(i < j) (defined in (2.20)) can be written as follows:

P(i < j)=P(>|7)P(>j), where
P(j) :=Probability that a radiation emission from voxel j results in an event

2.44
P(i|j) :== Given that a radiation emission from voxel j results in an event, (2.44)

the probability that it is the i-th event

The probability P(j) is often referred to as the sensitivity of voxel j, and it can be computed
as,

P(j) = ZA[i,j] = ZP(@' — 7). (2.45)

With the probabilities defined in (2.44) and (2.45), the ML-EM update rule in (2.43) becomes,

b x0] & P(ilj) P(j)
xHD[5] = '
7] T-P(j) ; 22\721 P(ilk)P(k)x®[k] (2.46)

Note that the computation of P(i|j) is difficult for many imaging systems. However,
P(j]7), which represents probability of the i-th event resulting from a radiation emitted
from the j-th voxel, is much easier to compute. Hence, using Bayes’ rule, we write P(i|j) =
P(jli)P(i)/P(j) and the update rule becomes,

(2.47)
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A few remarks follow from (2.47). First, in the derivation of (2.47), the sensitivity of the j-th
voxel P(j) was derived from the sum of the system matrix » .~ Afi,j] = > .2, P(i < j).
Obviously, this summation is difficult to perform as we must consider all possible infinite
number of events. Therefore, in practice, it is estimated from a Monte Carlo particle simu-
lation or a real-world measurement.

Second, it should be noted that a collection of P(j|i) across all j = 1,2,..., N voxels
creates a probability map of possible radiation origin for the i-th event. For example, in
Compton imaging, the map is a conic surface given by the i-th compton event. In the case
of PET imaging, it is a line-of-response connecting two coincidence interaction positions.

Lastly, for notational convenience, we define the sensitivity vector s[j] = P(j) and the
list-mode system matrix Aygli, j] = P(jli) for i = 1,2,...,M and j = 1,2,..., N. Then,
the element-wise list-mode ML-EM update rule (2.47) is re-written as

(*) 1
t+1) _ X T_ L
X Ts © Apg A0 (2.48)

Notably, the list-mode ML-EM (2.48) is largely similar to the binned data ML-EM in (2.40).
For this reason, it is often said that the binned data ML-EM is applicable to the list-mode
data. However, care should be exercised when using the list-mode ML-EM, since the system
matrix and the sensitivity vector are fundamentally different in those two algorithms.

From a classical convergence-rate analysis, it has been shown that the ISRA and the
ML-EM algorithms exhibit a very slow sub-linear convergence rate [50]. Furthermore, these
algorithms initially adapt to low spatial frequency components in the image during earlier
iterations, followed by high spatial frequency components in later iterations [51]. Although
high spatial frequency components contain important fine details in an image (e.g., edges,
small point-like features, etc.), they also introduce undesirable image noise. For this reason,
when using the ISRA or the ML-EM algorithm in practice, the algorithm is typically not run
until full convergence. Instead, the process is terminated after a preset number of iterations,
a technique known as early stopping. However, finding a reasonable stopping rule may be a
difficult task, as it depends on the imaging system and measurements used for reconstruction
[52].



CHAPTER 2. RADIATION IMAGING MODALITIES AND RECONSTRUCTION
ALGORITHMS 25

Regularization and Bayesian image reconstruction

As we have seen in the previous section, reconstructed images are inevitably subject to
noise, unless noiseless measurement data is used. Early stopping of the ISRA or the ML-EM
algorithm is often helpful in reducing such unwanted noise. However, it is often difficult
to decide when to stop the iterative process, as premature termination may lead to lack of
desirable image details. A more direct method to reduce noise and enhance image quality
involves an application of Bayesian statistics. To understand Bayesian statistics, it is helpful
to first understand frequentist statistics, which the MLE is based on.

Suppose we have noisy measurement data y, which is generated from an image x. When
the noise in y is Poisson distributed, y is modelled as y ~ Poisson(Ax). In frequentist
framework, the image x is considered an unknown but fixed parameter. The randomness
arises solely from the measurement process that generates the observed data y. Therefore,
the likelihood p(y|x) describes how probable it is to observe the given data for a particular
fixed x. Maximum likelihood estimation (MLE) seeks to find the x that makes the observed
y most likely.

In contrast, the Bayesian framework treats the parameter x itself as a random variable,
equipped with a prior distribution p(x) that represents our knowledge or assumptions about
x before seeing the data. Once the data y is observed, it is considered fixed, and the
uncertainty shifts to the parameter. The posterior distribution p(x|y) combines the prior and
the likelihood, capturing our updated understanding of x given the observed y. Estimating
x by selecting the value that maximizes p(x|y) is known as maximum a posteriori (MAP)
estimation, the Bayesian analog to the frequentist MLE.

In order to obtain the posterior p(x|y), we use Bayes’ rule as follows:

p(y[x)p(x)
p(y)

where p(x) and p(y) are called prior distribution and marginal likelihood (or evidence),
respectively. Note that p(x) reflects our prior knowledge of x before making any measure-
ments. Therefore, the posterior p(x|y) represents our updated uncertainty about x after
the measurement y. With the Bayes’ rule (2.49), the MAP image reconstruction problem is
formulated as follows:

p(x|y) = 7 (2.49)

XMAP = argmgx p(x]y) (2.50)
X,X=
= argmax pyRp(x) (2.51)
x, %70 p(y)
= argmin — log p(y|x) — log p(x) + log p(y) (2.52)
X,X =
= argmin — log p(y|x) — log p(x) (2.53)
x,x=0

Note that logp(y) is a constant and removing it does not affect the optimization. The
difference between the MLE and MAP is the negative log-prior —logp(x). If we choose
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p(x) = exp (=AU (x)), (2.53) becomes

Xpap = argmin — log p(y|x) + A\U(x). (2.54)

x,x=0

The optimization objective in (2.54) explicitly shows the tradeoff between the data fidelity
(i.e., the likelihood function) —logp(y|x) and the prior knowledge AU(x). Due to this
tradeoff, U(x) is sometimes referred to as a penalty function. The tradeoff is adjusted with
a hyperparameter A € Rxy.

The ML-EM algorithm (2.40), which solves the MLE problem with Poisson loss can be
modified to solvethe MAP problem in (2.54). With the Poisson likelihood function, (2.54)
is written as,

xyap = argmin 17 (Ax — y ® log Ax) + \U(x). (2.55)
x,x=0

Similarly to the ML-EM derivation, we employ the gradient descent algorithm with an
adaptive stepsize parameter to solve (2.55). The gradient descent rule is given as,

xtD = x(®) NV (1T(Ax —y ®log Ax) + )\U(X)) | e®

v (2.56)
=x (A1 = AT FA VU () o).

Similarly to the derivation of the ML-EM algorithm, we choose an adaptive hyperparam-

(t)

eter = 4y +)\V),(¢U(x)| o yielding the multiplicative update rule
(t)
(t+1) X AT Y 2.57
* AL AV 0 AXO (2.57)

The algorithm (2.57) is often referred to as the MAP-EM algorithm. Note that the MAP-
EM update rule can be equivalently derived from the EM algorithm [53][54]. The EM based
derivation involves estimation of VU (x) with respect to the current image estimate x(t1),
which is generally intractable. Therefore, often the gradient with respect to the previous
estimate x(*) is used as an approximation, eventually leading to the same update rule given in
(2.57). For this reason, the MAP-EM algorithm is sometimes referred to as the one-step-late
algorithm [54].

When the vector AT1+ X V,U(x)|,_, . in (2.57) contains non-negative entries only, the
MAP-EM algorithm monotonically decreases the objective function (2.55) and eventually
converges to a solution [55]. However, it has been shown that with negative entries in
A1+ AV, U(x)|,_.), the convergence is not guaranteed and more concerningly, the non-
negativity constraint may not be satisfied. As a result, several modifications to alleviate the
problems have been suggested [56][57].

Various MAP techniques have been studied extensively in the context of image recon-
struction, ranging from Tikhonov regularization [58], total variation (TV) [59] regularization
to plug-and-play priors [60] that utilize pre-trained deep neural networks. It has been shown
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that the MAP approaches can significantly improve the quality of reconstructed images com-
pared to the MLE, while alleviating the ill-posedness of the image reconstruction problem
[61]. Moreover, unlike frequentist approaches such as MLE, the Bayesian paradigm offers a
straightforward interpretation of uncertainties, including both aleatoric uncertainties, arising
from the inherent randomness in data, and epistemic uncertainties, resulting from a lack of
data [62].
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Chapter 3

Kullback-Leibler Divergence
Regularization for Free-moving
Imaging

As described in Chapter 2, localization and mapping of radiological sources in 3D with free-
moving detector platforms is a promising technology, with a variety of potential applications
including nuclear proliferation detection and emergency response. Moreover, the use of
Simultaneous Localization and Mapping (SLAM), in combination with portable radiation
detectors, has opened up the possibility of using a series of time-integrated count data
measured from a single detector to reconstruct radiological source locations and distributions
in three dimensions.

For free-moving single detector imaging, image reconstruction problems can be solved
with the standard Maximum Likelihood Expectation Maximization (ML-EM). However, due
to the limited angular modulation of a single detector and effectively unconstrained 3-D
imaging space, image reconstruction problems are highly ill-posed and underdetermined. As
a result, the ML-EM algorithm is not robust and suffers from severe overfitting.

To overcome the limitations of the ML-EM algorithm, studies have been done on the
cases where sparsity in the reconstructed image can be assumed, i.e. point sources [30][33].
The point source assumption is valid in many radiological source search scenarios; however,
in situations where one wishes to map distributed source activities, a more general formalism
is required.

In this work, we propose a Bayesian Maximum a Posterior: Expectation Maximization
(MAP-EM) image reconstruction algorithm with a Kullback-Leibler (KL) divergence prior.
In the following, we briefly lay out the mathematical derivation of the proposed algorithm
from the perspective of Bayesian statistics. Then, the proposed algorithm is benchmarked
against the standard ML-EM algorithm on a simulated source mapping scenario to prove its
effectiveness.
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3.1 Problem formulation
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Figure 3.1: (Top) An example of single-detector imaging scenario with a 10 pCi point source
placed at (x, y, z)=(-0.5, 0.5, 0) m. (Bottom) The measured count data. The fluctuation
in the measurement data primarily comes from the variation in source to detector distance.
Also, the Poisson measurement noise is observed in the high-frequency noise feature in the
measurement.

In a single detector imaging scenario, the objective is to estimate an image vector x € Rgo
and a constant background rate b € R>( from time-series of count measurement data y €
Z%,. The measurement data and the image are related through a system matrix A € R%XN :

Therefore, the data generation model is formulated as
y ~ Poisson(y) where y = Ax+ bt, (3.1)

where t is a vector of integration time of each measurement. The problem formulation in
(3.1) can be simplified by augmenting the system matrix and image vector as,

X

y=lale] 5] (32)
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For notational simplicity, A and x will denote the augmented system matrix and image
vector, henceforth. Vector y is forward projection of image x, which forms the mean of the
Poisson random variable y. Elements of the system matrix A[i, j] represent the measurement
time multiplied by the probability of detection at position i, when a single particle is emitted
from voxel j. This probability is calculated as

Alij) = 2D 83
A ([e(2, ) I3

where ||r(7,7)||, and At denotes the distance between the i-th measurement position and
the j-th voxel and the measurement time, and Areacg( ;) is the effective area. The effective
area is defined as the ratio of detection rate (detections per unit time) to the intensity of
a parallel radiation beam (particles per unit area per unit time). It is important to note
that the effective area depends on the orientation of the detector at the ¢-th measurement
relative to the j-th voxel. Also, the efficiency formula (3.3) is not valid when the detector is
too close to the voxel j (i.e., ||r(i,7)||, = 0). In such cases, a small correction factor e may
be added to the denominator of (3.3) [33].

A simulated example of the single detector imaging scenario is shown in Fig. 3.1. A point
source with an activity of 10 uCi was placed at (z, y, z) = (-0.5, 0.5, 0) m, and a spherical
detector with a 20 cm radius was moved around the source at 1 m above the ground level.
The entire measurement was taken for about 30 seconds, and the detector moving path is
indicated with arrows, where each arrow marks a measurement position with an integration
time of 0.1 second. The corresponding measurement data is also presented in Fig. 3.1.
As observed, the measured counts vary across the measurement, depending on the source-
to-detector distance. Note that the measured count data is corrupted by Poisson noise,
which manifests as high frequency fluctuations. Figure 3.2 shows the result of the ML-EM
reconstruction after 20 and 200 iterations. As observed, the reconstruction fails to localize
the point source in both cases. Moreover, it illustrates the pathological problem of the
image reconstruction with a single detector; the reconstructed activity is biased towards the
moving path of the detector. This behavior is observed regardless of the ML-EM iterations.
Moreover, with a large number of ML-EM iterations, the forward projection fits to the high
frequency Poisson noise in the measurement, which is a typical sign of overfitting.

With a single detector, the directionality of radiation cannot be retrieved. Therefore, it
is not difficult to intuitively understand why the ML-EM reconstruction fails to localize the
source. More insights in the failure of the ML.-EM can be found by examining the system
matrix A. Let j and a; be an index of a voxel that lies right beneath the measurement
path, and the column vector of A corresponding the the voxel. As the detection probability
follows the inverse-square law, elements of a; rapidly peaks as the detector passes by the
voxel. As a result, the vector forms a spike-like trend, akin to a standard basis vector.

Let ¢(m) represent a function that inputs an index of a measurement number m =
1,2,... M and outputs the index of a voxel closest to the m-th measurement position. Then,
let [a¢(1), 1), - - - ,a¢(M)} and A, denote a collection of ¢(m)-th column vectors of A and
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Figure 3.2: Reconstruction results using the ML-EM after (left) 20 and (right) 200 iterations.
In both cases, the reconstruction fails to localize the point source. After 20 iterations of the
ML-EM, the measurement data is clearly underfitted, whereas after 200 iterations clear signs
of overfitting are observed.

the rest of the system matrix. Then, the system matrix can be re-arranged to be written as,
A=[Asn) Ase) - Ason | A~ [RT[A], (3.4)

where k is a constant. In other words, those voxels close to measurement positions
collectively resemble an identity matrix, and therefore, it is sufficient to use only those
voxels to fit the measurement y, and even the noise in y. As a result, the ML-EM algorithm
prefers to use only those voxels to fit the data y.

3.2 Kullback-Leibler divergence regularization

In order to improve the ML-EM reconstruction, here we propose a novel regularization
method based on the Kullback-Leibler (KL) divergence, which is also known as relative
entropy [63]. The KL divergence is a measure of dissimilarity between two probability
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distributions. The definition of KL divergence between two pdfs p(z) and ¢(x) is given as:

Dralp | ) = By 106 20| = [ pta)10g %) 85

The KL divergence is always non-negative (Dkr(p || ¢) > 0) and zero if and only if p(z) =
q(z). Intuitively, KL divergence can be interpreted as a distance between two distributions,
although it is not a true distance metric, as Dk (p || ¢) # Dkwi(q || p). In the context of
information theory, it represents an expected excess information from using ¢(x) as a model
instead of p(x), when the actual distribution is p(x).

In this work, we treat the normalized measurement vector y = 3%1 and normalized

columns of the system matrix a; = % as probability mass functions (pmf). The KL

divergence between the pmfs is then calculated as follows:

DyL(y || &)) Zyz log (3.6)

Note that the integration in (3.5) is replaced with a sum, as the distributions given are pmfs
in (3.6). Also we define y;log & Yi — () when y; = 0. With the KL divergence computed, we

propose the following regularlzed optimization problem:

N
XKLp = argmin Ax —y ® log Ax + 8 Z Dy (y || 4;)x;, (3.7)

x,x=0 =1

where 8 > 0 is a hyperparameter determining the regularization strength. Intuitively, the
KL divergence Dkp,(y || a;) measures dissimilarity between the the measurement y and the
forward projection from voxel j. Therefore, we penalize those voxels where the measurement
data is unlikely to have come from.

A deeper understanding of the KL divergence regularization scheme can be gained by
drawing a connection between the KL divergence and Poisson distributions. We re-write the
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KL divergence in (3.7) as follows:

> Diay |14 (33)

j=1
N /M .
= <Zyilog Y’) (3.9)
, aj;
j=1 =1 J
N /M 4
= (Z y; log = ) (C=y"1) (3.10)
- — C’aij
7j=1 =1
N M
:ZZYi logy, — y;log Ca;; (3.11)
j=1 i=1
N M
~ Z Z log (y;!) +y, —y;logCa;; (. Stirling’s approximation) (3.12)
j=1 i=1
N M M M
= Z Z log (y;!) + Ca;; —y;logCa;; (- Zyi =>» Ca;) (3.13)
j=1 i=1 i=1 i=1
N M —Cﬁ” ;.. Yi
= —log HHM (3.14)
N
= —log (Hp(y)), where y ~ Poisson(Ca;). (3.15)
j=1

In other words, the KL divergence Dk, (y || a;) encodes the negative log-likelihood of the
entire measurement data y coming from the scaled forward projection from the j-th voxel,
Ca;, with the scaling factor C' ensuring the summation of the Poisson mean values matching
the total measurement counts.

Another interesting fact about the KL divergence regularization is that it follows the
formulation of adaptive LASSO regression [64]. In adaptive LASSO, the regularization term
is given as

N
(Adaptive LASSO regularizer) = Z wjlx,], (3.16)
j=1

For the proposed KL divergence regularizer, the weight term w; is replaces with Dy, (y ||
a;). Similarly to LASSO regression, adaptive LASSO regression induces sparse solution
estimate of x [65]. This is a desirable property for imaging applications, as in many radiation
imaging scenarios sparsely distributed radioactive source is assumed (e.g., point sources).
Moreover, it has been shown that adaptive LASSO enjoys the oracle properties, meaning
that it performs as well as if the true underlying model were given in advance [64].
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With the KL divergence regularization term included, the MAP-EM update formula is
modified as follows:

"o

(t+1) _ T Y
X = — ©A (3.17)
AT1 4V, f Z;V:l Dxi(y || aj)x; Ax)
x® y
— AT 3.18
ATl + ﬁdKL © AX(t) ’ ( )

where we defined dg;, = [DxiL(y || a1), Dkr(¥ || a2), ..., DxL(¥ || ay)] in equation (3.18).
Note that dgp, does not involve x, and therefore it needs to be computed only once before
reconstruction, ensuring computational efficiency of the regularized MAP-EM algorithm.
The KL divergence regularized MAP-EM algorithm (3.18) will be referred to as KLD MAP-
EM henceforth.

3.3 Results

In this section, we present KLD MAP-EM reconstruction results on both simulated and
real-world data, and compare them to the unregulated ML-EM reconstruction.

Point source reconstruction

First, figure 3.3 shows the result of the KLD MAP-EM with the measurement scenario shown
in 3.3. The reconstruction was obtained after 200 iterations with 3 = 5 x 1072, Note that
with the KLD MAP-EM, the reconstruction is no longer biased towards the path and the
point source is successfully localized. Moreover, the forward projection illustrated in figure
3.3 (b) reveals that the reconstruction is sufficiently regularized, and does not suffer from
the overfitting problem.

Distributed source reconstruction

To show the general applicability of the KLD MAP-EM algorithm, a more challenging sce-
nario with a distributed source was simulated and shown in figure 3.4. A 100 uCi isotropic
Gaussian distributed source was simulated at (z, y) = (5, 0) m, and a 10-cm diameter spher-
ical detector was moved around for about 90 seconds. A constant background level was
assumed with 50 cps, and integration time of 0.1 seconds was used.

Note that the SNR in the measurement is considerably worse than the point source
measurement data, posing a challenge in image reconstruction. As a result, the ML-EM
algorithm severely suffers from overfitting, as can be seen in figure 3.4 (b). Note that the
typical bias of the ML-EM is apparent. Again, most source activities are concentrated around
the path. Since the sensitivity of those voxels near the path is high, the total estimated source
activity was 23.9 pCi, much lower than the ground truth of 100 uCi.
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Figure 3.3: (a) KLD MAP-EM reconstruction of the point source measurement scenario in
figure 3.1. Unlike the ML-EM result shown in figure 3.2, the KLD MAP-EM successfully
localizes the point source location. (b) Forward projection y from the reconstructed image.
Note that the forward projection does not fit to the noise feature.
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Figure 3.4 (c) shows the result of the KLD MAP-EM reconstruction after 200 iterations
with f = 5x1072. As can be seen, the KLD MAP-EM yields a good estimates of the source
distribution and the background countrate, without overfitting the measurement data. The
total reconstructed source activity was 92.2 pCi, which is in good agreement with the ground
truth.

-25 00
x(m)

Forward projection (src+bkg) Forward projection (src+bkg)
Forward projection (bkg) 30.07 Forward projection (bkg) 50.57

Figure 3.4: Measurement path and measurement/forward projection of (a) the ground truth
(b) ML-EM reconstruction and (¢) KLD MAP-EM reconstruction. Note that the ML-EM
completely fails to map the distribution, exhibiting reconstruction biased towards the mea-
surement path. Also, the forward projection of the ML-EM reconstruction indicates severe
overfitting. The KLD MAP-EM reconstruction finds a good distribution estimate, along
with the more regularized forward projection.

Real-world measurements

We present the KLD MAP-EM reconstruction results obtained from two real-world mea-
surement scenarios. In addition to the reconstruction results, these scenarios highlight the
challenges of image reconstruction from real-world data.

137Cs Measurement with a CLLBC Scintillator Mounted Drone

In this real-world measurement scenario, a 1.8 mCi 37Cs point source was placed within
a house, and a CLLBC (Cs,LiLa(Br,Cl)s:Ce) scintillation detector based radiation imager
(NG-LAMP [66]) was mounted on a drone and flown. Figure 3.5 illustrates the measurement
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Figure 3.5: The measurement path and point cloud shown in (a) a top-down view, (b) a side
view, and (c) a 3D perspective, illustrating the 37Cs point source location within the house.
(d) A time-series plot of counts within the energy region of interest (632.0-692.0 keV).

scenario with the LIDAR point cloud and the 4-minute drone measurement path. To improve
the signal-to-background ratio (SBR) of the measurement, gamma-ray counts only within
the 37Cs photopeak energy window (662.04-30 keV) was used for image reconstruction.

The imaging space was first constructed as a full 3D voxel space, then those voxels not
containing point clouds were removed, leaving a sparse 3D voxel space. This approach is typ-
ically well-justified, as radioactive source is typically distributed on surfaces, and therefore
removing the non-surface voxels considerably reduces computational cost of image recon-
struction. However, the sparse voxel imaging space presents an additional challenge in image
reconstruction; LIDAR point cloud was not created within the house and consequently, there
were no image voxels near the ¥7Cs source location.

Figure 3.6 shows the image reconstruction results from the ML-EM and the KLD MAP-
EM algorithms. 200 iterations were performed for both algorithms, and 3=5x10"2 was used
for the KLD MAP-EM. As observed in the simulated measurement scenarios, the ML-EM
reconstruction fails to localize the source, with the reconstructed activities concentrated
around the measurement paths. On the other hand, the KLD MAP-EM reconstruction
exhibits significantly improved reconstruction, with the source activities localized in those
voxels near the source. Note that since there was no voxels inside the house, those voxels on
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the house wall and the roof were used to reconstruct the source.

Mean sensitivity image reconstruction

KLD image reconstruction
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Figure 3.6: Images reconstructed using the (a) ML-EM and (b) KLD MAP-EM. 200 itera-
tions were used for both reconstructions.

From the KLD MAP-EM reconstructed image, the estimated source activity was 0.82
mCi, which is significantly lower than the true source activity of 1.8 mCi. The discrepancy
in source activity comes from two main reasons. First, the gamma-ray attenuation through
the house wall was not accounted for and therefore, reconstructed source activity was un-
derestimated. Secondly, those voxels on the surface of the house used for reconstruction are
closer to the measurement path than the true source location. Note that the sensitivity is
significantly higher in those voxels near the path. Consequently, the activity is further un-
derestimated in reconstruction. These inaccurate modeling assumptions lead to an erroneous
system matrix, which in turn results in degradation in reconstructed image quality.

29Pu-surrogate Measurement with a Small Drone Composed of Structural
Plastic Scintillators

In this measurement scenario, a 1 mCi ?**Pu-surrogate point source (a mixture of **Ba,
137Cs, and 252Cf sources to mimic a 1 mCi 23Pu source) was placed in an open field, and
a drone was flown for measurement. Interestingly, the detection medium was the drone
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itself—some of its structural components were replaced with plastic scintillators, making it
capable of detecting gamma rays and neutrons simultaneously [67]. Figure 3.7 illustrate the
measurement setup. The source was placed 12.2 meters west of the launch position, and
the drone was flown in a raster pattern, spanning around 23x23 meters with the constant
altitude of 1.5 meters above the ground. The location of the drone was tracked using real-
time kinematic positioning (RTK) based global positioning system (GPS).

Figure 3.8 shows the measurement count data and the image reconstruction results from
both the ML-EM and the KLD MAP-EM algorithm. As observed in the measurement sce-
narios presented before, KLD MAP-EM shows significantly improved localization capability
over the ML-EM. Notably, the radiation hotspot estimated from the algorithm is about 1 me-
ter off to the south. This discrepancy can be better understood by examining the time-series
measured counts plot. First of all, measurement time bin width and was set at 1 second,
which is too long to capture the variability in count rate near the source. Also, considering
that the drone was moving at about 2.5 meters per second speed, 1 second measurement
frequency leads to ~1 m error in source location estimation. More importantly, only <10
cps was recorded when the drone was closest to the source, which is extremely low and com-
parable to the background countrate. Furthermore, the measurement count data contains
non-Poisson noise, which is apparent with the count fluctuations at the measurement time
within 10-20 s and 130-150 s ranges. These non-Poisson noise likely to have originated from
electronics coupled to the plastic scintillators, and cannot be easily modeled into the system
matrix.
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Figure 3.7: Setup for the 1 mCi #*°Pu-surrogate point source measurement. The source was
placed on a 5-gallon bucket in an open field. A plastic scintillator integrated drone was flown
to measure both the neutrons and gamma rays from the source.
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Figure 3.8: Top: Image reconstruction results using the ML-EM (left) and the KLD MAP-
EM algorithm (right). Bottom: Measured time-series radiation count data and the forward
projection from the reconstructed images. Note that the SNR in the measurement is very
low. Also, it is apparent that the measurement is corrupted with non-Poisson noise.
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3.4 Discussion

In this section, we discuss the strengths and weakness of the developed KLD MAP-EM
algorithm, its applicability beyond single detector imaging scenarios, and potential future
research directions.

Multiple radiation source reconstruction

As explained in section 3.2, the intuition behind the KL divergence based regularization
is to prioritize those voxels that can “well-explain” the measurement data. This intuition
is mostly valid when the source distribution is concentrated in a single radiation hot spot.
However, when multiple scattered sources are in a single imaging space, the measurement
data is a combination of contributions from these multiple sources, and therefore, it cannot
be “explained” by a single hotspot, leading to potential degradation in reconstructed image
quality.

To demonstrate this potential pitfall, the KLD MAP-EM algorithm was used on two
simulated measurement scenarios and the results are shown in Fig. 3.9. In the first example
scenario, two point sources were simulated, and while the reconstruction from the KLD
MAP-EM shows some artifacts around source 2, overall the localization is satisfactory. Note
that the artifact mostly originates from the fact that the measurement is a linear combination
of the forward projections from both source 1 and 2.

The second measurement scenario adds an additional point source in the imaging domain,
as seen in 3.9. Notably, with the addition of source 3, the measurement becomes more
complex, and it cannot be easily explained by any of the point sources alone. As a result,
the reconstructed point sources are more pulled towards the measurement path.

Extending to other imaging modalities and applications

Although the KL divergence regularization scheme introduced in this work was tested only on
single detector imaging scenarios, its formulation is general enough to be broadly applicable
to most radiation imaging modalities. Specifically, its utility is maximized in situations where
a sparse source distribution with low SNR in measurement is expected. Examples include
free-moving 3D Compton imaging or coded aperture, very low activity radioactive molecular
imaging, and radiation monitoring system with stationary detectors. Moreover, the KLD
MAP-EM can be trivially modified to accommodate measurement data with non-Poisson
noise, such as Gaussian noise model.

Hyperparameter selection

One of the biggest challenges in using MAP-EM reconstruction methods, including the KLLD
MAP-EM, is selecting a good set of hyperparameters. For example, the KLD MAP-EM
algorithm has two hyperparameters to be determined prior to image reconstruction: number
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Figure 3.9: Left: Image reconstruction results the KLD MAP-EM when two point sources
are present in the imaging space. Right: Image reconstruction results the KLD MAP-
EM when three point sources are present in the imaging space. As we add more point
sources, the measurements cannot be accounted for by a single hotspot, leading to erroneous
reconstruction results.

of iterations and regularization strength . Generally speaking, with increasing number of
iterations and (8 parameter, reconstructed images gradually become more “refined” features
(e.g., clear edges, etc). However, too many iterations with low § may cause overfitting, and
too few iterations with high § might lead to underfitting. Hence, this tradeoff must be taken
into account when the proposed algorithm is used. In this work, all image reconstructions
were performed with 200 iterations and 8 = 5 x 1072, indicating that some heuristics may be
useful. However, the choice of hyperparameters may vary depending on specific applications.

A good practice for hyperparameter selection is to incorporate a priori application-
specific domain knowledge. For example, in many imaging scenarios, point source configura-
tion can often be safely assumed. In such cases, it is instructive to larger § value to promote
more sparsity in reconstruction. Another effective strategy is to compare measurement data
y and the forward projection from the reconstructed image y. Given that the measurement
data follows Poisson distribution, a hypothesis testing can be performed to assess consis-
tency between determine y and y. Then, iteratively adjusting the hyperparameters ensures
an effective set of hyperparameters.
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3.5 Conclusions

In this chapter, a KL divergence based image reconstruction technique, KLD MAP-EM was
developed and rigorously tested across a variety of imaging scenarios. The KL divergence
quantifies the likelihood that the measurement data originates from each individual image
voxel. This metric was utilized to design a sparsity-inducing prior, which was integrated into
regular MLE image reconstruction problems. Consequently, we proposed the KLD MAP-EM
algorithm, which solves the regularized image reconstruction problem.

The performance of the KLD MAP-EM algorithm was demonstrated through simula-
tions and real-world single detector imaging scenarios. The results clearly indicate that
while the conventional ML-EM algorithm suffers from pathological overfitting, the proposed
algorithm effectively localizes and maps the source distribution while inducing sparsity in
the reconstructed images.

Future work could explore its extension to more complex radiation imaging modalities.
Additionally, further investigations into optimization of hyperparameter will benefit the ro-
bustness of the algorithm. The promising results presented in this chapter suggest that the
proposed method holds great potential for applications requiring sparsity in reconstructed
images.
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Chapter 4

Radiation Image Reconstruction and
Uncertainty Quantification Using a
Gaussian Process Prior

The KLD based regularization scheme introduced in chapter 3 produces regularized solution
images by promoting sparsity. While the method is highly effective when sparsity in the
solution image is expected, it may underperform in imaging scenarios where sources are
widely distributed. In this chapter, we describe a complete framework for Bayesian image
reconstruction and uncertainty quantification based on a Gaussian process prior (GPP) to
overcome limitations of the maximum likelihood expectation maximization (ML-EM) and
the KLD MAP-EM image reconstruction algorithms. The prior distribution is constructed
with a zero-mean Gaussian process (GP) with a choice of a covariance function, and a link
function is used to map the Gaussian process to an image. Unlike many other maximum a
posteriori (MAP) approaches, our method offers highly interpretable hyperparamters that
are selected automatically with the empirical Bayes method. Furthermore, the GP covariance
function can be modified to incorporate a priori structural priors, enabling multi-modality
imaging or contextual data fusion. Lastly, we illustrate that our approach lends itself to
Bayesian uncertainty quantification techniques, such as the preconditioned Crank-Nicolson
method (pCN) and the Laplace approximation.

The proposed framework is general and can be employed in most radiation image re-
construction problems, and we demonstrate it with simulated free-moving single detector
radiation source imaging scenarios. We compare the reconstruction results from GPP and
ML-EM, and show that the proposed method can significantly improve the image quality
over ML-EM, all the while providing greater understanding of the source distribution via
the uncertainty quantification capability. Furthermore, significant improvement of the image
quality by incorporating a structural prior is illustrated.
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4.1 Introduction

The Bayesian image reconstruction paradigm often faces several challenges. First, the hyper-
parameters (i.e., regularization parameters) reflecting a priori knowledge are often difficult to
choose in a principled manner [68]. Secondly, even with carefully selected hyperparameters,
the prior model itself may not be flexible enough to model the a prior: knowledge that needs
to be incorporated. Lastly, Bayesian uncertainty quantification of reconstructed images re-
quire very high dimensional integration, and analytical solutions are generally unavailable
unless conjugate priors are employed [69].

To tackle the aformentioned challenges, we propose the use of a Gaussian process (GP)-
based prior for image reconstruction and uncertainty quantification tasks. A GP is a stochas-
tic process where the constituent random variables jointly follow a multivariate Gaussian
distribution [70]. The GPs can be made very flexible with a choice of mean and covariance
functions, and they have been extensively studied in the context of regression tasks [71]. In
this work, we demonstrate that GPs can also serve as a powerful prior for Bayesian image re-
construction tasks. The proposed approach to use a GP prior will be referred to as Gaussian
process prior (GPP) henceforth. The following are the contributions of our work:

e First, we demonstrate that the MAP estimate with the proposed GPP can significantly
enhance the quality of the reconstructed radiation images compared to the conventional
MLE-based approach. The computational cost in using the GP is greatly eased by
exploiting the Kronecker product structure in the GP covariance matrix.

e We then show that uncertainties in the reconstructed images can be quantified using the
preconditioned Crank-Nicolson (pCN) algorithm [72] and the Laplace approximation
[73][74].

e We illustrate that the flexibility of the GPP allows for incorporation of structural prior,
which can dramatically improve the reconstruction in some imaging scenarios.

e Lastly, we lay out a principled method for choosing the hyperparameters of the GPP,
using the empirical Bayes method and Laplace approximation.

We note that a Bayesian approach using a GP prior for image reconstruction and uncer-
tainty quantification was recently introduced by Zhou et al.[75], where a combination of a
TV and a GP prior and the pCN-based uncertainty quantification method were proposed.
However, due to the non-differentiable nature of the TV prior, it limits the use of gradient-
based optimization and Hessian information. In contrast, in this work, we demonstrate that
the Laplace approximation, which leverages the Hessian of the posterior, enables scalable,
yet effective uncertainty quantification and hyperparameter selection.

The proposed framework is general and can be used for most radiation imaging modalities
with Poisson likelihood and (with a small modification) Gaussian likelihood. In this work,
we show the effectiveness of the proposed method with free-moving single detector imag-
ing scenarios, which is based on the recently developed scene data fusion (SDF) concept
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[4][25][26]. We chose this imaging modality for two reasons: firstly, due to the insufficient
angular modulation from a single detector and vast imaging space, the imaging problem
is highly ill-posed. As a result, the solutions found from the ML-EM algorithm are often
undesirable [30], highlighting the benefits of the GPP image reconstruction and uncertainty
quantification methods. Secondly, there has been growing interest in the free-moving imag-
ing modalities due to its significant impact in nuclear safety and security applications [29];
however, the concept is often challenged by the absence of reliable image reconstruction
methods. Hence the proposed approach can provide accurate reconstruction of radiation
fields for a wide range of applications, thereby addressing the current needs of the research
field.

4.2 Methods

Image Reconstruction with GPP
GPP MAP image reconstruction

The goal of radiation imaging is to recover an N-dimensional image vector x € RJZVO from an
M-dimensional non-negative measurement vector y € Z%. The two vectors are related by

a system matrix A € R%XN such that
y ~ Poisson(y), where y = Ax. (4.1)

Hence the system matrix contains the probabilities of radiation emitted from a voxel be-
ing detected in a measurement bin. With the Poisson measurement model, the likelihood
function of an image vector x given the measurement vector y can be formulated as

plyh) = [] 4 (12)

|
= Y

The well-established maximum likelihood (ML) image reconstruction approach seeks a solu-
tion Xy, which minimizes the negative log-likelihood function I(x;y) = —log p(y|x) up to
a constant as follows:

Xpp, = argmin [(x;y) (4.3)
x,x>~0
M
< argmin Ui — y; log y; 4.4
cgmi ; 5 — yilog § (4.4)
M
= argmin Z [Ax], — y;log [Ax],, (4.5)

x,x>0 i—1
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where x > 0 imposes the non-negativity constraints and = denotes equivalence up to a con-
stant. It is well-known that the above optimization problem can be iteratively solved using
the expectation maximization (EM) algorithm, leading to the popular maximum likelihood-
expectation maximization (ML-EM) algorithm [47].

Although ML-EM has become a standard approach for image reconstruction tasks, for
many radiation imaging problems the system matrix A is often not well-conditioned. Hence,
the optimization problem (4.3) is ill-posed and the ML-EM algorithm is susceptible to over-
fitting.

A popular approach to combat the ill-posedness is to incorporate a prior distribution
p(x) to make use of Bayesian formalism. Using Bayes’ rule [76], the posterior distribution

p(x]y) is given by

py)p(x)

p(y) (46)

p(xly) =

In Bayesian image reconstruction, often the image vector is recovered by locating the mode
of the posterior distribution, leading to the Maximum a Posteriori (MAP) estimation as
follows:

x = argmin [(x;y) + {,(x), (4.7)
x,x>~0
where [,(x) = —logp(x) is the negative log prior distribution. An appropriate choice of

a prior distribution is crucial for reliable image reconstruction, especially when the system
matrix A is ill-conditioned.

In this work, for prior model construction, we assume that the image vector x is governed
by a latent variable &, which follows a zero-mean Gaussian process (GP),

£~ GP(0,k(r, 1)), (4.8)

where k(r, ') is a covariance kernel, and r, v’ € R? represents vectors containing the Cartesian
coordinates of two points in the imaging space.

The choice of a covariance kernel k(r,r’) is crucial as it dictates the underlying spatial
correlation of the image. In this work, we use the unit-variance squared exponential (SE)
kernel to encode spatial correlation between pixels as follows:

k(r,r’) = exp (—M>, (4.9)

202

where o is the characteristic correlation length scale parameter of the prior distribution with
the dimension of distance. It should be noted that various covariance kernels have been
explored in the context of GPs, and the optimal covariance kernel may vary depending on
applications [77].
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For practical purposes, the imaging space is discretized with pixels and the GP in (4.8) is
evaluated at the pixel centers. Then, the GP reduces to a zero-mean multivariate Gaussian
distribution,

§~N(0,%) (4.10)
where Eij = k:(ri, I'j). (411)
Hence,
p(€) = ———— exp (—152—15). (4.12)
Vv (2m) 3| 2

Once the prior p(€) is defined, a link function f : RY; — R¥ is used to relate € and x,
keeping the positivity constraints imposed on x. There are a variety of choices for the link
function; for example, a simple logarithmic function, f(z;) = logz; = &; could be used as a
link function satisfying the non-negativity constraint on x. However, for simpler statistical
interpretation, we use the exponential-to-Gaussian link function [78], and its inverse can be
used to recover x as follows:

x=f1¢) = —% log (% - %erf (5 %) (ﬁdiag(E)))), (4.13)

where A is the scale parameter for the exponential distribution and erf is the error function. @
denotes the element-wise division operator. The link function converts a zero-mean Gaussian
distributed random variable & with the variance ¥; into a random variable following the
exponential distribution with the scale parameter A. As the reciprocal of A defines the
mean value of the exponential distributed random variable, it can be used to incorporate a
priori information about the average pixel value, allowing for more statistically interpretable
hyperparameter selection. Furthermore, due to the long-tailed nature of the exponential
distribution, the link function can effectively model radiation source strength that varies
over several orders of magnitudes. Samples from the prior distribution p(x) with different
hyperparameters ¢ and A\ are shown in Fig. 4.1.

It should be emphasized that the appropriate choice of a link function may vary depending
on the application, and the methods presented in this work are applicable with various link
functions.

From (4.12), the negative log-prior for £ can be written as follows:

1(€) = ~logn(€)
= S log /) [E] + 5€TR e

(4.14)
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Figure 4.1: Random samples from the prior distribution p(x) on a 20x20 m 2-D imaging
space with different sets of hyperparameters, ¢ and A\. Each sample was realized by first
drawing a sample from &, ~ N(0,I) and then transforming it by x = f~(L&,). The prop-
erties and characteristics of the prior distribution can be better understood by examining
random samples from the prior. Note that the o parameter defines the characteristic corre-
lation length, while the reciprocal of A parameter determines the mean pixel values.

Combining (4.13) and (4.14), the MAP solution in terms of & can be obtained by mini-
mizing the unnormalized negative log posterior W(&) = I(&;y) + 1,(€) as follows:

A

& = argmin V(&) (4.15)
3

N
—argnin 3 (A7) -y @ log (AF(€)] + 375 (116)
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The optimization problem (4.16) can be solved in a more efficient and numerically stable
manner by introducing an uncorrelated multivariate unit Gaussian variable &, ~ N(0,1).
Hence, we use a change of variable L§,, = &, where L is the Cholesky factor of 3. The final
optimization problem in terms of &, is

~

&, = argmin W(LE,,) (4.17)
Ew
N
= angmin 3 [Af7/(L€) — y O log (Af (L&) + 3€T&. (113

where ® is the element-wise product operation. Note that (4.17) is an unconstrained
optimization problem, and it can be solved with a general purpose global optimization
algorithms. We find that quasi-Newton algorithms, such as the Limitied memory Broy-
den—Fletcher—Goldfarb—Shanno (L-BFGS) [79] achieves swift convergence. The gradient of
(4.17), which is required for many optimization algorithms, can be analytically found as
follows:

Ve, U(LE,) =LT ((ATl —~AT(yo(Ax)) ® (1 %, (\/%A diag (2))

®exp (Ax — €7 © (2diag (Z))))) +&u, (4.19)

where ° is the element-wise power operations. Also, the diag (-) operator extracts the main
diagonal elements of a matrix into a vector. The derivation of the gradient expression (4.19)
can be found in the supplementary information. Once the optimization problem is solved
and éw is obtained, the image x can be obtained by x = f‘l(Léw). The pseudocode for the
GPP MAP estimation is shown in Algorithm 1.

Kronecker Product Representation of the Covariance Matrix

With a large number of voxels N, setting up and solving (4.17) is a burdensome task due
mainly to the computational costs involved in the Cholesky factor L € RV*¥ . For example,
storing and computing the Cholesky factor requires O(N?) memory and O(N?) time, which
can be prohibitively expensive for a large N.

Computation of the Cholesky decomposition is also the main computational bottleneck
in the GP regression problems. To overcome the challenge, in [80] Saatci et al. showed
that when the GP regression input variables lie on a multi-dimensional Cartesian grid, the
Kronecker structure in the covariance matrix ¥ can be exploited to significantly lessen the
computational costs involving the Cholesky factor L. As many imaging problems employ
Cartesian grid imaging spaces, here the strategy can be readily extended to the GPP image
reconstruction.

When a covariance kernel function is the product of kernels across each Cartesian input

dimension, such that k(r;,r;) = [, k(rd,r9), the covariance matrix 3 constructed for a
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Algorithm 1 GPP MAP estimation
Require: Ay, o, \, &Mt ¢ (Convergence criterion)
3+ (4.11) > Prior covariance matrix construction
L < Cholesky (X) > Cholesky decomposition
k<0
gr ¢ ginit > Initialization
UF « W(LEF) > Initialization

Convergence <+ False
while Convergence is False do
ghtl « L-BFGS (¢F, (4.17), (4.19))
> L-BFGS iteration
TH W)
if |U* — U*1| < ¢ then
Convergence < True
else
k< k+1
end if
end while
€u &7
£« LE,
X  (4.13) > Reconstructed image
U Pkl > Negative log-poseterior at the mode

multi-dimensional lattice imaging space can be expressed as a Kronecker product of much
smaller covariance matrices for each input dimension 3, (i.e., z-, y- and z-dimensions), such
that 3 = ®dD:1 34 Furthermore, the Cholesky factor of a such covariance matrix is also a
Kronecker product of Cholesky factor in each dimension, L = ®dD:1 L,. Hence, assuming the
same number of voxels in each dimension, the memory and time complexity of the Cholesky
factor computation are eased with O(DN?*P) and O(DN?/P).

Even with the obtained Kronecker product of the Cholesky factor, a naive matrix-vector
multiplication L&, in (4.17) and (4.19) limits the scalability of the algorithm. Surprisingly,
multiplication of a Kronecker product matrix on a vector can be cast as a tensor outer
product and performed in O(DN 5 ) time [80][81].

Equipped with the Kronecker product covariance matrix and its Cholesky factor, the
overall time complexity of computing the cost function (4.17) and its gradient (4.19) is
determined by the forward projection A f~'(L§,), which is computed in O(M N). Note that
the ML-EM has the same complexity of O(M N) per iteration.
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Incorporation of Structural Prior

With the growing interest in contextual data fusion and multi-modality radiation imaging
[82][83][84], we discuss here the incorporation of a priori structural information using the
GPP. Such a priori structural information can be obtained from other radiation imaging
modalities (e.g., MRI, CT), commercial sensors (e.g., LIDAR, visual camera), or object
detection algorithms.

We consider an imaging space X with N voxels X = {z1,25,...2x} and further, L
voxel clusters C; C X for [ = 1,2,... L, each belonging to different objects or structures
in the imaging space X. This structural information can be incorporated by modifying the
covariance matrix of the Gaussian prior ¥ (4.9). The modified covariance matrix is given

by:
(4.20)

0, otherwise.

> {]{I(I'Z‘,I'j), if L, Tj S C[ VI = ]_,2, .. .,L
iy =

In other words, spatial correlation is defined only within the same object C;. Note that
different hyperparameters ¢ and A can be applied to each voxel cluster C;. The benefit of
incorporating a structural prior is that it introduces correlations within salient features in the
imaging space, leading to improved image quality and interpretability of the reconstruction
results.

Note that, with the use of structural prior, the covariance matrix cannot be represented
as a Kronecker product; however, by assigning zeroes for the covariances between different
voxel clusters, the covariance matrix becomes a sparse block diagonal matrix, whose Cholesky
decomposition can be computed and stored efficiently.

Bayesian Uncertainty Quantification

The use of a Gaussian process prior in this work furnishes the basis for further Bayesian
inference such as Bayesian uncertainty quantification. In Bayesian statistics, the uncertainty
in the posterior distribution p(x|y) is often expressed in terms of a Bayesian credible interval.
For a marginalized posterior variable z;, the (1—a)100% Bayesian credible interval is defined
as the range [x;_,x;4] within which z; falls with a probability of 1 — . In other words,
p(x; € [zj—,x;1]|ly) = 1 — a. The choice of such interval is not unique; therefore, we use an
equal-tailed interval to define z;_ and x; as follows:

.’ﬂj7 Of
/ p(x;ly) dz; = 5 (4.21)
& o
/ p(x;ly) de; = 5 (4.22)
i+

However, computation of the credible intervals is a daunting task, as it requires the inte-
gration of a very high dimensional distribution, p(y) = [ p(y|x)p(z) dx (i.e., the marginal
probability). Therefore, in this work, we investigate two different posterior approximation
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methods for credible interval estimation.

Preconditioned Crank—Nicolson (pCN) Algorithm

In Bayesian statistics, Markov chain Monte Carlo (MCMC) algorithms have been widely used
to generate a sequence of samples from an analytically intractable posterior distribution.
However, for high dimensional posterior distributions (e.g., images), the MCMC sample
convergence rate becomes very slow, requiring too many samples for reasonable posterior
approximation [85].

In our approach, the use of GP prior in (4.17) lends itself to the use of the pCN algorithm
[72], a dimension-robust MCMC algorithm specifically designed for posterior distributions
with a Gaussian prior. The pCN convergence rate is independent of discretization of a
parameter space, which is an attractive feature for high-dimensional inverse problems such
as image reconstruction.

With the pCN algorithm, a chain of J samples {&,}/_, is obtained by following the

n=1
proposal and acceptance/rejection steps. First, the pCN proposal in terms of £ is given by,

&1 = V1= 3%, + =, (4.23)

where Z,, ;1 is a sample from N (0, X) and the hyperparameter 0 < 3 < 1 is a step size which
is chosen manually. With the obtained &), ;, the acceptance probability is computed as

O‘(Em E;L+1) = min (17 exXp (l(ém Y) - l(£n+1§ Y))) (4'24)

Subsequently, the acceptance probability a(&,, &/, ;) is compared to a random number Z, 4
drawn from a uniform distribution Z,, 4, ~ Unif([0, 1]) and sets

, it Z, s &
£oiq = 4 L 1 +1'< a(&n, &t (4.25)
&, otherwise.

In our experiments, the MCMC sample chains were started from the reconstructed image
(i.e., the mode of the posterior). Once a sufficient number of samples are obtained, the
pixelwise (1 — a)100% confidence intervals can be found as follows. First, compute the
pixelwise (a/2)100% and (1 — «/2)100% quantiles £ and &, from the obtained samples
{€.}7_,. Then, the quantiles in x are obtain as x_ = f71(£_) and x, = f1(&,). As
the inverse link function f~! is monotonically increasing, it ensures that the quantiles of x
can be directly found by transforming the quantiles of £. Lastly, the pixelwise (1 — a)100%
credible interval map x¢p can be found as x¢; = x; — x_.

Collecting S samples, the time complexity of the pCN method is O(MNS). Although
each sample can be taken efficiently, ensuring convergence of the MCMC chain requires a
large S, on the order of 10° to 10% samples. In the next section, we explore an alternative
approach to posterior approximation, which typically runs much faster than the pCN method.
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Laplace Approximation

Another posterior estimation method, the Laplace approximation, uses a multivariate Gaus-
sian distribution with the mean located at the MAP estimate £ found from (4.17) to directly
approximate a posterior distribution.

Using second-order Taylor expansion of the unnormalized log posterior —W(€) at the
mode é , the posterior distribution can be approximated with ¢(&€|y) as follows:

p(&ly) = q(€ly),  where (4.26)

a(€ly) ~ N (é, (VEU(©)lee) = (VEUEY) e + 2—1)1) 7 (4:27)

A more detailed derivation as well as the expression for VZW(§)|,_g is presented in the
supplementary information. Once the approximate posterior distribution ¢(£|y) is obtained,
the pixelwise («/2)100% and (1 —a/2)100% quantiles £ and & are found directly from the
Gaussian distribution quantile functions. Then, the (1 — «)100% pixelwise credible interval
map Xcr can be obtained as xcr = f7'(&1) — f7'(§-). Note that the matrix VZW(€)|._¢
has the dimension of N x N. With moderate number of voxles (i.e., Nj10%), the inversion
in (4.27) can be directly performed. However, with a large number of voxels, instantiating
the covariance matrix and computing the inversion in (4.27) can be computationally very
expensive.

In order for more efficient covariance matrix computation, the Hessian of the log-

A

likelihood can be approximated with the Fisher information matrix at the mode F(§),

V(& Y)le—e = Eyapiyly) {(Vsl(ﬁs y)|g:é) (Vgl(f;yﬂg:g) T} (4.28)
= (Jef 1 (€)]eee) A diag (AF7H(E)°) AJef 1 (E)leze) (4.29)
= BB', (4.30)

where we define B = (J¢f'(§)|._¢) AT diag ((Af‘l(g))o‘%) The detailed derivation of

(4.29) and the expression for Jef (&) is presented in the accompanying supplementary
information. Fisher information has been studied extensively for neural network Hessian
approximation, and it is well-justified as it is the expected Hessian of log-likelihood under
p(y|y). Equipped with the Hessian of the log-likelihood approximation, the expression for
the covariance matrix in (4.27) becomes

(vgxp(g)\ gzé) ~ (BBT + %)~ (4.31)
=LL'BB'L+1I)"'L". (4.32)

Next, we perform rank-K truncated eigendecomposition on LTBBTL, such that L'TBB'L ~
QSQT where Q € RY*X is a matrix containing eigenvectors and S € R¥*X is a diagonal
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matrix whose elements contain K largest eigenvalues of LTBBTL. Such decomposition
can be efficiently obtained from randomized eigendecomposition algorithms. Randomized
decomposition methods first proceed by forming a matrix Y € R¥*X by multiplying a
random matrix P € RV*X gsuch that

Y = (L'B(B'LP)). (4.33)

The matrix Y captures most of the column space in LTBBTL yet considerably smaller with
K < min(M, N). Therefore, it can be further processed to efficiently estimate the eigen-
decomposition of LTBBTL. More details on the randomized eigendecomposition methods
can be found in Halko et al. [86]. When the system matrix A is computed on-the-fly or too
large to be loaded into core memory, the decomposition can be obtained efficiently with only
single-pass of A using the matrix sketch algorithm [87]. Also, note that by computing the
matrix-matrix multiplication in the order specified by the parentheses in (4.33), we never
instantiate an N x N matrix, which is potentially too large to be stored in memory.

Once the eigendecomposition is obtained, the covariance matrix can be computed as
follows:

(V20(©)lee) ~L@SQT+T)'LT (4:34)
=LI-Q(S'+Q'Q) QLT (4.35)
=LI-Q(So(S+I)Q"L" (4.36)

=LLT -LQ(S2 (S+1I)Q'LT (4.37)

The second equality follows from the Woodbury matrix identity[88]. The resulting expression
(4.37) for the covariance matrix can be partially computed to obtain necessary covariance
elements for uncertainty quantification. For example, to create a pixel-wise uncertainty map,
only the diagonal elements can be computed without forming an N x N matrix.

Due to the unimodality of the approximating Gaussian distribution, the Laplace ap-
proximation is well-justified when the posterior density is concentrated around the mode of
the posterior, é The so-called “Bayesian central limit theorem” (i.e., Berstein-von Mises
theorem) states that with increasing number of conditionally independent measurements,
posterior distributions tend toward Gaussian distributions under certain conditions [89].
Hence, with a sufficient number of measurements, the Laplace approximation provides fast,
yet reasonably accurate approximation of the posterior distribution.

Hyperparameter Selection with Empirical Bayes

Although the hyperparameters of the GPP offers good physical and statistical interpretabil-
ity, a principled method to infer the hyperparamters from the measurement is highly desir-
able. Here we show that the hyperparameters ¢ and A can be systematically determined
with the empirical Bayes method.
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Including the hyperparameter vector @ = [0, A\]", the Bayes rule (4.6) can be re-written
in terms of £ as

(yl€,0)p(£]0)
p(yl0)

p(y16) = / D€, 0)p(£]6) dé. (4.39)

p(Ely,0) =" where (4.38)

The empirical Bayes approach finds the hyperparameters 0 maximizing the marginal likeli-
hood as follows:

6 = argmin — log p(y|@) = argmin ®(6), (4.40)
0,0-0 0,60

where ®(0) = —logp(y|0) is the unnormalized log-marginal likelihood. However, as the
computation of ®(0) is intractable due to the high dimensional integration in (4.38), we
use the Laplace approximation to estimate ®(8) [90]. With the Laplace approximation, the
unnormalized negative log-marginal likelihood ®(8) at the posterior mode é is given as

D(0) ~ %log T+ V%l(é; Y)le—eX| + \I/(é) (4.41)

The derivation can be found in the supplementary information. Note that in (4.41), the
\I/(é) term is an output of Algorithm 1. The computation of the log-determinant term has
the complexity of O(N?), which prevents scalable computation of the log-marginal likelihood
when N is large. Therefore, we exploit the low-rank structure of the matrix V¢l(&; y)|,_¢2
to accelerate the computation of the log determinant.

As in (4.29), using the Fisher information matrix approximation to V%l(ﬁ;yﬂg:é, the

determinant can be approximated as,
1 .
(0) ~ 5 log 1+ BB'S| + U(§). (4.42)

We also observe that using the precomputed Cholesky decomposition ¥ = LLT, the
matrix determinant lemma enables the following reformulation of the log-determinant term,

1 1
508 1+BB'Y| = 5 o8 I+ B'LL"B| (4.43)
1
= log I+L'BB'L|. (4.44)
The Kronecker structure of the Cholesky factor L allows for very efficient matrix-matrix
multiplication BTL or LTB in (4.43) and (4.44). Furthermore, depending on the dimensions

of the system matrix A, (4.43) (when M < N) or (4.44) (when N < M) can be used to
compute the log determinant efficiently.
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Algorithm 2 Hyperparameter selection with empirical Bayes
Require: Ay, £t ginit ¢, ¢,
k+0
£ &
0% — gt > Initialization
Convergence < False
while Convergence is False do
£+ Uk Algorithm 1 (A, y, 8%, € ¢))
P(O%) « (4.42) > (4.43), (4.44), or (4.45) for the determinant
log 851 + L-BFGS (log 6%, ®(6%))
> L-BFGS iteration, logarithm for the positivity of the hyperparameters
if |®(0%) — ®(6*)| < €5 then
Convergence < True
else
k<< k+1
end if
end while
0 «+ 9! > Selected hyperparameters

When both the M and N are too large, a low rank approximation of the system matrix
A = UKV} where Ur € RM*K and Vi € RV*K with K < M, N can be used to
accelerate the computation. Defining C = Vi Jef~'(§)|._¢L and D = Uj diag (1 © ¥°2),
the log-determinant term can be approximated as,

1 1
5 o8 I+ WX| ~ 5108 I+ CC™DD|. (4.45)

Hence using the rank-K approximation, the log-determinant computation has O(K?) time
complexity. The low-rank approximation of A needs to be computed only once using various
techniques, and we found that randomized singular value decomposition (rSVD) provides a
good approximation with the time complexity of O(M N log K + (M + N)K?) [86]. Such
approximation of A may sacrifice some accuracy in image reconstruction; however, we found
that the approximation has negligible impact for hyperparameter selection and once the
hyperparameters are chosen, the full-rank system matrix can be used for more accurate image
reconstruction. Additionally, the low rank approximation can also reduce the computation
of forward projection Af~1(¢), which helps to accelerate the overall optimization process.

Once an adequate log-marginal likelihood computation scheme is selected, the L-BFGS
can be used to solve the optimization problem (4.40). The necessary gradient of ®(6) with
respect to @ can be found with finite difference methods. The entire marginal likelihood
maximization scheme is illustrated in Algorithm 2.
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4.3 Results

In this section, we demonstrate the effectiveness of the proposed GPP MAP image reconstruc-
tion and uncertainty quantification techniques using simulated free-moving single detector
imaging scenarios. Furthermore, we present two applications of the GPP algorithms: first,
quantitative Compton imaging for safeguard applications and second, minimum radiation
dose path planning.

GPP Image Reconstruction and Uncertainty Quantification on
Simulated Free-moving Single Detector Measurements Scenarios

Each free-moving measurement scenario was simulated with a 10-cm diameter spherical
detector (i.e., isotropic response) in a 20 mx20 m 2-D imaging space. The detector intrinsic
efficiency was assumed to be 10% and the detector moving paths were simulated on the
x-y plane. In all measurement scenarios, the z-coordinates of the pixel centers and detector
paths were fixed at 0 m and 0.5 m, respectively. Along the detector paths, recorded counts
were binned with the integration time of 0.1 s.

Anisotropic Gaussian Source

First, a measurement scenario with an anisotropic Gaussian source was simulated to demon-
strate the effectiveness of the proposed algorithm. Gaussian source distributions are of
particular interest because radioactive material dispersion often exhibits Gaussian-like dis-
tributional features [91].

Fig. 4.2 (a) illustrates the simulated 1-mCi anisotropic Gaussian distributed source po-
sitioned at the center of the imaging space and the 150-m path of the moving detector. As-
suming the average human walking speed of 1.5 m/s, the total measurement time amounted
to 98 s.

Fig. 4.2 (b) and Fig. 4.2 (c) show the image reconstruction results of the ML-EM after
200 iterations and the proposed GPP algorithm. As can be evidently seen, the ML-EM
reconstructed image exhibits high frequency features clustered around the path, and we
observed such patterns even after 20 iterations. On the other hand, the image reconstructed
with the GPP MAP successfully localizes and maps the Gaussian distribution.

The hyperparameters of the GPP algorithm (¢ = 4.1 m and A = 1.4 x 107* Bq™!) were
chosen with Algorithm 2. Fig. 4.3 (a) shows the contour plot of the negative log-marginal
likelihood as a function of o and A, together with the optimal hyperparameters selected from
Algorithm 2. To investigate the impact of hyperparameter choices on image reconstruction,
Fig. 4.4 shows the GPP MAP reconstructed images with various hyperparameters. As
illustrated, the algorithm performs well over a large range of hyperparameter choices.

Fig. 4.2 (d) and (g) show the pixel-wise 90% credible interval maps from the pCN
and Laplace approximation, respectively. For the pCN MCMC, 10° samples were collected
and the pixel-wise credible intervals were computed. In both cases, there exists about 10%
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Figure 4.2: (a) A simulated measurement scenario with a 1-mCi anisotropic Gaussian dis-
tributed source. The human-walked path is marked with arrows and colored according to the
measured counts. (b) The reconstructed image from the ML-EM algorithm after 200 itera-
tions. (c¢) The reconstructed from the proposed GPP MAP. The hyperparameters c=4.1 m
and A=1.4x107* Bq~! found from the empirical Bayes method were used for reconstruction.
(d)(g) The pixelwise 90% credible interval maps from the pCN and the Laplace approxima-
tion, respectively. (e)(h) The credible intervals and the ground truth at y=0 m (red dotted
lines in (d) and (g)). (f)(i) Ternary maps in which the pixels are colored differently based
on the ground truth pixel values relative to the estimated 90% credible intervals.
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Figure 4.3: Contour plots of the negative log-marginal likelihood as a function of the hyper-
parameters ¢ and A. The hyperparameters selected from Algorithm 2 are marked with red
Xs. (a) The anisotropic Gaussian source measurement scenario. (b) The ring and Gaussian
source measurement scenario. (c¢) The uniform square source measurement scenario with a
structural prior. When using the structural prior, 2 different sets of hyperparameters were
used for in-square and out-of-square. Therefore, only the in-square hyperparameters were
used to create the contour plot, while the out-of-square hyperparameters were fixed at the
values found from Algorithm 2.

of uncertainty around the source region, due to the ambiguity in the reconstructed images.
Interestingly, the uncertainty is lower in those pixels close to the path, reflecting the fact that
the source activity can be inferred with more confidence in the pixels with large sensitivity.
Conversely, the unexplored region in the upper right corner exhibits high uncertainties,
because the measurement is not sensitive to the pixels in the region. Note that with the
Laplace approximation, the uncertainties in the upper right corner are slightly overestimated.
We suspect that the marginal pixel posteriors in the upper right corner are exponentially
distributed due to the lack of measurements, (i.e., prior ~ posterior). Capturing the skewness
of the exponential distribution is challenging with the Laplace approximation because of the
Gaussian posterior assumption. However, from Fig. 4.2 (e) and (h), which depict the slices of
the credible interval maps at y = 0 m, it can be observed that both uncertainty quantification
methods produce very similar results at the center of the imaging space where the source is
distributed.

Fig. 4.2 (f) and (i) display the ternary maps, where 3 different colors are used depending
on the ground truth pixel values relative to the estimated credible intervals. The pixels where
the ground truth values are bounded by the credible intervals are colored green, while red
and blue indicate the ground truth values exceeding and falling below the credible intervals,
respectively. As illustrated, in most pixels the ground truth is well bounded by the credible
intervals estimated from both the pCN and Laplace approximation.
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Figure 4.4: To better understand the impact of the hyperparameters, the anisotropic Gaus-
sian source images reconstructed from the GPP MAP with different choices of the hyperpa-
rameters o and A are displayed. With larger o and A, the prior distribution is spatially more
correlated and the pixel values are pushed towards zeros. As a result, the reconstructed
image with large hyperparameters (bottom right) tend to spread out.

Ring and Gaussian Source

A more challenging measurement scenario involving a 2 mCi ring-shaped source and a 1 mCi
anisotropic Gaussian source was simulated as depicted in Fig. 4.5 (a) along with the detector
moving path. The total measurement duration was approximately 100 s. As can be seen in
Fig. 4.5 (b) and (c), while the ML-EM produces source distribution concentrated around the
measurement path, the GPP MAP estimate offers significantly more improved reconstruction
results. The GPP hyperparameters were set to ¢ = 2.4 m and A = 6.0 x 107 Bq ™', which
were selected with Algorithm 2. The contour plot of the negative marginal log-likelihood as
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Figure 4.5: (a) A simulated measurement scenario with a 2-mCi ring-shaped source and a
1-mCi anisotropic Gaussian distributed source. The detector moving path is marked with
arrows and colored according to the measured counts. (b) The reconstructed image from
the ML-EM algorithm after 200 iterations. (c) The reconstructed from the proposed GPP
MAP. The hyperparameters 0=2.4 m and A=6.0x107° Bq~! found from the empirical Bayes
method were used for reconstruction. (d)(g) The pixelwise 90% credible interval maps from
the pCN and the Laplace approximation, respectively. (e)(h) The credible intervals and the
ground truth at y=0 m (red dotted lines in (d)and (g)). (f)(i) Ternary maps in which the
pixels are colored differently based on the ground truth pixel values relative to the estimated
90% credible intervals.
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a function of the hyperparameters can be found in Fig. 4.3 (b).

Fig. 4.5 (d) and (g) present the results of the uncertainty quantification using the pCN
and Laplace approximation, respectively. Similarly to the findings in section 4.3, the pixel
uncertainties are predominantly influenced by the sensitivities of the pixels; uncertainties are
lower around the detector path and elevated in those unvisited regions. Also, the Laplace
approximation slightly overestimates the uncertainties, yet overall it remains largely com-
parable to the pCN as can be seen in Fig. 4.5 (e) and (h). In addition, the ternary maps
Fig. 4.5 (f) and (i) demonstrate that the ground truths are mostly bounded by the credible
intervals estimated from the both methods.

Uniform Square Source with a Structural Prior

We also demonstrate that incorporation of a structural prior using the GPP algorithm could
significantly improve the image quality. Fig 4.6 (a) show another measurement scenario
with a 1 mCi uniform square source locate at (z,y)=(2.5 m, 2.5 m). The total measurement
duration was approximately 70 s. The reconstruction result using the GPP MAP is shown
in Fig. 4.6 (b). Although the GPP MAP reconstruction successfully localized the source,
the high frequency edges could not be recovered for two reasons: first, due to the lack of
modulations in the single detector measurements, the forward projected measurements are
blurred and noisy, leading to some ambiguity in the reconstructed images. Second, the GP
prior with the SE kernel is not apt to model the high frequency edges of the ground truth
distribution.

Here we show that the limitations can be overcome by incorporating a prior: structural
information. The prior covariances between the pixels within and outside the source square
can be zeroed to enforce independence between the two pixel clusters. The reconstruction
result with the structural prior is presented in Fig. 4.6 (c). As can be observed, the recon-
struction successfully recovers the uniform ground truth distribution with the edges. Note
that two different sets of hyperparameters were used for the two pixel clusters, namely the
in-square hyperparameters and the out-of-square hyperparameters. Using Algorithm 2, the
hyperparameters were set at ¢ = 1.0 x 10* m and A = 1.1 x 107° Bq~! for the in-square
hyperparameters, and o = 9.8 x 10® m and A = 7.7 x 10* Bq~! for the out-of-square hyperpa-
rameters. The very large o hyperparameters for both pixel clusters indicate that a piecewise
constant function with the discontinuities at the pixel cluster boundaries well-explain the
measurement data. Also the large difference in the A parameters between the pixel clusters
reflects the fact that the source is only present in the in-square pixel clusters. Fig. 4.3
(c) shows a contour plot illustrating the negative log-marginal likelihood as a function of
in-square hyperparameters.

The 90% credible interval maps found from the pCN and Laplace approximation are
displayed in Fig. 4.6 (d) and (g), respectively. Note that due to the strong correlations
between the pixel clusters, the marginal credible interval maps are also step-function like.
Also, similarly to the findings from the results presented in Sections 4.3 and 4.3, a slight
overestimation of uncertainties was observed with the Laplace approximation. However,
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Figure 4.6: (a) A simulated measurement scenario with a 1-mCi uniform located at
(x,y) =(2.5m, 2.5m). The detector moving path is marked with arrows and colored ac-
cording to the measured counts. (b) The reconstructed image from the GPP MAP without
incorporating the structural information. The hyperparameters found from Algorithm 2,
0=2.03 m and A=8.10 Bq~! were used. (c) The reconstructed from the proposed GPP MAP
with the structural prior. ¢ = 1.0 x 10* m and A = 1.1 x 107® Bq~! for the in-square
hyperparameters, and ¢ = 9.8 x 10% m and A = 7.7 x 10* Bq~*! for the out-of-square hyper-
parameters. (d)(g) The pixelwise 90% credible interval maps from the pCN and the Laplace
approximation, respectively. (e)(h) The credible intervals and the ground truth at y=2.5
m (red dotted lines in (d) and (g)). (f)(i) Ternary maps in which the pixels are colored
differently based on the ground truth pixel values relative to the estimated 90% credible
intervals.
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both methods produce comparable results as can be observed from Fig. 4.6 (e) and (h),
where the slices of the uncertainty maps at y = 2.5 m are shown. Also, the ternary maps
in Fig. 4.6 (f) and (i) indicate that the ground truth distribution is well-bounded by the
estimated uncertainties.

Applications of the GPP Method
Quantitative Compton Imaging for Safeguard Applications

Here, we demonstrate that the GPP image reconstruction and uncertainty quantification
methods are broadly applicable across various imaging modalities and data types. In par-
ticular, we apply the GPP method to quantitative Compton imaging in a 47 imaging space,
highlighting its potential in nuclear safeguards applications.

As list-mode data is a common data type for Compton imaging, here we briefly outline
how the GPP methods can be modified to accommodate list-mode data. Similarly to the
previously introduced bin-mode data image reconstruction, the image vector x is recovered
by solving the MAP optimization problem,

x = argmin [(x;y) + [,(x). (4.46)
where I(x;y) and [,(x) are the negative log-likelihood and the negative log-prior dis-
tribution. Given length-M list-mode data and a corresponding system matrix A, the log-

likelihood function is
I(x;y) = Ts'x — 1" log Ax (4.47)

where T' is a detector dwell time and s € RY is the sensitivity vector. Constructing the
Gaussian process prior proceeds similarly to the bin-mode case. First, assuming that the
image vector x is governed by an underlying vector &, which follows a zero-mean multivariate
Gaussian distribution with a positive definite covariance matrix :

1 Ty —1
§E = s e (136 (4.48)

Using the squared exponential covariance kernel, covariance matrix is defined as

. i3 W
] _eXp 20_2 ) ( . 9)

where d;; = 2sin (arccos (Q; - ©;)/2) is a chordal length between pixel i and j. It should
be noted that the imaging space is 47 spherical manifold, and using FEuclidean distance for
di; = 2sin (arccos (Q; - ;) /2) results in an invalid kernel function [92].

Once the Gaussian random variable & is defined, the Gaussian-to-exponential inverse link
function in (4.13) link function f : RY, — R”" can maps the Gaussian variable £ to x. With
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the link function defined, the following optimization problem is solved for list-mode GPP
image reconstruction,

~

€ = argmin Ts' (&) — 1" log Af' (&) + ¢3¢ (4.50)
£

The subsequent steps are analogous to the bin-mode data case and therefore, it will not be
described in detail here.

-4

A Compton camera wifh
LiDAR (H420-LAMP)

A 181 uCi '3’Cs.point
% source on the box

_a =
Mollweide view x (m)

Point source location { Box

[
0.836708 Depth (m) 10.0948

Figure 4.7: (a) Measurement setup comprising a 181 uCi ¥7Cs point source and a CZT-
based Compton camera, H420-LAMP. (b) Point cloud map of the laboratory where the
measurement was conducted. (c¢) A 47 depth map showing the distance between the Comp-
ton camera and the surrounding objects.

Figure 4.7 (a) shows the 181 pCi '¥7Cs point source measurement setup. The source
was placed on the left edge of a cardboard box, and a H420-LAMP imager was positioned
approximately 1.5 meters away and left to dwell for about 20 min. The H420-LAMP imager
consists of a CZT-based static Compton camera (H3D H420) and a suite of contextual
sensors including a LiDAR. Although the imager is capable of 3D free-moving imaging,
it was employed here as a static Compton imager with a 47 imaging space. This setup
emphasize quantification of source activity, rather than localization of it. Quantification of
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radioactive source is relevant in applications such as nuclear safeguards, where the source
position is typically well known.

For accurate radioactivity quantification, the source-to-detector distance must be mea-
sured to account for radiation intensity decrease with distance (i.e., inverse-square law). To
achieve this, a point cloud map of the measurement room was generated prior to the mea-
surement, as shown in Fig. 4.7 (b). This map was then converted into a 47 depth map,
illustrating distances between the detector and nearby objects.

The quantitative image reconstruction was conducted in two-steps. First, image recon-
struction was performed to yield a radiation flux map, which reveals directional radiation
flux estimated at the detector position. The flux map was then converted into an quan-
titative activity map by multiplying the square of depth map. The depth weighting step
is essential, as it accounts for decrease in radiation intensity with the inverse-square law.
Figure 4.8 (a) and (c) show the radiation flux map reconstructed from the list-mode ML-EM
and the GPP. For the GPP method, the depth map was used as a structural prior, and the
pixels corresponding to the box were decorrelated from the rest of the pixels. As a result,
while the ML-EM flux map localizes the point source direction with a typical Gaussian-like
PSF, the GPP suppresses the pixel intensities outside of the box, concentrating intensities
on the box only.

The incorporation of the structural prior plays a crucial role in converting the flux map
into an activity map. Figure 4.8 (b) and (d) illustrate the activity maps from the list-mode
ML-EM and the GPP with a structural prior. Notice that in the ML-EM activity map,
the background is significantly amplified due to the large detector-to-background distance
(~ 10 m). As a result, the sum of activity on the box pixels amount to 78.1 uCi, which is
considerably lower than the ground truth activity, 181 pCi. On the other hand, the GPP with
the structural prior effectively constrain the reconstructed activity within the box, yielding
the estimated total activity on the box of 179 uCi.

Furthermore, the Laplace approximation with the GPP enables uncertainty quantification
for estimated the total activity. Let g(x) be a function that takes an activity map as input and
outputs the total activity on the box. Samples from an approximate posterior distribution
{&,}]_, are transformed as {g(f~'(&£,))}7_,, yielding samples from the posterior distribution,
p(g(x)]y), which allows computation of Bayesian uncertainty for the total activity.

Figure 4.10 presents the histogram of {g(f7'(&,))};/_, derived from the Laplace approxi-
mation, along with the mean and standard deviation of the samples. The mean of the total
activity in the box was 179 puCi with a standard deviation 7.40 pCi. This indicates that the
GPP method can not only prove an accurate quantitative activity map, but also provides
enhances robustness of the quantification with the uncertainty quantification. Moreover,
the samples {g(f~1(&,))}7/_, lends itself to more interesting statistical inferences, such as
Bayesian hypothesis testing of radioactive isotope composition.
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Figure 4.8: Directional radiation flux maps reconstructed from (a) the ML-EM and (c) the
GPP MAP with a structural prior. The flux maps are weighted using the depth map from
Fig. 4.7, yielding the activity maps from (b) the ML-EM and (d) the GPP MAP. Note
that the ML-EM flux map spreads across both the box and the background, whereas the
GPP MAP with a structural prior effectively constrains the reconstructed flux within the
box. Consequently, the ML-EM fails to accurately estimate the total activity within the
box, while the GPP achieves a significantly more accurate estimate of 179 uCi.

Minimum Dose Path Planning

Here, we introduce an application that highlights the importance of the uncertainty quan-
tification capability developed in this work. Figure 4.10 (a) illustrates a simulated single
detector measurement scenario involving a large distributed anisotropic Gaussian source
within a 200 m x 200 m imaging space. After a raster pattern measurement, the GPP MAP
algorithm was used to successfully reconstruct the source distribution, as shown in Fig. 4.10
(b).

In certain radiation safety applications, it is often of interest to quantify spatial distribu-
tion of dose rate, instead of source activity. A dose rate map can be easily derived from the
estimated activity map, by convolving it with a point dose kernel, which describes the dose
rate from a point source as a function of distance. The resulting dose rate map is presented
in Fig. 4.10 (c).
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Figure 4.9: Histogram of the estimated total activity samples.

Suppose that, based on the reconstructed dose map, we wish to determine an optimal
Path from point A to point B, that minimizes the dose received from the source. Three
example paths are shown in Fig. 4.10 (¢). Which Path should be chosen? Path 1, the
shortest Path connecting points A and B, is clearly the worst choice, as it traverses through
the estimated radiation hotspot. Excluding Path 1, Path 2 might appear to be the best
option, as it stays farthest from the hotspot. Path 3, however, seems less ideal as the Path
is somewhat closer to the hotspot than Path 2.

To rigorously answer this question, it is necessary to examine the uncertainties in the es-
timated dose map. Figure 4.10 (d) shows the dose uncertainty map derived from the Laplace
approximation. Notably, the uncertainty is highest on the left edge of the imaging space due
to the large distance from the measurement Path (i.e., low sensitivity). Consequently, the
uncertainty in the total dose received from Path 2 is expected to be greater than Paths 1
and 3.

Figure 4.11 summarizes the total dose received along the three example paths and their
associated uncertainties. As expected, the largest dose is received along Path 1. When
comparing Path 2 and 3, the GPP MAP estimates that the total dose along Path 2 is
slightly lower than Path 3. However, the uncertainty is much is significantly higher in
Path 2, suggesting the possibility of undetected radioactive sources near the left edge of the
imaging space.
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Figure 4.10: (a) Measurement scenario with the ground truth distribution. (b) GPP MAP
reconstruction result. (c) Estimated dose rate map and example paths. (d) Dose rate
uncertainty map.
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Figure 4.11: Summary of total dose received along Paths 1 2 and 3 and their associated
uncertainties. Samples from an approximate posterior distribution were used to derive the

uncertainties.
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4.4 Discussion

In this section, we discuss the implications of the proposed methods and potential future
research directions.

Implications of the Proposed Approach

First, the proposed GP prior can be made highly flexible with a choice of a covariance function
and a link function. Therefore, the GP prior can effectively model desired properties of the
reconstructed images, and is directly applicable to a wide range of highly ill-posed image
reconstruction tasks. Such tasks arise from various radiation imaging modalities including
Compton cameras [93|, coded aperture imaging [94], limited angle computed tomography
(CT) [95], low-dose positron emission tomography (PET) [96], among others.

Secondly, the uncertainty quantification capability of the proposed framework offers valu-
able insights into the reconstructed images, and it becomes particularly important when
critical decisions are made based on the reconstructed images. Such problems commonly
arise in many healthcare [97] and nuclear security applications [98]. Moreover, posterior
distributions estimated from the pCN and the Laplace approximation can be employed for
further inferences on quantities derived from the reconstructed images. For instance, sup-
pose a quantity of interest u can be derived from an image x as u = ¢g(x). From a set
of posterior samples obtained from the pCN, {£,}7/_,, the samples of the derived quantity
{u,}_, can be obtained as u, = g(f~1(£,)). In the context of the Laplace approximation,
samples of £ can be obtained from the approximating Gaussian distribution in (4.27). Some
examples of such derived quantities are total dose registered in radiopharmaceutical therapy
[99], in-beam ion ranges in ion cancer therapy, and in-vivo proton range verification in ion
cancer therapy [100].

Future works
Incorporation of Background Contribution

The results presented in section 4.3 demonstrate that the proposed GPP algorithm can signif-
icantly improve the reconstruction quality where the ML-EM may be inadequate. However,
the simulated measurement scenarios assume no present background contributions, which
may be unrealistic in some radiation imaging applications. When the background contribu-
tion is known, it can be straightforwardly accounted for by changing the forward projection
y = Ax to y = Ax + b, where the elements of the vector b are the known background
contribution to the measurements. When the background rate is unknown, it has to be
jointly estimated with the image x, and it can be done by augmenting the system matrix A
and the image vector x as A = [Ala;] and X = [%], where the vector ay is assumed to

b
be known (e.g., in the case of a constant background rate, a vector of integration time a, =
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At1). Subsequently, the prior covariance matrix ¥ can be augmented as

= 0

52 Y], o1

where the ¥, accounts for the variance of the background rate.

The use of the Gaussian-to-exponential link function may be inadequate as the back-
ground rate can be typically well specified within an order of magnitude. In such case, a
different link function, such as the truncated Gaussian-to-Gaussian link function [78], can
be used to effectively model the background prior distribution.

List-mode Data and Gaussian Likelihood

Although the work presented here assumes bin-mode data with the Poisson likelihood model,
it should be emphasized that the proposed framework can be trivially modified to accom-
modate list-mode data [36] or Gaussian likelihood model. Essentially, the only differences
in the formulation will be the likelihood function formulation in (4.2), and subsequently its
gradient, Hessian expressions.

For example, when the measurements are given in terms of dose rates, Gaussian likelihood
model can more aptly describe the measurement noise. In such cases, the likelihood function
l(x;y) in (4.3) can be modified as follows:

I6) = 3y — AX)TW(y — Ax) (4.52)

where the matrix W € RM*M ig the inverse of the measurement covariance matrix (i.e. a
precision matrix). When independent and identical noise distribution is assumed, W is an
identity matrix. With the Gaussian likelihood model, the GPP image reconstruction and
uncertainty quantification presented in this paper can be similarly applied.

By accommodating various data types, the proposed framework is applicable to a wide
range of radiation imaging applications.

Scalable Implementation

In section 4.2, we illustrated how the Kronecker product structure in the covariance matrix
3 can be exploited to avoid the computational challenges involving the Cholesky factor L.
The approach is particularly attractive as it provides exact representation of the covariance
matrix; however, the method is not readily applicable when the imaging space is not in a
dense Cartesian grid. For example, Compton cameras or active coded apertures imagers
often employ a 4w spherical imaging space [101][102], and free-moving imaging scenarios
often assume sparse voxel grid imaging spaces [103]. Thus, a different strategy is needed
when more diverse imaging spaces are considered.

Several recent advances from the GP regression research community could potentially
be employed to tackle the challenges. For example, in [104], Willson et al. introduced the
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structured kernel interpolation (SKI) scheme, where the covariance matrix is interpolated
from a Kronecker product represented sparse inducing points. The resulting approximate
covariance matrix can be handled efficiently thanks to the sparsity of the interpolation co-
efficient matrix and the Kronecker product structure. Such formulation could be applied to
imaging spaces on a non-structured grid.

Another interesting approach is Gaussian Markov random field (GMRF), where a sparse
precision matrix X! is directly constructed and utilized. Such precision matrices admit
rapid realization of GPs, removing the computational bottlenecks involving L&,,. Moreover,
Lindgren et al. showed that a GMRF can directly approximate GPs with a Matérn covariance
kernel, and it can be efficiently applied to meshed imaging spaces [105].

Covariance Kernels

The SE kernel in (4.9) is a popular choice in many GP regression tasks, and in this work
we demonstrated that it can be used to effectively model the prior covariance. In many
radiation imaging modalities, the point spread functions (PSF) have smoothly falling edges
and therefore, the use of the SE kernel could be well-justified. However, when it is required
to recover high frequency features (e.g., edges or point sources), more expressive kernels may
be desired. Rational quadratic kernel or Matérn covariance kernels could be readily used
to provide more flexibility for better high frequency feature resolving capability. Moreover,
recent works from the GP regression community suggest the use of spectral mixture (SM)
kernel [106] or deep kernel learning framework [107], where a deep neural network is used
to construct a highly expressive covariance kernel. It was demonstrated in [107] that such
kernels can successfully recover piecewise constant functions with sharp falling edges, which
is attractive for imaging applications.

4.5 Supplementary Information

Derivation of the GPP Posterior Gradient

The gradient of the negative log-posterior W(L&,,) can be obtained as follows. Adopting the
convention that the gradient of a scalar function is a column vector,

Ve, U(LE,) (4.53)
= ngl(st; y) —+ nglp(Léw)
=Je, 8 I f 1) Vel (Léw; y) + Eu, (4.54)
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where z = f~1(L¢,) and € = L&,,. The second equality follws from the chain rule. Each of
the gradients and Jacobians in (4.54) is given as

Vigl(Léy;y) =AT1 - AT (yo (Ax)), (4.55)
Jef (&) = diag(l @ (\/%/\ diag (E)) ® exp (Ax — €7 © (2diag (Z)))), (4.56)
Je. & = L. (4.57)

Note that depending on the choice of a link function, the Jacobian J¢f~1(€) is computed
differently. The Jacobian given in (4.56) is for the exponential-to-Gaussian link function
introduced in the main text. Combining (4.55), (4.56), and (4.57) together, the gradient is
given as

Ve, ¥(L&w) =
LT ((ATl —AT(yo (Ax))) ® <1 %) (\/%)\ diag (E))

® exp (Ax — €7 © (2diag (Z))))) + &u- (4.58)

Approximate Posterior and the Marginal Likelihood Using the
Laplace Approximation

First we write the log-posterior distribution as logp(&ly) = log 3 — ¥(£), where Z is the
normalization constant. Then, the second order Taylor expansion of —W¥(§) around the mode
of the posterior & = L&, is given as,

() ~ () — (€~ )T VAU (€ ) (450)

Note that the first order term is not included because the gradient at the mode — V¢ ¥(§)
is zero. Using the Taylor expansion, the log-posterior distribution is written as,

le=¢

(€8T VEw(8)|,_¢ (€€ (4.60)

l\DIH

1 .
log p(€ly) ~ log — — ¥(§) —
Exponentiating both sides of (4.60) to recover the posterior p(€|y), we have

p&ly) ~

1

7o (W€ exp (56~ O VO (€~ 9)) (4.61)
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Since (4.60) is in the form of Gaussian distribution, it immediately follows that,
p(€ly) ~q(€ly),  where (4.62)
. -1
ey~ (& (Vv ). (4.63)

The Hessian matrix VZW(§) is given as,

VeT(€) = VEl(&y) + Vely(€) (4.64)

where, V2l ,(€) = X1 The Hessian of the negative log-likelihood function V [(&;y) is given
as,

Vel(&y) = Jef (&) V1l (&) I f (&) + Vi1el(&y) Vef 71 (). (4.65)

The expressions for J¢ f~1(€) and V g-1(¢){(&; y) are given in (4.56) and (4.55). V el&y)
and Vg-1(¢)l(&y)Vef~ (&) are given as,

Vi,l(g)l(é; y) = AT diag (}_%)A and (4.66)
Vi1el&y)Vef (&) = diag (V-16l(&y)) I f (&) (M fH(€) — (£ @ diag (2))) .
(4.67)

Note that VZf~'(§) is a 3-D diagonal tensor, but the computation of V g-1(6)1(&;y)VEf 1 (§)
is equivalent to (4.67). Combining (4.56), (4.55), (4.66) and (4.67), the Hessian of the neg-
ative log-likelihood function (4.65) is computed.

Fisher information for Hessian approximation

The Fisher information matrix provides a well-justified approximation to the Hessian of the
negative log-likelihood V%l(é ;y). The approximation can be expressed as

Vgl(é;y) ~ Eypivly) [(vél(é Y)le- g) (Vél(&y”g:g)q ; (4.68)

where the right hand side is the definition of the Fisher information matrix. Using the chain
rule, the gradient V¢I(§; y)|£:é can be expressed as,

Vel(&:Y)leee = Jef H(€)) (T p1(6)108 ) Viegy (& Y) e (4.69)

where y = A f71(€) is forward projection. Plugging (4.69) into (4.68), we have
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Vel(&y)
~ Bypiyly) | (Tef 1 (€) (T p11)108Y) Vieg gl (& y)| -

Viessl(€:9) Szgufflm logy)(Jef(€)]  (@70)
= (Tef 1 (6) T 10108 3) Bymniyly) | Viogs(65)lee
Vioss (6 L Tr0loey)Ter€) (a1
= (Jef 1 (8) (T-10)1089) Eynpiyiy) |Viegs! (€ Y)le g] (Jp1elogy)(Tef (). (4.72)

Ml\’)

The equivalence between the expectation of the outer product and the Hessian follows
from the property of the Fisher information matrix (see, [108]) The Jacobians and the Hessian
n (4.72) are given as,

(Jp-1(¢) logy) = diag(3°~")A (4.73)
Vioas! (& Y)]e—e = diag(y). (4.74)
The Jacobian (J¢f~'(€)) is given in (4.56) for the exponential-to-Gaussian link function,

and it may differ depending on the choice of a link function. Plugging the Jacobians and
Hessian in (4.72), we have

Vel(&y) = (Jef 7€) AT diag(y7 ) Eypyy) [diag(y)] diag(y° ) A(Jef 71 (€))  (4.75)
= (Jef'(€))"AT diag(y°™) diag(y) diag(y° ™) A(Jef ' (€)) (4.76)
= (Jef71(€)TAT diag(y" ) AT f(€)) (4.77)

Marginal likelihood computation using the Laplace approximation

The marginal likelihood p(y|@) can be expressed as,

p(y16) = / exp (log p(y|€)p(£16)) dé (4.78)

Similarly to (4.60), the log p(y|&)p(&|@) can be approximated using the second-order Taylor
expansion around the mode,

log p(y|€)p(£]0) ~
log ply|€)p(€l6) — 5 (€~ &) VEu(e)],_, (€~ ¢) (4.79)
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Plugging (4.79) into (4.78), we have,
p(y16) = p(y|€)p(£]6)
oo (-5 (6-€) vive) (6~ ¢))ae (480)

<V§\II(€>‘£:'§> ) ) §

(i.e., Gaussian integration). Hence, the negative log-marginal likelihood up to constant,
®(0) = —logp(y|0) is given as,

The integration in (4.80) can be analytically computed as ((27‘(‘)N

o(0) = V() + %log (vgqf(g)|£:é>‘ +log |3 (4.81)
= V(€) + %log (vy(g;y)}HE - 2*1> +log |X| (4.82)
= \If(é)%—%log I+ V%l(é;yﬂszéﬁ‘. (4.83)

Note that the expression for VZI(§;y) is given in (4.65).
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Chapter 5

Simultaneous Spectral Decomposition
and Full Spectral Imaging

In the previous chapter, we introduced a GP-based prior for radiation image reconstruction,
uncertainty quantification method. When the method is used in the context of single detector
imaging scenarios, variations in radiation detection counts over different measurement times
is used as input for image reconstruction algorithms. However, a significant portion of
the counts recorded by the single detector originates from background radiation, which is
primarily from naturally occurring radioactive materials (NORM) and cosmic rays. These
background radiations often obscure the desired source signals, resulting in a low signal-to-
noise ratio (SNR) and consequently, a degradation in image quality. One straightforward
method to enhance the SNR is to utilize radiation counts within the energy ranges of the
source photopeaks only [30][33][31][109]. While this method can significantly improve the
SNR, its applicability is limited for the following reasons:

e First, in many measurement scenarios, the radioisotopes to be mapped may not be
known a priori, and thus the corresponding photopeak energies may also be unknown.

e Even if the photopeak(s) from the source can be identified, it is often unclear whether
the photopeaks are from a mixture of radionuclides with the same spatial distributions,
or if each photopeak is associated with a unique spatial distribution.

e In some measurement scenarios, the photopeaks may not be discernible from recorded
energy spectra. For example, radiation spectra from heavily shielded or attenuated
sources often lack distinct photopeak features.

e Lastly, background radiation fields may vary spatiotemporally, potentially interfering
with the source signals of interests.

To address these challenges, this chapter introduces a novel approach, in which a series
of time-integrated spectra are decomposed into salient source and background spectral com-
ponents contributing to the total measurements. Simultaneously, image reconstruction is
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performed alongside the decomposition task, producing distribution maps corresponding to
the identified source components. The problem is inherently highly complex and as a result,
the conventional maximum-likelihood estimation (MLE) method suffers from severe overfit-
ting. To overcome this limitation, we formulate the problem within a Bayesian framework,
imposing Gaussian process (GP) priors on spectral components and images [110]. Note that
in Chapter 4, the GP prior was imposed only on the image to be estimated. In this chapter,
we introduce a novel framework for estimating radiation images and their corresponding
radiation energy spectra simultaneously, and impose GP priors on both the images and the
spectra. This approach is robust against overfitting even with low SNR measurements and
the reconstructed spectral components provide extensive insights into the radiological envi-
ronment from a single-detector measurement. Furthermore, we present a computationally
efficient Bayesian uncertainty quantification and model selection methods, which significantly
enhances robustness of the approach.

In the following, we provide a complete mathematical description of the reconstruction,
uncertainty quantification and model selection algorithms. Additionally, the method is tested
on both a challenging simulated measurement scenario and a real-world measurement to
demonstrate the effectiveness of the proposed approach.

5.1 Methods

We consider a measurement scenario in which the objective is to estimate radioactivity
distribution images across across all different radiation emission energies. These images can
be represented in matrix form as X € Ri(OXL , where K denotes the number of image voxels
and L represents the number of emission energy bins. The image matrix X is reconstructed
from a 2-D time-energy histogram collected from a free-moving single detector, Y € Z13”.
Note that I and .J represent the number of time bins and recorded energy bins, respectively.
Therefore, Y,;; denotes the detected radiation counts within the ¢-th time interval and j-th
energy bin.
The two matrices are related through a system matrix A € R%XK L such that

Y ~ Poisson(Y), where vec(Y) = Avec(X). (5.1)

Vectorization operation vec(-) converts a matrix into a vector by concatenating column
vectors together. Note that the system matrix can be represented as a block matrix with
J x L blocks, with each block is has dimension of I x K. In other words, (i,k)-th element in
the (j,0)-th block matrix encodes the probability that a radiation emitted from voxel k& with
an emission energy in bin [ is detected in time bin ¢ with the recorded energy in bin j.

Using the Poisson statistics of the measurement matrix Y, a likelihood function p(Y|X)
can be constructed, and the maximum likelihood estimation (MLE) of the image matrix X
can be found using the conventional maximum likelihood-expectation maximization (ML-
EM) algorithm. However, the size of the system matrix A becomes prohibitively large to
compute and store even with a moderate number of image voxels and time-energy histogram
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bin discretization. Moreover, the MLE problem is susceptible to overfitting as the image
matrix X contains too many unknown elements.

In order to make the problem computationally tractable and robust to overfitting, we
make use of the inherent low-rank structures present in the system matrix A and the image
matrix X. First, we observe that the system matrix can be effectively decomposed into two
smaller matrices, Ag € RLXK and Ar € RZZE, which represent the geometric efficiencies
and the detector response, respectively. In other words, A i i denotes the solid angle of the
detector at time 7 viewed from voxel k, and Agj;; is the probability an incoming photon
within energy bin j records a count in the energy bin [. Notably, this is equivalent to
Kronecker product decomposition, A ~ A}, ® Ag, and it is justified from the fact that a
single detector efficiency can be suitably approximated as the product of geometric efficiency
and intrinsic efficiency [111].

Furthermore, we note that the image matrix X can be compactly represented with a
low-rank decomposition, X = X;X/;, where Xj € RKXS Xe € RS and S < K, L.
Columns of Xy represent radioactivity distribution images correspondmg to distinct radia-
tion emission energy spectra, which are the columns of the matrix X¢. In other words, the
image matrix X is approximated with outer products of S distinct radiation images and
corresponding spectral component vectors, such that X ~ Zle Xi[:,1]Xc[:,4]". The de-
composition is reasonable, as a distinct spatial distribution of radioisotopes produces almost
identical radiological emission spectrum across the entire measurement time. Incorporating
the decomposition of A and X, the problem can be rewritten as,

Y ~ Poisson(Y), where Y = AcX;X/Ag. (5.2)

The expression in the right-hand side of (5.2), vec (AgX;XLAR) comes from the property
of Kronecker matrix-vector product, (A @ B) vec (V) = vec (BVAT) [112].

Note that X;X/, contains background radiation contributions. In many radiation map-
ping scenarios, spatial distribution of background radiation may not be of primary interest.
Therefore, the background contributions can be modelled separately with another low-rank
decomposition term, XpwXpo. Analogous to the decomposition of X = XX, the columns
of Xpc € RL “B represent the recorded background spectral components, and the columns
of Xpw € RI <5 correspond to the background count contributions (weights) from the asso-
ciated background components.

Y ~ Poisson(Y), where Y = AcX;X AR + XpwXgeo (5.3)

Using the Poisson probability distribution function (PDF), the likelihood function can
be constructed as

p(Y|X) = H Hexp DY 57 Y, (5.4)

i=1 j=1
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where we define X = {Xj, X, Xpw, Xpc} to be a collection of all parameter matrices with
a slight abuse of notation. With the likelihood function, the MLE problem can be formulated
as
X(: {XI, X, Xpw, XBC}) = argmin — log p(Y|X)
X, X0
= argmin [(X;Y)
X, X0 (5.5)

I
= argmin Z Yij —Y;;log Yl-j,
i=1
where [(X;Y) is the negative log-likelihood. The MLE problem can be solved using the block

coordinate descent algorithm [113]citation, which has been previously used for non-negative
matrix factorization (NMF) [114][115]. The iterative update rules are given as,

ALY 0 Y)ALX] X[ALY 0 Y)AL
X+ X G R--C Xo+— X L-G R 5.6
! 1© ALl ALX] ¢ c® XAl Al (5:6)
Y o Y)X! Xl (YooY
XBW<_XBW®#7 Xpo %XBCQM,
1I><JXBC XBW1]><J

where 17, ; denotes an I x J matrix of unities, and ® and @ are element-wise multiplication
and division, respectively.

The iterative update rule is guaranteed to converge to a minimum [114]. However, even
with the decomposed form of X, the problem is still highly ill-posed and therefore, the MLE
approach suffers from overfitting.

Gaussian Process Prior Reconstruction

To combat the ill-posedness of the MLE problem, we make use of the Bayesian formalism
by incorporating Gaussian processes (GP) priors with appropriate link functions, as done
similarly in Chapter 4. Using Bayes rule, the posterior distribution p(X|Y) is given as,

p(YX)p(X)

p(X[Y) = oY)

(5.7)

The maximum a posteriori (MAP) estimation Xisa point estimate at which the posterior
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density is maximized as follows:

A

X = argmax p(X|Y) (5.8)
X, X0

= argmin — logp(X|Y) (5.9)
X, X0

= argmin — log p(Y|X) — log p(X) (5.10)
X, X0

= argmin [(X;Y) + [,(X), (5.11)
X, X0

where [,(X) is the negative log prior distributions. Next, we assume the parameters to
be estimated, Xi, X¢, Xgw, and Xg¢ are governed by underlying variables of same size,
denoted Er, E¢, Egw, Zgc. The underlying variables are related to the original variables of
interest via inverse link functions f7!(-), such that

fr'(8) =X, fo'(Ec) = X
fow (Epw) = Xpw fri(Epc) = Xpe. (5.12)

Next, we impose zero-mean GP priors over these underlying variables, such that

vec(8) ~ N (0, %), vec(ES) ~ N(0,2¢)
VGC(EBV\/) ~ N(O, 2BW)7 VGC(EEC) ~ N(O, ch). (513)

The covariance matrices X, 3¢, dpw and Xpc are populated using either the squared
exponential (SE) kernel or the rational quadratic (RQ) kernel

R P
:;(SE) = 0% exp (—%) (5.14)
2 e — x|\ 7

where ||r; — ;|| is an Euclidean distance between two parameters indexed by ¢ and j. The
Euclidean distances are measured in terms of different physical quantities, depending on
the variable matrix; for example, in the case of image matrix Zy, vectors r; and r; denote
cartesian coordinates of i-th and j-th image pixels. For the background counts contribution
Xgw, r; and r; represent timestamp of i-th and j-th measurements. For the component
matrices X¢ and Xp¢ the distance is difference in energy bin number, |i — j|!. Additionally,
we assume independence between columns of =, such that ¥;; = 0 if ¢ and j are from
different columns of E. This independence assumption leads to a block diagonal structure

More intuitive choice may be difference in bin center energy. However, radiation detectors typically
exhibit vE energy resolution dependence and therefore, we discretize the energy domain such that bin
widths are proportional to v/E, yielding constant energy resolution dependence in bin number units.
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for 3, where each block represents a covariance matrix for a column of Z. In conclusion, the
covariance kernels encode spatial, temporal or spectral correlations between parameters, with
the hyperparameters o , [ and o determining characteristic correlations within components.

Once the underlying variables are defined, inverse link functions f~!(-) are employed
to relate the underlying variables to the original variables of interest. To satisfy the non-
negativity constraints, the inverse link functions f~!() are required to be f7!(-) : R — Rxg.
Any functions satisfying the non-negativity constraints are valid choices for link function. In
this work, we consider several link functions based on physical, and statistical characteristics
of the variables.

The inverse link functions are required to map £~ : R — R, so that the underlying
variables are unconstrained and the non-negativity constraint on X is automatically satisfied.
Therefore, any functions with non-negative outputs can serve as inverse link functions. For
instance, a simple exponential function, f7!(-) = exp(-) is a valid inverse link function.
However, in this work, inverse link functions are chosen to reflect physical and statistical
characteristics of the variables. For example, elements of the image matrix X; and the
background weight matrix Xgw are expected to vary widely across orders of magnitude.
Therefore, we impose the inverse log link function for X; and Xgw as follows:

1= 1 -
X=f"(8) = 3 &xP (2). (5.16)
Notably, with the inverse log link function, transformation of the Gaussian variables Z yields
X following log-normal distribution, whose properties are well-understood [116].
For the spectral component matrices, X and Xpc, we use the softmax link function ,

exp (E[i, j1/T)
> exp (E[i, 51/T)

where 7' is temperature hyperparameter, tuning the “peakedness” of the output vector [117].
The parameter plays an important role, as different radiation spectral components contain
various combinations of photopeaks and smooth downscattered continua. The softmax link
function normalizes the outputs such that the column-wise sum of X is unity. This prop-
erty is particularly attractive for spectral component matrices, as each spectral component
can be interpreted as a probability density function (pdf). Moreover, the normalization of
spectral component matrices enhances interpretability of the image matrix X; and the back-
ground weights matrix Xpgw, as their units become radiation emission rate per unit time
and background detection rate per unit time, respectively.

With the GPs and link functions defined, the forward projection Y in terms of Z is
written as

X[i, j] = (5.17)

Y = At (ENFSH(Ec)AR + fow (Esw) s (Ec). (5.18)

Because the prior distributions are defined on E, p(X) can be formulated with the change
of variable theorem. However, it involves determinant of a Jacobian matrix, |J=X|, which
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is costly to compute in general. As such, we formulate a MAP problem in terms of E and
solve the following optimization problem:

2 = argmin [(Z;Y) + [,(Z). (5.19)
Note that unlike (5.1), the above optimization problem is not subject to non-negativity
constraints. The likelihood function I(Z;Y) is unchanged from (5.5), and [,(E) = 1E'S71E.
Hence, the MAP estimation problem becomes

, (5.20)

where we define 3 = {31, 3¢, ¥pw, Xpc} for notational brevity. Therefore, any operations
on X is performed variable-wise. Additionally, the negative log-posterior is parametrized
with ¥ (E).

While the optimization problem (5.20) can be solved using a gradient-based optimization
algorithm, better numerically stability and accelerated convergence is achieved through a
change of variable

L=, =

[11

, (5.21)

where L is a Cholesky decomposition of 3. Consequently, Z,, is an uncorrelated standard
Gaussian variable. Rewriting (5.20) in terms of &,

(5.22)

— | p—
-
[ Py ")

T
w=—w

J
= argmin Z Z Yij — Yz‘j log Yij + %
It should be noted that the optimization problem (5.22) is not convex and therefore, the
solution is not unique. For example, trivially permuting the sequence of source components
and/or the background components yields another solution with the equivalent log posterior
value. We found that a gradient descent algorithm such as ADAM or quasi-Newton algorithm
such as Limited-memory Broyden-Fletcher-Goldfarb-Shanno algorithm (L-BFGS) achieves
swift convergence to a good minimum [79]. The gradient required for these optimization
algorithms is obtained through automatic differentiation [118].

Once Z,, is found, the parameters of interest can be obtained by transforming X =
f *1(Léw). The pseudocode for the MAP estimation is given in Algorithm 3.
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Algorithm 3 Full-spectral MAP estimation with a GP prior

=init

Require: A, Ag, Y, @(hyperparameters), E ¢ (Convergence criterion)

3+ (4.11) > Prior covariance matrix construction
L + Cholesky (X) > Cholesky decomposition
k<« 0

EF ¢« Einit > Initialization
UF « U(LEF) > Initialization

Convergence <+ False

while Convergence is False do
EFFL < Optim. step (EF, (5.22)) > One iteration of ADAM or L-BFGS

\Iqué)—i—l — qj( E’lkl:}—’_l)
if |U* — U*1| < ¢ then
Convergence < True
else
kE+—k+1
end if

end while

>[I 11

X« f -1(8) > Apply inverse link functions from (5.12)
U phtl > Negative log-poseterior at the mode

Uncertainty Quantification

Due to the ill-posedness of the problem combined with the noisy nature of the measure-
ment data Y, uncertainty estimation in the MAP solution X is highly desirable. In this
work, we show that the Bayesian treatment in this work further lends itself to Bayesian
uncertainty quantification of estimated parameters. In Bayesian statistics, the uncertainties
of the parameter X are often quoted with Bayesian credible intervals. Given a marginal
posterior distribution p(X[i]|Y), the (1 — a)100% Bayesian credible interval is defined as
p(X € [X[i]-,X[i]+]]Y) = 1 — a. In other words, the probability that X[i| falls into the
interval is (1 — a). Note that such interval [X[i]_, X[i],] is not unique; therefore, we use
equal-tail interval defined as

o X[i]—
°- /_ p(X[{)|Y)dX]i] and (5.23)
5= f, Oy axi (524

Analytical computation of the credible interval [X[i]_, X[i],] first requires posterior den-
sity function p(X[i]|Y), which is computed as,
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P = | IV X forj£i  (5.25)
X0 _—
—/Xm oY) dX[jl, for j # (5.26)
) PYX)p(X) —
= o Ty o ax X0 for g (520)

Therefore, computation of the credible interval involves high-dimensional integrations, which
are generally intractable unless a conjugate prior is used. In this work, we use the Laplace
approximation (LA) to find an approximate posterior distribution, enabling analytical com-
putation of credible intervals [119].

Laplace Approximation (LA)

The LA aims to directly approximate the intractable posterior with a multivariate Gaussian
distribution [120]. With the mode of the posterior (the MAP estimation) & found from
Algorithm 3, the Gaussian posterior approximation of p(Z|Y) is given as,

p(E|Y) ~ q(E|Y), where (5.28)
WEY) ~ N (5,0 = (VEVE)es) ') (5.20)

The derivation of (5.29) is analogous to the mono-energetic GPP presented in chapter 4.5,
and thus omitted here.

Once the approximating posterior ¢(Z|Y) is obtained, the credible intervals can be found
either directly or from samples of ¢(E|Y), depending on the link functions used. For example,
the inverse log link function in (5.16) is a monotonically increasing function acting on input
variables element-wise. As a result, the credible intervals in 2 can be directly transformed
into that in X, such that [X[i]_, X[i] (] = [f71(E[:]_), f 1 (E[i],)]. However, the softmax link
function in (5.17) takes a multi-variate input, and it is not monotonically increasing. As a
result, computing credible intervals in X directly from ¢(Z|Y) is not straightforward with
the softmax link function. Therefore, we use a Monte-Carlo estimation instead. From a set
of samples drawn from ¢(E|Y), {E;},, the credible intervals are estimated as,

X, X;,] ~ quantile ({f‘l(Ei) M {% - %}) , (5.30)

where quantile(-) computes a quantile from a set of samples. In practice, M =~ 10* samples
ensures a good estimation within ~ 1% error. Samples are obtained from a matrix square-
1 1

root of the LA covariance matrix (X2,)(X2,)" = X1 as,

B~ EEAZ +E where (5.31)
z ~ N(0,1). (5.32)
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—
=

Computation of the LA covariance matrix 314 = (VEI(E;y)|z_= + »1)"" requires Hes-
sian of the likelihood function VZI(Z;y)|z_z and large matrix inversions. For small scale
problems, the Hessian matrix VZ[(E; y)|z_z can be obtained from automatic differentiation,
and the block diagonal structure of 37! allows for efficient matrix inversion. However, the
overall computation and memory cost scales with @(n?) and O(n?), respectively. Therefore,
with a growing number of parameters, computation of the LA covariance matrix becomes
prohibitively expensive. In section 5.1, we detail how the covariance matrix can be computed

efficiently with a Fisher information matrix and randomized linear algebra.

Hyperparameter Optimization with Empirical Bayes

Various Gaussian process priors and link functions imposed on variables introduce a handful
of hyperparameters that need to be determined prior to the MAP estimation of =. Although
the highly interpretable nature of hyperparameters allows for selection of reasonable hyper-
parameters, a more systematic approach to automatially tuning hyperparameters is highly
desirable. Here, we present automatic hyperparameter selection method using empirical
Bayes [121].

With a vector 6 denoting all hyperparameters, the Bayes rule in (5.7) is rewritten as

p(Y|X, 0)p(X]0)
p(Y|0)
__ p(YX,0)p(X|0)
[ p(Y|X, 0)p(X|6) dX

p(X[Y,0) = (5.33)

(5.34)

The quantity in the denominator p('Y|@) is often referred to as marginal likelihood, or model
evidence. Intuitively, it encodes the average probability of a random sample from the prior
p(X|@) gives rise to the measurement Y. For example, when € imposes overly strong con-
straints on the prior distribution (e.g., large length scale parameter ), samples from the
prior will be largely similar to each other, yet insufficiently complex enough to yield the
measurement Y. Conversely, too weak constraints on # will result in diverse samples of X,
yet most of them are unlikely to generate the measurement Y through forward projection.
Therefore, with overly strong or weak hyperparameters yield low marginal likelihood value,
p(X][0).

Consequently, the marginal likelihood p(X|€) is maximized only when the appropriate
level of constraint is imposed through 6. Thus, the empirical Bayes method tunes the
hyperparameters 8 by solving the following MLE problem,

A

0 = argmin — logp(Y|0)
0
= argmin ®(6) (5.35)
)

C

where we defined ®(0) = —logp(Y|0) to be an unnormalized negative log-marginal likeli-
hood.
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Computation of marginal likelihood requires a very high dimensional integration over all
parameters X, which is intractable in general. Hence, we again use the Laplace approxima-
tion for a good approximation of ®(0) in a computationally tractable manner.

First, the marginal likelihood p(Y0) is given as,

p(Y]0) = / exp (log p(Y |E)p(E]0)) dE (5.36)

With Laplace approximation, log p(Y|Z)p(E|€) term in the exponent is approximated using
the second-order Taylor expansion around the mode of the posterior Z as follows:

log p(y|E)p(E|0) ~

N e \T = & =
log p(y|E)p(E|0) — 5 (: - :.) VQE\I/(.:)|E:é <:. — .:> : (5.37)

With the approximation, the marginal likelihood is
1 —_— p— T 2 p— — —_— —_—
p(y|0) = [ exp —3 (: — :) VEV(E)| o (: — .:) d= (5.38)

= (@™ |(vir@lae)” ); (5.39)

Noting the similarity between the integrand in (5.38) and a multivariate Gaussian distri-
bution N'(E, VZU(E)), the integration can be analytically computed. Hence, the negative
log-marginal likelihood ®(0) = —log p(y|@) is given as,

D() ~ Dpa (6, E) (5.40)
= V(=) + %log (VEY(B)|_2)| + % log | 2| (5.41)
= U(8)+ % (log |IL"| +log |( VEI(E;y)|o_e + =71)| + log L) (5.42)
= U(B) + % log |L" VZI(E;y)|o_c L +]] (5.43)
— W(E) + %log ‘ VL ULE,Y). o + I‘. (5.44)

Note that the Hessian VZI(Z;y) is computed with automatic differentiation. The term
1 log|X| comes from the GP negative log-prior distribution — log p(Z|@). The term is irrele-
vant for the MAP estimation in (5.20) as it does not contain any parameters 2. However, for
hyperparameter optimization, it needs to be included as it is a function of hyperparameters
0.

An important observation here is that the MAP estimation & used for Laplace approx-
imation is a function of hyperparameters 8. Therefore, the optimization problem (5.35) is
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re-written as a bi-level optimization problem

6 = argmin ®(0) ~ argmin (0, E), where (5.45)
0 0
= = argmin U(E0), (5.46)

where W(Z6) is defined in (5.20), but its dependency on € is made more explicit. The
optimization problem (5.45) can be solved with a gradient based optimization algorithm.
The necessary gradient Vo®p(60) is decomposed into:

dg®rA(0]E) = VePra(0|2) + Jo= - Vg bra(0]), (5.47)

where d is used to denote total derivative. Computation of Ve®;(8|Z) and VzPpa (0|2
is straightforward with automatic differentiation. However, automatic differentiation of J 02
requires caching gradients through the entire optimization iterations of Algorithm 3, which
is memory intensive and may be impossible, when the optimization algorithm incorporates
non-differentiable operations, such as line search. Hence, we invoke the Implicit Function

Theorem (IFT), and rewrite the Jacobian as follows:
JoE = —Vi0(8) - VL, u(E). (5.48)
The IFT allows us to compute the Jacobian Jo= by solving the systems of linear equations

ViU (E) - JpE = —VZ,V(E), without having to propagate the gradient through Algorithm
3.

(1

Inversion of the Hessian matrix VZgW(Z)™" is computationally expensive with O(n?)
and Q(n?) memory and computational complexity. However, its computational cost can
be greatly eased with an iterative approximate solvers, such as conjugate gradient (CG).
Note thatt the use of CG in conjunction with the IFT has been studied in hyperparameter
selection for large neural networks [122][123][124], and some Pyhton packages provide readily
available implementations for gradient computation using the IFT [125].

In addition to the optimization of hyperparameters 8, the low-rank structures in the
problem formulation (5.3) naturally raises the question of how to select the number of source
and background components. Here we show that this model selection problem can also be
addressed with the empirical Bayes method. Let Ogp, VS, B = 1,2,3... represent a set of
hyperparameters with S and B number of source and background components. The optimal
number of source and background components combination is then determined by solving
the following bi-level optimization problem:

S, B = argmin ®(0sp), where (5.49)
S,B
05 5 = argmin ® (g ). (5.50)

0s.B
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The solution to the inner optimization problem (5.50) is obtained from (5.45) for a given
choice of S and B. Note that he outer optimization problem is not differentiable with respect
to S and B due to their discrete nature. Consequently, the outer optimization problem is
solved by evaluating @(é& p) for all possible combinations of S and B. Typically, both S
and B do not exceed 3 for radiation spectroscopy applications. Therefore, in this work the
outer optimization problem (5.49) was solved with a manageable number of manual trials.

Computationally Efficient Implementation

As with many Bayesian inverse problems, the MAP estimation, uncertainty quantification,
and model selection methods presented in this work may pose significant computational chal-
lenges with a growing number of parameters to be estimated [126]. In particular, operations
involving large matrices such as the covariance matrix ¥ or the Hessian matrix VEzU(E)
can be prohibitively expensive, even with modern computing power [127]. In this section,
we discuss practical techniques to alleviate these computational bottlenecks, enhancing the
scalability of the algorithms.

Efficient computations involving the covariance matrix

As previously mentioned, the covariance matrix X is a block diagonal matrix, where its
submatrices represent the component-wise covariance matrices. Consequently, ¥ is never
stored explicitly as an N x N matrix; instead, it is sufficient to store its component-wise
submatrices for all computations involving 3. For instance, its Cholesky factor L is another
block diagonal matrix, whose submatrices are the Cholesky factors computed from the sub-
matrices of 3. Similarly, operations such as the matrix-vector multiplication and LE,, in
(5.21) is performed component-wise, thereby avoiding the O(N?) computational cost of the
matrix-vector multiplication. As previously mentioned, the covariance matrix 3 is a block
diagonal matrix, where its submatrices represent the component-wise covariance matrices.
Consequently, 3 is never stored explicitly as an N x N matrix; instead, it is sufficient to
store its component-wise submatrices for all computations involving 3. For instance, its
Cholesky factor L is another block diagonal matrix, whose submatrices are the Cholesky
factors computed from the submatrices of 3. Similarly, operations such as the matrix-vector
multiplication and LE,, in (5.21) is performed component-wise, thereby avoiding the O(N?)
computational cost associated with the matrix-vector multiplication.

When performing operations on the component-wise covariance matrix, the computation
bottleneck arises from the largest component vectors. In this work, the largest component
vectors are the source image vectors in Z;, whose dimensions ranges from 10° to 10°. As
a result, the image vectors alone can significantly complicate computations involving the
covariance matrix.

The computational cost associated with the source image vector covariance matrices is
significantly reduced with the Kronecker product representation of the covariance matrices
[80]. When GP inputs are defined on a rectilinear D-dimensional Cartesian grid (e.g., 2D
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pixel image space), the covariance matrix can be expressed as a Kronecker product of covari-
ance matrices along each Cartesian dimension. Furthermore, its Cholesky factor also has a
Kronecker product structure, where its submatrices are the Cholesky factors for covariance
matrix in each dimension. Consequently, computational burden of storing and constructing
the Cholesky factor is greatly eased to O(DK?*P) memory and O(DK?/P) computational
cost. Additionally, the Kronecker product structured Cholesky factor admits rapid matrix-
vector multiplication with O(DK %) cost, represented as a tensor outer product.

With the source image covariance matrix represented as a Kronecker product, the overall
computational cost of the Algorithm 3 is O(SIJKL + BIL), which is incurred from the
forward projection (5.3).

Randomized linear algebra for scalable inverse Hessian and log-determinant
computation

The main computational bottlenecks in the LA covariance (5.29) and the negative log-
marginal likelihood (5.40) are the inversion of the Hessian matrix and the computation of
log-determinant, as a naive approach incurs a computational cost of O(N?) and a memory
cost of O(N?). As a result, with an increasing number of parameters N, the uncertainty
quantification and hyperparameter optimization methods introduced in this work becomes
prohibitively expensive.

In this work, we use randomized linear algebra (RLA) techniques to enable scalable
computation of the Hessian matrix inversion and the log-determinant [128]. RLA methods
summarizes the dominant subspace of a matrix by projecting it onto a set of random vectors.
This projection results in a matrix much smaller than the original, while preserving its
essential subspace structures. Consequently, algebraic operations performed on this smaller
matrix yields a highly accurate approximation of the corresponding operations on the original
matrix. In this work, we make use of the randomized eigenvalue decomposition (rEVD) and
stochastic Lanczos quadrature for the computation of the inverse Hessian (VZVU(E) E:é)_l

, respectively.

and log-determinant log ‘ Vi (LE,; y)|E = +1

=
=

First, the inverse Hessian matrix can be rewritten as

(VEU(E)z_e) = (VEIEy)lze+27") " (5.51)
= (VEI(E y)laee + L1 (5.52)
— L(LTVEI(E; y)|esL+1) LT (5.53)
=L (VE,ILE,y)|z, 2, +1) LT (5.54)

We then apply rEVD to the HessianVZ [(LE,;y) |z, =z, to obtain its approximate eigende-

==
==w

composition V& I(LE,;y)|z _& = QSQ" where Q € RV*f and S € RE*R with R < N.

S =S

The approximation is highly accurate, due to the rapid decay Hessian eigenvalues. The
rEVD first proceeds by multiplying the input matrix by a random test matrix € RV*K 4
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procedure commonly known as sketching. Notably, sketching does not require explicit con-
struction of the input matrix, which is memory-intensive. Instead, a matrix multiplication
function, MatMul(-), suffices, taking input as the test matrix and returning the target matrix
multiplication result. Thus, we have

MatMul(Q2) = VZ [(LE,;y)|
= HMP(9),

_= Q
=S (5.55)

m

w

where HMP(+) is the Hessian-matrix product operator. This operator represents a collection
of Hessian-vector products of the Hessian V& [(LE,;Y)|z _g and the columns of Q. Each
Hessian-vector product is computed via reverse-mode automatic differentiation, which is
readily available in modern computational frameworks such as PyTorch and TensorFlow
[129][130]. Notably, computing each Hessian-vector product is only a constant-factor more
expensive than evaluating [(LE,;y) itself [122].

Equipped with the Hessian-matrix multiplication operator, the rest of tEVD follows

Algorithm 4 in [128]. With the eigendecomposition we write

(VEU(E)lzs) ' =L(VE,lLEy)z, =, +1) LT (5.56)
~L(QSQ" +1,) LT (5.57)
=L(I,-QS'+Q'Q)'Q"HL" (". Woodbury matrix identity)

3 —~ )
(5.58)
=LBB'L', (5.59)

where B is a matrix square root of I, — Q(S™! + QTQ)*QT and defined as
B=1,+Q((1,2(S+L,))? -1)Q". (5.60)
1
Therefore, the matrix square root of the LA covariance matrix 3/, is

2, =LB

1 (5.61)
= L(L,+ Q(1, @ (S+1,))> - Q")

1
The matrix square root of the LA covariance matrix 37, is used for sampling from the

LA posterior distribution via its matrix-vector multiplication, as in (5.31). Note that Eé A
does not need to be explicitly evaluated prior to posterior sampling. Instead, the low-
rank structure of Q, the Kronecker product structure of L, and the diagonal structure of
(I, @ (S +1,,))2 — I ensures efficient matrix-vector multiplications for sampling.

For efficient computation of the log-determinant log ‘L VZI(E;y)|lg_e LT + I}, we use
the stochastic Lanczos quadrature (SLQ) [131][132][133][134]. Here we briefly introduce the
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SLQ, and refer to for more detailed information [135]. First we note that for a symmetric
positive definite matrix K € RY*Y and its eigenvalues si, 85 ... s,, computation of its log-
determinant log |K| can be re-written as,

N N
log |K| = log (H sl-) = Z log s; = Tr(log K). (5.62)

=1 i=1

Therefore, the log-determinant is equivalent to the trace of log K.

Exact estimation of the trace involves computing all eigenvalues of the matrix K, which is
expensive for large matrices. However, its Monte-Carlo approximation can be computed with
the Hutchinson method, a stochastic trace estimator that only uses matrix-vector multiplica-
tion. In Hutchinson’s method, Tr(K) is estimated with /V i.i.d. random vectors vy, vy, ... Vg,
with its mean E[v] = 0 and covariance E[vv '] = I (typically Rademacher distribution with
its entries being -1 or +1 with equal probability) as follows:

R

1 T
== ; v Kv,. (5.63)

Hence, the log-determinant is similarly computed as
Tr(logK) = Z v, log Kv,. (5.64)

The scalar quantities v, log Kv, is estimated using the Lanczos quadrature method. In
the Lanczos quadratic method, the scalar quantities v, log Kv, are first transformed into
a Riemann-Stieltjes integral, which is approximated by the Gaussian quadrature rule. The
nodes and weights required for the Gaussian quadrature rule are computed from the Lanczos
algorithm. Lanczos algorithm generates an orthonormal basis W, for the Krylov subspace
Span{Kv,, K?v,,..., KMv,}. With the orthonormal basis, a tridiagonal matrix Ty, =
Wi 1 KWy, is constructed. The nodes and weights of the Gaussian quadrature rule
are estimated from the eigenvectors qi,qs, ..., g1 and eigenvalues A, A1, Ao, ..., Apry1 of
Ta11, such that the Riemann-Stieltjes integral is written as

M+1

v logKv, ~ Z(equ)ﬁog ks (5.65)
k=1

where e/ q is the first entry of the eigenvector qi. Using the Lanczos algorithm for matrix-
vector multiplication, the Hutchinson estimation of the log-determinant (5.64) is given as,

R M+1

Tr(log K) = ZZ e, q;)?log A\, (5.66)

rlkl

°In log K, note that the logarithm is a matrix function, and therefore it is applied to the eigenvalues of
K.
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where g and A} denote the k-th eigenvector and eigenvalue of v,,. Lanczos algorithm is nu-
merically unstable, and several re-orthogonalization tricks have been developed for practical
implementation. For more implementation information on stochastic Lanczos quadrature,
see [135][136][137][138].

Applying the SLQ to compute log‘VQEwl( Ew;y)|E _&

& +I‘, we need to repeatedly

multiply the random vectors v; to VZ I( E.w;y)‘E _g + I to form the Krylov subspace.

This matrix multiplication is computed without realizing the Hessian matrix making use of
a matrix multiplication function MatMul(-) similarly to (5.55) as follows:

MatMul (V) = HMP(V) + V, (5.67)

where we defined V to be a matrix whose columns are the random vectors v; for parallel
computation. The computational cost of the log-determinant computation is O((N*M +

NM?)R).

Full-spectral Point Source Localization

Although the work discussed thus far concerns imaging distributed radiological sources,
here we briefly show that the idea of simultaneously estimating source images and their
radiological spectra components can be applied to point source localization (PSL). In PSL,
it is assumed that the spatial extent of radiological source is very small. Therefore, instead of
reconstructing a source image, the PSL estimates an index of a single voxel where the source
is most likely located. The PSL was proposed by Hellfeld et al. [30] without making use of
spectral data. Therefore, the measurement data is a 1D vector representing a time-series of
count rate data measured from a free-moving detector.

Recall from (2.5) that without spectral data, the single detector imaging problem formu-
lation is written as,

y ~ Poisson(y) where y = Ax. (5.68)

The PSL jointly estimates the optimal voxel index j and the source strength & from the
following optimization problem:

J, & = argmin Li(z;y) where
Jw>0 (5.69)
Li(zy) =17 (A[, jle —y ©log A[;, j]z)

Note that [;(x;y) is the negative Poisson likelihood with a single j-th voxel. Hence, the PSL
solves single-voxel MLE problems at all voxel locations, and outputs the voxel index 7 where
the negative log-likelihood is the lowest and the corresponding MLE source strength®. Note
that the MLE problem at each voxel can be solved with the ML-EM.

30f course, one does not need to solve the MLE problems at all voxel locations to obtain the PSL
solution. By employing an optimization algorithm, only a handful of MLE problems need to be solve and
the brute-force method is not necessary.
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Noting the similarity between the standard MLE image reconstruction problem and the
PSL, one can easily formulate a full-spectral PSL approach from the full-spectral image
reconstruction idea thus far discussed in this chapter.

Modifying the MLE problem formulation given in (5.5), the full-spectral PSL is given as,

37 X(: {ia XCa XBW7 XBC}) = argmin - logp(Y’X)
7,X,X>0

. (5.70)
= argmin [;(X;Y),
5,X,X =0
where
LX;Y)=1"(Y, - Y®logY;)1  and
i( ) (Y; gY;) (5.71)

Yj = Ag[,j]ZEXgAR -+ XBWch-

The MLE problem in each voxel is solved with the iterative block-coordinate descent algo-
rithm in (5.6).

Although the full-spectral PSL approach is considerably less complicate than the MLE
problem in (5.5), it is still severely ill-posed, due to the source spectrum and background
estimation. To alleviate the ill-posedness of the problem, the GP priors can be imposed on
the parameters to be estimated except the source strength x. The full-spectral PSL with
the GP priors will be referred to as full-spectral GPP-PSL henceforth. The derivation of
the full-spectral GPP-PSL algorithm will be omitted, as it can be straightforwardly derived
from (5.22).

Uncertainty quantification in the full-spectral GPP-PSL approach is currently limited to
single-voxel MAP estimations. Therefore, a different method is needed to quantify uncer-
tainties across MAP estimates for different voxel indices, which will be addressed in future
work.

5.2 Results

In this section, we demonstrate the effectiveness of the GP-based full-spectral imaging and
uncertainty quantification method using a Monte Carlo-simulated single-detector imaging
scenario and a real-world measurement data. The proposed method is compared with the
MLE method, highlighting the advantages of the Bayesian approach.

Large area mapping of mixed **Cs, 13"Cs and !3'I

First, a complex measurement scenario with multiple distributed isotopes were simulated
using MEGAIlib—a Geant4 based Monte Carlo simulation package. Figure 5.2 illustrates the
simulated distributions of three isotopes 3*Cs, ¥"Cs and 3T in a 120 m x 90 m imaging
space, along with the measurement path of a hand-held 3” x3” cylindrical Nal(T1) scintillator
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detector. The measurement was conducted over approximately 6 minutes, following a raster-
pattern at a speed of 2 m/s, with the detector height fixed at 0.7 m above ground level.
The isotope distributions were determined with the Gaussian plume model as follows:

Activity y>
Activity(z,y) = ———=exp (—— . (5.72)
V2T O gpm® 2(0gpm)?

For 13Cs and '37Cs isotopes, Activity,,,. = 12500 Bq/m? was applied, while for 13!, it was
set at 25000 Bq/m?. The Gaussian plume model offers a simple way to simulate dispersion
of radioisotopes in a uniform wind field. To account for additional distribution shift from
changes in wind direction, the Gaussian plume distribution was convolved with a 2D Gaussian
filter with a standard deviation of 7 meters. Finally, the '3*Cs and '37Cs plume distributions
were rotated 67.5° while the 3! distribution was rotated 22.5° about the x-axis, creating
two distinct isotope distributions.

Additionally, spatially varying NORM background contribution from K, U and Th pro-
genies were simulated as follows:

K : 150.0 cps (5.73)
U : 350.0 4+ 150sin (y/30) cps (5.74)
Th : 350.0 + 150 sin (x/40) cps. (5.75)

Figure 5.2 illustrates the spatial distribution of these background count contributions. Thus,
together with the cesium and iodine isotopes, these background radiation from the KUT pro-
genies independently contribute to the total measurements, yielding a complex measurement
scenario.

The system matrix components Ag and Agr were determined as follows. The elements of
the geometric efficiency matrix Ag were computed based on the solid angle of the cylindrical
detector at each measurement position

(Det. height)(Det. diameter)sin @ + 7 (Det. diameter)? cos ¢

2
4[|l

Agli,j) = ) (5.76)
where r represents the vector connecting the j-th pixel to the detector location at the i-th
measurement, and 6 denotes an angle between r and the normal vector of the j-th pixel.
The detector response matrix Ar was derived using a Monte Carlo simulation.

The Monte Carlo simulated data was reconstructed using the MLE approach (5.6) and
the proposed method, and their image reconstruction results and spectral components re-
construction results are presented in Fig. 5.3 and Fig. 5.4, respectively. The MLE results
were obtained after 50 iterations, while the GPP MAP reconstruction was performed fol-
lowing Algorithm 3 after hyperparameter optimization using empirical Bayes. As observed,
the MLE approach fails in the reconstruction task, yielding overfitted noisy reconstruction
results. On the other hand, the proposed method successfully reconstructs the underlying
source distributions, their spectral components, and the three distinct background spectral
components corresponding to KUT progenies.
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Figure 5.1: (a)(b): Ground truth source activity distributions for (a) 3'Cs, ¥7Cs and (b)
1817, (c)(d)(e): Spatially varying count rate contribution from KUT progenies. (f) Ground
truth source emission energy spectra. Note that the emission spectra include downscattered
and backscattered photons from the ground, which manifest as a low-energy continuum. (g):
Ground truth detected background spectra from KUT progenies. These spectra represent
what would be observed by the detector. Therefore, they are influenced by detector-specific
spectral features, such as the Nal(T1) detector resolution and pronounced Compton continua.
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Figure 5.2: 2D time-energy count histogram from the Monte Carlo simulated measurement
with a Nal(Tl) detector. The time-dimension bin width is 0.25 s, while in the energy-
dimension 128 bins were spaced proportional to v/E. The independent contributions from
the five source and background components yileds complex and dynamic measurement data.

Savannah River National Laboratory (SRNL) H-area
contamination mapping

Next, we demonstrate the performance of the proposed approach on a challenging low-SNR
real-world measurement. Figure 5.5 shows the map of Savannah River National Laboratory
(SRNL) H-area, where an unknown amount of ¥"Cs is distributed. The area was surveyed
with MiniPRISM, a cadmium zinc telluride (CZT)-based hand-held radiation imager (see
Fig. 5.6). Figure 5.7 presents its measurement path, as well as the measured 2D time-energy
histogram. The survey lasted approximately 20 minutes and covered the area between the
fence on the left and the forest on the right. Notably, the gross count rate exhibits a distinct
spatial pattern: it is elevated near the fence, whereas it decreases towards the forest.

To determine whether the fluctuations in count rate are due to the background or the
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Figure 5.3: (a)(b): Ground truth emission rate distributions for (a) 3*Cs, 137Cs and (b) '3'1.
(c)(d): MLE image reconstruction results. Note that the reconstruction is corrupted with
noise, which is a typical sign of overfitting. (e)(f): Full spectral GPP image reconstruction
results. Component 1 and 2 appear to correspond to the Cs and I isotope distributions,
respectively. (g)(h): 90% credible interval maps from the Laplace approximation.
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Figure 5.4: (a)(b): Reconstructed source spectra from the MLE and full spectral GPP
reconstruction. (c)(d): Reconstructed background detection spectra. (e)(f): Time-series
of gross counts measurements and forward projections from the reconstructed source and
background components. In (b)(c)(d), 90% credible intervals estimated from the Laplace
approximation are indicated with shaded regions.

137Cs deposition, we analyzed the 2D energy-time histogram shown in Fig. 5.7. The his-
togram clearly reveals two observations: first, the low-energy downscattered continuum dy-
namically varies across the measurement period, and secondly, a trace amount of 37Cs
photopeak contribution at 662 keV was observed. These findings indicate that the gross
count variation is attributed to the spatially varying background contribution. Moreover,
the background contribution interferes with the '*"Cs measurement, lowering the SNR of the
662 keV photopeak counts measured, presenting a challenge in 37Cs distribution mapping.

The reconstruction of the 37Cs distribution was carried out as follows. First, the geomet-
ric efficiency matrix Ag was derived from an experimental measurement, where the average
photon detection efficiency as a function of photon incident angle was determined. The de-
tector response matrix Agr was assumed to be an identity matrix Ag = I. Consequently,
reconstructed source spectral components do not represent emission spectra, but detected
spectra from the MiniPRISM imager. With the detector response matrix being an identity
matrix, the reconstruction results are no longer quantitative. Nevertheless, it still provides



CHAPTER 5. SIMULTANEOUS SPECTRAL DECOMPOSITION AND FULL
SPECTRAL IMAGING

103

SRNS 766-H BUiildi

y (m)

-60

-40 =20 0

20
X (m)

Figure 5.5: (Bottom left): A point cloud map of SRNL H-area obtained from a measurement
with a LiDAR on MiniPRISM imaging system. (Top, Bottom right): A map of SRNL H-
area.
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Figure 5.6: MiniPRISM imaging system is equipped with 58 CZT detectors and contextual
sensors, including LiDAR, visual camera and IMU. The imager can operate as either a coded
aperture imager or a Compton camera. However, in this work, the measurements from the
58 CZT detectors were aggregated, yielding measurement data akin to that from a single
detector.

a relative source distribution, which remains valuable for various applications.

Once the system matrix factors Ag and Ar were determined, the optimal number of
source and background components was derived using the empirical Bayes method. Three
different candidate models, each with varying number of background components, were ini-
tialized, and hyperparameter optimization was carried out using the empirical Bayes method.
In empirical Bayes, optimal hyperparameters are derived by minimizing the negative log-
marginal likelihood (NLML) with an iterative optimization algorithm, and the results are
shown in Fig 5.10. The results clearly indicates that the 1-background model lacks sufficient
flexibility to fit the measurement data, leading to the highest NLML value. In contrast, the
2- and 3-background component models both converge to the same NLML value. Upon ex-
amining the hyperparameter optimized 3-background component model, we found that the
background weights for one of the background components were zeroed, effectively reducing
it to the 2-background component model. Therefore, we concluded that the 2-background
component model provides sufficient flexibility without superfluous components.

The reconstruction results from the 2-background model are presented in Fig. 5.8. First,
the strong 662 keV photopeak feature from the source spectral component suggests that the
model successfully identified and separated the '37Cs contribution from the measurement
data. Furthermore, the reconstructed source spectrum includes the downscattered Compton
continuum feature, which is expected from a *"Cs measurement with a CZT detector. In-
terestingly, while only the 662 keV photopeak features are visible from the 2D time-energy
histogram, the proposed method successfully extract salient spectral features of the 37Cs
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Figure 5.7: (Left): The measurement path and gross counts measured from MiniPRISM.
Notably, the gross counts level is elevated near the fence on the left, and decreases near
the forest on the right side. (Right): The 2D time-energy histogram from the MiniPRISM
measurement. For visibility, bins with 0 count were not colored. The background variability
is observed from the horizontal streaking features. Additionally, a trace of !37Cs photopeak
counts at 662 keV is visible.

energy spectrum from the measurement.

The corresponding source distribution successfully localizes and maps the ¥7Cs hotspots
around the measurement path. Moreover, the 90% credible interval map highlights elevated
uncertainties around the identified hotspots and in unexplored regions of the imaging space.
Note that the uncertainties in the hotspots reflect the statistical uncertainties inherent in
the measurements, whereas the uncertainties in the unexplored regions arise from lack of
sensitivity (i.e., epistemic uncertainties). Unfortunately, ground truth data is not available
for this measurement; therefore, the reconstruction could not be validated in this work. Nev-
ertheless, the uncertainty map serves as a valuable guide for planning future measurements
in the area.

The reconstructed background spectral components and the forward projections from the
source and background components are shown in Fig. 5.9. The background component 1
has large weights in the low-energy region, indicating that it accounts for detection of down-
scattered photons. In contrast, the background component 2 contains various photopeaks
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Figure 5.8: (a): The '3"Cs distribution reconstructed from the proposed approach. (b):
The 90% credible interval map from the Laplace approximation(c) The reconstructed '37Cs
spectral component.Interestingly, the reconstructed spectrum clearly shows the Compton
edge and Compton continuum at <477 keV as well as the 662 keV photopeak feature.

from the KUT NORM progenies, including the 238 keV, 609 keV, and 1460 keV photopeaks.
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Figure 5.9: (Top): The reconstructed background spectral components. The background
component 1 appears to correspond to downscattered photons, while the component 2 con-
tains various photopeak features, such as 238 keV, 609 keV, and 1460 keV photopeaks from
the KUT progenies. (Bottom) The forward projections from the reconstructed source and
background components. In both figures, the shaded regions represent the 90% credible in-
tervals. Note that the source forward projection is very low compared to that of background
components, indicating the very low SNR in the data.
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Figure 5.10: Negative log-marginal likeilhood (NLML) value as a function of hyperparameter
optimization iteration numbers. The 1 source 1 background model does not possess enough
explanatory power, leading to a large negative log-marginal likeilhood value after hyperpa-
rameter optimization. On the other hand, the 1 source 3 background model does not yield
lower NLML than the 1 source 2 background model after hyperparameter optimization, sug-
gesting 1 source 3 background model is superfluous for the measurement data.
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Shielded highly enriched uranium point source localization

Here, we demonstrate the effectiveness of the Full spectral GPP-PSL apprach with a simu-
lated measurement scenario.
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Figure 5.11: (a) A simulated HEU point source measurement scenario. (b)(c) Simulated
ground truth background and 1-cm lead shielded HEU source spectra. (d) Gross count
forward projection from the source and the background.

Figure 5.11 shows a simulated measurement scenario with a 1-cm lead shilded highly
enrich uranium (HEU) source placed. The measurement was conducted with a 20-cm radius
spherical detector for approximately a minute. The simulated background and the source
energy spectrum can be found in Fig. 5.10. Note that the HEU source is heavily shieded;
therefore, the source energy spectrum do not exhibit typical photopeak features expected
from 23U source, such as 185.7 keV gamma-ray photopeak. Instead, the source spectrum
is largely spread out across energy domain, making it difficult to estimate the soure isotope
from the spectrum. Moreover, the gross counts forward projection from the source and
background in Fig. 5.10 show that it is an extreamly low SNR problem, and the background
rate changes dynamically, furthre interfering with the counts collected from the HEU source.

Figure 5.12 shows the 2D time-energy histogram data from the simulated scenario. No-
tably, the source spectral features are almost invisible, indicaing that an energy ROI cannot
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Figure 5.12: (left) Measured time-energy 2D histogram data. (right) For visibility, the his-
togram colorbar scale was modifed, reavealing the dynamically changing background spectral
features.

be set around source photopeaks. On the other hand, clearly observable is the varying
background spectral features.

With the time-serise of gross counts measured the PSL estimation results are shown in
Fig. 5.13. First of all, the estimation is clearly erroneous, and the gross counts forward
projection indicates that the PSL approach cannot effectively model the varying background
countrate.

Fig. 5.14 illustrates the results of using the full-spectral PSL MLE without any priors and
the full-spectral GPP-PSL estimation. Comparing the results to the vanila PSL results in
Fig. 5.13, it can be noitced that the source location and strength estimations are significantly
improved. Furthremore, it is demonstrated that incorporation of the GP priors improves the
source spectrum estimation significantly, while significantly alleviating the overfitting of the
full spectral PSL MLE approach.
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Figure 5.13: Results from the gross count PSL algorithm. Note that the PSL appraoch
cannot effectively deal with the dynamically chaning background countrate.
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Figure 5.14: Left: Full spectral PSL MLE results, without any priors imposed. Right:
Full spectral GPP-PSL results.(a)(b): Source location and strength estimation. (c)(d) Re-
constructed source spectrum. (e)(f) Reconstructed background spectrum. (g)(h) Forward
projection gross counts from the reconstructions. Note that by incorporating the GP prior,
the source spectrum estimation is significantly improved. In addition, the forward projec-
tions in (g) and (h) indiciate that the GP prior effectively combat the overfitting of the MLE
method.
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5.3 Discussion and Future Work

Validity of the Problem Formulation

One of the key contributions of this study is the novel approach to reformulating the very
high-dimensional problem (5.1) into (5.3) using low-rank approximations. Specifically, the
factorization of the system matrix, A ~ Ag ® A} significantly reduces the number of
system matrix elements from I JK L to IJ+ K L, enabling computationally efficient forward
projection. As previously noted, this approximation is well-justified because the probability
of photon detection is often expressed as a product of the detector geometric efficiency (i.e.,
the solid angle of the detector) and its intrinsic efficiency.

The assumption holds particularly well for low-energy photons, as they primarily interact
at the surface of the detector. Thus, its detection efficiency is directly proportional to the ap-
parent surface area of the detector as seen from voxel positions. However, this approximation
may be invalid with a significant portion of incident radiations passing through the detector
without interacting. In such cases, the detection efficiency is no longer proportional to the
apparent surface area, but instead to the volume of the detector. This might result from
incident photons with very high energy, a low effective atomic number of the detector ma-
terial, and/or a very small detector size. Consequently, when radioactive sources of interest
emit both very high and low energy photons, this might lead to erroneous reconstructions.

In most practical applications where incident photon energies are less than 10 MeV and
reasonably dense detectors are employed (e.g., Nal, CZT, etc.), this error can be safely
ignored. However, When this error is anticipated, it can be mitigated by using a large
detector with its dimensions significantly greater than the mean free path of the incident
radiations.

Initialization of Parameters and Hyperparameters

It is well-known that matrix decomposition problems with non-negativity constraints are
non-convex. Similarly, the MLE problem in (5.5) is non-convex and therefore, there is a
high probability that the block coordinate descent algorithm (5.6) finds undesirable local
minimum MLE solutions with different parameter initialization.

With the GP priors imposed on parameters, the MAP solution must minimize both
the negative log-likelihood and negative log-prior, and consequently, the risk of finding an
undesirable local minimum reduces considerably. With the GP prior, it is reasonable to
initialize parameters with a sample from the GP prior distribution as follows:

Bt~ N(0,1). (5.77)

Note that with Z,, following standard normal distribution, the E™* = LEM" ~ A/(0,X)
and therefore, 2™ follows the GP prior distribution. We found that with the initialization
scheme, the MAP solution is consistent up to permutation of components.
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Permutation between source components or background components are equivalent so-
lutions. However, there is a chance that permutation between source and background com-
ponents occurs. Typically, this problem can be resolved with a new initialization of E,, and
running Algorithm 3 again, but when the source SNR is low, it may be difficult to obtain a
desirable solution.

In such cases, domain specific knowledge can be used in initialization to find a better
solution. For example, in many measurement scenarios, the radiological sources of interest
and their expected energy spectra are known a priori. Suppose we expect a MAP estimated
source spectrum X to be close to X¢. Then, initialization of ég}l& can be done to satisfy
the following:

fo ! (LoERe) = X (5.78)

Such initialization ensures that the MAP solution X¢ is close to the expected source spectra
X4 Also, similar initialization with domain knowledge can be applied to other parameters,
Xy, Xpw, and Xpgc. In this work we did not assume any domain knowledge and used
Gaussian initialization only. However, in our experiments we found that incorporation of
domain knowledge significantly enhances the chance of successful reconstruction.

Good hyperparameter initialization is another essential ingredient for successful recon-
struction. Although they are optimized using empirical Bayes, its objective function ®(0) is
also non-convex, and therefore, its optimization might result in an inadequate set of hyper-
parameters.

To ensure reasonable hyperparameter initialization, one can visualize a sample from the
prior distribution after transforming it into X = f~!(E) with the inverse link function f~!
defined with the hyperparameters. Then, by comparing the images, energy spectra, and
forward projections, one can determine whether a reasonable choice of hyperparameters was
made.

Additionally, hyperparameters are physically and statistically interpretable, and there-
fore a domain specific knowledge can easily be incorporated. For example, the lengthscale
parameter o can be set to reflect source distribution correlation, detector energy resolution,
and background spatial correlation, depending on the parameter matrix. Furthermore, A
parameter in (5.16) can be interpreted as a constant mean for the GP prior as follows:

X = f~1(8) (5.79)
= % exp (E) (5.80)
= exp (—log A) exp (E) (5.81)
=exp (—log A + E). (5.82)

Therefore, 2 follows a multivariate Gaussian distribution with mean —log A and variance
3} and after exponentiated, it follows from the definition of log-normal distribution that the
elements of exp () has mean } exp(?/2 and variance 55 (exp (I?) — 1) exp (. From this, one
can set hyperparameters to match the anticipated mean and variance of the variables.
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As a Standalone NMF Algorithm

The method presented here can be categorized as a special case of NMF. In particular, with-
out the term for source contribution AgX;XxARg, (5.3) reduces to a typical NMF formula-
tion. In NMF, a data matrix is factorized into two low-rank matrices with the condition that
all three matrices are non-negative. It has been shown that the non-negativity constraints
induce physically interpretable part-based decomposition [115]. For this reason, the NMF
has been successfully applied in a variety of applications such as astronomy, data imputation,
radiation spectral data analysis and bioinformatics, to name a few.

However, as demonstrated by the results in this work, NMF often fails to find meaningful
solutions when data is insufficient and noisy. To address this limitation, the Bayesian treat-
ment of NMF with a GP prior considered in this work can serve as a powerful alternative
to standard NMF. The use of a GP prior in NMF has been explored by Schmidt et al. [78],
who demonstrated significantly improved performance over the standard NMF with an ex-
ample from chemical shift brain imaging. However, the work lacked a systematic approach
to hyperparameter optimization, number of component selection and Bayesian uncertainty
quantification, which are critical for robust Bayesian NMF algorithm.

In contrast, the empirical Bayes-based hyperparameter optimization and model selec-
tion method presented in this work provides a robust framework for NMF with a GP prior.
Additionally, the uncertainty quantification capability offers valuable insights into decom-
position tasks, enabling deeper understanding of results. Given its versatility and enhanced
performance, this proposed approach makes an important contribution to the advancement
of NMF methodologies with its utility in a broad range of applications where robust matrix
factorization with uncertainty quantification is desired.

Future Work

The approach proposed in this work opens up a numerous avenues for future research. In the
following, we highlight several promising directions. The Laplce approximation employed in
this work plays a pivotal role in uncertainty quantification and hyperparameter optimization
via empirical Bayes. While its use is justified by the Bernstein-von Mises theorem [139],
it relies soley on information inferred at the posterior mode, limiting its accuracy when
the posterior distribution significantly deviates from Gaussianity (e.g., when it is skewed,
sub-Gaussian, or super-Gaussian). Variational inference and expectation propagation are at-
tractive alternatives for posterior approximation [140][141]. In these methods, an intractable
posterior distribution p is approximated by a parametric distribution gg (often Gaussian)
through the minimization of a Kullback-Leibler (KL) divergence. Variational inference min-
imizes Dxr,(qe || p), while expectation maximization minimizes Dk (p || ¢o). Unlike the
Laplace approximation, these approaches consider the similarity of the two distributions
across their entire domain, leading to more accurate posterior approximations when the true
posterior is far from Gaussian.
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Another popular approach for approximating intractable posteriors is Markov Chain
Monte Carlo (MCMC), which generates a sequence of samples where each sample depends on
the previous one (i.e., exhibiting the Markov property). MCMC methods are well-known for
producing asymptotically exact samples from the target posterior distribution as the number
of samples approaches infinity. They have been extensively employed in a broad range of
Bayesian inference tasks. However, as the dimensionality increases, MCMC samples often
become highly correlated, hindering efficiency in high-dimensional inference problems.

Recently, function-space MCMC algorithms have emerged as a promising solution to the
sample degeneracy problem in high-dimensional inference tasks [72][142]. These methods are
discretization agnostic, making them particularly appealing for imaging and spectroscopy ap-
plications. The preconditioned Crank—Nicolson (pCN) algorithm, for instance, is specifically
designed for drawing samples from a posterior distribution when GP priors are employed
[72]. Although these MCMC algorithms are often memory-intensive, once executed, they
can serve as valuable benchmarks for evaluating the performance of other posterior approx-
imation techniques.

5.4 Conclusions

In this work, we presented a novel Bayesian approach to simultaneously reconstruct radio-
logical spectra and their corresponding spatial radioactivity distributions from single-detecor
measurement data. The problem is highly ill-posed by nature; however, we demonstrated
that by employing low-rank approximations akin to NMF, a computationally efficient forward
model can be obtained. The reconstruction problem is solved with incorporation of the GP
priors, ensuring robust solution images and associated radiological spectra. Furthermore,
the LA used in this work enables Bayesian uncertainty quantification and hyperparame-
ter optimization via empirical Bayes, thereby enhancing the robustness and reliability of
the reconstruction process. We also detailed methods for a computationally efficient im-
plementation of the proposed method using the Kronecker product covariance matrix and
randomized linear algebra. The effectiveness of the approach was demonstrated through
highly challenging simulated and real-world measurement data.

The implications of the proposed method are significant. Radiation imaging with a single
detector provides a fast, inexpensive, and robust means for large-area radiation mapping
with very high sensitivity. Moreover, its simultaneous spectroscopic capability allows for
a deeper understanding of the radiological environment in the mapped area. In addition,
the proposed approach can be adapted as a Bayesian NMF algorithm, thereby opening up
numerous potential applications.
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Chapter 6

Closing Remarks

6.1 Summary

Image reconstruction is an integral part of any radiation imaging procedures, where raw
measurement, data are transformed into human-interpretable images. However, due to in-
evitable measurement noise and limited amount of information obtained from the imaging
system, it is fundamentally an ill-posed inverse problem where a unique solution may not
exist. Consequently, a considerable amount of effort has been devoted to the development
of image reconstruction algorithms.

Bayesian image reconstruction is a popular approach to addressing the ill-posed nature
of image reconstruction problems [143][144]. At the core of Bayesian methods lies the in-
corporation of a priori knowledge in the form of a prior distribution, which helps to specify
a unique solution image. While Bayesian approaches have been extensively studied in the
context of image reconstruction, their widespread adoption has been hindered by several key
challenges. First, mathematically defining suitable prior distributions accurately reflecting
prior assumptions is a complex task. Additionally, Bayesian methods face significant com-
putational challenges due to the high-dimensional nature of image reconstruction problems.

Despite these practical challenges, the importance of Bayesian image reconstruction has
become increasingly evident with the development of novel radiation imaging devices, where
conventional image reconstruction methods struggle with low SNR in measurements. Fur-
thermore, recent advancements in computing resources, combined with modern Bayesian
statistical methodologies have made the adaptation of Bayesian approaches more feasible.

This dissertation aims to present three novel Bayesian image reconstruction algorithms
mainly in the context of free-moving radiation imaging. Firstly, in Chapter 3, the develop-
ment of a sparsity inducing image reconstruction algorithm—the KLD MAP-EM algorithm—
was introduced. The KLD MAP-EM algorithm is particularly effective when sparsity in the
solution image is assumed (e.g., point sources) and is implemented as a straightforward
modification of the conventional ML-EM algorithm. The algorithm was evaluated in various
free-moving single detector imaging scenarios including real-world measurements, demon-
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strating its utility even in low SNR measurement conditions.

In Chapter 4, a complete Bayesian framework for radiation image reconstruction, uncer-
tainty quantification, and model selection methods is developed. The method incorporates a
Gaussian process prior (GPP) to impose spatial correlations between voxels, and the result-
ing intractable posterior is approximated with the Laplace approximation and the precondi-
tioned Crank-Nicolson Markov chain Monte Carlo (pCN MCMC) algorithm. The posterior
approximation offers enhanced understanding of reconstructed images through Bayesian un-
certainty quantification. Moreover, a suitable prior distribution is automatically selected
with the empirical Bayes method.

Lastly, in Chapter 5, the development of the full-spectral GPP method is introduced.
The method aims to reconstruct radiation activity images across all energy ranges. For com-
putational feasibility and robust reconstruction, a low-rank approximation technique, similar
to non-negative matrix factorization (NMF), is employed to decompose the images into a
small set of independent source images and corresponding radiological spectra. To ensure
robust reconstruction, the GPP is applied to both the images and their corresponding radio-
logical spectra, with the Laplace approximation employed for uncertainty quantification and
model selection. This method demonstrates an unprecedented capability to map distributed
radiological sources from a single detector while separating salient radiological source and
background radiological features from highly noisy measurement data.

6.2 Future Research Avenues

The work presented in this dissertation opens up numerous directions for future research.

Firstly, the Bayesian image reconstruction methods were demonstrated primarily for
single detector imaging applications. However, since the statistical image reconstruction
formalism is identical across most radiation imaging systems, these methods can be readily
adapted to various imaging modalities that require robust image reconstruction from low
SNR data. Examples of such modalities include Compton imaging, coded aperture imaging,
and low-dose positron emission tomography (PET), among others.

Moreover, while uncertainties in reconstructed images offer valuable information, it is also
demonstrated in chapter 4 that the uncertainties can be propagated to quantities derived
from the images for downstream tasks. This capability has the potential to significantly
impact applications involving high-stakes decision making based on radiation images, such
as nuclear medicine and radiation security.

Additionally, it is worth noting that the Bayesian approaches developed in this work may
have applications in inverse problems beyond image reconstruction. For instance, sparsity
inducing priors have been a significant focus of research in statistics and machine learning
[145], where the KLD MAP-EM algorithm can be readily adapted. In addition, the GPP
method in Chapter 4 provides an effective framework for inverse problems in which cor-
relations between parameters can help to find robust solutions. Furthermore, the spectral
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reconstruction method discussed in Chapter 5 can be interpreted as a special case of NMF
algorithm, which has been applied across various scientific disciplines [146].

Lastly, it should be highlighted that Bayesian statistics is a rapidly evolving field of
research. In particular, recent advances in machine learning have spurred significant interest
within the Bayesian research community to incorporate the Bayesian paradigm into neural
networks (NNs). Examples of such efforts include imposing prior distributions on NNs [147],
using NNs for prior learning [107], and employing untrained or pre-trained NNs as Bayesian
priors [148][149][150].

Modern NNs are parameterized by very high dimensional models. Consequently, a pri-
mary focus of these approaches have been developing scalable and accurate Bayesian infer-
ence methods. Since Bayesian image reconstruction problems often suffer from computa-
tional challenges arising from high dimensionality, these recent developments can be poten-
tially adapted to yield more efficient, accurate and robust image reconstruction algorithms.
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