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ABSTRACT OF THE DISSERTATION

Interactive Machine Learning with Heterogeneous Data

by

Zhi Wang

Doctor of Philosophy in Computer Science
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Professor Kamalika Chaudhuri, Chair

In interactive machine learning, learners utilize data collected from interacting with
the environment or with humans to better achieve their goals. Real-world applications
often involve heterogeneous data sources, such as a large pool of human users with diverse
interests or preferences, or non-stationary environments with distribution shifts. In this
dissertation, we investigate interactive machine learning in the presence of heterogeneous
data. In particular, we study when and how provably efficient learning can be achieved
when the heterogeneous data exhibit structure.

In the first part, we study transfer learning in sequential decision-making. We

consider a setting where learners are deployed to perform tasks in similar yet nonidentical
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multi-armed bandit environments. We study when and how knowledge acquired from
one environment can be robustly transferred to others so as to improve the collective
performance of the learners. We present two provably efficient algorithms that properly
manage data collected across heterogeneous environments: one uses upper confidence
bounds and the other is based on Thompson sampling. We then generalize the setting and
certain results to multi-task reinforcement learning in tabular Markov decision processes.

In the second part, we study metric learning from crowdsourced preference com-
parisons. In particular, we consider the ideal point model in preference learning, where
a user prefers an item over another if it is closer to their latent ideal point. While users
may have individual preferences and distinct ideal points, our goal is to learn a common
Mahalanobis distance, which provides a more accurate measure of “closeness” that aligns
with human values, perception and preferences. We study when and how such a metric
can be learned if we can query each user a few times, asking questions in the form of “Do

you prefer item A or B?”
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Chapter 1

Introduction

In many real-world artificial intelligence (Al) applications, machine learners use
data collected from interacting with the environment or humans to better achieve their
goals. We refer to these problems as interactive machine learning problems. In this
dissertation, we consider two types of interactive machine learning problems. One is
sequential decision-making (e.g., [90]), in which a learner adaptively interacts with the
environment over time. The other is Al alignment (e.g., [114]), wherein a learner refines its
model parameters using interaction data to better align with human values and preferences.

In practical scenarios, interaction data often comes from heterogeneous sources. For
example, learners may interact with a group of humans with diverse values or preferences;
and, interaction data could also be collected from a non-stationary environment where the
underlying model shifts over time. An important challenge involving heterogeneous data
is that it is often unclear whether a learner can robustly aggregate and make use of such
data to achieve their goals, if at all.

Fortunately, real-world heterogeneous data commonly exhibit structure. For exam-
ple, the group of humans may share similar preferences or hold common perceptions and
values towards certain subjects; in a non-stationary environment, the underlying model at
different times may be different but still related. In this dissertation, we study when and

how provably efficient interactive machine learning can be achieved with heterogeneous



data, and what structural assumptions are needed.

In the first part of this dissertation, we study robust transfer learning in multi-task
bandits and reinforcement learning. We consider settings in which a group of learners
are deployed to perform tasks in similar but not necessarily identical environments. For
example, these environments may have similar reward distributions. We characterize when
and how auxiliary data collected from other environments can be leveraged to improve the
performance of each learner.

In Chapter 2, we formulate the e-multi-player multi-armed bandit (e-MPMAB)
problem, in which a set of M players concurrently interact with multi-armed bandit
instances with bounded pairwise dissimilarities between their reward distributions (Sec-
tion 2.2). When the dissimilarities are known, we provide nearly-matching upper and
lower bounds on the collective regret of the players, which show that information sharing
is only amenable on subpar arms, a notion we introduce in Section 2.3.2 that captures
the intrinsic complexity of the e-MPMAB problem. We present an upper confidence
bound (UCB)-based algorithm (Section 2.3.1) that achieves the regret upper bounds. In
comparison with a baseline that does not utilize any knowledge transfer, the collective
regret bound on subpar arms can be improved by nearly a factor of M (Theorem 2.5). In
Section 2.4, we present results for the more challenging setting where the dissimilarities
are unknown.

In Chapter 3, we first generalize the learning protocol of the e MPMARB problem so
that the players do not necessarily interact with their respective environments concurrently;
this setting can also capture, for example, sequential transfer and lifelong learning (Sec-
tion 3.2). We then present a Thompson sampling-style randomized exploration algorithm
(Section 3.3), which is proved (also) near-optimal and shows stronger empirical performance
on synthetic data in comparison with the UCB-based algorithm in Chapter 2.

In Chapter 4, we study multi-task reinforcement learning in similar tabular, episodic

Markov decision processes, a generalization of the eeMPMAB problem in Chapter 2. In this



setting, we show that the notion of subpar state-action pairs, which generalizes the notion
of subpar arms, now captures the intrinsic complexity of the problem (Section 4.4). We
present a model-based algorithm, and provide nearly-matching upper and lower bounds.
In the second part of this dissertation, we study AI alignment from crowdsourced
data, where it is imperative to overcome latent variation in feedback across individuals.
In Chapter 5, we consider a setting where we are given representations of a set
of items in R?, and we aim to learn a metric that aligns with human values, perception,
and preferences, in that it more accurately captures how humans perceive the semantic
relations among the items. In particular, we seek to learn this metric using human
preference comparisons. We consider the ideal point model in preference learning [38],
where a user prefers an item over another if it is closer to their latent ideal item in R
Given users with diverse preferences, we study when and how we can recover an unknown
Mahalanobis distances when each user provides o(d) preference comparisons. We show
that additional structural assumptions may be needed, and we provide algorithms with

recovery guarantees.



Chapter 2

Multi-Task Bandits through Heteroge-
neous Feedback Aggregation

2.1 Introduction

Online multi-armed bandit learning has many important real-world applications
le.g., 154, 131, 94]. In practice, a group of online bandit learning agents are often
deployed for similar tasks, and they learn to perform these tasks in similar yet nonidentical
environments. For example, a group of assistive healthcare robots may be deployed to
provide personalized cognitive training to people with dementia (PwD), e.g., by playing
cognitive training games with people [82]. Each robot seeks to learn the preferences of
its paired PwD so as to recommend tailored health intervention based on how the PwD
reacts to and is engaged with the activities (as captured by sensors on the robots) [82].
As PwD may have similar preferences and may therefore exhibit similar reactions, one
natural question arises—can the robots as a multi-agent system learn to perform their
respective tasks faster through collaboration? In Chapter 2 and Chapter 3, we develop
multi-agent bandit learning algorithms where each agent can robustly aggregate data from
other agents to better perform its respective task.

We generalize the multi-armed bandit problem [8] and formulate the e-Multi-Player
Multi-Armed Bandit (e-MPMAB) problem, which models heterogeneous multi-task learning

in a multi-agent bandit learning setting. In an e-MPMAB problem instance, a set of M



players are deployed to perform similar tasks—simultaneously they interact with a set of
actions/arms, and for each arm, different players receive feedback from similar but not
necessarily identical reward distributions. In the above assistive robotics example, each
player corresponds to a robot; each arm corresponds to one of the cognitive activities
to choose from; for each player and each arm, there is a separate reward distribution
which reflects a PwD’s personal preferences. Informally, € > 0 is a dissimilarity parameter
that upper bounds the pairwise distances between different reward distributions for
different players on the same arm (see Definition 2.1 in the next section). The players can
communicate and share information among each other, with a goal of maximizing their
collective reward.

Multi-player bandit learning has been studied extensively in the literature [e.g.,
87, 31, 57|, warm-starting bandit learning using different feedback sources has been
investigated [174], and sequential transfer between similar tasks in a bandit learning
setting has also been studied [11, 138]. In contrast, we model multi-task learning in a
multi-player bandit learning perspective with a focus on adaptive and robust aggregation of
player-dependent heterogeneous feedback. In Section 2.5, we further discuss and compare
our problem formulation with related papers.

It is worth noting that naively utilizing data collected by other players may sub-
stantially hurt a player’s regret [174], if there are large disparities between the sources of
feedback. This is also well-known as negative transfer in transfer learning [123, 24].

Therefore, the main challenge of the e-MPMAB problem is for the players to
properly manage when and how to utilize auxiliary data shared by others—while auxiliary
data can be useful to maintain more accurate estimates of the rewards for each player
and each arm, they can also easily be inefficacious or even misleading. While transfer
learning in the offline setting has been well studied, in this chapter we seek to characterize
the difficulty of the more challenging problem of learning through heterogeneous feedback

aggregation in a multi-player online setting.



We will first study the e MPMAB problem when the dissimilarity parameter € is
known, and then move on to the harder setting in which € is unknown. Here is a summary

of our main contributions:

e We model online multi-task bandit learning from heterogeneous data sources as the
e-MPMAB problem, with a goal of studying how to adaptively and robustly aggregate

data to improve the collective performance of the players.

e In the setting where € is known, we propose an upper confidence bound (UCB)-based
algorithm, ROBUSTAGG(€), that adaptively aggregates rewards collected by different

players.

We provide (suboptimality)-gap-dependent and gap-independent upper bounds on the
collective regret of ROBUSTAGG(¢€). Our regret bounds depend on the set of arms that
admit information sharing among the players. When this set is large, ROBUSTAGG(¢)
can potentially improve the gap-dependent regret bound by nearly a factor of M

compared to the baseline of players acting individually using UCB-1 [8|.

We complement these upper bounds with nearly matching gap-dependent and gap-

independent lower bounds.

e In the setting where € is unknown, we first establish a lower bound, showing that if an
algorithm guarantees sublinear minimax regret with respect to all MPMARB instances,
then it must be unable to significantly utilize inter-player similarity in a large collection
of instances. To complement the above result, we use the framework of Corral [2, 115, 6]
and present an algorithm that trades off minimax regret guarantee for adaptivity to

“easy” MPMAB problem instances.

2.2 The eMPMAB Problem

We formulate the e MPMAB problem, building on the standard model of stochastic

multi-armed bandits 86, §|.



Throughout, we denote by [n] = {1,...,n}. An MPMARB problem instance consists
of a set of M players, labeled as elements in [M], and a set of K arms, labeled as elements
in [K]. In addition, each player p € [M] and each arm i € [K] is associated with an
unknown reward distribution D! with support [0, 1] and mean #. If all D!’s are Bernoulli
distributions, we call this instance a Bernoulli MPMAB problem instance; under the
Bernoulli reward assumption, p = (115 )ic[x) pe[ar) completely specifies the instance.

The reward distributions of the same arm are not necessarily identical for different
players—we consider the following notion of dissimilarity between the reward distributions
of the players. Related conditions have been considered in works on multi-task bandit

learning [e.g., 11, 138|.

Definition 2.1. An MPMAB problem instance is said to be an e-MPMAB problem
instance, if for every pair of players p,q € [M], maxek) |pf — pf| < €, where € € [0,1].

We call € the dissimilarity parameter.

Interaction protocol.

Let T > max(M, K) be the horizon of an MPMAB (e-MPMAB) problem instance.
In each round ¢ € [T, every player p € [M] pulls an arm 7}, and observes an independently-
drawn reward r} ~ D%. Once all the M players finish pulling arms in round ¢, each
decision, ¢, together with the corresponding reward received, rf, is immediately shared

with all players.

Arm pulls, gaps, and performance measure.

Let 42 = max;cpi) p; be the optimal mean reward for every player p € [M].
Denote by n?(t) the number of pulls of arm i by player p after ¢ rounds, and A? =
pP — uf > 0 the suboptimality gap (abbrev. gap) between the means of the reward
distributions associated with some optimal arm 2 and arm ¢ for player p. For any arm
i € [K], define A = min,c(p A?. To measure the performance of MPMAB algorithms,

we use the following notion of regret. The expected regret of player p is defined as



E[RP(T)] = > i A7 - E[n7(T)], and the players’ ezpected collective regret is defined as

E[R(T)] = 2 penn E[RA(T)].

Bandit learning algorithms.

A multi-player bandit learning algorithm A with horizon T is defined as a sequence
of conditional probability distributions {7, },_,, where for every ¢ in [T7], 7, is the policy used
in round ¢; specifically, m(- | (12, 77)scj—1],pe[rr)) is a conditional probability distribution
of actions taken by all M players in round ¢, given historical data. A bandit learning
algorithm is said to have sublinear regret for the e MPMAB (resp. MPMAB) problem, if
there exists some C' > 0 and a > 0 such that E[R(T)] < CT'~ for all « MPMAB (resp.
MPMAB) problem instances.

Miscellaneous notations.

Throughout, we use O notation to hide logarithmic factors. Given a universe set

H and any J C H, we use J to denote the set H \ J.

Baseline: Individual UCB.

We now consider a baseline algorithm that runs the UCB-1 algorithm individually
for each player without communication—hereafter, we refer to it as IND-UCB. By |8,
Theorem 1|, and summing over the individual regret guarantees of all players, the expected

collective regret of IND-UCB satisfies

E[R(T)] < o( > IZ—pT)

i€[K] pe[M]:AP>0 !

In addition, IND-UCB has a gap-independent regret bound of O (M\/ KT) le.g., 90,
Theorem 7.2|.



2.2.1 Can auxiliary data always help?

Since the interaction protocol allows information sharing among players, in any
round ¢t > 1, each player has access to more data than they would have without communi-
cation. Can the players always expect benefits from such auxiliary data and collectively
perform better than IND-UCB?

Below we provide an example that illustrates that the role of auxiliary data depends
on the dissimilarities between the player-dependent reward distributions, as indicated by
€, as well as the intrinsic difficulty of each multi-armed bandit problem each player faces
individually, as indicated by the gaps AP’s. Specifically, we show in the example that when
e is much larger than the gaps A?’s; any sublinear-regret bandit learning algorithm for the

e-MPMARB problem cannot significantly take advantage of auxiliary data.

Example 2.2. For a fized € € (O,%) and 0 < €/4, consider the following Bernoulli

MPMAB problem instance: for each p € [M], u = % +9, ub = =. This is a 0-MPMAB

1
5-
instance, hence an e-MPMAB problem instance. Also, note that € is at least four times

larger than the gaps AL = 0.

Claim 2.3. For the above example, any sublinear regret algorithm for the e-MPMAB
problem must have Q(W) regret on this instance, matching the IND-UCB regret upper

bound.

The claim follows from Theorem 2.9 in Section 2.3.3; see Appendix A.2 for details.
The intuition is that any sublinear regret e MPMARB algorithm must have 2 <1§—QT> pulls
of arm 2 from every player; otherwise, as ¢ is small compared to ¢, we can create a
new e-MPMARB instance such that arm 2 is optimal for some player and is sufficiently
indistinguishable from the original MPMAB problem, causing the algorithm to fail its
sublinear regret guarantee.

Complementary to the above negative result, in the next section, we establish



algorithms and sufficient conditions for the players to take advantage of the auxiliary data

to achieve better regret guarantees.

2.3 eMPMAB with Known ¢

In this section, we study the eeMPMAB problem with the dissimilarity parameter e
known to the players. We first present our main algorithm ROBUSTAGG(¢) in Section 2.3.1;
Section 2.3.2 shows its regret guarantees; Finally, Section 2.3.3 provides nearly matching

regret lower bounds. Our proofs are deferred to Appendices A.3, A.4 and A.5.

2.3.1 Algorithm: ROBUSTAGG (¢)

We present ROBUSTAGG(€), an algorithm that adaptively and robustly aggregates
rewards collected by different players in e-MPMARB problem instances, given dissimilarity
€ as an input parameter.

Intuitively, in any round, a player may decide to take advantage of data from other
players who have similar reward distributions. Deciding how to use auxiliary data is
tricky—on the one hand, they can help reduce variance and get a better mean reward
estimate, but on the other hand, if the dissimilarity between players’ reward distributions
is large, auxiliary data can substantially bias the estimate. Our algorithm is built upon
this insight of balancing bias and variance. A similar tradeoff in offline transfer learning
for classification is studied in the work of Ben-David et al. [19]; we discuss the connection
and differences between our work and theirs in Section 2.5.3.

Algorithm 1 provides a pseudocode of ROBUSTAGG(¢). Specifically, it builds on
the classic UCB-1 algorithm [8]: for each player p and arm ¢, it maintains an upper
confidence bound UCBY!(¢) for mean reward pu! over time (lines 5 to 10), such that with
high probability, ¥ < UCB?(t), for all ¢.

To achieve the best regret guarantees, we would like our confidence bounds on p?

to be as tight as possible. To this end, we consider a family of confidence intervals for p?,
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Algorithm 1: ROBUSTAGG(¢): Robust learning in e MPMAB

Input : Distribution dissimilarity parameter € € [0, 1];
1 Initialization: Set n! =0 for all p € [M] and all i € [K].
2 fort=1,2....,T do
3 | forpe [M]do

4 for i € [K] do

5 Let ﬁf - ZqE[M]Wép i o

6 Let n? = max(1,n?) and m? = max(1, m?);
7 Let

G =53 == Y S

i s<t i qe[M] s<t
is=1 q#p ts=i

and KP(t, ) = XCP(t) + (1 = NnP(t);

8 Let F(n_f,ﬁf, A €) = 8\/13lnT {2—2 + (17_”;})2] + (1= N

9 Compute \* = argmin, ¢ | F(nP,mP X\ e);

10 Compute an upper confidence bound of the reward of arm 7 for

player p: o
UCBY(t) = K2 (t, A*) + F(nf, ml, X", ¢).

11 Let i} = argmax;(;UCB] (t);
12 Player p pulls arm ¢/ and observes reward r?;
13 | for p e [M]do
14 | Let i =4} and set n! =nf 4 1.

parameterized by a weighting factor A € [0,1]: [£7(t, \) £ F(n?,m? X, €)].

In the above confidence interval formula, (¢, \) estimates u by taking a convex
combination of &”(¢) and 7(t), the empirical mean reward of arm i based on the player’s
own samples and the auxiliary samples, respectively (line 7). The width F (n_f, m_f, A, €)

is a high-probability upper bound on ‘mf (t,\) — p? | (line 8). Varying \ reveals the

aforementioned bias-variance tradeoff: the first term, 8 \/ 13InT [%2] + (1;1—;})2

], is a high

probability upper bound on the deviation of ¥ (¢, \) from its expectation E[x? (¢, \)]; the

second term, (1 — \)e, is an upper bound on the difference between E[x? (¢, \)] and pf. We

11



choose \* € [0, 1] to minimize the width of our confidence interval for x? (line 9), similar

to the calculation in [19, Section 6].!

2.3.2 Regret analysis
Subpar arms.

We first define the notion of subpar arms; we will show that this notion captures

the complexity of the e-MPMAB problem. Let

To={i:3pe M,k - >a}

be the set of a-subpar arms. In particular, we consider O(e)-subpar arms, and specifically,
ZIs.. Intuitively, Zs. contains the set of “easier” arms for which data aggregation between
players can be effective. For each arm ¢ € Zs., the following fact shows that the gap
AP = pP — i is sufficiently larger than the dissimilarity parameter e for all players

p € [M]. This allows ROBUSTAGG(€) to exploit the “easiness” of these arms through data

aggregation across players, thereby reducing avoidable individual explorations.

Fact 2.4. |Zs.| < K — 1. In addition, for each arm i € Ls., A™™ > 3¢; in other words, for
all players p in [M], AY = up — uf > 3¢; consequently, arm i is suboptimal for all players

p in [M].
We now present regret guarantees of ROBUSTAGG (e).

Theorem 2.5. Let ROBUSTAGG(€) run on an e-MPMAB problem instance for T' rounds.

Then, its expected collective regret satisfies

E[R(T)] < O( > (leT + MA;““) +y > 12—5)

i€, i€ZS pe[M]:AP>0 !

!See Appendix A.8 for an analytical solution to the optimal weighting factor \*.
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The first term in the above bound shows that the collective regret incurred by the
players for the subpar arms Zs. and the second term for arms in Z§ = [K] \ Zs.. Observe

that for each subpar arm, the regret of the players as a group can be upper-bounded

by O ( Xi‘g“ +M A?‘i“>, whereas for each arm in ZS, the regret on each player is (’)(lzg)

unless AP = 0.

1
AP

Fact 2.6. For any i € ZIs,, ﬁ < % Zpe[M}

Fallback guarantee.
The regret guarantee of ROBUSTAGG(€e) by Theorem 2.5 is always no worse than

that of IND-UCB by a constant factor, as from Fact 2.6, for all 4 in 5., 2L + MAM® =

A?‘in
In
O (S pen 5F).

Two extreme cases of |Z;.|.
If Zs. = ), in which case we do not expect data aggregation across players to be

beneficial, the above bound can be simplified to:

ERm <o Y Y BT

i€[K] pe[M]:AP>0 !

In contrast, when Zs. has a larger size, namely, more arms admit data aggregation
across players, ROBUSTAGG(€) has an improved regret bound. The following corollary
gives regret bounds in the most favorable case when Zs. has size K — 1. It is not hard to
see that, in this case, ZS is equal to a singleton set {i,}, where arm i, is optimal for all

players p.

Corollary 2.7. Let ROBUSTAGG(€) run on an e-MPMAB problem instance with |Zs.| =

K — 1 for T rounds. Then, its expected collective regret satisfies

InT .
ER(T) <0 (Y Anmin + MY Apn
itie ¢ (F=

13



It can be observed that, compared to the IND-UCB baseline, under the assumption
that |Zs| = K — 1, ROBUSTAGG(€) improves the regret bound by nearly a factor of M:
if we set aside the O <M Disi. A;-mn> term, which is of lower order than the rest under
the mild assumption that M = O (mini#* (Al;—iTn)Q>, then the expected collective regret in

Corollary 2.7 is a factor of O(5;) times that of IND-UCB, in light of Fact 2.6.

Gap-independent upper bound.
We now provide an upper bound on the expected collective regret that is independent

of the gaps A’s.

Theorem 2.8. Let ROBUSTAGG(€) run on an e-MPMAB problem instance for T' rounds.

Then its expected collective regret satisfies

E[R(T)] < O (x/yzg,ey MT + My/(|ZE| - )T + M 1154) :

Recall that IND-UCB has a gap-independent bound of O (M VKT ) By algebraic

calculations, we can see that when 7' = Q(K M), the regret bound of ROBUSTAGG(¢)

Cl_
is a factor of O | max ( |25}l 1, ,/%) times IND-UCB'’s regret bound. Therefore,

when M = w(1) and ‘I5C;| = o(K), i.e., when there is a large number of players, and an
overwhelming portion of subpar arms, ROBUSTAGG has a gap-independent regret bound
of strictly lower order than IND-UCB.

Observe that the above bound has a term M/(|Z§| — 1)T with a peculiar depen-
dence on |I506‘ — 1; this is due to the fact that in the special case of |Zs.| = K — 1, i.e.,
}Igg‘ = 1, the contribution to the regret from arms in Z¢ is zero. Indeed, in this case, ZS

is a singleton set {i.}, where arm i, is optimal for all players.

14



2.3.3 Lower bounds
Gap-dependent lower bound.

To complement our gap-dependent upper bound in Theorem 2.5, we now present a
gap-dependent lower bound. We show that, for any fixed €, any sublinear regret algorithm
for the e MPMAB problem must have regret guarantees not much better than that of

ROBUSTAGG(¢) for a large family of $-MPMAB problem instances.

Theorem 2.9. Fix e > 0. Let A be an algorithm and C' > 0,a > 0 be constants, such that

A has CTY=% regret in all e-MPMAB environments. Then, for any Bernoulli 5-MPMAB

instance p = (1 )icir)perny such that pf € (32, 3] for all i and p, we have:

In(AYT>/C In(ART/C
I S Yl

7

E[R(T)] = @

iezg4 pE[M]:AT>0 i€T, /4 AP >0

Theorem 2.9 is nearly tight compared with the upper bound presented in Theo-
rem 2.5 with two differences. First, the upper bound is in terms of Zs., while the lower
bound is in terms of Z. 4; we leave the possibility of exploiting data aggregation for arms
in 7. \ Z4 as an open question. Second, the upper bound has an extra O(3, ., MAM")
term, caused by the players issuing arm pulls in parallel in each round; we conjecture
that it may be possible to remove this term by developing more efficient multi-player

exploration strategies.

Gap-independent lower bound.
The following theorem shows that, there exists a value of € (that depends on 7" and
|Zs.|), such that any algorithm must have a minimax collective regret not much lower than

the upper bound shown in Theorem 2.8 in the family of all e MPMAB problems.

Theorem 2.10. For any K > 2, M, T € N, and [,1¢ in N such that | < K —1,l+1° = K,

there exists some € > 0, such that for any algorithm A, there exists an e-MPMAB problem

instance, in which|Zse| > 1, and A has a collective regret at least Q(M+/(1¢ — 1)T+vMIT).
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The above lower bound is nearly tight in light of the upper bound in Theorem 2.8:

as long as T'= Q(K M), the upper and lower bounds match within a constant.

2.4 eMPMAB with Unknown e

We now turn to the setting when e is unknown to the learner. Unlike the
ROBUSTAGG(€) algorithm developed in the last section, which only has nontrivial regret
guarantees for all e MPMARB instances, in this section, we aim to design algorithms that

have nontrivial regret guarantees for all MPMAB instances.

2.4.1 Gap-dependent lower bound

Recall that, for all MPMAB problems, IND-UCB achieves a gap-dependent regret
bound of O <Zie[K] Zpe[M]:A§>0 12_?> without knowing e. Interestingly, we show in the
following theorem that any sublinear regret algorithm for the MPMARB problem must have
gap-dependent lower bound not much better than IND-UCB for a large family of MPMAB

problem instances, regardless of the value of € and the size of Z5, of that instance.

Theorem 2.11. Let A be an algorithm and C > 0, > 0 be constants such that A has
CT' regret in all MPMAB problem instances. Then, for any Bernoulli MPMARB instance
n= (Mf)iE[K},pE[M} such that ,U/f € [%7 %] fOT all i € [K]vp < [M]7

ERDIz0[Y Y M

i€[K] pe[M]:AP>0 v

2.4.2 Gap-independent upper bound

While we have shown gap-dependent lower bounds that nearly matches the upper
bounds for IND-UCB for sublinear regret MPMAB algorithms in Theorem 2.11, this does
not rule out the possibility of achieving regret that improves upon IND-UCB in small-gap

instances. To see this, note that if A? is of order O(T~) for all ¢ in [K] and p in [M], the
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above lower bound becomes vacuous. Therefore, it is still possible to get gap-independent
upper bounds that improve over the @(M VKT ) upper bound by IND-UCB.

We present ROBUSTAGG-AGNOSTIC in Appendix A.6, an algorithm that achieves
such guarantee: specifically, it achieves a gap-independent regret upper bound adaptive to
|Z10¢|- In a nutshell, the algorithm aggregates over a set of ROBUSTAGG(€) base learners

with different values of €, using the strategy of Corral [2]. We have the following theorem:

Theorem 2.12. Let ROBUSTAGG-AGNOSTIC run on an e-MPMAB problem instance

with any € € [0,1]. Its expected collective regret in a horizon of T rounds satisfies

E[R(T)] < O (QLOJ + MG,

) VT + M|I5E|) .

Under the mild assumption that 7' = Q(min(K?, M?)), the above regret bound
becomes O <<|Im€|+M ‘IS)J >\/T> . If furthermore|Zyo| = K—o(\/f) and M = w(\/E),
the regret bound of ROBUSTAGG-AGNOSTIC is of lower order than IND-UCB’s O(M+/KT)
regret guarantee. In the most favorable case when |Z;o | = K —1, ROBUSTAGG-AGNOSTIC
has expected collective regret O ((M + K)VT >

Such adaptivity of ROBUSTAGG-AGNOSTIC to unknown similarity structure comes
at a price of higher minimax regret guarantee: when Zs. = (), ROBUSTAGG-AGNOSTIC
has a regret of O <MK\/T), a factor of /K higher than O(M+/KT), the worst-case
regret of IND-UCB. We conjecture that this may be unavoidable due to lack of knowledge

of €, similar to results in adaptive Lipschitz bandits [101, 81, 61].

2.5 Related Work
2.5.1 Multi-agent bandits

We first compare existing multi-agent bandit learning problems with the e MPMAB

problem. We provide a more detailed review of the literature in Appendix A.1.
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A large portion of prior studies |75, 141, 87, 32, 78, 127, 160, 46, 34, 157| focuses
on the setting where a set of players collaboratively work on one bandit learning problem
instance, i.e., the reward distributions of an arm are identical across all players. In contrast,
we study multi-agent bandit learning where the reward distributions across players can be
different.

Multi-agent bandit learning with heterogeneous feedback has also been covered by
previous studies. In [129], a group of players seek to find the arm with the largest average
reward over all players; however, in each round, the players have to reach a consensus
and choose the same arm. Cesa-Bianchi et al. [31] study a network of linear contextual
bandit players with heterogeneous rewards, where the players can take advantage of reward
similarities hinted by a graph. They use a Laplacian-based regularization, whereas we study
when and how to use information from other players based on a dissimilarity parameter.
Gentile et al. [57|, Li et al. [95] assume that the players’ reward distributions have a
cluster structure; in addition, players that belong to one cluster share a common reward
distribution; our setting does not assume such cluster structure. Dubey and Pentland [47]
assume access to some side information for every player, and learns a reward predictor
that takes both player’s side information models and action as input. In comparison, our
work do not assume access to such side information.

Similarities in reward distributions are explored in [133, 174] to warm start bandit
learning agents. Azar et al. [11], Soare et al. [138] investigate multitask learning in
bandits through sequential transfer between tasks that have similar reward distributions.
In contrast, we study the multi-player setting, where all players learn continually and
concurrently.

There are other practical formulations of multi-player bandits with player-dependent
reward distributions [20, 110]|, where the existence of collision is assumed; i.e., two players
pulling the same arm in the same round receive zero reward. In comparison, collision is

not modeled in this chapter.
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2.5.2 Bandits in metric spaces

Our setting and results are also related to the work of Slivkins [137] on contextual
bandits in metrics spaces. Specifically, if one considers player indices as contexts, then
e-dissimilarity may be modeled using a metric p : ([M] x [K ])2 — [0, 1] such that for any
p.q € [M] and 4, j € [K],

1 —pdl < p((p,i),(a.9))

where
0, ifi=jp=g¢q

p((pal)7(Q7])) = €, else lfl:]>p7£q7

1, otherwise.
\

While we obtain an O(logT') upper bound (Theorem 2.5) by making more direct use of the
e-dissimilarity structure, it is unclear whether such bounds can be achieved by applying
the ideas and analyses in [137] for general metrics p’s. It is also worth mentioning that
Slivkins [137] considers a setting where in each round, one context/player is revealed,
whereas our focus lies in a multi-task setting, where the players concurrently interact with
their respective environments. We leave further exploring the connections of these settings

as future work.

2.5.3 Learning using weighted data aggregation

Our design of confidence interval in Section 2.3.1 has resemblance to the weighted
empirical risk minimization algorithm proposed for domain adaptation by Ben-David et al.
[19], but our purposes are different from theirs. Specifically, our choice of A minimizes
the length of the confidence intervals, whereas [19] find A that minimizes classification
error in the target domain. Furthermore, our setting in Section 2.4 is more challenging: in

offline domain adaptation, one may use a validation set drawn from the target domain to
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fine-tune the optimal weight A\*, to adapt to unknown dissimilarity between the source and
the target; however, in our setting (and online bandit learning in general), such tuning
does not result in sample efficiency improvement.

The idea of assigning weights to different sources of samples has also been studied by
Zhang et al. [174] for warm starting contextual bandit learning from misaligned distributions
and by Russac et al. [125] for online learning in non-stationary environments. Zhu et al.
[180] use a weighted compound of player-based estimator and cluster-based estimator for
collaborative Thompson sampling, where the weights are given by a hyper-parameter; in
contrast, we adaptively compute our weighting factor based on the numbers of samples

collected by the players as well as the dissimilarity parameter e.

2.6 Empirical Validation

We now validate our theoretical results with some empirical simulations using

synthetic data. Specifically, we seek to answer the following questions:

1. In practice, how does our proposed algorithm compare with algorithms that either do
not take advantage of adaptive data aggregation or do not execute aggregation in a

robust fashion?

2. How does the performance of our algorithm change with different numbers of subpar

arms?

We note that these questions are considered in the setting where the dissimilarity parameter

€ is known to the algorithms.

2.6.1 Experimental setup

We first describe the algorithms compared in the simulations. We then discuss the

procedure we used for generating synthetic data.
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ROBUSTAGG-ADAPTED(€).

Since standard concentration bounds are loose in practice, we performed sim-
ulations on a more practical and aggressive variant of ROBUSTAGG(€), which we call
ROBUSTAGG-ADAPTED(€). Specifically, we changed the constant coefficient 813 to V2
in the UCBs; this constant was taken from the original UCB-1 algorithm [8|, which is an

ingredient of the baseline IND-UCB, and we simply kept the default value.

Baselines.

We evaluate the following two algorithms as baselines: (a) IND-UCB, described in
Section 2.2; and (b) NAIVE-AGG, in which the players naively aggregate data assuming
that their reward distributions are identical-—in other words, NAIVE-AGG is equivalent to

ROBUSTAGG-ADAPTED(0).

Instance generation.

We generated problem instances using the following randomized procedure. We
first set € = 0.15. Then, given the number of players M, the number of arms K, and the
number of subpar arms |Z5| € {0,1,..., K — 1}, we first sampled the means of the reward
distributions for player 1:

1 iid

Let ¢ = K — |Z5|. Fori € {1,2,...,c}, we sampled p; ~ U[0.8,0.8 + ¢€), where

Ula,b) is the uniform distribution with support [a,b]. Let d = maxe(qp;. Then, for
i€{c+1,...,KY}, we sampled u! "% U[0,d — 5e).
We then sampled the means of the reward distributions for players p € {2,..., M }:

For each i € [K], we sampled p? B U|[max(0, i} — £),min(p} + £,1)).

Fact 2.13. The above construction gives a Bernoulli 0.15-MPMAB problem instance that

has exactly (K — ¢) subpar arms, namely, Is. = {i:c+1<i < K}.
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Figure 2.1. Compares the average performance of ROBUSTAGG-ADAPTED(0.15),
IND-UCB, and NAIVE-AGG on randomly generated Bernoulli 0.15-MPMAB problem
instances with K = 10 and M = 20. The x-axis shows a horizon of T" = 100, 000 rounds,
and the y-axis shows the cumulative collective regret of the players.
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Figure 2.2. Compares the average performance of ROBUSTAGG-ADAPTED(0.15) and
IND-UCB on randomly generated Bernoulli 0.15-MPMARB problem instances with K = 10.
The z-axis shows different values of M, and the y-axis shows the cumulative collective
regret of the players after 100,000 rounds.

2.6.2 Simulations and results

We ran two sets of simulations, and the results are shown in Figure 2.1 and

Figure 2.2. More detailed results are deferred to Appendix A.7.

Experiment 1.
We compare the cumulative collective regrets of the three algorithms in problem
instances with different numbers of subpar arms. We set M = 20, K = 10 and ¢ = 0.15.

For each v € {0,1,2,...,9}, we generated 30 Bernoulli 0.15-MPMAB problem instances,
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each of which has exactly v subpar arms, i.e., we generated instances with |Zs| = v.
Figures 2.1a, 2.1b and 2.1c show the average regrets in a horizon of 100,000 rounds over
these generated instances, in which |Zs.| = 8,6 and 0, respectively. In the interest of space,
figures in which |Zs.| takes other values are deferred to Appendix A.7.2.

Notice that ROBUSTAGG-ADAPTED(0.15) outperforms both baseline algorithms
in Figures 2.1a and 2.1b when |Z;| = 8 and 6. Figure 2.1c demonstrates that when
|Z5c| = 0, i.e., when there is no arm that is amenable to data aggregation, the performance
of ROBUSTAGG-ADAPTED(0.15) is still on par with that of IND-UCB. Also, as shown in
Figure 2.1a, even when |ZS| = 2, i.e., when there are only two “competitive” (not subpar)
arms, the collective regret of NAIVE-AGG can still easily be nearly linear in the number of

rounds.

Experiment 2.

We study how the collective regrets of ROBUSTAGG-ADAPTED(0.15) and IND-UCB
scale with the number of players in problem instances with different numbers of subpar
arms. We set K = 10 and ¢ = 0.15. For each combination of M € {5,10,20} and
ve{0,1,2,...,9}, we generated 30 Bernoulli 0.15-MPMARB problem instances with M
players and exactly v subpar arms, that is, for each instance, |Zs.| = v. Figures 2.2a, 2.2b
and 2.2c compare the average regrets after 100,000 rounds in instances with different
numbers of players M, in which |Zs| are set to be 9,5 and 0, respectively. Again, figures
in which |Zs.| takes other values are deferred to Appendix A.7.2.

Note that when |Zs| is large, the collective regret of ROBUSTAGG-ADAPTED(0.15)
is less sensitive to the number of players. In the extreme case when |Z;/| = 9, all
suboptimal arms are subpar arms, and Figure 2.2a shows that the collective regret of

ROBUSTAGG-ADAPTED(0.15) has negligible dependence on the number of players M.
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2.6.3 Discussion

Back to the earlier questions, our simulations show that ROBUSTAGG-ADAPTED(¢),
in general, outperforms the baseline algorithms IND-UCB and NAIVE-AGG. When the set
of subpar arms Zs, is large, we showed that properly managing data aggregation can substan-
tially improve the players’ collective performance in an e-MPMARB problem instance. When
there is no subpar arm, we demonstrated the robustness of ROBUSTAGG-ADAPTED(¢),
that is, its performance is comparable with IND-UCB, in which the players do not share

information. These empirical results validate our theoretical analyses in Section 2.3.

2.7 Conclusion and Future Work

In this chapter, we studied multitask bandit learning from heterogeneous feedback.
We formulated the e-MPMAB problem and showed that whether inter-player information
sharing can boost the players’ performance depends on the dissimilarity parameter € as
well as the intrinsic difficulty of each individual bandit problem that the players face. In
particular, in the setting where € is known, we presented a UCB-based data aggregation
algorithm which has near-optimal instance-dependent regret guarantees. We also provided
upper and lower bounds in the setting where € is unknown.

There are many avenues for future work. For example, we are interested in extending
our results to contextual bandits and Markov decision processes. Another direction is
to study multitask bandit learning under other interaction protocols (e.g., only a subset
of players take actions in each round). In the future, we would also like to evaluate our

algorithms in real-world applications such as healthcare robotics [122].

Acknowledgement.

Chapter 2 is based on the material as it appears in “Multitask Bandit Learning
through Heterogeneous Feedback Aggregation” by Zhi Wang, Chicheng Zhang, Manish
Kumar Singh, Laurel D. Riek, and Kamalika Chaudhuri [161|. The material was published

24



in Proceedings of The 24th International Conference on Artificial Intelligence and Statistics.

The dissertation author was a co-primary investigator and co-first author of the paper.

25



Chapter 3

Thompson Sampling for Robust Trans-
fer in Multi-Task Bandits

3.1 Introduction

In this chapter, we study an alternative approach to the e-multi-player multi-armed
bandit (e-MPMAB) problem formulated in Chapter 2, which can be used to model multi-
task bandits. We now also consider a generalized interaction protocol, where a set of
players sequentially and potentially concurrently interact with a common set of arms
that have player-dependent reward distributions. Each player and its associated reward
distributions (data sources) are thereby regarded as a task. Again, we consider the reward
distributions that the players face for each arm to be similar but not necessarily identical,
and the level of (dis)similarity is specified by a parameter e € [0, 1].

As discussed in Chapter 2, the e-MPMAB problem can be used to model important
real-world applications. For example, in healthcare robotics, a set of robots, which
correspond to players, can be paired with people with dementia to provide personalized
cognitive training and wellness activities [83]. Each training/wellness activity corresponds
to an arm in the e MPMARB problem, and people with similar preferences or symptoms may
exhibit similar interests or needs—this is modeled via similarity in reward distributions
of each arm. Another example can be seen in recommendation systems where learning

agents are assigned to people within a social network, who may have similar interests due
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to inter-network influence [120].

Despite the similarity in its reward distributions, the ee MPMAB problem is still
challenging for two reasons: on the one hand, misusing auxiliary data can lead to negative
transfer and substantially impair a player’s performance [123|; on the other hand, while
auxiliary data are often immediately accessible in their entirety in offline transfer learning
settings, in the eeMPMARB problem, the available auxiliary data grow in time and depend
on the interactions between the players and the environments.

In Chapter 2, we proposed an upper confidence bound (UCB)-based algorithm,
ROBUSTAGG(¢), for the e-MPMAB problem. It achieves strong, near-optimal theoretical
guarantees through robust data aggregation. Nevertheless, ROBUSTAGG(€)’s empirical
performance can, unfortunately, be underwhelming.

Meanwhile, Thompson sampling (TS) algorithms [148|, another family of bandit
algorithms, have been shown superior empirically in comparison with UCB-based algorithms
in standard single-task settings [e.g., 33|. In fact, we show in Section 3.7 that, for the
e-MPMAB problem, a baseline algorithm which employs TS for each task individually
without transfer learning can outperform ROBUSTAGG(¢€) in many cases.

In spite of the encouraging signs from the empirical evaluations, the theoretical
study of TS have lagged behind, especially in terms of frequentist analyses [4, 76| for data
aggregation and transfer learning in the multi-task setting®. It is therefore imperative to
design multi-task TS-type algorithms that have superior empirical performance and strong

theoretical guarantees. Our contributions in this chapter are:

1. Inspired by prior works [31, 57, 63|, we generalize the ee MPMAB problem to model
a wider class of multi-task bandit learning scenarios so that it covers sequential and

concurrent multi-task learning as special cases.

2. We design a T'S-type algorithm, ROBUSTAGG-TS(¢), for the ee MPMAB problem and

ISee Section 3.6 for a discussion on related work.

27



provide a frequentist analysis with near-optimal performance guarantees.

3. We empirically evaluate ROBUSTAGG-TS(€) on synthetic data and show that it out-
performs the UCB-based ROBUSTAGG(¢) and a baseline algorithm that runs TS for

each individual task without data sharing.

4. Technical highlight: frequentist analyses of Thompson sampling can be much harder
to conduct than those of UCB-based algorithms (see Remark 3.4); a concentration
inequality loose in logarithmic factors can result in a polynomial increase in regret
guarantee (see Remark 3.9). To cope with this challenge, we prove a novel concentration
inequality for multi-task data aggregation at random stopping times (Lemma 3.8), which
leads to tight performance guarantees for ROBUSTAGG-TS(¢). Our technique may be

of independent interest for analyzing other multi-task sequential learning problems.

3.2 Preliminaries

In this section, we first revisit and generalize the problem formulation. We then
briefly review the results in Chapter 2, and then introduce a new baseline algorithm based

on TS.

Notations.

Throughout, we use [n] to denote the set {1,2,...,n}. Let N(u,0?) denote the
Gaussian distribution with mean p and variance o?. Let a V b = max(a,b). For a set
A C U, denote by A® = U \ A the complement of A in the universe U. We use O to hide

logarithmic factors.

3.2.1 eMPMAB with generalized interaction protocol

We consider and generalize the e-MPMAB problem introduced in Chapter 2. An
e-MPMAB problem instance comprises M players, K arms, and a dissimilarity parameter

€ € [0,1]. Let [M] denote the set of players and [K] the set of arms. For each player
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p € [M] and each arm i € [K], there is an initially-unknown reward distribution DY, which

has support [0, 1] and has mean pu”.

Reward dissimilarity.
The reward distributions for each arm are assumed to be similar but not necessarily

identical for different players; specifically,

Vie K], pge [M], |uf —uf| <e (3.1)

Protocol.

In Chapter 2, the players interact with the arms in rounds, and within each round,
all players take an action concurrently. In this chapter, inspired by the problem setup
of Hong et al. [63], we generalize the interaction protocol such that it allows any subset
of the players to take an action. In each round ¢ € [T], where T > max(K, M) is the
time horizon of learning, a subset of players P; C [M] is chosen (called the active player
set at round t) by an oblivious adversary; each active player p € P; then pulls an arm
i € [K] and observes an independently-drawn reward rf ~ D%,. At the end of round ¢,
the active players communicate their decisions, {zf ip€E Pt}, as well as their observed
rewards, {r} : p € P,}, to all players. Note that, when |P;| = 1 for all ¢, the problem
setting resembles the one in [31] and captures a sequential transfer bandit learning setting

le.g., 10]; when P; = [M] for all £, we recover the setting in Chapter 2.

Performance metric.

The goal of the players is to minimize their expected collective regret, which we
define shortly. For each player p € [M], let u? = max;cx] ,u? denote the mean reward
of an optimal arm for p; then, for each arm i € [K], let A? = 2 — i > 0 denote the
(suboptimality) gap of arm i for player p. In addition, let nj(t) = > ., 1{p € Ps, i} = i}

denote the number of pulls of arm ¢ by player p after ¢ rounds. Then, the individual
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expected regret of any player p is defined as

Reg’(T) =E| > u? — ufp] = > E[nI(T)] A
te[g}: ' i€[K]
peEP:

Finally, the expected collective regret is defined as the sum of individual expected regret

over all the players, i.e.,

Reg(T) = 3~ Reg’(T) = 3 37 B [n2(1)] A7, (3.2)
pe[M] ic[K] pe[M]
Does one need to know €?

In this chapter, we focus on the case where € is known to the players in the e-
MPMARB problem. This is because in Chapter 2, we have shown that, unfortunately, not
much can be done when ¢ is unknown to the players—a lower bound (Theorem 11 therein)
shows that no sublinear-regret algorithms can effectively take advantage of inter-task data

aggregation for every € € [0, 1] to achieve improved regret upper bounds.

3.2.2 Existing results

In the concurrent setting (P; = [M] for all t), we showed in Chapter 2 that, whether
data aggregation can be provably beneficial for an arm i depends on how its associated sub-
optimality gaps, A”’s, compare with the dissimilarity parameter, €. Specifically, the problem
complexity is captured by the notion subpar arms, I, = {i : Ip € [M], u — if > a}; see
Section 2.3.2.

Upper and lower bounds are provided in Chapter 2. They characterize that,
informally, the collective performance of the players can be improved by a factor of M
(resp. VM) for each O(e)-subpar arm in the (suboptimality) gap-dependent (resp. gap-
independent) bounds, where we recall that M is the number of players. This improvement

is in comparison with baseline algorithms in which each player runs their own instance of
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a bandit algorithm individually, IND-UCB.
In Appendix B.4, we briefly recap the algorithm in Chapter 2, ROBUSTAGG(¢).
We show that with a few small modifications, it can be extended to work in the generalized

e-MPMARB setting, and achieve generalized regret guarantees (see Theorem B.76).

3.2.3 Baseline: IND-T'S

In this chapter, we consider another baseline algorithm, IND-T'S, in which each
player runs the standard TS algorithm with Gaussian priors. We now describe the TS
algorithm. At a high level, every learner (player) p begins with some prior belief on the
mean reward of each arm, and through interactions with the environment, the learner
updates its posterior belief. Specifically, we consider T'S with Gaussian product priors—
a learner maintains one Gaussian posterior distribution for each arm, beginning with
N (0,1). In each round ¢, the learner draws an independent sample 67 (t) for each arm i

from its corresponding posterior distribution, which is of form A (ﬁf , m>, where

it = m > <tpep.ib=i T 18 the empirical mean reward of player p pulling arm . The

learner then pulls the arm i = argmax; 07(t), receives a reward r} ~ fo, and updates the
posterior distribution for arm .

Based on the results of Agrawal and Goyal [4], we obtain the regret guaran-
tees of IND-T'S by summing over individual bounds: O (ZPG[M] Zie[K}:Afw IZ—;:F) and
O (MVET).

In Appendix B.4, we briefly recap the guarantees of IND-UCB and IND-T'S in the

generalized e-MPMAB setting, where P,’s are not necessarily [M] in every round.

3.3 Algorithm: ROBUSTAGG-TS(¢)

We now present a TS-type randomized exploration algorithm, ROBUSTAGG-TS(e)
(Algorithm 2), which can robustly leverage data collected by all the players.

In each round ¢, for each active player p € P, and arm i, ROBUSTAGG-TS(¢)
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Algorithm 2: ROBUSTAGG-TS (¢)

Input : Dissimilarity parameter € € [0, 1], universal constants ¢y, ce > 0;
1 Initialization: For every i € [K] and p € [M], set n¥ =0, ind-ii =0,
ind-var? = ¢y, agg-fi¥ = 0, and agg-var! = ¢,; for every i € [K], set n; = 0.
2 for round t € [T] do

3 Receive active set of players P;.
4 for active player p € P; do
5 for arm i € [K] do
6 if n? > <L 4+ 20 then
7 | A < ind-jf, var? < ind-var?; // Use the individual posterior
8 else
9 ‘ [ < agg-if ) var? < agg-var?; // Use the aggregate posterior
10 07 (t) ~ N (i, vary)
11 Player p pulls arm 4} = argmax; ) 67 (t) and observes reward r¢.
12 for active player p € P; do
13 | Let i =4}. Update n! < nf + 1 and n; < n; + 1.
14 for active player p € P; do
15 Let i = 4¥.
// Omly update posteriors associated with p and ¥
16 Update
A nP 1 TN U p €2 .
i ind-fif «— Ve ; 1{p € Ps,i¥ =i}r?, ind-var! < WAVER
X 1 w C2
agg-[if vl ; qezps 1{i9=i}r?i+e, aggvarl « CASSYIEvER

maintains two Gaussian “posterior” distributions. As a standard single-task T'S algorithm
with Gaussian priors would normally maintain [e.g. 4], N (ind—ﬂf , ind-var? ), the individual
posterior is solely based on player p’s own interactions with arm ¢, with ind-4? and ind-var?
defined in line 16. In contrast, the aggregate posterior, N (agg—,&ﬁ7 , agg-var? ), is unique to
the multi-task setting—its mean, agg-fi¥, is the sum of the empirical mean of all players’
observed rewards for arm i and a bonus term ¢, and its variance, agg-var?, is based on the
total number of pulls of arm 4 by all players (line 17).

The algorithm chooses one of the posterior distributions (lines 6 to 9), i.e., decides

whether to utilize data shared by other players, by balancing a bias-variance trade-off
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[19, 138, see also Chapter 2|: while an inclusion of n; reward samples collected by all players
leads to a variance, agg-var?, which can be much smaller than ind-var?, it may also cause
agg-iif to be biased as the reward distributions for different players may be different. The
algorithm then independently draws a sample, 6% (¢), from the chosen posterior distribution
(line 10) and pulls the arm with the largest 67(¢) for player p (line 11).

Specifically, in round ¢, for player p € P, and arm i € [K], the algorithm chooses a
posterior distribution by comparing n?, the number of pulls of ¢ by p at the beginning of
round ¢, to a threshold in terms of the dissimilarity parameter, i.e., cli—QT + 2M (line 6),
where ¢; > 0 is some numerical constant. Intuitively, when e is smaller, each player stays
longer on using the aggregate posterior to perform randomized exploration, which indicates
a higher degree of trust on data from other tasks.

After all players in P; obtain rewards for their arm pulls, they compute and update
their posteriors with new data. In principle, data from one player can affect the aggregate
posteriors of all players. We make the design choice that this effect gets delayed: the
algorithm only updates the posteriors for player p and arm ¢ in round ¢, if p € P, and
i = ¥ (line 15). Although our current analysis (see Sections 3.4 and 3.5 below) relies
on this property to establish sharp regret guarantees, we conjecture that similar regret
guarantees can be shown even if the algorithm updates the posteriors of all players and all

arms in every round?.

3.4 Main Results

We now present gap-dependent and gap-independent regret upper bounds of
ROBUSTAGG-TS(e).

Recall that Z, = {i € [K] : Ip, A > a} is the set of a-subpar arms.

2In Section B.5.1 of the appendix, we show that this variation induces little effect on the empirical
performance of the algorithm.
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Theorem 3.1 (Gap-dependent bound). There exists a setting of ¢1, ¢y > 0, such that, the

expected collective regret of ROBUSTAGG-TS(¢€) after T > max (K, M) rounds satisfies:

1 InT InT
Reg(T) < O i Z Z%%— Z Z%—FMW(

i€T10e pE[M] ¢ i€ZQ), pE[M] v
AP>0 AP>0

K3

Theorem 3.2 (Gap-independent bound). There exists a setting of c1,co > 0, such that,

the expected collective regret of ROBUSTAGG-TS(€) after T > max(K, M) rounds satisfies:

Reg(T) s@( Tuodl P+ /M (125 — 1) P+ M?K),

where P =31, Py

The proofs of Theorems 3.1 and 3.2 can be found in Appendix B.3; in Section 3.5,

we also highlight several technical challenges and proof ingredients in our analysis.

Guarantees in the generalized -MPMAB setting.

Our guarantees for ROBUSTAGG-TS(€¢) hold under the generalized e MPMAB
setting, in that P;’s at each round can change over time. Observe that the regret bound
given by Theorem 3.1 does not depend on P;’s, and the regret bound given by Theorem 3.2
has the highest value when P = MT'. In addition, recall that near-matching gap-dependent
and gap-independent lower bounds have been shown in Chapter 2 for the P, = [M] setting
(Section 3.2.2). These lower bounds indicate the near-optimality of ROBUSTAGG-TS(¢)’s
guarantees, modulo an additive lower-order term O(M?K) which does not depend on T.

Furthermore, the gap-independent guarantee in Theorem 3.2 adapts to the value of
P. This shows the flexibility of ROBUSTAGG-TS(¢). Specifically, if |P;| = 1 (similar to
the settings of [31, 57]), we have P =T, and

Reg(T) < O ( Zioe| T + \/M (IZG — 1) T+ M2K) .
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Similarly, if P, = [M] for all ¢ (Chapter 2), then P = MT, and

Reg(T (\/ Zioe| T + M/ (|1ZG.] — 1)T+M2K).

Comparison with baselines.

In comparison with the guarantees of the UCB-based algorithm ROBUSTAGG(¢) in
Appendix B.4.2; we see that ROBUSTAGG-TS(¢) has competitive guarantees, except that
the set of arms which benefits from data aggregation changes from Zs. to Zy..

In comparison with the guarantees of IND-UCB and IND-T'S, the regret guarantees
of ROBUSTAGG-TS(e) are never worse (modulo lower-order terms), and save factors of 77
and \/LM in Zyo.’s contribution in the gap-dependent and gap-independent regret guarantees,

respectively.

3.5 Proof Ingredients

In this section, we highlight some of the novel proof ingredients used in our analysis
of Algorithm 2, which are unique to the multi-task setting?.
We begin by decomposing the regret in terms of subpar arms and non-subpar arms.

It follows from Eq. (3.2) that

Reg(T) =0 > E[m(D)] AP+ > > En! ,

1€710¢ i€Zq, pE[M]

where we let n;(T) = Z;\il n?(T) be the number of pulls of arm i by all players after T
rounds; we recall that A" = min,ep A}; and we use the fact that for any subpar arm
i € T1o. and any player p € [M], AP <2AM" (Fact B.24).

In the interest of space, we focus on the analysis for subpar arms and defer the

30ur analysis involves various proofs by cases. Figure B.1 in the appendix provides an overview
illustrating the case division rules used in our proofs.
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discussion on non-subpar arms to the appendix. The following lemma provides an upper
bound on E [nl(T)} for @ € Zyo., which can be subsequently used to derive the upper

bounds on the expected collective regret incurred by the 10e-subpar arms in Section 3.4.

Lemma 3.3. For any arm @ € Zyq.,

E [ni(T)] <O ((Ah?n—fy + M) :

While a similar lemma can be found for the UCB-based algorithm (see Lemma A.7),
ROBUSTAGG(€), proving Lemma 3.3 requires new ingredients that we present in the rest
of this section.

Let us fix an arm i € Zyo.. To control E [ny(T)] = E [Zte[T] > pep, 1{if = z}}, we
begin by generalizing a technique introduced by Agrawal and Goyal [4] for standard TS to
the multi-task setting. In each round ¢ and for each active player p, we consider two cases:
(1) player p pulls arm ¢ (namely, #f =), and 67(¢) (line 10 in Algorithm 2) is greater than

some threshold y € (u?, i) to be defined shortly, and (2) @ =i and 07(t) < y?. We have

E [n ZZﬂ{zt—z 0r(t) >y, &}

te[T) pEP:
(4)
+E DD u{d =i, 7)< of &} | +O(1),
te[T] pEP:
()

where &, informally, is a high-probability “clean” event in which £i?’s maintained by
Algorithm 2 in round ¢ for each ¢ and p concentrate towards their respective expected
values.

Term (A) can be controlled because, as more pulls of arm i are made, {Qf (t) >yt } is

unlikely to happen, as [if concentrates towards a value smaller than y?, and var? decreases.
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See Lemma B.40 in the appendix for a detailed proof.

In what follows, we focus on bounding term (B). Observe that {i} =,67(t) < y'}
in (B) happens only if Vj € [K], 0§(t) < ¥, including the optimal arm(s) for player p.
Since in an e-MPMARB problem instance, different players may have different optimal arms,
we consider a common near-optimal arm € Z§—see Fact B.24 in the appendix for the
existence of such an arm. It can be easily verified that, for any arm ¢ € Z;o. and player
p € [M], 67 := piff — p7 > 0 (see Fact B.38). In other words, while f may not necessarily
be an optimal arm for every player, it has a larger mean reward than any ¢ € Z1o.. We
can now define yf 1= i + 307 € (u, 1) C (7, pi2).

Using a technique first introduced in [4], we will show that 67(t) converges to a
value greater than y fast enough so that {Vj € [K],05(t) </ } will unlikely happen soon

enough and thus (B) can be controlled.

Remark 3.4 (Comparison with UCB-based analyses). We note that controlling term (B)
1s often not required in the analyses of UCB-based algorithms. Colloquially, this term
concerns the event in which arm i is pulled even when its sample/index value is smaller
than y?; such an event would unlikely happen for UCB-based algorithms as the optimism
in the face of uncertainty principle ensures that, with high probability, the UCB index of

an optimal arm for player p is greater than or equal to p? > /ﬁ; > yb.

Before we formalize the above-mentioned intuition for bounding term (B) in
Lemma 3.5, we first lay out a few helpful definitions. We define {F;},_, to be a filtration
such that /;, = o ({zg, rl.s<t,q¢€ 735}) is the o-algebra generated by interactions of all
players up until round ¢. Then, let ¢}, = Pr <9$(t) > yb | ]-"t_l) . Observe that if ¢}, is

large, the event {if = 14,67 (t) < y?} will unlikely happen.
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Lemma 3.5.

<) M E <ip—1)]1{¢fzf,et}

telT) peP: &t

J/

(Bx)

See Lemma B.45 and its proof in the appendix for details. We now consider the
following two cases: in any round t and for any active player p that pulls arm f§, i.e., 7§ =T,
p uses either the individual or the aggregate posterior distribution associated with arm
(lines 6 to 9 in Algorithm 2). Let HY(t) be the event that p uses the individual posterior
distribution and H; HP(t) () be the event that p uses the aggregate posterior (see Definition B.13

in the appendix for the formal definitions). We can then decompose (Bx) as follows:

-y Y E <— - 1) 1 {z'f - ]L,Et,Hf(t)}

telT] pePs
(1)
+Y ) E (— - 1) 1 {zf = T,St,Hf(t)}
telT] pePs
(b2)

Let mZT’ (t) denote the aggregate number of pulls of arm { maintained by player
p after ¢ rounds (see Definition B.9 in the appendix). Note that, by the design choice

of Algorithm 2 (line 15), m¥(¢) is not necessarily the same as ny(t). With foresight, let
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L=0© <(A1;£)2 +M), and let GY = {zf = T,Et,Hf(t)}. We have

-S Y E <¢T—1> 1{Gf,m¢(t—1) <L}

te[T] pEP:
(b2.1)
1
+> > E ( ; 1) ]1{G§’,mf;(t—1) ZL}
tE[T] PEP:
(b2.2)

Both (b1) and (b2.2) can be bounded by O (M), because, informally speaking,
either player p has pulled arm  many times when the individual posterior is used (term
(b1)) or the players collectively have pulled § many times when the aggregate posterior is

used (term (b2.2)), and -~ — 1 can therefore be upper bounded by 7. See Lemma B.47

¢P
and Lemma B.52 and their proofs for details.
The main challenge in bounding E [n;(7')] lies in term (b2.1), for which we show

the following lemma.
Lemma 3.6 (Bounding term (62.1)).

InT
(2.1) <O(L) <O ( —— + M>
(A2
Proving Lemma 3.6 is central to our analysis and as we will see, requires special
care. We begin by introducing the following notion. For any arm j € [K] and k € [T M],
let

Tx(j) = min {T+ 1, min {t tn(t) = k}}

be the round in which arm j is pulled the k-th time by any player. Furthermore, let
70(j) = 0 by convention. For any j € [K] and k € [T'M], it is easy to verify that 7(j) is a

stopping time with respect to {]—"t}tT:O. In what follows, when circumstances permit, we
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abuse the notation and denote 74 (}) by 7.

Invariant property.

By the construction of Algorithm 2, in any round ¢, a player only updates the
posteriors associated with an arm if the player pulls the arm in the round ¢ (line 15).
This design choice induces an invariant property: for any arm and player, certain random
variables associated with them stay invariant between consecutive pulls of the arm by the
player (see Definition B.20 and a few examples in the appendix).

The invariant property allows us to bound (b2.1) as follows in terms of the stopping

times 7;’s (See Lemma B.48 and Lemma B.72 in the appendix):

(b2.1)§iE (%—1)1{}[;’(1)} +
LzlE (%4)1{7,{;311115(@“)} ,

k=1 i,Tk+1

where py, := pg(T) is the player that makes the k-th pull of arm 1 (Definition B.17).

Using basic Gaussian tail bounds, we can show that E <¢% — 1) 1 {Hf(l)}] <
i1

O (1) for any player p. Then, the following lemma suffices to prove Lemma 3.6.

Lemma 3.7. For any k € [TM],

E (%_Q Hn<T @m0} <o)
i1
Technical highlight.

Lemma 3.7 generalizes Agrawal and Goyal [4, Lemma 2.13| for standard TS to
the multi-task setting. A complete proof can be found in the appendix, which uses anti-
concentration bounds of Gaussian random variables [59] as well as a novel concentration

inequality for multi-task data aggregation at random stopping times 75 (})’s, which we
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highlight here*. For any arm j, let

agg-i1;(t) = mz S o1{il=jyrite

s<t q€Ps

be the aggregate mean reward estimate of j constructed using data by all players after ¢

rounds, offset by e.

Lemma 3.8. For any arm j € [K| and k € [TM]U{0}, denote by 7 = 11(j). Then, for

any § € (0, 1], with probability at least 1 — &, one of the following events happens:

]. Tk:T—Fl;

2 ln(%)
(nj(r)—M) V1’

2. Vp € [M], ] — agg-ji;(mi;) <
Remark 3.9. We note that Lemma 3.8 is critical to the tight performance guarantee in
Lemma 3.7 and subsequently the near-optimal regret guarantees. This result is non-trivial,
as it is a concentration bound for a sequence of random variables whose length, n;(1:(7)), is
also a random variable. Furthermore, since 1x(j) is the round in which arm j is pulled the
k-th time by any player, n;(1x(7)) can potentially take any integer value in [k, k + M — 1]
because there can be up to M pulls of arm j in round 1,(7). We note that using the
Azuma-Hoeffding inequality together with a union bound or Freedman’s inequality (similar

to Lemma A.4) can lead to extra O (M) or O (InT) terms for Lemma 3.7, respectively

(see Remark B.51 in the appendiz for details).

To our best knowledge, we are not aware of any similar tight concentration bounds
for data aggregation in multi-task bandits, and our technique may be of independent

interest for analyzing other multi-task sequential learning problems.

4In the single-task case (M = 1), our proof technique (Lemma B.70) also simplifies the proof of the
first case of Agrawal and Goyal [4, Lemma 2.13].
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3.6 Related Work

There exist many prior works that study multi-player or multi-task bandits with
heterogeneous reward distributions. For example, Cesa-Bianchi et al. [31] use Laplacian-
based regularization to learn a network of bandit problem instances such that connected
problems have similar parameters; Gentile et al. [57|, among others, study clustering
of bandit problem instances. The e-MPMAB problem is introduced in Chapter 2; see
Appendix A.1 for a detailed comparison with related work. In Chapter 4, we generalize the
e-MPMARB problem to episodic, tabular Markov decision processes. We note that while
the methods in the above-mentioned works are UCB-based, we study TS-type algorithms
in this chapter.

TS is initially proposed by Thompson [148] decades ago, but its frequentist analysis
has not emerged until recent years [e.g., 3, 76]. Jin et al. [73] present the first minimax
optimal TS-type algorithm. Our proof techniques in this chapter are mostly inspired by
the work of Agrawal and Goyal [4].

TS algorithms have been studied in multi-task Bayesian bandits. For example,
several recent works study the setting of interacting with a sequence of M bandit problem
instances (tasks) sampled from a common, unknown prior distribution, with a goal of
minimizing the M-instance Bayesian regret [16, 85, 119, 17]. The recent work of Hong et al.
[63] proposes a hierarchical Bayesian bandit problem that generalizes many multi-task
bandit settings, and analyzes the Bayes regret. In contrast, we use frequentist regret as
our performance metric, and we do not assume a shared prior distribution over the players’
problem instances/tasks. Wan et al. [155] study multi-task T'S in a hierarchical Bayesian
model and assume knowledge of metadata of each task; while they provide a frequentist
regret bound, we study the e MPMAB problem which models task relations differently.

Similar models on sequential transfer between problem instances have also been

studied by Azar et al. [10] and Soare et al. [138]. Zhang and Bareinboim [175|, Zhang
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Figure 3.1. Compares the average performance of the algorithms on 30 randomly
generated problem instances with |Zs.| = 8 and |Zs.| = 5 in a horizon of 7" = 50000 rounds.
Figures in the left column plot the cumulative collective regret over time; figures in the
middle column demonstrate the percentages of pulls of optimal arms, non-subpar yet
non-optimal arms (referred to as near-optimal arms), and subpar arms; figures in the right
column then show the incurred cumulative regret by arm optimality.

et al. [174], Sharma et al. [130] investigate warm-starting bandits from misaligned data.
In this chapter, we focus on a more general interaction protocol, under which the players

may interact with the environment concurrently.

3.7 Empirical Evaluation

In this section, we present an empirical evaluation of ROBUSTAGG-TS(€) on
synthetic data. We focus on the concurrent setting (P, = [M] for all ¢), which is the

setting studied in Chapter 2. Our goal is to address the following two questions:

1. How does ROBUSTAGG-TS(¢) perform in comparison with the UCB-based algorithm,

ROBUSTAGG(¢), and the baseline algorithms without transfer learning?

2. Does the notion of subpar arms characterize the performance of the algorithms in
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practice?

Experimental Setup.

We compared the performance of 4 algorithms: (1) ROBUSTAGG-TS(e) with
constants ¢; = 3 and ¢, = 1; (2) ROBUSTAGG(€) (Section 2.6); (3) IND-T'S, the baseline
algorithm that runs TS with Gaussian priors for each player individually; and (4) IND-UCB,
the baseline algorithm that runs UCB-1 for each player individually.

The algorithms were evaluated on randomly generated 0.15-MPMAB problem
instances with different numbers of subpar arms. To stay consistent with Chapter 2, we
followed the same instance generation procedure and considered Zs. to be the set of subpar
arms—we set the number of players M = 20 and the number of arms K = 10; then,
for each integer value v € [0, 9], we generated 30 0.15-MPMAB problem instances with

Bernoulli reward distributions and |Zs.| = v. We ran the algorithms on each instance for a

horizon of T = 50, 000 rounds.

Results and Discussion.

Figure 3.1 compares the average performance of the algorithms on instances with
|Z5| = 8 and 5. We defer the rest of the results to Appendix B.5.

From the left column, we first observe that, while the UCB-based algorithm,
ROBUSTAGG(€), outperforms its counterpart, IND-UCB, in the cumulative collective
regret (3 cpr 2o per, ML — ,u%), its empirical performance is underwhelming in comparison
with TS algorithms. In particular, even on instances with half of the arms subpar
(|Zsc] = 5), ROBUSTAGG(€) is outperformed by the IND-TS baseline without transfer
learning. Importantly, we note that ROBUSTAGG-TS(€) shows a superior performance
than the other algorithms.

The figures in the middle and right columns illustrate the arm selection of each
algorithm. We categorize all arms into three groups: optimal arms, subpar arms, and near-

optimal arms which are neither subpar nor optimal. Comparing the TS-type algorithms
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with the UCB-based algorithms, we observe that the former algorithms perform better
mainly because they pull near-optimal arms a smaller number of times and incur less
regret on these arms.

Furthermore, we observe that ROBUSTAGG(¢) and ROBUSTAGG-TS(¢), when
compared with their counterparts (IND-UCB and IND-T'S, respectively), incur a similar
amount of regret from near-optimal arms. Meanwhile, they make fewer pulls on subpar
arms. This may be less obvious from the plots on the percentage of total pulls because
none of the algorithms pull subpar arms extensively over the horizon. However, since the
suboptimality gaps of subpar arms are large, we see from the figures in the right column
that ROBUSTAGG(e) and ROBUSTAGG-TS(e) incur far less regret on subpar arms. These
results thereby demonstrate that the notion of subpar arms can capture the amenability
of transfer learning in subpar arms but not near-optimal arms.

In addition, the results show that, empirically, ROBUSTAGG-TS(¢) can robustly
leverage transfer for arms in Zs. O Z;o.—this suggests that our upper bounds may be

improved; we leave this as future work.

3.8 Conclusion

In this chapter, we studied transfer learning in multi-task bandits under the
framework of a generalized version of the e MPMAB problem. We proposed a TS-type
algorithm, ROBUSTAGG-TS(¢), which can robustly leverage auxiliary data collected for
other tasks. We showed that ROBUSTAGG-TS(¢) is empirically superior when evaluated
on synthetic data, and also near-optimal in gap-dependent and gap-independent frequentist
guarantees. In our analysis, we also proved a novel concentration inequality for multi-task
data aggregation, which can be of independent interest in the analysis of other multi-task
online learning problems. For future work, we are interested in improving the lower-order

terms in our regret bounds and evaluating our algorithm in real-world applications.
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Chapter 4

Multi-Task Reinforcement Learning
with Model Transfer

4.1 Introduction

In many real-world applications, reinforcement learning (RL) agents can be deployed
as a group to complete similar tasks at the same time. For example, in healthcare robotics,
robots are paired with people with dementia to perform personalized cognitive training
activities by learning their preferences [150, 83]; in autonomous driving, a set of autonomous
vehicles learn how to navigate and avoid obstacles in various environments [97]. In these
settings, each learning agent alone may only be able to acquire a limited amount of data,
while the agents as a group have the potential to collectively learn faster through sharing
knowledge among themselves. Multi-task learning [30] is a practical framework that can
be used to model such settings, where a set of learning agents share/transfer knowledge to
improve their collective performance.

Despite many empirical successes of multi-task RL [e.g., 182, 98, 97| and transfer
learning for RL [e.g., 93, 146], a theoretical understanding of when and how information
sharing or knowledge transfer can provide benefits remains limited. Exceptions include [e.g.,
60, 24, 42, 65, 117, 92|, which study multi-task learning from parameter or representation
transfer perspectives. However, these works still do not provide a completely satisfying

answer: for example, in many application scenarios, the reward structures and the
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environment dynamics are only slightly different for each task—this is, however, not
captured by representation transfer [42, 65| or existing works on clustering-based parameter
transfer [60, 24]. In such settings, is it possible to design provably efficient multi-task
RL algorithms that have guarantees never worse than agents learning individually, while
outperforming the individual agents in favorable situations?

In this work, we formulate a multi-task RL problem that is applicable to the
aforementioned settings. Specifically, we generalize the results on multi-task multi-armed
bandits (Chapter 2) and formulate the e-Multi-Player Episodic Reinforcement Learning
(abbreviated as e-MPERL) problem, in which all tasks share the same state and action
spaces, and the tasks are assumed to be similar—i.e., the dissimilarities between the
environments of different tasks (specifically, the reward distributions and transition dynam-
ics associated with the players/tasks) are bounded in terms of a dissimilarity parameter
€ > 0. This problem not only models concurrent RL [134, 60| as a special case by taking
e = 0, but also captures richer multi-task RL settings when ¢ is nonzero. We study regret

minimization for the e-MPERL problem, specifically:

1. We identify a problem complexity notion named subpar state-action pairs, which
captures the amenability of information sharing among tasks in e-MPERL problem
instances. As shown in the multi-task bandits literature (see Chapter 2), information
sharing is not always helpful. Subpar state-action pairs, intuitively speaking, are clearly
suboptimal for all tasks, for which we can robustly take advantage of (possibly biased)

data collected for other tasks.

2. In the setting where the dissimilarity parameter € is known, we design a model-based
algorithm MULTI-TASK-EULER (Algorithm 3), which is built upon state-of-the-art
algorithms for learning single-task Markov decision processes (MDPs) [172, 136], as
well as model transfer ideas in RL [146]. MULTI-TASK-EULER crucially utilizes the

dissimilarity assumption to robustly take advantage of information sharing among
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tasks, and achieves regret upper bounds in terms of subpar state-action pairs, in both
(suboptimality) gap-dependent and gap-independent fashions. Specifically, compared
with a baseline algorithm that does not utilize information sharing, MULTI-TASK-EULER
has a regret guarantee that: (1) is never worse, i.e., it avoids negative transfer [123]; (2)

can be much superior when there are a large number of subpar state-action pairs.

3. We also present gap-dependent and gap-independent regret lower bounds for the e-
MPERL problem in terms of subpar state-action pairs. Together, the upper and lower

bounds characterize the intrinsic complexity of the e-MPERL problem.

4.2 Preliminaries

Throughout this chapter, we denote by [n] := {1,...,n}. For a set A, we use A to
denote its complement. Denote by A(X) the set of probability distributions over X. For
functions f, g, we use f < g (resp. f 2 ¢g) to denote that there exists some constant ¢ > 0,
such that f < cg (resp. f > cg), and use f = g to denote f < g and f = g simultaneously.
Define a V b := max(a,b), and a A b := min(a,b). We use E to denote the expectation
operator, and use var to denote the variance operator. Throughout, we use @() notation

to hide logarithmic factors.

Multi-task RL in episodic MDPs.

We have a set of M MDPs {/\/lp = (H,S, A, pg,Pp,rp)};\il, each associated with
a player p € [M]. Each MDP M, is regarded as a task. The MDPs share the same
episode length H € N, finite state space S, finite action space A, and initial state
distribution py € A(S). The transition probabilities P, : & x A — A(S) and reward
distributions r,, : S x A — A([0, 1]) of the players are not necessarily identical. We assume

that the MDPs are layered!, in that the state space S can be partitioned into disjoint

IThis is a standard assumption [see, e.g., 168|. It is worth noting that any episodic MDP (with possibly
nonstationary transition and reward) can be converted to a layered MDP with stationary transition and
reward, with the state space size being H times the size of the original state space.
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subsets (S,)f_,, where py is supported on Sy, and for every p € [M], h € [H], and every
s € Sp,a € A, Py(- | s,a) is supported on Sp1; here, we define Sy = {L} so that it
contains a default terminal state L (note that L ¢ S). We denote by S := |S]| the size of

the state space, and A := | A] the size of the action space.

Interaction process.
The interaction process between the players and the environment is as follows: at

the beginning, both (r,))%, and (IP,)}’, are unknown to the players. For each episode

p:
k € [K], each player p € [M] interacts with its respective MDP M,,; specifically, player p
starts with state s’ip ~ po, and at every step h € [H], it chooses action afb’p, transitions

to next state sy, ~ P,(- | sy, ay ) and receives a stochastic immediate reward ry  ~

rp(- | sfw, (zﬁ’p); after all players have finished their k-th episode, they can communicate

and share information. The goal of the players is to maximize their expected collective

K M H
reward E | >, szl > h-1 r}lip] :

Policy and value functions.

A deterministic policy 7 is a mapping from S to A, which can be used by a player
to make decisions in its respective MDP. For player p and step h, we define the value
function V;" S — [0, H] and the action value function Qf , : Sy x A — [0, H] as the
expected return of player p conditioned on its being at a state at step h, and its being at
a state and taking an action at step h, respectively. They satisfy the following recursive

formula known as the Bellman equation:
Vhe[H]: Vi, (s)=Q,(s5,7(s)), Qp,(s,a)=Ry(s,a)+ PV, ,)(s,a),

where we use the convention that Vi, (L) =0, and for f: Spy1 — R, (Ppf)(s,a) :=
D sesn, o8’ s,a) f(s), and Ry(s,a) = Eivr, (5,0 [F] is the expected immediate reward

of player p. For player p and policy 7, denote by Vi, = Eg ~p, [pr(sl)] its expected
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reward.
For player p, we also define its optimal value function V5, : &, — [0, H] and
the optimal action value function Q} ) : S, x A — [0, H] using the Bellman optimality

equation:

Vh € [H] : Vh*’p(s) = max Qp (5, a), thp(s, a) = R,(s,a) + (IPPV{JFLP)(S, a), (4.1)

where we again use the convention that V5., (L) = 0. For player p, denote by V, =
Es,~po [Vl*’p(sl)] its optimal expected reward.

Given a policy 7, as V;", for different /’s are only defined in the respective layer Sp,
we “collate” the value functions (V;7,)jL, and obtain a single value function V7 : S — R.
Formally, for every h € [H] and s € S,

Vi(s) == Vi, (s).

p

We define Q7, V)", Q) similarly. For player p, given its optimal action value functions

*

%, its optimal policy 7y : & — A is greedy with respect to Qy, that is, m;(s) =

argmax, ¢ 4 Qr(s, a).

Suboptimality gap.

We define the suboptimality gap of state-action pair (s, a) for player p as gap, (s, a) =
Vi(s) — Q5(s,a). We define the mininum suboptimality gap of player p as gap,, i, =
N5 0):gap, (s,0)>0 gap,(s,a), and the minimum suboptimailty gap over all players as
8aP i, = MiNpe[nr) AP, min- For player p € [M], define Z, ot = {(s, a) : gap,(s,a) = O}

as the set of optimal state-action pairs with respect to p.

Performance metric.
The performance metric of the players studied in this chapter is their collective

regret, i.e., over a total of K episodes, how much extra reward they would have collected
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in expectation if they were executing their respective optimal policies from the beginning.
Formally, suppose for each episode k, player p executes policy 7*(p), then the collective

regret of the players is defined as:

Baseline: individual STRONG-EULER.

A naive baseline for multi-player RL is to let each player run a separate RL
algorithm without communication. For concreteness, we choose to let each player run
the state of the art STRONG-EULER algorithm [136] (see also its precursor EULER [172]),
which enjoys minimax gap-independent [12, 39| and gap-dependent regret guarantees,
and refer to this strategy as individual STRONG-EULER. Specifically, as it is known
that STRONG-EULER has a regret of O(vVH2SAK), individual STRONG-EULER has a
collective regret of @(M VH?2SAK ). In addition, by summing up the gap-dependent regret
guarantee of STRONG-EULER for the M MDPs altogether, it can be easily checked that

with probability 1 — ¢, individual STRONG-EULER has a collective regret of

Reg(K) < In (—MiAK> > > Lk + ) o

pe[M)] (5,0)EZp opt gappgnin (s,a)eZc gapp(87 CL)

p,opt

MH
gaPmin

+ MH?S*AIn

Our goal is to design multi-task RL algorithms that can achieve collective regret strictly
lower than this baseline in both gap-dependent and gap-independent fashions when the

tasks are similar.
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Notion of similarity.
Throughout this chapter, we will consider the following notion of similarity between

MDPs in the multi-task episodic RL setting.

Definition 4.1. A collection of MDPs (My)M | is said to be e-dissimilar, if for all

p=1

p,q € [M], and (s,a) € S X A,

€

|Bols, @) = Ry(s,0)] <€ [IBy(- [ 5,0) =Py(- | 5,0)[[1 < 7

If this happens, we call (./\/lp)ﬁ/il an e-Multi-Player Episodic Reinforcement Learning
(abbrev. e-MPERL) problem instance.

If the MDPs in (Mp)é\il are O-dissimilar, then they are identical by definition, and
our interaction protocol degenerates to the concurrent RL protocol [134]. Our dissimilarity
notion is complementary to those of [24, 60|, in that they require the MDPs to be either
identical, or have well-separated parameters for at least one state-action pair; in contrast,
our dissimilarity notion allows the MDPs to be nonidentical and arbitrarily close.

We have the following intuitive lemma that shows the closeness of optimal value

functions of different MDPs, in terms of the dissimilarity parameter e:

Lemma 4.2. If (M,)}L, are e-dissimilar, then for every p,q € [M], and (s,a) € S x A,

Qr(s,a) — Qi(s,a)| < 2He; consequently, |gap,(s,a) — gap,(s,a)| < 4He.

4.3 Algorithm: MULTI-TASK-EULER

We now describe our main algorithm, MULTI-TASK-EULER (Algorithm 3). Our
model-based algorithm is built upon recent works on episodic RL that provide algorithms
with sharp instance-dependent guarantees in the single task setting [172, 136]. In a nutshell,
for each episode k and each player p, the algorithm performs optimistic value iteration to
construct high-probability upper and lower bounds for the optimal value and action value

. N N S . . .
functions V¥ and (), and uses them to guide its exploration and decision making process.
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Algorithm 3: MULTI-TASK-EULER

1

2

10

11

12

13

14

15

16

17

18

19

Input : Failure probability § € (0,1).

Initialize: Set V(L) = 0 for all p in [M], where L is the only state in Sp; ;
for k=1,2,..., K do

forp=1,2,...,M do

// Construct optimal value estimates for player p

forh=H,H—-1,...,1do
for (s,a) € S, x Ado
Compute:
ind-Q,(s,a) = ]:’Lp(s, a) + (I@’pvp)(s, a) + ind-b,(s, a);
md—Qp(s, a) = Ii’p(s, a) + (]fbpzp)(s, a) — ind-by(s, a);
agg-Q,(s,a) = R(s,a) + (PV,)(s,a) + agg-b,(s, a);
agg- p(s, a) = R(s, a) + (I@’Kp)(s, a) — agg-by(s, a);

Update optimal action value function upper and lower bound

estimates:
Q,(s,a) = min {H —h+1,ind-Q,(s, a), ind—Qp(s, a)};

Q,(s.a) = max {0,ind-Q (s,a), agz-Q (s,a) };
for s € S, do

Define 7*(p)(s) = argmax, 4 @p(s, a);
Update V,(s) = Q,(s,7(p)(s)), Y, (s) = Q (s, 7" (p)(s))-

// All players p interact with their respective environments, and update

reward and transition estimates
forp=1,2,...,M do

Player p executes policy 7%(p) on M, and obtains trajectory

(Si,zﬁ a’ﬁ,p’ rilj,p)thl :

Update individual estimates of transition probability I@’p, reward ]%p
and count n,(-, ).

Update aggregate estimates of transition probability I@’, reward R and

count n(-, ).
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Empirical estimates of model parameters.

For each player p, the construction of its value function bound estimates relies on
empirical estimates on its transition probability and expected reward function. For both
estimands, we use two estimators with complementary roles, which are at two different
points of the bias-variance tradeoff spectrum: one estimator uses only the player’s own
data (termed individual estimate), which is unbiased but has large variance, the other
estimator uses the data collected by all players (termed aggregate estimate), which is
biased but has lower variance. Specifically, at the end of episode k, for every h € [H] and
(s,a) € S, x A, the algorithm maintains its empirical count of encountering (s, a) for each

player p, along with its total empirical count across all players, respectively:

a) = Z 1 ((sﬁl,p,asz) = (s,a)) , n(s,a) = Xk:i 1 < shp,ahp (s,a)) . (4.2)

=1 =1 p=1

The individual and aggregate estimates of immediate reward R(s,a) are defined as:

T (Ghpeah,) = () i,

ol )= ny(s,0) | (4.3)
. Zf:l Zﬁg 1 ((Slh,p’ ay,,) = (s, a)) Thy
R(s,a) := (.0) :

Similarly, for every h € [H] and (s,a,s") € S, x A x Sp41, we also define the individual

and aggregate estimates of transition probability as:

~ Zl 1 <(Shp7a§zp7séz+l p) (8,&,5’))

P,(s"| s,a) == 7
ny(s, a)
k M i; 1 1 ’ (44)
Ny Zl:l Zp:l 1 ((Sh,p7 ah,p7 Sh+1,p) - (87 a,s ))
P(s" | s,a) == _
n(s,a)

95



If n(s,a) = 0, we define R(s,a) := 0 and P(s' | s,a) == ——; and if n,(s,a) = 0, we

Sl

define R,(s,a) := 0 and P,(s' | s,a) := ﬁ The counts and reward estimates can be
h+1

maintained by MULTI-TASK-EULER efficiently in an incremental manner.
Constructing value function estimates via optimistic value iteration.

For each player p, based on these model parameter estimates, MULTI-TASK-EULER
performs optimistic value iteration to compute the value function estimates for states at
all layers (lines 3 to 15). For the terminal layer H + 1, V(L) = 0 trivially, so nothing
needs to be done. For earlier layers h € [H], MULTI-TASK-EULER iteratively builds its
value function estimates in a backward fashion. At the time of estimating values for layer
h, the algorithm has already obtained optimal value estimates for layer h + 1. Based on
the Bellman optimality equation (4.1), MULTI-TASK-EULER estimates (Q5(s, @))ses;, aca
using model parameter estimates and its estimates of (V;*(s))ses,,, 1€, (Vp(5))ses,,, and
(V,(8))sesn,, (lines 5 to 12).

Specifically, MULTI-TASK-EULER constructs estimates of (Q5(s,a)) for all s €
Sy, a € A in two different ways. First, it uses the individual estimates of model of player
p to construct Mp and mp, upper and lower bound estimates of Q5 (lines 8 and 9);
this construction is reminiscent of EULER and STRONG-EULER [172, 136], in that if we
were only to use Mp and mp as our optimal action value function estimate @p and
Qp, our algorithm becomes individual STRONG-EULER. The individual value function
estimates are crucial to establishing MULTI-TASK-EULER’s fall-back guarantees, ensuring
that it never performs worse than the individual STRONG-EULER baseline. Second, it uses
the aggregate estimate of model to construct Mp and @p, also upper and lower
bound estimates of Q5 (lines 6 and 7); this construction is unique to the multitask learning
setting, and is our new algorithmic contribution.

To ensure that agg-Q, and ind-@Q, (resp. agg-Qp and ind-Qp) are valid upper

bounds (resp. lower bounds) of @5, MULTI-TASK-EULER adds bonus terms ind-b,(s, a)
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and agg-b,(s,a), respectively, in the optimistic value iteration process, to account for
estimation error of the model estimates against the true models. Specifically, both bonus

terms comprise three parts:

ind-b, (s, @) == bew (n,(s,a),0) + byron (]fl’p(. | s,a),ny(s,a), Vp, V,, O)
+ bstr (]fpp< | S, a)vnp(sa a)7vp7zp7 0> )
agg-b,(s,a) = by (n(s,a)m) + bprob <I@’( | s,a),n(s, a),V,,,zp,e)

+ bstr <]IAD( | S, a)7n<87a)7vpazp7 E) )

where

brw (N, k) :=1 A /i—l—@( —),

bprob <q7n7va K7 K’> =H N 2r+

e [V L) | o [V VP L) pragy |

n n n

S)

5 B |(V) VP L) 51 ()

n n

st (q,n,v, Vv, /<;> =K+ 0

and L(n) ~ In(M54n),

The three components in the bonus terms serve for different purposes:

1. The first component accounts for the uncertainty in the reward estimation: with

~ A

probability 1 — O(9), |R,(s,a) — Ry(s,a)| < brw(ny(s,a),0), and |R(s,a) — Ry(s,a)| <
brw(n(s,a), €).

2. The second component accounts for the uncertainty in estimating (P,V;7)(s, a): with
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probability 1—O(3), ‘(@pvp*)(s, 0) — BV (5,0)| < bosan Byl | 5,), (5, ), V,, V., 0)
and | (BV;)(s,) = (BV;)(5,@)| < byron (B | 5,), 0(5,0), V3 V)

3. The third component accounts for the lower order terms to ensure strong optimism [136:

with probability 1 — O(9),

(EDP - PP)(VP o ‘/;)*)(57 a)‘ S bStr(EADP(' ‘ 8y a)a np(3> a)avpazpa 0)7 and
)(IED - ]P)P)(Vp - ‘/;7*)(57 CL)‘ S bPYOb(]fD(' | S, a’)7 n(87 a)vvpvzpy 6)'

Based on the above concentration inequalities and the definitions of bonus terms, it
can be shown inductively that, with probability 1 — O(d), both agg-Q), and ind-Q,, (resp.

agg—@p and ind—Qp) are valid upper bounds (resp. lower bounds) of Q5.

Finally, observe that for any (s,a) € S, x A, Q5(s,a) has range [0, H — h +1]. By
taking intersections of all confidence bounds of @ it has obtained, MULTI-TASK-EULER
constructs its final upper and lower bound estimates for Q5(s, a), @p(s, a) and Qp(s, a)
respectively, for (s,a) € S, x A (line 11 to 12). Similar ideas on using data from multiple
sources to construct confidence intervals and guide explorations was proposed by Soare et al.
[138] for multi-task linear contextual bandits. Using the relationship between the optimal
value V¥(s) and and optimal action values {Q;(s, a):a€ A}, MULTI-TASK-EULER also

constructs upper and lower bound estimates for V*(s), V,(s) and V(s), respectively for

s € Sy, (line 15).

Executing optimistic policies.

At each episode k, for each player p, its optimal action-value function upper bound
estimate @p induces a greedy policy 7*(p) : s — argmax,. 4 @p(s, a) (line 14); the player
then executes this policy at this episode to collect a new trajectory and use this to update
its individual model parameter estimates. After all players finish their episode k, the
algorithm also updates its aggregate model parameter estimates (lines 16 to 19) using

Equations (4.2), (4.3) and (4.4), and continues to the next episode.
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4.4 Performance Guarantees

Before stating the guarantees of Algorithm 3, we define an instance-dependent

complexity measure that characterizes the amenability of information sharing.

Definition 4.3. The set of subpar state-action pairs is defined as:
I = {(s,a) €S x A:dpe [M], gap,(s,a) > 96He} ,

where we recall that gap,(s,a) = V(s) — Qx(s, a).

Definition 4.3 generalizes the notion of subpar arms defined for multi-task multi-
armed bandit learning (chapter 2) in two ways: first, it is with regards to state-action pairs
as opposed to actions only; second, in RL, suboptimality gaps depend on both immediate
reward and subsequent long-term return.

To ease our later presentation, we also present the following lemma.

Lemma 4.4. For any (s,a) € I, we have that: (1) for all p € [M], (s,a) ¢ Z, opt, where
we recall that Z, o = {(s, a) : gap,(s,a) = O} is the set of optimal state-action pairs with
respect to p; (2) for all p,q € [M], gap,(s,a) > %gapq(s,a).

The lemma follows directly from Lemma 4.2; its proof can be found in the Appendix
along with proofs of the following theorems. Item 1 implies that any subpar state action
pair is suboptimal for all players. In other words, for every player p, the state-action space
S x A can be partitioned to three disjoint sets: Z., Z, opt, (Z U prpt)c. Item 2 implies
that for any subpar (s, a), its suboptimal gaps with respect to all players are within a

constant of each other.

4.4.1 Upper bounds

Equipped with the above definitions, we are now ready to present the performance

guarantees of Algorithm 3. We first present a gap-independent collective regret bound.
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Theorem 4.5 (Gap-independent upper bound). If {J\/lp};‘il are e-dissimilar, then running

MULTI-TASK-EULER, we have with probability 1 — 0,

Reg(K) < O (M\/H2|I§\K + VMHEZIK + MH352A) .

We again compare this regret upper bound with individual STRONG-EULER’s gap
independent regret bound. Recall that individual STRONG-EULER guarantees that with
probability 1 — ¢,

Reg(K) < O (zwm + MH3S2A> .

We focus on the comparison on the leading terms, i.e., the VK terms. As
MVH?2SAK =~ M \/m + M \/m , we see that an improvement in the col-
lective regret bound comes from the contributions from the subpar state-action pairs:
the M \/W term is reduced to \/WEJK , a factor of @(\/%) improvement.
Moreover, if ’Ig! < SA and M > 1, MULTI-TASK-EULER provides a regret bound of
lower order than individual STRONG-EULER.

We next present a gap-dependent upper bound on its collective regret.

Theorem 4.6 (Gap-dependent upper bound). If {Mp};\il are e-dissimilar, then running

MULTI-TASK-EULER, we have with probability 1 — 0,

MSAK H3 H3
Res(R)S(——=)| 2| 2 o —+ 2 oeal
pe[M] \ (5,0)E€Zp,opt & Pp,min (8,0)E(ZeUZp,opt)¢ & Ppl;
H3 MSAK MHSA
> — + In( )- MH®S?Aln :
min, gapp(87 CL) d gaPmin

(s,a)€Z.

where we recall that gap, i, = MiN(s.a):gap, (s,a)>0 gap,(s,a), and gap,,;,, = min, gap,, ;.

Comparing this regret bound with the regret bound obtained by the individ-
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ual STRONG-EULER baseline, recall that by summing over the regret guarantees of
STRONG-EULER for all players p € [M], and taking a union bound over all p, individual

STRONG-EULER guarantees a collective regret bound of

MSAK H? H?
Reg(K) Sh(—=—)[ > | X ——+ ) s |
pE[M] \ (8,a)EZp opt & pp,mln (5,a)E€(ZeUZp,opt)C g pp !
MSAK MHSA
oY —— | +m(——)  MH*PAIn ———,
gapp S, a) o 8aPmin

(s,a)EZe pe[M

that holds with probability 1 — d. We again focus on comparing the leading terms, i.e.,
the terms that have polynomial dependences on the suboptimality gaps in the above two
bounds. It can be seen that an improvement in the regret bound by MULTI-TASK-EULER

comes from the contributions from the subpar state-action pairs: for each (s,a) € Z, the

. HS H3 1 .
regret bound is reduced from Zpe[ M) gop,,(5:0) t0 i eap,(sa) & factor of O(5;) improvement.
Recent work of Xu et al. [168] has shown that in the single-task setting, it is possible
to replace Z(S )€ ont gaf—s with a sharper problem-dependent complexity term that
’ ° 'p,min

depends on the multiplicity of optimal state-action pairs. We leave improving the guarantee

of Theorem 4.6 in a similar manner as an interesting open problem.

4.4.2 Lower bounds

To complement the above upper bounds, we now present gap-dependent and gap-
independent regret lower bounds that also depends on our subpar state-action pair notion.
Our lower bounds are inspired by regret bounds for episodic RL [136, 39| and multi-task
bandits (Chapter 2).

Theorem 4.7 (Gap-independent lower bound). For any A > 2, H > 2, S > 4H, K > SA,

M €N, and 1,1° € N such that [ +1° = SA and | < SA—4(S+ HA), there exists some ¢
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such that for any algorithm Alg, there exists an e-MPERL problem instance with S states,

A actions, M players and an episode length of H such that |T

19

¢ ’21, and
2H

E [RegAlg(K)} >0 <M\/H2ZCK + \/MH2ZK> .

We also present a gap-dependent lower bound. Before that, we first formally define
the notion of sublinear regret algorithms: for any fixed €, we say that an algorithm Alg is
a sublinear regret algorithm for the e-MPERL problem if there exists some C' > 0 and
a < 1 such that E [RegAlg(K)] < CK*.

Theorem 4.8 (Gap-dependent lower bound). Fize > 0. For any S €N, A>2 H > 2,
M €N, such that S > 2(H —1), let Sy = S—2(H —1); and let {As,w}(&a’p)e[sﬂX[A]X[M} be
any set of values such that (1) each A, ., € [0, H/48], (2) for every (s,p) € [S1] x[M], there
ezists at least one action a € [A] such that Ag,., =0, and (3) for every (s,a) € [S1] x [A]

and p,q € [M],

Dgap — As7a,q| < €/4. There exists an e-MPERL problem instance with S
states, A actions, M players and an episode length of H, such that S; = [S1], |Su| = 2 for
all h > 2, and

gap,(s,a) = Agap, V(s,a,p) € [S1] x [A] x [M];

for this problem instance, any sublinear regret algorithm Alg for the e-MPERL problem

must have regret at least

E [Regay(K)] =

H? H?
QlInK — Tt :
Z 2 . gapp(s7 a) Z miny, gapp(s, (l)
pe[M] (s,a)GZ(€/192H). (5,0)€Z(c j192m)
gap,(s,a)>0

Comparing the lower bounds with MULTI-TASK-EULER’s regret upper bounds in
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Theorems 4.5 and 4.6, we can see that the upper and lower bounds nearly match for any
constant H. When H is large, the key difference between the upper and lower bounds is

that the former are in terms of Z., while the latter are in terms of Zg(<). We conjecture

£
H

that our upper bounds can be improved by replacing Z. with Zg<)—our analysis uses a

H
clipping trick similar to [136], which may be the reason for a suboptimal dependence on

H. We leave closing this gap as an open question.

4.5 Related Work

Regret minimization for MDPs.

Our work belongs to the literature of regret minimization for MDPs [e.g., 15, 68,
39, 12, 40, 71, 41, 172, 136, 179, 170, 168|. In the episodic setting, [12, 41, 172, 136, 179|
achieve minimax vV H2SAK regret bounds for general stationary MDPs. Furthermore,
the EULER algorithm [172] achieves adaptive problem-dependent regret guarantees when
the total reward within an episode is small or when the environmental norm of the
MDP is small. Simchowitz and Jamieson [136] refine EULER, proposing STRONG-EULER
that provides more fine-grained gap-dependent O(log K) regret guarantees. Yang et al.
[170], Xu et al. [168] show that the optimistic Q-learning algorithm |71] and its variants
can also achieve gap-dependent logarithmic regret guarantees. Remarkably, Xu et al. [168|
achieve a regret bound that improves over that of [136], in that it replaces the dependence
on the number of optimal state-action pairs with the number of non-unique state-action

pairs.

Transfer and lifelong learning for RL.

A considerable portion of related works concerns transfer learning for RL tasks
[see 145, 91, 181, for surveys from different angles|, and many studies investigate a batch
setting: given some source tasks and target tasks, transfer learning agents have access

to batch data collected for the source tasks (and sometimes for the target tasks as well).
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In this setting, model-based approaches have been explored in [e.g., 146]|; theoretical
guarantees for transfer of samples across tasks have been established in [e.g., 92, 149].
Similarly, sequential transfer has been studied under the framework of lifelong RL in
le.g., 143, 1, 56, 89]—in this setting, an agent faces a sequence of RL tasks and aims to
take advantage of knowledge gained from previous tasks for better performance in future
tasks; in particular, analyses on the sample complexity of transfer learning algorithms are
presented in [24, 100] under the assumption that an upper bound on the total number
of unique (and well-separated) RL tasks is known. We note that, in contrast, we study
an online setting in which no prior data are available and multiple RL tasks are learned

concurrently by RL agents.

Concurrent RL.

Data sharing between multiple RL agents that learn concurrently has also been
investigated. In [e.g., 80, 135, 60, 44|, a group of agents interact in parallel with identical
environments. Another setting is studied in [60], in which agents solve different RL tasks
(MDPs); however, similar to [24, 100], it is assumed that there is a finite number of
unique tasks, and different tasks are well-separated, i.e., there is a minimum gap. In this
work, we assume that players face similar but not necessarily identical MDPs, and we
do not assume a minimum gap. Hu et al. [65] study multi-task RL with linear function
approximation with representation transfer, where it is assumed that the optimal value
functions of all tasks are from a low dimensional linear subspace. Our setting and results
are the most similar to [117] and [48]. Pazis and Parr [117] study concurrent exploration
in similar MDPs with continuous states in the PAC setting; however, their PAC guarantee
does not hold for target error rate arbitrarily close to zero; in contrast, our algorithm
has a fall-back guarantee, in that it always has a sublinear regret. Concurrent RL from
similar linear MDPs has also been recently studied in [48]: under the assumption of small

heterogeneity between different MDPs (a setting very similar to ours), the provided regret
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guarantee involves a term that is linear in the number of episodes, whereas our algorithm
in this chapter always has a sublinear regret; concurrent RL under the assumption of
large heterogeneity is also studied in that work, but additional contextual information is

assumed to be available for the players to ensure a sublinear regret.

Other related topics and models.

In many multi-agent RL models [177, 113], a set of learning agents interact with a
common environment and have shared global states; in particular, Zhang et al. [176] study
the setting with heterogeneous reward distributions, and provides convergence guarantees
for two policy gradient-based algorithms. In contrast, in our setting, our learning agents
interact with separate environments. Multi-agent bandits with similar, heterogeneous
reward distributions are investigated in Chapter 2; herein, we generalize the multi-armed

bandit setting to tabular, episodic MDPs.

4.6 Conclusion and Future Work

In this chapter, we generalize the multi-task bandit learning framework in Chapter 2
and formulate a multi-task concurrent RL problem, in which tasks are similar but not
necessarily identical. We provide a provably efficient model-based algorithm that takes
advantage of knowledge transfer between different tasks. Our instance-dependent regret
upper and lower bounds formalize the intuition that subpar state-action pairs are amenable
of information sharing among tasks.

There still remain gaps between our upper and lower bounds which can be closed by
either a finer analysis or a better algorithm: first, the dependence on Z, in the upper bound
does not match the dependence of Zg(/g) in the lower bound when H is large; second,
the gap-dependent upper bound has O(H?) dependence, whereas the gap-dependent lower
bound only has Q(H?) dependence; third, the additive dependence on the number of

optimal state-action pairs can potentially be removed by new algorithmic ideas [168].
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Another interesting future direction is to consider more general parameter transfer for

online RL, for example, in the context of function approximation.
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Chapter 5

Metric Learning from Crowdsourced
Preference Comparisons

5.1 Introduction

Metric learning is commonly used to discover measures of similarity for downstream
applications [e.g., 84]. In this chapter, we study metric learning from pairwise preference
comparisons. In particular, we consider the ideal point model [38], in which a set of items
are embedded into R?, and a user prefers an item x over another a2’ if it is closer to the

user’s latent ideal point u € RY, that is,

plz,u) < p(a',u),

for some underlying metric p : R? x R4 — R>o. While high-quality item embeddings
have become increasingly available, for example from foundation models pre-trained on
internet-scale data [e.g., 121], naively equipping these representations with the Euclidean
distance may not accurately capture the semantic relations between items as perceived
by humans, and therefore may not align with human values or preferences [171, 28].
Meanwhile, people often agree on their perception of item (dis)similarities [37]. In this
chapter, we study when and how a shared Mahalanobis distance can be learned from a

large crowd, with each user answering a few queries in the form of “Do you prefer z or z'?”
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The line of work on simultaneous metric and preference learning was recently
introduced by [167], who studied it under the ideal point model for a single user. They
proposed an alternating minimization algorithm to recover both the Mahalanobis distance
and user ideal point. After, [28] introduced a convex formulation of the problem, providing
the first theoretical guarantees while extending the results to crowdsourced data. They
showed that the cost of learning a Mahalanobis distance can be amortized among users; it
is possible to jointly learn the metric and ideal points in R? so long as sufficiently many
users each provides O(d) preference comparisons.

However, when the representations of data are very high-dimensional, obtaining 2(d)
preference comparisons from each user can be practically infeasible. It can be expensive to
ask a user more than a few queries [36] both in terms of cost and cognitive overload, and
users may have concerns over their privacy [70]. Fortunately, through crowdsourcing, we
often have access to preference comparisons from a large pool of users. In this chapter, we

ask the fundamental question:

Can we learn an unknown Mahalanobis distance metric in R? from o(d) preference

comparisons per user?

We provide a twofold answer to this question. First, we show a negative result:
even with infinitely many users, it is generally impossible to learn anything at all about
the underlying metric when each user provides fewer than d preference comparisons. In
general, there is no hope for recovering the unknown metric from preference comparisons
without learning individual preference points as well.

Second, we show that the negative result does not rule out the possibility of learning
the metric when the set of items are subspace-clusterable (Definition 5.12); that is, when
they lie in a union of low-dimensional subspaces [116, 103, 50]. These subspaces may

capture, for instance, different categories or classes of items; such structure has also
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Do 'yo: ;;;e:e;x or xX’? Vl Q
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Do you prefer x or x'? V2 Q
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| Do onJv p;'e%;r X or x'? Vn Qn

Figure 5.1. In our divide-and-conquer approach, users help us recover the metric )y
restricted to subspaces V). We stitch these together to recover the metric M on R?%. The
ellipses visualize the low-dimensional unit spheres, which are ‘slices’ of the full metric.

been studied extensively in compressed sensing [102, 49| and computer vision [62], among
others. Given items with subspace-clusterable structure, we show that we can learn the
Mahalanobis distance using a divide-and-conquer approach (Figure 5.1). This involves
learning the metric restricted to each subspace, which is feasible using very few comparisons

per user, and then reconstructing the full metric from these subspace metrics.

Contributions.

We study the fundamental problem of learning an unknown metric with limited
pairwise comparison queries, i.e, whether it is possible to learn a shared unknown metric
without learning the individual preference points. Our main contributions are as follows:
1. We provide an impossibility result: nothing can be learned if the items are in general

position (Section 5.3);

2. We define the notion of subspace-clusterable items and propose a divide-and-conquer

approach, such that:

e Given noiseless, unquantized comparisons that indicate how much a user prefers one
item over another, we show that subspace-clusterability is necessary and sufficient

for identifying the unknown metric (Section 5.4);

e Given noisy, quantized comparisons in the form of binary responses over subspace-
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clusterable items, we present recovery guarantees in terms of identification errors for

our approach (Section 5.5);

3. We implement our proposed algorithm and validate our findings using synthetic data

(Section 5.6).

Related work.

Metric learning from triplet comparisons or ordinal constraints has been studied
extensively [84]. A line of metric learning from human feedback focuses on learning
Mahalanobis distances from triplet comparisons [128, 152, 106], in which users are asked
“is u closer to x or z’?” However, triplet comparisons are a specific type of feedback
that is not always practical to obtain. And so, an important extension of these works is
metric learning from preference comparisons, which can be seen as a variant of triplet
comparisons with an unknown latent comparator u. Even though preference comparisons
are a weaker form of feedback, they are also much more prevalent. For example, they can
be inferred from user behavior, assuming users tend to engage more with items perceived
to be more ideal. As we build directly on this line of work by [167] and [28], we now
present background and existing results in greater detail. See Appendix D.1 for further

discussion of related work.

5.2 Preliminaries

The ideal point model.
Let X be a set of items embedded into R? with an unknown Mahalanobis distance p.
Let M be its matrix representation in R4, That is, M is a positive-definite (symmetric)

matrix and for all z, 2’ € R,
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Suppose there is a large pool of users, and each user is associated with an unknown ideal
point in R?. A user with ideal point u prefers an item x over another 2’ if and only if

p(x,u) < p(2',u); or whenever ¢(z, z’;u) < 0, where:
ur(a,a'su) = |lo —ullyy — 2" —ull3. (5.1)

Each user’s ideal point may be distinct, but we assume that the metric p is a shared. We
aim to recover p when each user provides very few preference comparisons.

We consider two types of user preference comparisons for learning the metric:
unquantized and quantized measurements. From a user with ideal point u, these are of the

form:

unquantized quantized

where 1) = ¢(x,2';u) is a real number that indicates the difference between the squared
distances, and y is binary, taking values in {—1,+1}. When y = —1, z is preferred over

2’, and y = +1 indicates otherwise.

Metric learning from preference measurements.

We now review the existing algorithmic ideas for recovering the metric from
preference feedback under the ideal point model. Suppose that we are given unquantized
measurements from a single user with an ideal point v € RY. With a little algebra [28],

the measurement in Eq. (5.1) becomes:
Yy (z,2'su) = (2’ — o'z M)+ {z — ' v), (5.2)

where v := —2Mu. The first inner product is the trace inner product for matrices, while

the second inner product is the usual inner product on R%. The re-parametrization v of u
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is sometimes called the pseudo-ideal point. Thus, unquantized measurements are linear
over the joint variables (M, v). Given a set of unquantized measurements from a user, one
can just solve a linear system of equations to recover the matrix representation M of p, as
described in Algorithm 7 of Appendix D.3. Since M has full rank and therefore invertible,
we can then recover u from M and v [28].

As there are d(dTH) +d degrees of freedom in (M, v), to recover the metric in this way
requires at least that many measurements from a single user; the first term corresponds to
the dimension of symmetric d X d matrices representing Mahalanobis distances, the second
for the user ideal point.

When d? is very large, we may want to amortize learning the metric over many
users. |28] show that this is possible. Let the users be indexed by elements in [K]. We
can construct a larger linear regression problem, where each user has a separate covariate
corresponding to their ideal point. Now, the joint variable is (M, vy, vs, ..., vk ), which has
@ + dK degrees of freedom. When the population is large, it suffices to ask each user
O(d + d?/ K) preference queries, which can be much closer to d than d?. This procedure is
given in Algorithm 8 of Appendix D.3.

However, modern representations of data may be extremely high-dimensional, and
it would be too onerous for any single user to provide d measurements. In this chapter, we
tackle this question: If we have access to many users but can only ask each user a much
more limited number m < d of preferences queries, can we still recover p? We note that
with o(d) pairwise queries, it is impossible to localize the ideal preference point of a user
even with a known metric [69, 107]. So, our goal here is to address the open question of

whether it is possible to learn an unknown metric with such limited queries per users given

a sufficiently large pool of users.
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Notation.
Let Sym(R?) denote the symmetric d x d matrices equipped with the trace inner
product, and let Sym™(R?) be the positive-definite matrices. For readability, we often

make abbreviations of the form A € Sym(R¢) and § € R%:
A=zz' — 2z and Jd=x—2x

Then, A @ ¢ is an element of Sym(R?) @ R?, the direct sum of inner product spaces, and

we can shorten Eq. (5.2) to:

Uy (z,a'su) = (A @6, M & v).

Following the experimental design literature, let us call a collection of such elements a

design matriz:

Definition 5.1. Let {(x,, %i,) }icpm) be a collection of item pairs. It induces the linear

map D : Sym(R?) x RY — R™,

where A; = x; v} — x; x] and & = x; — x;, for i € [m]. As a slight abuse of language,

we call D the induced design matrix. If item pairs are drawn from a distribution P,
over (R% x RY)™ we say that D is a random design and write D ~ P,,. We also define

02in(Pm) = = - omin (E[D* D).

min

For additional background and notation, see Appendix D.3.
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5.3 An Impossibility Result

Consider the mathematically simplified setting in which users provide unquantized
responses. We show a negative result stating that when users provide fewer than d
comparisons, we fundamentally cannot learn anything about M if the items are in general

position in the following sense:

Definition 5.2. A set X C R? has generic pairwise relations if for any acyclic graph

G = (X, E) with at most d edges, the set {x — 2’ : (z,2") € E} is linearly independent.

The geometric meaning of having generic pairwise relations is simple: if any d pairs
of points are connected by lines, then those lines are linearly independent (unless they
form cycles; see Figure D.1 in Appendix D.4). Proposition D.8 shows that almost all finite
subsets of Euclidean space have generic pairwise relations with respect to the Lebesgue
measure.

The following theorem shows that if items have generic pairwise relations, then
sets of m < d unquantized measurements from a single user provide no information about
the underlying metric. In particular, suppose that M and v are the underlying matrix
representation and user’s pseudo-ideal point, both unknown to us. Then, for any other
Mahalanobis matrix M’, we can find a pseudo-ideal point v’ that is also consistent with

the data. In fact, the negative result holds even with infintely many users:

Theorem 5.3. Fix M € Sym™(RY) and v, € R? for each k € N. Let (Dy)ren be a
collection of design matrices, each for a set of m < d pairwise comparisons. If each set of
compared items has generic pairwise relations, then for all M' € Sym™ (R?), there exists

(V) ren C RY such that:
Dk(M, Uk) = Dk(M/,UZ), Vk € N.

See Appendix D.4 for a proof of Theorem 5.3. This theorem shows that when items
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have generic pairwise relations it is not just that we cannot recover p, but that we cannot
glean anything at all about p when users each provide d or fewer comparisons, for every
matrix in Sym™ (RY) is consistent with D. While each user provides us with more data,
each also introduces new degrees of freedom—the unknown ideal points. When learning

from crowds, more data does not necessarily lead to more usable information.

5.4 Exact Recovery with Low-Rank Subspace Struc-
ture

The above negative result applies to almost all finite sets of items. It seems to tell
a pessimistic story for metric learning when data is embedded into high dimensions and
when it is infeasible to obtain (d) preference comparisons per user.

However, the story is not closed and shut yet. Real-world data often exhibit
additional structure that could help us recover the metric, such as low intrinsic dimension
[51]. In particular, we assume that many items of X’ lie on a union of subspaces. The
approximate validity of this assumption is also the basis of work in manifold learning
[124, 147, 18], compressed sensing [45], and sparse coding [112], among others.

In this case, we can take a divide-and-conquer approach to metric learning by
identifying the metric restricted to those subspaces, before stitching them back together

to recover the full metric. Let’s define subspace Mahalanobis distances:

Definition 5.4. Let V be a subspace of RY. A metric on V is a subspace Mahalanobis
distance if it is a subspace metric of some Mahalanobis distance p on R?. In that case, we

denote the subspace metric by p‘v, where for all x,2" € V,

p}v(l'? {L’/) = plz, :C/).

In general, we cannot hope to identify an arbitrary metric from a finite number

of its subspace metrics. However, Mahalanobis distances have much more structure than
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arbitrary metrics on RY. A Mahalanobis distance on R? can be fully specified using
d(d + 1)/2 numbers. By recovering its subspace metrics, we can hope to chip away at
the degrees of freedom of Mahalanobis distances. As another way of intuition, each
Mahalanobis distance may be identified with its unit sphere—points that are unit distance
away from the origin. These points form a (d — 1)-dimensional ellipsoid in R%. To recover a
subspace Mahalanobis distance on V' means that we are able to determine which points of
V intersect this ellipsoid (see Figure 5.1). If we do this for sufficiently many subspaces, we
can determine the whole ellipsoid. To formalize this intuition, we now linear-algebraically

relate a Mahalanobis distance with its subspace metrics.

5.4.1 A linear parametrization of Mahalanobis distances

To describe the linear relationship between a Mahalanobis distance and its subspace
metrics, we need to parametrize the subspace metrics. To do so, we first need to fix a
choice of coordinates on each V' C R?. In the following, let V' be an r-dimensional subspace

of R? and let B € R¥" be an orthonormal basis of V, where r < d.

Definition 5.5. We say V has a canonical representation if it is equipped with an

orthonormal basis B, where the canonical representation of a vector x € V is given by

BTz eR!

Definition 5.6. Let Sym(V) and Sym™ (V) respectively denote the pairs (Sym(R"), B)
and (Sym™(R"), B), where V has a canonical representation given by B.
We write Q € Sym(V') to mean that @ € Sym(R"), and that it carries the basis

information B along with it.

Just as Mahalanobis distances on R? are in one-to-one correspondence with positive-

definite matrices, so too are Mahalanobis distances on V' in correspondence with Sym™ (V).

1We shall always equip R? with the standard basis, so that a vector is its own canonical representation
in R?.
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Furthermore, Proposition D.12 shows that the matrix representations of a Mahalanobis

distance and its restriction to a subspace is given by the following linear map.

Definition 5.7. Let V and B be as before. Define the linear map IIy, : Sym(R?) — Sym(V/)

by:
Iy (A) = BTAB. (5.3)

Thus, if a Mahalanobis distance p on R? and its restriction p . to a subspace V'

have representations M € Sym™*(R?) and @ € Sym™(V), respectively, then:

Q=1ly(M)=B"MB.

5.4.2 Learning with low-rank subspaces

To see how low-dimensional structure can help us make progress in learning the
metric, consider a simple setting where all items lie in some low-dimensional subspace V.
Instead of learning the full metric p, we could aim for a more modest goal of learning the
subspace metric p’v.

As before, let V be an r-dimensional subspace of R? with a canonical representation.
If all items and ideal points lie in V/, then learning p|,, immediately reduces to the usual
setting of learning a Mahalanobis distance, since we can simply ignore the remaining
dimensions and reparametrize the problem. But when the ideal points are not assumed to
lie on V, it is not evident a priori that we can ignore the dimensions extending beyond
the set of items. However, it turns out that for Mahalanobis distances, we may.

The next lemma shows that even if a user’s ideal point u € R falls outside of V/,
for items in V/, there is a phantom ideal point uy € V such that preference comparisons

for items in V' generated by w and wy are equivalent.

Lemma 5.8. Let V be an r-dimensional subspace of R with a canonical representation

given by B € R™". Fiz any Mahalanobis distance M € Sym™(R?), any pair of items
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x, 2 € RY, and ideal point u € R?. Suppose that x and x' are contained in V with canonical

representation vy = Bz and x}, = B'2' in R". Then:

q/jM (,’,U, 13/; U) = 1/}@ (xV7 x/Vv uV)a

where the phantom ideal point uy of u on V satisfies (B'MB)uy = BT Mu, and Q =

Iy (M) is the matriz representation in Sym™ (V') of the subspace metric p v

Consequently, learning a subspace metric p’v turns into a problem of metric learning
from preference comparisons in R”. From here, we can simply use existing algorithms to
recover the matrix representation of the subspace metric. By [28], it is possible to identify
the subspace metric so long as users can each provide m > Q(r) preference comparisons.
For this easier problem of learning p{v, when r < d, we can do with o(d) responses per
user.

In the remainder of this section, we give a simple characterization for when a
Mahalanobis distance on V' can be learned from preference comparisons of items on V.
The set of items needs to be sufficiently rich so that all degrees of freedom of Sym(V') & V'

can be captured. We define:
Definition 5.9. Let V be a subspace of R? with canonical representation given by B. A
subset Xy C V quadratically spans V' if Sym(V') @ V' is linearly spanned by the set:

{(zyay —zpz))) @ (z—2') x,2' € Ay},

where xy = B'x and 2}, = B2’ denote the canonical representations of x and x' in V.

If we have no restriction on how many queries we can ask a user, then it is
straightforward to see that quadratic spanning is a sufficient condition for recovering the

underlying metric. For simplicity, let V = R?. If X quadratically spans R, then we can
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detect all dimensions of M @ v corresponding to the Mahalanobis matrix and a user’s
pseudo-ideal point. To do so, choose any design matrix D : Sym(R¢) & R? — R™ whose
rows {A; @ J; : i € [m]} span Sym(R?¢) & R4

When the number of queries is limited per user, the following result shows that
the quadratic spanning condition is still sufficient for recovering p}v, provided we can ask

many users m > dim(V') 4+ 1 unquantized preference queries.

Proposition 5.10. Let X quadratically span a subspace V' of dimension r. There exists
a collection D, ..., Dk of design matrices, each over m pairs of items in X, such that

given a (distinct) user’s response to each design, p‘v can be identified when m > r+1 and

K>r(r+1)/2.

To complement this sufficient condition, the next result shows that if X does
not quadratically span V', then the subspace metric p|,, cannot be recovered from only

preference comparisons of items in X NV

Proposition 5.11. Let (Dy)ren be a set of design matrices over items in X C V. If
X does not quadratically span V', then infinitely many Mahalanobis distances on V' are

consistent with any set of user responses to the design matrices.

Proofs for the above results are deferred to Appendix D.5.2.

5.4.3 Learning with subspace-clusters

We've seen how to partially learn a Mahalanobis distance given many items within
a subspace. We now consider how to fully recover the metric when many items lie in a
union of subspaces (Vy)aea- In this case, a divide-and-conquer approach is intuitive: (i)
recover each subspace metric, then (ii) reconstruct p from the learned subspace metrics.
Recall that each subspace metric p‘v is related to the full metric p by the linear map Il
from Definition 5.7. Therefore, we can reconstruct p from its subspace metrics by solving

a system of linear equations. Algorithm 4 summarizes this approach.
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Algorithm 4: Metric learning from subspace clusters

Input: Unquantized measurements over items that lie in a union of subspaces
Vi, A€A
// Stage 1: learning subspace metrics
1 for each subspace A € A do
2 Recover Q,\ € Sym(R™) with respect to By via reduction to Algorithm 8
28]
// Stage 2: reconstruction
3 Solve the linear equations over A € Sym(R9):

BiAB,=Q,, AeA

Output: A, the solution to the above linear equations.

In order to characterize when a Mahalanobis distance can be reconstructed from its
subspace metrics, we introduce the notion of subspace-clusterability. A set of items X is
subspace-clusterable when many of its items lie on sufficiently many item-rich subspaces.

Formally:

Definition 5.12. A set X C R? is subspace-clusterable over subspaces Vy C R? indexed

by A € A whenever:
1. each subset X NV quadratically spans V.
2. {x:cT cx eV, A€ A} linearly spans Sym(R?).

By Propositions 5.10 and 5.11, the first condition is necessary and sufficient for
recovering each subspace metric p‘vx Proposition 5.13 shows that the second condition is

necessary and sufficient for recovering the p from subspace metrics.

Proposition 5.13. Let p be a Mahalanobis distance on R?. Let (V))aea be a collection
of subspaces with canonical representations given by the orthonormal bases (By)xea. The

following are equivalent:

1. {zx’ 1z € Vy, X € A} spans Sym(R?).
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2. Let Ty, be given by Equation (5.3). The linear map I1 : Sym(R?) — @Sym(v,\) is
AEA
imjective, where:

T(A) = Py, (A).

AEA
3. If p is a Mahalanobis distance such that pA|vA = p’vA for all X € A, then p = p.

See Appendix D.5.3 for the proof. This proposition verifies the correctness of
Algorithm 4. Let Q, € Sym™ (V) represent ’0|V)\. Then, step 3 of the algorithm specifies
that IIy, (A) = Qy. If IT is injective, then the only matrix A € Sym(R¢) consistent with

the system of linear equations is the one that represents p.

Remark 5.14. We can compute the number of subspaces required to identify p using
Proposition 5.13. For example, when dim(V)) =1 for each A € A, each subspace captures
d(d+1)

one degree of freedom of p, so |A| > =5= is necessary. See Figure D.2 in Appendiz D.5

for geometric intuition.

5.5 Approximate Recovery from Binary Responses

Previously, we studied metric learning from unquantized preference comparisons
of the form (x,2’,1). We now consider a more realistic setting where we obtain binary
responses of the form (z,2',y), where y € {—1,4+1}. Furthermore, we assume that
responses are quantized and noisy, where noise can depend on the user and items, as in
[106, 167, 28].

For our divide-and-conquer approach, due to the inexactness of the responses,
we can no longer expect to exactly identify each subspace metric. However, we show
that as long as each subspace metric can be recovered approximately, then they can be
stitched together to approximately recover the full metric (Theorem 5.15). And indeed,
approximate recovery in each subspace is known to be possible. In Proposition 5.18, we
present a version of Theorem 4.1 of [28] adapted to subspaces; this gaurantee is provided

under a probabilistic noise model that we describe shortly.
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Algorithm 5: Metric learning from binary responses

Input: Quantized measurements over items that lie in a union of subspaces
Vi, A€eA
// Stage 1: learning subspace metrics
1 for each A € A do
2 Recover Q,\ € Sym(R™) with respect to By via reduction to Algorithm 9
28]
// Stage 2: reconstruction
3 Use ordinary least squares to solve the linear regression problem over

A € Sym(R9):

. ' . - 2
MLS < argmin Z HQ)\ — B)\ AB)\HF (54)

Aesym(RY) \za

4 Project Mg onto the set of positive semidefinite d x d matrices by solving the

convex optimization problem:

M < argmin |A - MLSHE (5.5)
. Ax0
Output: M.

Divide-and-conquer algorithm.

Algorithm 5 generalizes our earlier algorithm for unquantized measurements. As
before, say we’ve obtained measurements for a set of items subspace-clusterable over (V).
In the first stage, we recover the subspace metrics on each V). Lemma 5.8 reduces metric
learning on subspaces to metric learning on R", where r is the dimension of the subspace,
so we can call existing methods for metric learning from binary responses across users
([28] or Algorithm 9). Thus, we obtain an estimator Q, for each subspace metric Q).

In the second stage, we approximately reconstruct the Mahalanobis matrix M from

the estimators Q,\. When each Q,\ was exact, we could just solve the linear system of
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equations HVA(M ) = Q A- As this is no longer the case, we instead compute the ordinary
least squares estimator Myg, which minimizes 37, ||@x — Iy, (A)||? over A € Sym(R?) in
Eq. (5.4) of Algorithm 5. Finally, we ensure that the reconstructed matrix corresponds
to a pseudo-metric by solving a linear program to project Mg onto the cone of positive

semi-definite matrices [22].

5.5.1 Recovery guarantees
Reconstruction guarantee.

The following theorem gives a recovery guarantee on the full metric, given ap-
proximate recovery for each subspace metric, ||Q,\ — Qi||r < e for some € > 0. See

Appendix D.6.1 for its proof.

Theorem 5.15. Let R? have a Mahalanobis distance with matriz representation M €
Sym™ (R?). Let X C RY be subspace-clusterable over subspaces Vy indexed by X € A,
where |A| =n. Let M be the estimator of M and let Q, be the estimator of the subspace
metric Qy for each \ learned from Algorithm 5. Suppose there exist v < e such that
H]E[QA} - Q/\HF <~ and HQ,\ — Q,\HF < ¢ for each \. Fiz p € (0,1]. Then, there is a

universal constant ¢ > 0 such that with probability at least 1 — p,

N 1 [ 2d
HM_ MHF <c: Umin(H) ’7\/5“‘561 log? )

where oyin > 0 is the least singular value of I1.

Remark 5.16. This recovery guarantee depends on three parameters: (1) omin(I1) captures
how well-spread the set {xx' : x € V\,\ € A} is across Sym(RY). (2) & bounds the
recovery error for each subspace metric; it decreases as the number of pairwise comparisons
per user increases (Remark 5.19). (3) v bounds the bias of the estimator Q». It can be

the dominating term in the recovery bound, for example when o, (IT) > d. While this
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bias term v < € can be made arbitrarily small with enough comparisons per user, for

data-starved regimes, bias reduction can also be applied in practice (e.g. [53]).

Recovery guarantee for subspace metrics.
For completeness, we adapt the setting and results of [28] to provide a recovery

guarantee for learning each subspace metric. We assume the same probabilistic model:

Assumption 5.17 (Probabilistic model). Let M € Sym™ (R?) be the matriz representation
of the Mahalanobis distance, let vy, ..., vx € R? be the pseudo-ideal points for a collection

of users, and let X C RY be a set of items. We assume:

Ml <Gy losll £ G, suplz| <1,
reX

for some Cyr, ¢, > 0. When asked to compare two items x and x’, the kth user provides a

binary response Y with:

Pr[Y =yl = f(y- a2, 2';up)),

where f: R — [0,1] is a strictly increasing link function such that f(z) =1 — f(—=z), and
where uy, s the corresponding ideal point. On the domain |z| < 2(Car+Cy), let f have lower

bounded derivative f'(z) > ¢y and let the map z — —log f(z) have Lipschitz constant L.

Algorithm 9 estimates (M, vy, ..., vk) by using the users’ measurements to construct
an optimization program over the parameters; when the loss function supplied to the
algorithm is ¢(z) = —log f(z), the procedure is equivalent to maximum likehlihood
estimation. As noted above, it suffices to consider learning Mahalanobis distances on R".

The following proposition proves correctness of Algorithm 9.

Proposition 5.18 (Theorem 4.1, [28|). Suppose that R" has a Mahalanobis distance with

representation Q € Sym™ (R") where ||Q|lr < Cur- Let each user k € [K| have pseudo-ideal
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point v, € R” where vy, < (,. Let P,, be a distribution over designs of size m over
R" (Definition 5.1). For each user, let Dy ~ P,, be an i.i.d. random design, and let
Dy, = {(%igs Tiy s Yisk) Ficm) be the user’s responses under Assumption 5.17. Fiz p € (0,1].
Given loss function ((z) = —log f(z), Algorithm 9 returns Q € Sym™*(R"), where with

probability at least 1 — p,

10— 02 < 16 \/(C?vaKG)logﬁ
b C?f i (Prm) mK ‘

The proof of Proposition 5.18 is deferred to Appendix D.6.2

Remark 5.19. We can simplify the bound if we assume that M has bounded entries, say
|M||oo < 1. Let’s also assume that user ideal points are contained in the unit ball, so that
lukll2 < 1 for each user. Then, we can set (y < 1 and ¢, < 2/r since v, = —2Muy,.
Remark D.14 shows that given access to a subspace-clusterable set of items, we can
construct a sequence of random designs (Pp,)m over those items such that o2, (Py) = Q(1).

Suppressing the confidence parameter p, we obtain the recovery guarantee:

A r2+ Kr
1Q -QlIF =0 (\/ m—K> -

5.6 Empirical Validation

In this section, we empirically validate our findings using synthetic data. We aim

to address the following questions:

1. Given limited noisy, quantized preference comparisons on subspace-clusterable items,

can our proposed divide-and-conquer algorithm recover an unknown metric M?

2. Does the performance of our algorithm improve if we have access to more subspace-

clusters, users or preference comparisons per user?

85



12 —=— m=1 pair 75 ——-- d(d+1)2 —=— noise level: 0
m=2 pairs 70 B : noise level: 0.05
m=4 pairs un noise level: 0.1

—=— m=6 pairs o] | —+— noise level: 0.15

—=— m=8 pairs (,/ 06

S|

o

&

°

& o
o o o
= &

W

o
=
Relative error

Relative error
o
>
1 p
3
Relative error

0.0 57 0.0
1510 20 30 40 50 60 70 80 3 4 5 6 7 8 9 10 1 10 20 40 60 80 100
Number of users per subspace Ambient dimension Number of users per subspace

(a) (b) (c)

Figure 5.2. (a) Shows the average relative errors for varying numbers of users per subspace
and preference comparisons per user, where items lie in a union of 80 1-dimensional
subspaces of R, (b) shows the average relative errors given increasing numbers of 1-
dimensional subspaces to reconstruct M ; for each subspace, 60 users each provides 4
preference comparisons. The dotted red curve illustrates the dimension-counting argument
in Remark 5.14. (c) shows the average relative errors for varying subspace noise levels,
where items lie approximately in a union of 80 1-dimensional subspaces of R!9; each user
provides 8 preference comparisons. The error bars in (a) and (c) represent one standard
deviation from the mean.

3. When items in X lie approximately in a union of subspaces, can we still recover M?

Experimental setup.

For each run, we generate a random ground-truth metric M € Sym™ (R%) from the
standard Wishart distribution W (I, d), a collection of uniform-at-random r-dimensional
subspaces [140], and a set of user ideal points drawn i.i.d. from the Gaussian N (0, é]d).
Within each subspace, items are drawn i.i.d. from N (0, %BBT), where B € R¥" is an
orthonormal basis of that subspace. Given a user and a pair of items, a binary response is
sampled according to the probabilistic model in Assumption 5.17, where the link function
is chosen to be the logistic sigmoid, f(z;3) =1/ (1 + exp(—fz)).

To evaluate the learned metric M, we compute its relative error, || M — M||g/||M||¢.
We observed that Huber regression [66, 118] generally leads to better performance over
least squares regression within Algorithm 5 (Stage 2, line 3). In the following, we report
results obtained using this robust variant of linear regression.

We ran three experiments each for 30 runs, where we set the subspace dimension
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to r = 1, and we set § = 4 which corresponds to “medium” response noise in [28|. See

Appendix D.7 for experiments for r = 2.

Relative error vs number of comparisons.

In the first experiment, we set the ambient dimension to d = 10 and generated
data that lie in a union of 80 subspaces (by Remark 5.14, at least dim(Sym(R'?)) = 55
subspaces are needed for recovery). We ran Algorithm 5 for different combinations of K
and m, where K is the number of users per subspace and m is the number of preference
comparisons per user. Figure 5.2a compares the average relative errors for varying K
and m. This experiment shows that with more preference comparisons, recovery within
each subspace improves and we achieve better recovery of the full metric; this supports
Theorem 5.15 and Proposition 5.18. This experiment also suggests that given 1-dimensional
subspaces, even asking for only two measurements per user is sufficient to achieve good

empirical performance for metric recovery.

Relative error vs number of subspaces.

In the second experiment, we set K = 60 and m = 4. For ambient dimensions
d=3,4,...,10, we consider the relative error for reconstructing M using an increasing
number of subspaces, n = 5,6,...,80. Figure 5.2b shows the average relative errors.
For each d, average relative error decreases as n increases. Furthermore, even in this
non-idealized setting where users provide noisy, binary responses, we can obtain non-trivial
relative error when the number of subspaces n exceeds the information-theoretic bound
d(d + 1)/2. This corroborates the dimension-counting argument in Remark 5.14 beyond

unquantized measurements.

Recovery when items approximately lie in subspaces.
In the third experiment, we empirically study how our approach works when the
subspace clusterable assumption only approximately holds. For a subspace V| we sample

items near V from N (0, %BBT + ({'—iBLBI), where o > 0 is a given noise level, B € R**"
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and B, € R¥@") are orthonormal bases of V' and its orthogonal complement V=,
respectively. The way user preference responses are generated remains the same as before.
For each subspace V', we preprocess the items by running singular value decomposition
on the nearby items to recover an r-dimensional subspace V. We project these items to
V, before running Algorithm 5 with these approximate representations. We set d = 10
and m = 8. For each subspace noise level o, we ran our approach on items that lie
approximately in 80 subspaces for varying K; Figure 5.2c shows the average relative errors.
When the noise level o is low, we can still recover the metric well. As expected, this breaks

down as ¢ increases; indeed, when o = 1, there is no subspace structure at all.

5.7 Conclusion and Future Work

We studied crowd-based metric learning from very few preference comparisons per
user. In general, we showed nothing can be learned. However, when the items exhibit
low-rank subspace-clusterable structure, we proposed a divide-and-conquer approach and
provided recovery guarantees. Interestingly, this chapter suggests that when training of
foundation models, there is reason to favor learning general-purpose representations with
low-rank structures, as this may reduce the cost of downstream fine-tuning and alignment.

Our experiments show that even when the items do not exactly lie on the subspaces,
but instead only exhibit approximate subspace structure, our method can still recover the
metric. We leave establishing theoretical gurantees for this setting for future work. Our
results has implications for alignment of representations from foundation models to human
preferences and we defer building an algorithmic framework that finds subspace clusters
before learning metrics, and evaluating it with real-world item embeddings and human

preference feedback for future work.

88



Acknowledgement.

Chapter 5 is based on the material as it appears in “Metric Learning from Lim-
ited Pairwise Preference Comparisons” by Zhi Wang, Geelon So, and Ramya Korlakai
Vinayak. The material is currently in submission. The dissertation author was the primary

investigator and first author of the paper.

89



Appendix A

Supplementary Material for Chapter 2

A.1 Related Work and Comparisons

We review the literature on multi-player bandit problems (see also Landgren (88, Sec-
tion 1.3.2] for a survey), and we comment on how existing problem formulations/approaches

compare with ours studied in this chapter.

Identical reward distributions.

A large portion of prior studies focuses on the setting where a group of players
collaboratively work on one bandit learning problem instance, i.e., for each arm/action,
the reward distribution is identical for every player.

For example, Kar et al. [75] study a networked bandit problem, in which only one
agent observes rewards, and the other agents only have access to its sampling pattern.
Peer-to-peer networks are explored by Szorényi et al. [141], in which limited communication
is allowed based on an overlay network. Landgren et al. [87] apply running consensus
algorithms to study a distributed cooperative multi-armed bandit problem. Kolla et al.
[78] study collaborative stochastic bandits over different structures of social networks that
connect a group of agents. Wang et al. [160]| study communication cost minimization in
multi-agent multi-armed bandits. Multi-agent bandit with a gossip-style protocol that has
a communication budget is investigated in [127, 34]. Dubey and Pentland [46] investigate

multi-agent bandits with heavy-tailed rewards. Wang et al. [157] present an approach with
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a “parsimonious exploration principle” to minimize regret and communication cost. We
note that, in contrast, we study multi-player bandit learning where the reward distributions

can be different across players .

Player-dependent reward distributions.
Multi-agent bandit learning with heterogeneous feedback has also been covered by

previous studies.

e Cesa-Bianchi et al. [31] study a network of linear contextual bandit players with hetero-
geneous rewards, where the players can take advantage of reward similarities hinted by
a graph. In [165, 156, 159], reward distributions of each player are generated based on
social influence, which is modeled using preferences of the player’s neighbors in a graph.
These papers use regularization-based methods that take advantage of graph structures;
in contrast, we study when and how to use information from other players based on a

dissimilarity parameter.

e Gentile et al. [57], Bresler et al. [23], Song et al. [139], Li et al. [95], Korda et al. [79], Li
et al. [96], among others, assume that the players’ reward distributions have a cluster
structure and players that belong to one cluster share a common reward distribution;

we do not assume such cluster structure.

e Nguyen and Lauw [111] investigate dynamic clustering of players with independent
reward distributions and provides an empirical validation of their algorithm; Zhu et al.
[180] present an algorithm that combines dynamic clustering and Thompson sampling.
In contrast, in this chapter, we develop a UCB-based approach that has a fallback

guarantee!.

e In the work of Shahrampour et al. [129], a group of players seek to find the arm with

n Zhu et al. [180], it is unclear how to tune the hyper-parameter 3 apriori to ensure a sublinear
fall-back regret guarantee, even if the “similarity” parameter ~ is known.
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the largest average reward over all players; and, in each round, the players have to reach

a consensus and choose the same arm.

e Dubey and Pentland [47] assume access to some side information for every player, and
learns a reward predictor that takes both player’s side information models and action as

input. In comparison, our work do not assume access to such side information.

e Further, similarities in reward distributions are explored in the work of Zhang et al.
[174], which studies a warm-start scenario, in which data are provided as history [133]
for an learning agent to explore faster. Azar et al. [11], Soare et al. [138] investigate
multitask learning in bandits through sequential transfer between tasks that have similar
reward distributions. In contrast, we study the multi-player setting, where all players
learn continually and concurrently.

Collisions in multi-player bandits.

Multi-player bandit problems with collisions [e.g., 99, 74, 21, 25, 132, 26, 157|
are also well-studied. In such models, two players pulling the same arm in the same
round collide and receive zero reward. These models have a wide range of practical
applications (e.g., cognitive radio), and some assume player-dependent heterogeneous

reward distributions [20, 110]; in comparison, collision is not modeled in this work.

Side information.

Models in which learning agents observe side information have also been studied in
prior works—one can consider data collected by other players in multi-player bandits as
side observations [88]. In some models, a player observes side information for some arms
that are not chosen in the current round: stochastic models with such side information are
studied in [29, 27, 166|, and adversarial models in [105, 5|; Similarities/closeness among
arms in one bandit problem are studied in [43, 169, 158]. We note that our problem
formulation is different, because in these models, auxiliary data are from arms in the same

bandit problem instance instead of from other players.
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Upper and lower bounds on the means of reward distributions are used as side
information in [130]. Loss predictors [164] can also be considered as side information. In
contrast, we do not leverage such information.

Side information can also be encoded using a distance metric; see Section 2.5.2 for

a discussion on contextual bandits in similarity spaces [137].

Other multi-player bandit learning topics.

Many other multi-player bandit learning topics have also been explored. For
example, Awerbuch and Kleinberg [9], Vial et al. [153] study multi-player models in which
some of the players are malicious. Christakopoulou and Banerjee [35] study collaborative
bandits with applications such as top-K recommendations. Nonstochastic multi-armed
bandit models with communicating agents are studied in [13, 32]. Privacy protection in
decentralized exploration is investigated in [52]. We note that, in this chapter, our goal

does not align closely with these topics.

A.2 Proof of Claim 2.3

We first restate Example 2.2 and Claim 2.3.

Example 2.2. For a fized ¢ € (0,%) and § < €/4, consider the following Bernoulli

MPMAB problem instance: for each p € [M], i = 3 + 0, pb = 5. This is a 0-MPMAB
instance, hence an e-MPMAB problem instance. Also, note that € is at least four times

larger than the gaps AL = 0.

Claim 2.3. For the above example, any sublinear regret algorithm for the e-MPMAB
problem must have Q(W) regret on this instance, matching the IND-UCB regret upper

bound.

Proof of Claim 2.3. Suppose A is a sublinear-regret algorithm for the e-MPMAB problem;

i.e., there exist C' > 0 and o > 0 such that A4 has CT'~® regret in all e-MPMAB instances.
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Recall that we consider the Bernoulli e-MPMAB instance p = (4} )i pe[ar) such

that uf =3+ ¢ and pf = 5 for all p. As e € (0, %) and § < £, it can be directly verified

that all uf’s are in [35, 7). In addition, since for all p, AL =86 < £ =5

€

55> We have

IBe/4 = @, i.e., IE)C;/4 = {1,2}
From Theorem 2.9, we conclude that for this MPMARB instance u, A has regret

lower bounded as follows:

E, [R(@)] > (Mln(TaAg/C)) . (w> . (MlnT)’

A o o
for sufficiently large T'. ]

A.3 Basic Properties of 75, for «MPMAB Instances

In Section 2.3, we presented the following two facts about properties of Z5. for

e-MPMARB problem instances:

Fact 2.4. |Zs.| < K — 1. In addition, for each arm i € Ts., A™™ > 3¢; in other words, for
all players p in [M], A = u? — u? > 3e; consequently, arm i is suboptimal for all players

p in [M].

Fact 2.6. For any i € Is., o < 1 > pe[M] <.

Here, we will present and prove a more complete collection of facts about the
properties of Zs. which covers every statement in Fact 2.4 and Fact 2.6. Before that, we

first prove the following fact.

Fact A.1. For an e-MPMAB problem instance, for anyi € [K], and p,q € [M], |AY—A¥] <
2e.

Proof. Fix any player p € [M], let j € [K] be an optimal arm for p such that p% = u2. We

first show that, for any player ¢ € [M], [ud — pf| < e.
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o pf > pf — e is trivially true because pj > p% — e by Definition 2.1 and pg > uj by the

definition of ug;

o ud < pf 4 € is true because if there exists an arm & € [K] such that uf > pf + ¢, then
by Definition 2.1 we must have p > i — € > p; which contradicts with the premise

that j is an optimal arm for player p.

We have shown that |2 — p?| < e. Since |uf — | < € by Definition 2.1, it follows

from the triangle inequality that |A? — AY| < 2e. O
We now present a set of basic properties of Zs..

Fact A.2 (Basic properties of Zs.). Let A = maxyepn Af. For an e-MPMAB problem

instance, for each arm i € Is,,

(a) A? > 3¢ for all players p € [M]; in other words, A™™ > 3¢;

(b) arm i is suboptimal for all players p € [M], i.e., for any player p € [M], uf < uf;
(c) i—g < 2 for any pair of players p,q € [M]; consequently, % < 2;

(d) ﬁ < % ZPE[M] A%?f'

(e) |Zs| < K — 1.

Proof. We prove each item one by one.

(a) For each arm i € Zs., by definition, there exists p € [M], AP > 5e. Tt follows
from Fact A.1 that for any ¢ € [M], A? > AP —2¢ > 3e. A" > 3¢ then follows

straightforwardly.

(b) For each arm i € Z, it follows from item (a) that for any p € [M], A? > 3e > 0.

Therefore, i is suboptimal for all player p € [M].
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(c) By Fact A.1, for any i € Zs. C [K] and any p,q € [M], A? < A? + 2¢, which implies

AP

P max
i 3 Az

q
Az‘

<1+ %. Since by item (a), A7 > 3¢, it follows that % <1+ % <2 Fw <2

then follows straightforwardly.

(d) For each arm i € Zs,, it follows from item (c) that for any p € [M], AP € [AFR 2AM],

Therefore, we have A%; € [ﬁ, @], as A? > 0 for all p. It then follows that

2 1 2 1 _ _1
M Zpe[M} A7 2 31 Epe[M} 24 T AW

(e) Pick an arm i that is optimal with respect to player 1; i cannot be in Zs. because of

item (b). Therefore, Zs. C [K]\ {¢}, which implies that it has size at most K —1. [J

A.4 Proof of Upper Bounds in Section 2.3
A.4.1 Proof overview

In Appendix A.4.2 and A.4.3, we focus on showing that in a “clean” event & (defined
in A.4.3), the upper confidence bound UCB?(t) = &P(t,\) + F(n?,m?, A, €) (line 10 of
Algorithm 1)? holds for every ¢ € [T],i € [K],p € [M] and X € [0, 1]; and the “clean” event
& occurs with 1 — 4M K /T* probability.

Then, in Appendix A.4.4, we provide a proof of the gap-dependent upper bound in
Theorem 2.5. In Appendix A.4.5, we provide a proof of the gap-independent upper bound

in Theorem 2.8.

A.4.2 Event Q;(t)

Recall that nf(t — 1) is the number of pulls of arm i by player p after the first
(t —1) rounds. Let m(t — 1) =3 a0 ™ (E — 1).

We now define the following event.

2Recall that z = max{z, 1}.
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Definition A.3. Let

3InT ni(t—1) 14InT
(t) P, |G (1) — f| =) () Zml’(t—n“ 1)
v a#p @
where
i) - T = iyt
' nP(t—1)
and
—1 M ) .
iy = ST Lo £, if = iyl
1 it — 1) |
Lemma A .4.

Pr(Q;(t)) > 1 —4MT5.

Proof. For any fixed player p, we discuss the two inequalities separately. Lemma A.4 then
follows by a union bound over the two inequalities and over all p € [M].

We first discuss the concentration of ¢”(). We define a filtration {B,},_,, where
B, =ol{i . iseltp e Mo, p e}

is the o-algebra generated by the historical interactions up to round ¢ and the arm selection
of all players at round ¢ + 1.
Let random variable X; = 1{i} = i} (r{ — pf). We have E [X, | B,_1] = 0; in

addition, var [X; | Bi_1] = E [(X; — E[X, | Bi_1])? | Bio1] < E[(1{if = i}r})? | Bioa] <
1{#f =i} and | X;| < 1.

Applying Freedman’s inequality [14, Lemma 2| with o = \/ Zz;ll var [Xs | Bs_l}

and b = 1, and using o < \/ Zi;ll 1{i% =i}, we have that with probability at least

1— 2775,

t—1 t—1
DX <4\ & =i} In(T?log, T) + 2In(T° log, T). (A1)

s=1 s=1
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We consider two cases:

LIt —1) = Y0

1{i* =i} = 0, we have n”(t — 1) = 1 and ¢”(t) = 0. In this case,

we trivially have
3 InT

2. Otherwise, n?(t — 1) > 1. In this case, we have n?(t — 1)

(2

= n?(t —1). Divide both sides

of Eq. (A.1) by n¥(t — 1), and use the fact that logT < T', we have

6InT 12InT

E ]l{z” = z}rp v
sWwe—y Twaoy

%

—1)
t_l 'P:‘ p . . . .
If 12&“% > 1, ‘% — ) <8 32?T1) is trivially true. Otherwise, n?(?ﬁ) <
3InT

2

In summary, in both cases, with probability at least 1

Similarly, we define a filtration {Gy 4 }eer

gt,q

3lnT , which implies that ‘ Y D)

InT
(4\/_+2\/_) nf(t—1) — <38 nl(t—1)"

- 1 ]l{zs—z}rS

— 2T7°, we have

Pt 1) P 3T

i

A similar application of Freedman’s inequality also shows the concentration of 7} (¢)

q€[M]> where

,0_ <{i{;’,r§’ cselt—1),p € [M]} U {z'f',rf’ € [M],p < q} U {Zg+1}) |
q < M;

({zg s ety e (M)} U {i%+1}) )

q= M.

is the o-algebra generated by (1) the historical interactions up until round ¢ — 1, (2) the

arm selections and observed rewards of players up until player ¢ in round ¢, and (3) the
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arm selection of the next player. We have

91,1CQ172C...CQ17MCQ271C...CQQVMC...CQ’TM.

By convention, let Gy o = Gi—1, 0+
Now, let Y;, = 1{q # p, i = i} (r{ — p!). We have E [V, | Gig-1] = 0; in
addition, var [Viq | Grg 1] = E |Y2, | Gug| < 1{a # . if =i}, and Vi <1
Similarly, applying Freedman’s inequality [14, Lemma 2| with
o= \/22;11 Zfl\il var [Ys g | Gsg-1] and b =1, and using
o< \/22;11 Zé\il 1{q # p,i? = i}, we have that with probability at least 1 — 27"7°,

t—1 t—1

D Y, <4 D 1{g #p, il =i} - In(T5logy(TM))+21n(T° log,(TM)). (A.2)

s=1 g=1 s=1 g=1

Again, we consider two cases. If m!(t — 1) = 0, then we have n?(t — 1) = 0 and

ni(t—1) 14InT
Pt —1)— i A <4y —
Wt —1) Zm’-’(t—l)uz Sh =

Otherwise, we have m?(t — 1) = m?(t — 1). Divide both sides of Eq. (A.2) by

mf(t — 1), and use the fact that log,(TM) < T?, we have

S Mg #p, it =i} 5 nit=1) [ 7T 14T
mP(t— 1) emf =) S mle=1) T mlE- 1)
n s gy Hap, il=ijr! T e
If 141t Tl) > 1, s — Zq# mz ;.1 < 4 —ni?(ltj) is trivially true.
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14InT < 14InT

Otherwise, P eD) mP-1)

which implies that

>y gty Ha # p, 08 =i}t ni(t—1) T
ml(t— 1) - B < avie v Pt — 1)

< 14InT
- mP(t—1)

In summary, in both cases, with probability at least 1 — 27775, we have

-1 14InT
-1 =3 2l oy | T

pll <4, /= :
q;épmf(t—l) mb(t—1)

The lemma follows by taking a union bound over these two inequalities for each

fixed p, and over all p € [M]. H

A.4.3 Event &

Let £ =N, NE,| Q;(t). We present the following corollary and lemma regarding

event £.

Corollary A.5. It follows from Lemma A.4 that Pr(€] > 1 — 424K,

Lemma A.6. If £ occurs, we have that for every t € [T], i € [K|, p € [M], for all
A€ 0,1],

A2 1—\)2
|6P(E, ) — pf| <8,|13InT | = +(_ )
nf(t—1) mb(t—1)

) + (1= Ne,

where K (t,A) = ACP(t) + (1 — Nl (¢).

Proof. If € occurs, for every ¢ € [T] and i € [K], by the definition of event Q,(t), we have

InT At —1 14InT
() — ] < 8, /=2 ana ng’(t)—ZMMg <4 =27
nt(t—1) #pmf(t—l) mb(t—1)
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As kP (t,N) = AP (t) + (1 — N)n?(t), we have:

Tt —1 InT 14InT
10,0 = [ 10 3 ] <o [ ), [
N

<8 ISIHT(_)\ +(1_ 2)
nf(t—1) mb(t—1)

(A.3)

where the second inequality uses the elementary facts that A ++/B < \/2(A + B).

Furthermore, from Definition 2.1, we have

ni(t—1)
— uq—uf<z \uz il <e
ap "' (t=1) a#p mi (t —

This shows that
9t —1
U ENIEDDY ﬂ—l))u?) <(1-MNe

Combining the above inequality with Eq. (A.3), we get

, o , A2 (1—\)?2 e
kP, N) — | <8 131T(?(t—1)+ﬁf(t—1)>+(1 Me.

i

This completes the proof. n

A.4.4 Proof of Theorem 2.5

We first restate Theorem 2.5.

Theorem 2.5. Let ROBUSTAGG(¢€) run on an e-MPMAB problem instance for T' rounds.
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Then, its expected collective regret satisfies

E[R(T)] < 0( Z (lej; + MA;nin) n Z Z IZZ’T).

1€T5¢ i€ZS pe[M]:AP>0

Recall that the expected collective regret is defined as E[R(T')] = > ;¢ ) 2 pen 2
E[n?(T)]. Before we prove Theorem 2.5, we first present the following two lemmas, which
provides an upper bound for (1) the total number of arm pulls for arm i, for ¢ in Z5. and

(2) the individual number of arm pulls for arm i and player p, for i in Z§, conditioned on

& happening.

Lemma A.7. Denote n;(T) = > 77 (1) as the total number of pulls of arm i by all
the players after T rounds. Let ROBUSTAGG(€) run on an e-MPMAB problem instance

for T rounds. Then, for each i € Is., we have

EW@WﬂsoQgﬁ)+M)

Lemma A.8. Let ROBUSTAGG(€) run on an e-MPMAB problem instance for T' rounds.

Then, for each i € IS and player p € [M] such that A? > 0, we have

B (TIE] < 0 (as )

Proof of Lemma A.7. We first note that it follows from item (b) of Fact A.2 that every
arm i € Zs, is suboptimal for all players p € [M].
We have

3

i]l{z

1 p=1

||
[M] =

t

T M
M47+> > Uil =in(t—1) >} (A.4)
t=1 p=1

IN
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Here, 7 > 1 is an arbitrary integer. The term M is due to parallel arm pulls in the
e-MPMAB problem: Let s be the first round such that after round s, the total number of
pulls n;(s) > 7. This implies that n;(s — 1) < 7. Then in round s, there can be up to M
pulls of arm 4 by all the players, which means that in round (s + 1) when the third term in
Eq. (A.4) can first start counting, there could have been up to 7 + M pulls of the arm i.

It then follows that

ni(T) < M+7+> > 1{UCBL(t) < UCBI(t), ni(t —1) > 7}. (A.5)

Recall that A" = min, A?, and for each i € Zs., we have AP > A" > 3¢ by

item (a) of Fact A.2.

With foresight, we choose 7 = |’—( j?ﬁff}f)z

|. Conditional on &, we show that, for
any arm i € Ts., the event {UCBE, () < UCBY(), n;(t — 1) > 7} never happens. It suffices

to show that if n;(t — 1) > 7,

UCB,(t) = 4, (A6)
and
UCBf(t) < pb (A.7)

happen simultaneously.

Eq. (A.6) follows straightforwardly from the definition of £ along with Lemma A.6.
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For Eq. (A.7), we have the following upper bound on UCB?(¢):

UCB2(t) = &2(t, \*) + F(nf, mf, \*, ¢)

<l 4+ 2F(nf,ml, A\, €)

PN A2 (1—X)?
=ut + 2] min 8,/13InT[= + = ]+ (1—XNe
L X€[0,1] nf(t—1) mb(t—1)

r 13InT
<208y = — +e
L nl(t—1)+ml(t—1)

» r 13InT

r 3InT(AY — 2¢)?
<“§+28\/ 332(81nT ) e =+ AT =,

where the first inequality is from the definition of £ and Lemma A.6; the second inequality
nf(t-1)

n? (t—1)+m? (t-1)

nP(t—1) <nP(t—1), m’(t —1) <mP(t—1), and ny(t — 1) = nP(t — 1) + m?(t — 1); the

(2

is from choosing A = ; the third inequality is from the simple facts that

3328InT _ ~, 3328InT
(Amin_2¢)2 = (AP—2¢)2"

last inequality is from the premise that n;(t — 1) > 7 >

Continuing Eq. (A.5), it then follows that, for each i € Z.,

3328 InT 3328InT

(A’Iinin _ 26)2—‘ + M <

E[ni(T)[€] < | S (amn gz 1

M+1). (A.8)

Now, by item (a) of Fact A.2, for each i € Zs, AM™ > 3e. We then have

A?‘i“ o A;ni“72e+26
A?‘i“72e - A?’in72e

=1+ —2¢_ < 3. It follows that

A‘;‘in726

. 2
3328 InT B 3328 InT A - 299521InT
(A?nin _ 26)2 - (A;nin)Z AEnin — % (Agnin)Z :
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Therefore, continuing Eq. (A.8), for each i € Zs,, we have

29952InT 29952InT
En(D)E] < 5+ M+ 1) < ————— + 2M.

where the second inequality follows from the fact that M > 1.

It then follows that

Efn:(T)|€] < O ((Ahjn—T)Q + M) |

This completes the proof of Lemma A.7. O]

Proof of Lemma A.8. Let’s now turn our attention to arms in Z§ = [K] \ Zs.. For each
arm i € Z§ and for each player p € [M] such that u? < uP, we seek to bound the expected
number of pulls of arm ¢ by p in 7" rounds, under the assumption that the event £ occurs.
Since the optimal arm(s) may be different for different players, we treat each player
separately.

Fix a player p € [M] and a suboptimal arm i € ZS such that A? > 0. Recall that

n?(t — 1) is the number of pulls of arm i by player p after (¢ — 1) rounds. We have

”‘"’3

<T—|—Z]1{Zt2 P(t—1) >T} (A.9)

t=7+1

where 7 > 1 is an arbitrary integer. It then follows that

n?(T) <71+ i 1{UCBY,(t) < UCBY(t),nj(t — 1) > 7}.

t=7+1

With foresight, let 7 = [3328 IHTW Conditional on &, we show that, for any i € IS

such that A? > 0, the event {UCBY,(t) < UCBY(t),nf(t — 1) > 7} never happens. It
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suffices to show that if nl'(t — 1) > 7,

UGBS (1) > 4, (A10)
and
UCBf(t) < b (A.11)

happen simultaneously.
Eq. (A.10) follows straightforwardly from the definition of £ along with Lemma A.6.

For Eq. (A.11), we have the following upper bound on UCB?(¢):

UCBY(t) = (8, \") + F(n],m}, X", )

< pf + 2F (nf,mf, A", €)

N +£_)‘)2
nf(t—1) mb(t—1)

)

L A€[0,1]

r 13InT
< +2[8 _3—“}
P\ e - 1)
r 13InT
<upvafsy/ BT
=R e
. /13InT(A)?

where the first inequality is from the definition of event £ and Lemma A.6; the second

= + 2| min 8\/131nT[

inequality is from choosing A = 1; the third inequality uses the basic fact that n?(t — 1) <

3328InT

nP(t — 1); the fourth inequality is by our premise that n?(t — 1) > 7 > (A7)

It follows that conditional on &, the second term in Eq. (A.9) is always zero, i.e.,

player p would not pull arm i again. Therefore, for any i € ZE such that AY > 0, we have

3328 InT 3328 InT 3328 InT 6656 InT’
(AP>2 —I < (AP)Q +1 < —(N’)2 -2 = —<Ap)2 . (A.12)

E[n; (T)€) < [
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It then follows that

EA(TIE) < O (Cas )-

This completes the proof of Lemma A.8. O

Proof of Theorem 2.5.

We now prove Theorem 2.5.

Proof. We have

E[R(T)] < E[R(T)|€] + E[R(T)|E] Pr[€]
AMK
T4
< E[R(T)|€] + O(1) (A.13)

< E[R(T)|€] + (T M)

where the second inequality uses the fact that E[R(T)|E] < TM, as the instantaneous
regret for each player in each round is bounded by 1; and the last inequality follows under
the premise that 7' > max(M, K).

Let AP = max, A?. We have

=2 2 E A7

1€[K] pe[M]
<Y En(T)E]- AP+ > > ERIT)IE]- AL (A.14)
i€Tsc €IS, pe[M]:A7>0

where the inequality holds because the instantaneous regret for any arm ¢ and any player
p is bounded by A,
Now, it follows from Lemma A.7 that there exists some constant C7 > 0 such that

for each i € Zs,,

Eni(T)|€] < C ((Ahjn—T)z + M) |
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and it follows from Lemma A.8 that there exists some constant Cy > 0 such that for each

i € IS and p € [M] with AY > 0,

E[n?(T)|€] < Cs < T ) |

Then, continuing Eq. (A.14), we have

1y () s S ok

i€7L5, i€ZS pe[M]:AT>0

§2012<1Anm€+MA?in>+cgz > IZ—pT,

i€T5e i€TC pe[M]:AP>0 !

where the second inequality follows from item (c¢) of Fact A.2 which states that Vi €
Ts., Apax < 2AMin,

It then follows from Eq. (A.13) that

<0 Z(Emi+MA;nm)+Z > IZ—;{ ,

ieZC pe[M]:AP>0 *
This completes the proof of Theorem 2.5. O

A.4.5 Proof of Theorem 2.8

We first restate Theorem 2.8.

Theorem 2.8. Let ROBUSTAGG(€) run on an e-MPMAB problem instance for T rounds.

Then its expected collective regret satisfies

E[R(T)] < O (\/|z;| MT + M\J(|2
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Proof. From the earlier proof of Theorem 2.5, we have
E[R(T)] < E[R(T)|E] + O(1). (A.15)

Recall that A® = max, A?. We also have

=2 2 E A

i€[K] pe[M]
<Y En(T)E]- AP+ > > ERI(T)E]- A (A.16)
1€L5¢ i€z pe[M]:AY>0

Again, it follows from Lemma A.7 that there exists some constant C'; > 0 such that

for each i € Zs,,

Efn:(T)[€] < C4 ((AII}H—T)Q + M) | (A17)

and it follows from Lemma A.8 that there exists some constant Cy > 0 such that for each

i € IE and p € [M] with A? > 0,
InT
E2(T)IE] < s (m) | (A18)

Now let us bound the two terms in Eq. (A.16) separately, using the technique from
[90, Theorem 7.2].

For the first term, with foresight, let us set 6; = \/%. If |Zs¢| = 0, we have
> iez,, E[ni(T)|E] - AP* = 0 trivially. Otherwise, d; > 0 because T' > max(M, K) > 1.
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Then, we have

Y Eln(T)IE] - A7

1€L5¢

<2 En(T)|E] - AP

1€L5¢

<2 > ER(DE-AM+ Y En(T)[E]- AP
’L'GIsetAinine(O,(;l) i€Z5€ZA§nin€[51,1}

InT :
< 2| MTé + Z 4 (@ +M> A

i€T5c: AN E[51,1] t

InT .
<2| MT&+ Y. Oi—n+01 > MAp®

min
i€T5: AN E[51,1] !

i€T5c: APIRE[S 1]

Zs|InT .
<o [ mrs, 4 GlT > mare
01 .
1€,
< 4\/C1|T5|MT In T + 2C, M |Z5|, (A.19)

where the first inequality follows from item (c) of Fact A.2; the third inequality follows from
Eq. (A.17) and the fact that )., E[n;(T)|E] < MT as M players each pulls one arm in
each of T rounds; and the last inequality follows from our premise that ; = 4/ GilZse|In T

M

For the second term, we consider two cases:

Case 1: |IS| = 1.
In this case, as we have discussed in the paper, Z§ is a singleton set {i,} where

arm i, is optimal for all players p; that is, A? =0 for all p € [M]. We therefore have

SN ERTIE A =0=4M/C(TE| - DT T (A.20)

i€ZS pe[M]:AY>0
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Case 2: |IS| > 2.

With foresight, let us set d, = 4/ w
> ) ERNT)E]-AY

i€Z§. pe[M]:AT>0

<> >, EmDMIE-AT+ Y Y ERID)E-AL

i€Z§ pe[M]:AY€(0,62) i€Z§, pe[M]:AYe[b2,1]

InT
<SMTo+ Y Y 02<(M>2)A§?

icZC pe[M]:ATES2,1]

s+ Y Y (C2A12T)
i€ZS pe[M]:ALE[52,1] !
CoM|ZS|In T
02

<AM\/Co(|TE] — )T In T, (A.21)

<MTés +

where the second inequality follows from Eq. (A.18) and the fact that ) . _.c E[n;(T)|€] <
(ISVES

MT as M players each pulls one arm in each of T rounds; and the last inequality follows

from our premise that dy = 4/ 22T |lnT and |ZS| < 2(|1Z¢] - 1).

In summary, from Eqs. (A.20) and (A.21), we have in both cases,

S ERIDIEAY < AM\/Go(ZE] - )T InT. (A.22)

i€z pe[M]:AT>0

Combining Eq. (A.19) and Eq. (A.22), we have

E[R(T)|€] < 4y/CilTo MTIT + 20, M|Tso| + AM/Co(|ZE] — )T In T
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It then follows from Eq. (A.15) that

E[R(T)] < 4v/C1|Tse[MT In T + 4M\/02(|152 — )T InT + 2C; M|Ts| + O(1)

<0 (\/\254 MTIWT + M\/(ZS| - DT InT + M |Ise|>
< O (VIETNT + (5] = DT + M 7).

This completes the proof of Theorem 2.8. O

A.5 Proof of the Lower Bounds

A.5.1 Gap-independent lower bound with known ¢

We first restate Theorem 2.10.

Theorem 2.10. For any K > 2, M,T € N such that T > K, and [,1¢ in N such that
| < K—1,1+1° = K, there exists some € > 0, such that for any algorithm A, there exists

an e-MPMAB problem instance, in which |Zs.| > 1, and A has a collective regret at least
Q(M\/(lc —1)T +VMIT).

Proof. Fix algorithm A. We consider two cases regarding the comparison between [ and

M(I¢ —1).

Case 1: [ > M(I° —1).

To simplify notations, define A = QfJ}T. Observe that A < %1 asT>K>1+1.
We will set € = 0.

We will now define [ different Bernoulli e MPMARB instances, and show that under
at least one of them, A will have a collective regret at least % MIT > ﬁ(M \/m +

MIT).
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For j in [l + 1], define a Bernoulli MPMAB instance E; to be such that for all

players p in [M], the expected reward of arm i,

p

THA =
pi =91 ell+1]\{}-
k0 i ¢l +1]

We first verify that for every instance E;, it (1) is an e-MPMAB instance, and (2)

1+ 1]\ {j} € Zs. and therefore Z;, has size > :

1. For item (1), observe that for any fixed i, we have p? share the same value across all

player p’s. Therefore, the is trivially e-dissimilar.

2. For item (2), for all i in [[ + 1] \ {j}, we have A? = A > 5¢ = 0 for all p; this implies

that [l + 1]\ {j} is a subset of Z;..

We will now argue that

MIT. (A.23)

1
Ej vt Er, [R(T)] > %

To this end, it suffices to show

MT

Ej vt Er, [MT —n;(T)] > I (A.24)

To see why Eq. (A.24) implies Eq. (A.23), recall that under instance Ej, j is the
optimal arm for all players. In this instance, R(T) = ), oy ni(T)A}. As under E;, for
all i # j and all p, Al > £, we have R(T) > § - (MT — n;(T)). Eq. (A.23) follows from
combining this inequality with Eq. (A.24), along with some algebra.

We now come back to the proof of Eq. (A.24). First, we define a helper instance
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Ey, such that for all players p in [M], the expected reward of arm i is defined as:

iel+1]

N[

0 i¢[l+1]

In addition, for all 7 in {0} U [l + 1], define P; as the joint distribution of the
interaction logs (arm pulls and rewards) for all M players over a horizon of T’; furthermore,
denote by E; expectation with respect to P;.

For every i in [l + 1], we have

1
dry (P, P;) = §||]P)0 —Pilly

1
< 5 V2KL(Po, )

< %\/2 KL(Ber(0.5,0.5 + A))Eq[n;(T)]

</ 3Eo [ni(T)]A?
1 /Il+1
=\ T Eo[ni(T)]

where the first equality is from dpv(P,Q) = 3||P — Q||; for any two distributions P,
Q; the first inequality uses Pinsker’s inequality; the second inequality is from the well-

known divergence decomposition lemma (e.g. [90], Lemma 15.1); the third inequality uses

Lemma A.12; and the last equality is by recalling that A € [0, 1] and algebra.

Now, applying Lemma A.11 with m =1+ 1 > 2, N; = ny(T) for all i in [[ 4 1], and

B = MT, Eq. (A.24) is proved. This in turn finishes the proof of the regret lower bound.

Case 2: M(I1° —1) > 1.

1c

To simplify notations, define A = 4/ 57=.

Observe that A < i as T > K >1° In

addition, we must have (¢ > 2 in this case, as if (“ =1, M(I° —1) =0 < K = [. We set

_A
6—2.
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We will now define [[“]™ different Bernoulli e-MPMAB instances, and show
that under at least one of them, A will have a collective regret at least iM °r >
s (M+/(1° = 1)T + v MIT).

For iy, ..., iy € [I91, define Bernoulli MPMAB instance E;,

,,,,, in to be such that

for p in [M] and i in [K], the expected reward of player p on pulling arm 7 is

(

S
I

i€ 19\ {ip}
i ¢ [I°]

N =

e}

We first verify that for every iy,..., iy, instance E;, ;,, (1) is an eeMPMAB

instance, and (2) [K]\ [I°] C Zs., and therefore, Zs. has size > I:

1. For item (1), observe that for all ¢ in [I] and all p in [M], ¥ € {1,1 + A}; therefore,

for every p,q, |l — pf| < A = €. Meanwhile, for all 7 in [K]\ [I°] and all p in [M],

-----

2. For item (2), for all ¢ in [K]\ [I] and all p, A? = 3 + A > 3A = 5e. This implies that

all elements of [K]\ [[°] are in Zs..

We will now argue that

As the roles of all M players are the same, by symmetry, it suffices to show that the

expected regret of player 1 satisfies

Eg....inyotnit(uepn B, [RYT)] > (A.25)
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It therefore suffices to show,
(A.26)

This is because, recall that when ¢; is the optimal arm for player 1, R(T) = Zfil n}(T)A! =
> izi, i (T)AG; in addition, for all i # iy, Aj > A. This implies that R'(T) > A(T —
n; (T)). Eq. (A.25) follows from the above inequality, Eq. (A.26), and the definition of A.

We now come back to the proof of Eq. (A.26). To this end, we define the following

set of “helper” instances to facilitate our reasoning. Given is,... iy € [K]M™! define
instance Ey;, i, such that its reward distribution is identical to E;, ;, ;, except for
player 1 on arm 4;. Formally, it has the following expected reward profile:
(
1 . .
;A =1,
) s e[l )
forp=1,pu; = forp#1,pu; = % Z'G[lc]\{ip}
0 i¢l[l°
0 i ¢ [1°]

\

In addition, for all 4y, ... iy in ({0} U [19]) x [I€]M~1, define P;,.;,, as the joint

distribution of the interaction logs (arm pulls and rewards) for all M players over a horizon

of T; furthermore, for i in ({0} U [I°]), define P; = (lc)ﬁ D i, i €[IC]M -1 Piis,....ine» and

denote by E; expectation with respect to IP;. In this notation, Eq. (A.26) can be rewritten
as

1 ° T
E 1
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For every i in [I¢],
drv(Po, P;) = —||P0 —Pilly

1 1
:i lCM*l Z (HDO@ ----- iA/I_Pi,iQ ..... iM)

i, yipr €[IC]M -1 1

1 1
< e Z él‘PO,ig ..... it = Piig,ing 11
( ) 12,..., i]v[E[lC}]w_l
1
< T Z \/ KL(Ber(0.5,0.5+ A)) - Eq i, iy, [INH(T)]
( ) i2,...,ip E[CTM
1
< o) > \/ A% Boiy....ins [N} (T)]
19,eney ’L]VIE[IC M-1

< V A2 B[N (T)

where the first equality is from dpy(P,Q) = 3||P — Q||; for any two distributions P, Q;
the second equality is from the definition of P;, i € {0} U [I°]; the first inequality is from
triangle inequality of ¢; norm; the second inequality is from Pinsker’s inequality, and
the divergence decomposition lemma (|90], Lemma 15.1); the third inequality is from
Lemma A.12 and recalling that A € [0, }1]3 the last inequality is from Jensen’s inequality,
and the definition of PPy.

Applying Lemma A.11 with m =1 > 2, N; = n}(T) for all 4 in [[°] and B = T,

Eq. (A.26) is proved. This in turn finishes the proof of the regret lower bound. O

A.5.2 Gap-dependent lower bounds with known ¢

We restate Theorem 2.9 here with specifications of exact constants in the lower

bound.

Theorem A.9 (Restatement of Theorem 2.9). Fiz ¢ > 0 and o,C > 0. Let A be an

algorithm such that A has at most CT =% regret in all e-MPMAB problem instances. Then,

117



for any Bernoulli $-MPMAB instance p = (11f)ic(x)peim) such that pf € [32,31] for all i

and p, we have:

In (AT*/8C) 3 In (AP /8C)

ERDIZ Y Y

12A" , 12Amin
ieIsc;M pE[M]:AT>0 1€T54: AP >0
Proof. We will first prove the following two claims:
o . In(AminTe/8C)
1. For any iy in [K] such that A™ > 0, E, [n;,(T)] > —a(amy
%0
In (072 /5C)

2. For any i in Ig’;/4 and any po in [M] such that AP > 0, E, [n2(T)] > —a(arE
%0

The proof of these two claims are as follows:
1. Fix ip in [K] such that A™ > 0, i.e., Al > 0 for all p in [M]. Define p, =
argmin (s A} .

We consider a new Bernoulli MPMAB instance, with mean reward defined as follows:

420 i =g,

Vpe[M], v =

0 otherwise

We have the following key observations:

(a) v is an e MPMAB instance; this is because v} — v = ¥ — u? for any p, g in [M]
and 7 in [K], and p is an §-MPMAB instance. By our assumption that A has

CT'~ regret on all e MPMAB environments, we have

E, [R(T)] < CT'"®, E, [R(T)] <CT'™, (A.27)
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(b) By the divergence decomposition lemma (|90]|, Lemma 15.1),

M
KL(E,.B,) = S_E, [n,(T)] KL (Ber(u,), Ber(u?) + 2A)),  (A.28)
p=1

As for all p, py, € [é—g, %], and A} < %, using Lemma A.12, we have that for all p,
2 2
KL (Ber(u), Ber(s + 20%)) <3+ (2A%)° = 12(A%)"

Plugging into Eq. (A.28), we get

KL(P,,P,) < 3 (E, [, (T)] - 12(A)%) = 12B, [n;,(T)] (AR)*.  (A.29)

p=1

Po
(c) Under MPMAB instance p, R(T') > R (T) > AP'ng (T') > #]l{nfg(T) > T
Taking expectations, we get,
APT T
E, [R(D)] > S5, (i (T) > 1) (A.30)

Likewise, under MPMAB instance v, for player po, R(T) > R*(T) > AX(T —

ALOT
nt*(T)) > =2—1{nl*(T) < T}. Taking expectations, we get,

10

AT
> 0

= 2 IP)I/ (npo (T) <

b ). (A.31)

E, [R(T)] %

Adding up Eq. (A.30) and Eq. (A.31), we have

20

B, [R(D)] + B, [R(D)] 2 25~ (B(D) < ) + RSO 2 ). (A3

From Eq. (A.27), we have the left hand side is at most 2CT'~®. By Bretagnolle-

Huber inequality (see Lemma A.13) and Eq. (A.29), we have that P, (n}*(T) < £) +
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P, (n?(T) > T) > Lexp(—KL(P,,P,)) > Lexp(—12E, [n;(T)] (AY)?). Plugging

20

these to Eq. (A.32), we get

Ppo

AT
20T > =4 exp(—12E, [n;,(T)] (A)?).

Solving for E,, [n;,(T')], we conclude that
AminTa
i

E, [nu(T) R -G/ S WS N
p ol = aamez "M Tee ) T 2(amme M Tse )

V

2. Fix ip in I§/4 and py € [M] such that A}’ > 0. By definition of 152/4’ we also have

A = e — iy < ef4.

We consider a new MPMAB environment v, with mean reward defined as follows:

4+ 200 i =g, p = po

P _
v; =
i otherwise

Same as before, we have the following three key observations:

(a) v is an e MPMAB instance; this is because (v — i) — (uf — pf) € {—£,0,5} for
any p,q in [M] and 7 in [K], and p is an 5-MPMAB instance. By our assumption

that A has CT'~“ regret on all e MPMAB problem instances, we have

E, [R(T)] < CT'™, E,[R(T)] < CT'™ (A.33)
(b) By the divergence decomposition lemma (|90], Lemma 15.1),
KL(P,,P,) =E, [n}*(T)] KL (Ber(1L°), Ber(uf® 4 2AL°))
(A.34)

< 12E, [m)(T)] (AR,
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~ - . 15 17
where the second equality uses the following observation: ¢ € [33, 55], and A} <

using Lemma A.12, KL (Ber(pt), Ber(uf° + 2A1%)) < 3+ (2A17)2 = 12(A)2.

).

16’

N

Po
(c) Under MPMAB instance p, R(T) > R (T) > APng (1) > #]l{nfg(T) >

Taking expectations, we get,

). (A.35)

>
g
~
| N

Likewise, under MPMARB instance v, for player po, R(T) > R*(T) > AP (T

AP0
nt(T)) > TOT]l{nf(f(T) < L}. Taking expectations, we get,

0

B, [R(1Y) > 22T p, i) < 2, (A.36)

Same as the proof of item 1, combining Equations (A.33), (A.34), (A.35), (A.36), and

using Bretagnolle-Huber inequality, we get

1 APOTQ
Po > - . R
E, [niy(T)] > 12(A)2 In ( ]C ) '

We now use the above two claims to conclude the proof. Recall that E, [R(T)] =

D icii] 2peinn] ATE, [nf(T)]. For i in Ts./4 such that A™ > 0, item 1 implies:

in 1 AgninTa
> AR, [nI(T)] > AP YT E, [n 12Amm-ln< T )

pE[M] pE[M)

For 7 in I5 /q» item 2 implies:

1 APT®
dSOAE, [T = > W-ln( e )

p€[M] pE[M]:AT>0
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Summing over all ¢ in [K] on the above two inequalities, we have

E, [R(T)] =Y Y AE,

1€[K] pe[M]
1 NPT 1 Aminga
— 1 S — -1 : .
2. 2 12A7 n<8(]>+ 2. 12Amn n( 8C )
i€Ig, , pE[M]:AT>0 i€T5e/4:APR>0

Remark.

The above lower bound argument aligns with our intuition that arms that are
near-optimal with respect to some players (i.e., those in I5C / ,) are harder for information
sharing: in addition to a lower bound on the collective number of pulls to it across all
players (item 1 of the claim), we are able to show a stronger lower bound on the number

of pulls to it from each player (item 2 of the claim).

A.5.3 Gap-dependent lower bounds with unknown ¢

We restate Theorem 2.11 here with specifications of exact constants in the lower

bound.

Theorem A.10 (Restatement of Theorem 2.11). Fiz o,C' > 0. Let A be an algorithm

such that A has at most CT'=% regret in all MPMADB problem instances. Then, for any

Bernoulli MPMAB instance p = (11f)ic (k] pei) Such that pf € (32, 35] for all i and p, we
have:
In (AT*/8C)

EDIEDY 1207

i€[K] pe[M]:A?>0

Proof. Recall that E, [R(T)] = SE Z;\il APE,, [NP(T)]; it suffices to show that for any

In(ALOTe/8C
ip in [K] and any po in [M] such that A >0, E, [n?*(T)] > (12’&—%))/2)
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The proof of this claim is almost identical to the proof of the the second claim
in the previous theorem, except that we have more flexibility to choose the “alternative
instances” v’s, because A is assumed to have sublinear regret in all MPMAB instances;
specifically, v no longer needs to be an e-MPMAB instance. We include the argument
here for completeness. Fix iq in [K] and py € [M] such that AJ> > 0. We consider a new

Bernoulli MPMARB instance v, with mean reward defined as follows:

py 4+ 24 i =g, p = po

p

14 otherwise

We have the following three key observations:

(a) v is still a valid Bernoulli MPMAB instance; this is because for all p in [M] and
iin [K], (W — pf) € [-3, 5], and pf € [32, 4], implying that ¥ € [0,1]. By our

assumption that A has CT'~“ regret on all Bernoulli MPMAB instances, we have

E,[R(T)] <CT'"*, E,[R(T)] <CT'™ (A.37)

(b) By the divergence decomposition lemma ([90], Lemma 15.1),

KL(P,,P,) = E, [n}y(T)] KL (Ber(ufy), Ber(ugy +2A7%)) < 12E,, [njy (T)] (A%)?,
(A.38)

where the second equality uses the following observation: puf” € [32, 5], and A? <

L
167

using Lemma A.12, KL (Ber (1), Ber(uf + 2A1%)) < 3+ (2A)% = 12(A)2,

Po
(c) Under MPMAB instance 11, R(T) > R¥(T) > APnl(T) > “9 4 {n?(T) > L},

10 ' “ig

Taking expectations, we get,

). (A.39)



Likewise, under MPMAB instance v, for player py, R(T) > RP*(T) > AP (T —

AP0
nt(T)) > %T]l{nfg (T) < £}. Taking expectations, we get,

10

AT
> _120 P,(n?(T) <

0

). (A.40)

E, [R(T)] %

Combining Equations (A.37), (A.38), (A.39), (A.40), and using Bretagnolle-Huber inequal-

ity, we get

1 APoTe
Po > . o
E, [nm (T)} > 12(Af§)2 In ( < > )

This concludes the proof of the claim, and in turn concludes the proof of the theorem. [

A.5.4 Auxiliary lemmas

The following lemma is well known for proving gap-independent lower bounds in
single player K-armed bandits. We will be using the following convention: for probability

distribution P;, denote by [E; its induced expectation operator.

Lemma A.11. Suppose m, B are positive integers and m > 2; there are m + 1 probability
distributions Py, Py, ..., P, and m random variables Ny, ..., Ny, such that: (1) Under
any of the P;’s, Ny, ..., Ny, are non-negative and Yy ;" N; < B with probability 1; (2) for

all i in [m], drv(Po,P;) < 11/ - Eo[N;]. Then,

1 m
_ZEi[B_Ni] >
s

-

Proof. For every i in [m], as N; is a random variable that takes values in [0, B], we have,

|E;[N;] — Eo[N;]| < B - dpv(Po, Py).
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By item (2) and algebra, this implies that

Averaging over 7 in [m] and using Jensen’s inequality, we have
)

| —
(]
=

=

VAN

| —
(]
&

=

+

|
(]
3

Sei

&

=

Noting that item (2) implies % Yo Eo[N] < %; plugging this into the above inequality,

we have
m

% Z E;[V;] <

i=1

Shflsy

B B
mB-— < — +
m 2

NN

+

where the second inequality uses the assumption that m > 2. The lemma is concluded by

negating and adding B on both sides. O]
Lemma A.12. Suppose a,b are both in [5,3]. Then, KL(Ber(a), Ber(b)) < 3(b — a)?.

Proof. Define h(z) = zIn 2+(1—2z)In . One can easily verify that KL(Ber(a), Ber(b)) =
aln$ + (1 —a)In =%, which in turn equals h(a) — h(b) — I'(b)(a —b). By Taylor’s theorem,

there exists some & € [a,b] C [1, 3] such that

/ h//(g) 2 1 2
h(a) — h(b) — h'(b)(a — b) = b—a) = ——=(b—a)".
(@ = 1) = 1) =) = "0 - 0 = s 0
The lemma is concluded by verifying that m <3for &in [4,3]. O

Lemma A.13 (Bretagnolle-Huber). For any two distributions P and Q and an event A,

P(4) + Q(A) > S exp(~ KL(P, Q).
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A.6 Upper Bounds with Unknown ¢

In this section, we provide a description of ROBUSTAGG-AGNOSTIC, an algorithm
that has regret adaptive to Zs. in all MPMAB environments with unknown e.

To ensure sublinear regret in all MPMAB environments, ROBUSTAGG uses the
aggregation-based framework named CORRAL |2, see also Lemma A.16 below|, which
we now briefly review. The CORRAL meta-algorithm allows one to combine multiple
online bandit learning algorithms (called base learners) into one master algorithm that
has performance competitive with all base learners’. For different environments, different
base learners may stand out as the best, and therefore the master algorithm exhibits some
degree of adaptivity. We refer readers to 2] for the full description of CORRAL.

In the context of MPMAB problems, recall that we have developed ROBUSTAGG (¢)
that has good regret guarantees for all eMPMAB instances. The central idea of
ROBUSTAGG-AGNOSTIC is to apply the CORRAL algorithm over a series of baser learners,
ie., {ROBUSTAGG(eb)}Iil, where E = {e,}+ | is a covering of the [0, 1] interval. With
an appropriate setting of E, for any e-MPMAB instance, there exists some by in [B]
such that €, is not much larger than ¢, and running ROBUSTAGG(e€,,) would achieve
regret guarantee competitive to ROBUSTAGG(€). As CORRAL achieves online performance
competitive with all ROBUSTAGG(¢p)’s 2], it must be competitive with ROBUSTAGG(e,),
and therefore can inherit the adaptive regret guarantee of ROBUSTAGG (€, ).

We now provide important technical details of ROBUSTAGG-AGNOSTIC:

1. B = [log(MT)] + 1 is the number of base learners, and E = {, = 27" : b € [B]} is

1
MNT"

the grid of € to be aggregated. CORRAL uses master learning rate n =

2. For each base learner that runs ROBUSTAGG(¢) for some €, we require them to take a
new parameter p > 1 as input, to accommodate for the fact that it may not be selected

by the CORRAL master all the time. Specifically, it performs bandit learning interaction
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with an environment whose returned rewards are unbiased but importance weighted: at
time step ¢, when player p pulls arm ¢, instead of directly receiving reward drawn from
r ~ D it receives 7 = Zf—fr, where w; € [1, %] is a random number, and conditioned on
wy, Wy ~ Ber(w;) is an independently-drawn Bernoulli random variable. Observe that
7 has conditional mean p?, lies in the interval [0, p], and has conditional variance at

most p.

We call an environment that has the above analytical form a p-importance weighted
environment; in the special case of p = 1, w; = 1 and W; = 1 with probability 1 for
all ¢, and therefore a 1-importance weighted environment is the same as the original

bandit learning environment.

Under an p-importance weighted environment, the rewards are no longer bounded in
[0, 1], therefore, the constructions of the UCB’s of the mean rewards in the original
ROBUSTAGG(€) becomes invalid. Instead, we will rely on the following lemma (analogue

of Lemma A.4) for constructing valid UCB’s:

Lemma A.14. With probability at least 1 —4MT =5, we have

3pInT
nf(t—1)

(2

CPt—1)—pb| <8

1t —1 14pInT
P(t—l)—ZM a| <4 | L4pI0T

K -1 T e —

q#p v

t—1 DA t—1 M 4= 74
holding for all p in [M], where ¥(t) = %ﬁz}rf, and nf (t) = == qunl:ét{ff’ =

According to the above concentration bounds, changing the definition of confidence

interval width to F(n?, m?, X, €) = 8\/13p InT {2—,2, + (1;—;})2] + (1 — X\)e would maintain

the validity of the UCB’s in p-importance weighted environments; henceforth, we

incorporate this modification in ROBUSTAGG (€).
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We have the following important analogue of Theorem 2.8, which establishes a gap-
independent regret upper bound when ROBUSTAGG(¢) is run in a p-importance weighted
e-MPMAB environment. This shows ROBUSTAGG(¢) enjoys stability: the regret of the

algorithm degrades gracefully with increasing p.3

Lemma A.15. Let ROBUSTAGG(€) run on a p-importance weighted e-MPMAB problem

instance for T rounds. Then its expected collective regret satisfies

E[R(T)] < O <\/p Zoc MT + M |Zs,| + min (M p|z¢

Faar))

The proof of Lemmas A.14 and A.15 can be found at the end of this section.

3. CORRAL maintains a probability distribution on base learners ¢; = (¢ : b € [B])
over time. At time step t, each base learner b proposes their own arm pull decisions
(i7(b) : p € [M]); the CORRAL master chooses a base learner with probability according
to q;, that is, i = ¥ (b;) for all p, where b, ~ ¢;. After the arm pulls, learner b receives
feedback 7(b) = IL{ZZ—jb}rf , which is equivalent to interacting with an importance

weighted environment discussed before—g;;, and 1 {b; = b} correspond to w; and W,

respectively; when b, = b, r! is drawn from D% for all p in [M].

CORRAL also uses the above feedback to update ¢;.1, its weighting of the base learners:
define £,, = “Zz—jb}]l{bt = b}(zzjg\il(l — 7)) to be the importance weighted loss of base
learner b at time step t; ¢, is updated to g:.41 using (¢;, : b € [B]), with online mirror
descent with the log-barrier regularizer and learning rate n > 0. A small complication
of directly applying the existing results of CORRAL is that CORRAL originally assumes

that the losses suffered by the base learner from each round have range [0, 1]. In the

3See an elegant definition of (R(T),a)-(weak) stability for bandit algorithms in [2].
Our guarantee on ROBUSTAGG(e) in Lemma A.15 is slightly stronger than the

((5 V|Zsel MT + M |Z5| + min (M ‘I5C€| T, eMT)) , %)—weak stability, in that the regret bound has

terms that are unaffected by p.

128



multi-player setting, the losses suffered by the base learner is the sum of the losses of
all players, which has range [0, M]. Nevertheless, we can obtain a similar guarantee.
Denote by p, be the final value of p of base learner b (see also the next item). A slight

modification of Agarwal et al. [2, Lemma 13| shows that for all base learner b,

T B
ZZth/gtb'—thb<O( +77M2 >_40npﬁ-

t=1 b'=1

Taking expectation on both sides, and observing that

T B T M
2> by | =E DD (1-up)|.

=1 b/=1 t=

and E [Zthl EM,} =E [Zthl Z;\il(l - ,ufp(b))}, along with some algebra, we get the

following lemma.

Lemma A.16. Suppose ROBUSTAGG-AGNOSTIC is run for T rounds. Then, for every
b in [B], we have that the regret of the master algorithm with respect to base learner b

18 bounded by

T M T M B E [p)
E P <o(Z+pMmT) - 22

Y sty - Y 3| <0 (2 vmer) - b

t=1 p=1 t=1 p=1
. Following [2], a doubling trick is used for maintaining the value of p’s for all base
learners over time. Specifically, each base learner b maintains a separate guess of p,

an upper bound of max! ; if the upper bound is violated, its p gets doubled and

s=1 q
the base learner restarts. As CORRAL initializes p as 2B for each base learner, and
maintains the invariant that p < BT, the number of doublings/restarts for each base

learner is at most [logT']. For a fixed b, summing over the regret guarantees between

different restarts of base learner b, we have the following regret guarantee.
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Lemma A.17. Suppose ¢, > €, and ROBUSTAGG(€,) is run as a base learner of
ROBUSTAGG-AGNOSTIC, on an e-MPMAB problem instance for T rounds. Denote by

Py the final value of p. Then its expected collective regret satisfies

M M
E TZ”{:_ZZ/‘%@) S

p=1 t p=1
O \/]E [0v] | Zse,| MT + min (M, [E[p] |ZE, T,eMT) + M |Zs., |

The proof of this lemma can be found at the end of this section; we also refer the reader

T
=1

to [2, Appendix D] for details.

Combining all the lemmas above, we are now ready to prove Theorem 2.12, restated

below for convenience.

Theorem 2.12. Let ROBUSTAGG-AGNOSTIC run on an e-MPMAB problem instance

with any € € [0,1]. Its expected collective regret in a horizon of T' rounds satisfies

C
ZlOe

E[R(T)] < O (<|I105‘ +M ) VT + M|I5E|> .

Proof of Theorem 2.12. Suppose ROBUSTAGG-AGNOSTIC interacts with an e-MPMAB
problem instance.  Let by = max {b €[B]:e > e}. From the definition of
E={1,27"... 278"} and € € [0, 1], by is well-defined.

We present the following technical claim that elucidates the guarantee provided by

learner by based on Lemma A.17; we defer its proof after the proof of the theorem.

Claim A.18. Let by be defined above. ROBUSTAGG(€y,) is run as a base learner of

ROBUSTAGG-AGNOSTIC, on a e-MPMAB problem instance for T rounds. Denote by py,
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the final value of p. Then its expected collective regret satisfies

M
E|TY u— Zzup(bo g(5<\/E[pb0]MT(|Iw€\+M\I1%€|)+M\I56\).
p=1

t=1 p=1

Combining Claim A.18 and Lemma A.16 with b = by, we have the following regret

guarantee for ROBUSTAGG-AGNOSTIC:

E[R(Tﬂ =E TZM* ZZM
| t=1 p=1
T M T M
=E TZN* Zzﬂpp(bo) t+E ZZ“%(I;@‘ZZM%
=1 p=1 t=1 p=1 =1 p=1
0 \/E[p | MT(|Zroe| + M |ZG.|) + M |T. i+ B L) - Elpy,]
B § . o a n 40nInT

<O <77MT(|Iloe| + M II%E

B
)+M|I5e|+g+77M2T)a

where the first inequality is from Claim A.18 and Lemma A.16; the second inequality

is from the AM-GM inequality that \/E [o0g) MT(|Zyoc| + M |ZG.|) < O(MT(|Thoe| +

M ‘Il%g} + ]E][{)Tbi}]) and algebra (canceling out the second term in the last expression with
E[py, |

— 40nlnT). As ROBUSTAGG-AGNOSTIC chooses CORRAL’s master learning rate n = Mlﬁ,
and B = O(1), we have that
E[R(T)] <O ((M + |Thoe| + M|ZS DVT + M \156\)
<0 ((|21061 + M|ZG VT + M |z5€|> :
where the second inequality uses the fact that ‘Il%e} > 1. O

Proof of Claim A.18. As €, > € always holds, M ’2561,0

< M |Zs.|. Tt remains to check by
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algebra that

VEb

C
I5€b0 I5Eb0

MT + min (M\/ E [y, ]

T, MT%)

~0 (\/IE [05,] MT(|Tho.| + M \11006|)> . (A.41)

We consider two cases:

1. €, < 2¢. In this case, we have 15% C Zip. We have the following derivation:

\/ E [ov,]

MT + M\/IE (o) |28, | T < 2\/]1«: [05] MT - (|Zse, | + M |ZE, |)

:z:36b0

< 2\/E [o60) MT(|Zroe| + M |Z55,|)

where the first inequality is from the basic fact that v A+ v B < 2v/A + B for positive

A, B; the second inequality is from the fact that |Zs, | + M ‘Iggb < |Tioe| + M TG,

as|Zse,| > |Tioe|, M > 1, and |Z,| +|Z¢| = K for any «. This verifies Eq. (A.41).

2. €y, > 2¢. In this case, by = B =1+ [log(MT)] and €,, < 57 Although we no longer

have Zs¢, C Zige, we can still upper bound the left hand side as follows.

IC

Sépy

First, the second term, min (M \/ E [pp,]

T, MT%> <MT - =1

:ZZSEbO

MT < \/E[py] KMT. As |Zio| + M |G| >

MT < \/E [o60) (I Z10e] + M | T3,

Moreover, the first term, \/ E [pp,]

:ZSEbO

K, we have \/IE [08o) JMT. Combining the

above two, Eq. (A.41) is proved. ]

Proof sketch of Lemma A.14. Since the proof of Lemma A.4 can be almost directly carried
over here, we only sketch the proof by pointing out the major differences. We also refer

the reader to [6, Appendix C.3] for a similar reasoning.
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We first consider the concentration of ¢”(j,t). We define a filtration {B,},_,, where
B, = o({w,. ¥, it s et e (Mpu{itl, :p e M]})

is the o-algebra generated by the history (including that of ws’s) up to round ¢ and the

arm selection of all players at time step ¢ + 1

Let X, = 1{if =i} (7/{ — pf'). We have E [X, | B,_1] = 0. In addition,

var [X; | Bi] = E [(X, —E[X; | Bi1))? | By 1]

=E [Xt2 | Btﬂ]

p 2

P\ 2

<1 =i}p.

Also, | X;| < p with probability 1. Applying Freedman’s inequality [14, Lemma 2| with

o= \/22;11 var [X, | B;_1] and b = p, and using o < \/22;11 1{i% = i}p, we have that
with probability at least 1 — 275,

t—1 t—1
S X <4 D i =i}p - n(TPlog, T) + 2pIn(T° log, T). (A.42)
s=1 s=1

We can then show that

Samy Mk =iy p
ng (t—1) Z

< [l
nt(t—1)

following the same strategy in the proof for Lemma A.4.

Similarly, we show the concentration of 7} (t). We define a filtration {G; 4 }ieir).qcn)s

133



where

Gy = o({ws, it/ i ss € [t € [M,i € (K]} U {itl, 9 € [M],p < q})

is the o-algebra generated by the history (including that of ws’s) up to round ¢ and the
arm selection of players 1,2,..., ¢ at round ¢ + 1. By convention, let G, = G;_1 u-

Let random variable Y, , = 1{q # p, if =i} (71 — pu!). We have E [Y; 4 | Gig-1] = 0;
in addition, var [Y} | Qtyq_l} =E [Yt?q | Quq_l} < 1{q #p, il =i}p and |Y,57q‘ < p.

Again, applying Freedman’s inequality [14, Lemma 2|, we have that with probability

at least 1 — 2775,

t—1 M t—1 M
DD Vo <4 3D Ma £ p it = i)p (TP oy (TM)) + 29 n(T log, (T ).
s=1 ¢=1 s=1 ¢=1

(A.43)

Using the same strategy from the proof for Lemma A.4, we can show that

i(t—1 14pInT
ORI P V| PP LS
q#mi(t—l) me(t—1)
The lemma then follows by applying the union bound. ]

Proof sketch of Lemma A.15. Similar to the proof of Theorem 2.8, we define & = N NK,
Q,(t), where

3pInT (t—1 14pInT
¢ty — | <8, [T ey 0D ) oy [ MpInT L
n(t=1) it =1) ml(t — 1)

note that the new definition of Q;(¢) has a dependence on p.
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Similar to the proof of Theorem 2.5, we have,

E[R(T)] < E[R(T)|€] + O(1),

and
=2 2 El A
i€[K] pe[M]
< En(T)E]- AP+ > > ER(T)E]- A
1€L5¢ i€Z§. pe[M]:AY>0
We bound these two terms respectively, applying the technique from [90, Theorem
7.2].

1. We can show the following analogue of Lemma A.7: there exists some constant C > 0

such that for each i € Zs.,

Bin(1)lE] < Cr (s + ).

Using the above fact, and from a similar calculation of Equation (A.19) in the proof of

Theorem 2.8, we get

> E[ni(T)IE] - AP™ < 4y/CrplTs [ MTIn T + 2C, M|Zs|.

i€L5¢

2. We can show the following analogue of Lemma A.8: there exists some constant Cy > 0

such that for each i € Z§ and p € [M] with A > 0,

BRTIE] < Co (TR )

Using the above fact, and from a similar calculation of Equation (A.22) in the proof of
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Theorem 2.8, we get

S Y ERND)E] - AY < 2M 4/ Cop|ZE| T InT.

i€ZS, pe[M]:AY>0

On the other hand, we trivially have that for all i in ZS, AP < 5¢; therefore,

S S ERNT)]- AP < 5eMT.

i€ZS pe[M]:AY>0

Therefore,

E[R(T)]

< (4\/C’1p|I5€|MT InT + 201M|I56|> + min (QM\/Cgp|I5C€|T1n T, 5€MT) + O(1)
<O (\/p |Zsc| MT + M |Zs.| + min (M\/,o Z8| T, eMT)) :

]

Proof of Lemma A.17. The proof closely follows [2, Theorem 15]; we cannot directly repeat
that proof here, because Lemma A.15 is not precisely a weak stability statement (see
footnote 3).

For base learner b, suppose that its p gets doubled n; times throughout the process,
where n; is a random number in [[log T'|]. For every i € [n;], denote by random variable
t; the i-th time step where the value of p gets doubled. In addition, denote by ¢y = 0 and
tn,+1 = T. In this notation, for all t € {t; + 1,; + 2,...,t;+1}, the value of p is equal to

p' = 2B - 2% in addition, p, = 2B - 2™,
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Therefore, we have:

tit1

E[R(T) |y =n] = ZE Z Z,u* ZMP) |np =n

t=t;+1 \ p=1

n

= O[+/p |25€b\MT+M}I5€b|+mm(M,/p A T,ebMT>

=0
= O | \/p"|Tse,| MT + M |Zs,| + min (M, [pm|ZE | T ebMT> :

where the first equality of by the definition of R(7T'), and [T] = U, {t; + 1,t; +2,. .., tis1};

the second equality is from Lemma A.17’s guarantee in each time interval
{t; +1,t; +2,...,t;s1} and €, > €; and the third equality is by algebra.

As ny = n is equivalent to p™ = py, this implies that

E[R(T) | ps] = O | \/pv|Tse,| MT + M |Zs,| + min (M, [ oy |ZE,| T ebMT> ;

observe that the expression inside O in the last line is a concave function of pj.

Now, by the law of total expectation,

E[R(T)] =E [E [R(T) | pb}]

E [O (,/pb | s, MT) + M |Zs,

+ min (M, Lo ’Iggb ,

=O | E |\/ps |Tse, | MT + M |Zs¢,| + min (Mw/pb I8\ T, ebMT>
=0 | \Ep) | T | MT + M |5, | + min (Mw JE (0] |ZE, | T ebMT> ,

where the third equality is by algebra, and the last equality uses Jensen’s inequality. [J
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A.7 Experimental Details

In Appendix A.7.1, we provide a proof of Fact 2.13 which is about the instance
generation procedure. Then, in Appendix A.7.2, we present comprehensive results from

the simulations we performed.

A.7.1 Proof of Fact 2.13

Proof of Fact 2.13. For every i, as jif € [u; — 5, + 5] for all p in [M], we have that for
all p,q in [M], |,u§-9 - ,ug‘ < e. This proves that p = (1f)icx)pe[ar) is indeed a Bernoulli
e-MPMAB instance.

Recall that d = max;eq 1f = max;e(x) p1; is the optimal mean reward for player 1.

We now show that Zs. = {c+1,..., K} by a case analysis:

1. First, we show that for all i in {c+1,..., K}, i is in Zs.. This is because yu;} is chosen

from [0, d — 5¢), which implies that A} > 5e.

2. Second, for all 7 in {1,...,c}, we claim that ¢ ¢ Zs.. To this end, we show that for all

p, AP < Be.

We start with the observation that pu; € (d — €,d], which implies that Al =d — p} <e.
Now, it follows from Fact A.1 in Appendix A.3 that for any ¢ € [K] and p € [M],
|AY — Al| < 2e. Therefore, we have AP < 3¢ for all p, which implies that any i € [c]

cannot be in Zs,.

A.7.2 Extended results

Here, we present comprehensive results from the simulations we performed.
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Figure A.1. Compares the average performance of ROBUSTAGG-ADAPTED(0.15),
IND-UCB, and NAIVE-AGG on randomly generated Bernoulli 0.15-MPMAB problem
instances with K = 10 and M = 20. The x-axis shows a horizon of T" = 100, 000 rounds,
and the y-axis shows the cumulative collective regret of the players.
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Figure A.2. Compares the average performance of ROBUSTAGG-ADAPTED(0.15) and
IND-UCB on randomly generated Bernoulli 0.15-MPMAB problem instances with K = 10
and M € {5,10,20}. The z-axis shows different values of M, and the y-axis shows the
cumulative collective regret of the players after 100, 000 rounds.
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Experiment 1.

Recall that for each v € {0,1,2,...,9}, we generated 30 Bernoulli 0.15-MPMAB
problem instances such that |Zs/| = v. Figure A.1 compares the average cumulative
collective regrets of the three algorithms in a horizon of 100,000 rounds over instances

with different values of |Zs|:

e Notice that ROBUSTAGG-ADAPTED(0.15) outperforms both baseline algorithms when

|Zs| € [2,8], as shown in Figures A.1b, A.lc, ..., A.1h, especially when |Zs | is large.

e Figure A.la shows that when |Zs.| = 9—i.e., when one arm is optimal for all players and
the other arms are all subpar arms—NAIVE-AGG and ROBUSTAGG-ADAPTED(0.15)
perform much better than IND-UCB with little difference between themselves. However,
note that as long as there are more than one “competitive” arms—e.g., in Figure A.1b
when |Z{ | = 2—the collective regret of NAIVE-AGG can easily be nearly linear in the

number of rounds.

e Figure A.li and Figure A.1j demonstrate that when there are very few arms or even
no arm that is amenable to data aggregation, ROBUSTAGG-ADAPTED(0.15) has perfor-

mance that is still on par with that of IND-UCB.

Experiment 2.

Recall that for each M € {5,10,20} and v € {0,1,2,...,9}, we generated 30
Bernoulli 0.15-MPMAB problem instances with M players such that |Zs.| = v. Figure A.2
shows and compares the average collective regrets of ROBUSTAGG-ADAPTED(0.15) and
IND-UCB after 100, 000 rounds in problem instances with M = 5,10, and 20, and in each
subfigure, |Zs.| takes a different value.

Observe that when |Zs| is large (e.g., in Figures A.2a, A.2b,..., A.2e), the collective
regret of ROBUSTAGG-ADAPTED(0.15) is less sensitive to the number of players M,

in comparison with IND-UCB. Especially, in the extreme case when |Z;| = 9—i.e.,
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all suboptimal arms are subpar arms—Figure A.2a shows that the collective regret of
ROBUSTAGG-ADAPTED(0.15) has negligible dependence on M.

In conclusion, our empirical evaluation validate our theoretical results in Section 2.3.

A.8 Analytical Solution to \*

We first present the following proposition simliar to the results in [19, Section 6
thereof]. The original solution in [19] has a min(1,-) operation in the second case; we

slightly simplify that result by showing that this operation is unnecessary.*

Proposition A.19. Suppose § € (0,1). Define function

fla) = 23\/(%2 + %) +2(1 - a)A,

Then, o = argmin, (g f(«) has the following form:

2
1 B>E,

of =
1+ ——=L < B
g ( \/ﬁﬁ—ml—m) P

Observe that when 8 < Z—i, Z—j — B(1 =) > 0, so the expression in the second case

is well defined.
Proof. First, observe that f is a strictly convex function, and therefore has at most one

stationary point in R; and if it exists, it must be f’s global minimum.

Second, we study the monotonicity property of f in R. To this end, we calculate

mr

4In [19]’s notation, this can also be seen directly by observing that when mz > D? v = .
mr+ms

m m ms\ _
(1 - \/Dz<ms+nfT>mSmT) < s (L) =1
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ap, the stationary point of f. We have

By algebraic calculations, f’(a) = 0 is equivalent to

a-p A a? —2Ba+1
p1-p) B\ BA-B)

This yields the following quadratic equation:

B? , B? , [ B B
(E—B(l—ﬁ)>a —%(E—B(l—ﬁ))aﬂ% (ﬁ—a—ﬁ))— ,

with the constraint that a > (. The discriminant of the above quadratic equation is

A =4B%(1— B)%(Z; — B(1 - B)). If A > 0, the stationary point is

B2 _ _
_ e BA-BIHVA o 18

2(5—;—5(1_5)) \/3_2_5(1_5)

We now consider two cases:

L If p(1-p) > ﬁ—i, it can be checked that A < 0, and consequently f'(«) < 0 for all

a € R, i.e., f is monotonically decreasing in R.

2. p(1-p0) < ﬁ—i, we have that f is monotonically decreasing in (—o0, oy, and monotoni-
cally increasing in [og, +00).
We are now ready to calculate a* = argmin,¢(o 1 f ().
L If g(1—p) > ﬁ—i, as f is monotonically decreasing in R, o* = 1.

2. If p(1—p) < f‘—z and 3 > ﬁ—z, it can be checked that ag > 1. As f is monotonically

decreasing in (—oo, ap] D [0, 1], we also have a* = 1.
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3. Ifﬂﬁi—;,aoé [0,1]. Therefore, o == | 1+ ——2—|.
VB -801-8)
In summary, we have the expression of a* as desired. []

Algorithm 1’s line 9 computes

. - A2 (1-2)°
A" =argmin 8, [13(InT)[= + = |+ (1 =N
A€[0,1] nft—1) mb(t—1)

we now use Proposition A.19 to give its analytical form. For notational simplicity, let

13(In7T)
n+m

n=nP(t—1) and m = mP(t — 1). Applying Proposition A.19 with A = 5. B=4
and = 2, we have

1 e>0andnzw,

A=

n 1 .
P (1 + em\/832(lnT)(n+m)_€2nm) otherwise.
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Appendix B

Supplementary Material for Chapter 3

B.1 Basic Definitions and Facts

In this section, we revisit and introduce a few basic definitions, facts and additional

notations that are useful in our proofs.

Definition B.1 (Constants used in the analysis). In the analysis, we set
Ccl = 40, Cy = 4

to be the constants used in Algorithm 2.1

Definition B.2 (Number of pulls). Recall that

nP(t) =Y 1{pe P, il =i}

s<t

is the number of pulls of arm i by player p after t rounds. We define

pE[M]

'If we choose ¢; to some other positive number, we can still show guarantees similar to Theorems 3.1
and 3.2, except that Z;o. needs to be changed to Io ( \/T >—the analysis of case (A1) needs to be changed
o€

accordingly. On the other hand, it is also possible to change ¢y to any constant > 1 and establish similar
regret guarantees, by tightening the exponents of the concentration inequalities (Corollaries B.28 and B.30)
and Lemma B.70. We leave the details to interested readers.
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to be the total of number of pulls of arm i by all the players after t rounds.

Definition B.3 (Individual mean estimate). For any i € [K], p € [M], and t € [T]U {0},

let

1
indif(t) = — = > A{p € Py il =i} 1l

P
n; (t) s<t
be the empirical mean computed for arm i using player p’s own data from the first t rounds.
Definition B.4. Define
ind-varf(t) = ———.
ind-var? (¢) OV
Remark B.5 (mean and variance of the individual posteriors). By the construction of
Algorithm 2, we have that, in any round t € [T, for any active player p € Py and arm i,
ind-if (t — 1) and ind-var(t — 1) are the mean and variance of the individual posterior

associated with arm v and player p in round t, respectively.

Definition B.6 (Aggregate mean estimate). For any i € [K| and t € [T]U {0}, let

agg-ili(t) = WZ Yo M{il=ilrite

s<t q:q€Ps

be the empirical mean computed for arm i using all players’ data from the first t rounds,
offset by the dissimilarity parameter €. Note that the definition of agg-j1;(t) does not depend

on the identity of a specific player p.

Definition B.7 (Most recent pull). In any round t € [T]| U {0}, for any player p € [M]

and arm i € [K], we define

max {s <t:pe Py =i}, nl(t)>0
0, n?(t) =0
to be the round in which player p most recently pulled arm i (including round t); we let
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p

u;

(t) = 0 by convention if player p has not yet pulled arm i.
Definition B.8 (Aggregate mean estimate maintained by player p). For any t € [T]U{0},
p € [M], and i € [K], define

agg-fi; (t) = agg-fui(u{ (t)).
Note that the superscript p differentiates this player-dependent aggregate mean estimate
from agg-f1;(t) in Definition B.6, which does not depend on any individual player.

Definition B.9 (Aggregate number of pulls maintained by player p). For anyt € [T]U{0},
p € [M], and i € [K], define

to be the total number of pulls of arm i by all the players until the round in which player p

last pulled arm i.

Definition B.10. Define

4
(&) — M)V 1

)

agg-var; (1) =

Remark B.11 (mean and variance of the aggregate posteriors). By the construction of
Algorithm 2, in any round t € [T, for any active player p € Py and arm i, we have that
agg-ii (t — 1) and agg-vart (t — 1) are the mean and variance of the aggregate posterior

associated with arm i and player p in round t, respectively.

Definition B.12 (Filtration). Let {F;},_, be a filtration such that

Fo=0{il,rl:s<t,qe P}

CRA}

1s the o-algebra generated by interactions of all players up until and including round t.
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Definition B.13. Let

40InT
2

HP(t) = {ng’(t 1) > + QM}

€

be the event that in round t, for arm i, player p uses the individual posterior distribution;

correspondingly, let

40InT
2

HP () = {nf(t ~1) < —I—QM}

€

be the event that in round t, for arm i, player p uses the aggregate posterior distribution.

See lines 6 to 9 in Algorithm 2.

Remark B.14. With the above notations,

fii (t = 1) = agg-ji; (t — 1) - 1(H}(t)) + ind-a (t — 1) - L(H(2)),

and

vart (t — 1) = agg-vart (t — 1) - T(H?(t)) + ind-varl (t — 1) - 1(H?(t)).

Stopping times.

In our analysis, we will frequently use the following notions of stopping times:

Definition B.15. For any arm i € [K| and k € [TM], let
7(7) = min {T + 1, min {t tny(t) > k:}}

be the round in which arm i is pulled the k-th time by any player. Furthermore, as a

convention, let 7o(i) = 0.

Remark B.16. For any i € [K| and k € [TM], (i) is a stopping time with respect to
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(F),. Indeed, for anyt <T,
{n@) <tp=q> > Wil=i}>k)eF
s€[t] ppEPs

Definition B.17. For any arm i € [K] and k € [TM], such that 7,(i) < T, let p(i) be

)

the unique p € [M] such that il , =1 and

T, (1)—1
oM {i=it+ > 1{il=i} =k
s=1 q€Ps q€Pr, (i)' q<p

In words, py(i) is the player that makes the k-th pull of arm i, where arm pulls within a

round are ordered by the indices of active players in that round.

Definition B.18. For any arm i € [K|, player p € [M], and k € [T, let
7 (4, p) = min {T + 1, min {t :nf(t) > k}}
be the round in which arm i is pulled the k-th time by player p. In addition, let my(i,p) = 0

by convention.

Remark B.19. For any i € [K]| and k € [T], m(i,p) is a stopping time with respect to
(FYL,. Indeed, for anyt < T,

{mli,p) <t} =9 Y 1{=i}>kyeF.

SE[t]:pEPs

The following property, namely, the invariant property, will also be useful for our

analysis.

Definition B.20 (Invariant property). We say that:
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1. a set of random variables {gt it e [T]} satisfies the invariant property with respect to
arm ¢ € (K] and player p € [M], if g, stays constant/invariant between two consecutive
pulls of arm i by player p, i.e., for any s € [T such that ms(i,p) < T, g; is constant for

all t € [ms_1(i,p) + 1, 7,(i,p)]. In other words, for any s € [T| such that w4(i,p) < T,

Irs—1(ip)+1 = Irs1(ip)+2 = + -+ = YGrs(irp)-

2. a set of random variables {ff teT],pe [M]} satisfies the invariant property with
respect to arm ¢ € [K], if for every player p € [M], {fI -t € [T]} satisfy the invariant

property with respect to (i,p).

Example B.21. By the construction of Algorithm 2, in any round t, a player only updates
the posteriors associated with an arm if the player pulls the arm in round t (line 15). It
is easy to verify that for any arm i € [K] and p € [M], {H?(t) : t € [T} satisfies the

invariant property with respect to (i,p). Specifically, for any s € [T| such that ws(i,p) < T,

HY (ms_1(i,p) + 1) = H (ms_1(i,p) + 2) = ... = H (7s(i,p)).

Consequently, { H!(t) : t € [T],p € [M]} satisfies the invariant property with respect to i.

Example B.22. For any arm i € [K] and any player p € [M], {n?(t —1):t € [T]}
and {mf(t —1) :t € [T]} both satisfy the invariant property with respect to (i,p) (see
Definition B.2 and Definition B.9, respectively). Specifically, for any player p and any

s € [T] such that ws(i,p) < T,

nP(ms_1(4,p)) = nl(ms_1(i,p) + 1) = ... = nl(7s(i,p) — 1) = s — 1,

mg (ms1(i,p)) = mi (msa (i, p) + 1) = ... = mi(ms(i, p) — 1) = ni(mea (4, p))
However, {nf(t):t e [T} and {ml(t):t € [T]} do not necessarily satisfy the
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wmwvariant property with respect to i.
Similarly, the sets {ind-pf(t — 1) : ¢ € [T}, {ind-var?(t — 1) : ¢t € [T},
{agg—ﬂf(t —1):te [T]}, {agg-varf(t —1):te [T]} all satisfy the invariant property with

respect to (i,p).

Example B.23. For any arm i € [K] and any player p € [M], {if(t—1):t € [T]}
satisfy the invariant property with respect to (i,p). This follows from Eq. (B.14) and the

above two examples that

{ind-pf(t—1):t € [T} ,{agg-pl(t —1):t € [T]}, and {HI(t):t € [T]}

all satisfy the invariant property with respect to (i,p).
Following a similar reasoning, {var‘f (t—1):te [T]} satisfy the invariant property
with respect to (i,p).

Facts about Subpar Arms.

We now present some facts about subpar arms.
Fact B.24 (Properties of subpar arms, see also Fact A.2). The following are true:

1. for any i € [K] and p,q € [M],

AP — AJ| < 2¢ (see Fact A.1);

2. For any i € Ty and p € [M], AY > 8¢, which means that A™™ > 8e.

3. |Z5| > 1;

4. Let AP = maxpepn AL For any i € Tiype € Is, AP < 2AMIN - furthermore,
ﬁ < % ZpE[M] AL? (see Fact A.2).

Proof. For item 2, by the definition of Zq., there exists p such that A > 10e. Then, for
all ¢ € [M], we have A! > 8¢ by item 1.
For item 3, using a similar argument, we have, for each i € Zy. and p € [M], A? > 0.

Let j be an optimal for player 1 such that A? = 0. Then j ¢ Z,.. O
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Additional notations.
2
e Denote by ®(z) = [ %6_%@ the cumulative distribution function (CDF) of the

standard Gaussian distribution.

— L2
o Let D(z) =1—P(z) = [~ #e’sz denote the complementary CDF of the standard

T

Gaussian distribution.
e Denote by (z), =2V 0.

e For any arm i € [K], player p € [M] and t € [T U {0}, let

and

B.2 Concentration Bounds

B.2.1 Novel concentration inequality for multi-task data aggre-
gation at random stopping time 7;’s

We begin by introducing the following definition.

Definition B.25 (Mixture expected reward at t). For any arm i € [K| and t € [T], define

ﬁi(t):ﬁZZH{igzi}u%e

s<t q€Ps
to be the e-offset mixture expected reward of arm i up to round t.

In what follows, we will consider ji;(74(i)) for any i € [K] and k € [T M], where the

definition of 75 (7) can be found in Definition B.15.
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Lemma B.26. For any arm i € [K] and k € [T'M], denote by 7, = 7(i). If 7, < T, then

for every player p € [M], we have

agg-fii (i) — pif < agg-fi;(1k) — fis(Tk) + 2€; and

i — agg-ti(1e) < fii(T) — agg-fi (k).

Proof. For every t € [T], observe that

3 1 g ni(t) - pl
Mi(t)ZWZZMi_'—EZ Z%ﬁ-ﬁ

s<t q€Ps: q€[M]

il=q

It can be easily verified that, if n;(¢) > 0, for every player p € [M],
fii(t) — p7 < 2€ and g7 — f;(t) <0,

where we note that the asymmetry comes from the additive term € in fi;(¢). Therefore, for

ke [TM],if ., <T, then n;(7x) > k > 0 and we have

fi(m) — 1 < 2¢ and @ — fi(m) < 0

It then follows that, for every player p € [M],

agg-fLi(Tk) — 1y < agg-jti(1x) — fii(73) + 2¢, and

ph — agg-fi; (1) < () — agg-fui(Tx)-

]

We are now ready to present Lemma B.27, our novel concentration bound (see also

Lemma 3.8).
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Lemma B.27. For any arm i € [K] and k € [TM] U {0}, denote by 7, = 714(i); for

d € (0,1], we have

Pr| {mm=T+1}U

21n(§)
nl(Tk) —M) V1

{me <T}NQVpe[M], agg-ﬂi(Tk)—/fZS\/( + 2¢ >1-0;
(B.1)

Pr| {mm=T+1}U

{m STy Vp e [M], puf —agg-fui(m) < \/( >1-0.

(B.2)

The following corollary is an equivalent form of Equation (B.2):

Corollary B.28. For any arm ¢ € [K] and k € [TM] U {0}, denote by 7, = 7x(7).

Equivalently, for any z > 0, we have

4
- M)Vv1 -

Pr((m <T)A | Fp € [M], p — agg-fui(me) > Z\/(m(m)

(B.3)

Proof of Corollary B.28. If z < %ln 2, Equation (B.3) holds trivially as 2e2" > 1.
Otherwise z > 1/11n2. In this case, let § = 2¢72*" € (0,1] in Equation (B.2), and using

De Morgan’s law, we also obtain Equation (B.3). O
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Proof of Lemma B.27. Fix any arm ¢ € [K]. For k = 0, we have 75 = 0; both Eq. (B.1)
and Eq. (B.2) hold trivially because for all p € [M] and ¢ € (0, 1],

V2In2 < /2In(3).

We now focus on k € [TM]. By Lemma B.26, it suffices to show that

agg-fii(ro) — pf| <1<

Pr| {m=T+1}U

{me < T} N agg-fs(7) — fui(7e) < \/(nzﬁi)ln_(]%\/)[) v >1—19; and,
(B.4)
Pr| {m=T+1}U
{m <T}N < (1) — agg-fi; (1) < \/<nl<7—j)1n_(]§\;> vE >1-4.

To avoid redundancy, we only prove Eq. (B.4); the other inequality follows by
symmetry.

Now, for t € [T]U{0}, consider Z, = 37! _, > pep, L4 =i} (rf — ). Furthermore,
for t € [T]U{0} and A > 0, let

wi(A) = exp </\Zt - nz(t)%2> :

We now show that {wt()\)}T

+—o Is a nonnegative supermartingale with respect to {F}io

for all A > 0. Since E [!wt()\)ﬂ < 0o and w(A) > 0 for all t € [T]U {0}, it suffices to show
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that, for all ¢t € [T,

E [wi(A) | Fioi]

=E |exp Zzﬂ{igzi} ()\(rff—,uf)—%?> | Fia

set] pePs

=E | exp ( o u{k =i} (A(rﬁuﬁ?))‘g)).

se[t—1] pEPs

exXp (Z 1 {Zf = Z} (/\(Tf — 1) = %)) | Fi-1

PEP:

exp<z S tfir=1} (wz:—u?)—%z )

se [t— 1] pGPs

. . , o A2
=w_1(A\)-E |exp )\;1{@?2}(7{%’)) exp —Z]l{zf:z}g | Fi1

Swt—l(/\)7

where the last inequality uses the law of iterated expectation along with Hoeffding’s lemma,
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ie.,

2
E |exp )\Z]l{if:i}(rf—uf) - exp —Z]l{if:i}% | Fioa

pEP: PEP:

<E|E [exp | A Z 1 {lf = Z} (rf — Hf) | Fia, (if)pept
pEP:

)\2
exp | =D W{# =i} T | [ Fis

pEP:
2 -
(14 =i}) 2
<E Hexp 5 - exp —Z]l{if:i}g | Fioa| <1
pEP: pEP:

Recall from Remark B.16 that 7 is a stopping time with respect to {]—“t}tT:O and
T < T + 1 < oo almost surely, it follows that, by the optional sampling theorem, for all

A >0,
E[1{n <T} w, (V)] <E[wo(N)] = 1. (B.5)

Rewriting Eq. (B.5), we have

)\2
E [1{r <T}-exp <)\ka - ni(%)g) <L
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It then follows that, by Markov’s inequality, for any § > 0,

2
1
Pr|1{mn <T} exp <)\ka — nl(Tk)—> > 5

E {]1 {m. < T} exp ()\ZTk — n;(11) %
<

o>
~
| |

—

5

< 0;

Y

therefore,

B 1 A In(d)
Pr|{n=T+1}U {TkST}ﬂ{mZm——<ﬁ} >1-—4,

where we use the elementary fact that for sets A and B, =-(AN B) = -AU (AN -B).

ln(%)

Choosing A = 1/ —*> and using the fact that n;(mx) > k, we have
el =T U emind L gz o 2nG) S 1.4
T Tk - Tk g nl(Tk) Tk k 9
it then follows that
1 21In(3)
Pr|{mn=T+1}U{m <T}N ——Z, < >1-—4. (B.6)
n; (k) k

We now consider two cases:
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L. ni(m) < M. We have ~ e 4n <1<\ @ ikh; vt = /2o (2) trivially for 6 € (0,1].

2In 21In( 2 21n(2
2. n;(mx) > M + 1. Since k > n;(1;) — M, we have 4/ ( \/nl ) ‘5_ = \/(ni(m)f‘}i)vl-

Eq. (B.4) then follows from Eq. (B.6) and the elementary fact that A C B if

(ANC) C B and (AN —=C) C B. This completes the proof. O

B.2.2 Other concentration bounds

Recall the definition of stopping times 7 (i, p) for any arm i and player p (see

Definition B.18).

Lemma B.29. For anyi € [K|, p € [M], k € [T]U{0}, and ¢ € (0,1], we have

Pr | {m(i,p) =T+ 1} U

. R b 21n (5)
{ﬂ—k(lap) < T} N Hld'ﬂi (ﬂ-k(lup» — My < \/nf(m(i,pé)) V1 >1-0.

Corollary B.30. For any i € [K|, p € [M], k € [T]U{0}, and z > 0, we have

4 2
b - <4e*". (B8
pi — ind-fz; (m(w»‘ = Z\/nf(m(i,P)) Vi)t By

Pr | (m.(i,p) <T) A

Proof of Corollary B.30. If z < %ln4, Equation (B.8) holds trivially as 4e=2%" > 1.
Otherwise z > /2 In4. In this case, let § = 4e=%** € (0,1] in Equation (B.7), and using

De Morgan’s law, we also obtain Equation (B.8). O
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Proof of Lemma B.29. This proof is largely similar to the one for Lemma B.27. Therefore,
we omit some details here to avoid redundancy. See the proof of Lemma B.27 for full
details.

Let us fix any arm ¢ € [K] and player p € [M]. Throughout this proof, to ease the
exposition, we use 7 to denote (i, p).

We first observe that when k& = 0, we have 7, = 0, ind-f} (0) = 0, and n(0) = 0. It

<1<4/2In (%) trivially.

It then suffices to only consider the case when k € [T]. Note that n!(mz) = k > 1.

follows that |ind-if (7)) — p?

We will show that

21In (%)

AGH

Pr| {m =T +1} U {m < T} ind-l(m) — 4

)

IN

>1-0. (B.9)

For t € [TJU{0}, let Xy = 3_ .y 1{p € Py, i =i} (rf — pi7); and for A > 0, further

T

+—o 18 a nonnegative

define &()) = exp (/\Xt - nf(t)Ag). It can be verified that {&(\)}

supermartingale with respect to {Ft}tho for all A > 0:
1. E U&(A)” < oo for all ¢ € [T]U {0};
2. &(\) >0 forall t € [T)U{0};

3. E[&(N) | Fior] <& a(X) forall ¢ € [T
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Item 3 is true because

E [&(A) | Fia]

t—1

)\2
1{p € Py, it = i} (wz — i) - g)

= exp

s=1
= &) Elep (A1 {pePuit =i} (F —uh)) -
)\2
exp | —1{p € P, if =i} < | Fis
= &1(V) E|E [exp (\1{pePit =i} (7 — ) f] -
)\2
exp | =L {p € Py, if =i} < | Fis

< &o1(N),

where we use the law of total expectation, the observation that & _1(\) is F;_1-measurable,
and Hoeffding’s Lemma.
Recall from Remark B.19 that m; is a stopping time with respect to {E}tT:O and

mr < T 4+ 1 < oo almost surely. Then, by the optional sampling theorem, for all A > 0,

E[1{m < T} &, (V] <E[&M)] = 1. (B.10)
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In other words,

/\2
E |1{m <T}-exp ()\Xﬂk — nf(ﬂk)§> <1
By Markov’s inequality, we have

Pr|1{m <T} exp ()\Xﬂk - nf(ﬂk)g

and thus,

1
Pr | {m <T}N< exp <)\X7rk — nf(ﬂk)§> > 5 <.

Using the elementary fact that for sets A and B, -(ANB) =-AU(AN-B), we

have, for any A > 0,

1 A In (l)
P =T+1 <T X, — <0 1-—
v A H1Uime = TH0 {nf(ﬂk) ™8 = g () - A g >

where we slightly rearrange the terms.

Choose A = 1n§) and observe that n?(m) = k. It follows that

Pr| {m=T+1}Ud {m <T)n X, <) 2G) 1.4
o R Th = nP(mp)” ™ n? () '

% i

Eq. (B.9) follows trivially by the observation that In(2) > In(5). By symmetry, it
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can also be shown that the following inequality is true:

21n (2
Pr|{m=T+1}U {7rk<T}ﬂ{pfind—ﬂf(7Tk)< npn((‘s))} >1-—9.
i \ Tk

The proof is then completed by applying the union bound.

Definition B.31. For any ¢ € (0,1], let

Eogy(6) = Vi€ [K],Vk € [TM]U{0}, (e(i) =T +1) vV | (m(i) <T) A

(Vp € [M], agg-f1i(7x(7)) — pf < \/

and

Eina(6) = { Vi € [K],Vp € [M],Vk € [T]U{0}, (m(i,p) =T + 1) V

21In(3)
: \/n%rk(z',p)) v 1)

(Wk(i,p) < T) A (

Furthermore, let

E(0) = Eq4gg(6) N Eina(6).
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Corollary B.32. For § € (0,1],

Pr(E(6)) > 1 —6T°.

Proof. By the union bound, Lemma B.27, Lemma B.29, and the assumption that 7" >
max (K, M), we have

Pr(Eage(0)) > 1 — K(TM + 1)(26) > 1 — 4T°5.
Pr(Epq(6)) > 1— KM(T +1)§ > 1 — 2T?6.

The corollary then follows by the union bound.

B.2.3 Clean event

We now define our notion of “clean” event for each ¢.

Definition B.33. For any t € [T + 1], let

&= VpE [M]7Vi€ [K]> ind'/lf(t_l)_ f

10InT
Wt —1)
10InT
_—+2€,
mb(t—1)
10InT
P —agg-nf(t —1 _ ,
Il f; ( ”mf(t—l)

where we recall that n?(t—1) = nP(t—1)V1, mP(t—1)

b <
agg-f; (t — 1) — pf <
) <

= (mf(t—1)— M)V 1. Furthermore,
let & denote the complement of &,.

The following lemma shows that the clean event happens with high probability.
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Lemma B.34.

24
PI'((%) >1-— ﬁ

Proof. The proof of Lemma B.34 follows from Corollary B.32. It suffices to show that, for
any t, E(%) C &. To this end, we will show that if E(%) happens, then & must happen.

For any t € [T + 1], i € [K], p € [M], let u = u!(t — 1) be the round in which
player p last pulls arm i (see Definition B.7). In addition, let s = n(u) € ([T]U{0}) and
k =mn;(u) € ([TM]U{0}). Note that 75(i,p) =u < T and 7 (i) =u < T.

It then follows by definition that,

ind-A2(t — 1) = ind-l(x,(i,p), n(t — 1) = n(m,(i, )

age-fi; (t — 1) = agg-u(n(i)), mi(t — 1) = ni(7k(p))-

The proof is then completed straightforwardly by the definition of F (%), which indicates
that for all s € [T] U {0} and k € [TM]U{0},

10InT
. d_/\P s - — p <
ind-2} (i, p)) — if | < \/nma,p)) V1
10InT
agg-fii(1u(i)) — pf < + 2¢, and
(74(2)) \/(nz(Tk(p))_M) vl
10InT

My = agg'ﬂi('fk(i)) S \/(nz(Tk(p)) _ M) v/ 1'

B.3 Proofs of Theorem 3.1 and Theorem 3.2

The following lemmas are central to our proofs of Theorem 3.1 and Theorem 3.2.
In Section B.3.1, we prove Lemma B.35. In Section B.3.2, we prove Lemma B.36. We then

conclude our proofs in Section B.3.3.
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Subpar arms (C.1) Non-subpar arms (C.2)

V \(B)/(B*) V \\E)/(E*)

Q7 ® [HO) 740) 7d0)
(Al)/ N\z) (bl/ yn ‘ (el/ &z)
HP () HI(t) HY(®) H{ (1) HP(t) HZ (1) H2 ()
‘ (bz% &z.z) e y \ez.z) - / \eu)
ft-Dzy v
miE-D<L m@-D2L e-1<] nbE-1z] mdt-D<z mhE-1)=2Z
(a) Subpar arms (Section B.3.1) (b) Non-subpar arms (Section B.3.2)

Figure B.1. Illustrates the case division rules used in the proofs of Theorem 3.1 and
Theorem 3.2, respectively. Formal definitions of the notions used in the figure can be
found in Section B.1, Section B.3.1 and Section B.3.2.

Lemma B.35 (Subpar arms). For any arm i € T,

E [n:(T)] < O ((Al?n—T)? i M) ,

where we recall that A™ = min,e(p AL

Lemma B.36 (Non-subpar arms). For any arm i € I, and player p € [M],

E[n(T)] < O (82—]?)2 + M) |

Our analysis in the following Section B.3.1 and Section B.3.2 involve various proofs

by cases. Figure B.1 provides an overview of the case division rules used in our analysis.

B.3.1 Subpar arms

In this section, we prove Lemma B.35.
Fix any subpar arm i € Zjo. and an arm 1 € ZS. See Fact B.24 for the existence of

such an arm. We first consider the following definitions.
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Definition B.37. For any arm i € Zyo. and any player p, let

o6 = pf — i > 0.

)

Fact B.38. For any i € Zyo. and player p € [M],
3

Proof. For any player p € [M], since T € Z§, we have AIT’ = pub — u’; < 2¢ by the definition

of Z§. Furthermore, for any i € Zyo., AY = P — 1’ > 8e. Therefore, we have
Loy = pf = gy < p — g = A

i —pf

pE—ut .. . 5P
2. Note that Fﬁt < % < i. This implies that a7 = 1-— i > %.

[]

p

Definition B.39. For any player p, let y¥ = uf + %55’ be a threshold; in any round t,

further define
Q7 () = {07(t) > i}

to be the event that the sample 6% (t) from the posterior distribution associated with arm i and

player p in round t is greater than the threshold y¥. In addition, let Q¥ (t) = {Gf(t) < yf}.
Subpar Arms—Decomposition

We can then decompose E [n;(T)] as follows.
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E [n:(T)]

=E|) Y 1{#=i}
| te[T] pEP:
<E|S S i{r=i@u.&}|+E|S Z]l{zt — i, Q') € } +
_te[T] PEP: te[T) pEP:
31 {e)
te[T] peP:
<E|S S u{g=iQu.a| +E Y Y 1{#=iQim.a}| +o ), B.11)
te[T] pEP: te[T] pEP:

N J/ N
—~ ~

(A) (B)

where the second inequality follows from Lemma B.34. In the following two subsections,

we bound term (A) and (B), respectively.
Bounding Term (A)

The following lemma provides an upper bound on term (A).

Lemma B.40.

(A) <0 ((Ali‘n—TV + M) , (B.12)

where we recall that A™™ = minyep AL,

Proof of Lemma B.40. Recall the definition of & in Definition B.33 and the definition of
H?(t) in Definition B.13, we have

S e[ — 0.8 ) ]+ZZE[{ ()&,Hp()}}

te[T) pePy te [T] pEP:

i i

(A1) (A2)
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We first consider term (A1). Recall that, for simplicity, we let n?(t — 1) denote

n?(t — 1) V 1; also recall that ®(-) is the complementary CDF of the standard Gaussian

distribution, and (z), = z v 0. We have
LD 1 {Q). & H(D)]
— g{;} 27; E IE 1{Qw. &m0} | le
_;m;@ :]1 {gt,Hf(t)}.E[n {60(t) > '} | Fio 1H
=Y Y E _11 (&, H(1)} - <I>< nf(t—1)/4 (v ind—ﬂf@-”))]
empen L
t—1 —ind-ji; (t — 1
SZHZ;E _l{&,H m,@}{p( nl(t— 1)y 8 A — 1)) )
SE[:]E;E e (t)}'exp< n?(t —1)(s? 3@? %Af)?*)
sg[;];ﬂﬂf :11 {&.H t>}-eXP< =t g(1le)s§Af)2>
1

where the first inequality drops the indicator 1 {zf = z'}; the first equality uses the law of

total expectation; the second equality follows from the observation that & and H?Y(t) are

F,_1-measurable; the third equality follows from the observation that when H?(t) hap-
pens, E []l {6°(t) > 4P} | Fie 1} =P(7(t) >y | Fio1) = @ (M), the second

\/4/nP(t—1)

inequality is from Lemma B.69 and that n?(t — 1) > n?(t — 1); the third inequality follows

from the facts that when & and H?(t) happen,

Lo nP(t—1) > nl(t — 1) > 40T > 26T (560 Fact B.24),

(a7)?
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2. ind-ff(t —1) < pf + l,_?(in_f) < pif + £ A? (see Definition B.33), and

S

3.9 = b + %5{»' > b+ %Af (see Fact B.38);

the fourth inequality is by algebra; and the fifth inequality again uses the observation that

when HY(t) happens, nf(t — 1) > 25T,

We now turn our attention to term (A2). With foresight, let | = % + M. We

have

1) = 3 Y B |1 {it =100, 0

te|T) pEP:

<ZZE{1{ =1,Q%(¢), St,%,mf(t—1)<l}

te[T) pEPe
+ Z >_E { {it =i,Que), & HI@), mi(t = 1) > z}}

T] pEP:

t+M)+> Y E { {if =i, QV(t), &, HP(t), ml(t — 1) > z}} . (B.13)

te[T) peP:

To see why Eq. (B.13) is true, it suffices to show that, with probability 1

SN a{i=iml(t—1)<l} <1+ M

te[T] peP:

Indeed, let us define ¢ = min {t 1ni(t) = D sey 2opep, T{E =i} = l}. The above summa-
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tion can be simplified as

M {id=iml(t—1) <1}

t=1 peP:
t—1 T
=3 > i {id =imlt—1) <1} + ) 1{F =imb(t-1) <1}
t=1 peP; t=t peP;
<ZZ]l{zt:z}—|—Z Z ]l{zt—zmt—l <l}
t=1 peP, M] t>upePy
<(l—-1)+ M,

where the 37 1> s, pep, L {if =i,ml(t —1) <1} < M follows from the obser-
vation that, once the total number of pulls of arm ¢ by all players has reached [, any player
p cannot pull arm ¢ more than once before the aggregate number of pulls of ¢ maintained

by p is updated to a value > [ (see Definition B.9).

Remark B.41. Fq. (B.13) can also be deducted from the more general Lemma B.72 in

Section B.3.4, by taking f¥ =1 for all t,p.

Now, recall that we denote (m?(t — 1) — M) V1 by mP(t—1). And again, recall that

®(-) is the complementary CDF of the standard Gaussian distribution, and (z), = 2z V 0.
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It follows from Eq. (B.13) that

(A2) <

(+M)+> > E|E

te[T] pePs

[]1{ (1), &, TP, mb(t — 1) > l} |E_1H

:(z+M)+ZZE[]l {6 HIE,mlt = 1) = 1} E |1{02(t) > '} | e IH

=(+M)+) Y E

te[T] pEP:

1 {&,%,mm— 1) > z}-

te[T) pePs

3 ( my(t=1)/4 (v} — age-fif (t - 1))) ]

<(+M)+ ) ZE[n {a,%,mg?(t—m 21}.

te[T] pePs

( ml(t—1) (3 — agg-l(t—1))" )]
exp 3

<U+M)+ZZE[1{5¢,HZP() (t—l)zl}

te[T] pePy

8

( mi(t—1) <u€+§Afuf3%Aé’>i)
exp | —

<(I+M)+ ) ZE[IL {Et,%,mf(t—l) 2[}.

te[T] peP:

o Cml(t—1) (Arn)°
P (8)(256)

(I+ M) +ZZ%

te[T] pePs

o lnT M|,
(a7

where the first inequality is from Eq. (B.13), dropping the indicator 1 { it = z} and using

the law of total expectation; the first equality follows from the observation that &,
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H?(t), and {mzJ t—1)> l} are JF;_1-measurable; the second equality follows from the
observation that when H”(t) happens, E [ {68(t) > o'} | Foe 1] =P (07(t) >y | Fio1) =

oy A G
4/mf (t-1)

uses the facts that

); the second inequality follows from Lemma B.69; the third inequality

1. when {m!(¢t — 1) > I} happens, mP(t—1)>mP(t—1)—M>1—M= 1(02101113;7

2.yl = b + %5?; > b + %A?ﬁn (see Fact B.38), and

3. when & happens, agg-j1] (1=1) < i+, /55 +2€ < i +5 AP 4 AT = i+ AP
(see Definition B.33 and Fact B.24);

the fourth inequality is by algebra; and the fifth inequality again uses the fact that when

{m?(t — 1) > 1} happens, m{(t — 1) > mP(t — 1) — M > 102407

(Anun)Q )

In summary, we have

InT
(apm)*

(A) < (A1) + (A2)+0(1) <O + M

Bounding Term (B)

We now bound term (B) in Eq. (B.11).

Lemma B.42.
InT

(B) <O ((Amm) —l—M)

Proof. Lemma B.42 follows from Lemmas B.45 and B.46, which we present shortly. [

Consider the following definition.

Definition B.43. In any round t € [T, for any active player p € Py, define

f,t = Pr <8$(t) >y | -7:t—1> .

173



Remark B.44. Recall that ®(-) denotes the complementary CDF of the standard Gaussian
distribution; and recall n?(t — 1) = nP(t — 1)V 1, and m?(t — 1) = (mP(t — 1) — M)V 1.

gbﬁ . can be explicitly written as:

y; — ik (t—1)
vary(t — 1)

—3 ((yf — ind-@(t — 1))/ nl(t - 1)/4) 1 {Hf(t)} +
® (07 - aggeal(c - )fic — /1) -1 {HD)

(B.15)

f,t -3 (B.14)

Proof of Remark B.44. We have

P =Pr (8(t) > 7 | (e — 1), varf(t - 1))
—1 - Pr (e$(t) <yl | APt — 1), vard (i — 1))

yi — gt —1) yi — gt —1)

=1-® =
vary(t — 1) vary(t — 1)
Eq. (B.15) now follows by observing that:
L. if HY(t) happens, then 2¥(t — 1) = ind-gf(t — 1) and var{(t — 1) = m;
2. if m happens, then 2¥(t — 1) = agg-i¥(t — 1) and var{(t — 1) = m.

]

We now present the following lemma, which is inspired by a technique introduced

in the work of [4].
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Lemma B.45.

B)<Y D E <1;T> L{if = 1.6}

te[T] pePs

J/

-~

(Bx)

Proof. In any round t and for any active player p € Py, consider

Pr (if =i, Q1) & | ft_1>
=Pr(if =i,00(t) <of | Frrr) - 1{&}
Pr (67() < 7 | Foos )
Pr (Hf(t) S P | ]—"t_l)

1 — P
:( p Z’t> Pr (i =1 Foa) - 1{&}

it

<Pr(if =1[F)- -1{&}

it

g
:< P 7t>Pr(if:Tagt‘ftl)7 (B.16)

where the first equality follows from the definition of Q¥ (t) and that & is Fy_1-
measurable; the first inequality uses Lemma B.74 with [ = { and z = y7; the second
P

equality inequality is from the definition of ¢;;; and the last equality is again because & is

Fi_i1-measurable.
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Finally, we have

E {]1 {z’f = i,00(D), 5,5}} —E |Pr (zf =i, QF(0). &, | Ft_l)]

1— ¢ »
<E —= | Pr (i =1,& | Fir)

it

L— ¢
=E |E ( ; ’t)ﬂ{z'f:m}m_l
it

1— P
=K ( D Z7t> ]l{lf:—l-agt} )

it

where we use the law of total expectation and Eq. (B.16). The lemma follows by summing

over all ¢, p’s. O

With foresight, let L = 22008 1 A/ We further decompose term (Bx) as follows.

(Agnin)2
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(B*)

:ZZE(Pf?HWﬂQ

te[T] pEP:

Y YE (1 —P Z) 1 {z'f = T,St,Hf(t)} +

t[T) pePs

> 5|5

tE[T PEP:

’)1{ﬁ—t¢aﬁﬁ5},

=(b1) +ZZE ( — ﬁt)]l{if:ngt,Hf(t)ymT

te [T] pEP:

Y Y E (1 _pf5f> 1 {@'f =, & HI (), ml(t — 1) > L}

te[T] pEP:
(42.2)
where the inequality uses Lemma B.45.
Lemma B.46.
InT
(Bx) SO+ M
(a77)

(B.17)

Proof. Lemma B.46 follows directly from Eq. (B.17) and the following Lemma B.47,

Lemma B.48 and Lemma B.52, which provide upper bounds on terms (b1), (b2.1) and

(02.2), respectively.
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Lemma B.47 (Bounding term (b1)).
(b1) < O (1)

Proof of Lemma B.47. For any player p € [M] and t € [T}, recall that n_’TJ(t —-1) =
nf(t—1)V1and (z), =z V0. When & and H{(t) happen, nf(t — 1) > 5L =V we

have:

1—
—Pr (02(0) < o | Fis)
— (07 ~ it (e - )/af(e ~ /1)

R2(t = 1)(ind-(t — 1) — )2

< _
< exp 3
Pt —1) (P — AP — P + 3AP)2
< exp _nT( )(NT 159 T My Ty z)-l—
8
nf(t —1)(AF)?
T )
< _
=P 8(64)
1
< 9
—T+1

where the second equality uses Remark B.44; the first inequality uses Lemma B.69; the

second inequality follows from the observations that, when & and HTp (t) happen:

1. n_’;(t —D>nf(t-1)>Y = 0Bt > 25&,};@ (see Fact B.38),

2. ind-pf(t = 1) > pf — . / 1,,0(1“?) > pf — +A? (see Definition B.33), and
3. yfzu?—%5p<,u$——Ap

the third inequality is by algebra; and the last inequality follows because, again, when

n n In
HY(t) happens, nf{(t —1) > Y = OpT > 25(%}) > IQB?A,)()TH) for T > 1.
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It follows that, when & and Hf(t) happen, ¢}, > T_—i—l and d)l - < 7. Hence,

<> S E (%)1{&,Hf(t)} < M.

pE[M] t:pEP

Lemma B.48 (Bounding term (52.1)).

(h2.1) < O

oy M

The remark below is useful for proving Lemma B.48.

Remark B.49 (Invariant property). Recall from Example B.21 that

{Hf(t) telT)pe [M}}

satisfies the invariant property with respect to 7.

Moreover, the construction of Algorithm 2 enforces that { it e[T],pe [M]}
satisfies the invariant property with respect to T (note that it does not necessarily satisfy
the invariant property with respect to i). Indeed, this follows from Eq. (B.14), along with

Ezxample B.23 which shows that the posterior parameters,

{( =), vaf(t = 1)) st € [T],p € (M}

satisfy the invariant property with respect to 7.
Combining the two observations above, ((z% — 1) 1 {Hf(t)} teT],pe [M]}
i,t

also satisfies the invariant property with respect to arm 7.

179



Proof of Lemma B.48. Proving Lemma B.48 requires more special care. Recall that

1— _
(121)=> > E (Tt> 1 {z'f =1,&, HI(t),mi(t — 1) < L}
te[T] pEP: '

te[T] pePy it

<SS E (1 — f) 1 {z‘f =+, HI(8), mb(t — 1) < L}

Also recall the definition of stopping time 75 (1) (Definition B.15), the round in which f is
pulled the k-th time by any player. To ease exposition, we abuse the notation and denote
Tk(T) by 7%. Similarly, let pg := pr(f) denote the player that issues the k-th pull of arm f
(recall Definition B.17).

Since (q} - 1) 1 {Hf(t)} teT],pe [M]} satisfies the invariant property

with respect to arm T, by Lemma B.72, we have

(b2.1)

M 1 S L-1 1 -
<D E||l5 -1 ]l{HT(l)} +Y Bl 1 1{Tk§T,Hf(Tk+1)} :

p=1 0,1 =1 1,7 +1

(B.18)

where we also use the linearity of expectations.

Since the variance of the aggregate posteriors are initialized as the constant c, = 4
in ROBUSTAGG-TS(€), we have that (¢p - 1) 1 {m} < O(1) with probability 1.
Therefore,

ilﬁi <— - 1) 1 {Hf(n} <O(M). (B.19)

It then suffices to bound the second term in Eq. (B.18)—it follows straightforwardly from

Lemma B.50, which we present shortly, that the second term is bounded by O (L). It then
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follows from Eq. (B.18), Eq. (B.19), and Lemma B.50 that (2.1) < O (ﬁ + M) O

Lemma B.50. For any k € [TM],

E (%-1)1{@§T,W} <o),

i, T+1

where we recall that T, = (1) and pr = pr(T) is the player that issues the k-th pull of arm

T.

Proof. Using Remark B.44, we observe that

. — (¥ — ind-f(7)
o cp( ) [y vi) | 1 {me )

N 6(yf_agg_ﬂ];(Tk)\/(m’;(m)—M)v1) A {@mTD). (B20)
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We have

1 -
E <p— - 1) 1 {rk < T, HP (7 + 1)}

7, T +1

1
=E -1

9 (yf’“ = agg—ﬂ?’“(ﬂc)) \/<(m’{k(ﬂs) - M) v 1) /4

1
<E 1{r, <T}|, (B.21)

o ((u’i’“ - agg—ﬂf(m)) \/<(nf(m) — M)V 1) /4>

where the last inequality uses the observations that y/* < pb*, age-fit" (1) = agg-ii;(7x)

and mP* (1) = ny(7), as well as the monotonic increasing property of z @.

Observe that, from Corollary B.28, for any z > 1,

4
nT(Tk> —M) V1

Pro| (me <T)A | 1" — age-iis () > Z\/ (

4
(ni(m) — M)V 1

<Pr|(m<T)A|3pe€M] p—ageiy(n) = Z\/
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Applying Lemma B.70 with X = (agg—ﬂT(Tk) — ,u?’“) \/((%T(Tk) - M)V 1> /4 and
E ={m, <T}, we conclude the proof. O

Remark B.51. Note that it follows from our novel concentration inequality (Corol-

lary B.28) that

2In (3)

< 0;
nT(Tk) —M) V 1

Pr| 7 < T, pf — agg-fi3(7e) > \/(

this tight bound enables us to bound Eq. (B.21) by O (1), which is essential to our proof of
Lemma B.50.
Since () < [k, k + M — 1], using the Azuma-Hoeffding inequality and the union

bound, one can obtain

In ()

(nT(Tk) — M) V1

Pr | 7 < T, — agg-fiy (1) > O \/ < §;

and using Freedman’s inequality (see, e.g., Lemma A.4), one can obtain

()

(nT(Tk) — M) V1

< 4.

Pr | 7 < T, — agg-iy (1) > O

Howewver, naively combining the above bounds with Lemma B.70, one needs to set Cy in
Lemma B.70 to be O (M) or O (InT), which incurs extra (undesirable) O (M) or O (InT)
factors for bounding Eq. (B.21).

Lemma B.52 (Bounding term (02.2)).

(b2.2) < O (M).
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Proof of Lemma B.52. For any player p € [M] and t € [T], recall that m(t —-1) =
(m¥(t—1)— M)V 1and (2), =2V0. When &, {m?(t —-1)> L} and HY(t) happen,

1— ﬁt
—Pr (02(0) < o | Fis)

— (02 ~ ageeif(c ~ D)/ (e~ 1/1)

- m?(t — 1)(agg-f(t — 1) — y?)2
<exp | —
8
mi(t — 1) (k) — LAY — i + 2AP)?
< exp _mT( )(HT 150 T My T g z)+
8
mP(t — 1)(AP)?
T 7
< _
=P 8(64)
1
<—7
“T+1

where the second equality uses Remark B.44; the first inequality uses Lemma B.69; the
second inequality follows from the observations that, when &, {m’T7 (t—1) > L} and HY(t)

happen:

Lmf(t—1)>ml(t—-1)—M>L—-M> 252%1)11271’

2. agg-if(t — 1) > pf — % > pf — $A7 (see Definition B.33), and
mT —

p_ D 1¢p p 3 APD.
3.y = py — 50 <y — AL

the third inequality is by algebra; and the last inequality follows from the observation that

mi(t—1) 2 mf(t —1) =M > L — M > 5L > 128?25)7;“) for T > 1.

It follows that, when &, {mf(t —-1)> L} and HY(t) happen, ¢}, > —— and
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1—
f” g . Hence,
d)z t

(22)< ) Y E (1;1» it)n{&,ﬂf(t),mf;(t—l)zL} < M.

pE[M] t:pEP

B.3.2 Non-subpar arms

In this section, we provide a proof for Lemma B.36.
Let us fix any player p € [M] and any suboptimal arm i € Z_ for player p such
that A > 0. In the rest of this section, let us also fix an optimal arm for player p, ¢,, and

we abbreviate it by o. We have pf = p? = max;e(x) 1.

Definition B.53. Let 2! = i + 1Ap be a threshold. In any round t, define
WE(t) = {07(t) > =7}

to be the event that the sample 6%(t) from the posterior distribution associated with arm i

and player p in round t is greater than the threshold 2. Therefore, WP (t) = {6°(¢) < 2'}.

7
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Non-subpar Arms—Decomposition

We consider the following decomposition.

=E | Y 1{# =i}
_tipept

—E | Y 1{# =i W&} +E| D 1{# =i V@& | +

t:peP: t:pEPt

where the last inequality follows from the observation that E {]l {zf =1, E}} <E {]l {E}}
and Lemma B.34.

Following this decomposition, Lemma B.36 is proved straightforwardly given

Lemma B.54 and Lemma B.55 which we present in what follows.
Bounding Term (D)

We first bound term (D) in Eq. (B.22).
Lemma B.54.

(D)gO(%JrM).

Proof of Lemma B.5/. With foresight, let h = 4‘2%;;15 + 2M. Recall that H?(t) is the

event that the individual posterior is used in round ¢ by active player p for arm i (see
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Definition B.13). We have

(D)=EF | > 1{& =i, W'),&}

t:pePt

<het D0 E[L{ =i, WP(), &bt —1) = b}
t:pEPy

—h+ >0 E[L{i =i, W), & H(0),n}(t— 1) > h} ],
t:pEP;

-~

(d)

where the last equality follows from the observation that {n! (¢t — 1) > h} implies that H? ()

happening. To see why this is true, recall that H?(t) = {nf(t —1) >0 T 4 2]\/[}; and

observe that for non-subpar arm i € Z,_ and player p, {nf (t—1)>h= 4(2%1?2’[ +2M }
implies {nf(t —-1)> 4061—§‘T + QM} because AP < 10e.

It therefore suffices to bound term (d). We have

(@) < 7 E[1{W2(t), & HI(t) nb(t = 1) = b}

—

:tze; E|1 {&, HI(t),n?(t —1) > h} E []1 wr() | fHH

:t;) E k {&, HI () ni(t—1) > h} @ ((zf ~ind-(t — 1)y/nP(t — 1)/4)]

< ST B |1{&, HP@), 0t —1) > h} exp nl(t = 1) —;nd—,af(t _ 1))3>
iwer |

<) E _ﬂ (6 HP ()2t — 1) > B} exp [ = DU %g? — 1 - %Af)i)
iwer |

<t 5 (6. 0080 1) > ) g&égAi-’)?)
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where the first inequality drops the indicator 1 {@f = i}; the first equality uses the law
of total expectation and the observation that &, H!(t) and {nf(t —1) > h} are F,_;-
measurable; the second inequality follows from Lemma B.69; the third inequality is from

the observations that when & and H?(t) happen:

Lonf(t—1) > nf(t —1) > h = 20mT 4 2M,

7

2. ind-gf (¢ — 1) < pl + /2L <P LAP (see Definition B.33), and

1 .

the fourth inequality is by algebra; and the last inequality is from the observation that

when nf(t — 1) > h, exp (_nf(t—l)(Af)2> 1

8(16) =T
In summary, (D) < h+(d) <O (% + M) O

Bounding Term (F)
We now bound (F) in Eq. (B.22):

Lemma B.55.

20 i3+ M),

Proof. Lemma B.55 follows from Lemma B.58, Eq. (B.25), Lemma B.59, and Lemma B.64

which we present shortly. O]

We begin with the following definition, similar to the notion of ¢f7 . used for subpar

ariis.

Definition B.56. Recall that p is a fived player, i is a fixed suboptimal arm for p, and ©

is a fized optimal arm for p. In any round t, define

P o= Pr(08(t) > 2 | Fia) .
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Remark B.57. Recall that n3(t —1) = n(t—1)V1 and mi(t —1) = (mZ(t — 1) — M) V1.

1/157 , can be explicitly written as:
— (2P —pE(t—1)
f,t =P p<> (B23)
varg(t — 1)

=3 ((zf.’ — ind-j2(t — 1))\/nd(t — 1)/4) 1 {H(1)}
+ (2~ ageeitle - D) - /1) 1 {70}

The proof for the above remark is omitted, as it is very similar to that of Re-
mark B.44.

We now present the following lemma.

Lemma B.58.

(B)=E| Y 1{# =i W&} < Y E ( ;f;t>]1{z€:<>,5t}

t:pEP: t:pEPt

N J/

(Ex*)

Proof. The proof largely follows the same outline as that of Lemma B.45.

In any round ¢ and such that p € P;, consider

Pr (zf =i, QP(t),& | «/T_‘tfl)

Pr (05(t) < 27 | Fir)

<Pr(it=o|7i- 1)-Pr(9§(t)>2f|]?tl) e
< ) (i =o| Fr) - 1{&}
:< ) (7 = 08| Fis). (B.24)
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where the first equality follows from the definition of Q?(¢) and that & is F;_;-measurable;
the first inequality uses Lemma B.74 with [ = ¢ and z = 2¥; and the second equality
inequality is from the definition of @Zzﬁ .; the last equality is again because & is F;_1-

measurable.

Finally, we have

E []1 {z'f —i Qf(t),é't}] —E :Pr (z’f —i,Q°(0), &, | ftl)]

1 — P
<E ( > %t) Pr (Zé7 =<, Et | .thl)
it

1 o
=E |E ( ] Z’t)]l{i?:Q,gt} |Ft71

it

1— P
=E ( p”t>]1{zf:<>,5t} :

it

where we use the law of total expectation and Eq. (B.24). The lemma follows by summing

over all ¢’s. O

Let us further decompose (Ex) as follows.

(Ex) = Z E (1_p zt) L{ =o,& H()}| +

t:peEP: it

-~

(e1)

t:pEPt

We first consider term (el).
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Lemma B.59.
InT
<O(——).
=0 (37p)

Proof of Lemma B.59. With foresight, let J = 6(42%5)‘; . We have

(e)= Y E (1_p 5t> L{ =0,&, HP(t),nk(t — 1) < J}| +

t:peEPt it

[\ J/

(el.1)

1— P
Z E ( . z,t) 1 {z‘f =0,&, HP(t),n2(t—1) > J} '
it

t:pePy

J/

(el.2)

Lemma B.59 follows straightforwardly from Lemma B.60 and Lemma B.63, which bound

(el.1) and (el.2), respectively. O

Lemma B.60.
InT
To prove Lemma B.60, we first present the following Remark B.49.

Remark B.61 (Invariant Property). Similar to Remark B.49, by the construction of
Algorithm 2, we have that for any arm i € (K|, and player p € [M], { Tt € [T]} and
{H2(t) - t € [T)} satisfy the invariant property with respect to (o,p) (Definition B.20).
Indeed, the former follows from Eq. (B.23), along with Example B.23 that shows that
the posterior parameters, {(fi(t — 1), varl(t — 1)) : t € [T}, satisfy the invariant property

with respect to (o,p); and the latter is from Example B.21.

Proof of Lemma B.60. We start by rewriting (el.1) as follows, where we drop &;.
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1— P
(elL1) <E | ) (#) L{if =0, HP(t),nb(t —1) < J}
t:pEPy 2.t

=E th]l{ifzo,nﬁ(t—l)<J} :

t:pEP:

where in the second line, we introduce the notation g; := (lﬂft) 1 {H}f (t)};

We now focus on the sum inside the expectation. Recall that m4(o, p) is the round
in which player p pulls arm ¢ the s-th time. Here, we abuse the notation and denote
7s(¢, p) by ms. By Remark B.61, { g te [T]} satisfies the invariant property with respect
to (¢,p). Applying Lemma B.71 on {gt ‘te [T]}’s, we have that the term inside the above

expectation is at most:

J—1 1
(p— — 1) 1 {775 S Ta Hf(ﬂ-s_’_ 1)}’

where we also use the observation that ( - — 1) 1{HE(1)} =0.

i,1

Therefore, by the linearity of expectation, we have

(el.l) < E_:E <% — 1) 1{m, <T,HP(7s+1)}

i,ms+1

Therefore, the following Lemma B.62 suffices to prove Lemma B.60, which we prove

next. O

Lemma B.62. For any s € [T,

E (pl —1>]1{7TS§T,H§(7TS+1)} <0(1),

1,ms+1
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where we recall that s = w(o, p) is the round in which player p pulls arm ¢ the s-th time.

Proof of Lemma B.62. We note that this proof is similar to that of Lemma B.50. We have

E %—1)1{7T5§T,H5(7T3+1)}
1,ms+1
=E ! —1|1{m <T,H’(ms+1)}
) ((zfJ — ind-fi5(s)) n_g(ﬁs)/él)

1
<E 1{m, <T}

E (2~ maz(r) 21

where the inequality drops H?(75 + 1) and uses the observation that 2 < p?, and the
monotonic increasing property of z %. Now, using Lemma B.70 and Corollary B.30,
we conclude that this is at most O(1). O
Lemma B.63.

(e1.2) < O(1).

Proof. Recall that

P
(el.2) Z]E ( p”)]l{ifzo,gt,Hf(t),nﬁ(t—l)ZJ}

t:pEPt 1t

Dropping 1 {i¥ =®}, we have

(12)< Y E (J)n{&,m £),nk(t —1) > J}

t:peP:
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When &, H?(t), and {n2(t — 1) > J} happen, we have

1 _
—Pr (62(t) < 27 | Fia)

=P <(z — ind-f2(t — 1))\/nd(t — 1)/4)

— o 2
_ nb(t — 1) (ind-f2(t — 1) — zf’)+
SeXp | —
8

2
_ nB(t —1) (g — 3A7 — 8 + 3A7)
<exp | —

8
nb(t —1)(A7)?
< _ 7
=P 8(16)
1

<75
—T+1

where the first inequality uses Lemma B.69; the second inequality uses the observations

that, when & and {n2(t — 1) > J} happen:

LonB(t—1) > n2(t—1) > J = S8T

2. ind-pE(t — 1) > pb — n%)(in_:;) > pf — 3 A? (see Definition B.33), and
3. 2 = b — 3AY;

the third inequality is by algebra; and the last inequality follows as when {ng t—1)>J }

happens, nf(t — 1) > 6(4011;T > 320(12%“1) for T' > 1.

It follows that, when & and {np t—-1)>J } happen, wp > Tzl and lwf” <

e

Hence, (el.2) < 1.

We now consider term (e2). Recall that

_ Y& ( ~ ft)]l{z’f:o,&,m}

t:pEP:
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Lemma B.64.

(ez)go<%+M).

Proof of Lemma B.64. With foresight, let Z = 6(42%1;; + M. We have

(€2)= > E (1_ ﬁt)]l{z'f:o,&,%,mﬁ(t—l)<2} +

P
t:pEP: it
(e?l)
1 - f)t . =5
S E it ) g {Zf = o, &, HE(), mP(t — 1) > Z}
t:pePy it

N J/

(e2.2)

The proof follows straightforwardly from Lemma B.65 and Lemma B.67 which we

present subsequently. O

Lemma B.65.

(€2.1) < O ( Il | M> .

Proof of Lemma B.65. We have

(21)<E| Y (ip - 1) 1 {z'f — o, HY(), mP(t — 1) < Z}

where we drop &; and use the observation that d%p —-1< w%
it it
We now focus on sum inside the expectation. We denote 7 (<) by 7 and the player

that makes the k’s pull of ¢ by pp := pe(¢). Recall that we use mE(t — 1) to denote
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(mE(t —1) — M) v 1. We have

tpePe & ( (2 — agg-fb(t — 1)) \/mE(t —1)/4

<y L L{ =oml(t—1)<Z}  (B.26)
tpePy O ((,uﬁ —agg-B(t — 1)) \/mB(t — 1)/4)

<> Y ! 1{il =o,mi(t—1)< Z}, (B.27)

telT] a€Pe @ ((ui — agg-jid(t — 1)) \/ml(t — 1)/4)

where the first equality uses Remark B.57; the first inequality drops H () and uses
the observation that z < u® (see Definition B.53), along with the monotonic increasing

property of z — @.; the second inequality adds similar terms for other players ¢ # p.

Now, define { f{! : t € [T],q € [M]} where f! = L — : recall
{ ! } ' 5((ugfagg—ﬂ2(t71))\/mg(tfl)/4)

from Example B.22 that {agg-d(t — 1) : t € [T]} and {md(t — 1) : t € [T']} both satisfy

the invariant property with respect to (o, q); therefore, { f : t € [T'],q € [M]} satisfies the

invariant property with respect to ¢. Applying Lemma B.72 to it, we have that

N

(B.27)§Zﬁ+ - 1 — 1{n <T}.
= 16<(u§k — age-iit (1) mzk<m>/4))

e
Il

Since > i % < O (M), it then suffices to show that for every k € N,

E ! 1{r, <T}| <0(1). (B.28)

® (02 — ot () ()4
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Note that m&*(r,) = (ne(m:) — M) v 1. Directly applying Corollary B.28 and

Lemma B.70 with X = (agg-jit¥(,) — pP*)y/mE(1,)/4 and E = {r, < T} proves
Eq. (B.28). O

Remark B.66. In the above proof, we relazed Eq. (B.26) to Eq. (B.27) by adding the
corresponding terms for all other players q # p. Alternatively, we could use the observation

that n2(t — 1) < m&(t — 1) to bound Eq. (B.26) by

T L 1{ —omB(t—1) < Z},
t:pEP: 6 ((uﬁ — agg—ﬂg(t - 1)) mg(t - 1)/4)

and apply Lemma B.71 and subsequently Lemma B.70. However, right now, we do not have
tight-enough concentration inequalities for agg-iL(m (o, p))—the best known inequality here

is Freedman’s inequality, which incurs an undesirable extra O (InT) factor in the bound

for (e2.1).

Lemma B.67.
(e2.2) < O(1).

Proof of Lemma B.67. Recall that

_ p
(€2.2) ZE( p”)]1{if:o,&,Hé’(t),mg(t—l)zz}

t:pEP:

Recall that m(t—1) = (m&(t — 1) — M) V1. When &, H5(t) and {m2(t — 1) > Z}
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happen simultaneously,

]_ _
=Pr (02(t) < 2P | Fioy)
— ((af — awsei - 1) e - 1/1)

D N 2
mi(t — 1) (agg-if(t — 1) — 27)

<ex —
> €Xp 3

2
mB(t — 1) (uf — A? — p2 + sA7)

<exp | —

ey [T = 1><N;>2>

1
< )
“T+1

where the first inequality uses Lemma B.69; the second inequality uses the observations

that when &, H<> ) and {mp (t—1) > Z} happen:

LmBt—1)>me(t—1)-M>Z—-M> RB

2. agg-fiR(t—1) > pb — % > pf — 1 A? (see Definition B.33), and

3. 2 = & — $AY (see Definition B.53);

the third inequality is by algebra; and the fourth inequality is by the fact that when

P n 3201In(T+1)
mb(t—1) > Z, mi(t —1) > Z — M = 5@l > (A£)+ for T > 1.

It follows that, when &, HZ(t) and {mE(t — 1) > Z} happen, iy > TLH and

1wfzt < 7. As a result, (e2.2) < O(1). O
B.3.3 Concluding the proofs of Theorems 3.1 and 3.2

Lemma B.68. Let a generalized e-MPMAB problem instance and o > 0 be such that for

all i € T, and all p € [M], AP < 2A™™ . [f algorithm A guarantees that when interacting
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with this problem instance:

1. For any arm 1 € L,

E [n,(T)] <O ((Al?n—];y + M) ; (B.29)
2. For any arm i € IS and player p € [M],
E [n?(T )]<(9<(12£ +C), (B.30)

for some C' > 0, then it has the following regret bounds simultaneously:

1. gap-dependent regret bound:

Reg(T Z 3 IZT +5 Y 1ZT+MK( +o) |, B3

zeZa pE[M:AP>0 * i€ZC pe[M]:AP>0 t

2. gap-independent regret bound.:

Reg(T) < O VIZ.[P + /M (TS| — 1) P+ ME(1+C) |. (B.32)

T
where we recall that P =", |Py].
Proof. We prove the two items respectively. Recall that A" = mingepn A

1. Note that for all i € Z, and all p € [M], A? < 2A™" and 32| E [n?(T)] = E [n;(T)];

as a consequemnce,

M K
Reg(T) =Y S E(D] A =0 | Y E[n(D)] A"+ Y Y E
p=1 i=1 1€l 1€ZS pe[M]:

AP>0

(B.33)
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Using Eq. (B.29), the first term can be bounded by:

min ln T 1 hl T
ZE[m(T)} A0 Y At MK <0 MZ > MK,
i€Zn i€Tn i€Za pe[M]:AP>0 *

where the second inequality follows from the assumption that for all i € Z,, and p € [M],

AP < 2AMin,
Using Eq. (B.30), the second term can be bounded by:
» » InT
YooY ERMmAl<o| Y Y ~r tMEC
i€Zq pe[M]:AP>0 i€Z¢ pe[M]:AP>0  *
Combining the above two bounds yields Eq. (B.31).

. As with the proof of Eq. (B.32), we continue from Eq. (B.33), but look at the two terms

respectively. For the first term,

S8 [nr)] a7 <0 | 3 min (B[] gz + M) A7
i€Zq i€Tq (AF™)
: o InT
SO Z i (]E [nl(T)} Azr'mn7 Amin) + MK
1€, )
<O | > /E[n(T)]InT + MK
1€Lq

<0 (\/W + MK) (B.34)

where the first inequality is from Eq. (B.29); the second inequality is by algebra; the
third inequality is from the elementary fact that min(A, B) < v/ AB; the last inequality

is from Jensen’s inequality and the concavity of function x +— /2, which implies that

ez A/E [m(T)] < \/ 7. (zﬂa E [ni(T)D, and the fact that Y, E [ni(T)] <
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Sn E [n(T)] < P.
For the second term in Eq. (B.32), first observe that if |Z$| = 1, then let i* be the only
element in ZC; it must be the case that for all p € [M], i* is the optimal arm for player

p. As a consequence, » . _-c Z;\il E [n?(T)] A? = 0= O(y/M(]ZS| — 1)P).

Otherwise, !Ig! > 2. In this case,

Y ERN(T)] AL <O Zme(E (1], IXPT)AMMKC
pe[M]ieZ pE[M]ieZS ( )
<O > ) min (]E (T)] A?, 12;{) +MKC
pe[M]i€Z$
<o 3 3 JERD)InT + MKC
pE[M] €IS

O (W + MKC)

<0 (\/M (IZS| - 1) PInT + MKC’) .

where the first inequality is by Eq. (B.30) and algebra; the second inequality is by
algebra; the third inequality is from the elementary fact that min(A, B) < Vv AB;
the fourth inequality is from Jensen’s inequality and the concavity of function = —

vz, which implies that Y, . /E [n:(T)] < \/\Ia| <ZieIa E [nZ(T)D, and the fact

that .., E[n:(T)] < SYE [ni(T)] < P; the last inequality is from the simple

observation that |Z$| < 2(|Z¢| — 1) when || > 2.

In summary, Z;W:l Sicrc E[nf(T)] AT <O (\/M (|28 — 1) PlnT) + MKC. Com-
bining this with Eq. (B.34), this concludes the proof of Eq. (B.32).

]

Proofs of Theorems 3.1 and 3.2. Combining Lemmas B.35, B.36, B.68 with C' = M and

a = 10¢, Theorems 3.1 and 3.2 follow immediately. O]
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B.3.4 Auxiliary lemmas

Recall that we denote by ®(z) = [° \/%e’édz the complementary CDF of the

x

standard normal distribution.

Lemma B.69. ® is monotonically decreasing. In addition, for z > 0,

1 z 22 <B(2) < 22
\/%22+1exp 5 | < () <exp 5 |

where the first inequality (anti-concentration) is from [59]. In addition, for any z € R,

(z) <exp <—%) ;. @(z) <exp <—¢) :

where we recall that (z); = max(z,0).

The following lemma is useful in bounding (62.1), (el.1), (e2.1); it can also be
used to provide a simplified proof of the first case of Agrawal and Goyal [4, Lemma

2.13]. Roughly speaking, the lemma shows that a random variable X with a light lower

probability tail must have a small value of E [ﬁ} ; it crucially uses the lower bound on

® (Gaussian anti-concentration) given in Lemma B.69.

Lemma B.70. There exists some absolute constants cy,co > 0 such that the following

holds. Given a random variable X, an event E and some Cy > 0; if, for every z > 1,

P(X < —z, E) < Cy exp(—22?%), such that

1

E [_ 1{E}

< Ch + cs.
QD(—X) > 0L 7 C
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Proof. Define Y = —X; we have P(Y > 2, F) < Cy exp(—22?) for all z > 1.

[ 1
E _6(_)()]1 {E}]
[ 1 1
) 6(—){)1 (E.X < -1} +E 6(—){)1 (E,X > -1}
1 1

3
1
<827 -E [ey2]l (B,Y > 1}] Tl

where the first inequality follows due to the fact that % increases monotonically as z

increases; and the second inequality is based on the observation that for y > 1, = ( 3 <
2mi= st exp(% *) < 8v2me?” (see Lemma B.69).
It suffices to show that E |1 {E,Y > 1}] is bounded by some constant, given

the assumption on Y. Define W = e¥’1 {E,Y > 1}. We have that for any w > e,

P(sz):P(E,YzM)gQ

As a result,
E[W] :/ P(W > w)dw
0
:/ P(W > w)dw+/ P(W > w)dw
0 e
C
<e ~|—/ . — dw
. w?
01
<e+ —
e
Therefore, the lemma holds by taking ¢; = 8‘/65 and co = 8v/2me + m. O]

The following two lemmas are useful in bounding (el.1) (Lemma B.71), as well as
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(b2.1) and (e2.1) (Lemma B.72), respectively.

Lemma B.71. Fiz any arm i € [K] and player p € [M]. Let N € N*. Suppose

{g: -t € [T} satisfies the invariant property with respect to (i, p) (Definition B.20). Then,

N-1
Z g1 {if =i,nf(t—1) <N} §g1+zgwk+1]1 {m, < T},
t5p€7)t k=1

where T, = (i, p) denotes the round associated with the k-th pull of arm i by player p.

Proof. Let hy = g1 {nf(t —1) < N}. As seen in Example B.22, {nf(t—1):¢ € [T]}
satisfies the invariant property with respect to (7, p). This, combined with the assumption
that { g te [T]} satisfies the invariant property with respect to (¢,p), implies that
{ht ‘te [T]} is also invariant with respect to (i, p). Applying Lemma B.73 to the above
{he -t € [T]}, we have

> gl {if =inl(t—1) < N}

t:pePy

=) mi{if =i}

t:peP:

T
< hi+ Z Bl {m, < T}

k=1

= g11 {n?(0) <N}—|—ng+1]l {nf(my) < N}1{m, <T}

=01+ gl {k < N}1{m, < T}
k=1
N—-1

=g+ Z Gy L {me < T},
k=1

where the first inequality is by Equation (B.36) in Lemma B.73; the second equality is by
expanding the definition of h,’s; the third equality is from that n(0) = 0 and n! (7)) = k;

and the last eqaulity is by algebra. O]
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Lemma B.72. Fiz any arm i € [K] and let N € NT. Suppose { I :t € [T],p € [M]}

satisfies the invariant property with respect to arm i (Definition B.20), then,

SN il =iml(t—1) <N} < Zf1+z Pe 1 {n, < T},

te[T] pEP: pE[M]

where (T, pr) = (T6(2), pr(7)) denote the round and player associated with the k-th pull of

arm i by all players.

Proof of Lemma B.72. First, consider any fixed player p; let hy = fF'1 {mf(t -1)< N}.
As seen in Example B.22, {mf (t—1):te [T]} satisfies the invariant property with respect
o (4,p). This, combined with the assumption that { ffte [T]} satisfies the invariant
property with respect to (i, p), implies that {ht te|T ]} is also invariant with respect to

(7,p). Applying Lemma B.73 to the above {ht ‘'t e [T]}, we have

Soof{il=iml(t—1) <N} = hi1{il =i}

t:pEP; t:pEPy
Shl "‘ Z ht+1]]. {Zf - Z}
t:pEPy
=fl+ Y fal{d =imi(t) < N}
t:pEP
=+ ) L {# =i ni(t) < N} (B.35)
t:peEP:

where the first inequality is from Equation (B.37) of Lemma B.73; the second equality is by
expanding the definition of i, and noting that hy = 1 {mf(0) < N} ff =1{0 < N} f] =
f7; the third equality is from the observation that, if i/ =i and u?(t) = t, then m!(t) =

n(ug (t)) = ni(t).
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Now, summing Equation (B.35) over all players p € [M], we have

Zthp]l{zt—zm t—1) <N}

te[T] pEP:

<Zf1+z Z PAL{d =i,ni(t) < N}

pe[M} t:pEPy

< Z f "‘Z el {me < T},

where the second inequality is from the observation that for every t € [T, p € P, such
that if =i and n;(t) < N, there must exists some unique k € [N — 1] such that 7, = ¢

and p, = p. O
The following auxiliary lemma facilitates the proofs of Lemmas B.71 and B.72.

Lemma B.73. Fiz any arm i € [K] and player p € [M]. Suppose {h; : t € [T} satisfies

the invariant property with respect to (i,p) (Definition B.20). Then,

T
> bt {il =i} <+ el {m < T} (B.36)
te[T):pePy k=1
=hi+ > heal{# =i}, (B.37)
te[T]:pePy

where T, = (i, p) denotes the round associated with the k-th pull of arm i by player p.
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Proof.

T
Z hel {i = d} Z
te[T]:pePy k=1

T
>
k=

hﬂk]l {Wk S T}

h7f1c71+1]l {ﬂ-k‘ < T}
1

T
Shl + Z hﬂ'k_1+1]]- {ﬂ-k‘ S T}
k=2
T-1

=h; + Z R I {mpn < T}
=1
T-1

<h; + Z hpr L {m, < T}

k=1

:hl + Z ht+1]l {’lf - ’l} 5

te[T]:peP:

where the first equality uses the definition of 7; the second equality uses the invariant
property, specifically, h,, = h,,_,41; the first inequality uses the observation that the first
term hy, 11 {m < T} = h1{m < T} < hy; the third equality shifts the indices in the
sum by 1; the second inequality uses the observation that 7,y <T = m, <T'; and the

last equality is again by the definition of 7. O]

The following lemma is largely inspired by Agrawal and Goyal [4, Lemma 2.8]; here
we generalize it to the multi-task setting, for reducing bounding (B) and (E) to bounding

(Bx) and (Ex*) respectively.

Lemma B.74. For any player p € [M], time step t € [T], and arm i € [K|, we have for

any arm | € [K| and any threshold z € R:

P(t) <
Pr(if =i,0°(t) < 2 | Fi ) < Pr (67(t) < z | Fier)

-Pr(? =1 ).
= Pr(00(0) > 2| Fry) (=17
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Proof. First,

Pr (if =i, Q1) | Fis)

<Pr (Vj € [K], 03(t) < z| ~7:t—1>

Pr(Of(t) < 2| Fir) - Pr (Vi £1 800 < 2| Fia),

where the first inequality follows because the event {zf =1,Q" (t)} happens only if Vj €
[K], 07(t) < z; and the second equality follows because conditional on F;_;, the draws
07 (t)’s and 67 (t) are independent.

Now, observe that

Pr (Vj #1, 0%(t) < z | FH)
Pr (9;’(75) >z, and Vi £1, 67(t) < 2 | fH)
Pr (07(t) > 2 | Fo1)
Pr(if =1 | Fiy)
“Pr (Hf(t) >z ’ -thl)

where the equality follows, again, by the conditional independence of {9;’ (t): 5 # l} and
67 (t); and the inequality follows because the event {Hf (t) > 2, Vi#l 05(t) <yf } implies

that {Zf = l} happens. The lemma follows from combining the above two inequalities. []
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B.4 Theoretical Guarantees of Baselines

B.4.1 IND-UCB and IND-T'S in the generalized e-MPMAB
setting

Theorem B.75. The expected collective regret of IND-UCB and IND-TS after T rounds

satisfies the following two upper bounds simultaneously:

Reg(T) <O | Y > IZ—pT (B.38)

pe[M]ie[K:AP>0 —*

Reg(T) <O <\/m) , (B.39)

where we recall that P = 3.1 |Py|.

Proof sketch. For Eq. (B.38), we note that both IND-UCB and IND-T'S guarantees that
for every p € [M],
InT
Reg’(T) < O Z NG ;

i€[K]:AP>0

summing over p yields Eq. (B.38). For Eq. (B.39), we note that for every p € [M],

Reg?(T) < O (\/K {t:pe Pt}|> .

Summing over all p € [M], we have

Reg(T) = > Reg"(T) < O Z\/K\{trp € P}

<O JMKZ {t:peP}|=0 <\/MKP>.
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Algorithm 6: ROBUSTAGG(¢) for the generalized e-MPMARB setting

o oA W N R

10
11

12
13
14
15

Input : Dissimilarity parameter € € [0, 1];

Initialization: Set n? =0 for all p € [M] and all 7 € [K].
fort=1,2...,7T do
Receive active set of players Py;
for p € P; do
for i € [K] do

Let ﬂf = qu[]\/[]:q;ép n(z]v L
Let n? = max(1,n?) and m? = max(1,m?);
Let

FH==>m wO== > Yo

; 2}<t' i ge[M] '%<t'
is=1 q#p Gs=i

and &7 (t, A) = AGT(t) + (1 = M) (2);

Let F(n?,mP, )\, €) = 8\/131nT [2— + “;2)2] +(1-Ne

Compute \* = argmin,¢(q | F(n_f, ﬁf, A, €);
Compute an upper confidence bound of the reward of arm ¢ for

player p: o
UCB}(t) = i(t, ") + F(ni,mg, A", €).

Let i} = argmax;(zUCB](t);
Player p pulls arm ¢/ and observes reward r?;
for active players p € P, do

| Let ¢ = if and set nf =nf + 1.

B.4.2 ROBUSTAGG(¢) and its regret analysis in the generalized

e-MPMARB setting

In Chapter 2, we studied a special case of e MPMAB problem, which can be viewed

as e-MPMAB problem defined in Section 3.2, with active sets of players P, = [M]. In this

specialized setting, they propose ROBUSTAGG(¢€), a UCB-based algorithm that achieves a
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gap-dependent and gap-independent regret of

z 3 IZT Y IZ—%MK, (B.40)

Z€I5e pE[M]:AP>0 ? ieZC pe[M]:AP>0 *

and

o (\/M|I56|T+M |Z52|T+MK>, (B.41)

respectively. In this section, we show that, with a few small modifications, their algorithm
and analysis can be used in our (more general) e-MPMARB setting, where the active sets
P, can change over time.

Specifically, Algorithm 6 is our modified version of ROBUSTAGG(¢€). Recall that
ROBUSTAGG(€) performs an UCB-based exploration [8]: for every player and every arm,
it constructs high-probability UCBs on the expected rewards (line 6 to 11); to this end,
it makes careful use of both the player and other players’ data, and construct a series of
UCBs parameterized by A (line 9), and selects the tightest one (line 10 and 11). Compared
to ROBUSTAGG(e), for every round ¢, Algorithm 6 only computes expected reward UCBs
for active players p € P, (line 4), and updates arm pull counts on active players (line 14).

We show that Algorithm 6, when applied to our e-MPMAB setting, has regret
guarantees that recover and generalize ROBUSTAGG(¢€)’s original guarantees. Specifically,
in the specialized e MPMAB setting where P, = [M], we recover the regret guarantees of

ROBUSTAGG(€) (Equations (B.40) and (B.41)).

Theorem B.76. The expected collective regret of ROBUSTAGG(€) after T rounds satisfies
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the following two upper bounds simultaneously:

Reg(T) <O %Z > IZ—ZJFZ > IZ—;{JFMK, (B.42)

i€T5e pe[M]:AP>0  ° T8 pe[M]:AP>0 !

Reg(T) <O | V/[Tol P+ /M (|Z5| ~ 1) P+ MK |, (B.43)

where we recall that P =Y, |Pi|.

Proof sketch. Even in the general setting where P, is not necessarily [M], Freedman’s
inquality can still be applied to establish the high-probability concentration of the empir-
ically averaged rewards ¢’(t) and 7n?(t); therefore, Lemma A .4 still holds in the general
setting. As a result, Lemmas A.7 and A.8 carry over; hence, for all ¢ € Z5., Algorithm 6

still satisfies that

E[n;(T)] < O (% + M) : (B.44)
and for all i € Z$ and all p € [M],
E[n{(T)] <O (%) : (B.45)

Equations (B.42) and (B.43) now follows directly from applying Lemma B.68 with C' = 0
and o = bHe. [

B.5 Additional Experimental Results

In this section, we present the rest of the experimental results. Figures B.2, B.3,
and B.4 compare the average performance of ROBUSTAGG-TS(0.15), ROBUSTAGG(0.15),
IND-UCB, and IND-TS in randomly generated 0.15-MPMAB problem instances with

different numbers of subpar arms.
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Note that, when |Zs.| = 9, we have ‘I5CE| = 1 which means that there exists one
arm that is optimal to all the players and the other arms are all subpar. In this favorable
special case, ROBUSTAGG-TS(0.15) and ROBUSTAGG(0.15) perform significantly better
than the baseline algorithms without transfer, as expected.

Furthermore, when |Z5.| = 0, i.e., there is no subpar arm and all the arms have rela-
tively small suboptimality gaps. In this unfavorable special case, ROBUSTAGG-TS(0.15)’s
performance is still very competitive in comparison with IND-T'S, which demonstrates the

robustness of our proposed algorithm.

B.5.1 Empirical comparison with ROBUSTAGG-TS-V (¢)

We empirically evaluated a variant of Algorithm 2, named ROBUSTAGG-TS-V (e).
ROBUSTAGG-TS-V(¢) differs from ROBUSTAGG-TS(¢€) (Algorithm 2) in one way: in each
round, instead of only updating the posteriors associated with each active player and its
pulled arm (i.e., delayed update, line 15 of Algorithm 2), ROBUSTAGG-TS-V (€) updates
the posteriors associated with every arm and player. Note that this change only affects
the aggregate posteriors, as the individual posteriors associated with a player and an arm
remains the same if the player does not pull the arm in this round.

Figure B.5 compares the average cumulative regret of ROBUSTAGG-TS(0.15),
ROBUSTAGG-TS-V(0.15), ROBUSTAGG(0.15), IND-UCB, and IND-TS in randomly gen-
erated 0.15-MPMAB problem instances with different numbers of subpar arms. The
instances were generated following the same procedure as the other experiments. Ob-
serve that ROBUSTAGG-TS-V(0.15)’s empirical performance is on par with that of
ROBUSTAGG-TS(0.15). However, our analysis in this chapter takes advantages of the
design choice made for ROBUSTAGG-TS(¢), i.e., delayed update which leads to the invari-
ant property (Definition B.20 and Examples B.21, B.22 and B.23). It is unclear whether

ROBUSTAGG-TS-V(e) enjoys similar near-optimal guarantees.
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Figure B.2. Compares the cumulative collective regret of the 4 algorithms over a horizon
of T'= 50,000 rounds.
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Figure B.3. Compares the percentage of arm pulls by arm optimality for the 4 algorithms
in T"= 50,000 rounds.
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Figure B.4. Compares the cumulative collective regret incurred by arm optimality for
the 4 algorithms in 7" = 50, 000 rounds.
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Figure B.5. Compares the cumulative collective regret of the 5 algorithms over a horizon

of T'= 50,000 rounds.

217



Appendix C

Supplementary Material for Chapter 4

C.1 Proofs of Lemmas 4.2 and 4.4
C.1.1 Proof of Lemma 4.2

Lemma 4.2. If (M,))L, is e-dissimilar, then for every p,q € [M], and (s,a) € S X A,

)Q;(s,a) — Qi(s,a)| < 2He,

consequently, |gap,(s,a) — gap,(s, a)) < 4He.

Proof. For the first claim, we prove a stronger statement by backward induction on h,

namely, for every p,q € [M], every h € [1, H], and (s,a) € S, x A,

(Q;(s, a) — Qx(s, a)( <2(H —h+1)e

Base case:
For h = H + 1, we have Q5(s,a) = 0 for every (s,a) € Sy x A, and p € [M]. It
follows trivially that }Q;(s, a) — Qi(s, a)) —0<2(H —h+1)e

Inductive case:
Suppose by inductive hypothesis that for some h € [1, H] and, for every (s,a) €

Spa1 X A and p,q € [M], |Q5(s,a) — Qy(s, a)

< 2(H — h)e.
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We first prove the following auxiliary statement: for every s € 8,41 and p, g € [M],

Vi (s) — VA (s)| < 2(H = h)e. (C.1)

p

Let a, = argmax,. 4 Q5(s,a) and a, = argmax,. 4 Q;(s,a). The above auxiliary statement
can be easily proven by contradiction: without loss of generality, suppose that V;(s) —
Vi(s) = Qx(s,ap) — Qx(s,aq) > 2(H — h)e. Since Qr(s,a,) > Qr(s,a,) — 2(H — h)e, it
follows that Q;(s,a,) > Q7 (s, a,), which contradicts the fact that a, = argmax, 4 Q% (s, a).

We now return to the inductive proof, and we show that given the inductive

hypothesis, for every (s,a) € S, x A and p, q € [M],

@5, @) = Q5. a)|

<[Ry(s,0) = Ry(s,0)| + | Y2 [Bols’ |5, )V () = Bo(s' [ 5,00V, ()]

8/68h+1

<e+| D [Bs 5@V (s) —By(s' | s,V ()] |+

s’€$h+1

> Byl [ s.a) (Vi) = V()

S’GSthl

)+

1B, |5, ( max
+

<c B 5,0 = By |s.a)ls ( ma

S/ES}H»I

Vi)

p

Vi) = Vi (s)

p

s'€Sp11

)

Se+%-H+2(H—h)e

=2(H — h+ 1)e,

where the first inequality follows from Eq. (4.1) and the triangle inequality; the second
inequality follows from Definition 4.1 and the triangle inequality; the third inequality

follows from Holder’s inequality; and the fourth inequality uses Definition 4.1 and Eq. (C.1).
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For the second claim, we note that from the first claim, we have for any p, q, s,

Vi(s) = Vi (s)| =

p

max Q5(s, @) — max Q3(s, a)| < 2He,

therefore, for any p, q, s, a,

p

)gapp(s,a) - gapq(s,a)‘ < |VX(s) — Vq*(s)‘ + ‘Q;(s,a) - Q;(s,a)) < 4He.

C.1.2 Proof of Lemma 4.4

Lemma 4.4. For any (s,a) € I, we have that: (1) for all p € [M], (s,a) & Z, opt, where
we recall that Z, oy = {(s, a) : gap,(s,a) = 0} is the set of optimal state-action pairs with

respect to p; (2) for all p.q € [M], gap,(s.a) > Lgap, (s, a).

Proof. For any (s,a) € Z, there exists some py such that gap, (s,a) > 96He. Therefore,

for every p € [M],

gap,(s,a) > gap,, (s, a),

From Lemma 4.2 we know that |gap,(s,a) — gap,,(s,a)| < 4He. Therefore, for all p,
gap,(s,a) > gap, (s,a) —4He > 92He > 0.

This proves the first item.

For the second item, for all p,q € [M],

gap,(s,a) B gap,(s,a) — 4He - 4He
gap, (s, a) gap,(s,a) T gap,(s,a)

v

RS
[\D.I>—t
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C.2 Additional Definitions Used in the Proofs

In this section, we define a few useful notations that will be used in our proofs. For
state-action pair (s,a) € S x A, player p € [M], episode k € [K]:

1. Define n*(s, a) (resp. nk(s, a), P*, I@”;, R, ]%’;) to be the value of n(s,a) (resp. n,(s,a),

~

P, I@’p, R, Rp) at the beginning of episode k of MULTI-TASK-EULER.

~k k7R ok k k a)
2. Denote by @, (resp. QP,VP,KP, ind-bi(s,a), agg-by(s,a)) the values of @, (resp.
Qp,Vp,zp, ind-b,(s, a), agg-b,(s,a)) right after MULTI-TASK-EULER finishes its opti-

mistic value iteration (line 15) at episode k.

3. Define the surplus [136] (also known as the Bellman error) of (s,a) at episode k and
player p as:

EF(s,a) = Q)(s,a) — Ry(s,a) — (P,V))(s,a).

nk S,a . . .
4. Define wg(s, a) == p(59) o the proportion of player p on (s,a) at the beginning of

nk(s,a)

episode k; this induces (s, a)’s mizture expected reward:

M
= Zw(’;(s,a)Rq(s,a),
q=1

and maxture transition probability:
(-]s,a) Zw s,a)Py(- | s,a).

5. Define pk(s,a) := P((sn, an) = (s,a) | 7(p), M,) to be the occupancy measure of 7*(p)
over M, on (s, a), where h € [H] is the layer s is in (so that s € S;,). It can be seen

that p’;, when restricted to S, X A, is a probability distribution on this set.

Define p*(s, a) := Z;‘il pk(s, a); it can be seen that p*(s,a) € [0, M]. Define nf (s, a) :=
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25:1 pi(s,a), and 7" (s,a) = Zj::l (s, a)t

6. Define N*(s) := 3" .4, n"(s,a) and NF(s) := 3" .4 nk(s,a) to be the total number of
encounters of state s by all players, and by player p only, respectively, at the beginning

of episode k.

7. Define Ny = M In(#45), and N, ~ In(#525); define 7(s,a) := min {k : 7*(s,a) > N },

5 5
and 7,(s,a) :=m { (s,a) > NQ}; With high probability, so long as k > 7(s, a)
(resp. k > 7,(s,a)), n (s a) and 7*(s,a) (resp. nk(s,a) and 7}(s,a)) are within a

constant factor of each other; see Lemma C.3.

gap,(s,a) \/ &%Pp.min

8. Define gap,(s,a) = 15 7 recall the definitions of gap,(s,a) and gap, .,

in Section 4.2.

Define Reg(K, p) := Zf::l (I/E)fp — V(f; (p )> as player p’s contribution to the collective
regret; in this notation, Reg(K) = Zﬁil Reg(K, p).
Define the clipping function clip(a, A) 1= al(a > A).

We also adopt the following conventions in our proofs:

1. As e-dissimilarity with € > 2H does not impose any constraints on {Mp};wzl, throughout

the proof, we only focus on the regime that ¢ < 2H.

2. We will use 7*(p) and 7T£ interchangeably. To avoid notational clutter, we will also

m Vp”k to denote VI::(P)? V;r’“(p) respectively.

sometimes slightly abuse notation, using V7,

C.3 Proof of the Upper Bounds

This section establishes the regret guarantees in Theorems 4.5 and 4.6. The proof
follows a similar outline as STRONG-EULER’s analysis [136], with important modifications

tailored to the multitask setting. The proof has the following roadmap:

!These are the cumulative occupancy measures up to episode k, inclusively; this is in contrast with the
definition of n*(s,a) and nj(s,a), which do not count the trajectories observed at episode k.
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1. Subsection C.3.1 defines a clean event E that we show happens with probability 1 — 4.
When E happens, the observed samples are typical enough so that standard concentra-

tion inequalities apply. This will serve as the basis of our subsequent arguments.

2. Subsection C.3.2 shows that when E happens, the value function upper and lower
bounds are valid; furthermore, MULTI-TASK-EULER enjoys strong optimism [136], in
that all players’ surpluses are always nonnegative for all state-action pairs at all time

steps.

3. Subsection C.3.3 establishes a distribution-dependent upper bound on the surpluses
of MULTI-TASK-EULER when FE happens, which is key to our regret theorems. In
comparison with STRONG-EULER [136] in the single task setting, MULTI-TASK-EULER
exploits inter-task similarity, so that its surpluses on state-action pair (s, a) for player
p are further controlled by a new term that depends on the dissimilarity parameter e,

along with n*(s, a), the total visitation counts of (s,a) by all players.

4. Subsection C.3.4 uses the strong optimism property and the surplus bounds established
in the previous two subsections to conclude our final gap-independent and gap-dependent

regret guarantees, via the clipping lemma [136] (see also Lemma C.12).
5. Finally, Subsection C.3.5 collects miscellaneous technical lemmas used in the proofs.

C.3.1 A clean event

Below we will define a “clean” event E in which all concentration bounds used in
the analysis hold, which we will show happens with high probability. Specifically, we will
define ' = Finq N Eagg N Esample, Where Eing, Eage, Fsample are defined respectively below.

In subsequent definitions of events, we will abbreviate Vk € [K|,h € [H|,p €

[M],s € Sp,a € A, s" € Spyq as Vk, h,p,s,a,s’. Also, recall that L(n) = ln(@).
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Define event Eji,q as:

Eind = Eind,rw N Eind,val N Eind,prob N Eind,vara (CQ)
: L(n(s,a))
_ k ;
Finarw = S Yk, h,p,s,a .‘Rp(s,a) — Rp(s,a)‘ < Snisa) [ (C.3)
Eind,val = {Vku h7p7 S, @ ‘ (]'—EDI;‘/I?* - IP)P‘/;D*)<S7 a’)‘
i (CA4)
4\/varpp(.s,a)[‘/;f]L(n’;(s,a)) 2HL(np(s,a))}
- nk(s,a) nk(s,a)
Eind prob = {Vk‘, h,p,s,a,s . )(I@’ —P,)(s" | s,a))
(C.5)
- \/ng(s,a)k) Byl [9) | 2L(5,) }
nk(s,a) nk(s,a)
1 ns(s,a)
Eind,var - {Vk, hup’ S, « TZ];(S, CL) Zl (‘/p*(si) - (Pp‘/p*)(su a>>2 — Var]P’p("Sva) [V;] )
= (C.6)

H?varp, (s, V] L(nk(s,a))  2H?L(nf(s,a))
4\/ nk(s, a) + nk(s,a) }’

where in Equation (C.6), s; denotes the next state player p transitions to, for the i-th time
it experiences (s,a). Fi,q captures the concentration behavior of each player’s individual

model estimates.

Lemma C.1. P(Eq) > 1—

Wl

Proof. The proof follows a similar reasoning as the proof of [e.g., 136, Proposition F.9] using

Freedman’s Inequality. We would like to show that each of Eiyd w, Eind val, Eind,probs Eind,var

)

15, Which would give the lemma statement by a union bound.

happens with probability 1 —
For brevity, we only show that P(Eipgvar) > 1 — %, and the other probability statements

follow from a similar reasoning.
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Fix h € [H], (s,a) € Sy x A, and p € [M]. We will show

n’;(s,a)
1 * (! *
Pk e [K] nk(s (Z) (‘/;9 (Sz) - (PPV;) )(S CL)) - Vaer(‘|87a) [‘/p]
pATY i=1
(C.7)
- H?varp,(s.0)[Vy]L(nk(s,a))  2H?L(nf(s,a)) - )
- nk(s, a) N nk(s,a) T 12MSA

For every j € N, define stopping time k; as the j-th episode when (s,a) is
experienced by player p, if such episode exists; otherwise, k; is defined as co. it suffices to
show that

J

. ]‘ * / * *
P|3j € Nk < 00 A= Y (Vi(s)) = (PV;)(s,a))” = varp,(jsa[Vy]

p
J i=1

- H2varIPp(-|s,.a)[‘/;7*]L(j) n 2H2_L<j) < 0 ‘
; ; 12054

Define G; as the o-algebra generated by all observations up to time step k;. We

have that {gj};‘;o is a filtration. It can be seen that the sequence
{5 = 00) = BY)(s. @) —vare, o1}

is a martingale difference sequence adapted to {gj };.103 in addition, for every j, | X j’ < H?,

and E [Xf | gj_l] <E [(Vp*(s’.) — (P V) (s,a))" | gj_l} < H?varp,([sq)[Vy]. Therefore,

J

for any A > 0, {}/J()\) = exp (/\%( g:l Xi) — (<€A — A= 1)HL2V&rPP('|5’“) [V;]))} is
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E [Yo()\)] = 1. As a result, for any fixed thresholds a,v > 0 [see 54, Theorem 1.6],

j J ’
2 * -
P ZXi ZGAZH varp,(js,a) [V, ] S v Ak <oo | <exp <_m>
i=1 i=1

Now, by the doubling argument of [14, Lemma 2| (observe that >37_ E (X7 Gii] €

[0, H*4]), we have that for all j € N,

A . .
P| ks < oo A |= D (Vi) = (BpV;)(s, ) — vare, (oo V]

J =1
H?2varp (-]s,a) [V*]L(j) 2H2L(j) d
>4 P P <In4j) ———.
= \/ j L < In4) - 57754
A union bound over all j € N, yields Equation (C.8). O
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Define event E,g4, as:

Eagg - Eagg,rw N Eagg,val N Eagg,prob N Eagg,vara (09)
A _ L(n*(s,a))
Eogerw = { Yk, h,p,s,a .‘Rk(s, a) — Rk(s, a)‘ < W , (C.10)
Fasg v = {\ﬂe,h,p, 5.0 (PP'V; =PV (5,0)]
M (C.11)
<4 <Zq=1 wy(s, a)varp,(sa) [Vp*]> L(n*(s,a))  2H L(n*(s,a))
- n*(s,a) n*(s,a) ’
Eagg,prob = {Vkv hvpa S, @, S/ . ‘(PAPk - Pk)(‘sl | S, CL)‘
(C.12)

Dk (o . k k
o [FE 50 Lot | 2Lt s.a) |
nk(s,a) nk(s,a)
Eagg,var = Vk7 h>p7 S, s

n*(s,a

1
nk(s, a)

) M
(Vi (s) = (P, V;)(s,0))* = ) wh(s, a)varp, (o0 V]|,
q=1

=1

H (S (o, e e V5]) L5, 221085, )

<4
nk(s,a) nk(s,a)

(C.13)

where in Equation (C.13), s; denotes the next state for the i-th time some player experiences

(s,a). Eage captures the concentration behavior of the aggregate model estimates.

Lemma C.2. P(E,,) > 1 —

Wl

Proof. The proof follows a similar reasoning as the proof of |e.g., 136, Proposition F.9] using

Freedman’s Inequality. We would like to show that each of Fgg rw, Fagg val; Fage,probs Fage var

)

happen with probability 1 — 73,

which would give the lemma statement by a union bound.

227



For brevity, we show that P(E,gg var) > 1 — %, and the other probability statements follow
from a similar reasoning.
Fix h € [H], (s,a) € S, x A and p € [M]; denote by p; the identity of the player

when (s, a) is experienced for the i-th time for some player. It suffices to show that

Pl 3k € Il s 3 (05060 = BV (s.0))* = vare, 100 [1)
2 " (59) Garp Js.a) [V nk(s,a 27 (i k
) H <Zz’:1 p1<|,)[Vp])L( " ))+2H Lif(s,a) | 0
(nk(s,a))? nk(s,a) 12MSA
(C.14)

nk(s,a M
because m leﬁ )Val"Ppi(-\s,a) Vyl= Zq:]_ w?(s, a)varp, (|s.q)[V;]-
For every j € N4, define stopping time k; as follows: it is the index of the j-th
micro-episode when (s, a) is experienced by some player, if such micro-episode exists; and

k; is defined to be oo otherwise. With this notation, it suffices to show:

. 1 * / * *
P[3j € Ny <00 |5 30 (V1) = (B V) (s, @))? — vare, (1o [V;])

(C.15)

o H2< leVarppi(.|s,a)[V};*]>L(j) 2HLG) | _ 8
7 L = T2MSA’

Define G; as the o-algebra generated by all observations up to micro-episode k;.

We have that {G; };io is a filtration. It can be seen that

{5 = V() = (B, V)5, ) = vare, o [V}
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is a martingale difference sequence adapted to {gj };io; in addition, for every j, |X j’ < H?,
and E [X; | gj,l} <E [(v;(s;.) — (P, V)(s,0))" | gj,l] < Hvarg, ((s[V;]. Using the
same reasoning as in the proof of Lemma C.1 (and observing that 337 E (X7 Gii] €

[0, H4]), we have that for all j € N,

Pl k<00 n =37 ((060) = (B V)(5,0)) = vare, o V7]

i=1
H YL varg, (oo VL) 2H2L()) J
>4 Z_ SRR <In(4j) - ——=—.
- \/ 52 A <)) "ersa
A union bound over all j € N, implies that Equation (C.15) holds. [

Define

Esample = Eind,sample N Eagg,samplm

Eagg sample = {Vs,a,k .ﬁk(s,a) >N, = nk(s,a) >

ﬁ’%s,a)},
ﬁ§<s,a>},

DO | —

Eind,sample = {\V/S,CL, k,p.ﬁl;(s,a) Z N2 — nl;(sua) Z

| —

where we recall from Section C.2 that Ny =~ M In(%4%) and N, ~ In(M34K),

Lemma C.3. P(Egqmpe) > 1 —

Wl

define random variable X} = Zﬁil (1 ((sﬁm, a;‘;’p) = (s,a)) — pi(s, a)). Also, define Gy

as the o-algebra generated by all observations up to episode k. It can be readily seen that

Proof. We first show P(E,gq sample) > 1 — g. Specifically, fix h € [H] and (s,a) € Sj x A,

{Xi}i, is a martingale difference sequence adapted to filtration {G;},—,. Freedman’s

inequality (specifically, Lemma 2 of [14]) implies that for every fixed k, with probability
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2 2
n*(s,a) — ﬁkil(s,a)‘ < 4\/,,—lk—1(3,a) - MIn <681;1K ) +4M In <6S13K > , (C.16)

. . : - AK?2
If Equation (C.16) happens, by AM-GM inequality that \/nk I(s,a) - M In (%) <

N

n*1(s,a) + 16 M In (%), we then have

nF (s, a) — n*(s,a) <

2
n*1(s,a) +20M In <6SAK ) :

B~ =

implying that

n*(s,a) >

] o

AK?
7F (s, a) — 20M In <6S > :

Additionally, as 7i*~1(s,a) > n*(s,a) — M always holds, we have

nf(s,a) >

A~ w

2
n*(s,a) — 21M In (6SAK ) :

In summary, for any fixed k, with probability 1 — GLK, if n¥(s,a) > Ny := 84M In (%),

nF(s,a) > =i (s, a).

1
2

[ep][S5)

Taking a union bound over all k € [K], we have P(Eagg sample) > 1 —

It follows similarly that P(Eing sample) > 1 — %; the only difference in the proof is
that, we need to take an extra union bound over all p € [M] - hence an additional factor
M within In(-) in the definition of Ny. The lemma statement follows from a union bound

over these two statements. O
Lemma C.4. P(E) > 1—6.

Proof. Follows from Lemmas C.1, C.2, and C.3, along with a union bound. m

230



C.3.2 Validity of value function bounds

In this section, we show that if the clean event E happens, then for all £ and p, the
value function estimates @i, Q’;, V];, K’; are valid upper and lower bounds of the optimal
value functions @5, V* (Lemma C.7). As a by-product, we also give a general bound on
the surplus (Lemma C.6) which will be refined and used in the subsequent regret bound
calculations. Before going into the proof of the above two lemmas, we need a technical
lemma below (Lemma C.5) that gives necessary concentration results which motivate the

bonus constructions; its proof can be found at Section C.3.2.

Lemma C.5. Fiz p € [M]. Suppose E happens, and suppose that for episode k and step
h, we have that for all s' € Spi1, VE(s') < V() < V];(s’). Then, for all (s,a) € Sy x A:

1
B(s,0) = Ry(5,0)| < b (n(5.0),0) (C.17)
R¥(s,a) — Ry(s,a)| < b (nk(s, a), e) . (C.18)

.
(B} = B,)(V;)(5: )| < byon (BEC | 5,),mb(s.0), V. V5,0) . (C.19)
(B = B,)(V;)(5,0)] < by (B | 5,0)imH (5,00 V) Vhe) . (C20)

3. For any V1,V5 : Sp41 — R such that V’; <WN<Wnh< K’;,

(B~ B,)(V2 — V) (5,0)

p

< br (Bh(- | s,0)mh(5, @),V V5,0) . (C2D)

pr—p?

(B~ P,)(Va — V) (s,0)

< by (@k(. | s,a),n%(s,a), V", V¥ (—:). (C.22)

Lemma C.6. If event E happens, and suppose that for episode k and step h, we have
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that for all ' € Sy, K];(s') <Vy(s) < V’;(s'). Then, for (s,a) € Sy x A,

@];(3, a) — (Rp(s, a) + (]P’pvl;)(s, a)) € [O, (H—h+1)A de-b’;(s, a) A Qagg-blg(s, a)l,
(C.23)
and

(Rp(s, a) + (szlg)(s, a)) — QI;(S, a) € |0,(H — h+ 1) A 2ind-b% (s, a) A 2agg-bi(s, a) |,
(C.24)

where we recall that

ind—b';(s,a) = Dy (nﬁ(s,a),O) + bprob (I@’l;( | s,a),nl;(s,a),vlg,z];ﬁ)
+ bstr <PI;( | S, CL),TLI;(S, a)vv’;;K];a O) )
agg-blg(s,a) = by (nk(s,a),e> + bprob <I@’k( | s,a),nk(s,a),vlg,z;j,e)

+ br (P | 5,0), 1 (5, ), 7, Vi ).

Proof. We only show Equation (C.23) for brevity; Equation (C.24) follows from an exact

symmetrical reasoning.

Recall that @l;(s, a) = min <ind—QZ(s, a), agg—Q;(s, a), H). We compare each term

in the min(-) operator with (R,(s,a) + (IPPV];)(S, a)):
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e For md—Qp(s, a), using Lemma C.5 and our assumption on vV, and K’; on Sp1, we have:

ind-Qy(s,a) = (Ry(s.0) + (B,V})(s,a))
— (%5 = Ry)(s5,0) + b (nf(5,0),0)
(B~ B)V;)(5,) + byeo, (BEC | 5,0), (s, ), Vs, V5. 0)
+ (B = P,)(V, = V;))(s,) + s (B (- | 5,0),mf(s,0), V), V5, 0)

€ [o, Qind-b];(s, a)).

e For agg-QI;(s, a), using Lemma C.5 and our assumptions on V’; and K]; over Spi1, wWe

have:

agg-Qy (5, ) — (Ry(s,0) + (B,V,)(s,0))
— (]%’; — R,)(s,a) + byy (nk(s, a), e)
+ (B =BV (s5,0) + by, (B | 5,0), 255, 0), V7 VA, )

pr—p?

+ ((P* — ]Pp)(vl; = V)(s,a) + bt (Pk( | s,a),n*(s, a),vk 1% 6)

€ [07 Qagg_blg(sa a’)]u
e For H — h + 1, we have:
(H—h+1) = (Ry(s,a) + (P,V2)(s,0)) € [0, H — h + 1],

where we use the observation that R(s,a) € [0, 1], and (]P’pV’;)(s, a) € [0, H— h], and

their sum is in [0, H].

Combining the above three establishes that

—k

Qr(s,a) — (R(s,a) + (P,V2)(s,a)) € |0, (H — h+ 1) A 2ind-b(s, a) A 2age-bE(s, a)] .
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]

Lemma C.7. Under event E, for every k € |K], and every p € [M], and for every
h € [H], For all (s,a) € S), x A,

Q(s,a) < Q' (s,a) < Q4(s,a) < Q,(s,a), (C.25)
and
VE(s) <V (s) < Vi(s) < V() (C.26)

Proof. The proof of this lemma extends [136, Proposition F.1] to our multitask setting.
For every k and p, we show the above holds for all layers h € [H] and every

(s,a) € S, x A; to this end, we do backward induction on layer h.

Base case:

For layer h = H + 1, we have VF(1) = V™ (L) = V(L) =V, (L) = 0.

Inductive case:

By our inductive hypothesis, for layer h + 1 and every s € Sy 1,

<
ol
©
A
=3

"(s) S Vi(s) SV, ().

We will show that Equations (C.25) and (C.26) holds holds for all (s,a) € S, x A.

We first show Equation (C.25). First, ng (5,a) < Q(s,a) for all (s,a) € S, x A
is trivial.

To show Q5(s,a) < @];(s, a) for all (s,a) € Sy x A, by Lemma C.6 and inductive

hypothesis, we have:

Qx(5,0) = Ry(s,a) + (B,V)(5,0) < Ry(s,a) + (B,V2)(s,a) < Qn(s, a).
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Likewise, we show Q;k (s,a) > Q];(s,a) for all (s,a) € S) x A, using Lemma C.6 and

inductive hypothesis:
k k —k
Qp (s,a) = Ry(s,a) + (P,V;7 )(s,0) > Ry(s,a) + (P,V,)(s,a) > Q'(s,a).

This completes the proof of Equation (C.25) for layer h.
We now show Equation (C.26) for layer h. Again V;rk (5) < Vy(s) for all s € Sy, is
trivial.

To show V*(s) < V];(s) for all s € Sy, observe that

* * Ak Vs
Vy(s) = max Qp(s, a) < max @, (s, a) = Vi ().

To show Vp“k(s) > VE(s) for all s € S, observe that

Vi (s) = Q) (5,7 (p)(5) = Q¥(s, 7 (p)(s)) = Vi (s).

This completes the induction. O
Proof of Lemma C.5

Proof of Lemma C.5. Equations (C.17), (C.19), and (C.21) essentially follow the same
reasoning as in [136]; we still include their proofs for completeness.

Equations (C.18), (C.20), and (C.22) are new, and require a more involved analysis.
Our proof also relies on a technical lemma, namely Lemma C.8; we defer its statement

and proof to the end of this subsection.

1. Equation (C.17) follows directly from the definition of Eiyq.w. Equation (C.18) follows

from the definition of E,ge v, and the fact that ‘Rk(s, a) — Ry(s, a)} <e.
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2. We prove Equation (C.19) as follows:

(BEV* — P, V)(s,a)

<0 Varp, (|s,q)| *]L(n’;(s,a)) N HL(nI;(s,a))
- n’g (s,a) n’g(s,a)
<o varg, |, o [V*IL(n5(s, @) N HL(n}(s,a))
- n’f (s,a) n’;(s,a)

—k < Tk
o | v V) L(nk(s, a)) . Vi = Vill3s oy L5 (s:0))
- nk(s,a) nk(s,a)

HL(n';(s,a))
nk(s,a)
—k —k

o vargy 1, o [Vy] L(nk(s, a)) ) V,-V I\Pk (o) L (s, 0))
= nk(s,a) nk(s,a)

HL(nk(s,a))

ny (s, a)

prrob (ﬁb’;< ’ S,CL),R’;(S,(Z),V’;,K];,O) )

where the first inequality is from the definition of Ej,qva1; the second inequality is from
Equation (C.27) of Lemma C.8; the third inequality is from Lemma C.15; the fourth
inequality is from our assumption that for all s’ € Sy41, VI(s') < V*(s) < V’; (s'), and
thus |(V — VE)(s')

< ’(Vp - K’;)(s’) for all " in the support of I@”;( | s,a).
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We prove Equation (C.20) as follows:

Se—l—‘(A IP’]C ’

PRy wk (s,a)varp,(|sa)Vy ]> L(nk(s,a)) HL(n*(s,a))

nk(s,a) nk(s,a)

<e+ 0O

(s,a) nk(s,a) nk(s,a)

Valge. |sa L(nk(s,a)) ||V - V2 L(n*(s,a))

+ BE(]s,a)

<2+ 0
s nk (s,a) nk(s,a)

<e+0O \/Varpk toa V] L5, ) + \/L(nk(s’a)) eH + HL(n(s,0))

HL(n*(s,a))
nk(s,a)

— —k
V) Link(s,a) |1V, =Vl ) L0 (s,a))

nk(s,a) nk(s,a)

Var]ﬁ)k('|s7a

<2+ 0

+

HL(n*(s,a))

nk(s,a)

<bprob (Ak( | s,a),n"(s,a), Vp,Kl;, >,

where the first inequality is from the observation that ||Px(- | s,a)—P,(- | s,a)|l; < 5 and

Lemma C.16; the second inequality is from the definition of F,gs va1; the third inequality
is from Equation (C.28) of Lemma C.8; the fourth inequality is from Lemma C.15
and the observation that for constant ¢ > 0, ¢ % eH < e+ 5 ELk((Ssaa) by

AM-GM inequality; the fifth inequality is from our assumption that for all 8" € Sy, 1,
k * 7k * k
Vo(s') V(') <V, (8'), and thus )(V; - Vo))

for all s' in the

<|(V, = 1))
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support of PF(- | s, a).

3. We prove Equation (C.21) as follows:

(B — B,) (V2 = Vi)(5,0)|
< Y |- 150 (5 - W)
s'e€Sp41
L(nk(s,a)) -P,(s'| s,a Ln’; s,a
ol v ¢<A7QM;|>+;%®»
s'€Sp4+1 AN pAT
L(n’;(s,a)) PE(s" | s,a) L(n’;(s,a))
=0 Z \/ nk(s,a) nk(s,a)
s'€Sp41 pATY pAT
" — L(nk(s,a))
<O 3 VB 15,07, =V | S
s'€Sp41
S|V, =Vl ey L(5:@)) SHL(ni(s, )
=0 \l nk(s,a) nk(s,a)

Sbstr <]P>];( | s,a),n(s,a),Vﬁ,Kﬁ,O) )

where the first inequality is from the elementary fact that |Z?:1 ai‘ <>

second inequality is from the definition of Eji,q prob; the third inequality is from the

definition of Ejngprop and Lemma C.17; the fourth inequality is by algebra and 0 <

(Ve — Vi)(s') < min(H, (V)

Cauchy-Schwarz.
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(‘/2_

M

S 63h+1

Vi)(s)

Vi)(s')

nksa

@)

|a;|; the

— Z’;)(s’ )) for all s € Spyq; the fifth inequality is by



We now prove Equation (C.22):

(B = P,) (Va — Vi)(s,0)

<|(B* —B,) (V2 = 1A)(s.0)

+|(BF = P)(V2 — Vi) (s.0)

et D |(BF - P | s.a)] - (Vo= V()

i o ; \/L(nk<s,c;)k>(f:)(sf|s,a) +LSZ(S,;;)) Vs ()

<t 0O Z \/L(nk(s,a)) ‘I@k(s/ | s,a) N L(n*(s,a)) (Vs = V)(s)

. k
§'€Sp41 n (8? CL) n (8’ Cl)

" & L(nk(s,a)) a))
< JB o o) (7~ 1561 HLG . @)
<t 0| 3 VR s a) (T - Vi) [ F A nksa

s'€Sp41 §'SSh1

—k
SIVy = Voll3i oy L(¥(s.@))  SHL(n¥ (s, a))

nk(s,a) nk(s,a)

<e+ O

<bstr (Ak( ‘ S>a)an(87a>7vlgazl;7€> )

where the first inequality is triangle inequality; the second inequality is from the
elementary fact that |>7 ; a;| < 37 |ai, along with ||Py(- [ s,a) = Po(- | s,a)|1 < &
and Lemma C.16; the third inequality is from the definition of E,gg pron; the fourth
inequality is from the definition of E,g prob and Lemma C.17; the fifth inequality is
by algebra and 0 < (Vo — V)(s') < min(H, (V’; - K';)(s’)) for all s € Sj11; the last

inequality is by Cauchy-Schwarz.

O

Lemma C.5 relies on the following technical lemma on the concentrations of the

conditional variances. Specifically, Equation (C.27) is well-known [see, e.g., 7, 109];
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Equations (C.28) and (C.29) are new, and allow for heterogeneous data aggregation in
the multi-task RL setting. We still include the proof of Equation (C.27) here, as it helps

illustrate our ideas for proving the two new inequalities.

Lemma C.8. If event E happens, then for any s,a, k,p, we have:

g=1

1.
L(nk(s,a))
‘\/V&r@’ﬁ(-ls,a) [Vp*] _ \/varpp(_hﬂ) [V;J*] <H —nkIES o (C.27)
¥4 Y
2.
* = k % < L(nk(s,a))
Va5 o) [V;,] - qu(s,a)varpq(.w,a) [Vp] SVHe+ H “ni(s.a) (C.28)

and

<VHe+H, /—L%f’;)), (C.29)

‘\/Var]fpk(,l&a) [‘/;,*i| — \/Var]P’p(.|s,a) |:‘/p*i|

Proof. 1. By the definition of E, we have

(Vo (s1) — (PpV;)(s,0))* — varp,(js)[V;]

p p

)
nk(s,a) nk(s,a)

< \/H2var]pp(.|s,a)[VP*]L(n’;(s,a))+HQL(n';(s )

this, when combined with Lemma C.17, implies that

nk(s,a)
1 p p L(n*(s,0))
m Z (‘/p*(sz) - (Pp‘/;)*)(s, a))Q — Varpp(.‘&a) [‘/p*] S H m
A i=1 K,

(C.30)

240



Now, observe that

L L Zj (B, V) (s, )2~ (BEV;) (s, @) — (B, V) (s, ).

Recall that by the definition of event E, we have

2L(nk(s,a nF(s,a
(BAV;) (5. ) — (BV,)(s. )] < H A Vﬂﬁéé”+ﬂﬁgé”
L(n’;(s,a))

<2H
(s, a)

where the second inequality uses Lemma C.18. Using the elementary fact that|A — B| <

C’:\/ZS\/E—i—\/a,wegetthat

nk (s, a)
\/Var]f"l;?(~|s,a) [V;?*] - ]P) V*)( ))2
h (C.31)
<|@V)(s,a) = BV))(s,a)| S H W

Combining Equations (C.30) and (C.31), using algebra, we get

‘\/ VAT (Js,0) [Vp*] - \/ VAL, (]s,a) [Vp*]

establishing Equation (C.27).

L(nk(s,a))

p

<H
nk(s,a)

~
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2. We first show Equation (C.28). By the definition of E, we have

nk (s, a) M
;) — (Pp, V) (s,a))" — Zw’;(s, a)varp,(.|s,a) (V']
=1 p=1
2 k k
_ H (Z _ wh(s,a)varp,(|s.a) [V} ]) L(nk(s,a)) H2L(n*(s,a))
~ n*(s,a) nk(s,a) '

this, combined with Lemma C.17, implies that

nk(s, a)
— (P, V¥)(s,a) Zwk (s,a)varp,([sq)[Vy]
=t (C.32)
k
< [Hs0)
nk(s,a)

For the first term on the left hand side, observe that for each i, |(IP),V})(s,a) —

(P,V5)(s,a)] < Hf = €, we therefore have

(Vi (s1) = B, V;)(s, )" = (V) (s)) = (PV)(s,a))*| < 2He

p

by 2H-Lipschitzness of function f(x) = z* on [—H, H]. By averaging over all i’s and

taking square root, we have

nk( a) nk(s,a)

— Py V5)(s,0))? =

=1 =1

CIJ

— (BV)(s,a))

A
%

(C.33)

242



Furthermore,

nk(s,a)

—(B,V;)(s,@))* = ((P*V;) (s, @) = (B, V) (s, @) P,

VaTpk (s q) [V }

=1

and
L(n*(s,a))

B9 (0.0) = BV (s 0)] S ety 20 2

Together with our assumption that e < 2H (which implies that € < v/ He), this gives

nk(s,a)
\/Var@k(,b’a) |:‘/;{| - Z ]P V*)< ))2
=1

L(n*(s,a))
nk(s,a)

(C.34)

S<VHe+ H

Equation (C.28) is a direct consequence of Equations (C.32), (C.33) and (C.34) along

with algebra.

We now show Equation (C.29) using Equation (C.28). By Lemma C.16, for every ¢,

Varp, (.[s,a) [Vp*] — Varp,(.|s,q) [V*] < 3H?- 5 = 3He. Therefore,

p

M
* * €
wa(s, a)varp,(.|s,q)[Vy] — Vare,(js,a) [V ] < 3H*. 7= 3He,

and

M
> wk(s, a)vars, (jon[Vy] — \/ VTR, (|s,a) [V?} S VHe
q=1

This, together with Equation (C.28), implies

‘\/Varlfbk('s,a) [‘/P*i| o \/Varpp('|57a) [Vp*]
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establishing Equation (C.29).

C.3.3 Simplifying the surplus bounds

In this section, we show a distribution-dependent bound on the surplus terms,
namely Lemma C.11, which is key to establishing our regret bound. It can be seen as an ex-
tension of Proposition B.4 of [136] to our multitask setting using the MULTI-TASK-EULER
algorithm, under the e-dissimilarity assumption. Before we present Lemma C.11 (Sec-

tion C.3.3), we first show and prove two auxiliary lemmas, Lemma C.9 and Lemma C.10.

Lemma C.9 (Bounds on V]; — K’;, generalization of [136], Lemma F.8). If E happens,
then for allp € [M], k € [K]|, h € [H+ 1] and s € Sy,

H
(V —VE)(s Z (H A ind-bj(sy, a) A agg-b (st,at)> | sp = s, 7"(p), M, | ;
t=h
(C.35)
consequently,
(Vk—V’“)(s)<HiE 1A SLimy (s, ar)) | s = 5,7 (p), M (C.36)
S~ Wisea) ) T m @M E

Proof. First, Lemmas C.7 and C.6 together imply that if E holds, Equations (C.23)
and (C.24) holds for all p,k,s,a. Under this premise, we show Equation (C.35) by

backward induction.

Base case:

for h = H 4+ 1, we have that LHS is (V’; — V¥)(L) = 0 which is equal to the RHS.
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inductive case:
Suppose Equation (C.35) holds for all s € S,41. Now consider s € S,. By the
definitions of V’; and K’;,

(Vo = VE)(s)
=Q(5,7h(5)) — Q" (s, 7h(s))
<(B, (V) — VE))(s,75(s)) + 4(H A ind-b(s, 75 (s)) A agg-bhi(s, 75 (s))

—E |4 min(H, ind—b];(s, a), agg-b];(sa a)) + (Vk

p

~V)(sn) | o1 = .75 Mo |

y ips

<E [4(H Aind-b(s, a) A agg-bi (s, a))+

Z <H A 2ind—b’;(st, ag) A Qagg—b’;(st, at)> | spe1l| | sn=s, 7Tp,/\/l
t=h-+1

H
<4E Z(H/\mdb st,at)/\aggb(st,at)>|3h:37r Myl

» lips
t=h

where the first inequality is from Equations (C.23) and (C.24) for (s,a) and player p at
episode k, and the second inequality is from the inductive hypothesis; the third inequality

is by algebra. This completes the induction.
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We now show Equation (C.36). By the definition of ind-b (s, a) and algebra,

ind—b’;(s, a)

VaTpE ([ q) [Vﬂ L(nk(s,a)) L(nk(s,a))

S k k
ny (s, a) ny (s, a)
—k
SIVy = V3l oy LE(5:@)  HSL(nk(s,a))

kp + - P
nk(s,a) nk(s,a)

<n SL(:’;(st,at)) N lT-ISLk(nI;(st,at))7

np(st,at) np(3t7at)

—k

. : —k
where the second inequality uses vargy ., [Vp] < H? and 1V, — K’;H%k < H2.
P ? D

As a consequence, using Lemma C.18,

SL(nk(ss,ar)) HSL(n’;(st, at))

nk(sy, az) nk(sy, ar)

i (1n \/SL(n’;(st,at))

nk(sy, ar)

H Aind-bi(sy, ar) A agg-bk(se, ar) SH A H\/

O
Lemma C.10. If E happens, we have the following statements holding for all p, k, s, a:
1. For two terms that appear in ind-b’;(s, a), they are bounded respectively as:

H?SL(nk(s,a))

ny (s, a)

—k
Vs

—k
- K];H[%Pl;(.‘&a) Sz ”Vp - KI;”IZFDP(~|8,Q) + (037)
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—k
VAT (Js.0) [Vp] L(nk(s,a)) _ Varp, (.[s.0) [prk} L(nk(s,a))

~Y

nk(s,a) nk(s,a)

—k
1V, —K§||I%p(_|s7a)[/(n’;(s,a)) H\/EL(n’;(s,a))
nk(s,a) nk(s,a)

(C.38)

2. For two terms that appear in agg—b’; (s,a), they are bounded respectively as:

H2SL(nk(s,a))

e e e e
Vo = Vol ey S 20V = VIR, (15 Gy T (C.39)
—k
VaIpk(.s,q) [Vp} L(n*(s,a)) (.40
n*(s, a) '

vars, (o) [V | Lnb(s,a) | [VE— VAR | L(nk(s,0))
5 \ nk(s,a) + nk(&a)
| HYSL (s,0) | \/HeL(nk(s a)) (C.41)

nk(s,a) nk(s,a;

Proof. First, Lemmas C.7 and C.6 together imply that if £ happens, the value function
upper and lower bounds are valid. Conditioned on E happening, we prove the two items

respectively.

1. For Equation (C.37), using the definition of Ei,q prob and AM-GM inequality, when E

happens, we have for all p, k, s, a, s,

L(nk(s,a))

p

ok
IP)P(S/ | S, CL) 5 ]P)IJ(S, | S, CL) + n’;(s, a)

(C.42)
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This implies that

7k k|2
HVp _Kp||@f;(-|s,a)

= 3 B 5. a)(Vy(s) - Vi)

SleSh+1
—k L(?”Lk<8’a))
S 3 EE sl - ver s 3 Sl e
s'€Sp41 8'€Sh41 PR
27 (k
—k - SH*L(n;(s,a))
SJHVp - KpHIP’p(-ls,a) n};<87 a)

where the first inequality is from Equation (C.42), and the fact that V];(S/ ) — K’;(s’ ) €

0, H| for any s’ € Sj41; the second inequality is by algebra.
+

For Equation (C.38), we have:

—
VAT Js.0) _Vp_ L(nk(s,a))
\ nf(s. )
] —k
< VarI@”;(.|s,a) _‘/p*_ L(nlpc(s’a)) n ||Vp - K]pflﬁ}lz(,‘s’a)L(nlp?(S? a))
~\ nh(s.a) \ nt(s.a)
3 —
o | Pmmtisn [V Lnplsa) IV, = VIR, ( L015(5:0)) | VSHL(nf(s,a)
N\ nk(s,a) \ nk(s,a) nk(s,a)
- | _Vpnk] L(ng(s,a)) v, - VAl (emL(nh(s,0))  VSHL(nk(s, a))
N\ nk(s,a) nk(s,a) nk(s,a)

where the first inequality is from Lemma C.15 and the observation that when E

(V’; —V)(s') (V’; — V5)(s')| for all ' € Spy1; the second inequality

<

happens,
is from Equation (C.27) of Lemma C.8 and Equation (C.37); the third inequality
again uses Lemma C.15 and the observation that when E happens, |(V," — V;Tk)(s' )| <

(VE —vhy(s)

for all 8" € Sp,41.

2. For Equation (C.39), using the definition of E,gq prop and AM-GM inequality, when E
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happens, we have for all p, k, s, a, s,

~ = L i
P [s,0) S s + S )
This implies that
—k
IV = Yollie o
. —k
= 3 P | s,a)(V(s) — V()
3’63h+1
) o L(nk(s,a
2 3 P W) - vie s 3 St
. s'€Sp41 PA
L SH?L(ny(s, a))
230 Bl s a) (V) = VR o e+ = e o
D Y

8/68h+1
SH?L(nk(s,a))

nk(s,a)

—k
5”‘/;7 - KZ|’I2P’p(~|s,a) + + EHa

(C.43)

where the first inequality is from Equation (C.43) and the fact that Vl;(s’ ) — K’;(s’ ) €

0, H] for any s’ € Sj41; the second inequality is from the observation that ||IP,(-
Yy + P

s,a) — PF(- | s,a)|1 < ; the third inequality is by algebra.
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For Equation (C.41), we have:

Valpe (s ) V]; L(nk(s,a))
\ nh(s,a)
[ 1 —k
< Varlpk(-|s,a) _‘/p*_ L(n];<87 CL)) ||Vp - K];HI%I@('S@)L(HI;(S7 CL))
~\ nk (s, a) "\ nk(s,a)
— —
v V| Lng(s, a)) .\ 1V, — Z’;||]%p(,|s,a)L(n’;(s,a))+
N\ n’;(s, a) \ n’;(s, a)

VSHL(nk (s, a)) .\ \/HeL(n’;(s a))

)
ny (s, a)

nk(s,a)
T —k
el ol G N e G O GO
~ ACHD) ny(s,a)
\/gHL(n’;(s,a)) Hel(nk(s,a))
nk(s,a) * nk(s,a)

where the first inequality is from Lemma C.15 and the observation that when E hap-

for s € Sj,11; the second inequality uses Equa-

pens, |(V, = V;)(s)
tion (C.29) of Lemma C.8 and Equation (C.39); the third inequality is from Lemma C.15
(V, =i )| < |75 = i) for

<|7; - vh)s)

and the observation that when E happens,

s e Sh+1 .

Distribution-dependent bound on the surplus terms
Lemma C.11 (Surplus bound). If E happens, then for all p,k, s, a:
H

E;];(S’ CL) SBgJead(S? a) +E Z B;]pf’fut(‘sh at) | (8717 ah) = (3’ a)a Wk(p)a Mp >
t=h
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where

1 varp, (o0 [V7]) L(nk(s, a))

p

k,lead _ (
B (s,a) = HA | 5¢ + O J

» J (14 vare, g V1) Llnk(s, )

(s, a)

H3SL(nk (s,
B;;’fut(s,a) — H3 /\O ( (np(s CL))) ‘

nk(s,a)

Proof of Lemma C.11. First, Lemmas C.7 and C.6 together imply that if £ holds, for all
p,k,s,a, E]’,f(s,a) <2 (H A ind—b’;(s,a) A agg—bﬁ(s,a)). We now bound ind—b’;(s,a) and

agg—b’;(s, a) respectively.
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Bounding ind-b(s, a):

p
nk(s,a) nk(s,a)

) Jva%(.w[vg’n L(nf(s,0))  [Lnk(s.q)

—k
SV = Vol3s oy L (@) SHL(nk (s, a))

nk(s,a) nk(s,a)

o \/varpp(.|s,a)mwk] L(n(s,0)) \/L(ng(s,a))+

nk(s,a) nk(s,a)

—k
SIV, = VHIE (joay L(nk(s,a))  SHL(nk(s, a))

nk(s,a) nk(s,a)

(1 +varp, ([sa) [v,;rk]) L(nk(s, a))

<
= nk(s,a)

+

—k
J SIV: VA2 oo Lik(5, @) SHL(nE(s, )

nk(s,a) nk(s,a)

SHL(nk(s,a))

p

ny (s, a)

<1 + Varp,(.|s,a) [V;gﬂ'k]> L(”’;(Sa CL)) —k
<0 J + 1V, = VolI3, s +

ny (s, a)

where the first inequality is by expanding the definition of ind-b%(s, a) and algebra; the
second inequality is from Equations Equation (C.37) and (C.38) of Lemma C.10, along
with algebra; the third inequality is by the basic fact that VA + VB < A+ B; the

fourth inequality is by AM-GM inequality.
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Bounding agg-b% (s, a):

agg-bi (s, a)

Valpe (s ) [Vﬁ] L(n*(s,a)) L(n*(s,a))

nk(s,a) nk(s,a)

Sde + O

—k
SIVy = Volb o L (s:0))  SHL(n(s,a)

nk(s,a) nk(s,a)

<Be+ 0O \/V&rpp('|s’“)[%ﬂk] L(n*(s, a)) n L(nk(s,a))

nk(s,a) nk(s,a)

—k
SV, _Kmh%p(-p,a) L(n*(s,a)) SHL(n*(s,a))
nk(57 a) nk(s, a)

(1 +vars, (s [v;’“]) L(nk(s, a))

o e '
—k
S|V, - K];||I2P’p(.|s,a) L(nk(s,a)) n SHL(n*(s,a))
nk(s,a) nk(s,a)
1+ vare, (s [Vi']) L(nk(s,a)) .
<5¢ + 0O ( - ) + [V = VAR sy + SHELS, o)

nk(s,a) nk(s,a)

where the first inequality is by expanding the definition of agg—b';(s, a) and algebra; the

second inequality is from Equations (C.41) and Equation (C.39) of Lemma C.10, along

with the observation that |/SHL (.a) o SHL("(s.a) 4 o by AM-GM inequality; the third

nk(s,a) nk(s,a)

inequality is by the basic fact that VA + v B < /A + B; the fourth inequality is from
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AM-GM inequality.
L(n*(s,a)) <

Combining the above upper bounds, and using the observation that

nk(s,a) —
k
LE;P(S(’S)), we get
ind-b (s, a) A age-b(s,a) A H
<1 + Varp,(.|s,q) [V;,”k]> L(nlﬁ(sy a))
<0 k A
nk(s,a)
<1 + varp,(.|s,a) [Vzuﬂk]) L(nk(sa a))
5¢ + O N
n*(s,a)
P SHL(nj(s,a))
+O IV, = Yl ¢jaa + ( n’“(sp a) M
p )
- SHL(nk(s,a))
< philead AR TP LA H
< (s,a) +O | IV, Kp||1P>p(-|s,a) + n’;(s, a) A
We now show that
o SHL(nk(s,a))
k k|2 ’
IV = Vollz, 1o + ( aea
p )
) (C.44)
SE Y B (s a0) | (snoan) = (5.0), 7(p), M, |
t=h

which will conclude the proof. To this end, we simplify the left hand side of Equation (C.44)
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using Lemma C.9:

TV (SHL(nk(s,a)) AH)

nk(s,a)

SE(|H > E 1/\\/W [shar| || (snoan) = (s,0), 7(p), M, | +
t=h+1 AN
SHL(n*(s,a))
< nk(s,a) AH)
SHE| > E 1/\\/M | sner | | (sn,an) = (s.a), 7" (p), My | +

nk(sy, ar)
<5HL(nk<s,a)) . H)
nk(s,a)

ZH H3SL(nk (s, a1))

< ) _ A

NE :h (St7at> ’ (8h7ah) (S,Cl),ﬂ' (p)’_/\/lp
H

SE > B (si,a0) | (sn,an) = (s,a), 7 (0), My |
:h

where the first inequality is from Equation (C.36) of Lemma C.9; the second inequality
is by Cauchy-Schwarz and E[X]? < E[X?] for any random variable X; and the third

inequality is by the law of total expectation and algebra. O]

C.3.4 Concluding the regret bounds

In this section, we present the proofs of Theorems 4.5 and 4.6. To bound the collec-
tive regret of MULTI-TASK-EULER, we first recall the following general result from [136],

which is useful to establish instance-dependent regret guarantees for episodic RL.

Lemma C.12 (Clipping lemma, [136], Lemma B.6). Fiz player p € [M]; suppose for each

episode k, it follows 7*(p), the greedy policy with respect to @l; In addition, there exists
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K

some event E and a collection of functions {B;f’lead, Bg’fut} C (§xA—R), such that
k=1

if E happens, then for all k € [K], h € [H| and (s,a) € S, X A, the surplus of @’; satisfies

that

H
0< B(s,a) S BY(s5,0) + B |3 B (s,a,) | (snan) = (5,), 7 (p), M, |
t=h

then, on E:

Reg(K,p) S 3 pl(s a) clip (By*I(s, a), gip, (s,0)) +

s,a k
k : k,fut £aPp min
5 htssa)elp (5. S ).

here, recall that clip(a, A) = al(a > A), and gap,(s,a) = gapfg’a) v Elpmin

Remark C.13. Our presentation of the clipping lemma is slightly different than the

original one [136, Lemma B.6], in that:

1. We consider layered MDPs, while Simchowitz and Jamieson [136] consider general
stationary MDPs where one state may be experienced at multiple different steps in [H].
Specifically, in a layered MDP, the occupancy distributions wy, defined in [136] is only
supported over S, X A. As a result, in the presentation here, we no longer need to sum

over h — this is already captured in the sum over all s across all layers.

2. Our presentation here is in the context of multitask RL, which is with respect to a
player p € [M], its corresponding MDP M, and its policies used throughout the process

{Wk(p)}szl. As a result, all quantities have p as subscripts.

We are now ready to prove Theorems 4.5 and 4.6, MULTI-TASK-EULER’s main

regret theorems.
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Proof of Theorem 4.5

Proof of Theorem 4.5. From Lemma C.12 and Lemma C.11, we have that when E happens,

Reg(K) = Reg(K,p)

<33 (s, a)clip (BH(s, ), gip, (s, a) ) +
s,a k,p

(C.45)

-~

(4)

k . k,fut gapp,min
Y shtsaretp (B4 s.0). )

s,a k,p
NG

J/

-~

(B)

We bound each term separately. We can directly use Lemma C.14 to bound term

(B) as:

s,a k,p

2
k : k fut 88Pp,min | 3 2 MSAK
Zpr(s,a)chp <B (s,a), 8SAH2> SMH®S*A (ln( 5 . (C.46)

For term (A), we will group the sum by (s,a) € Z, and (s,a) ¢ Z, separately.
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Case 1: (s,a) € Z..

In this case, we have that for all p, gap,(s,a) = %ﬁ;’a) > 24e. We simplify the
corresponding term as follows:
Z Z p’;(s, a) clip <Bk’lead(s, a), gap,(s, a))
(s,a)€Ze k,p
S ACOE

(s,a)€Ze k,p

1+ varp, s [V L(n* (s, a min, gap, (s, a

ip | 714 [ 5e1 0 ( p,(1sa) Vi D) L(n* (s, a)) | » 8ap, (s, a)

nk(s, a) 4H

< Z Zp’;(s,a)-

(s,a)€Ze k,p

(14 varp,(sa) [V, ) L(n*(s,a)) \ min, gap,(s,a)
nk(s,a) ’ 4H

H Nclip | 5e + O \/

S Y St HA\/ (% vt VD (5, )
(

s,a)€Ze k,p nk(s, CL)

where the first inequality is from the definition of B*!®2d; the second inequality is from the
basic fact that clip(AA B, C) < AAclip(B, C); the third inequality uses Lemma C.19 with

varp, (.15 [VFE]) L(nk(s, - , . .
a; = e, ag = \/(1+ PrepClsa Vi DE(H(s a)), and A = w, along with the observation

nk(s,a) 4H
that clip(5e, %ﬁ;’(s’a)) = 0, since for all (s,a) € Z. and all p € [M], gap,(s,a) > 96¢H.

We now decompose the inner sum over &, Zszp to Z(:Sia)_l and ZkKZT(s - The

first part is bounded by:

Tp(s,a)—1 7r
M . (14 varp,(s,a) [VZD "1 L(nk(s,a))
SRS Sl oY P Il
(s,a)eZe k=1 p=1 ’
p(s,0)—1 M
< Zp];(s,a)H < SAHNy,
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which is S MHSAIn (845).

For the second part,

~ | varp, (1s.a [V ) L(nk(s, a
> 2 D nlsa) H/\\/(1+ Alﬁzga)]ﬂ( (5,0))

(s,a)€Ze k=T7(s,a) p=1

Z Z Zp’;(s,a)\/(l"’Vaer(-IS;ZEEWG)DL(ﬁk(Sva))

(s,0)€Ze k=7(s,a) p=1

< Z Z pr S, a) ni(iSaC;))

(s,0)€Ze k=7(s,a) p=1

> Zpr $,a ( +Vapr(-|s,a>[‘@”k]),

(s,a)€Ze k=1 p=1

where the first inequality is by dropping the “HA” operator; the second inequality is by
Cauchy-Schwarz.
We bound each factor as follows: for the first factor,

DD DTIGLLISD Sl o %

(s,a)EZe k=7(s,a) p=1 (s,0)EZe k=7(s,a)

2
<UL LOMEK)? ST (m (MS(;“K» ,

where the first inequality is because L is monotonically increasing, and n*(s,a) < MK
the second inequality is from the observation that p*(s,a) € [0, M], i¥(s,a) > 2M, and

u > % is monotonically decreasing; the last two inequalities are by algebra.
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For the second factor,

) Zzpﬁsa <1+VafP(|sa)[V ])

(s,a)€Ze k=1 p=1

S MKH + ZZ > (s, a)vars, (o [V, ]

p=1 k=1 (s,a)eSx.A (C47)
< MKH—}—ZZVar Zrhp | 7*
p=1 k=1

< MKH?

where the first inequality is by the fact that p';;' are probability distributions over every
layer h € [H|; the last two inequalities are by a law of total variance identity [see, e.g., 12,

Equation (26)]. To summarize, the second part is at most

Z i ipﬁ(S,a) HA \/(1 t Vaer(-s:;E‘f;)])L(nk(s,a))

(5,0)EZe k=7(s,a) p=1

< /MKHZ|In (MiAK> |

Combining the bounds for the first and the second parts, we have:

Z Zp];(s, a) clip (Bk’lead(s, a), gap,(s, a))

(s,a)EZe k,p

< <\/MKH2|ZE| + MHSA) In (M*S;AK> .
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Case 2: (s,a) ¢ ..

We simplify the corresponding term as follows:

Z Zplg(s, a) clip (Bk’lead(s, a), gap,(s, a))

(s,a)¢Zc k,p
1 -+ VarIP’p(-|s,a) [V;)ﬂk]> L(n’;(s, a)) gép (S a)
S § E pk(S CL) Cllp HA ( P\
~ P k )
(s.0)¢Ze kp ny(s, a) 4H

S Z Z HA n’g(s,a)

(s,0)¢Zc k,p

- K a)—1
For each p and (s, a), we now decompose the inner sum over k, ), ,, to Z;p:(f @)

and Zfﬂp(sm. The first part is bounded by:

< MHSAN,,

which is S MHSAIn (%).
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For the second part,

AN
NE
==
>
(V)
s
5|
(V)
8

Z Zprsa <1+varp(‘sa)[V ])

(s,a)¢Zc k=1 p=1

We bound each factor as follows: for the first factor,

M K Lnksa s, a
>y pzxs,a»;k(% Yy

(s,0)¢Ze P=1 k=7p(s,a) (s,a)¢Ze p=1 k=mp(s, a)
/ K(s a)
(s,a)¢Z p=1
2
MSAK
(K)? (ln ( 5 ))

where the first inequality is because L is monotonically increasing, and ﬁ’;(s, a) < K; the
second inequality is from the observation that p*(s,a) € [0,1], n*(s,a) > 2, and u > = is
monotonically decreasing; the last two inequalities are by algebra.

The second factor is again bounded by (C.47). Therefore, the second part of the
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sum is at most

K (14 vars, (1o (V) L(nk(s, )

Z Z Z pp(s,a) | HA nk (s, a)

< (M\/KHZ\Iﬂ + MHSA) In (MiAK) .

Combining the bounds for the first and the second parts, we have:

Z Zp';(s, a) clip (Bk’lead(s, a), gap,(s, a))

(s,0)¢Ze k,p

< (M\/KHHIE\ + MHSA) In (MS(SAK> .

Now, combining the bounds for cases 1 and 2, we have that

(4) < (x/MKHQ\Iel + M/KHTC] + MHSA) ‘In (MS(SAK) . (C.48)

In conclusion, by the regret decomposition Equation (C.45), and Equations (C.48)
and (C.46), we have:

Reg(K) < (\/MHWA K+ My/EYZCTK + MH*S*Aln (MSéAK» In (MSdAK) ,

]
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Proof of Theorem 4.6

Proof of Theorem 4.6. From Lemma C.12, we have that when E happens,

Reg(K) = Reg(K, p)

<33 dhts,a)clip (BH(s, ), gip, (s, a) ) +

s,a  k,p
NS

-~

(4)

k . k,fut gapp,min
Y sblsaretp (B s.0). £ ).

s,a k,p
NS

J/

-~

(B)

We focus on each term separately. We directly use Lemma C.14 to bound term (B)

as:

k . k.fut gap ,min 3 02 MSAK MHSA
Zpr(s,a)chp (B (s,a), SSZHQ) <MH SAln( 5 -In ap

(C.49)

s,a k,p

For the (s,a)-th term in term (A), we will consider the cases of (s,a) € Z. and

(s,a) ¢ I, separately.
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Case 1: (s,a) € Z..

gap,(s,a)

In this case, we have that for all p, gap,(s,a) = =7~ > 24e. We simplify the
corresponding term as follows:
S~ phls,a)clip (B*<(s, a), gip, (s, 0))
k,p
K M
<D D Ao
k=1 p=1
1+ varp, (s [V L(nk(s, a min, gap, (s, a
aio | 1 [0 ([ el DL @) | | ming om0
nk(s,a) 4H

K
< Z p(s,a)clip | HA

k=1

H?2L(n*(s,a)) min, gap, (s, a)
5e + O _ P
o* \/ nk(s,a) ’ AH

k :
: H2L(nk(s,a)) | min,gap,(s,a)
< F H Aclip | 5e+ O ’ L
_;p (s,a) clip | 5e + \/ k(5. a) , Vi
K :
: H2L(n*(s,a)) min,gap,(s,a)
<) P HAcdl : L

where the first inequality is by the definition of B*!¢*d; the second inequality

is from that varp,(|sq) [V;Tk] < H?; the third inequality is from that clip(A A B,C) <

H2L(nk(s,a))
nk(s,a)

A A clip(B, C); the third inequality uses Lemma C.19 with a; = 5e, ay =

minp gap,(s,a)

and A = w, along with the observation that clip(5e, oh

iH ) = 0, since for

all (s,a) € Z. and all p € [M], gap,(s,a) > 96¢H.
We now decompose the inner sum over k, S5 | to ;(:Sf)*l and Zf:T(S’a). The

first part’s contribution is at most Ny - H < MH In (SATK). For the second part, its
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contribution is at most:

K .
I \/H2L<nk<s7a>> i, gap, (s, )

k Y
Mot n*(s,a) 16H
ﬁK(Sva) HQL 1 a
<MH + / H A dlip (v) min,gop,(5,0)) ) )
1 u 16H
3
<MH + — H I (MSAK)
min, gap, (s, a) )

min, gap, (s.a)

where the second inequality is from Lemma C.20 with fr. = H, C = H?, A = ToF ,

N=MSA £=6T=1,n=n"(s,a) < K. In summary, for all (s,a) € Z,,

Zp’;(s,a) clip (Bk’lead(s,a),gépp(s,a)> < (MH + i (S,CL)) In (MS;AK) :

" min, gap,

Case 2: (s,a) ¢ Z..

In this case, for each p € [M], we simplify the corresponding term as follows:

" ph(s,a) clip (B4 (s, a), gip, (5, 0) )
k

\/H?L(n;z(s,a» gip, (s, a)

K
< k H A cli

k=1

: K Tp(s,a)—1 K
We now decompose the inner sum over k, » ,_;, to > "] and » ;. The

first part’s contribution is at most Ny - H < HIn (%).

266



For the second part, its contribution is at most:

K §
: H2L(n*(s,a)) gap,(s,a)
> o H Acl ’ 2
My )pp(s, %) /A clip nk(s,a) 16H

s,a)

i ( H?L(u) 8p,(s,a)
<H H Acli - d
S —i—/l clip ( 16l U

3
<4 — o (MSAK)
gap, (s, a) J

. . . . gap, (s,a)
where the second inequality is from Lemma C.20 with fu. = H, C = H?, A = o

N =MSA £ =96, =1,n=al(s,a) < K. In summary, for any (s,a) € ZE and
p € [M],

: a . H? MSAK
57 s o) elip (B4 5,0, ap, (0)) S (1 + i ()
k pATY

summing over p, we get:

MSAK
k . k,lead <
%’;Pp(s,a) clip <B (s,a),gapp(s,a)> < | MH + Z . 0 5.0) (T) :
In summary, combining the regret bounds of cases 1 and 2 for term (A), along with
Equation (C.49) for term (B), and observe that gap,,(s, a) = gap, i, if (5,a) € Z,opt, and

gap,(s,a) = gap,(s,a) otherwise, we have that on event £/, MULTI-TASK-EULER satisfies:

Reg(K)Sln(MiAK) > > ik + > o +

pe[M] \ (s,a)EZp opt gapp’min (5,0)E(ZeUZp,opt )€ gapp(s’ CL)
H? MSAK MHSA
- —|—ln< ) - MS?*AH?1n .
min, gap, (s, a) 8aPmin

(s,a)€Z.
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Lemma C.14 (Bounding the lower order terms). If E happens, then

0 £aPy, min
Zpr s,a) clip (Bk“( a), SSTPH2>

s,a k,p
< MH'$*Am (MSAK) (m (MSAK) o (MHSA)) |
0 0 2aPnin

Proof. We expand the left hand side using the definition of B*M and the fact that

ga’pp,min Z £aPmin*

K
k. fut gap ,min
; s,a) clip (B (s,a), SSJZHQ) (C.50)
K 3
H?SL(ny(s,a)) gap,,
H? A cli s C.51
kz:;p 5) “ip ( nk(s,a) ' 8SAH? ( )
We now decompose the sum S, to 2’;(‘19’“) ~! and ZkK:Tp(s,a)‘ The first part can be
bounded by
Tp(s,a)—1 3 Tp(s,a)—1
H?SL(ny(s,a)) gap,,
k 3 . min 3 3
; py(s,a) [ H /\chp( (s, a) )RS AL Z H’pl(s,a) < H’Ns,

which is at most O (H3 In (MSAK)>. For the second part, it can be bounded by:

K

H3SL .
Z ph(s, a) H3/\clip< (my(5, @) gapm‘“)

nk(s,a) ' 8SAH?

k=1p(s,a)

i (s,a) H3SI )
<H® 1+ / H? /\Clip( () 8%Puin ) ) 4,
1 u

"8SAH?
ot (M3 o (MSAY (1 (MSAY o, (254))
APmin
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where the second inequality is from Lemma C.20 with fra = H?, C = H*S, A = Ehuiy

N=MSA £=6,T1=1, n:ﬁf(s,a) < K. In summary,

k . k,lead £aPmin
S ety (444050, £t )
< ST MSAK . MSAK N MHSA
d d 8aPpmin

Summing over s € S, a € A, and p € [M], we get

k . k,lead 8aPmin
X s acip (B0, Bt )

s,a k,p

< MIH*S?Aln MSAK n MSAK Aln MHSA .
~ 5 5 gaPmin

C.3.5 Miscellaneous lemmas

This subsection collects a few miscellaneous lemmas used throughout the upper

bound proofs.

Lemma C.15 (136, Lemma F.5). For random variables X and Y,

‘\/V&r[X] - \/var[Y]‘ < \JE[(X-v)].

Lemma C.16. Suppose distributions P and Q are supported over [0, B], and |P — Q|; <

e < 2. Then:
‘EXNP[X] - EXNQ[XH S BE,

[varx..p[X] — varx.q[X]| < 3B%.
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Proof. First,

mﬁﬂm—ﬁﬁdxwzla@ﬂm—w@ww

< [ lloxte) - axt)] v < BIP - Q) < Be.
Second, observe that
|Ex~p[X?] — Ex.o[X?]| < B%.
Meanwhile,

|(Ex~p[X])* = (Ex~q[X])*| <|Ex~p[X] = Ex-o[X]| -|[Ex~p[X] + Ex.q[X]|
< 2B - Be

= 2B%.
Combining the above, we have

|[varxp[X] — varx.q[X]| < 3B%.

Lemma C.17. For A,B,C,D,E, F > 0:
1. If |A — B| < V/BC + C, then we have‘\/Z— \/E‘ < 2V/(C.

2. IfD<E+FVD, then VD < VE +F.

Proof. 1. First, A— B <|A — B| < vVBC + C; this implies that A < B + 2v/BC + C,
and therefore VA < VB + V(.

270



On the other hand, B < A 4+ C + v/ BC therefore, applying item 1 with D = B,
E=A+C, andF:\/a, we have VB < A+ C +VC < VA+2V/C.

2. The roots of 22 — Fo — E = ( are £E=VE"+4E VZZHE, and therefore D must satisfy VD <
F+VF?2+4E F+F42VE _
+ a HE < Ft ; — F+E.

Lemma C.18. Fora >0, 1 A (a+ /a) <1A2/a.

Proof. We consider the cases of a > 1 and a < 1 respectively. If a > 1, LHS =1 = RHS.

Otherwise, a < 1; in this case, LHS = 1 A (a + v/a) < 1 A (y/a+ v/a) = RHS. O

Lemma C.19 (Special case of [136], Lemma B.5). For ay,as, A > 0, clip(a; + az, A) <
2clip(ai, A/4) + 2clip(az, A/4).

Lemma C.20 (Integral calculation, [136], Lemma B.9 therein). Let

f(u) < min(frax, clip(g(w), A)),

where A € [0,T], and g(u) is nonincreasing. Let N > 1 and € € (0,3). Then:

1. If g(u) </ Clog < for some C' > 0 such that InC < In N, then

/ flu/4)du < UC’nln%/\%ln (Z\;n)
lNu

2. If g(u) S —5 for some C > 0 such that InC < In N, then

N N N NT
/fu/4 u<fmaxln—+Cln—n <ln—n ln—).

§ § § A
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C.4 Proof of the Lower Bounds

C.4.1 Auxiliary lemmas

Lemma C.21 (Regret decomposition, [136], Section H.2). For any MPERL problem

instance and any algorithm, we have

NE

E [Reg(K)] > Z E [nff“(s,a)} gap,(s,a), (C.52)

1 (s,a)eS1xA

p

K+1
p

of the (K + 1)-th episode (after the first K episodes). Furthermore, for any (s,a) € S; X A,

where we recall that n,' 7' (s, a) is the number of visits of (s,a) by player p at the beginning

we have
M
K+1 > K+1 .
ZE[n ()] wopy(5.0) 2 B [0 s,)] (i g (s.0) ) (C53)

where we recall that n® (s, a) = Z;}M:I nft(s,a).

Proof. Eq. (C.53) follows straightforwardly from the fact that for every (s,a,p) € S; X

A x [M], miny e gap, (s, a) < gap,(s, a).

272



We now prove Eq. (C.52). Let 7% denote 7" (p). We have

B [Ree()] <2 330 Y mlst, =) () - 17 0)

=E > > > pols)gap,(s,m(s))
1(sh, = 5) gap, (s, 7 (5))

1 (st mh(s) = (s.)) gap, (s, a)

(C.54)

where the first equality is from the definition of collective regret; the first inequality is
from the simple fact that V" (s) = Q7 (s, 7(s)) < Qx(s,7(s)) for any policy 7; the second
equality is from the definition of suboptimality gaps; and the third equality is from the

basic observation that slfm ~ Dp. O

Lemma C.22 (Divergence decomposition [90, 168]). For two MPERL problem instances,
M and M', which only differ in the transition probabilities {IP’p(- | S’G)}pe[M},(s,a)e$xA’
and for a fixed algorithm, let Poy and Pey be the probability measures on the outcomes of

running the algorithm on MM and M', respectively. Then,
M

KL(Pa, Po) = Z S E {KH a)]KL(me( | 5,a), P™ (|sa)>

p=1 (s,a)eSxA

273



where PY(- | s,a) and Pgﬁl(- | s,a) are the transition probabilities of the problem instance

M and M, respectively.

Lemma C.23 (Bretagnolle-Huber inequality, [90], Theorem 14.2). Let P and Q be two

distributions on the same measurable space, and A be an event. Then,
1
P(4) +Q(A%) 2 5 exp (- KL(P, Q).

Lemma C.24 (see Lemma A.12). For any z,y € [1, 2], KL (Ber(z), Ber(y)) < 3(z — y)*.

Lemma C.25. Let X be a Binomial random variable and X ~ Bin(n,p), where n >

Then,

E [X%} < 2(np)%.

Proof. Let Y = X2, and f(Y) = Yi. We have E[Y] = E[X?] = var[X] + E[X]* =
(np)? + np(1 — p) < (np)? + np < 2(np)?, where the last inequality follows from the
assumption that n > %. By Jensen’s inequality, we have |E [X%} =K [f(Y)} <f (E [Y]) <

(2n2p2)% < 2(np)2. O
C.4.2 Gap independent lower bounds

Theorem C.26 (Restatement of Theorem 4.7). For any A > 2, H > 2,8 > 4H, K > SA,
M €N, and 1,1° € N such that [ +1° = SA and | < SA—4(S+ HA), there exists some ¢
such that for any algorithm Alg, there exists an e-MPERL problem instance with S states,

A actions, M players and an episode length of H such that

I;’ > 1, and
192H

E [RegAlg(K)} > Q) <M\/H2ZCK + \/MHQZK) .

Proof. The construction and techniques in this proof are inspired by Appendix A.5 and
[136].
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Fix any algorithm Alg; we consider two cases:

1. 1> MI°;

2. M€ > 1.
Case 1: [ > MI°.

Let Sy =S5 —2(H—1),and b= [SLJ > 1. Let A = /5t and let e = JHA.
We note that under the assumption that K > SA, and the observation that [ < SA,
we have A < %. We define (b + 1) e-MPERL problem instances, each indexed by an

element in [b+ 1]°1. It suffices to show that, on at least one of the problem instances,

IE[RegAg(Kj}QESI(VCEGQZﬁ?).

Construction. For a = (ay,...,as,) € [b+ 1]°' | we define the following e-
MPERL problem instance, 9t(a) = {Mp};\il, with S states, A actions, and an episode

length of H, such that for each p € [M], M, is constructed as follows:

e S, = [S1], and pp is a uniform distribution over the states in S;.

For h € [2,H],Sh:{81+2h—3,51—|—2h—2}.

o A=A

For each (s,a) € S x A, the reward distribution r,(s,a) is a Bernoulli distribution,

Ber(R,(s,a)), and we will specify R,(s,a) subsequently.

For each state s € [S1],

(

T+A, ifa=ag
Pp(Si+1]s,a)= 3, ifae[b+1]\ as;

0, ifa ¢ [b+ 1];

\

and for each a € A, P,(S1+2|s,a) =1—-P,(S1+1]s,a), and R,(s,a) = 0.
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e For h € [2,H], and a € A, let
— P, (S1+2h—1]S51+2h—3,a) =1,P, (S1 +2h | Sy +2h —3,a) =0, and R,(S) +
2h —3,a) = 1.
— P, (S1+2h[S1+2h—2,a) =0,P, (S +2h —1| S +2h —2,a) =1, and R,(S) +

2h —2,a) = 0.

It can be easily verified that M(a) = {./\/lp};\il is a -MPERL problem instance,
and hence an e-MPERL problem instance—the reward distributions and the transition

probabilities are the same for all players, i.e., for every p, ¢ € [M], and every (s,a) € S X A,

€

|Ry(s,a) — Ry(s,a)| =0<e€ [Py ]s,a) =Py |s,a)=0< T

Suboptimality gaps. We now calculate the suboptimality gaps of the state-

action pairs in the above MDPs. For each p € [M] and each (s,a) € S x A,

gap, (s, a) = V' (s) = Qj(s, a) = max Qi(s, a') — Q5 (s, a).

In M(a), it can be easily observed that for every p € [M], and every (s,a) € (S \ 81) x A,

gap,(s,a) = 0. Now, for every p € [M], (s,a) € S1 x A, we have

gapp<87 a) = max Q;(S’ CLI) - Q;(S> a)

=(H-1) (me}xPp(Sl +1]s,a)—P,(S1+1| 3,@)) :
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It follows that, for every p € [M] and every state s € [S1],

(

0, if a = ay;

gap,(s,a) = (H — 1)A, ifa € b+ 1]\ as;

(H-1)(3+4), ifa¢b+1].

\

T - ’ > [. Specifi-

Subpar state-action pairs. It can be verified that in M(a), |Z_-

cally, since (H —1)A = (H —1)% > e > £ = 96H we have that the number of subpar

_e
1020’
state-action pairs is at least S1b = S (SLJ > 1.

It suffices to prove that
1
B it (151 ) Eon(a) [RegAlg(K )} > —VMH2K,

where we recall that a = (ay,...,as,); furthermore, it suffices to show that, for any

s € [S1],

MK
45y’

EaNUnif([b—i-l]Sl)Efm(a) [NK—H(S/) N nK+1(S/, as,)] > (0.55)

where NE(s") = 3", nfT (s, a); this is because it follows from Eq. (C.55) that

anUnif([b—H]Sl )Efm(a) [RegAlg(K )}

A
> D (H =17 By ity ) Emica [N () - nK“(S’,asf)]

s'€Sy
S H A MK
= 2 448,
s'€Sy
1
> —VMH?2K
~ 640 ’

where the first inequality uses Lemma C.21 (the regret decomposition lemma).
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Without loss of generality, let us choose s’ = 1. To prove Eq. (C.55), we use a
standard technique and define a set of helper problem instances. Specifically, for any
(az,as,...,as,) € [b+ 1171 we define a problem instance (0, ay, . . ., as, ) such that it
agrees with 9M(aq, as, ..., as, ) on everything but P,(- | 1,a1)’s, i.e., in M(0,aq, ..., as,),
for every p € [M],

P,(S1+1|1,a) = %

Now, for each (j,as,...,as) € ([O]U [b—i—l]) X [b+ 1571 let Py, . as, de-
note the probability measure on the outcomes of running Alg on the problem instance

M(j,as,...,as ). Further, for each j € {0} U [b+ 1], we define

1
Pj = m Z ]P)j,ag ..... as, 1

ag,...,as; €[b+1]9171

and we use E; to denote the expectation with respect to P;.

In subsequent calculations, for any index m € ([0]U[b+1]) x [b+ 1], we
also denote by Py, (- | N¥*1(1)) and E,, [- | N¥*!(1)] the probability and expectation,
respectively, conditional on a realization of N¥*1(1) under P,,. Observe that, for any

je{0rulb+1],

By(-| N1 = SO N W)

B, (NEFI(1))

. (b+1)131*1 ZCLQ ..... as, €[b+1]5171 ]Pj,az ,,,,, asl('vNKH(l))
B, (NKHI(1))

1 Pj#m ----- as, ("NK+1(1))

NG

az,..., asle[b+1}3171

1
- S1—1 Z Pj,az ----- asl(' | NK+1(1)), (0.56)

ag,..., asle[b+1}3171

]P)j,a2 ----- as; (NK+1(1))

where the first equality is from the definition of conditional probability; the second

equality is from the definition of P;; the third equality uses the fact that P;(N51(1)) =
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Pja,...as, (N*T1(1)) for any as, ..., as,, which is true because N**!(1) is independent
of as,...,ag conditional on j; and the last equality, again, is from the definition of
conditional probability.

We have, for each j € [b+ 1],

By [nF(1, ) | NSH()] = B [n541(1, ) | NAL ()
By (- | NF(1)) = o (- | N (1))

1
SNK+1(]-) . m

> Proseas, (1 ND) = Pogsas, (| VD)

ag,...ag, €b+1]51~1

SNK+1(1)'

1

1
(b+1)5-1

Z \/2 KL (Ber(% + A),Ber(%)> Eo.as,...a5, (WK1, 7) | NK+1(1)]

a2,...,as, €b+1]5171

SNKJrl(l) X

1 .
<NFHY(1) - (S Z \/GAQEO,Q2 ,,,,, as, [PFHL(1,5) | NE+1(1)]

az,...,as; €[b+1]5171

SNK“(D\/(@) LR, [nH(L, ) | NEH(D)]

38AMK
1 [+1 .
:gNKH(l) i Do (K11, ) | NEHL(D)]. (C.57)

where the first inequality is based on Lemma C.16 and the fact that, conditional on
NEFL(1), n®*1(1, §) has distribution supported on [0, NX+1(1)]; the second inequality
follows from Equation (C.56) and the triangle inequality; the third inequality uses Pinsker’s
inequality and Lemma C.22 (the divergence decomposition lemma); the fourth inequality
uses Lemma C.24 and the fact that A < %; and the last inequality follows from Jensen’s
inequality.

Since N®¥1(1) has the same distribution under both Py and any P; (which is

279



Bin(K, < 57)), taking expectation with respect to NEFL(1), we have that, for any j € [b+ 1],

SNFA) TRy [n1(1, ) | N1

E; [n*H(1,5)] = Eo [n**(1,)] <Eq T

In subsequent derivations, we can now avoid bounding the conditional expectation.

Specifically, we have

Ej [TLK+1(1, j)]

(=
—
<.
m
=17
=

< K+1
ST Eo[ (1, J)] +
JEDb+1]
e 3 By [N ) T B [r (1, ) | N (1)
MK
ij+1]
1
< K+1 -
_b—l—lEO Z n (1,]) +
JE[b+1]
1 I+1 1
Eo |=NEH(1) |—  —— Eq [nK+1(1, 5) | NE+1(1
0|3 ()MK bHZ o [nF1(1, 5) | (1)]
JEDb+]
1 1 /l+1 1 3
<— [, |INKtL(1 4 — —— (NEFI(1
Shrl [ Uh s\ Kk b+1< ())
1 1 /S 3
< K+1 - . K+1 .
<57Eo [N (1)}+8 L Ky (N (1)) ] (C.58)

where the first inequality follows from Eq. (C.57) and algebra; the second inequality uses
linearity of expectation and Jensen’s inequality; the third inequality uses the facts that

Zje[b—f—l] nEHL(1,5) < NE*F1(1) and, for every z € [0] U [b+ 1],

>0 B S | N D] < SR R ) | N )| = MR ),

jeb+1] jeA

and the last inequality uses the linearity of expectation and the construction that b = (SLJ,
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which implies that [ < bS; and therefore [ +1 < bS; +1 < bS; + 51 = (b+ 1)5.

It follows from Equation (C.58) that

1 MK 1/ 65 3
S E; [n"(1 < . - By | (NETI(1
b+ > [” (J)}—b s, sV ark 0( ())
JE[b+1]
MK 18 [(MK\®
< + =
=29, 4\ MK \ 5
SMK
< b
= 45,

where the second inequality uses the fact that +1 < % and Lemma C.25 under the
assumption that K > S;.

It then follows that

L Z E; [N5+1(1) — nf+1(1, ]ﬂ L Z E, [NK+1(1)} _ 3MK :@

]E[b+1] Jjeb+1]

and we have

anUnif( [b+1]51)

Case 2: M >1.
Again, let S} = S—2(H —1). Let u = fSLJ andv=A—u=A— [SLJ Furthermore,
let A = v and € = 2HA. We note that under the assumption that K > SA and the

384K

fact that v57 < SA, we have A < i. We will define v91*™ ¢ MPERL problem instances,

each indexed by an element in [v]%**M_ It suffices to show that, on at least one of the

instances, E [RegAlg(K)} >Q (M\/HQZCK).

Facts about v. There are two helpful facts about v that can be easily verified:

e 0S5, > %lc. This is true because, by definition, v5; > S1A -1 - 5] = S;A — (SA —
1) =S =19 = (SA = 51A) = S = 19— (2(H — 1)A+ S)); since, by assumption,
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| < SA—4(S+ HA), we have [© > 4(HA+ S) > 2 (2(H — 1)A + 51); it then follows
that vS; > 19 — (2(H — 1)A+ S;) > 41°.

e v > 2. This is true because, as shown above, v5; > %lc and [ > 4(HA + S), which

2(HA+S) 281 _
S > S, = 2.

imply that v >

Construction. For a = (a1,...,a1,021,--.,as,:) € V"M | we define the
following e-MPERL problem instance, M(a) = {/\/lp};\il, with S states, A actions, and
an episode length of H, such that for each p € [M], M, is constructed in the same way as

it is for case 1, except for the transition probabilities of (s,a) € S x A:

e For each state s € [S1],

(

1 .
3t A, ifa=ay;

Py(S1+1]s,a) =1 3, if a € [v] \ asp;

0, if a ¢ [v];

\

and for each a € A, P,(S1+2|s,a) =1—P,(S1+1]s,a), and R,(s,a) = 0.

We now verify that 9t(a) is an eeMPMAB problem instance. It can be easily
observed that the reward distributions are the same for all players, i.e., for every p, q € [M]
and every (s,a) € S X A,

|Ry(s,a) — Ry(s,a)| =0 <e.

Regarding the transition probabilities, V(s,a) € ((81 x (A\ [v]))) U ((S \ &) X A), we
observe that the transition probabilities are the same for all players. Furthermore, for

every p,q € [M] and every (s,a) € S; X [v],

|

Therefore, M(a) is an e-MPMAB problem instance.

P, (- |s,a) =Py (- | s,a)Hl SQA:E'
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Suboptimality gaps. Similar to the arguments in Case 1, it can be shown that
for every p € [M], and every (s,a) € (S\ 81) x A, gap,(s,a) = 0. And, for every p € [M],

and every s € Sy,

(

0, it a = asp;

gap,(s,a) = q (H — 1)A, if a € [v]\ asp;

(H-1)(3+4), ifaé¢]

\

Subpar state-action pairs. Based on the above construction, for every (s,a) €

S x (A\ [v]) and every p € [M], gap,(s,a) = (H—1) (5 + A) > 3(H —1)A = BH-1)

2H

%e > 96H (lgﬁ), where the first inequality uses the fact that A < %1. Therefore, there are

at least (A —v)S) = uS; > [ state-action pairs in 7 < > [.

, l.e.,

T
192H

H

Now, it suffices to prove that
1
EaNUnif([v]Sl XM)]EDJt(a) [RegAlg(K)} > %MV HQZCK,

where we recall that a = (ay11,...,a1.0,021,...,05, m). It suffices to show, for any

s' € [S1] and any p’ € [M],

K
EaNUnif([v]Slxj\l)Efm(a) N;]CH(S/) — n{j'ﬁ‘l(s” as’) > — (059)
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where le,(ﬂ(s’) =D nﬁ“(s’, a). To see this, by Lemma C.21, we have

IE:'aNUnif( [v]S1xM ) Efm(a) [RegAlg (K)]

v

M
DT H = 1A By gy B [NEHS) = nf (s ag)
p=1 s'€S;
H-1 'USl
T MK

4 384K

|

— MH2(S)E
160 (v51)

1
g MVHPIOK,

v

Y]

v

where the last inequality uses the fact that vS; > %ZC.

Without loss of generality, let us choose s’ = 1 and p’ = 1. Similar to case 1, we
define a set of helper problem instances: for any (a1, ...,as, ) € [v]"**M ™1, we define a
problem instance (0, ay 2, ..., as, ar) such that it agrees with M (ar1,a1,0,..., a8 1) on
everything but Py (- | 1, ay), namely, in 9(0, a1, ..., as, 1), P1(S1+1|1,a;) = 1.

For each (j, a1, ...,as,m) € ([0]U[v]) x [v] M7 let P, , . denote the

a8y, M

probability measure on the outcomes of running Alg on the instance 9MM(j, a1 9, ..., as, am).

Further, for each j € {0} U [v], we define

1
]P)j = pS1xM—1 E : Pj,al,z,-u,asl,M;

a1,2,,05,,m €[]I XM 1

and we use [E; to denote the expectation with respect to P;. In subsequent calculations, for
any m € ([0] U [v]) x [v]5*M~1, we also denote by P,, ( | N{<+1(1)) and E,, [ | N{<+1<1)]
the probability and expectation conditional on a realization of N{***(1) under P,,. Similar

to case 1, it can be shown that, for any j € {0} U [v],
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1
By(- | N (1) =~ > Pinsean ((INIQ) . (C60)

a1,2,--y asl,j\/]E[v}SP(M*l

Now, for each j € [v], we have

B [ (1) | NI ()] = B [ni41(1,) | M ()]

<N By (-8R ) - o (16 ) |
<N{H(1) - ﬁ ' (C.61)

2.

a1,2,-,a5,, M ER]SL*M -1

1
<NFFH(1) - ST (C.62)

Piasscasyar (-1 V1) = Poararasyar (-1 NEFHD)

1

S e (s o Bath)) B [0 1 580

a1,2,.,05,, M EW]I1XM—1

1 )
<NFFH(1) - ST Z \/6A2]E0,a2 ,,,,, as, {nfﬂ(l,ﬁ | N1K+1(1)}

]Sl XM—1

ai,2,...,as; ME[V

<N J O B [nl (1) | N ()]

384MK
1 vS .
=S NE )T B [ (L) | MR (). (C.63)

where the first inequality is based on Lemma C.16 and the fact that, conditional on
NETH(1), nft1(1,4) has distribution supported on [0, NJ*™(1)]; the second inequality
follows from Equation (C.60) and the triangle inequality; the third inequality uses Pinsker’s
inequality and Lemma C.22 (the divergence decomposition lemma); the fourth inequality
uses Lemma C.24 and the fact that A < %; and the last inequality follows from Jensen’s

inequality.
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Using arguments similar to the ones shown for case 1, we have that

L 2B [

JE]

<1E (15| +E 1]\/”1 — =) E, |nfY( NE+1(q
0 (L,j)| +Eo gV Z 0 J) I N1
1 KH 1 21 K+1 3

=5 [N )]+8 Ko (N1 (1>>

1 K 1/8 (K\®

<DL 4= =

T Sl 4 K Sl

3K

_451a

where the second to last inequality is from Lemma C.25 under the assumption that K > 57,
and the last inequality uses the fact that v > 2.

It then follows that
1 K
3R [N () -l )] > Z E, M| - 5 = 1
j JG [v]

and we thereby have shown that

K
]Spdb{)]Egﬁ(a) NK+1(1) —n{ﬂ-l(l,al) > —.

E .
aNUmf([v = 451

C.4.3 Gap dependent lower bound

Theorem C.27 (Restatement of Theorem 4.8). Fize > 0. Forany S € N, A>2, H > 2,
M €N, such that S > 2(H — 1), let Sy =S —2(H — 1); and let {Asap} (s.0.p)€[S1]x [A]x [M]

be any set of values such that
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o for every (s,a,p) € [S1] X [A] x [M], Asap € [0, H/48];
o for every (s,p) € [S1] x [M], there exists at least one action a € [A] such that Ag,, = 0;

e and, for every (s,a) € [S1] x [A] and p,q € [M], |Asap — As,a,q} <e/4.

There exists an e-MPFERL problem instance with S states, A actions, M players and an
episode length of H, such that S, = [Si], |Sh| = 2 for all h > 2, and

gap,(s,a) = Agap, V(s,a,p) € [S1] x [A] x [M].

For this problem instance, any sublinear regret algorithm Alg for the e-MPERL problem

must have regret at least

E [RegAlg(K)}

H2 H2
>Q|lnK [ Y Y ot D min, gap, (s, )

ap,(s,a
pE[M] (s,a)EI((’;/lmH): & pp< ) (S:G)GI(E/wQH)

gap,(s,a)>0
Proof. The construction and techniques in this proof are inspired by [136] and Ap-

pendix A.5.

Proof outline.
We will construct an e-MPERL problem instance, 0, and show that, for any

sublinear regret algorithm and sufficiently large K, the following two claims are true:

1. for any (s,a) € S x A such that for all p, gap,(s,a) > 0,

2
Eon [nK(s,a)} > Q H InK |; (C.64)

2
(minp gapp(s, a))
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2. for any (s,a) € Z°  and any p € [M] such that gap,(s,a) > 0,

€
192H

2
Eon [nff(s,a)} >Q LIHK . (C.65)

(o0, (00)’

The rest then follows from Lemma C.21 (the regret decomposition lemma).

Construction of 1.

Given any set of values {As,a,p}( that satisfies the assumptions in

5,a,p)€[S1]x[A]x [M]

the theorem statement, we can construct a collection of MDPs {Mp}i:il, such that for

each p € [M], M, is as follows, and I = {Mp}iil is an e-MPERL problem instance:
e S; =[S1], and py is a uniform distribution over the states in ;.

o For h €2 H|, S, ={S +2h—3,5 +2h—2}.

o A=1A]

e For all (s,a) € S x A, the reward distribution 7,(s,a) is a Bernoulli distribution,

Ber(R,(s,a)), and we specify R,(s,a) subsequently.

e For every (s,a) € Sy x [A], set AP = % Then, let

]P’p(Sl—i-l\s,a):%—Ap Pp(51+2]5,a):1+5p

s,a? 2 s,a?

and R,(s,a) = 0. Since A, o, € [0, H/48], AP < oA <

w31 Where the last inequality

follows from the assumption that H > 2. Therefore, P, (S; +1|s,a) € [0,1], and

P, (S1+2]|s,a) €[0,1].

e For h € [2,H], and a € [A], let

288



— P, (S1+2h—1]5+2h—3,a) =1,P, (S +2h | S1 +2h —3,a) =0, and R,(S; +
2h —3,a) = 1.

— P, (S1+2h[S1+2h—2,a) =0,P, (S1+2h—1| S +2h—2,a) =1, and R,(S) +
2h —2,a) =0.

By the assumption that for every (s, p) € [S1] x [M], there exists at least one action

a € [A] such that A, , = 0, we have that there is at least one action a such that A{;a = 0.

We verify that for every (s, a,p) € [S1] x [A] x [M],

gap, (s, a) = V;'(s) — (s, a)
= max Q;(S’ (Ll) - Q;(Sa a)

- (H - ]‘)Als),a

- As7a/7p'

We now verify that the above MPERL problem instance 9t = {Mp};\il is an

e-MPERL problem instance:

1. The reward distributions are the same for all players, namely, for all p, g,

|R,(s,a) — Ry(s,a)| =0 < €V(s,a) €S x A

2. Further, by the assumption that for every (s,a) € [S1] X [A] and p, ¢ € [M],

ANgap— As,mq} < €/4, we have that

_ |As,a,p - As,a,q} < € < L
H—1  —4AH-1) "

’Ap _ Aq
s,a 2

s,a
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It then follows that

€

1P, (- | 5,0) =Py (- | 5,a) Il = 2|22, — A2, | < -

Meanwhile, for every (s,a) € (S\ &) x A

B, (- 5,0) =Py (-] s,0) [l = 0 < —

In summary, for every (s,a) € S X A,

B, (-1 s.a) =B, (- | s,a) s < -

We are now ready to prove the two claims.

1.

Proving claim 1 (Equation (C.64)):

Fix any (sg, ag) € [S1] x [A] such that A™1 = min, AP > 0. It can be easily observed

50,a0 50,0
that gap,(so,a0) > 0 for all p. Define py = argmin, Af;’o’ao. We can construct a new

problem instance, 9, which agrees with 9, except that, Vp € [M],

1 £ X mi [ _
Pp(51+1\50,a0):§—w + 2A0 Pp(51+2]50,a0):§+Ap — 2AT

S0,a0 50,00’ 50,a0 50,00 °

M’ is an e-MPERL problem instance. To see this, we note that the only change is
in P, (- | so,a0) for all p € [M]. In this new instance, it is still true that for every

p,q € [M],

1 ( | 507%) — Py ( | 307%) 1= Q‘AP — A4 < £

$0,a0 $0,a0 | — H :

Fix any sublinear regret algorithm Alg for the e MPERL problem. By Lemma C.22

290



(the divergence decomposition lemma), we have

KL (Py, P Z]Em[ (0, @0)| KL (P2(- | 0, 0), PV (- | 50,40))

where Pgy and Pgy are the probability measures on the outcomes of running Alg on 9
and 90, respectively; PY(- | so, aq), P2 (- | s0,a0) are the transition probabilities for

(s0,ap) and player p in 9t and 9V, respectively.

We observe that, for any p € [M],

KL< (. | 50, a0), P (- \so,ao)>

1 1
=KL <Ber (2 — AP ao) , Ber (2 — AP+ 2A?3120)>

<12(A‘8‘;12 O) ,
where the last inequality follows from Lemma C.24 and the assumption that A;,, < H
In addition, 2;\4:1 Eon [nf(so, ao)} = Eox [n"(s0,a0)]. It then follows that
KL(Pa, Po) <12Ean [nK(so, ao)} (Amin )2, (C.66)

Now, in the original e MPERL problem instance, 9%, by Equation (C.52) and Markov’s

Inequality, we have

Eon [RegAlg(K)]Z%« —1)A;glgo)1@m( (s0,a0) > %)

where we note that AP = A™  Tpn 9 the new e-MPERL problem instance, we

$0,a0 50,a0°
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have

aFagp

Egp [RegAlg } ( - 1) A;I;lr;O) Egp Z N, (S0, @)
(

(H — A;‘;";()) Eops [N]fg(so) — Ny (S0, ao)}

K min K
> 15, ((H = DAL, ) P (NJE (s0) =y (50, a0) > E)
K min K £ £
2? << N 1)ASO a0> Pf)ﬁl <Np0 (SO) 2 2517np0<507a0> S 451)
K K %
R _ min , < M) K
S <<H ]-)ASO a0> <]P)Em ('n/p()(S(], CL()) < 45’1) eXp( 851 ))

where the first inequality is by Equation (C.52); the second inequality is by Markov’s
Inequality; the third inequality is by simple algebra; and the last inequality is by
Chernoff bound that Py (szg(so) < 2—{;) exp(—g ) and P(AN B) > P(B) —P(A%)

for events A, B.

It then follows that

m |Reg g ()] + Emy [Regyy ()

E
K (- am,)

(Pm < (s0,a0) > %) + Poy (ng(so,ao) < %) _ exp(—8£51)>

(r-9525) (-2

>

bo| =

2% (( _ 1)A§;ﬂ;0) (% exp (—121% [nK(so,ao)} (Amin ) ) - exp(—8—[§l)>

where the first inequality follows from Lemma C.23 (the Bretagnolle-Huber inequality),

and the second inequality follows from Eq. (C.66). Observe that Egy [nK (o, ao)} < SE

1 I

in addition, by our assumption that A,,, < % for every (s,a,p), we have A?;”}lo <
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;- These together implies that }exp (—12E5m [ (s0, ao)] (Agg{go)?> > exp(—gi).

Therefore, we have

Eo [RegAlg(K)} + Eow [RegAlg(K)}

> % ((H — 1)5‘;(’)120) : }Lexp (—12]E{m [nK(so,ao)} (A;‘;{ZO)Q> .

Now, under the assumption that Alg is a sublinear regret algorithm, we have
K A min K A min 2 «
5 ((H . 1)ASMO) exp  —12Eq [n (so,ao)} (Amin )?) < 20K,

It follows that

1 H—1)Ann K1
Eon [nK(so,ao)] > ———n <( )1660’7 0 >
12 (Amin )
50,00
B (H —1)? n (minp gapp(so,ao)K1“>
= 2
12 (minp gap, (o, a0)> 16C
- H? I (minp gapp(so,ao)K1a>
p— 2 .
24 (minp gap,, (o, ao)) 16C
We then have
H2
Eon [nK(so,ao)} >0 In K

2
(minp gap,(so, ao))

2. Proving Claim 2 (Equation (C.65)):

Fix any (sg,a0) € Z% and py € [M] such that A > (0, which means that
102H (s0,a0)
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gap,, (50, ag) > 0. We have that for all p € [M],

_ AP ., 8ap,(s0,ao0) - 24H (¢/(192H)) < € €

P _ 50,20

AP — —
000 T H ] H-1 — (H-1) ~8H-1) 4

We can construct a new problem instance, 9V, which agrees with 9t except that

1 I

IP)po (Sl +1 | So,ao) = 5 - A;gg ag + 2A€g ao 5 Agg,ao’
| R I«

]Ppo (Sl + 2 | 507 aO) = 5 Agg ag 2A§8 ag = 5 - Agg,ao'

M’ is an e-MPERL problem instance. To see this, we note that the only change is in

P, ( | S0, ao). In this new instance, it is still true that for any q # py,

€
Py (- | 50, a0) =Py (- | 50, a0)llt < 2)AL , + AL 4| < -
where the last inequality uses Equation (C.67) that AP < - for every p € [M].

Fix any sublinear regret algorithm Alg. By Lemma C.22 (the divergence decomposition

lemma), we have
KL(Par, Poyr) = Enn [ (50, ao)} KL (Pffg(- | 50, 0), P2 (- | 50, a0)>
Using a similar reasoning as before, we can show that
50,00

KL(Pa, Poy) <12E5m[ (so,ao)] (AP )2, (C.68)

Similar to case 1, we have the following argument. In the original e-MPERL problem

instance, M, we have Eoy [RegAlg(K)} > K (( — 1)Aro )sz ( K (s0,a0) > %)9

— 45 50,00
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and in 2V, the new e-MPERL problem instance, we have

K - K K
Egm/ [RegAlg(K)] Z 4—5’1 <(H — 1)A}508,a0> (Pm/ (ng}(S(),a()) < 4—&) — eXp(—S—&)> .
It then follows that

Eon [RegAlg(K)] + Eops [RegAlg(K)}

Zg ((H - 1)A€3,a0) (% exp (— KL(Po, Pon)) — exp(—8—[§1))
2? ((H - 1)&;37%) exp (—121% [nK(so, ao)} (Aggm)?) .

Now, under the assumption that Alg is a sublinear regret algorithm, we have
K A PO K AP0 )2 o
5 <(H — 1)A807a0> exp | —12Egy [npo(so,ao)] (A )7 ) <2CK*".

It follows that

1 (H —1)Ar Kl
E [nK 50, @ )} > - In %0.%0
m ;DO( 0, 40 19 (A€37a0)2 16C'

o (MR,
24 <gapp0(307 ao))
We then have that
H2
]Egm [nplg(SO,OJQ)} Z Q In K

(gappo (S0, ao)) 2
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Combing the two claims:
We note that in 9, for any (s,a,p) € (S\Sl) x A x [M], gap,(s,a) = 0. It then
follows from Lemma C.21 (the regret decomposition lemma) and the fact that for any

(s,a,p) € Zejr192m ¥ [M],gapp(s,a) > 0, that

E [RegAlg (K )}

>3 Y E[nl (s )] sany(s.0)

p=1 (s,a)eS1x A

H? H?
>0l InKkK _—
>Q|mK | >, ) Zap(5a) | 2 min, gap, (s, a)

PE[M] (5,0)€ZS) 551 (5,0)€Ze/1921
gap,(s,a)>0
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Appendix D

Supplementary Material for Chapter 5

D.1 Related Work

There is a rich literature on metric learning; see [84] for a survey. In this chapter,
we focus on learning Mahalanobis distances from relative comparisons that involve triplets
of items, in the form of “is u closer to x or a’7” [128, 152, 106]. In particular, we study
metric learning from preference comparisons in the ideal point model [38]: a preference
comparison is a special type of triplet comparison, where the comparator u is latent and
represents a user’s ideal item. If the ideal points are known beforehand, one can simply
treat this as a problem of metric learning from triplet comparisons. Conversely, if the
metric is known, one can also localize user ideal points using techniques from [69, 107, 144].

This chapter builds upon recent research that studies simultaneous metric and
preference learning [167, 28|. In a single user setting, [167| developed an algorithm that
iteratively alternate between estimating the metric and the user ideal point. [28] generalized
the setting to involve multiple users. They established identifiability guarantees when users
provide unquantized measurements, and presented generalization bounds and recovery
guarantees when users provide binary responses. While [28] showed that it is possible to
jointly recover a metric and user ideal points when each user answers ©(d) queries, we
address the fundamental question of learning Mahalanobis distances when we have a much

limited budget of o(d) preference comparisons per user. The o(d) budget is more realistic
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especially when items are embedded in higher dimensions, but also poses interesting new
challenges as learning user ideal points is no longer possible.

Several other works in the broader literature are related. For example, learning
ordinal embeddings or kernel functions from triplet comparisons has been well studied.
[142| developed an active multi-dimensional scaling algorithm to learn item embeddings,
with the goal of capturing item similarities perceived by humans. See also [151, 67, 77],
among other works. [64] introduced a collaborative metric learning algorithm, which uses
matrix factorization to learn user and item embeddings such that the Euclidean distance
reflects user preferences and item/user similarities. A divide-and-conquer approach for
deep metric learning has been studied by [126], who use k-means to cluster items and
learn separate metrics for each cluster before concatenating them together; they performed
an extensive empirical study based on image data. In this chapter, we consider the ideal
point model to study the fundamental problem of metric learning from limited preference

comparisons.

D.2 Additional Algorithms from Existing Work

Algorithm 7 and Algorithm 8 describe the procedures for learning an unknown
Mahalanobis distance using unquantized measurements from a single user and a large pool
of users, respectively. See Section 2 of [28].

Algorithm 9 describes the convex optimization problem introduced in Section 3 of
[28] for simultaneous metric and preference learning using quantized measurements from
multiple users. Here, £ : R — Ry, can be any convex loss function that is L-Lipschitz-
continuous. In particular, to achieve the recovery guarantee in Proposition 5.18, we assume

the probabilistic model in Assumption 5.17 with link function f and use the loss function

((z) = —log f(2).
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Algorithm 7: Metric learning using unquantized measurements from a
single user [28|

Input: A set D = {(z;,, 74, wi)}zl of unquantized measurements from a
single user.
1 Solve the system of linear equations over symmetric matrices A € R*“ and
vectors w € R%:

<xi0x;(r) - 'Ti1x;[’ A> + <xio - 'Tilaw> = %

Output: /1, the solution to the above linear equations.

Algorithm 8: Metric learning using unquantized measurements from multi-
ple users [28]

Input: A family of D, = {(xio;k, Tiy ke wzk)}:ikl of unquantized measurements
from users k € [K].
1 Solve the system of linear equations over symmetric matrices A € R**¢ and
vectors wy, wo, . .., wx € R%:

(TignT gy — Tirpi oy A) + (Tigk — Ty W) = Vigh-

Output: A, the solution to the above linear equations.

D.3 Direct Sums of Inner Product Spaces

In the paper, we’ve liberally made use of direct sums of inner product spaces, for
example, Sym(RY) @ R?, which we treat as an inner product space. It allows us ready
access to well-established machinery including inner products, norms, singular values, and

pseudoinverses. The direct sum of inner product spaces is defined:

Definition D.1. Let (V, (-,)v) and (W, (-,-)w) be two inner product spaces. Their direct

sum is the vector space V@ W equipped with the inner product:

(V1 B wy, V9 B Wa)yew = (V1,V2)y + (W1, Wo)w.

In particular, this induces the norm on' V& W satisfying ||v & w||¥ew = |0} + w3y
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Algorithm 9: Metric learning using quantized measurements from multiple
users [28|

Input: A family of D, = {(ml0 &> Tiy ks Ui k)} of quantized measurements
from users k € [K]|; hyperparameters C Gy > 0.
1 Solve the convex optimization problem over symmetric matrices A € R¥“ and
vectors wy, wo, ... wx € R%:

M {Uk‘}k — mln Z Z E <y2 ik <<xlo 10 xil;kxz;k7 A> + <l‘i0;k’ - l‘il;k’a wk’>)>
k

wk}k
(D.1)

st. A=0, |Allr < Cur, Jwella < ¢ VE
Output: M.

Moore-Penrose pseudoinverse.

The pseudoinverse can be defined for any map between inner product spaces:

Definition D.2. Let A:V — W be a linear map between inner product spaces V and
W. Let K = ker(A) and let K+ be its orthogonal complement. Let Apy : K+ — Im(A) be
the restriction of A to K+ and let 4y : W — Im(A) be the orthogonal projection onto

Im(A). The Moore-Penrose pseudoinverse of A is the map AT : W — V' given by:

At = A[_(i o HIm(A)-

Note that A7}

L exists by the first isomorphism theorem of algebra.

Universal property.

The following property of direct sum allows us to decompose a linear map A :
Vi ®@ Vo — V, which we use in the proof of Theorem 5.15, when decomposing It :
@, Sym(Vy) — Sym(R?).

Proposition D.3 (Universal property of the direct sum, [104]). Let A: Vi & Vo — V be a
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linear map. Then, there exists A; : V; — V fori=1,2 such that for all vi vy € V] & Vs,

A(Ul D Ug) = Al(vl) + AQ(UQ).

Schatten norm.
The Frobenius norm over matrices can be generalized to linear maps between inner

product spaces:

Definition D.4. Let A:V — W be a linear map between finite-dimensional inner product
spaces of rank r. Let oy > -+ > o, be its nonzero singular values. The 2-Schatten norm

|All2 is given by:

A5 = of.
i=1
In particular, this implies | Alla < omax(A) - \/rank(A).
Proposition D.5. Let A:V; & Vo = V be a linear map between finite-dimensional inner
product spaces. Let A; : V; =V fori=1,2 be given as in Proposition D.3. Then:

IANIZ = [[ A3 + [|A2]13,

where || - || denotes the 2-Schatten norm.

D.4 Proofs and Additional Results for Section 5.3

For the proof of Theorem 5.3, we will make use of the notion of a comparison graph
over a set of items. Given preference comparisons from a user, the induced comparison
graph is simply the directed graph over items where two items are connected by an edge if

the user has compared them:

Definition D.6. A comparison graph G = (V| E) is a graph whose vertices V =

{z1,..., 2N} is a set of items and whose edges E = {(x;,, )}, is a set of item pairs.
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Its edge-vertex incidence matrix S € {—1,0, +1}™ is defined by:

1 J=1o
SZ]_ -1 ] =1
0 0.w

Theorem 5.3. Fiz M € Sym™*(R?) and vy € R? for each k € N. Let (Dy)ren be a
collection of design matrices, each for a set of m < d pairwise comparisons. If each set of
compared items has generic pairwise relations, then for all M' € Sym™ (R?), there exists

(V) ren C RY such that:
Dk(M, Uk) = Dk(M/,’U;ﬁ), Vk € N.

Proof of Theorem 5.3. Fix M’ € Sym™(R%). It suffices to prove the result for a single user,
since the covariates v,’s impose no constraints on each other. Fix a pseudo-ideal point
v € R% Let D be a design matrix induced by the collection of pairs {(x;,,z;, )}, from
a set of items X = {xy,...,zn}. We show that when & has generic pairwise relations,
then there exists v’ € R? such D(M,v) = D(M’,v'). By expanding and rearranging this
equation, we obtain a linear system of equations Av' = b, where A € R™*? and b € R™,
and where the ith set of equations is given by:

(23 — 23y) "V = {2y 2 — 2, xl M — M)+ (25 — 2, 0) .

— Q

20°710 1177

J/

j TV
ith row of A ith entry of b

The Rouché—Capelli theorem states that the system Au = b has a solution if the rank of
the augmented matrix [A|d] is equal to the rank of the design matrix A. If this is the case,
then, there is a solution v for any choice of M’ € Sym™(R?).

To finish the proof, we show that the ranks of A and [A|b] are equal. To this end,
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let S be the edge-vertex incidence matrix induced by {(x;,,;,)}™,. Define the matrix
X € RV*? and vector b’ € RY so that the jth row of each is:

X;=x] and b;.:<:c-x-T M — M)+ (z; —v),

J 7770

so that A = SX and b = Sb'. The items have generic pairwise relations, and so rank(S) =
rank(SX) by Lemma D.7. The augmented matrix [A|b] has the decomposition S[X|b'], so
its rank is upper bounded by rank(S). And because the rank([A]b]) is at least rank(A),

we obtain equality, as claimed. O

Lemma D.7. Let V = {zy,...,xn5} be a set of items in RY, and let X € RV*4 be its
matriz representation, so that the jth row is X; = a:;r Let G = (V, E) be a comparison
graph with |E| < d. Let S be its edge-vertex incidence matrixz. If the items have generic

pairwise relations, then:

rank(SX) = rank(95).

Proof. Let G' = (V, E') be a maximal acyclic subgraph G’ C G, say with m’ edges, and let

S" € R™*N be its corresponding edge-vertex incidence matrix. On the one hand, we have:
rank(S") > rank(S’X).
On the other, because X’ has pairwise generic relations and m’ < d, we have:
rank(S'X) = dim(span({z — 2’ : (z,2") € E'})) =m' > rank(9’).

The first equality is obtained by the definition of rank applied to S’X. The second equality
follows from pairwise genericity. Thus, we have rank(S’) = rank(S'X) < rank(SX).

Furthermore, we claim that:

rank(S) = rank(S").
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It would follow that rank(S) < rank(SX) < rank(S), which implies the result.

We prove the claim by showing that for any e € E '\ E’, the row S, is a linear
combination of rows S, where ¢/ € E’. Let e = (z,z’). By the maximality of G', a cycle
containing e is created by including e into G’. Thus, there is an undirected path P from x

to 2’ in G, where P = (x, ..., x)) satisfies:
e ro=x and x, = 2/,
e cither (x;_1,x;) or its reversal (x;,x;_1) is contained in E’.

For each i, let e; € E’ be one of these edges (z;_1, ;) or (z;,z;_1) and let r; € {—1,+1}
indicate whether e; was the reversal of (z;_1,x;). It follows that indeed S, is a linear

combination of the rows of S,

k
Se = Z Tisei.
=1

D.4.1 Generic pairwise relations

In the next proposition, we show that our notion of generic pairwise relations is a
notion of points being in general position [108]; almost all finite subsets of R? are have

pairwise generic relations. Recall:

Definition 5.2. A set X C R? has generic pairwise relations if for any acyclic graph

G = (X, E) with at most d edges, the set {x — 2’ : (z,2") € E} is linearly independent.

Proposition D.8. Fiz N € N. We say that X € RV*? has generic pairwise relations if

its rows have generic pairwise relations. The following set has Lesbeque measure zero:

{X e RN*4: X is not pairwise generic}.
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Proof. Let S be the finite collection of all edge-vertex incidence matrices S for acyclic
comparison graphs with at most d edges on N items. Notice that if X € RV*? is not
pairwise generic, then there exists some S € S such that SX € R™*9 is not full rank. It

follows that:

{X not pairwise generic} = U {det(SXXTST) =0}.
Ses

The zero set {det(SXXTST) =0} of a non-zero polynomial has Lebesgue measure zero,

by Sard’s theorem. The finite union of measure zero sets also has measure zero. m

The concept of general linear position is a standard notion of general position. We
present the definition in a way to highlight its relationship to pairwise genericity. Recall

that a star graph is a tree with a root vertex connected to all other vertices.

Definition D.9. Let X be a subset of RY. We say that X is in general linear position if
for any star graph G = (V, E)) with at most d edges on V C X, the set {z —2': (z,2’) € E}

18 linearly independent.
Because star graphs are acyclic graphs, the following is immediate:

Proposition D.10. If X has generic pairwise relations, then X is in general linear

position.

On the other hand, the converse is not necessarily true. As we can see from the
following example, having pairwise generic relations is a strictly stronger condition than

being in general linear position.

Example D.11. Consider the following points in R?:
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(1,1) (2,1) (2,1)

A (0,0.8) .
(0,0) (1,0) (0,0) (1,0)
(a) (b)

Figure D.1. (a) Illustration of Example D.11. The set of four points is in general linear
position, but does not have generic pairwise relations. (b) A set of four points that has
generic pairwise relations; it must also be in general linear position.

This collection of points is in general linear position, since no three points are collinear.

Howewver, these points do not have generic pairwise relations. We have:

Tog — X1 = Ty — 3.

D.5 Proofs and Additional Results for Section 5.4
D.5.1 An additional result for Section 5.4.1

Proposition D.12. There is a one-to-one correspondence between Sym™ (V') and Maha-
lanobis distances on V. In particular, py : V XV — R is a Mahalanobis distance if and

only if there exists some Q € Sym™ (V) such that:

pv(z,2') = /(2 — 2)BQBT (v — o).

Moreover, Q) is unique. We say that ) is the matrix representation of the Mahalanobis
distance py. If py is the subspace metric on V of a Mahalanobis distance p on R with

representation M € Sym™ (R?), then:

Q = Iy (M).
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Proof. (=). Suppose that py is a Mahalanobis distance on V. We show that it has a
representation in Sym™ (V). By definition, there exists a Mahalanobis distance p on R?

such that:

pv = p‘v

Let M be the matrix representation of p and let Q = II,(M) € Sym™ (V). Then:

pv(a,a’) = /(& — o) Mz — o)
= /(e —2)TBBTMBBT (z — «)

= /(z —")TBQBT (z — 2'),

where the first equality expands the equality py(x,z") = p(x,2’), the second uses the fact
that BB'x = z for all z € V since B € R¥" is an orthonormal basis, and the third
equality is uses the definition of IIy .

To prove uniqueness, suppose that @, Q" € Sym™ (V) represent py. We claim that

Q) = Q. To show this, it suffices to prove that for all z € R",

(Q-0Q, zzT> =0.

This is because the collection {z2" : 2 € R"} spans all (r X r)-symmetric matrices. To

this end, fix z € R". We take z,2’ € V C by setting + = Bz and '’ = 0. We have:

pv(z, o) = /(x =) TBQBT (z — 2') = v/2TQz.

The same equation holds for )" since both represent py. Squaring both equations and
taking their difference shows that (Q — @', zz") = 0, as desired. Thus, Q = Q" and the
matrix representation of py is unique.

(<=). Let Q € Sym™ (V). We can extend the orthonormal basis B of V to an
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orthonormal basis of R%. In particular, let B, € R¥(4=") be an orthonormal basis of the

orthogonal complement of V. Set:
M =B, B] + BQB',

so that M € Sym™(R?) is positive-definite. Let p be the Mahalanobis distance on R?

represented by M. Then, the Mahalanobis distance p|V on V' has representation:
IIy(M)=B"MB=B'"B,B/B+B"BQB'B = Q,

which shows that each Q € Sym™(R?) corresponds to a Mahalanobis distance on V. [

D.5.2 Proofs for Section 5.4.2

Lemma 5.8. Let V be an r-dimensional subspace of R with a canonical representation
given by B € R¥™". Fir any Mahalanobis distance M € Sym™ (RY), any pair of items
x,2' € R?, and ideal point u € R?. Suppose that x and x' are contained in V with canonical

representation vy = B'z and x}, = B'2' in R". Then:

1/1M (.’L‘, .CU/; U) = Q/JQ (SCV7 xIVv uV)a

where the phantom ideal point uy of u on V satisfies (B'MB)uy = B Mu, and Q =

Iy (M) is the matriz representation in Sym™ (V') of the subspace metric p‘v.

Proof. Let v = —2Mu and vy = —2Quy be the pseudo-ideal user points for u and uy,
respectively. The following shows that vy is given by the canonical representation of the

orthogonal projection of v to V,

vy = —2B"MB(B"MB)'B"Mu=—-2B"Mu= B'v.
T\ ~ ~
uy
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We now expand the definitions of ¥y and g,

Yz, 2'su) © <m7T — 27T M> + <x - :L‘/,U>
W <BBT(xxT — 22/ BB, M> + <BBT(:L‘ — ), U>
i) < BTz2"B - BT4'2'" B, BTMB> + <BTx BT, BTU>

T T
= (xyry — Ty, ,Q> + (zy — 2y, vv)

where (i) and (v) follow by definition, (ii) uses the fact that as B € R?*" is an orthonormal
basis, BB"v = v for all v € V, (iii) applies the following property for the trace inner
product (BA,C) = tr(CTBA) = (A, BTC), and (iv) rewrites the equation in terms of the

canonical representations. O

Proposition 5.10. Let X quadratically span a subspace V' of dimension r. There exists
a collection Dy, ..., Dk of design matrices, each over m pairs of items in X, such that

given a (distinct) user’s response to each design, p‘v can be identified when m > r+1 and

K >r(r+1)/2.

Proof. By Lemma 5.8, it suffices to prove the result for V = R%. We show that if X
quadratically spans RY, then we can construct an (m, K)-experimental design where

m=d+1and K = d(d+ 1)/2 such that there is a unique matrix consistent with all user

responses. Let D =d + @ be the dimension of Sym(R?) & R?.

Since X quadratically spans V, there exists a collection of pairs {(z;,, z;,)}2, such
that:

span({A; @ 6; - i € [D]}) = Sym(R?) @ R?, (D.2)

where we let A; = 2,2, —2;, x; and §; = 2;,—;,. In particular, the collection {A;®0;}ie(p)

i

is linearly independent. Without loss of generality, we may select these so that the first d
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pairwise differences d; are also linearly independent:
span({d; : i € [d]}) = R%

We will ask all users to compare the first d pairs and one additional pair, unique to the

user. In particular, set the kth collection of preference comparison queries by:
Dk:{(xioaxil) :iEIk}, where 7, = [d] U {d + k}.

First, we show that the responses from a single user must reveal at least one
dimension of Sym(R?). To see this, let’s fix a user k € [K]. From Equation (D.2), we can

define the vector (o, 14 € Zy) so that:
Adtfe;ke = 1 and Z ai;kéi =0.

Therefore, from the preference measurements, we deduce that at least one degree of freedom

of M is revealed:

Z O‘i;lﬂﬁi;k = Z ai;k<Ai7 M> + Z ai;k<5i, Uk> = <Z Oéi;kAi, M> . (D3)

i€Tk i€Tk i€Ty, i€Ty,

<07Uk>

We now claim that each user reveals a different degree of freedom of M. In

particular, it suffices to show that the following collection of matrices spans Sym(R?),

Zai;kAi 1k € [K]

1€T),

Suppose otherwise. Since K = @, this means that this collection of matrices are

linearly dependent, and that there exists a non-zero vector (uy : k € [K]) such that

310



0 € Sym(IR?) is the linear combination:

Z U Z O-/i;kAi =0.

ke[K] €Ty

Because we chose agyx. = 1 for each user k € [K], this implies that zero in Sym(R¢) & R?

is also a non-trivial linear combination of the collection A; @ d;, where:

d

D
Z Zﬂk%k A, ®0; + Z fia - O @ = 0.

i=1 \ ke[K] i=d+1

But then this collection is not full rank and cannot span Sym(R?) & R?, as assumed in
Equation (D.2). It follows that M is the unique solution to the system of linear equations

corresponding to Equation (D.3). O

Proposition 5.11. Let (Dy)ren be a set of design matrices over items in X C V. If
X does not quadratically span V', then infinitely many Mahalanobis distances on V' are

consistent with any set of user responses to the design matrices.

Proof. Because Xy does not quadratically span V', there exists an element (), G v, €

Sym(V') @ V such that:
<(xV‘T\T' - x%/xg) 52 (J: - x/)u QL d UJ_> =0,
for all z, 2’ € Xy, where 2y, = B'x and 2}, = B'2'. Let M, = BQB', so that:

<(.T];T _ x/x’T) ®(x—2a2),M & UJ_> =0, for all z,2" € Xy.
(D.4)
We claim that if M € Sym™*(R?) is consistent with the kth user’s responses Dy =
{(@ig:kes Tiysks Vi) }iy, then the matrix M+ MM, is also consistent, provided that M+ M

remains in Sym™*(R?). In particular, if M is consistent, there exists an ideal point uy, so
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that for all 7 € [m]:
(i)
Vi = Y (@i, Tiy s ug) = <($10sz0 — xumZ) & (ziy — 4,), M & vk>
@) <(xzox£ — ;%)) & (75 — 21,), M ®vp + AM, @ UJ_>
w Unram, (Tig, Tiys Mig),
where (i) expands the definition of 1, while setting the pseudo-ideal point to vy, = —2Muy,
(ii) applies Equation (D.4), and (iii) applies the definition of ¥/, while setting uy =
—s M (v +vy).
Thus, if M is the matrix representation of the underlying Mahalanobis distance,

the following matrices are also consistent:

Umin(M)
MMM,  0< )\ < ———~—
{ * - =As UmaX(MJ_) } ’

where 0. (M) is the maximum singular value of M, while 0y, (M) is the minimum
singular value of M; this implies that M + AM, is positive-definite. Infinitely such \’s
exist because (a) Tpax(M ) < oo is finite and (b) o (M) > 0 is bounded away from zero

because M is positive-definite. O

D.5.3 Proof of Proposition 5.13 from Section 5.4.3

Proposition 5.13. Let p be a Mahalanobis distance on R%. Let (Vy)aea be a collection
of subspaces with canonical representations given by the orthonormal bases (By)xea. The

following are equivalent:
1. {zzT 1z € Vy, A € A} spans Sym(R?).

2. Let Iy, be given by Equation (5.3). The linear map 11 : Sym(R?) — @Sym(v,\) is
AEA
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(a) (b)

Figure D.2. (a) Ilustrates the number of subspaces needed to reconstruct a high-
dimensional ellipsoid from its intersections with low-dimensional subspaces. In R?, we
need 3 points on distinct 1-dimensional subspaces to possibly recover an ellipse centered
at the origin. (b) When we cannot exactly identify where the high-dimensional ellipsoid
intersects with each subspace, we may still fit an ellipsoid from approximate estimations
using least squares [55].

imjective, where:

1(4) = P My, (4).

AEA

3. If p is a Mahalanobis distance such that ,(3|VA = p‘VA for all X € A, then p = p.

Proof. (1 => 2). Suppose span {zz" : z € V), A € A} = Sym(R?). To show that II is
injective, it suffices to show that its kernel is trivial. Let M € ker(II). We claim that for

any A € A and x € V) , we have:
<:1ch, M) =0. (D.5)

Assume this for now. Then, M € Sym(R?%) = span {a:xT x eV, A€ A}, so that
(M, M) = 0. This implies that M = 0, so the kernel is trivial. We now show Eq. (D.5).

Using the definition of Ily,, when M € ker(II), we have:
Iy, (M) = B{ MB, = 0. (D.6)

Say that dim(Vy) = ry and z € V. As By € R¥™™ is a basis of V), there exists z € R™
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such that z = Byz. By Eq. (D.6),
<:1ch, M> =2 By MByz = 0.

(2 = 1). We prove the contrapositive. Suppose S = span {me eV, e A}
does not span Sym(R?). Then, there exists some nonzero A € S+ in its orthogonal
complement. To show that II is not injective, we show that A € ker(IT). That is, for all
A € A, that B ABy = 0. We do this by proving that all eigenvalues of B AB, are zero.

Let v € R™ be any unit eigenvector of By AB) and a be the corresponding
eigenvalue, so that:

a=v' B AByv = <ach, A>,

where x = Byv is an element of V. But because A € S+, this implies that the eigenvalue
is zero, a = 0.
(2= 3). Let M and M be the matrix representations of p and p, respectively. By

assumption, their subspace metrics coincide over (V})y, so Proposition D.12 implies:

~

HVA(M) = HV,\(M)

And as I is injective, we must have M = M, so that p=p.

(3 = 2). We prove that II is injective by showing that its kernel is trivial. Let
A € ker(II). Then, let ¢,é > ||Alop and define M = ¢ ' A+ I and M = ¢ ' A + I, which
are positive-definite by construction. Let p and p be their corresponding Mahalanobis

distances. Their subspace metrics on all V)’s coincide, since A € ker(II),
(M) =TI(c A+ 1) =T(I) = (¢ A+ 1) =TI(M).

And so, by assumption p = p. But as the matrix representation of a Mahalanobis distance
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is unique (Proposition D.12), this implies that M = M, proving that 4 = 0. m

D.6 Proofs and Additional Results for Section 5.5
D.6.1 Proofs and additional remarks for Theorem 5.15

Theorem 5.15. Let R? have a Mahalanobis distance with matriz representation M €
Sym*(RY). Let X C RY be subspace-clusterable over subspaces Vy indexed by X € A,
where |A| = n. Let M be the estimator of M and let Qy be the estimator of the subspace
metric Qy for each \ learned from Algorithm 5. Suppose there exist v < e such that
H]E[QA} - QAHF <~ and HQ,\ - Q,\HF < e for each \. Fiz p € (0,1]. Then, there is a

universal constant ¢ > 0 such that with probability at least 1 — p,

1 2d
yv/n +edy|log — |,
Omin (11) V TP

where oyin > 0 is the least singular value of I1.

HM_MHFSC'

Proof of Theorem 5.15. Let ¢ = 2¢q where ¢g is a universal constant to be defined later.
Recall from Eq. (5.5) that M minimizes ||A — Mig||p over all A € Sym™(R?). Since M is

also contained in Sym™ (R?), we have:

M= Sty < | — o]

By the triangle inequality,

M_MHFS

M — MLSHF +

MLS_MHFSQ

MLS - M”F

Therefore, it suffices to show that, with probability 1 — ¢,

. 1 [ 2d
— <cpr—— [/ —~. .
Mps — M||, < co =Y (v m + edy/log 5) (D.7)
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Before proving Eq. (D.7), we introduce some notation.

Notation and facts.

For each subspace V), we denote the recovery error by:

By=Qn— Q= (EIQ) - @y ) + (O —EQ))).

H), (bias) &x (noise)
which we decompose into a bias term Hy := E[Q,\} — @, and a noise term &, := Q, —]E[Q,\].
By assumption,

|Hy[[r <v and  E[] =0, [&lr < ||Exr <e.

Let H = @, , Hy, € = @, & and B = H+ ¢ Thus, E = @, (QA _ QA>, by

the above bias/noise decomposition. In addition, since ||H,||p < v, we have ||H| =

V Z)\eA ||H>\| % < \/MV‘

We now prove Eq. (D.7). Recall from Eq. (5.4) that Mg is the least-squares

solution, so that:

Mg — M =17 (E)

=1I"(H +¢), (D.8)

where ITT : @, ., Sym(Va) — Sym(R?) denotes the Moore-Penrose inverse of II (see

Definition D.2). It then follows from Eq. (D.8) and the triangle inequality that

Mys = M < [T () + [T )|~ (D.9)

By Proposition 5.13, the map II is injective since X is subspace-clusterable. Thus,
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Omin(IT) > 0, and:

[T ()| < [H]le < yV/m. (D.10)

1 1
Omin (H) Omin (H)

It then follows from Eq. (D.9) and Eq. (D.10) that, to prove Eq. (D.7), it suffices to show

that, with probability at least 1 — 4,

HHJF(@”F < ¢ ﬁ(ﬂ) <5d\/ log 27d> : (D.11)

By the universal property of the direct sum (see Proposition D.3), there exist

IT} : Sym(Vy) — Sym(R?) for each A € A, such that

(&) = ) (6.

AEA

Observe that

1. Each &, is from subspace Vy; and thus, £,\’s and I} (€,)’s across subspaces are indepen-

dent,
2. E [II(&)] =0 (E[&]) = 0; and,
3 e < ITTXL, - l6nlle < X, - =

where || - ||2 denotes the 2-Schatten norm (see Definition D.4).
Corollary D.16 gives a Hoeffding-style concentration inequality for independent sub-

Gaussian random matrices. Applied here, it states that there exists a universal constant
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¢o such that, with probability 1 — ¢,

e, = [ e,
AEA

(4) 2d
e [ I <2 1og 2
AEA

(i) 2d
D - 10+, -2y g 20
(i) 1 [ 2d
< . . log — D.12

where (i) applies the third observation from above, (ii) applies Proposition D.5 about

2-Schatten norms, and (iii) uses the following facts:

o [[II7]|s < omax(IIT) - y/rank (IT+), (see Definition D.4),

L O-max(H+) -

D.6.2 Proofs and additional remarks for Proposition 5.18

Proposition 5.18 (Theorem 4.1, [28]). Suppose that R" has a Mahalanobis distance with
representation @ € Sym™* (R") where ||Q||r < Car. Let each user k € [K] have pseudo-ideal
point v, € R" where vy < (,. Let P,, be a distribution over designs of size m over
R" (Definition 5.1). For each user, let Dy ~ P, be an i.i.d. random design, and let
Dy, = {(@iy» T4y, Yisk) Ficim) e the user’s responses under Assumption 5.17. Fiz p € (0, 1].
Given loss function ((z) = —log f(z), Algorithm 9 returns Q € Sym™(R"), where with

probability at least 1 — p,

R 2 K(2) oo 4
10— QI < - 126L \/(CM+ (2) .y
c; - o2 (Pm) mK
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Proof. The objective over which the parameters (A, wy, ..., wg) is optimized in Eq. (D.1)

of Algorithm 9 can be written as:

~

R(A7w17 o ,'U)K) = Z Z - logf(yl,k : Di;k(Aa wk))

ke[K] ie[m]
Let (Q,01,...,0x) be the solution recovered in this step of Algorithm 9. The excess risk
of these parameters is defined to be how much worse in expectation the parameters are at
explaining observed data compared to the true parameters (Q,v1, ..., vk) that generated

the data. The excess risk leads to a bound on ||Q — Q|2,

E [R(Q,@l,,’{}K)]—E [R(Q,Uly---avK)]

(@) E Z KL (f(Di;k(Q7 Ukz)) H f(Di;k(Qv @k)))

Dy~Pr,

ke[K] i€[m]
QU . . 2
2255, a0
ke[K]
© . X
226 32 m- o (Pu) - (1Q = QIR + 196 — vel?)
ke[K]
> 2K} 0% (Pa) - 1Q — Q. (D.13)

where each inequality is justified below. We just need to show that the excess risk of
Q returned by the algorithm has small excess risk. Lemma D.13 approaches this via a

standard generalization argument, showing that with probability at least 1 — 4,

A

E[R(Q,01,...,0x)] —E[R(Q,v1,...,vK)]

~

. R 4
S R(Qaﬁla"w@K) - R(Qavlw"avK) +32L\/mK(C]2\4+KC3)IOg 57

49

(D.14)
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where the indicated difference is less than zero because (Q, U1, ..., 0) is the minimizer of
R. The result is obtained by combining Egs. (D.13) and (D.14). To finish the prove, we

justify the above inequalities:

(a) Recall that Pr[Y;, = +1] = f(D;x(Q,vx)). Because f(z) =1 — f(—z), we also have
that:
Pr[Yip = =1] =1 = f(Di(Q,vk)) = f(=Diw(Q, vx))-

Therefore, Pr[Yix = y] = f(y - Dix(Q, vx)). It follows that the excess risk is equal to:

E [R(Qaf/l, e 7?7[()] —E [R(Q,Ul, . ,UK)]

— E _1 7 7 A
k;ﬂ DrY Z s (f(yi;k - Dik(@Q, ﬁk»)

i€[m]

Dzk y Uk lo — !
Z Z Z Iy (@ v)) log (f(y ' Di;k(@ﬁk)))

kG[K] i€[m]ye{-1,+1}

where we obtain the equality (a) by applying the definition KL(p||q),

p 1 -
KL(pllq) = plog=+ (1 —p)lo )
(pllo) = plog? + (1 = p)log —~

(b) The following is the same argument used in |28, Proposition E.3].

> KL <f(Di;k(vak)) H f(Di;k(Q,ﬁk))) >2)" (f( (@, ve)) — f(Dzk(Qaﬁk))f

i€[m] iclm]
2
> 2C§~ <Dz k(Q7vk> Dl k(Q7r&k>>
1€[m]
) R 2
= QCf <Dz,k(Q —Q, 0 — Uk))
1€[m]

N 2
Di(Q — Q, 0 — Uk)H :

_ 02
—20f
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where the first inequality comes from KL(pl||q) > 2(p — q)?, see |106, Lemma 5.2, the
second uses the monotonicity of f and the lower bound of f’, the third applies linearity

of D;.,, and the fourth just rewrites the sum in terms of the squared f;-norm over R™.

(¢) Recall that 62(Pp,) = L - 0yin(E[D*D]) when D ~ P,,. Let X = (Q— Q) @ (ir, — vi)

for short. Then,

N 2
E (D@~ Q5 = )| = E(DeX, DeX)
= X"E[D;D,] X
> o (E[D D)) - [1X ]

= Opin(Pn) - (1Q = QIF + llox — will?),

where the inequality applies the variational characterization of the minimum singular

value.
O]

Lemma D.13. Let § € (0,1). Given the assumptions of Proposition 5.18, Fq. (D.14)

holds with probability at least 1 — .

Proof. Let © C Sym™*(R") @ R™*¥ denote the set of parameters § = (A, wy, ..., wg) such
that A € Sym™(R") with ||Allr < ¢y and wy, € R™ with ||wg|] < ¢,. We claim that with

probability at least 1 — d, we have uniform convergence:

sup

up | R(0) ~ E[R(6)] ’ = 16L\/mK(C§4 + K¢2)log é- (D.15)

Before proving this, notice that this implies Eq. D.14. In particular, let 0 correspond to
the parameters (Q, U1,...,0k) and let @ correspond to (Q, vy, ..., vk). Then we have that

with probability at least 1 — ¢, both R(é) and }?(9) are close to their expected values, each
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contributing at most the right-hand side of Eq. (D.15):

E [R®)] - E[R®)] < R(O) — R(0) + 32L\/ mK (3, + K¢2)log %

In the remainder of the proof, we show Eq. (D.15). For any 6 € O, consider the
empirical risk }?(0) We claim that the risk contribution by the ¢th comparison by the kth

user is a bounded random variable,

(a)

Let us verify this claim later. For now, the bounded difference inequality (reproduced

below as Lemma D.17) implies that with probability at least 1 — 4,

+4L(Car + Co)/ 2mK log % (D.16)

To bound the expectation term, let us combine each user’s random design matrix Dy into

sup
0co

R(0) — E [R(0)] ‘ <E

sup R(6) — E [R(9)] ‘

a single (m, K)-experimental design matrix D : Sym(R") @ R™E — R™*K g0 that it is

the following linear map:

D(A, Wi, ... ,wK)i;k = Di;k(A, wk)

Let D* : R™K — Sym(R") & R™*X be its adjoint. Let € €x {—1,+1}"™*% be an array of

independent Rademacher random variables, so that €;, is equal to —1 or +1 uniformly at
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random. Then:

E |sup

0cO

1(0) —E[R(0)]]

<2E| sup Z Z €ick (—1ng(Yz';k : Di;k(Aawk))>

""" WK\ ke[K] i€[m)]

<2L-E sup Z Z € (Vi - Din(A, wy))

A, Wi ke[K] i€[m)]

<€,D<9>>]]

=2L-E |sup
&S

—~
IS
=

(©)
<2L-E| D

-sup ||6]]
0cO

A AL\ 2mK (G + K2), (D.17)

where we justify each step below. We obtain Eq. (D.15) by combining Egs. (D.16) and
(D.17),

sup
0cO

R(0) — E [R(0)] ‘ < 4L\/ 2mK (G} + KC2) +4AL(Cyr + G)y[2mK 1og§

< 4L\/ 2 (2E (G + K + 20K (G + G log 5 )

() 2
< 8L\/mK (G + K- (1 + 3log 5)

(i) 4
< 16L\/mK (¢34, + K(2)log 5

where (i) applies a variant of the AM-GM inequality /a + Vb < /2(a +b), (ii) uses
the following upper bound ((yr + ¢,)* < 3((3; + K¢?), which holds whenever (yr, ¢, > 0

and K > 1, and (iii) uses 1 < 3log2 and 8y/3 < 16. Finally, we prove the remaining

inequalities:

(a) Because we have assumed that items lie in the unit ball and that the parameters satisfy
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|Allr < Cur and |Jw;|| < ¢, the unquantized measurements are bounded:
‘Di;k(A, vk)‘ < sup ‘<xxT — 2T, A> + <x —a, vk>‘
z,2’€B(0,1)

< 2| Allp + 2[|v|

< 2(CM + Cv)a

where we have used triangle inequality for ||:L'xT - x’x’T”F < 2 and ||z — 2| < 2.

Because — log f(+) is L-Lipschitz on this domain, whenever |z| < 2((y + (), we have:
1
—log f(2) +1log 7| = | —log f(2) + log f(0)] < Lz|.

(b) This inequality follows from a standard symmetrization argument. Let H be a
set of N-tuples of functions, where h = (hy,...,hy). Given a set of i.i.d. ran-

dom variables Zy,...,2Zy,Z1,...,Z) and a set of Rademacher random variables

€1,...,ex € {—1,+1}, we have:

N N
E |sup ;hi(Zi) ~E 3 hi(Z:)
[ N N
=K 22’2 ; ehi(Z;) — ZX; eihi(Z))
i N N
<E }sltelg Z‘Zlezh(Zi) +E 2212 Zlezh(Z{)
- N
=2E [sup ehi(Z;)
heM

In our setting, we have an index set (i,k) € [m] x [K] and hyy, : Z — —log f(Z -
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Di;k(A, wk)) .

(c) We use the fact that the function —log f(z) is L-Lipschitz over the domain |z| <
2(¢ar + ¢»). We can move the Lipschitz constant out of the expectation by applying
[178, Theorem 6.28], reproduced below.

(d) This step first makes use of the fact that the random variables €;. Y.k 4 €;.x are equal in

distribution. Then, it consolidates everything using the trace inner product on R™*% .

(e) This step uses the property of the adjoint (e, D(6)) = (D*(¢),0) < [[D*(¢e)] - ||9]|-
The first inner product is over R™*¥ | the second inner product and norm are over

Sym(R") @ R™*K.

(f) We apply the bound on the parameters sup ||0|| < /{3, + K2 along with the following:
=)

E || D% < \VE(DD*,eeT)

Y \J(EIDD"), EfeeT])

i3 ()
S A @ 0* < 2v2mE.
ik

The (i) uses Jensen’s inequality, (ii) uses the independence of the randomness over the
design matrices and the Rademacher random variables, (iii) uses the fact that E[ee"]
is the identity on R™*% and (iv) uses the fact that items are contained in the unit

Euclidean ball, so that:

18 @ 0il1* = | Agull* + 10:]|* < 2% + 2%,

]

Remark D.14. To show that there exists P, such that o2, (Py) = Q(1), assume that the

min

space R" is quadratically spanned by X. In particular, there exists a collection of items
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(T4, Tiy )1y such that its design matrixz D is full rank. Define X; € Sym(R") & R" for

1=1,....,n by X; =A,; ®9;. Then, D*D corresponds to:
D'D=> XX/,
i=1

where omin(D*D) > 0. Let P,, be constructed by drawing m pairs uniformly at random.
Let D,, be the random design matriz. Let I; ~ Unif([n]) for j =1,...,m be the index of

the jth random pair, so that we obtain:

It follows that for this choice of random design, we have o2, (Pm) = Omin(D* D), which is

min

a constant.

D.6.3 Auxiliary lemmas

Lemma D.15 (Hoeffding-style inequality for independent bounded random vectors,
[72], Corollary 7). There ezists a universal constant ¢ such that for any random vectors
X1, Xo,..., X, € RY that are independent and satisfy E[X;] = 0 and || Xi||o < ki for

i € [m], we have, for any § € (0, 1], with probability at least 1 — 6,

m

2d
2]g 22

Corollary D.16 (Matrix version, 72|, Corollary 7). There exists a universal constant

¢ such that for any random matrices X1, Xo, ..., X, € R¥>? that are independent and
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satisfy BE[X;] = 0 and | Xi||lr < k; for i € [m], we have, for any 6 € (0, 1], with probability

at least 1 — 0,

m

2d
2log —.
;/@ 0g =

Proof. Since log (%) < 2log (%d) for 6 <1, the corollary follows directly from Lemma

D.15. [l

Lemma D.17 (Bounded difference inequality). Let f : XY — R satisfy the bounded

difference property,

flx,. o an) = flo,.., 4, an)| < C, Vi € [N].

Let Xq,..., XN be i.i.d. random variables. Then, with probability at least 1 — 6,

|f(X1,..., Xn) —E[f(X1,...,Xn)| < C\/QNlogg

This theorem is also known as McDiarmid’s inequality; as reference, see for example

[178, Theorem 6.16].

Lemma D.18 (Theorem 6.28, [178]). Let h be an L-Lipschitz function h : R — R. Let
F be a function class with functions f: Z — R. Let z1,...,z2y € Z and let €q,...,ex be

independent Rademacher random variables. Then:

N N

E |sup Zezh(f(zz)) < L-E [sup Zezf(zz)

feF i1 feF i1

D.7 Details and Additional Results for Section 5.6

Our experimental setup and implementation are inspired by and adapted from [28].

In Section D.7.1, we provide further details to our experimental setup. In Section D.7.2,
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we present additional experimental results.

D.7.1 Experimental details

Each simulation run is defined by several parameters: the ambient dimension d,
the number of subspaces n, the dimension of each subspace r, the number of users per

subspace K, and the number of preference comparisons per user m.

Data generation.

In each simulation run, we generate a symmetric positive definite matrix M from
the Wishart distribution W (d, I;) and normalize it so that ||M|r = d, following the
same procedure in [28, Section F.3]. We generate n r-dimensional subspaces uniformly at
random [140]: for each subspace, we independently draw r isotropic random vectors from
the normal distribution A/(0, %Id) and use QR decomposition to find an orthonormal basis.

For each subspace V' equipped with orthonormal basis B, we randomly generate K
user ideal points by sampling independently from N (0, Ll—ifd), and for each user, we generate
independently 2m items (m pairs). To generate an item x € V| we first draw a vector z
from N(0,21,), and then compute z = Pz, where P is the orthogonoal projection matrix

onto V given by P = BB'. Note that

E[||z]3] =E [tr (xxT)] =E [tr (PzzTPT)} = tr (PIE [zzT]P> = %tr(P) =1
Equivalently, we have z ~ N (0, 2BB").

Given subspace noise level o > 0, we now describe the procedure for generating items
that that lie near V' with dim(V') = r. Let t = 2K'm. We first sample ¢ items in V' using
the procedure above. We perturb each item by adding an independent noise &: To obtain
&, we first draw 2z ~ N(0, %Id), and then project it onto, V-, the orthogonal complement
of V, ¢ = (I — BB") z. Note that E [||¢]|3] = 0. This is equivalent to independently

drawing ¢ vectors from A'(0, 1 BB + 2= B, B]), where B, is an orthonormal basis of V.

328



Let X € R%* be the matrix who columns consist of these perturbed items. We
use singular value decomposition on X to compute the rank-r approximation, X, that
minimizes || X — X||p (Eckart-Young Mirsky theorem, see, e.g., [58]). We then use QR
decomposition to find an orthonormal basis B for the vector space 1% spanned by columns in
X. For each perturbed item z, its canonical representation in Vis given by Z, = BT € R",
and these canonical representations are used in Stage 1 of Algorithm 5.

Binary responses are generated using user ideal points and (possibly perturbed)
item embeddings in R? under the probabilistic model in Assumption 5.17 with link function
f(z; B) = m. Unless otherwise specified, we set § = 4; this is the “medium” noise
setting considered in [28].

Algorithm implementation.

We provide additional details on the implementation of Algorithm 5. In Stage
1 (learning subspace metrics), we use Algorithm 9 and set constraints based on oracle
knowledge of optimal hyperparameters (; and (, (also called the best-case hyperparameter
setting in [28]). We use {(x;3) = log(1l + exp(—pz)) as the loss function, where g is
assumed known and given by the logistic link function above. We use the Splitting Conic
Solver (SCS) in CVXPy with hyperparameters eps = le4 and max_iters = 1e5 to solve
the convex optimization problem.

In Stage 2 of our practical implementation (reconstruction from subspace metrics),
we note that least squares can be sensitive to outliers, and therefore we use the Huber
loss for robust regression [66]. In particular, we use the HuberRegressor from scikit-learn
[118] with default hyperparameters, except for setting max_iters = 1le4. To reconstruct
a full metric, we use subspace metrics learned in Stage 1. We note that we do not include
a subspace (and the learned subspace metric) into our reconstruction step if CVXPy/SCS
does not solve the corresponding optimization problem in Stage 1 successfully, that is,

prob.status != OPTIMAL. Nevertheless, given n subspaces, if CVXPy/SCS does not
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Figure D.3. (a) shows the average relative errors over items that lie in a union of 40
2-dimensional subspaces. (b) shows the average relative errors for reconstructing M from
increasing numbers of 2-dimensional subspaces; for each subspace, 80 users each provides
10 preference comparisons. The dotted red curve illustrates the counting argument in
Remark 5.14; here, each 2-dimensional subspace can contribute at most 3 degrees of
freedom. (c) shows the average relative errors for varying subspace noise levels; here, items
lie approximately in a union of 40 2-dimensional subspaces and each user provides 10
preference comparisons.

successfully solve any of them, we use the n-th subspace alone for reconstruction.

D.7.2 Additional experimental results

We ran the same experiments in Section 5.6 for subspace dimension r = 2, with
slightly different parameters. The response noise was again set to § = 4, and each
experiment was run 30 times. Figure D.3a compares the average relative errors for varying
K and m, where items lie in a union of 40 subspaces. Figure D.3b shows the average
errors given increasing numbers of subspaces, where K = 80 and m = 10. Note that by the
dimension-counting argument in Remark 5.14, each 2-dimensional subspace contributes at
most @ = 3 degrees of freedom, and therefore a minimum of {%-‘ subspaces are
needed. Figure D.3b shows the average recovery errors for varying subspace noise levels,
o €40,0.1,0.2,0.3}, and varying K, where items lie in a union of 40 subspaces and we

set m = 10. The behaviors demonstrated in these experiments are analogous to those

observed for r = 1 discussed in Section 5.6.
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