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THE INTERFACE VIBRATIONAL CONTRIBUTION TO THE THERMODYNAMIC FUNCTIONS 
OF THE SYSTEM OF LIQUID AND SOLID SEPARATED BY A PLANAR INTERFACE 

D. Hawkins, A. A. Maradudin and A. V. Shchegrov 

Department of Physics and Astronomy and Institute for Surface and Interface Science, University of 
California, Irvine, CA 92697, U.S.A. 

(Received and; accepted 27 March 1997 by M Cardona) 

We study theoretically the interface vibrational contribution to thermo- 
dynamic properties of a system of solid and liquid in contact across a 
planar interface. We express thermodynamic quantities such as the free 
energy and specific heat in terms of the interface density of vibrational 
states. We derive a simple analytic expression for this function in terms 
of the static Green’s tensor of the system. In order to calculate the free 
energy, we modify the Debye model to apply it to the interface problem. 
We also obtain the dynamical Green’s tensor for the system of liquid 
and solid separated by a planar interface. @ 1997 Elsevier Science Ltd 

Keywords: A. surfaces and interfaces, D. elasticity, D. heat capacity. 

1. INTRODUCTION 

Since the 1970s a number of approaches have been de- 
veloped to obtain the low-temperature interface vibra- 
tional contribution to the thermodynamic functions 
of compound systems such as a solid in contact with 
a different solid, or with a liquid, across a planar in- 
terface. Djafari-Rouhani and Dobrzynski [l] showed 
that the interface contribution AC,?(T) to the low- 
temperature specific heat of a system of two isotropic 
solids in contact can be expressed in terms of the 
static Green’s tensor of the system and is proportional 
to ST*, where S is the interface area, and T is the 
temperature. Velasco and Garcia-Moliner [2], study- 
ing the same problem, derived the density of vibra- 
tional states G(w) of the system. This function is de- 
fined by G(w) = ,&, 6(w - w,,), and is normalized to 
the total number of vibrational degrees of freedom of 
the system. The sum on n runs over all normal modes 
with frequencies co,,. With the aid of G(w), the au- 
thors of [2] obtained the same ST* law for A@(T). 
This dependence was also confirmed by Iosilevskii [3] 
and, very recently, by Shchegrov [4]. 

Interest in the thermodynamics of a solid-liquid in- 
terface has increased recently due to the experimental 
studies [5] of the wetting of the surfaces of alkali metals 
by liquid helium. In particular, the interface contribu- 

tion to the zero-point energy AF;” could be of special 
importance in understanding this phenomenon. Un- 
der certain conditions, one can apply the same meth- 
ods for the calculation of this quantity that were de- 
veloped for the case of two solids in contact. 

To calculate the density of states G(w) for the sys- 
tem of solid and liquid separated by a planar interface, 
one can use any of the methods developed in [l-4], 
since all of them seem to give consistent results for 
AC:‘)(T) in the case of two solids in contact, How- 
ever, as opposed to the calculation of ACin (T), in ob- 

taining AFd” one has to impose a cut-off on the inte- 
gral over frequency w. The well-known Debye model 
for an infinite solid has to be modified to be applica- 
ble to the interface problem. Such a modification was 
made by Velasco and Garcia-Moliner [2,6] for a semi- 
infinite solid bounded by a stress-free surface. How- 
ever, they did not extend their analysis to the more 
complicated case of two media in contact. In the only 
work in which the density of states for a solid-liquid 
system was obtained, Iosilevskii [3] described the en- 
tire system by a single spectral function G(w), which 
included bulk and interface contributions. The cut-off 
frequency We was determined by the requirement that 
G(u) be normalized to the total number of degrees 
of freedom in the system, 3N = 3(N, + NI 1, where 
NY and N/ are the number of atoms in the solid and 

381 



382 SYSTEM OF LIQUID AND SOLID SEPARATED BY A PLANAR INTERFACE Vol. 103, No. 6 

in the liquid, respectively. However, one could expect 
that if the numbers of atoms I$/ and the volumes &I 
are sufficiently large, then only the ratios (A$/ VT:,) and 
(N//V/) would enter the expression for we, which was 
not the case for the results obtained in [3]. 

A consistent approach to the determination of a cut- 
off frequency was suggested recently by Shchegrov [4] 
for the case of two solids in contact. He required that 
each medium involved in the problem be described by 
its own density of states G(u) and cut-off frequency 
w,+, , In this case G( w ) for each medium is given by the 
sum of a “bulk” part, describing the vibrations of an 
unbounded medium, and an interface contribution. In 
the present work we will apply this method to a planar 
solid-liquid interface. We will show that, as in the case 
of two solids in contact, the interface contribution to 
the density of states is described by the static Green’s 
tensor of the system. Then we will find the interface 
contribution to the free energy and specific heat. 

2. THE INTERFACE DENSITY OF 
VIBRATIONAL STATES 

We consider a system of a solid and a liquid sepa- 
rated by an interface xs = 0. The solid occupies the 
upper half-space x3 > 0 and is described by its mass 
density p and the elastic modulus tensor Cappy = 
~(4 - 2$)6,&,, + pcf(6,,6gv + &,&J, where CI 
and ct are the speeds of longitudinal and transverse 
waves, respectively. The inviscid liquid whose density 
is pa supports longitudinal vibrations of speed CO, and 
occupies the lower half space x3 < 0. Its elastic mod- 
ulus tensor is given by C$,,, = p&5,66,,. The den- 
sity of vibrational states in this system can be ob- 
tained with the aid of the dynamical Green’s tensor 
Da6 (x, x’ I co,) which satisfies the equations 

= &,6(x - x’). x3 ’ 0. (1) 

and the boundary conditions 

D3yk x’ I WI 
I 

= D3yk x’ I WI 
I 

(3) 
x1=0+ xs=o-’ 

= c(O) c13&Dpy(x. x’lw) I 
I (4) 

Y x3=0- 

which express the continuity of the normal compo- 
nents of the velocities and the stresses across the inter- 
face. In addition, we require that DaS (x, x’ lw) obey 
outgoing or exponentially decaying wave conditions 
as 1x31 - co. In Eqs. (l)-(4) and throughout the paper 
summation over repeated Greek indices is implied. 

The partial differential operator appearing on the 
left hand side of Eqs. (l)-(2), supplemented by the 
boundary conditions (3~(4) can be shown to be Her- 
mitian in the entire coordinate space. The density of 
vibrational states G(uI) is then related to the trace of 
&fl (x, x’ Iw) as follows [4] : 

G(w) = (5) 
m 

$ &Xi, 
I s 

dx3 ~(3) Im&&, xlw - @I, 
s -co 

where XII = (x1,x2,0), p(x3) = p if x3 > 0 and ps 
if x3 < 0, S is the interface area, and n is a positive 
infinitesimal. 

Due to the symmetry of the problem in the plane 
x3 = 0, it is convenient to work with the 2D Fourier 
coefficients g,,r(kll, (~1x3, xi) of the Green’s tensor [1, 
41, where kll = (ki, k2,O). As in the case of two solids 
in contact [ 1,4], the functions g,b can be represented 
in the form 

g,8(kll, ~1x3, $1 =g$(k,,. ~1x3, x;, 

+g$ (kll, w 1x3, ~$1. (6) 

Here g$ corresponds to the Green’s tensor for the in- 
finite solid in the case when both x3 and xi lie in the up- 
per half-space, and for the infinite liquid when x3 and 
xi are both negative. The interface Green’s functions 
g$ appear due to the presence of the interface and en- 
sure the satisfaction of the boundary conditions. The 
explicit expressions for g$ and g:L are given in Ap- 
pendices A and B, respectively. We next use Eq. (6) in 
Eq. (6) to obtain 

G(w) = G,iB’(w) f Gj”(w) + GiB’(w) + G;“(w).(7) 

The functions GJB) and G{‘) denote the bulk and in- 
terface densities of states in the solid, and arise from 
the integration of g$ and g$ over positive x3, i.e. the 

region occupied by the solid. The functions GiB’ and 
Gi” are their analogs for the liquid, and come from 
the integration over x3 < 0. 

The densities of states G,$’ of the unbounded solid 
and liquid are given by 
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302 yv 
G?'(W) = - .\ 2lsc; t 

GjB’ (w) = &!? 
21T2c3 ’ 

(8) 
0 

AImp 

where v, and VI are the volumes occupied by the solid 
and liquid, respectively, and cg is defined by (3/c:) = 
(2/c:) + (1 fc!) . The interface contribution to the den- 
sity of states of the solid, which we consider first, has 
the form 

dxs 

0 

d’kll Img(‘) (kll w - iqlx3 x3). 
(2742 *a ' ' 

(9) 

The integrals in Eq.(lO) can be evaluated analytically 
[4]. We introduce the function 

f(kl\, w) = s rdx3 rdQg:A(k,,. wh x31, (10) 
0 0 

where 8 is the polar angle in the (kl, k2) - plane. One 
can see from Appendix B that due to the simple expo- 
nential dependence of ggi(kll, ~1x3, x3) on x3, we can 
immediately evaluate the integral over this variable in 
Eq.( 10). The integral over 0 gives 2rr because the in- 
tegrand does not depend on the direction of kll. Thus, 
we obtain an explicit expression for f(kll, w), which 
we do not give here because of its cumbersome form. 
The interface density of states in the solid is given by 

m 

G.:‘) (w) = 4co 
I 

dkll kl/ Im f(kll, w - iv). (11) 
0 

We notice that g~~(k~~, ~11x3, x3) depends on kll and 
(u only through G and w2, hence so does f(kll, w). 
Therefore, it is convenient to introduce new variables 

P=ql R = w2, which we will use later on as the 

arguments off. Since G,:‘)(w) = 2u@(w2_), where 
@)(o~~) is the interface contribution to G(w2) = 
2, 6(w2 - wi), we obtain the result that 

m 

G!‘)(Q) = J I 
dp Imf(p, Q - iq). (12) 

0 

We next transform this integral into a contour integral 

[41 : 
m 

I 
dpImf(p,R-iv) = $ 

I 
dpf (p, a2), (13) 

0 Cl 

where the contour Ci is depicted in Fig.1 by the solid 
line. We consider f as a function of complex p and real 

_ Cl 
I 
, 

‘-Rep 
I 

/ 

P 
/ -/ 

f,$$ : c: , 0 1 
: \ I’ \ \ I’ 

‘\ 
, , 

‘. ,’ 
‘\ 

‘. ,I’ 
‘. _*’ 

--__ 
--____-- 

__-* 

Fig. 1. The complex p-plane and the integration con- 
tours Ci and C, used in the evaluation of the integral 
in Eq.(ll). 

R. The Riemann surface on which f(p, a) is single- 
valued consists of eight sheets, each of which is de- 

fined by a combination of the sheets of ,/m, 

$-_ 7 p - (R/et ), and p - (C!/co). The branch cuts asso- 
ciated with these square roots are shown in Fig. 1. The 
singular points of f(p, R) come only from the singu- 
larities of the functions gfA(kll, wIx3, x3). As in the 
case of two solids in contact [4], if we close the con- 
tour Ci by a circle C, of an infinitely large radius, as 
shown in Fig.1, f(p, Cl) is regular and has no singu- 
larities inside the closed contour C = Ci + C,. Then, 
with the aid of Cauchy’s theorem, we obtain, 

G:“(n) = -$ 
I 

dpf(p, RI. (14) 
cc9 

The analysis of the behavior of f(p, RI for large lpl 
shows that this function decreases as l/ IpI as Ip( - 
co. Because IpI z+ R/C& R can be put equal to zero, 

and @)(fJ) = -rr {pf(p, 0)}, i.e. is independent of 
R. Using Eqs.( 1 O)-( IO), we obtain 

b) 

(p(w) = -psw F j-d-v {$th We, x3)}, (15) 
0 

where the expression in curly brackets in Eq.( 15) does 
not depend on k/l. Thus, we have proved that the inter- 
face contribution to the density of vibrational states 
is determined by the static (w = 0) Green’s tensor 
of the system. This tensor is much easier to calculate 
than its dynamical version, which advantage becomes 
especially important in the more complicated case of 
anisotropic solids [7]. We must point out here that a 
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contour integration technique, similar to the one ap- 
plied here and in [4], was used earlier by Iosilevskii [3]. 
One can see that the results of Ref.3 also imply that the 
interface density of states is determined by the static 
limit of the corresponding Green’s tensor, although 
this was not stated explicitly in that work. 

Substituting the explicit expressions for g$, given 
in Appendix B, in the limit LC) = 0, into Eq.(15), we 
obtain 

SO 
G!"(w) = - .\ 87~~; ’ 

where c,: = c:c,‘(c: - c,2)/(3c; - 3cTc: + 2~:) . A sim- 
ilar analysis in the evaluation of the li 

4 
uid interface 

contribution to the density of states Gi’ (co) leads to 

G”‘(u) = = 
I 8rrc; ’ 

(17) 

Equations (8) (16), and (17) iliustrate the well-known 
fact that the spectral density for acoustic phonons has 
a frequency dependence proportional to u#-‘, where 
d is the dimensionality of the system. In our case d = 
3 for the bulk and d = 2 for the interface. 

The solid interface contribution G,jn (w) to the den- 
sity of states, given by Eq.(16), coincides with the 
one corresponding to the stress-free surface of that 
solid [4]. On the other hand, the liquid interface con- 
tribution (17) is the one which would be obtained in 
the case of a liquid bounded by a hard wall. Thus, the 
contributions from the solid and the liquid enter addi- 
tively, which phenomenon we ascribe to the fact that 
the solid supports both longitudinal and transverse vi- 
brations, whereas the liquid supports only longitudi- 
nal vibrations, This decoupling does not occur in the 
case of two solids in contact [4]. 

3. THE INTERFACE DEBYE MODEL 

Since all four terms that contribute to the density 
of states (10) are known now, we will try to develop 
an interface Debye model in the same spirit as this 
was done in Ref.5. First, by analogy with the case of a 
single medium, we could try to require that G(w) be 
normalized to the total number of degrees of freedom 
in the system, i.e. to 3 (N,, + N/j. However, the resulting 
cut-off frequency cow does not depend on N, and NI 
through the combinations (N.V/ K,) and (N/l VI) as one 
would expect. Therefore, we disregard this model. 

A consistent approach is obtained with the aid of 
the following example, which was suggested in [4] for 
the case of two solids in contact. We consider the same 
solid and liquid, occupying the half-spaces x3 > 0 and 

x3 < 0, respectively, but now separated by a very nar- 
row gap, so that we have two stress-free surfaces in- 
stead of the interface. As in the interface problem, we 
can define the Green’s tensor (6) for the entire system 
of solid and liquid with the interface contribution re- 
placed by surface contributions. However, it would be 
quite unreasonable to describe the system by a single 
density of states (7), and to normalize it to 3 ( N,V + Nl). 
Instead, each medium has to be described by its own 
density of vibrational states. 

Returning to the interface problem, we claim that 
both the solid and the liquid possess their own vibra- 
tional spectra, perturbed by the presence of the inter- 
face. Hence, we require that each medium (s or f) be 
described by its own density of states, 

Gs,/(co) = G.:,;)(w) + G,:,;‘(w). (18) 

Then we normalize the functions Gs(w) and G/(w) 
to 3N., and 3N/, respectively, and obtain the following 
cut-off frequencies, 

’ (19) 

I (20) 

where w,~ = (6rr2)“3(N,/IQ1’3cg and 
co/ = (18~2)1’3(N~/V/)“3c~ are the Debye cut-off fre- 
quencies for the unperturbed solid and liquid, respec- 
tively. This completes the construction of the Debye 
interface model. 

It is now straightforward to calculate the interface 
vibrational contribution to the zero-point energy, as 
was done in [4] for two solids in contact, and the result 
is 

(21) 

We notice that unlike the case of two solids in con- 
tact [4], the contributions from the liquid and from 
the solid are additive. When ksT is small compared 
to both RcoV and Rwr, the interface contribution to 
the temperature-dependent part of the Helmholtz free 
energy is given by 

AF”‘(T) = ($f)3 g [$ + $1 5(3)> (22) 

where G(z) is the Riemann zeta function. Finally, the 
low-temperature interface vibrational contribution to 
the specific heat is 

k3T2S 1 1 
AC?‘(T) = 3rrg(3)L 

h2 [ 1 2’2. (23) 
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The law ACr’( T) CC ST* agrees with the results ob- 
tained for the surface contribution to the specific heat 
of a semi-infinite solid [2,7] and for the interface con- 
tribution to the specific heat of two solids in con- 
tact [I, 41. 

4. CONCLUSIONS 

In this paper we have studied the interface vibra- 
tional contribution to the low-temperature thermody- 
namic properties of a system of solid and liquid in con- 
tact across a planar interface. We showed that the in- 
terface contribution to the density of vibrational states 
is determined by the static Green’s tensor of the sys- 
tem. 

The main result of this work is the construction 
of the interface Debye model. Following the analysis 
of [4], we described each medium by its own density 
of vibrational states, which we normalized to the to- 
tal number of vibrational degrees of freedom in that 
medium. This requirement results in modified Debye 
cut-off frequencies for both media. We have obtained 
the interface zero-point energy, the temperature- 
dependent part of the free energy, and the interface 
contribution to the specific heat for the solid-liquid 
system. The results are consistent with those obtained 
for similar interface problems [l, 3,4]. 

Another result of the paper, which can be useful 
in solving other problems, is the dynamical Green’s 
tensor for the system of solid and liquid separated by a 
planar interface. The elements of this tensor are given 
in Appendices A and B. 
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Appendix A. BULK GREENS FUNCTIONS 

In this Appendix we present the Green’s functions 
g&T and g$. The technique for calculating these func- 
tions is quite standard, and can be found in [8] for 
similar problems. In the expressions for the Green’s 
functions we use the definitions a,,r,O(kll, o) = [ti - 

(w + irl)21c~,,ol’/2, where the positive infinitesimal n 
defines the appropriate choice of the branch of the 
square roots, when the branch cut for the square root 
is taken along the negative real axis. The bulk Green’s 
functions are given by the following expressions. 

A.1. For the Solid 

(A.3 

A.2. For the Liquid 

(B.1) = 1 
g11 

_-pol+l-r;r + kf 
2poaow2 

-61x3 - x;, 
POW2 

(A.61 

Lw) 
gl3 = 

ikll _- 2powZsgn(x3 - ~;)e-~~l~~-~~l 

(81) _ a0 
g33 

_ -e-wlx3-x;I 
2POW2 

(A.81 

(A.% 

WI) _ 1 
g22 - -6(x3 -xi). 

POW2 
(A.lO) 

Appendix B. INTERFACE GREEN’S 
FUNCTIONS 

We present the expressions for the interface Green’s 
functions. In them we use the definitions rf = 

4arm,$ f (a; + q)2 

4wor,bf + k$ ’ 
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B.l. Forx3>O,x;>O 

g;y = - G 
2pow2R, 

&-a,h+X;) + e-a/xwx,x; 

+fZ 
-LYrXJ-a/X; + aI at FR_e-a!bl+x;) 

I 
(B.1) 

II 

(1) +i 
g31 = -2pw2R+ [ 

J?_e-“,h+X;) + e-wx3-alx; 

k2 
+ 

_&-a&-CX,X; + R_e-a’(X’+X;) 

aI at I 
03.2) 

ihl 
8;:’ = zpw2R+ 

[ 

jq_,-./(x3+x;) + 
k2 

J_p/x3-CV; 

a1 at 

+e-a,Xj-a/X; + R_e-%(X1+X;) 1 (B.3) 

g;‘: = - + e-@/x3-& 

+e-alXt-a/X; + R_e-al(X3+X;) 
1 

1 g;<) = -me-af(m+x;). 

B.2. For x3 < 0, x; < 0 

(0 _ ti ‘f an(x3+x;) 

g" - -2pt)aow2R+e 

(0 ikll r+ au(xl+x;) 
g31 = 2pow2R+e 

g;y = _ _ r+p”(x~+x;) 41 

2~0~~ R+ 

(0 _ o(O r+ an(xj+x;) 
g33 - 2pow2R+e 

gg = 0. 

B.3. For x3 > 0, xi < 0 

(B.4) 

(B.5) 

(B.6) 

(B. 7) 

(B.8) 

(B.9) 

(B.lO) 

(0 _ kfi 
g” - 2pa0a,atcfR+ 

le(-a,xz+anx;’ 
2 

W& 
-ye (-a,xj+anx;) 

G + mt 1 

(B.ll) 

gg’ = 41 
2paoa,cfR+ 2’ [ 

’ (-atx3+anx;) 

G e(-mx3+anx;) 

q + 4 1 

(I) _ 
g13 - 

ihI 

[ 
le(-atx3+anx;) 

‘@w&R+ 2 

N& __e(-am+aOx;) 
G + d 1 

g$) = - 

B.4. For x3 < 0, xi > 0 

_ _elanx3-afx;) W& 

tq + d I 

(I) _ 
g31 - - 

41 
[ 

1 _e(anx3-arx;) 

WwdR+ 2 

alat 
-2e (anxvalx;) 

G + at I 

g;‘: = - 41 
[ 

I _e(Wx3-Wx;) 
2paoatc;R+ 2 

kf -ye (anx3-afx;) 

q + mt I 

1 
& = -2pcxt& 

’ (tW3-Wx;) 
2" 

-- (Wx3-Wx;) 

I 

g:‘: = 0. 

(B.12) 

(B. 13) 

(B. 14) 

(B.15) 

(B.16) 

(B.17) 

(B.18) 

(B.19) 

(B.20) 




