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Abstract

Black Holes, Branes, and Knots in String Theory

by

Kevin Alan Schaeffer

Doctor of Philosophy in Physics

University of California, Berkeley

Professor Mina Aganagic, Chair

String theory has proven to be fertile ground for interactions between physical and
mathematical ideas. This dissertation develops several new points of contact where
emerging mathematical ideas can be applied to stringy physics, and conversely where
stringy insights suggest new mathematical structures. In the first half, I explain how
the formula of Kontsevich and Soibelman (KS) can be used to compute the spectrum
of stable BPS particles in Calabi-Yau compactifications and I show that dimer models
can be used to prove the KS formula for walls of the second kind in toric Calabi-Yau
manifolds. I also explain how dimer models give a way of associating integrable
systems to Calabi-Yau threefolds and show that this map agrees with an existing
gauge-theoretic map. The second half of this dissertation focuses on a background in
M-theory that defines the refined topological string. I explain how orientifolds can be
introduced into this background, leading to new integrality conditions on amplitudes
and to new invariants for torus knots. Finally, I introduce a new duality that relates
the refined counting of supersymmetric balck hole entropy and refined topological
string theory.
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Chapter. 1

Introduction

String theory is an ambitious enterprise – not only does it give a consistent way
of combining quantum mechanics and general relativity, it also gives a unified frame-
work for explaining the origin of all fundamental forces and matter. Historically, it
was first studied as a fundamental theory by perturbatively quantizing the classical
string, leading to the requirement of ten microscopic spacetime dimensions. This per-
turbative approach was useful for understanding the most basic spectrum of stringy
excitations and for obtaining a coarse picture of the theory, but non-perturbative
effects were poorly understood. This changed dramatically during the second string
revolution in the ’90s, leading to remarkable non-perturbative dualities and break-
throughs in our understanding of deep questions in quantum gravity such as black
hole entropy [261] and holography [146, 204, 263, 281]. Although these developments
greatly enriched our perspective on string theory, they also raised questions about
whether strings should really be viewed as the fundamental degrees of freedom in
“string” theory.

Much of the subsequent research in string theory has focused on obtaining a better
understanding of stringy dualities in order to find the deep structures that underpin
the theory. Remarkably, ideas from mathematics have emerged as the structures con-
trolling many of the dualities that appear in string theory – this has given convincing
evidence that the mathematical languages of geometry, topology, and combinatorics
are the correct ones for understanding many phenomena. At the same time, math-
ematics has also emerged as a useful testing ground for string theory – although
experimental tests of string theory are still far away, string theorists can use dualities
to make many nontrivial mathematical predictions. The verification of these predic-
tions by mathematicians has given powerful evidence for the consistency and power
of string theory.

In this dissertation, I will discuss several mathematical structures that have emerged
from studying supersymmetric string backgrounds. This work is centered around
string theory on geometries of the form R3,1×X and M-theory on R4,1×X, where X
is a Calabi-Yau threefold. Originally, such backgrounds were studied as a way of pre-



2

serving supersymmetry while reducing the macroscopic dimensionality of space-time
from 10 to 4, in agreement with everyday observations. However, it has also been real-
ized that such compactifications are extremely rich mathematically – for example, the
topological string is critical when its target space is a Calabi-Yau threefold (ĉ = 3). It
is an open question whether this particular connection between mathematical beauty
and physical relevance is simply coincidental or if it gives some explanation for the
macroscopic dimensionality of our universe.

In the Chapter 2, I focus on IIA string theory on R3,1 × X in the case where X
is a noncompact Calabi-Yau threefold. Such backgrounds preserve N = 2 supersym-
metry in four dimensions (8 supercharges). It is particularly interesting to study the
spectrum of stable BPS branes wrapping the cycles of X. A remarkable fact is that
as the moduli of X are varied, certain branes can become unstable and the spectrum
can jump. These jumps occur along real codimension-one “walls” in the moduli space
and a fundamental problem is to predict the form of these jumps under such “wall
crossing.”

This wall crossing phenomenon was first pointed out by Seiberg and Witten in
their solution of pure N = 2 Yang-Mills – they realized that for their theory to be
consistent, infinitely many dyons that are stable at large VEVs would have to decay
in the interior of the moduli space [250]. Progress in understanding wall crossing from
a physical perspective has been made in [12,27,28,58,73,84,95,97,124–126,175,236].
However, the greatest leap forward was made by Kontsevich and Soibelman (KS)
[188], who proposed a mathematical formula that determines the jump in spectrum
in complete generality. In this chapter, I explain how the KS formula can be tested
by studying the intricate spectrum of BPS branes in toric Calabi-Yaus with compact
four-cycles. For these geometries, I show that the KS formula for crossing walls of
the second kind can actually be proven using the tool of dimer models which can be
used to count BPS states. I also discuss the connections between crossing walls of
the second kind and Seiberg duality in quiver quantum mechanics, and conclude by
explaining how topological string theory emerges in the limit of large B-field. This
work was done in collaboration with Mina Aganagic and appeared previously in [16]

In Chapter 3, I focus on Calabi-Yau compactifications in M-theory which engineer
five-dimensional supersymmetric gauge theories. Starting with the work of [142,222],
it has been known that four- and five-dimensional gauge theories with 8 super-
charges are intimately related to algebraic integrable systems. The connection is
made through the low energy solution of these gauge theories, which naturally has
the structure of a torus-fibration over the Coulomb branch. Since these gauge the-
ories are geometrically engineered by compactifying M-theory or string theory on a
Calabi-Yau, this gives a way of assigning integrable systems to threefolds.

Recent work by Goncharov and Kenyon (GK) gave a mathematically precise map
from dimer models to integrable systems [137]. As explained in Chapter 2, there is
also a very useful assignment of dimer models to Calabi-Yau manifolds. Combining
these two observations gives a method for obtaining explict integrable systems from
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Calabi-Yau threefolds. This raises the natural question: do the two methods of finding
integrable systems (the gauge-theoretic method and the mathematical GK method)
give the same results? In this chapter, I explicitly show that this is true for Y p,0

Calabi-Yaus which are known to engineer pure SU(p) supersymmetric gauge theories.
This work was carried out in collaboration with Richard Eager and Sebastian Franco,
and previously appeared in [103].

Chapters 4 and 5 focus on a one-parameter generalization of the topological string,
known as “refined topological string theory.” To put this generalization into context,
it helps to recall the origin of topological string theory and its connection with string
duality. In [276], it was discovered that two-dimensional N = (2, 2) sigma models
could be topologically twisted, making them independent of the worldsheet metric.
Depending on the kind of twist (A or B), the topological theory is also independent
of the complex structure of the target space (A twist) or independent of the Kähler
structre of the target (B twist). It was further explained in [276] that the twisted
sigma model can be coupled to worldsheet gravity in a way analogous to the bosonic
string, leading to a topological string theory.

Although originally defined on the worldsheet, it was quickly realized that topolog-
ical string theory can also be defined as computing F-terms in low-energy supergravity
after Type II string theory has been compactified on a Calabi-Yau threefold, X [45]
Equivalently, the topological string partition function can be computed in M-theory
by counting M2-brane bound states wrapping cycles in X [91, 138, 139]. It is this
last perspective that is especially valuable for generalization – these M2-branes can
be counted in a more refined way, giving an implicit definition of refined topological
string theory [162, 171, 225]. Ideally, there would also be an explicit worldsheet defi-
nition of the theory, but such a definition is currently unknown1 and is not necessary
to perform many computations.

Taking this definition as a starting point, much progress has been made in com-
puting the partition function of the refined topological string in both the closed and
open cases [2,18,20,21,60,90,91,95,172]. In Chapter 4, I explain how to introduce ori-
entifolds into both refined and ordinary topological string computations – this leads
to new integrality conditions for the partition functions in both cases. It also gives a
way of defining open topological string theory, and therefore, a refinement of SO(N)
Chern-Simons theory. This can then be used to compute a refined generalization of
the Kaufmann polynomial for torus knots, and further leads to a new instance of large
N duality. All of these computations are made possible by the intricate mathematical
structure of D-type Macdonald Polynomials. This work was done in collaboration
with Mina Aganagic and appeared previously in [15].

Finally, in Chapter 5 I discuss how refined topological string theory is related to
black holes. This work generalizes the seminar discovery of Ooguri, Strominger, and
Vafa (OSV) that the mixed partition function of BPS black holes is computed by the

1For some recent progress in this direction see [29,221]



4

square of the topological string partition function [235]. The OSV conjecture was
explicitly tested in [4], where the authors studied noncompact Calabi-Yau threefolds
given by two line bundles over a Riemann surface. In that paper they studied the
analogue of large black holes by wrapping N D4-branes over the Riemann surface and
one complex line bundle, and counting D2 and D0 branes bound to it. They found
that this counting was in fact computed by a two-dimensional gauge theory that is
closely related to Chern-Simons theory, which they called “q-deformed Yang-Mills.”
In the large N limit, this gauge theory partition function is equal to the square of the
topological string on that Calabi-Yau, in agreement with the OSV conjecture.

In fact, all aspects of this correspondence can be generalized to the refined case. I
explain how a refined counting of D4/D2/D0 bound states can be defined and is equal
to a two-dimensional gauge theory, (q, t)-deformed Yang Mills, which is closely related
to refined Chern-Simons Theory. At the same time, it is straightforward to compute
the partition function of refined topological string theory on these geometries. Taking
the large N limit of (q, t) deformed Yang-Mills, I find that it is equal to the square
of the refined string theory partition function, giving evidence for a refinement of the
OSV conjecture. Mathematically, this duality suggests that in the limit of large rank,
the Hodge numbers of certain instanton moduli spaces shoud encode refined Calabi-
Yau invariants. This duality can also be viewed as a novel form of gauge/gravity
duality, where both the gauge and gravity theories are defined by counting different
BPS states in M-theory. This work was done in collaboration with Mina Aganagic
and appeared previously in [17].
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Chapter. 2

Wall Crossing, Quivers, and
Crystals

2.1 Introduction

There has been remarkable recent progress in understanding the spectra of BPS
states of N = 2 theories in 4 dimensions, driven in part by the mathematical con-
jectures of Kontsevich and Soibelman [189] . KS conjectured how the degeneracies
of BPS states change as we cross walls of marginal stability. In some cases, we have
a physical understanding of why the conjectures of [189] are true. In particular, for
BPS states in a gauge theory, the results of [189] have been explained in [124, 125],
and from a different perspective in [58] (see also the very recent [126])1.

In this chapter we do three things. First, we give the physical explanation for
the “walls of the second kind” in [189]. Second, we provide further evidence that the
conjectures of [189] are true – by proving that the spectrum of BPS bound states of a
D6 brane with D4, D2 and D0 branes wrapping toric Calabi-Yau manifolds satisfies
them, for certain walls. The spectrum here is in general very complicated (far more
so than in the examples studied so far, corresponding either to four dimensional
gauge theories [98], or Calabi-Yau manifolds without compact four cycles, where
the generating function of the spectrum is computable in closed form [13, 73, 176,
239].). Finally, we use this to shed new light on a relation between familiar objects:
topological strings, Calabi-Yau crystals, and BPS D-branes. These were studied
previously in [173,212,213,234,240].

2.1.1 Walls of the Second Kind and Seiberg Dualities

There are two distinct phenomena that affect the BPS spectrum. One, which was
most studied in the literature, e.g. in [84] , corresponds to crossing a wall of marginal

1See [236] for a matrix model perspective, and [71,260,265] for more mathematical progress.
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stability where central charges of a pair of states align. There, the degeneracies of
bound states of the pair change. When the BPS states are described in a quiver gauge
theory, we cross the wall by varying the Fayet-Iliopoulos terms.

The other phenomenon is the “wall of the second kind” of [189] , which we interpret
as a kind of Seiberg duality that changes the basis of BPS branes and the split of the
spectrum into the branes and the anti-branes. In the quiver gauge theory, this can be
made precise. The basis of the BPS branes is provided by the nodes of the quiver. The
branes are described as linear combinations of these with positive coefficients which
are the ranks of the quiver gauge groups. The walls of the second kind correspond
to varying the gauge couplings g−2 of the nodes. When one of them passes through
zero, we need to change the description to a new quiver, related to the original one
by Seiberg duality [41,44,54,109]. This replaces the brane of the corresponding node
with its anti-brane. The action of Seiberg duality on the nodes of the quiver is exactly
the change of basis that appears in [189]. Once the basis vectors change, the possible
brane bound states they can form change as well. It is worth emphasizing that the
combined spectrum of BPS branes and anti-branes does not change at a wall of the
second kind. No central charges have aligned, so no states can decay across this wall.
However, the spectrum of only the BPS branes (which we define as states with a
central charge in the upper half-plane) will be affected by these walls.

We will work out examples of this, starting from a simple one, with an acyclic
quiver, in section 2.2. In section 2.3, we set this up in more detail, in the context
of D3 branes wrapping three-cycles of a local Calabi-Yau Y . Y is related by mirror
symmetry to a toric Calabi-Yau X, which maps the D3 branes to D6, D4, D2 and D0
branes, as we review in section 2.5.

2.1.2 Dimer models, Seiberg Dualities, and BPS Degenera-
cies

Recently, [218] gave a remarkably simple way of computing degeneracies of BPS
bound states of one D6 brane on a toric Calabi-Yau X, with D4 branes, D2 branes
and D0 branes, generalizing the earlier work of [264] to essentially arbitrary toric
Calabi-Yau singularities. Adding a D6 brane corresponds to extending the D4-D2-
D0 quivers2 by a node of rank 1 [239], in a manner which we make precise. While
in principle BPS degeneracies of a quiver are computable for any given choice of
ranks as an Euler characteristic of the moduli space, the direct computations become
cumbersome as ranks increase. Instead, as we review in section 2.4, [218] give a
combinatorial way to compute the degeneracies for any ranks, by counting perfect
matchings of certain dimer models on a plane. (This can be rephrased in terms of
counting melting crystals, as we will explain shortly.) The relevant dimers are the lift
to R2 of dimers on T2 that correspond to D4-D2-D0 quivers in [110,117].

2These were studied extensively in [33,35,41,44,54,86,100,109,117,152,156,158–160,274,275].
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We show that crossing the walls of the second kind that take a quiver Q to its
Seiberg dual Q′ corresponds to a simple geometric transition in the dimer. In the case
of the dimer on T2, this was known from [117] , and what we have here is a simple
lift of this from the dimers on T2 to the dimers on the plane. Since perfect matchings
of the planar dimer count BPS states, this gives a geometric description for how the
spectrum jumps. We show (in section 2.4) that this can be used to prove the KS wall
crossing formula in the context of the quivers of [218] .

In section 2.6 we give another example of wall crossing of the second kind corre-
sponding to varying the B-field on X. Since shifting the B-field brings us back to the
same point in the moduli space of X, this should leave the spectrum of BPS states
invariant. Indeed, we show that if one turns on compact B-field, B ∈ H2

cmpct(X,Z),
this corresponds to a sequence of Seiberg dualities of the quiver, but in the end the
quiver comes back to itself. Shifting by a B-field in B ∈ H2(X,Z)/H2

cmpct(X,Z)
also corresponds to a change of basis of branes and Seiberg duality, but this time
the quiver does not come back to itself. Instead, this change of basis permutes the
quivers describing D6 branes with different amounts of noncompact D4 brane charge.

2.1.3 Calabi-Yau Crystals, Quivers and Topological Strings

There is an intriguing connection between the dimers that appear in [218] and an
earlier appearance of dimers in the context of the closed topological string, in [234].
As explained in [181,218,234,239] there is a close relation between dimer models in the
plane, with suitable boundary conditions, and three dimensional melting crystals. We
show that the melting crystals of [218] have a beautifully simple geometric description:
the crystal sites are a discretization of the Calabi-Yau geometry. The shape of the
crystal is determined by the geometry of the Calabi-Yau base, which is a singular cone
at the point in the moduli space where the quiver is defined. The crystal sites are the
integral points of the Calabi-Yau. The precise microscopic structure of the crystal
depends on the quiver (and changes under Seiberg dualities). The refinement comes
from the fact that we are not counting bound states of the D6 brane with D0 branes,
but the more general bound states with D4, D2 and D0 branes, corresponding to
splitting of the D0 branes into fractional branes. We show that, increasing the B-field
by D ∈ H2(X,Z), D6 brane bound states are counted by the crystal that takes the
shape of the Calabi-Yau X with Kahler class D, while the microscopic structure of
the crystal does not change.

The relation of topological string amplitudes on X with certain melting crystals
was observed in [234]. The Calabi-Yau crystals that arise in this chapter are the
same as those in [173,234], but only in the limit of infinite D, where the microscopic
structure of the crystal is lost. The crystals in [234] were interpreted in [173] as
counting bound states of a D6 brane on X, formulated as the Witten index of a
non-commutative N = 2 SYM on X. The observations of [173] are known as the
Gromov-Witten/Donaldson-Thomas correspondence [212, 213]. We thus provide a
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new derivation of the Gromov-Witten/Donaldson-Thomas correspondence from the
perspective of the 0 + 1 dimensional quiver quantum mechanics, but only in the limit
of large D. This is in agreement with [84], which pointed out that the correspondence
of [173] can hold only in the limit of infinite B-field (this was also verified in [13] when
X has no compact 4-cycles). This is described in section 2.7.

2.2 Walls of the Second Kind and Seiberg Duality

Consider BPS states from D-branes wrapping cycles in a Calabi-Yau Y . For
definiteness, take IIB string theory, so that the BPS particles are labeled by charge

∆ ∈ H3(Y,Z).

The mass of the BPS state and the supersymmetry it preserves are determined by
the central charge,

Z(∆) =

∫
∆

Ω,

where Ω is the (3, 0) form on Y . For an arbitrary Calabi-Yau Y , the BPS spectrum
will be quite complicated and may not have a simple quiver description. However,
in the neighborhood of a shrinking two- or four-cycle, we can take Y to be a local
Calabi-Yau and the D-brane spectrum can be described by quiver gauge theories in
0 + 1 dimensions. The nodes of the quiver correspond to a basis of H3(Y,Z). Any
bound state of the branes with charge ∆ can be written as

∆ =
∑
α

Nα∆α, Nα ≥ 0. (2.2.1)

The corresponding quiver quantum mechanics is a

G∆ =
∏
α

U(Nα)

gauge theory. The quiver is a good description when all the central charges of the
nodes are nearly aligned. By choosing an overall phase of Ω, we can write

Z(∆α) =
i

l3sg
2
α

+ lsθα,

corresponding to all Z’s being close to imaginary. Above, θα is the Fayet-Iliopoulos
parameter, and gα is the gauge coupling in the quantum mechanics. The BPS degen-
eracy of a state ∆ is determined by the Witten index

ΩQ(∆) = Tr∆,Q(−1)F , (2.2.2)
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of the quiver with gauge group G∆.3 Thus, the quiver gauge theory provides both a
basis of D-branes, and a means to compute the degeneracies.

At walls in the moduli space, the spectrum of BPS states can change. One kind of
wall is a wall of marginal stability, where central charges of two states, for example of
two nodes, align. At the wall, even though (2.2.2) is an index, it can jump, since the
one particle states it is counting can split, or pair up. In the quiver, since we are near
the intersection of walls anyhow, crossing this wall corresponds to some combination
of FI parameters passing through zero.

Before we go on, note that the quiver only describes the states with non-negative
Nα. This is just as well, since the central charges of anti-branes −∆α would be anti-
parallel to the rest of the states in the quiver. The states with some of the Nα’s
negative and some positive do not form bound states, and the quiver does not miss
anything4. Moreover, this remains true even when the central charges of ∆α are not
nearly aligned, as long as they all remain in the upper half of the complex plane –
simply because there are no walls where ∆β and −∆α can align. The fact that only
the states in the upper half of the complex Z−plane bind, implies that the spectrum
of BPS particles can change as a node ∆∗ leaves the upper half of the complex plane,
and correspondingly −∆∗ enters it.5 The node ∆∗ leaves the upper half of the complex
plane when g−2

∗ passes through zero. This wall, in real codimension one of the moduli
space, was called the “wall of the second kind” in [189] .

On the wall, g−2
∗ = 0, the gauge coupling of the node is infinitely strong. Even

though in 0 + 1 dimensions the gauge fields have no local dynamics, the coupling
enters the action as the coefficient of the kinetic terms for the fields on the brane,
e.g., 1

g2
∗

∫
|∂φ|2. We can continue past infinite coupling since clearly nothing special

happens to the D-branes, as long as we stay away from Z(∆∗) = 0, but we need to
change description. To make g2

∗ positive, we need to flip

∆∗ → ∆′∗ = −∆∗. (2.2.3)

The existence of the two dual descriptions of the same state, related by a continuation
past infinite coupling (2.2.3) , is a Seiberg duality [41, 44, 54, 109, 249]. In fact, ∆∗ is
not the only node that changes. Were we to complete the circle around Z(∆∗) = 0, all
of the nodes would have changed due to monodromy, which maps ∆ to ∆±(∆◦∆∗)∆∗,
for any ∆, with the sign depending on the path. Going halfway around the circle,
there are partial monodromies, which are Seiberg dualities [44]. On the other side of

3From the space time perspective, we are computing −2TrF 2(−1)F . The F 2 factor serves to
absorb the contribution of zero modes on R3,1. This reduces then to Tr(−1)F where one traces
internal degrees of freedom only [84] .

4There are of course the bound states with all Nα negative, but these are just CPT conjugates
of the states at hand.

5We reiterate that the full spectrum of BPS particles and anti-particles does not change, but the
spectrum of states in the upper half-plane does.
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the wall, the theory is described by a dual gauge theory, based on {∆′α} and a new
quiver Q′.

A state ∆ in (2.2.1) , can have descriptions both in terms of Q and Q′. In addition
to the one based on Q and G∆, it may have another one, in terms of Q′ with gauge
group

G′∆ =
∏
α

U(N ′α)

where
∆ =

∑
α

N ′α∆′α, (2.2.4)

if N ′α are non-negative. Crossing the “wall of the second kind,” the spectrum can
change because the spaces of BPS particles one can obtain from Q and Q′ (by varying
FI parameters, while staying in the upper half of the complex plane) are different. In
the terminology of KS, this is a change of t-structure.

2.2.1 KS conjecture and Seiberg duality

Kontsevich and Soibelman [189] predict how the degeneracies ΩQ(∆) change as
the central charges Z are varied in some way. For each charge ∆ ∈ H3(Y,Z), associate
an operator e∆, satisfying

[e∆, e∆′ ] = ~(−1)∆◦∆′∆ ◦∆′ e∆+∆′ (2.2.5)

and
e∆e∆′ = (−1)∆◦∆′e∆+∆′ ,

where ∆ ◦∆′ is the intersection product on H3(Y ), and an operator

A∆ = exp(
1

~

∞∑
n=1

en∆

n2
).

Consider the product 6

AQ =
→∏
∆

A
ΩQ(∆)
∆ (2.2.6)

taken over all states ∆ with central charges in the upper half of the complex plane,
and in the order of increasing phase of the central charges Z(∆). The KS conjecture
states that if we cross a wall of the first kind, the BPS degeneracies adjust so that
the product, taken over the states with central charges in the upper half plane, is

6In general, the degeneracies ΩQ(∆) in the KS formula may differ from the physical BPS degen-
eracies by a ∆-dependent sign. This additional sign factor will be important in section 2.4, when
we use the KS formula to compute wall crossing for quiver gauge theories.
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invariant7. However, it is important to note that this KS product is only invariant if
no states enter or leave the upper half plane.

Now consider what happens as we cross a wall of the second kind where the
coupling g2

∗ of node ∆∗ flips sign. Near the wall, the chamber corresponding to the
quiver is as in the Figure 2.1. As we cross the wall, the state ∆∗ leaves the upper
half plane from the left, and the state −∆∗ enters it from the right, so that the new
degeneracies should satisfy

A′Q = A−1
∆∗
AQA−∆∗ . (2.2.7)

Figure 2.1: Wall of the Second Kind. As we cross this wall, the central charge of ∆∗
leaves the upper half plane.

Crossing the wall as above, we generally do not come back to the same point in
the moduli space, so AQ and A′Q are not themselves equal, not even after a change
of basis. However, the spectrum should be determined uniquely by the point in the
moduli space we are at. Going around a closed loop in the moduli space, the spectrum
of BPS states must come back to itself, up to a monodromy that relabels the branes.
In particular, it should not matter which way we go around the singularity.

2.2.2 A simple example

As a simple example, consider the quiver Q with two nodes, ∆1 and ∆∗, and
one arrow, corresponding to the intersection number ∆1 ◦∆∗ = 1. With the central
charges as in Figure 2.2, there are only three BPS states, and the operator AQ is
simply [189]

AQ = A∆1A∆1+∆∗A∆∗ . (2.2.8)

Rotating the central charge of ∆∗ counterclockwise, eventually Z(∆) and Z(∆∗)
align, and we cross a wall of the first kind. The bound state ∆1 + ∆∗ decays, and the

7More precisely, [189] restrict to a “strict” wedge, meaning one that subtends an angle less than
180◦. This simply tells us how to define AQ exactly on the wall, when states ∆α and −∆α both
have central charges on the real line.
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Figure 2.2: Rotating the central charge of ∆∗ counterclockwise (above) and clockwise
(below). Note that in both cases we cross a wall of the first kind and a wall of the
second kind.

product becomes8

AQ = A∆∗A∆1 .

Continuing past this, eventually the gauge coupling of ∆∗ becomes negative, so ∆∗
leaves the upper half of the complex plane, and −∆∗ enters it. To get a good de-
scription, we need to change the quiver from Q, to Q′ with nodes ∆1, −∆∗. This
corresponds to Seiberg duality on the node ∆∗ (This quiver and its Seiberg dualities
were studied in detail in [44].) with

AQ′ = A−1
∆∗AQA−∆∗ = A∆1A−∆∗ .

Now, we could have reached the same point in the moduli space by starting with
(2.2.8) and rotating Z(∆∗) clockwise instead. Then ∆∗ leaves the upper half of the
complex plane, −∆∗ enters it. We again need to dualize node ∆∗, but now we get
the basis ∆1 + ∆∗, −∆∗ corresponding to quiver Q′′. Moreover,

AQ′′ = A−∆∗AQA
−1
∆∗ = A−∆∗A∆1A∆1+∆∗ .

To get this to correspond to the same point in the moduli space as Q′ above, we need
to keep rotating Z(∆∗), until AQ′′ becomes

AQ′′ = A∆1+∆∗A−∆∗ .

Since Q′ and Q′′ now correspond to two quivers describing physics at exactly the same
point in the moduli space, they are of course equivalent. The non-trivial relation

8We used the pentagon identity A∆1
A∆1+∆∗A∆∗ = A∆∗A∆1

which holds for any two states ∆1,
∆∗ with intersection number +1 [189].
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between AQ′′ and AQ′ is a consequece of the fact that to relate them, we need to go
once around the Z(∆∗) = 0. In doing so, there is a monodromy acting on the cycles
that maps

∆→ ∆ + (∆ ◦∆∗)∆∗,

looping counter-clockwise, which is precisely how these are related. As an aside, note
that, taking for example the state ∆1 + ∆∗ of quiver Q, depending on which way we
go around the singularity there are two different interpretations for its fate. Along
the path corresponding to Q′, the state decays into ∆1 and ∆∗ on the wall of marginal
stability where ∆∗ and ∆1 align. From the perspective of the split attractor flows [81],
the flow corresponding to ∆1 + ∆∗ splits on this wall into a flow corresponding to ∆∗,
which crashes at Z(∆∗) = 0, and an honest black hole attractor corresponding to ∆1.
Along the path corresponding to Q′′, the state crosses no walls, but the monodromy
changes ∆1 + ∆∗ to ∆1. Following either flow, the attractor point is the same, as
expected from [81].9

2.3 Quivers from Calabi-Yau Threefolds

In this section we will review (following [54]) the quiver gauge theories Q that
arise for certain choices of a Calabi-Yau Y , and its moduli. One reason we choose
these theories is that one has a very direct, geometric understanding of what happens
to Q as the central charges are varied, and the theory undergoes Seiberg dualities.
The second reason is that the choice we make implies that the quiver theory has extra
symmetries – Q are the so called toric quiver gauge theories of [110, 117] (see [180]
for an excellent review). The torus symmetries will allow us to extract very precise
information about the quantum BPS spectra of Q, in the next section. The presence
of the extra symmetries is related to the fact, aspects of which we will review in the
next section, that Y is mirror to a toric Calabi-Yau X.

Consider a Calabi-Yau Y given by

W (ex, ey) = w uv = w. (2.3.9)

We can view Y as a fibration over the w plane. At a generic point in the w-plane, the
fiber is a product of a cylinder uv = w, and a Riemann surface W (ex, ey) = w. Over
special points, the fiber degenerates. Over a point q with w(q) = 0, the S1 of the
cylinder pinches. The 1-cycles of the Riemann surface degenerate over critical points
of W (ex, ey),

pα : ∂xW = 0 = ∂yW, α = 1, . . . , r (2.3.10)

9The change of basis of BPS states was also recently discussed in [27], from the attractor
viewpoint.
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where w(pα) = wα. For each pα, a path in the w-plane connecting it with q, together
with an S1 × S1 fiber over it, gives an S3 which we will denote

∆α, α = 1, . . . , r

Above, one of the S1’s corresponds to the cylinder, while the other corresponds to the
1-cycle of the Riemann surface pinching at pα). The three-cycles ∆α provide a basis
for the compact homology of Y . We can associate a quiver to the above singularity
by considering D3 branes wrapping the cycles ∆α. Since the ∆α’s are spheres, the
D-branes wrapping them have no massless adjoint matter. For a collection of

∆ =
∑
α

Nα∆α, Nα ≥ 0. (2.3.11)

branes, we get a

G =
∏
α

U(Nα) (2.3.12)

quiver gauge theory, with ∆α corresponding to node α of the quiver. Moreover, for
every point of intersection of ∆α and ∆β we get a massless chiral bifundamental in
either (Nα, N̄β), or (Nβ, N̄α) representation of the gauge group. Pairs of these can get
mass, so the net number of chiral multiplets going from node α to node β is

nαβ = ∆α ◦∆β.

As we vary the moduli of Y , the locations of critical points pα in the w plane
change. If the critical point pα crosses the cycle ∆β, due to monodromy, the homology
of the cycle ∆β changes to ∆′β

∆′β = ∆β±(∆β ◦∆α)∆α, (2.3.13)

where in (2.3.13) , ∆β stands for the original homology class of the cycle (see Figure
2.3).

Figure 2.3: Picard lefschetz monodromy as α passes through the ∆β cycle.
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The fact that the homology classes of the cycles change implies that the quiver
changes. For example, the intersection numbers nαβ change, and with them the
number of arrows connecting the two nodes of the quiver. Consider varying the
moduli so that the gauge coupling of the nodes ∆∗ becomes negative. In the process,
p∗ crosses the cycles ∆βi , so that the basis of branes changes to

∆′∗ = −∆∗

∆′βj = ∆βj ± nβj∗∆∗ (2.3.14)

∆′γk = ∆γk

This implies that the intersection numbers change as

W

0

W

0

Figure 2.4: The ∆∗ cycle is shown shrinking and then growing in the opposite direc-
tion. In the process, ∆∗ crosses the {∆βi}.

n′∗βk = −n∗βk
n′βkγj = nβkγj ± nβj∗n∗γk (2.3.15)

n′γj∗ = −nγjα.

In addition, for the D3 brane charge to be conserved, the ranks of the quiver have
to change, for the D-brane charge to be conserved. The numbers Nα of the branes on
the node α have to change to Nα′ , so that

∆ =
∑
α

Nα∆α =
∑
α

N ′α∆′α,

in order to be consistent with (2.3.13).
Note that (2.3.14) and (2.3.15) are exactly the same changes of basis as on p. 134

of [189] . The transformation is a Seiberg duality of the quiver gauge theory [35,157]
when either

n∗βk > 0, n∗γj ≤ 0,
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for all βk, γj, or with the direction of inequalities reversed – depending on the sign
in (2.3.14).10 The choice of sign determines which way around the singularity we
go. The new quiver Q′ is obtained from Q by (i) reversing the arrows beginning or
ending on the node ∗ we dualized. The reversed arrows correspond to new chiral
fields associated with the dual node, all of whose intersection numbers have flipped
signs. (ii) The original bifundamentals transforming under the node ∗ are confined
in the bifundamental mesons that no longer transform under gauge transformations
on node ∗. (iii) There is an additional gauge invariant coupling of the mesons to the
new bifundamentals charged under the dual node. These can however pair up with
the existing bifundamentals of opposite orientations and disappear, since only the net
intersection number, counted with signs is invariant. The net effect of (ii) and (iii) is
to give a mass to all but nβkγj ±nβj∗n∗γk bifundamentals between the node βk and γj.

2.3.1 The mirror of P1 ×P1 example

Consider for example,

W (ex, ey) = ex + zte
−x + ey + zse

−y + 1, (2.3.16)

where zt = e−t, zs = e−s. There are four critical points in the W plane, wα =
±2
√
zt ± 2

√
zs + 1.

W

1

0

Figure 2.5: The W plane for the mirror of P1 ×P1.

The four corresponding S3’s are drawn in Figure 2.5, in the limit

zs, zt → 0.

10When this is not the case, one should still get a dual description, though it may not correspond
to the quiver gauge theory one would naively obtain. For example due to the presence of tachyons,
the intersection numbers from the geometry need not count chiral multiplets. See, e.g. [35, 274].
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The intersection numbers of the cycles were determined in [153] . The quiver Q that
results has four nodes, connected by arrows

n32 = n34 = n21 = n41 = 2, n13 = 4.

The theory also has a superpotential, computed by the topological A-model on a disk,

W =
∑

i,j,a,b=1,2

εijεab
(
TrBaAiDjb + TrÃiB̃aDjb

)
.

where the fields are labeled in Figure 2.7. As we vary the complex structure moduli
of Y , the gauge coupling of one of the nodes, say node 2 can become negative. This
can be achieved by sending

zs, zt →∞,

keeping the ratio zs/zt = e−T fixed. As we vary z’s the cycles deform as in the Figure
2.6 [54] , corresponding to

∆′1 = ∆1 + 2∆2,

∆′2 = −∆2, (2.3.17)

∆′3 = ∆3,

∆′4 = ∆4.

We chose the labeling of the new nodes in a manner that will be useful later.

W

0

Figure 2.6: Deformation of the cycles as zs, zt →∞. Since ∆1 is deformed, the good
cycle in this limit is now ∆′1.

This implies that the non-vanishing intersection numbers are now

n′12 = n′23 = n′34 = n′41 = 2.
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This results in a new quiver, Q′, given in the Figure 2.7. The superpotential of the
theory also changes, and becomes11

W =
∑
i,j,α,β

εijεαβTrBαAiB
′
βA
′
j.

32

41

3

41

2

Q Q'

Figure 2.7: The Quivers for P1 × P1. The Q phase corresponds to zs, zt → 0 while
the Q′ phase corresponds to zs, st →∞.

2.3.2 Toric Quivers and Dimers on a Torus

The two quiver gauge theories above are examples of the “toric” gauge theories
[117] ( [180] contains an excellent summary). The quiver Q of a toric gauge theory can
be represented as a periodic quiver on a T 2 torus. The periodic quiver gives a tiling
of the torus which turns out to encode not just the quiver, but also the superpotential
W . The terms in the superpotential correspond to the plaquettes on the torus defined
by the quiver, whose boundaries are the bifundamental matter fields and where the
orientation of the boundary of a plaquette determines the sign of the term. This
implies, for example, that a given matter field enters precisely two superpotential
terms, with opposite signs12. The dual graph, with faces and nodes exchanged, is per
definition a bipartite graph on the torus. The bi-coloring of the nodes is determined

11The dual theory is obtained by Seiberg duality – instead of Ãi, B̃α we introduce two new pairs
of fields A′i, B

′
α, with opposite orientation. The original fields are confined in mesons Mαi = B̃αÃi,

and the superpotential becomes

W =
∑
i,j,α,β

εijεαβ
(
TrBαAiDjβ + TrMiαDjβ + TrB′αA

′
iMjβ

)
.

The second term above makes both M and D massive, and they can be integrated out. This results
in the effective superpotential we wrote.

12Any additional coefficients can be set to 1 by a field redefinition.
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by the sign of the corresponding superpotential term. Moreover, the edges of the dual
graph connect pairs of nodes of different colors.

The structure is in part a consequence of mirror symmetry [110], and the fact that
Y is fibered by three-tori T 3. If we view the T 3 as an S1 fibration over T 2, where
the S1 fiber corresponds to the uv = w cylinder, and the T 2 is mapped out by the
phases of x and y coordinates. Consider a D3 brane, wrapping a generic T 3 fiber
(this is mirror to a D0 brane on X), and let it approach w = 0 in the base. There,
the S1 fibration degenerates over a graph on the T 2 cut out by the Riemann surface
W (ex, ey) = 0. In the nice cases, corresponding to the quiver being toric, the fibration
is such that this sections the D3 brane out into plaquetes, which are the plaquettes
of the bipartite graph [5,110] . In particular,

T3 =
∑
α

∆α

this implies that the moduli space of the U(1)r quiver gauge theory is the mirror
manifold X, since mirror symmetry maps D3 brane on T 3 to D0 brane on X.

The toric quiver gauge theories have a global

T = U(1)2 × U(1)R

symmetry. The U(1)2 symmetry is inherited from the U(1)2 symmetry of the Calabi-
Yau, and leaves the superpotential invariant. The U(1)R is an R-symmetry, under
which the superpotential is homegenous, of degree 2.

There is a simple geometric relation between bipartite graphs of a pair of dual
quivers [117]. The transformation is local, acting only on the face of the bipartite
graph we dualize. We replace the face corresponding to the dualized node of the
quiver (in the present case, this is node 2), with a dual face. The dual face is the
copy of the original, but with the colors of all the vertices reversed. For this to fit
into the original bipartite graph consistently, we add a link connecting each original
vertex bonding the face to its dual of opposite color. The new links that appear in
this way correspond to mesons. Finally, we can erase links corresponding to massive
fields. The result is the bipartite graph corresponding to the dual gauge theory. An
example of this, relating the dimers of quivers Q and Q′ is in the figure 2.8.

2.4 BPS Degeneracies and Wall Crossing from Crys-

tals and Dimers

There is a combinatorial way to compute the BPS degeneracies of toric quiver the-
ories [218,239,262] in terms of enumerating certain melting crystal configurations, or
equivalently [218, 234], by counting dimer configurations. In the language of dimers,
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Figure 2.8: The dimer models on T 2 for Q and Q′ are related by dualizing face 2.

Seiberg duality becomes geometric. We will use this to prove that the BPS degen-
eracies of of two Seiberg dual quivers satisfy the relations (2.2.7) for a certain infinite
class of states. (As we will see in the next section, these will turn out to be bound
states of a single D6 brane bound to D4, D2 and D0 brane wrapping cycles in a mirror
toric Calabi-Yau X.)

2.4.1 BPS states of Quivers and Melting Crystals

The BPS degeneracy of a state ∆ is the Witten index

ΩQ(∆) = TrQ,∆(−1)F

of the quiver Q with gauge group G∆. It can be computed as the Euler character
of the moduli space of the quiver, defined by setting F- and D-terms to zero, and
dividing by the gauge group. In practice, this is doable for any fixed ∆, but it quickly
gets cumbersome.

There is a combinatorial way to compute the degeneracies ΩQ(∆), for any ∆, for
a toric gauge theory, using the torus T symmetry and localization. The price to pay
is that the results correspond to degeneracies not of the quiver Q alone, but of its
extension by adding one extra node of rank 1. In Figure 2.9 we show the extension
of the two dual quivers we considered above by an node α = 0 and an arrow.

The extended quiver has the same superpotential as before, since there are no
gauge invariant operators we can add. We will return to the physical meaning of this
extension in a moment13, but for now we simply explain the statement [218,239].

Recall that a quiver defines a path algebra A, whose elements are all paths on the
quiver obtained by joining arrows in the obvious way, where we consider equivalent
two paths related by F-term constraints. Since we allow paths on the quiver Q that
wind around the torus arbitrary numbers of times, consider the lift to a periodic
quiver on the plane, QR2 . Let A0 be the subspace of A, corresponding to paths

13This was discussed in [73] in the case of the conifold, and in [239] for toric Calabi-Yau without
compact 4 cycles.
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Figure 2.9: The extended quivers for P1 ×P1.

starting on node 0. The T-charge of the arrows in the quiver assigns T charge to
paths in A0. A theorem of [42,218] states that any two elements of A0 with the same
T charge are equivalent modulo F-terms. The set of T charges of endpoints of A0

is a three-dimensional crystal C, which is a cone (see Figure 2.10). Keeping track
of only the U(1)2 charge, C projects down to the two-dimensional planar quiver we
started with. The U(1)R charge defines height of the nodes, making the crystal three
dimensional.14

Starting from C one can explicitly construct T-invariant solutions to F-term equa-
tions. A melting of the crystal is an ideal C∆ such that if a path p is in C∆, than
pa is also in C∆ for any path a in A. C∆ is obtained from C by removing Nα sites
corresponding to node α where ∆ =

∑
αNα∆α. The melting crystal configurations

C∆ are in one-to-one correspondence with T-fixed solutions to F-term equations cor-
responding to quiver Q, with gauge group G∆.15 We will choose the FI parameters
θα in such a way that every solution we constructed is stable – they can solve the
D-term constraints. This corresponds to θ0 > 0 and θα6=0 < 0. Physically, this means

14It is crucial for the structure of the crystal that there exist a U(1)R symmetry so that every
path has positive R-charge. One choice is the U(1)R symmetry that can be geometrically realized
in the dimer model as an “isoradial embedding” of the bipartite graph in the plane [180].

15To sketch this, consider the finite set of sites we removed to get C∆ from C. The set of sites
corresponding to node α give vector spaces Vα of Chan-Paton factors of rank dim(Vα) = Nα. The
algebra A is represented on this by matrices, with non-zero entries corresponding to paths in the
crystal. By construction, these satisfy F -term constraints. The vector spaces Vα come with the
grading by the torus T charge assigned to them by paths in A0. The solutions to the F-term
equations we obtained above are fixed under the torus action that transforms the Vα and elements
of A by their corresponding weights. We still need to impose D-term constraints, and divide by
the subgroup of the gauge group G∆ that is preserved by the solution. Since the nodes of Vα all
carry different T charge, G∆ is broken to the maximal abelian subgroup. We thank D. Jafferis for
discussions and explanations of this point.
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Figure 2.10: The crystal for local P1 ×P1.

that the central charges of the nodes ∆α are all roughly aligned, and at an angle with
the central charge of the node ∆0. Then, setting D-terms to zero and dividing by the
gauge group is equivalent to dividing by the complexified gauge group. Doing so, the
fixed points in the quiver moduli space are isolated, and counting them reduces to
enumerating crystal configurations C∆.

Counting T -fixed points in the classical moduli space gives Tr∆(−1)F up to a sign
(−1)d(∆), corresponding to the fermion number of the fixed point (which determines
whether the BPS multiplet is bosonic or a fermionic). Thus, the BPS degeneracies of
the quiver are obtained by counting melting crystal configurations, up to sign

ΩQ(∆) =
∑
C∆

(−1)d(∆) = (−1)d(∆)χ(M∆
Q),

where the sum is over crystals C∆ with charge ∆ nodes removed, and where we have
also written the degeneracies in terms of the euler characteristic of the quiver moduli
space M∆

Q with fixed ranks given by ∆. The sign is computed by

d(∆) =
∑
α

N2
α +

∑
α→β

NαNβ (2.4.18)

where the last sum is over all the arrows in the quiver Q connecting nodes α, and β,
including node 0. This counts the dimension of the tangent space to the fixed point
set.
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Finally, let us define a generating function for the degeneracies

ZQ(q) =
∑
∆,C∆

(−1)d(∆)q∆ (2.4.19)

where q∆ is the chemical potential, induced by giving weight qα to node α, i.e.

q∆ =
∏
α>0

qNαα .

2.4.2 Wall Crossing and Crystals

We have seen that the degeneracies of N0 = 1 BPS states of a toric quiver Q
extended by a node, can be computed by counting crystal configurations. Consider
now two toric quivers Q, Q′ related by dualizing a node ∆∗. We will prove that
the degeneracies computed by the corresponding crystals satisfy the wall crossing
formulas of [189] .

The wall crossing formula (2.2.7) , predicts that degeneracies corresponding to
two quivers Q and Q′ are related by

AQ′ = A−1
∆∗
AQA−∆∗ , (2.4.20)

together with a change of basis following from (2.3.14)

e′∆∗ = e−∆∗

e′∆βj
= e(∆βj

+nβj∗∆∗) (2.4.21)

e′∆γk
= e∆γk

where nβj∗ > 0, and nγk∗ < 0. (In (2.4.20) we made a particular choice of the route
around the singularity. The other choice is related to this by monodromy, which does
not affect the degeneracies, but relabels the charges.) In the above, AQ contains the
information about the BPS states with any N0, and not just N0 = 1 states that are
counted by the crystal. To apply this to the present context, consider a truncation of
the algebra (2.2.5) to operators e∆ with N0 = 0. Denote by A

(0)
Q the restriction of AQ

operator product to states with vanishing N0. This can be implemented by setting
e∆0 = 0. Then, (2.4.20) reads the same, just restricted to A

(0)
Q .

Next, restrict to operators e∆, with N0 = 0, 1. (Note that this implies that any
two operators with N0 = 1 commute.) By our choice of the FI parameters, the
central charges of all the states with N0 = 0 are approximately aligned, and the
central charges of all the states with N0 = 1 are also aligned, but at an angle to the
former.16 To this order, AQ reduces to a product A

(0)
Q A

(1)
Q . Then, (2.4.20) implies that

16Note that this implies that |Z(∆α)| � |Z(∆0)|, an assumption that we will justify in the next
section, when we identify node 0 with a D6 brane wrapping X.



24

A
(1)
Q transforms by conjugation with A−∆∗ :

A
(1)
Q′ = A−1

−∆∗
A

(1)
Q A−∆∗ . (2.4.22)

To compare A
(1)
Q′ and A

(1)
Q , we in addition need to redefine the variables using (2.4.21).

Note that, in addition to crossing the wall of the second kind, corresponding to a
Seiberg duality, we have adjusted the FI terms so that the computation of [218]
applies. In other words, all the central charges of all the ∆′α 6=0 are aligned, and at an
angle to ∆′0.

Since we are only interested in states with N0 = 1, and using that conjugation by
A∆ acts as

A∆e∆′A
−1
∆ = (1− e∆)∆◦∆′e∆′

for any two ∆,∆′, we can equivalently rewrite (2.4.22) as∑
∆

χ(M∆
Q′) e∆ =

∑
∆

χ(M∆
Q) (1− e−∆∗)

∆∗◦∆ e∆.

Note that we have written this KS formula in terms of the (unsigned) moduli space
euler characteristics rather than the true (signed) BPS invariants. As noted in section
2, this is because KS naturally counts the euler characteristic moduli spaces without
the additional sign. However, this sign is naturally restored in the change of variables
below. The sum is over all ∆ with N0 = 1. Finally, let us write how the partition
function transforms. Writing

e∆ → (−1)d(∆)q∆,

and noting that
e∆e∆′ = (−1)∆◦∆′e∆+∆′

we can write

ZQ′(q
′) =

∑
∆

ΩQ′(∆) q′∆ =
∑

∆

ΩQ(∆) (1− (−1)∆∗◦∆q−1
∗ )∆∗◦∆ q∆, (2.4.23)

where we change the variables consistent with (2.4.21) , in other words

q′∗ = (q∗)
−1

q′βj = qβj(q∗)
nβj∗ (2.4.24)

q′γk = qγk .

Note that this is the semi-primitive wall crossing formula of [84] , because always one
of the products has N0 = 1. When we consider passing through several walls of the
second kind this will end up involving general decays, because the degeneracies of
decay products at one wall can jump on the next. This gives us an explicit prediction
for the degeneracies computed from one crystal in terms of the other, which one can
check term by term. We can however do better, and prove that the BPS degeneracies
of the two quivers are indeed related by (2.4.22) . The proof is elementary, using the
dimer point of view on the crystals.
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2.4.3 Dimers and Wall Crossing

Recall that Seiberg duality relating quivers Q and Q′ has a simple geometric
realization in terms of bipartite graphs on T 2. This will allow us to give a geometric
proof of the wall crossing formula (2.4.23) in terms of dimers. But, for this we need
to translate the counting of BPS states in the quiver from the language of crystals,
which we used so far, to dimers.

Consider the bipartite graph dual to the periodic quiver QT 2 on the torus. The lift
of this to the covering space is a bipartite graph in the plane. The path set A0 gives
rise to a canonical perfect matching of the bipartite graph. Consider the paths in A0

that lie on the surface of the crystal. These correspond to short paths in the planar
quiver QR2 , paths containing no loops. These short paths define a set of paths on the
bipartite graph, where they pick out a subset of edges crossed by them. The edges in
the complement of this define a perfect matching m0 of the bipartite graph [218,239].

The finite melting crystal configurations are in one to one correspondence with
perfect matchings m which agree with m0 outside of a finite domain. Removing
an atom in the crystal is rotating the dimers around the corresponding face in the
bipartite graph. The difference m −m0 of the two perfect matchings defines closed
level sets on the bipartite graph. We can use them to define a height function whose
value is 0 at infinity, and increases by ± 1 each time we cross a level set, depending
on the orientation. Defined this way, the height function lets us keeps track of the
height of the the sites we melt from the crystal. The figure 2.11 shows the planar
dimers and their backgrounds m0 corresponding to the two quivers Q and Q′. The
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Figure 2.11: The vacuum perfect matchings, m0, for the dimer model associated to
the quivers Q and Q′ of local P1 ×P1.

partition function (2.4.19) can thus be written in terms of the dimer model as

ZQ(q) =
∑
m∈DQ

(−1)d(∆(m))q∆(m) (2.4.25)
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where q∆(m) is the weight of the dimer configuration, chosen to agree with the weights
of the corresponding crystal [181,234]. We assign a fixed weight w(e) to every dimer
e on the plane, in such a way that the product of weights of edges around a face,
corresponding to node α of QR2 equals qα. The edges have a natural orientation,
from a white vertex say to black, and contribute to the product by w(e) or w(e)−1

depending on whether orientation of the edge agrees or disagrees with the orientation
of the cycle. The weight of the dimer configuration m is a product over the weights
of the edges in the dimer, w(m) =

∏
e∈mw(e), normalized by w(m0) =

∏
e∈m0

w(e),
and

q∆(m) =
w(m)

w(m0)

The sign in (2.4.25) does not come from the weights (i.e. for a general Q it cannot
be absorbed into the weights), but is added in by hand.

The duality transformation relating the two quivers Q and Q′ has a simple ge-
ometric interpretation in terms of the bipartite graph, corresponding to replacing a
face of the node we dualize, with the dual face. This operation lifts to perfect match-
ings of the corresponding bipartite graphs as well – from the perfect matching of one
graph, we can obtain a perfect matching of the dual graph. Were the operation one
to one, the degeneracies computed from one dimer and its dual would have been the
same. The operation is in fact almost one to one, except for an ambiguity in the
mapping of certain dimers on the faces we dualized.

Let DQ and DQ′ be the sets of the perfect matchings of the two dual bipartite
graphs in the plane (with the suitable asymptotics). Any two perfect matchings
in DQ′ differing by “configurations of type 1” in Figure 2.12 come from the same
configuration in DQ. In addition, any two perfect matchings in DQ containing a
“configuration of type 2” correspond to the same dimer in D′Q.

This means we can use perfect matchings of DQ to enumerate perfect matchings
of DQ′ , provided we know the numbers #1(m), #2(m) of configurations of type 1 and
type 2 in each perfect matching m of DQ . To count the perfect matchings in D′Q, we
need to sum over all the perfect matchings of DQ, and compensate for configurations
over- or under-counted. Schematically, in terms of counting dimer configurations
without signs (later, we will be precise about the weights), this gives∑

m∈DQ′

(q′)∆(m′) =
∑
m∈DQ

(1 + q∗)
I(m)q∆(m) (2.4.26)

where
I(m) = #1(m)−#2(m).

The factor

(1 + q∗)
I(m) =

(1 + q∗)
#1(m)

(1 + q∗)#2(m)
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Type 2

Type 1

Type 0

Figure 2.12: How dimer configurations transform under Seiberg Duality.

appears since in DQ there are too many configurations of type 2, and too few of type
configurations of type 1.

Notice that (2.4.23) and (2.4.26) are of the same form, provided I(m), which we
will call the “dimer intersection number”, depends only on the charge ∆ of the dimer
configuration m, and not on m itself, and equals the intersection number of ∆∗ and
∆,

I(m) = ∆∗ ◦∆,

where ∆∗ is the node being dualized. In the next subsection, we will show that this is
indeed the case. Using this, we will prove that the degeneracies of two Seiberg dual
toric quivers indeed satisfy (2.4.23).

2.4.4 The proof

To be able to count the BPS states using dimers, both the original and the dual
quiver need to be toric. The conditions for this were studied in [117]. The Seiberg
duality needs to preserve the fact that a D3 brane wrapping the T 3 fiber corresponds
to all ranks of the quiver being one. (This is required by the stringy derivation of
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the relation of quivers and dimer models [110] , as we reviewed earlier.) For this to
be the case, as is easy to see from (2.3.14) and charge conservation of T 3 =

∑
α ∆α,

the node we dualize has to have two incoming and two outgoing arrows. Under this
restriction, the most general face of the dimer model that can be dualized is shown
in Figure 2.13.

Now consider some arbitrary matching m corresponding to charge ∆, with

∆ =
∑
α

Nα∆α.

If we denote the face to be dualized by, ∆∗, then it follows that its intersection with
∆ is

∆∗ ◦∆ =
∑
α

Nαn∗α = N2 +N4 −N1 −N3 − n0∗ (2.4.27)

where we used the fact that n∗α is non-zero only for faces that share an edge with
∗, and its value, including the sign can be read off from the bipartite graph. We are
using here the conventions of figure 2.13. The last term is not geometric, n0∗ is the
number of framing nodes from 0 to node ∗. In our setup so far, this is either 0 or 1.

We will use induction to find the dimer intersection number I(m), and show it
equals the physical intersection number (2.4.27). Starting with some arbitrary perfect
matching, we consider the effect of melting an additional node. We will show that the
I(m) and ∆∗ ◦∆ change in the same way. In the end, we will show that the canonical
perfect matching m0 also satisfies the relation, so in fact any perfect matching does
so as well.

In the dimer model, melting a node simply corresponds to exchanging occupied
and unoccupied bonds along the perimeter of that face. Further, from the ingoing and
outgoing arrows at face *, a bond on edge a corresponds to face 1 being melted and
bond c corresponds to 3 melted, while b corresponds to 2 unmelted, and d corresponds
to 4 unmelted. Now we observe that removing a bond from the perimeter of ∗
always changes the dimer intersection number by +1, since it either removes a type
2 configuration or adds a type 1 configuration. Thus we find that melting faces 1 or
3 both change the dimer intersection number by −1 and melting faces 2 or 4 change
the dimer intersection number by +1.

To complete the inductive argument, we need to compute the dimer intersection
number for the vacuum configuration. If n0∗ = 0 then there are no “removable” ∗
faces in the initial dimer configuration so no type 2 configurations appear. Since the
vacuum configuration can be seen as the complement of those bonds that intersect
arrows in the planar quiver, there are also no type 1 configurations. Such a type
1 configuration would have both incoming and outgoing arrows present, but such a
configuration cannot appear on the surface of the crystal. One way to understand this
is to note that the vacuum dimer configuration breaks the rotational and translational
symmetry of the bipartite graph by specifying the tip of the crystal. For any face in
the bipartite graph (which must correspond to an atom on the surface of the crystal),
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the direction toward the tip of the crystal is a preferred direction, and the dimer
model reflects this preference. However, a type 1 configuration has symmetric arrows
with no preferred direction. Thus, it cannot exist in the vacuum configuration.17 If
n0∗ = 1 then there is exactly one “removable” ∗ face in m0, which corresponds to
a type 2 configuration, giving a dimer intersection number of -1. Combining these
results, we find,

I(m) = −n0∗ +N2 +N4 −N1 −N3

We will now tie this all together, and show that, explicitly mapping the dimer
configurations of DQ to configurations in D′Q together with their weights, we reproduce
the change of degeneracies (2.4.23), together with the change of basis (2.4.24). If we
denote the dimer weight for configuration m by w(m) and the partition function
variables by q∆m , then by definition,

q∆(m) =
w(m)

w(m0)

Now we must decide how our weights transform under the duality. There is a large
redundancy in the weight assignments, since the partition function (normalized by
the weight of the canonical perfect matching) does not depend on the weights of the
individual edges, but only on gauge invariant information, the products of weights
around closed loops. A convenient choice (Figure 2.13) is one which does not change
the weighting of Type 0 configurations, so that the weighting of the vacuum, w(m0)
remains the same. We accomplish this by flipping the edge weights across the dualized
face and assigning weight 1 to the meson edges. If we denote the old variables by
{qα} and the new variables by {q′α} and take into account the change in orientation
of arrows, we find,

q′1 = q1(wawc)
−1

q′2 = q2(wbwd)

q′3 = q3(wawc)
−1 (2.4.28)

q′4 = q4(wbwd)

q′∗ = q−1
∗ = (wawc)(wbwd)

−1

q′γ = qγ

where qγ are correspond to nodes with no intersection with node ∗. Now we can

17We can also see this by breaking the planar dimer into a tiling of T 2 dimers, so that the vacuum
configuration corresponds to a set of T 2 dimer configurations. These T 2 dimer matchings are in
one-to-one correspondence with points on the toric diagram [117]. It has been conjectured [239] that
only matchings corresponding to external points on the toric diagram appear along the surfaces of
m0. A general T 2 matching containing a type 1 or type 2 configuration will always be an internal
point in the toric diagram, and thus can only appear at the apex of the crystal.
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explicitly transform the dimer configuration, together with its weight,

w(m)→ w′(m) = w(m)
(wbwd + wawc)

#1

(wbwd + wawc)#2
.

We still have leftover arbitrariness in the weights, since nothing depends on wa,
wb,wc,wd separately. We can set for example

wbwd = 1, wawc = q−1
∗ ,

and then we get the correct change of variables for the Seiberg duality corresponding
to + sign in (2.3.14), and going around the singularity clockwise. This is because
n3∗, n1∗ are positive, n2∗, n4∗ negative, and nγ∗ vanishes. This is also the choice we
have been making in this section. Setting wawc = 1, instead, the change of variables
is correct for a Seiberg duality with a − sign in (2.3.14). The two choices are related
by full monodromy around Z(∆∗) = 0, which is just the change of variables at hand.
Proceeding with the + sign choice, (2.4.28) is the change of basis in (2.4.24). In
addition, the contribution of dimer configuration m ∈ DQ to DQ′ is obtained by
replacing and

w(m) → w′(m) = w(m)(1 + q−1
∗ )#1−#2 .

To find the contribution to the partition function, we still need to divide by the weight
of the vacuum configuration, so

w(m)/w(m0) = q∆(m) → w′(m)/w′(m0) = q∆(m)(1 + (q∗)
−1)∆∗◦∆.

Finally, to compute BPS degeneracies from the dimer configurations, we need to
reintroduce the sign twists, which means replacing q∆ by (−1)d(∆)q∆, and sum over
all matchings m. This precisely reproduces (2.4.23) and (2.4.24), since (−1)d(∆−∆∗) =
−(−1)d(∆)(−1)(∆∗◦∆). Thus we have derived the KS wall crossing formula purely from
how perfect matchings in the dimer model transform.

1

2
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4 *

1

2

3

4 *

1 1

1
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Figure 2.13: The effect of Seiberg Duality on face ∗ for a general brane tiling. Note
that the dimer weights, wi are flipped on the inner square and are 1 on the new legs.
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2.5 Mirror Symmetry and Quivers

Mirror symmetry provides a powerful perspective on the quivers in section 2.3
and 2.4. The mirror of the manifold Y of section 2.3 is a toric Calabi-Yau manifold
X. Mirror symmetry also maps D3 branes wrapping three-cycles in IIB on Y to
D0-D2-D4-D6-branes wrapping holomorphic submanifolds in IIA string on X. In
the mirror, many aspects of the quiver construction become more transparent. In
particular, computing the quiver gauge theory on the branes becomes a question in
the topological B-model on X, with the answers provided by a vast machinery of
the derived category of coherent sheaves on X (see [32, 257] for excellent reviews).
The goal of this section is to explain what are the BPS D-branes counted by the
crystals in section 2.4. For the “small quivers” of section 2.2, this is well understood.
The D3 branes on compact three cycles of Y , are mirror to D4,D2, and D0 branes
wrapping compact submanifolds of X [54, 164]. The specific combinations of branes
involved correspond to collections of spherical sheaves on the surface S as we will
review. The extended quivers of section 2.4 correspond to adding a D6 brane wrapping
all of X [239] . We will show that, which node of the D4-D2-D0 quiver ends up
extended, is determined by a choice of a suitable bundle on the D6 brane. These
are essentially the tilting line bundles of [33, 35, 215].18 Having understood this, the
mirror perspective gives a simple interpretation to some of the Seiberg dualities, as
turning on B-field on X. The effect on the quiver ends up depending on the class of
B in H2(X,Z)/H2

cmpct(X,Z), as we will explain in the next section.

2.5.1 Mirror Symmetry

The Calabi-Yau manifold Y given by (2.3.9)

W (ex, ey) = w uv = w

is mirror to IIA on X, where X is a toric Calabi-Yau threefold. The monomials
wi = emix+niy in W satisfy relations∏

i

w
Qai
i = e−ta

for some complex constants ta, and integers Qa
i , satisfying

∑
iQ

a
i = 0, since Y is

Calabi-Yau. The mirror X is given in terms of coordinates zi, one for each monomial
wi, satisfying ∑

i

Qa
i |zi|2 = ra, (2.5.29)

18The fact that the D-brane in question is a D6 brane was proposed in [239] , however the specific
choices of bundles are very important.
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and modulo gauge transformations

zi ∼ zie
iθaQai . (2.5.30)

Above, ra = Re(ta), and the imaginary part of ta, gets related to the NS-NS B-field
on X. For each a, we get a curve class [Ca] ∈ H2(X,Z), whose volume is ra. Dual
to this are divisor classes Da, corresponding to 4-cycles with Da ◦Cb = δba. The toric
divisors Di, obtained by setting zi = 0, are given in terms of these by

Di =
∑
i

Qa
iDa

By Poincare duality, we can think of Da as spanning H2(X,Z). Among the toric
divisors are compact ones, DS, which restrict to compact surfaces S in H4(X,Z) ≈
H2
cmpct(X,Z). For simplicity, we will restrict to the case when X is a local del Pezzo

surface, i.e. when there is only one compact S.

2.5.2 Mirror Symmetry, D-branes and Quivers

Mirror symmetry maps D3 branes on three-spheres ∆α in Y to a collection of
sheaves19 Eα, supported on S, for α = 1, . . . , r. Physically, Eα are D4 branes wrap-
ping S, with some specific bundles turned on, giving the branes specific D2 and D0
brane charges. (More precisely, we need to include both the D4 branes and the anti-
D4 branes.) The specific bundles turned on correspond to Eα being an exceptional
collection of spherical sheaves. Spherical means that the sheaf cohomology group
ExtkX(Eα, Eα) is the same as Hk(S3), so both sets of D-branes have no massless
adjoint-valued excitations beyond the gauge fields. The collection of sheaves is in
addition such that, for α and β distinct, Extk(Eα, Eβ) is non-zero only for k = 1, 2,
corresponding to chiral bifundamental matter.20

The net number of chiral minus anti-chiral multiplets is an index

nαβ =
3∑

k=0

(−1)kdimExtkX(Eα, Eβ)

On Y , this corresponded to the intersection numbers of cycles nαβ = ∆α ◦ ∆β. In
fact, nαβ also has geometric interpretation on X. A D-brane corresponding to Eα has
charge

∆α = ch(Eα)
√
td(X),

19By Eα we will really mean a sheaf i∗Eα induced on X from a sheaf Eα on S by the embedding
i : S → X of S in X.

20Non-zero Ext0,3(Eα, Eβ) would have corresponded to the presence of ghosts.
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where we made use of Poincare duality to express the Chern class in terms of the
dual homology class. Using an index theorem, we can relate the nαβ to computing
intersections on X,

nαβ =

∫
X

ch(Eα)vch(Eβ)td(X),

where ωv denotes (−1)nω for any 2n-form ω.
In this case, we have an additional simplification21 that the sheaves Eα on X

correspond to line bundles Vα on S. This implies [54]

ExtkX(Eα, Eβ) = ExtkS(Vα, Vβ)⊕ Ext3−kS (Vα, Vβ). (2.5.31)

Relative to the naive expectations, the relevant vector bundles on S are twisted
[179] by K

−1/2
S . This accounts for the fact that the theory on the brane is naturally

twisted if S is curved. The relation to bundles on S simplifies things, since for a
holomorphic vector bundle ExtkS(Vα, Vβ) = Hk(S, V −1

α ⊗ Vβ).The superpotential can
also be computed by fairly elementary means, at least if it is cubic [54, 275]. For the
more general case, see [34]. We can then write (see for example [32] )

∆α = ch(Vα)

√
td(S)

td(N)
= ch(Vα)

(
1 +

e(S)

24

)
. (2.5.32)

where N is the normal bundle to S in X. We are implicitly using mirror symmetry
and Poincare Duality to identify a Chern class on X with a cycle on Y .

When we add a D6 brane wrapping all of X, the quiver gets extended by one node
corresponding to E0, a sheaf supported on all of X. The charges of the brane are

∆0 = ch(E0)
√
td(X) = ch(E0)

(
1 +

c2(X)

24

)
We want to choose E0 so that Extk(E0, E0) is non-vanishing only for k = 0, 3, and
extending the quiver by this node does not introduce exotic matter in the quiver,
which means Extk(E0, Eα) is non-vanishing only for k = 1, 2. For the quivers in
section 2.4 where n0α = 1 for only one node α and zero for all the others, there is a
natural construction of E0. There is a “duality” that pairs up sheaves Eα supported
on S, with the dual line bundles Lβ on X [33, 35, 215], such that χ(Eα, L

β) = δβα.
Thus, the requisite extension corresponds simply to choosing E0 = Lα.

21As explained in [32, 179] even though the sheaf Eα on X comes from a vector bundle Eα on S
(see footnote 17), it does not correspond to a D-brane on S with a vector bundle Eα. It corresponds

to a D-brane with a vector bundle Vα, where Vα = Eα⊗K
− 1

2

S , where KS is the canonical line bundle
of S.
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Figure 2.14: The D6 brane corresponds to a semi-infinite line, ∆0, in the W-plane.
In the mirror this corresponds to a dual sheaf, E0 = Lα.

2.5.3 P1 ×P1 example

Consider local P1 ×P1. In this case, Qt = (1, 1, 0, 0,−2), Qs = (0, 0, 1, 1,−2),

|z1|2 + |z2|2 = 2|z0|2 + rt, |z3|2 + |z4|2 = 2|z0|2 + rs,

and the corresponding curve classes Ct and Cs generate H2(X). The two dual divisor
classes, Dt and Ds, with the property that Ct ◦Dt = 1 = Cs ◦Ds, and Ct ◦Ds = 0 =
Cs ◦Dt, can be taken to correspond to divisors Dt = D1 and Ds = D3 on Figure 2.15.
There is one compact divisor DS = D0 with

DS = −2Ds − 2Dt

The divisor DS restricts to the surface S = P1 ×P1.
The four three-cycles ∆α on Y map to four exceptional sheaves supported on X,

whose charges span the compact homology of X. The D4, D2 and the D0 branes
correspond to a collection of exceptional sheaves

E3 = OS(−2,−2), E2 = OS(−1,−2)[−1], E4 = OS(−2,−1)[−1], E1 = OS(−1,−1)[−2],

supported on S. To compute the charges, we use the fact that a D4-brane with a
OS(m,n) line bundle has Chern class

DSe
nDt+mDs− 1

2
KS(1 +

c2(S)

24
),



35

Figure 2.15: The toric base of local P1 ×P1, with the non-compact divisors labeled
by Ds and Dt.

which equals22

(DS + (m+ 1)Ct + (n+ 1)CS + (m+ 1)(n+ 1)pt)(1 +
c2(S)

24
).

This gives the charges of fractional D-branes are

∆3 = (DS − Ct − Cs + pt)
(

1 +
c2(S)

24

)
∆2 = (−DS + Ct)

(
1 +

c2(S)

24

)
, (2.5.33)

∆4 = (−DS + Cs)
(

1 +
c2(S)

24

)
,

∆1 = DS

(
1 +

c2(S)

24

)
.

(2.5.34)

The non-vanishing intersection numbers can be derived from [54] and found to be

n32 = n34 = n21 = n41 = 2, n13 = 4,

in agreement with mirror symmetry and section 2.3.
Now we add a D6 brane corresponding to the simplest choice,

E0 = OX [−1],

22We are using that the canonical class KS of the surface S equals the class of the divisor DS

restricting to it in a Calabi-Yau, KS = DS and DS · Ds = Ct, DS · Dt = Cs, Dt · Dt · Dt =
Ds ·Ds ·Ds = 1

4 , Dt ·Dt ·Ds = Dt ·Ds ·Ds = − 1
4 . Moreover DSc2(S) is just the Euler characteristic

of S, which is 4 in this case.
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a trivial line bundle on the Calabi-Yau, with charge

∆0 = −X(1 +
1

24
c2(X)).

Clearly, ExtkX(E0, E0) = 0, except for k = 0, 3. We can compute the spectrum of
bifundamentals using 23

ExtkX(OX , Eα) = Hk(S,Eα),

ExtkX(Eα, Eβ) = Extk−p+qX (Eα[p], Eβ[q]),

and dimH0(P1,O(m)) = m+ 1, dimH1(P1,O(−m)) = −m− 1, we find that

Ext1X(E0, E3) = C,

while the rest Ext0,1’s vanish in this sector, so there is precisely one chiral bifunda-
mental multiplet between E0 and E3.24

n03 = 1.

2.6 Monodromy and B-field

One particularly simple example of monodromy in the moduli space corresponds to
changing B by integer values. Shifts of the NS-NS B-field by a two form D ∈ H2(X,Z)

B → B +D, D ∈ H2(X,Z) (2.6.35)

are a symmetry of string theory. The closed string theory is invariant under this,
essentially per definition since we come back to the same point in the moduli space.
This does not mean that the states are invariant - in particular, the D-branes are not
invariant. Turning on a B-field is the same as turning on lower dimensional brane
charges. The induced charges are given by

∆→ ∆eD, (2.6.36)

for any sheaf with chern class ∆ ∈ H∗(X,Z), as shifting the B-field is the same as
shifting the field strength F on the brane by D. The state thus does not come back

23Recall, see footnote 17, that the sheaf Eα is really i∗Eα, inherited from S by the embedding
i : S → X. Therefore, what we call ExtkX(OX , Eα) is ExtkX(OX , i∗Eα) = ExtkS(i∗OX , Eα) =
ExtkS(OS , Eα) = Hk(S,Eα). We thank E. Sharpe for an explanation of this point.

24The intersection numbers in the D4-D2-D0 quiver follow similarly. Using that ExtkS(Vα, Vβ) =
Hk(S, V ∗α ⊗ Vβ), since Vα’s are bundles on S = P1 × P1. This implies that, for example
Ext1X(E3, E2) = H0(S,O(1, 0)) = C2, and Ext2X(E3, E1) = H2(S,O(1, 1)) = C4 = Ext1X(E1, E3),
as claimed.
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to itself. Since we come back to the same point in the moduli space, we expect the
partition function to change as

Z(q) =
∑

∆

Ω(∆)q∆ → Z ′(q) =
∑

∆

Ω(∆eD)q∆ (2.6.37)

simply corresponding to the fact that ∆ is mapped to a different state ∆eD at the
same point in the moduli space. Z and Z ′ are of course equivalent, up to a change
of variables. This looping around the moduli space can be represented in terms of
crossing a sequence of walls of the “second kind” and of Seiberg dualities.

In the present context, there is a subtlety in the realization of (2.6.37), due to the
fact that the Calabi-Yau is non-compact, and that the quiver does not describe all the
possible D-branes on X. Start with an extended quiver describing bound states of a
D6 brane, say corresponding to OX , with compact D4-D2-D0 branes. Shifting B-field
as in (2.6.35) corresponds to adding non-compact D4 brane charge to the D6 brane, if
the divisor corresponding to D is non-compact. In this case, we get (2.6.37) only after
summing the contributions of different quivers in which the ∆0 node corresponds to
OX(D), for different D ∈ H2(X,Z). If however, we consider shifts by two forms with
compact support,

D ∈ H2
cmpct(X,Z),

then this is a symmetry of the fixed quiver gauge theory as well. This is because the
D6-D4-D2-D0 quiver describes all the BPS states corresponding to a D6 brane bound
to compact D-branes on X. Thus, the different D6-D4-D2-D0 quiver gauge theories
we can get on X, at the same point in the moduli space, are classified by

D ∈ H2(X,Z)/H2
cmpct(X,Z).

As an aside, note that if we consider only the D4-D2-D0 quiver, as in section 2.3,
having no non-compact charge to begin with, any shift of B-field (2.6.35) is a sym-
metry.

2.6.1 The P1 ×P1 example

Consider the effect of changing the B-field on the quiver Q in Figure 2.7.

B → B + ntDt + nsDs, ns, nt ∈ Z.

Since H2
cmpct(X,Z) is generated by the divisor DS

DS = −2Dt − 2Ds.

shifts by (ns, nt) = (2n, 2n) for n an integer, should be a symmetry both of the quiver
and of the spectrum. Thus, the different quiver gauge theories one can get by shifting
B-field are classified by (nt, ns) modulo shifts by (2, 2).
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Consider increasing the B-field by (nt, ns) = (1, 0). In the language of IIB on Y ,
shifting B by Dt corresponds to shifting

zt, zs → zte
2πi, zs.

This deforms the 3-cycles ∆α as in the Figure 2.16 to ∆′α, related to the good basis
we started out with by

∆3 → ∆′3 = −∆4

∆4 → ∆′4 = ∆3 + 2∆4

∆2 → ∆′2 = −∆1 (2.6.38)

∆1 → ∆′1 = ∆2 + 2∆1

The flip of orientation of ∆1 and ∆4 is necessary for their orientations to agree with
∆′2 and ∆′3.

W

1

0

Figure 2.16: The W-Plane after adding one unit of B-field, (1,0), for local P1 × P1.
The deformed cycles {∆ie

D} are shown in black. while the original cycles are shown
in blue.

Viewed from X, ∆ are sheaves on X. The shift of B-field corresponds to tensoring
with a line bundle of first chern class Dt. The chern classes change by

∆→ ∆′ = ∆eDt ,

where above describes how components of ∆ change in a fixed basis for H∗(X). To
begin with, for example, ∆3, and ∆2 correspond to OS(−2,−2) and OS(−1,−2)[−1]
respectively. After we change the B-field, they pick up charge, and get mapped to
OS(−2,−1) and OD0(−1,−1)[−1], which correspond to −∆4 and −∆1, respectively,
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in agreement with (2.6.38). Similarly, ∆4, corresponding to OS(−2,−1)[−1] gets
mapped to OS(−2, 0)[−1]. The chern class of this, ∆′4 equals

∆′4 = −(DS + Ct − Cs − pt)(1− c2(S)

24
) = ∆3 + 2∆4,

in agreement with (2.6.38).
In the quiver, the shift of the B-field by Dt corresponds to a sequence of two

Seiberg dualities, where we dualize first the node ∆2, (as we did in the last section)
and then the node ∆3 (Figure 2.17). It is easy to see from this that the D4-D2-D0
quiver is invariant under the shift of the B-field, although the D-branes on the nodes
get replaced by a linear combinations of the ones that we had started out with, given
by (2.6.38).

=

=

Figure 2.17: Seiberg Duality corresponding to a shift in the B-field (1,0) for local
P1×P1. The unframed quiver on top is invariant up to a permutation of the nodes,
while the framed quiver develops new framing arrows.

Now consider the theory with the D6 brane, by including the node ∆0, which has
the bundle OX [−1]. The shift of the B-field acts on all the D-branes, so it acts on
the D6 brane as well, mapping it to E ′0 = OX(Dt)[−1]. This implies that the D6
brane picks up D4 brane charge corresponding to the non-compact divisor Dt. Since
no other nodes carry this charge, E ′0 becomes the new framing node, with charge ∆′0
induced by the B-field

∆0 = −X → ∆′0 = −XeDt

The extended quiver, with the ∆0 node included also transforms by two Seiberg
dualities, Figure 2.17. The quiver in this case is not the same as before, since ∆α

have different intersection numbers with ∆′0 than with ∆0. In particular

n′03 = ∆′0 ◦∆3 = 2, n′40 = ∆4 ◦∆′0 = 1.

This can also be verified directly from sheaf cohomology, showing that for exam-
ple Ext1(E ′0, E3) = H0

S(O(−2,−3)) = 2. The quiver gauge theory also has a new
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superpotential term

W =
∑
i,j=1,2

εijTr pAi qj +
∑

i,j,a,b=1,2

εijεab
(
TrAiBaDjb + TrÃiB̃aDjb

)
.

In the previous section, we showed that dualizing a node ∆∗ in the quiver is realized
as a geometric transition in the dimer model counting the BPS degeneracies, where
the face corresponding to ∆∗ is dualized. We showed that this implies the [189] wall
crossing formula

A
(1)
Q′ = A−1

−∆∗
A

(1)
Q A−∆∗ , (2.6.39)

together with a change of variables. Here, we apply this twice, corresponding to a
sequence of two Seiberg dualities:

A
(1)
Q′ = A−1

−∆3
A−1
−∆2

A
(1)
Q A−∆2A−∆3 .

In the dimer model, this is a change of the boundary conditions at infinity, replacing
the top of the cone by an edge two sites long (see Figure 2.18 and 2.19). It is easy to
see that this is consistent with the crystal one would have derived from the quiver Q′

by localization.25
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Figure 2.18: The vacuum dimer configuration for P1×P1 grows an edge corresponding
to a shift in the B-field by (1,0).

Repeating this m times, shifting B to B+mDt we end up with a quiver Qm with
n03 = m+ 1, and n40 = m. This corresponds to growing a ridge in the crystal, m+ 1
atoms long as in [73, 264]. In the next section, we will give a physical interpretation
to this observation.

More generally, all the possible inequivalent quivers one can obtain in this way
correspond to shifts of B-field by the inequivalent choices in H2(X,Z)/H2

cmpct(X,Z).
For example, it is easy to show (either by Seiberg duality, or direct computation) that

25The relation of Seiberg duality, wall crossing and crystals was first noted in [73]. That work was
one inspiration for this research.
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Figure 2.19: The apex of the P1 ×P1 crystal grows an edge corresponding to a shift
in the B-field by (1,0).

shifting the B-field by−Dt, replaces the node E0 byOX(−Dt)[−1], keeping everything
else the same. This means that only n04 = 1 is nonzero for arrows beginning or ending
on ∆0. Similarly, replacing E0 by OX(−Ds)[−1], we get only n02 = 1. Finally, we get
only n01 = 1, by taking E0 = OX(−Dt −Ds)[−1], see figure 2.20.

2
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4

0

32

41

0

32

41

0

(a) (b) (c)

Figure 2.20: Framings for local P1×P1, corresponding to negative shifts of the B-field
that replace OX [−1] by (a) OX(−Dt)[1], (b) OX(−Ds)[1], and (c) OX(−Dt−Ds)[1].

Now consider shifts of the B-field by D = −DS ∈ H2
cmpct(X,Z),

B → B −DS.

This is a symmetry of the quiver. It can be implemented by changing the B-field
by Dt, Ds, Dt and Ds, corresponding to a sequence of four Seiberg dualities on
the quiver, which in the end leaves the quiver invariant, except that the charges
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of the nodes of the quiver change.26 This can also be seen from the perspective
of the Kontsevich-Soibelman algebra. This corresponds to conjugation of A

(1)
Q by

A−∆2A−∆3 , A−∆′4
A−∆′3

, A−∆′′2
A−∆′′3

, and A−∆′′′4
A−∆′′′3

, respectively, where the four
∆3’s, for example, correspond to the four ∆3 nodes in the four quivers we get along
the way. This can be rewritten as conjugation by

M = M∆3M∆′3
M∆′′3

M∆′′′3
, (2.6.40)

in terms of the operator
M∆ = A−∆A∆.

M∆ is a monodromy operator, implementing the shift of the charge27

M∆ : e∆′ → (−1)∆·∆′e(∆′−(∆′·∆)∆).

If we denote by
M : e∆ → ef(∆),

the net effect on the partition function is that

M :
∑

∆

ΩQ(∆)q∆ →
∑

∆

ΩQ(∆)qf(∆) =
∑

∆

ΩQ(f−1(∆))q∆,

where we changed variables in the last line. It can be shown that f−1(∆) is exactly
what is needed for this to correspond to turning on the B-field, −DS, namely, f(∆) =
∆eDS .

2.7 Geometry of the D6 brane bound states

In this section, we begin by considering a fixed state, a D6 brane bound to D4
branes, D2 branes and D0 branes of charge ∆, and ask how its degeneracies change
as we shift the B-field by D ∈ H2(X,Z). Turning on a B-field is the same as turning
on lower dimensional brane charges on the D6 brane. The induced charges are given
by

∆→ ∆eD, (2.7.41)

as shifting the B-field is the same as shifting the field strength F on the brane by
D. When we come back to the same point in the moduli space, the states have been
re-shuffled by (2.7.41) . So the degeneracies of any one state will change (at the same
time, the spectrum as a whole is invariant, as we emphasized in the previous section).

26The order in which we cross the walls matters, only in so much that the description is simplest for
one particular order, and for that ordering we can describe this by Seiberg duality. Otherwise, this
does not have a simple interpretation in the gauge theory. The end result, however, is independent
of the order.

27Since M−1
∆ e∆′M∆ = (1− e−∆)−∆·∆′(1− e∆)∆·∆′e∆′ .
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The degeneracies, and how they change, can be found from the quivers and crystals
describing the brane. A state of arbitrary charge ∆, in general, corresponds to a
complicated configuration of the melting crystal C.

It turns out that the vacuum of the crystal C, and certain subset of its states
have a beautifully simple geometric description, closely related to the geometry of
the Calabi-Yau. We will spend some time explaining this, and then use this result to
show that, in the limit of the large B-field,

D →∞

counting of quiver degeneracies reduces to the Donaldson-Thomas theory as formu-
lated in [173, 212, 213], in terms of a counting ideal sheaves on X. The latter was
discovered by trying to give a physical interpretation to the combinatorics of the
topological vertex [7] and Gromov-Witten theory. In this way, we will be able to
derive the famous Donaldson-Thomas/Gromov-Witten correspondence directly from
considering quiver representations in this limit. The proposal that the DT/GW cor-
respondence holds in the large B-field limit was put forward in [84] using split at-
tractors and verified in [13] for Calabi-Yau manifolds without compact 4-cycles, using
M-theory.

2.7.1 Geometry of D6 branes

To begin with, consider the D6 brane itself, the sheaf OX [−1], which corresponds
to the entire crystal, and

∆ = −X = ∆0.

The crystal C is a cone in the lattice Λ = Z3
≥0, whose geometry is closely related to the

geometry of the Calabi-Yau. Namely, consider the intersection of C with a sublattice
Λ0 ⊂ Λ corresponding to points of color α, where α is the framing node. The subset
of lattice points C0 = C ∩ Λ0 correspond to holomorphic functions on X.

This can be seen as follows [42, 152, 180]. Recall that the cone C is generated
by the T3 weights of the paths in A0, starting at the framing node. The subcone
C0 corresponds to paths ending on node α0. Because n0α = 1, such paths can be
viewed as starting and ending at the node of color α. These correspond to single
trace operators TrO in the quiver, where we take the ranks to infinity, so that there
are no relations between the traces. The chiral operators O are generated by a set
of monomials Mi corresponding to the shortest loops in the quiver, beginning and
ending on node α. The monomials Mi all commute, since two paths in the quiver of
the same R-charge and the same endpoints are equivalent in the path algebra. Thus,
we can simply write O as O = Mn1

1 Mn2
2 . . .Mnk

k . Since the order is irrelevant, the
space of operators TrO is the same as considering all gauge invariant chiral operators
in the abelian quiver theory corresponding to a single D0 brane on X, described in
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the quiver by taking all ranks to be 1. Since the moduli space of a D0 brane is X,
the later is the space of holomorphic functions on X.

The space of holomorphic functions on X is also a lattice, closely related to the
geometry of X. As we reviewed in section 2.5, X comes with a set of coordinates zi,
satisfying (2.5.29) ∑

i

Qa
i |zi|2 = ra, (2.7.42)

modulo gauge transformations (2.5.30) . We can view X as a fibration over the toric
base obtained by forgetting the phases of zi and using |zi|2 as coordinates. Consider
the integral points in the base, where

Ni = |zi|2, Ni ∈ Z≥0.

For each such point, we get a monomial in zi∏
i

zNii

which is a function on X, since ∑
i

Qa
iNi = 0. (2.7.43)

We have set ra = 0 in (2.5.29) , as we are starting out with singular X. This is
because the quiver we started out with has just one framing node, and so C was a
cone with an apex at the origin. Since the Calabi-Yau is three dimensional, the space
of all such monomials is a three dimensional lattice, the singular cone C0.

Now consider what happens to the D6 brane as we increase the B-field

B → B +D.

Increasing the B-field is the same as turning on flux on the D6 brane, tensoringOX [−1]
with a line bundle of first Chern class D. The D6 brane becomes OX(D)[−1], and
the charge of the state becomes

∆ = −XeD.

Here, we assume

D =
∑
a

naDa, na ≥ 0 (2.7.44)

where Da generate the Kahler cone. We claim that the state ∆ corresponds to the
deformed crystal C(D) whose lattice sites C0(D) = C(D)∩Λ0 are holomorphic sections
of an O(D) bundle over X instead. This corresponding to solving∑

i

Qa
iNi = na. (2.7.45)
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Figure 2.21: Integral points in the toric base of local P2 correspond to holomorphic
sections of O(D).

As C0 is a discretized version of the base of Calabi-Yau, modifying C0 as in (2.7.45)
modifies the moduli.

The cases D ∈ H2
cmpct(X,Z) and D ∈ H2(X,Z)/H2

cmpct(X,Z), should be discussed
separately, since they differ in character. When

D = D0 ∈ H2(X,Z)/H2
cmpct(X,Z), (2.7.46)

the quiver changes since the D6 brane node becomes OX(D)[−1], so

∆ = (−X)eD0 = ∆0

corresponds to the “vacuum” configuration of the crystal C(D0) ⊂ Λ associated with
this new quiver. We are growing the edges of the crystal, corresponding to increasing
the lengths of curves, but no faces open up. In other words, shifts of the B-field by
non-compact divisors (2.7.46) correspond to purely non-normalizable deformations of
the crystal and the Calabi-Yau. Next, consider shifting the B-field by D, such that

D −D0 ∈ H2
cmpct(X,Z), (2.7.47)

This D−D0 6= 0 corresponds to shifting the normalizable moduli of the Calabi-Yau,
opening up faces in the toric base, and deforming C0 without changing its asymptotics.
This adds compact D4 brane charge to the D6 brane, and this can always be described
in the quiver we had started with. To verify that the configuration of the crystal
corresponds to OX(D)[−1], we need to express its Chern character

∆ = −XeD

in terms of the Chern characters of the nodes of the quiver

∆ = ∆0 +
∑
α

Nα∆α,
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where ∆0 corresponds to the D6 brane node,

∆0 = −XeD0 .

Note that ranks Nα depend both on D and D0. The set of Nα’s we obtain in this way
corresponds to how many atoms of color α we need to remove to describe OX(D)[−1].
In specific examples, this is completely straight forward, the only subtlety being that,
to get integers, one has to keep careful track of the curvature contributions to the
charges, which we have been mostly suppressing so far. It would be nice to find a
general proof of this.

2.7.2 An example

Consider the local P1×P1. In this case, Q1 = (1, 1, 0, 0,−2), Q2 = (0, 0, 1, 1,−2)
so the “pure” D6 brane OX [−1] on X corresponds to the set of points

N1 +N2 = 2N0, N3 +N4 = 2N0,

in Λ0. The cone direction here is parameterized by N0. At fixed N0, we get a square
with (2N0 + 1) × (2N0 + 1) integral points. It is easy to see that this agrees with
we get by considering either of the two quivers in section 2.3, and a subset of points
corresponding to node α0 = 3, in this case. Of course, the finer structure of the
crystal C is different in the two cases, but the geometry of C0 is the same.

1 1

11

1

1

1 1 1
1 1

11 1

1
1 11 1 1

11

1

1

1 1 1

Figure 2.22: The crystal for local P1 ×P1.

Take now OX(mDt)[−1]. This is the D6 brane node of the quiver Qm in the
previous section. The corresponding crystal C gets deformed to C(mDt) by replacing
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the apex of the cone with an edge m+ 1 sites long. The crystal sites of C0(mDt) are
given by

N1 +N2 = 2N0 +m, N3 +N4 = 2N0, (2.7.48)

which corresponds to giving the curve Ct length m+ 1. Add to this −n units of the
compact D4 brane charge, by taking D = (m + 2n)Dt + 2nDs instead. From what
we had said above, we expect a face of (m+ 2n+ 1)× (2n+ 1) nodes of color ∆3 to
open up at the appex

N1 +N2 = 2N0 +m+ 2n, N3 +N4 = 2N0 + 2n. (2.7.49)
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Figure 2.23: The crystal for local P1 ×P1 with compact B-field.

Now we will show that this precisely describes the state OX(D)[−1], whose charge
is

∆ = −X(1 +
c2(X)

24
)e(m+2n)Dt+2nDs .

in terms of the crystal associated with the quiver Qm. The quiver has the D6 brane
node OX(mDt)[−1] of charge

∆0 = −X(1 +
c2(X)

24
)emDt .

The difference of these charges

∆−∆0 = nD0 + (n+m)nCs + n2Ct − (
4

3
n3 +

1

2
mn2 − 1

6
n)pt, (2.7.50)
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has to be carried by the D4-D2-D0 nodes of the quiver, and moreover, should corre-
spond to the nodes we needed to remove to go from (2.7.48) to (2.7.49). The number
of sites we remove from the crystal C corresponding to the quiver Qm is

n−1∑
i=0

(2i+ 1 +m)(2i+ 1)∆3 + (2i+ 1)(2i+ 2 +m)∆2 (2.7.51)

+ (2i+ 2)(m+ 2i+ 1)∆4 + (2i+ 2)(2i+ 2 +m)∆1. (2.7.52)

Recall that (2.5.33)

∆3 = (DS − Ct − Cs + pt)(1 +
1

24
c2(S))

∆4 = (−DS + Cs)(1 +
1

24
c2(S)) (2.7.53)

∆2 = (−DS + Ct)(1 +
1

24
c2(S))

∆1 = DS(1 +
1

24
c2(S)).

Adding up (2.7.51) and using that, for a divisor DS which restricts to a surface S in
the Calabi-Yau

c2(X)DS = (c2(S)− c1(S)2)DS (2.7.54)

and
c2(S)DS = χ(S)pt, c1(S)2D0 = (12− χ(S))pt,

we recover (2.7.50) . Above χ(S) is the euler characteristic of S. Here, S = P1×P1,
and χ(S) = 4.

While we did the explicit computation for the quiver Qm, we could have just
as well used the dual quiver Q′m, obtained by dualizing node 2. This changes the
microscopics of the crystal, so C(D) changes, however the shape of the crystal and
C0(D) stays the same. This had better be the case, as C0 does not know about the
full quiver, but only about a subset of its nodes that are untouched by the quiver
mutation. Explicitly, the charges of the nodes of Qm and Q′m are related by

∆′2 = ∆1 + 2∆2

∆′1 = −∆2 (2.7.55)

∆′3 = ∆3

∆′4 = ∆4

(2.7.56)

while ∆0 = ∆′0. Using this to rewrite (2.7.51), we get

n−1∑
i=0

(2i+ 1 +m)(2i+ 1)∆′3 + (2i+ 2)(2i+ 1 +m)∆′4 (2.7.57)

+ (2i+ 2)(2i+ 2 +m)∆′2 + (2i+ 3)(2i+ 2 +m)∆′1.
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It is easy to see that this counts the nodes in the cut-off top of the crystal based on
the quiver Q′m.

In the next subsection, we will consider meltings of C(D). This counts a subset
of states of the original crystal C, which naturally should correspond to bound states
of D6 brane with an OX(D) bundle on it, with lower dimensional branes. As an
aside, note that, while this problem can be phrased in terms of counting a subset of
states of the original quiver, we can try to define it more directly as well, in terms
of a D4-D2-D0 quiver, with a framing node corresponding to OX(D)[−1]. However,
such quivers appear to contain bifundamentals in Ext0,3(Eα, Eβ), which correspond
to ghosts, not chiral multiplets [155,274].

2.7.3 Geometric interpretation of the D6 brane bound states

Take a D6 brane −X, with any number of i. D4 branes wrapping surfaces S in
H4(X,Z), ii. D2 branes wrapping curves C in H2(X,Z) and iii. D0 branes where we
require DS, C to be positive28, and the number of D0 branes to be non-negative.

Changing the B-field by D (2.7.41) , gives this state a simple geometric interpre-
tation in terms of removing i. faces corresponding to toric divisors DS, restricting
to S, ii. edges corresponding to C and iii. vertices of C0(D). This holds for any D
large enough that the “edges”, “faces” and “vertices” of C0(D) have an unambiguous
meaning., and the positivity constraint comes from the fact that we can only remove,
but not add sites along the edges, faces and vertices.29

Figure 2.24: Melting a face (left) corresponds to adding compact D4 brane charge,
melting an edge (middle) adds D2 brane charge, and melting a node (right) in C0(D)
adds D0 brane charge.

As we discussed above, the D6 brane OX(D)[−1] in the background of B-field D
is described by the crystal C(D) such that C0(D) are integral points in the Calabi-
Yau with Kahler class D. Adding to this a D4 brane on a divisor DS corresponds to
changing the bundle on the D6 brane to OX(D−DS)[−1], and hence changing C(D)

28More precisely, we require C to be in the Mori Cone of X, and we require S to be a very ample
divisor so that S ·D > 0 for any C, S satisfying these conditions [205].

29To be completely clear, arbitrary meltings of the crystal correspond to a larger set of charges
that do not obey this, but the other states do not have such an intuitive description.
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to C(D −DS). This simply changes the Kahler class of the Calabi-Yau base by DS.
From the perspective of the crystal C(D), C(D − DS) is obtained by removing sites
along the face corresponding to DS. If DS is a compact divisor, we remove a finite
number of sites. Consistency requires that the charge carried by these be the charge
of the D4 brane on DS in this background. In other words, if S is the surface the
divisor DS restricts to, the charge should be that of OS(D), obtained from the pure
D4 brane OS on DS by shifting the B-field by D.

Explicitly, the crystals C(D) and C(D − DS) carry the charges of the D6 branes
corresponding to OX(D)[−1] and OX(D −DS)[−1],

−XeD(1 +
1

24
c2(X))

and

−XeD−DS(1 +
1

24
c2(X)).

Thus, the sites that we remove in going from one crystal to the other must carry the
difference of the charges. This is

DS(1− 1

2!
DS +

1

3!
D2
S +

1

24
c2(X))eD = DS(1 +

1

24
c2(S))eD−

1
2
KS

which equals the charge of a D4 brane on S in the background B-field OS(D). We
used here the fact that one can think of the sheaf supported on a surface S as a
bundle on S twisted by −1/2 of the canonical line bundle KS of the surface, and that
KS = DS, on a Calabi-Yau.

Similarly, a D2 brane wrapping a curve C inX corresponding toOC(D) is obtained
by removing an edge in the crystal along C. To see this, suppose that C lies on the
intersection of two divisors C = DSDT . Then, analogously to what we had done
for the D6 branes and the D4 branes, we can express the D2 brane as a difference
of the D4 branes on DS when we change the background from D to D − DT . The
corresponding charges are

DSe
D− 1

2
KS(1 +

1

24
c2(S)) (2.7.58)

and

DSe
D−DT− 1

2
KS(1 +

1

24
c2(S)). (2.7.59)

The difference of (2.7.58) and (2.7.59) is

C
(

1− 1

2
(DT +DS)

)
eD = C

(
1 +

1

2
c1(C)

)
eD,

which is the Chern class of the sheaf OC(D) supported on C in the background B-field
D.
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We could also remove n edges along C in the crystal, but then we have the choice
of melting additional edges along the face or down the side of the crystal. The
difference in charges corresponds exactly to nOC(D) + k[pt] for some k determined
by the crystal structure, where the additional D0 charge arises from the fact that in
a general crystal, the lengths of multiple melted edges will not all be the same.

2.7.4 An Example

In our local P1 × P1 example, consider X with the B-field shifted by D = (m +
2n)Dt + 2nDs. Removing a face worth of sites from C0 (and the relevant sites from
its refinement C),

(2n+ 1 +m)(2n+ 1)∆3 + (2n+ 1)(2n+ 2 +m)∆2 (2.7.60)

+(2n+ 2)(m+ 2n+ 1)∆4 + (2n+ 2)(2n+ 2 +m)∆1

and adding up the charges, we get

DS + (m+ 2n+ 1)Cs + (2n+ 1)Ct +
(

(2n+ 1 +m)(2n+ 1) +
1

6

)
pt

which is the same as

DS(1 +
1

24
c2(S))eD−

1
2
KS ,

the chern character of OS(D), where S = P1 ×P1, and KS = −2Ds − 2Dt = DS.
Similarly, removing an edge, corresponding to Ct say, we remove sites of net charge

(2n+ 1 +m)∆3 + (2n+ 2 +m)∆2 + (m+ 2n+ 1)∆4 + (2n+ 2 +m)∆1

Adding this up, the net charge is

Ct + (2n+ 1 +m)pt = Ct(1 +
1

2
c1(Ct))e

D

corresponding to OCt(D).
To summarize, the states that have a simple geometric description are those we

obtain from “pure” D6, D4, D2 (and of course D0 branes) OX , OS and OC by turning
on a B-field B → B +D, in other words OX(D), OS(D) and OC(D).

2.7.5 The large B-field limit and DT/GW correspondence

Now consider C(D) in the limit of large D →∞, or more precisely

na →∞ (2.7.61)

where
D =

∑
a

naDa, na ≥ 0. (2.7.62)
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This is the large radius limit of X, where the lengths of all edges in C(D) go to
infinity. When we consider meltings of this crystal, we need to specify what we keep
fixed in this limit. Without doing anything, working in terms of the fixed basis of
H∗(X,Z), corresponding to X, Da, Ca and pt the states corresponding to melting of
C(D) would all have infinite charges. Moreover, because the edges of the crystal are
infinitely long, the counting problem itself is not well defined.

Figure 2.25: Melting the local P1 × P1 crystal with a large compact B-field turned
on.

To remedy this, consider changing the basis to

X ′ = XeD, D′a = Dae
D, C ′a = Cae

D,

and counting states whose charges in terms X ′, D′a, C
′
a and pt are finite, i.e. states

of the form
X ′ + kaD

′
a + `aC

′
a +m pt (2.7.63)

where k, ` and m are all finite. In terms of the quiver we started with, this is imple-
mented by taking a limit in the weight space, where the weights of all but one node
go to zero,

qα → 0, α = 1, . . . k − 1 (2.7.64)

keeping the product of all the weights fixed,

k∏
α=1

qα = q.

Since the sum of the charges of the nodes is one unit of D0 brane charge, states
weighted by qm carry m units of D0 brane charge.

Taking the limits (2.7.61) and (2.7.64) together, makes the state counting well
defined. In the limit, the only local excitations of the crystal C(D) that survive
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are those where equal numbers of nodes of all colors are excited – corresponding to
removing pure D0 branes, weighted by qm. One can think of this as a kind of a phase
transition in the crystal C(D) where excitations of individual nodes freeze out, and one
can only remove atoms in groups weighted by q. In this limit, C(D) becomes C0(D).
Moreover, the crystal can melt only from the vertices, and near each vertex [173], the
crystal C0(D) looks like a copy of the C3 crystal in [234] . In C3 we only have D0
branes to begin with, so the crystals C and C0 for this coincide. Note that, while we
were originally counting signed partitions, with signs (−1)d(∆) from (2.4.18), in the
large D limit the signs become simply (−1)m

2
= (−1)m, up to an overall sign, since

we are restricting to configurations where all ranks are equal.
But, in addition, some large excitations survive as well. There are edge excitations

which carry finite number of D2 brane charge `a in (2.7.63), and also excitations along
faces carrying D4 brane charges ka. We have shown in the previous section that, even
at finite D, excitations along an edge

∑
a `aCa in H2(X,Z) carry charge∑

a

`aC
′
a = (

∑
a

`aCa)e
D.

Similarly, removing the face in C0(D) in the class
∑

kDa corresponds to adding charge∑
a

kaD
′
a = (

∑
a

kaDa)e
D

to the D6 brane −X ′. We also showed that adding the D4 brane is the same as
shifting D by

∑
a kaDa. This clearly does not affect the degeneracies of D0-D2-D6

branes in the limit where we take D to infinity – it only shifts what we mean by D,
in agreement with [84,92] .

The relation of topological string amplitudes on X with certain melting crystals
was observed in [234]. The combinatorics of the topological vertex [7] and the A-model
topological string on X is the same [234] as the combinatorics of C3 crystals glued
together over the edges between C3 patches in X. In [173] a physical explanation of
this was proposed, by relating the crystals to D6 brane bound states. Starting with
the crystal C0(D) corresponding to integral points in the base of a toric Calabi-Yau
X, [173] showed that in the limit where one takes the Kahler class D of X to infinity,
the crystal degenerates to C3 crystals glued together over long legs, exactly as in [234]
. On the other hand, it was shown that in the same limit, the crystal counts bound
states of a D6 brane on X, with D2 and D0 branes (in the language of sheaves,
these are ideal sheaves on X). The count in [173] was formulated in terms of the
maximally supersymmetric SYM on X, topologically twisted, and non-commutative.
The conjecture of [173] relating the topological string on X to counting bound states
of a single D6 brane on X with D0 and D2 branes, for any Calabi-Yau X, is known as
the Gromov-Witten/Donaldson-Thomas correspondence [212, 213]. Recently, it was
proven for toric threefolds by [214].
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We have shown that the bound states of a D6 brane on X, with D4, D2 and D0
branes described by a quiver Q and in the background of B-field D, are counted by
crystals C(D), at any D. The crystal roughly corresponds to integral points in the
base of the Calabi- Yau with Kahler class D, though the precise microscopic details
depend on Q. In the limit of infinite D, the microscopic structure is lost, and C(D)
becomes the same as the crystal C0(D) – and hence the same as the crystal in [173,234].
Thus, the count of the D6 brane bound states from the six dimensional perspective
of [173] and the 0 + 1 dimensional quiver quantum mechanics of D6 branes bound to
D4-D2 and D0 branes, agree – but only in this limit.30 We have thus re-derived the
Gromov-Witten/Donaldson-Thomas correspondence of [173,212,213] from the quiver
perspective.

More than that, we provided an answer to the question raised in [232]: what is the
crystal C0(D) in [173] is counting at finite D? The crystal C0(D), or more precisely
its refinement C(D), is counting Donaldson-Thomas invariants defined as the Witten
indices of the quiver quantum mechanics describing one D6 brane on X, bound to
D4, D2 and D0 branes in the background B field D.

30This is in accord with [84], which pointed out that the correspondence of [173] can hold only
in the limit of infinite B-field. One should be able to understand this a consequence of essentially
infinite non-commutativity turned on in [173].
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Chapter. 3

Dimer Models and Integrable
Systems

3.1 Introduction

Integrable systems have a dense web of connections with gauge theories and string
theory. Integrable systems appear in a variety of contexts including Seiberg-Witten
theory [142], recent connections to the vacua of supersymmetric theories [226], and the
calculation of the spectrum of anomalous dimensions [143] and scattering amplitudes
[26] in super-Yang-Mills, to name a few.

Recently, Goncharov and Kenyon discovered an exciting correspondence between
integrable systems and dimer models [137]. According to their correspondence, every
dimer model defines an integrable system, whose conserved charges can be systemat-
ically calculated from perfect matchings.

The correspondence sheds new light on integrable systems, with applications and
implications yet to be investigated. It provides new perspectives on integrable systems
that are naturally related to dimer models, such as 4d quiver gauge theories, D3-
branes probing toric Calabi-Yau 3-folds [118], mirror symmetry [111] and quantum
Teichmüller space [115,137].

In this chapter, we investigate various aspects of the correspondence from a phys-
ical perspective. This work is organized as follows. Section 2 briefly reviews the
relation between dimer models and quiver theories, toric Calabi-Yaus and integrable
systems. Section 3 discusses the connection between integrable systems and 5d N = 1
and 4d N = 2 gauge theories. In Section 4, we apply the correspondence, construct-
ing a relativistic generalization of the periodic Toda chain from the dimer models
associated to Y p,0 manifolds. We study the relation between the Kasteleyn and Lax
operators, the non-relativistic limit of the integrable system and how dimer models
for general Y p,q geometries produce alternative relativistic generalizations of the pe-
riodic Toda chain. We also discuss the connection to twisted sl(2) XXZ spin chains
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with impurities. In Section 5, we introduce a practical method for generating new in-
tegrable systems based on higgsing and illustrate the method with explicit examples.
We conclude and mention future directions in Section 6.

3.2 Some Background

In this section we provide a lightning review of various concepts used throughout
this chapter. When necessary, we indicate references for more thorough explanations.

Dimers and Quivers

Brane tilings, to which we will also refer to as dimer models, are bipartite graphs
embedded in a two-torus. The dual of a brane tiling is a planar, periodic quiver.
There is a one-to-one correspondence between brane tilings and periodic quivers [118]
that is summarized in the following dictionary:

Gauge Theory Brane Tiling
gauge group ↔ face

chiral superfield ↔ edge
superpotential term ↔ node

Every term in the superpotential of the gauge theory is encoded in an oriented
plaquette of the periodic quiver. Figure 3.1 exemplifies the correspondence for phase
I of F0 [108].

Dimers and Calabi-Yau 3-folds

Quiver gauge theories that are described by brane tilings arise on the worldvolume
of stacks of D3-branes probing singular, toric Calabi-Yau (CY) 3-folds. The CY
geometry emerges as the moduli space of vacua of the quiver gauge theory. The
connection between dimer models and quivers has trivialized the determination of the
corresponding CY geometry. GLSM fields in the toric description of the CY are in one-
to-one correspondence with perfect matchings of the dimer model. As a result, points
in the toric diagram correspond to (sets of) perfect matchings. This correspondence
reduces the task of finding the CY geometry to computing the determinant of the
Kasteleyn matrix [118].
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Figure 3.1: Correspondence between the brane tiling and the periodic quiver for phase
I of F0.

Dimers and Integrable Systems

The dynamical variables of the integrable system correspond to oriented loops in
the brane tiling. One basis for such loops is given by the cycles going clockwise around
each face wi (i = 1, . . . , Ng, with Ng the number of gauge groups in the quiver) and
the cycles z1 and z2 wrapping the two directions of the 2-torus.1,2

The Poisson brackets between basis cycles are

{wi, wj} = εwi,wj wiwj
{z1, z2} = (〈z1, z2〉+ εz1,z2) z1z2

{za, wi} = εza,wi zawi

(3.2.1)

where εx,y is the number of edges on which the loops x and y overlap, counted with
orientation. Then, εwi,wj is simply the antisymmetric oriented incidence matrix of the
quiver. In addition, 〈z1, z2〉 is the intersection number in homology of the cycles z1

and z2.
The classical integrable system can be quantized replacing the Poisson brackets

by a q-deformed algebra of the form

XiXj = q{xi,xj}XjXi , (3.2.2)

where Xi = exi and q = e−i2π~.

1Since
∏Ng

i=1 wi = 1, one of the wi’s is redundant. This identity can also be exploited for simpli-
fying expressions.

2The analysis of some models, such as the ones in Section 3.4, can be considerably simplified by
choosing a different basis.
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Every perfect matching corresponds to a point in the toric diagram and defines
a closed loop by subtraction of a reference perfect matching. This loop can then be
expressed in terms of the basic cycles. When multiple perfect matchings correspond
to a given toric diagram point, their contributions must be added. Goncharov and
Kenyon showed that the commutators defined by (3.2.2) and (3.2.1) result in a (0+1)-
dimensional quantum integrable system in which the conserved charges are given by:

• Casimirs: they commute with everything. They are defined as the ratio be-
tween contributions of consecutive points on the boundary of the toric diagram.

• Hamiltonians: they commute with each other and correspond to internal
points in the toric diagram.

In this chapter we will not discuss the choice of reference perfect matching in detail,
we instead refer the interested reader to [137]. Different choices of the reference perfect
matching correspond to shifts in the toric diagram. These overall shifts do not affect
Casimirs (since they are defined as ratios of points in the toric diagram) but they
modify the Hamiltonian(s). Models with zero or one internal point are insensitive to
this choice, since they have zero or one Hamiltonians. The choice of reference perfect
matching becomes important for models with more than one internal point and can
be straightforwardly determined by demanding the Hamiltonians to commute.

Following [182] (see also [121] for applications), we define the magnetic flux through
a loop, γ, in terms of edges in the tiling as

v(γ) =
k−1∏
i=1

X(wi, bi)

X(wi+1, bi)
, (3.2.3)

where the product runs over the contour γ and bi and wj denote black and white
nodes. With this definition, the elements in our basis are wj ≡ v(γwj), z1 ≡ v(γz1),
and z2 ≡ v(γz2). Another brief but more complete summary of the work in [137] can
be found in [115].

3.3 Integrable Systems from Dimers, 5d and 4d

5d Gauge Theories and Dimers

The integrable systems we are discussing can be derived from either dimer models
or 5d gauge theories. The main object underlying all constructions is the spectral
curve Σ.

Dimer models encode the quiver gauge theory (and also the geometry) on D3-
branes probing a singular, toric Calabi-Yau 3-fold X. The toric singularity has a
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characteristic polynomial P (z1, z2) =
∑
an1,n2 z

n1
1 zn2

2 , where (n1, n2) runs over points
in the toric diagram. The mirror Calabi-Yau is given by P (z1, z2) = W , W = uv. In
this case, Σ corresponds to the Riemann surface sitting at W = 0 in the mirror.

Nekrasov [222] proposed a non-perturbative solution for 5d gauge theories com-
pactified on a circle using relativistic integrable systems. From the Seiberg-Witten
solution [250, 251] a connection to integrable systems was proposed in [142]. In par-
ticular, the spectral curve of the integrable system matches the Seiberg-Witten curve.
Nekrasov’s insight was to generalize the integrable system to a relativistic integrable
system in order to determine the corresponding Seiberg-Witten curve for the 5d gauge
theory. There are two possible ways to engineer such compactified 5d theories and Σ
plays a prominent role in both of them. First, we can construct them by wrapping
an M5-brane on Σ. This M5-brane is a de-singularization of a web of (p, q) 5-branes
in Type IIB, obtained after compactifying in a circle of radius β to pass to Type IIA
and then lifting to M-theory [25]. Alternatively, these theories can be obtained in the
low energy limit of M-theory on a Calabi-Yau 3-fold with vanishing cycles to decouple
gravity [101, 132,169,217]. The Calabi-Yau is the same X of the dimer construction,
so we see that Σ is also relevant from this perspective. Particle-like states arise from
M2-branes wrapped around SUSY 2-cycles.

4d Gauge Theories and the Non-Relativistic Limit

The integrable systems constructed using dimer models (equivalently 5d gauge
theories compactified on a circle) are naturally relativistic. This is reflected, for
example, in the exponential dependence on momenta of the conserved charges. This
fact is manifest in the form of Poisson brackets (3.2.1).

The radius, β, of the circle on which the 5d gauge theory is compactified plays
the role of the inverse speed of light. The non-relativistic limit corresponds to taking
β → 0.3 In this limit, we obtain a 4d, N = 2 gauge theory whose Seiberg-Witten
curve is the spectral curve of the non-relativistic integrable system, which we denote
σ.4 Figure 3.2 summarizes the connection between 5d gauge theories, dimer models,
integrable systems and their non-relativistic (4d) limits.

3Also interesting is the decompactification limit β →∞, in which the 5d perturbative solution [31]
is recovered

4As explained in Section 3.2, dimer models are in one-to-one correspondence with 4d (generically
N = 1) quiver theories. These quivers thus provide other 4d gauge theories naturally associated to
the integrable systems. In what follows, whether we refer to the 4d N = 2 or quiver gauge theories
should be clear from the context.
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Seiberg−Witten curve σ

β     0

Integrable System

Non−Relativistic
4d N=2 gauge theory

ΣM5−brane wrapped on

5d N=1 gauge theory

on S1

M−theory on CY3
ΣSpectral curve 

Relativistic

Integrable System

Σ inside the mirror

Dimer Model

ip      0

Spectral curve σ

Figure 3.2: Dimer models and 5d, N = 1 gauge theories compactified on an S1

correspond to different perspectives on the spectral curve Σ. The 4d, N = 2 limit of
the gauge theory corresponds to a non-relativistic limit of the integrable system.

3.4 The Periodic Toda Chain

In this section we show the correspondence from [137] at work in explicit examples,
using dimer models to construct (relativistic generalizations of) the periodic Toda
chain. The relativistic, periodic Toda chain was first introduced in [245] and studied
in connection with 5d gauge theories in [222]. These integrable systems arise from
dimer models, equivalently quiver gauge theories, associated to Y p,q manifolds [43].
The associated spectral curves, Σ, correspond to 5d, N = 1, SU(p) gauge theory
with no flavors and different values of a quantized parameter controlling the cubic
couplings in the prepotential.

3.4.1 Y p,0 Integrable Systems

Integrable system

Let us now consider general Y p,0 geometries. Our goal is to make contact with
the relativistic Toda chain for arbitrary p. For concreteness, let us focus on the
case in which p is even. The shape of the unit cell depends on whether p is even
(rectangle) or odd (rhombus). The dimer model for the conifold corresponds to a
square lattice [154]. The cone over Y p,0 is a Zp orbifold of the conifold. As a result,
its dimer model is given by a square lattice with an enlarged unit cell, given by p
copies of the one for the conifold, as shown in Figure 3.3.5

5A similar configuration for a discrete time integrable system related to dimer models was con-
sidered in [190].
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Figure 3.3: Brane tiling for Y p,0 with even p. We indicate the numbering of nodes in
blue.

The reference perfect matching and z1 and z2 paths for Y p,0 are shown in Fig-
ure 3.4. Figure 3.5 shows the toric diagram for Y p,0, with even p. The system has a
Z2 symmetry corresponding to choosing the opposite corner of the toric diagram as
the reference perfect matching. The Z2 symmetry interchanges the Hamiltonian with
its dual [183].

The construction of the associated integrable system is considerably simplified by
an appropriate choice of basis of 2p+ 2 cycles, instead of wi and zj. Figure 3.6 shows
2p of the loops. There are two additional cycles, with winding numbers (−p/2− 1, 1)
and (−p/2 − 1,−1) around the z1 and z2 directions, which correspond to the green
points in Figure 3.5. They are mapped to two Casimirs and are hence fixed.

The non-vanishing Poisson brackets are

{ck, dk} = ckdk {ck, dk+1} = −ckdk+1 {ck, ck+1} = −ckck+1 (3.4.4)

The Hamiltonian corresponds to the (−1, 0) point in the toric diagram and is given
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ref. p.m. 2zz1

Figure 3.4: Reference perfect matching and z1 and z2 paths for Y p,0.

p/2+1

Figure 3.5: Toric diagram for Y p,0 (shown in the figure for p = 6). The reference
perfect matching is circled in red. By construction, its position in the (z1, z2) plane is
(0, 0). The green dots correspond to cycles with windings (−p/2− 1, 1) and (−p/2−
1,−1).

by

H1 =

p∑
i=1

(ci + di) . (3.4.5)

Equations (3.4.4) and (3.4.5) precisely agree with the Poisson brackets and Hamilto-
nian for the general periodic relativistic Toda chain [52,183]. The ci and di variables
can be expressed in terms of position and momentum variables with canonical com-
mutation relations as follows

ci = exp(pi − qi + qi+1)

di = exp pi . (3.4.6)

Using the ci and di cycles, determining the additional (p−2) higher Hamiltonians
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even ieven ii=1,...,p

cc i−1d i i

iii

Figure 3.6: 2p of the cycles in a convenient basis for Y p,0. Notice that the c cycles
only exist for even i.

reduces to a straightforward combinatorial problem. The Hn Hamiltonian, associated
with the (−n, 0) point in the toric diagram, corresponds to the sum of all possible
combinations of n of these cycles with the condition that they do not overlap or touch
at any vertex of the tiling. For example, for Y 4,0 we have:

H2 = (c1c3 + c2c4) + (c1(d3 + d4) + c2(d4 + d1) + c3(d1 + d2) + c4(d2 + d3)) (3.4.7)

+ (d1d2 + d1d3 + d1d4 + d2d3 + d3d4) ,

H3 = (d2d3d4 + d1d3d4 + d1d2d4 + d1d2d3) + (c1d3d4 + c2d4d1 + c3d1d2 + c4d2d3) .

3.4.2 Kasteleyn matrix

Let us construct the Kasteleyn matrix for the dimer model in Figure 3.3. It is
convenient to label edges according to whether they are horizontal (H and H̃) or
vertical (V and Ṽ ). H edges are those at the center of the tiling and H̃ are those
crossing the edge of the unit cell. In addition:

V : vertical with black node at top endpoint

Ṽ : vertical with white node at top endpoint
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Finally, let us call Hi and H̃i the edges connecting nodes i and n+ i, Vi ≡ Vi+1,p+i

and Ṽi ≡ Ṽi,p+i+1. Subindices indicate nodes on the tiling and are identified mod(2p).
In these variables, the Kasteleyn matrix is

Kp =



p+ 1 p+ 2 p+ 3 · · · 2p− 1 2p

1 −H1 − H̃1 z1 Ṽ1 Vp z2

2 V1 H2 + H̃2 z
−1
1 Ṽ2

3 V2
. . .

...
. . .

p− 1
. . . Ṽp−1

p Ṽp z
−1
2 Vp−1 Hp + H̃p z

−1
1


(3.4.8)

Notice the alternating overall sign of the terms on the diagonal.

Non-Relativistic Limit

The Kasteleyn matrix (3.4.8) and the Lax operator of the non-relativistic periodic
Toda chain [113, 114] are strikingly similar. We now make this connection explicit
by first expressing the edge variables in terms of coordinates and momenta and then
taking the non-relativistic (i.e. small momentum) limit.6 We define

Vi = Ṽi ≡ eqi−qi+1

Hi = −H̃i
−1 ≡ e(−1)ipi/2

(3.4.9)

and
z1 ≡ e−z z2 ≡ w (3.4.10)

In the next section, we explain how these definitions and canonical Poisson brackets
{pi, qj} = δij are in agreement with the Goncharov-Kenyon Poisson brackets.7

Taking the small momenta limit (i.e. linear order in pi and z) of the Kasteleyn
matrix (3.4.8), we conclude that

detKp = det(Lp(w)− z) (3.4.11)

6The definitions in (3.4.9) are reasonable, rather symmetric and simple. We later check that they
are indeed consistent with the wi commutation relations.

7Changing from the basis of coordinates and momenta in (3.4.9) to the one in (3.4.6) is
straightforward.
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with

Lp(w) =



p1 eq1−q2 eqp−q1 w
eq1−q2 p2 eq2−q3

eq2−q3
. . .

. . .
. . . eqp−1−qp

eqp−q1 w−1 eqp−1−qp pp


(3.4.12)

which is precisely the Lax operator of the non-relativistic periodic Toda chain. Notice
that the previous analysis nicely associates coordinates and momenta with the vertical
and horizontal directions of the square lattice, respectively.

Loop Poisson Brackets from Edges

In the previous section we have expressed edges of the brane tiling in term of
coordinates and momenta in such a way that the Lax operator of the periodic Toda
chain is obtained from the Kasteleyn matrix of the dimer model by taking the non-
relativistic limit. We now show how the commutation relations among loop variables
given by the Goncharov-Kenyon rules are recovered from our edge definitions and the
{pi, qj} Poisson brackets.

Consider Y p,0 with even p. Using equation (3.2.3), we have

odd i: wi = Hi V −1
i Hi+1 Ṽ −1

i wp+i = H̃−1
i Ṽi H̃−1

i+1 Vi
even i: wi = H−1

i Vi H−1
i+1 Ṽi wp+i = H̃i Ṽ −1

i H̃i+1 V −1
i

(3.4.13)
i = 1, . . . , p. From (3.4.13) and the canonical Poisson brackets {pi, qj} = δij (which
become [pi, qj] = −i~ δij in the quantum theory) we can calculate

{A,B}
AB

=



w1 w2 · · · · · · · · · wp wp+1 wp+2 · · · · · · · · · w2p

w1 2 2 −4
w2 −2 −2 4
w3 2 2 −4
...

. . .
. . .

. . .

wp−1 2 2 −4
wp −2 −2 4
wp+1 4 −2 −2
wp+2 −4 2 2
wp+3 4 −2 −2

...
. . .

. . .
. . .

w2p−1 4 −2 −2
w2p −4 2 2


(3.4.14)
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which, modulo an unimportant overall scaling, are exactly the Poisson brackets that
follow from Goncharov-Kenyon prescription! This scaling can be absorbed in the
value of ~ in the quantum theory. It is important to notice that the final result
depends crucially on the details of (3.4.9), such as the sign of the exponents, which
are also vital for obtaining the correct non-relativistic limit. An interesting example
that depends on these details is {wi, wp+i+1} = 0.8

3.4.3 More Relativistic Generalizations of Toda from Y p,q

The integrable models based on Y p,0 are not the only possible relativistic general-
izations of the periodic Toda chain. In fact, as we now discuss, all Y p,q geometries give
rise to valid generalizations. The corresponding toric diagram is shown Figure 3.7.9

These integrable systems were conjectured to exist in [51].

(0,0)

(−1,p−q)

(p,p)

(1,0)

Figure 3.7: Toric diagram for the cone over Y p,q.

M-theory on the CY cones over Y p,q geometries gives rise to 5d,N = 1, pure SU(p)
gauge theories. The theories differ in the value of ccl, which is a quantized parameter
of the theory that controls the cubic couplings in the exact quantum prepotential,
related to a five dimensional Chern-Simons term [169]. For Y p,q, we have ccl = q.

The distinction between theories with different values of ccl disappears when taking
the non-relativistic limit. This fact is clearly manifest at the level of the spectral
curve. The spectral curve associated with Y p,q and the manipulations for taking its

8Of course, the variables in (3.4.9) also reproduce the Poisson brackets (3.4.4) for the basis of
cycles we considered in Section 3.4.1. Those cycles are typically written in terms of coordinates and
momenta such that horizontal lines are equal to ep

′
i and squares are equal to eq

′
i−q
′
i+1 . The pi and

qi considered in this section are the ones in which the Lax operator takes the form (3.4.12), but can
be mapped to p′i and q′i by an appropriate change of variables.

9The toric diagram in Figure 3.5 can be put into this form by an SL(2,Z) transformation.
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non-relativistic limit have repeatedly appeared in the literature (see for example [162],
which we now follow).10 The spectral curve, Σ, can be written as

z1 + α
zp−q2

z1

+ Pp(z2) = 0 (3.4.15)

with Pp(z2) a degree p polynomial. We can rewrite Σ as

y2 =

p∏
i=1

(z2 − eφi)2 − 4e−tBzp−q2 (3.4.16)

In order to take the non-relativistic (4d) limit, we define

z2 = eβx , eφi = eβai,i+1 , e−tB =

(
βΛ

2

)2p

, (3.4.17)

with ai,i+1 = ai− ai+1. From our perspective, it is clear that not only z2 but also the
φi variables and tB must be rescaled when taking the non-relativistic limit since they
are controlled by the wi variables, which are momentum dependent. In the β → 0
limit, Σ becomes

y2 =

p∏
i=1

(x− ai,i+1)2 − 4

(
Λ

2

)2p

, (3.4.18)

which is the Seiberg-Witten curve for the pure N = 2 SU(N) gauge theory. As we
have anticipated, the dependence on q has disappeared. Reversing the reasoning, we
conclude that all Y p,q manifolds (i.e. for arbitrary values of q) give rise to integrable
systems that can be considered relativistic generalizations of the periodic Toda chain.
In the next section we discuss the Y p,p geometry and its corresponding integrable
system.

3.4.4 Y p,p Integrable Systems

We now construct a new infinite family of relativistic integrable systems associated
with Y p,p. From the discussion in section 3.4.3, we know that these systems also reduce
to the periodic Toda chain in the non-relativistic limit.

The cone over Y p,p is the C3/Z2p orbifold. Its brane tiling consist of two columns
of p hexagons [118] as shown in Figure 3.8.

Figure 3.9 shows the toric diagram for Y p,p, where the reference perfect matching
is indicated with a red circle. As for Y p,0, the analysis of these models is simplified by
a convenient choice of basis for closed cycles. Figure 3.8 shows 2p of them. There are
two additional cycles with windings (−p, 1) and (−p,−1) along the (z1, z2) directions.
They correspond to the green points in Figure 3.9 and are fixed by the Casimirs.

10In fact, this correspondence of the spectral curve is the original reason why we identify Y p,q

dimer models as giving rise to relativistic generalizations of the periodic Toda chain.
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Figure 3.8: Brane tiling for Y p,p. A convenient basis for Y p,p is given by the ui (up)
and di (down) cycles, i = 1, . . . , p.

The Hamiltonian associated to the (−1, 0) point in the toric diagram takes the
simple form

H1 =

p∑
i=1

(ui + di) . (3.4.19)

Similar to our analysis of Y p,0, determining the Hamiltonians for the (−n, 0) points is
very simple in the ui and di basis. Finding the nth Hamiltonian reduces to determining
all possible combinations of n cycles that do not overlap or intersect at nodes of the
tiling. For example, the higher Hamiltonians for Y 4,4 are
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p

Figure 3.9: Toric diagram for Y p,p (shown in the figure, p = 3). The reference perfect
matching is circled in red. By construction, its position in the (z1, z2) plane is (0, 0).
The green dots correspond to cycles with windings (−p, 1) and (−p,−1).

H2 = u1u2 + u1u3 + u1u4 + u2u3 + u2u4 + u3u4

+ d1d2 + d1d3 + d1d4 + d2d3 + d2d4 + d3d4

+ u1d3 + u1d4 + u2d4 + u2d1 + u3d1 + u3d2 + u4d2 + u4d3 ,

H3 = u1u2u3 + u1u2u4 + u1u3u4 + u2u3u4

+ u1d3d4 + u2d4d1 + u3d1d2 + u4d2d3

+ d1d2d3 + d1d2d4 + d1d3d4 + d2d3d4

+ d1u2u3 + d2u3u4 + d3u4u1 + d4u1u2 ,

H4 = u1u2u3u4 + d1d2d3d4 . (3.4.20)

3.4.5 Y p,q Integrable Systems as Spin Chains

We have identified the family of integrable systems associated to the Y p,q dimer
models in the previous section. Previously the integrable systems identified with the
Y p,q spectral curves were described as twisted sl(2) XXZ spin chains with impurities
[141]. We will now explain the equivalence of these apparently different descriptions.

The sl(2) spin chains are described by N “spins” Ψi where i = 1, . . . , N. The spin
operators satisfy the commutation relations

{S±, S0} = ±S±, {S+, S−} = sinh 2S0

where the raising and lowering operators S± = S1± iS2 are defined as usual. Integra-
bility of the spin chain can be shown starting from the auxiliary linear problem for
the Lax matrix

Li(µ)Ψi(µ) = Ψi+1(µ)

with twisted boundary conditions implemented by the identification

Ψi+N(µ) = −wΨi(µ).
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The spectral curve of the spin chain is given by the determinant of the transfer matrix,

det(T (λ) + w 1) = 0,

where the transfer matrix is defined by the product of the two-by-two Lax matrices

T (λ) ≡ LN(λ) . . . L1(λ).

Impurities are added to the spin chain by performing a site-dependent shift of
variables for the Lax matrices Lj(µ). Y p,q quiver gauge theories can be constructed
by starting from Y p,p and adding (p − q) impurities [43]. Amusingly, the spin chain
and quiver impurities are precisely the same. This reflects the well-known phenomena
that the same integrable system can have different Lax representations. Since the Lax
matrices for all of the Y p,q quiver gauge theories are tridiagonal [118], we can re-write
the determinant of the Lax matrix in spin-chain form using the following identity

det


a1 b1 c0

c1
. . . . . .
. . . . . . bN−1

b0 cN−1 aN

 = (−1)N−1

(∏
j

bj +
∏
j

cj

)
+ TrLNLN−1 . . . L1

where

Lj =

(
aj −bj−1cj−1

1 0

)
.

Thus we can re-write the the spectral curve as

det(T (λ) + w1) = w2 + wTrT (λ) + detT (λ).

Under a suitable change of variables, it should be straightforward to show that this
representation matches the XXZ form proposed in [141]. For the relativistic, periodic
Toda chain this change of variables appears in [196].

3.5 Generating New Integrable Systems via Par-

tial Resolution

In this section we explain how to determine the integrable system associated with
a partial resolution, given the one for the parent theory. This is a useful way of obtain-
ing new integrable systems from known ones. Starting from a relatively complicated
example, partial resolution provides a practical way of deriving new integrable sys-
tems, much faster in practice that going through the process of expressing the new
system in terms of loop variables. This method is so efficient that it is natural to
expect that it has a counterpart in the integrable system literature.
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We will focus on minimal partial resolutions, which correspond to removing ex-
tremal perfect matchings (i.e those located at corners of the toric diagram) one at
a time.11 In addition, it might be necessary to simultaneously remove non-extremal
perfect matchings. The result of this process is a new toric diagram in which the
multiplicity of each new extremal perfect matching is one and some of the internal
multiplicities might also change. From a quiver point of view, partial resolution cor-
responds to turning on non-zero vacuum expectation values (vevs) for bifundamental
fields Xij and then higgsing nodes i and j.12 This operation might result in mass
terms for some fields, which can be integrated out using their equations of motion.
From a dimer model perspective, partial resolution corresponds to removing from the
tiling the edges associated to the fields with non-zero vevs. As a result, some of the
adjacent faces in the tiling are merged into a single new face. The integration of
massive fields maps to the removal of 2-valent vertices that might be generated in
the process by condensing the nodes at the endpoints of the two edges terminating
in them.

The standard understanding of partial resolutions using dimer models is that
all perfect matchings containing the edge associated with Xij are removed [118].
Following the connection between bifundamental fields and perfect matchings given
in [118], we see that all these perfect matchings (which are interpreted as GLSM
fields) need to acquire a non-zero vev in order for the bifundamental to get one.

In the integrable systems context, the fundamental objects are closed loops rather
than individual perfect matchings. In fact, even the reference perfect matching might
disappear when applying the discussion in the previous paragraph. It is straightfor-
ward to adapt the previous reasoning to loops: partial resolution removes all loops
that contain an edge that gets a non-zero vev.

From a brane tiling perspective, the edge associated to Xij is deleted and faces i
and j are combined into a single face. Consequently, we start from two cycles wi and
wj and end with a combined cycle wi/j = wiwj as shown in Figure 3.10.

i/jw i jw w

Figure 3.10: Combination of gauge group cycles when higgsing by a vev associated
to the blue edge.

11The implementation of more general partial resolutions using dimer models has been discussed
in great detail in [133]. We will restrict ourselves to minimal ones in this chapter.

12Notice that, given a quiver, not all possible higgsings correspond to consistent partial resolutions.
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The following rules produce the integrable system for the partially resolved geom-
etry:

1) Remove loops that contain an edge with a non-zero vev.

2) Re-express the surviving loops with the replacement (wiwj)→ wi/j.

More practically, the loops that are removed in rule (1) are those that cannot be
re-written using rule (2).

In some cases, a zi path can involve an edge that is removed when higgsing, as
shown in Figure 3.11. If so, the path can be redefined by using a wj to make the
path wiggle appropriately, avoiding this edge. Equivalently, we could have chosen a
different set of zi paths in the parent theory such that they do not involve higgsed
edges.

jw −1z iw jiz

i
~
z

Figure 3.11: Redefinition of one of the paths that winds around the T2, zi = z̃iwj,
after partial resolution by turning on a vev for the blue edge.

3.5.1 Examples: Partial Resolutions of Y 4,0

We now illustrate our ideas in the explicit case of partial resolutions of Y 4,0.
Partial resolution can either preserve or reduce the genus of the spectral curve (i.e.
the number of Hamiltonians). The examples that follow exhibit the latter behavior.

In this section we depart from the notation for edges we used for general Y p,0 in
Section 3.4.2, which was specially devised for giving the Kasteleyn matrix a nice form.
Here our emphasis is on higgsing, so we explicitly indicate the gauge groups under
which bifundamentals are charged using subindices. Vij and Ṽij indicate vertical edges
in the first and second columns of the brane tiling, respectively. Horizontal edges are
denoted Hij.

Figure 3.13 shows the resolutions we will consider. The number of gauge groups
in the associated quivers is given by twice the area of the toric diagrams. This implies
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Figure 3.12: Brane tiling for Y 4,0.

that the number of bifundamental expectation values that need to be turned on is
equal to twice the decrease in area of the toric diagram.

The starting point is the integrable system for Y 4,0. In the table below, (n1, n2)
gives the (zn1

1 zn2
2 ) contribution. Every term in a given contribution arises from a

loop in the tiling or equivalently from a perfect matching. Hamiltonians correspond
to internal points and Casimirs are given by the ratio of consecutive points on the
boundary. Instead of the basis of cycles used in Section 3.4.1, here we use the wi
(which correspond to gauge groups), z1 and z2 basis, since it makes higgsing more
transparent.

(n1, n2) Loops

(0, 0) 1

(−1, 0)
w4 + w4w8 + w4w7w8 + w3w4w7w8 + w2w3w4w7w8

+w2w3w4w6w7w8 + w2w3w4w5w6w7w8 + 1

(−2, 0)

w−1
1 w−1

5 w4 + w4w8 + w−1
1 w4w8 + w−1

1 w−1
5 w4w8

+w−1
1 w−1

5 w−1
6 w4w8 + w4w7w8 + w−1

1 w4w7w8 + w−1
1 w−1

5 w4w7w8

+w3w4w7w8 + w−1
1 w3w4w7w8 + w−1

1 w−1
5 w3w4w7w8 + w2w3w4w7w8

+w−1
1 w−1

5 + w3w
2
4w7w8 + w2w3w

2
4w7w8 + w3w

2
4w7w

2
8

(−3, 0)
w−1

1 w−1
5 w4w8 + w−1

1 w−1
5 w−1

6 w4w8 + w−1
1 w−1

5 w4w7w8 + w−1
1 w−1

5 w3w4w7w8

+w−1
1 w−1

5 w3w
2
4w7w8 + w3w

2
4w7w

2
8 + w−1

1 w3w
2
4w7w

2
8 + w−1

1 w−1
5 w3w

2
4w7w

2
8

(−4, 0) w−1
1 w−1

5 w3w
2
4w7w

2
8

(−2, 1) w−1
1 w4w7w8

(−2,−1) w2w3w
2
4w7w8

(3.5.21)



74

8

Y

7

6

H23, H56, H41, H78

4

H23, H56

2

~~
V15, V37, V62, V84

464

8

16

4,0

(b)

(c)

(a)

Figure 3.13: Toric diagrams for Y 4,0 and various of its partial resolutions. We indicate
the multiplicity associated with each point and the non-zero vevs that need to be
turned on. Higgsing takes the number of Hamiltonians from 3 in the original theory
to a) 2, b) 1 and c) 0.

Higgsing a

Model (a) in Figure 3.13 is obtained by giving non-zero vevs to both H23 and H56.
There are other choices of expectation values that lead to the same result. Figure 3.14
shows the corresponding brane tiling.

The resulting integrable model is given by:

(n1, n2) Loops

(0, 0) 1

(−1, 0)
w4 + w4w8 + w4w7w8 + w2/3w4w7w8

+w2/3w4w5/6w7w8 + 1

(−2, 0)
w4w8 + w−1

1 w4w8 + w−1
1 w−1

5/6w4w8 + w4w7w8

+w−1
1 w4w7w8 + w2/3w4w7w8 + w2/3w

2
4w7w8

(−3, 0) w−1
1 w−1

5/6w4w8

(−2, 1) w−1
1 w4w7w8

(−2,−1) w2/3w
2
4w7w8

(3.5.22)
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5/6

1

7

4 8

2/3

Figure 3.14: Brane tiling for model (a) obtained by higgsing Y 4,0.

Higgsing b

Model (b) corresponds to turning on vevs for H23, H56, H78 and H41. The resulting
brane tiling is shown in Figure 3.15.

1/4

2/3

5/6

7/8

1/4

Figure 3.15: Brane tiling for model (b) obtained by higgsing Y 4,0.

The edge associated to H41 is contained in the original z1 path, which thus needs
to be redefined. We can consider a new path z̃1 given by z1 = z̃1w

−1
1 . The integrable

system is summarized in (3.5.23), where now (n1, n2) corresponds to the (z̃n1
1 zn2

2 )
contributions.
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(n1, n2) Loops

(0, 0) 1
(−1, 0) w4/1 + w4/1w7/8 + w2/3w4/1w7/8 + w2/3w4/1w5/6w7/8

(−2, 0) w4/1w7/8 + w2/3w
2
4/1w7/8

(−2, 1) w4/1w7/8

(−2,−1) w2/3w
2
4/1w7/8

(3.5.23)

Higgsing c

Finally, model (c) follows from turning on vevs for V15, V37, Ṽ62 and Ṽ84. The
corresponding brane tiling is shown in Figure 3.16.

4/8

4/8

1/5

2/6

3/7

Figure 3.16: Brane tiling for model (c) obtained by higgsing Y 4,0.

This time both V15 and V37 overlap with the original z2 path, which can be rede-
fined according to z2 = z̃2w1w3. Denoting (n1, n2) the (zn1

1 z̃n2
2 ) contribution, (3.5.24)

summarizes the resulting integrable system.

(n1, n2) Loops

(0, 0) 1
(−1, 0) w8/4 + w3/7w8/4 + w6/2w3/7w8/4 + 1

(−2, 0) w8/4 + w−1
1/5w8/4 + w3/7w8/4 + w−1

1/5w3/7w8/4 + w−1
1/5 + w3/7w

2
8/4

(−3, 0) w−1
1/5w8/4 + w−1

1/5w3/7w8/4 + w3/7w
2
8/4 + w−1

1/5w3/7w
2
8/4

(−4, 0) w−1
1/5w3/7w

2
8/4

(−2, 1) w3/7w8/4

(3.5.24)
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From an integrability point of view, this model is trivial, i.e. it only consists of
Casimirs. From a quiver perspective, the reason for this is that, as one can deduce
from Figure 3.16, the associated quiver is fully non-chiral. This implies that all
commutators vanish.

3.6 Conclusions and Outlook

We have investigated various applications of the correspondence between dimer
models and integrable system introduced by Goncharov and Kenyon in [137]. We
used it to explicitly construct relativistic generalizations of the periodic Toda chain
associated to Y p,0 and Y p,p geometries. In these models, the calculation of commuting
Hamiltonians reduces to the combinatorics of non-intersecting paths on the brane
tiling. We investigated the connection between the Kasteleyn matrix and the Lax
operator, the non-relativistic limit of the integrable systems, additional relativistic
versions of the periodic Toda chain based dimer models for general Y p,q geometries,
and the identification of quiver impurities and spin chain impurities. Finally, we
introduced a method for generating new integrable systems based on higgsing. We can
envision, and are currently pursuing, multiple directions in which the correspondence
between dimer models and integrable systems can be exploited. We discuss some of
them below.

We have explained how higgsing is an efficient tool for generating new integrable
systems. The characteristic polynomials for the dimer models associated to Zn ×Zm
orbifolds of arbitrary geometries, which correspond to n ×m arrays of copies of the
original unit cell, can be determined using simple formulas [182]. These expressions
have been used for calculating the multiplicity of perfect matchings associated to
points in the toric diagrams of orbifolds [154]. It would be interesting to investi-
gate whether there are analogous expressions for the integrable systems associated
to orbifolds starting from the integrable system for the unorbifolded geometry. New
integrable systems could then be generated by higgsing, using the orbifold theories
as starting points.

It would be interesting to study the continuous limit of integrable systems arising
from dimer models. By this, we not only mean the infinite length limit of integrable
chains but also the (1+1)-dimensional field theory limit of fixed length systems. It is
reasonable to conjecture that field theories such as An Toda field theories can be con-
structed in this way. Furthermore, it is natural to expect that dimer models are useful
for classifying (0+1)-dimensional, integrability-preserving defects and interfaces that
can be added to such field theories.

The work of [93] investigated the quantization of Riemann surfaces defined by
the vanishing of the A-polynomials of three-manifolds M that are the complement
of (thickened) knots or links. In the case of knots, the boundary of M is a 2-torus.
The decomposition of M into glued tetrahedra with truncated vertices gives rise to
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a triangulation of the 2-torus, the developing map, whose dual is reminiscent of a
dimer model. On the other hand, [137] and [115] discussed the relation between
dimer models and quantum Teichmüller space. It is then natural to ask whether the
existing similarities indicate the existence of a true connection that associates dimer
models to three-manifolds that are knot complements.

One clear direction for further research is to explore the connection between quan-
tum integrable systems and gauge theories proposed by Nekrasov and Shatashvili
[226]. By considering the 5d gauge theory on an Ω-background with ε1 = ε and
ε2 = 0, the classical integrable systems we have investigated become quantized. We
now review the interpretation of the quantization in terms of a B-brane on the spec-
tral curve using the refined topological string [2]. The mirror Calabi-Yau geometry
takes the form

uv +H(x, p) = 0.

When the Ω-background is turned on, the classical spectral curve, Σ defined by
H(x, p) = 0, is promoted to a quantum spectral curve

Ĥ(x, p)Ψ(x) = 0

where Ψ(x) is the wave-function for a B-brane. The quantum spectral curve is the
Baxter equation for the relativistic Toda chain [196]. The coefficients of H(x, p) are
the energy eigenvalues of the Hamiltonians (and Casimirs) of the quantum integrable
system. In the relativistic case, the differential operators ep̂ become shift operators,
acting on Ψ(x) by

ep̂Ψ(x)→ Ψ(x+ ~).

Solutions to this differential equation were obtained from the refined topological string
partition function in [2]. Thus the refined topological string should provide a way to
solve the Baxter equation for quantum integrable systems. We plan to elucidate this
connection in future work.

A graphical representation for the finite non-periodic Toda lattice, similar to dimer
models, was developed [134] using the Poisson geometry of planar directed networks
in an annulus [135]. The geometry of planar directed networks was developed in order
to study the totally nonnegative Grassmannian [243]. Our work suggests an intriguing
connection between the geometry of brane tilings and the totally nonnegative part of
the double loop Grassmannian.

In general, gauge theories arising from brane tilings have sequences of periodic
Seiberg dualities known as duality cascades [116,119,120,161,187]. According to [137],
Seiberg dualities correspond to canonical transformations of the integrable system. In
terms of the new variables the Hamiltonians will typically take a different functional
form. However, since cascades are periodic, we are interested in special canonical
transformations that preserve the functional form of the commuting Hamiltonians.
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Such canonical transformations are known as auto-Bäcklund-Darboux transforma-
tions. For example, the transformation [107]

c̃i = ci
di + ci−1

di+1 + ci
, d̃i = di+1

di + ci−1

di+1 + ci

is an auto-Bäcklund-Darboux transformation of the relativistic Toda chain because
it is canonical and the new Hamiltonian

H̃ =
∑
i

(
c̃i + d̃i

)
takes the same functional form as the original Hamiltonian. The theory of auto-
Bäcklund-Darboux transformations is closely related to the theory of separation of
variables and discrete-time integrable systems [195, 272]. Thus we expect a fruitful
interplay between duality cascades and integrable systems.
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Chapter. 4

Orientifolds and the Refined
Topological String

4.1 Introduction

Recently in [19], a refinement of SU(N) Chern-Simons theory on Seifert manifolds
was constructed by studying certain M-theory backgrounds. There it was also shown
that in the large N limit, the partition function of refined Chern-Simons theory on
S3 is equal to the partition function of the refined topological string on the resolved
conifold, thus providing a refinement of the celebrated Gopakumar-Vafa duality [140].

It was also shown that the refined Chern-Simons theory can be used to explicitly
compute new two-variable polynomials associated to torus knots. These invariants
generalize the one-variable quantum SU(N) knot invariants. Further, the authors
of [19] discovered that under appropriate changes of variables, these new polynomials
could be used to determine the superpolynomial [102] of certain torus knots. The
superpolynomial is the Poincare polynomial of a knot homology theory categorifying
the HOMFLY polynomial. It encodes the large N behavior of Khovanov-Rozansky
knot invariants.

In analogy with the unrefined case, refined Chern-Simons on a three-manifold M
is equivalent to open refined string theory on the Calabi-Yau, T ∗M . Thus refined
Chern-Simons theory is part of the broader program of understanding the refinement
of topological strings in both the closed and open settings. In the absence of a
worldsheet definition, this refinement is best understood in terms of counting BPS
states in M-theory.

In this chapter, we analyze refined topological string theory when there is an ori-
entifold acting on the spacetime. Again, we find that refinement is most naturally
understood by studying an index that counts second-quantized BPS contributions
in M-theory. This analysis leads us to propose new integrality structures for orien-
tifolds of both the refined string partition function, and the unrefined string studied
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previously in [1, 49,50,191,192,209,259,273].
Our analysis also sheds light on the conjecture [90,194] that the refined topological

string at β = 1
2
, 2 is equal to the ordinary topological string in the presence of an

SO(N) / Sp(N) orientifold. From the second-quantized M-theory perspective, it is
clear that in the noncompact part of spacetime, the trace that computes the refined
topological A-model at β = 1

2
, 2 is the same as the unrefined trace when an orientifold

acts on two of the spacetime directions. However, on the internal Calabi-Yau, X, the
two computations are different – in the refined case, there is an internal U(1)R rotation
and in the unrefined case, there is an anti-holomorphic involution acting on X.

For simple geometries, such as the Dijkgraaf-Vafa models that engineer SO(N)
and Sp(N) gauge theory with matter in the symmetric or antisymmetric representa-
tion, we expect there will be no significant difference between the presence or absence
of the involution and the conjectured correspondence will hold [3, 55, 89, 168, 199].
However, from this line of reasoning, we expect that the correspondence will not hold
more generally unless we drop the involution acting on the internal Calabi-Yau.

Having understood the general structure of refined topological strings in the pres-
ence of orientifolds, we turn to the SO(2N) refined Chern-Simons theory that arises
from wrapping branes on an orientifold plane. We explain how to solve the theory,
and study the invariants that come from the expectation value of torus knots. We also
study the large N limit of the theory and show that it is consistent with the expected
form of refined closed strings propagating on an orientifold of the resoved conifold.
This gives a new refinement of the SO(N) Chern-Simons geometric transition studied
in [259].

The organization of this chapter is as follows. In section 4.2, we review the con-
struction of open and closed refined topological string theory from M-theory. We also
review the connection to instanton counting, vortex counting, and knot theory. In
section 4.3, we introduce orientifolds and explain how refinement can be extended
to unoriented strings. From this analysis we propose a new integrality condition in
Section 4.4 for both unrefined and refined topological strings on orientifolds.

In section 4.5, we review the definition of refined Chern-Simons theory and its
connection with refined open string theory. We also explain the straightforward gen-
eralization of refined Chern-Simons theory to all ADE gauge groups. In section 4.6 we
clarify the connection between refined Chern-Simons theory and knot homology, and
use the SO(2N) refined Chern-Simons theory to compute invariants of torus knots
that generalize the Kauffman polynomials. We obtain new knot invariants associated
to the SO(2N) gauge group in the fundamental and spinor representations. Unlike
the SU(N) case, we find that these polynomials cannot generally be related to the
Kauffman superpolynomial [150] of SO(N) knot homology by a change of variables.
This is not unexpected as, by construction, refined Chern-Simons theory computes
an index, and not a Poincare polynomial.

Finally, in section 4.7 we study the large N limit of the SO(N) refined Chern-
Simons theories on S3. The result is naturally interpreted as the partition function
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of refined closed strings on an orientifold of O(−1)⊕O(−1)→ P1.
In Appendix C we give a detailed description of the topologically twisted (2, 0)

theory on Seifert manifolds. Some useful facts about Macdonald polynomials are
reviewed in Appendix D, and specific results about SO(2N) and its Macdonald poly-
nomials are given in Appendix E. Finally, in Appendix F we review the refined indices
in five and three dimensions that compute the refined topological string.

4.2 M-Theory and Refined Topological Strings

In this chapter we will mainly focus on a one-parameter deformation of topological
string theory that is known as the refined topological string. Before discussing refine-
ment, we review some useful facts about unrefined topological string theory. Recall
that the (A-model) closed topological string localizes on holomorphic maps from Rie-
mann surfaces into a Calabi-Yau, X, and is only sensitive to the Kahler structure of
X. We can also introduce branes wrapping Lagrangian three-cycles, L ⊂ X, so that
the open topological string localizes on holomorphic two-chains with boundary on L.
Although topological string theory was originally defined from this worldsheet point
of view, it was later realized that both open and closed topological strings naturally
compute certain physical indices in M-theory [24,57,60,91,138,139,162,237]. In many
ways, this modern viewpoint is advantageous since it reveals an integrality structure
that is hidden on the worldsheet.

Although there is not yet a worldsheet definition of the refined topological string,
it has a very natural definition in M-theory. Refining the topological string simply
corresponds to computing a more general trace, which is a five-dimensional analogue
of the refined spin character of [127].

In this section we review the definition of the refined topological string in both
the closed and open cases. Further, we explain how this is connected to K-theoretic
instanton counting and knot homology, and emphasize the integrality properties that
arise from M-theory. This will lay the foundation for introducing Calabi-Yau orien-
tifolds in the next section.

In the pioneering work of [138, 139], the topological A-model was reinterpreted
in terms of integer Gopakumar-Vafa invariants that count BPS M2 branes. The
connection was made by starting with IIA physical string theory on the geometry,
X ×R3,1 and considering the low-energy theory in the four spacetime dimensions. It
is known that the topological A-model computes terms in the low energy effective
action of the form, ∫

d4x

∫
d4θ Fg(ti)

(
W2
)g

(4.2.1)

where Fg(ti) is the genus g free energy of the topological A-model, the ti are the
vector multiplets whose lowest components parametrize the Kahler moduli space of
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X, and W is the N = 2 Weyl multiplet. Expanding this out in components gives,∫
d4xFg(ti)

(
λ2
)g−1

R2
+ + . . . (4.2.2)

where λ is the self-dual graviphoton field strength and R+ is the self-dual part of the
Riemann tensor. The crucial observation of Gopakumar and Vafa was that by turning
on a background graviphoton field-strength, λ = gsdx1∧dx2+gsdx3∧dx4, these terms
could be reproduced by integrating out massive BPS matter. This charged matter
comes precisely from D2-D0 bound states wrapping two-cycles in X. It is natural to
go to large coupling so that IIA becomes M-theory, and the D2-D0 states lift to M2
branes with momentum around the M-theory circle. Integrating out these states by
a Schwinger-type calculation gives a new way of writing the topological string free
energy,

Ftop =
∑

β,sL,sR

∞∑
d=1

sL∑
jL=−sL

sR∑
jR=−sR

1

d

(−1)2sL+2sRN sL,sR
β q2djLQβd

(qd/2 − q−d/2)2
(4.2.3)

where q = eigs and N sL,sR
β counts M2 branes wrapping the cycle β ∈ H2(X,Z) with

intrinsic spin, (sL, sR). It important to note that the Gopakumar-Vafa invariants
N jL,jR
β are in fact integers, since they count BPS states. Thus by integrating out M2-

branes, this gives a new integrality structure underlying topological string theory.
Also note that Ftop only depends on the combinations,

N sL
β ≡

∑
sR

(−1)2sR(2sR + 1)N sL,sR
β (4.2.4)

so these are usually defined as the Gopakumar-Vafa invariants. The starting point
for refining the topological string is the desire to define a more general theory that
keeps track of the full spin information, and not just the sL spin content of M2
branes. This can be done by turning on a non-self-dual graviphoton background,
λ = ε1dx1∧ dx2− ε2dx3∧ dx4. Then we define the refined topological string to be the
result of preforming the same Schwinger calculation in this modified background,

Fref top =
∑

β,sL,sR

∞∑
d=1

sL∑
jL=−sL

sR∑
jR=−sR

1

d

(−1)2sL+2sRN sL,sR
β (q/t)d jR(qt)d jLQβd

(qd/2 − q−d/2)(td/2 − t−d/2)
(4.2.5)

where q = eiε1 and t = e−iε2 . This gives a working definition of the refined topological
string, and makes it clear that refinement captures much more information about the
spin structure of the BPS spectrum. In the rest of this chapter, we will often refer
to this picture as the “first-quantized” perspective, since the free-energy is related to
counting of single BPS states, rather than the “second-quantized” perspective which
we now introduce.

As explained in [91,162], the partition function, Ztop = exp(Ftop) of the unrefined
topological A-model on a Calabi-Yau threefold, X, can be computed as a trace over
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the second-quantized Hilbert space of BPS states. We take M-theory on C2×S1×X
and compute the five-dimensional trace,

ZM-theory(X, q) = Tr (−1)F qS1−S2e−βH (4.2.6)

where S1 and S2 are rotations in the z1 and z2 planes respectively, and β is the radius
of the thermal circle. This trace only receives contributions from BPS states (see
Appendix F for details), and is equivalent to the geometry,

(X × TN × S1)q (4.2.7)

where TN denotes the Taub-NUT space. The Taub-NUT is twisted along the “ther-
mal” S1 so that upon going around the S1 we have the rotation,

z1 → qz1 (4.2.8)

z2 → q−1z2

where q = eigs as before. Note that the integrality structure of the Gopakumar-Vafa
invariants in the graviphoton background computation is precisely what ensures that
the result can be interpreted as a second-quantized trace.

This relation between M-Theory and the topological A-model extends to the open
topological string sector as follows [24, 57, 60, 237]. Consider the open topological A-
model with N A-branes wrapping a special lagrangian 3-cycle, L, inside a Calabi-Yau
threefold, X. The corresponding M-theory partition function comes from wrapping
N M5-branes on,

(L× C× S1)q (4.2.9)

where the C is the cigar-shaped submanifold, {z2 = 0}, sitting inside the Taub-NUT
space. Note that the M5-brane partition function is given explicitly by the same
index,

ZM5(L,X, q) = Tr (−1)F qS1−S2e−βH (4.2.10)

Note however, that now S2 has the interpretation of R-charge from the perspective of
the M5 brane while S1 corresponds to a rotation along the brane. For more details on
the indices that are relevant for the open and closed, refined and unrefined topological
strings, see Appendix F.

Now we would like to introduce a refined index for both the closed and open
A-model. Instead of 4.2.7, consider the refined M-Theory geometry,

(X × TN × S1)q,t (4.2.11)

where upon going around the S1, the Taub-NUT space is twisted by,

z1 → qz1 (4.2.12)

z2 → t−1z2



85

As explained in [2,19], when t 6= q this configuration will break supersymmetry. How-
ever, when X is a non-compact Calabi-Yau threefold, M-Theory on X geometrically
engineers a five-dimensional theory which has a conserved U(1)R ⊂ SU(2)R symme-
try. Then we can modify the construction to preserve supersymmetry by including
an R-symmetry twist as we go around the S1. When X is non-compact, this U(1)R
is actually realized geometrically by a Killing vector in the Calabi-Yau (see [221] for
a recent discussion of this symmetry). This geometry then computes the index,

Zrefined top(X, q, t) ≡ ZM-theory(X, q, t) = Tr (−1)F qS1−SRtSR−S2e−βH (4.2.13)

and gives a definition of the refined closed topological string on X.1

It is instructive to consider the two possible dimensional reductions along either
the thermal S1 or the S1 of the Taub-NUT space, as studied in the unrefined case
in [91, 129]. If we consider X to be noncompact, then this geometry engineers a five
dimensional gauge theory and by reducing on the thermal S1 we precisely obtain the
Nekrasov partition function of the gauge theory at (iε1, iε2) = (log q,− log t) [225].

If we instead reduce along the Taub-NUT S1 we obtain IIA string theory on the
geometry,

X × R3 × S1 (4.2.14)

with a D6 brane wrapping X × S1 and sitting at the origin of R3. Here it is helpful
to recall some useful facts about the Taub-NUT geometry. The geometry has a
U(1)L × SU(2)R isometry, which we have used above in the definition of the index.
Asymptotically, Taub-NUT looks like S1 × R3 and the U(1)L isometry rotates the
S1, while the SU(2)R rotates the base geometry. So upon dimensional reduction, the
charge under U(1)L becomes the D0 charge, while the charge under U(1)R becomes
the spin in the base R3. Explicitly,

√
qt becomes the D0 chemical potential, while√

q/t is the chemical potential for a combination of spin and R-charge, and the index
on the D6 brane can be rewritten as,

Zrefined top(X, q, t) = TrD6 (−1)F qQ0

1 q2J3−2SR
2 (4.2.15)

where q1 =
√
qt, q2 =

√
q/t, Q0 is the D0 brane charge, and J3 is the generator of

the rotation group in R3. Upon setting q2 = 1, this gives the unrefined topological
string, which is known to be equivalent to the topologically twisted theory living on
a D6 brane wrapping X. In the refined case, this computation of refined BPS states
bound to one D6 brane should be equivalent to the refined topological string.

1It is important to emphasize that the refined topological string computes this protected spin
character rather than simply counting the refined BPS multiplicities (as it would without the ad-

ditional U(1)R twist). The refined BPS multiplicities themselves, N
(jL,jR)
β , are not invariant under

changes of the complex structure [95], but the protected spin character is invariant. When the
Calabi-Yau has no complex structure deformations, the naive and protected indices agree if no “ex-
otic” BPS states (states with nonzero R-charge) are present in the spectrum. The absence of such
exotic BPS states in the four-dimensional field theory limit was conjectured in [127].
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It is natural to extend this construction to the open string case by inserting a
stack of N M5-branes wrapping a special lagrangian L inside X. We will also require
that L is fixed by the geometric U(1)R killing vector in X. Then the full geometry
wrapped by the M5 branes is given by,

(L× C× S1)q,t (4.2.16)

where again C denotes the locus {z2 = 0} inside the Taub-NUT space. Now we can
compute the same index as in the closed case,

ZM5(L,X, q, t) = Tr (−1)F qS1−SRtSR−S2e−βH (4.2.17)

This gives a definition of the refined open topological string theory on X in the
presence of N refined A-branes wrapping L. Now recall that in the unrefined case,
this M-theory partition function was related to ordinary Chern-Simons theory for the
choice, X = T ∗L. In the refined case, we do not yet have a path integral definition of
the refined Chern-Simons theory, so it is natural to take this M-theoretic construction
as the definition of SU(N) refined Chern-Simons theory,

Zref CS(L, q, t; SU(N)) := ZN M5(L, T ∗L, q, t) (4.2.18)

Again we can gain further insight by alternatively reducing the M-theory geometry
on either the thermal S1 or the Taub-NUT S1. Reducing on the thermal S1 we obtain
the omega background in the presence of a surface operator. Of course, it is worth
noting that in some examples (X = T ∗S3), the “geometrically engineered” gauge
theory in the bulk will be trivial and the only nontrivial dynamics will live on the
surface operator. However, more generally we will obtain a surface operator coupled
to a gauge theory, with the Omega-deformed theory computing a coupled instanton-
vortex partition function [96]. The wall crossing behavior of such coupled 2d-4d
systems has recently been studied in [128].

Alternatively, reducing on the Taub-NUT S1 we are left with a D4 brane wrapping
S1×R+×L and ending on the D6 brane. This is precisely the geometry considered by
Witten in connection with Khovanov homology [285]. The only difference is that here
we compute an index by utilizing the additional U(1)R symmetry, whereas Witten
studies Khovanov homology directly, which cannot be computed as an index as it
only involves the gradings, S1 and S2.

4.3 Orientifolds and M-Theory

Having reformulated refined topological string theory as a trace in M-theory,
we now introduce orientifolds. We will restrict to orientifolds that act as an anti-
holomorphic involution, I : X → X, on the Calabi-Yau, including both possibilities
of I having fixed points or acting freely.
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In physical string theory, orientifolds are defined by specifying a simultaneous in-
volution on the spacetime, I, and orientation reversal, Ω, on the worldsheet. This
definition can be extended to the ordinary topological string [1], by starting with the
covering space, Σ, of an unorientable worldsheet. Then the A-model will localize on
holomorphic maps, φ : Σ→ X satsifying the additional constraint that I ◦φ = φ ◦Ω.
Mathematically, this means that in the presence of an orientifold, the topological
string is counting holomorphic maps which are Z2-equivariant. Note that since ori-
entation reversal on the worldsheet is anti-holomorphic, this constraint only makes
sense if I acts anti-holomorphically on X as we have required. To fully specify an ori-
entifold both in the physical and the topological string, we must make a choice of the
sign of the cross-cap amplitude. In this chapter we will restrict to the negative sign
case (for open strings, this leads to an SO(N) gauge group), as this choice simplifies
the lift to M-theory.

This gives a working worldsheet definition of unoriented topological strings, but
it was further conjectured in [49, 50, 259, 273] that the unoriented topological string
can be rewritten by counting single-particle BPS states. There it was argued that
the orientifolded topological string computes terms in the low energy effective action
of IIA string theory on X × C2, with the involution acting simultaneously as I on
X and as a reflection on two of the spacetime coordinates, (z1, z2) → (z1,−z2). For
future reference, we refer to this combined action as Ĩ. In the case when I has a fixed
locus, L, this corresponds to wrapping an O4 plane on L × C. As in the ordinary
case, these terms in the effective action should also be computable by introducing a
self-dual graviphoton background and studying the contribution of wrapped branes2.
This results in the free energy of the closed topological A-model taking the general
form,

F(X/I, g) =
1

2
F(X, g) + F(X/I, g)unor (4.3.19)

=
1

2

∞∑
d=1

∑
g=0

∑
β

1

d

N g
β

(qd/2 − q−d/2)2−2g
Qβd (4.3.20)

+
∑

d odd/even

∑
g=0

∑
β

1

d

N g,c=1
β

(qd/2 − q−d/2)1−2g
Qβd

+
∑

d odd/even

∑
g=0

∑
β

1

d
N g,c=2
β (qd/2 − q−d/2)2gQβd

2In order to show this more rigorously, we would need to determine exactly which terms in
the orientifolded N = 1 low energy effective action are computed by the topological string. Then
by integrating out wrapped brane contributions to these terms, we could derive this integrality
structure. This was done at genus zero in [1], but it would be interesting to study the higher genus
amplitudes in more detail.
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where the N g,c
β are integers that count branes wrapping the cycle, β ∈ H2(X/I,Z).3

In the unoriented sector, the sums are over either odd d or even d, depending on the
details of the orientifold action I. Note that the orientifold action explicitly breaks
the spacetime rotational symmetry, SU(2)L×SU(2)R down to U(1)1×U(1)2. Because
of this breaking, it is no longer guaranteed that the BPS states will come in full spin
multiplets. However, the (qd/2 − q−d/2)2g factors come from the moduli space of flat
connections on a wrapped D2 brane, even if the brane is wrapping an unorientable
cycle. As explained below, this moduli space generically takes the form of T 2g so we
expect that the BPS contributions will continue to sit in full SU(2)L multiplets.

To understand this conjecture physically, note that except for the factor of 1
2
, the

first term is the same as the free energy for the topological string on X in the absence
of an orientifold. This term counts BPS states that wrap oriented cycles in the X
and are free to move in the four spacetime directions. Since these states can move
in C2, we obtain a factor of (qd/2 − q−d/2)2 in the denominator. Although we do not
know of a convincing target space interpretation for the factor of 1

2
, [259] argued that

it arises on the worldsheet from dividing by the orientation reversal symmetry, Ω.
Now we turn to the unoriented contributions to the free energy. These come

from branes wrapping BPS cycles in X/I. These cycles will lift to surfaces with
boundaries in the covering space X (if they did lift to closed BPS two-cycles, then
this would be an oriented rather than an unoriented contribution). Now recall that
the orientifold acts on the full geometry as I on X and as z2 → −z2 in two of the
spacetime dimensions. When we take into account this full orientifold action, in order
to get a genuine closed BPS state with no boundaries, it is necessary that the brane
sits at z2 = 0. This means that the unoriented branes effectively propagate in only
two noncompact dimensions, so the denominator of the unoriented contributions will
give only one power of (qd/2 − q−d/2).

The first unoriented contribution to the free energy comes from D-branes wrapping
unorientable surfaces with one crosscap. Recall that a crosscap is inserted into a
surface by cutting open a hole and identifying antipodal points on the boundary.
The lowest order contribution comes from curves with genus 0 and one crosscap,
which have the topology of RP2.

To understand the structure in more detail, it is helpful to recall that the first

3In [191,192,273], it was found experimentally that for some orientifold actions with a non-toric
fixed locus, the integrality of the BPS states only holds when a D-brane is introduced wrapping the
same locus as the orientifold fixed plane. For example, such a D-brane must be introduced in the
local P2 geometry when the orientifold fixed plane wraps a real line bundle over the real locus, RP2.
In such cases, it was argued that only the combined contribution from open strings and unoriented
strings gives the expected BPS integrality structure, and the resulting integers are known as real
Gopakumar-Vafa invariants. Although we will not discuss these cases explicitly, we will find that
our M-theory integrality conjecture, explained in the following section, applies to these geometries
as well. In fact, the equivalent of our strong integrality property was originally stated for real GV
invariants by Walcher in [273].
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homology of a genus g surface with one crosscap, Σ1
g, is given by,

H1(Σ1
g,Z) = Z2g ⊕ Z/2Z (4.3.21)

This tells us that the continuous part of the moduli space of flat connections on Σ1
g

is generically given by T 2g as in the original analysis of Gopakumar and Vafa. This
accounts for the (qd/2 − q−d/2)2g factor in the numerator of the ng,c=1

Q term. Because
of the Z/2Z factor, we also have the option of turning on one unit of discrete flux,
which corresponds to dissolving half a unit of D0 brane charge in the wrapped D2
brane. As argued in [259], this half unit of D0 brane flux will shift t → t + πi, or
equivalently, Qd → (−1)dQd. Depending on how I acts, this may change the fermion
number assignment and introduce an additional overall minus sign. Adding together
both choices of discrete flux, we obtain the cancellation that accounts for summation
over only even/odd d.

Finally, we can do the same analysis on the terms with two crosscaps. It is helpful
to recall that the first homology of a genus g, c = 2 surface is given by,

H1(Σ2
g,Z) = Z2g+1 ⊕ Z/2Z (4.3.22)

As in the single crosscap case, this means that a genus g surface will have a moduli
space of flat connections given by, T 2g+1, which leads to a factor of (qd/2− q−d/2)2g+1.
Note that for the genus 0 surface with two crosscaps, the Klein bottle, this factor in
the numerator cancels the factor in the denominator from moving in two noncompact
dimensions. Again, the additional torsion factor Z/2Z accounts for the restriction to
even/odd d. Note that we have exhausted all possible unorientable surfaces, since
in the presence of an additional crosscap, two crosscaps can be traded for a handle.
Although we will not discuss it in detail here, by similar arguments we expect the open
topological string in the presence of orientifolds to possess nice integrality properties
from counting BPS states ending on D4 branes.

Now that we have given the first-quantized BPS interpretation, it is natural to
conjecture that, as in the oriented case, the partition function of the topological
string, Ztop is computed by a second quantized trace in M-theory. As the first step,
we must explain how the IIA orientifold action lifts to M-theory.

Of course, since there is no worldsheet in M-theory, the IIA orientifolds must lift
to orbifolds in eleven dimensions. The IIA orientifold, with Ĩ acting on the spacetime
and Ω acting on the worldsheet, lifts to the M-theory orbifold by Ĩ. To fully specify
the orbifold, we need to explain how the three-form, C(3) is affected by the orbifold

action. As explained in [78, 80, 279], Ĩ acts as C(3) → −C(3). One simple way to see
this is to recall that the low-energy action of M-theory contains a Chern-Simons-like
term, ∫

C ∧ dC ∧ dC (4.3.23)
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All terms in the action should be invariant under the orbifold action, and since Ĩ is
orientation-reversing, the Chern-Simons term will only be invariant if C → −C.

In the case where I has a fixed locus, the string theoretic O4− plane will lift to the
six-dimensional fixed locus of the M-theory orbifold, which we refer to as an MO5-
plane. However, when I acts freely, the orientifold action lifts to M-theory on the
unorientable, smooth geometry,

(
X×C

)
/Ĩ×C×S1. It is important to remember that

the action of Ĩ multiplies C by −1, so that in this unorientable M-theory geometry,
C is actually a twisted three-form rather than an ordinary three-form [282].

Having explained the relevant objects in M-theory, we are now ready to study
the topological string. We would like to compute the M-theory trace by taking the
geometry, (

C1 × (C2 ×X)/Ĩ × S1
)
q

(4.3.24)

where as before, (· · · )q indicates that as we go around the S1, we rotate the C1 ×C2

by (z1, z2)→ (qz1, q
−1z2). Note that the orbifold takes θ2 → θ2 + π, while the the S1

twist takes θ2 → θ2 − gs, so these operations commute with each other, as they must
in order to define a sensible geometry. This defines the closed topological string in the
presence of orientifolds by representing it as an M-theory trace. Similarly, the open
topological string is computed exactly as before by introducing M5 branes wrapping
special lagrangain submanifolds in X, but now in the presence of orientifolds.

Now we are finally ready to give a definition of the refined topological string in
the presence of orientifolds. Although it may be possible to give a definition from
the first-quantized graviphoton picture, we have found that refinement is simpler and
clearer in the second-quantized picture.

As in the oriented case, to refine we simply need to compute a more general
M-theory partition function. This leads us to consider the geometry,(

C1 × (C2 ×X)/Ĩ × S1
)
q,t

(4.3.25)

where as in the oriented case, the C2 geometry is rotated as we go around the S1 ,

z1 → qz1 (4.3.26)

z2 → t−1z2

where we also must include a rotation by the U(1)R to preserve supersymmetry 4.
Then we define the refined topological string in the presence of orientifolds to be equal
to this M-theory partition function,

Zref closed(X/I; q, t) = TrM-Theory (−1)F qS1−SRtSR−S2e−βH (4.3.27)

4For this to make sense, we must also require that the orientifold action I is compatible with the
isometry generating the U(1)R symmetry.
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Similarly, the refined open topological string is defined by introducing M5 branes
wrapping special lagrangians and computing the same trace.

Before moving on to explicit computations, it is interesting to look at the general
form of this M-theory partition function. We will focus on the closed case, although
the open case is completely analogous. There are two types of BPS states contributing
to the partition function. The first contribution comes from BPS M2-branes wrap-
ping closed, orientable two-cycles. Each BPS state gives a field in four dimensions,
Φ(z1, z̄1, z2, z̄2), and this field has additional excitations which are BPS, provided that
Φ depends holomorphically on z1 and z2. It is natural to decompose Φ into modes as,

Φ =
∑
l1,l2

αl1,l2z
l1
1 z

l2
2 (4.3.28)

In the full M-theory partition function, we must include the contributions of these
modes, which carry angular momentum in the C1 and C2 planes. However, here it is
important to remember that the M-theory orbifold acts nontrivially on the spacetime
as z2 → −z2. The field, Φ, should have a well-defined transformation property under
this orbifold, so that Φ(z1,−z2) = ±Φ(z1, z2), where the choice of ± is related to how
the orbifold acts in X. This means that we should only keep either the even or odd
modes of l2.

Thus, the contribution to Zref top from an M2 brane with intrinsic spin, (m1,m2),
wrapping a two-cycle in the class β ∈ H2(X,Z) takes the form,

∞∏
l1,l2=1

(
1− qm1+l1tm2+2l2Qβ

)
(4.3.29)

The second type of contribution comes from M2 branes ending on the orbifold
(when I has fixed points) or M2 branes wrapping unorientable cycles (when I does
not have fixed points). These M2 branes are frozen at the fixed locus, z2 = 0 (since
otherwise they would have a boundary). This means that they make a contribution
in the form of a quantum dilogarithm,

∞∏
l1=1

(
1− qm1+l1tm2Q

)
(4.3.30)

Putting these contributions together, we find that Z takes the form,

Zref (X/I; q, t) =
∞∏

l1,l2=1

(
1− qm1+l1tm2+2l2Qβ

)M(m1,m2)
β

∞∏
l1=1

(
1− qm1+l1tm2Q

)M̃(m1,m2)
β

(4.3.31)
where the partition function is completely determined by the integer invariants,
M

(m1,m2)
β which counts oriented M2 branes and M̃

(m1,m2)
β , which counts the unori-

ented branes in X/I.
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4.4 A New Integrality Conjecture from M-Theory

It is interesting to take equation 4.3.31 and return to the unrefined case, t = q. We
then have integrality properties following from both the second-quantized M-theory
picture and from the first-quantized Gopakumar-Vafa picture. When no orientifolds
are present, these integrality properties are equivalent. More explicitly, the first-
quantized integer invariants appearing in the free energy, F , guarantee the integrality
in the second-quantized partition function, Z = eF .

However, once we introduce orientifolds, the first-quantized structure (equation
4.3.20) includes overall factors of 1/2 in the free energy. This poses a serious problem

since such half-integers will result in terms of the form
√

1− qnQβ in the partition
function. Such terms have no sensible interpretation as counting second-quantized
states in a free Fock space.

Thus, if the topological string partition function can truly be defined as an index
in M-theory, we require a stronger integrality constraint on the Gopakumar-Vafa
invariants N g,c

β appearing in the free energy. To see precisely which constraints are
needed, it is helpful to rewrite the unoriented contributions to the free energy as 5

∑
d odd

∞∑
g=0

∑
β

1

d

N g,c
β

(qd/2 − q−d/2)1−2g
Qβd (4.4.32)

=
∞∑
d=1

∞∑
g=0

∑
β

1

d

N g,c
β

(qd/2 − q−d/2)1−2g
Qβd −

∞∑
d=1

∞∑
g=0

∑
β

1

2d

N g,c
β

(qd − q−d)1−2g
Q2βd

This form makes it clear that half-integers can appear in both the oriented and
unoriented sector. Of course, the simplest way to guarantee integrality is if all the
Gopakumar-Vafa invariants, N g

β and N g,c
β , are even. However, generically, we do not

expect this to be the case. Instead, integrality can be achieved more generally if the
half-integer contributions in the oriented and unoriented sector partially cancel each
other to give integers.

To see explicitly how this occurs, let us focus on the oriented genus g contribution
of an M2 brane wrapping β, and take g to be even. Now we can combine this with
the one-crosscap (c = 1), genus g amplitude for curves wrapping β/2. Grouping the
half-integer pieces of each term gives,

1

2d

(
N g
β(qd/2 − q−d/2)2g

(qd/2 − q−d/2)2
−
N
g/2,c=1
β/2 (qd − q−d)g

(qd − q−d)

)
Qβd (4.4.33)

5If we instead looked at the case of an even sum over d, only the second term would appear, with
opposite sign. Since the second term is the crucial one in our analysis, precisely the same conclusions
hold regardless of whether the sum is over even or odd d.
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This can be rewritten as,

Qβd(qd/2 − q−d/2)g

2d(qd/2 − q−d/2)(qd − q−d)

(
N g
β

(
qd/2 − q−d/2

)g
(qd/2 + q−d/2) (4.4.34)

−N g/2,c=1
β/2

(
qd/2 + q−d/2

)g
(qd/2 − q−d/2)

)

Now observe that the q-factors in front of N g
β and N

g/2,c=1
β/2 are identical except for

signs. When we expand these terms out, we will obtain a polynomial in q whose
coefficients are multiples of either N g

β + N
g/2,c=1
β/2 or N g

β − N
g/2,c=1
β/2 . So to cancel the

factor of 1/2 in front of the expression, we require that the Gopakumar-Vafa invariants
are both even or both odd.

We can repeat the same analysis by combining the odd genus contributions with
the c = 2 terms. Putting everything together, we find that the second quantized M-
theory interpretation of the topological string implies the strong integrality property,

N g
β ≡

{
N
g/2,c=1
β/2 for g even

N
(g−1)/2,c=2
β/2 for g odd

(mod 2) (4.4.35)

Note that in come cases, there cannot be any BPS state wrapping the class β/2. In
this case, the strong integrality property tells us that N g

β itself must be even. We
have verified that this integrality property is satisfied for all of the geometries studied
in [49,192,273], including orientifolds of the conifold, the quintic, local P2, and more
general toric geometries.

An equivalent observation was made by Walcher for the case of certain real ori-
entifolds, with a D-brane wrapping the fixed locus [273]. Walcher argued that if we
pretend the moduli space of oriented wrapped branes is a collection of points, then I
acts on this set. The points that are fixed by I are precisely the BPS states wrapping
the fixed real locus, while the other points must come in pairs that are exchanged by
I. This implies that the “real” (unoriented) and oriented Gopakumar-Vafa invariants
must differ by a multiple of two. Here we have generalized this statement to include
arbitrary orientifolds, and have given it a natural M-theory interpretation.

At this point we could go one step further and obtain expressions for the natural
M-theoretic integer invariants, M s

β and M̃ s
β, in terms of the N g,c

β by expanding out
the polynomials in q. It is interesting to note that these variables are complimen-
tary, in the sense that the M, M̃ variables make integrality manifest, but obscure
the organization of invariants in full spin multiplets. In contrast, the natural free
energy variables, N g,c

β make manifest the spin multiplet structure, while hiding the
full integrality properties.

We can also consider the integrality structure when we have branes wrapping a
special Lagrangian 3-cycle, L, inside X. When the orientifold action, I, has fixed
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points, we will assume that the new branes do not sit at the fixed locus. As explained
in [50], the open topological string will receive contributions from an oriented and
an unoriented sector and the free energy will include half-integer contributions. As
discussed above, the partition function, Z = eF , of the open topological string can be
written as a second-quantized trace in M-theory counting M2 branes ending on M5
branes wrapping L. For this M-theory interpretation to hold, the half-integers in the
free energy must cancel, leading us to a new integrality condition in the open case.

To explain this in more detail, we begin with the first-quantized form of the open
string free energy conjectured in [50],

F (X/I, V ) =
1

2

∑
R1,R2

∞∑
d=1

1

d
f covR1,R2

(qd, Qd)TrR1⊗R2V
d−
∑
R

∑
d odd/even

1

d
funorR (qd, Qd)TrRV

d

(4.4.36)
The first term comes from oriented open strings and can be computed by going

to the covering space. Since the branes are not fixed by I, in the covering space there
will be branes wrapping both L and its image under the involution, I(L). However,
since these two stacks of branes are related by I, their open string moduli must be
equal to each other, giving the trace TrR1V · TrR2V = TrR1⊗R2V . The second term
comes from unoriented strings, with the sum over d restricted to odd or even positive
integers depending on the orientifold action, as in the closed case.

It is convenient to rewrite the oriented piece as,

F or(X/I, V ) =
1

2

∑
R

∞∑
d=1

1

d

( ∑
R1,R2

f covR1,R2
(qd, Qd)NR

R1,R2

)
TrRV

d (4.4.37)

where NR
R1,R2

is the Littlewood-Richardson coefficient for decomposing the tensor
product R1⊗R2. We can also rewrite the unoriented piece (assuming the sum is over
odd d) as,

F unor(X/I, V ) = −
∑
R

∞∑
d=1

1

d
funorR (qd, Qd)TrRV

d+
∑
R

∞∑
d=1

1

2d
funorR (q2d, Q2d)

∑
R′

cR
′

2;RTrR′V
d

(4.4.38)
where cR

′
2 R is the coefficient of the second Adams Operation defined by,

TrR(V 2) =
∑
R′

cR
′

2;RTrR′(V ) (4.4.39)

It is natural to combine the half-integer pieces in the oriented and unoriented
amplitudes to give,

1

2

∑
R

∞∑
d=1

1

d

( ∑
R1,R2

NR
R1,R2

f orR1,R2
(qd, Qd) +

∑
R′

cR2;R′f
unor
R′ (q2d, Q2d)

)
TrRV

d (4.4.40)
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We can expand the f functions as,

f covR1,R2
(q,Q) =

∑
β,s

N(R1,R2),β,sQ
βqs (4.4.41)

funorR (q,Q) =
∑
β,s

ÑR,β,sQ
βqs (4.4.42)

where ÑR,β,s and N(R1,R2),β,s are integers counting BPS states with spin s, wrapping
the relative homology class, β ∈ H2(X,L), and in representation R. Then the absence
of half-integers in the free energy imposes the condition,∑

R1,R2

NR
R1,R2

N(R1,R2),β,s ≡
∑
R′

cR2;R′ÑR′,β/2,s/2 (mod 2) (4.4.43)

It is important to note that the integers ÑR,β,s and N(R1,R2),β,s that we have used above
are not the most fundamental BPS invariants. To exhibit the full BPS structure it
is necessary to include the structure of the moduli space of flat connections and
geometric deformations of an open D2 brane [197]. In general this structure is more
complicated and involves the Clebsch-Gordon coefficients of the symmetric group.
For simplicity, we focus on the case of R = , which leads to a simple integrality
constraint on the fundamental BPS invariants, N̂R,β,g.

We start by expanding out Equation 4.4.40 in traces over V ,

=
1

2
(f cov,· + f cov·, )Tr V +

(
1

2

(
f cov,·(q,Q) + f cov·, (q,Q)

)
+

1

2

(
f cov, ·(q

2, Q2) + f cov·, (q2, Q2)
)

+f cov, (q,Q) + funor(q2, Q2)

)
Tr V + · · · (4.4.44)

Now since I exchanges the two stacks of branes in the covering space, it follows that
f covR,· = f cov·,R . Therefore, the Tr V term and the first two terms of Tr V do not
contribute any half integers, but the last two terms could. Imposing integrality leads
to the condition,

f or, (q,Q) ≡ funor(q2, Q2) (mod 2) (4.4.45)

Since we are working with the relatively simple representation, these f functions
can be expanded in terms of the fundamental BPS invariants,

f or, (q,Q) =
∑
β,g

N̂( , ),g,β(q1/2 − q−1/2)2gQβ (4.4.46)

funor(q,Q) =
∑
β,g

N̂ c=1
,g,β(q1/2 − q−1/2)2gQβ +

∑
β,g

N̂ c=2
,g,β(q1/2 − q−1/2)2g+1Qβ(4.4.47)
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The invariant N̂ c
R,g,β counts BPS states of genus g with c crosscaps wrapping the class

β and in representation R. We can group terms exactly as we did in the closed case,
and we find the integrality condition,

N̂( , ),g,β ≡

{
N̂ c=1

,g/2,β/2 for g even

N̂ c=2
,(g−1)/2,β/2 for g odd

(mod 2) (4.4.48)

It was argued in [209], that when X is the resolved conifold and L = LK is the
special lagrangian corresponding to a knot K, then the composite BPS invariants,
N̂(R1,R2),g,β(K) are related to the HOMFLY polynomial in the composite represen-
tation (R1, R2). By making use of this connection, the BPS invariants have been
computed for many knots in [209, 241, 242]. Using this data, we have explicitly ver-
ified our strong integrality conjecture for the unknot, trefoil, and T (2, 5) knots. It
would be interesting to perform these checks for more complicated geometries.

In this section we have focused on unrefined amplitudes. In the case of refined
amplitudes, we do not yet have a first-quantized definition, but we still demand
integrality from the second quantized M-theory index that defines the theory. In
Section 4.7, we will test this integrality by studying the large N limit of SO(2N)
refined Chern-Simons theory, and interpreting the result as refined closed strings on
the resolved conifold.

4.5 Open Strings from Refined Chern-Simons The-

ory

Now that we have given a definition of the refined topological string for oriented
geometries and in the presence of orientifolds, we would like to solve the theory. In the
case of open, refined topological strings, this was done in [19] by carefully analyzing
the contributions of BPS states to the refined index. As explained above, if we choose
our Calabi-Yau to be the cotangent bundle over a three-manifold, T ∗M , with branes
wrapping M , then we expect that the open refined string theory should reduce to a
three-dimensional field theory living on M . This theory is a refined version of Chern-
Simons theory, and was defined for oriented strings in [19]. The crucial idea [19] used
to compute the M-theory indices was to cut up M (along with T ∗M) into pieces on
which one can solve the theory explicitly, and glue the pieces back together. In this
way, the S and T matrices of refined SU(N) Chern-Simons theory could be deduced
from M-theory.

In the unoriented case, the natural anti-holomorphic involution of T ∗M is given
by reversing the fibers of the cotangent bundle, so that pi → −pi. This is equivalent
to inserting an orientifold plane that wraps M . As is standard in both physical
and topological string theory [259], the inclusion of an orientifold plane (with the
appropriate choice of crosscap sign) simply changes the gauge group from SU(N) to
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SO(2N). We can now follow the rest of the steps from [19] in the present context.
Taking M to be a solid torus, the refined M-theory index can be computed explicitly
in the presence of orientifold action. Instead of going through this here, we refer
the reader to Appendix C for a detailed discussion of the derivation in the SO(2N)
case. We will simply state the answer. We find that the SO(2N) theory is solved,
analogously to the SU(N) case, by replacing characters of SO(2N) with D-type
Macdonald polynomials associated to the root system of SO(2N).

Moreover, in Appendix C, we also extend this to refined Chern-Simons theory with
any simply-laced gauge group. Although there is no known brane realization of the
Ea gauge groups, the same analysis still works in the corresponding six-dimensional
(2, 0) theory. In the appendix, we also give an explicit example of the connection
with three dimensional field theory when M = R2 × S1.

In this section we describe the refined Chern-Simons theory in detail from the
perspective of topological field theory. This perspective will be especially helpful
when we begin studying knot invariants in Section 4.6. Although a Lagrangian for
refined Chern-Simons theory is not yet known, we can still define the theory by
describing its amplitudes on simple geometries.

4.5.1 Refined Chern-Simons as a Topological Field Theory

Recall that any three-dimensional topological field theory should assign a number
to any closed three manifold, Z(M), and an element of the appropriate Hilbert space
to any three manifold with boundary, Ψ(M) ∈ HΣ, where Σ = ∂M . Further, diffeo-
morphisms that act geometrically on the boundary should be represented by unitary
operators acting on the Hilbert space, O : HΣ → HΣ.

The refined Chern-Simons theory can be thought of as a restricted topological
field theory in three-dimensions. It is only well-defined on Seifert three-manifolds, M,
to which it assigns a number, Z(M). This restriction can be understood by recalling
the definition of open refined string theory, which requires the existence of a U(1)
isometry on M . The refined Chern-Simons theory also assigns an element of the
Hilbert space to any “Seifert manifold with boundary,” possessing a nondegenerate
S1 fibration. Necessarily, the boundary of such a manifold will be a disjoint union of
two-tori. Finally, the modular group acts geometrically on T 2, so the refined Chern-
Simons theory gives a unitary representation of SL(2,Z) acting on HT 2 .

To fully specify the refined Chern-Simons theory, we must choose a simply-laced
compact gauge group, G, an integer level, k ∈ Z, and a continuous deformation
parameter, β ∈ R≥0. It will be useful in the following formulas to define equivalent
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variables,

q = exp
( 2πi

k + βy

)
(4.5.49)

t = exp
( 2πiβ

k + βy

)
(4.5.50)

where y is the dual Coxeter number of G.6 Note that the unrefined limit corresponds
to β → 1.

We start by describing the Hilbert space, HT 2 , associated to a T 2 boundary.
Recall that in ordinary Chern-Simons theory, with gauge group, G, and coupling, k,
the Hilbert space is given by the space of conformal blocks on T 2 of the associated
Wess-Zumino-Witten model. This Hilbert space has a natural orthonormal basis,
given by integrable representations of G at level k. In the Chern-Simons theory, this
basis can be understood physically by taking the solid torus, D × S1 and inserting
a Wilson line in the representation λ running along {0} × S1. Then performing the
path integral on this geometry gives the state |λ〉 ∈ HT 2 .

Note that to define this basis, we must decide which cycle of the T 2 boundary
will be filled in to make a solid torus. This gives two natural bases associated with
filling in the A and B cycles respectively. The modular transformation, S ∈ SL(2,Z)
then will be represented as a unitary operator that transforms the A basis into the
B basis.

The vector space structure of HT 2 does not change under refinement. This is
expected heuristically, since β is a continuous parameter that can be adiabatically
changed from the unrefined theory β = 1 to the refined theory β 6= 1. This can be
seen more precisely by noting that the metric, gi, defined below, vanishes for any
representations that are not integrable at level k.

However, under refinement the inner product on these spaces does change. In
ordinary Chern-Simons theory, the basis |λ〉 is an orthonormal one so that,

〈λi|λj〉 = δij (4.5.51)

In the refined theory, this natural basis remains orthogonal but the normalization is
nontrivial,

〈λi|λj〉 = giδij (4.5.52)

where gi is the metric defined by taking the Macdonald inner product of the Mac-
donald polynomial, Mλi with itself (see Appendix D for background on Macdonald
polynomials). In the special case when β ∈ Z>0, the metric factor is given explicitly
by,

gi ≡
∏
α∈R+

β−1∏
m=0

1− t〈ρ,α〉q〈λi,α〉+m

1− t〈ρ,α〉q〈λi,α〉−m
(4.5.53)

6The dual Coxeter number is given by y = N for SU(N), 2N − 2 for SO(2N), 12 for E6, 18 for
E7, and 30 for E8.
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where the product is over the positive roots, α, and ρ is the Weyl vector, ρ =
1
2

∑
α>0 α. For more general choices of β, there exists a combinatorial formula for

gi, which is given for the SO(2N) case in Appendix E. Note that we could rescale
the |λi〉 to obtain a normalized basis, but for subsequent formulas it is actually more
convenient to leave the inner product nontrivial.

Now that we have described the Hilbert space associated to each T 2 boundary, we
should consider arbitrary Seifert three-manifolds, M with boundaries. The refined
Chern-Simons theory should assign a specific element of the Hilbert space, Ψ(M) ∈
H⊗nT 2 , to each three-manifold.

(a) (b) (c)

Figure 4.1: The geometric building blocks for the refined Chern-Simons theory are
shown. The 3-punctured sphere times a circle, P × S1, is shown in part (a), with the
orientations of the three boundary T 2’s indicated by arrows. The two propagators,
which have the topology of C∗ × S1 are shown in parts (b) and (c). Note that they
differ by the orientation of one of the boundary components.

We begin by defining the theory on the “pair of paints” geometry given by the
three-punctured sphere times a circle, P × S1, shown in Figure 4.1(a). In Figure
4.1, we have included Wilson lines wrapping the A-cycles of the T 2 boundaries. This
depiction is useful for two reasons: first, we will use these Wilson lines to keep track
of the orientation of the boundaries, since in a TQFT changing the orientation of a
boundary takes the Hilbert Space H to its dual, H∗.

Second, recall from the discussion above that to specify a basis |λi〉 of H, we
must choose a cycle on T 2. In all of the following discussion, the element |λi〉 will
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correspond to taking the T 2 boundary and gluing in a solid torus, where the fiber S1

becomes contractible. Then we insert a Wilson loop, in the representation λi running
along one of the boundaries of the base pair of pants, P or annulus, C∗, and sitting at
a point in the now-contractible S1 fiber. Computing the path integral then gives the
state |λi〉. We have depicted this choice of basis graphically by showing the Wilson
loops on P .

Then the wavefunction of the refined Chern-Simons theory on P ×S1 is given by,

Ψ(P ) =
∑
i

1

giS0i

〈λi|〈λi|〈λi| (4.5.54)

where gi is the metric defined above and S0i can be thought of as the (q, t)-dimension of
the representation λi. This (q, t)-dimension is a refinement of the quantum-dimension
that appears in ordinary Chern-Simons theory, and is given by,

S0i = S00dimq,t(λi) ≡ S00Mλi(t
ρ) = S00

β−1∏
m=0

∏
α>0

q
〈λi,α〉+m

2 t
〈ρ,α〉

2 − q−
〈λi,α〉+m

2 t−
〈ρ,α〉

2

q
m
2 t
〈ρ,α〉

2 − q−m2 t−
〈ρ,α〉

2

(4.5.55)
where Mλi is the Macdonald polynomial for the gauge group G and representation
λi, and S00 is a normalization factor defined below.

We must also define the theory on propagator geometries of the form C∗ × S1 as
shown in Figure 4.1(b) and 4.1(c). The propagators differ by the orientation of one
of the boundary components. The first propagator, shown in Figure 4.1(b), is given
by,

Ψ(η) =
∑
i

1

gi
〈λi|〈λi| (4.5.56)

while the second propagator, shown in Figure 4.1(c), is the same except for a reversal
of orientation,

Ψ(δ) =
∑
i

1

gi
|λi〉〈λi| (4.5.57)

With this information, we can now compute the partition function of refined Chern-
Simons theory on manifolds of the form Σ× S1. Remembering that 〈λi|λi〉 = gi, we
find for a genus g Riemann surface Σ,

Z(Σ× S1) =
∑
i

(gi)
g−1(

S0i

)2g−2 (4.5.58)

To obtain more complicated geometries, we must now understand how the modular
group, SL(2,Z) acts on the Hilbert Space H. Recall that the modular group can
described by the generators, S and T , subject to the relations,

S4 = 1 (ST )3 = S2 (4.5.59)
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The refined Chern-Simons theory gives a representation of this group acting on H,
which we can describe by computing the matrix elements of S and T , provided they
satisfy the above relations.7 As before, these matrices are deformations of the Wess-
Zumino-Witten S and T matrices for ordinary Chern-Simons. The S-matrix is given
by,

〈λi|S|λj〉 = Sij ≡ S00Mλi(t
−ρ)Mλj(t

−ρq−λi) (4.5.60)

where S00 is given by,

S00 = i|∆+||P/Q|−1/2(k + βy)−
r
2

β−1∏
m=0

∏
α>0

(q−m/2t−(α,ρ)/2 − qm/2t(α,ρ)/2) (4.5.61)

where |∆+| is the number of positive roots, y is the dual Coxeter number, and r is
the rank of G. Here P is the weight lattice and Q is the root lattice, so that |P/Q| is
the number of points in the fundamental cell of this quotient lattice. The T matrix
is given by,

〈λi|T |λj〉 = Tij ≡ giq
1
2

(λi,λi)t(λi,ρ)t
β−1

2
(ρ,ρ)q−

k
2y

(ρ,ρ)δij (4.5.62)

For the SU(N) case, Kirillov has proven in [185] that the S and T matrices
satisfy the defining relations of SL(2,Z). In [62], Cherednik generalized this result to
arbitrary root systems by studying the SL(2,Z) action on the corresponding Double
Affine Hecke Algebras.8

As a simple application of this SL(2,Z) action, we can compute the amplitude on
S3. Using the Heegaard splitting of S3, its geometry is given by taking two solid tori
(with no Wilson loops inserted), and gluing them after acting with the S operator.
This gives,

Z(S3) = 〈0|S|0〉 = S00 (4.5.63)

7Because the inner product is nontrivial in these conventions, inserting a complete basis of states
is given by, 1 =

∑
i

1
gi
|λi〉〈λi|. To keep track of these additional g−1

i factors when computing matrix

elements, it is sometimes convenient to think of gi as a lowering metric and g−1
i as a raising metric,

so that K j
i = g−1

j Kij . We will use this notation below when we discuss knot computations.
8In this chapter we will only explicitly discuss the simply laced gauge groups, since these are

simplest both mathematically and physically. To obtain non-simply laced gauge groups, it should
be possible to start with the simply laced ADE (2, 0) theory and introduce outer automorphism
twists along the S1, as in [266,285]. Although we will not study that construction here, the work of
Cherednik provides further evidence that the refined Chern-Simons theory exists for general gauge
groups. It is interesting to note that in order for this SL(2,Z) representation to exist, and to ensure
that the Hopf Link invariants are symmetric in the two representations, we must use the symmetric
rather than the ordinary Macdonald polynomials associated to the root system, R. These are
the Macdonald polynomials used in Cherednik’s work and were first defined by Macdonald under
the name of (R,R∨) polynomials. Of course, these polynomials agree with ordinary Macdonald
polynomials for simply laced groups, but for non-simply laced groups, they are defined by using a
modified inner product (see [61] for details).
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We have now given the full structure of the refined Chern-Simons theory as a
restricted topological quantum field theory. However, for computations it is helpful
to explain another set of operators. We define the operators Oi by the property that,

Oi|0〉 = |λi〉 (4.5.64)

Then we can ask what happens when we collide two of these operators. The result
should have the form,

OiOj|0〉 =
∑
k

Nk
ijOk|0〉 (4.5.65)

In the unrefined case, this corresponds to placing two Wilson lines in representations
λi and λj on top of each other. Then the Nk

ij are simply the Littlewood-Richardson
coefficients that arise from decomposing the tensor product, λi ⊗ λj. In the refined
case, these coefficients are deformed to the (q,t) Littlewood-Richardson coefficients,
associated with decomposing the product of Macdonald polynomials (see Appendix
D).

Note that we could also understand these coefficients by taking the pant ampli-
tude, P × S1, but with Wilson loops wrapping the fiber S1 instead of the base. This
can be achieved by acting with the modular S matrix that exchanges the cycles of
the T 2 boundaries. As explained in [19], this line of reasoning leads directly to the
Verlinde formula for Nk

ij.

4.6 Refined Kauffman Invariants

Now that we have explained the structure of refined Chern-Simons theory as a
TQFT, we can use it to compute new knot invariants. In ordinary Chern-Simons
theory, it is well known that if we introduce some Wilson loop in representation R
along a knot K, then the expectation value of the Wilson loop gives a topological
invariant of the knot.

As explained above, we can also introduce Wilson loops in the refined Chern-
Simons theory, but we are restricted to only choosing loops that are preserved by
the U(1) action on the Seifert Manifold. In this section we will focus on knots inside
S3, so the U(1) condition restricts us to considering torus links. To see this more
explicitly, let us describe S3 as the locus in C2, with coordinates z1, z2, where we
require,

|z1|2 + |z2|2 = 1 (4.6.66)

Here the S3 is naturally realized as a T 2 fibration over the interval, where the coor-
dinate on the interval is given by |z1|2. The (1, 0) cycle of the T 2 comes from phase
rotations of z1, while the (0, 1) cycle comes from phase rotations of z2. Now we can
consider the intersection of the S3 with the locus,

zn1 = zm2 (4.6.67)
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The intersection is simply the (n,m) torus link in S3. We have not yet specified the
U(1) action, but the most natural choice is (z1, z2)→ (eiθmz1, e

iθnz2) 9. Recall that in
the definition of Seifert manifolds, the U(1) action was only required to be semi-free,
which is important here since every point on the circle z2 = 0 is fixed by the Zm
subgroup, generated by e2πi/m.

As explained above, the expectation value of the refined Chern-Simons theory in
the presence of a torus knot can be computed using only the S and T matrices, and
the metric, gi. Above, we defined a knot operator that inserts a Wilson loop in the
interior of the solid torus geometry, ML, so that,

O(0,1)
i |0〉 = |i〉 (4.6.68)

Then the expectation value of the unknot is simply given by,

〈0|O(0,1)
i S|0〉 = Si0 (4.6.69)

The operator that inserts the (n,m) torus knot of interest is obtained by acting with
an element of SL(2,Z) that maps (0, 1) to (n,m),

K =

(
a n
b m

)
∈ SL(2,Z) (4.6.70)

Then the representation of K acting on the torus Hilbert Space can be written ex-
plicitly as a string of S and T matrices. Then the (n,m) operator is given by,

O(n,m) = KO(0,1)K−1 (4.6.71)

In order to expand this out, we must use the (q, t) Littlewood-Richardson coefficients,
Nk

ij,

O(0,1)
i |j〉 =

∑
k

Nk
ij|k〉 (4.6.72)

Putting these ingredients together we find an explicit formula for the (n,m) torus
knot invariant,

Z
(
T (n,m)

)
= 〈0|O(n,m)

i S|0〉 = 〈0|KO(0,1)
i K−1S|0〉 =

∑
j,k,l

K0kN
k
ij(K

−1)j lS
l
0

(4.6.73)
We will use this formula below to compute refined Chern-Simons SO(2N) knot invari-
ants, but before doing so we clarify the relationship between refined Chern-Simons
and other knot invariants.

9Note that we also could have chosen the action (z1, z2)→ (eiθmfz1, e
iθnfz2) for any f ∈ Z, f 6=

0. For any choice of f , the U(1)f action cannot be continuously deformed to the canonical f = 1
choice without passing through configurations that break supersymmetry, where the refined Chern-
Simons theory is not defined. Thus a priori, it is difficult to prove that the resulting Wilson loop
expectation values are independent of the choice of f . However, in all the examples that we have
checked the resulting expectation values do not depend on f , up to trivial framing factors.
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4.6.1 Relation to Knot Homology

It is worth explaining here the relation of this approach to previous studies of
knot homology in string theory [102,147–150,285]. The starting point for the refined
Chern-Simons theory comes from M-theory, where a stack of M5-branes wrapping
the S3 intersects another stack of M5 branes along the knot K. If we kept the
full space of BPS states at this intersection, then in accordance with the proposal
of [148], this should describe the full knot homology associated to K. Here the choice
of the knot homology group (G = SU(N), SO(N), · · ·) corresponds to the insertion
of N M5-branes wrapping S3, with the possible addition of orientifold planes for
the orthogonal groups and the action of outer automorphisms for non-simply laced
groups. We denote this space by HG

BPS.
This space of BPS states comes equipped with two natural gradings, S1 and S2,

coming from the spins of the BPS states in C × C. The Poincare polynomial in a
given knot homology theory comes from computing the trace,

PG(K) = TrHGBPSq
2(S1−S2)t2S1 (4.6.74)

where we have made the change of variables, q =
√
t and t = −

√
q/t. However,

as emphasized in [285], this trace cannot be computed as an index. If we were to
extend the trace to the entire M-theory Hilbert space, H, then non-BPS states would
contribute. Using only these gradings, the only genuine index that can be created is
the euler characteristic,

PG(K) = TrHGBPS(−1)2S2q2(S1−S2) (4.6.75)

which simply computes the ordinary quantum knot invariants coming from Chern-
Simons theory.

The key to the refined Chern-Simons construction is the additional grading for
torus knots that comes from the U(1)R symmetry. With this new grading it now
becomes possible to compute a new index that contains refined information about
the knot homology,

ZG(K) = TrHGBPS(−1)2SRq2(S1−S2)t2(S1−SR) (4.6.76)

Thus, the existence of the refined Chern-Simons theory makes the mathematical
prediction that there should exist a new grading on the knot homology of torus
knots. A promising avenue for identifying this grading is the recent work of [231,
244], connecting the representation theory of Rational Double Affine Hecke Algebras
(DAHA) to the HOMFLY and Khovanov-Rhozansky invariants of torus knots. The
DAHA plays a central role in the theory of Macdonald polynomials, so it is natural
to suspect that their work may connect directly with refined Chern-Simons theory.

Another method for computing the HOMFLY polynomial and Superpolynomial
has been recently proposed by Cherednik [67]. This method has the computational
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advantage that it directly uses the SL(2,Z) action on the DAHA, and does not require
multiplying large matrices, as in the current refined Chern-Simons approach. It would
be interesting to understand Cherednik’s method from a physics perspective.

In general, the index computed by the refined Chern-Simons theory will include
negative signs, and will simply be different from the Poincare polynomial computed by
Khovanov-Rozansky theory. Surprisingly, however, it was found in [19] that the large
N behavior of Khovanov-Rozansky theory, encoded in the superpolynomial, could be
reconstructed from the SU(N) refined Chern-Simons theory by using a special change
of variables.

For the SO(2N) case, a simple change of variables exists for the Hopf link (as in
the SU(N) case), connecting with the Kauffman Homology of [150, 184]. However,
we find that no such change of variables exists for general torus knots, suggesting
that the SO(2N) refined Chern-Simons theory computes genuinely new invariants
for torus knots.

4.6.2 Example: The Hopf Link

Below we compute the SO(2N) refined Chern-Simons invariant for the Hopf link
with both components colored by the fundamental representation, following a com-
putational procedure similar to that used in [19]. Recall that the Hopf link knot
invariant can be computed simply by evaluating an element of S,

Z(Hopf, SO(2N)) = SV V (4.6.77)

where V denotes the fundamental representation and the bar indicates that this is
an unnormalized amplitude. To simplify our results, it is helpful to normalize by the
unknot amplitude,

Z(©, SO(2N)) = S�V =
t(2N−1)/2 − t−(2N−1)/2

t1/2 − t−1/2
+ 1 (4.6.78)

Normalizing by the unknot gives the general answer,

Z(Hopf, SO(2N)) =
Z(Hopf, SO(2N))

Z(©, SO(2N))
(4.6.79)

= qtN−1 + 1 + q−1t−(N−1) +
t(2N−3)/2 − t−(2N−3)/2

t1/2 − t−1/2

Let us make the following change of variables,

q =
√
t (4.6.80)

t = −
√
q/t

a = t(2N−1)/2
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Note that from the perspective of the large N dual, this is very natural since a
should correspond to the Kahler class of the resolved conifold. This is the natural
generalization of the SU(N) change of variables for the Hopf link used in [19]. Making
this substitution, we obtain the superpolynomial,

Z(Hopf, SO(2N)) = t2qa + 1 + t−2q−1a−1 +
aq−2 − a−1q2

q− q−1
(4.6.81)

As a check of our methods, following Gukov and Walcher [150] we use the fact that
SO(4) ∼= SU(2) × SU(2) and the fundamental representation of SO(4) corresponds
to the (2,2) representation. This implies that the SO(4) knot homology invariant
should be equal to the square of the SU(2) Khovanov poincare polynomial, and we
find perfect agreement. Thus, for the Hopf Link, the refined Chern-Simons SO(2N)
invariant agrees with the expected Kauffman Homology after a simple change of
variables.

4.6.3 Example: The Trefoil Knot

We can follow a similar procedure to compute the refined SO(2N) invariant in the
fundamental representation associated to the Trefoil, or T (2, 3) knot. As explained
above, we must evaluate

〈0|O(2,3)
V S|0〉 (4.6.82)

where the subscript V indicates that the knot is in the fundamental representation
of SO(2N).

Figure 4.2: The Trefoil Knot, T (2, 3)

The result for the general normalized polynomial is,

ZV

(
T (2, 3), SO(2N)

)
= t6q2a4 + t4q−2a4 + t4qa3 − t4q−1a3 − t4q2a2 + t2a2

−t2q−2a2 − t2qa + t2q−1a (4.6.83)
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This refined Chern-Simons answer is structurally similar to the conjectured Kauff-
man homology result [150] (as it must be, since they both reduce to the quantum
SO(2N) invariant in the limit t → −1), but it can be seen straightforwardly that
there does not exist a change of variables relating the two.

By the same method, we can also compute the normalized invariants associated
to the spinor representation, S. For small values of N we find,

ZS

(
T (2, 3), SO(4)

)
= (−qt)−3

(
t6q10 + t4q6 − t4q4

)
ZS

(
T (2, 3), SO(6)

)
= (−qt)−3/2

(
t6q18 + t4q14 − t4q8

)
(4.6.84)

ZS

(
T (2, 3), SO(8)

)
= q6t2 − q8t2 − q12t2 + q14t2 − q16t4 − q20t4 + q22t4

+q26t4 + q30t6

4.6.4 Example: The General T (2, 2m+ 1) Torus Knot

By studying the invariants of the fundamental representation, V , for the T (2, 2m+
1) torus knots, we find the following general formula for the refined Chern-Simons
invariants,

ZV (T (2, 2m+ 1), SO(2N)) = a2t2 + a2m+2q2mt4m+2
(

1− a−2t−2
)( m∑

i=0

q−4it−2i

+
2m−1∑
j=1

a−jq−jt−2j
( d(2m+1−j)/2e∑

i=1

(q4t2)−i+1 − q−2

b(2m+1−j)/2c∑
i=1

(q4t2)−i+1
))

4.6.5 Example: The T (3, 4) Knot

Finally, we have studied the T (3, 4) knot for invariants in the fundamental repre-
sentation, V . For small gauge groups, we find,

ZV

(
T (3, 4), SO(4)

)
= q−24t−12

(
1 + q4t2 − q6t2 + q6t4 − q10t4

)2

(4.6.85)

ZV

(
T (3, 4), SO(6)

)
= q−36t−12

(
1 + q4t2 + q6t2 − q8t2 − q10t2 + q6t4

+2q8t4 − q12t4 − 2q14t4 − q16t4 + q18t4 + 2q12t6

+q14t6 − 3q16t6 − 2q18t6 + q22t6 + q24t6 + q16t8

−2q22t8 − q24t8 + 2q26t8
)

(4.6.86)

4.7 The Large N Limit

In this section we study the large N limit of SO(2N) refined Chern-Simons theory
on S3. Recall that the large N limit of ordinary SU(N) Chern-Simons theory on
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S3 is given by closed topological string theory on the resolved conifold [140]. The
parameters on each side are related by,

gs closed =
2πi

k +N
(4.7.87)

t = Ngs closed =
2πiN

k +N

where t is the Kahler parameter of the base P1 in the resolved conifold. Since SU(N)
Chern-Simons theory is equivalent to open topological string theory on T ∗S3 with
N A-branes wrapping the S3, this is an example of a topological open-closed string
duality analogous to the celebrated AdS/CFT correspondence. This interpretation
is reinforced by the observation that t = Ngs takes the form of the usual ‘t Hooft
parameter, since from the Chern Simons action, gs = 2πi

k+N
= g2

open. The corresponding
unrefined duality for SO(N) Chern Simons theory has also been studied in [259],
where it was interpreted as an open-closed topological string duality in the presence
of orientifolds.

In studying the refined SU(N) Chern-Simons theory, it was shown that a similar
duality exists between SU(N) refined Chern-Simons and the refined topological string
on the resolved conifold [19]. Here, we study this refined geometric transition in the
presence of orientifolds. We find that the large N limit of SO(2N) refined Chern-
Simons is dual to refined, closed topological string theory on the resolved conifold,
O(−1)⊕O(−1)→ P1 in the presence of an orientifold, I ′, that acts freely.

To describe the action of I ′, recall that in the linear sigma model description of
the resolved conifold, we take four coordinates, Xi with charges (1, 1, −1, −1) under
a U(1) action. Then the resolved conifold is given by,

{|X1|2 + |X2|2 − |X3|2 − |X4|2 = r}/U(1) (4.7.88)

The involution, I ′ acts by,

I ′ : (X1, X2, X3, X4)→ (X2,−X1, X4,−X3) (4.7.89)

Note that I ′ acts freely on X, so that in X/I ′ the base CP1 becomes RP1.
To see the duality explicitly, we take the partition function of SO(2N) refined

Chern-Simons theory on S3,

Z = S00 =
1

2
(
k + β(2N − 2)

)N
2

β−1∏
m=0

∏
α>0

(q−m/2t−(α,ρ)/2 − qm/2t(α,ρ)/2) (4.7.90)

We are interested in the free energy, F = − logZ and will only keep the factors that
have non-trivial q and t dependence,

F = . . .−
β−1∑
m=0

∑
α>0

log
(
1− qmt(α,ρ)

)
(4.7.91)
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Now using the properties of the D root system, this can be rewritten as,

F = −
β−1∑
m=0

2N−1∑
k=1

f(k) log
(
1− qmtk

)
(4.7.92)

where f(k) is given by,

f(k) =


2N+1−k

2
if k < N , k odd

2N−1−k
2

if k ≥ N , k odd
2N−k

2
if k < N , k even

2N−2−k
2

if k ≥ N , k even

(4.7.93)

After some algebraic manipulation, the free energy can then be written as,

=
∞∑
d=1

1

2d

t(2N−1)dtd/2q−d/2

(qd/2 − q−d/2)(td/2 − t−d/2)
+
∞∑
d=1

1

d

t(N−
1
2

)dtd/2q−d/2

(qd/2 − q−d/2)

−
∞∑
d=1

1

2d

t(2N−1)dtd/2q−d/2

(qd/2 − q−d/2)(td/2 + t−d/2)
(4.7.94)

Note that this looks like a refined version of the unoriented first-quantized structure
seen in Equation 4.3.20. It would be interesting to understand the presence of plus
signs in the denominator from the first-quantized perspective, in terms of a gravipho-
ton background.

However, recall that in Section 4.3, we gave a definition of refinement in terms
of computing a second-quantized M-theory trace. For this interpretation, it is more
natural to write the free energy as,

F =
∞∑
d=1

1

d

t(2N−1)dq−d/2

(qd/2 − q−d/2)(td − t−d)
+
∞∑
d=1

1

d

t(N−
1
2

)dtd/2q−d/2

(qd/2 − q−d/2)
(4.7.95)

Note that this expression precisely satisfies the integrality properties of Section 4.4
for refined topological string theory in the presence of orientifolds. We can identify
the Kahler class of the resolved conifold as,

Q = t2N−1 (4.7.96)

and rewrite the free energy as,

F =
∞∑
d=1

1

d

Qdq−d/2

(qd/2 − q−d/2)(td − t−d)
+
∞∑
d=1

1

d

Qd/2td/2q−d/2

(qd/2 − q−d/2)
(4.7.97)

Then the first term comes from oriented M2 branes that move freely in the four
noncompact dimensions, and the second term comes from unoriented M2 branes
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wrapping RP2. The q and t dependent shifts in the numerator arise because the
presence of the orientifold breaks SU(2)L × SU(2)R down to U(1)1 ×U(1)2. For this
reason, as discussed in Section 4.3, the BPS contributions do not have to appear in
full spin multiplets.

Altogether, we have found a refined geometric transition for unoriented strings,
given by,

Zopen ref (T
∗S3/I; q, t, N) = Zclosed ref (X/I

′; q, t) (4.7.98)

This transition has also given us a nontrivial test of the conjectured integrality prop-
erties of the refined topological string in the presence of orientifolds. It would be
interesting to use these refined geometric transitions to compute refined amplitudes
for more complicated geometries, such as the orientifold of local P2 considered in [49].
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Chapter. 5

Refined Black Hole Ensembles and
Topological Strings

5.1 Introduction

The Ooguri-Strominger-Vafa (OSV) conjecture gives a beautiful relation between
the partition function of four-dimensional BPS black holes in a type IIA string theory
compactified on a Calabi-Yau and the topological A-model string partition function
[235]. Consider the BPS black hole partition function, ZBH , in a mixed ensemble
given by fixing the magnetic charge, pΛ, and summing over the electric charge with
electric potential, φΛ. The OSV conjecture relates the exact microscopic entropy of
the black hole, captured by ZBH to the macroscopic entropy, computed in terms of
the topological string

ZBH(pΛ, φΛ) ∼ |Ztop(XΛ)|2 (5.1.1)

where XΛ = pΛ + i
π
φΛ. This reproduces the Bekenstein-Hawking entropy/area law

to the leading order, but otherwise it computes quantum gravitational corrections
to it. The entropy on the left is a supersymmetric index. The topological string on
the right computes F-terms in the four-dimensional low energy effective action of the
IIA string theory on the Calabi-Yau. But from Wald’s formula these F-terms are
precisely the corrections to the Bekenstein-Hawking black hole entropy. The OSV
relation is an example of gauge/gravity duality, where the gauge theory is the theory
on the D-branes comprising the black hole. This aspect of the correspondence was
emphasized in [11,39,76,77,88,235,238,254–256,267].1 Note that both sides of (5.1.1)
depend only on the Kähler moduli and not the complex structure moduli - on the
right, this is a well-known property of A-model topological strings, and on the left
this is a consequence of computing a well-behaved BPS index.

1The large N dual of a black hole with fixed both magnetic and electric charges is naturally the
real version of the topological string, recently studied in [268]. Its partition function has both the
holomorphic Ztop and the anti-holomorphic piece Z̄top.
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It is natural to ask if there are meaningful ways to generalize the conjecture
(5.1.1). The most general possible black hole partition function would include a
chemical potential for angular momentum. This partition function, also known as a
spin character, has been extensively studied in the context of motivic wall crossing in
four-dimensional N = 2 field theory [59,95,97,127,188] and supergravity [27,28].2 For
compact Calabi-Yau manifolds, this spin character will depend sensitively on both
the Kähler and complex structure of the manifold. On a noncompact Calabi-Yau,
however, the situation improves. We can form a protected spin character by utilizing
the SU(2)R-symmetry of four-dimensional N = 2 theory [127]. The protected spin
character is a genuine index that only depends on the Kähler moduli and is constant
except at real codimension-one walls of marginal stability. Therefore, this protected
spin character gives a well-behaved and computable definition for the refined BPS
black hole partition function Zref BH(pΛ, φΛ, y), depending on one extra parameter y
to keep track of the spin.

There is also a natural candidate for what may replace the topological string
partition function. The refined topological string is a one-parameter deformation
of topological string theory. Just like the refined black-hole partition function, the
refined topological string partition function Zref top(XI , y) also makes sense only in the
non-compact limit, and also utilizes the SU(2)R symmetry to be defined. The refined
topological string is defined as an index in M-theory [162, 171]. There are several
equivalent ways to compute the index, either by counting spinning M2-branes [171],
or alternatively, as the refined BPS index for D2 and D0-branes bound to a single
D6 brane [91, 95, 172], to name two. Yet another way to compute the index is as
the Nekrasov partition function of the five dimensional gauge theory that arises from
M-theory at low energies.3

Having found a generalization of both ZBH and Ztop, defined in the same circum-
stances, and depending on the same set of parameters, it is natural to conjecture that
there is in fact a refinement of the OSV conjecture that relates the two:

Zref BH(pΛ, φΛ, y) = |Zref top(kΛ, ε1, ε2)|2. (5.1.2)

Despite the fact that the ingredients for the conjecture fit naturally, one would still
like to have a rationale for why the conjecture should hold. Because the Calabi-Yau
is non-compact, the BPS black holes we are discussing are really BPS particles with
large entropy. While one can imagine the system arising by taking a limit where we
take the mass of the black-hole to infinity, at the same rate as we take the Planck
mass to infinity so that entropy stays finite, the SU(2)R symmetry we are using makes

2Rotating single-centered black holes in four dimensions cannot be supersymmetric. The black
holes that one is studying here are multicentered configurations that carry intrinsic angular momen-
tum in their electromagnetic fields. Note that despite the fact that these are multi-centered, they
still correspond to bound states [82].

3Alternatively, it has a B-model formulation, at least in some cases, in terms of β-deformed
matrix models [2, 60,90].
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sense only in the non-compact limit. Correspondingly some of the justifications for
the OSV conjecture, for example those based on Wald’s formula, may no longer be
sound in the refined setting, since the supergravity solution is singular.

However, as we mentioned, the original OSV relation is fundamentally a large N
duality. For the BPS states that came from a theory on N D-branes, we always get
an SU(N) gauge theory describing the particles. In the ’t Hooft large N limit of
this theory one expects to get a string theory, whether or not there are dynamical
gravitons in the theory. Indeed, many famous examples of large N duality are of
this kind, see for example [140]. In particular, the duality should still hold even
for the non-compact Calabi-Yau; it is merely difficult to check beyond the protected
quantities. Finally, from the perspective of large N duality, once we modify one side
of the correspondence, the duality, at least in principle, fixes what the other side
has to be. Furthermore, there is a way to understand directly from the large N
duality why refining the black hole ensemble has to correspond to a refinement of the
topological string on the other side.

To precisely test the refined OSV conjecture, one would like to compute both sides
of the relation and compare explicitly. For the unrefined OSV conjecture, this was
done for local, non-compact Calabi-Yau manifolds in [4, 11, 267], and agreement was
found. These local Calabi-Yaus can be thought of as the limit of compact Calabi-
Yaus in the neighborhood of a shrinking two- (or four-) cycle. In this limit, gravity
decouples so we need to be precise about what we mean by the black hole partition
function. We must require that the D-branes forming the BPS black hole wrap a cycle
that becomes noncompact in this limit so that their entropy remains nonzero. In this
limit, the black hole partition function is simply computed by a Witten index on the
noncompact brane worldvolume. In the chapter, we will run a similar test in the
refined case. To this end, we will develop techniques to solve for the refined partition
functions on both sides of the conjecture. Remarkably, the refined OSV conjecture
passes the tests just as well as the original OSV.4 This provides strong evidence in
support of our conjecture.

This chapter is organized as follows. In section 2, we review the ingredients of
the original OSV conjecture for both compact and non-compact Calabi-Yaus. In

4In subsequent work, [10, 74, 75, 83, 88, 258, 267] several aspects of the conjecture were clarified.
For one, while the relation holds to all orders in perturbation theory, the exact relation requires
summing over nonperturbative corrections to the macroscopic entropy, taking the form of “baby
universes” [10, 88]. Second, at the perturbative level the right side of equation 5.1.1 should include
a summation over φ → φ + 2πin so that the periodicities of φ match on both sides. Additionally,
the right side generically contains an additional measure factor of g−2

tope
−K , which is natural from

the viewpoint of Kähler quantization since Ztop transforms as a wavefunction [83, 238, 271]. Such
a measure factor did not appear in the unrefined local curve examples of [11, 267]. One way to
understand this is to observe that these geometries do not have a holomorphic anomaly, which
implies that Ztop actually transforms as a function rather than a wavefunction – therefore the
additional measure factors from Kähler quantization are absent. In this chapter when we study the
refined OSV relation on these local geometries, we will again find that no measure factors appear.
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section 3, we motivate the refined OSV conjecture first from the perspective of the
AdS2/CFT1 correspondence, and second by studying the wall crossing of D4 branes
splitting into D6 -D6 bound states. In the noncompact setting these arguments are
necessarily heuristic, but we believe they capture the correct physics. In section 4,
we explain how the refined topological string on Calabi-Yau manifolds of the form
X = L1 ⊕ L2 → Σg can be completely solved by a two-dimensional topological
quantum field theory (TQFT). We then use this TQFT to compute refined topological
string amplitudes for the above geometries. We also show that our results agree
precisely with the five-dimensional Nekrasov partition function of U(1) gauge theories
with g adjoints that are engineered by these Calabi-Yaus. In section 5, we study the
black hole side of the correspondence. Mathematically, the refined partition function
for D4/D2/D0-branes computes the χy genus of the relevant instanton moduli spaces.
As originally suggested in [285], this can be thought of as a categorification of the
euler characteristic invariants computed by the N = 4 Vafa-Witten theory. We then
specialize to D4 branes wrapping the geometry C4 = (L1 → Σg) and study the refined
BPS partition function of bound states with D2 and D0-branes. We propose that this
partition function is computed by a (q, t)-deformation of two-dimensional Yang-Mills,
which is closely related to the refined Chern-Simons theory studied in [15, 18, 123].
Wrapping branes on the geometry C = (O(−1)→ P1), we show that (q, t)-deformed
Yang Mills precisely reproduces a mathematical result of Yoshioka and Nakajima
for the χy genus of instanton moduli space [220, 286]. In section 6 we connect the
black hole and topological string perspectives by studying the large N limit of the
(q, t)-deformed Yang Mills theory. We find that the theory factorizes to all orders in
1/N into two copies of the refined topological string partition function. This gives a
nontrivial check of our refined OSV conjecture. Finally, in section 7 we explain an
alternative way to compute the refined black hole partition function on O(−1)→ P1.
The refined bound states are counted by using the semi-primitive refined wall-crossing
formula [95], thus giving a refined extension of the techniques used in [229,230].

5.2 The OSV Conjecture: Unrefined and Refined

We start by reviewing the remarkable conjecture of Ooguri, Strominger, and Vafa
(OSV) connecting four-dimensional BPS black holes with topological strings [235].
Consider IIA string theory compactified on a Calabi-Yau, X, with four-dimensional
black holes arising from D-branes wrapping holomorphic cycles in X. In terms of
four-dimensional gauge fields, the D0 and D2 branes are electrically charged while
the D4 and D6 branes are magnetically charged.

The object of interest for the OSV conjecture is the mixed black hole partition
function given by fixing the magnetic charges and summing over electric charges with



115

chemical potentials,

ZBH(P6, P4;φ2, φ0) =
∑
Q2,Q0

Ω(P6, P4, Q2, Q0)e−φ2Q2−φ0Q0 (5.2.3)

where we have denoted D6 charges by P6, D4 charges by P4, D2 charges by Q2, and
D0 charges byQ0. Here φ2 and φ0 are chemical potentials associated to the electrically
charged D-branes. Ω(P,Q) is computed by the Witten index in the corresponding
charge sector,

Ω(P6, P4, Q2, Q0) = TrHP,Q(−1)F (5.2.4)

and only receives contributions from BPS black holes.
The OSV conjecture states that this mixed black hole partition function is equal

to the square of the A-model topological string partition function on X,

ZBH(P6, P4;φ2, φ0) = |Ztop(gtop, k)|2 (5.2.5)

where k is the complexified Kähler form on X. The projective coordinates on moduli
space are given by,

XI = PI + i
φI
π

(5.2.6)

This implies that the string coupling constant and Kähler moduli are determined by
the magnetic charges and electric potentials,

gtop =
4πi

X0

=
4πi

P6 + iφ0

π

(5.2.7)

kI = 2πi
XI

X0

=
1

2
gtop

(
P4,I +

iφ2,I

π

)
(5.2.8)

Here the real part of XI is fixed by the attractor mechanism which determines the
near-horizon Calabi-Yau moduli in terms of the black hole charge. Both sides of the
relation should be considered as expansions in 1/Q where Q is the total graviphoton
charge of the black hole. From the change of variables, we have a perturbative ex-
pansion in gtop if either P6 or φ0 is large. We will usually set P6 = 0 so it is natural to
take both φ0 and P4 to infinity is such a way that gtop becomes small and the Kähler
form remains constant.

One way to further understand the OSV relation is by inverting it,

Ω(P6, P4, Q2, Q0) =

∫
dφ0dφ2e

Q2φ2+Q0φ0|Ztop|2 (5.2.9)

so that black hole degeneracies are formally computed by the topological string. It is
known that because the topological string partition function obeys the holomorphic
anomaly equations [45], it transforms as a wavefunction under changes of polarization
on the Calabi-Yau moduli space [278]. Thus, from quantum mechanics the appearance
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of |Ztop|2 is very natural. In fact, this interpretation implies that Ω(P,Q) is the Wigner
quasi-probability function on (P,Q) phase space [235].

The original OSV conjecture focused on the case of compact Calabi-Yau manifolds,
so that the wrapped D-branes correspond to black holes in four-dimensional N = 2
supergravity. However, as explored in [4, 9–11, 88, 267], it is interesting to study
the OSV conjecture for local Calabi-Yau manifolds which can be thought of as the
decompactification limit of the compact case. In this limit gravity decouples which
means that the four dimensional planck mass goes to infinity. Since the Bekenstein-
Hawking entropy of a black hole is proportional to M2

BH/M
2
Pl, to obtain a finite

entropy in this limit we should also take MBH → ∞. This can be accomplished
simply by wrapping D4 or D6-branes on cycles that become non-compact in this
limit. The precise OSV relation remains the same in this limit, except that now the
black hole partition function is naturally computed by a partition function on the
worldvolume of the noncompact D4 or D6-branes.

The advantage of taking this limit is that both sides of the OSV relation are exactly
solvable, leading to a highly nontrivial check of the conjecture. The conjecture has
been tested perturbatively to all orders in [4,11,267], and non-perturbative corrections
in the form of baby universes have been computed in [10,88].

5.2.1 Refining the Conjecture

Now that we have reviewed the OSV conjecture, a natural question to ask is
whether the black hole degeneracy computed by Ω(P,Q) is the most general index
that counts four-dimensional BPS black holes. In fact, we could include information
about spin by replacing the Witten index,

TrHBPS(−1)F (5.2.10)

by the spin character,
TrHBPS(−1)F exp(−2γJ3) (5.2.11)

where J3 is the three-dimensional generator of rotations and γ is the conjugate chem-
ical potential.5 These spin-dependent BPS traces and their wall-crossing behavior
have been studied extensively in the context of N = 2 field theory [59,95,97,127,188]
and supergravity [27,28]. However, this trace has the drawback of not being an index,
which means that it will be sensitive to both the complex and Kähler moduli.

If we consider a local Calabi-Yau manifold by taking the gravity decoupling limit,
there is a preserved SU(2) R-symmetry that appears. As explained in [127], this can

5Rotating single-centered black holes in four dimensions cannot be supersymmetric. The black
holes that we are studying here are multicentered configurations that carry intrinsic angular mo-
mentum in their electromagnetic fields. Note that despite the fact that these are multi-centered,
they still typically correspond to bound states [82].



117

be used to form a protected spin character that is a genuine index, and only depends
on the Kähler moduli through wall-crossing,

TrHP,Q(−1)2J3e−2γ(J3−R) =
∑
J3,R

Ω(P,Q; J3, R)e−2γ(J3−R) (5.2.12)

Now we can form the mixed ensemble of black holes counted with spin where, as in
the ordinary case, we fix the magnetic charge and sum over the electric charge,

Zref BH(P6, P4;φ2, φ0; γ) =
∑

Q2,Q0,J3,R

Ω(P6, P4, Q2, Q0; J3, R)e−2γ(J3−R)−φ2Q2−φ0Q0

(5.2.13)
We will refer to this as the refined black hole partition function.

We would like to know whether there exists a generalization of the topological
string whose square is equal to Zref BH. A natural candidate for this one-parameter
deformation is well-known, and is given by the refined topological string.

Recall the definition of the refined topological string as the index of M-theory,
depending on Kahler moduli k and two additional parameters ε1 and ε2. The re-
fined topological string partition function [2,162,171] on a Calabi-Yau X is given by
computing the index of M-theory on the geometry,

(X × TN × S1)ε1,ε2 (5.2.14)

where TN denotes the Taub-NUT spacetime, and upon going around the S1 the
Taub-NUT is twisted by,

(z1 , z2) → (q z1, t
−1 z2) (5.2.15)

where
q = e−ε1 t = e−ε2 .

In addition, we must include an R-symmetry twist to preserve supersymmetry. This
twist is implemented by a geometric Killing vector on the non-compact Calabi-Yau,
X. Note that, in our notation, the unrefined limit is ε1 = ε2, unlike in much of
the literature, where one typically defines ε2 with a different sign. The partition
function of M-theory in this geometry is computing the index of the resulting theory
on TN × S1,

Zref top(ε1, ε2; k) = Tr(−1)2S1+2S2qS1−RtR−S2e−kIQ
I
2 (5.2.16)

where S1 and S2 are the spins in the z1 and z2 directions, respectively, and R is the
R-charge of the state. We have schematically indicated that the partition function
depends on the Kahler moduli k, via the M2 brane contributions to the index. Note
that although the trace is over all states, only BPS states will make a contribution.
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The index can be computed in several different ways: by counting spinning M2-
branes [162, 171] or as the Omega-deformed instanton partition function [225]. In
analogy with the unrefined case [172], the refined topological string can also be written
in terms of the refined Donaldson-Thomas invariants that compute the BPS protected
spin character for D2 and D0-branes bound to a single D6 brane [95]. Given that
the refined topological string also counts BPS particles with spin and only depends
on the Kähler moduli of X, it is should be related to the refined black hole partition
function.

The index is related to the ordinary topological string partition function is we
set ε1 = ε2 = gs, and reduce on the thermal S1 to IIA. Then, we get IIA string
theory on X × TN , whose partition function is the same as the ordinary topological
string partition function, where gs is the topological string coupling constant [91]. In
particular, M2 branes wrapping holomorphic curves in X and the thermal S1 become
the worldsheet instantons of the topological string. For ε1 6= ε2, the theory has no
known worldsheet formulation, at the moment.

There is yet another way to view the partition function (5.2.16), which will be
useful for us. This corresponds to the TST dual formulation, where instead, we go
down to IIA string theory on the S1 in the Taub-Nut space [91]. This turns the Taub-
Nut space into a single D6 brane wrapping X×S1. In this case, the refined topological
string partition function has the interpretation as the refined spin character, counting
the bound states of the D6 brane on X with D0 and D2 branes. In terms of the
SO(4) = SU(2)` × SU(2)r rotation symmetry of the Taub-Nut space, the D0 brane
charge Q0 is the 2J `3 component of the SU(2)` spin in M-theory, the SO(3) = SU(2)
rotation symmetry in IIA is identified, under the dimensional reduction, with the
SU(2)r symmetry in M-theory, while the SU(2)R R-symmetry is manifestly the same
in both IIA and M-theory. In particular, the refinement is associated with the diagonal
SU(2)d ⊂ SU(2)r × SU(2)R spin [223]. This allows us to rewrite 5.2.16 as

Zref top(ε1, ε2; k) = Tr(−1)2J3 e
ε1+ε2

2
Q0 e

ε1−ε2
2

(2J3−2R)ekIQ
I
2 . (5.2.17)

In writing this, we used the fact that 2J `3 = S1 − S2, 2Jr3 = S1 + S2, which is obvious
from the way the SU(2)` × SU(2)r acts on the coordinates z1, z2 of the Taub-Nut
space, and furthermore, as we just reviewed, that Q0 = 2J `3 and 2J3 = 2Jr3 .

This leads us to propose the refined OSV conjecture relating the protected spin
character of black holes to the refined topological string6,

Zref BH(P6, P4;φ2, φ0; γ) = |Zref top(ε1, ε2, k)|2 (5.2.18)

6For an alternate proposal relating the Nekrasov partition function to non-supersymmetric ex-
tremal black holes, see [246].
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To complete the conjecture, we propose that the variables are related by,

kI =
2πi(

iφ2,I

π
+ βP4,I)

iφ0

π
+ βP6

ε1 =
4πiC

iφ0

π
+ βP6

(5.2.19)

ε2 =
4πiCβ

iφ0

π
+ βP6

where we have defined the variable β ≡ 1− γ
2πi

, and we have included an additional
constant C.7 The most natural choice for C, as we explain in section 5.3 is

C =
2ε1

ε1 + ε2
(5.2.20)

so that when P6 = 0 we have,

φ0 =
8π2

ε1 + ε2
(5.2.21)

for the D0 brane chemical potential, and moreover

γ = 2πi
ε1 − ε2
ε1 + ε2

for the spin chemical potential.
In the next section we will motivate the conjecture, and explain the origin of the

change of variables. Note that, in the specific example that we study in sections 5.4-
5.6, we will find that one gets a slightly different effective value of C, for the reason
we will explain (having to do with a shift in the zero of the spin for the D0 branes).

5.3 Motivating the Refined Conjecture

As explained in [39, 76, 77, 88, 235, 238, 254–256, 267], the OSV conjecture is an
instance of large N duality. In this case, the gauge theory is the SU(N) gauge theory
on the N D-branes wrapping cycles of the Calabi-Yau manifold X and comprising
the black holes. The large N dual of this theory is a string theory in the back-reacted
geometry. In the full physical string theory, the near-horizon geometry of a BPS black
hole in four dimensions takes the form

AdS2 × S2 ×X. (5.3.22)

7As explained in [235], an arbitrary constant C is needed in the compact case due to the fact
that XI are not functions on the moduli space, but sections of a line bundle. In the non-compact
case, which we study, this degree of freedom is fixed. In the unrefined case, it is typically set to 1.
Our choice of the refined value is such that it reduces to 1 when we set ε1,2 to be equal.
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The OSV conjecture deals with supersymmetric sub-sectors of the theory. On the
black-hole side, we consider the Witten index of the theory on N D-branes; this is
typically a partition function of a topological SU(N) gauge theory in one dimension
less. On the large N dual side, the partition function ends up depending only on F-
terms in the low energy effective action, which are captured by the topological string
partition function. The OSV conjecture can also be thought of as a consequence of
large N duality in the topological setting alone. The ’t Hooft large N duality, relating
a SU(N) gauge theory to a string theory is a very general phenomenon. It should
encompass any SU(N) gauge theory, including topological ones, and requires a string
theory on the dual side, though not one containing dynamical gravity. In particular,
in [11,267] it was shown that OSV conjecture holds even for non-compact Calabi-Yau
manifolds. In the physical version of the theories studied there, the Planck mass is
infinite, and the the black holes horizon will have zero area, making it difficult to
study the large N duality in the full physical theory.

In the refined context, we have to take the Calabi-Yau to be non-compact, since
the R-symmetry which is necessary to compute the protected index exists only in that
case. However, the theory on N D-branes is still a SU(N) gauge theory, with large
entropy at large N . Zref BH is simply a one parameter deformation of the ordinary
black-hole partition function ZBH. The dual description of the theory at large N has
to be a string theory, on general grounds, and moreover, a suitable one-parameter
deformation of the topological string theory. Now, we will explain why this one-
parameter deformation is the refined topological string.

The statement of the refined OSV conjecture is that we can refine both sides of
the OSV duality, by keeping track of the J3 −R charge. Why this should be true
is most tranparent in yet another way to understand the OSV, namely, using wall
crossing [83]. In this case, we do not take the near-horizon limit but instead we study
general D4/D2/D0-brane bound states. We can then perform TST -duality on this
partition function so that it is dominated by “polar” states. Generically, these polar
states can be made to decay by varying the background Kähler parameters. Along
a real co-dimension one wall, the state will decay into a D6/D4/D2/D0 state and a
D6/D4/D2/D0-state. By a chain of dualities (lifting to M-theory, then reducing on a
different circle), the AdS2 × S2 ×X geometry (see [39,83] for details) can be related
to IIA string theory on X, with a D6−D6 pair.

Further, from the primitive wall-crossing formula we know that the degeneracies
will factorize,

Ω(D4 + . . .) ∼ Ω(D6 + . . .)Ω(D6 + . . .) (5.3.23)

Now the key observation is that the degeneracies of D6/D4/D2/D0 brane bound states
are precisely computed by Donaldson-Thomas invariants, which are further identified
with the topological string. On the topological string side, the S-duality used is
precisely what relates the D6 brane partition function to the topological string [224],
as we reviewed in the previous section. Therefore, we can identify the D6-brane
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bound states with Ztop and the D6-brane bound states with Ztop. Therefore, the
semiprimitive wall-crossing formula gives precisely the factorization expected from
OSV,

ZBH ∼ |Ztop|2 (5.3.24)

In the refined setting, the argument goes through in precisely the same way as
in the unrefined case; we simply replace, on both sides of the duality, the Witten
index of the D4 brane and the D6 branes by the protected spin character. Then we
simply use the refined primitive wall-crossing formula which also factorizes. On the
black hole side, the protected spin character of the D4 branes is the refined black
hole partition function Zref BH, and on the topological string side, the protected spin
character of the D6 branes is the topological string partition function – moreover, we
get both Ztop ref and Ztop ref from the D6 branes and the D6 branes, and thus

Zref BH ∼ |Zref top|2. (5.3.25)

This argument makes it obvious that the OSV conjecture should hold in the refined
setting, as we conjectured.

The one subtlety in this argument is that on a noncompact Calabi-Yau geometry,
there is actually no place in moduli space where the D4-branes can be made to
split into D6 − D6 constituents, since D6 and D6 branes will always have opposite
central charges because of the noncompactness of the Calabi-Yau. However, this issue
was already present in the unrefined case, where it did not affect the validity of the
conjecture, as was shown in [11, 267]. Thus, there is no reason to think it would
affect our refined conjecture either. Thus, we believe that this D6-D6 decomposition
captures the correct physics of D4/D2/D0-brane bound states in both the unrefined
and the refined case, and this moreover leads to a refined OSV formula.

In the rest of this section, we will provide further support for the conjecture, and
explain the identification of the parameters we gave previously.

5.3.1 Refined OSV and The Wave Function on the Moduli
Space

The refined topological string partition function is a wave function on the moduli
space, just like in the ordinary topological string case [2,166,193,194]. The quantum
mechanics on the moduli space played a central role in understanding the original
conjecture, and the same is true in the refined case. In this respect, there only two
differences between the refined and the unrefined topological string thing: for one,
the effective value of the Plank’s constant of the theory g2

s , becomes ε1ε2 (recall that,
in the unrefined case, ε1 and ε2 coincide),

g2
s → g2

s = ε1ε2.
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Secondly, the wave function that the topological string partition function computes
changes: in the refined case, this wave function depends on the additional parameter
β = ε2/ε1.

For this discussion of the quantum mechanics, it is useful to switch to the mirror
perspective and study the refined B-model [2]. The refined B-model only depends on
the complex structure moduli space, which can be parametrized by the holomorphic
three form Ω ∈ H3(X). We can choose a symplectic basis for H3(X) such that
AI ∩BJ = δJI , and define coordinates,

XI =

∫
AI

Ω, F J =

∫
BJ

Ω (5.3.26)

From special geometry, we know that classically these variables are not independent
and that there exists a prepotential, F (0), such that,

F J =
∂F (0)

∂XJ

(5.3.27)

But now it is important to recognize that this prepotential is the genus zero contri-
bution of the refined topological string,

Zref top = exp
( 1

ε1ε2
F
)

= exp

(
1

ε1ε2
F (0) + . . .

)
(5.3.28)

Therefore in the full quantum theory, we can represent F J as the operator F J =
ε1ε2

∂
∂XJ

and this leads to the commutation relations,

[F J , XI ] = ε1ε2δ
J
I (5.3.29)

We could have applied this same reasoning to the conjugated theory, Zref top which
gives,

[F
J
, XI ] = ε1ε2δ

J
I (5.3.30)

and finally all of the barred variables commute with all of the unbarred variables.
Note that, in this case, because the Calabi-Yau is non-compact, the moduli space is
always governed by the rigid special geometry of the N = 2 field theory, rather than
the local special geometry of N = 2 supergravity.

Now consider formally inverting the refined OSV relation,

Ω(P6, P4, Q2, Q0; γ) =

∫
dφ0dφ2e

Q2φ2+Q0φ0|Zref top|2 (5.3.31)

where

Ω(P6, P4, Q2, Q0; γ) =
∑
J3,R

Ω(P6, P4, Q2, Q0; J3, R)e−2γ(J3−R). (5.3.32)
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We say that this is a formal inversion, since in the non-compact case φ0 is always just
a parameter, so in particular, it does not really make sense integrating over it. This
aside, note that for the relation such as (5.3.31) to make sense, it has to be the case
that Zref top is indeed a wave function on the moduli space. This is because while the
left hand side is independent of the choice of polarization, i.e. the choice of basis of
A- and B-cycles, for an arbitrary function on the moduli space, the right hand side
would depend on such a choice, and the conjecture would not have a chance to hold.
Because Zref top is a wave function, while all the terms on the right hand side depend
on the choice of polarization, the integral does not depend on such a choice.

More precisely, for this to hold, one has to have the following commutation rela-
tions. We follow the reasoning in [235], and formally introduce magnetic potentials,
χI in addition to the electric potential that we have already used. In the refined
black hole partition function, we cannot specify both the electric charge and the elec-
tric potential at the same time, so they must have nontrivial commutation relations.
Similarly, we require that the new magnetic potentials are conjugate to the magnetic
charges. Therefore, we find

[φI , Q
J ] = [PI , χ

J ] =
iπ

2
δJI

[φI , PJ ] = [χI , QJ ] = 0 (5.3.33)

[QI , PJ ] = [χI , φJ ] = 0

where for convenience we have included an extra normalization factor above. For
the right hand side of 5.3.31 to be invariant under symplectic transformations one
needs the black hole commutation relations and the topological string commutation
relations, to be consistent. This requires,

XI = C ′ε2PI + i
ε1
C ′
φI
π

(5.3.34)

F I = C ′ε2Q
I + i

ε1
C ′
χI

π

for some arbitrary constant, C ′. Note that is in prefect agreement with the refined
OSV change of variables in equation 5.2.19 upon fixing the constant to C ′ = 1. In fact,
these relations were our main motivation for the change of variables we proposed in
section 3, as a part of our conjecture. Notice that Ω(P,Q; γ) still has the interpretation
as a Wigner quasi-probability distribution on phase space, just as it did in [235], but
now it depends on the additional auxillary parameter, γ.

To understand the identification of ε1 and ε2 with the D0 brane chemical potential
φ0 and the spin fugacity γ, we can use the wall crossing derivation, which forces the
identification of parameters. The only subtlety is that, to relate the refined topological
string to the black-hole ensemble, we need to perform the TST duality. The TST
duality relates this to the chemical potentials before and after as follows:
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φ0 → φ′0 =
4π2

φ0

, φ2 → φ′2 = 2πi
φ2

φ0

, γ → γ′ = 2πi
γ

φ0

(5.3.35)

The derivation of this is presented in appendix J.
As we reviewed in the previous section, the chemical potential for the D0 branes

bound to the D6 brane is

φ′0 =
ε1 + ε2

2
, (5.3.36)

and the spin is captured by

γ′ =
ε1 − ε2

2
, (5.3.37)

For this to be consistent with TST duality, the chemical potentials in the black hole
ensemble need to be

φ0 =
4π2

ε1 + ε2
, (5.3.38)

for the D0 brane charge, and moreover the spin needs to be captured by

γ = 2πi
ε1 − ε2
ε1 + ε2

(5.3.39)

just as we gave in the previous section. In particular, γ/2πi = 1− β.
The rest of this chapter is devoted to testing our conjecture. There is a class of

geometries where both sides of duality are computable explicitly. These correspond
to Calabi-Yau manifolds that are complex line bundles over a Riemann surface. After
developing the necessary tools to precisely compute both sides of the refined OSV
formula, we show that the refined OSV conjecture holds true perturbatively to all
orders for these geometries.

5.4 Refined Topological String on L1 ⊕ L1 → Σ

For some simple Calabi-Yau manifolds, the refined topological string partititon
function is exactly computable by cutting the Calabi-Yau into simple pieces, and
sewing them back together. The open-string version of this index was computed
explicitly on simple geometries in [18] and used to solve the refined Chern-Simons
theory completely. We will follow a similar approach here in the closed string case,
for Calabi-Yau manifolds of the form

L1 ⊕ L1 → Σ

To obtain a Calabi-Yau manifold, the degrees of the line bundles must satisfy the
property,

deg(L1) + deg(L2) = −χ(Σ) = 2g − 2 (5.4.40)
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The key idea is to chop up our geometries by introducing stacks of infinitely many M5
brane/anti-brane pairs wrapping Lagrangian three-cycles as in the original topological
vertex [8].8 Then the computation of the refined index on these chopped geometries
reduces to counting M2 branes ending on these M5 branes. In this chapter, we
simply explain the structure of the TQFT, and refer the reader to [22] for the details
of computing these amplitudes by counting M2-brane contributions.

5.4.1 A TQFT for the Refined Topological String

The basic building blocks of the TQFT are given by the annulus (A), cap (C),
and pant (P) geometries. Since degrees of bundles and euler characteristics add
upon gluing, this gives a way of building up more complicated bundles over Riemann
surfaces.

We start by considering the simplest geometry, which is the annulus (shown in
Figure 5.1) with two trivial complex line bundles over it given by A(0,0) = C∗ × C2.

Zref top(A(0,0)) =
∑
R

1

gR(q, t)
MR(U ; q, t)MR(V ; q, t) (5.4.41)

Here we are summing over all U(∞) representations R, and MR(U ; q, t) is the asso-
ciated Macdonald polynomial which reduces on setting q = t to the simpler TrR(U).
The Macdonald metric, gR computes the inner product of a Macdonald polynomial
with itself and is given by,9

gR(q, t) = (t/q)|R|/2
∏

(i,j)∈R

1− tRTj −iqRi−j+1

1− tRTj −i+1qRi−j
(5.4.42)

=
∏

(i,j)∈R

t
RTj −i

2 q
Ri−j+1

2 − t−
RTj −i

2 q−
Ri−j+1

2

t
RT
j
−i+1

2 q
Ri−j

2 − t−
RT
j
−i+1

2 q−
Ri−j

2

(5.4.43)

Since we are working with U(∞) representations, this metric is the N →∞ limit of
the ordinary SU(N) Macdonald metric. We refer the reader to Appendix G for our
Macdonald polynomial conventions.

8In the refined setting, we must choose whether to wrap these M5 branes on the z1 or z2 plane of
the Taub-NUT space. This gives two types of refined A-branes, which can be denoted as q-branes
and t-branes. At each boundary of our geometry we can place either type of brane, leading to
different choices of basis for each Hilbert space. In this chapter we will not need this rich structure,
and we will implicitly place q-branes at each puncture. We refer the reader to [22] for details on
general q/t-brane amplitudes.

9Note we are including additional (q/t) factors in our definition of gR and MR(U) compared to
the standard definitions in [202]. The advantage of these factors is that they restore the symmetry,
gR(q, t) = gR(q−1, t−1) (see also [38] for a similar shift). We refer the reader to Appendix G for
more details on our Macdonald polynomial conventions.
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Having discussed the simplest geometry, we should now explain how building
blocks are glued together. Recall that ordinarily when we want to glue two boundaries
together, we should set their holonomies to be equal except that the boundaries should
have opposite orientation. This orientation reversal simply flips one of the holonomies
from U to U−1. Finally, to glue together the boundaries we must integrate over the
Hilbert space at the boundaries.

This is also true in the refined setting, except that the integration measure is
deformed to the one natural for Macdonald polynomials. If we denote the eigenvalues
of U by eui , then the Macdonald measure is given by,

∆(U ; q, t) =
∞∏
m=0

∏
i 6=j

(
1− qmeui−uj

)
(

1− tqmeui−uj
) (5.4.44)

Then gluing two boundaries gives,∫
dui∆(U ; q, t)MR1(U)MR2(U−1) = gR1(q, t)δR1R2 (5.4.45)

where gR is the Macdonald metric for infinitely many variables introduced above,
which is to be contrasted with the finite N Macdonald metric which we will define
below in equation 5.5.134. Thus, the MR give an orthogonal but not orthonormal
basis for the boundary Hilbert space. Although we could remove the explicit metric
factors gR by choosing a different normalization for MR, it will actually be more
convenient in this chapter to keep them.

As a simple consistency check, gluing two annuli with trivial bundles should give
back the original annulus amplitude. But this is clearly true, since the two annuli
contribute a total factor of g−2

R while the gluing process contributes a factor of gR so
that the resulting amplitude is equal to the original annulus amplitude.

Now that we have explained gluing, we also want to know how to introduce non-
trivial bundles. Note that since χ(A) = 0, any choice of line bundles over the annulus
must satisfy deg(L1) = −deg(L2). The simplest nontrivial choice is the geometry
A(1,−1). This geometry can be alternatively understood as implementing a change
in framing, which has been studied for the refined topological vertex in [171]. The
resulting amplitude is given by,

Zref top(A(1,−1)) =
∑
R

1

gR(q, t)
q

1
2
||R||2t−

1
2
||RT ||2MR(U ; q, t)MR(V ; q, t) (5.4.46)

where ||R||2 =
∑

iR
2
i and ||RT

i ||2 =
∑

i(R
T
i )2 =

∑
(2i− 1)Ri.

Next we study the cap geometries (shown in Figure 5.1), which are given by two
complex line bundles over the disc. Since the euler characteristic of the disc is equal to
1, the degrees of the line bundles must satisfy deg(L1)+deg(L2) = −1. In practice, it
suffices to determine the (0,−1) amplitudes, since the rest can be obtained by gluing.
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(0,1)

(0,-1)

(0,0)

Figure 5.1: The building blocks of the refined TQFT are the pant, cap, and annulus
geometries, along with complex bundles of degree (d1, d2) over each Riemann surface.

It is helpful to notice that this geometry is equivalent to C3 with a stack of branes
inserted on one leg of the vertex. Thus the cap amplitude can be computed by the
refined topological vertex amplitude, CR··, with branes on the q-leg or from refined
Chern-Simons [22]. The result is,

Z(C(0,−1)) =
∑
R

1

gR
dimq,t(R)MR(U ; q, t) (5.4.47)

where we have defined the (q, t)-dimension of a representation R by,

dimq,t(R) = (q/t)
1
2
|R|MR(tρ; q, t) (5.4.48)

= q
1
4
||R||2t−

1
4
||RT ||2

∏
∈R

(
q
a( )

2 t
l( )+1

2 − q−
a( )

2 t−
l( )+1

2

)−1

where (ρ)i = −i+ 1/2 is the U(∞) Weyl vector, while

a( ) = Ri − j (5.4.49)

l( ) = RT
j − i

are the arm- and leg-lengths, respectively, of a box in the Young Tableau of R. The
(q, t)-dimension can be understood as a (q, t)-deformation of the dimension of the
symmetric group representation specified by R.10 To obtain the cap with a different
choice of line bundles we can simply glue on the A(1,−1) or A(−1,1) annuli.

10Our notation differs slightly from the notation used for the unrefined case in [11]. In the limit

t = q, our (q, t)-dimension is related to their dq(R) by, dimq,q(R) = sR(qρ) = q
1
4κRdq(R).
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Finally, we must specify the three-punctured sphere amplitude (see Figure 5.1),
which we refer to as the “pant.” Since the three-punctured sphere has the euler
characteristic χ = −1, the degree of the line bundles must add to one in this case.
To compute this amplitude it is helpful to recall some general properties that our
TQFT must satisfy. Since it computes the refined topological A-model, the TQFT
must be independent of complex structure moduli. Specifically this means that the
amplitude for a Riemann surface should not depend on how it is formed by gluing
simpler geometries. For this to be true, the pant amplitude should be symmetric in
the three punctures, and thus should be diagonal in the Macdonald basis,

Zref top(P (0,1)) =
∑
R

PR MR(U1)MR(U2)MR(U3) (5.4.50)

Now it is helpful to recognize that the pant, cap, and annulus are not all indepen-
dent. We can form the annulus by capping off one of the punctures of the pant. By
consistency and using the fact that Z(P (0,1)) is diagonal, we can solve for the pant
amplitude,

Zref top(P (0,1)) =
∑
R

1

gRdimq,t(R)
MR(U1)MR(U2)MR(U3) (5.4.51)

So far we have described the structure of the A-model on these geometries as a
TQFT, but it is important to remember that the theory is not purely topological
since it depends on the Kähler moduli. For Calabi-Yaus of the form L1 ⊕ L2 → Σg,
there is only one Kähler modulus, k, that measures the area of the Riemann surface.
In fact, as is familiar from the topological vertex [8], the partition function depends
on this modulus only by introducing a term, e−k|R| in the sum over representations.

Altogether, we have given the necessary data to solve the theory completely. As
an application of these results, we can study geometries of the form L1 ⊕ L2 → Σg

where Σg is a genus g Riemann surface. For this to be a Calabi-Yau manifold we
must have deg(L1) = 2g − 2 + p and deg(L2) = −p. Then the refined amplitude on
this geometry is given by,

Z
(g,p)
ref top(q, t) =

∑
R

(
dimq,t(R)2

gR

)1−g

q
(2g−2+p)

2
||R||2t−

(2g−2+p)
2

||RT ||2Q|R| (5.4.52)

where we have defined the exponentiated Kähler modulus as Q = e−k. It can be
checked that this has the expected symmetry,

Z
(g,p)
ref top(q, t) = Z

(g,p)
ref top(t−1, q−1) (5.4.53)

which implies that the Gopakumar-Vafa invariants come in complete multiplets of
SU(2)` (as was the case in the unrefined limit). However, the amplitude is not sym-
metric under the exchange q ↔ t. This implies that the Gopakumar-Vafa invariants
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for these Calabi-Yaus do not come in full representations of SU(2)r, but only carry
U(1)r ⊂ SU(2)r charge. The BPS states come from quantizing the moduli space
of curves in X, together with the U(1) bundle on them. The SU(2)r spin content
comes from cohomologies of the moduli of the curve itself, while the SU(2)` comes
from the bundle. In the present case, the curve is Σ itself. Its moduli space is in
general non-compact, as typically one of the two line bundles over Σ has positive de-
gree. Correspondingly, the Lefshetz SU(2)r action on the cohomologies of the moduli
space does not have to result in complete multiplets – there can be contributions that
escape to infinity. (See Appendix H for some sample computations of Gopakumar-
Vafa invariants for these geometries.) In fact, the only case when the moduli space
is compact is when Σ = P1, and both line bundles are O(−1). It is easy to see that
in this case the amplitude does in fact have the q ↔ t symmetry as well.

In addition, the amplitude is not symmetric under exchange of the two line bun-
dles, which is equivalent to taking p → 2 − 2g − p. This tells us that one of the
line bundles is distinguished from the other in the refined setting. In fact, this arises
because the index in equation 5.2.16 includes an R-symmetry twist that rotates a spe-
cific bundle in the noncompact Calabi-Yau (for more details see [22]). Equivalently,
as will be explained in section 5.6, these refined topological string amplitudes can be
obtained by taking the large N limit of D4 branes wrapping one of the bundles. In
the unrefined case, the large N limit does not retain information about which bun-
dle the D4 branes wrapped, but in the refined case this choice has an effect on the
closed string amplitude. This is related to the above observation since in both the D4
construction and in the closed string construction we must choose an R-symmetry
rotation to preserve supersymmetry. However, these symmetries are not completely
lost since the amplitude is symmetric under simultaneously exchanging q ↔ t and
exchanging the bundles,

Z
(g,p)
ref top(q, t) = Z

(g,2−2g−p)
ref top (t, q) (5.4.54)

As we will explain in section 5.4.3, p specifies the five-dimensional Chern-Simons cou-
pling of the geometrically engineered gauge theory. In [38], it was similarly observed
that for geometries that engineer five-dimensional SU(N) gauge theories, the refined
topological string is only symmetric under the simultaneous exchange of q ↔ t and
inverting the Chern-Simons level, k → −k.

So far, we have computed all the non-trivial contributions to the refined topological
string. However, we should also include by hand the additional pieces that appear
at genus zero and one. In the unrefined case, these arise from constant maps. In
the refined case, for geometries that engineer five-dimensional gauge theories, these
contributions arise from the classical prepotential and the one-loop determinant of
the instanton partition function. These degree zero pieces take the form,

Z0(q, t) =
(
M(q, t)M(t, q)

)χ/4
exp

(
1

ε1ε2

ak3

6
+
ε2
ε1
b
k

24

)
(5.4.55)
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where M(q, t) is the refined MacMahon function,

M(q, t) =
∞∏

i,j=1

(
1− tiqj−1

)
(5.4.56)

and χ is the euler characteristic of the Calabi-Yau, while a is related to the triple
intersection of the Kähler class and b is the second Chern class of the Calabi-Yau.
These numbers are ambiguous because of the non-compactness of our geometries, but
it was argued in [11] that for the connection with black holes the natural values are,

χ = 2− 2g, a = − 1

p(p+ 2g − 2)
, b =

p+ 2g − 2

p
(5.4.57)

Note, that we have split the MacMahon function into two pieces, related by in-
terchanging q and t. This split naturally appears in section 5.6, when making the
connection with the refined black hole partition function. A similar splitting was re-
cently observed for the motivic Donaldson-Thomas invariants of the conifold in [216].

In section 5.4.3, we will give further evidence that this refined amplitude is the
correct one by comparing it with the equivariant instanton partition function of the
geometrically engineered five-dimensional field theory. Before doing so, however, it
will be helpful to discuss one final aspect of the TQFT that arises when D-branes are
included in the fiber of the complex line bundles.

5.4.2 Branes in the Fiber

So far we have solved for the refined string on bundles over closed Riemann sur-
faces and Riemann surfaces with boundaries. These boundaries naturally end on
branes wrapping an S1 in the base and two dimensions in the fiber. However, for
understanding the refined OSV conjecture, it will be helpful to also consider intro-
ducing branes in the fiber. For unrefined topological strings, this was studied in [11],
and our analysis will follow a similar approach.

We consider a lagrangian brane at a point, z, in the base Riemann surface, Σg.
Since the brane is local in the base, we only need to study a neighborhood of z. Thus
it is natural to introduce branes in the base that chop up the geometry into a disc,
D, containing z, and its complement, Σ \D. The full amplitude is given by,

Z =
∑
R,Q

ZR(Σ \D)ZRQ(D)MQ(V ; q, t) (5.4.58)

where V is the holonomy around the branes in the fiber. The amplitude on the
complement, Σ \ D, can be solved by gluing using the amplitudes in the previous
section, but we still need to solve for the disc amplitude with two sets of branes.
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This can be accomplished by noticing that D has the topology of C3 with the base
and fiber branes on two legs of the vertex. Thus, the full cap amplitude,

Z(D) =
∑
R,Q

ZRQ(D)MR(U)MQ(V ) (5.4.59)

is simply computed by the refined topological vertex amplitude with two stacks of
branes on different legs, as shown in Figure 5.2.

Figure 5.2: The full cap amplitude with branes in both the fiber and the base.

Alternatively, as will be explained in [22], this amplitude can be solved by fol-
lowing the refined Chern-Simons theory through a geometric transition. From this
perspective, ZRQ is computed by the large N limit of the refined Chern-Simons S-
matrix,

WRQ = lim
N→∞

t−
N(|R|+|Q|)

2 (q/t)
|R|+|Q|

4
SRQ(q, t;N)

S00(q, t;N)
(5.4.60)

= (q/t)
|R|+|Q|

2 MR(tρ)MQ(tρqR) (5.4.61)

where we have used the symmetrized definition of the infinite-variable Macdonald
polynomials in Appendix G. By including the appropriate metric factors, we obtain,

ZRQ =
1

gRgQ
WRQ (5.4.62)

Note that if we set the representation of the fiber brane to be trivial, Q = 0, then
this geometry is the same as the cap (C) that we studied above. This is consistent
with the fact that WR0 = dimq,t(R).

As an example, take the geometry, O(2g − 2 + p)⊕O(−p) → Σg with branes in
the fiber over h points. Then the refined amplitude is given by,
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Z
(g,p,h)
ref top (q, t) =

∑
R,R1,··· ,Rh

gg−1
R

W 2g−2+h
R0

WRR1 · · ·WRRh

gR1 · · · gRh
q

(2g−2+p)
2

||R||2t−
(2g−2+p)

2
||RT ||2Q|R|

·MR1(V1) · · ·MRh(Vh) (5.4.63)

It is also useful to understand how an anti-brane can be introduced that wraps
the fiber. Recall that in the unrefined topological string, converting a brane into an
anti-brane corresponds to taking,

sR(U)→ (−1)|R|sRT (U) (5.4.64)

where sR(U) is the Schur function. The analogue of this reversal in the refined setting
corresponds to taking,

MR(U ; q, t)→ ιMR(U ; q, t) (5.4.65)

where ι is defined by how it acts on power sums, pn(x),

ι(pn) = −pn (5.4.66)

We refer the reader to [22] for more details on this construction. This implies that
the disc amplitude with an anti-brane in the fiber is given by,

Z̃(D) =
∑
R,Q

1

gRgQ
WRQMR(U)ιMQ(V ) (5.4.67)

If we want to rewrite this in the MQ(V ) basis, this can be done by using a generalized
Cauchy identity (see Appendex G),

Z̃(D) =
∑
R,Q

1

gRgQ
(q/t)

|R|+|Q|
2 MR(tρ)MQ(tρqR)MR(U)ιMQ(V ) (5.4.68)

=
∑
R

1

gR
MR(tρ)MR(U)

∑
Q

1

gQ
(q/t)

|R|+|Q|
2 MQ(tρqR)ιMQ(V ) (5.4.69)

=
∑
R

1

gR
MR(tρ)MR(U)

∑
Q

1

gQ
(q/t)

|R|+|Q|
2 ιMQ(tρqR)MQ(V ) (5.4.70)

=
∑
R,Q

1

gRgQ
W̃RQMR(U)MQ(V ) (5.4.71)

where we have defined W̃RQ by,

W̃RQ = (q/t)
|R|+|Q|

2 MR(tρ)ιMQ(tρqR) (5.4.72)
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This amplitude will be particularly important for studying the genus g = 0 OSV
conjecture in section 5.6.2.

It is important to note that the fiber brane has a modulus, kf . If we take u to
be a coordinate for one of the fibers, then the fiber brane sits at |u|2 = const. As
is standard, this real modulus combines with the holonomy to form the complexified
Kähler parameter, kf . Including this modulus simply modifies the partition function
as,

MR(U)→ e−kf |R|MR(U) (5.4.73)

This modulus will appear in section 5.6 when we discuss the “ghost branes” that
appear in tests of the refined OSV conjecture.

5.4.3 Refined Topological Strings on L1⊕L2 → Σg and 5d U(1)
Gauge Theories

Now that we have defined a TQFT that computes refined topological string am-
plitudes, we would like to verify our proposal. A simple check is that the Gopakumar-
Vafa invariants are integers. We have verified this in general, and we present a few
examples in Appendix H.

We can perform a much stronger check of our proposal by using geometric engi-
neering. We consider M-theory on the Calabi-Yau, X = O(p)⊕O(2g− 2− p)→ Σg.
This is known to engineer five dimensional U(1) gauge theory with g hypermulti-
plets in the adjoint representation, and with a level kCS = 1− g − p five-dimensional
Chern-Simons term turned on [70,72,178].11

Now we consider the K-theoretic equivariant instanton partition function for these
theories.12 The original index in [225] that computes the K-theoretic instanton par-
tition function is exactly the same index that we have used to compute the refined
A-model in equation 5.2.16, so the two partition functions must agree.

11The motivic Donaldson-Thomas invariants of these geometries were also studied recently in
[70,72]. In general, the motivic invariants of a Calabi-Yau, X, will differ from the refined invariants
that we compute in this chapter. Motivic invariants depend on the motive of X and thus are sensitive
to its complex structure. In contrast, our refined invariants are computed by a supersymmetric index
which makes them invariant under complex structure deformations. These differences are reflected
in the connection with geometric engineering. In [70,72], the motivic invariants for these geometries
were related to the instanton partition function with the adjoint mass equal to m = (ε1 − ε2)/2 ↔
ỹ =

√
q/t. Our refined invariants are identified with the different parameter choice, m = 0↔ ỹ = 1.

We thank Emanuel Diaconescu for helpful discussions on this point.
12Ordinarily, such counting would not be sensible because U(1) instantons are singular and because

the adjoint representation of U(1) is trivial. However, this instanton counting is performed by turning
on background noncommutativity which both resolves U(1) instantons and causes fields in the U(1)
adjoint representation to transform nontrivially.
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As explained in [70], the instanton partition function for this five-dimensional field
theory is given by,

Zg,kCS
U(1) (q, t, Q̃) =

∑
µ

∏
∈µ

(
q−l( )−1/2ta( )+1/2

)kCS(
1− q−l( )t−a( )−1

)g−1

·
(

1− ql( )+1ta( )
)g−1

(t/q)
(g−1)|µ|

2 Q̃|µ| (5.4.74)

where q and t−1 are the equivariant parameters rotating the z1 and z2 planes respec-
tively. The sum is over all Young Tableaux, µ, and the arm and leg length of a box in
such a tableau (defined in equation 5.4.49) are denoted by a( ) and l( ), respectively.

By using the definitions of the metric and (q, t)-dimension in equations 5.4.42 and
5.4.48, we can rewrite the equivariant instanton partition function as,

Zg,kCS
U(1) (q, t, Q̃) =

∑
µ

(
dimq,t(µ)2

g(µ)

)1−g(
q−

1
2
||µ||2t

1
2
||µT ||2

)kCS+1−g
(−1)|R|Q̃|µ|(5.4.75)

But now it is clear that this agrees with the refined topological string partition func-
tion of equation 5.4.52,

Zg,kCS
U(1) (q, t, Q̃) = Zg,p

ref top(q, t, Q) (5.4.76)

upon making the change of variables,

Q̃ = (−1)g−1Q

kCS = 1− g − p

This verifies in general our proposed refinement of the Bryan-Pandharipande TQFT
for arbitrary line bundles over a Riemann surface.

5.5 Refined Black Hole Entropy

In this section we study BPS bound states of N D4 branes wrapping a four-cycle
inside a Calabi-Yau, and carrying D2 and D0 brane charge. We start by explaining
that the refined counting of D4/D2/D0-brane BPS bound states computes the χy-
genus of the moduli space of instantons on the four-cycle wrapped by the D4 branes.
We then specialize to the case of interest in this chapter – IIA string theory compact-
ified to four-dimensions on the class of Calabi-Yau manifolds, X, that consist of two
complex line bundles over a Riemann surface, and show how to compute the χy genus
in the examples that arise there. Finally, as a check of our results in this section, we
compare our answers in the case when the four-cycle is O(−1)→ P1 against a direct
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computation of the cohomologies of the moduli space of instantons, by Yoshioka and
Nakajima in [220,286], and find a perfect agreement.

In the unrefined case, the black hole partition function is the index

ZBH = TrHBPS(−1)F e−φ2Q2e−φ0Q0 (5.5.77)

where Q0 and Q2 are the D0 and D2 charges, while φ0 and φ2 are the respective
chemical potentials. Since we are working in the large volume limit, we can identify
D0/D2/D4 bound states with nontrivial U(N) bundles, V , over C4. The D-brane
charges and Chern classes of this bundle are related by,

Q2 = c1(V ), Q0 = ch2(V ) (5.5.78)

Therefore, calculating degeneracies will reduce to field theoretic computations on the
D4-brane worldvolume. Since the D4 brane wraps Rt × C4, we can associate to C4

a Hilbert spaceH, which is graded by D2/D0-brane charge, angular momentum, J3,
and R-charge, R. Now we would like to compute the BPS degeneracies as a trace
over this entire Hilbert space. This can be done easily by using the Witten index,
since non-BPS contributions will cancel out. Therefore we must simply compute the
D4-brane path integral on S1 × C4,

ZBH = TrH(−1)F e−φ2c1e−φ0ch2 (5.5.79)

Since the D-branes are wrapping a curved geometry, the gauge theory is topologi-
cally twisted along C4 [46]. In our case, HBPS is equal to the cohomology of instanton
moduli space for the corresponding topological sector. Therefore, computing the Wit-
ten index reduces to computing the euler characteristic, χ(M), for the moduli space
of instantons on C4.

We have presented this computation entirely from a five-dimensional perspective
because this approach will easily generalize to the refined setting. However, in the
unrefined case we could also reduce on the S1 and study the four-dimensional gauge
theory. This leads to four-dimensional topologically twisted N = 4 Yang-Mills [269]
on C4 with the observables,

S =
φ0

8π2

∫
TrF ∧ F +

φ2

2π

∫
TrF ∧ ωΣ (5.5.80)

inserted into the action. Here, ωΣ is the Kähler class of the Riemann surface, Σg.
Since this is the Vafa-Witten [269] twist of N = 4, the four-dimensional perspective
explains why we are computing the euler characteristic of instanton moduli space.

Now that we have discussed the unrefined case, we would like to count BPS states
while keeping information about angular momentum and R-charge. As explained in
section 5.2, our goal is to compute the protected spin character of D2 and D0-branes
bound to the D4-branes,

ZBH = TrHBPS(−1)2J3yJ3−Re−φ2Q2e−φ0Q0 (5.5.81)
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where we have used the variable, y ≡ e−2γ. Since this is an index, it only receives
contributions from BPS states. This means we can extend the trace to be over the
full D4-brane Hilbert space H,

ZBH = TrH(−1)2J3yJ3−Re−φ2Q2e−φ0Q0 . (5.5.82)

This also means that ZBH can be computed by the five-dimensional path integral and
will be invariant under small deformations.13

To understand precisely what the protected spin character computes, it helps to
remember that the Hilbert space HBPS can be identified with the cohomology of the
moduli spaceM of instantons on C4. Once we fix the topological charges c1 and ch2,
the most general geometric quantity that can be computed from the cohomology of
M is the Hodge polynomial,

e(M;x, y) =
∑
p,q

(−1)p+qxpyqdimHp,q(M) (5.5.83)

As explained in [87], the degrees, (p, q) are related to the R-charge and spin by,

J3 =
p+ q

2
, R =

p− q
2

(5.5.84)

Therefore, the refined black hole partition function in equation 5.5.82 computes the
generating function for the χy genus of instanton moduli space,

ZBH =
∑
c1,ch2

e−φ0ch2−φ2c1
∑
p,q

(−1)p+qyqhp,q(Mc1,ch2) (5.5.85)

=
∑
c1,ch2

e−φ0ch2−φ2c1χy(Mc1,ch2) (5.5.86)

One more aspect of the protected spin character that we will need is its transforma-
tion properties under S-duality. In the unrefined case, the transformation properties
are well known [269]. The partition function 5.5.77 transforms like a theta function,
with modular parameter φ0. We show in appendix J that in the refined case S-duality
corresponds to replacing

φ0 →
4π2

φ0

, φ2 → 2πi
φ2

φ0

, γ → 2πi
γ

φ0

(5.5.87)

13One should contrast this with the most general trace,

ZBH = TrHBPS
(−x)J3+R(−y)J3−Reφ2Q2−φ0Q0

where J3 is the generator of the Spin(3) rotation group in the (3+1)-dimensional spacetime, and
R is the U(1) R-charge of the four-dimensional BPS states. Unfortunately, this trace cannot be
extended to the full Hilbert space, since non-BPS states will contribute nontrivially. This means
that the doubly-refined trace in equation 13 cannot be computed by a five-dimensional path-integral,
and is therefore analogous to the five-dimensional Khovanov-Rhozansky construction of [285].
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where the variable y in the χy genus is related to γ by y = e−2γ. In the rest of this
section, we will show that, in the simple example of the family of Calabi-Yaus we have
been studying, the χy genus of the instanton moduli space is computable explicitly
in terms of a topological theory on the base Riemann surface Σ.

5.5.1 D4 branes on L1 ⊕ L2 → Σ

In our local Calabi-Yau manifold,

L1 ⊕ L2 → Σg

consider N D4 branes wrapping the zero section of L2. The world-volume of the
brane is

D = (L1 → Σg)

As before, we take L1 to have the first Chern class −p, so L1 is an O(−p) bundle over
Σ. In the unrefined case studied in [11], the partition function of the Vafa-Witten
twisted N = 4 U(N) Yang-Mills on D was shown to be computed by q-deformed two-
dimensional bosonic Yang-Mills on Σg. Roughly speaking, one can use localization
on the fiber over the Riemann surface to reduce the four-dimensional theory down to
a theory on Σ. The basic observation is that one can use localization along the fiber
of O(−p) → Σg to reduce the four dimensional theory to a two dimensional theory
on the fixed point set. This reduces the observables,

S =
φ0

8π2

∫
TrF ∧ F +

φ2

2π

∫
TrF ∧ ωΣ (5.5.88)

to

S =
φ0

4π2

∫
Σg

Tr Φ F +
φ2

2π

∫
Σg

Tr Φ ωΣ − p
φ0

8π2

∫
Σg

Tr Φ2, (5.5.89)

which is the action of the bosonic two dimensional Yang-Mills. Here, Φ is the holon-
omy of the circle at infinity of the C fiber – the action becomes a boundary term.
The last term reflects the topology of the fibration over Σg. The way it arises from
four dimensions was explained in [11]. This is not quite the end of the story, as one
has to be careful about the measure of the path integral. The fact that Φ comes from
the holonomy around the S1 turns it into a periodic variable – this is why the theory
is q-deformed 2d Yang-Mills, instead of ordinary 2d Yang Mills. In the limit where
the D2 brane chemical potential φ2 is turned off, the q-deformed Yang-Mills on the
above geometry reduces to an analytic continuation of ordinary Chern-Simons theory
on a degree p S1 bundle over Σg. It is important to note that the N = 4 YM and
Chern-Simons couplings are the same.

In this chapter, we would like to solve for the corresponding refined amplitudes.
Since all of the arguments in the derivation so far were topological, the only thing
that can change in a non-trivial way is the measure of the two-dimensional path
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integral. While deriving the measure is straightforward in the unrefined case, it is
more challenging in the refined theory. Instead, we will give pursue a different path.
We will find another derivation of the fact that the Vafa-Witten partition function in
this background is computed by q-deformed 2d Yang-Mills, in which understanding
the deformation we need will be easy. It will turn out that the theory we get is related
to the refined Chern-Simons theory of [18,22].

5.5.2 From 4d N = 4 Yang-Mills to 2d (q, t)-deformed Yang-
Mills

The idea of the derivation is to look at the same D4 brane background in a slightly
different way – by pairing the coordinates differently to get a Calabi-Yau four-fold
instead. Doing so will make it manifest that, in the unrefined case, the theory we
get is the same as Chern-Simons theory at φ2 = 0, or more generally, 2d q-deformed
Yang Mills.

To begin with, we will consider the case p = 0 case, so the Calabi-Yau manifold
is simply

(O(0)⊕O(2g − 2)→ Σg) = C× T ∗Σg

and the D4 branes wrap the divisor

D = (O(0)→ Σg) = C× Σg.

Thus, all together, the Vafa-Witten theory we are interested in, as we explained
above, arises from studying the partition function of the N D4-branes wrapping,

C× Σg × S1
t (5.5.90)

in IIA string theory on,
C× T ∗Σg × R3 × S1

t . (5.5.91)

As we go around the temporal circle, S1
t , we compute the index,

Z = Tr(−1)F e−φ0Q0 (5.5.92)

where Q0 is the D0-brane charge bound to the D4-branes. We have temporarily
set φ2 to zero. Our goal is to explain why this construction leads to the partition
function of analytically continued Chern-Simons on S1 × Σg. Recall moreover that
after a modular transformation, the partition function becomes manifestly equal to

the partition function of Chern-Simons theory, with q = egs = e
4π2

φ0 .
In [285], analytically continued SU(N) Chern-Simons theory on S1 × Σg was

obtained from a string theory construction involving a stack of N D4 branes wrapping

C× Σg × S1
t (5.5.93)
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in IIA string theory on the Calabi-Yau fourfold T ∗(C× Σg), or more precisely, on

T ∗(C× Σg)× R× S1
t = C× T ∗Σg × R3 × S1

t . (5.5.94)

At infinity of the D4 brane, we impose the D6 brane boundary conditions along

T ∗(S1 × Σg)× {0} × S1
t (5.5.95)

We view the C×Σg as the base of the cotangent space, and the D6 brane wraps the S1

at the boundary of C. The theory on the D4 branes (forgetting the temporal circle)
on a Lagrangian cycle in a Calabi-Yau fourfold, is the Langlands twist of N = 4
U(N) Yang-Mills on C× Σg. Upon going around the first S1, we compute the index
on the D4 brane worldvolume,

Z = Tr(−1)F e−φ
′
0Q0 (5.5.96)

where φ′0 = 4π2

φ0
= gs. Using string dualities, [285] argued that the theory on the D4

branes is U(N) Chern-Simons theory, with q = egs .
It may be surprising at first, but these two constructions are effectively the same.

In the case studied in [285] one has N = 4 theory with the Langlands twist, while
we are a priori interested in the Vafa-Witten twist. While the two are not the same
on a generic four manifold V , if we take V = C × Σg, the difference disappears.
We can argue that this is the case by recalling that topologically twisting merely
implements the twisted version of supersymmetry imposed by the string background.
As is manifest from 5.5.90 and 5.5.94, the string backgrounds end up being the same
in our case. The other apparent difference is that the Witten construction involves
D4-branes ending on a D6-brane at infinity. In contrast, the first construction naively
only involves D4-branes. This discrepancy can be resolved by remembering that in
the our setup, we still must impose boundary conditions at infinity on the noncompact
C. If we were to choose the boundary conditions S-dual to those of the D6-brane
boundary conditions for the S1 at infinity, then the two setups agree. The S-duality
is here simply to account for the fact that with D6 brane boundary conditions it is
q = egs that keeps track of the instanton charge, where q is parameter in terms of
which the one naturally writes the Chern-Simons amplitudes – while with the S-dual
boundary conditions instead, it is e−1/gs that keeps track of the instanton charge in
the gauge theory on the four-manifold.

As preparation for understanding the refined theory (and to ultimately make
contact with the definition of refined Chern-Simons in [18]), it is helpful to also
consider the unrefined setup in a slightly different geometry. On very general grounds
[285], we expect the partition function of Langlands-twisted SU(N) N = 4 theory on
a four-manifold V , to be equal to the partition function of the SU(N) Chern-Simons
theory on the boundary ∂V of the four manifold. The choice of the bulk geometry, V ,
only potentially affects the integration contour of the analytically continued Chern-
Simons partition function. In the previous setup we studied V = C× Σ, but instead
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we could choose V = R+ × S1 × Σ. More explicitly we could take IIA string theory
on the geometry,

T ∗(C∗ × Σ)× R× S1
t = C∗ × T ∗Σ× R3 × S1

t (5.5.97)

with D4 branes wrapping
R+ × S1 × Σ× S1

t (5.5.98)

and with D6 brane boundary condition along,

{0} × T ∗(S1 × Σ)× {0} × S1
t . (5.5.99)

This is the more familiar realization of Chern-Simons that appears in the study of
topological strings and in [285].

Now we would like to understand the effect of refinement on these setups. Firstly,
as we argued, the setups are effectively the same for the purposes of the index, so if
we understand refinement in any one of these, we will have understood it in all the
others as well. Moreover, note that already in the unrefined case, the first and the
second (or third) setup, are related by S-duality. Thus, if, in the second and third
constructions, we are computing the index

Zref = Tr(−1)F exp

(
− φ′0Q0 − 2γ′(J3 −R)

)
, (5.5.100)

where J3 rotates the R3 spacetime and the R-symmetry acts geometrically by rotating
the fiber of T ∗Σg, the index in the first setup is related to this by S-duality, (5.5.87)

φ′0 → φ0 =
4π2

φ′0
, γ′ → γ = 2πi

γ′

φ′0
(5.5.101)

and equals

Zref = Tr(−1)F exp

(
− φ0Q0 − 2γ(J3 −R)

)
. (5.5.102)

This would in principle simply provide alternate setups to compute the index, but
it would not save us the work of actually evaluating it. Fortunately, however, in the
third setup, the index was already computed. The problem of evaluating the refined
index in this context was solved in [15,18], in terms of the refined Chern-Simons theory
on S1 × Σg. Since all three different setups, with the identification of parameters as
in 5.5.101 give rise to the same partition function, we conclude that the partition
function in the first setup is simply the refined Chern-Simons partition function! For
γ′ = 0, refined Chern-Simons becomes the same as ordinary Chern-Simons theory,
analytically continued away from the integer level. As shown in [11], this in turn is
the same as the 2d q-deformed Yang-Mills theory on Σ, upon reduction on the S1
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factor. Thus, we have derived the result of [11], by different means. Moreover, we
have explained how to generalize it to the refined case. We will explain below that
there is a two dimensional theory theory related to refined Chern-Simons theory the
same way the q-deformed Yang -Mills is related to the ordinary Chern-Simons theory;
we will call this theory the q, t-deformed 2d Yang-Mills.

The only thing that remains to do is identify φ0 and γ, with the parameters q, t that
appear in the refined Chern-Simons partition function. To do this, we need to back
up slightly, and recall how the refined Chern-Simons theory was defined originally.
The refined Chern-Simons partition function is defined as the index of M-theory in
the background that arises by simply uplifting the third setup to M-theory. In this
case, D6 branes lift to Taub-Nut space, and D4 branes lift to M5 branes. All together,
we get M-theory on

T ∗(S1 × Σ)× TN × S1 = C∗ × T ∗Σ× TN × S1 (5.5.103)

with M5 branes on
S1 × Σ× C× S1 (5.5.104)

In addition, as we go around the S1, the Taub-NUT is twisted by,

(z1 , z2) → (q z1, t
−1 z2). (5.5.105)

So, from this perspective, the index we are computing takes the form similar to that
in equation (5.2.16):

Zref = Tr(−1)F qS1−RtR−S2 , (5.5.106)

where S1 rotates the complex plane z1 wrapped by the M5 brane and S2 generates
the rotation of the z2 plane, transverse to M5 brane and R is another R-symmetry,
coming from rotations of the fiber of T ∗Σ. Moreover, let

q = e−ε1 , t = e−ε2 .

We will see that these will turn out to be exactly the ε1 and the ε2 parameters that
arize in the refined topological string. If we reduce this to IIA, we get the third setup
back with the definition of refined Chern-Simons we started the discussion with.
Naively, following arguments similar to those in section 2, one would have expected

that we simply have e−φ
′
0 =

√
qt = e−

ε1+ε2
2 while eγ

′
=
√
q/t = e

ε1−ε2
2 . However,

this would have treated q and t symmetrically, while in refined Chern-Simons theory
the symmetry is badly broken. The fact that it is broken is very natural from the
M-theory perspective, as on the M5 brane wrapping the z1 plane S1 corresponds
to angular momentum, while S2 is an R-symmetry, rotating the space transverse to
the brane. Correspondingly, had we considered the M5 brane wrapping the z2 plane
instead, S2 would have been the momentum on the brane.
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To reconcile these two perspectives, one from M-theory with M5 branes and the
other from IIA with D4 branes, we must understand how the choice of q/t-branes
appears in the IIA geometry. From the geometry of Taub-NUT space, it can be seen
that this corresponds to whether the D4-brane runs along the positive or negative
half-line in R3. More precisely, the choice of q/t-branes is translated into whether it
fills,

{0} × {z > 0} ∈ R3 or {0} × {z < 0} ∈ R3 (5.5.107)

Now to see how this affects the identification of D0-brane charge, recall that D0-
branes are magnetically dual to D6-branes. In the presence of both kind of branes,
the electromagnetic fields carry one unit of angular momentum along the vector con-
necting their positions. But the D6-brane in our geometry is frozen at {0} ∈ R3 and
the D0-branes that bind to the D4-brane must sit at {z > 0} or {z < 0} depending
on the type of refined brane. Therefore, we find that the D0-brane always carries ei-
ther +1

2
unit of angular momentum, J3, or −1

2
unit of angular momentum, depending

on the type of D4-branes used. When we compute the above trace, it is natural to
only count the angular momentum that comes from other physics, and absorb this
intrinsic angular momentum into the weighting of D0-brane charge. From equation
this implies that each D0-brane is weighted by(√

qt
)Q0
(√

q/t
)Q0 = qQ0 or

(√
qt
)Q0
(√

q/t
)−Q0 = tQ0 (5.5.108)

in perfect agreement with the M-theory perspective. Putting

q = e−ε1 t = e−ε2 .

this implies we should identify (for the D4 brane ending from {z > 0} on the D6
brane)

φ′0 = ε′1, γ′ =
ε1 − ε2

2
.

We can use this, and S-duality, to identify the parameters φ0 and γ in terms of q and
t, as:

φ0 =
4π2

ε1
, γ = πi

ε1 − ε2
ε1

So far our discussion has focused on the p = 0 case. Once we consider nontrivial
circle or line bundles over Σ, the setups will differ since the Vafa-Witten and Langlands
twists are not equivalent when p 6= 0. As discussed in [15], the framing factors in
refined Chern-Simons can be understood as arising from a topological term. We
expect that such topological terms should be present, regardless of which setup we
use. Finally, we should remember that our goal is to count both D0-brane charge
and D2-brane charge. Therefore, we must reintroduce a term in the index, e−φ2Q2 .
This term is unaffected by refinement and takes precisely the same form as before.
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5.5.3 Refined Chern-Simons Theory and a (q, t)-deformed Yang-
Mills

To summarize, the refined black hole partition function,

Zref = Tr(−1)F exp

(
− φ0Q0 − 2γ(J3 −R)

)
. (5.5.109)

corresponding to N D4 branes on the divisor

D = (O(−p)→ Σg)

is computed by refined U(N) Chern-Simons theory on an S1 bundle over Σg of first
Chern-Class −p, where the q = e−ε1 , t = e−ε2 parameters of refined Chen-Simons are
related to φ0 and γ as

ε1 =
4π2

φ0

, ε2 =
4π2

φ0

(1− γ

2πi
), θ =

2πφ2

φ0

(5.5.110)

It will be useful for us to formulate the refined Chern-Simons theory as a two
dimensional one, refining q-deformed 2d Yang-Mills, in particular since we still need
to turn on φ2, the D2 brane chemical potential (we could have done this in the refined
Chern-Simons theory as well using the natural contact structure, but we will not do
that here). As we explained earlier, the topological terms in four dimensional action
are unchanged by refinement; only the values of φ0, φ2 change.

S =
φ0

8π2

∫
TrF ∧ F +

φ2

2π

∫
TrF ∧ ωΣ (5.5.111)

Namely, localization on the L1 = O(−p) fiber, relates the 4d observables, to 2d ones

S =
φ0

4π2

∫
Σg

Tr Φ F +
φ2

2π

∫
Σg

Tr Φ ωΣ − p
φ0

8π2

∫
Σg

Tr Φ2 ωΣ. (5.5.112)

Here, Φ is the holonomy of the four-dimensional gauge field around the circle at
infinity of the L1 fiber. We can also think of it as the holonomy of the Chern-Simons
gauge field around the S1. The origin of the last term, from the Chern-Simons
perspective was reviewed in [15, 20]. Here ωΣ is a volume form on Σg, normalized
to unit volume. The presence of this form in the action means that the 2d YM is
invariant under area preserving diffeomorphisms only.

Thus, we still get the action of the ordinary 2d Yang-Mills, but the measure has
to be deformed – both because of the periodicity of Φ, and now because also of the
q, t dependence of the index. The measure factor was in fact the only difference
between the refined and ordinary Chern-Simons theory, as well. Let Dq,tA be the
refined Chern-Simons measure. This induces a measure on the gauge fields in two
dimensions, but also on the holonomy. We will explain what the measure is in some
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detail later on, for now, let us leave it schematic. All together, the path integral of
the theory is

Zref BH =

∫
Dq,tA Dq,tΦ exp

( φ0

4π2

∫
Σg

Tr Φ F +
φ2

2π

∫
Σg

Tr Φ ωΣ−p
φ0

8π2

∫
Σg

Tr Φ2 ωΣ.
)

We will refer to this theory as (q, t)-deformed Yang-Mills theory.14

We will use this path integral to derive the answer for the partition function,
in the next subsection. For now, let us simply state the answer: For N D4 branes
wrapping a degree −p complex line bundle fibered over a genus g Riemann surface
Σg, the resulting refined partition function for bound states with D2-D0 branes is
given by,

Zref BH =
∑
R

(
(SR0)2

GR

)1−g

q
p(R,R)

2 tp(ρ,R)Q
∑
iRi (5.5.113)

where the sum is over representations, R, of U(N), ρ is the Weyl vector (ρ)i =
N+1

2
− i, and Q = e−φ2 is the D2-brane chemical potential. Here we have also used

the definitions,

SR0 = S00dimq,t(R) =

β−1∏
m=0

∏
1≤i<j≤N

[Ri −Rj + β(j − i) +m]q

GR =

β−1∏
m=0

∏
1≤i<j≤N

[Ri −Rj + β(j − i) +m]q
[Ri −Rj + β(j − i)−m]q

(5.5.114)

Note that GR is naturally the finite N version of the metric that appeared in equation
5.4.43.

5.5.4 A Path Integral for (q, t)-deformed Yang-Mills

Let us now explain in more detain what the q, t-deformed 2d Yang -Mills is, and
how to compute its partition function. The most straight-forward way to proceed is
to note that, because the theory is essentially topological, we can simply formulate
the theory on pieces of the Riemann surface, explain how to glue them together, and
show that the answer is independent of the decomposition. This has essentially been
done in [18, 20], only from the 3d perspective of the refined Chern-Simons theory
on S1 fibration over the Riemann surface. To avoid simply repeating the derivation
of [18, 20], we will instead compute the path integral directly. We will begin by

14This (q, t)-deformed Yang-Mills theory has also appeared as a limit of the TQFT that computes
the four-dimensional N = 2 superconformal index in [123]. It is also worth noting that in the limit
q → 1, t→ 1 this theory reduces to ordinary 2d Yang-Mills at zero coupling.
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recalling some of the results of [11], where the U(N) q-deformed 2d Yang-Mills theory
was studied. This section will not be entirely self contained, but will build on [11].

In [11], it was shown that the path integral of the unrefined theory can be abelian-
ized, so that we are left with U(1)N gauge fields, Ak, and N compact scalar fields,
φk, which are the eigenvalues of Φ. Starting from the original integral:

Z BH =

∫
DA DΦ exp

( 1

gs

∫
Tr Φ F +

θ

gs

∫
Tr Φ ωΣ −

p

gs

∫
Tr Φ2 ωΣ.

)
the abelianized version becomes

ZqYM =
1

N !

∫ ′∏
i

DφiDAi
(

∆(φ)
)1−g

exp

(∑
i

1

gs

∫
Σ

d2σ
(p

2
φ2
i−θ φi

)
− 1

gs

∫
Σ

Fiφi

)
(5.5.115)

where we have used the measure factor,

∆(φ) =
∏
i 6=j

(
e
φi−φj

2 − e
φj−φi

2

)
(5.5.116)

and where
∫ ′

indicates that the path integral omits those values of φ for which
∆(φ) = 0. As was argued in [11], this partition function is precisely equal to the
black hole partition function of equation 5.5.77 with the identification,

φ0 =
4π2

gs
, φ2 =

2πθ

gs
(5.5.117)

Since this action is quadratic and very simple, the path integral of q-deformed Yang-
Mills can be solved exactly.

As we discussed, in the refined case, the only thing that changes are the chemical
potentials and the measure factors. The chemical potentials become

φ0 =
4π2

ε1
, φ2 =

2πθ

ε1
(5.5.118)

and γ enters through the measure of the path integral that depends on both ε1 and
ε2:

ε2 =
4π2

φ0

(1− γ

2π
). (5.5.119)

In the refined theory, the measure becomes

∆(φ)→ ∆q,t(φ) =

β−1∏
m=0

∏
j 6=k

(
q−

m
2 e

φi−φj
2 − q

m
2 e

φj−φi
2

)
(5.5.120)
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where β = ε2/ε1, and we have taken it to be a positive integer for computational
convenience. The path integral is thus given by:

ZqtYM(Σ) =
1

N !

∫ ′∏
i

DφiDAi
(

∆q,t(φ)
)1−g

exp

(∑
i

∫
Σ

d2σ
( p

2ε1
φ2
i−

θ

ε1
φi

)
− 1

ε1

∫
Σ

Fiφi

)
(5.5.121)

Since this path integral is abelian, we can evaluate it explicitly following the
approach of [11, 47]. We begin by evaluating the path integral over abelian gauge
fields. It is helpful to first change integration variables from DAi to DFi. However,
we should only integrate over those two-forms Fk that are genuine bundles over Σg,
which means that we must impose, ∫

Σg

Fk ∈ 2πZ (5.5.122)

This can be accomplished by inserting a periodic delta function,∑
{nk}

δ(N)
(∫

Σg

Fk − 2πnk

)
(5.5.123)

which can be rewritten using Poisson resummation,∑
{nk}

δ(N)
(∫

Σg

Fk − 2πnk

)
=
∑
{nk}

exp
(
ink

∫
Σg

Fk

)
(5.5.124)

Therefore the path integral takes the form,

ZqtYM(Σ) =
1

N !

∫ ′ ∏
i

DφkDFk
(

∆q,t(φ)
)1−g

(5.5.125)

· exp

(∑
i

∫
Σ

d2σ
( p

2ε1
φ2
k −

θ

ε1
φk

)
− 1

ε1

∫
Σ

Fk(φk − iε1nk)

)

When performing the path integral over Fk we obtain a delta function from the last
term, and the path integral over φ only receives contributions from constant fields,

φk = iε1nk (5.5.126)

Therefore, the path integral evaluates to,

ZqtYM(Σ) =
1

N !

′∑
{nk}

(
∆q,t(iε1nk)

)1−g
exp

(
− pε1

2

∑
k

n2
k − iθ

∑
k

nk

)
(5.5.127)
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where
∑′ indicates that we should only sum over those field configurations where

∆ε1,β(φ) is nonzero. From equation 5.5.120, this means that we must impose ni 6= nj,
but we also require,

ni 6= nj ± 1

ni 6= nj ± 2 (5.5.128)
...

ni 6= nj ± (β − 1)

It is also helpful to notice that both the refined measure and the action are in-
variant under Weyl reflections, so we can restrict the sum to the fundamental Weyl
chamber so that n1 > n2 > . . . > nN .

We would like to use these observations to rewrite equation 5.5.127 as a sum
over U(N) representations. Recall that a U(N) representation is specified by highest
weights satisfyingR1 ≥ R2 ≥ . . . ≥ RN . Therefore, in order to satisfy the constraints
of equation 5.5.128, we should shift each nk by βk. For convenience, we can also shift
all nk by a constant amount. This leads us to the identification,

nk = Rk + βρk (5.5.129)

where ρk = N+1
2
− k. Then the partition function takes the form,

ZqtYM(Σ) =
∑
R

(
∆q,t(R)

)1−g
q
p
2

(R,R)tp(ρ,R)Q|R| (5.5.130)

where we have defined q = e−ε1 , t = e−βε1 , and Q = e−iθ, and where,

∆q,t(R) =

β−1∏
m=0

∏
i<j

[Ri −Rj + β(j − i) +m]q[Ri −Rj + β(j − i)−m]q (5.5.131)

where we have used the notation, [n]q = qn/2 − q−n/2.
We can now rewrite ∆q,t(R) in a form that clarifies the relationship to refined

Chern-Simons theory,

∆q,t(R) =
S0RS0R

GR
(5.5.132)

where SPQ is the S-matrix for refined Chern-Simons theory, but analytically continued
away from integer level, and GR is the finite N Macdonald metric. These elements
take the form,

SR0 = S00dimq,t(R) =

β−1∏
m=0

∏
1≤i<j≤N

[Ri −Rj + β(j − i) +m]q (5.5.133)

GR =

β−1∏
m=0

∏
1≤i<j≤N

[Ri −Rj + β(j − i) +m]q
[Ri −Rj + β(j − i)−m]q

(5.5.134)
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Putting this together, we can rewrite the entire partition function as,

Zref BH =
∑
R

(SR0)2−2g

(GR)1−g q
p(R,R)

2 tp(ρ,R)Q
∑
iRi (5.5.135)

in agreement with equation 5.5.113.
Finally, for comparison with refined topological string theory, it is helpful to in-

clude an overall Q-independent normalization factor,

αBH = exp

(
− ε22
ε1

ρ2(p+ 2g − 2)2

2p
+
Nθ2

2pε1
+
ε22
ε1

(2g − 2)ρ2

)(
(t; q)∞(q; q)∞

)N(g−1)

(5.5.136)
Therefore, our final result takes the form,

ZqtYM(Σ) = αBH
∑
R

(SR0)2−2g

(GR)1−g q
p(R,R)

2 tp(ρ,R)Q
∑
iRi (5.5.137)

In conclusion, (q, t)-deformed Yang-Mills gives a precise prediction for the refined
black hole partition function for D4 branes wrapping an arbitrary complex line bundle
over Σ. From the discussion above, this can also be rephrased as a mathematical
prediction for the χy genus of instanton moduli space.

It is important to notice that, as written, ZqtYM is an expansion in q = e−ε1 and
t = e−ε2 , while the original black hole index of equation 5.5.82 should be expanded
in e−1/ε1 and e−γ. Therefore, to extract D4/D2/D0 refined degeneracies, we must
use TST duality to resum the partition function ZBH so that it is written in the
appropriate expansion.

5.5.5 Example: O(−1)→ P1

In this section we focus on D4 branes wrapping the bundle O(−1) over a genus
g = 0 Riemann surface.

D0 = O(−1)→ P1

This geometry is simply given by blowing up C2 at a point, which means that the
corresponding instanton moduli space is especially simple. In the mathematical work
of Yoshioka and Nakajima [220, 286], the authors proved an explicit formula for the
Hodge polynomial of U(N) instantons on the blow-up geometry,

Pblow-up(φ0, φ2;x, y) =
∑
ch2,c1,i

e−φ0ch2−φ2c1(−1)i+jxiyjhi,j(Mch2,c1) (5.5.138)

=
1

η(e−φ0)N

∞∑
{ni}=−∞

e−φ0
(n,n)

2 (xy)(ρ,n)e−φ2
∑
i ni(5.5.139)
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Note that since this geometry is toric, hi,j is only nonzero if i = j.15. Setting x = 1
we obtain the χy genus of interest,

Pχy ;blow-up(φ0, φ2, y) =
1

η(e−φ0)N

∞∑
{ni}=−∞

e−φ0
(n,n)

2 y(ρ,n)e−φ2
∑
i ni (5.5.140)

We would like to compare this answer against the prediction of (q, t)-deformed Yang-
Mills,

Zref(D0) = αBH
∑

n1≥n2≥···≥nN

q
(n,n)

2 t(ρ,n)Q
∑
i ni

dimq,t({ni})2

g({ni})
(5.5.141)

This partition function can be rewritten using the remarkable identity,16

∑
n1≥n2≥···≥nN

q
(n,n)

2 t(ρ,n)Q
∑
i ni

dimq,t({ni})2

g({ni})
=

(
N−1∏
k=1

∞∏
j=1

1− qjtk

1− qj

)
∞∑

ni=−∞

q
(n,n)

2 t(ρ,n)Q
∑
i ni

(5.5.142)
Since the summation on the right is over all integers {ni}, we can shift the defini-

tion of n by any integer amount. Using this freedom we can finally write the partition
function as,

Zref(D0) = αBH(q, t)

(
N−1∏
k=1

∞∏
j=1

1− qjtk

1− qj

)
∞∑

ni=−∞

q
(n,n)

2 (t/q)(ρ,n)Q
∑
i ni (5.5.143)

The Q-independent prefactor in this expression is related to D4/D0 degeneracies and
is ambiguous because our geometry is non-compact. For this reason, in subsequent
formulas we will drop it.

To compare our result with the χy-genus of instanton moduli space, we must
remember that the partition function of (q, t)-deformed Yang-Mills is an expansion

in e−εk , while D-brane degeneracies arise as coefficients of an expansion in e
− 1
ε1 . To

relate these two expansions, we can rewrite Zref as a product of Jacobi theta functions,

Zref(D0) ∼
N∏
j=1

ϑ
((ε1 − ε2)(N + 1− 2j)

4πi
− θ

2π
,− ε1

2πi
) (5.5.144)

where the Jacobi theta function is defined by ϑ(z, τ) =
∑

n e
πiτn2+2πinz. It is helpful

to recall that the Jacobi theta function has the modular property,

ϑ
(z
τ
,−1

τ

)
= (−iτ)1/2 exp

(
πiz2/τ

)
ϑ(z, τ) (5.5.145)

15From equation 5.5.84, it follows that all D4/D2/D0 BPS states in this geometry have zero
R-charge (R = 0). Therefore, the ordinary and protected spin characters agree.

16An analogue of this identity for the SU(N) case has been proven by Cherednik in [63,65,68].
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Applying this transformation to the black hole partition function we obtain,

Zref(D0) ∼
∞∑

ni=−∞

e−φ0
(n,n)

2 e−φ2
∑
i nie−2γ(ρ,n) (5.5.146)

where φ0, φ2, and γ are given by the definitions in equation 5.5.110. As discussed
above, physically this modular transformation arises from performing TST duality on
the D-brane configuration.

This result precisely agrees with the expected χy-genus in equation 5.5.140. In
section 5.7, we will give an independent physical derivation of equation 5.5.140 by
using the refined semi-primitive wall crossing formula.

5.6 Large N Factorization and the Refined OSV

Conjecture

Now that we have explained how to compute both the refined black hole parti-
tion function and the refined topological string, we would like to see how they are
connected. As explained in section 5.2, the refined OSV conjecture predicts that the
refined partition function of N D4-branes wrapping,

O(−p)→ Σg (5.6.147)

should be equal to the square of the partition function of refined topological string
on

O(−p)⊕O(2g − 2 + p)→ Σg (5.6.148)

to all orders in the 1/N expansion. In equations, this implies

ZqtYM(φ0, φ2, γ) ∼ |Zref top(ε1, ε2, k)|2 (5.6.149)

with the change of variables,

k =
2π2

φ0

(
βP + i

φ2

π

)
ε1 =

4π2C

φ0

(5.6.150)

ε2
ε1

= β = 1− γ

2πi

Note that we have included the additional constant factor, C. It will become clear
(see equation 5.5.110) that in our example the value for C is 1 so that,

φ0 =
4π2

ε1
(5.6.151)
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This is in contrast with the more symmetric choice of

φ0 ∼
4π2

ε1 + ε2
(5.6.152)

that was used in our discussion of the refined OSV conjecture in section 5.2. This
apparent discrepancy can be resolved by postulating that D0-branes in our setup
carry intrinsic charge under (J3 − R), which will change their effective weighting in
the refined partition function. As explained in section 5.5.2, this is expected since
in the dual refined Chern-Simons construction, D0-branes carry angular momentum
which causes them to be weighted by either q or t, but not

√
qt.

We can make the change of variables in equation 5.6.150 even more explicit for
the geometries we are studying. It might seem that the D4-brane charge, P , is simply
the number of D4 branes, N , that wrap the bundle, C4 = O(−p) → Σg. However,
we should really measure this charge in electric D2 brane units. As explained in [11]
these charges differ because of the nontrivial intersection number of the Riemann
surface Σ with the four-cycle wrapped by the D4 branes, C4,

#(Σ ∩ C4) = 2g − 2 + p (5.6.153)

leading to the identification,

P = N(2g − 2 + p) (5.6.154)

Now we want to test the above predictions by using the results that we have built
up in sections 5.4 and 5.5, where we solved for both the refined black hole partition
function and the refined topological string on these geometries. We found in section
5.5, that the refined brane partition function is computed by the two-dimensional
(q, t)-deformed Yang-Mills, whose partition function depends on two coupling con-
stants (ε1, ε2) and a theta-term, θ. As explained in equation 5.5.110, these gauge
theory variables are related to the refined black hole chemical potentials by,

φ0 =
4π2

ε1
, φ2 =

2πθ

ε1
, γ =

2πi(ε2 − ε1)

ε1
(5.6.155)

Putting this together with the predictions of the refined OSV conjecture, we find that
the large N limit of (q, t)-deformed Yang-Mills should be equal to the square of the
refined topological string with the Kähler modulus equal to,

k = 2πi
X1

X0

=
1

2
(2g − 2 + p)Nε2 + iθ (5.6.156)

and the topological string couplings (ε1, ε2) identified with the same variables in the
Yang-Mills theory.
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R+

R-

Figure 5.3: The composite Young Tableau, R+R−, is shown for two SU(N) represen-
tations R+ and R−.

To test this precise prediction, we must carefully study the large N limit of (q, t)-
deformed Yang-Mills. The key observation, first made for ordinary two-dimensional
Yang-Mills in [145], is that representations of SU(N) for large N can be viewed as
composites of two Young Tableaux as shown in Figure 5.3. This splitting can be
thought of as a splitting of the Hilbert space as N →∞ into two chiral pieces,

H ∼ H+ ⊗H− (5.6.157)

If the dynamics of the theory respect this splitting, then the partition function will also
factorize into two pieces as predicted by the refined OSV conjecture. In this section
we will show that the partition function does indeed satisfy this factorization, after
properly accounting for the sum over RR fluxes and asymptotic boundary conditions.
It is important to note that this splitting is valid to all orders in 1/N , but it is not
valid nonperturbatively since the two Young Tableaux will interfere with each other at
finite N . It would be interesting to compute the nonperturbative refined corrections
to our result.

As in the unrefined case, it is helpful to split our discussion into the genus g ≥ 1
and the genus g = 0 cases. We begin with the higher genus geometries.
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5.6.1 Genus g ≥ 1 Case

As explained in equation 5.5.137, the refined black hole partition function for N
D4 branes wrapping O(−p)→ Σg is given by,

ZqtYM(Σg, p) = αBH
∑
R

(
(SR0)2

GR

)1−g

q
p(R,R)

2 tp(ρ,R)Q
∑
iRi (5.6.158)

The sum is over all U(N) representations which we denote by R. The normalization
constant αBH defined in equation 5.5.136 is included for convenience when making
the connection with refined topological strings.

When we take the large N limit, it will be helpful to decompose each U(N)
representation into an SU(N) and U(1) representation. Recall that representations
of U(N) are labeled by integers, Ri, such that R1 ≥ R2 ≥ · · · ≥ RN where the Ri

can take positive or negative values. We can decompose this into a representation of
SU(N) and a representation of U(1) by rewriting it as,

Ri = Ri + r i = 1, . . . , N − 1 (5.6.159)

RN = r

where the Ri label an SU(N) representation. Then the U(1) charge is given by

m = |R|+Nr (5.6.160)

where r ∈ Z. We can rewrite the terms appearing in the partition function, as,

|R| =
∑
k

Rk = m

(R,R) =
∑
k

R2
k =

∑
k

R2
k +

m2

N
− |R|

2

N
(5.6.161)

2(ρ,R) =
∑
k

Rk(N + 1− 2k) =
∑
k

Rk(1− 2k) +N |R|

For genus g 6= 1, the partition function also involves the metric and (q, t)-dimension.
These quantities are the same for the U(N) representation R and its SU(N) part R,

dimq,t(R) = dimq,t(R) (5.6.162)

gR = gR

From equations 5.5.134 and 5.5.133, this is true because both quantities can be written
as functions only of the differences Ri−Rj which are independent of the U(1) charge.

Now we would like to study the large N limit of this theory. As mentioned above,
in this limit each SU(N) representation can be decomposed into a composite of two
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representations as depicted in Figure 5.3. If we form the composite representation of
R+ and R−, which we denote by R+R−, then its row lengths are given by,

(R+R−)i = (R−)1 + (R+)i − (R−)N+1−i (5.6.163)

Note that for this to be a good composite representation the two representations
should not interact with each other, so that either (R+)i or (R−)N+1−i is equal to
zero for each i. As explained above, we can neglect these interactions provided that
we only study the perturbative expansion in 1/N .

Now we want to study how the quantities in equation 5.6.161 decompose for a
U(N) representation R whose SU(N) part consists of the composite representation
R+R−. In this case the U(1) charge is given by, m = Nl + |R+| − |R−|, where we
have defined l = r + (R−)1. Then we find the decomposition,

|R| =
∑
i

Ri = |R+| − |R−|+Nl

(R,R) =
∑
i

R2
i = ||R+||2 + ||R−||2 +Nl2 + 2l(|R+| − |R−|) (5.6.164)

2(ρ,R) =
∑
k

Rk(N + 1− 2k) = −||RT
+||2 − ||RT

−||2 +N |R+|+N |R−|

where ||R||2 =
∑

k R
2
k and ||RT ||2 =

∑
k(2k − 1)Rk.

Putting together these results, we can rewrite the refined black hole partition
function as,

Zref BH = αBH

∑
l∈Z

∑
R+,R−

(
GR+R−(
S0R+R−

)2

)g−1

q
p
2

(
||R+||2+||R−||2

)
(5.6.165)

t−
p
2

(
||RT+||2+||RT−||2

)
e−iθ(|R+|−|R−|)qlp(|R+|−|R−|)t

Np
2

(|R−|+|R+|)q
Npl2

2 e−iθNl

With the refined OSV relation in mind, we can use the formula for the Kähler modulus
in equation 5.6.156 to rewrite αBH as,

αBH =
(

(t; q)∞(q; q)∞

)N(g−1)

(5.6.166)

· exp

(
− 1

ε1ε2

k3 + k
3

6p(p+ 2g − 2)
+ β

(k + k)(p+ 2g − 2)

24p
+ ε1β

2ρ2(2g − 2)

)
So far we have explained how the framing factor and θ-dependent terms factorize,

but we still need to understand the metric and (q, t)-dimension. Their factorization
properties are derived in Appendix I, with the result that,

GR+R−

q2β2ρ2
(
S0R+R−

)2 =
(
M(q, t)M(t, q)

)−1(
(t; q)∞(q; q)∞

)−N
T 2
R+
T 2
R−Q

|R+|+|R−|

·
gR+gR−KR+R−(Q q

t
)KR+R−(Q)

W 4
R+
W 4
R−

(5.6.167)
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where we have defined Q = tN and used the framing factor, TR = q||R||
2/2t−||R

T ||2/2,
and where

KR+R−(Q; q, t) =
∑
P

1

gP
Q|P |(t/q)|P |WPR+(q, t)WPR−(q, t) (5.6.168)

From these factorization formulas, we can write the entire refined black hole par-
tition function as a sum over chiral blocks,

Zref BH =
∑
l∈Z

∑
R1,···R2g−2

Z+
R1,··· ,R2g−2

(k + plε1)Z+
R1,··· ,R2g−2

(k − plε1) (5.6.169)

where the chiral block is defined by,

Z+
R1,··· ,R2g−2

(k) = Z0(q, t) ·
(
t
N
2

)|R1|+···|Rg−1|(tN+1
2 q−

1
2

)|Rg |+···|R2g−2| (5.6.170)∑
R

(TR)p+2g−2e−k|R|
WR1R(q, t) · · ·WR2g−2R(q, t)

W 4g−4
0R

(gR)g−1

gR1 · · · gR2g−2

where k = 1
2
(p+ 2g− 2)Nε2 + iθ and where we used the definition of the degree zero

piece, Z0, defined in equation 5.4.55.
Now we come to the physical interpretation of these chiral blocks. First notice that

the chiral block is precisely the refined topological string amplitude for the geometry

O(2g − 2 + p)⊕O(−p)→ Σg (5.6.171)

with branes in the fibers over 2g − 2 points, as explained in section 5.4.2,

Z+
R1,··· ,R2g−2

(k) = Zref top, R1,··· ,R2g−2(k) (5.6.172)

The factors, t
1
2
N |Ri| appear because these branes have been moved in the fiber away

from the origin. These “ghost branes” were explained in [9] as parametrizing non-
compact Kähler moduli in the fiber directions. Naively, one might expect there to be
noncompact moduli over every point on the Riemann surface. However, these moduli
can be localized by using the symmetries corresponding to meromorphic vector fields
on Σ. Since these vector fields have 2g − 2 poles generically, we find ghost branes
over precisely 2g − 2 points.

This picture must be modified slightly in the refined case, since not all of these
branes are the same. They split into two groups of g− 1 branes, which differ only by
their fiber Kähler parameters which are either

kf =
1

2
Nε2, or kf =

1

2
Nε2 +

1

2
(ε2 − ε1) (5.6.173)
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It would be interesting to derive this splitting from first principles. Another important
aspect of our formula for large N factorization is the sum over the U(1) charge, l. As
in the unrefined case [267], we interpret this as arising from the sum over RR-flux
through the Riemann surface. Alternatively, this sum arises because the black hole
partition function is trivially invariant under shifts φ2 → φ2 + 2πipn.17 The sum
over U(1) charge enforces this same periodicity on the topological string side of the
correspondence.

5.6.2 Genus g = 0 Case

The genus zero case works much the same way as the higher genus case. By decom-
posing the U(N) representations into U(1) and composite SU(N) representations, we
can write the corresponding brane partition function as,

Zref BH = α
∑
l∈Z

∑
R+,R−

(S0R+R−
)2

GR+R−

q
p
2

(
||R+||2+||R−||2

)
t−

p
2

(
||RT+||2+||RT−||2

)
e−iθ(|R+|−|R−|)qlp(|R+|−|R−|)t

Np
2

(|R−|+|R+|)q
Npl2

2 e−iθNl (5.6.174)

However, since dimq,t(R+R−) appears in the numerator, we will use the other set of
identities from appendix I to give,

q2β2ρ2
(S0R+R−

)2

GR+R−

= M(q, t)M(t, q)
(

(t; q)∞(q; q)∞

)N
T−2
R+
T−2
R−
Q−|R+|−|R−|

·
NR+R−(Q q

t
)NR+R−(Q)

gR+gR−
(5.6.175)

where,

NR+R−(Q, q, t) :=
∑
P

1

gP
Q|P |(t/q)|P |W̃RP (q, t)WPS(q, t) (5.6.176)

and where W̃RP is the cap amplitude for placing a brane in the base and an anti-brane
in the fiber as explained in section 5.4.2.

Therefore, we can rewrite the black hole partition function as a sum over chiral
blocks,

Zref BH =
∑
l∈Z

∑
R1,R2

Z+
R1,R2

(k + plε1)Z−R1,R2
(k − plε1) (5.6.177)

where the Kähler parameter is given by,

k =
1

2
(p− 2)Nε2 + iθ (5.6.178)

17The extra factor of p arises because the black holes have charges, Q2 ∈ 1
pZ, as explained in [11].
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It is important to notice that in the genus zero case, the chiral and anti-chiral blocks
are not precisely the same. The chiral block is equal to,

Z+
R1,R2

(k) = Z0(q, t)t
1
2
N |R1|

(
t
N+1

2 q−
1
2

)|R2|
∑
R

(TR)p−2e−k|R|
WR+R1(q, t)WR+R2(q, t)

gR gR1 gR2

(5.6.179)
while the anti-chiral block takes the slightly different form,

Z−R1,R2
(k) = Z0(q, t)t

1
2
N |R1|

(
t
N+1

2 q−
1
2

)|R2|
∑
R

(TR)p−2e−k|R|
W̃R+R1(q, t)W̃R+R2(q, t)

gR gR1 gR2

(5.6.180)
As in the higher genus case, the refined ghost branes split into two types depending

on their fiber Kähler moduli and we obtain a sum over RR-flux. The chiral block
computes precisely the refined topological string amplitude on O(p−2)⊕O(−p)→ P1

with two “ghost” branes in the fiber.
The main difference between the higher genus and genus zero cases is that here

the anti-chiral amplitude is the refined topological string on the same geometry but
with two anti-branes rather than branes in the fiber. We can use the same argument
as before for why there are precisely two ghost branes. However, now localization by
using a generic vector field on the P1 will have two zeros rather than poles.

5.7 Black Hole Entropy and Refined Wall Crossing

In section 5.5.5, we used (q, t)-deformed Yang-Mills to compute the entropy of
D-branes wrapping the blow-up geometry O(−1) → P1 and found agreement with
the mathematical result of [286]. In this section, we explain an alternative way
to compute this black hole partition function by using refined wall-crossing. We
follow the approach of [229, 230], giving a refined generalization of their unrefined
computations.

We start by studying the resolved conifold, O(−1) ⊕ O(−1) → P1, with N D4-
branes wrapping the four cycle C4 = O(−1) → P1. We would like to compute the
refined degeneracies of these D4 branes bound to lower dimensional branes. Note
that since C4 contains the compact two-cycle, P1, D2 branes can form bound states
with the stack of D4s.

The key insight of [230] is that by varying the Kähler modulus of the P1, which we
denote by z, the refined partition function will simplify in certain chambers. Specif-
ically, by sending z → −∞, the conifold will undergo a flop transition, and the
four-cycle, C4 will become a cycle wrapping only the fiber directions, as in shown in
Figure 5.4. Most importantly, this new four-cycle is topologically C2 and does not
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Figure 5.4: The flop transition for the conifold. N D4-branes wrap the shaded four-
cycle, which changes topology under the flop.

have any compact two-cycles. Thus, in this chamber, only D4 and D0 branes can
bind, and the refined partition function simplifies dramatically.

Now by starting in this simple chamber, we can vary the Kähler parameter z
and keep track of how the refined partition function jumps. The partition function
is locally constant, but along real codimension-one walls of marginal stability it will
jump. Since the conifold geometry is fairly simple, we can identify all walls of marginal
stability and jumps as we take z from −∞ to ∞. This will allow us to explicitly
compute the refined partition function at z =∞ and find agreement with our (q, t)-
deformed Yang-Mills computation in section 5.5.5.

To find these walls, we must first compute the central charge of BPS bound states.
Note that since our geometry is noncompact, the central charge of the D4 branes is
infinite and its phase is not well-defined. As explained originally in [175], this can
be remedied by starting with a compact geometry and including a component of the
complexified Kähler form along the direction that is becoming noncompact. The
result is that the central charge of the D4 brane is given by,

Z(D4) = −1

2
Λ2e2iφ (5.7.181)

where Λ� 1, and ultimately we want to take Λ→∞ to obtain the resolved conifold.
Note that φ is still a free real parameter, but for our purposes we will keep it fixed
and only vary the complexified Kähler parameter, z.

Now we can consider a more general D4/D2/D0 bound state with charges,

Γ = (P6, P4, Q2, Q0) = (0, N,m, n) (5.7.182)

Its central charge is given by,

Z(Γ) = −1

2
NΛ2e2iφ +mz + n (5.7.183)
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This state can decay as Γ → Γ1 + Γ2 precisely when Z(Γ1) and Z(Γ2) are aligned.
Depending on the charges of Γi, there are two types of walls that we must consider.

First, Γ could decay into two states that each have nonzero D4-brane charge.
Such fragmentation of the stack of D4 branes was discussed in this context in [229].
Although the alignment of central charges seems to suggest that these fragments can
form, we argue that fragmentation walls are not physical in our setup.

The crucial point is that the D4 branes remain noncompact throughout moduli
space. From a field theory perspective fragmentation corresponds to changing a scalar
field’s vev. But for a field theory on noncompact spacetime, this vev is a background
parameter of the theory and changing it would cost infinite energy. Therefore, we
conclude that because of the noncompactness of the D4-branes, there can be no
binding or decay across these walls, and they can be consistently ignored.

The second type of wall is much more interesting for us and involves the decay
Γ→ Γ1+mΓ2 where Γ2 only has D2/D0 charge. From the Gopakumar-Vafa invariants
of the conifold, it follows that the only BPS D2/D0 bound states are,

Ω0(0, 0, 0, n; y) = −2

Ω0(0, 0,±1, n; y) = 1 (5.7.184)

where Ωj(Γ) is the refined degeneracy for states with spin j.
Now we would like to find the walls of marginal stability where Γ = (0, N,m, n)

can decay into these bound states. Since Λ � 1, the phase of the central charge is
equal to arg(Z(Γ)) = 2φ + π, which means that the walls of marginal stability for Γ
will be independent of N , m, and n, provided N > 0.

First we can consider the pure D0-brane decay channel where Γ2 = (0, 0, 0, n).
However, the central charge of Γ2 is always real, which means that for a generic fixed
choice of φ, the central charges of Γ and Γ2 will never align. This means that there
are no walls of marginal stability associated with D0 decay.

Next, we consider the second possibility of a decay involving Γ2 = (0, 0,±1, n).
In this case, the phase of the central charge is given by, arg(Z(Γ2)) = arg(±z + n),
which implies that a wall of marginal stability can occur as we vary z. We will denote
these walls of marginal stability by W±1

n , and they are given explicitly by,

W 1
n : φ =

1

2
arg(−z − n) (5.7.185)

W−1
n : φ =

1

2
arg(z − n) (5.7.186)

These walls of marginal stability are shown in Figure 5.5.
Now that we have identified all walls of marginal stability, we want to study how

the partition function jumps across these walls. For general decays, this jump can
be quite complicated and is determined by the formula of Kontsevich and Soibelman
[188]. However, for our purposes we only must deal with semi-primitive decays of the
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Figure 5.5: Walls of marginal stability for the conifold moduli space. The path we
follow is shown by the arrow.

form, Γ→ Γ1 +mΓ2. The refined semi-primitive wall-crossing formula was computed
in [95], and is given by,

∞∑
n=0

Ω(Γ1 +nΓ2; y)xn = Ω(Γ1; y)
∞∏
k=1

k|〈Γ1,Γ2〉|∏
j=1

∏
n

(
1 + (−1)nxky

k|〈Γ1,Γ2〉|+1−2j
2

)(−1)nΩn(kΓ2)

(5.7.187)
where we have used the intersection form 〈Γ1,Γ2〉. In the mirror IIB geometry, this
intersection form is simply the geometric intersection number of the corresponding
lagrangian three-cycles. In IIA, it is equal to,

〈Γ,Γ′〉 = P6 ·Q′0 − P ′6 ·Q0 + P4 ·Q′2 − P ′4 ·Q2 (5.7.188)

Finally, in the exponent of the semi-primitive wall-crossing formula we have used the
refined degeneracies, Ωn(Γ), that compute the index of states with spin n.

Now we that we have explained the refined semi-primitive wall-crossing formula,
we want to apply this to our setup. We start with some BPS state Γ = (0, N,m, n).
At the W 1

n wall, our state will decay into Γ1 + Γ2 where Γ2 = (0, 0, 1, n). This
means that the intersection is given by |〈Γ1,Γ2〉| = N . From our discussion above,
the semi-primitive wall-crossing formula simplifies since Ω(kΓ2) = 0 for k > 1, and
Ωn(Γ2) = δ0,n.

Putting this together, we can write the refined black hole partition function using
chemical potentials q̃ and Q̃ for the D0 and D2-brane charge respectively. Then we
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find that the partition function jumps across the wall W 1
n as,

Zref BH(Q̃, q̃, y; z)→ Zref BH(Q̃, q̃, y; z)
N∏
j=1

(
1 + y

N+1
2
−jQ̃q̃n

)
(5.7.189)

Note that the wall-crossing factor takes the form of the Fock space character for a
spin N−1

2
multiplet.

Similarly, crossing the wall W−1
n results in the jump,

Zref BH(Q̃, q̃, y; z)→ Zref BH(Q̃, q̃, y; z)
N∏
j=1

(
1 + y

N+1
2
−jQ̃−1q̃n

)
(5.7.190)

Now having understood how to cross individual walls, we want to follow a path
in moduli space that connects the flopped geometry to the the large volume limit of
interest. As shown in Figure 5.5, we can take z = 1

2
+ ir and follow the path from

r = −∞ to r = +∞. This path crosses all W 1
n and W−1

n walls for n > 0, along with
the wall W 1

0 . This implies the relationship,

Z+∞(q̃, Q̃, y) = Z−∞(q̃, y)
N∏
j=1

{(
1+y

N+1
2
−jQ̃

) ∞∏
n=1

(
1+y

N+1
2
−jQ̃q̃n

)(
1+yj−

N+1
2 Q̃−1q̃n

)}
(5.7.191)

Using the Jacobi Triple product, this can be rewritten as,

Z+∞(q̃, Q̃, y) = Z−∞(q̃, y)

(
∞∏
n=1

(1− q̃n)−N

)∑
{ni}

q̃
1
2

(n,n)(Q̃q̃−1/2)
∑
i niy

∑
i(
N+1

2
−i)ni(5.7.192)

∼
∑
{ni}

e−φ0
1
2

(n,n)e−φ2
∑
i niy

∑
i(
N+1

2
−i)ni (5.7.193)

where we have identified e−φ0 = q̃ and e−φ2 = Q̃q̃−1/2.18 Up to the D0/D4-brane
bound states which are determined by the z = −∞ chamber, this formula agrees
precisely with the partition function computed in equation 5.5.146. Thus, we have
given two independent derivations of this mathematical formula, from gauge theory
and from wall-crossing.

18This shift in charges arises because of the Freed-Witten anomaly [122], which implies that the
spacetime D-brane charge, Γ, is related to the chern character of a vector bundle, E, over a four-
cycle S, by Γ = ch(E)e

1
2 c1(S). This leads to the above nontrivial relationship between the D-brane

charges seen by wall-crossing, and the instanton charges seen by (q, t)-deformed Yang-Mills.
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Appendix A

The Conifold

We will show how we can use Seiberg duality and dimer mapping explained in
section 2.4, to reproduce the results of [264,287] on the partition function of the coni-
fold. Recall that the conifold has only two nodes, which makes this model especially
simple. The conifold quiver is shown for chamber n (with n framing nodes) in Figure
A.1 while the conifold dimer is shown in Figure A.2.

(n)

(n-1)

12

0

Figure A.1: The conifold quiver for chamber n.

Starting from the configuration shown in Figure A.2(a), we can perform Seiberg
Duality on Node 1. Seiberg Duality results in a dual face for 1, as explained in section
2.4. However, the resulting brane tiling has two-valent vertices, which correspond to
mass terms in the superpotential. Integrating out results in the quiver shown in
Figure A.2(c). This transformation takes the quiver from chamber n to chamber
n+1. As an explicit example of the techniques in section 2.4, we will derive the exact
wall crossing formula, along with the change of variables from the dimer model.

The exact partition function for the conifold is known [264,287]. In chamber n, it
is given by,

Z(n, q1, q2) = M(1,−q1q2)2
∏
k≥1

(
1 + qk1(−q2)k−1

)k+n−1
∏
k≥n

(
1 + qk1(−q2)k+1

)k−n+1
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where M(x, q) is the MacMahon function,

M(x, q) ≡
∞∏
m=1

( 1

1− xqm
)m

2

2

2 2

2

1

1

1

1

1

1

1

1 2

2

22

2

2

2

2 2

2

1

1

1

1

(a) (b) (c)

Figure A.2: The effect of Seiberg Duality on the conifold dimer. In the second step,
we have integrated out the fields with a mass term in the superpotential coming from
the 2-valent vertices.

Now consider crossing the wall from chamber n to chamber n+1. This gives,

Z(n+ 1) = Z(n, q1, q2)(1 + q1)〈q1,q∆〉 = Z(n, q1, q2)(1 + q1)−n

since for the conifold, every melting configuration must have the same intersection
number, ∆1 ◦∆ = −n. 1 By a simple change of variables 2

q1 = −Q−1
2

q2 = −Q1Q
2
2

we find,

Z(n+ 1) = M(1,−Q1Q2)2
∏
k≥1

(
1 +Qk

1(−Q2)k−1
)k+n+1

∏
k≥n+1

(
1 +Qk

1(−Q2)k+1
)k−n

which agrees with the general formula for the conifold partition function in chamber
(n+1).

1Note that in Section 2.4 we only considered dualizing on nodes with n0∗ = 1 or 0 framing arrows.
However, the conifold is simple enough to explicitly check that the dimer intersection number equals
the quiver intersection number for arbitrary n0∗.

2This change of variables includes additional minus signs relative to (2.4.24). This is because in
this infinite product form, we have implicitly absorbed signs in the {qi}. These signs flip (from the
(−1)d(∆) factors) when we cross the wall from chamber n to chamber n+ 1.
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Appendix B

The local P2 example

As another example, consider the toric quiver corresponding to X = O(−3) →
P2. The D4-D2-D0 quiver has three nodes, corresponding to Ẽ3 = OS(−3), Ẽ1 =
OS(−2)[−1], Ẽ2 = OS(−1)[−2]. The charge of OS(n) is

DSe
nDt− 1

2
KS(1 +

1

24
c2(S)) (B.0.1)

where DS is the divisor corresponding to the surface, and Dt generates the Kahler
class, so DS = −3Dt. Also, DtDS = Ct and per definition DtCt = 1. Thus, (B.0.1)
can be rewritten as

DS + (n+
3

2
)Ct +

1

2
(n+ 1)(n+ 2) pt− 1

8
pt (B.0.2)

We can write

∆̃3 = DS + pt + (−3

2
Ct +

1

4
pt)

∆̃2 = DS + 2Ct + (−3

2
Ct +

1

4
pt)

∆̃1 = −DS − Ct + (
3

2
Ct −

1

4
pt).

This has n31 = n12 = 3, n23 = 6, where nij is the number of arrows from node i to
node j. Add to this the D6 brane, corresponding to OX [−1], whose charge is

∆̃0 = −X(1 +
c2(X)

24
),

Since c2(X) · DS = (c2(S) − c2
1(S))DS = −6, it is easy to see that n03 = 1 and

n02 = n01 = 0. The intersection numbers can be computed by setting up the usual
Ext machinery, and then reducing this to cohomology calculations on S = P2. For
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example, Ext1X(OX [−1],OS(−3)) = Ext2X(OX ,OS(−3)) = H2(P2,OS(−3)) = C,
while all the other Ext groups vanish in this sector.1

This is not a toric quiver yet, we need to dualize node ∆̃1. We get,

∆3 = ∆̃3 = DS + pt + (−3

2
Ct +

1

4
pt)

∆2 = ∆̃2 + 3∆̃3 = −2DS − Ct + 2(
3

2
Ct −

1

4
pt)

∆1 = −∆̃1 = DS + Ct − (
3

2
Ct −

1

4
pt).

and ∆0 = ∆̃0, unchanged. The new bundles are given by, E3 = OS(−3), E1 =

OS(−2)[−2], E2 = ÕS. This has n13 = n21 = n32 = 3, n03 = 1, and the superpotential

W =
4∑

i,j,k=1

εijkTrAiBjCk

where nij is the number of arrows from node i to node j. The resulting quiver is in
Figure B.1.

1

Q
2 3

0

Figure B.1: The quiver for the orbifold phase of local P2.

The crystal C corresponding to this quiver is on the left in the Figure B.2. The
corresponding crystal C0 is on the right. This corresponds to a set of points

N1 +N2 +N3 = 3N0,

in agreement with the fact that for local P2, Q = (1, 1, 1,−3).

1The last step follows from dimH0(Pk,O(m)) =
(
m+k
k

)
, dimHk(Pk,O(m)) =

( −m−1
−k−m−1

)
, and

dimHn(Pk,O(m)) = 0, for n 6= 0, k, see e.g. [32].
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Figure B.2: The full crystal, C for local P2 is shown on the left, while the subcrystal,
C0 corresponding to holomorphic functions is shown on the right.

Changing the B-field to D = −nDS = 3nDt, the lattice C0(D) becomes (see Figure
B.3)

N1 +N2 +N3 = 3N0 + 3n.

Getting C(D) from C corresponds to removing sites

n−1∑
i=0

(3i+ 1)(3i+ 2)

2
∆3 +

(3i+ 2)(3i+ 3)

2
∆2 +

(3i+ 3)(3i+ 4)

2
∆1

Summing up the charges, we find

nDS +
3

2
n2Ct + (

3

2
n3 − 1

4
n)pt

This accounts for the charge the D6 brane picks up by putting it in the background
B-field, which takes it to OX(D)[−1], with charge

∆ = −XeD(1 +
c2(X)

24
),

Namely, it is easy to see that this agrees with the difference

∆−∆0 = nDS −
n2

2
DSDS +

n3

3!
DSDSDS +

n

24
C2(X)DS

using
DSDS = −3Ct, DSDSDS = 9,
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Figure B.3: The full crystal, C(D), and the subcrystal, C0(D) for local P2 after turning
on a large B-field.

Similarly, the face of the crystal carries charge

(3n+ 1)(3n+ 2)

2
∆3 +

(3n+ 2)(3n+ 3)

2
∆2 +

(3n+ 3)(3n+ 4)

2
∆1

which equals

DS + (3n+
3

2
)Ct + (

(3n+ 1)(3n+ 2)

2
+

1

4
)pt.

From above, we see that this is the charge of

OS(D),

as we claimed in the text. Similarly, the charge of an edge is

(3n+ 1)∆3 + (3n+ 2)∆2 + (3n+ 3)∆3.

This equals
Ct + (3n+ 1)pt,

the charge of
OCt(D).
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Appendix C

The (2, 0) Theory on Seifert
Three-Manifolds

In this appendix we explain in more detail how the refined Chern-Simons theory
arises from wrapping M5 branes on Seifert three-manifolds.

We begin by considering the (2, 0) theory on three-manifolds of the special form,
M = Σ×S1, where Σ is a Riemann surface, and we take the rest of the worldvolume
directions to be R2 × S1

β. Since Σ is curved the theory will be partially topologically
twisted along Σ.

We can either work in M-theory, where the partial topological twist is implemented
by the geometry, M ⊂ T ∗M , or in the (2, 0) theory by performing the topological
twist directly. For maximal generality, we will consider the A, D, and E-type (2, 0)
theories together. Recall that the D-type (2, 0) theory arises from placing M5 branes
on an orbifold, as we have considered in the body of this dissertation. An M5-brane
construction of the E-type theory is not known, but we can still describe it in terms
of the (2, 0) theory. In the following, we denote the choice of gauge group by G.

The construction is simplified by working instead with five-dimensional N = 2
Super-Yang-Mills theory, obtained by reducing on the trivial S1. The N = 2 su-
persymmetry algebra in five dimensions contains the maximal bosonic subalgebra,
SO(4, 1)E×SO(5)R. Under the SO(4, 1)E rotation group and the SO(5)R-symmetry,
the supercharges transform as (4,4).

M5 branes wrapping S1
β×C×Σ×S1 ⊂ S1

β×C2×T ∗(Σ×S1) correspond to Yang-
Mills on S1

β × R2 × Σ , so it is natural to study the subgroups SO(2)S1 × SO(2)Σ ⊂
SO(4, 1)E and SO(2)R× SO(2)S2 ⊂ SO(5)R. Geometrically, SO(2)S1 corresponds to
rotations along the brane in R2, SO(2)Σ rotates the Riemann surface, SO(2)R rotates
the directions in the Calabi-Yau transverse to the brane, and SO(2)S2 corresponds
to rotations in the two noncompact transverse directions.1 The sixteen supercharges

1The convention of using S2 to denote part of the R-symmetry may seem strange from a field
theory perspective, but from the brane picture it is quite natural since this R-symmetry rotates the
the transverse noncompact directions. This notation is especially natural when the M5 branes are



188

have the quantum numbers, (±1
2
,±1

2
;±1

2
,±1

2
) under this subgroup.

The partial topological twist comes from taking the diagonal combination SO(2)′Σ =
(SO(2)Σ × SO(2)R)diag. It is important to note that the groups involved in the twist
are abelian; for this reason the supercharges will simultaneously have well-defined
quantum numbers under both SO(2)′Σ and SO(2)R. Upon performing the topological
twist, we keep only those supercharges that are neutral under SO(2)′Σ so we are left
with eight supercharges whose quantum numbers under SO(2)S1×SO(2)R×SO(2)S2

are, (±1
2
,±1

2
,±1

2
) (see Table C.1). These supercharges form an N = 4 superal-

gebra in three dimensions. N = 4 supersymmetry in three dimensions has an
SU(2)R × SU(2)S2 R-symmetry, and the above SO(2)R × SO(2)S2 symmetries are
simply the respective abelian subgroups of the full R-symmetry.

2S1 2S2 2SR SR − S2

Q11
+ +1 +1 +1 0

Q11
− −1 +1 +1 0

Q22
+ +1 −1 −1 0

Q22
− −1 −1 −1 0

Q21
+ +1 −1 +1 +1

Q21
− −1 −1 +1 +1

Q12
+ +1 +1 −1 −1

Q12
− −1 +1 −1 −1

Table C.1: Supercharge Quantum Numbers in Three-Dimensional N = 4 Supersym-
metry. The addition of the supersymmetric Chern-Simons term breaks this to N = 2
supersymmetry, preserving only the supercharges that are neutral under SR − S2.

Now recall that the refined Chern-Simons theory is defined by computing the
index in the three-dimensional theory given by,

Zref open(X; q, t) = Tr (−1)2S1qS1−SRtSR−S2e−βH (C.0.1)

Note that this index counts states annihilated by both Q11
+ and Q22

− , as can be seen
by reading off the quantum numbers in Table C.1. Here we have given a three-
dimensional field-theoretic interpretation to the index, but we would also like to
match up these symmetries with those in the original M-theory definition of the
index in [19].

From the geometric picture given above, it should be clear that the S1 and S2

symmetries agree with those defined in [19]. Originally the SR symmetry was iden-
tified with a rotation in the fibers of T ∗M that is transverse to the U(1) isometry of
the Seifert manifold, M. In our case, this Seifert manifold isometry is given by simply
rotating the S1 in M = Σ× S1. This means that the SR symmetry must rotate the

surface operators in a non-trivial geometrically engineered five-dimensional theory.
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cotangent fiber over Σ, but this is precisely the U(1)R rotation that appeared above
in our topological twist. Thus, we have given a purely field-theoretic identification of
the symmetries involved in the refined Chern-Simons index.

Now we consider the more general case of M5 branes on a Seifert three manifold
obtained by fibering the S1 non-trivially over Σ. In this case, half of the supersym-
metry of the theory is broken: after the partial topological twist, the theory on R2,1

has only N = 2 supersymmetry in three dimensions. This also corresponds to the
fact that in this case T ∗M is an honest Calabi-Yau three-fold (its holonomy group
is precisely SU(3) and not a subgroup). Recall that N = 2 supersymmetry has a
U(1) R-symmetry, but if M is an arbitrary three-manifold no additional symmetries
will be present in the problem. Of the symmetries described above, only the rotation
symmetry S1 and the transverse R-symmetry, S2, will survive. However, the key is
that for the special case of a Seifert manifold, the SR symmetry will also be preserved
by the breaking from N = 4 to N = 2. In this case all the supercharges are uncharged
under S2 − SR, which becomes a new global symmetry.

One way to argue for this is to use the geometric description of the U(1)R symme-
try when M is a Seifert three-manifold. The argument presented in [19] is based on
the fact that one can use a nowhere vanishing vector field V rotating the S1 fiber of
the Seifert three-manifold to define, at each point on Σ a two-plane in the fiber T ∗M
– this two plane is co-normal to V in the natural symplectic structure on T ∗M .

However, we would also like to see directly that this symmetry survives in the
partial twisting of the (2, 0) theory. We start by asking about the effect of fibering
the S1 over Σ in the (2, 0) theory and in the dimensionally reduced five-dimensional
Yang-Mills theory – where we reduce on the S1 fiber of the Seifert three-manifold,
as we did above. The answer is that for an S1 bundle of degree p fibered over Σ, we
obtain an N = 2 Chern-Simons coupling on R2,1,

p

∫
R2,1

d2θ Tr(ΣV) (C.0.2)

where V is the N = 2 vector multiplet, and Σ = εαβD̄αDβV is the linear superfield.2

The crucial point is that this coupling is neutral under both U(1)r and U(1)R, so
turning it on does not break either symmetry. This can be seen by expanding out
the Chern-Simons term in components,

p

∫
R2,1

d3xd2θ Tr(ΣV) = p

∫
R2,1

d3xTr
(
A ∧ dA+

2

3
A ∧ A ∧ A+ iχχ− 2Dσ

)
(C.0.3)

For example, since Aµ is uncharged under both U(1)r and U(1)R, the Chern-Simons
term does not break these symmetries.

2Recently, in [56] it was argued that when wrapping M5 branes on a three-manifold, Chern-
Simons terms should arise from torsion in the first homology of M . Specifically, they argued that
the factor Zp ∈ H1(M,Z) should correspond to a Chern-Simons term at level p. This is perfectly
consistent with our result since the first homology of a degree p circle bundle over a genus g Riemann
surface, Σ, is given by H1(M,Z) = Z2g ⊕ Zp.
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The origin of the Chern-Simons coupling is purely topological. The fastest way
to see this is to take the circle fiber of M as the M-theory circle, and reduce the six
dimensional M5 brane theory to the five dimensional Yang-Mills theory living on a
D4 brane. Now recall that the D4 brane action includes a coupling,∫

FRR ∧ Tr
(
A ∧ dA+

2

3
A ∧ A ∧ A

)
(C.0.4)

Using the relationship between IIA and M-theory, FRR is simply the curvature of the
M-theory circle bundle. In our present case, we have∫

Σ

FRR = p

so we obtain the expected Chern-Simons term. The rest of Equation C.0.3 is fixed
by N = 2 supersymmetry.

It may seem that we are using some very particular facts about the couplings on
the D4 branes, but this is not the case. The term in Equation C.0.4 really appears
because the (2, 0) theory has a propagating self-dual two-form tensor. In any attempt
to write down the action for such a theory, there is a peculiar Wess-Zumino type term
that arises – albeit involving the metric on the six-dimensional worldvolume [14,248].
Using dimensional reduction to get the five dimensional Yang-Mills theory, the term
C.0.4 arises with FRR as the curvature of the circle bundle that we reduced on. This
more general argument also makes it clear that the Chern-Simons term appears for
the E-type (2,0) theory even though it does not have a known M-theoretic brane
construction.

Thus, in the specific case when M is a Seifert three manifold, the theory has,
an R-symmetry given by S2 and an additional U(1) flavor symmetry generated by
S2 − SR. Therefore, when M is a Seifert three manifold we can define the refined
index that computes refined Chern-Simons theory.

It may seem that by using the dimensional reduction on the S1 fiber, the above
topological twist is different from the usual geometric one obtained by wrapping a
brane on M ⊂ T ∗M . To see that they are the same, we would need to perform the
three-dimensional partial topological twist directly in the (2, 0) theory. This is rather
difficult, but we can instead reduce the entire theory on a trivial circle and then study
the twisting of the D4-brane theory on M .

This gives two different ways of reducing the theory. First, we can use the above
construction to give an N = 2 theory in three dimensions, and then further reduce
to an N = (2, 2) two-dimensional field theory. Alternatively, we can reduce on the
trivial circle first, and then perform the standard topological twist of the D4 brane
theory on the three-manifold, M , leaving us with a two-dimensional field theory.
These procedures should agree, giving us a consistency check that the above twist is
really the same as the standard twist.
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Starting with the first approach, the dimensional reduction of the supersymmetric
Chern-Simons term in Equation C.0.2 is given by an N = (2, 2) twisted superpoten-
tial,

W̃ = p

∫
dθ+dθ

−
Σ2 = p

(
4
√

2HRe(σ) + 4
√

2F01Im(σ) + 4tr
(
λ+λ− + λ+λ−

))
(C.0.5)

where Σ is the two-dimensional super-field strength given by,

Σ = σ + i
√

2
(
θ+λ+ − θ

−
λ−

)
+
√

2θ+θ
−
(
H − iF01

)
(C.0.6)

where σ is a complex scalar whose real part comes from the three-dimensional real
scalar and whose imaginary part comes from the Wilson line of the three-dimensional
gauge field,

∮
S1
β
A. Upon integrating out the auxillary field H and properly taking

F01 into account, we obtain the potential terms,

U = g2p2(Re(σ))2 + g2p2(Im(σ))2 (C.0.7)

where g2 is the coupling constant coming from the kinetic term.
Now we would like to understand how these quadratic terms are reproduced by

the partial topological twist of D4 branes wrapping M . More generally, we must un-
derstand what is special about Seifert manifolds from this perspective. For example,
a naive group theory analysis of the topological twist would not detect the additional
symmetry that appears when M is a Seifert manifold.

Both of these problems can be resolved by making full use of the structure of M as
a Seifert manifold. By definition this means that M has a nowhere-vanishing vector
field, v, that acts as an isometry on M . By using the metric, this also implies the
existence of a nowhere-vanishing one-form on M , which we denote by κ.

Upon choosing v, the structure group of the tangent bundle, TM , is reduced from
SO(3) to SO(2), since the transition functions must respect the globally defined vector
field, v. Because the structure group is reduced, the spin bundle over M will also split
into two line bundles corresponding to the one-dimensional irreducible representations
of SO(2) (see [219, 228] for a discussion of this splitting in the context of three-
dimensional Seiberg-Witten Floer theory). Finally, the same arguments imply that
the cotangent bundle, T ∗M will also split. This splitting is crucial since it explains
why the fields living on the brane have well-defined quantum numbers under the
geometric symmetry, SR.

The topological twist coming from a brane wrapping M ⊂ T ∗M means that in
addition to the gauge fields, Aµ, the three scalars fields corresponding to fluctuations
of the brane in the fiber directions of T ∗M will also now transform as a one form. Now
by using the splitting of the cotangent bundle, any one-form on M can be decomposed
as,

A = φκ+ AΣ (C.0.8)
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where AΣ is a one-form orthogonal to κ.
If we focus on the topologically twisted scalar fields, this means that we obtain

one scalar and two vector components instead of the three vector components that
we would get by topologically twisting on an arbitrary three-manifold. Note that this
looks like the field content that we would expect from performing a topological twist
only on the base two-manifold, Σ. The difference is that here we have a globally
nontrivial circle fibration, which is responsible for the additional mass terms that
break half of the supersymmetry.

Now we want to see how these twisted superpotential terms of equation C.0.7
arise. By using the above decomposition of A, the gauge field kinetic term includes,∫

R1,1×M
d(φκ) ∧ ?d(φκ) (C.0.9)

But as explained in [40, 48, 177], dκ = p(?κ) and
∫
κ ∧ dκ = p, where p again is the

Euler class of the circle bundle of M .3 Thus we obtain the term,∫
R1,1

φ2

∫
M

dκ ∧ κ = p2

∫
R1,1

φ2 (C.0.10)

Likewise, under the topological twisting, three scalar fields become one-forms on M .
Again, we can split the one-form bundle, and write the scalar part as σ. Then the
kinetic term includes, ∫

R1,1

ϕ2

∫
M

dκ ∧ κ = p2

∫
R1,1

ϕ2 (C.0.11)

Thus we end up with quadratic mass terms for both φ and ϕ. But since these scalars
are by definition the real and imaginary parts of σ, this is precisely the same as the
potential generated by the twisted superpotential in equation C.0.7. Thus we have
given an alternate way to understand the appearance of the quadratic terms in the
twisted superpotential that break N = (4, 4) to N = (2, 2).

C.1 Computing the refined index

The basic building block for the derivation of refined Chern-Simons theory in [19],
is the value of the index on M = R2 × S1. We will now explain how to compute it,
in an arbitrary ADE case.

3One way to see this is to recall that, as argued in [40, 48, 177],
∫
κ ∧ dκ = p. Further, if κ is

normalized so that 〈κ, κ〉 = 1 then we have,
∫
κ∧ ?κ =

∫
〈κ, κ〉dµ = V where V is the volume of the

three-manifold. Finally, we know that dκ = f(?κ) where f is some arbitrary function. By choosing κ
appropriately, f becomes a constant, and from the above facts we can deduce that dκ = (p/V )(?κ).
We have dropped the volume dependence above, since it can be absorbed in the overall coupling
constant which we have also omitted for simplicity.
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Note that with a flat metric on R2 this geometry actually preserves even more
supersymmetry, but we will allow an arbitrary metric on R2 so that topological twist-
ing is necessary and only N = 4 supersymmetry is preserved. Recall that the refined
index is given by,

Zref open(X; q, t) = Tr (−1)2S1qS1−SRtSR−S2e−βH (C.1.12)

and the contribution of an N = 2 BPS state with charges (S1, S2, SR) is given by a
quantum dilogarithm,

exp
( ∞∑
n=1

1

n

(−1)2S1qn(S1−SR)tn(SR−S2)

1− qn
enx
)

(C.1.13)

where x is the complexified mass of the BPS state. Now we can consider moving
onto the Coulomb branch of the five-dimensional Yang-Mills theory; in the M-theory
picture, this corresponds to separating the branes in the fiber direction over the S1.
This geometric deformation will become complexified by the Wilson line around the
S1, so that altogether we have a complex scalar deformation.

On the Coulomb Branch, after performing the partial topological twist, there will
be a massive three-dimensional N = 4 BPS state for every W -boson in the Yang-Mills
theory. This N = 4 state will decompose into two N = 2 BPS states. These two
states are related by acting with supercharges in the N = 4 algebra, but not in the
N = 2 algebra. But from the discussion above, these supercharges will raise or lower
the charge SR− S2. Therefore, altogether we have two BPS states of charges (0, 0, 0)
and (+1

2
,−1

2
,+1

2
) under the SO(2)S1×SO(2)S2×SO(2)R symmetry, up to an overall

ambiguous shift in the ground state charge. Therefore, the total partition function
for the type-G (2, 0) theory is given by,

Z(R2 × S1;G, x, q, t) = exp
(∑
α>0

∞∑
n=1

1

n

1− tn

1− qn
en〈α,x〉

)
(C.1.14)

where the x variables are the complex Coulomb-branch parameters, and α are the
roots of the algebra G.

We can also use this simple geometry to make another connection with the field
theory interpretation of the refined Chern-Simons theory. It is interesting to consider
the ε1 → 0, (q → 1) limit. In this limit the Ω-deformation along the M5-brane is
turned off, but it remains nonzero along the noncompact directions transverse to the
brane. For general three-manifolds, the free energy of the partition function then
simply computes the twisted effective superpotential, as in the unrefined case [237].
The only difference is that here, the mass of the BPS states contributing toWeff also
depends on the R-charge because of the remaining Ω-deformation in the transverse
directions. In fact, this corresponds to turning on a twisted mass equal to ε2(SR−S2)
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for each field in the N = 2 theory. In our simple geometry, R2×S1, taking this limit
gives,

lim
ε1→0

ZCS(R2 × S1, G, x, q, t) = exp

(
− 1

ε1

∑
α>0

∞∑
n=1

1

n2

(
en〈α,x〉 − en(〈α,x〉+ε2)

))
(C.1.15)

But these are precisely the contributions to the twisted effective superpotential from
a vector and chiral multiplet in three dimensions [227, 237], if we identify the xI as
the twisted chiral superfield strengths.

Altogether, we have derived the contribution to the index for the solid torus
geometry, which can be identified with R2 × S1, and we have also understood the
effect of fibering the S1 nontrivially. Putting this information together, we can glue
together two solid tori to give the S3 geometry. The gluing process leads to the refined
Chern-Simons matrix model that was the basis for deriving more general amplitudes
in [19].
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Appendix D

Background on Macdonald
polynomials

Here we review some useful properties of the Macdonald polynomials associated
to any semisimple lie algebra, g [201]. For more details see [186,203].

We will denote the rank of g by r, the root system of g by R and its positive
part by R+. Similarly, we denote the root lattice by Q and its positive part by Q+,
and the weight lattice by P and its positive part by P+. The root system lives in an
r-dimensional vector space, V = Rr and we denote the standard basis of V by {εi},
with the normalization that the {εi} are the smallest vectors, such that they all sit
inside P .

We introduce r variables, {x1, · · · , xr}. Formally, we can relate the xi to the basis
of V by the relationship, xi ∼ eεi . Since the Weyl group, W , has a well defined action
on the weight lattice of g, this allows us to define an action of the Weyl group on
Z[xi, x

−1
i ].

Then we say that a polynomial, f(x1, · · · , xr), is symmetric if f is invariant under
the action of the Weyl group on the {xi}. Note that in the case of g = su(N), this
reduces to the usual definition of a symmetric polynomial since the Weyl group of
su(N) is simply the symmetric group.

The simplest example of such a symmetric polynomial is given by the monomial
symmetric polynomials, mλ ,which are associated to a representation of g with highest
weight λ =

∑
i λiεi. We use the notation that xλ := xλ1

1 · · ·xλrr . Then mλ is defined
by,

mλ =
∑
w∈W

xw(λ) (D.0.1)

Note that this polynomial is symmetric by construction because of the sum over the
Weyl group.

A slightly more sophisticated example is given by the character of a representation,
χλ. Recall that from the Weyl character formula, the character of λ can be written
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as,

χλ =

∑
w∈W ε(w)xw(λ+ρ)∑
w∈W ε(w)xw(ρ)

(D.0.2)

Although χλ is usually described as a character, it can also be uniquely defined in
another way that is closer to the definition of Macdonald polynomials. We start by
defining an inner product on the space of symmetric polynomials given by,

〈f, g〉 =
1

|W |

∫ 2π

0

dφ1 · · ·
∫ 2π

0

dφr∆(eiφ1 , · · · , eiφr)f(eiφ)g(e−iφ) (D.0.3)

where
∆(x1, · · · , xr) =

∏
α∈R

(1− xα) (D.0.4)

and where we use the shorthand f(x) for f(x1, · · · , xr).
Then we can uniquely define the χλ to be the symmetric functions obeying a

condition on the leading behavior and an orthogonality condition,

χλ = mλ +
∑
µ<λ

Kλµmµ (D.0.5)

〈χλ, χν〉 = 0 for λ 6= ν (D.0.6)

where Kλµ are arbitrary coefficients in the decomposition of the character. By µ < λ,
we mean that λ−µ ∈ Q+. Thus the first condition only restricts the leading behavior
of χλ.

Now we are ready to finally define the Macdonald Polynomials in a similar way.
The Macdonald polynomials are Laurent polynomials in the {xi}, but also depend
rationally on two additional variables, q and t. First we define a new measure,

∆q,t =
∏
α∈R

(xα; q)∞
(xαt; q)∞

(D.0.7)

where we have used the q-Pochhammer symbol,

(a; q)∞ =
∞∏
r=0

(1− aqr) (D.0.8)

Although Macdonald polynomials are defined for arbitrary values of q and t, the
formulas simplify in the case when t = qβ, with β a positive integer,

∆q,qβ =
∏
α∈R

β−1∏
m=0

(1− qmxα) (D.0.9)
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Using this measure we can define a new inner product on the space of symmetric
polynomials,

〈f, g〉q,t =
1

|W |

∫ 2π

0

dφ1 · · ·
∫ 2π

0

dφr∆q,t(e
iφ1 , · · · , eiφr)f(eiφ)g(e−iφ) (D.0.10)

Then the Macdonald polynomials, Mλ are uniquely defined by the same leading
order condition as in D.0.5, and the orthogonality condition with respect to the new
inner product,

Mλ = mλ +
∑
µ<λ

uλµmµ (D.0.11)

〈Mλ,Mν〉q,t = 0 for λ 6= ν (D.0.12)

Note that this definition does not explicitly specify the inner product of Mλ with
itself. For the case of t = qβ with β a positive integer, this inner product, which we
sometimes refer to as the metric, gλ, is equal to,

〈Mλ,Mλ〉 = gλ ≡
∏
α∈R+

β−1∏
m=0

1− t〈ρ,α∨〉q〈λ,α∨〉+m

1− t〈ρ,α∨〉q〈λ,α∨〉−m
(D.0.13)

where ρ is the Weyl vector, ρ = 1
2

∑
α>0 α. It will also be useful for knot computations

to have a combinatorial expression for the metric that holds for general q and t. For
the SO(2N) case, such a formula is given in Appendix B. There exist relatively
efficient algorithms for computing Macdonald polynomials for general root systems,
such as the determinantal formula of [270].

As in the case of characters, the product of two Macdonald polynomials can be
decomposed into a sum of Macdonald polynomials, where the coefficients are known
as (q, t) Littlewood-Richardson coefficients,

MλMν =
∑
γ

Nγ
λνMγ (D.0.14)

In general the computation of the Nγ
λν is difficult, but for specific choices of represen-

tations, the Pieri formula gives an explicit expression for N [200].
A weight, λ, is known as minuscule if 〈λ, α〉 = 0 or 1, for all α ∈ R+. Note that the

fundamental weights, ωi, are not necessarily minuscule since they obey, 〈ωi, α∨j 〉 = δij
only for the dual of the simple roots, αi, and not necessarily for all positive roots. In
fact, for the cases of E8, F4, and G2, it is known that no minuscule weights exist.

However, when a minuscule weight, ω, does exist, then its product with any other
weight, λ is given by,

MωMλ =
∑

τ∈W (ω)
λ+τ∈P+

Nλ+τ
ω,λ Mλ+τ (D.0.15)
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where,

Nλ+τ
ω,λ =

∏
α∈R+

〈τ,α∨〉=−1

1− t−1q〈λ+ρ,α∨〉

1− q〈λ+ρ,α∨〉
1− tq〈λ+ρ,α∨〉−1

1− q〈λ+ρ,α∨〉−1
(D.0.16)
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Appendix E

Facts about SO(2N)

Here we collect some useful facts about the lie algebra so(2N) and its Macdonald
polynomials. For so(2N) = DN recall that the positive roots are given by,

{ei − ej, ei + ej}, i < j (E.0.1)

and the Weyl vector is given by,

ρ =
N∑
i=1

(N − i)ei (E.0.2)

The highest root is equal to,
θ = e1 + e2 (E.0.3)

Finally, the fundamental weights , ωi, are,

{ωi ≡ e1 + · · ·+ ei}, 1 ≤ i ≤ N − 2 (E.0.4)

ωN−1 =
1

2

(
e1 + · · ·+ eN

)
ωN =

1

2

(
e1 + · · ·+ eN−1 − eN

)
In this section, we will write the weight of a generic representation as,

λ =
N∑
i=1

λiei =
N∑
i=1

γiωi (E.0.5)

This means that the representations of DN are indexed by {λi} which are either all
integers or all half-integers, and satisfy,

λ1 ≥ λ2 ≥ · · · ≥ λN−1 ≥ |λN | (E.0.6)
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In ordinary Chern-Simons theory, the Hilbert space of the theory on T 2 is spanned
by the integrable representations at level k. This result also holds true for the re-
fined Chern-Simons theory, so for computations it is useful to know precisely which
representations are integrable. Recall that for a representation to be integrable, we
require that,

(λ, θ) ≤ k (E.0.7)

where λ is the highest weight for the integrable representation, and θ is the highest
root. Thus for DN , the integrability condition becomes,

γ1 + 2
(
γ2 + · · ·+ γN−2

)
+ γN−1 + γN ≤ k (E.0.8)

For computations in the refined Chern-Simons theory, the Macdonald polynomials
of DN also play an important role. The framework outlined in Appendix A is generally
sufficient, but it is useful to have an explicit combinatorial formula for the metric even
when β is not an integer in t = qβ.

Note from the structure of the fundamental weights, either all of the {λi} are
integers or none of them are integers. Also note that λN may be negative. If we
define, λ̃i = |λi|, then the λ̃i can naturally be described as a Young tableau when all
the λi are integers. The metric can then be expressed as a sum over the boxes of this
tableau,

〈Mλ,Mλ〉 = gλ =
∏

(i,j)∈λ̃

(1− t2N−2iq2j−1)(1− tN−i+1qj−1)(1 + tN−iqj−1)(1− tN−i−1qj)

(1− t2N−2i−1q2j)(1− t2N−2i−1q2j−1)(1− tN−iqj)

·1− t
λ̃Tj −iqλ̃i−j+1

1− tλ̃Tj −i+1qλ̃i−j

1− t2N−λ̃Tj −i−1qλ̃i+j

1− t2N−λ̃Tj −iqλ̃i+j−1
(E.0.9)

Here, i is the vertical coordinate of the tableau and runs from 1 to N , while j is the
horizontal coordinate. λ̃i is the length of the row i, while λ̃Tj denotes the number of
boxes in column j.

For the case when all of the λi are half-integers, we define, λ̃i = |λi| − 1/2, and

again λ̃ can be interpreted as a Young tableau. Then the corresponding formula for
the metric is given by,

〈Mλ,Mλ〉 = gλ = C
∏

(i,j)∈λ̃

1− t2N−2iq2j

1− t2N−2i−1q2j+1

1− t2N−2iq2j−1

1− t2N−2i−1q2j

1− tN−i+1qj−1

1− tN−iqj
1− tN−i−1qj+1

1− tN−iqj

·1− t
λ̃Tj −iqλ̃i−j+1

1− tλ̃Tj −i+1qλ̃i−j

1− t2N−λ̃Tj −i−1qλ̃i+j+1

1− t2N−λ̃Tj −iqλ̃i+j
(E.0.10)

where C is an additional factor given by,

C =

bN/2c∏
k=1

1− t2k−2q

1− t2k−1

1− t2k−2+2dN/2e

1− t2k−3+2dN/2eq
(E.0.11)
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Appendix F

Refined Indices

Here we give details on the precise three- and five-dimensional indices that com-
pute refined topological string partition functions. In five dimensions this is simply the
index studied by Nekrasov in [225]. Both indices are analogues of the four-dimensional
protected spin character studied in [127].

F.1 Five Dimensional Indices

Recall that the five-dimensional N = 1 supersymmetry algebra consists of eight
supercharges and includes an Sp(1)r = SU(2)r R-symmetry. Upon dimensional re-
duction, the algebra is equivalent to four-dimensional N = 2 supersymmetry. For
our purposes, it will be useful to rewrite the algebra in terms of four-dimensional
notation, so that the supercharges can be organized as,

QI
α, Q

I
α̇ (F.1.1)

where I = 1, 2 is the SU(2)R index, while α and α̇ are the SO(4) = SU(2)l×SU(2)r
indices under rotations in four dimensions. Then the supersymmetry algebra is given
by,

{QI
α, Q

J

β̇} = 2δIJσµ
αβ̇
Pµ (F.1.2)

{QI
α, Q

J
β} = 2εαβε

IJ(Z − iP5) (F.1.3)

where Z is the real five dimensional central charge. Now we can study massive
representations of this algebra, whose little group is SO(4) = SU(2)l×SU(2)r. Then
a generic long multiplet (with M ≥ |Z|) transforms under SU(2)l×SU(2)r×SU(2)R
as,

(Jl, Jr; IR)⊗
(

(0, 0; 0)⊕ (0, 0; 1)⊕ (0,
1

2
;
1

2
)⊕ (

1

2
, 0;

1

2
)⊕ (

1

2
,
1

2
; 0)
)

(F.1.4)
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where (Jl, Jr; IR) is an arbitrary representation. In contrast, short left-handed BPS
multiplets (with M = Z) take the form,

(Jl, Jr; IR)⊗
(

(0, 0;
1

2
)⊕ (

1

2
, 0; 0)

)
(F.1.5)

while those with M = −Z will have the same structure but with the chirality flipped.
The unrefined index, which is related to the ordinary topological string, is given

by
Tr(−1)2(jl+jr)q2jle−βH (F.1.6)

The contribution of a long multiplet to this index is 0. In addition, a short right-
handed multiplet contributes 0, while the fundamental left-handed multiplet con-
tributes

−
(
q1/2 − q−1/2

)2
e−βM (F.1.7)

Thus, this gives a good index, since it only receives contributions from left-handed
BPS states, while long multiplets cancel out of the trace. This is precisely the five-
dimensional index in M-theory compactified on a Calabi-Yau that computes the or-
dinary topological string.

In order to extend this to a more refined index, we must use the R-symmetry, as
in [225], which gives the index,

Tr(−1)2(jl+jr)q2jl
1 q

2(jr−SR)
2 e−βH (F.1.8)

Again, we find that the long multiplets and the right-handed multiplets do not con-
tribute to the index, while the fundamental left-handed multiplet now contributes,

(q2 + q−1
2 − q1 − q−1

1 )e−βM (F.1.9)

By using the definitions jl = 1
2
(S1 − S2), jr = 1

2
(S1 + S2), and taking q1 =

√
qt,

q2 =
√
q/t, we can rewrite this in the form more natural for refined topological string

theory,
Tr(−1)F qS1−SRtSR−S2e−βH (F.1.10)

and the contribution from a BPS multiplet becomes,

−
(√

q − 1
√
q

)(√
t− 1√

t

)
e−βH (F.1.11)

F.2 Three Dimensional Indices

Here we collect the details on indices for three dimensional N = 2 supersymme-
try, since this is the case of primary interest for refined Chern-Simons theory. The
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supersymmetry algebra is given by dimensionally reducing N = 1 supersymmetry in
four dimensions,

{Qα, Qβ} = 2σµαβPµ + 2iεαβZ (F.2.12)

{Qα, Qβ} = 0 (F.2.13)

{Qα, Qβ} = 0 (F.2.14)

The Q are complex spinors with charge ±1
2

under the two-dimensional rotation group,
U(1)S, and as in four dimensions there is a U(1)R symmetry that rotates Qα and
Qα

1. Then the simplest massive long (M > |Z|) representation transforms under
U(1)S × U(1)R as (0;±1

2
)⊕ (±1

2
; 0). As usual, a generic long representation is given

by tensoring this with an arbitrary representation of U(1)S × U(1)R,

(S;R)⊗
(

(0;±1

2
)⊕ (±1

2
; 0)
)

(F.2.15)

There are also short BPS multiplets, each containing one bosonic and one fermionic
degree of freedom. The right short representations are given by (S;R)⊗

(
(0;−1/2)⊕

(+1/2; 0)
)

and the left short representations are given by (S;R) ⊗
(
(0;−1/2) ⊕

(−1/2; 0)
)
.

Now consider the unrefined index,

Tr(−1)2SqS−Re−βH (F.2.16)

It can be seen that the long representation makes a contribution of 0 to this index,
as do the right short multiplets, but the simplest left short representation contributes
(q1/2 − q−1/2)e−βM . This index is related to the open topological string, and thus, to
unrefined Chern-Simons theory.

Generically, this unrefined index is the best that we can do. However, as explained
in Appendix C, an additional symmetry, U(1)r, appears upon compactifying the
(2, 0) theory on a Seifert Manifold. In this case, the supercharges have the quantum
numbers shown in Table F.1.

We can now form a refined index

Tr(−1)2SqS−rtr−R (F.2.17)

Note that (r − R) is a flavor symmetry, since none of the supercharges are charged
under it. Then it is straightforward to show that long multiplets and right short
multiplets make no contribution to this improved index. The only contribution comes
from the fundamental left short multiplet, which contributes (q1/2− q−1/2) as before.

However, there will generically still be t-dependence, since the BPS states may be
charged under the new flavor symmetry. It is precisely this index that computes the
refined Chern-Simons theory.

1In this appendix, we use notations that are more appropriate for the three-dimensional perspec-
tive, instead of the natural M-theory notations used in the body of this dissertation. The relationship
is (S,R, r)↔ (S1, S2, SR).
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2S 2R 2r
Q1

+ +1 +1 +1
Q1
− −1 +1 +1

Q2
+ +1 −1 −1

Q2
− −1 −1 −1

Table F.1: Quantum Numbers for Three-Dimensional N = 2 Supersymmetry
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Appendix G

Identities for Macdonald
Polynomials

In this appendix we fix our conventions and collect some useful results on Mac-
donald polynomials. We refer the reader to [202] for more details.

Macdonald polynomials form a special class of symmetric functions. They are
rational functions of q and t, and are symmetric functions of N variables, xi. The
simplest way to understand Macdonald polynomials comes from defining an inner
product on the space of symmetric functions,

〈f, g〉 =
1

N !

∮
dz1 · · ·

∮
dzN∆q,t(z1, · · · zN)f(z1, · · · , zN)g(z−1

1 , · · · z−1
N ) (G.0.1)

where the measure is given by,

∆q,t(z1, · · · , zN) =
∏

1≤i<j≤N

(
zi/zj; q

)
∞

(
zj/zi; q

)
∞(

zit/zj; q
)
∞

(
zjt/zi; q

)
∞

(G.0.2)

where (x; q)∞ =
∏∞

m=0(1− xqm).
Then we can uniquely associate a Macdonald polynomial, MR(z; q, t), to every

SU(N) representation, R, by requiring the following two properties,

〈MR,MS〉 = 0 if R 6= S (G.0.3)

MR = mR + (lower order) (G.0.4)

where mR is the monomial symmetric polynomial given by,

mR(z1, · · · , zN) =
∑
σ

z
Rσ(1)

1 · · · zRσ(N)

N (G.0.5)

where the sum is over all elements σ of the symmetric group.
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Therefore, orthogonality and a condition on the leading behavior completely de-
termine the Macdonald polynomials. It is important to note that in the limit t = q,
Macdonald polynomials reduce to the more familiar Schur functions (which are inde-
pendent of q),

MR(xi; q, q) = sR(xi) (G.0.6)

In this dissertation, we use Macdonald polynomials with either finitely many vari-
ables or infinitely many variables - the finite polynomials appear in (q, t)-deformed
Yang-Mills and the infinite polynomials appear in the closed refined topological string.
We begin by reviewing the finite case.

G.1 SU(N) Macdonald Polynomials

For finitely many variables, the inner product of a Macdonald polynomial with
itself can be written either in a combinatorial way

gR :=
GR

G0

=
〈MR,MR〉
〈M0,M0〉

=
∏

(i,j)∈λ

1− qRi−j+1tR
T
j −i

1− qRi−jtRTj −i+1

1− qj−1tN+1−i

1− qjtN−i
(G.1.7)

or for the case when β ∈ Z≥0, in a Lie-theoretic way,

gR =

β−1∏
m=0

∏
1≤i<j≤N

[Ri −Rj + β(j − i) +m]q
[Ri −Rj + β(j − i)−m]q

[β(j − i)−m]q
[β(j − i) +m]q

(G.1.8)

We will often refer to gR as the Macdonald metric for R.
We can also give an explicit formula for Macdonald polynomials evaluated at

zk = tρk . This gives a generalization of the quantum dimension of a representation,
which we refer to as the (q, t)-dimension,

dimq,t(R) := M(tρ) = t
(N+1)|R|

2

∏
(i,j)∈R

ti−N−1 − qj−1

1− qRi−jtRTj −i+1
(G.1.9)

This formula can also be rewritten when β ∈ Z≥0 in a Lie-theoretic way,

M(tρ) =

β−1∏
m=0

∏
1≤i<j≤N

[Ri −Rj + β(j − i) +m]q
[β(j − i) +m]q

(G.1.10)

Now that we have explained the finite N formulas, we would like to take the N →∞
limit.



207

G.2 SU(∞) Macdonald Polynomials

For studying the closed refined topological string, it is also useful to collect some
formulas for Macdonald polynomials with infinitely many variables. Starting with
the metric in equation G.1.7, and taking the N →∞ limit naively gives,

g
(mac)
R =

∏
(i,j)∈R

1− tRTj −iqRi−j+1

1− tRTj −i+1qRi−j
(G.2.11)

which is the standard formula for the metric given in [202]. However, unlike its finite
N counterpart, this expression is not symmetric under (q, t)→ (q−1, t−1). We can fix
this by using a slightly different definition,

gR(q, t) :=
∏

(i,j)∈R

t
RTj −i

2 q
Ri−j+1

2 − t−
RTj −i

2 q−
Ri−j+1

2

t
RT
j
−i+1

2 q
Ri−j

2 − t−
RT
j
−i+1

2 q−
Ri−j

2

= (t/q)
|R|
2 · g(mac)

R (G.2.12)

In order to preserve the relationship between the metric and Macdonald polynomials,
gR = 〈MR,MR〉, we must also rescale MR in the infinite-variable limit,

MR(x1, x2, . . . ; q, t) := (t/q)
|R|
4 ·M (mac)

R (x1, x2, . . . ; q, t) (G.2.13)

We can also give a formula for evaluating the infinite-variable Macdonald polynomial
at a certain value,

MR(tρ; q, t) = q
1
4
||R||2t−

1
4
||RT ||2(t/q)

|R|
2

∏
(i,j)∈R

(
q
Ri−j

2 t
RTj −i+1

2 − q−
Ri−j

2 t−
RTj −i+1

2

)−1

(G.2.14)
where (ρ)k = −k + 1/2

There are also generalized Cauchy identities for Macdonald polynomials. The
most useful ones are,

∑
R

1

gR
MR(x; q, t)MR(y; q, t) = exp

( ∞∑
n=1

1

n

1− tn

1− qn
pn(x)pn(y)

)
(G.2.15)∑

R

MR(x; q, t)MRT (y; t, q) =
∏
i,j

(1 + xiyj) (G.2.16)

where pn(x) =
∑

i x
n
i is the n’th power sum.

Finally, when understanding anti-branes in this dissertation, it is useful to use the
operation that flips the sign of the power sums,

ι
(
pn(x)

)
= −pn(x) (G.2.17)
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This operation acts on Schur functions as,

ιsR(x) = (−1)|R|sRT (x) (G.2.18)

Its action on Macdonald polynomials is more complicated. However, from equation
G.2.15 and the definition of ι, it is straightforward to write down a generalized Cauchy
identity for ιM ,

∑
R

1

gR
ιMR(x; q, t)MR(y; q, t) = exp

(
−
∞∑
n=1

1

n

1− tn

1− qn
pn(x)pn(y)

)
(G.2.19)
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Appendix H

Gopakumar-Vafa Invariants

In section 5.4 we presented a TQFT that computes the refined topological string
amplitudes for geometries of the form L1 ⊕ L2 → Σg. As explained originally by
Gopakumar and Vafa in [138, 139], the topological string partition function can be
rewritten as counting spinning M2-branes which wrap a two-cycle in the Calabi-Yau
and are free to move in the noncompact R4,1. Since these M2-branes are massive, they
should transform in a definite representation of the (4+1)-dimensional little group,
SO(4) = SU(2)l×SU(2)r. BPS states will also fall in representations of the SU(2)R
R-symmetry. As explained in section 5.4, when tracing over BPS states we should
study the diagonal subgroup SU(2)′r = diag(SU(2)r × SU(2)R). It is necessary to
use this diagonal subgroup SU(2)′r rather than SU(2)r in order to guarantee that the
Gopakumar-Vafa invariants will be invariant under complex structure deformations.

If we denote these spins as Jl and J
′
r, then the refined free energy (defined by

F = − logZ) takes the general form,

Fref top(X; q, t) =
∞∑
d=1

∑
β,Jl,J ′r

Nβ
Jl,J ′r

(
(qt)dJl + · · ·+ (qt)−dJl

)(
(q/t)dJ

′
r + · · ·+ (q/t)−dJ

′
r

)
Qdβ

d(qd/2 − q−d/2)(td/2 − t−d/2)

(H.0.1)
where the Nβ

Jl,J ′r
(X) are the Gopakumar-Vafa (GV) invariants associated to the

Calabi-Yau. Since these invariants count M2-branes, they are expected to be integers
on general grounds.

One nontrivial check of our proposed TQFT is the integrality of the corresponding
GV invariants. We have found that the invariants arising from the TQFT are always
integral as expected, but that they do not sit in full representations of SU(2)l ×
SU(2)′r. Instead, they generally sit in representations of SU(2)l × U(1)′r. This is
generally true for any Calabi-Yau manifold that engineers a field theory with a nonzero
five-dimensional Chern-Simons level, as has been observed previously in [38, 70]. It
would be interesting to understand this breaking more precisely from a spacetime
perspective.
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Since the symmetry group has been reduced to SU(2)l × U(1)′r, it is more conve-
nient to write the free energy as,

Fref top(X; q, t) =
∞∑
d=1

∑
β,Jl,m′r

Nβ
Jl,mr

(
(qt)dJl + · · ·+ (qt)−dJl

)
(q/t)dm

′
rQdβ

d(qd/2 − q−d/2)(td/2 − t−d/2)
(H.0.2)

where (Jl,m
′
r) labels an irreducible representation of SU(2)l×U(1)′r. Some examples

of these invariants are listed in Tables H.1 and H.2,

β
∑

Jl,m′r
Nβ

(jl,m′r)
(jl,m

′
r)

1 −(1
2
, 1) + (0, 1) + (0, 0)

2 −(1, 3
2
) + (1

2
, 2) + 2(1

2
, 1)− 2(0, 3

2
)− 2(0, 1

2
)

3 −(2, 3) + (3
2
, 7

2
) + (3

2
, 5

2
) + (1, 2)− (1

2
, 7

2
)− 3(1

2
, 5

2
)− (1

2
, 3

2
) + 2(0, 3) + 2(0, 2)

Table H.1: Genus 1 Gopakumar-Vafa Invariants for the geometryO(1)⊕O(−1)→ T 2.
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β
∑

Jl,m′r
Nβ

(jl,m′r)
(jl,m

′
r)

1 −(1, 1) + 2(1
2
, 3

2
) + 2(1

2
, 1

2
)− (0, 2)− 3(0, 1)− (0, 0)

2 −(3, 7
2
) + 2(5

2
, 4) + 2(5

2
, 3)− (2, 9

2
)− 2(2, 7

2
)− 2(3

2
, 4)− 4(3

2
, 3)− (3

2
, 2)

+2(1, 9
2
) + 7(1, 7

2
) + (1, 5

2
)− (1, 3

2
)− 2(1

2
, 4) + 3(1

2
, 3) + 8(1

2
, 2) + (1

2
, 1)

−(0, 9
2
)− 4(0, 7

2
)− 11(0, 5

2
)− 5(0, 3

2
)

3 −(13
2
, 15

2
) + 2(6, 8) + 2(6, 7)− (11

2
, 17

2
)− 2(11

2
, 15

2
)− 2(5, 8)− 3(5, 7)− (5, 6)

+2(9
2
, 17

2
) + 5(9

2
, 15

2
)− (9

2
, 11

2
)− (4, 8) + 3(4, 7) + 4(4, 6)

−(7
2
, 17

2
)− 2(7

2
, 15

2
)− (7

2
, 13

2
) + 3(7

2
, 11

2
) + 3(7

2
, 9

2
)− 5(3, 7)− 7(3, 6)− 7(3, 5)− 4(3, 4)

+2(5
2
, 15

2
) + 3(5

2
, 13

2
) + 3(5

2
, 11

2
) + 8(5

2
, 9

2
) + 2(5

2
, 7

2
)

+(2, 8) + 3(2, 7) + 3(2, 6)− 6(2, 5)− 3(2, 4) + 2(2, 3)
−2(3

2
, 15

2
)− 2(3

2
, 13

2
) + 5(3

2
, 11

2
)− 2(3

2
, 9

2
)− 6(3

2
, 7

2
)− 2(3

2
, 5

2
)

−5(1, 6) + 4(1, 5) + 8(1, 4)− 3(1, 3)− (1, 2)
+3(1

2
, 13

2
) + 2(1

2
, 11

2
)− 3(1

2
, 9

2
) + 19(1

2
, 7

2
) + 13(1

2
, 5

2
) + (1

2
, 3

2
)

−(0, 7)− 4(0, 6)− 3(0, 5)− 18(0, 4)− 24(0, 3)− 6(0, 2)

Table H.2: Genus 2 Gopakumar-Vafa Invariants for the geometry O(3) ⊕ O(−1) →
Σg=2.
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Appendix I

Factorization of the
(q, t)-Dimension and Metric

In this appendix we derive formulas for the (q, t)-dimension and metric of a com-
posite representation. As a warm-up exercise, it is helpful to recall how this works
for the quantum dimension of an SU(N) representation, R,

dimq(R) =
∏

1≤i<j≤N

[Ri −Rj + j − i]
[j − i]

(I.0.1)

where we are using the definition, [n] = qn/2−q−n/2. For the composite representation
coming from R and S, we obtain,

dimq(RS) = dimq(R)dimq(S)

cR∏
i=1

cS∏
j=1

[Sj +Ri +N + 1− j − i][N + 1− i− j]
[Sj +N + 1− i− j][Ri +N + 1− j − i]

(I.0.2)
where cR and cS are the number of rows in R and S.

Now we can perform the same calculation for the (q, t)-dimension. For computa-
tional convenience, we will specialize to t = qβ where β ∈ Z>0, but our final results
will be valid for any q and t.

Recall that the (q, t)-dimension is given by the expression,

dim(q,t)(R) =

β−1∏
m=0

∏
1≤i<j≤N

[Ri −Rj + β(j − i) +m]

[β(j − i) +m]
(I.0.3)

A short calculation shows that we obtain the same type of splitting,

dim(q,t)(RS) = dim(q,t)(R) · dim(q,t)(S) ·
β−1∏
m=0

cR∏
i=1

cS∏
j=1

[Ri + Sj + β(N + 1− i− j) +m]

[Ri + β(N + 1− i− j) +m]

· [β(N + 1− i− j) +m]

[Sj + β(N + 1− i− j) +m]
(I.0.4)
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Now we would like to understand the additional factors that appear in this for-
mula, which are interpreted in section 5.6 as arising from ghost branes. To do so,
it is helpful first to convert the SU(N) (q, t)-dimension into an expression for the
SU(∞) (q, t)-dimension, since it is the N → ∞ formulas that appear in the refined
topological string. We find,

dimq,t(R) =

β−1∏
m=0

∏
1≤i<j≤N

[Ri −Rj + β(j − i) +m]

[β(j − i) +m]
(I.0.5)

= WR(q, t)T−1
R (−1)|R|(q/t)|R|/4Q−

|R|
2

cR∏
i=1

Ri∏
j=1

(1− t−i+1qj−1Q)(I.0.6)

where Q = tN and we have used the definitions,

WR(q, t) = (q/t)
|R|
2 MR(tρ; q, t) (I.0.7)

TR = q
1
2
||R||2t−

1
2
||RT ||2 (I.0.8)

where (ρ)i = −i+ 1/2.
Next, it is helpful to rewrite the factors in I.0.4 and I.0.6 in exponential form,

β−1∏
m=0

cR∏
i=1

cS∏
j=1

(
1− qRi+Sj+β(N+1−i−j)+m

)
= exp

(
−
∞∑
n=1

1

n
Qng1(qn, tn)

)
(I.0.9)

where g1(q, t) =
∑β−1

m=0

∑cR
i=1

∑cS
j=1 q

Ri+Sj+β(1−i−j)+m. Similarly,

β−1∏
m=0

cR∏
i=1

cS∏
j=1

(
1− qRi+β(N+1−i−j)+m

)
= exp

(
−
∞∑
n=1

1

n
Qng2(qn, tn)

)
(I.0.10)

where g2(q, t) =
∑β−1

m=0

∑cR
i=1

∑cS
j=1 q

Ri+β(1−i−j)+m.

β−1∏
m=0

cR∏
i=1

cS∏
j=1

(
1− qSj+β(N+1−i−j)+m

)
= exp

(
−
∞∑
n=1

1

n
Qng3(qn, tn)

)
(I.0.11)

where g3(q, t) =
∑β−1

m=0

∑cR
i=1

∑cS
j=1 q

Sj+β(1−i−j)+m.

β−1∏
m=0

cR∏
i=1

cS∏
j=1

(
1− qβ(N+1−i−j)+m

)
= exp

(
−
∞∑
n=1

1

n
Qng4(qn, tn)

)
(I.0.12)

where g4(q, t) =
∑β−1

m=0

∑cR
i=1

∑cS
j=1 q

β(1−i−j)+m.

cR∏
i=1

Ri∏
j=1

(
1− t−i+1qj−1Q

)
= exp

(
−
∞∑
n=1

1

n
QnfR(qn, tn)

)
(I.0.13)
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where fR(q, t) =
∑cR

i=1

∑Ri
j=1 q

β(−i+1)+j−1. Putting all of these results together, we can
rewrite the composite (q, t)-dimension as,

dimq,t(RS) = WR(q, t)WS(q, t)T−1
R T−1

S (−1)|R|+|S|(q/t)
1
4

(|R|+|S|)

·Q−
|R|+|S|

2 exp

(
−
∞∑
n=1

1

n
QnMRS(qn, tn)

)
(I.0.14)

where we have defined

MRS(q, t) = g1(q, t) + g4(q, t)− g2(q, t)− g3(q, t) + fR(q, t) + fS(q, t) (I.0.15)

Next, we would like to simplify MRS. To do so, it is helpful to notice that fR can be
rewritten as,

fR(q, t) =
t

q − 1

cR∑
i=1

(
qRi−βi − q−βi

)
(I.0.16)

Then a short calculation reveals that MRS can be rewritten as,

MRS(q, t) =
(1− q)(1− t)

t
fR(q, t)fS(q, t) + fR(q, t) + fS(q, t) (I.0.17)

We would like to use this rewriting to make contact with the refined topological
vertex amplitudes, WRQ and W̃RQ. As discussed in section 5.4, these amplitudes can
be computed from the large N limit of the refined Chern-Simons S-matrix and are
equal to,

WRQ = (q/t)
|R|+|Q|

2 MR(tρ; q, t)MQ(tρqR; q, t) (I.0.18)

W̃RQ = (q/t)
|R|+|Q|

2 MR(tρ; q, t)ιMQ(tρqR; q, t) (I.0.19)

We define the following refined quantity,

KRS(Q, q, t) :=
∑
P

1

gP
Q|P |(t/q)|P |WPR(q, t)WPS(q, t) (I.0.20)

= WR(q, t)WS(q, t)
∑
P

1

gP
Q|P |MP (tρqR; q, t)MP (tρqS; q, t)

= WR(q, t)WS(q, t) exp

(
∞∑
n=1

1

n

1− tn

1− qn
Qnpn(x)pn(y)

)
(I.0.21)

where in the last line we have used the generalized Cauchy identity of G.2.15 and
where xi = qRit−i+1/2 and yj = qSj t−j+1/2. A straightforward evaluation shows that,

KRS(q, t) = K··(q, t)WR(q, t)WS(q, t) exp

(
∞∑
n=1

1

n
QnMRS(qn, tn)

)
(I.0.22)
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This means that we can rewrite the composite (q, t)-dimension as,

dimq,t(RS) = T−1
R T−1

S (−1)|R|+|S|Q−
|R|+|S|

2 (q/t)
1
4

(|R|+|S|)K··(Q, q, t)WR(q, t)2WS(q, t)2

KRS(Q, q, t)
(I.0.23)

In section 5.6, we use this result to understand the genus g > 1 geometries.
It will also be useful to rewrite the (q, t)-dimension in another way. Define the

refined quantity,

NRS(Q, q, t) :=
∑
P

1

gP
Q|P |(t/q)|P |W̃RP (q, t)WPS(q, t) (I.0.24)

= WR(q, t)WS(q, t)
∑
P

1

gP
Q|P |ιMP (tρqR; q, t)MP (tρqS; q, t)

= WR(q, t)WS(q, t) exp

(
−
∞∑
n=1

1

n

1− tn

1− qn
Qnpn(x)pn(y)

)

where as before, xi = qRit−i+1/2 and yj = qSj t−j+1/2. Then using the same analysis
as above, we can rewrite this expression as,

NRS(Q, q, t) = N··(q, t)WR(q, t)WS(q, t) exp

(
−
∞∑
n=1

1

n
QnMRS(qn, tn)

)
(I.0.25)

Therefore, we can alternatively rewrite the composite (q, t)-dimension as,

dimq,t(RS) = T−1
R T−1

S (−1)|R|+|S|(q/t)
1
4

(|R|+|S|)Q−
|R|+|S|

2
NRS(Q, q, t)

N··(Q, q, t)
(I.0.26)

This formula is useful in section 5.6 for studying the genus g = 0 geometries. It is
also helpful to notice that N··(Q, q, t) = (K··(Q, q, t))

−1.
It is important to note here that by using the above definition of dimq,t(R), we

are rewriting the expression in equation 5.5.137 as,

S2
0R

GR

=
S00S̃00dimq,t(R)2

gR
(I.0.27)

where we used the definition from above that gR = GR/G0 and have also introduced

the normalization factors, S00S̃00. In the large N limit, these additional factors can
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be rewritten as,

q2β2ρ2

S00(q, t)S̃00(q, t) := q2β2ρ2

β−1∏
m=0

∏
1≤i<j≤N

[β(j − i) +m][β(j − i)−m] (I.0.28)

=
(
K··(Q)K··(Q

q

t
)
)−1

∞∏
k=0

(
1− tqk

)N(
1− qk+1

)N
(I.0.29)

·
∞∏

j,k=1

(
1− tkqj−1

)−1(
1− qktj−1

)−1

=
(
K··(Q)K··(Q

q

t
)
)−1(

(t; q)∞(q; q)∞

)N
M(q, t)M(t, q)(I.0.30)

where we have written the expression in terms of the refined MacMahon function,

M(q, t) =
∞∏

j,k=1

(
1− tkqj−1

)−1

(I.0.31)

that appears in the refined topological vertex [171].
Now we move on to studying the large N factorization of the metric, gR. Recall

that the metric is given by the formula,

g
(N)
R =

β−1∏
m=0

∏
1≤i<j≤N

[Ri −Rj + β(j − i) +m]

[Ri −Rj + β(j − i)−m]

[β(j − i)−m]

[β(j − i) +m]
(I.0.32)

As a first step, we must express this in terms of the N →∞ metric,

g
(N)
R = (q/t)

|R|
2 g

(∞)
R

β−1∏
m=0

N∏
i=1

∞∏
j=1

[Ri + β(N + j − i)−m]

[Ri + β(N + j − i) +m]

[β(N + j − i) +m]

[β(N + j − i)−m]
(I.0.33)

where g
(∞)
R is the symmetrized metric defined by G.2.12. We also find that the metric

for the composite representation SR is given by,

g
(N)

SR
= g

(N)
R · g(N)

S ·
β−1∏
m=0

cS∏
i=1

cR∏
j=1

[Si +Rj + β(N + 1− j − i) +m]

[Si +Rj + β(N + 1− j − i)−m]

[Si + β(N + 1− i− j)−m]

[Si + β(N + 1− i− j) +m]

· [Rj + β(N + 1− i− j)−m]

[Rj + β(N + 1− i− j) +m]

[β(N + 1− j − i) +m]

[β(N + 1− j − i)−m]
(I.0.34)

Now as with the analysis of the (q, t)-dimension, we want to write all of the factors
in I.0.33 and I.0.34 in terms of exponentials,

β−1∏
m=0

cR∏
i=1

cS∏
j=1

1− qRi+Sj+β(N+1−i−j)+m

1− qRi+Sj+β(N+1−i−j)−m = exp
(
−
∞∑
n=1

1

n
Qnh1(qn, tn)

)
(I.0.35)
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where h1(q, t) =
∑β−1

m=0(qm − q−m)
∑cR

i=1

∑cS
j=1 q

Ri+Sj+β(1−i−j).

β−1∏
m=0

cR∏
i=1

cS∏
j=1

1− qSj+β(N+1−i−j)+m

1− qSj+β(N+1−i−j)−m = exp
(
−
∞∑
n=1

1

n
Qnh2(qn, tn)

)
(I.0.36)

where h2(q, t) =
∑β−1

m=0(qm − q−m)
∑cR

i=1

∑cS
j=1 q

Sj+β(1−i−j).

β−1∏
m=0

cR∏
i=1

cS∏
j=1

1− qRi+β(N+1−i−j)+m

1− qRi+β(N+1−i−j)−m = exp
(
−
∞∑
n=1

1

n
Qnh3(qn, tn)

)
(I.0.37)

where h3(q, t) =
∑β−1

m=0(qm − q−m)
∑cR

i=1

∑cS
j=1 q

Ri+β(1−i−j).

β−1∏
m=0

cR∏
i=1

cS∏
j=1

1− qβ(N+1−i−j)+m

1− qβ(N+1−i−j)−m = exp
(
−
∞∑
n=1

1

n
Qnh4(qn, tn)

)
(I.0.38)

where h4(q, t) =
∑β−1

m=0(qm − q−m)
∑cR

i=1

∑cS
j=1 q

β(1−i−j).

β−1∏
m=0

N∏
i=1

∞∏
j=1

1− qRi+β(N+j−i)−m

1− qRi+β(N+j−i)+m
1− qβ(N+j−i)+m

1− qβ(N+j−i)−m = exp
(
−
∞∑
n=1

1

n
QnhR(qn, tn)

)
(I.0.39)

where

hR(q, t) =

β−1∑
m=0

(q−m − qm)

cR∑
i=1

∞∑
j=1

(
qRi+βj−βi − qβj−βi

)
(I.0.40)

=
q − t
1− q

N∑
i=1

(
qRi−βi − q−βi

)
(I.0.41)

=
(

1− q

t

)
fR(q, t) (I.0.42)

Putting this all together we can write the composite metric as,

g
(N)

RS
= (q/t)

|R|+|S|
2 g

(∞)
R g

(∞)
S exp

(
−
∞∑
n=1

1

n
QnHRS(qn, tn)

)
(I.0.43)

where HRS is given by,

HRS = h1(q, t) + h4(q, t)− h2(q, t)− h3(q, t) +
(

1− q

t

)(
fR(q, t) + fS(q, t)

)
(I.0.44)

A little algebra shows,

HRS =
(

1− q

t

)(1− q)(1− t)
t

fRfS +
(

1− q

t

)(
fR + fS

)
(I.0.45)

=
(

1− q

t

)
MRS(q, t) (I.0.46)
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where MRS is the quantity that we defined in equation I.0.15 while studying the
(q, t)-dimension. Therefore,

g
(N)

RS
= (q/t)

|R|+|S|
2 g

(∞)
R g

(∞)
S exp

(
−
∞∑
n=1

1

n
QnMRS(qn, tn) +

∞∑
n=1

1

n
Qn q

n

tn
MRS(qn, tn)

)
(I.0.47)

Using the results from above, this means that we can write the composite metric in
two ways,

g
(N)

RS
= (q/t)

|R|+|S|
2 g

(∞)
R g

(∞)
S

KRS(Q q
t
, q, t)

K··(Q
q
t
, q, t)

K··(Q, q, t)

KRS(Q, q, t)
(I.0.48)

g
(N)

RS
= (q/t)

|R|+|S|
2 g

(∞)
R g

(∞)
S

N··(Q
q
t
, q, t)

NRS(Q q
t
, q, t)

NRS(Q, q, t)

N··(Q, q, t)
(I.0.49)
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Appendix J

Refined S-Duality

From string theory we can study the action of TST duality on the D4/D2/D0
system. Our goal is to understand how the chemical potentials in the index transform
under this duality. If we simply wrapped our D4-branes on a euclidean time circle of
circumference λ, we would be computing the trace,

Tr(−1)F e−λH (J.0.1)

The contribution of a D4/D2/D0-brane bound state to this index is given by, e−λM ,
where M is the mass of the bound state and is equal to the magnitude of the central
charge, M = |Z|.

We would like to identify the D0 and D2 chemical potentials with the correspond-
ing D0 and D2-brane masses. However, for a generic choice of the Kähler parameter,
k = B+iJ , we are studying genuine D4/D2/D0 bound states whose mass is not equal
to the sum of the constituent masses. This can be fixed by studying the special limit
when J = 0, so that the D2-branes get all of their mass from a background B-field.1

In this limit the central charges of the D0 and D2-branes align, which means that
they form marginal bound states. In this case, the total mass of the bound state
is simply equal to the sum of the D2/D0 masses.2 Therefore, we can identify the
D-brane masses with the chemical potentials,3

φ0 ↔
2πλ

gs
, φ2 ↔

2πλk

gs
(J.0.2)

To determine their transformation properties under TST duality, it is helpful first to
recall how the coupling, gs, transforms,

gs
T−→ gs

λ

S−→ λ

gs

T−→ λ2

gs
(J.0.3)

1A similar limit was used to derive wall-crossing formulas from M-theory in [12,24].
2More precisely, the central charge for a bound state of N D4-branes, m D2-branes, and n D0-

branes is given by Z = NΛ2e2iφ + mk + n (see section 5.7 for details). Then using the fact that
Λ� 1, the mass is given by, M = |Z| ≈ 1

2NΛ2 − (mk + n) cos(2φ).
3Throughout this section we set 2π

√
α′ = 1.



220

Therefore,
2πλ

gs

TST−→ 4π2
( gs

2πλ

)
(J.0.4)

which implies that the D0-brane chemical potential transforms as,

φ0 →
4π2

φ0

(J.0.5)

To determine the transformation of the D2-brane charge, we must simply follow the
background B-field, k, which transforms as,

(Bij = k)
T−→ Bij

S−→ Cij
T−→
(
Cijt =

k

λ

)
(J.0.6)

Therefore, the TST duality converts the background B-field into a background RR
three-form which couples to the D2-brane as,

2πi

∫
C(3) = 2πi

k

λ

∫
dt = 2πik (J.0.7)

Therefore, we have the transformation property,

2πλk

gs

TST−→ 2πik (J.0.8)

which implies that the D2-brane chemical potential transforms as,

φ2 → 2πi
φ2

φ0

(J.0.9)

Now that we have explained how the unrefined potentials transform, we want
to study the transformation properties of the spin character chemical potential, γ.
First, recall that the inclusion of e−λγJ3 in the trace is equivalent to considering the
geometry,

(R2 × S1)γ × · · · (J.0.10)

where we rotate the R2 plane by γ as we go around the thermal circle. The metric
for this geometry can be written explicitly as,

ds2 =
λ2

4π2
dt2 + (dxi + Ωidt)(dxi + Ωidt) (J.0.11)

where Ω is given by Ω = γr2dθ and (r, θ) are the coordinates on the R2 plane.
Applying T-duality, this metric is converted to first order into a background B-

field,

Bθt = α′
gθt
gtt

=
γr2

λ2
(J.0.12)
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Applying S-duality converts this into a RR two-form, Cθt, and after the final T-duality
we are left with a RR one-form,

Cθ =
γr2

λ
(J.0.13)

Now it is important to remember that the RR one-form couples to D0-branes as,

2πi

∫
C(1) = 2πi

∫
γr2

λ
dθ =

2πi

λ

∫
γr2dθ

dt
dt (J.0.14)

Therefore, we can rewrite this coupling as,

2πiγ

λmD0

∫
J3dt =

gsi

λ
γ

∫
J3dt =

gsi

λ
γλJ3 (J.0.15)

This implies that under TST duality, γ transforms as γ → γ gs
λ

. In terms of chemical
potentials, this implies,

γ → 2πi
γ

φ0

(J.0.16)

It might seem that after the TST duality, γ only couples to the angular momentum
of D0-branes. However, the RR one-form also couples to D2-branes in the presence
of a background B-field, and the same arguments go through,

2πi

∫
B(2) ∧ C(1) = 2πik

∫
γr2

λ
dθ =

2πikγ

λmD2

∫
J3dt =

gsi

λ
γ

∫
J3dt (J.0.17)

So far, we have only studied the transformation properties of the J3 chemical
potential, and have not studied the full combination (J3 − R). However, the R-
symmetry can be realized as a geometric rotation in the Calabi-Yau, so the same
arguments apply. Further, by supersymmetry we know that the chemical potential
for R must transform in precisely the same way as the chemical potential for J3.

Combining all of these results together we find the potentials transform under
TST duality as,

φ0 →
4π2

φ0

, φ2 → 2πi
φ2

φ0

, γ → 2πi
γ

φ0

(J.0.18)

This general result agrees nicely with the explicit transformation properties found in
section 5.5.5.




