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ABSTRACT OF THE DISSERTATION

Constraint-Based Learning of Interventional Markov Equivalence

Classes on High-Dimensional Data

by

Hao Wang
Doctor of Philosophy in Statistics
University of California, Los Angeles, 2022
Professor Qing Zhou, Chair

Directed Acyclic Graphs (DAGs) are a powerful tool to model the network of dependencies
among variables. They provide a basis for causal discovery, and have been widely used
in many fields, especially biology. Unfortunately, structure learning is quite non-trivial for
DAG. One major difficulty is that some DAGs are unidentifiable with observational data

only, and undirected edges cannot be resolved to directed edges.

The opportunity to apply interventions motivates interest in the smaller interventional
Markov equivalence class. In this dissertation, we discuss how to modify the classic PC algo-
rithm for causal discovery so that it can be used safely on interventional data. We introduce
invariance relations on conditional distributions with different intervention targets that pro-
vide a powerful rule for edge orientation. There are several advantages of this rule: first, it
does not require the Gaussian distribution assumption, instead a general structural equation
model (SEM) of DAG is sufficient; second, it works for both (structural) intervention and
soft intervention. Finally, we can merge some data blocks with different interventions for

edge orientation.

ii



A new constraint-based method is proposed to recover the interventional essential graph
from the CPDAG (or called as observational essential graph) based on the invariance rule. We
also establish consistency guarantees for both an interventional PC and an edge orientation
algorithm under a sparse high-dimensional setting. Such high-dimensional consistency results
are rarely seen in this area. It is also worthwhile to emphasize that the constraints on the
family of interventions throughout this dissertation are mild. Finally, simulations are used

to show the effectiveness of our method.
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CHAPTER 1

Introduction

Directed acyclic graphs (DAGs) are commonly discussed in causal inference, for example
[SGS00] or [Pea00], as the parents of one vertex in the graph could be recognized as ’causes’
and the arrows naturally represent the ’causal relations’. Learning the structure of the DAG
from data is a core problem in this field, but it’s quite challenging. One difficulty is the
number of DAGs grows superexponentially as the number of nodes increases; see [Rob77].
Another difficulty is that, for multivariate Gaussian distribution, some DAGs have exactly
the same behaviors in probability, which means they are unidentifiable under general setting;

see the criterion for Markov equivalence class (MEC) in [VP90] or [AMP97].

A number of approaches for structure learning has been developed in the past few years,
and which can be classified as constraint-based or score-based. PC algorithm is a well-known
representative of the constraint-based methods. The popular PC algorithm proposed by
[SGI1] can estimate the completed partially directed acyclic graph (CPDAG) from observa-
tional data by considering the conditional independence sets implied from data; and [KBO7]
establish theoretical guarantees for the PC algorithm under the sparse and high-dimensional
setting. With the high-dimensional consistency results, also its scalable algorithm compu-
tation in real world, the PC algorithm and its variants are widely implemented to sparse
high-dimensional datasets. The advantage of the PC algorithm is straightforward and in-
tuitive: sparsity allows the PC algorithm to finish structure learning with limited number
of conditional independence tests, even the number of variables grows fastly with the data

sample size.



The second approach of structure learning is score-based, and in which some score func-
tion has be constructed and the method would find the estimation of DAG by optimizing
the score function over the possible space of DAGs or CPDAGs. The Greedy Equivalence
Search (GES) ([CMO02]) conducts greedy search to optimize the score function with for-
ward and backward phases. GES is a popular algorithm over the score-based methods, and
[CMO02] also proves its consistency under the classic setting (fixed number of variables) with
the BIC score. Recently, [NHM18] proves the consistency results of GES also its variant
under sparse high-dimensional setting. Another theoretical result around the score-based
method is [GB13| proves the the high-dimensional consistency of DAG structure learning
with {yp-penalized maximum likelihood estimation, however, there is no algorithm to imple-
ment this method due to the ¢y penalty. The main difficulty around score-based methods is
the quick growth of search space size as the number of vertices increases, which challenging
both computation in practice and theoretical proof. Considering this, some optimization

methods are also introduced into this field ([BEA08], [YAZ20]).

As mentioned in the first paragraph, observational data has its limitation in identifiability.
It could be a large pain point in causal inference if some of interests is still left as undirected
edges in the estimated CPDAG. Intervention suggested by [Pea00] and [SGS00] can somehow
overcome this kind of limitation of observational data. With the help of intervention, some
undirected edges in CPDAG become identifiable. [HB12] introduce a series of concepts to
interventional case, such as the interventional Markov equivalence class and Z-essential graph.
DAGs among the same (interventional) Markov equivalence class are unidentifiable. And we
can learn the power of intervention by comparing the difference between observational MEC
and the corresponding interventional MEC. The interventional MEC should be smaller than
MEC if intervention can provide useful information on edge orientation. In other words, the

interventional MEC is a more precise partition over the space of DAGs.

In this case, graph structure learning will target to the interventional MEC, and the ideal

output of structure learning algorithm with interventional data is the Z-essential graph Gz



instead of the CPDAG (or called as essential graph). Even the true DAG G can be recovered,
if the intervention family is well-designed such that the intervention MEC only contains one

DAG, i.e. Z-essential graph equals to the true underlying DAG, Gz = G.

About the learning of interventional MEC, one approach is to extend the existing score-
based methods to interventional dataset. For example, [HB12| shows that the Greedy Equiv-
alence Search (GES) can also be applied to interventional data, and then build the Greedy
Interventional Equivalence Search (GIES). They provides some simulation results to eval-
uate the GIES, but lack of theoretical results. And [HB15] introduces Gaussian likelihood
framework for interventional data and derives the classic version consistency of the BIC crite-
rion for estimating the interventional MEC. Different to these score-based methods, [HGOS]
designs a constraint-based method to recover Z-essential graph. They find the MEC from
observational data first, and then orient undirected edges via intervention experiments by

testing the invariance between pre- and post-intervention distributions.

In this dissertation, we focus on constraint-based method to approach the Z-essential
graph. There are three main contributions of this work. First, this dissertation discusses
how to extend the traditional PC algorithm to interventional dataset: we conduct conditional
independence test for every interventional data block and determine the existence of edge
based on all these test results. Second, we introduce the invariance relations on conditional
distributions with different intervention targets, which provides a powerful rule for edge
orientation. And furthermore, we can merge some data blocks to enhance the power of
tests based on the invariance rule. Finally, in this work, we induces the high-dimensional
consistency results for both skeleton recovery and edge orientation. Thus we can guarantee
the consistency of the whole framework, interventional PC algorithm plus edge orientation,

with mild assumptions.

One motivation for this work is the advantage of constraint-based method. There are two
aspects of this advantage. The score optimization is more like a black-box, and constraint-

based method can provide some information during the learning process. Considering the



expensive experimental data, it is ideal to combine the structure learning method and inter-
vention design together, which could get some help from constraint-based method. Secondly,
it is highly non-trivial to extend existing theoretical results of score-based methods to the
interventional case, especially under high-dimensional setting. To the best of our knowledge,
this work provides rarely seen consistency results for structure learning with interventional

data.

The most related existing work is from [HGO08], as both their method and our work rely
on two stages for structure learning: recover skeleton and then do edge orientation, but our
focuses are quite different. They start from the estimated CPDAG and mainly focus on the
framework of active learning, lack of details of edge orientation and no consistency results.
For edge orientation, they only discussed single node intervention and the corresponding sim-
ple intervention family. It is worthwhile to emphasize that our work makes mild constraints
on the intervention, and our method can applied to those interventions on multiple nodes,

also complicated intervention family Z.

The rest of the dissertation is organized as follows. In Chapter 2, we introduce some
background knowledge of DAG with notations used throughout this dissertation, and the
motivation of interventions. A brief introduction of PC algorithm can be found in Section
2.5. In Chapter 3, we discuss the difficulty of skeleton learning with interventional data,
and then extend the original PC algorithm to interventional case. Chapter 4 focuses on the
edge orientation and contains the main work of this dissertation. In Section 4.1, we describe
the neighborhood behavior of the reversible edges in the essential graph, which provides the
intuition to create edge orientation rule also several useful lemma. In Section 4.2, we start
from the simple case to introduce how to conduct edge orientation with the invariance rule on
conditional distributions, and then extend our work to more general case in Section 4.3. In
Chapter 5, some assumptions are introduced to make the consistency guarantees possible in
the high-dimensional setting. Simulations are posted in Chapter 6 to evaluate the methods

introduced in this dissertation. Appendix of proofs for consistency results can be found in



Chapter 7. Finally, a brief summary and discussion about future work is in Chapter 8.



CHAPTER 2

Preliminaries

2.1 Graphs

A graph G can be represented by (V) E), where V = [p] == {1,2,...,p} is the vertex set
and F C V x V is the edge set consisting of some ordered pairs of vertices. In this work,
the vertex set V' is identified with a set of random variables Xy,..., X,. If (i,j) € E and
(7,1) ¢ E, the edge between X; and X, is directed, represented by an arrowhead as X; — Xj;
if (i,j) € E also (j,i) € E, the edge between X; and X; is undirected, denoted as X; — X.
A graph is (un)directed if all edges of the graph are (un)directed, while a partially directed

graph contains both directed and undirected edges.

We use X; ¢+ X, to represent the edge between X; and X, no matter it is directed (in
any direction) or undirected, and we say X; and X, are adjacent. Given a graph G = (V, E),
suppose there is a sequence {ko, k1, ..., ky,} such that kg = ¢ and k,, = j: if for every
[ =0,...,m—1, we have Xy, +> Xy, ,, then we say Xj,,..., X, form a trail between Xj;
and X; of length m; if for every | = 0,...,m — 1, we have X, — Xy, or Xz — Xi,_,,
then we say X, ..., Xy, form a path between X; and X; of length m. A path is directed
if there exists at least one directed edge. A cycle in G is a path that starts and ends at
the same vertex, i.e. X;,..., X, where X; = X}, and a graph is acyclic if there is no cycle.
We call a graph as a directed acyclic graph (DAG) if it is directed and acyclic. We call a
graph a partially directed acyclic graph (PDAG) if it is acyclic and contains both directed

and undirected edges.



Given a subset A C V| we say the subgraph G4 = (A, E4), with B4 = EN (A x A),
is an induced graph by A. A graph G; = (V4, E) is larger than a graph G = (V5, Es), i.e.
G C Gy, if Vo C Vi and Ey C E;. The graph theoretic union is defined as UG; = (UV;, UE;).

Let G be a DAG. If X; — X, < X, and X, and X, are not adjacent in DAG G, then
we say the ordered triple of vertices, (X;, X, X;), forms a v-structure in graph. Vertex X
is called as a collider on a trail if there exists X; — X, <= X for some vertices X; and X
on the trail. Notice that it doesn’t require X; and X are non-adjacent when the collider is
defined. The collider in a v-structure is sometimes called unshielded collider. If there exists
a directed path X;, ..., X, then we say X; is an ancestor of X; and Xj is a descendant of X;.
We use Ancestor(j) to denote X;’s ancestors, and for convenience, let j € Ancestor(j). A
trail X, <> -+ <> X}, is active given a vertex set S C V' if (1) Xy, or one of its descendants
are in § whenever there is a collider Xj, in Xj, | — X}, <= Xj,,,; (2) no other node along the
trail is in §; otherwise, we say the trail is inactive or blocked by S. Given X, ), S three sets
of nodes in G, we say X and ) are d—separated by S if there is no active trail between any
node X € X andY € Y given §. An ordering 7 of the vertices X, Xo, ..., X, is a topological
ordering relative to G if whenever we have X; — X, € E, then ¢ < j in the ordering 7. Given
a graph G = (V, E) and a vertex s € V, the neighborhood of vertex s, denoted by ne(s), is

the set of all vertices adjacent to s, i.e. ne(s) ={a € V|(a,s) € FE or (s,a) € E}.

For a partial directed acyclic graph (PDAG) G, the acyclicity constraint implies the

PDAG can be decomposed into several disjoint chain components {K;}i=1 _.n; see section

(2.2.3) in [KFBO09]: let Ky, Ko, ..., K, be a disjoint partition of the vertex set V' such that (1)
the induced graph G, contains no directed edges and (2) for any pair X € K; and Y € K;
with ¢ < j, an edge between X and Y can only be directed as X — Y. And a PDAG is also

called a chain graph.

An undirected graph is chordal if any loop X;, — X;, — -+ — X, — X;, for k£ > 4 has
a chord that is an edge connecting X; and X; for two nonconsecutive nodes X;, X;. The

skeleton of a graph G = (V, F) is its underlying undirected graph, i.e. Ggpe = (V, Fgke) with



Ege ={(1,7)|(i,7) € E or (j,i) € E}. A graph is said to be chordal if its skeleton is chordal.

2.2 Structural Equation Model (SEM)

As mentioned in Section 1, causal relations among random variables can be represented by
arrows in DAG G. Here we use the well-known structural equation model (SEM) to interpret
the causal effects contained in DAGs. Suppose there is a true causal DAG G = (V, E) with
vertex set [p] = {1,2,...,p}. Upon its graph structure, a Gaussian DAG model can be

represented as a linear structural equation model,

Z 5ijk+€j7 j:1a2>"'7p7 (21)
kepa(j)
where €1,€,...,¢, are independent and ¢; ~ N'(0,w}). Here pa(j) represents the parent

node set of j, and fy; # 0 only if (k,j) € E. The coefficient [, represents the causal effect
of Xy on X;. The SEM (2.1) defines a joint Gaussian distribution for

X = (X1, Xo, ..., X,) ~ N, (0,5), (2.2)

such that its probability density f(-) factorises,
p
Hf 5] Tpa(j))- (2.3)
7j=1

Consider an n x p data matrix X with i.i.d. rows generated from the SEM (2.1),
X =XB +E, (2.4)

where B = (f;),,, s the coefficient matrix and E represents the noise matrix whose rows

are i.i.d. from N,(0,92) with Q@ = diag(wf, w3, ...,w?). Equation (2.4) can be treated as a

’ p



matrix expression of (2.1), and leads to
S=1I-B)'QI-B)",

an identity that expresses the covariance matrix ¥ in terms of SEM parameters in (2.4).

2.3 Markov Equivalence Class (MEC)

Given a DAG G and a density f(-), we say the distribution f(-) is faithful to the graph G if
for every triple of disjoint sets X', ), S C V,

Xx L Xy|Xs <= S d-separates X and ) in G.

Let D(G) represent the set of all d-separation relations in G. Then we say G; and Gy are
Markov equivalent if D(G;) = D(Gs). Use notation ~ to denote the Markov equivalence, i.e.

G ~ Gy if G; and G, are Markov equivalent.

Definition 1. Given a DAG G, the Markov equivalence class (MEC) of G, denoted by [G],
is the set of DAGSs that are equivalent to G, that is, [G] = {é G ~ G}

From graph structure perspective, more practically, two DAGs G; and Gy are Markov

equivalent if and only if they have the same skeleton and the same v-structures.

Markov equivalence sets a huge challenge for causal graph structure learning. DAGs in
the same equivalence class imply exactly the same set of condition independence statements,
which means in general it is impossible to distinguish the structures of equivalent DAGs from
observational data only. For Gaussian linear SEM, all DAGs within the Markov equivalence
class will have the same likelihood function such that they are non-identifiable. The essential
graph, also known as CPDAG, helps us to understand the limitation of observational data

in graph structure learning:



Definition 2. Given a DAG G, its essential graph (or CPDAG) is Gess = Uge[g]g.

To represent an equivalence class, there are two types of edges defined in a DAG G: (1)
a directed edge i — j is compelled in G if for every DAG G equivalent to G, the edge i — j
exists in G; (2) if an edge is not compelled in G, then it is reversible. Now we can give

another definition of the completed PDAG.

Definition 3. The CPDAG of an equivalence class is the PDAG consisting of a directed edge
for every compelled edge in the equivalence class, and an undirected edge for every reversible

edge in the equivalence class.

For example, in Figure 2.1, to keep the existing v-structure 2 — 4 <— 3, both 2 — 4 and
3 — 4 are irreversible; then the direction 5 — 4 is not allowed, as avoiding to induce new
v-structure. In other words, edges 2 — 4,3 — 4,4 — 5 are compelled, as it will change the
v-structure in DAG @ if the direction of any one of these edges has been reversed. Meanwhile,
edges 1 — 2 and 1 — 3 are reversible, since both 2 — 1 — 3 and 2 < 1 < 3 exist in the
Markov equivalence class [G]. Notice that it does not mean that there exists 2 — 1 < 3

when we say 'both 1 — 2 and 1 — 3 are reversible’.

s
s
s
N
N
N

(a) Essential Graph Gess. (b) DAG G.

}\E
\

Figure 2.1: An example of the essential graph and compelled/reversible edges.

Here we also list all DAGs according to the essential graph (a) in Figure 2.1, as an instance
for the Markov equivalence class. There are three DAGs represented by the essential graph in
Figure 2.2. Consider those DAGs having the same skeleton, i.e. 1—2,1—-3,2—4,3—4,4—05,
the total number of such DAGs are 25 — 2 = 30.

10



e

(a) Essential Graph Gss. (b) DAG G;.
(2) (2)
a.a ® o 06
© ©

(c) DAG G,. (d) DAG Gs.

Figure 2.2: DAGs in the Markov equivalence class.

2.4 Experimental Intervention

Some edges would remain undirected in the essential graph, which obscures the causal inter-
pretation of the edges. That is the motivation to introduce experimental interventions. In
an experiment, the process of intervention forces one or several nodes to take values from an
external distribution f,(-), independent of the original joint distribution. A typical example

of intervention, for instance, could be gene knockout or knockdown experiments in biology.

Let I C [p] denote the intervention target, i.e. the set of intervened nodes. Let X! =
X! XI ... X! be the random vector X under intervention I, whose distribution is given
1)<Y2 P g

by a modified SEM (2.1):

U, if jel,
xr={" (2.5)

J
ZkEpa(j) BkJXlg +€j7 lf] ¢ I?

where Uj; is a random variable that defines the distribution of X; when it is under intervention.

Notice that the equation (2.6) requires some independence assumptions on the intervention

11



variables Uy: (1) for any j € I, U; is independent of {ey,k ¢ I}; (2) U;,i € I are mutually
independent. The intervention considered here is classified as stochastic intervention; cf.

[KHNO4]. Then (2.3) can be modified as,

= T £l zpa) [T fo, (). (2.6)

JEPI\I JeI

where f1(-) is the joint density under the intervention target I.

Meanwhile, assuming the intervention variables are Gaussian with mean 0, i.e. U; ~

N(0,72) for any i € I, the random vector X’ preserves normality,
X1 N (0,5), 2.1

where 3/ is the modified covariance matrix under intervention target I. Equation (2.5) can
be rewritten into an interventional matrix expression similar to (2.4), and furthermore the

interventional covariance matrix X can be found; for details see [HB15].

A modified graph is also induced after intervention. Intervention on X; will effectively re-
move all arrows pointing to nodes X;, and we denote the modified graph by G'. For instance,
consider a DAG with two nodes in Figure 2.3. Since G; and Gy are Markov equivalent, it is
impossible to distinguish these two without the help of intervention. Suppose we intervene
on node 2, i.e. I = {2}, then Figure 2.3(d,e) shows that the arrow 1 — 2 will be cut off in
Gl but 2 — 1 is not changed in graph GZ. This difference between two graphs GI and GJ

after intervention enlightens the development of learning methods using interventional data.

O— O OO

(a) Essential Graph. (b) G1. (c) Ga.

ONNO O—E

(d) G1. (e) G-

Figure 2.3: An example of the Markov equivalence class and the effect of intervention.

12



It may be convenient to treat intervention as an additional variable in the DAG G. Defin-
ing F}; as intervention on X, the parents of X; is augmented to pa(j)U{F;} in the augmented

graph with the following conditional distribution:

F(@ | 2pay), Fy =idle;
[z | 2pag), Fy) = 2.8)
fu,(;), F; =do(X; = Uj).

Here, do(X; = U;) is the do-operator [Pea00], denoting the intervention that forces X; be
Uj; idle means no intervention is applied on X;. To understand the effect from intervention

target I, sometimes it is better to investigate the augmented graph with auxiliary variables
{lan}mEI'

In general, experimental data collection is not limited to only one intervention target, and
often there will be a family of intervention targets, Z = {3, I, ... Ig}. Here B is the number
of intervention targets in the family Z, i.e. B = |Z|. Recall the definition of D(G). For any
intervention graph G!, let D(G') represent the set of all d-separation statements in G/. Then
the interventional Markov equivalence can be defined by considering the d-separation sets

for the family of targets Z.

Definition 4. Given a family of intervention targets I, we say two Markov equivalent DAG's

G and Gy are T-Markov equivalent, denoted by Gy ~1 Ga, if D(GY) = D(GL) for all I € T.

There are other equivalent ways to define Markov equivalence, also Z-Markov equivalence,
see [HB12] Section 2.2 for more details. By Definition 4, interventional Markov equivalence
requires that intervention graphs are always observational Markov equivalent over the family
of targets, and from the graph structure perspective, if G, ~7 G, then G! and GI have the
same skeleton and the same v-structures for all I € Z. Extend Definition 1 to interventional

case:

Definition 5. Given a DAG G, and a family of intervention targets L, the Z-Markov equiv-
alence class (MEC) of G is the set of graphs [G|r = {G:G ~1G}.
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Up to now, the interventions mentioned in this section will make the intervened variable
independent of its original causes. In other words, the interventions will destroy the arrows
pointing to the intervened node, i.e. changing the structure of the original DAG. That’s why
this kind of intervention is referred as the structural intervention. Some other names are like
surgical, ideal, or independent intervention. Sometimes the intervention is not that strong,
or not ideal in the experiment. There is another weaker form of the intervention called as

soft intervention.

The soft intervention will not affect the structure of DAG, which instead changes the
conditional distributions among intervened node and its parents, i.e. the parameters of
f(x;]2pag;)). Someone refers this kind of intervention as the parametric intervention, and
other names are: partial, conditional or dependent intervention. Similar to (2.8), the condi-

tional distribution for soft intervention can be defined as:

flz; | fpa(j)), F; = idle;
f(@j | @pagi), Fj) = (2.9)
f(@j | Tpay), Fj=do,

where f(xj | Zpa(j)) 7 f(2; | Zpa(j))- As the soft intervention does not change the structure,
the augmented graph for post-intervention is also different; see Figure 2.4 as an example.

[Ebe07] has a good summary of the different kinds of interventions.

(a) no intervention ) intervention ) soft intervention

Figure 2.4: Graph difference between structural and soft intervention while F; = do.

The main focus of this dissertation will be put on the structural intervention, and we al-
ways refer to the structural intervention when we say intervention. Some concepts defined for

structural intervention may not be extended to the soft intervention, for example, Z-Markov
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equivalence. In Definition 4, Z-Markov equivalence is defined based on the d-separation
sets, however soft intervention cannot provide extra information to change the d-separation

relations as it will not affect the graph structure.

It is seen that the design of intervention target family Z plays an important role in the
definition of Z-Markov equivalence. We do not want to impose restrictive constraints on Z in
this work. Our methods apply to any type of intervention target family, Z = {Iy, I5, ..., Ig}.
A general n x p data matrix X generated under Z consists of a number of data blocks X* with
n; rows and p columns for ¢ = 1,2, ..., B. Each row within the same block X' is drawn i.i.d.
from NV(0,X"), but data rows from different blocks are not identically distributed. Here after
3 corresponds to 3¢ in (2.7) to simplify the notation. An observational data block if exists
could be treated as I = {(} for notation consistency. To make it easier to understand, the
general setting of data under a family of intervention targets Z = {Iy, I, ... Iz} throughout

this dissertation can be represented as:

X! N(0,%1)
X2 N(0, X2 B
X = ' ~ ( with Zni:n.
. . =1
XB N(0,X5)

The goal of this work is to learn the MEC [G]7 from the data X.

2.5 Skeleton Learning on Observational Data

To recover the true causal DAG G, we first find its skeleton G,.. Given the vertex set V,
a complete undirected graph can be constructed, with an undirected edge between every
pair of vertices. A general strategy of skeleton recovery is to eliminate some edges from

the complete graph, leading to E,. usually much smaller than the edge set of the complete
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graph if G is sparse.

Any edge in skeleton can be detected with conditional independence constraints, as under

faithfulness assumption,

there is an edge between nodes X; and X; <= X; £ X, | Xs for any S C V\{¢,j}; (2.10)

see [SGS00] for details. The rule in (2.10) can be applied to skeleton recovery naively, by
checking conditional independencies given all S C V\{i, j}. However, it faces the challenges
of computational effectiveness and the reliability of high order conditional independence test,

especially for high-dimensional case.

The PC algorithm [SG91] develops a better approach to test all these conditional inde-
pendence relations effectively. In PC algorithm, different to (2.10), we start the conditional
independence test from empty conditioning set, i.e. |S| = 0, and increase |S| gradually.
Another difference is PC algorithm only considers the subset of neighborhood as the set of

variables conditioned, i.e. & C ne(i)\{j}.

Algorithm 1 shows the population level PC algorithm. Suppose we have oracle informa-
tion on conditional independencies, i.e. line 11 in Algorithm 1 guaranteed, then the output
of PC algorithm is the true skeleton of the DAG G; see [KB07]. We summarize one useful
result in Lemma 1 below. Lemma 1 can help us bound the number of tests required during

skeleton recovery with PC algorithm.

Lemma 1. Given a DAG G with faithfulness distribution. The population level PC algorithm
constructs the true skeleton of the G. And the maximal reached value of I: m* € {s — 1, s},

here s = max;e1,. , |ne(i)|.

With the help of the separation sets recorded in Algorithm 1, the second part of the PC
algorithm extends the skeleton to CPDAG through several criteria, which is also well-known

as the Meek’s rule, see Algorithm 2.
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Algorithm 1 The PC algorithm (skeleton estimation)

1:
2:
3:
4:
5:

10:
11:
12:
13:
14:
15:
16:
17:

18:

INPUT: vertex Set V', conditional independence information
OUTPUT: estimated skeleton Gg,, seperation set S
from the complete undirected graph G

l=-1,G=G
repeat
l=1+1
repeat
select an ordered pair of nodes 7, j that are adjacent in G such that |ne(i)\{j}| >
repeat
choose (new) S C ne(i)\{j} with |S| = 1.
if « and j are conditionally independent given § then
delete edge 1, j
denote this new graph by G
save S in S(i, ) and S(j,1)
end if
until edge i, j is deleted or all S C ne(i)\{j} with |S| = [ have been chosen
until all ordered pairs of adjacent variables i and j such that |ne(i)\{j}| > [ and
S Cne(i)\{j} with |S| = [ have been tested for conditional independence
until for each ordered pair of adjacent nodes 7, j: |ne(:)\{j}| <!

Algorithm 2 extending the skeleton to the essential graph (or called as CPDAG)

10:

11:

INPUT: skeleton G, separation sets S
OUTPUT: essential Graph G,
for all pairs of nonadjacent variables 4, j with common neighbour k£ do
if £ ¢ S(i,j) then
replace i — k — jin Gy by i = k <+ J
end if
orient more edges through the following rules:
R1 orient 7 — k into 7 — k whenever there is an arrow ¢ — 7 such that ¢ and k& are
nonadjacent
R2 orient ¢ — 5 into © — j whenever there is a chain ¢ -+ k — j
R3 orient ¢ — 7 into ¢ — 7 whenever there are two chains ¢ — k — j and ¢+ — [ — j such
that k and [ are nonadjacent
R3 orient ¢ — j into © — j whenever there are two chains ¢ — k — [ and £ — [ — j such
that k and [ are nonadjacent
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CHAPTER 3

Learning skeleton

3.1 Difficulty with Interventional Data

The main difficulty is from interventional data, and such influence performs quite compli-
catedly. Suppose there is an edge i — j in a DAG G. Then the arrow will disappear in
the corresponding interventional graph G’ if node j is intervened, i.e. j € I. To test the
existence of edge between node ¢ and j, either ¢ or 7 under intervention could make the

conclusion unreliable, since the direction remains unknown in skeleton recovery step.

Definition 6. If there exists an intervention design I € T such that I N {i,j} =0, we say

the correlation between node v and j is accessible under I.

Intervention I will not change the existence of edge i — j in skeleton recovery if IN{i, j} =
(), but the estimated CPDAG may be influenced as Meek’s rule relies on the separating set.
In PC algorithm, we increase the separating set size gradually to find the minimal S* such

that:
X; L X;|Xs <= S d-separate i and j <= all trails between ¢ and j are blocked by S.

Thus for any k£ € §*, there are three possible cases -+ — k — -+, -+ ¢~ k < --- and
.-+ ¢k — ---. Notice it is possible that a separating set contains the collider of a v-structure,

however the minimal separating set S* will not include any collider.

Suppose §;; is a minimal separating set for node ¢ and j: if node £ in i < k — j is
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intervened, the minimal separating set S;; is still valid (nothing happens in this case); if
node k in ¢ — k < j is intervened, the minimal separating set S;; is still valid (the trail is
already blocked by collider); if node k in an open trail ¢ — k — j is intervened, the minimal
separating set is S;;\{k} (intervention cuts off the trail). Thus the last case may result in a
smaller separating set, and finally the vertex k will be recognized as a collider and incorrect

v—structure ¢ — k < j could be added into CPDAG.

(=) (=)
6¢@ OB OO

(a) True DAG. (b) Intervene on c;.

Figure 3.1: The intervention blocks an active trail : — ¢; — j in G.

For example, in Figure 3.1, the intervention on ¢; blocks the active trail i — ¢; — j
in G such that there is only one active trail left in the interventional graph Gi¢}. In this
simple case, they are leading to different separating sets S;;, {c1,c2} for (a) and {c} for
(b). Suppose we have both observational and interventional data, i.e. Z = {0, {c1}}, and
the true skeleton can still be recovered by the power of observational data. While applying
Meek’s rule, with the separating set S;; = {ca}, i — ¢; — j will be identified as a v-structure
i — ¢ < j since the common neighbor ¢; ¢ S. Thus we may recognize {c;} as a collider
incorrectly by Meek’s rule, if we don’t make a calibration on the separating set. And we can
choose the largest minimal separating set for calibration to avoid this issue, if there are more

than one minimal separating sets corresponding to different interventional data blocks.

Meanwhile, the change of structure from intervention actually makes nodes in each data
block has its own corresponding partial correlation, which means we cannot treat interven-
tional data as a whole to calculate the partial correlation. Intuitively, such mixture data
could be regarded as a whole drawn from an average distribution, but which is helpless to

establish the theory.
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3.2 Skeleton Learning on Interventional Data

Under Gaussian assumption, the conditional independence test (2.10) is equivalent to testing
the partial correlation p; jis. Generally, there are three methods to calculate the partial
correlation: linear regression, inverse of covariance matrix and incursive method. Here we
choose linear regression: to test X; L X; | Xs, regress X; on X; with Xs and the coefficient
of X; determines the conditional independence. More details on the relation between partial
neighborhood regression coefficient and conditional independence will be discussed in the

latter section; see (5.5).

As discussed in the previous section, the interventional setting over data blocks could
affect the coefficient of regression. Even those nodes not involved in the regression can
still make a huge impact, which means it is hard to merge some blocks and do fewer tests.
Consider this, we do regression within each block given specific intervention. For the re-
labeled family of intervention targets Z; ;) = {1, ls, ..., Ip, , } with B = |Zi )|, where
I ;) is the set of intervention targets that are informative with respect to edge i — j, i.e.
Ty ={1€Z|In{ij} =0} we use Hfj\s to represent X; ~ X; + Xs on data block X,

and the corresponding underlying linear model,

for k = 1,2,...,B(;. The reason we define a new notation Z; ;) here instead of using 7
directly is that from Definiton 6 some intervention blocks may be infeasible to conduct PC

algorithm, actually Z;; ;y C T and By, ;) < |Z|.

To determine a single coefficient of linear regression nonzero or not, it is a classic question
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that we can use the t—statistic,

~

Biis
-1
5@|8\/(<X58)TXZ‘|8>11.

where sfﬂ s is an unbiased estimator of afj‘ s+ & well-known result from linear regression,

ko _
Tips =

1,

s if ’T@";|s| > a,, we accept BZ'IS # 0, (3.2)

skis = SSRE s/ (nk s — plys), (3.3)

here a, is the critical value of test and Xfﬂ s is the design matrix. In equation (3.3), SS Rfﬂ sis

the Residual Sum of Squares defined from linear regression, and p is the number of predictors.

Lemma 2. If nodes i and j are blocked by S in G and I N{i,j} =0, then i and j are also
blocked by S in G'.

Algorithm 1 shows the main part of PC algorithm given by [KB07], in which PC algorithm
repeatedly selects the subset S from the neighbor of node ¢, i.e. S C Adj(G,:)\{j}, and
remove edge ¢ — 7 from the estimated skeleton once the conditional independence test shows
X; L X, | Xs. Under interventional data setting, as discussed in Section 3.1, it’s challenging
to conduct the conditional independence test over interventional blocks. So based on Lemma
2 and t—statistic (3.2), we can combine these tests to determine the conditional independence

between ¢ and j given S, that is,
If ’T,];\g\ <oy forall k=1,..., B, then we accept Hy : p;jis = 0; (3.4)

otherwise, reject Hy. Now we replace the line 11 in Algorithm 1 with (3.4) also (3.2) to

conduct the conditional independence test with finite samples generated by intervention.
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CHAPTER 4

From Skeleton to Z-Essential Graph

4.1 Interventional Essential Graph and Reversible Edges

Definition 7 ([AMP97], Definition 3.3). Let G be a graph. An arrow i — j € G is strongly
protected € G if i — j occurs in at least one of the following four configurations as an induced

subgraph of G:

o ob &b B

Figure 4.1: Four configurations of strongly protected arrow ¢ — j.

The configurations of strongly protected arrow in Definition 7 guarantee that the direction
of this kind of arrow is irreversible. In configuration (a), it would induce new v-structure
s — 1 < j if the direction of arrow i — j has been reversed; in (b), it would eliminate
the existing v-structure ¢ — j < j; in (c), it would lead to a loop; in (d), to avoid new
v-structure s; — 7 < $o, there must exist ¢ — s; or ¢ — o, then the reversal of i — 7 would
create a loop. The strongly protected arrow shows the status of compelled edges of DAG §G.

And we have the following lemma based on this.

Lemma 3 ([AMPO97], Theorem 4.1). G, is essential graph for some DAG G if and only if

Gess satisfies the following four conditions.
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(1) Gess s a chain graph.
(2) Every chain component of Gess is chordal.
(8) The configuration a — b — ¢ does not occur as an induced subgraph of Gess.

(4) Every arrow a — b € Gess is strongly protect in Ges.

As mentioned in its original paper [AMP97], Lemma 3 depicts the characterization of
essential graph precisely. Since an essential graph G is a chain graph, let ICy,... KC,, be a
disjoint partition of G. Then in essential graph G, every reversible edge must belong to some
chain component K; and if |K;| > 3, the reversible edge might be an edge of some triangle.
For reversible edge 7 — j € K, if there exists a directed edge kK — 4, then k — 7, otherwise
the configuration kK — 7 — j occurs; and also k — s for any other s € K;, since K; is a chordal

and there always exists a trail from 7 to s.

For a reversible edge ¢ — j in the essential graph G.,,, the neighborhood of vertex ¢ or
j can be characterized with the help of Lemma 3. Without loss of generality, focus on j’s
neighborhood ne(j). If there exists s € ne(j) with direction s — j, s must be a common
parent of i — j in G, otherwise the configuration k — i — j occurs, shown as Figure 4.2(b).
A common parent s of ¢ — 7 must belong to the upstream chain component, i.e. if i —j € K,

and s € K, then ¢t < [.

If s € ne(j) belongs to the downstream chain component, it can be a common child of
i — j or child of j only, shown as Figure 4.2(c, ). Intervention on vertices from downstream

cannot affect ¢ — 7, in this case they are not our interests.

The most complicated case is that s € ne(j) is in the same chain component with i — j.
Since s € mne(j), s must be connected with j through an undirected edge. If s is also
connected with 4, s is a common linked node forming a triangle (i, j, s), respective to Figure
4.2(a); and define 1k(ij) for the set of common linked nodes, see definition 8(b). If s is not
connected to i, s can be a single linked node within ne(j), see Figure 4.2(d), which is the

simple case. Another case is there exists a trail between s and ¢ even though no direct edge
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connecting them. Because the trail connecting s and ¢ belongs to one chain component, the

loop @ — j — - -+ — i consists of two or several triangles, see Figure 4.2(f) as an example.

To formalize case (f), we say a vertex s is a neighboring triangle node of j if (1) s—j € Gess
(2) there exists an undirected trail from 7 to s of length > 2 and not passing j. Based on this
definition, Figure 4.2(f) actually shows a specific case in which the trail contained starting

from ¢ to s has length 2 exactly.

Definition 8. For a reversible edge © — j in the essential graph Gess, define:

e (a) the common parent set of i — j as

ep(ij) ={s €V |s—i,5s =7 in Gess};

e (b) the common linked set of i — j as

lk(l]) = {S eV | S —i,S _j m gess};

e (c) the blocker set of i — j as

Lij = cplig) U I(ij).

Proposition 4. Given a reversible edge i — j in the essential graph Gess, a neighborhood

node s € ne(j) must belong to one of following configurations:

e (a) s is a common linked node, i.e. s € lk(ij);
e (b) s is a common parent node, i.e. s € cp(ij);

e (c) s is a common child node, i.e. s€{s€V |i—s,j—5inGes};
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e (d) s is a single linked node, i.e.

se{seV|j—sandi— j—s is the only undirected trail between i and s in Gess};
e (e) s is a single child node, i.e.

se€{seV|j— s and there is no i — s in Gess };

e (f) s is a neighboring triangle node, i.e.

s€{s eV |j—s and there exists an undirected trail from i to s

of length > 2 not passing j in Gess}

g du d

) common linked ) common parent ) common child

Co—C)
O——© OO 0‘!

(d) single linked (e) single child (f) neighboring triangle

Figure 4.2: Neighborhood behavior of vertex j.

Figure 4.2 lists all the possible cases of ne(j) by enumeration, where lk(ij) and cp(ij) are

our interests also their union £;;; see Definition 8. Notice that trail i—o—s—j in Figure 4.2(f)

also goes through vertex o, which is a part of lk(ij). Consider the true underlying DAG G,

all trails connecting 7 and j can be classifed to three cases: (1) the direct connection i <> j

itself; (2) the trail is inactive given empty observed set; (3) the trail is active given empty

observed set. If the trail belongs to case (3), it must pass through £,;. That is the motivation
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of methods around £;; introduced in next section, also the reason why other nodes can be

ignored in the discussion.

Lemma 5. Let Gz be the essential graph of a DAG G and i — j be a reversible edge of Gess.
Then, any trail connecting © and j of length > 2 is blocked by empty set if the trail does not

pass through L;;.

Lemma 6. Let G, be the essential graph of a DAG G and © — j be a reversible edge of Gess.
Then, any trail connecting © and j of length > 2 is blocked by L;; if the trail does not pass
through L;; and the direction of edge 1 — j is ¢ — j.

Lemma 5 and 6 shows the good property on reversible edge ¢« — j in the essential graph,
and £;; plays an important role in this discussion. All trails not passing through £;; are
blocked by empty set, and will not be activated by L;; if the direction is ¢ — j. In other
words, only those trails that passes through £;; should be added into consideration when

determining the d-separation relations in DAG G.

Lemma 7. Let G s, be the essential graph of a DAG G and i — j be a reversible edge of Gess.
Then any neighboring triangle node s defined in Proposition 4 must be a common child of
o — j if the direction of edge i — j is i — j. Here o is the closest node to s on the undirected

trailt — -+ — o0 — s.

Lemma 7 ensures the neighboring triangle node s is not the parent of node j in DAG G
if the direction is © — j. And s is in the downstream of ¢ — 7, thus the intervention on s

cannot affect the reversible edge i — j.

For instance, an essential graph G = K1 UK, UK3 UKy = {1,2,3} U{4,5,6} U{7} U{8}

in Figure 4.3. And for any reversible edge ¢ — j we can define £;;, still in Figure 4.3,

£12 = £13 = ®7 ‘645 = {27 37 6}7 £46 = {27 37 5}7 £56 = {27 374}7
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Figure 4.3: An example of the essential graph.

and all reversible edges could be classified into two classes: (1) |£;;| =0 (2) |£;;] # 0. If the
reversible edge with |£;;| = 0, in this case, it can be in the root chain component X under
some chain component partition Ky,...,K,,. To describe the Z-Markov equivalence class,

we give the definition of Z-essential graph Gz at first:

Definition 9 ([HB12], Definition 11). The Z-essential graph Gr associated with G and T is

the graph
91 = Ug'eg),9 »

that is, G is the smallest graph larger than every G € [G]z.

Recall [G]7 represents the Z-Markov equivalence class of graph G and the union is graph
theoretic union. Under this definition, Gz is a subset of G.,,, and its difference shows the
power of the family of targets Z. [HB12] extend the characterization of essential graph in

Lemma 3 to the interventional case; see Lemma 8 below about Z-essential graph.

Lemma 8 ([HB12|, Theorem 18). Gz is Z-essential graph for some DAG D if and only if
(1) Gz is a chain graph;

(2) Every chain component of Gr is chordal;

(8) No induced subgraph of the form a — b — c;

(4) Every arrow a — b € Gz is Z-strongly protected in Gz;
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(5) Gz has no line a — b for which there exists some I € T such that |I N{a,b}| = 1.

An arrow i — j is Z-strongly protected if there exists I € Z such that [{i,7} N 1| =1
or the arrow satisfies one of four configurations mentioned in Definition 7. The difference
between the definition of ’strongly protected’ and "Z-strongly protected’ is from the power
of intervention. The intervention can guarantee new identifiable edge orientation. In other
words, some new irreversible arrows would be brought into Gz by the intervention, besides
those strongly protected arrows. Hence Z-strongly protected arrows can be understood as
the combination of irreversible edges brought from intervention and the irreversible edges

given by graph structure itself.

Lemma 8 motivates us to approach the Z-essential graph sequentially. Given essential

graph G.,s and the intervention family Z, define edge set
Er ={(i,7);1 < 7,5 — j € Gess|3I € T such that [I N {i,j}| =1}, (4.1)

which contains all the undirected edges can be determined with interventional data. In
practice, our algorithm can infer the edge direction for E7 one by one, and apply Meek’s

rule to get the Z-essential graph Gz after all edges in E7 are done.

The first row of Figure 4.4 shows three DAGs that are observationally Markov equivalent,
as they, Gi,Gs and G3, have the same skeleton and a single v-structure 2 — 4 < 3. Now
suppose G; is the true DAG, which is targeted to recover from interventional data. For family
of targets Z; = {2}, edge 1 —2 can be oriented, i.e. Ez, = {(1,2)} defined in (4.1). With the
help of Z;, there is a partition over three DAGs: [Gi]7, = {G1,G2} and [Go]z, = {Gs}, also
Giz, in Figure 4.4(e) is the Z-essential graph corresponding to the interventional Markov

equivalence class [G]z, -

The true DAG G is indistinguishable with single intervention on {2}. To enhance the
power of intervention, if {3} is also intervened, now [G;]7, can be partitioned more precisely;

check the difference between 91{3} and 92{3} in Figure 4.4. Let Z, = {{2}, {3}}, then [Gi]z, =
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Figure 4.4: An example of the edge orientation with intervention.

4.2 Edge Orientation with Experimental Data

efé‘)ge

(b) Intervene on 4.

{G1}. In other words, we can find the true DAG G; with the family of targets Z,, i.e.

Gi1, = G1. The edge set Bz, = {(1,2),(1,3)} and can be oriented sequentially in practice.

To determine the direction of reversible edges, one preferred way is to test the difference

from intervention. Figure 4.5 gives an example to show this difference. And the motivation

0’0

(c) Intervene on j.

Figure 4.5: An example of the difference from intervention.

of our algorithm comes from one observation: if the true direction is ¢+ — 7, the intervention



of node 5 will damage the local neighborhood of node j, but the intervention of node ¢ will

not.

Assume ¢ — j and i is under intervention, consider the common linked node, i.e. (a) in
Figure 4.2, there are three possible cases in the true underlying DAG: case (a) and (c) still
hold the graph structure in Figure 4.6, which implies the conditional relations and correlation
coefficients are invariant under intervention. Since the intervention cut the trail i «— s — j
in case (b), still seeking for some invariant quantity under intervention, conditioning on node

s is a good choice, as conditioning can be regarded as a blocking operation.

(a) s is common child. (b) s is common parent. (c)s:i—>s—7.

Figure 4.6: Three cases of common linked node in ¢ — 7 with intervened 1.

We assume the joint distribution for X is defined by a set of SEMs with a DAG G, as in

Section 2.2.

Theorem 9. Consider a reversible edge i — 7 in an essential graph G.ss. Suppose the
underlying DAG is G. If the edge direction is 1 — j in G, then the conditional distribution

(X | Xi,{Xs,s € Lij}] is invariant after intervention on X;.

From Theorem 9, to orient the direction of reversible edge, it suffices to check whether the
conditional distribution [X; | X;,{Xs,s € £;;}] has changed under intervention. It is hard
to compare conditional distributions directly, so corresponding partial regression coefficients
can be a good substitute, as the invariant conditional distribution ensures the invariant

regression.

If X; is under intervention in some intervention target,

Hobsjrvi * Xj ~ Xiobs + Xy Hintjmi 2 Xj ~ X + Xz
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the first regression Hops j~; uses observational data block, while the second one using inter-
ventional block with I = {i}. To represent the underlying linear equation, we always use
subscript 0 in all notations related to Hops j~; and 1 for Hin j~i, and we use L to replace L;;

for simplicity,
X = B0,ijXiobs + BociXe + €055 Xj = Br,ijXijine + Br,c; Xz + €15,

with the invariant conditional distributions guaranteed by Theorem 9. Then the null hy-

pothesis,
H() : Xz — Xj — HO : ﬂO,ij = /8171‘]‘ and Val"(€07ij) = Var(€17ij), (42)

now we transfer the orientation problem to a two-sample test about the partial coefficients

of neighborhood linear regression.

To test the null hypothesis (4.2), the test statistics can be used is,

ﬁO,ij - 51,1’]’

Tisj = T -1 T = ™ bonsjtna—2pis (4.3)
Spij \/(Xo,z'jXOJj)ii + (Xl,z'jXLij)ii
in (4.3),
(n0,ij — pij)S(Q),ij + (1,45 — pij)siz‘j
Sp,ij = ) pij = ‘ﬁ‘ + 17
noij + Mg — 2Pij

and Section 7.3 gives all details about the test statistics derivation. Then the direction of

edge can be determined through,

if |T;—,;| > a so H is rejected, (4.4)

here « is the critical value of test. If Hy is rejected, the alternative hypothesis leads to a
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different conditional distribution under intervention, based on above discussion also Theorem

9, we can orient X; — X, as X; < X in this case.

Remark 1. [t’s not enough to use common parents only as regressors in the neighborhood
linear regression, as possibly there may be some common parents in DAG G hidden as common
linked nodes in the essential graph G.ss, and the ignorance of such hidden common parents

is unacceptable. Notice that it is crucial to condition on all the common parents.

Remark 2. [t is worthwhile to mention that, if j is under intervention with i — j, the

Zﬂﬁij = 0 may not hold, even no edge between v and j exists
g

ijls

partial regression coefficient
under intervention. Suppose s is a hidden common child of i — j, coefficient 3. is nonzero

because conditioning on s activates the trial i — s < j.

4.3 Extend to A General Intervention Target

In previous section, we introduce the intuition of our method under single intervention, i.e.
only one node of {7, j} is intervened. Move to the general case, as we have no constraint on
the intervention target, some intervention target will be 'bad’ for our algorithm. Obviously,
the data block with intervention target I;, that both X; and X; are under intervention, that

is |Ir N {7, 7}| = 2, cannot provide any information about the reversible edge i — j.

Meanwhile, the node set [p] can be separated to three parts by i — j corresponding to one
typological sort: the upstream of ¢ — 7, the midstream between ¢ — 7 and the downstream of
1—7. Intervention on the nodes of downstream could be safe in the most cases, since it cannot
influence the joint density of [X;, X;, X,] at all. The one special case is the common child
hidden in £, but which is avoidable in practice. Compared to downstream, intervention on
upstream will not change the structure of induced subgraph, and our interest, the conditional

density [X; | X;, X] also keeps invariant.

Figure 4.7 shows a different case: if intervention target I} contains any node from lk(ij),

i.e. [I N1k(ij)| # 0, this intervention can endanger the coefficient comparison in the regres-
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sion X; ~ X; + X, while the s € lk(ij) is actually the common child node in the true DAG.
And those common child nodes hidden in the essential graph prevents us merging such kind

of blocks, since the [X; | X;, X;] has changed over block 1 and 2.

(o) (e
0‘0 (O—®

(a) Essential Graph. (b) True DAG.

(o) O,
(O—) O—®

(c) Block 1 with I = {i}. (d) Block 2 with I = {4, s}.

Figure 4.7: Example about common child with intervention.

To solve this difficulty, use lk(ij) to classify and merge different intervention targets.
Recall our algorithm, to judge one undirected edge i — j, we need to run regressions X; ~
X + Xop(ij) + Xik(iy) over two paired data design matrices. Start from the most natural case,
in which we can construct a pair of two design matrices that have no intersection with 1k(ij).

Here define two index sets,

Sops = {k € [B] | Ie 0 {i, j} = 0, I N 1k(if) = 0},
Sint = {k € [B] | Ie N {1, j} = {i}, I N 1k(ij) = O}.

(4.5)

If Spps # 0 and S;,r # 0, we can merge all data blocks indexed in S, to construct the
observational design matrix, that is X ;; in (4.3), similarly construct X ;; with S;,,;. Actually,
data block with intervention target Iy, € Sy, || # 0 can be regarded as "purely observational
data’, and which implies that such kind of data blocks can be merged with the observational
block I}, = () if there is. That’s important to include observational data into this merge step

as generally data block with I, = () has the largest sample size.

Due to the flexibility of intervention family Z, one or both of (Sups, Sint) defined in (4.5)
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could be empty. In this case, if we still plan to do edge orientation, for any L, C lk(ij),

Sobs = {]{? € [B] | [k: N {Z,j} = @,Ik N lk’(Z]) = Esub};

Smt = {k’ S [B] ’ Ik N {Z,j} = {Z},Ik N H{?(Zj) = Esub};

(4.6)

such that S # 0 and Sy, # 0, our algorithm still works on this dataset. The intuition
of (4.6) is that some intervention targets can ensure the same local environment around
undirected edge ¢ — 7 such that it is still possible to approach the difference from intervened

node ¢ only. Notice that L, can be empty, and which implies (4.5) is a special case of (4.6).

Theorem 10. For a reversible edge 1 — j and corresponding L;; in an essential graph Gess.
Suppose the underlying DAG is G. If the edge direction is i — j in G. Given the family
of interventional targets I, for any Ly C lk(ij), if we can find (Sops, Sint) defined in (4.6),

then the following conclusions hold:

(a) [X; | Xi,{Xs,s € Li;}] is invariant over interventions {Iy, k € Seps}, which we denote
as [X] | Xiv {X573 € Lij}]obs'

(b) [X; | Xi, {Xs,s € Li;}] is invariant over interventions {I, k € Sin:}, which we denote
as [X; | Xi, {Xs, s € LijHine;

(c) [X; | Xi, {Xs,s € Lij}obs s the same as [X; | X, {Xs,5 € Lij}int-

Remark 3. The proofs of both Theorems 9 and 10 are based on the graph structure, and no
assumption on the joint distribution is involved in the invariance rule. The invariance rule
does not need Gaussian assumption, just a general SEM according to a DAG. Therefore, we

can apply this rule to other distributions, even discrete case.

Remark 4. [t’s preferred to compare two coefficients instead of testing zero or nonzero of
marginal correlation p;;. Both Theorems 9 and 10 can be extended to the soft interventional

case, as the d-separation discussion among the proofs still works for the soft intervention.
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Due to high-dimensional setting and sparsity, the danger set [k (ij) would be much smaller
than the edge set [p]. Consider this, the merge step can be very useful such that both X ;;
and X, ;; have adequate data samples. In practice, since observational data is cheap and
common, it is ideal to conduct the comparison based on (4.5). But still we are not preferred
to set any constraint on the intervention family Z in this dissertation, and also to ensure the

integrity of the theoretical result, (4.6) is introduced.

In this case, given interventional target Z and undirected edge ¢ — j, the crucial step is
to search any Ly, C lk(ij) satisfied (4.6) such that both S, and S;,; are nonempty. It
is possible that we can’t establish any test, if there is no feasible pair of (Syps, Sin¢) given
specific interventional target Z. Meanwhile, sometimes there are more than one Ly, C lk(ij)
can be found, and in this case multiple tests can be conducted for edge orientation. Number

the pairs of (S, SF

obs) “int

) with £ =1,2,..., K where K is the total number of such pairs. And
similar to (3.2), to handle multiple tests,

k ko ok
Xi = Xj = f;; = Bi;; and var(eg ;) = var(ey ;) for each (Sp,q, Siyy).

with £ =1,2,..., K. The number of such tests K should be quite limited, and for simplicity
the rest of this dissertation will focus on the case having only one test, especially for the
consistency proof part; check Section 5.3 for details. Now we can give Algorithm 3 to

summarize the method introduced in this section.

The Algorithm 3 conducts only one side of the edge orientation, as it is always testing
the invariance relations after intervention on X;. For reversible edge < — j, obviously not only
X; ~ Xi+X¢,;, the reversal one X; ~ X;+ X, can also be used for the edge orientation. At
the population level, these two tests should be consistent, which means one always rejects Hy
while another not. Sometimes we don’t have various enough intervention targets. In practice,
the orientation can be decided from one side regression only, or remain as an undirected edge

in result if two tests are inconsistent. And in this case, the orientation rule in lines 5-12 of
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Algorithm 3 Recover the Interventional Essential Graph (Population)

1: INPUT: essential graph G.,, intervention target Z

2: OUTPUT: estimated Z-Essential graph Gr

3: repeat

4:  select a pair of nodes (7, j) from edge set Er defined in (4.1)

5 if for (7, 7), there exists a qualified pair (Syps, Sin¢) satisfied rule (4.6) then
6: run regression X; ~ X; s + X, on merged block indexed by Sps

7 run regression X; ~ X ;s + X, on merged block indexed by Sjy

8 if 6011']' = Bl,ij then

9

orient © — j as ¢t — J

10: else

11: orient © — j as j — ¢
12: end if

13:  else

14: continue.

15: end if

16: until all undirected edges have been tested.

Algorithm 3 needs to be revised slightly to include the criteria for two tests.

To make it easier for understanding, Figure 4.8 serves as an example on how to implement
algorithm 3 in practice. There is one common parent and one common linked node in
Figure 4.8, and the family of intervention targets is Z = {0, {i}, {4, s1}, {s2}, {i, 51, 82}}

Figure 4.9 shows all interventional graphs.

OO Oa®
WY W
(a) Essential Graph. (b) True DAG.

Figure 4.8: Undirected edge ¢ — j with one common parent s;
and one common linked node ss.

Then there exists two possible pairs of (Syps, Sint) considering (k(ij) = {s2}. The first
one is (84, 8M) = ({1},{2,3}), and another is (S2), S2)) = ({4}, {5}). For (S}, 8!, we

obs? ~int 0 int

can merge data blocks X, and X3, Corresponding to I = {i} and I3 = {i, s1}, to prepare

interventional data block X1 4j» implied by S mt = {2, 3}; observational data block X0 4j 1s just
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X, as Sg;g = {1}. Finally conduct the partial neighborhood regressions X; ~ X; + X, + X,

on both X' and X{"). and make the edge orientation based on the results from test (4.2).

0,ij 1,45
TR ORER

oo oo oo
(a) I = 0. (b) I = {i}. (c) Is ={i,s1}.

OO, OWO
(O (O—)

(d) I4 = {82}. (e) I5 = {i,Sl,SQ}.

Figure 4.9: The interventional graphs with Z.

We can construct another test on (S @) g (2)) separately. Observational data block X

obs? ~int 0,25
is X4, and interventional data block ngl)] is X5 given (80(2,81.(22 ) = ({4}, {5}). In practice,

edge orientation can admit the consistent result only, and abandon this attempt to leave the

edge remain undirected if two test results are inconsistent as expected.

4.4 Proof of Section 4

Proof of Lemma 5. Tt suffices to show that all the trails not passing through £;; will have
at least one collider. Based on Proposition 4, the trail must go though the node in case (c,
d, e) if not passing via £;;. For the common child case (c), it is trivial as s is collider in
i — s « j. For (d) and (e), there are three possible cases of node s: i — j — s,i < j —
s,i <= j < 5. We use i — j — s as an example to show why the trail connecting ¢ and j

passing through s cannot avoid collider. First, the trail connecting ¢ and j must look like

1 — j — s —--- as collider s is not preferred; then it will create a loop if there is no collider
ini —j — s — -+ <> 1. So there must be a collider in the trail. Similar discussion for
14— j—sand i< jJ < s. [
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Proof of Lemma 6. Due to Lemma 5, all the trails not passing through £;; will have at least
one collider, and the collider itself cannot be in £;;. Thus it suffices to show that there exists
at least one collider, and any descendants of which are not included in £;;, , as d-separation

requires all colliders meet the rule.

In this case, we can focus on the first collider in trail j--- — ¢ < -- -4, i.e. the nearest
collider to j. Let dashed line represent the connection between two vertices with trail of
length > 1. In Figure 4.10, s € £;; is the descendant of collider ¢ and the direction between

tand jist — J.

(a) s is the descendant. (b) i — s and j — s. (¢)i—cand j— c.

Figure 4.10: The descendant of collider in trail connecting ¢ and j.

Considering the trail between j and ¢, the arrow must point away from 7 in this trail
to avoid new wv-structure i — j < ---. As c is the nearest collider to j, there is no more
colliders in the trail j — - -+ — ¢, which means c is the descendant of j. Now the direction
of s and j must be j — s to avoid cycle among s, j and ¢. Then i — s to avoid cycle among

1,7 and s.

Right now we show s must be a hidden common child in £;;. Suppose ¢ — --- — 51 — s,
it requires s; € ne(i) Nne(j) such that there is no v-structures ¢ — s <— s; and j — s < s1.
Then we can repeat the discussion of last paragraph on vertex s; to show that s; is also the

common child of 2 and j. Finally, ¢ is the common child of 2 and j in G.

Vertices 7, 7 and s belong to one chain component in G..,. Recall the definition of chain

graph, it is impossible that ¢ — ¢ and j — ¢ are visible in G.,. In other words, ¢ is the
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hidden common child of ¢ and j, i.e. ¢ € £;;. It implies contradiction as we have assumed

that the trail does not pass through £,;. [

Proof of Lemma 7. Recall the formulation of neighboring triangle node. If the length of
undirected edge connecting ¢ with s equals to 2, i.e. ¢ — o0 — s, Figure 4.11 shows that s
is the common child of 0 and j. Once i — j, there must be ;7 — s to avoid inducing new
v—structure (7,7,s); set o — s to avoid a loop 0 — j — s in case (a) and to avoid new

v—structure (i,0,s) in case (b, ¢). Thus s is the common child of 0 — s while ¢ — j in all

OO OanO OO
O ! 0‘! 0‘0

(a)i<o0—j (b)i—o0—j (c)i—o+j

cases.

Figure 4.11: Three cases of the neighboring triangle node s.

Furthermore, for the general case, suppose the undirected edge connecting ¢+ and s with
length k£ 4+ 1 > 3, the trail can be represented as ¢ — - -+ — 0 — o1 — s. First, it is trivial
to show j — s as avoiding new v-structure ¢ — j <— s. Then assume the statement is true
for k, o1 is the common child of o, and j. If s is not the common child of o;.; and s,
there must be an edge between o, and s in the essential graph to eliminate possible new
v-structure oy — og11 <— s. In this case, there exists an undirected trail ¢ — - - - — o — s with
length k. Contradict! Thus o1 is the common child of o, and j, and the whole statement

is true. ]

Proof of Theorem 9. We regard intervention on X; as an additional parent F; for X;, and
denote this parent variable as node F; in the graph. Based on Lemma 5, all trails with length
> 3 connecting F; and 7 must go through s if the trail is active. Consider this, without loss

of generality, we simplify the whole problem to three cases; see Figure 4.12.
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OO OO OO
() 0‘0 (D

(a) s is common child. (b) s is common parent. (c)s:i—s— 7.

Figure 4.12: Introduce auxiliary node f to represent intervention on .

It is easy to see that {i,s} d-separates F; and j in Fig 4.12(b); and both ¢ and {i, s}
d-separate F; and j in Fig 4.12(a)(c). Return to the general case, given DAG G augmented
with additional node Fj, all trails between F; and j are inactive, and they are blocked by
{i} U L;;. Thus we have X; independent of F; given X;, {X,,s € L;;}, which implies that

the conditional distribution [X;|X;, {X;, s € £;;}] is invariant after intervention on X;. [

Proof of Theorem 10. Add additional parent variables {f,,}mer for {X,,}mer correspond-
ing to the intervention target I. And meanwhile there is an augmented graph with nodes
{fm}mer- Consider the trail f,, — -+ <> s <> j in the underlying true DAG G, s must be in
the ne(j).

Then for any s € ne(j) but s ¢ L;;, recall the discussion in Section 4.1, s can be one
of the four cases: (1) single child of j; (2) common child of j; (3) single linked node of j;
(4) neighbored triangle node of j. For (1) and (2), it is trivial that the trail will look like
fm — +-+ <> s < j, which is blocked by some v-structure in the trail, if the observed set
S = (). Consider the observed set S = {i} U L;;, it is possible that the v-structure collider is
included in S such that the trail is activated. Assume sy € S = {i} U £;; is the collider in

the trail, it is easy to find:
fm — -+ = Sp < s < j is active given § <= f,, — -+ — sg < j is active given S, (4.7)

notice that if LHS exists, there must have a trail in the RHS of (4.7), since s € S C ne(j)

and sp — j would lead to a loop. Actually (4.7) shows that we can simplify the discussion
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to the trails go through {i} U £;;, which is the topic in the next paragraph. For (3) and (4),

rely on Lemma 7, the trail will still look like f,, — -+ <> s < j, similarly to (1) and (2).

Next focus on the trails like f,,, = -+ <> s «> j with s € {i} U L;;. If s € pa(j), then
by local Markov property, pa(j) blocks all trails from f,, to j. If s € {i} U L;; — pa(j), s
must be a child of j in the true underlying DAG G. In other words, only if s € 1k(ij) € L
and actually s is a hidden common child, the trail could be active given the observed set
S={i}UL,;.

Based on the discussion above, given the observed set S = {i} U L;;, any trail like
fm — -++ <> s + 7 would be blocked by & unless s is a hidden common child node. Thus
to determine f,, and j is d-separated or not given S in the augmented graph, it suffices to

check the status of trail via hidden common child nodes.

Consider node m ¢ L;;, assume f,, — m — s < j is active given observed s; see
Figure 4.13(a). However it is illegal graph, as it contains two v-structures m — s «— j and
m — s < 1. Both will lead to the directed edge 7 — s in the essential graph. If we eliminate
v-structures by connecting m to both ¢ and j, then m € L;; conflicts the assumption; see

Figure 4.13(Db).

Actually m can only be a hidden common child to make the trail active, since observed
m would block the trail like f,,, — m — 7. It is a stronger result but we cannot distinguish

any hidden common child from the essential graph in practice, thus let’s focus on 1k(ij).

(i ——() (=)
0‘0 }“@

(a) illegal graph. (b) no v-structure.

Figure 4.13: Example for non-hidden common child node m.

Finally, we already show there is no active trail between f,, and j given the separated
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set S = {i} U L;; for any m ¢ lk(ij). In order words, if ¢ — j, then

XJ 1 Fm | {Xi,XS,S c Ez]}a

for any m ¢ 1k(ij). Return to the definition of Sy,

Xj 1 Fm | {Xl, XS, S € /Cija FL = dO(‘C:ub)? Ek(ij)*csub = zdle}, (48)

sub

for any m ¢ 1k(ij) where L%, denotes the intervened values.

sub

Now (4.8) suffices to prove the result in (a). To prove (b),

Xj 1 F; | {Xi,XS, S € Eij, Fr = dO(L* ), Flk(ij)—ﬁsub = zdle}, (49)

sub sub

actually (4.9) is a special case of (4.8), and no additional comment is required, as the trail
like f; = ¢ — j is blocked by {i} trivially.

Base on the definition of (S,ps, Sint) defined in (4.6), we can combine (a) and (b) to get
result in (c). O
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CHAPTER 5

High-Dimensional Consistency

Let us revisit notations defined in Section 2 before moving to the consistency results. A

Gaussian DAG model can be represented as a linear structural equation model,

Xj= Y BuXete, j=12...p (5.1)
kepa(j)
where e1,¢€,...,¢, are independent and ¢; ~ N (O,w]z). Here pa(j) represents the parent

node set of j, and fi; # 0 only if (k, j) € E. The coefficient f5;; represents the causal effect
of X, on X;. The SEM (5.1) defines a joint Gaussian distribution for,

X = (Xl,XQ,...,Xp) NNI,(O, E), (52)

Our methods apply to any type of intervention target family, Z = {1, I5,...,Ig}. A
general n x p data matrix X generated under Z consists of a number of data blocks X* with
n; rows and p columns for ¢ = 1,2, ..., B. Each row within the same block X' is drawn i.i.d.
from N (0, %), but data rows from different blocks are not identically distributed. Here X
corresponds to X% in (5.2) to simplify the notation. An observational data block if exists
could be treated as I = {()} for notation consistency. To make it easier to understand, the

general setting of data under a family of intervention targets Z = {Iy, I5, ... Ig} is:
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B
X = _ ~ ' with Z n; = n.
: : i=1
XB N (0, X5B)

And now we can start the discussion on consistency results.

5.1 Assumptions

Some assumptions are required to establish the theoretical results under the sparse high-

dimensional settings.

Assumption 1. Dimension assumption: p = O(n®) with some non-negative constant a > 0.

For a > 1, we have a high-dimensional setting of p > n.

Assumption 2. Sparsity assumption:

§ = Inax Ine(X;)| = O(n*™"), with constant 1/2 < b < 1.
1€1,...,p

Assumption 3. There is a uniform upper bound of diagonal entries over all covariance

matrices:

max {'max (Ei)jj} <52 (5.3)

i=1,...,.B | j=1,....,p

The upper bound on diagonal entries in (5.3) can be used as an upper bound on var(X;).
Suppose the interventional distribution is (0, 72) for some intervened node, it’s easy to see

assumption 3 also bounds the variation of intervened value.
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Assumption 4. There is a uniform lower bound of the minimal eigenvalue over all covari-
ance matrices:

min_{ A (BY)} > 02, (5.4)

i=1,...,.B
here Apin () represents the minimal eigenvalue.

Assumption 4 provides a uniform lower bound for variance of noise in neighborhood linear
regression, see details in proof chapter, and also implies a lower bound for marginal variance

var(X;) and the variance of interventional variable 7.

Definition 10. Strong Faithfulness with respect to the SEM (2.1): inf; ; s{|pijis| : pijis #
0} > ¢, for c, = Q(n™%), where the constant d € (0,b/2).

Strong faithfulness assumption reveals the signal strength contained in a network. One
intuition is the weak signal strength will cause the failure of structure recovery. That’s
why many researchers relies on this assumption, especially in discussion of consistency: PC
algorithm [KB07], GES [NHM18]. [GB13] substitute strong faithfulness with beta-min con-
dition, which requires a part of edges with enough signal strength. This dissertation does
not require the original version of strong faithfulness, in this case it is listed as a definition

not assumption for reference here.

Since we always use partial regression coefficients instead of partial correlation coefficients,

it is worthwhile to mention that,

i O
_ JilS _ ij|S
Bijis = pijls —— == Pijls = Bijls— (5.5)
0ij|S 0ji|S

here afj‘ s 1s the conditional variance,

ijs = Var(X; | X;, Xs) = Ufj‘s is the variance of noise in X; ~ X; + Xg,
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see Section 5.1.3 in [Lau96], here f3;;s represents the coefficient of X; in regression X; ~
X, + Xs. Then with Assumption 4 and 10,
0ji|S

Bijis = Pz‘j\saj—s = |Bijis| = ¥n = cnoi /o, (5.6)

ij]

therefore 1,1 = O(n?).

5.2 High-Dimensional Consistency of Algorithm 1

To ensure the interventional PC algorithm can recover every edge in the graph skeleton, as
discussed in Section 3.1, also Definition 6, there is one assumption about the intervention

design:

Assumption 5. For any (i, j), the correlation between node i and j is accessible under the

family of targets T.

Even the edge between ¢ and j is accessible under Z, it still cannot guarantee the success
of edge detection. We hope at least one design I € Z could keep the signal strength for node
i and j, that is, the strong faithfulness bound given in Assumption 10 still hold in graph Gy
under intervention I. Let p! j|s represent the partial correlation with intervention design 7,

to estimate the whole skeleton, we give the following assumption on interventional target:

Assumption 6. For any (i,7,5) with p;s # 0, there exists an intervention target I € T
such that |pl;s| > cp = Q(n=4), where the constant d € (0, (b — q)/2).

This assumption guarantees that strong faithfulness is preserved under intervention. It
could be satisfied naturally by adding observational data, i.e. () € Z, which often happens in
the real life as observational data is always cheaper and much easier to collect compared to
interventional data. Assumption 6 contains an interventional version of strong faithfulness

assumption, which avoids some extreme intervention target. For example, if intervention
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target I = [p], i.e. all nodes intervened, in this case no information about the graph structure
could still remain in the data. A similar assumption is proposed in [HB15], in which they
impose faithfulness assumption for all intervention targets. Here, in Assumption 6, we
don’t require a uniform strong faithfulness assumption over all intervention targets, instead
assuming for any (7, j,S) there exists at least one feasible intervention target, which plays

an important role in judgement of edge i — j.

To understand the constant value d, the smaller d means the stronger signal required for
the graph structure learning. Assumption 6 shows that two constants can affect the range of
d. For big b and small ¢, the weaker signal strength is acceptable, as upper bound (b — ¢q)/2
has been lifted. It meets intuition that the sparser graph with less number of interventions

can lead to an easier task for structure learning.

Consider the probability of error when testing correlation p;js in (3.4):

P(Eys) = P(Es) + P(Eljs) = P (|T sl = an, 3k | pijis = 0) + P (|Ts] < an, Yk | pijis #0) -

(5.7)
For the first term in (5.7),
P(Els) = P (IT}s| > an, 3k | pijis = 0)
= P (T sl = o, 3k | B = 0,Vk)
=1— P (|T}s] < om,Vk | Bfs = 0,VE)
B,
=1 ] P(ITs| < an | 85 =0)
k=1
<1—(1-A)Pen <|T|A. (5.8)

Let A represent a uniform bound such that P (\TZ’;|S| > ay, | ﬂfjls = 0> < A exists for

any k. The bound derived in (5.8) motivates a constraint for the number of intervention
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blocks:

Assumption 7. The sample size of each intervention block, ny, 7> n*=%, for allk =1,...,B.

This implies that B 2 n? for 0 < q < b, where B is the number of intervention blocks.

For the second term in (5.7),

P(ELs) = P (IThysl < 0¥k | pijs #0) = P (1Tl < 0¥k | Bys £0.38) . (59

7

here Assumption 6 implies that there always exists k£ such that fﬂ s 7 0 once p;jis # 0
is nonzero, which induces the second equality in (5.9) as the conditioning set is the same.
For every (i, j,S), the intervention design ensures correlation satisfying strong faithfulness
is crucial in discussion. Here we use the superscript small o to mark all the notations related
this intervention design and corresponding block. For example, T35 1s the t-statistic in this

data block, and similarly for other notations, then the Type II error,
P(EZIJILS) <P (|Tz’§|s’ < ay | 5fj|s # O) ) (5.10)

and the bound of (5.10) requires 0 < d < (b — ¢)/2 in Assumption 10, which is stricter than

the common assumption 0 < d < b/2 in some exsiting results.

We can conclude the consistency result of algorithm 1 by bounding the errors of all tests
with assumptions introduced in the last and this section. It is worth to mention that the

consistency result keeps valid in both fixed p and high dimensional setting.

Theorem 11. Under assumption 1-7, let Gore be the output of algorithm 1. Then there

exrists a sequence o, — oo such that,

lim P(Gske - gske) = 17

n—00

Gke s the skeleton of graph G.
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Remark 5. The correctness of Algorithm 2 totally depends on the skeleton and separation
sets [Mee95], which means the high-dimensional consistency of Algorithm 1 also guarantees

the CPDAG recovery, since all randomness is included in Theorem 11.

5.3 High-Dimensional Consistency of Algorithm 3

In Section 4.3, the node set [p] can be separated to three parts by ¢ — j corresponding to one
typological sort: the upstream of ¢ — j, the midstream between ¢ — j and the downstream of
1—7. Intervention on the nodes of downstream could be safe in the most cases, since it cannot
influence the joint density of [X;, X;, X.] at all. The one special case is the common child
hidden in £, but which is avoidable in practice. Compared to downstream, intervention on
upstream will not change the structure of induced subgraph, and our interest, the conditional
density [X;|X;, X] also keeps invariant. But the joint density may be impacted hugely by
this kind of intervention, for instance, we choose the simplest upstream node, a common

parent:

(e O
(O— (O— O—

(a) Observational Graph. (b) Block 1, I} = {i}. (c) Block 2, Iy = {i, s}.

Figure 5.1: Common parent node in ¢+ — 7 with different intervention targets.

In Figure 5.1, we do regress X; ~ X;+X. If (a) is true, the conditional distribution [ X |
X, Xs] will be invariant in (b) and (c), which implies the regression coeflicients and variance
of regression noise would keep exactly the same over interventional blocks {i}, {, s}, thus it
is reasonable to merge these two data blocks together; see Theorem 10. The potential danger
difficulty in theoretical analysis of the least-squares estimator B is about the intervention
on node Xj, suppose X ~ N (0,72), the joint density of [X;, X;, X;] would be different

given different 7,. The most straightforward impact is that we cannot treat the rows in
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blocks I, = {i} and I, = {i,s} as identical data samples. Let N'(0,%%"}) represent the
interventional distribution in block I; and N(0, 2{5}) for I, generally ¥t and L4} are

different covariance matrices.

From another perspective, if we set 7 as an extreme large value, the whole local system
would be more variant than before. It brings a challenge in the coefficient test, since the
power of test is related to the variance of estimated coefficients. The variance in distribution

of BMS will change due to different 7.

To eliminate the impact from upstream intervention nodes, one way is to set the inter-
ventional distribution A(0,72) with 75 = var(Xj), i.e. the intervention should keep the
variance magnitude on intervened node s. In practice, someone can estimate var(Xj) from
purely observational data and then conduct the experiments. Then consider the theoretical

part, now two covariance matrices 1 and L} are the same.

Figure 5.2 shows another different case about the effect while intervening on the node
from ¢p(ij). Compared to single intervention on {i}, in block 2 with {7, s}, the extra
intervention on so will affect the covariance matrix of joint density [Xj;, X;, Xy, X,,], a
the cov(j, s1) changed. This impact cannot be corrected by adjusting the interventional

distribution on X, or Xj,, which introduced in last paragraph has its own limit.

(=) Owa®
R SR
O—

(a) Essential Graph. (b) True DAG.
\@
O—W @

) Block 1 with I = {i}. (d) Block 2 with I = {i, s2}.

Figure 5.2: Example about path cut off by intervention.

However in Figure 5.2 we can still merge block 1 with block 2 as the conditional distri-
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bution [X; | X;, X,, X,,] keeps invariant. To ensure the power of test in (4.3) is still at a
good stage, mild assumption is set on the covariance matrix of each block, since intuitively
any single block with extreme value can harm the whole test on the merged bigger block; see
assumption (4). Furthermore, check Lemma 12 about details on how to bound (XTX)]._].I, a

key part of our test statistic, with mixture data.

Figure 5.1 and Figure 5.2 focus on the upstream of ¢ — j, i.e. the interaction between
common parent node with intervention; the midstream of ¢ — j has the similar behavior, as
the path is ¢ — s — j and s is the parent of j. To solve this difficulty, also considering rows
of our design matrix in regression are independent but not identical, Lemma 12 is introduced

to handle such mixture data.

Lemma 12. Suppose random matriz X € R™*? has C' submatrices and each submatriz X;

is drawn from the X'-Gaussian ensemble with n; > d,

X! N(0, =)
X? N(0, %2 =
X = . ~ ( ' ) with Zni:n,
: : i=1
X¢ N(0, %)

then for all 1 > 6 > 0,

P ( (XTX) ' > ) < Ce =02 forj=1,... d, (5.11)

0.04/n

here o, = min;—1_c{VYmin(VE)} and n, = min;—y __c{n;}.

Remark 6. A relatively less number of submatrices can provide tighter probability bound as
the number C' shown in (5.11). This could be satisfied as we already discussed how to ensure
the data sample identical by choosing good intervention variables in practice, for example,
set the interventional distribution as N(0,72) with 75 = var(Xs). A constant number C' is

preferred which doesn’t vary as n increases. But it is actually not the pain point for the
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proof of consistency, as exp(—n.(1 —6)?/2) in (5.11) will dominate the bound such that the
probability decays to zero quickly. Notice that C' cannot equal to n. If each row of the data
matriz has its own intervention such that C' = n and then n, = 1, the probability bound in

(5.11) is meaningless.

Remark 7. This lemma requires a uniform lower bound about minimal eigenvalues over
all covariance matrices, which implies a constraint on the magnitude of variance for those

interventional distributions in Assumption 4.

Algorithm 3 can orient reversible edge in the essential graph G.,s only if there exists a
qualified pair (Seps, Sint) satisfied rule (4.6) under the family of intervention targets Z. Define

edge set:

Er ={(4,7);i < Jj,i —J € Gess | I(Sops, Sint) satisfied rule (4.6)}, (5.12)

here E7 contains all edges feasible to orient by Algorithm 3. Compare F7 with E7 defined

in (4.1), generally E; C E; without any constraint on Z.

Assumption 8. Given the family of targets I, Fr = E7 in the essential graph Gess.

Finally, for consistency result, we focus on single test, i.e. assuming that we can always
establish the test based on (4.5). To prove the consistency, let (;; represent the fraction of
data used in regression X; ~ X;+ X, where L;; is determined by the neighborhood of 7 — j

in the essential graph G.,s then,

Gijn = Qo1 + G151 = Noij + N ij-

Ideally (;; can equal to one.
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Assumption 9. Consider essential graph G.ss, given the family of targets I,

oo g 2 € = 2 > O+ VT) = 2 (5.13)
Z] )

for any (i,7) € Ez and set ¢ 75 n~%, where the constant g € (0,1).

Remark 8. Fquation (5.13) reveals two perspectives about the sample size of two design
matrices: (1) Both (oi; and (145 should be large enough. (2) It’s better to have the closer

Co4j and (i, leading to balanced sample sizes if the sum (;; is constant as the optimal split

1s to maximize the ratio \/Co,ij(ng G0, /\/CO w\/ Gij — <0 it

Assumption 9 requires constant ¢ to control the magnitude of the sample size. We use
the consistent notation with Assumption 7, as both of them are focused on the sample size.
There is no real constraint on the range of constant ¢ given in the Assumption 9, but actually

this constant should be considered together with d in Assumption 10.

Assumption 10. (Bounds on the gaps of partial correlations between pre- and post-intervention)
For each (Sps, Sint) defined in 4.6, let Po.ijlc Tepresent the partial correlation corresponding

to Sobs and use P1ij|L fO?” Sint;

zi?E{HPo,md —|prajiel} = ens (5.14)
for ¢, = Q(n=%), where the constant d € (0, (1 —q)/2).

In (4.2), it is shown that the partial regression coefficients would be invariant with ¢ — j
when regressing X; on X;, i.e. 8y;; = B1,4;. Consider the null hypothesis is not true, if 7 — ¢,
the magnitude of | 5y ;; — 1,45 is crucial as it represents the signal strength of this intervention.
If there is no hidden common child added into the regression, all trials connecting ¢ and j will
be blocked by £ such that (3 ;; equals to 0. In this case, the strong faithfulness assumption

will guarantee a trivial bound for the absolute value of difference, i.e. Assumption 10.
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(a) Observational block. (b) Intervention {i}.

Figure 5.3: Intervene on node ¢ while j — 3.

However, if any hidden common child is added into the regression, there is one active trail
between i and j since the common child is conditioned, which means now f; ;; is nonzero.
In this case, the bound of signal strength is non-trivial. Figure 5.3 shows this issue for
instance, in which the coefficient /3 ;; of regression X; ~ X, + X on interventional block (b)

1S nonzero.

To bound the signal, without loss of generality, assume both 3y ;; and 3, ;; are positive:

Oy o
pO,ij|s; - pl,ij|sg_ ) (5'15)

*

00,5i|s O1,5i|s
Poyijls— — Plij|s
00,ij|s O1,ijls

|50,ij - 61,2‘j| =

>

furthermore as p;; = 0 in the interventional graph,

Pij — PisPsj

P1ijls = = 7 P0,is|j P0,sjlis
\V; ]-_szs\/ 1_P§g

then (5.15),

o o
|50,ij - 51,ij| > ‘}Po,ms‘ ;* - ‘Po,isupo,sj\i{ 0—

*

, (5.16)

(5.16) is the simplest case with three nodes.

The general intuition of Assumption 10 is the direct cause of the j — ¢ in the graph should
be stronger than other causes via trails like i — s <— 7. And (5.16) shows that this actually
works for the simplest case, if we assume pqjjs, po,is|; and po,sj; have the same magnitude,

as all of them are smaller than 1. However, it is not trivial to give explicit expression of the
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partial correlations for the general case. We still choose to list this Assumption 10 as (5.14).
Another potential gap is the role of o and o, in (5.15), and we suppose it can be ignored for

asymptotic results.

Now we can give our main result for this section.

Theorem 13. Under assumptions 1-4 and 8-10, let Gr be the output of algorithm 3. Then

there exists a sequence o, — 00 such that,

lim P(QI = QI) = 1,

n—o0

where Gz is the interventional essential graph.

Actually in proof of Theorem 13, we set a,, = O(n'/>7479/2) to show the consistency
results. And for proof, it is hard to give a precise estimation of the number of reversible
edges. Since we start from CPDAG, one acceptable upper bound is ps/2, which is the worst
case that all edges are reversible. Then we need to do at most ps/2 x 2 = ps times of

regressions. In practice, the actual number of tests will be much smaller than ps.
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CHAPTER 6

Simulation Results

6.1 Single Edge Orientation Simulation

Algorithm 3 introduced in previous chapter could be simplified to a single edge orientation
solution, i.e. focus on only one reversible edge instead of the recovery of the whole interven-
tional essential graph. To show the power of Algorithm 3 also the efficiency of test statistics
in (4.3), this simulation would prepare 1000 undirected edges for edge orientation, then
the simulation can calculate the error or accuracy of the test based on the results of 1000

runnings.

For data generation, the first step is to build the adjacency matrix A of the graph. To
ensure the randomness of the graph structure, here the entry of A is drawn from the Bernoulli
distribution Bernoulli(s) and all upper triangle including diagonal entries are set to zero
to meet the DAG requirements. Then, corresponding to generated adjacency matrix A, we
can prepare the coefficient matrix B, and finally collect data samples using SEM introduced

in (2.1).

Here are some parameters:

p=20,s=4/p=0.2;

By ~ Unif ((—0.8,—0.1) U (0.1,0.8));

the sample size set is n € {10, 20, 30, 40, 50, 60, 70, 80, 90, 100};

the noise distribution is ¢; ~ A(0,0.1) in SEM (2.1);

o6



e the intervention distribution is 7; ~ N(0,0.1) if some node is intervened.

Once we generate a graph, immediately we can find its CPDAG or essential graph, only
some reversible edges are left to be oriented. It is hard to give a precise estimation of
the number of reversible edges in one CPDAG, but simulation shows that this number is
relatively small due to the graph sparsity. Generally, we can only get several reversible
edges from one randomly generated graph. Considering this, in this simulation we are using
many randomly generated DAGs with different graph structures to ensure there are 1000
undirected edges in the simulation. It is preferred to have different graph structures as it

can show the edge orientation rule works under various circumstances.

The last setting is the intervention family Z, here we include the single interventions on

all nodes also with purely observational data:

T=1{0,{1},{2}...,{20}},

this intervention family guarantees that any reversible edge i — j can be oriented with our
algorithm. And given ¢ — j with true direction ¢ — j, there are two directions of tests for
edge orientation, and one shows the Type I error of edge orientation while another is referred

to the Type II error.

Figure 6.1 meets our expectations about the test statistics in (4.3). The choice of « can

control Type I error, and Type II error will decay quickly as sample size increases.

As the intervention family Z given in this section includes single intervention target
for each node, we can conduct two edge orientation tests for every undirected edge. For
example, consider the undirected edge ¢ — j, let us orient edge by checking the invariance
relation between pre- and post-intervention on node ¢ first, and then implement on node j.
If both results are consistent and correct according to the true DAG structure, we will count
this edge orientation as a success. Based on this, we calculate the ratio of successes over

N = 1000 runs, and referred as accuracy in Figure 6.1.
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Figure 6.1: Type I and type II error with different o € {0.1,0.05,0.001}.
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Figure 6.2: Accuracy performance when two tests are combined.

6.2 Interventional Essential Graph Recovery

We discuss how to modify the classic PC algorithm in section 3 and suggest Algorithm 1 to
recover the skeleton from interventional data. Then Algorithm 3 makes it possible to find

the interventional essential graph. Combine these algorithms together,

Fullly-Connected Graph PG Skeleton e opDAG 22 7-Essential Graph,
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here we use int-PC to represent our intervention PC algorithm, and EO for edge orientation

step.

To build the theory, multiple tests are required to ensure the test reliable. However, in
practice, the limit of multiple tests is the sample size of each intervention data block would
be quite limited, even though we prove the consistency of the int-PC algorithm. To increase
the sample size, in this simulation, int-PC algorithm will remove any data blocks that either
node ¢ or node j is under intervention while determining the existence of edge ¢ — 7, and

merge all other blocks.

It is tough to generate data for this simulation, as the edge orientation requires there
exists intervention target feasible for the undirected edge. In our practice, the number of
undirected edges remained in the CPDAG is quite limited if we create the graph structure
randomly. Consider this, in this section, we design three DAG structures and corresponding

intervention families to evaluate the performance of algorithms.

Table 6.1 shows the configurations of simulations in this section. This design meets two
expectations to show the power of edge orientation: there are enough undirected edges in the
CPDAG:; and the intervention family can help us orient them as many as possible. Actually,
among our configurations, all the edges in the CPDAGs are undirected. And intervention

makes the Z-essential graph is the same as the true DAG.

oL ’@ @4 e
e’ ’a a’ ’a

(a) True DAG. (b) Essential Graph.

Figure 6.3: The DAG used for data generation with p = 9.
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num of blocks

total sample size

graph structure

intervention family

simulation 1

Nelhe!

6

6*50

Figure 6.3

{1}, {2}, {3, 4},
{6, 8}, {5, 7,9}, 0}

simulation 2

10

10*50

Figure 6.4

{{1}, {2}, {3} {4,
6}, {5, 7}, {8, 10},
{9, 11}, {12, 14,
16}, {13, 15, 17},
0}

simulation 3

49

26*20

Figure 6.5

{{1}, {2} {3} {4,
6}, {5 7} {8
10}, {9, 11}, {12,
14, 16}, {13, 15,
17}, {18}, {19},
{20, 22}, {21, 23},
{24, 26}, {25, 27},
{28, 30, 32}, {29,
31, 33}, {34}, {35}
{36, 38}, {37, 39},
{40, 42}, {41, 43},
{44, 46, 48}, {45,
47, 49}, 0}

Table 6.1: Configurations of Structure Recovery Simulations.

=

17 9

(8)
9 1

]

(1235

(a) True DAG.

5

5;
1 17

N

(121 (1)

(b) Essential Graph.

Figure 6.4: The DAG used for data generation with p = 17.

Here are two tuning parameters, one ay. is used in int-PC algorithm and another a.,
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(a) True DAG. (b) Essential Graph.

Figure 6.5: The DAG used for data generation with p = 49.

works for edge orientation. In this simulation, we choose the int-PC parameters from oy, €
{0.1,0.01,0.005,0.001, 0.0005,0.0001} and set edge orientation parameter as ae, = 0.05. No-

tice that the score-based method GES we used for comparison has no tuning parameter.

Performance metrics are calculated by comparing the estimated Gz with the true Z-
essential graph Gz. P is the number of edges in the estimated graph. TP is the number
of true positive edges, corresponding to consistent edges between the estimated Z-essential
graph and the true Z-essential graph. FP counts the number of edges in the estimated graph
but not in the true skeleton. Inversely, M counts the number of edges in the true Z-essential
graph but not in the skeleton of estimated graph. R is the number of reversed edges, and
it includes two kinds of edges: (1) the directions of edge are inconsistent between true and
estimated graph; or (2) the edge remains undirected in the estimated (true) graph, but has
its direction in the true (estimated) graph. Notice undirected edge will be counted twice

into these metrics.

Then structural Hamming distance (SHD) and Jaccard index (JI) can be defined to

evaluate the overall performance of graph structure learning:

SHD =R + FP + M, JI=TP/(s + P — TP),
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where s the number of edges in the true Z-essential graph. A lower SHD or a higher JI

indicates better performance of the estimation results. TRP and FPR are defined as

TPR = TP/s, FPR = (R + FP)/P.

1.00-

0.75- o o

°
°
e o 00 o

SHD
Ji
L]

© 0.50 -

LXXK]

0.25-

24 3 2 i 4 3 2 4
logro(a) logio(a)

Method ES PC EH Int-PC BH Int-PC+E0 ES GIES

Figure 6.6: The comparison of methods with p = 9.

From Figure 6.6, 6.7 and 6.8, edge orientation works well over these three plots. The gap
between the green box (int-PC) and blue box (int-PC+EO) shows the power of the edge
orientation. However, GIES shows better performance with p = 9 and p = 17. The main
reason is that GIES as a score-based method can over-perform PC algorithm in the skeleton
and CPDAG recovery step when the number of variables are limited. As we mentioned in
Section 1, the score-based method may meet difficulty to handle the huge search space when

we increase the number of variables.

In Figure 6.8, we use the DAG with p = 49, and the SHD of GIES is much lower than
int-PC plus EO, as Table 6.2 shows GIES has more false positives. Compared to GIES,

constraint-based methods are more conservative at this time when introducing new edges
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Figure 6.7: The comparison of methods with p = 17.
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Figure 6.8: The comparison of methods with p = 49.

into the estimated results. Notice that the main trend and performance of boxes in these

Figures are dominated by skeleton recovery, instead of the edge orientation. If we cannot
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get the high quality estimation of skeleton, there is no space for the edge orientation.

method P TP R FP M TPR FPR SHD | JI

PC 1248 | 531 7.03 0.14 246 044 0.58 9.63 | 0.28

_9 Int-PC. 12.89 | 578 7.06 0.05 210 048 056 9.21 |0.30
p= Int-PC + EO | 10.65 | 5.58 5.02 0.056 2.10 0.47 048 7.17 |0.34
GIES 12.30 | 11.04 0.63 0.63 033 092 010 159 |0.84

PC 23.94 | 11.02 1259 0.33 453 046 054 17.4510.30

D= 17 Int-PC. 25.23 11232 1272 0.19 4.13 0.51 0.51 17.04 | 0.36
Int-PC + EO | 21.10 | 11.98 894 0.18 4.13 0.50 0.43 13.25]| 0.37
GIES 25.63 12095 1.76 292 129 0.87 0.18 597 |0.74
PC 21.00 | 9.68 10.39 093 9.73 0.40 0.54 21.05]|0.27
= 49 Int-PC. 21.37 |1 10.00 10.55 0.82 9.75 042 0.53 21.12]0.28
Int-PC + EO | 17.15 | 872 768 0.75 9.75 0.36 049 18.18 | 0.27
GIES 63.72 | 16.78 4.48 4247 2.74 0.70 0.73 49.69 | 0.24

Table 6.2: Numerical results of structure learning with PC, Int-PC, Int-PC+EO and GIES.

6.3 Implement Edge Orientation on GES

Figure 6.6 and 6.7 shows that the score-based learning has some advantages when the num-
ber of variables is relatively small. Also observational data is generally cheaper than the
experimental data in the real world practice. Based on this, since our edge orientation
method can be used independently of the PC algorithm. In this section, we implement the
GES algorithm on observational data first, and then implement our EO on the estimated

CPDAG.

The graph structure and parameter settings are the same as the simulation 2 in Table
6.1. The only difference is: we increase the sample size of observational block for GES to
learn the CPDAG. The size of each interventional block is 100 and observational block is
1000.

From both Figure 6.9 and Table 6.3, the edge orientation finishes its job quite well.

Edge orientation decreases the SHD and increases the JI, both of which indicate the better
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Figure 6.9: Implement edge orientation on GES output.

method P TP R FP M TPR FPR | SHD JI
_ 17 GES 31.52 1763 1192 197 193 0.73 043 | 15.82 047
p= GES + EO | 2441 1754 512 1.75 193 0.73 0.28 | 880 0.58

Table 6.3: Numerical results of structure learning with GES and GES+EOQO.

performance of GES+EQO.

65



CHAPTER 7

Proofs of Consistency

7.1 Some Ancillary Results

The neighborhood linear regression is widely used in this dissertation, the first part of this

section will show some results about this. Consider regression,
Xj ~X;,+Xs— Xj = 62’j|SXi + ﬁgﬂgXS + €ijlS with Eijls ™~ N(O, (O’ij|5)2), (71)

notice that {i} U {j} US C [p]. In this dissertation, multiple regressions are used to treat

different interventional blocks. Here we use superscript k to distinguish different regressions:
k k k k ko yk k ko _k 1k kN2

For any p x p matrix A and a set K C [p], we define the new |K| x |K| matrix A by

extracting rows and columns from matrix A corresponding to IC. Someone prefers to call Ax

as the principal submatrix of A. Suppose each row of the whole data matrix is drawn from

multivariate Gaussian distribution N (0,X), then the design matrix of regression in (7.1)

with 1+ |S| columns has the following properties.

Lemma 14. FEach row of the design matriz of regression in (7.1) also follows multivariate

Gaussian distribution, and its covariance matriz is Xgyus.

Proof of Lemma 1/. Properties of multivariate Gaussian distribution from probability the-
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ory. [

Lemma 15. The covariance matriz Xps satisfies

/\min (Z{z}US) > )\min (E) )

furthermore, back to the context of this dissertation, over all interventional targets in I,

with the help of assumption /.

Proof of Lemma 15. A well-known result in linear algebra shows that,
Amin(A) < N(Ax) < A\paz(A) 1=1,...,|K], (7.3)

so all eigenvalues of the the principal submatrix are located within the [Ain, Apmaz]. And it

is suffice to show Lemma 14 from the properties of multivariate Gaussian distribution. [

Lemma 16. Consider neighborhood linear regression defined in (7.2), there is a uniform

lower bound of noise variance Ufﬂs for any (i,7,S) over the whole intervention family Z,

min min ;55 | > o
k=1,..B ((i,j,S) il ) *’

here o, is defined in assumption 4.

Proof of Lemma 16. When regressing X; onto the variables X; + X, the Least-Square pop-

ulation regression coefficient vector is,

B = argmin E(X; — X{i}usﬂ)Q = argmin E(X, — X{i}u{j}USﬁ)Qa

B€R1+‘S‘ B€R2+|S‘:,Bjj=0
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using fj; to represent the partial regression coefficient corresponding to Xj;. Then the

corresponding population residual standard variance can be defined as,
aijis = [E(X; — Xggugush)’]V>.
Since for § € R*HIS! with §;; = 0, define 3 such that 3;; = 1 and B = —f; if k # 4,

E(X; — Xeauiush)? = EXpaugush)’

=3"E (X{umusXogus) B 2 A (Swupios) 1817 = o, (7.4)

and extend (7.4) to the general case,

]

Lemma 17. Consider neighborhood linear regression defined in (7.1), there is a uniform

upper bound of noise variance O'Z-‘S for any (i,7,S) over the whole intervention family Z,

max | max ojjs | <0,

here & is defined in assumption 3.

Proof of Lemma 17. Define S(i,S) = {i} US, obviously,
S(Z,Sl) C S('L,Sg) — O-ij\sl Z Uij|$27
since any [ satisfied for S(i,Sy) is also feasible for S(i,Ss). Then,

g C S(Z,S) C ne(j) - 0ij|S < (EX;)1/2 < 5',
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here X; ~ N(0,0%) or N'(0,77), the marginal distribution of single node X;.

]

Lemma 18. Suppose t, follows a t distribution with r degree of freedom. Then for any

0 >0,

P([t,] > 6) < 2e %/ 4 e77/16,

Proof of Lemma 18. Use the property of ¢ distribution, for any constant 1 > ¢ > 0,

P(lt] = 8) = P(—Z > 5
XE/r
Z Z
=P( Z] >0, x2/r > c)+ P( 121 > 6,x2/r <e¢)
V2T X2/r
Z]

A
=P( 2] >0, X% /r > ¢)+ P(
X2/r X

<P(|Z| > ¢?6) + P(x} < er),

=N
=

/

for the first term, use the classic normal tail bound,
P(|Z| > ¢/?6) < 2¢=°/2,

then from Lemma 1 in [LMO0]:

T

2
P2 —r < -2yryr)<e ™ = P(& <1 —2\/7) <e "
r r

Modified for our problem,

set ¢ = 1/2 to get the final result.

Here some basic knowledge about random matrix would be helpful.
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Definition 11. (X-Gaussian ensemble) A random matriz X € R™? is drawn from the %-

Gaussian ensemble if its each row x! is drawn i.i.d from a multivariate Gaussian distribution

N(0,%).

Someone may prefer to call the associated sample covariance = %XTX as Wishart

matrix. The eigenvalues of 3,
%(8) = (0;,(X)/v/n)" forj=1,....d,
here 0;(X) represents the j-th singular value of X. And
ymax(f]) > f]jj for j=1,...,d,

i.e. the largest eigenvalue could be used as an upper bound for diagonal entries.
Lemma 19. Suppose random matriz X € R™9 4s drawn from the -Gaussian ensemble
with d < n'~" here b is defined in assumption 2, then for all 1 > § > 0,

77 0—*5

A

with sufficient large n, here ¥ = LXTX as Wishart matriz and o, = fymm(\/f)

T n

Proof of Lemma 19. First from Theorem 6.1 in [Wail9], we know: for n > d,

P <amin(X) < (V)L = 5) trace(E)) p——

\/ﬁ n

here oy (X) is the minimum singular value. Then,

b 1 y 1 ——
<0_min(X)/\/ﬁ T Vi (VE) (1 = 0) — \/trace(E)/n) N
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with diagonal entry upper bound 72, \/trace(X)/n < \/dr?/n < n~%?%r,

Replace § as 1 — ¢ for convenience,

1 1 2
P( ) < e 1-07/2
Tmin (X )/\/_ 6 — b7

for n large enough such that n=*?r < 7,4/2,

P < ! 2 ) < e ISR p N PR (7.6)
min S o *5 o ’
o (X1 = ()
finally as the Wishart matrix 3 = X'X /n,
e T o00) T e ) T ’
forany j=1,...,d. O

To deal with multiple blocks in Algorithm 2, here we give another version of Lemma 19,

which may be loose but still helpful to bound the mixed Wishart matrix.

Lemma 20. Suppose random matriz X € R™? has C' submatrices and each submatriz X;

is drawn from the X¢-Gaussian ensemble with d < n;_b here b is defined in assumption 2,

X, N(0, 31
X N(0, X2 c

X = '2 ~ ( ' ) with Zni:n,
Xe J\/'(O7 Ec)
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then for all 1 > 6 > 0,

P( (XTX);;! > ) < Ce™ (PP forj=1,....d,

0.0/

here 0. = min;—y _ c{Vmin(VE)} and n, = min,_; _c{n;}.

Proof of Lemma 20. From (7.6), we have for any submatrix X;,

" (amm< 1>/¢n7 2

) < el — p (vmm(XZ’Xi) < %35%) < e,

by Weyl’s inequality,
c c
“Ymin (Z X?Xz> Z Z’ymin (XZTXZ) )
i=1 i=1
then,

C C
p <7min <Z XTX> < 0252 ) <P (Z Ymin (X7 X;) < 0252 )

i=1

¢ c
<P <U {Vmin (XZTXZ) < 10'2(52n1}> Z (’Ymm XTX) < 3036271,1) < Ce™ «(1-0)%/2 ,

=1

here n, =ny Ang A--- Ang. With the property of Wishart matrix,

1 —_
P (vmm (X'X) < 7o 35%) < Cem=2 — p (me (XTX)™") > ) < Qe 19772,

2
0.04/n
finally we find the bound for diagonal entries,

2

0.0/n

P( (XTX) > ) < Ce ™02 for j=1,....d.
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7.2 High-Dimensional Consistency of Algorithm 1

In Section 5.2, superscript o is introduced in (5.10) to label the interventional block which
meets Assumption 10. For notation simplicity, we discard superscript o in this section’s
discussion. But let us keep in mind that we are always working on the block satisfying

Assumption 10.

Define event &s,

e = |6ij|3| > 1/}710'* nl/g,q/g
ij|S — . 1 = 4\/55_ 9
Sij|s ((Xv:ﬂS) Xijls)jj

here ¢, satisfies min; js.5,, ;20 |Bijis| > ¢¥n = O(n™%) in (5.6), thus we can rewrite,

gz’j|8 _ { |5ij|8’ : > “n}» (7‘7)

SijS\/ ((XijIS)T Xms)j_j

with

O«

- 425

K, n1/27q/27d — O(n1/2fq/27d).

To prove the results in this section, we will use Lemma 19 and 20. Recall Assumption 4,

as the covariance matrix of interventional graph 3% is PSD for i =1,..., B,

min {Amin (@)} > o, (7.8)

i=1,...,

we can use o, in Lemma 19 and 20. It is somehow abuse of notation when o, occurs in this

dissertation, but which is always referred to the uniform lower bound of eigenvalues.
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Lemma 21. For anyi,j and S,

|5ij\5| > O« nl/2—a/2~d

T -1 7 425 ’
SmS\/ ((Xms) Xz‘le) .

Jj

with the probability at least 1 — exp(—(n'=9 — s —1)/8) — exp(—n'~7/8).

Proof of Lemma 21. For any i, and S,

-1

P (x/”_ijsiﬂS\/((Xile)TXijS)jj 2 NM) < P(syis > N) + P <\/"u <(Xij|8)TXij|S> ._.1 > M) :

JJ

For the first term,

(nij — pigis)(sijis)®
0.2. Xnij*pij\s’
i7|S

then with assumption 3,
r ((sms)Q = NQ) =P (Xiij—pms/(”ij — Pijls) = N2/0%|S> <P (Xiij—pms/(”ij — Pijls) 2 N2/52> :
Now recall the x? concentration,
POG/n>1+1t) <e ™3 fort>1, (7.9)
thus set N = /2 in (7.9),
P ((%‘IS)2 =z 252) =P (Xiirpms/(nij — Pijls) = 2) < eSS < TS,

notice here p;jis = |S| +1 < s+ 1 from Lemma 1.
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For the second part, recall the definition of Wishart matrix,

\/ <2Z’j|8)j_j1 = \/nij ((Xile)TXiﬂS)j_jl’

set M =4/o,,

71 R 71 4
d (\/n” <(XZ-]-|S)TXU|3) 2 4/0*) - ( (Eij|3> = 4/0*) <emalS < e
27 27

(7.10)

the inequality in (7.10) could be guaranteed by Lemma 19. Finally combine two parts,

1 > 4\/55/0*) < (T )/8 | oY,

Jj

T
P (\/”z‘jsiﬂS\/ ((X,-j‘g) X¢j|3)
which suffices to finish this proof. [

Proof of Theorem 11. For any 7,7 and S,

)

P(Eys) = P(E!ﬂs U EZIJI|S> = P(E{ﬂs) + P(EiIﬁS)?

from the discussion in main context, for the first term, Type I error,
Bij
P(E{ﬂ‘s) < Z P (‘T&S’ > ap | ﬁfj\s = 0) < B-P([tp-aes| 2 o), (7.11)

k=1

the last inequality in (7.11) is guaranteed by Assumption 7 and the property of ¢-statistics.

For the Type II error, for notation simplicity,

|Bijys|

T 1
SijIS\/ ( (Xijis) Xz’le)jj

= : (7.12)
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introduce V to rewrite the ¢-test error and event defined in (7.7),
Sz'j\S = {V 2 K;n}v
and,

P(Efjs) <P (|Tyjis| <ol Biyis #0) < P(|Tyjis = V| >V —ay) = P (

1,

t

Nij—Dij|s >V - a”) :
Consider event &;js defined in (7.7),
P(Eys) = P(E;s) + P(Eljs) < P(Els) + P(E]js | Ejs) + P(Es)
if we set a, = K,/2 = O(n'/?~9/2=4) and based on the definition of event &;;s,
P(Ejs) < B~ P(|tw-o—s| 2 £n/2),  P(Ejjis | Eijis) < P(ltw-a—s| = £a/2),  (7.13)
then finally apply the tail bound of t distribution in Lemma 18 to (7.13),
P(E}s) + P(Eljs | Ejs) <(B+1) (exp(—k2/16) + exp(—(n'"* = 5)/16)) . (7.14)

Combine results in (7.14) and Lemma 21,

P(Eys) <n? exp(—n'"9721/16) + n?exp(—(n'"? — 5)/16)

+exp(—(n'"9 — s — 1)/16) + exp(—n'"/8), (7.15)

the RHS of (7.15) is dominated by O(—n!~972¢). The number of tests required for skeleton
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recovery in PC algorithm can be bounded with Lemma 1, therefore,

P(Error) < p* Sug P(Eys)
17]7

3 exp(qlog(n) + (s + 2) log(p) — n'~97%%)

1 q— 2d)_>0’

= exp(qlog(n) + a(n'~" + 2)log(n) —

as ¢ < band d < (b— q)/2 defined in Assumption 6 and 7.

7.3 Derive the Test Statistics

In edge orientation step, for each reversible edge, there are two regressions:

. _ 2
Hobs,jwi : Xj = 5o,inz',obs + 50,£jX£ + €0, €0,ij ™~ N(O, UO,ij)a

Hintjoi © Xj = B14j Xijne + B1.0; X + €145 E14j ~ N(0, Uiz‘j)u
with the linear regression coefficients,
Boi ~ N(Boj, 00.:(X5::X0i)i")s Brij ~ N(Brij 011 (XT 1, X1i)5).
Thus,
BO,ij - Bl,ij ~ N(Bo,ij — Burij, ‘70 ij (XOTUXO zy)u + 0 ZJ(X{ZJXI ii)i D,

meanwhile,

form =0,1,

(nm,Z] pl]) m 7 SSRm,ij
2 Xnm,ij*pz and here Sm Ry Y
Timij (M — 1)

7



if under H(), which means ﬁ(],ij = 51’1']‘ and 00,5 = 0145 = Oij then,

Bo,ij — Bij
-1 1
Oij \/(XoT,z'jXO,ij)ii + (X1T13X1w)u

~ N(0,1),

and,
2 9 9 )
{(n0j = pij) S04 + (M1ij — Dig)STi5 3/ T ™~ Xong sstny s5—2ps
5] 527 J
Finally,
Boj — B
T = - ij — ij - = ~ tno’ijJrnl’ij_Qpij,
Sp,ij \/(Xo,inO,ij)ii + (X4 X15) 5

here

2 2
. (0,ij — Pij)So,4; + (N1 — Pig)si
pij .
Noij + Mij — 2Dij

7.4 High-Dimensional Consistency of Algorithm 3
First we define &!_;,

gil_m. = {Sp,ij < \/56-}7 (716)

and &2

l'\/j’

_ _ 1
&Ly = {\/(XoT,inOM)iil + (XlT,inLij)iil < Cn} - (7.17)

%
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Lemma 22. For any i,j and constant N > 252,
Sp,ij S \/Na

with probability at least 1 — exp(—(¢n — 2s)(N/a* — 1)/8).

Proof of Lemma 22. From the independence of data,

(no45 — Pis)(50:5)%/(00.45)* + (i — Pig) (5145)°/ (016)* ~ Xog s nr i —2pss0

noij + Mij — 2Dij

Plspi 2 VN) = P(\/ (noss = i) (s0s5)* + (s = P10

noij + Mij — 2Pij

_ p(\/(no,z‘j — Dij)(S0.45)* + (n14j — pz’j)(sl,z‘j)2/5 > VN/5)

noij + Nij — 2Dij

< P(\/(no,z‘j — ij)(80,45)?/(0045)* + (15 — pig) (8145)? / (01,45)* > VN/5)

2
X 11411 55— 2ps s
—PpP ,ij TN,i5 —4Pij N —2
No,ij + Ni,ij — 2Pij

since & > 0, for m = 1,2 and any 4, j from Lemma 17. Now recall the x? concentration,
POG/n>1+t)<e ™ fort>1, (7.18)
thus for any constant N > 252,

P(sp5 = VN) < exp(—=(Gyn — 2py)(N/5® = 1) /8) < exp(—(¢n — 25)(N/a* —1)/8),

79



so finally,
P(spi; < VN) > 1 —exp(—(¢n — 25)(N/a* — 1)/8),
here ¢ in defined in Assumption 9.
Proposition 23. For any 1,7,
spij < V20,

with probability at least 1 — exp(—(¢n — 2s)/8).
Proof of Proposition 23. Set N = 25% in Lemma 22.

Lemma 24. For any i, 7,

— - 2
\/(XOT,z‘jXO’iJ')iil + (X{ijxl’ij)iil = 0.0+/Cn’

with probability at least
1 — 2C exp(—¢n(1 — 0)?/2),

any 1 >0 > 0.

Proof of Lemma 24. With inequality va + b < \/a + Vb for a,b € R,

1 1 2 /Mo + /M4
P (\/(XainO,ij)ii + (X{,ijxl’ij)ii 2 - ])
0.0 v 10,i5 11 35

< P< (Xaijxo,ij): 2 L) +P( (X{MXW);I

- O'*(S1 /T00,ij

2
>_ =

- O'>,<51 /T ij

)



thus with Lemma 12,

2 /Co,ij + 1/Cij

P(\/(XOzJXOU) (X,{UXIU) - < 0.0 \/m ) 2Cexp( Cn(1—5)2/2),

finally use assumption 9,

P <\/(XO ZJXO ZJ) (Xl le ZJ) O*Cf/C_n) >1-2C exp(—(n(l - 5)2/2)'

O
Proposition 25. For any 1,7,
VO Xos), o+ (XE X)) <
./ Cn
with probability at least 1 — 2C exp(—(n/8).
Proof of Proposition 25. Set 6 = 1/2 in Lemma 24. [

Now we can move to the main result of this section. Recall the test statistics,

Boij — Biij

Tiej =
Spjij \/(XO ij Xo U) (X{le ZJ)

7

for the notation simplicity, here we introduce a new notation W,

-1

W \/ 0 UXO i (X{le lJ) ’

then the test statistics can be expressed as,

50,ij - Bl,ij

Tiy; =
; .
Spij - W
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Also the event sets defined in (7.16) and (7.17) are,

1
z%] - {SP’LJ < \/_U} 53%] = {W S U*\/C_n} .

Proof of Theorem 13. The error of single test for edge orientation on (i, j, £) is,

P(E;;) =P(Ei,; UE];)

’L—}] ’L—}]

=P(E,;) + P(E))

i—J i—]
—P(|Ti—>j| > Qy, | 50,1‘3‘ = 51,1‘]‘ and 00,i5 — Ul,ij)
+ P(\THJ" < a, ’ ﬁo,z‘j # 51,1']' and 00,ij 7’é Ul,ij)- (7-19)

The type I error of (7.19),

P(EL,;) < P(|ITisj| = an | Bogj = Prij and 0045 = 015) < P (Itng ;41 -ps;

and Type II error of (7.19),

P(E'Lli]) <|ﬂ—>3| < Qn | 601] 7& 61 17 and 00,ij 7é 01 Zj)

:P<ﬁ02j ﬁlzg _Oén>

Spij * W

. (Bo,z“ — Bo,ij) — (Bu — Brij)
_p ( J J W J J

Z |ﬁl,i~j);}62,i~j| . an3p7ij) .

One important trick here:

(BO Y BO Z]) B (Bl,ij - /61 z]) = ~ N(O, 1)7
\/(UO,U) (XO Z]XO U) + (0-171]> (Xl ngl ZJ)
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and 0 ;; A\ 094 < 0 from Lemma 17,

11 (BO,ij - 50,ij) - (Bl,ij - ﬁl,ij) |61,i~j - 52,i~j| _
P(E;.;) =P (‘ Y = PV nSp,ij /0
BO KA BO ij) B (Bl,ij - 51 ij) Z |60,ij]_/vﬁl,ij| i ansp,ij/a')
\/ 00 l] 0 z]XO Z]) + (0-1,@]) (Xl z]Xl 1]) ’
P (|Z| > M oznsnij/&) s (721)

here Z represents the standard normal distribution N (0,1) in (7.21).

and &2

’L—)]

Based on the definitons of &}

Z—)]

in (7.4),

(EII

z—>]| %

Boss — fs )
ﬂﬁE&QSP(MF>LLL—Ld—ameU

<P (iz| > o = %’”'“"‘/Z\/ﬁ - \/§an> ,

NnE&?

’L—)]

the Type II error conditioning on &} Then from Assumption 10,

’L—)]

(Ezli] ‘ z—>j N 52

Z—)j

)< P2 = L2V ),
o
next the bound of the Type II error,
P(Ezjiy) < P(Ezli)] | z—>g ﬂgf—m) + P({ z—>]} )+ P({ z—>]}0>7 (722)

the last two probability we have given bounds in Proposition 23 and 25,

P({&,;}°) < exp(—(Cn —25)/8), P({EL,;}) < 2C exp(—(n/8). (7.23)
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Consider ¢ 2 O(n~9), then from (7.4) we have,
P&} + PH{EL;}) S exp(—n'™1). (7.24)

For the Type I error in (7.20),

> o) < exp(—a2/4) +  exp(—(Cn — 5)/16)), (7.25)

P<|tn0,i]’+n1,ij_pij 9

with the help of Lemma 18.

Then for the first term in (7.22), set v, = n,+/n with ancillary factor 7,,

o

P(1212 228 - Vi) = P (1212 (22 - By R)

so the constraint on 7, is,

Mo < .
V26
We can set,
= w;”jgﬂ = O 92) = oy = O(n! /> 12), (7.26)
o
then,

o 20

P (121> (22 Ve van) vir) = P (1212 LAY Vit) < 2exp(-rin/2),
o
here K, = 1,0,1/C/26 = O(n~4"%2). So summarize the result of this part,

P<E£>j | gi1—>j N gi2—>j> N eXP<_n1_2d_q)' (7.27)
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Take « set in (7.26) into (7.25),

> ay,) 3 exp(—n!270), (7.28)

P(’tno,i]’+n1,ij*pij

Finally combine (7.19), (7.20), (7.22), (7.24), (7.27) and (7.28), we can get,

sup P(F;_,;) 3 exp(—n'~2479)

.3

)

as there are at most ps/2 reversible edges in the essential graph,

P(Error) < ps - sup P(Ei;) 3 ps - exp(—n'">"7%)

1,]

Zexp(—n'2"7 4 (a — b+ 1) log(n)) — 0,

the result is alway true when 1 — 2d — ¢ > 0. [
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CHAPTER 8

Summary and Discussion

8.1 Main Contributions

In this dissertation, the main target is to build a constraint-based method for structure
learning from interventional data. Intervention provides the motivation that we can approach
more precise estimation of graph structure beyond the traditional observational method.
Meanwhile, intervention also sets some challenges for our work. For the graph structure,
intervention will remove some arrows from the DAG; and from probability perspective, the
joint distribution needs to modify after intervention. In this case, this dissertation is always
facing multiple graphs and distributions. One straightforward difficulty is: the sample is
independent but not always identical, which means it is not that trivial to find help from
the existing results in probability theory. And besides these, similar to other work in this
area, the number of DAGs in the search space also the complexity of graph structure itself

will increase superexponentially as the number of nodes increases.

To overcome these difficulties, this work introduces two stages for the graph structure
learning. For the first stage, to recover the skeleton of graph, this dissertation discusses how
to extend the original PC algorithm to the interventional case. And correspondingly, some
conditions are given to guide the intervention family design such that the algorithm can find
the true skeleton. And in Section 4.1, this work provides a throughout description of the
neighborhood of the reversible edge in the essential graph. And based on the intuition, we

show and prove the invariance relations between intervention targets; see Theorem 9 and
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10. Then furthermore, one edge orientation method is introduced by testing the invariance
relations. It is worthwhile to emphasize that there are mild assumptions on the intervention
family we discuss this part of work. We are not working on the single intervention, instead
our methods can handle very complicated intervention family. And another contribution for
edge orientation is: inspired by Theorem 10, we design a rule to merge intervention blocks

while conducting the tests.

Next, a major work of this dissertation is to show the consistency results of our structure
learning method under the sparse high-dimensional settings. Such kind of results are rarely
seen in this area. And some assumptions given in this part are also quite innovative, and I
do believe it can provide some good learning for interventional method; see Assumption 6
and 10. For the theoretical part, we give clear and explicit formulas of the test statistics we

used for structure learning for the Gaussian graph.

Finally, simulation results are provided to evaluate the performance of the structure
learning methods built in this work. Even though we focus on the two stages of graph
structure learning, we can still decouple the edge orientation with the skeleton recovery in
practice. In Section 6.3, GES plus EO shows better performance than GES only. If we
have good estimation of the skeleton, the edge direction can be implemented without the

PC algorithm. That is a good advantage of this kind of constraint-based method.

8.2 Future Directions

One potential improvement is to extend the theoretical part in this dissertation from Gaus-
sian to other probability distributions. Edge orientation on the discrete case is an attractive
direction, as it can be widely applied to many datasets in the real world. Different to the
Gaussian graph assumption, we can assume the variables in the graph follow binomial or
multinomial distribution. As mentioned in Remark 3, Theorem 10 can be applied to the dis-

crete case with no change required. The difficulty is: in this work, we test the coefficient of
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regressions, the result of which infers the invariance of conditional distribution. For discrete
case, it is not a good idea to implement linear regression. G-test (or equivalently likelihood
ratio test) could be helpful to solve the discrete case, however many technical details are still

waiting to confirm.

Besides the discrete case, another approach is to extend this work to sub-Gaussian distri-
bution. Even though we derive the test statistics based on the Gaussian distribution, it may
still work for sub-Gaussian variables, as the behavior of probability tail is so similar in sub-
Gaussian. We have strong confidence that this method can be applied to the sub-Gaussian
case in practice. But it is not easy to provide similar theoretical results. In Chapter 7,
we derive a tail bound for ¢-distribution, and work on the Gaussian ensemble. Many exist-
ing results on Gaussian distribution cannot be extended to sub-Gaussian, especially those

high-dimensional tail bound.

There are some other possible directions in this area. We mentioned in introduction
chapter that [GB13] proves the the high-dimensional consistency of DAG structure learn-
ing with fy-penalized maximum likelihood estimation. It is also attractive to use maximum
likelihood score on intervention case. Since we show in this dissertation that the behavior
of conditional distributions can be quite different between the interventions, which will also
affect the maximum likelihood intuitively. Another interesting direction is about the inter-
vention design. For graph structure learning, intervention design is crucial and deterministic.
As the experimental data could be expensive, it will provide huge benefit if we can design
the optimal interventions containing the maximum amount of information such that the
learning algorithm can approach better Z-essential graph; see [LKD18|, [ZM22]. Recently,
some researchers, for example [SWU20] and [CP22], focus on the graph structure learning
with unknown or uncertain interventions, which is also an interesting and popular topic in

this area.
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