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Abstract

The Late-Time Formation and Dynamical Signatures of Small Planets

by

Eve Jihyun Lee

Doctor of Philosophy in Astrophysics

University of California, Berkeley

Professor Eugene Chiang, Chair

The riddle posed by super-Earths is that they are not Jupiters: their core masses are large
enough to trigger runaway gas accretion, yet somehow super-Earths accreted atmospheres
that weigh only a few percent of their total mass. In this thesis, I demonstrate that this
puzzle is solved if super-Earths formed late, in the inner cavities of transitional disks. Super-
puffs present the inverse problem of being too voluminous for their small masses. I show that
super-puffs most easily acquire their thick atmospheres as dust-free, rapidly cooling worlds
outside 1 AU, and then migrate in just after super-Earths appear. Super-Earths and Earth-
sized planets around FGKM dwarfs are evenly distributed in log orbital period down to ∼10
days, but dwindle in number at shorter periods. I demonstrate that both the break at ∼10
days and the slope of the occurrence rate down to ∼1 day can be reproduced if planets form
in disks that are truncated by their host star magnetospheres at co-rotation. Planets can be
brought from disk edges to ultra-short (<1 day) periods by asynchronous equilibrium tides
raised on their stars. Small planets may remain ubiquitous out to large orbital distances. I
demonstrate that the variety of debris disk morphologies revealed by scattered light images
can be explained by viewing an eccentric disk, secularly forced by a planet of just a few
Earth masses, from different observing angles. The farthest reaches of planetary systems
may be perturbed by eccentric super-Earths.
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Chapter 1

Introduction

The Kepler mission has discovered that at least ∼50% of Sun-like stars harbor “super-
Earths"—here defined as planets having radii 1–4R⊕—within orbital periods of ∼100 days
(e.g., Fressin et al. 2013). Their masses, measured by transit timing variations (e.g., Hadden
& Lithwick 2014) and Doppler radial velocities (e.g., Weiss & Marcy 2014), imply bulk
densities that are typically . 3 g cm−3. These densities are too low to be compatible with a
pure rock composition. The consensus view (see also Rogers 2015) is that the masses of super-
Earths are dominated by their solid cores — of mass Mcore ' 2–20M⊕ and radius Rcore ' 1–
1.6R⊕ — while their total radii can be more than doubled by voluminous, hydrogen-rich
atmospheres. Interior models suggest gas-to-core mass ratios (GCRs) up to ∼10% (e.g.,
Lopez & Fortney 2014) and more typically ∼1% (Wolfgang & Lopez 2015).

Unlike the Earth’s atmosphere (GCR∼ 10−6), the atmospheres of extrasolar super-Earths
are likely too massive to have been outgassed from rock (e.g., Rogers & Seager 2010). More
plausibly, super-Earth atmospheres originated as the envelopes of gas giants like Jupiter
did, by accretion from the primordial nebula. Studies of nebular accretion (e.g., Mizuno
1980; Stevenson 1982; Pollack et al. 1996; Rafikov 2006, dubbed theory of core-nucleated
instability) find that cores embedded in gaseous nebula undergo “runaway gas accretion” to
become a gas giant, if they are more massive than ∼10M⊕, squarely within the range of
the measured masses of super-Earths. Yet such super-Earths apparently retain only small
amounts of gas; the discovery of Kepler super-Earths presents a seeming crisis for the core
instability theory.

We investigate in Chapters 2 through 4 the physics of nebular accretion: how super-
Earths attain just 1% by mass envelope and more generally, how rocky cores at stellocentric
distances of 0.1–5 AU acquire gas from their parent nebulae. In Chapter 2, we explore
the ways in which massive super-Earth cores can avoid the runaway gas accretion through
numerical calculations of nebular accretion onto cores of different mass, embedded in nebula
of different temperatures, densities, and metallicities. In Chapter 3, we identify the key
physical ingredients that control the rate of nebular gas accretion and derive a general
analytic expression for how the atmospheric mass grows with time as a function of the
underlying core mass and nebular conditions. Finally, in Chapter 4, we demonstrate how
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super-Earth cores can attain envelope mass fraction of 1–10% in-situ. In the same chapter,
we also showcase the likely formation scenario of “super-puffs”: a rare class of Kepler planets
characterized by extremely low densities (radii ∼4–10R⊕, masses ∼2–6M⊕). All the work
presented in these three chapters have been published in the Astrophysical Journal (Lee
et al. 2014; Lee & Chiang 2015, 2016b).

Though commonplace overall out to ∼100 days, super-Earths and Earth-sized planets
are more likely to be found at some orbital periods than others. At longer periods, they
appear more-or-less evenly distributed across logarithmic intervals in P . But at shorter
periods, super-Earths and Earths are less common. The occurrence rate as a function of
orbital period follows a broken power law, with a break at Pbreak ∼ 10 days (e.g., Youdin
2011; Mulders et al. 2015). Inside ∼10 days, the occurrence rate scales approximately as
dN/d logP ∝ P 1.5, while beyond ∼10 days, the occurrence rate plateaus. In Chapter 5, we
demonstrate how this decline can be attributed to the truncation of protoplanetary disks
by their host star magnetosphere at co-rotation. We further show how tidal migration can
reproduce the observed population of ultra-short period planets (characterized by orbital
periods less than ∼1 day). The work presented in this chapter is currently under review in
the AAS journals and its preprint is available on the arXiv (Lee & Chiang 2017).

Microlensing studies suggest that super-Earths may be just as ubiquitous beyond ∼100
days (e.g., Sumi et al. 2010; Gould et al. 2010; Cassan et al. 2012; Clanton & Gaudi 2014,
2016). Debris disks—disks that are composed of optically thin dust grains, generated from
the collisional attrition of larger boulders—can serve as signposts for embedded wide-orbit
planets (e.g., Mouillet et al. 1997; Rodigas et al. 2014; Nesvold et al. 2016; and references
therein). In Chapter 6, we demonstrate how an eccentric super-Earth mass planet can
sculpt its host debris disk into different mophological types, thus unifying the wide variety
of observed disk shapes under one theory. This work has been published in the Astrophysical
Journal (Lee & Chiang 2016a).
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Chapter 2

Make Super-Earths, Not Jupiters:
Accreting Nebular Gas onto Solid Cores
at 0.1 AU and Beyond

2.1 Introduction
Core-nucleated instability is a widely-believed mechanism by which gas giant planets

form (see Wuchterl et al. 2000 and Lissauer & Stevenson 2007 for reviews). The theory
states that a solid core of rock and metal, when embedded in a gas-rich nebula, undergoes
“runaway gas accretion” to become a gas giant like Jupiter, if the core mass is sufficiently
large (Perri & Cameron 1974; Harris 1978; Mizuno et al. 1978; Mizuno 1980; Stevenson
1982). In static models in which the planet’s nascent gas envelope is powered by steady
accretion of rocky planetesimals (e.g., Mizuno 1980; Stevenson 1982; Rafikov 2006, 2011),
runaway accretion occurs at a “critical core mass” above which the envelope fails to maintain
hydrostatic equilibrium. Identifying the critical core mass with hydrostatic disequilibrium
is specific to static models. In time-dependent models (e.g., Pollack et al. 1996), runaway
accretion is characterized by envelope masses that grow superlinearly with time. Physically,
runaway is triggered once the self-gravity of the atmosphere becomes significant, i.e., when
the envelope has about as much mass as the core. The critical core mass in time-dependent
models is that for which runaway accretion occurs just within the gas disk lifetime; it is less
related to hydrostatic disequilibrium than to increasing thermal disequilibrium: runaway
accretion occurs because of runaway cooling.

Critical core masses are typically quoted to be ∼10M⊕ (e.g., Mizuno 1980; Stevenson
1982; Pollack et al. 1996; Ikoma et al. 2000). As long as the planet’s envelope is connected
to the nebula by a radiative outer layer, the critical core mass does not depend much on
nebular conditions (Mizuno 1980; Stevenson 1982). The radiative zone’s steep rise in density
and pressure tends to decouple the planet’s interior from the external environment. Thus
the theoretical prejudice is that 10-M⊕ cores nucleate gas giants whether they are located
at ∼0.1 AU or ∼5 AU. Stevenson (1982) justifies analytically how 10M⊕ is a characteristic
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critical core mass, under the assumption that most of the envelope mass is radiative and has
constant opacity.1

How did super-Earths having masses of ∼10 M⊕ avoid becoming gas giants? How did
they acquire the modest gas envelopes that they are inferred to have? We begin by offering
some general perspectives on in-situ formation at small orbital distances that will dictate
our approach to answering these questions.2 As we show below, the problem of avoiding
runaway gas accretion is especially severe for close-in super-Earth cores because they are
not expected to have significant sources of power that can keep their atmospheres in strict
equilibrium. Because their atmospheres are free to cool and contract, they are at great risk
of accreting large amounts of gas from the nebula and exploding into Jupiters.

2.1.1 For Super-Earths, Accretion of Solids Completes Before Ac-
cretion of Gas

Many of the core instability studies cited above assume that solid cores accrete rocks
and gas simultaneously. Gravitational energy released from solids raining down upon the
core heats the envelope and acts as a battery: the luminosity Lacc derived from planetesimal
accretion is analogous to nuclear power in stars. In static models, Lacc is a prescribed constant
in time. For example, Rafikov (2006), using prescriptions for Lacc that depend on orbital
distance, finds that critical core masses Mcrit range from ∼0.1–100 M⊕ over ∼0.05–100 AU.3
In time-dependent models, Lacc is a prescribed function of time that enables one to follow
the envelope’s quasi-static contraction and mass gain from the nebula (Pollack et al. 1996;
Bodenheimer et al. 2000; Movshovitz et al. 2010; Rogers et al. 2011).

At ∼5 AU and beyond, the usual practice of accounting for Lacc 6= 0 is sensible. Coagu-
lation of solids can play out any number of ways, especially at large orbital distances where

1 If the envelope is more nearly adiabatic, the critical core mass depends more sensitively on nebular
boundary conditions (e.g., Wuchterl 1993 and Ikoma et al. 2000). We will find that the envelopes of Kepler
super-Earths have substantial outer radiative zones.

2 One may question our assumption of in-situ formation and our suppression of migration. Types I
and II migration are infamously rapid, especially at the small stellocentric distances where super-Earths
currently reside. Nevertheless, co-rotation torques render both the timescale and even direction of migration
uncertain (see Kley & Nelson 2012 for a review). Whereas what halts migration remains unclear, simulations
of in-situ formation can reproduce the observed distributions of orbital periods, planetary sizes, and mutual
inclinations, using only a modicum of input parameters (Hansen & Murray 2013). And whether or not
super-Earth cores migrated inward, it remains to be explained how they acquired their atmospheres and
avoided runaway: this is the problem we address in this chapter, and elements of our solution should be
independent of the manner by which cores are emplaced. In Chapter 4, we show that full-fledged super-Earth
cores likely underwent little migration.

3 Rafikov (2006, their Figure 7) reports Mcrit ∼ 7M⊕ at 0.1 AU — which taken at face value violates the
observation that super-Earths having just these masses, and not Jupiters, prevail at such distances. But this
estimate of Mcrit assumes that the planet’s envelope is bounded by the Bondi radius RB rather than the Hill
radius RH. At orbital distances a ∼ 0.1 AU, the opposite is likely to be true (see, e.g., our §2.2.1). For the
strictly adiabatic envelopes assumed by Rafikov (2006) at ∼0.1 AU, replacing his RB with the smaller RH

implies that 7-M⊕ cores have only small gas-to-core ratios and would not run away. More problematic is his
assumption of strict adiabaticity which follows from an unsustainably large planetesimal accretion rate.
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to form planets within a Hubble time, accretion of planetesimals is necessarily gravitation-
ally focussed. These gravitational focussing factors (a.k.a. Safronov numbers) are uncertain,
depending sensitively on the size distribution of planetesimals and the means by which ve-
locity dispersions are damped (see Goldreich et al. 2004 for a pedagogic review). Among
the myriad planetesimal accretion histories Lacc(t) that are imaginable outside a few AU,
many have durations at least as long, if not longer, than gas disk lifetimes of several Myrs,
validating the conventional Lacc-powered models for core instability.

But closer to the star, the universe of possibilities narrows considerably, assuming that
planets form in-situ (Hansen & Murray 2012, 2013; Chiang & Laughlin 2013). Even without
gravitational focussing, the time to coagulate a solid core of mass Mcore and radius Rcore

in-situ at ∼0.1 AU is astonishingly short:

tcoagulate ∼
Mcore

Ṁcore

∼ Mcore

ρsR2
corevrel

∼ Mcore

(Σs/H)R2
corevrel

∼ Mcore

ΣsR2
coreΩ

,

(2.1)

where ρs and Σs are the planetesimals’ volume density and surface density, respectively; H
is their scale height; vrel ∼ HΩ is their velocity dispersion, assumed isotropic; and Ω is the
local orbital frequency. If we assume that the disk has the “minimum mass” needed to spawn
a core from an annulus of radius a and width ∆a ∼ a — so that Σs ∼ Mcore/a

2 — then we
arrive at a simple expression for the coagulation time:

tcoagulate ∼
(

a

Rcore

)2

Ω−1

∼ 104 yr
( a

0.1 AU

)3.5(1.6R⊕
Rcore

)2

.

(2.2)

This is 2–3 orders of magnitude shorter than gas disk dissipation timescales of tdisk ∼ 0.5–10
Myr (Mamajek 2009; Alexander et al. 2014). The lesson here is that close-in orbits have
compact areas a2 (i.e., high surface densities) and short dynamical times Ω−1 (i.e., the local
clock runs dizzyingly fast), effecting rapid coagulation. And equation (2.2) represents an
upper limit — both because we have neglected gravitational focussing, and because we have
assumed a minimum disk surface density.

The coagulation time tcoagulate characterizes the last doubling of mass of the core, irrespec-
tive of whether that doubling is achieved by accreting small planetesimals (“minor mergers”)
or by giant impacts between oligarchs (“major mergers”). Whatever dregs of planetesimals re-
main from the last doubling are consumed over timescales comparable to tcoagulate. Because
tcoagulate � tdisk, the standard picture of having planetesimals accrete contemporaneously
with disk gas is not appropriate for close-in super-Earths. Solids finish accreting well before
gas finishes accreting — indeed even before gas starts to accrete in earnest.

One consequence of Lacc = 0 is that gas envelopes can freely cool, contract, and accrete
more gas: they are especially vulnerable to runaway gas accretion. This feature of in-situ
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formation only heightens the mystery of why the Kepler spacecraft find an abundance of
super-Earths but not Jupiters at ∼0.1 AU.

2.1.2 Mission and Plan for this Chapter

We seek here to unravel this mystery — to understand how super-Earths avoid runaway
gas accretion, and just as importantly, to see if we can reproduce their observationally
inferred gas fractions. Motivated by the considerations in §2.1.1, we will set the planetesimal
accretion rate to zero when we construct models for how close-in super-Earth cores accrete
gas from their natal disks. Similar passively cooling atmospheres have been computed at
orbital distances of 5 AU (e.g., Ikoma et al. 2000; Papaloizou & Nelson 2005) and beyond
(Piso & Youdin 2014). In these models, cooling regulates the accretion of gas. As the
envelope radiates away its energy, it undergoes Kelvin-Helmholtz contraction and accretes
more gas from the surrounding nebula. Both Ikoma et al. (2000) and Papaloizou & Nelson
(2005) conclude that Jupiter could have formed in-situ as long as Mcore & 5M⊕. Distant
extrasolar gas giants like those orbiting HR 8799 (Marois et al. 2008; Marois et al. 2010),
located as far as ∼30–70 AU from their host star, might also have formed via core instability,
starting from core masses as small as ∼4M⊕ (Piso & Youdin 2014; but see Kratter et al. 2010
and references therein for alternative formation channels involving gravitational instability
or outward migration of solid cores).

Our focus here is on the acquisition of gas envelopes at 0.1 AU. Pioneering studies at these
close-in distances by Ikoma & Hori (2012) and Bodenheimer & Lissauer (2014) concentrate
on the case of the multi-planet system orbiting Kepler-11 (Lissauer et al. 2011, 2013). From
Figure 2 of Ikoma & Hori (2012), gas accretion onto cores is slowed within hotter and dustier
disks, but gas disk lifetimes of tdisk ∼ 0.5–10 Myr (Mamajek 2009; Alexander et al. 2014)
are long enough that 10 M⊕ cores are still expected to run away. We will confirm these
results and chart new regions of parameter space (exploring, e.g., supersolar metallicities) to
find accretion histories that do succeed in circumventing runaway for 10M⊕ cores. Although
Ikoma & Hori (2012) set the planetesimal accretion luminosity Lacc = 0 (as we have explained
is realistic), their models still feature a large internal luminosity: one that emanates from the
rocky core with its finite heat capacity. In §2.3.1, we show by contrast that this power input
is actually negligible. Bodenheimer & Lissauer (2014) focus on Kepler-11f, and find that a
solid core of massMcore ' 2M⊕ at 0.5 AU can safely avoid runaway, accreting an atmosphere
for whichMgas/Mcore ∼ 2%, so long as the disk disperses in 2 Myr. By comparison, our study
is more general and will encompass the super-Earth population as a whole, located between
0.05–0.5 AU. A large fraction of their measured masses range from 5–10M⊕ (Wu & Lithwick
2013; Weiss & Marcy 2014)

Because our model gas envelopes are not heated, they are especially susceptible to run-
away; i.e., our calculated runaway times trun are strict lower bounds. Thus when we identify
those conditions for which trun > tdisk—thereby making the universe safe for super-Earths—
such solutions should be robust. We describe the construction of our model atmospheres in
§2.2. Results for trun and its variation with nebular conditions and core masses are presented
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in §2.3. Readers interested only in our solution to how super-Earths remain super-Earths
may skip directly to §2.4. There we propose two possible scenarios by which close-in planets
avoid runaway — and also calculate their expected final gas contents. A summary is given
in §2.5.

2.2 Time-Dependent Model Atmospheres
We model how a rocky core embedded in a gaseous circumstellar disk accretes an atmo-

sphere. The gas envelope is assumed spherically symmetric: we solve for how density and
temperature vary with radius and time, subject to outer boundary conditions set by the
disk.

Our procedure follows that of Piso & Youdin (2014, PY), with a few exceptions detailed
below, such as allowing for gradients in composition and more complex opacities. The basic
idea is that as the envelope cools, it contracts and accretes more gas from the disk. But on
timescales shorter than the accretion (i.e., cooling or Kelvin-Helmholtz) time, the atmosphere
is practically hydrostatic. Thus we begin by constructing a series of “hydrostatic snapshots”
(§2.2.1): 1D atmospheric models in strict hydrostatic equilibrium, each having a unique gas-
to-core mass ratio GCR ≡ Mgas/Mcore. We then string these snapshots together in time (in
order of increasing GCR) by calculating the rate at which the planet cools from one snapshot
to the next (§2.2.2).

2.2.1 Hydrostatic Snapshots

Each hydrostatic snapshot is constructed by solving the standard equations of stellar
structure:

dM

dr
= 4πr2ρ (2.3)

dP

dr
= −GM(< r)

r2
ρ (2.4)

dT

dr
=
T

P

dP

dr
∇ (2.5)

where r is radius, ρ is density, P is pressure, G is the gravitational constant, M(< r) is
the mass enclosed within r, and T is temperature. The dimensionless temperature gradient
∇ ≡ d lnT/d lnP equals either

∇rad =
3κP

64πGMσT 4
L (2.6)
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where energy transport is by radiative diffusion, or

∇ad = − ∂ logS

∂ logP

∣∣∣∣
T

(
∂ logS

∂ log T

∣∣∣∣
P

)−1
(2.7)

where transport is by convection. Here L is luminosity, S is the specific entropy (§2.2.1), κ
is opacity (§2.2.1), and σ is the Stefan-Boltzmann constant. Convection prevails according
to the Ledoux criterion:

∇rad −∇µ > ∇ad (unstable to convection) (2.8)

where µ is the mean molecular weight and ∇µ ≡ d lnµ/d lnP accounts for compositional
gradients. Assuming the heavy elements are homogeneously distributed, we find that ∇µ

is negative and so acts to drive convection; however, the effect is negligible. (In models of
Saturn and Jupiter, ∇µ can be positive because of imperfect mixing of solids, immiscibility
of helium, and core erosion; see Leconte & Chabrier 2012, 2013. These effects manifest at
pressures and densities that prevail only at the very bottoms of super-Earth atmospheres.)

A major simplification in our procedure is to assume that L is spatially constant (e.g.,
PY). The assumption is valid in radiative zones if their thermal relaxation times are shorter
than thermal times in the rest of the atmosphere. Then before the planet can cool as a whole
(i.e., before one snapshot transitions to another), its radiative zones relax to a thermal steady
state in which energy flows outward at a constant rate. We will check whether this is the
case in §2.3.1. By comparison in convective zones, the assumption of constant L is moot,
because there the density and temperature structures follow an adiabat, P ∝ ργ where
γ = (1−∇ad)−1, independent of L.

In computing a snapshot for a desired GCR, the spatially constant L is an eigenvalue
found by iteration. We guess L, integrate (2.3)–(2.5) inward from a set of outer boundary
conditions until we reach the core radius Rcore, and compute the resultant GCR. The inte-
gration is performed using Python’s odeint package. If the GCR does not match the one
desired, then we repeat the integration with a new L. We iterate on L until the desired GCR
is reached.

As a simplifying measure, we neglect whatever intrinsic luminosity and heat capacity the
rocky core may have. The validity of this approximation will be assessed when we present
the results for our fiducial model in §2.3.1.

Boundary conditions

The base of the atmosphere is located at the surface of the solid core, whose bulk density
is fixed at ρcore = 7 g/cm3. For a fiducial core mass of Mcore = 5M⊕, we have Rcore = 1.6R⊕.
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The outer radius Rout is set either to the Hill radius

RH =

[
(1 + GCR)Mcore

3M�

]1/3
a

' 40R⊕

[
(1 + GCR)Mcore

5M⊕

]1/3 ( a

0.1 AU

)
, (2.9)

or the Bondi radius

RB =
G(1 + GCR)Mcore

c2s

' 90R⊕

[
(1 + GCR)Mcore

5M⊕

]( µ

2.37

)(1000 K

T

)
, (2.10)

whichever is smaller. Here cs, T , and µ are the sound speed, temperature, and mean molec-
ular weight of disk gas at stellocentric distance a. We fix the host stellar mass to be 1M�.
The temperature above which RB ≤ RH is

THB ' 2200 K

[
(1 + GCR)Mcore

5M⊕

]2/3 ( µ

2.37

)(0.1 AU

a

)
. (2.11)

Our fiducial input parameters T (Rout) = 103 K and gas density ρ(Rout) = 6×10−6 g/cm3 are
drawn from the minimum-mass extrasolar nebula (MMEN) of Chiang & Laughlin (2013):

ρMMEN = 6× 10−6
( a

0.1 AU

)−2.9
g/cm3 (2.12)

TMMEN = 1000
( a

0.1 AU

)−3/7
K (2.13)

where the power-law index on temperature is taken from Chiang & Goldreich (1997). Other
disk models (e.g., Rafikov 2006; Hansen & Murray 2012) yield similar outer boundary con-
ditions. We will perform a parameter study over Mcore, T (Rout), ρ(Rout), and κ(Rout) in
§2.3.2. For a given model, nebular parameters are fixed in time; however, this simplifica-
tion will not prevent us from making rough connections between our models and dissipating
(time-variable) disks in §2.4.

If Rout exceeds the disk scale height H = csa
3/2/
√
GM�, our assumption of spherical

symmetry breaks down. For our fiducial parameters at a ∼ 0.1 AU, we have H ' 50R⊕
which is comparable to Rout = min(RH, RB) ' 40R⊕. Thus the error we accrue by ignoring
the disk’s vertical density gradient seems at most on the order of unity — but this assessment
is subject to errors in our prescription itself for Rout, which ignores how the true radius inside
of which material is bound to the planet may differ from RH or RB. We will explore the
sensitivity of our results to Rout in §2.3.2.
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Equation of state

We compute our own ideal-gas equation of state (EOS) for a mixture of hydrogen, helium,
and metals. For given temperature T and pressure P , the EOS yields density ρ, adiabatic
temperature gradient∇ad, and internal energy U . The internal energy is used only to connect
our hydrostatic snapshots in time (§2.2.2), and does not enter into the construction of an
individual snapshot. Our model has an advantage over the commonly used Saumon et al.
(1995) EOS as we account for metals (albeit crudely), but has the disadvantage that we do not
consider quantum effects and intermolecular interactions. Fortunately, these omissions are
minor for super-Earth atmospheres (§2.3.1). For our fiducial model, values of ∇ad calculated
from our ideal-gas EOS agree with those of Saumon et al. (1995) to within 10%, with similar
levels of agreement for ρ and U except in a few locations where discrepancies approach factors
of 2. We have checked that mechanical and thermal stability are satisfied over the parameter
space relevant to our study.

The density of our mixture is given by

ρ =
PmH

kT (X/µH + Y/µHe + Z/µZ)
(2.14)

where k is the Boltzmann constant and mH is the mass of the hydrogen atom. For (our
fiducial) solar composition, we use the mass fractions X = 0.7, Y = 0.28, Z = 0.02. We also
explore subsolar (X = 0.713, Y = 0.285, Z = 0.002) and supersolar (X = 0.57, Y = 0.23,
Z = 0.2) compositions. Both helium and metals are assumed to remain atomic throughout
the atmosphere;4 accordingly, we fix µHe = 4 and µZ = 16.95 (representing an average over
the relative metal abundances tabulated by Grevesse & Noels 1993). We have checked a
posteriori that our neglect of helium ionization is safe because its effects are felt only at the
very bottom of our atmosphere, near the core surface. For hydrogen, we distinguish between
its ionized, atomic, and molecular forms:

µH =
X

2XHII +XHI +XH2/2
(2.15)

where we have adopted the convention that the mass fractions XHII +XHI +XH2 = X.
We compute the mass fractions {XHII, XHI, XH2} via the corresponding number fractions.

In thermodynamic equilibrium, the atomic number fraction xHI ≡ nHI/ntot is given through
Saha-like considerations by

x2HI

1− xHI

=
Z2

tr,HI

Ztr,H2

Z2
int,HI

Zint,H2

e−Eb/kT (2.16)

4 In reality, metals can take the form of molecules. At the temperatures T & 2000 K characterizing close-
in super-Earths, CO is the dominant molecule (Hori & Ikoma 2011). We have verified by direct calculation
that for Z . 0.2, our results hardly change whether all of the cosmic abundance of C is atomic or whether
it is locked up in CO. Dissociation of CO occurs only at the very bottom of our atmospheres (at the core-
envelope boundary), and for Z . 0.2 there is not enough CO to significantly alter∇ad. At lower temperatures
T ' 100–1000 K and Z & 0.5, molecular metals have greater impact: the increased molecular weight and
the presence of H2O—with its many degrees of freedom and its potential for reacting chemically—render
envelopes more susceptible to runaway (Hori & Ikoma 2011).
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where Eb = 4.5167 eV is the binding energy of H2, Ztr,HI = (2πmHkT/h
2)3/2/nHI and

Ztr,H2 = (4πmHkT/h
2)3/2/nH2 are the translational partition functions for atomic and molec-

ular hydrogen, respectively, and Zint,HI and Zint,H2 are internal partition functions defined
below. Only in equation (2.16) do we approximate the total number density ntot = nHI+nH2 ;
for purposes of evaluating xHI, we assume that nHII/ntot is small and neglect other trace el-
ements. However, xHII ≡ nHII/nHI is not necessarily negligible, and derives from the Saha
equation:

x2HII

1− xHII

=
Ztr,pZtr,e

Ztr,HI

4

Zint,HI

e−13.6 eV/kT (2.17)

where Ztr,p = (2πmpkT/h
2)3/2/nHII and Ztr,e = (2πmekT/h

2)3/2/nHII are the translational
partition functions for free protons and electrons, respectively. The factor of 4 accounts for
electron and proton spin degeneracies.

Only electronic states contribute to the internal partition function for atomic hydrogen:

Zint,HI = 4
nmax∑

n=1

n2e−13.6 eV(1−1/n2)/kT . (2.18)

We choose the maximum quantum number nmax such that the effective radius of the outer-
most electron shell n2

maxa0 equals half the local mean particle spacing n−1/3tot , where a0 is the
Bohr radius. The internal partition function for molecular hydrogen is

Zint,H2 = Zelec,H2Zvib,H2Zrot,H2 (2.19)

where
Zelec,H2 ' 1 + e−Eb/kT , (2.20)

Zvib,H2 =
∞∑

n=0

e−0.546 eV(n+1/2)/kT , (2.21)

and

Zrot,H2 = Zpara + 3Zortho

=
∑

even j

(2j + 1)e−j(j+1)~2/2IkT

+ 3
∑

odd j

(2j + 1)e−j(j+1)~2/2IkT

(2.22)

with ~ = h/2π and I = 4.57 × 10−41 g cm2, and where the prefactors 1 and 3 in equation
(2.22) denote the nuclear spin degeneracies. Note that we do not assume a fixed ortho-to-
para ratio for molecular hydrogen, but let the ratio vary with temperature T in thermal
equilibrium.

To compute ∇ad (equation 2.7), we tabulate the specific entropy S on a logarithmically
evenly spaced grid of temperature and pressure with d log T = 0.02 and d logP = 0.05. To
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calculate derivatives, we take local cubic splines of S on small square patches that are 7 grid
spacings on each side. The entropy per mass is evaluated as

S =(XeSe +XpSp +XHISHI +XH2SH2)

+ Y SHe + ZSZ + Smix

(2.23)

where Smix is the entropy of mixing (e.g., Saumon et al. 1995):

Smix/k = N logN −
∑

i

Xi

mi

log

(
Xi

mi

)
(2.24)

with
N =

X

µHmH

+
Y

µHemH

+
Z

µZmH

. (2.25)

The index i iterates over free electrons, free protons, atomic hydrogen, molecular hydrogen,
helium, and metals. For species i, the particle mass is mi and the mass fraction is Xi (i.e.,∑6

i=1Xi = 1; note that XHe ≡ Y , XZ ≡ Z, and Xp + Xe ≡ XHII). The entropy of an
individual species is calculated from its Helmholtz free energy F . For example, for atomic
hydrogen,

SHI = − ∂FHI

∂T

∣∣∣∣
ρ,µ

(2.26)

where
FHI = − kT

mH

log(Ztr,HIZint,HI) . (2.27)

For molecular hydrogen, we account for electronic, vibrational, and rotational partition func-
tions; for protons and electrons, we account for their spin degeneracies and their translational
partition functions; and for helium and metals, we account only for their translational par-
tition functions.

Finally, the total internal energy U = (XeUe +XpUp +XHIUHI +XH2UH2) +Y UHe +ZUZ

where the internal energy of each species can be derived from F and S: e.g., UHI = FHI+TSHI.
Note that the total free energy from all hydrogenic species is not merely the sum of the
individual free energies FH2 + FHI + FHII, because S does not add linearly.

Opacity

Piso & Youdin (2014) have stressed the importance of opacity in regulating the accretion
(read: cooling) history of gas giant cores, and our work will prove no exception. For close-
in super-Earth atmospheres, we need opacities κ over the following ranges of densities and
temperatures: −6 < log ρ (g/cm3) < −1 and 2.7 < log T (K) < 4.5. To this end, we utilize
the opacity tables of Ferguson et al. (2005), which partially span our desired ranges, and
interpolate/extrapolate where necessary.
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Table 2.1 : Opacity Fit Parameters (κ = κiρ
αiT βi ; all quantities in cgs units)

Z Dust log κb αb βb log κx1 αx1 βx1 log κx2 αx2 βx2
0.02 yes -22 0.46 6.7 -25 0.53 7.5 -13 0.46 4.5

no -25 0.50 7.5 -25 0.53 7.5 -13 0.46 4.5
0.002 yes -27 0.49 7.8 -28 0.60 8.2 -14 0.48 4.8

no -28 0.55 8.1 -28 0.60 8.2 -14 0.48 4.8
0.2 yes -23 0.48 7.1 -18 0.48 5.9 -6.1 0.40 2.8

no -22 0.48 7.0 -19 0.35 6.0 -6.1 0.40 2.8

We experiment with a total of 6 opacity laws: 3 metallicities (solar Z� = 0.02, subsolar
0.1Z�, and supersolar 10Z�,5 where elemental abundances are scaled to those in Grevesse
& Noels 1993) × 2 dust models (“dusty” which assumes the ISM-like grain size distribution
of Ferguson et al. 2005; and “dust-free” in which metals never take the form of dust and are
instead in the gas phase at their full assumed abundances). Where the Ferguson et al. (2005)
tables are incomplete, we interpolate or extrapolate using power laws. Our look-up table is
constructed as follows (with T in K and ρ in g/cm3):

1. log T ≥ 3.65 and log ρ ≤ −3: tabulated in Ferguson et al. (2005), with supplemental
data calculated by J. Ferguson (2013, personal communication)

2. 3.6 < log T < log Tblend: κ = κb ρ
αb T βb (interpolation)

3. 2.7 ≤ log T ≤ 3.6 and log ρ ≥ −6: tabulated in Ferguson et al. (2005), with supple-
mental data calculated by J. Ferguson (2013, personal communication)

4. log T < 2.7 and log ρ < −6: κ = κ(log T = 2.7, log ρ = −6) (constant extrapolation)

5. T ≤ Thi and log ρ > −3: κ = κx1 ρ
αx1 T βx1 (extrapolation)

6. T > Thi and log ρ > −3: κ = κx2 ρ
αx2 T βx2 (extrapolation)

where log Tblend = 3.75 for supersolar metallicity, 3.7 for all dust-free models, and 3.65
otherwise; and log Thi = 4.2 for supersolar metallicity and 3.9 otherwise. Table 2.1 lists
our fit parameters. We have verified that our use of a constant extrapolation at low ρ
and low T (item 4 above) is acceptable. For log T < 2.7, we expect the opacity to be
dominated by dust and independent of ρ, assuming a constant dust-to-gas ratio. We have

5The abundances used for our supersolar opacity model are slightly discrepant from those of our EOS
model (§2.2.1); the former uses {X = 0.53, Y = 0.27, Z = 0.2}, whereas the latter uses {X = 0.57, Y =
0.23, Z = 0.2}. The opacity and EOS models also differ generically in that the opacity model (drawn directly
from Ferguson et al. 2005) uses its own equation of state based on the PHOENIX stellar atmospheres code,
which includes molecular metals. These differences are not significant; we have verified that changing the
hydrogen/helium abundances in our supersolar EOS by several percent to reconcile them with our supersolar
opacity model changes our computed times to runaway gas accretion by . 15%; see also footnote 4.
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confirmed that κ indeed hardly varies with ρ at these low temperatures (J. Ferguson 2014,
personal communication). We have also checked that our results are insensitive to different
extrapolated temperature scalings for log T < 2.7 (as steep as κ ∝ T 2).

Figure 2.1 illustrates how our solar metallicity + dusty (and dust-free) κ varies with T
for representative values of ρ. Dust, when present, dominates at T . 1700 K. For 1700 K .
T . 2300 K, dust sublimates, one grain species at a time according to its condensation
temperature, leaving behind gas molecules as the primary source of opacity. Molecular
opacity sets a floor on κ of ∼10−2 cm2/g, two orders of magnitude below the maximum dust
opacity. We emphasize that our opacity model keeps track of how the gas phase abundances
of the refractory elements vary with temperature according to the sublimation fronts of
various grain species.

For 2500 K . T . 18000 K, H− ions provide most of the opacity (with contributions from
H2-H2 and H2-He collision-induced absorption; cf. Guillot et al. 1994). The H− opacity rises
steeply with T , reflecting the growing abundance of H− with increasing atomic fraction xHI

and increasing numbers of free electrons from thermally ionized species.

2.2.2 Connecting Snapshots in Time

When the gas envelope lacks an internal power source (from, e.g., fusion or planetesimal
accretion), the time ∆t between two successive hydrostatic snapshots is simply the time it
takes to cool from one to the other, in order of increasing GCR. This cooling time is modified
slightly by changes to the energy budget from gas accretion and envelope contraction. From
PY (see their Appendix A for a derivation), we have

∆t =
−∆E + 〈eM〉∆M − 〈P 〉∆V〈M〉

〈L〉
(2.28)

where 〈Q〉 denotes the average of quantity Q in two adjacent snapshots, and ∆Q denotes the
difference between snapshots. The luminosity L is the eigenvalue satisfying the equations
of stellar structure, found by iteration as described in §2.2.1. From left to right, the terms
in the numerator of (2.28) account for (a) the change in total (gravitational plus internal)
energy

E = −
∫
GM(< r)

r
dM +

∫
UdM (2.29)

integrated over the innermost convective zone (∆E < 0; note that M(< r) takes the core
mass into account); (b) the energy accrued by accreting gas (∆M > 0) with specific energy

eM = − GM

r

∣∣∣∣
Rrcb

+ U |Rrcb
(2.30)

where Rrcb is the radius of the innermost radiative-convective boundary (rcb); and finally,
(c) the work done on the planet by the contracting envelope, with ∆V〈M〉 < 0 equal to
the change in the volume enclosing the average of the innermost convective masses of the
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Figure 2.1 : Tabulated and extrapolated dusty (black) and dust-free (red) solar metallicity opacities
vs. temperature at several densities. Symbols correspond to tabulated values while continuous
curves correspond to extrapolated values.
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two snapshots, and 〈P 〉 equal to the averaged pressure at the surface of this volume. We
emphasize that we evaluate all three terms at the boundary of the innermost convective
zone, as this seems the most natural choice given our assumption that all the luminosity is
generated inside (Piso & Youdin 2014).

Because the procedure above only yields changes in time ∆t between snapshots, we still
need to specify a time t0 for the first snapshot. In practice, the first snapshot is that for
which the atmosphere is nearly completely convective, since L cannot be found for fully
convective atmospheres.6 For this first snapshot we assign t0 := |E|/L. Whatever formal
error is accrued in making this assignment is small insofar as t0 is much less than the times
to which we ultimately integrate (e.g., the time of runaway gas accretion).

2.3 Results
The time evolution of our fiducial model of a growing super-Earth atmosphere is described

in §2.3.1, together with an explanation of our findings to order-of-magnitude accuracy (§2.3.1)
and a review of the a posteriori checks we performed (§2.3.1). How runaway gas accretion is
promoted or inhibited by varying nebular conditions and core masses is surveyed in §2.3.2.

2.3.1 Fiducial Model

Our fiducial model is a 5M⊕, 1.6R⊕ solid core located at a = 0.1 AU in the minimum-
mass extrasolar nebula (MMEN) with ρ = ρMMEN = 6 × 10−6 (a/0.1 AU)−2.9 g/cm3 and
T = TMMEN = 1000 (a/0.1 AU)−3/7 K. We assume the disk to be dusty, with solar metallicity
and an ISM-like grain size distribution. In Figure 2.2, we show how various atmospheric
properties vary with depth for different envelope masses. Most of the atmosphere is in the
innermost convective zone—at least 75% by mass for GCR ≥ 0.2. The outermost layer is
always cool enough for dust to survive and dominate the opacity; at small GCRs (early
times), this outer dusty layer is convective; at higher GCRs, it becomes marginally radiative
(the temperature profile remains nearly adiabatic). Sandwiched between this outermost layer
and the innermost convective zone is a radiative layer so hot that dust sublimates and where
the opacity is at a global minimum. Temperature profiles in this radiative zone are shallower,
and consequently pressure and density profiles are steeper, than in convective zones.

Figure 2.2 shows that the temperature at the innermost rcb (the rcb from hereon) stays
at ∼2500 K at all times. This is the temperature at which H2 begins to dissociate (equation
2.16). As Figure 2.3 explains, the transition from a radiative to a convective zone is caused
by the decrease in ∇ad and the steep increase in ∇rad, both brought about by H2 dissociation.
At the dissociation front, the gas temperature tends to stay fixed as energy is used to break

6In reality, a thin radiative layer should always cap the planet’s atmosphere and regulate the loss of
energy from the planet to the disk. Resolving this outer boundary layer—which may also advect energy to
the disk—is a forefront problem. Its solution would enable us to probe still earlier times and smaller GCRs
than we can reach in this chapter.
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Figure 2.2 : Atmospheric profiles for GCR=0.1 (black), GCR=0.3 (red), and GCR=0.6 (blue) in
our fiducial model. Dotted lines trace radiative zones while solid lines trace convective zones.

up molecules rather than to increase thermal motions. This near-isothermal behavior drives
∇ad downward, facilitating the onset of convection. The creation of H atoms also allows the
formation of H− ions, the dominant source of opacity for T & 2500 K. The surge of opacity
from H−, together with the near-constant temperature profile, increases ∇rad and causes
radiation to give way to convection as the dominant transport mechanism.
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location of the innermost rcb is determined by the H2 dissociation front. The oscillations in ∇rad

and κ are due to different dust species evaporating at different temperatures.

The evolution of luminosity is displayed in Figure 2.4. Initially L falls. The drop in
radiative luminosity occurs as density and pressure—and therefore optical depth—rise at
the rcb (compare, e.g., the GCR=0.1 and GCR=0.3 profiles for P and ρ in Figure 2.2). As
revealed in Figure 2.4, when L reaches its minimum, the GCR starts to evolve superlinearly;
we define the moment of minimum L as the runaway accretion time trun. For our fiducial
model, trun ' 10.5 Myrs. After trun, the luminosity grows as the self-gravity of the envelope
becomes increasingly important. The rise in L, together with the relative constancy of the
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Figure 2.4 : Time evolution of GCR (solid curve) and L (dashed curve) for our fiducial model of a
5 M⊕ core at 0.1 AU. The dotted vertical line denotes trun ' 10.5 Myr, defined as the time when
L reaches its minimum. The GCR starts to rise superlinearly after minimum L, signalling runaway
accretion. The initial time is taken as t0 = |E|/L ' 0.03 Myr at the lowest GCR of 0.06, below
which the atmosphere becomes completely convective and the evolution cannot be followed.

change in total energy ∆E (data not shown; see equations 2.28–2.29), causes the planet to
cool at an ever faster rate, accelerating the increase in the GCR.

Figure 2.5 illustrates the relative importance of various terms in the calculation of time
steps between snapshots (equation 2.28). At least until trun, the evolution is completely
controlled by changes in the total energy ∆E. The boundary terms 〈eM〉∆M and 〈P 〉∆V〈M〉
are 10–100 times smaller.
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energy input from surface accretion 〈eM 〉Ṁ becomes significant.

Understanding our results to order-of-magnitude

The runaway timescale can be approximated as the thermal relaxation (a.k.a. cooling)
time tcool in the innermost convective zone, evaluated at GCR ' 0.5, a value large enough
for self-gravity to be significant. We define the cooling time of any zone as its total energy
content divided by the luminosity:

tcool =
|E|
L
. (2.31)

Figure 2.6 uses our numerical model to evaluate tcool for both convective and radiative zones.
At the moment of runaway, tcool of the innermost convective zone is ∼20 Myr, within a factor
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of 2 of trun ' 10.5 Myr.
We can also develop back-of-the-envelope understandings of |E| and L. Our envelopes are

in approximate virial equilibrium:7 the total energy of the atmosphere, of mass GCR×Mcore,
is on the order of the (absolute value of the) gravitational potential energy:

|E| ∼ GMcore ×GCR×Mcore

Rcore

. (2.32)

We choose the core radius Rcore as the characteristic radius of the atmosphere because gas
mass is centrally concentrated; a more quantitative discussion is given in Chapter 3. For
Mcore = 5M⊕, Rcore = 1.6R⊕, and GCR ∼ 0.5, we have |E| ∼ 1040 erg. As for L, we know
from equation (2.6) that at the rcb,

L =
64πGMσT 3µmH

3kρκ
∇ad

∣∣∣∣
rcb

. (2.33)

The rcb is always (for dusty models) located at the H2 dissociation front where Mrcb '
(1 + GCR)Mcore, ∇ad ' 0.2, T ' 2500 K, and κ ∼ 0.1 cm2/g from H− opacity.8 The density
at the rcb is numerically ∼ 10−3 g cm−3 (we show an analytic derivation in Chapter 3).
Putting it all together for our fiducial model at GCR ∼ 0.5, the luminosity thus estimated
is L ∼ 1025 erg/s, within a factor of 2 of our numerically computed (minimum) value of
7× 1024 erg/s at runaway. The estimated cooling time is then ∼30 Myr, in good agreement
with the numerically calculated trun ' 10.5 Myr.

Checks

Our calculation assumes L to be spatially constant—specifically we assume that the
luminosity of the envelope is generated entirely within the innermost convective zone. To
check the validity of this assumption, we perform a couple a posteriori tests. We estimate
whether the luminosity generated in radiative zones is small compared to L and check that
most of the planet’s thermal energy content is in the innermost convective zone. From energy
conservation, the luminosity generated in radiative zones that our model neglects is

Lnegl = −
∫

rad

ρT
∆SM
∆t

4πr2dr . (2.34)

Here ∆SM is the difference, taken between snapshots separated by time ∆t, of S evaluated
at the surface enclosing a given mass M . The integral spans all radiative zones. As demon-
strated in Figure 2.5, Lnegl is approximately two orders of magnitude smaller than the total

7In a strict sense, our atmospheres are not isolated objects in virial equilibrium because they overlie rocky
cores which supply external gravity fields, and because their outer boundaries have non-zero pressure and
accrete mass. These complications generate order-unity corrections to |E|; at runaway, the atmosphere mass
is comparable to the core mass, and from Figure 2.5 we see that the outer boundary terms are at most
competitive with the total energy.

8The H− opacity can be fitted by κ ' 10−25ρ0.53T 7.5(Z/0.02) where all quantities are evaluated in cgs
units.
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Figure 2.6 : Cooling times of convective (solid line) and radiative (dashed line) zones for our
fiducial model. Since the atmosphere can be composed of multiple convective and radiative zones,
we plot the maximum tcool for each case. The maximum convective tcool is always measured in the
innermost convective zone; it exceeds tcool of any other convective zone by 1–4 orders of magnitude.
The cooling time in the radiative zone abruptly decreases at GCR ' 0.35 and increases at GCR '
1.0, coinciding with the disappearance and re-emergence of an outer convective zone, respectively.
The dotted vertical line marks the GCR at the moment of runaway. The cooling time of the entire
atmosphere is dominated by the innermost convective zone, helping to justify our assumption of a
spatially constant luminosity.

L. In addition, from Figure 2.6 we see that tcool for the innermost convective zone exceeds
tcool for any radiative zone or exterior convective zone by at least an order of magnitude.
Because L is constant in our model, an equivalent statement is that the thermal energy
content of the innermost convective zone exceeds that of any other zone.

Our results are robust against other shortcomings of our model: (1) Can a spatially
varying L deepen the rcb so that the thermal energy content of radiative zones exceeds
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Figure 2.7 : Runaway time trun vs. various boundary conditions: nebular density (upper left),
nebular temperature (upper right), core mass (lower left), gas metallicity and the existence of
grains (lower right). Core mass and disk metallicity are the most important determinants of trun.
The gray shaded region in the lower left panel delineates the observed mass range of super-Earths
from Weiss & Marcy (2014). Error bars have magnitude ±t0, reflecting our uncertainty in the time
of the first snapshot. Envelopes become fully convective for ρ/ρMMEN & 5 and therefore cannot be
evolved in time according to the PY procedure. Nevertheless, we surmise that such atmospheres
readily run away: their GCRs are on the order of unity and their cooling times are short because
of the large luminosities required to support full-on convection.
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that of the innermost convective zone? No: in reality, the luminosity has to rise toward the
surface; higher L steepens the radiative temperature gradient (equation 2.6), promoting con-
vection in the outer atmosphere and thus lessening the extent of radiative zones. (2) What
about quantum mechanical effects not captured by our ideal gas EOS? At high densities
(ρ & 0.1 g/cm3), the mean particle spacing becomes smaller than the Bohr radius, leading
to liquefaction and pressure ionization. But we find that these packed conditions occur only
for GCR & 0.5 (at the moment of runaway) and only within the bottommost ∼3% of the
planet’s atmosphere in radius. (3) Finally, how safe is our neglect of the solid core’s contri-
butions to the energy budget of the atmosphere? The luminosity from radioactive heating
for a 5M⊕ core is about 8× 1021 erg s−1 (Lopez & Fortney 2014, their Figure 3), well below
the envelope luminosities of ∼ 1025 erg s−1 characterizing our fiducial model (Figure 2.4).
Whether the core’s heat capacity is significant can be assessed as follows. Over the course
of our atmosphere’s evolution, a total energy ∼ Ltrun ∼ 1025 erg s−1 × 10 Myr ∼ 3× 1039 erg
is released. For the core to matter energetically (either as a source or sink), it would have to
change its temperature by ∆T > Ltrun/(McoreCV ) ∼ 104 K, where CV ' 107 erg K−1 g−1 is
the specific heat of rock. Such temperature changes seem unrealistically extreme, especially
over the timescales of interest to us—10 Myr—which may be short in the context of solid
core thermodynamics. For comparison, some models of rocky, convecting super-Earth cores
are initialized with temperatures of 5000–20000 K and cool in vacuum over timescales rang-
ing from 0.1–10 Gyr (Stamenković et al. 2012). Even if by some catastrophically efficient
mechanism the core were to lose its entire thermal energy content over ∼10 Myr (say because
the viscosity is actually much lower than that calculated by Stamenković et al. 2012; see,
e.g., Papuc & Davies 2008 and Karato 2011), the resultant core luminosity would add to
the envelope contraction luminosity by only a factor of order unity. Ikoma & Hori (2012,
see their equation 4) typically invoke a core luminosity of ∼ 1025 erg s−1 — comparable to
our envelope luminosities — but only by assuming the entire core can respond thermally on
timescales of ∼0.1 Myr (their τd). Such a thermal response time is unrealistically short.

2.3.2 Parameter Study

We explore how the runaway time changes with various input parameters. Figure 2.7
summarizes our results: trun is most sensitive to core mass and metallicity, and is insensitive,
for the most part, to nebular density and temperature.

We can understand all of these dependencies as simple consequences of the properties of
the innermost radiative-convective boundary (rcb). As argued in §2.3.1, trun is approximately
the cooling time tcool of the innermost convective zone:

trun ∼ tcool|rcb =
|E|
L
∝ MT

MT 4∇ad/κP
∝ ρκ

T 2∇ad

(2.35)

where we have scaled |E| ∝ MT , and ∇ad ' 0.2 and T ' 2500 K because the rcb always
(for dusty models) coincides with the H2 dissociation front. Thus the variation of trun with
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input parameters can be rationalized in terms of ρ and κ in equation (2.35), as we explain
qualitatively below.

Disk density

As Figure 2.7 attests, trun hardly varies with nebular density ρ(Rout). This is because
conditions at the rcb are largely insensitive to nebular parameters, insofar as a radiative
atmosphere—whose density profile is exponentially steep—lies between the rcb and the neb-
ula. In a sense, nebular conditions are increasingly forgotten as one descends toward the rcb
(as found previously by Stevenson 1982). What little memory remains of outer boundary
conditions manifests itself as a modest increase in trun with decreasing ρ(Rout). At a fixed
GCR of 0.5 (characteristic of runaway), lowering ρ(Rout) must raise slightly the interior den-
sity, including the density at the rcb, and by extension the local opacity (which scales as
ρ0.53). These small increments in ρrcb and κrcb lengthen trun according to equation (2.35).

Disk temperature

The runaway time does not vary much with T (Rout) < 2500 K for largely the same reason
that it is not sensitive to ρ(Rout): as pressure and density e-fold many times across the
quasi-radiative outer envelope, conditions at the rcb decouple from those at the surface. No
matter the value of T (Rout) < 2500 K, the atmosphere near the rcb eventually thermostats
itself to the H2 dissociation temperature of 2500 K (cf. Figure 2.2, bottom left panel), and
concomitantly strong density gradients serve to isolate the rcb from the nebula.

Generally, trun increases with disk temperature. As T (Rout) approaches the H2 dissoci-
ation temperature, the outer envelope becomes increasingly isothermal; the density profile
steepens and ρ and κ rise at the rcb. What is impressive is the magnitude of the jump in ρrcb,
and by extension trun, when T (Rout) reaches the H2 dissociation temperature of ∼2500 K
and the outer atmosphere becomes strictly isothermal. For protoplanetary disks to actually
be as hot as T (Rout) ' 2500 K seems unrealistic, since dust sublimation throttles nebular
temperatures to stay below ∼2000 K (see, e.g., D’Alessio et al. 1998, 2001).

Core mass

Atmospheres atop more massive cores require larger pressure gradients to maintain hy-
drostatic support. Increased pressure steepens radiative gradients (equation 2.6), fostering
convection and pushing the rcb toward the surface (but with Trcb fixed at ∼2500 K). Nu-
merically, we find ρrcb decreases by a factor of ∼100 from Mcore = 2.5M⊕ to 10M⊕; i.e.,
ρrcb ∝M−3

core. Since tcool ∝ ρκ ∝ ρ1.53, it follows that tcool ∝M−4.5
core , in rough agreement with

the scaling shown in Figure 2.7.
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Opacity: metallicity and grains

More metals increase κ everywhere, including at the rcb, where the increased optical
thickness prolongs trun by reducing the radiative luminosity. Core-nucleated instability is
harder at higher κ (e.g., Stevenson 1982; Ikoma et al. 2000; Piso & Youdin 2014). According
to our equation (2.35), trun ∝ κ; Figure 3 of PY vouches for this linear dependence. In turn,
κ scales roughly linearly with metallicity Z in the opacity model by Ferguson et al. (2005)
that we use.

Dusty atmospheres behave differently from dust-free atmospheres. In dusty atmospheres,
radiative windows opened by dust evaporation inhibit convection and force the innermost
rcb to depths below the dust sublimation front. In dust-free atmospheres, this impediment
to convection does not exist and so the rcb is free to be located at higher altitudes where
κ is smaller. As shown in Figure 2.7, one consequence is that runaway times of dust-free
atmospheres are generally shorter than for dusty atmospheres. Another consequence is that
trun depends only weakly on metallicity in dust-free atmospheres. Dust-free envelopes that
are more metal-rich have higher opacities which drive the rcb outward. The shortening of
trun from decreasing rcb density counteracts the lengthening of trun from increasing opacity.

Note that the trends identified above can reverse if the metallicity becomes too high.
For Z & 0.5, increases in the mean molecular weight become significant, collapsing the
atmosphere and shortening trun, as we will show in Chapters 3 and 4.

Outer radius

It is customary in this field to choose Rout = min(RH, RB). But the true outer radius
may differ from this choice, if only because there are order-unity coefficients that we have
neglected in our evaluation of RH and RB. How the protoplanet’s atmosphere interfaces with
the disk is not well understood. Lissauer et al. (2009) employ 3D hydrodynamic simulations
of planets embedded in viscous disks to argue that Rout should range between RH/4 and RB

(their equation 3). In 2D hydrodynamic simulations, Ormel & Shi (2014) and Ormel et al.
(2015a) vouch for the relevance of RB (when RB � RH) to within factors of order unity.
Precise correction factors should depend on the thermodynamic properties (read: cooling
efficiencies) and turbulent/viscous behavior of disk gas in the vicinity of the planet.

For our fiducial model at 0.1 AU, we find numerically that trun ∝ R−1.2out as Rout varies
from 0.5RH to RH. All other factors being equal, larger (i.e., puffier) atmospheres have lower
densities; the lower value of ρκ ∝ ρ1.53 at the rcb shortens trun according to equation (2.35).
In subsequent sections of this paper, we will quote ranges (“error bars”) for trun corresponding
to 0.5–1× Rout. Because RH is a hard upper limit on the extent of planetary atmospheres,
our results for trun when Rout = RH (i.e., at orbital distances a . 1 AU) are hard lower
limits.
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2.4 Discussion: How Do Super-Earths Get Their Gas?
Absent heat sources, gaseous envelopes overlying rocky cores cool and contract, accreting

more gas from their natal disks. Once these atmospheres become self-gravitating — i.e.,
once their masses become comparable to those of their cores — they acquire mass at an
accelerating, “runaway” rate, ultimately spawning Jovian-class giants in disks with adequate
gas reservoirs.

How do super-Earths avoid this fate? Perhaps we should revisit our assumption of zero
heating from planetesimal accretion. We showed in §2.1.1 that in-situ accretion of solids at
∼0.1 AU finishes well within gas disk lifetimes. Thus our assumption of zero planetesimal
accretion seems safe with respect to the reservoir of solids that are local to the inner disk.
But what about solids transported to the inner disk from the outer disk, originating from
distances � 0.1 AU? Might a steady supply of inwardly drifting planetesimals heat super-
Earth atmospheres and prevent them from cooling and collapsing? We can use our results to
show that this possibility is unlikely. Our model of a 10M⊕ core + solar-metallicity envelope
under standard nebular conditions has a minimum, pre-runaway cooling luminosity of L ∼
5 × 1026 erg s−1. For planetesimal accretion to support this atmosphere against collapse,
the planet would have to accrete solids at a rate Ṁcore ∼ LRcore/(GMcore) ∼ 1M⊕/Myr.
Even if such an accretion rate could be arranged — and it would require some fine-tuning
of planetesimal sizes to get the right aerodynamic drift rates and accretion efficiencies —
sustaining it over the ∼10 Myr lifetime of the gas disk would cause the core to double in
mass to ∼20M⊕. Not only would this mass doubling put the planet outside the range of
most of the measured masses of super-Earths (Wu & Lithwick 2013; Weiss & Marcy 2014),
but it would also reduce the time to runaway by a factor of ∼16 (trun ∝ M−3.93

core according
to our Figure 2.7) — ironically pushing the planet over the cliff we were trying to avoid in
the first place. Thus appealing to accretion of planetesimals, either from the inner disk or
from the outer disk, to support atmospheres against collapse seems infeasible. We discuss
this point further in Chapter 3.

With zero heating, the time to runaway gas accretion is the time for the marginally self-
gravitating gas envelope to cool. As the black points in Figure 2.8 reveal, at a fixed envelope
metallicity (with dust grains dominating the opacity in the upper envelope) and core mass,
the runaway time is remarkably invariant with orbital distance. Figure 2.9 shows why. The
radiative-convective boundary (rcb) of the atmosphere occurs at the H2 dissociation front.
Because the circumstances of H2 dissociation are fairly universal (governed as they are by
the universal laws of statistical quantum mechanics), the H2 dissociation front occurs at
temperatures and densities that are insensitive to whether the planet is located at 0.1 AU or
5 AU. Temperature and density profiles in the convective zone interior to the rcb vary only
by factors of 2 between models at different stellocentric distances. This inner convective zone
contains the lion’s share of the envelope’s mass and energy, which means that its cooling rate
controls the time to runaway accretion. Nearly identical convective zone profiles beget nearly
identical runaway accretion times. Similar results are reported by Hori & Ikoma (2011), who
find for their static models that the critical core mass — the maximum core mass for which
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Figure 2.8 : Runaway time trun vs. orbital radius a for 10-M⊕ cores in a dusty disk with fixed solar
metallicity (black circles) and a dusty disk whose metallicity decreases outward but is supersolar
throughout (red squares). The metallicity trend is assumed linear with a. For each a, we compute
trun at Z = 0.02 and Z = 0.2 and fit a power-law relation for trun(Z); this power law (specific to a)
is used to evaluate trun for the desired Z. The error bars reflect our uncertainty in the atmosphere’s
outer boundary radius, where the upper limit corresponds to Rout = 0.5RH and the lower limit
corresponds to Rout = RH (see §2.3.2); for a ≥ 1 AU, RB is used instead of RH. For disk density
and temperature, we adopt the MMEN (§2.2.1), except at a = 0.1 AU where we take T = 2000

K, since the atmosphere becomes fully convective for Rout = 0.5RH and T = 1000 K and cannot
be integrated forward. The gray box marks a range in disk lifetimes of 5–10 Myr (Mamajek 2009;
Pfalzner et al. 2014). At all orbital distances, 10-M⊕ cores in a constant solar metallicity disk
become gas giants within ∼1 Myr, well before disk gas disperses.
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Figure 2.9 : Atmospheric profiles just before runaway for 10-M⊕ cores at 0.1 AU (black) and 5
AU (red). Dotted lines trace radiative zones while solid lines trace convective zones. The inner-
most convective zone looks practically identical between the two models at 0.1 AU and 5 AU; all
atmospheric quantities in the convective zones agree to within a factor of 2. The similarity arises
because the radiative-convective boundary which caps the convective zone is always (for dusty mod-
els) located where H2 first dissociates, and the characteristic temperatures and densities required for
dissociation do not respect orbital location. Consequently, envelope cooling times and by extension
runaway accretion times are nearly the same between 0.1 and 5 AU.
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the envelope can stay in strict hydrostatic equilibrium — varies by at most a factor of 2 from
1 AU to 10 AU. Like us, these authors incorporate H2 dissociation in their equation of state
and opacity laws. In dust-free envelopes, the runaway timescale varies more sensitively with
stellocentric distances; we explore its consequence in Chapter 4.

Taken at face value, the black points in Figure 2.8 suggest that 10-M⊕ solid cores, placed
anywhere from 0.1 AU to 5 AU in a gas-rich protoplanetary disk of solar composition, readily
transform into gas giants before the gas disperses in 5–10 Myr. But observations inform us
that 10 M⊕ rocky cores—and not gas giants—abound at distances inside 1 AU. The Kepler
spacecraft has established that super-Earths having radii of 1–4 R⊕ orbit &20% of Sun-like
stars at distances of 0.05–0.3 AU (Howard et al. 2010; Batalha et al. 2013; Petigura et al.
2013; Dong & Zhu 2013; Fressin et al. 2013; Rowe et al. 2014). By contrast, Jupiter-sized
objects are rare; the occurrence rate for hot Jupiters inside ∼0.1 AU is only ∼1%, and the
occurrence rate for warm Jupiters between∼0.1–1 AU is even smaller, in the so-called “period
valley” (Jones et al. 2003; Udry et al. 2003; Wright et al. 2012; Fressin et al. 2013; Dawson
& Murray-Clay 2013). At larger distances, gas giants appear more frequently, orbiting up
to ∼20% of Sun-like stars at a < 10 AU (Cumming et al. 2008).

How do we reconcile our models with these observations? We propose two possible
scenarios: (1) cores accrete envelopes in disks with dust-to-gas ratios that are strongly
supersolar at 0.1 AU and that decrease outward, and (2) the final assembly of super-Earths
is delayed by gas dynamical friction to the era of disk dispersal. We favor the second scenario
but to complete the argument, we provide qualitative discussion of the plausibility of each
scenario. A more critical and quantitative assessment is given in Chapter 4.

2.4.1 Supersolar Metallicity Gradients in Dusty Disks

Enriching atmospheres in metals (by increasing their dust content or, less effectively, by
increasing their metallic gas content) delays runaway accretion by making envelopes more
opaque, decreasing their luminosities and extending their cooling times (see §2.3.2). The
importance of metallicity and opacity in this regard is widely acknowledged (e.g., Stevenson
1982; Ikoma et al. 2000; Piso & Youdin 2014). Too much metal, however, can actually
facilitate runaway gas accretion as the larger mean molecular weight can accelerate gravita-
tional collapse. Below we give a survey of the observational landscape that suggests inwardly
increasing metallicity in protoplanetary disks but we note that this metallicity gradient, if
it exists, needs to be fine-tuned to explain the observed close-in super-Earths and far-out
Jupiters.

Disk metallicity gradients are hinted at by the atmospheric compositions of close-in super-
Earths GJ 1214b (6.26 M⊕, 2.85 R⊕, a = 0.014 AU; Harpsøe et al. 2013) and GJ 436b (24.8
M⊕, 4.14 R⊕, a = 0.030 AU; von Braun et al. 2012), and our own Jupiter. GJ 1214b and
GJ 436b are characterized by optical-to-infrared transmission spectra that are featureless
(Kreidberg et al. 2014; Knutson et al. 2014). Clouds can explain these flat spectra, but the
kinds of clouds that are compatible with observations can only be generated in atmospheres
of supersolar metallicity (e.g., Z ' 0.4 ' 20Z�: Morley et al. 2013). Higher metallicity
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envelopes have more condensibles so that cloud formation occurs at the higher altitudes
probed by near-infrared observations.9 Jupiter at 5 AU is also observed to have supersolar
metallicity, but importantly, the degree of enrichment is less extreme than for close-in super-
Earths. In-situ measurements of elemental abundances by the Galileo probe indicate that
Jupiter’s upper atmosphere has Z ' 0.04 (Owen et al. 1999; see also Guillot 2005). Models
of Jupiter’s interior using equations of state based on laser compression experiments suggest
that Jupiter’s envelope as a whole has Z = 0.02–0.1 (Guillot 2005, their Figure 7).

In Figure 2.8, we demonstrate that a simple linear metallicity profile extending from
Z = 0.2 (10Z�) at 0.1 AU to Z = 0.04 (2Z�) at 5 AU has a chance at circumventing runaway
at a . 1 AU, while still ensuring the formation of Jupiter at 5 AU. Strong metal enrichment
at ∼0.1 AU protects close-in super-Earths from becoming gas giants. As one travels down
the metallicity gradient, the time to runaway decreases and eventually falls within gas disk
lifetimes, in accord with the outwardly increasing occurrence rate of gas giants. We do not
try higher metallicities since, as we will show in Chapter 4, adopting Z > 0.2 will shorten the
runaway timescale. Note that the lengthening of runaway time at ∼0.1 AU is made possible
by refractory (silicate/metal) dust grains, whose evaporation causes the innermost radiative-
convective boundary (rcb) to coincide with the H2 dissociation front. This placement of the
rcb makes trun especially sensitive to the overall gas metallicity, since metals contribute to
the abundance of H− which dominates the local opacity.

A supersolar and outwardly decreasing metallicity profile in the innermost regions of
protoplanetary disks is not without physical motivation. First note that disk metallicity
should not be confused with host star metallicity. During the earliest stages of star/planet
formation, a protostellar disk may begin with a spatially uniform metallicity equal to that of
its host star. But thereafter, dust and gas within the disk can segregate, and the metallicity
can vary with location. The protoplanetary disk TW Hydra is observed to have a dust-to-
gas ratio that decreases radially outward (Andrews et al. 2012; see also Williams & Best
2014). This decreasing metallicity profile is readily explained by solid particles drifting
inward by aerodynamic drag and possibly piling up (Youdin & Shu 2002; Youdin & Chiang
2004; Birnstiel et al. 2012; Hansen & Murray 2013; Chatterjee & Tan 2014; Schlichting
2014). In turn, increased solid abundances reduce radial drift velocities, fostering stronger
pile-ups (Chatterjee & Tan 2014). The collection of solid material amassed in the inner
disk, coupled with the higher orbital speeds there, enhances local collision rates and collision
velocities. High-speed collisions shatter solids, polluting the surrounding nebular gas with
dust—though whether such dust can persist in planetary atmospheres and avoid coagulation
and sedimentation is not clear (Ormel 2014; Mordasini 2014). Another concern is whether

9Figure 1 of Morley et al. (2013) suggests that at Z ' 0.4, the cloudbed forms at ∼30 mbar, a pressure
& 30 times higher than the observationally inferred cloud-top pressure of . 1 mbar for GJ 1214b (Kreidberg
et al. 2014, their Figure 3). Morley et al. (2013) argue that the cloud particles (of ZnS and KCl) can be lifted
by currents or turbulence. We note that the need for vertical updrafts lessens as super-Earth atmospheres
increase in metal content, and in fact, observations are compatible with Z up to 1 (see also Moses et al. 2013).
But we disfavor Z & 0.5 because envelopes with such extreme metallicity—with their large mean molecular
weights µ—tend to runaway quickly (Hori & Ikoma 2011; Piso & Youdin 2014). As long as Z . 0.5, µ
increases only weakly with Z (Nettelmann et al. 2011, their Figure 6).
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icy mantles of drifting dust grains may have sublimated away before reaching the hot inner
disk; gas there might then be too poor in volatile species like C, N, and O to explain their
inferred abundances in super-Earth atmospheres (Morley et al. 2013; Knutson et al. 2014;
Kreidberg et al. 2014). One way out is to imagine that sufficiently large planetesimals
keep their volatiles locked in their interiors as they drift past the disk’s nominal ice line.
Another possibility is that disk gas can accrete and transport gaseous volatiles created at
the sublimation front.

2.4.2 Late-Stage Core Formation in Gas-Depleted Nebula

Another way to prevent gas giant formation on close-in orbits is to delay the final assembly
of cores until the era of disk dispersal. It may seem that we will have to fine-tune the timing
of disk dispersal and the degree of nebular density reduction so that cores acquire enough gas
(∼1–10% by mass) to satisfy observations. But we show below (and explain in more detail
in Chapters 3 and 4) that there is a wide range of acceptable scenarios: that the nebula can
be reduced in density by factors as large as ∼1000 and still provide enough gas to reproduce
the inferred atmospheres of super-Earths.

Gas exerts dynamical friction on proto-cores, postponing mergers by damping eccentric-
ities and preventing orbit crossing. Deferring the final coagulation of solids until after the
gas clears and dynamical friction weakens is the standard way to explain how the terrestrial
planets in our solar system avoided accreting nebular hydrogen (e.g., Kominami & Ida 2002).
Though it may not be obvious, we will see from a timescale comparison given below that
even within this scenario of late-stage core assembly, the assumption of zero power from
the accretion of solids (Lacc = 0) during the era of gas accretion can still be valid at ∼0.1
AU. Gas dynamical friction delays the final merger phase of proto-cores, but once this phase
begins, it completes rapidly so that subsequent gas accretion occurs without solid accretion.

We consider the final assembly of 10 M⊕ cores from merging pairs of 5-M⊕ cores, i.e.,
the last doubling in planet mass that follows after an “oligarchy” of multiple 5-M⊕ proto-
cores destabilizes and crosses orbits (e.g., Kokubo & Ida 1998). The density of gas should
become at least comparable to that of solids — i.e., when ρ ∼ 5 × 10−3ρMMEN — for the
destabilization to dominate over gas dynamical friction (more quantitative estimates are
given in Chapter 4).

Such depleted disks do not have enough gas to spawn gas giants. But is there enough
nebular gas remaining for cores to accrete envelopes massive enough to satisfy observationally
inferred GCRs? Our answer is yes, for core masses & 5M⊕ and for gas densities ρ not much
less than 10−3ρMMEN. Figure 2.10 shows that within a disk whose gas content has drained
1000-fold relative to that of the MMEN, cores of mass 5–10 M⊕ can still accrete enough
gas to attain GCRs of 2–5% within tdisk,fast ∼ 0.5–1 Myr — this is our estimate for the
timescale over which disk gas exponentially decays. We compute the latter by taking 10%
of tdisk,slow ∼ 5–10 Myr, the age of the disk when it first begins to dissipate. For a review of
the “two-timescale” nature of disk dispersal, see Alexander et al. (2014).

The process of orbit crossing and merging, once begun, completes on a timescale much
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Figure 2.10 : The evolution of gas-to-core mass ratio (GCR) for 5-M⊕ (black) and 10-M⊕ (red) cores
in a disk with density ρ = 10−3ρMMEN. Solid/dashed curves represent solar/supersolar metallicities.
In the modern view of disk dispersal, disks last for tdisk,slow ∼ 5–10 Myr (Mamajek 2009; Pfalzner
et al. 2014), after which the gas rapidly dissipates over a timescale tdisk,fast ∼ 0.5–1 Myr (Alexander
et al. 2014). The gray box denotes tdisk,fast. Dash-dotted lines denote maximum GCRs for 5-
M⊕ (black) and 10-M⊕ (red) cores, assuming that in any given disk, all the gas inside 0.1 AU is
completely and equitably accreted by three identical cores. The red curves flatline because gas is
completely depleted by accretion onto 10-M⊕ cores before disk dispersal. The blue dash-dotted line
denotes the approximate minimum GCR that planets should have before photoevaporation, so that
after photoevaporation the GCR matches observationally inferred values (Owen & Wu 2013; Lopez
& Fortney 2014).
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shorter than tdisk,fast. For 5-M⊕ oligarchs separated by 10 mutual Hill radii at 0.1 AU, we
estimate that the orbit-crossing timescale tcross can range anywhere from ∼3 to ∼3000 yr,
where we have scaled the results of Zhou et al. (2007, the squares and crosses in their Figure
1a) at 1 AU for the shorter orbital period at 0.1 AU, and where the range in times reflects a
possible range of non-zero initial eccentricities and inclinations. For our chosen parameters,
both tcross and the coagulation timescale tcoagulate ∼ 104 yrs (Equation (2.2) in Section 2.1)
are still small fractions of tdisk,fast. This validates our assumption that planetesimal accretion
is negligible while gas accretes onto cores. To re-cap the sequence of events: (a) oligarchs are
prevented by gas dynamical friction from completing their last doubling for tdisk,slow ∼ 5–10
Myr; (b) the gas density depletes by a factor of ∼200 over several e-folding times tdisk,fast ∼
0.5–1 Myr until the gas density becomes comparable to the solid density and dynamical
friction shuts off; (c) neighboring oligarchs perturb one another onto crossing orbits over
tcross ∼ 3–3000 yr; (d) super-Earth cores congeal within tcoagulate ∼ 104 yr; at this stage
planetesimals are completely consumed; (e) whatever nebular gas remains is accreted by
super-Earths within the next gas e-folding timescale tdisk,fast ∼ 0.5–1 Myr — a phase during
which there is no planetesimal accretion (Lacc = 0).

Our final GCRs for 10 M⊕ cores are ∼5–20% for disk gas densities 1/1000–1/200 that of
the MMEN. X-ray photoevaporation can whittle our computed GCRs down to a few percent
or lower (Owen & Wu 2013). Post-evaporation GCRs of a few percent agree with GCRs
estimated from observations of present-day super-Earths (Lopez & Fortney 2014; note that
inferred GCRs can be as low as 0.1%; see their Table 1).

While super-Earths at 0.1 AU can achieve GCRs of a few percent, their counterparts
at 1 AU may be devoid of gas. The reason is that coagulation times for solids — in the
absence of gravitational focussing — increase strongly with orbital distance: tcoagulate ∝ a3.5

(see equation 2.2). Contrast the sequence of events outlined above for cores at 0.1 AU with
the situation at 1 AU where tcross + tcoagulate ∼ 3 × 107 yr � tdisk,fast (where again we have
drawn tcross from Zhou et al. 2007). Thus upon assembly at 1 AU, Earth-sized and larger
cores have no gas at all to accrete. What little gas may have been accrued by proto-cores
before they merge may be blown off after they fully coagulate, by accretion of planetesimals
(having sizes & 2 km for a 1M⊕ proto-core; Schlichting et al. 2015) or by Jeans escape and
hydrodynamic escape (e.g., Watson et al. 1981; see also the textbook by Chamberlain &
Hunten 1987).

Even farther out at ∼5 AU, the process of core accretion must perform an abrupt about-
face. Here we desire that cores massive enough to undergo runaway coagulate within gas-rich
disks, in order that gas giants like Jupiter may form. Cores having isolation masses at these
distances must run away without having to merge with neighboring bodies. The standard
argument is to appeal to the boost in isolation masses at larger orbital radii. Protoplanets
farther out have larger feeding zones, both because of their larger orbits and because of their
larger Hill radii. Furthermore, the disk’s solid surface density is enhanced outside the “ice
line” (water condensation front) at ∼2–3 AU (Lecar et al. 2006; see also Öberg et al. 2011).
The factor of ∼4 increase in solids from ice condensation raises oligarch masses by a factor of
43/2 to ∼5M⊕ at 5 AU within the minimum-mass solar nebula (MMSN; see, e.g., equation 22



2.5. CONCLUSIONS 35

of Kokubo & Ida 2000). These masses are within factors of 2 of those required for runaway
gas accretion within gas disk lifetimes. A modest, order-unity increase in solid surface density
above that of the MMSN (provided, e.g., by the MMEN, whose density exceeds that of the
MMSN by a factor of 5) can easily make up the shortfall.

Details of the scenario described in this subsection are subject to some uncertainty. Cores
may not accrete sufficient gas if planetesimal accretion rates are high enough (Inamdar &
Schlichting 2015). Our scenario also neglects gas disk turbulence and its associated den-
sity fluctuations, which can cause oligarchs’ semi-major axes and eccentricities to random
walk (Kley & Nelson 2012, their section 3.1; Okuzumi & Ormel 2013). Thus gas does not
only delay core formation through dynamical friction; it can also hasten core formation by
promoting orbit crossing through turbulent stirring.

2.5 Conclusions
Observations and modeling of the radii and masses of close-in super-Earths reveal that

such planets may have hydrogen envelopes comprising a few percent by mass of their solid
cores. We calculated how rocky cores could accrete such atmospheres from their natal gas
disks, under a wide variety of nebular conditions and at orbital distances ranging from 0.1
to 5 AU. Our main findings are as follows:

1. In an in-situ formation scenario, solids coagulate to form close-in super-Earth cores,
consuming all available planetesimals, well before gas accretes onto those cores. High
local surface densities and short dynamical times enable fast coagulation. The lumi-
nosity from planetesimal accretion likely cannot prevent runaway for 10 M⊕ cores,
even when we account for planetesimals that originate from outside ∼1 AU. With no
planetesimal accretion as a heat source, the evolution of the gaseous envelope is that
of Kelvin-Helmholtz contraction: envelopes gain mass as fast as they can cool.

2. The time trun for a core to undergo runaway gas accretion is well approximated by the
cooling time of the envelope’s innermost convective zone. The extent of this zone is
determined by where H2 dissociates — when envelopes are dusty. The strong depen-
dences of trun on core mass and dust opacity, and its weak dependences on nebular
density and temperature, can be understood in terms of the circumstances governing
H2 dissociation.

3. In disks with solar metallicity and gas densities comparable to either the minimum-
mass solar nebula (MMSN) or the minimum-mass extrasolar nebula (MMEN) — these
differ only by factors of a few in density — 10M⊕ cores undergo runaway gas accretion
to become Jupiters, irrespective of whether they are located at 0.1 or 5 AU. The
propensity for super-Earths at ∼0.1 AU to explode into Jupiters is at odds with the
rarity of gas giants at these distances. We presented two ways to solve this puzzle:
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(a) Disks have gradients in their dust-to-gas ratio. To prevent runaway at distances
< 1 AU yet ensure the formation of Jupiters at ∼1–5 AU, the inner disk may have
to have a strongly supersolar dust-to-gas ratio (e.g., Z = 0.2 = 10Z�), while the
outer disk may be more nearly solar in metallicity (e.g., Z = 0.04). Copious dust
pushes the boundary of the innermost convective zone to the H2 dissociation front,
where increased metals enhance the H− opacity and slow cooling. We showed that
10-M⊕ cores at 0.1 AU in dusty Z = 0.2 disks have a chance at avoiding runaway.

(b) Super-Earth cores coagulate just as the gas is about to disappear completely.
Coagulation is inhibited by gas dynamical friction; proto-cores merge to become
full-fledged super-Earths only after the gas surface density drops below the surface
density of proto-cores so that dynamical friction shuts off. A 10 M⊕ core that
forms in such a depleted nebula at 0.1 AU can still emerge with a GCR of a few
percent or larger, even after photoevaporative erosion.

Note that scenarios (a) and (b) are not mutually exclusive. In fact, (b) can reinforce
(a): solids can be left behind while disk gas depletes (say by disk photoevaporation;
e.g., Guillot & Hueso 2006), increasing dust-to-gas ratios.

To further evaluate the disk metallicity gradient scenario, it will be helpful to measure
dust-to-gas ratios against orbital distance in disks (e.g., Andrews et al. 2012; Williams &
Best 2014), especially inside a few AU, and to constrain metallicities of more super-Earth
atmospheres, as was done for GJ 436b (Knutson et al. 2014) and GJ 1214b (Kreidberg et al.
2014). On the theoretical side, the supersolar metallicity scenario requires that atmospheres
be dusty, but efficient coagulation and sedimentation can clear atmospheres of dust; thus,
more studies of cloud/grain physics will also be welcome (Morley et al. 2013; Ormel 2014;
Mordasini 2014). More generally, our 1D models can be improved by considering 2D/3D
effects such as the opening of gaps in circumstellar disks (e.g., Fung et al. 2014) and the
formation of circumplanetary disks (Lissauer et al. 2009; Ormel et al. 2015a). And more
carefully resolving the outermost radiative zones of our model atmospheres will enable us to
explore a wider range of core masses and outer envelope radii.

There are a couple “extreme solar systems” deserving of further consideration. Kepler-36
hosts two planets that are only 0.01 AU apart yet whose measured densities suggest one
is purely rocky while the other contains significant gas (Carter et al. 2012). How can this
system be accommodated within core accretion theory (see Owen & Wu 2013 and Lopez &
Fortney 2013 for pioneering explorations)? HD 149026b is a “hot Saturn” situated at 0.04
AU with a total mass of 114 M⊕ and a modelled core mass of ∼67M⊕ (Sato et al. 2005;
Wolf et al. 2007): the latter is high enough for the planet to become a Jupiter at any orbital
distance. How did it avoid becoming a gas giant?
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Chapter 3

To Cool is to Accrete: Analytic Scalings
for Nebular Accretion of Planetary
Atmospheres

3.1 Introduction
In Chapter 2, we computed nebular accretion histories for a range of core masses, disk

temperatures and densities, and atmospheric metallicities and dust contents. Our aim in
this chapter is to provide an analytic understanding of the numerical results presented in
the previous chapter. Benefiting from hindsight, we will reduce our model to a few essential
elements and obtain simple power-law scalings between GCR, time t, core mass Mcore, and
metallicity Z. These scalings will be derived against a variety of backdrops: gas-rich vs. gas-
poor nebulae; dusty vs. dust-free atmospheres; close-in vs. far-out orbital distances.

Before we present these scaling relations (Section 3.2), we revisit the fundamental assump-
tion underlying them: that the nascent atmospheres have no power source but passively cool
by radiating into their nebular wombs. One source of power that we ignore — but that is
commonly invoked in the literature — is the accretion of planetesimals. Chapter 2 provided
reasons why planetesimal accretion could plausibly be dropped when considering the ori-
gin of super-Earth atmospheres; in Section 3.1.1 below, we flesh these arguments out more
fully and quantitatively. Readers interested in the main results can skip ahead to Section
3.2 which derives the GCR (t,Mcore, Z) scalings for passively cooling atmospheres, and to
Section 3.3 which contains a recapitulation with commentary.

3.1.1 Planetesimal Accretion

Chapter 2 articulated one of the main puzzles posed by super-Earths: how, despite their
large core masses, they avoided being transformed into Jupiter-mass giants by runaway gas
accretion, and instead had their GCRs stabilized at values of several percent.

One way to stop an atmosphere from growing is to supply it with sufficient heat — enough
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to balance cooling and arrest secular contraction. The energy released by the accretion of
planetesimals is a candidate heat source. We can estimate the required rates of mass delivery
Ṁ by equating the accretion luminosity

Lacc =
GMcoreṀ

Rcore

(3.1)

to the cooling luminosity Lcool, where the latter is computed from the models presented in
Chapter 2. Here G is the gravitational constant. Equation (3.1) assumes that planetesimals
are large enough to penetrate the atmosphere and release their kinetic energy at the core
surface.

Figure 3.1 displays the planetesimal accretion rates Ṁ so estimated, using the dusty
atmosphere models from Chapter 2 (dust-free atmospheres will be considered shortly). Every
curve exhibits a minimum in Ṁ with GCR; this minimum corresponds to the minimum in
Lcool with time that appears in all passively cooling and growing atmospheres (see also Piso
& Youdin 2014) and that we used in Chapter 2 to mark the onset of runaway gas accretion.
To the left of the minima, the increasing atmospheric density with increasing GCR renders
the envelope more opaque and causes Lcool to drop (see Sections 2.3.1 and 3.2). To the right
of the minima, at GCR & 0.5, the self-gravity of the gas envelope becomes significant, and
larger Lcool is required to balance stronger gravity.

The curves in Figure 3.1 represent the loci of thermal equilibrium: atmospheres are
stabilized at a given GCR when solids rain down at the corresponding Ṁ . We now consider
the stability of these equilibria. To the left of the minima, at lower GCR, equilibria are stable;
for example, a perturbation to higher GCR decreases Lcool below Lacc (which is presumed
fixed), resulting in a net heating that expands the atmosphere and lowers the GCR back
down to its equilibrium value. To the right of the minima, at higher GCR, there are no
stable equilibria because Lcool increases with both GCR and Mcore. As Mcore increases from
planetesimal accretion, Lcool rises rapidly (see Sections 2.3.2 and 3.2) outpacing Lacc and
triggering runaway.

The values of Ṁ to the left of the minima in Figure 3.1 represent possible solutions to
the puzzle of how super-Earths avoided runaway gas accretion. But we find these solutions
unsatisfactory for a couple of reasons. The first is that planetesimal accretion rates must be
fine-tuned to the values plotted. Why, for example, should 5M⊕ cores accrete 0.1M⊕/Myr
in solids to have their GCRs stabilized at ∼0.1? Planetesimal accretion rates are influenced
by a host of factors (e.g., Goldreich et al. 2004), and most estimates lead to rates orders of
magnitude higher than the ones plotted in Figure 3.1 (see, e.g., Appendix A of Rafikov 2006).
The much higher accretion rates are natural consequences of the high disk surface densities
and short orbital times characterizing the small orbital distances where Kepler super-Earths
are found, and lead us to surmise that planetesimals are fully incorporated into planets on
timescales much shorter than the 1–10 Myrs required for atmospheres to cool and grow.1

1Our discussion here pertains to “planetesimals", not to the larger protocores which are thought to
assemble into super-Earth cores by “major mergers". Such mergers take place over a wide range of timescales
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Figure 3.1 : Planetesimal accretion rates required to keep dusty envelopes in thermal equilibrium at
a given gas-to-core mass ratio GCR. Mass infall rates Ṁ are calculated by equating the accretion
luminosity Lacc to the cooling luminosity Lcool, where the latter is computed from our numerical
models of dusty, passively cooling atmospheres in a minimum-mass extrasolar nebula (MMEN) at
0.1 AU (see Chapter 2; for reference, the gas surface density Σ of the MMEN is several times larger
than that of the traditional minimum-mass solar nebula; the difference is immaterial for all the
results presented in this paper). Circles mark minima in Ṁ which correspond to minima in Lcool;
at these minima, GCR ∼ 0.5 and envelopes are on the brink of runaway gas accretion. To the left
of these minima, at smaller GCRs, are stable equilibria (thick lines) and to the right are unstable
equilibria (thin lines). To stabilize GCRs at values . 0.5 requires that planetesimal accretion rates
be fine-tuned to the values plotted. In the case of cores of mass 10M⊕, this fine-tuning would still
be unable to prevent runaway: the required Ṁ ’s, of order ∼1 M⊕ Myr−1, would double the core
mass within a disk lifetime of ∼10 Myr and push the cores over to runaway (see also Figure 3.2).
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Figure 3.2 : Preventing runaway with heating from infalling planetesimals is possible only for specific
ranges of mass infall rates Ṁ for sufficiently low-mass cores. Accounting for the growth of the core
mass from planetesimal accretion (curves are labeled by initial core masses), we plot the ratio
of Lacc to Lcool(GCR = 0.5) after a gas lifetime of tdisk = 10 Myr in a gas-rich (MMEN) disk,
considering both dusty and dust-free atmospheres from 0.1 to 5 AU (see annotation in each panel).
If Lacc/Lcool ≥ 1 (unshaded), then runaway is successfully avoided (see equation 3.2 and surrounding
discussion). All four panels show that the ranges of Ṁ and initial core mass required to avoid gas
giant formation are extremely limited — if they exist at all. If Ṁ is too low, Lacc can never balance
Lcool, and if Ṁ is too high, cores rapidly grow in mass and become giants within the disk lifetime.
The lowest Ṁ ’s estimated from first principles by Rafikov (2006, see his equation A1) are indicated
by red lines; these Ṁ ’s readily push cores over to runaway.
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The second reason we do not find planetesimal accretion attractive is that it bites off
more than it can chew: Figure 3.1 implies that a 10M⊕ core has to accrete planetesimals
at such a high rate that it doubles in mass within the disk lifetime of tdisk ∼ 10 Myr. The
20M⊕ core that results is certain to undergo runaway gas accretion in a disk that is gas-rich
(i.e., with a gas surface density Σ comparable to that of the minimum-mass solar nebula).

We can illustrate with another calculation how planetesimal accretion leads to problems
of fine-tuning and runaway gas accretion. An atmosphere does not grow if Lacc > Lcool. In
particular, runaway is avoided if Lacc > Lcool when GCR ' 0.5, the critical GCR above which
envelope self-gravity starts becoming significant. We therefore evaluate the ratio Lacc/Lcool

when GCR = 0.5, presuming the core has accreted planetesimals at a constant rate for the
preceding time tdisk:

Lacc

Lcool

∣∣∣∣
GCR=0.5

=
G(Mcore + Ṁtdisk)Ṁ

RcoreLcool

(3.2)

where Lcool is evaluated using our atmospheric models for the final core mass Mcore + Ṁtdisk.
(This evaluation uses the scaling relation between Lcool and Mcore as derived in Section 3.2
below.) Figure 3.2 plots Lacc/Lcool|GCR=0.5 against Ṁ . Cores of initial mass Mcore = 5M⊕
can avoid runaway — but only if their atmospheres are dusty, and if Ṁ is tuned to a narrow
range. This window closes completely for cores of initial mass & 7M⊕: such cores will
inevitably undergo runaway within 10 Myr in gas-rich disks, regardless of the magnitude
of planetesimal accretion or their proximity to their central stars. These conclusions are
only amplified for cores with dust-free atmospheres. We will elaborate in Section 3.2 on
these trends with nebular environment and atmospheric composition. The point here is that
planetesimal accretion does not generically prevent runaway. Avoiding runaway for even
low-mass cores with Mcore < 5M⊕ requires delicate adjustment of Ṁ which seems difficult
to achieve under general circumstances. We are motivated therefore to study gas accretion
histories that omit planetesimal accretion — this is the main subject of this chapter, to
which we now turn.

3.2 Scaling Relations for GCR (Mcore, t, Z)

We derive general scaling relations for how the gas-to-core mass ratio GCR varies with
core massMcore, time t, and metallicity Z, in the absence of external heating. The derivation
is semi-analytic in that a few parameters will be calibrated using our numerical models (see
Chapter 2 for details on how the numerical models are built).

Accretion is mediated by cooling: upon radiating away its energy, a planet’s atmosphere
contracts, allowing nebular gas to refill the Hill sphere. The system self-regulates so that

that can overlap or even exceed gas disk lifetimes, depending sensitively on the disk’s solid surface density
(Dawson et al. 2015). Energy release from the last major merger could, in principle, provide a significant
source of heat to stop gas accretion (Inamdar & Schlichting 2015), but only if the core transports its internal
energy outward on a timescale comparable to the atmospheric cooling time of 1–10 Myr. The actual energy
transport timescale of the core is highly uncertain, depending on the unknown viscosity (see Section 2.3.1).
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whatever atmosphere of mass Mgas has been accreted has a cooling time equal to the time
that has elapsed:

Mgas

Ṁgas

∼ t ∼ tcool ∼
|E|
Lcool

(3.3)

where E is the atmosphere’s total energy and Lcool is its luminosity. Statement (3.3) is per-
haps more easily understood by considering the inverse cases t� tcool (GCR is overestimated
because not enough time has elapsed to accrete such a thick atmosphere) and t� tcool (GCR
is underestimated because there is plenty of time for the atmosphere to continue cooling and
growing).

The relevant cooling time is that of the innermost convective zone which contains most
of the atmosphere’s mass and energy. To estimate E, we use the fact that in hydrostatic
equilibrium, an atmospheric mass Mgas ≡ GCR × Mcore has a total energy of order its
gravitational potential energy:

|E| ∼ GMcoreMgas

R
(3.4)

where G is the gravitational constant. What R should we choose: the core radius Rcore or the
radiative-convective boundary Rrcb?2 The answer depends on how steep the density profile
is. For fixed adiabatic index γ, the density profile in the isentropic convective zone follows

ρ = ρrcb

[
1 +∇ad

GMcore

c2rcb

(
1

r
− 1

Rrcb

)]1/(γ−1)
(3.5)

where ρrcb is the density at the radiative-convective boundary (rcb), ∇ad = (γ − 1)/γ is
the adiabatic gradient, c2rcb ≡ kTrcb/µrcbmH, Trcb and µrcb are the temperature and mean
molecular weight evaluated at the rcb, k is Boltzmann’s constant, and mH is the atomic
mass of hydrogen. Now because 1/r > 1/Rrcb and GMcore/c

2
rcbr > GMcore/c

2
rcbRrcb ∼ 1 (the

last equality follows from hydrostatic equilibrium), equation (3.5) can be approximated as

ρ ∼ ρrcb

(
∇ad

Rb,rcb

r

)1/(γ−1)

(3.6)

where Rb,rcb ≡ GMcore/c
2
rcb. Equation (3.6) implies that if γ < 4/3, then the atmosphere’s

mass is concentrated near Rcore rather than near Rrcb. We find that the convective zones of
all our numerical models are indeed characterized by γ ≤ 4/3: the adiabatic gradient drops
at temperatures exceeding 2500 K as energy is spent dissociating H2 rather than heating the

2The outer radius of our numerical models is either the Bondi or Hill radius, whichever is smaller. Neither
of these radii enters into our analytic theory, since not much mass is situated near the outer boundary.
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gas. Therefore we choose R = Rcore in equation (3.4):

|E| ∼ GM2
core ×GCR

Rcore

∼ G

(
4πρb

3

)1/3

M5/3
core ×GCR

∼ fEM
5/3
core ×GCR (3.7)

where fE ≡ G(4πρb/3)1/3 and ρb is the bulk density of the core (assumed constant for this
paper; we neglect the small variation of core density with core mass; see, e.g., Valencia et al.
2006 and Fortney et al. 2007).

We now examine Lcool. The rcb controls the rate at which the innermost convective zone
cools. Very little luminosity is generated above the rcb (as verified in Section 2.3.1) so we
evaluate Lcool at the rcb:

Lcool =
64πG(1 + GCR)McoreσT

3
rcbµrcbmH∇ad

3kρrcbκrcb
(3.8)

where σ is the Stefan-Boltzmann constant and κrcb is the opacity at the rcb. We parameterize
the latter as

κrcb = κ0(ρrcb/ρ0)
α(Trcb/T0)

β(Z/Z0)
δ (3.9)

where the various constants depend on microphysics which vary from case to case (details
to be given in the subsections below).

We relate ρrcb to GCR as follows. The total atmospheric mass in the inner convective
zone is

Mgas = 4π

∫ Rrcb

Rcore

r2ρ(r)dr

∼ 4πρrcb(∇adRb,rcb)1/(γ−1)R3−1/(γ−1)
core (3.10)

where we substituted (3.6). Then

ρrcb ∼
GCR×Mcore

4π(∇adRb,rcb)1/(γ−1)R
3−1/(γ−1)
core

. (3.11)

Substituting (3.9) and (3.11) into (3.8):

Lcool ∼
64πGσmH

3kκ0ρ
−α
0 T−β0

(
Z0

Z

)δ
T 3−β
rcb µrcb∇ad(1 + GCR)Mcore

ρ1+αrcb

∼ 44+απ2+αGσmH

3kκ0ρ
−α
0 T−β0

(
Z0

Z

)δ
T 3−β
rcb µrcb∇ad(1 + GCR)

GCR1+α

×M−α
core(∇adRb,rcb)

1+α
γ−1R

(3− 1
γ−1

)(1+α)
core . (3.12)
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We re-write (3.12) in terms of Mcore, Z, µrcb, and GCR:

Lcool ∼ fL

(
Z0

Z

)δ
T

3−β− 1+α
γ−1

rcb

1 + GCR

GCR1+α

× (µrcb∇ad)1+
1+α
γ−1M

1+ 2
3( 1+α

γ−1 )
core (3.13)

where

fL ≡
44+απ2+ασ

3κ0ρ
−α
0 T−β0

×
(
GmH

k

)1+ 1+α
γ−1
(

3

4πρb

)(1+α)[1− 1
3(γ−1) ]

. (3.14)

When all the hydrogen is molecular, the mean molecular weight µ depends on Z as:

µ ∼ 1

0.5X + 0.25Y + 0.06Z
(3.15)

X =
1− Z

1.4

Y =
0.4(1− Z)

1.4

where X and Y are the hydrogen and helium mass fractions, respectively. The prefactor
of 0.06 for Z corresponds to the contribution from atomic metals using the abundances of
Grevesse & Noels (1993); these abundances are the ones adopted by Ferguson et al. (2005),
whose opacities we use.

Collecting (3.7) and (3.13) into (3.3) yields

t ∼ fE
fL

(
Z

Z0

)δ
GCR2+α

1 + GCR
M

2
3(1− 1+α

γ−1 )
core

× T
−3+β+ 1+α

γ−1

rcb (µrcb∇ad)−1−
1+α
γ−1 (3.16)

which we invert to arrive at our desired relation for GCR as a function of t,Mcore, Z, and
µrcb, valid for GCR . 1:3

GCR = f

[
t
fL
fE

(
Z0

Z

)δ
M

2
3( 1+α

γ−1
−1)

core

× (µrcb∇ad)1+
1+α
γ−1T

3−β− 1+α
γ−1

rcb

] 1
2+α

. (3.17)

3Retaining the dependence on ρb and adopting ρb ∝ M
1/4
core (Valencia et al. 2006) yields GCR ∝

M
[−1−α/4+3(1+α)/4(γ−1)]/(2+α)
core . This correction hardly changes the dependence of GCR on Mcore; for exam-

ple, for dusty atmospheres, GCR ∝M1.8
core instead of M1.7

core (see later subsections).
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We have introduced a dimensionless fudge factor f which we will normalize against our
numerical models. The parameters that vary most from one scenario to another are the
opacity constants in equation (3.9), and the rcb variables Trcb and ∇ad. All these input
constants will be drawn from our numerical solutions.

The following subsections examine how equation (3.17) plays out in various formation
environments. We consider dusty vs. dust-free atmospheres in gas-poor vs. gas-rich nebulae
at small orbital distances and large. The plausibility of these scenarios will be assessed in
Chapter 4. In “dusty” models, we assume the ISM-like grain size distribution of Ferguson
et al. (2005), and in dust-free models, we assume all metals to be in the gas phase. By
“gas-rich" we mean a nebula whose gas surface density Σ equals that of the minimum-mass
extrasolar nebula (MMEN; see equation (2.12); for comparison, the Hayashi 1981 nebula is
∼7× less dense), and by “gas-poor" we mean a nebula whose gas content is 200× smaller
(one whose gas mass equals its solid mass). Nebular temperatures are taken from equation
(2.13) (Tout = {1000, 400, 200} K at orbital distances a = {0.1, 1, 5} AU).

3.2.1 Dusty Atmospheres

Dusty atmospheres are high opacity atmospheres and in gas-rich environments, tend to be
convective in their upper layers. They cease being dusty at depths below which temperatures
are high enough for dust sublimation. The disappearance of grains causes the opacity κ to
drop by two orders of magnitude; the sudden transparency opens a radiative window at
depth. This radiative zone appears universally over all core masses and orbital distances
as long as the upper layers are dusty. The base of the radiative zone — i.e., the innermost
radiative-convective boundary — is located where H2 dissociates and H− appears with its
strongly temperature-sensitive opacity:

κ(H−) ' 3× 10−2 cm2 g−1
(

ρ

10−4 g/cm3

)0.5

×
(

T

2500 K

)7.5(
Z

0.02

)1

. (3.18)

Equation (3.18), obtained by numerically fitting the tabulated opacities of Ferguson et al.
(2005), defines the relevant opacity constants when evaluating equation (3.17) for dusty
atmospheres. Also characterizing dusty models is Trcb ' 2500 K: the temperature at which
H2 dissociates.

Dusty and Gas-Poor from 0.1–1 AU

Substituting Trcb = 2500 K and the parameters from (3.18) into (3.17), and further
restricting our attention to gas-poor nebulae for which the gas surface density Σ is 1/200
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that of the MMEN, we find

GCR ' 0.06

(
f

1.2

)(
t

1 Myr

)0.4(
2500 K

Trcb

)4.8(
0.02

Z

)0.4

(
∇ad

0.17

)3.4 (µrcb

2.37

)3.4(Mcore

5M⊕

)1.7

. (3.19)

Here we have fixed ρb = 7 g/cm3 and γ = 1.2 (cf. Figure 2.3 which shows that γ ranges
from 1.2 to 1.3 inside the innermost convective zone; although that figure pertains to a
gas-rich nebula, similar values of γ are obtained in a gas-poor nebula). In writing (3.19),
the last parameter to be calculated is the overall normalization f ; the best agreement with
our numerical models is obtained for f between 1.2 (a = 0.1 AU) and 1.3 (a = 1 AU). (We
cannot calibrate f for a > 1 AU in gas-poor nebulae because the relevant densities fall below
those in our opacity tables.)

Figures 3.3, 3.4, and 3.5 demonstrate how well our semi-analytic scaling relation (3.19)
does in reproducing the full numerical results. We emphasize that the exponents in equation
(3.19) are not merely fit parameters, but follow from the physical considerations underlying
equations (3.3)–(3.18).

Interestingly, we see in Figure 3.4 that the dependence of GCR on Mcore at fixed time
t = 1 Myr differs across 1M⊕. Atmospheres atop core masses . 1M⊕ have cooled to their
isothermal endstates and have stopped accreting before the sampled time; their GCRs have
reached their maximum values.

Dusty and Gas-Rich from 0.1–5 AU

This case is almost identical to the case considered above. The only change in going
from gas-poor (Σ = ΣMMEN/200) to gas-rich conditions (Σ = ΣMMEN) is that the fitted
normalizations are higher, running from f = 3 (0.1 AU) to 2 (1 AU) to 1.8 (5 AU):

GCR ' 0.16

(
f

3

)(
t

1 Myr

)0.4(
2500 K

Trcb

)4.8(
0.02

Z

)0.4

(
∇ad

0.17

)3.4 (µrcb

2.37

)3.4(Mcore

5M⊕

)1.7

. (3.20)

This scaling relation is compared against the numerical model in Figures 3.3 and 3.4; the
agreement is good.

Without the fudge factor f to mop up discrepancies, our derivation states that conditions
at the rcb are independent of the nebular environment — i.e., Trcb = 2500 K and κrcb = κ(H−)
are determined by the microphysics governing the conversion of H2 to H−, and ρrcb as given
by equation (3.11) does not depend on the outer boundary conditions. These statements are
largely but not completely true. In reality, there is a slight dependence of ρrcb on the nebular
density ρout (as noted in paper I). For the same core mass, GCR, and outer boundary radius,
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Figure 3.3 : Theory (dashed curves; equations 3.19, 3.20, 3.22, and 3.24) vs. numerics (solid curves)
for 5M⊕ cores under a variety of nebular conditions. For the most part, the agreement is good:
before runaway, GCRs do scale with time as t0.4 under many circumstances (see also the master
equation 3.17). Solutions are truncated at disk depletion times: tdisk,slow = 10 Myr for gas-rich
disks, and tdisk,fast = 1 Myr for gas-poor disks. The normalizations for the semi-analytic curves
(i.e., the values of f) are adjusted by hand to match those of the numerical curves.
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Figure 3.4 : GCR vs. Mcore at fixed time t = 1 Myr, demonstrating two stages of atmosphere
acquisition. At low core masses . 1M⊕, GCRs have reached their maximum values: atmospheres
have “maximally cooled" to their isothermal endstates (to cool is to accrete, and these planets
are too cool to accrete further). Black crosses are numerically calculated maximum GCRs and
match exactly the analytically computed blue curve for isothermal atmospheres (evaluated with
T = 1000K, the disk temperature at 0.1 AU). At high core masses & 1M⊕, atmospheres are still
cooling and growing at t = 1 Myr; their GCRs (open and filled circles) obey the scaling relations
(3.19) and (3.20) which predict GCR ∝ M1.7

core. All data shown are for dusty atmospheres at 0.1
AU.
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Figure 3.5 : GCR vs. gas metallicity Z at fixed time t = 1 Myr for a 5M⊕ core in a dusty, gas-
poor nebula, demonstrating that GCR is not a monotonic function of Z (which itself is assumed
constant with time and space for a given model). For Z . 0.2, the increased opacity with increased
Z (equation 3.18) suppresses cooling and yields smaller GCRs. For Z & 0.2, increases in mean
molecular weight with Z necessitate larger Lcool to maintain hydrostatic equilibrium; faster cooling
at higher Z increases GCRs at a given time. The steep dependence of GCR ∝ T−4.8rcb predicted by
(3.19) leads us to compute two sets of curves: one where we fix ∇ad = 0.17 and Trcb = 2500 K (thick
dashed), and another where we let Trcb vary according to the numerical models (thin dot-dashed)
which naturally does better at fitting the data.
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a larger ρout implies a shallower atmospheric density profile. Then the density at the rcb
(whose temperature is assumed fixed at 2500 K) should be lower; in turn, the lower ρrcb
reduces the optical depth and thereby enhances the cooling luminosity (equation 3.12). This
explains qualitatively why the GCR (equivalently, f) is a few times larger for the gas-rich
case than for the gas-poor case, all other factors being equal.

Figure 3.3 also illustrates how the threat of runaway gas accretion is greater in gas-
rich disks, not only because they produce slightly faster cooling = slightly faster accreting
atmospheres, but also because they last longer than gas-poor disks. A 10× longer lifetime
enables the GCR to grow by an extra factor of 100.4 = 2.5. The final GCR shown for the
gas-rich case skirts dangerously close to the runaway value (formally evaluated to be 0.48).
Although the curves for dusty atmospheres shown in Figure 3.3 refer only to 5M⊕ cores at
0.1 AU, the same propensity to runaway applies to dusty 5M⊕ planets at all orbital distances
out to 5 AU (f hardly varies between 0.1 AU and 5 AU).

Note that Piso et al. (2015) quoted a much larger critical core mass of ∼30M⊕ at 5 AU
in a dusty nebula (see their Figure 7). We have traced the origin of the discrepancy to
three sources. First, Piso et al. (2015) used the analytic opacity model of Bell & Lin (1994)
which, unlike the Ferguson et al. (2005) opacities that we use, does not account for different
sublimation temperatures of different dust species and appears to overestimate κ(H−) at
the rcb. Their higher κ suppresses cooling relative to our models. Second, these authors
defined the runaway time trun as the moment when Mgas/Ṁgas falls to 10% of its maximum
value. This time appears systematically longer than our trun—defined as the time when Lcool

attains its minimum—by factors of 2–3. We prefer our definition as the minimum Lcool has
physical significance: it divides stable from unstable thermal equilibria in the presence of
planetesimal accretion (see discussion surrounding Figure 3.2). Finally, Piso et al. (2015)
compared their trun against a disk lifetime of tdisk = 3 Myr, whereas we adopt tdisk = 10 Myr
for our gas-rich models.

3.2.2 Dust-Free Atmospheres

Dust-free atmospheres behave qualitatively differently from dusty atmospheres. Remov-
ing dust as a source of opacity (either through grain growth or sedimentation; e.g., Mordasini
2014; Ormel 2014) renders the outermost atmospheric layers entirely radiative. The only
rcb of the atmosphere sits at the base of this radiative and nearly isothermal outer shell:
Trcb ∼ Tout, the temperature at the atmosphere’s outer boundary, set by the ambient disk.
Not surprisingly, how the GCR evolves depends more sensitively on nebular conditions for
dust-free atmospheres than for dusty atmospheres, as the latter are buffered by the radia-
tive window opened by dust sublimation (Section 3.2.1). Here we quote fitting formulae for
κrcb and evaluate our GCR scaling relation (3.17) for dust-free atmospheres under various
nebular conditions.

The opacities underlying our models are drawn from Ferguson et al. (2005) and Freedman
et al. (2014). We employ the former for log T (K) > 2.7 (the domain of their tabulations),
and the latter for colder temperatures. A smooth merging of the two datasets is effected by
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Figure 3.6 : Dust-free (top) and dusty (bottom) opacities at solar metallicity for several densities
(log ρ (g cm−3) = −1, -2, ..., -10 from top to bottom). Black solid lines correspond to tabulated
opacities from Ferguson et al. (2005), except for log ρ ≥ −6 and log T (K) ≥ 3.6 where data are
extrapolated following the method described in Section 2.2.1. Blue dashed lines correspond to
tabulated opacities from Freedman et al. (2014), except for log ρ = −10 and log T ≤ 2.5 where
their analytic fits are used (their equations 3–5). Freedman et al. (2014) present their opacity tables
in (P, T ) space so we use µ = 2.374 to convert P to ρ. The abrupt jumps in the dust-free κ at
T = 1000 K for log ρ & −3 are due to a failure in equation-of-state calculations (J. Ferguson, private
communication). Our model atmospheres never attain such high densities at T = 1000 K so this
bug is irrelevant.
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offsetting all of the data from Freedman et al. (2014) to match the Ferguson et al. (2005)
data at log T = 2.7. Depending on ρ, the offset in κ ranges from 0.1 to 0.4 dex. If no
numerically tabulated value for κ is available for a desired (ρ, T ) below log T = 2.7, we use
the analytic fits given by equations (3)–(5) of Freedman et al. (2014); above log T = 3.6, we
extrapolate following the procedure described in paper I.

The top panel of Figure 3.6 plots the dust-free κ(ρ, T ). We surmise the following features.
At log T . 3, the main absorbers are water, methane, and ammonia whose lines are pressure
broadened. At log T ∼ 3, atomic alkali metals dominate the opacity (see Freedman et al.
2014, their Figure 1). The spike in κ that the alkalis produce is washed out at large ρ,
presumably from pressure broadening. At still higher log T & 3.3, H− reigns, as it does for
dusty atmospheres.

Two-dimensional power laws fitted to κ(ρ, T ) in restricted domains of (ρ, T ) are presented
below. It is assumed throughout that κ ∝ Z; Freedman et al. (2014) found a nearly linear
Z-dependence for T ∼ 250–3000 K.

Dust-Free and Gas-Poor at 0.1 AU

For dust-free atmospheres at 0.1 AU,

κ(dust-free, 0.1 AU) ' 7× 10−3 cm2 g−1

×
(

ρ

10−5 g/cm3

)0.3(
T

1000 K

)0.9(
Z

0.02

)1

(3.21)

valid for −5 ≤ log ρ (g cm−3) ≤ −3 and 1000 ≤ T (K) ≤ 2500. The corresponding GCR is

GCR ' 0.16

(
f

1.3

)(
t

1 Myr

)0.4(
1600 K

Trcb

)1.9

×
(

0.02

Z

)0.4(∇ad

0.17

)3.3 (µrcb

2.37

)3.3(Mcore

5M⊕

)1.6

(3.22)

where the nominal values for ∇ad and Trcb are drawn from our full numerical model at 0.1
AU (for comparison, Tout = 1000 K), and where we have calibrated f = 1.3. Equation (3.22)
is plotted against the full numerical solution in Figure 3.3.

The κ quoted above is most relevant for gas-poor disks at ∼0.1 AU whose surface densities
Σ = ΣMMEN/200. The opacity behaves differently in gas-rich disks. We do not present results
for dust-free atmospheres in gas-rich disks at 0.1 AU because such atmospheres stay fully
convective for GCRs at least up to ∼0.3 and cannot be evolved using our numerical model.
There would not be much point to following them anyway, since the combination of dust-free
and gas-rich conditions leads to rapid runaway.
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Dust-Free and Gas-Rich Beyond 1 AU

Outside 1 AU, temperatures fall. For 100 ≤ T (K) ≤ 800 and −6 ≤ log ρ (g cm−3) ≤ −4,

κ(dust-free, > 1 AU) ' 1× 10−5 cm2 g−1

×
(

ρ

10−6 g cm−3

)0.6(
T

100 K

)2.2(
Z

0.02

)1

(3.23)

whence

GCR ∼ 0.1

(
f

2.8

)(
t

1 kyr

)0.4(
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Z

)0.4(∇ad
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(3.24)

where the nominal ∇ad = 0.25 (equivalently, γ = 1.3) represents a rough average over
our dust-free numerical models at distances > 1 AU. The numerical models also indicate
that at these large distances, Trcb nearly equals Tout; more distant planets have more nearly
isothermal outer layers. Equation (3.24), normalized for nebular conditions at 5 AU, is tested
against the full numerical solution in Figure 3.3.

Equation (3.24) highlights just how susceptible dust-free super-Earths are to runaway
at large distances in gas-rich disks. At 5 AU, Trcb = Tout ' 200 K and a 5M⊕ core will
attain GCR ∼ 0.5 in as short a time as 0.05 Myr. (We do not present solutions for gas-poor
disks at large distances because the relevant gas densities fall below those covered by our
opacity tables. It is easy, however, to guess what these solutions would look like: GCRs
would increase on timescales almost as fast as those in gas-rich disks, and would be limited
only by the gas available and the remaining disk lifetime.)

3.3 Summary
We have developed an analytic model describing how a solid core accretes gas from its

parent disk. The model assumes that the planet’s growing atmosphere cools passively: heat
inputs from external sources such as planetesimal accretion are ignored. Heating from plan-
etesimal accretion can be relevant for low-mass < 5M⊕ cores, but only under exceptionally
fine-tuned conditions. Too high a planetesimal accretion rate leads to excessively massive
cores which undergo runaway, while too low an accretion rate is energetically irrelevant. The
window for planetesimal accretion to be relevant is so narrow — it vanishes completely for
core masses > 5M⊕, which cannot help but undergo runaway in gas-rich disks that persist
for ∼10 Myr — that neglecting energy deposition by solids is almost certainly safe.

We derived how the gas-to-core mass ratio (GCR) varies with time t, core massMcore, and
metallicity Z for passively cooling atmospheres. The scaling relationship, given by equation
(3.17), applies in various formation environments at times preceding the onset of runaway
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gas accretion (at times when the envelope’s self-gravity is still negligible, i.e., when GCR
< 0.5). The analytic results agree with numerical calculations to within factors of 1–3.

Three physical ingredients make our derivation possible. (1) To cool is to accrete: in the
absence of any heat source, atmospheres of mass Mgas grow on a timescale equal to their
cooling time: Mgas/Ṁgas ∼ |E|/Lcool ∼ t, where E is the atmosphere’s energy and Lcool is
its cooling luminosity. The final GCR is then set by the condition that the atmosphere’s
cooling time tcool equals the gas disk’s depletion time tdisk. (2) Most of the mass of the
atmosphere is concentrated toward the core, whose given properties provide an easy reference
for scaling our variables. The mass concentration follows from density gradients made steep
by the dissociation of H2 and the consequent lowering of the adiabatic index γ down to 1.2–
1.3. (3) The cooling luminosity is regulated by the radiative-convective boundary (rcb) and
therefore can be evaluated there. Specifying the microphysical properties of this boundary
(temperature, opacity) enables us to quantify the rate of cooling.

The scaling indices of GCR (t, Mcore, Z) are determined by the innermost convective
zone’s adiabatic index γ (calibrated using our numerical models) and the dependencies of the
opacity at the rcb. Dusty atmospheres have rcb’s that are distinct from those of atmospheres
rendered dust-free by grain growth and sedimentation. In dusty atmospheres (Section 3.2.1),
the rcb occurs universally — at all orbital distances and in gas-rich or gas-poor nebulae —
at the H2 dissociation front, setting the temperature Trcb ' 2500 K. The rcb in dusty
atmospheres is insensitive to external nebular conditions because dust sublimation opens a
radiative window in the interior of the planet, whose base (the rcb) is determined by the local
microphysics of how H2 converts into H− whose opacity rises sharply with temperature. All
dusty atmospheres evolve as GCR ∝ t0.4M1.7

coreZ
−0.4µ3.4

rcb: the scaling indices apply globally.
Note that the mean molecular weight µ depends inversely on (1−Z) so that all other factors
being equal, GCR first decreases with Z (as Z−0.4; this dependence arises from opacity) and
then increases (via µ3.4) as atmospheres become “heavier".

Dust-free atmospheres (Section 3.2.2) are more transparent in their outer layers and
their rcb’s are located at higher altitudes: conveniently, Trcb ∼ Tout, the given tempera-
ture of the ambient nebula. For dust-free atmospheres, the dependence of rcb properties
on nebular properties implies that the GCR scaling indices change with orbital distance,
depending on the behavior of the local opacity. We examined two cases. At 0.1 AU in a
gas-poor nebula, GCR ∝ t0.4T−1.9rcb M1.6

coreZ
−0.4µ3.3

rcb. Beyond 1 AU in a gas-rich nebula, GCR
∝ t0.4T−1.5out M1

coreZ
−0.4µ2.2

rcb. For all the cases we evaluated, GCR ∝ t0.4. The GCR-t scaling is
determined by the κrcb-ρrcb scaling (see equation (3.17)). It appears the latter scaling does
not change much across environments (κrcb ∝ ραrcb where α ' 0.3–0.6; this appears to be an
average between α = 1 characterizing pressure-broadened opacities at T ∼ 100 K and α ≈ 0
characterizing the opacity at T ∼ 2000 K; see Figure 7 of Freedman et al. 2014).

While dusty atmospheres behave more-or-less the same way under a variety of nebular
conditions, dust-free atmospheres depend more sensitively on disk temperatures. Gas opac-
ities tend to decrease with colder temperatures and therefore dust-free atmospheres grow
faster the farther they are from their central stars.

Atmospheres accrete faster in gas-rich environments than in gas-poor ones, but not by
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much. For example, in our numerical models of dusty atmospheres, dropping the nebular
density by a factor of 200 drops the GCR by a factor of 2.5, all other factors being equal.
We have checked that similar results obtain for dust-free atmospheres. Without introducing
a normalization correction (our factor of f in equation 3.17), our analytic scalings for dusty
atmospheres would predict no dependence at all on the ambient nebular density (see Section
3.2.1 for the technical reason why in reality there is a small dependence). The insensitivity
to nebular density suggests that the accretion of planetary atmospheres proceeds about the
same way whether or not planets open gaps in disks. Gap opening in viscous gas disks does
not starve the planet; it is well-recognized that material continues to flow past the planet,
through the gap (e.g., Lubow & D’Angelo 2006; Duffell et al. 2014). Moreover, the factors
by which densities are suppressed in gaps are likely overestimated in 2D simulations (e.g.,
Kanagawa et al. 2015): 3D gaps are messier. Careful studies of the 3D flow dynamics of
planets embedded in disks (e.g., D’Angelo & Bodenheimer 2013; Ormel et al. 2015b; Fung
et al. 2015) are clearly needed to test whether gap opening and/or hydrodynamic effects
substantively alter the 1D accretion theory we have presented.

The analytic solutions for gas-to-core ratios developed here enable us to calculate the
properties of planetary envelopes just before protoplanetary disk gas disperses. The solu-
tions — encapsulated in the condition tcool ∼ tdisk — provide initial conditions for models
of subsequent atmospheric loss by hydrodynamic winds powered by stellar irradiation or in-
ternal heat (Owen & Wu 2013, 2016). Our model complements studies that include detailed
molecular chemistry (e.g., Hori & Ikoma 2011; Venturini et al. 2015); we find good agreement
with those models for Z up to ∼0.5. The simplicity of our solutions make them suitable for
the construction and/or diagnosis of more realistic models that include 3D hydrodynamic
effects (e.g., D’Angelo & Bodenheimer 2013; Ormel et al. 2015b; Fung et al. 2015). The solu-
tions can also be used to quickly assess the plausibility of various planet formation scenarios.
This is the task we set ourselves for Chapter 4.
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Chapter 4

Breeding Super-Earths and Birthing
Super-Puffs in Transitional Disks

4.1 Introduction
In Chapters 2 and 3, we investigated the physics of nebular accretion: how rocky cores at

stellocentric distances of 0.1–5 AU acquire gas from their parent nebulae. The rate at which
planets siphon gas from their natal disks is limited by how fast such gas can cool. As atmo-
spheres cool, they shrink, allowing nebular gas to refill the planets’ Hill (or Bondi) spheres.
Atmospheric cooling is regulated by the thermodynamic properties of radiative-convective
boundaries (rcb’s). In dusty atmospheres, rcb properties are set by the microphysics of dust
sublimation and H2 dissociation, not by external nebular conditions. Regardless of their or-
bital distance, dusty atmospheres atop cores of mass & 5M⊕ undergo runaway gas accretion
to spawn Jupiters, when embedded in gas-rich disks.1 Dust-free atmospheres have rcb’s that
do depend on nebular environment; nevertheless, because they generally cool faster than
dusty atmospheres, they are also prone to gravitational collapse essentially everywhere in
protoplanetary nebulae. The threat of runaway is all the more serious because it cannot be
neutralized by heating from infalling planetesimals; such heating tends to be overwhelmed
by the acceleration of gas accretion from increasing core mass.

In Chapter 2, we proposed two ways to circumvent runaway. In scenario (a), super-Earths
can stay as super-Earths, even in gas-rich nebulae, provided their atmospheres are chock
full of dust. Supersolar dust-to-gas ratios render atmospheres so opaque that their cooling
times exceed the nebular lifetime. This scenario finds empirical support in the supersolar
metallicities of observed super-Earth atmospheres (e.g., Kreidberg et al. 2014; Knutson et al.

1 “Runaway” ensues when the atmospheric mass becomes comparable to the core mass: when the self-
gravity of the gas envelope strongly enhances the cooling rate. Runaway is a thermodynamic catastrophe,
not a dynamic one; the envelope remains hydrostatic throughout. To maintain hydrostatic equilibrium as the
envelope’s self-gravity grows, the cooling luminosity rises dramatically, hastening the cooling and contraction
of the envelope and thereby causing the Hill (or Bondi) sphere to refill at a faster rate. This positive feedback
loop between self-gravity, cooling, and accretion causes the planet to balloon into a gas giant.
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2014; Morley et al. 2013). In scenario (b), super-Earth cores did not nucleate Jupiters simply
because they were born at the tail end of the gas disk’s life, with only dregs of gas remaining
for ∼1 Myr or so. The formation of cores from smaller mass protocores is arguably delayed
until disk gas is largely depleted: only then is gas dynamical friction weak enough to permit
protocores to gravitationally stir each other, cross orbits, and merge (see, e.g., Dawson et al.
2015).

In this chapter, we revisit these two proposed formation pathways for super-Earth atmo-
spheres. In Sections 4.2 and 4.3, respectively, we re-examine scenarios (a) and (b), assessing
more critically their strengths and weaknesses to decide whether a gas-rich or gas-poor for-
mation environment is more likely. A concern common to both scenarios is that fine-tuning
of parameters is needed to obtain desired outcomes. We will confront this concern head-on.

The conundrum of super-Earths is that many of them have too little gas for their large
core masses. The flip side of this puzzle is presented by “super-puffs”: a rare class of Kepler
planets characterized by orbital periods . 50 days, radii ∼4–10R⊕, masses ∼2–6M⊕, and
inferred GCRs & 20% (e.g., Masuda 2014; Lopez & Fortney 2014). Super-puffs seem to have
too much gas for their small core masses. To attain their large GCRs, super-puff cores must
have enjoyed an environment that enabled rapid atmospheric cooling. In Section 4.4, we
show how such an environment obtains at large stellocentric distances, outside ∼1 AU —
thus implicating orbital migration for the origin of super-puffs.

The ultimate goal of this chapter is to explain how super-Earths and super-puffs got
their gas. The solutions we provide inspire new questions and point to future areas of
improvement, as well as ways in which our ideas can be tested by observers. We attempt to
provide this “big-picture” view in Section 4.5, where we summarize our results and chart the
way forward.

All calculations of nebular accretion throughout this paper derive from the numerical
models of passively cooling atmospheres of Chapter 2, or their analytic counterparts in
Chapter 3. This chapter is written so that it can be understood with as few technical
references as possible, relegating such information mostly to figure captions.

4.2 Dangers of Runaway in Gas-Rich, Metal-Rich Nebu-
lae (Scenario A)

Increasing the dust content — and by extension the metallicity — of nebular gas increases
the opacity of the accreted atmosphere. Dustier atmospheres cool more slowly, accrete less
efficiently, and are thus less prone to runaway (Chapter 2 and references therein). High
metallicities for super-Earth atmospheres are also motivated by observations: the notoriously
flat transmission spectra of GJ 3470b, GJ 1214b, and GJ 436b can be attributed to clouds or
hazes that form only in environments with supersolar metallicities (e.g., ∼50 × solar; Morley
et al. 2013; Crossfield et al. 2013; Biddle et al. 2014; Kreidberg et al. 2014; Knutson et al.
2014). The atmosphere of HAT-P-11b may have patchy clouds (Line & Parmentier 2016) or
be cloud-free; the latter interpretation still implicates a supersolar metallicity (Z & 0.6), as
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judged from the planet’s water absorption feature (Fraine et al. 2014, their Figures 2 and 3).
If the effects of raising the dust-to-gas ratio were limited to increasing the opacity, then

high atmospheric metallicities could explain how super-Earths avoided runaway even in
gas-rich nebulae. Life, unfortunately, is not so simple. We can identify two reasons why
dust/metal enrichment may not save super-Earths from exploding into Jupiters, in disks
with full complements of gas:

1. High metallicity gas has high mean molecular weight and is therefore more susceptible
to gravitational collapse (Chapter 3 and references therein).

2. Grains can coagulate and sediment out of radiative layers, forfeiting their contributions
to the opacity (e.g., Mordasini et al. 2014; Ormel 2014). (e.g., Mordasini 2014; Ormel
2014).

We quantify these weaknesses below.
Throughout this chapter, our proxy for a gas-rich disk is the “minimum-mass extra-

solar nebula” (MMEN) of Chiang & Laughlin (2013): a solar-composition disk having
enough solid material to form Kepler-like systems. Its gas surface density is ΣMMEN = 4 ×
105 (a/0.1 AU)−1.6 g cm−2, which is about 5× larger than that of the conventional minimum-
mass solar nebula. The assumed temperature profile is TMMEN = 1000 (a/0.1 AU)−3/7 K,
and the volumetric gas density is ρMMEN = 6 × 10−6 (a/0.1 AU)−2.9 g cm−3. “Dusty” models
assume a relative grain size distribution similar to that of the diffuse interstellar medium
(Ferguson et al. 2005), while “dust-free” models take all metals to be in the gas phase at
their full assumed abundances.

4.2.1 High-µ Catastrophe

Metal enrichment breeds atmospheres with high mean molecular weight µ. Such atmo-
spheres more easily collapse under their own weight, triggering the formation of gas giants.
Figure 4.1 illustrates the danger of having too high a metallicity Z. As Z increases from
0.02 to 0.2, the critical core mass Mcrit,core for runaway gas accretion — evaluated at 0.1
AU in a dusty MMEN — increases from 5 to 8M⊕ as rising opacities impede cooling and
accretion. But further gains inMcrit,core with Z are not to be had; for Z & 0.2, enhancements
in opacity are outweighed by increases in µ. The critical core mass stays at about 5–6M⊕
for Z = 0.5–0.6 (µ ' 4), and drops to as low as 2M⊕ for Z = 0.8 (µ ' 7.5).2 Here we define
the critical core mass such that its runaway time (when the atmospheric cooling luminosity
attains a minimum; see Chapter 2 and 3) equals the total disk lifetime of ∼10 Myr (Mamajek
2009; Alexander et al. 2014).

2Critical core masses can decrease even further because increasing Z increases the potential for molecular
chemistry and phase changes, both of which consume energy and render gas more isothermal, steepening
density gradients. These effects are more significant at larger orbital distances where gas is colder and hosts
more molecules; see Section 4.4 for more details.
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Figure 4.1 : Critical core masses Mcrit,core do not rise monotonically with dust-to-gas ratio Z. For
Z & 0.2, atmospheres are actually more susceptible to runaway because of the increasing molecular
weight µ (top axis). Results are calculated for dusty atmospheres at 0.1 AU in the “gas-rich"
MMEN. The lower limit on each error bar is the maximum Mcore that can be numerically evolved;
for Z = 0.02–0.8, their runaway times (when planetary luminosities reach their minima and start
increasing) are 10.5, 11.7, 17.8, 12.7, and 14 Myr, in order of increasing plotted Z. Each upper
limit is derived by scaling the corresponding lower limit to a runaway time of 10 Myr (our assumed
lifetime for a gas-rich disk) using the empirical relation trun ∝ M−3.93core (see Chapter 2). Analytic
predictions for Mcrit,core (Chapter 3) are overplotted as curves. The dashed curve is computed
using gas-to-core mass ratio GCR = 0.5, time t = 10 Myr, the dimensionless adiabatic gradient
∇ad = 0.17, and the radiative-convective boundary temperature Trcb = 2500 K. The dash-dotted
curve is the same except that it uses Trcb as computed from the numerical model for every black
datum.
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The similarity of the critical core masses plotted in Figure 4.1 to observed super-Earth
masses (e.g., Weiss & Marcy 2014) is a primary reason for believing that super-Earths did
not form in a gas-rich disk. At no metallicity is a 10M⊕ core embedded in an undepleted
nebula able to remain a super-Earth. We shall see in the next section that even the modest
advantage presented by a 10–20× dust-enhanced disk in staving off runaway may be erased
by grain growth.

4.2.2 Dust Coagulation: Low-κ Catastrophe

Opacity gains by dust depend on the grain size distribution and the degree to which
dust is well mixed in gas. Dust coagulation can wipe out these gains, not only by reducing
the surface area of dust per unit mass (e.g., Piso et al. 2015), but also by speeding the
gravitational sedimentation of dust out of the atmosphere’s radiative layers (Mordasini et al.
2014; Ormel 2014).

Grain growth in disks can be fast, especially at the high densities that prevail inside 1 AU
(e.g., Blum & Wurm 2000; Windmark et al. 2012). Grains need only grow to sizes & 0.1 mm
for the gas opacity to overwhelm the dust opacity (in the Rosseland mean sense). Dust can
also be removed by drifting to deeper, hotter layers where they sublimate. This last concern
applies to atmospheres that are purely radiative (assumed static) from the outermost surface
layers down to the sublimation front. For our models at ∼0.1 AU, such conditions obtain for
gas-to-core mass ratios (GCRs) > 0.1. We estimate settling times in such radiative layers
to be ∼1 Myr — shorter than disk lifetimes of ∼5–10 Myr — for µm-sized grains. Larger
grains settle even faster.

We demonstrate in Figure 4.2 the drastic effect of rapid dust coagulation and sedimen-
tation: even at Z = 0.4, 5M⊕ cores with no dust in their atmospheres run away within the
disk lifetime.

Dust-free atmospheres accrete faster than dusty atmospheres because removing the opac-
ity from dust lifts the radiative-convective boundary (rcb) to higher altitudes where atmo-
spheres cool faster (Chapter 3). The reason for the higher altitude of the rcb is as follows.
In dusty atmospheres, a radiative window is necessarily opened in the planet’s deep interior
where temperatures are high enough (T & 2000 K) for dust to sublimate, dropping the opac-
ity κ by 2 orders of magnitude and facilitating energy transport by radiation. This radiative
window closes at the H2 sublimation front at T ∼ 2500 K; here lies the innermost rcb, where
κ surges back up from the creation of H− ions. Dust-free atmospheres have no such radiative
window because there is no dust to sublimate. Their rcb’s are located near their outermost
boundaries, at the base of a nearly isothermal radiative layer that connects directly to the
ambient disk. Figure 4.3 reveals the rcb in a dust-free atmosphere to occur at T ∼ 1500
K, close to the nebular temperature Tout = 1200 K. The dust-free rcb is located at a higher
altitude — where density ρ and opacity κ are lower — as compared to the innermost rcb in
a dusty atmosphere. Because an envelope’s cooling luminosity is controlled at its rcb where
L ∝ 1/(ρκ) (e.g., equation (2.33)), the lower ρ and κ characterizing the rcb in a dust-free
atmosphere leads to larger L, faster cooling, and more rapid accretion of gas.
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Figure 4.2 : A tale of two opacities: evolution of gas-to-core mass ratios for a 5M⊕ core situated at
0.2 AU in a metal-enhanced (Z = 0.4) MMEN with either “dusty" or “dust-free" opacities. “Dusty"
opacities assume a grain size distribution similar to that of the interstellar medium (Ferguson et al.
2005); "dust-free" opacities eliminate the contribution from grains, simulating their removal by
coagulation and settling (e.g., Ormel 2014). For Figure 4.2 and Figure 4.3, the nebular temperature
Tout was enhanced by a factor of 1.6 above the MMEN value to 1200 K; this enhancement (which
is still physically plausible; see, e.g., D’Alessio et al. 2001) was necessary to numerically resolve the
outer radiative zone. Runaway times mark when model cooling luminosities reach their minima (see
Chapters 2 and 3) and are indicated by vertical dot-dashed lines. Dust-free atmospheres run away
well before the disk dissipation time tdisk ∼ 5–10 Myr.
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Figure 4.3 : The effect of dust on the radiative-convective boundary (rcb). Top and bottom panels
show opacity and density profiles of the 5M⊕ models presented in Figure 4.2 (nebular temperature
enhanced by a factor of 1.6 at 0.2 AU to 1200 K), evaluated at GCR=0.1, for dusty vs. dust-
free opacities (the latter is our proxy for grain growth and sedimentation). Dashed lines delineate
radiative zones while solid lines trace convective zones. Dust sublimation in a dusty atmosphere
forces κ to drop by approximately 2 orders of magnitude, opens a radiative window between 2000
and 2700 K, and pushes the innermost rcb (the one that controls the overall luminosity of the
atmosphere) to greater depth. By comparison, the rcb in a dust-free atmosphere is situated at
higher altitude where κ, ρ, and T are lower by factors of 14, 14, and 2, respectively; the upshot
is that L ∝ T 3/ρκ increases by a factor of 30. The higher L explains the shorter trun,dust−free in
Figure 4.2.
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4.3 Acquiring Atmospheres in Gas-Poor Nebulae (Sce-
nario B)

A way out of the high-µ and low-κ catastrophes (Sections 4.2.1–4.2.2) is to form super-
Earths in nebulae depleted in gas. Less ambient gas would obviously seem to reduce the
likelihood of runaway. It does, but final GCRs are remarkably insensitive to ambient nebular
densities, as we will stress later in this section. Just as important, if not more so, is the
limited time available for gas accretion in scenario (b): staging envelope accretion during
the era of disk dispersal sets a stricter time limit on how much gas a core can accrete.
Observations of transitional protoplanetary disks suggest that their inner regions clear in
. 10% of the disk’s total lifetime (Alexander et al. 2014). If close-in cores start accreting
gas during this final clearing phase, then they have . 1 Myr to build their atmospheres
rather than ∼10 Myr; they run out of time before running away.

In addition to the advantages presented by depleted, short-lived nebulae in avoiding gas
giant formation, there is actually a physical reason to believe super-Earth cores of mass
∼2–20M⊕ form in gas-poor environments. Cores assemble from the mergers of smaller
“protocores," whose eccentricities need to grow large enough for their orbits to cross. Mutual
gravitational scatterings between protocores can excite eccentricities, but must compete
against eccentricity damping by tidal torques (a.k.a. dynamical friction) exerted by gas.
Core formation is therefore delayed until the gas disk depletes sufficiently that eccentricity
damping no longer prevents mergers.3

In Section 4.3.1, we estimate the extent to which nebular gas densities can be reduced
and still give rise to the GCRs inferred for super-Earths. There we also connect our idea
that super-Earths form in gas-poor disks to theories of transitional disks and disk dispersal.
Whether the gas depletion factors we require are compatible with protocore mergers and
core assembly is examined in Section 4.3.2.

4.3.1 Gas Depletion Factors Compatible with GCRs and Disk Dis-
persal Theories

One might think that for a planet to achieve a GCR & 1%, it needs to form in a disk
whose gas-to-solid ratio & 1%. Such reasoning is too restrictive; the argument presumes
that once a rocky core consumes all the gas in its immediate vicinity, it cannot accrete
more because its local gas reservoir is not replenished. But replenishment is the hallmark
of accretion disks: the inner disk, where cores reside, can be resupplied with fresh gas by
diffusion from the outer disk. In principle, a close-in core can sit in an environment nearly
devoid of gas, yet still acquire an atmospheric mass fraction & 1%, provided gas is fed to it
from the outside for a long enough time (i.e., over the ∼Myr timescales that our calculations

3This argument is subject to the possibility that gas might actually excite eccentricities, either resonantly
by Lindblad torques (Goldreich & Sari 2003; Duffell & Chiang 2015) or stochastically by turbulent density
fluctuations (e.g., Ogihara et al. 2007, and references therein).
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Figure 4.4 : Under scenario (b), there is an impressive variety of short-lived, gas-poor nebulae that
can generate GCRs on the order of a few percent, similar to values inferred for super-Earths. Gas
surface densities can be depleted by more than five orders of magnitude relative to the MMEN, and
GCRs for 5M⊕ cores at the end of 0.1 Myr will still remain above 0.01 (right panel, crosses). If
atmospheric growth is allowed to proceed for 1 Myr (circles), then the nebula can be depleted by
more than eight orders of magnitude and GCRs can stay above 0.01 (assuming the fitted red dashed
line can be extrapolated). Colored curves in the left panel denote various depleted nebulae whose
lifetimes are capped at t = 1 Myr; these curves show that final GCRs ≥ 0.01 can be attained as
long as the disk persists for & 8 kyr, which is reassuringly much shorter than typically modeled disk
clearing timescales. The black curve is a sample evolution from the disfavored scenario (a); here the
planet barely escapes runaway in an undepleted disk lasting t = 10 Myr. All models with nebular
surface density Σgas < ΣMMEN/105 are calculated with opacities extrapolated to low density (see
footnote 4).

cover; the assumption of all our models is that gas densities at the planet’s outer boundary
— the Hill or Bondi radius — are fixed in time).

Figure 4.4 shows how this principle is put into practice, underscoring just how little
ambient disk gas is needed to reproduce observed GCRs. A 5M⊕ core can reside in a disk
whose gas density is depleted relative to the MMEN by a factor as large as 107 and still
emerge with a GCR of ∼2% at the end of 1 Myr. The rate at which a core accretes gas
hardly depends on the local nebular density; the rate of accretion is controlled by the rate
of cooling, and cooling is regulated at radiative-convective boundaries, which for the dusty
atmospheres featured in Figure 4.4 are isolated from the external nebula. All other factors
being equal, the final GCR changes by a mere factor of 2 as the nebular depletion factor
runs from 102 to 107 (Figure 4.4, right panel). This insensitivity of the final GCR to nebular
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density applies only to disks that are depleted by at least factors of ∼10 relative to the
MMEN; in the left panel of Figure 4.4, we observe a larger-than-expected increase in the
final GCR between the full ΣMMEN case and more depleted cases. One reason for this jump
is the longer lifetime of a gas-rich disk (10 Myr) vs. that of a depleted disk (1 Myr). Another
reason is that for the gas-rich case, the outermost layers of dusty atmospheres are convective,
whereas for most of the gas-poor cases, they are radiative. Because radiative layers have
steep density gradients, they more strongly decouple the rcb from the nebula at large.

Depleted inner disks of the kind envisioned here bring to mind transitional protoplanetary
disks having central cavities or “holes” (for a review, see Espaillat et al. 2014). A crucial ele-
ment of our picture is that what little gas pervades the inner disk (where super-Earths live)
is continuously replenished by gas from the outer disk, over timescales not much shorter than
∼1 Myr. It is both encouraging and surprising that real-life transitional disks qualitatively
fit this picture: they have holes yet deliver gas onto their central stars at rates comparable
to those of disks without holes. To resolve the paradox of simultaneous transparency and
accretion, Rosenfeld et al. (2014) posited that gas radial velocities are much larger inside the
hole than outside the hole, as gas surface density Σgas varies inversely with inflow velocity
at fixed disk accretion rate. They entertained the possibility that gas radial velocities could
approach Keplerian velocities; found observational evidence for free-fall velocities in the tran-
sitional disk HD 142527; and speculated that gravitational torques by massive companions
could drive these large velocities (see also Casassus et al. 2015). We term this idea “dynamic
accretion,” as distinct from the traditional and slower “viscous accretion.” Technically the
optically thin cavities of transitional disks conflict with our model for nebular accretion of
atmospheres, which assumes the disk to be optically thick. We defer consideration of how
core accretion works in optically thin disks to a future study (from preliminary calculations,
we find that the rate of gas accretion in optically thin disks differs only by factors of ∼2–3
compared to the accretion rate in optically thick disks).

In the left panel of Figure 4.5, we indicate with a colored bar the nebular gas densities
that can generate 0.01 ≤ GCR ≤ 0.1 within 1 Myr for 5M⊕ cores having dusty atmospheres
at 0.1 AU. The range of gas depletion factors Σgas/ΣMMEN is enormous, spanning nine orders
of magnitude.4 There is complementary flexibility in the accretion time, which need not
be 1 Myr; e.g., Figure 4.4 shows that a mere 8 kyr is required to attain GCR = 0.01 if
Σgas = ΣMMEN/100. Thus there is no need to fine-tune either disk properties or the accretion
time in scenario (b); this conclusion will be supported further by calculations below.

Whatever drives dynamic accretion (e.g., a massive perturber, or disk self-gravity) may
actually de-stabilize the orbits of super-Earths. An alternate, less dramatic way to generate
inner disk holes containing accreting gas is through “photoevaporation-starved accretion”
(Clarke et al. 2001; Drake et al. 2009; Owen et al. 2011, 2012; Alexander et al. 2014). In this
scenario, the disk interior to ∼1 AU becomes starved when the disk outside ∼1 AU is blown
out by a photoevaporative wind before it can diffuse in. A gap is formed near ∼1 AU, and

4 Nebulae that are depleted by more than five orders of magnitude with respect to the MMEN fall off the
opacity table by Ferguson et al. (2005) for dusty envelopes. For these low-density nebulae, we extrapolate
the opacity table by fitting a power law κ ∝ ραT β for −11 ≤ log ρ (g/cm

3
) ≤ −9 and 2.7 ≤ log T (K) ≤ 3.
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Figure 4.5 : Super-Earth formation in a gas-poor nebula (scenario b) accommodates a wide variety
of disk environments and can preserve planets against orbital migration. Solid curves trace the
amount of disk gas depletion required for an ensemble of 2.5M⊕ protocores to “viscously stir" one
another onto crossing orbits against gas dynamical friction, thereby merging into 5M⊕ cores. Each
curve is calculated from the condition tdamp = 0.1tX evaluated at a = 0.1 AU, and terminates at
max e = kRmH/2a, the orbit-crossing value. Orbital spacings k (in units of mutual Hill radii RmH)
of 7 and 11 bracket possible protocore spacings as estimated from Kepler data (see text). Blue bars
denote the gas depletion factors for which a 5M⊕ core at 0.1 AU can accrete a dusty atmosphere
having GCR = 0.01 – 0.1 within 1 Myr (left panel) and 0.1 Myr (right panel); the time limit of 0.1
Myr is inspired by the “photoevaporation-starved” models of Owen et al. (2011) in which the disk
inside ∼1 AU drains away on that e-folding time. Note that within 0.1 Myr, 5M⊕ cores accrete
up to only 8% GCR in a full MMEN (right panel). That the blue bars overlap the k-curves means
that the constraints imposed by planetary GCRs and by protocore mergers can be simultaneously
satisfied; indeed there are orders of magnitude of play in the blue bars, reflecting the insensitivity
of atmospheric growth rates to the ambient nebular density (see also Figure 4.4). Red dashed
lines mark the gas surface densities for which the Type I migration timescale tmig (equation 31 of
Papaloizou & Larwood 2000) equals the assumed gas disk lifetime, evaluated for a 5M⊕ core at
0.1 AU. For the most part, the constraints from protocore mergers (k-curves) sit safely above the
migration constraint, indicating that migration may be negligible for most super-Earth systems.
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the starved interior disk has no choice but to viscously drain onto the star and be severely
depleted. Super-Earth cores at ∼0.1 AU are fed by gas that viscously diffuses from ∼1 AU,
but only for as long as it takes gas to diffuse from that distance. This diffusion time is short,
on the order of ∼0.1 Myr (see, e.g., Figure 9 of Owen et al. 2011). A time limit of 0.1 Myr
for nebular accretion of planetary atmospheres restricts the range of allowed gas depletion
factors to those shown in the colored bar of the right panel of Figure 4.5. The range of disk
conditions compatible with GCR ≥ 0.01 is narrower for an accretion time of 0.1 Myr vs. 1
Myr (compare right vs. left panels). But the range of allowed disk gas densities in the more
time-limited case — covering more than six orders of magnitude — still impresses. Again,
there is no indication of a fine-tuning problem.

Figure 4.6 is the same as Figure 4.5, except that the colored bars are computed for dust-
free rather than dusty atmospheres. Dust-free envelopes cool and accrete faster than dusty
envelopes and therefore require more severe depletion of the ambient gas disk to reach a
given GCR at a given time. Nevertheless, dust-free envelopes exhibit the same robustness
and tell the same story as their dusty counterparts: surface densities Σgas can range across 7–
8 orders of magnitude, and super-Earth cores can coagulate at ∼0.1 AU and accrete dust-free
atmospheres having GCR ∼ 1–10% within 0.1–1 Myr.

In Section 4.3.2 below, we compare the gas depletion factors computed here to those
needed to coagulate rocky cores against gas dynamical friction. We also assess whether
super-Earth cores migrate in depleted gas disks (preview: they don’t).

4.3.2 Gas Depletion Factors Required to Merge Protocores

Unless 2–20M⊕ cores are born as isolation masses from disks with high solid surface
density (e.g., Dawson et al. 2015), they form instead from collisions of smaller protocores
(a.k.a. oligarchs). Whether the target values of Σgas/ΣMMEN estimated in Section 4.3.1 are
low enough to promote orbital instability and mergers of protocores depends on protocore
orbital spacings and eccentricities (and inclinations; Dawson et al. 2016). Mergers widen
orbital separations, significantly increasing orbit-crossing timescales for subsequent mergers
(e.g., Chambers et al. 1996, Zhou et al. 2007). Consequently, the time it takes a set of
isolation masses to merge into a system of super-Earth cores is largely determined by the
final doubling: the transformation of 1–10M⊕ protocores into 2–20M⊕ cores.

We determine how depleted ambient gas disks must be to effect the final doubling of
protocores into full-fledged super-Earth cores. Formally, we solve for the conditions under
which the eccentricity damping timescale tdamp exceeds ∼0.1 of the orbit crossing timescale
tX (the factor of 0.1 is empirically determined by Iwasaki et al. 2001; see also Kominami
& Ida 2002).5 Zhou et al. (2007) give the following empirical fitting formulae for tX for an
ensemble of nine equal-mass protocores situated at a mean semimajor axis a, with adjacent

5For this last doubling, protocores are so widely spaced (the number of Hill-radius spacings k > 5) that
the particle-in-a-box approximation (e.g., Safronov 1972, Goldreich et al. 2004) likely fails (Ford & Chiang
2007).
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Figure 4.6 : Same as Figure 4.5 but for dust-free envelopes. The lower limits of colored bars
correspond to nebular surface densities Σgas for which 5M⊕ cores can emerge with GCR=10%
within 1 Myr (left panel) and 0.1 Myr (right panel). The upper limits of colored bars correspond to
gas depletion factors consistent with GCR=1%, and are determined by extrapolating a power-law fit
to GCR vs. Σgas (such extrapolation is necessary since neither our tabulated dust-free opacities nor
analytic fits to those opacities extend to the lowest densities relevant here). Gas depletion factors
consistent with super-Earth GCRs span about 7–8 orders of magnitude, reflecting (as was the case
for the dusty envelopes of Figure 4.5) the insensitivity of the cooling rates of envelopes to ambient
gas densities.
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pairs separated by ∆a:

h =
k

2

(
2M

3M∗

)1/3

k = ∆a/RmH

RmH =

(
2M

3M∗

)1/3

a

A = −2 + e/h− 0.27 log10

(
M

M∗

)

B = 18.7− 16.8e/h+ (1.1− 1.2e/h) log10

(
M

M∗

)

tX = 10A+B log10(k/2.3) yrs
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)1.5
(4.1)

where k is the orbital spacing in mutual Hill radii RmH, e is the eccentricity of a protocore,
M is the mass of a protocore, andM∗ is the mass of the host star. Zhou et al. (2007) provide
results only for protocores situated near a = 1 AU; we have added a factor of (a/AU)1.5 to
equation (4.1) so that we can scale down to shorter orbital periods at a ∼ 0.1 AU where
many Kepler planets reside. The true scaling factor has not been carefully measured and may
differ slightly. Our calculations below set a = 0.1 AU but clearly other formation distances
are possible.

Eccentricity damping timescales are typically quoted for planets with small eccentricities
e � cs/vK, where cs is the gas sound speed and vK is the Keplerian velocity. Papaloizou &
Larwood (2000) find that when e > cs/vK, damping becomes less efficient and reduces to
the form of classical dynamical friction (ė ∝ −1/e2). We modify the eccentricity damping
timescale of Kominami & Ida (2002) to account for high eccentricity as follows:

tdamp =
e

|ė|
= 0.5 yrs

(
T

1000 K

)1.5
(

6× 10−6g/cm3

ρ

)

(
M⊕
M

)[
1 +

1

4

(
e

cs/vK

)3
]

(4.2)

where T is the gas temperature, ρ is the gas density, and the factor in square brackets that
depends on e is taken from equation (32) of Papaloizou & Larwood (2000). The volumetric
density ρ relates to the surface density via Σgas =

√
2πρcsa/vK.

Values of Σgas/ΣMMEN implied by the condition tdamp > 0.1×tX are shown as solid curves
in Figure 4.5. Our plotted k-values of 7 and 11 were chosen as follows. Observed Kepler
multi-planet systems (with multiplicity ≥ 5) have a present-day mean orbital spacing of
k ' 14 ± 3.4 (taken from the “intrinsic" k distribution of Pu & Wu 2015; see their Figure
7). Combining this range with the assumption that protocores maintain uniform masses
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and spacings as they merge, we estimate that just prior to the last doubling, k ∼ (10.6–
17.4) × 2−2/3 ∼ 6.7–11 (the absolute spacing decreases by a factor of 2, and protocores are
half as massive as final cores so RmH decreases by 21/3).

The smaller the protocore eccentricities e, the smaller Σgas must be to effect mergers. The
target gas depletion factors derived in Section 4.3.1 from GCR considerations are overlaid
as colored bars in Figure 4.5. For the most part, the k-curves intersect the colored bars.
In other words, the constraints imposed by super-Earth atmospheric mass fractions (colored
bars) and by super-Earth core formation (k-curves) can be simultaneously satisfied for a
wide range of protocore orbital spacings and eccentricities, and a huge variety of gas-poor
inner disks (fed by gas-rich outer disks), all over timescales of 0.1–1 Myr.

More precise determinations of the gas depletion factors and the orbital properties of
protocores required for core assembly — i.e., better k-curves — can be obtained from N -
body simulations that include gas damping and that are tailored for close-in super-Earths.
Kominami & Ida (2002) and Ogihara et al. (2007) carried out similar calculations, but for
parameters specific to solar system terrestrial planets.

We close this section by noting that we expect eccentricities of fully coagulated super-
Earth cores to be damped to varying degrees by residual gas (see, e.g., Agnor & Ward 2002).
Just after their last doubling, cores should have eccentricities of order e ∼ 1/2×kRmH/2a ∼
0.03–0.05 (the final e should be the orbit-crossing value just prior to the last doubling —
these are the values at which the k-curves in Figure 4.5 terminate — multiplied by 1/2
to account for momentum conservation in inelastic collisions). These eccentricities can be
damped by whatever gas remains: we insert into equation (4.2) these e’s, together with
the depleted densities indicated by the k-curves in Figure 4.5 (ρ/ρMMEN ∼ 10−4 for k = 7,
and 4 × 10−7 for k = 11). For k = 7, we find that 5M⊕ cores at 0.1 AU starting with
e ∼ 0.03 have an eccentricity damping timescale tdamp ∼ 0.002 Myr; this is much shorter
than either the orbit crossing time tX ∼ 0.2 Myr or the depletion time of a gas-poor disk
tdisk ∼ 0.1–1 Myr, indicating that super-Earths created under these conditions should have
their orbits circularized. For k = 11, tdamp ∼ 1 Myr and tX ∼ 27 Myr. Because tdamp is now
comparable to the upper limit of tdisk, super-Earths created under these conditions may have
their starting eccentricities of ∼0.05 decreased by at most a factor of order unity. Putting
the results of k = 7 and k = 11 together, we argue that super-Earth eccentricities today
should range anywhere from 0 to 0.05. These crude considerations align with observations:
from the distribution of transit durations of Kepler planets, Fabrycky et al. (2014) find that
rms inclinations are ∼0.03 rad, and argue that rms eccentricities should be similar.6

6More direct constraints on eccentricities come from statistical analyses of super-Earth transit-timing
variations (TTVs). These constraints — namely, rms eccentricities of 0.018 (Hadden & Lithwick 2014) —
are relevant for systems near mean-motion resonance; as such they may not be relevant for run-of-the-mill
super-Earths which are not resonant.
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4.4 Super-Puffs as Migrated Dust-Free Worlds
Kepler has discovered a relatively rare population of especially large (R & 4R⊕) and low

mass (M . 6M⊕) planets. We refer to them as “super-puffs.” Super-puffs are the exception,
not the rule: planets with R > 4R⊕ are more than an order-of-magnitude more rare at
orbital periods < 50 days than planets with R < 4R⊕ (Fressin et al. 2013).7 Examples
include Kepler-51b (Steffen et al. 2013), a 2.1+1.5

−0.8M⊕ planet of size 7.1±0.3R⊕ orbiting its
host star at 0.2 AU (Masuda 2014). Another example is Kepler-79d (Steffen et al. 2010), a
6.0+2.1
−1.6M⊕ planet of size 7.16+0.13

−0.16R⊕ orbiting its host star at 0.3 AU (Jontof-Hutter et al.
2014). The inferred GCRs of these two planets are 7–28% and 33–40%, respectively (Lopez
& Fortney 2014).

Can we fit a few super-puffs into our theory of in-situ gas accretion from depleted nebulae?
Our numerical model gives GCR ∼ 1% for a 2M⊕ core (dusty atmosphere; 0.1 AU; depleted
ΣMMEN/200 nebula lasting t = 1 Myr). Even in gas-rich nebulae that live for ∼10 Myrs, a
2M⊕ core can only accrue ∼ 3–5% by mass envelope. Unfortunately, this GCR is much too
low compared to that of Kepler-51b. Others have noted similar difficulties with R & 4R⊕
andM . 5M⊕ planets accreting enough nebular gas in-situ at ∼0.1 AU (Ikoma & Hori 2012;
Inamdar & Schlichting 2015).

Nebular accretion can still explain super-puffs (what other option is there?) — perhaps
not at ∼0.1 AU where they are currently found, but rather at distances beyond ∼1 AU —
and with the additional proviso that atmospheres be dust-free. At larger orbital distances,
dust-free envelopes cool and accrete faster than do dusty envelopes, not just because of
their reduced opacity (Figure 4.2; see also Piso et al. 2015), but also because dust-free
atmospheres are responsive to the colder temperatures and lower densities characterizing the
outer disk.8 The radiative-convective boundaries of dust-free atmospheres have temperatures
approximately equal to the ambient disk temperature. Because disk temperature decreases
with increasing orbital distance, and because dust-free opacities diminish with decreasing
temperature, dust-free atmospheres become optically thinner farther away from the host
star. It follows that more distant, cooler, dust-free planets cool more easily and grow faster.

Appealing to nebular accretion beyond ∼1 AU requires that we invoke orbital migration
to transport super-puffs to their current observed locations at ∼0.3 AU. Convergent migra-

7Super-puffs are a subset of what some call “sub-Saturns”.
8 Atmospheres can also be enriched with water beyond the nebular ice line. Water-rich atmospheres

not only have high mean molecular weight, but can also have their density gradients steepened by the
thermostating effects of sublimating ice (Hori & Ikoma 2011; Venturini et al. 2015). More isothermal and
higher µ atmospheres are more susceptible to gravitational collapse onto low-mass cores on Myr timescales;
Stevenson (1984) theorized that sub-Earth-mass cores could rapidly nucleate gas giants in icy nebulae,
dubbing such planets “superganymedean puffballs.” The amount of water enrichment required to significantly
accelerate gas accretion is large: Z & 0.6 (e.g., Figure 1 of Venturini et al. 2015). But too large a Z would
render these planets “water worlds” or “steam worlds,” with radii too small to match those of super-puffs
(e.g., Figure 7 of Lopez & Fortney 2014). Because Z would need to be fine-tuned to avoid water worlds but
still produce super-puffs, we disfavor the idea that super-puffs accreted their thick envelopes by virtue of
their water content.
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tion of multiple planets can lead to capture into mean-motion resonances. In this regard we
find it intriguing that all three members of the Kepler-51 system (2 confirmed + 1 candi-
date; all are puffy, having R > 4R⊕) are situated near a 1:2:3 resonance (Masuda 2014). The
Kepler-79 system (3 super-Earths + 1 super-puff) may also be linked by a 1:2:4:6 resonant
chain (Jontof-Hutter et al. 2014).

Type I migration requires gas. Timing super-puff migration with disk dispersal — in
particular, the severe dispersal required to form super-Earths (Section 4.3) — may be tricky.
It helps that super-puff cores have less mass than super-Earth cores and can therefore coagu-
late more readily in the face of gas dynamical friction (cf. Section 4.3.2). The right sequence
of events might play out as follows: super-puff cores coagulate — perhaps as isolation masses
— and accrete their gas envelopes in a relatively gas-rich disk outside 1 AU; they migrate
inward, possibly at the same time as they are amassing atmospheres; they get caught into
resonance with interior planets (either super-puffs or super-Earths); and are finally parked
inside 1 AU as the gas disk — now in its transitional phase — clears from the inside out (i.e.,
as the central gas cavity grows from small radius to large radius; cf. Alexander et al. 2014;
Chiang & Murray-Clay 2007). The rarity of close-in super-puffs might reflect the difficulty
in orchestrating this sequence with favorable disk parameters.

Uncertainties in migration history notwithstanding, Figure 4.7 demonstrates that super-
puffs can readily acquire their thick envelopes at large distances & 1 AU. Placed in a disk
whose gas density is large enough to permit inward migration over ∼1 Myr, a 2M⊕ core at
1–2 AU can accrete a dust-free atmosphere with GCR ∼ 10–30%, successfully reproducing
the properties of Kepler-51b.

4.5 Summary and Outlook
Kepler super-Earths have core masses large enough to nucleate gas giants, yet have

atmospheres that are modest by mass (e.g., Lopez & Fortney 2014; Wolfgang & Lopez 2015).
In Chapter 2, we proposed two possible scenarios for making super-Earths over Jupiters:
either (a) they form in gas-rich nebulae sufficiently enriched in dust that atmospheres cool
and therefore accrete only slowly; or (b) they form in gas-poor (but not gas-empty) disks,
with no constraint on dust content. Having gained additional insights into the physics of
nebular accretion from Chapter 3, we have in this chapter re-evaluated these two scenarios
to determine which is more plausible.

Although strong radial gradients in dust content are expected in protoplanetary disks (see
Section 2.4.1), no amount of dust can save super-Earth atmospheres from going runaway.
Dust does not just increase the opacity κ; it also increases (when sublimated at atmospheric
depth) the mean molecular weight µ, and high-µ atmospheres are prone to gravitational
collapse. At metallicities Z & 0.2, the deadly side effects of higher µ overwhelm the benefits
of higher κ. No cure is available for ∼10M⊕ cores in gas-rich nebulae lasting ∼10 Myr; they
are fated to spawn gas giants.

This leaves us with the gas-poor environment of scenario (b). Gas-poor conditions prevail
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Figure 4.7 : Birth of a dust-free super-puff at 1–2 AU. The blue region delineates the range
of possible envelope fractions for 2M⊕ super-puff Kepler-51b, as calculated by Lopez & Fortney
(2014), and the vertical gray bar denotes the timescales — 0.1–1 Myr — over which the gas-poor
disk finally clears. (the clearing timescale tdisk for a gas-poor disk is .10% that of a gas-rich disk).
Solid curves correspond to 2M⊕ cores embedded in nebulae whose surface densities (annotated on
the plot) are chosen to give a Type I migration timescale a/ȧ = 1 Myr. The relatively large GCRs
characterizing super-puffs can be achieved by having cores with dust-free atmospheres form at larger
orbital distances where nebular gas is cooler and less opaque.
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just before the disk disappears completely; such conditions are short-lived (∼0.1–1 Myr
vs. ∼10 Myr) which helps to stave off runaway (see Figure 4.5). A depleted nebula is also
motivated on independent grounds by the need for gas to deplete before cores can coagulate.
As disk gas vacates (either by viscously draining onto the star or by being blown off in a
wind), dynamical friction weakens to the point where protocores can gravitationally stir each
other onto crossing orbits and merge to become super-Earths. The degree of gas depletion
required to enable protocores to merge can be severe: gas surface densities of disks may need
to be 104–107 times lower than those of a conventional, solar-composition minimum-mass
nebula for viscous stirring to overcome gas dynamical friction. Such tiny amounts of gas
might be thought to be insufficient to furnish planetary atmospheric mass fractions > 1%.
This is fortunately not at all the case — gas accretion rates onto planets are incredibly
insensitive to ambient disk gas densities. This feature of nebular accretion should dispel
concerns that disk conditions need to be fine-tuned to form super-Earth atmospheres. As
long as some gas can be siphoned from the outer disk to feed the inner disk for 0.1–1 Myr,
rocky cores in the inner disk can successfully pick up envelopes of the required mass. The
picture we are led to — super-Earths forming in an inner disk that contains only wisps of
gas leaked from a gas-rich outer disk — is reminiscent of transitional protoplanetary disks,
whose central cavities are not entirely void but contain inflowing gas. So little gas is tolerated
during the era of core assembly that super-Earths are safe from wholesale orbital migration
driven by gas disk torques: super-Earths may have formed in situ.

Nebular accretion under scenario (b) can also accommodate super-puffs — a rare class
of large radius (R & 4R⊕), low mass (M . 6M⊕) planets — but only if they formed at large
orbital distances and migrated inward, unlike their more sedentary super-Earth brethren.
The outer disk is more conducive to atmospheric accretion because it is colder. Colder gas
is less opaque and helps dust-free atmospheres cool and amass faster. For super-puffs to
migrate inward by gas disk torques, they must form in a nebula that is not too depleted;
the formation of super-puff cores pre-dates the coagulation of super-Earth cores. Super-puff
cores may have emerged as isolation masses at large stellocentric distances beyond the ice
line. Our proposal that super-puffs form at distances & 1 AU and migrate inward to their
current locations leads us to expect that super-puffs may be preferentially part of mean-
motion resonant chains. Kepler-51 and Kepler-79 are candidate examples (Masuda 2014;
Jontof-Hutter et al. 2014). In particular, as one moves outward along a resonant chain, one
should find increasingly puffy planets.

Migration of super-puffs (but not super-Earths) may explain why planet masses and by
extension bulk densities obtained from transit-timing variations (TTVs) are systematically
low compared to those inferred from radial velocity surveys (Jontof-Hutter et al. 2014; Weiss
& Marcy 2014; Steffen 2016; Wolfgang et al. 2016). Tightly spaced multi-planet systems
situated near mean-motion resonances are the most amenable to TTV analyses. It may
therefore be that TTVs are strongest for super-puffs as we expect to find such objects chained
to resonances. Planet formation simulations also show that puffier planets are more tightly
packed (Dawson et al. 2016), further amplifying their TTVs and biasing TTV studies to
select for especially low density objects.
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4.5.1 Future Directions

Through Chapters 2, 3, and 4, we have detailed some of the factors relevant for how
planets accrete gas from their parent disks and quantified their primordial gas-to-core mass
ratios (GCRs). We close now by taking a step back and looking at the broader canvas of
issues — what outstanding theoretical questions need to be answered to mature the theory
of core nucleation, and how the theory fares against observations.

3D Hydrodynamics

Our 1D calculation assumes that accretion flows onto solid cores are spherically sym-
metric. Three-dimensional numerical studies show a more complicated flow geometry: cores
tend to accrete gas along the poles and expel some fraction of that gas along the equator
(e.g., D’Angelo & Bodenheimer 2013; Ormel et al. 2015b; Fung et al. 2015). How much 3D
hydrodynamics and anisotropies impact gas accretion rates is unclear. Isothermal 3D simula-
tions (Ormel et al. 2015b; Fung et al. 2015) find no bound atmosphere; material continuously
cycles into and out of the Hill or Bondi sphere. By contrast, 3D simulations that solve the
full energy equation with radiative cooling (D’Angelo & Bodenheimer 2013) find not only
bound atmospheres but also gas accretion rates that are comparable to those calculated in
1D. While the results of D’Angelo & Bodenheimer (2013) support 1D studies like ours, their
calculations are performed at ∼5 AU where 3D effects may be muted because the disk scale
height there is safely larger than the planet radius. Future 3D investigations should focus
on smaller orbital distances and isolate the effects of thermodynamics: adiabatic simulations
should be compared against isothermal simulations and finally against calculations including
radiative cooling.

Correlation Between Core Mass and Envelope Mass

More massive cores should accrete more massive atmospheres. In Figure 4.8, drawn from
models of planetary interiors by Lopez & Fortney (2014), we examine whether this simple
expectation is borne out. It might be, for Mcore . 6M⊕. But for Mcore & 6M⊕, the record of
nebular accretion is hard to read. A striking feature in Figure 4.8 is the large scatter in GCR,
spanning two orders of magnitude, within a narrow range of Mcore ∼ 6–8M⊕. By further
color-coding these data by incident stellar flux, we observe that smaller GCRs correlate with
larger irradiances, and deduce that evaporative winds powered by stellar irradiation may
have eroded GCRs (e.g., Lopez & Fortney 2013; Owen & Wu 2013). The data are scant and
hardest to interpret for Mcore > 10M⊕; here the largest mass cores happen to be the least
irradiated yet have the smallest GCRs. Perhaps core formation time is the “hidden variable”:
if the most massive cores take longer than the gas disk lifetime to coagulate, they will fail
to acquire massive atmospheres. Core assembly times can vary by orders of magnitude,
depending exponentially on the core mass and the solid surface density of the parent disk
(e.g., Dawson et al. 2015).
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Figure 4.8 : Gas-to-core mass ratios (GCRs) versus core mass (data taken from Table 7 of Lopez
& Fortney 2014). The published errors in GCR (a.k.a. envelope fraction) for GJ 1214b, Kepler-11b,
55 Cnc e, Kepler-20c, Kepler-18b, Kepler-68b, and HD 97658b are inaccurate (Lopez & Fortney,
private communication). For these objects, we used uncertainties re-calculated by the authors.
The expectation from core accretion theory is that more massive cores should achieve greater gas
envelope fractions — all other factors being equal. From the large scatter in this figure, it appears
that all other factors are not equal. Up to ∼6M⊕, GCR increases with Mcore. But at Mcore ∼ 6–
8M⊕, GCR varies across two decades at nearly fixed core mass; the variation appears correlated
with incident stellar flux (color shading) and points to the influence of photoevaporative erosion.
At Mcore > 10M⊕, GCRs appear paradoxically to decrease with increasing Mcore. This unexpected
behavior might arise because core formation times lengthen with increasing core mass; the most
massive cores might take so long to coagulate that by the time they appear, their parent gas disks
have long departed.
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Super-Earths vs. Jupiters: Trends with Orbital Distance and Host Stellar Type

Our expectation that puffier planets form more easily at larger orbital distances may
be tested in individual multi-planet systems. Among the planets with both radii and mass
measurements (Masuda 2014; Weiss & Marcy 2014; Jontof-Hutter et al. 2015), we identify
5 out of 9 systems with more than 3 transiting planets that follow the predicted trend
of decreasing bulk density with increasing orbital period: Kepler-20 (Gautier et al. 2012),
Kepler-37 (Marcy et al. 2014), Kepler-79 (Jontof-Hutter et al. 2014), Kepler-102 (Marcy
et al. 2014), and Kepler-138 (Jontof-Hutter et al. 2015). Of the remaining 4 systems, 3 are
consistent with the above density trend within errors. The effects of photoevaporative erosion
(Owen & Wu 2013) and observational bias (long periods select for larger and presumably
puffier planets in transit searches) need to be subtracted off to more cleanly test our theory
of atmospheric accretion.

Around FGK stars probed by radial velocity surveys, Jupiters are known to exist prefer-
entially at large orbital distances (e.g., Cumming et al. 2008). It is tempting to ascribe the
observed rapid rise in gas giant occurrence rate at ∼1 AU to the water ice line in protoplan-
etary disks. Just outside the water condensation front, the disk’s surface density in solids
is boosted by ice so that cores massive enough to undergo runaway gas accretion coagulate
more quickly, within the gas disk lifetime. Water also accelerates nebular accretion of atmo-
spheres, by virtue of its high mean molecular weight and chemical potential (see footnote
8).

Whether the rise in the gas-giant frequency at ∼1 AU coincides with a fall in the super-
Earth frequency at that same distance is unclear. Such a fall would signal the transformation
of super-Earth cores into Jupiters and would provide strong support for the theory of core
accretion. There is a hint that the occurrence rate of super-Earths around FGK stars de-
creases with increasing distance (Fressin et al. 2013; Dong & Zhu 2013; Burke et al. 2015).
But the situation is too early to call. It may be instead that the occurrence rate of super-
Earths is roughly flat with orbital distance — that super-Earths are truly ubiquitous — as
appears to be the case for M stars, as revealed by microlensing (e.g., Sumi et al. 2010; Gould
et al. 2010; Cassan et al. 2012; Clanton & Gaudi 2014, 2016) and transit surveys (Dressing
& Charbonneau 2015). These same studies indicate that M stars are less likely to host gas
giants than FGK stars (see also Bonfils et al. 2013).

Perhaps the simplest picture we can paint with the data and theory currently in hand
is that most stars in the universe are born with disks having solid surface densities that
are neither too “low” nor too “high”. The higher the solid surface density, the faster the
coagulation of rocky cores (Dawson et al. 2015). Most disks have “medium” solid surface
densities in the sense that they spawn super-Earth cores near the tail-end of the gas lifetime
(scenario b) — neither so fast that cores are birthed into gas-rich environments to become
Jupiters, nor so slow that they fail to acquire any atmosphere at all because the parent gas
disk has completely dissipated. We have seen in this chapter that this middle ground is
enormous and presents no fine-tuning problems. A minority of FGK stars — about ∼10%
(Cumming et al. 2008) — have disk surface densities just high enough to spawn Jupiters,
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and then only with the added boost from the ice line at ∼1 AU. In this picture, there should
be a corresponding drop in the occurrence rates of super-Earths at that distance around
FGK stars. As for M dwarf disks, we posit that their surface densities are systematically
lower than those of their FGK counterparts (see also Laughlin et al. 2004; Andrews et al.
2013; cf. Kornet et al. 2006), producing less gas giants and more super-Earths. The unifying
theme in this rough sketch is disk solid surface density and its decisive impact on planet
demographics.
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Chapter 5

Magnetospheric Truncation, Tidal
Inspiral, and the Creation of Short and
Ultra-Short Period Planets

5.1 Introduction
Super-Earths and Earth-sized planets (we will call them collectively as “sub-Neptunes” in

this chapter) around FGKM dwarfs appear more commonly at orbital periods greater than
∼10 days; their numbers dwindle at shorter periods (e.g., Youdin 2011; Mulders et al. 2015).
This decline in the occurrence rate inside ∼10 days follows a power law dN/d logP ∝ P 1.5.
Remarkably, as we show in Figure 5.1, these power law slopes characterize planets found
around stars having widely varying spectral types, from FGK (Fressin et al. 2013) to early
M (Dressing & Charbonneau 2015).1

The lower occurrence rate of planets at P < Pbreak (hereafter “short-period” planets) may
reflect truncation of their parent disks—perhaps by the magnetospheres of their host stars
(e.g., Mulders et al. 2015; see also Plavchan & Bilinski 2013). The theory of “disk locking”
posits that the inner disk edge co-rotates with the host star in equilibrium (e.g., Ghosh &
Lamb 1979; Koenigl 1991; Ostriker & Shu 1995; Long et al. 2005; Romanova & Owocki 2016).
Disk locking is supported observationally by “dippers,” young low-mass stars with relatively
evolved disks that exhibit material lifted out of the disk midplane, presumably by magnetic
torques, near the co-rotation radius (Stauffer et al. 2015; Ansdell et al. 2016; Bodman et al.
2016).2 Rotation periods P? of stars 1–40 Myr old, displayed in Figure 5.2, range from 0.2 to
20 days, squarely in the range occupied by short-period planets. Moreover, the distribution of
P? peaks near ∼10 days and falls toward shorter periods, mirroring, at least qualitatively, the

1The Trappist-1 planetary system (Gillon et al. 2017, and references therein) is hosted by a late M dwarf.
2Stellar magnetic fields measured from Zeeman broadening do not correlate well with field strengths

predicted from magnetospheric truncation (see the review by Bouvier 2007 and references therein). However,
relaxing the assumption that the stellar field is a pure dipole brings theory into closer agreement with
observations (see, e.g., Cauley et al. 2012, and references therein).
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Figure 5.1 : Occurrence rates of sub-Neptunes (R < 4R⊕) orbiting FGK dwarfs (Fressin et al. 2013)
and early M dwarfs (Dressing & Charbonneau 2015). A distinctive break at Pbreak ∼ 10 days divides
long-period planets at P > Pbreak from their less common, short-period counterparts at P < Pbreak.
Strikingly, short-period planets around FGKM host stars all appear to be distributed according to
dN/d logP ∝ P 1.4−1.5. We also distinguish “ultra-short period” (USP) planets at P < 1 day, using
data from Sanchis-Ojeda et al. (2014). All planets are labelled according to their host star spectral
types. Points without arrows correspond to sub-Neptunes larger than 0.5R⊕ for M dwarf hosts, and
larger than 0.8R⊕ for FGK hosts. Points with arrows represent sub-Neptunes larger than 1R⊕ (M
dwarfs), and larger than 1.25R⊕ (FGK dwarfs).

decline in planet occurrence rate at P < Pbreak.3 In this chapter we develop, in quantitative
3All stellar rotation periods P? shown in Figure 5.2 are measured from periodic light curve variations

driven by starspots. Photometric retrieval of P? is biased against young and especially active T Tauri stars
exhibiting irregular variability caused by strong and unsteady disk accretion. This bias is small—Herbst
et al. (2002) estimate that their sample of periodic stars is incomplete by 8–15%—and its effect on our
analysis should be still more muted because we take the orbital architecture of planets to be established
during the latest stages of disk evolution, when the disk has largely (but not completely) dissipated (see
Section 5.2.2). As for the clusters NGC 2362 and NGC 2547, Irwin et al. (2008a) and Irwin et al. (2008b)
find, respectively, that their surveys are complete down to ∼0.2M� and across all measured rotation periods.
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detail, this possible connection between disk truncation at co-rotation and the occurrence
rate profile of short-period planets.

Planets that form outside the inner disk truncation radius can be brought to the disk edge,
and even transported inside it, by a variety of migration mechanisms. These include disk
torques (e.g., migration types I and II; see the review by Kley & Nelson 2012), stellar tidal
friction, and planet-planet gravitational interactions. We model the first two processes in this
chapter but not the third. Below we briefly review migration by planet-planet interactions
and explain why it cannot produce the bulk of short-period sub-Neptunes:

1. Secular excitation of eccentricities in a multi-planet system, coupled with tidal circu-
larization, can shrink planetary orbits and produce short-period planets (e.g., Wu &
Lithwick 2011; Hansen & Murray 2015; Matsakos & Königl 2016). The sub-Neptune
55 Cnc e may have been so nudged onto its current 0.7-day orbit (Hansen & Zink
2015). But general-relativistic precession at short periods usually defeats secular forc-
ing by perturbers less massive than Jupiter. While many short-period sub-Neptunes are
members of multi-planet systems (e.g., Steffen & Coughlin 2016; Pu & Wu 2015, and
references therein), their nearby companions are not typically gas giants and therefore
cannot compete against general-relativistic precession. 55 Cnc e is atypical because
its four neighbors range in mass from 0.2 to 5 MJ (where MJ is the mass of Jupiter),
creating a web of strong secular resonances.

2. Violent planet-planet scatterings (i.e., close encounters) can deliver planets from large
stellocentric distances to small ones where their orbits can be circularized by tides. But
tidal circularization takes time, on the order of Myrs to Gyrs for periapse distances
between 0.03 to 0.1 AU. During that time, planets may collide with others and fail
to attain short periods. When bodies are on eccentric and crossing orbits, encoun-
ters/mergers are more likely to occur at large rather than small distances because bod-
ies spend less time near their periastra, and because interactions are less gravitationally
focussed at small distances. High-eccentricity migration of short-period sub-Neptunes
is hard to reconcile with the observation that such planets are commonly found with
close exterior neighbors.4

In this work we attempt to explain the observed occurrence rate profiles of short-period
planets, focusing on reproducing the break period Pbreak and the shape of the decline in
planet frequency at P < Pbreak. We take as our starting point circumstellar disks whose
inner edges are located at co-rotation with their host stars, drawing disk truncation periods
directly from observed stellar rotation periods (i.e., Figure 5.2). Outside the disk truncation
radius, we consider separately the possibility that sub-Neptunes migrate inward by torques
exerted by residual disk gas, and the possibility that disk-driven migration is negligible, i.e.,
that planets form in situ. In either case, we account for orbital decay driven by asynchronous

4By contrast, high-eccentricity migration of hot Jupiters is compatible with the observation that they
have distant, not close, exterior companions (Bryan et al. 2016).
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Figure 5.2 : Histograms of pre-main-sequence stellar rotation periods P? in clusters of various ages:
the Orion Nebula Cluster (ONC, Herbst et al. 2002, Rodríguez-Ledesma et al. 2009), NGC 2362
(Irwin et al. 2008a), and NGC 2547 (Irwin et al. 2008b). Rotation periods are measured from
periodic light curve variations due to starspots. For higher mass stars (top panel), the distribution
of P? for all three clusters peaks at ∼10 days and falls off at shorter periods. Lower mass stars
(bottom panel) tend to rotate faster at the same age. Older clusters harbor more rapidly rotating
stars, as expected from stellar contraction. See Section 5.3.2 for a discussion of these trends.
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equilibrium tides raised by planets on their host stars. We examine whether tidal friction
can create “ultra-short period” planets (USPs with P < 1 day) from short-period planets, in
proportions similar to those observed. Our Monte Carlo model incorporating these various
ingredients is presented in Section 5.2. We summarize in Section 5.3, highlighting those areas
that need the most shoring up, and venturing a few predictions.

5.2 Monte Carlo Simulations
We construct a Monte Carlo (MC) model for the occurrence rates of sub-Neptunes vs. or-

bital period. Our goal is to identify those parameters related to disk truncation, disk-driven
planet migration, and tidal inspiral that can reproduce the shapes of the observed occurrence
rate profiles as shown in Figure 5.1.

The following subsections (Sections 5.2.1–5.2.3) detail the three steps taken to construct
a given MC model.

5.2.1 Step 1: Draw Disk Truncation Periods from Stellar Rotation
Periods

We create Ndisk = 20000 disks, each truncated at its own innermost edge at period Pin.
The disks are assumed to be magnetospherically truncated at co-rotation with their host
stars (i.e., we assume disk locking): each value of Pin is drawn directly from an empirical
distribution of stellar rotation periods P?. A given MC model utilizes rotation periods
measured for one of three stellar clusters: the Orion Nebula Cluster (ONC, age of 1 Myr),
NGC 2362 (5 Myr), and NGC 2547 (40 Myr). For MC models of planets around FGK
dwarfs, we draw Pin = P? using stars with mass 0.5M� < M? ≤ 1.4M� (upper panel of
Figure 5.2). For MC models of planets around M stars, we do the same for stars of mass
0.2M� < M? ≤ 0.5M� (lower panel of Figure 5.2).

5.2.2 Step 2: Lay Down Planets Following Either “In Situ” Forma-
tion or “Disk Migration”

Each disk is taken to contain Nplanet = 5 planets. Their initial periods—initial as in before
stellar tides have acted—are decided according to one of two schemes. “In-situ” formation
models are very simple: the pre-tide planet periods are distributed randomly and uniformly in
log period from Pin to Pout = 400 days. The logarithmic spacing befits planetary systems that
form by in-situ, oligarchic accretion, whereby planets are separated by a multiple number of
Hill radii (e.g., Kokubo & Ida 2012). Our specific choices of Nplanet = 5 and Pout = 400 days
affect only the normalization of the occurrence rate profile; this normalization is adjusted
later to fit the observations (see captions to Figures 5.4 through 5.8). The aim of this chapter
is to reproduce the breaks and slopes of the observed occurrence rates, not their absolute
normalizations.
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The alternative “disk migration” models start the same way as in-situ models, but trans-
port planets to shorter pre-tide periods according to the Type I migration rate:

ȧ =
2TL
MpΩa

(5.1)

where a is a given planet’s orbital radius, Mp its mass, Ω its orbital angular frequency, and
TL the combined Lindblad and co-rotation torque exerted by the disk on the planet (e.g.,
Kley & Nelson 2012):

TL = −ξ
(
Mp

M?

)2 (a
h

)2
Σgasa

4Ω2 , (5.2)

where ξ = (1.36 + 0.62β + 0.43γ) is an order-unity constant calibrated from simulations
(D’Angelo & Lubow 2010), and β and γ characterize an assumed power-law gas disk of
surface density

Σgas = Σgas,0(a/a0)
−β exp(−t/tdisk) (5.3)

and temperature
T = T0(a/a0)

−γ . (5.4)

Other variables include the disk scale height h =
√
kT/µmH/Ω, the gas mean molecular

weight µ, the mass of the hydrogen atom mH, and Boltzmann’s constant k.
For simplicity, regardless of whether the host stars modeled are FGK dwarfs or M dwarfs,

we fix a0 = 0.1 AU, T0 = 1000 K, γ = 1/2, µ = 2 and Mp = 5M⊕. We fix M? = 1M� for
FGK dwarfs and M? = 0.5M� for M dwarfs. The errors introduced by fixing these variables
are subsumed to some extent by large uncertainties in the disk parameters β, Σgas,0, and
the dissipation timescale tdisk. We now describe and comment on our choices for these three
parameters:

1. For a given MC model, we set β to one of three values: β ∈ {1, 2, 3}. If we assume
that a disk’s gas traces its solids (i.e., a spatially constant gas-to-solids abundance
ratio), then these β-values encompass the range of quoted slopes in the literature, as
inferred from observations of exoplanets comprising mostly solids: Σsolid ∝ a−1.5 to
a−2.4 (e.g., Hansen & Murray 2012; Chiang & Laughlin 2013; Schlichting et al. 2015;
Hansen 2015). Note that Σsolid ∼ dN/d logP × Mp/a

2 ∝ a−2 follows immediately
from dN/d logP ∝ P 0 (this flat slope is seen at long periods in Figure 5.1) if the
characteristic planet mass Mp does not vary much with distance.

2. We experiment with two normalizations for the gas surface density at a0 = 0.1 AU:
Σgas,0 ∈ {40, 400} g cm−2. These choices yield rather gas-poor disks, depleted by 3–
4 orders of magnitude relative to solar-composition “minimum-mass nebulae”. Such
highly gas-depleted environments are motivated by the need to defeat gas dynamical
friction before sub-Neptune cores can form by the mergers of protocores (Figure 4.5).
We assume that Type I migration proceeds normally in these gas-poor disks and discuss
this assumption in Appendix 5.A.
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3. For the gas exponential decay timescale, we try tdisk ∈ {1, 10} Myr, which overlaps
with the range of typical disk lifetimes reported from observations (Mamajek 2009;
Alexander et al. 2014; Pfalzner et al. 2014).

Having assigned all parameters for our disk migration model, we then migrate every
planet inward by integrating equation (5.1) over a time interval of 10 × tdisk (10 e-foldings
of the disk gas density).

What happens when planets migrate into the innermost edge

The first planet to migrate by disk torques toward the disk truncation radius will park in
its vicinity—either interior to the disk edge where the last of the principal Lindblad torques
peters out (Goldreich & Tremaine 1980; see also Lin et al. 1996); at the disk edge because of
principal co-rotation torques (Tanaka et al. 2002; Masset et al. 2006; Terquem & Papaloizou
2007); or exterior to the disk edge following the reflection of planet-driven waves off the edge
(Tsang 2011). In our MC model, we assume for simplicity that the first planet that can
migrate by disk torques to arrive at the inner edge does so, and stays there (until step 3,
after which it and all other planets move further in by stellar tides). Experiments that do
not park this first planet at P = Pin but instead at P = Pin/2 (so that the planet is located
at the interior 2:1 resonance with the disk edge) change none of our qualitative conclusions.

We have two options for the planets that subsequently follow this first parked planet. In
one class of MC model (“resonance lock”; see Figure 5.3 for an illustration), we stop a planet
when it migrates convergently into mean-motion resonance with its interior neighbor. For
simplicity, we consider only 3:2 resonances (the choice of 3:2 is motivated by the observation
that of the small subset of Kepler planets located near resonances, most are situated near
the 3:2; Fabrycky et al. 2014). In a second class of MC model (“merged”), planets are allowed
to migrate unimpeded to the innermost disk edge and assumed to merge there with the first
planet. We count the merger product as a single planet, equivalent to all other planets in
our final tally of planet occurrence rates (this simplification should be acceptable insofar as
observed occurrence rates based on transit data are typically tallied by planet radius, which
at fixed bulk density does not change appreciably when a planet doubles or triples its mass).

The intention behind these two flavors of MC model is to bracket the range of possible
planet-planet interactions near the disk edge. On the one hand, convergently migrating plan-
ets can become trapped in a resonant chain (e.g., Terquem & Papaloizou 2007) or linger near
resonances (Deck & Batygin 2015). Although observed short-period planets are generally
not found in resonance (e.g., Sanchis-Ojeda et al. 2014, their Figure 8), orbital instabilities
over the Gyr ages of observed systems can lead to mergers of resonant planets, transform-
ing them into (lower multiplicity) non-resonant systems. Numerical N-body integrations
of high-multiplicity systems show that resonances are preferentially unstable; non-resonant
neighbors appear to destabilize otherwise stable resonant pairs (Mahajan & Wu 2014; Pu &
Wu 2015, their Figure 5). Our “resonance lock” model captures mergers of destabilized reso-
nant pairs insofar as merger products should have the same period distribution, statistically,
as their progenitors.
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Figure 5.3 : How Type I migration might play out for a system of sub-Neptunes in a disk that
truncates at period Pin = 1 day and whose surface density depletes exponentially with time. We
assume β = 2 and γ = 1/2 for the gas disk, normalizing the surface density at 0.1 AU according to
the inset equation. At time t = 0, Σgas ∼ 10−4ΣMMSN (gas is depleted by ∼4 orders of magnitude
with respect to the solar-composition minimum-mass solar nebula). All 5 planets have equal mass
(5M⊕) and adjacent pairs are initially spaced 14 mutual Hill radii apart (see, e.g., Figure 6 of Pu
& Wu 2015; note that in our actual MC models, we randomize the initial orbital spacings). Each
planet’s trajectory is computed by integrating equation (5.1). The innermost planet is forced to halt
once it reaches the disk’s inner edge. Under the “resonance lock” assumption, planets that follow
the first planet are stopped once they migrate, convergently, into 3:2 resonance. The final state
comprises a chain of 3 resonant planets inside 10 days, 1 non-resonant planet that has migrated to
just outside 10 days (about a third of its starting period), and 1 outermost planet that has hardly
moved because its migration timescale a/ȧ exceeded the disk e-folding time tdisk, assumed for this
figure to be 1 Myr.
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On the other hand, planets that collect near the inner disk edge may never lock into res-
onances and instead collide into each other—hence our “merged” model. Given the potential
complexity of planet-planet and planet-disk interactions near the disk edge (e.g., Tanaka
et al. 2002; Masset et al. 2006; Tsang 2011; Deck & Batygin 2015)—interactions that may be
modulated by the looming stellar magnetosphere (e.g., Romanova & Owocki 2016) and/or
disk magnetic fields (e.g., Terquem 2003)—it would be unsurprising if planets fail in general
to be captured into resonance in this messy environment.

5.2.3 Step 3: Apply Tidal Orbital Decay

The asynchronous equilibrium tide raised by a planet on its host star causes its orbital
semimajor axis to decay at a rate

ȧ = −9

2
a−11/2G1/2 Mp

M
1/2
?

R5
?

Q′?
(5.5)

where R? is the stellar radius and Q′? is the effective tidal quality factor (Goldreich & Soter
1966; see also Ibgui & Burrows 2009). For every planet, we integrate equation (5.5) over a
time interval of 5 Gyr to calculate its final “post-tide” orbital period.5 Equation (5.5) assumes
that planets remain on circular orbits, and that planet orbital periods are shorter than the
stellar rotation period (otherwise planets would migrate outward). The latter assumption
becomes safer as stars age beyond the zero age main sequence and slow their spins. Although
the assumption is violated for the planets with the longest periods (say & 10 days), such
planets hardly migrate by tides anyway because of the steep dependence of tidal friction on a.
We do not consider planet-planet interactions during tidal migration as tides act to separate
orbits: divergently migrating planets can cross resonances but do not lock into them, and the
eccentricities that sub-Neptunes impart to one another when crossing resonances are small
(see, e.g., Dermott et al. 1988).

For FGK dwarfs, we fix R? = 1R� and vary Q′? ∈ {106, 107, 108}, a range that overlaps
with estimates based on observations and modeling of hot Jupiters (e.g., Matsumura et al.
2008; Schlaufman et al. 2010; Hansen 2010; Penev et al. 2012). For M dwarfs, we fix R? =
0.5R� and vary Q′? ∈ {104, 105, 106, 107, 108}. The smaller values of Q′? for M dwarfs are
motivated by the idea that stellar tidal dissipation mostly occurs in convective zones, which
are larger for lower mass stars (see, e.g., Hansen 2012, their Figure 3).

Having computed the final periods of all planets in all disks, we tally them up to calculate
model occurrence rates vs. orbital period, using the same period bins as reported by the
observations (Fressin et al. 2013 and Sanchis-Ojeda et al. 2014 for FGK dwarfs; Dressing

5 The models shown in this chapter assume that the host star radius is fixed in time and ignore the
pre-main-sequence contraction phase during which the star is still distended and the tidal decay rate (which
scales as R5

∗) is correspondingly enhanced. We experimented with relaxing this assumption and found that
accounting for the full time evolution of stellar radius changes negligibly the final planet occurrence rate
profiles. The pre-main-sequence phase lasts only ∼20 to 60 Myr for 1 to 0.5 M� stars, and is typically much
shorter than the orbital decay timescales of planets that do not fall onto the star.
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Figure 5.4 : Model occurrence rates (solid lines) including Type I disk migration in a dissipating
nebula but excluding tidal migration. Model curves are computed using the same period bins as
those reported from observations of sub-Neptunes orbiting FGK stars (Fressin et al. 2013, black
points) and GK stars (Sanchis-Ojeda et al. 2014, blue points), and normalized such that their
maxima match the maximum observed occurrence rate. Left panels correspond to “merged” models
in which planets that migrate to the disk inner edge merge there. Right panels correspond to
“resonance lock” models in which planets that migrate convergently into 3:2 resonance are locked
into that resonance. At P . 1 day, merged models exhibit a pile-up in the occurrence rate, while
resonance lock models exhibit a sharper decline. At P . 10 days, models do not differ much when
disk parameters β, Σgas,0, and tdisk are varied (see each panel’s annotations). The distribution of
disk truncation periods is drawn from the stellar rotation periods in NGC 2362 (age ∼ 5 Myr). The
model curves shown here omit tidal migration and are unable to produce USPs. If we allow disk
migration to P = Pin/2 then the models have the opposite problem of overproducing USPs. See
later figures for models that include both disk and tidal migration.
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Figure 5.5 : Occurrence rates of planets that have undergone both disk (Type I) migration in a
dissipating nebula, and tidal migration over 5 Gyr. For reference, black solid lines include only disk
migration and exclude tidal migration. As in Figure 5.4, we overplot the observed occurrence rates
of sub-Neptunes around FGK stars with black and blue circles. All model curves utilize the same
period bins as the reported observations, and are normalized such that they intersect the observed
data point at P = 39.5 days. In each column, disk truncation periods are drawn from stellar rotation
periods measured for a cluster of a certain age: 1 Myr for the Orion Nebula Cluster (ONC), 5 Myr
for NGC 2362, and 40 Myr for NGC 2547. Irrespective of whether the innermost planets merge at
the truncation radii of their disks (top panels labeled “merged”) or are spaced according to mean-
motion resonances (bottom panels labeled “resonance lock”), the observed occurrence rate profile for
USPs (P < 1 day) can be reproduced by tidal migration, with best fits corresponding to a stellar
tidal friction parameter Q′? ∼ 107 and an intermediate age (NGC 2362). Note, however, how in all
cases disk migration overestimates the frequency of planets with periods between 1 and 10 days.
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& Charbonneau 2015 for M dwarfs). We construct both probability distribution functions
(PDFs) and corresponding cumulative distribution functions (PDFs) to compare directly
with their observational counterparts. This comparison is done by eye—we are looking for
broad trends, and aiming to identify only in an order-of-magnitude sense those regions of
parameter space compatible with the observations. Our choices on how to normalize our
PDFs and CDFs are given in the figure captions.

5.2.4 Results for FGK Host Stars

We begin by reviewing the results of MC models for disk migration without and with the
effects of tidal orbital decay. In-situ + tidal models are presented at the end.

Disk migration without tidal friction

Figure 5.4 shows that despite the many free parameters, our disk-migration-only models
give practically the same results: overprediction of the number of short-period planets at
0.5 d . P . 10 d, a tendency to underpredict longer-period planets at P & 10 d, and a
failure to capture ultra-short-period planets at P . 0.5 d. Disk migration scoops out too
many planets at large P to overpopulate small P .

That bins at P < 0.5 d are empty follows from minP? = 0.5 d (for NGC 2362, the stellar
cluster used to make Figure 5.4), and our assumption that planets do not migrate past the
disk truncation period Pin = P?. We have tried relaxing this assumption, allowing planets
to migrate to Pin/2 (i.e., parking them at 2:1 resonance with the disk edge; see Section
5.2.2). This succeeds in creating USPs, but merely extends the problem of overproducing
short-period planets (relative to the observations) to P < 0.5 d (data not shown).

The occurrence rate profiles at P . 10 d appear almost identical over a wide range of
disk parameters (β, Σgas,0, tdisk) because “all roads lead to Rome”: various disk migration
histories all end with the same outcome of planets converging onto disk inner edges, whose
period distribution is fixed by the distribution of stellar rotation periods. The details of
the planet distribution in the vicinity of the edge depend on what assumption we adopt:
“merged” models pile up planets at P ∼ 0.5–1 d, while “resonance lock” models spread
planets out more evenly in logP from ∼1–3 d (under our assumption that planets lock into
3:2 resonance; in general, for a j : (j− 1) resonance, the pile-up sharpens with increasing j).
At longer P & 10 d, there is more variation between disk models. In particular, β = 1 yields
such high disk densities at large orbital radius that all planets at long period are flushed
inward by disk migration.

Disk migration with tidal friction

Incorporating tidal inspiral into our disk migration models can yield improved fits to the
occurrence rate of USPs at P . 1 d. In Figure 5.5 we apply tidal decay to one of the disk-
migration-only models shown in Figure 5.4 (Σgas,0 = 40 g cm−2, β = 2, and tdisk = 1 Myr).
From the grid of models in Figure 5.5, it appears that using stellar rotation periods from
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Figure 5.6 : Occurrence rates of planets that form “in situ” (i.e., at locations randomly and uniformly
distributed in logP ) and that subsequently undergo tidal migration over 5 Gyr. The format of this
figure is similar to that of Figure 5.5, except that the bottom row of panels plots the cumulative
distribution function (CDF), normalized to unity at the longest period bin (i.e., only counting
planets with P ≤ 67.5 days). Tidal migration appears necessary to produce USPs at P < 1 day.
By eye, best fits correspond to Q′? ∼ 107–108 and disk truncation periods drawn from intermediate-
to-late age clusters like NGC 2362 and NGC 2547. These in-situ+tidal models do better than
corresponding disk+tidal migration models (cf. Figure 5.5 and see also Figure 5.7) at reproducing the
number of planets with periods between 1 and 10 days; at the same time, they tend to underpredict
the number of USPs at P . 0.5 days.
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Figure 5.7 : Zooming in on some best-fitting disk+tidal and in-situ+tidal models, selected from
Figures 5.5 and 5.6, respectively. In the disk+tidal migration models (blue and cyan curves), the
dissipating nebula is characterized by Σgas = 40 g cm−2(a/0.1 AU)−2 exp(−t/1 Myr). The linear
scaling shown at right emphasizes that the disk+tidal migration models overpredict the number of
planets having periods between 1 and 10 days. In particular, both the “merged” and “resonance
lock” models produce pile-ups just inside 10 days that are not seen in the observations. In this
period range, the in-situ+tidal model (red curve) better reproduces the data. But at P < 1 day,
the situation reverses, as seen in the logarithmic scaling at left. Disk migration transports planets
efficiently to the shortest periods where tides can bring them still further in; thus, disk+tidal models
tend to produce more USPs than in-situ+tidal models, in better agreement with observations.
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NGC 2362 and Q′? = 107 works best for reproducing USPs, either in merged or resonance
lock models (middle column, blue curves).

Drawing disk truncation periods from older clusters, which contain more rapidly rotating
stars (Figure 5.2), produces more USPs. In the oldest cluster considered (NGC 2547 at 40
Myr), typical disk truncation periods are so short that tidal inspiral is required to reduce the
number of USPs and better match observations. In the youngest cluster considered (ONC
at 1 Myr), tidal inspiral is also required, but for the opposite reason: disk truncation periods
here are too long and no USPs are generated without tidal migration. The case of NGC
2362 is intermediate and exhibits both behaviors.

All disk+tidal models, however, overproduce planets with periods between ∼1 and 10
days. This is the same problem as seen in disk-migration-only models (Section 5.2.4). Tidal
orbital decay has too short a reach to eliminate this excess.

In-situ models with tidal friction

Figure 5.6 showcases in-situ MC models, with and without tidal friction. At P & 3 d,
these models fit the observations remarkably well, performing better than the disk+tidal
migration models in this period regime. Simply assuming that sub-Neptunes are randomly
distributed in their disks (in a uniform logP sense) avoids the overproduction-at-short-P /
underproduction-at-long-P problem introduced by disk migration.

Ultra-short period planets can be reproduced, approximately, by tidal orbital decay of
planets located near the inner edges of their disks. Drawing the shorter disk truncation
periods from older clusters like NGC 2362 and NGC 2547 works best by giving planets a
“headstart” toward the shortest periods.

Figure 5.7 zooms in to directly compare one of the better fitting in-situ+tide models
with its disk+tide counterpart. With respect to the observations, the in-situ+tide model
does better than the disk+tide model at P ∼ 1–10 days by not overproducing the number
of planets. But for that same reason, the disk+tide model does better than the in-situ+tide
model at P . 1 day: disk migration generates more USPs by supplying more planets for
tidal inspiral, and matches the observations at ultra-short periods more closely. Both classes
of model overpredict the number of planets at P ∼1–3 days.

5.2.5 Results for M Host Stars

Figure 5.8 compares model occurrence rates for planets orbiting M dwarfs against obser-
vations. The best agreement is obtained for in-situ+tidal models calculated by drawing Pin

from the ONC and by adopting Q′? ∼ 105. Using these same assumptions in disk-induced
migration models gives worse fits characterized by an excess of planets inside ∼10 days.
Appealing to stronger tidal dissipation can remove much of this excess but simultaneously
destroys ultra-short period planets by shuttling them to the stellar surface.

We require a significantly smaller Q′? to produce a best-fitting in-situ+tidal model for
M dwarfs (Q′? ∼ 105) as compared to FGK dwarfs (Q′? ∼ 107). M stars tend to rotate
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Figure 5.8 : Occurrence rate profiles of sub-Neptunes around M dwarfs from in-situ+tidal models
(top row), disk+tidal models in which planets merge at the disk edge (middle row), and disk+tidal
models in which the innermost planets lock into a resonant chain (bottom row). Disk truncation
radii are drawn from stellar rotation periods P? measured in clusters of varying age, including the
Orion Nebula Cluster (ONC, 1 Myr, left column), NGC 2362 (5 Myr, middle column), and NGC
2547 (40 Myr, right column). The rate of orbital decay by stellar tides is calculated using equation
(5.5) with R? = 0.5R� and M? = 0.5M�. Observational data (black circles) are adopted from
Figure 12 of Dressing & Charbonneau (2015). All model curves are computed using the same
period bins as used in the reported observations, and are normalized such that they intersect the
observed data point at 14 days. The dissipating nebula underlying the disk+tidal models obeys
Σgas = 40 g cm−2(a/0.1 AU)−1 exp(−t/1 Myr). The in-situ+tidal models with P? from the ONC
and with Q′? ∼ 105 agree best with the observations.
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Figure 5.9 : In-situ planet formation in disks truncated at co-rotation by host star magnetospheres,
in combination with tidal migration, can reproduce the observed occurrence rates of sub-Neptunes.
Black and blue points represent observations of planets orbiting FGK dwarfs by Fressin et al.
(2013) and Sanchis-Ojeda et al. (2014), respectively, and red points represent observations of planets
orbiting early M dwarfs by Dressing & Charbonneau (2015). Points without arrows correspond to
sub-Neptunes larger than 0.5R⊕ for M dwarf hosts, and larger than 0.8R⊕ for FGK hosts. Points
with arrows represent sub-Neptunes larger than 1R⊕ (M dwarfs), and larger than 1.25R⊕ (FGK
dwarfs). Our best-fitting model for FGK hosts uses stellar rotation periods drawn from NGC 2362
at an age of 5 Myr, and Q′? = 107. Our best-fitting model for M-type hosts uses rotation periods
drawn from the Orion Nebula Cluster at an age of 1 Myr, and Q′? = 105. These same models are
plotted in Figures 5.6, 5.7, and 5.8, but we display them again here for ease of viewing.
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faster than FGK stars, so stronger tides are needed to remove the excess of planets near
∼1–2 days. The smaller Q′? for M dwarfs supports the idea that the bulk of stellar tidal
dissipation occurs in convective zones, which are larger for lower mass stars (e.g., Hansen
2012, and references therein).

Drawing Pin from clusters older than the ONC overestimates the number of planets inside
10 days, as stars spin up with age and truncate their disks at shorter periods. This effect
is amplified for M stars over FGK stars because M dwarfs spin up more rapidly as they get
older; see in Figure 5.2 how the peak of the period distribution shifts more dramatically
with age for lower mass stars. The excess population is especially difficult to remove when
planets enter into and remain in a “resonance lock” near the disk edge. Resonance lock
models distribute planets broadly over this period range, beyond the reach of tidal friction
in M stars even for Q′? = 104.

5.3 Summary and Discussion
Around FGK and M stars, sub-Neptunes appear evenly distributed at orbital periods

P & 10 days, but become increasingly rare toward shorter periods. Through Monte Carlo
population synthesis calculations, we demonstrated how this orbital architecture arises from
disks truncated at co-rotation with their host star magnetospheres, and from orbital decay
driven by stellar tidal dissipation. The drop-off in planet occurrence rate at P ∼ 1–10
days traces the distribution of planets near the inner edges of their parent disks; in turn,
the distribution of disk edges reflects the distribution of stellar rotation periods in young
clusters 1–40 Myr old. At the same time, despite disk truncation, planets can migrate
inward to “ultra-short” periods (P < 1 day) by the asynchronous equilibrium tides they raise
on their host stars.

We found better fits to observed occurrence rates when planets were randomly distributed
in log P within their parent gas disks—as might be expected if they formed in situ—rather
than brought to disk edges by disk torques. Figure 5.9 recaps how well our in-situ+tidal
models reproduce the occurrence rates of planets orbiting FGK dwarfs and early M dwarfs.
However, none of our models, predicated either on in-situ formation or disk migration, fits the
data perfectly; the former do better at large P while the latter do better at short P . In-situ
models might yield improved fits if we had a more accurate theory for tidal orbital decay, or
if the distribution of disk inner edges were broader than we have assumed. Such broadening
could be achieved by relaxing our assumption that disks truncate exactly at co-rotation, or
by issuing sub-Neptunes from disks with a range of dissipation timescales. For example, the
disk truncation period could be drawn from a mix of stellar rotation periods characterizing
both the young Orion Nebula Cluster and the older NGC 2547 (but see section 5.3.2). It
is also possible that the stellar rotation period distributions we have used are not entirely
representative. The cluster Cep OB3b has a similar age (4–5 Myr) as NGC 2362, but its
median rotation period for M dwarfs may be ∼1.6 times longer, assuming its low-mass stars
are correctly identified as such (Littlefair et al. 2010).
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Below we explore how our theory might be extended to bear on other observed proper-
ties of short-period sub-Neptunes and their host stars, attempting where possible to make
predictions for future observations.

5.3.1 Orbital Spacings of USPs

We have shown in this chapter the essential role tides play in creating ultra-short period
planets (USPs). Another line of evidence pointing to the influence of tides can be found
by examining planetary orbital spacings. Because tidal orbital decay generally proceeds
more quickly at smaller periods, interplanetary spacings should be stretched out more (in a
fractional sense) at small P than at large P . Just such a signature is observed: USPs are
more widely spaced than their longer period counterparts (Steffen et al. 2013). In Figure 5.10
we demonstrate how orbital spacings widen preferentially at the shortest periods because of
tides. Comparison of our model with observations shows only qualitative agreement; the
empirical data (gray circles and orange line) suggest that tidal friction in reality is more
effective at drawing planets apart than our constant-Q′? theory allows (blue curves). A better
theory for tidal friction, one incorporating dynamical tides and the evolution of stellar spin
and structure, is needed to better reproduce the data (see, e.g., Bolmont & Mathis 2016,
and references therein).

5.3.2 Trends with Stellar Mass

Mulders et al. (2015) point out how the sub-Neptune occurrence rate breaks at Pbreak ∼ 10
days regardless of whether the host star is of spectral type F, G, K, or M. In our theory, the
break and drop-off at shorter periods reflect the distribution of stellar spin periods P?. We
can reproduce the invariance of Pbreak by drawing P? from a distribution that does not vary
with stellar mass. The Orion Nebula Cluster (ONC) provides such a spin distribution, which
peaks at ∼10 days irrespective of whether the stars are ∼1 M� or ∼0.3 M� (compare top
and bottom panels of Figure 5.2). Drawing P? from the ONC implies that planets emerge
from disks that dissipate over the ONC age of ∼1 Myr. One problem with our ONC-based
models is that they underestimate the number of USPs, particularly around FGK stars (left
column of Figure 5.6); not enough stars rotate with periods faster than a day. Ultra-short
period planets are produced more easily around older, more rapidly rotating stars (middle
and right columns of Figure 5.6), but these have P? distributions that do vary with stellar
mass (Figure 5.2) and therefore have trouble reproducing the invariance of Pbreak (note how
the model break period in the middle and the right columns of Figure 5.8 misses the observed
break period by a factor of 5). Simultaneously fitting both USPs and their longer period
counterparts near the break is a challenge, requiring improvements in our understanding of
disk truncation and tides.

There is also room for improvement for observations: the USP occurrence rates from
Sanchis-Ojeda et al. (2014) appear systematically offset from the Fressin et al. (2013) data
at longer periods; see how the blue points in Figure 5.9 appear to be shifted higher than the



5.3. SUMMARY AND DISCUSSION 98

10−1 100 101 102

Period (days)

100

101

102

O
rb

it
al

Sp
ac

in
g

(R
H

il
l)

Figure 5.10 : Observational evidence for how stellar tidal friction widens separations between planets
most effectively at the shortest orbital periods. Each gray circle represents the orbital spacing,
measured in mutual Hill radii RHill, between the two shortest-period transiting planets (“tranets”)
in a given multi-tranet system, and is plotted against the shorter period of the pair. These data,
downloaded on 2016 Dec 5 from the NASA Exoplanet Archive and based on Quarters 1–16 of the
Kepler space mission, include only sub-Neptunes (R < 4R⊕). In calculating mutual Hill radii, we
assumed all tranets to have Mp = 5M⊕. The median observed spacing, plotted as a thick orange
solid line, is fairly constant at P > 2 days but grows dramatically toward shorter periods. Such
behavior is expected, qualitatively, from tidal migration. Blue lines indicate theoretical orbital
spacings between adjacent pairs of 5M⊕ planets after 5 Gyrs of tidal orbital decay; the central star
on which tides are raised is assumed to have mass M? = M�, radius R? = R�, and tidal quality
factor Q′? = 107. From bottom to top, theory curves correspond to pairs of planets separated
initially (before tides act) by 5, 15, . . . , 95 RHill, and each is plotted against the final (post-tide)
orbital period of the inner member of a pair.
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Figure 5.11 : Pre-main sequence A stars rotate faster than pre-main sequence FGK or M stars
(top panel), and we therefore expect that the planet occurrence rate for A stars breaks at a shorter
period Pbreak than for FGKM stars (bottom panel). Rotation periods of 1–10 Myr old Herbig Ae
stars are taken from Table 7 of Hubrig et al. (2009), updated using Table 2 of Alecian et al. (2013).
These rotation periods were calculated from spectroscopically determined stellar radii and rotation
velocities de-projected using disk inclinations; the latter were measured either from resolved disk
images or inferred from the line profile shapes of the Mg II or Hα emission lines. Pre-tide and
post-tide models, all assuming in-situ formation, are shown in the bottom panel as solid and dashed
lines, respectively; for FGKM stars, we use the model parameters that yield the best agreement
with observations (ONC and Q′? = 105 for M; NGC 2362 and Q′? = 107 for FGK). To account for
the shorter main sequence lifetime of higher mass stars, we apply tidal migration around A stars
for only 1 Gyr (vs. 5 Gyrs for FGKM stars). For planets around A stars, within a plausible range
of Q′? (and taking M? = 2M� and R? = 2R�), we find that Pbreak ∼ 1 day, considerably shorter
than the period break for FGKM stars (∼10 days). There is a weaker secondary break at ∼1 day
around FGK dwarfs that reflects the bimodal distribution of rotation periods for stars in this mass
range (Figure 5.2; see also Bouvier 2007 and references therein).
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black points. Whether this offset is real or an artifact of combining two different datasets
is unclear; removal of the offset would ameliorate if not solve the problem noted above with
our ONC-based models. A uniform analysis is needed to measure planet occurrence rates
from ∼0.1 to > 10 days, not just for FGK stars but also for M stars.

Detecting and characterizing planets around main sequence A stars is the next frontier.
The invariance of Pbreak with respect to stellar spectral type may not extend to A stars.
Compared to T Tauri stars, Herbig Ae stars are observed to be faster rotators, with typical
spin periods of ∼1 day (Hubrig et al. 2009; Alecian et al. 2013). It follows that their gas
disks should truncate at shorter periods.6 We therefore predict the occurrence rate of sub-
Neptunes to break at a correspondingly short period Pbreak ∼ 1 day around A stars, as
compared to Pbreak ∼ 10 days for FGKM stars. This shift in Pbreak between high and low
mass stars is illustrated in Figure 5.11. The break around A stars might occur at even
shorter sub-day periods, as our spin period data for A stars are taken from stellar magnetic
field studies whose samples are biased to include more slowly rotating stars (Hubrig et al.
2009; Alecian et al. 2013). Figure 5.11 also shows that tidal inspiral does not much alter the
period break for A stars for Q′? = 107–109. These larger values of Q′? are motivated by main
sequence A stars lacking outer convective envelopes (see, e.g., Mathis 2015, their Figure 4). A
caveat to our prediction that sub-Neptunes around A stars exhibit a shorter Pbreak is that we
have so far discussed only disks of gas, not disks of solids—and sub-Neptunes are primarily
composed of solids. Dust disks around A stars may not extend down to periods of ∼1 day
because of sublimation (e.g., Dullemond & Monnier 2010, their Figure 7). Nevertheless,
larger solids (planetesimals orders of magnitude larger than dust grains) are more resistant
to vaporization and can drift, aerodynamically or otherwise, through gas disks towards their
inner edges, assembling into planets there.

6Herbig Ae stars can have magnetospheres. They are observed to have typical surface magnetic field
strengths of ∼100 G (see, e.g., Hubrig et al. 2009, their Figure 10). For disk accretion rates of 10−7–
10−10M� yr−1 around a star of mass 2M� and radius 4R�, magnetospheric truncation radii range between
∼1 and 4 stellar radii.
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5.A Migration in Gas-poor Disks
In our MC models with disk-induced Type I migration, we chose gas surface densities so

low that the planet mass Mp exceeds, by roughly two orders of magnitude, the local disk
mass Σgasa

2. For the planet to migrate inward, it must lose its angular momentum to the
disk. Because Mp � Σgasa

2, one might worry that the need to transfer so much angular
momentum from the planet to the local disk would severely perturb the latter, so much so
that the planet would cease to undergo normal Type I migration. Perhaps the planet stops
migrating altogether; or perhaps it opens a deep and wide gap and migrates at the Type II
rate set by disk viscosity.

Even when Mp � Σgasa
2, Type I migration might still prevail in disks with large enough

viscous stresses to prevent the opening of gaps and to transport angular momentum—both
the planet’s and the disk’s—outward to distances of a few AU.7 For our chosen disk param-
eters, we find that as long as the Shakura-Sunyaev viscosity parameter α & 2× 10−4, super-
Earths of mass 5M⊕ will not open gaps at short periods (Duffell & MacFadyen 2013; Fung
et al. 2014). Furthermore, for the disk depletion time to be as long as tdisk ∼ 1 Myr, the disk
must be able to transport mass and momentum across large distances extending well beyond
the innermost regions where short-period planets reside. For example, assuming α & 2×10−4

(as per above), the viscous drainage time of the disk, tvisc ∼ a2/ν ∼ Ωa2µmH/(αkT ) (for
viscosity ν), is as long as tdisk ∼ 1 Myr only for a & 2 AU. The mechanism of disk transport
remains unclear, but the magneto-rotational instability and magnetized winds are perennial
candidates, especially in the hot and well-ionized innermost disk, and perhaps also beyond
under gas-poor conditions (see, e.g., Wang & Goodman 2017).

Even if migration is not of Type I, its exact form should have little bearing on our
disk+tide migration models at orbital periods shorter than ∼20 days. As we demonstrated
in Section 5.2.4, the period distribution of close-in planets is determined largely by the
distribution of stellar rotation periods, which sets disk truncation periods. In our disk+tide
models, it does not much matter how planets are transported to disk edges, as long as
they arrive there. We reiterate that our in-situ+tide models, which omit disk migration
altogether, give overall better fits to the observations, especially at P > 1 day.

7By contrast, in inviscid disks, the inability of the disk to carry away the planet’s angular momentum
presents a serious problem for Type I migration. A “migration feedback” torque can stall planets in low-mass,
laminar disks (Ward & Hourigan 1989; Ward 1997; Rafikov 2002; Li et al. 2009, Yu et al. 2010; Fung &
Chiang 2017).
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Chapter 6

A Primer on Unifying Debris Disk
Morphologies

6.1 Introduction
The morphologies of debris disks are coming into increasingly sharp resolution with the

advent of extreme adaptive optics instruments, including the Gemini Planet Imager (GPI;
Macintosh et al. 2014), SPHERE (Beuzit et al. 2008), and SCExAO (Jovanovic et al. 2015).
In past and present observing campaigns, a variety of disk shapes have been uncovered,
some featuring warps (e.g., Heap et al. 2000; Apai et al. 2015; Millar-Blanchaer et al. 2015;
Wang et al. 2015) and eccentric rings (e.g., Kalas et al. 2005; Wahhaj et al. 2014; Perrin
et al. 2015), and others evoking “moths” (e.g., Hines et al. 2007; Maness et al. 2009; Ricarte
et al. 2013; Esposito et al. 2016) and “needles” (e.g., Kalas et al. 2007b, 2015). Some imaged
features have even been observed to vary with time (Boccaletti et al. 2015). Schneider et al.
(2014) present a beautiful compilation of debris disk images taken with the Hubble Space
Telescope (HST).

Disk structures that are non-axisymmetric are especially intriguing because they hint at
gravitational sculpting by planets (assuming disk self-gravity is negligible; see, e.g., Jalali &
Tremaine 2012 for a contrarian view). Foundational work was done by Wyatt et al. (1999),
who calculated how one or more planets on eccentric, inclined orbits imprint ellipticities
and warps onto debris disks. The planetary perturbations treated by these authors are
secular, i.e., orbit-averaged in the sense that the gravitational potential presented by each
planet is that of a smooth, massive wire (see also the textbook by Murray & Dermott 2000).
Mean-motion commensurabilities with a planet can also shape disks by truncating them in a
chaotic zone of overlapping first-order resonances (e.g., Wisdom 1980; Quillen 2006; Pearce
& Wyatt 2014; Nesvold & Kuchner 2015b). Individual resonances can also, in principle, trap
disk particles and clump them azimuthally (e.g., Kuchner & Holman 2003; Stark & Kuchner
2009). Such resonant clumps, moving at pattern speeds that typically differ from local
Kepler frequencies, have yet to be confirmed in extrasolar debris disks. The preponderance
of evidence shows that debris disks are smooth (e.g., Hughes et al. 2012), suggesting that
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secular effects dominate their appearance.
We offer here a systematic exploration of the morphologies of planet-perturbed debris

disks, as imaged in scattered starlight. We focus on what is arguably the simplest possible
scenario: a narrow ring of parent bodies forced secularly by a single planet, producing
dust grains that are propelled outward by stellar radiation pressure. Our work builds on
Wyatt et al. (1999) by supplying synthetic scattered light images of disks viewed from all
possible directions. For all its simplicity, the model contains a surprisingly large variety of
morphologies, and we will assess, in a qualitative way, the extent to which the observed
real-world diversity of shapes (rings, flares, moths, needles, and the like) may be attributed
to differences in viewing geometry; in other words, we explore a “unification” model for
debris disks, by analogy with unification models for active galactic nuclei. We do not expect
our model to be able to explain every detail of resolved disk images, but submit our work
as a starting point for interpreting those images: a baseline reference that can guide more
sophisticated theories.

After describing the model elements and computational procedure (Section 6.2), we
present synthetic scattered light images (Section 6.3) and compare them informally to actual
systems (Section 6.4). Our aim is to provide a primer on debris disk morphology: to explain
features from first principles, and develop intuition for mapping scattered light observations
to the underlying parent disks and attendant planets.

6.2 Model
We posit a planet of mass Mplanet = 10M⊕ on an orbit with semi-major axis aplanet = 30

AU and eccentricity eplanet ∈ (0, 0.25, 0.7) about a star with mass M∗ = 1M�. The planet’s
orbit lies in the reference (x-y) plane, with its longitude of periapse $planet = 0 (the planet’s
periapse is located on the x-axis).

Debris disk bodies are of two kinds: parent bodies and dust particles. The latter are
spawned from the former. Parent bodies (subscripted p) are located exterior to the planet’s
orbit and number Np = 1000 in all. They have semi-major axes distributed uniformly from
just outside the planet’s chaotic zone (Wisdom 1980; Quillen 2006; Quillen & Faber 2006;
Chiang et al. 2009; Nesvold & Kuchner 2015b),

ap,inner = aplanet
[
1 + 2(Mplanet/M∗)

2/7
]
, (6.1)

to a value 10% larger,
ap,outer = 1.1ap,inner . (6.2)

Thus our debris disks are really debris rings, as inspired by the narrow belts observed in, e.g.,
HR 4796A, Fomalhaut, AU Mic, and the Kuiper belt. For the highest value of eplanet = 0.7
that we consider, equation (9) of Pearce & Wyatt (2014) is more accurate and gives a value
for ap,inner − aplanet that is ∼2 times larger than the one predicted by our equation (6.1); we
neglect this correction for simplicity.
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A parent body’s eccentricity vector — a.k.a. its Runge-Lenz vector, which points toward
periapse and has a length equal to the eccentricity — is the vector sum of its forced and
free eccentricities (e.g., Murray & Dermott 2000). The forced eccentricity vector is computed
from Laplace-Lagrange (L-L) secular theory; in the one-planet case which we are considering,
the forced vector points parallel to the planet’s eccentricity vector (i.e., in the positive x-
direction), and has a magnitude specific to the body’s orbital semi-major axis:

ep,forced =
b
(2)
3/2(aplanet/ap)

b
(1)
3/2(aplanet/ap)

eplanet , (6.3)

where the b’s are the usual Laplace coefficients. As aplanet/ap → 1, ep,forced → eplanet. The
components of the free eccentricity vectors, as resolved in (h, k) ≡ (e sin$, e cos$) space,
are

hp,free = ep,free sin$p,free (6.4)
kp,free = ep,free cos$p,free (6.5)

where $p,free is a uniform deviate between 0 and 2π rad, and ep,free is a uniform deviate
that extends from 0 to 0.02. The value of ep,free measures the random velocity dispersion,
which in turn depends on how bodies collide and are gravitationally stirred (processes not
modeled here; see, e.g., Pan & Schlichting 2012). Total parent body eccentricities are such
that no parent body crosses the planet’s orbit; see Chiang et al. (2009) for numerical N -body
integrations verifying orbital stability for parameters similar to those used here. That $p,free

ranges uniformly from 0 to 2π assumes that parent bodies are secularly relaxed; for our
chosen parameters (Mplanet, aplanet, ap,inner, ap,outer), differential precession timescales across
the parent ring are of order a couple of Myrs, shorter than typical debris disk ages of tens of
Myrs. To summarize, the parent bodies occupy, in the mean, a narrow elliptical ring located
just outside the planet’s elliptical orbit and apsidally aligned with it.1

Parent body inclination vectors, resolved in (p, q) ≡ (i sin Ω, i cos Ω) space, where i is
inclination and Ω is the longitude of ascending node, behave analogously to eccentricity
vectors. For our one-planet case, the forced inclination vector is the zero vector: forced
orbits are co-planar with the planet’s orbit. Therefore parent body inclination vectors equal
their free values:

pp,free = ip,free sin Ωp,free (6.6)
qp,free = ip,free cos Ωp,free (6.7)

where Ωp,free is a uniform deviate between 0 and 2π rad (this assumes the system is secularly
relaxed; see above), and ip,free is a uniform deviate between 0 and 0.02 rad.

1The low-order Laplace-Lagrange (L-L) secular theory which we use is quantitatively inaccurate at high
eplanet but should be qualitatively correct. Pearce & Wyatt (2014) find good correspondence between their
N -body integrations and L-L theory for eplanet as high as ∼0.8, provided the planet’s orbit lies within ∼20◦
of the parent disk, as it does for all our models.
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To launch dust particles (subscripted d) from parent bodies, we first randomly draw,
for a given parent body’s orbit, Nlaunch = 100 true anomalies. These true anomalies mark
the launch positions for dust grains; for simplicity, we draw the Nlaunch true anomalies from
a uniform distribution (on the one hand, periastron may be favored for collisions because
orbital velocities are higher there, but on the other hand, apastron may be favored because
parent bodies spend more time there; we discuss the effects of different choices for the distri-
bution of launch sites in Section 6.3). At every true anomaly, a dust particle orbit is created
whose instantaneous velocity at that position matches the parent body’s instantaneous ve-
locity, and whose radiation β — the ratio of the force of stellar radiation pressure to that of
stellar gravity — is drawn randomly from a distribution to be given below. To quantify our
statements so far, the orbital elements of each dust grain orbit are given by:

ad =
ap(1− e2p)(1− β)

1− e2p − 2β(1 + ep cos fp)
(6.8)

ed =

√
e2p + 2βep cos fp + β2

1− β
(6.9)

ωd = ωp + arctan

(
β sin fp

ep + β cos fp

)
(6.10)

id = ip (6.11)
Ωd = Ωp (6.12)

where ω is the argument of periapse and fp is the parent body’s true anomaly at launch.
The β-distribution is related to the assumed size distribution of dust grains. If the

latter derives from a standard collisional cascade and obeys, e.g., a Dohnanyi distribution
dN/ds ∝ s−7/2 for particle size s, then dN/dβ ∝ β3/2, under the assumption that dust
particles present geometric cross sections to radiation pressure (β ∝ 1/s). But a conventional
cascade underestimates the number of grains whose sizes are just shy of the radiation blow-
out size. These grains are on especially high-eccentricity and high-semi-major-axis orbits,
avoiding interparticle collisions by spending much of their time away from the dense parent
body ring. Their actual lifetimes against collisional destruction, and by extension their
steady-state population, are underestimated by a standard cascade. We correct for this
effect by scaling the number of dust grains in a given size bin to their orbital period Pd,
which is longer at higher β. This same scaling is used by Strubbe & Chiang (2006, see their
Figure 3) who show that it correctly reproduces the surface brightness profiles of collision-
dominated debris disks like AU Mic. Our β-distribution therefore scales as

dN/dβ ∝ β3/2 × Pd

∝ β3/2 (1− β)3/2
[
1− e2p − 2β(1 + ep cos fp)

]3/2 (6.13)

where we have used Pd ∝ a
3/2
d and equation (6.8). The β-distribution extends from βmin =

0.001 to a maximum value βmax corresponding to a marginally bound (zero energy; ed =
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1) orbit. Each value of βmax is specific to a given launch position and velocity. The β-
distribution given by (6.13) is very top-heavy; most grains have β near the maximum value

βmax =
1− e2p

2(1 + ep cos fp)
. (6.14)

Along each dust particle orbit, we lay down, at random, Ndust−per−orbit = 100 dust par-
ticles. Their mean anomalies are uniformly distributed but their true anomalies are not;
dust particles concentrate near apoapse, following Kepler’s equation. The dust particles,
numbering Nd = Np × Nlaunch × Ndust−per−orbit = 107 in all, are projected onto the sky
plane of a distant observer and used to synthesize a scattered light image. The sky plane of
800 × 800 AU, centered on the star, is divided into 800 × 800 square cells, and each dust
particle contributes, to the cell in which it is located, a surface brightness proportional to
φ(g, θ)/(β2r2). Here 1/β2 accounts for the scattering cross section for each grain (assumed
geometric), r is the distance between the dust particle and the host star, and φ(g, θ) is the
Henyey-Greenstein scattering phase function for asymmetry parameter g = 0.5 and θ equal
to the angle between the dust particle and the observer with the vertex at the star. Mul-
tiple scattering of photons is neglected; this is a safe assumption insofar as debris disks are
optically thin.

Figure 6.1 illustrates the basic ingredients of our model. It depicts how the locations of
bodies in (p, q, h, k) space relate to one another, and to the resultant scattered light images,
for a sample case eplanet = 0.25. For pedagogic purposes, and for Figure 6.1 only, we assign all
dust particles a fixed β = 0.4, discarding particles not bound to the star. Surface brightness
morphologies can be understood in terms of underlying dust particle orbits by starting from
the face-on scattered light image (looking down the z-axis onto the x-y plane). The inner
dust cavity is outlined by the launch sites of dust particles, i.e., the cavity rim coincides with
the elliptical ring of parent bodies (the parent bodies themselves do not contribute to the
scattered light image). Because launch velocities are “high” for the weakened gravitational
potential felt by dust particles (the potential is weakened by 1− β), the cavity rim / parent
body ring marks the periastra of dust particles. The bright half of the cavity rim, located on
the negative x-axis, traces the periastra of e ∼ 0.3 dust particles (drawn in white); these are
launched from the apastra of their parents’ orbits. These same dust particles’ apastra form
the “arc” located to the right of the cavity. The entire outer boundary of dust emission, of
which the arc is the brightest segment, is demarcated by all the particle apastra. Particles
with the largest eccentricities (e.g., yellow, blue, green, grey-brown), extending up to unity,
are launched from near the periastra of their parents’ orbits, and form the barely visible
“wings” extending above and below the arc. In a more edge-on view, these wings increase
in brightness because of their increased line-of-sight optical depth. Viewed at 5 deg above
the planet’s orbital plane, with the planet’s apoapse directed toward the observer, the wings
appear downswept.
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Figure 6.1 : Elements of a sample model for which eplanet = 0.25, max ep,free = max ip,free = 0.02

(in radians), and — for this figure alone — a fixed β = 0.4 for dust particles. Top row: Inclination
and eccentricity vector components of the planet (blue open circle), parent bodies (black points),
and dust particles (red points). Forced eccentricities of parent bodies are shown as a red bar; full
eccentricities differ from their forced values by up to max ep,free (top right panel). Similarly, full in-
clinations differ from their forced values by up to max ip,free (the half thickness of the disk). Because
stellar radiation pressure does not alter orbital inclination, dust particle and parent body inclina-
tions are identical (black points overlie red points in the top left panel). Bottom row: Synthetic
scattered light images for this disk seen face-on (alt = 90 deg, bottom left and middle panels) and
seen 5 deg above the planet’s orbital plane (alt = 5 deg, az = 0, bottom right panel). The scattered
light features in the face-on (a.k.a. polar) view can be understood from an underlying “skeleton” of
representative dust grain orbits, shown in matching colors in top and bottom middle panels. The
nearly edge-on view in the right panel is such that the planet’s apoapse points toward the observer.

6.3 Synthetic Scattered Light Images
Figures 6.2, 6.3, and 6.4 show the scattered light images for eplanet = 0.25, eplanet = 0.70,

and eplanet = 0, respectively, with the radiation β following a distribution given by (6.13). We
smooth away some of the shot noise caused by a finite number of dust grains by convolving
images (from Figure 6.2 onward) with a 2D Gaussian having a standard deviation of 2 pixels
(2 AU). A side effect of the convolution is that it shrinks the dust inner cavity; we restore
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the cavity by masking out the corresponding pixels. The panels in each figure are computed
from a variety of vantage points. The orientation of the observer (on the celestial sphere
centered on the debris disk) is parametrized by altitude alt (inclination angle relative to
the planet’s orbital plane; alt = 0◦ corresponds to the planet’s orbit seen edge-on, while
alt = 90◦ gives a face-on view) and azimuth az (angle measured in the planet’s orbital plane;
az = 0◦ corresponds to the apoapse of the planet’s orbit pointing toward the observer, while
az = 180◦ directs the planet’s periapse toward the observer). For all images we rotate first in
alt and then in az starting from (alt, az) = (90◦, 0◦). We refer to Figures 6.2–6.4 as “alt-az”
diagrams.
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Figure 6.2 : “Alt-az” diagram for the case eplanet = 0.25. Synthetic scattered light images of the
debris disk are shown as a function of the observer’s altitude (alt = 0◦/90◦ gives an edge-on/pole-on
view of the planet’s orbit) and azimuth (az = 0◦/180◦ has the planet’s apoapse/periapse pointing
toward the observer). For this and other alt-az figures, we use an image scaling proportional to the
square root of the surface brightness. Each alt-az snapshot is constructed from an 800 AU × 800
AU grid, smoothed by convolving with a 2D Gaussian having a standard deviation of 2 AU, and
truncated vertically to 400 AU. The convolution shrinks the dust inner cavity; we restore the cavity
seen in the pre-smoothed image by masking out the corresponding pixels. The surface brightnesses
of the brightest features are ∼600 (104) times higher than that of the faintest features in the face-on
(edge-on) view. The yellow dot in each panel marks the location of the central star.

All three alt-az diagrams are displayed on a universal brightness scale. To bring out
the fainter features, images are scaled to the square root of the surface brightness. More
edge-on views have greater line-of-sight optical depths and therefore yield brighter disks. For
reference, the angular half-thickness of our disk is max ip,free = 0.02 rad ' 1◦. Later in this
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Figure 6.3 : Same as Figure 6.2, but for a more eccentric planet with eplanet = 0.7. The surface
brightnesses of the brightest features are ∼104 (2 × 104) times higher than that of the faintest
features in the face-on (edge-on) view.
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Figure 6.4 : Same as Figure 6.2, but for eplanet = 0.

section we will experiment with a thicker disk for which max ip,free = 0.15 rad ' 9◦.
In many of the views displayed in Figures 6.2–6.3, the eccentricity of the debris disk

forced upon it by the eccentric planet manifests itself as a stellocentric offset: the star is
displaced from the apparent geometric center of the ring’s inner cavity. Another signature
of planet eccentricity is the tail of scattered light extending to one side of the star, seen most
prominently for high eplanet. This tail arises from dust particles on high-eccentricity orbits
launched from near the periastron of the parent body ring; in our diagnostic Figure 6.5,
these orbits are color-coded green, white, and yellow (see in particular the bottom panels).
High-eccentricity dust abounds as our β-distribution (6.13) is strongly weighted toward the
maximum value just short of radiation blow-out. When this “sheet” of high-e dust particles
is viewed just above its plane (alt ∼ 5–10◦) and in front of the star (az = 0◦), it appears
in projection as a “fan” or “moth” whose wings sweep downward from the star. Higher
planet eccentricities cause both the top and bottom boundaries of the fan to be more angled;
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Figure 6.5 : Zoomed-in images for eplanet = 0.25 (top row) and eplanet = 0.7 (bottom row). Left
panels are nearly edge-on views (alt = 10◦), and are each overlaid with a contour of constant
surface brightness. Middle panels are face-on views showing representative dust grain orbits, color-
coded to correspond to the colored points in the right-hand h-k plots (whose remaining symbols
have meanings identical to those in Figure 6.1). Note how most particles in h-k space cluster near
unit eccentricity as a consequence of our top-heavy β-distribution (6.13). The white dust orbit is
launched from parent body periapse, and the green and yellow dust orbits are chosen to have median
eccentricities and longitudes of periastron. As planet eccentricity increases, increasingly many dust
orbits have their periastra aligned with that of the planet, leading to a more extended and sharply
angled “fan” of emission in nearly edge-on views.

compare the white contours in the leftmost panels of Figure 6.5. Maintaining the same above-
the-plane view (alt ∼ 5–10◦), but now rotating the observer in azimuth so that the sheet
of high-eccentricity dust is seen behind the star (az = 180◦), produces an upswept fan (see
Figures 6.2–6.3). Observer azimuths intermediate between 0◦ and 180◦ yield simultaneous
top-down and left-right asymmetries. For example, comparing the left and right limbs of
the disk seen at az = 135◦ and alt = 10◦ in Figure 6.3, we see that the left limb is more
extended in length, has a lower peak brightness, and is angled more upward.

When the planet’s orbit is viewed nearly but not completely edge-on (0◦ < alt ≤ 10◦),
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with its periapse pointing toward the observer (az > 90◦), a faint “bar” emerges displaced
from the star. This bar, seen below the star in Figures 6.2–6.3, is equivalent to the “arc” seen
in front of the planet’s periastron in Figure 6.1; the bar/arc is comprised of dust grains at
their apastra, on orbits launched from near the apastra of their parent bodies. These orbits
are apsidally anti-aligned relative the planet’s orbit (see the white orbit in Figure 6.1). The
bar is brightest when seen in forward-scattered light and at low observing altitudes which
enhance its line-of-sight optical depth.

The above mentioned tail of scattered light extends only in the direction of the parent
body disk’s apastron (and by extension the planet’s apastron) because there are more dust
grains on orbits apsidally aligned with their parents’ orbits than anti-aligned. This preference
for apsidal alignment magnifies with increasing planet eccentricity, as shown in Figure 6.5,
and can be understood as follows. For the simplifying case of coplanar orbits, dust grains
have 0 ≤ |$d −$p| < π/2 if they are launched between a parent body’s periastron and its
semi-minor vertex (where the semi-minor axis crosses the orbit). The range of true anomalies
between periastron and the semi-minor vertex is greater than between the semi-minor vertex
and apastron. This difference grows as eplanet grows; consequently, more dust grain orbits
have 0 ≤ |$d −$p| < π/2 as eplanet increases.

The degree to which dust orbits apsidally align with the parent body ring depends not
only on planet eccentricity, but also the distribution of parent body true anomalies at launch.
Different distributions of launch sites are explored in Figure 6.6. Alignment is perfect — and
the wings of the disk seen in projection are swept most strongly downward — if dust grains
are launched exclusively from periastron (left panels). If instead launch mean anomalies are
uniformly distributed — i.e., if launch true anomalies are weighted toward apastron where
parent bodies linger — then apsidal alignment is weakened (right panels). Our standard
model assumes a uniform distribution of launch true anomalies and represents an interme-
diate case (middle panels).

In the endmember case that all dust particles are launched at parent body periastra
and have their orbits completely apsidally aligned, we can discern two sets of wings: a
thin pair of wings sitting above a more diffuse and roughly parallel pair of wings below
the star (top left panel of Figure 6.6). We can understand this “double wing” morphology
using the face-on views shown in Figure 6.7. The upper set of wings seen in Figure 6.6
corresponds to the bright arc near periastron in Figure 6.7. This arc is especially luminous
because of the confluence of orbits converging on nearly the same periastron. The lower
set of wings in Figure 6.6 corresponds in Figure 6.7 to the pair of overdense “rays” located
toward parent body apastron and symmetrically displaced above and below the apsidal line
(the x-axis). These two local maxima in surface brightness — what look like a pair of jets
spraying particles away from the star in the face-on view — arise from two effects: (1) the
tendency of particles on a given orbit to be found closer to apoapse (where they linger) than
to periapse (which they zip through), and (2) the lowering of the particle density along the
apsidal line in the direction of apastron, due to large orbit-to-orbit differences in apastron
distance — see the bottom panel of Figure 6.7. The broad distribution of apastron distances
(extending to infinity) is due in turn to a radiation-β distribution that abuts blow out. Effect
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Figure 6.6 : Experiments in the distribution of launch sites for dust particles, for the case eplanet =

0.7. If dust grains are launched strictly from the periastra of parent bodies, then all orbits are
apsidally aligned (left column of panels; symbol meanings in the h-k plot are identical to those
in Figure 6.1). If dust grains are launched at parent body mean anomalies Mp that are uniformly
distributed between 0 and 2π, the preference for apsidal alignment is muted (right column of panels).
Our standard model assumes that dust grains are launched at parent body true anomalies fp that
are uniformly distributed between 0 and 2π, and represents an intermediate case (middle column
of panels). The top row displays corresponding scattered light images, observed at alt = 10◦ and
az = 0◦ for our standard vertically thin disk with max ip,free = 0.02 rad. Each nearly edge-on
disk, as traced by a white contour of constant surface brightness, resembles a “fan” or “moth”; the
wings of the moth are angled more sharply downward as dust particle orbits are more strongly
apsidally aligned (reading right to left). Note the “double winged moth” that appears when dust
grains are launched exclusively from parent periastra (top left). The middle row features scattered
light images observed at alt = 0◦ and az = 90◦ for a vertically thicker disk with max ip,free = 0.15

rad. The center panel features an inner “ship” surrounded by its “wake,” as detailed in the main
text. Brightness asymmetries and vertical asymmetries across the ship-and-wake are magnified as
dust grain launch sites concentrate toward parent body periastra (reading right to left).
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Figure 6.7 : Understanding the origin of the double wings seen for some moths, as seen in the upper
left panel of Figure 6.6 (see also the middle right panel of Figure 6.9 for another version of the double
wing morphology). Double wings appear when all dust grains share practically the same periastron
and apsidal line (x-axis) as a consequence of being launched only at parent body periastra. Top:
Scattered light image of the same disk featuring double wings, but seen face on here. Emission near
periastron generates the upper set of wings in Figure 6.6, while the pair of jet-like features displaced
symmetrically above and below the apsidal line produces the lower set of wings. Bottom: Same
as top, but plotting individual dust grains. Local overdensities generated at two orbital azimuths
correspond to the two jets seen in the top panel.

(1) concentrates particles toward apoapse, while effect (2) dilutes the particle density along
the apsidal line (in the direction of apastron); the net effect is to concentrate particles at
two orbital phases symmetrically displaced away from the apsidal line.

The difference between the “double wing” and the “bar” lies in their relative proximities
to the central star. The outermost wing — what defines the edge of the disk — cuts almost
directly across the star in projection, whereas the bar is necessarily displaced from the star.

All of the behavior reported above persists if max ip,free is increased from our standard
value of 0.02 rad to 0.15 rad; i.e., the alt-az diagram for a vertically thicker disk looks similar
to that of our standard thin disk. But there is more. Thickening the disk, and viewing it edge-
on (alt = 0◦) and near quadrature (45◦ ≤ az ≤ 135◦), reveals new morphological features,
as seen in Figure 6.8. The disk’s outer isophote has a front (toward planet periastron)
that is vertically thinner than its back, resembling the “wake” of a “ship” (inner isophote
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Figure 6.8 : A sufficiently thick disk (max ip,free = 0.15 rad; bottom panel) seen edge-on features
a “ship” (inner white contour of constant surface brightness) and its surrounding “wake” (outer
white contour). The ship’s front/bow (on the positive x-axis, aligned with the underlying planet’s
periastron) is brighter than its back/stern. The outer wake is narrower at its front than its back.
The ship-and-wake morphology might be relevant for HD 106906; see Section 6.4.

enclosing the dust cavity rim seen in projection). The head of the ship and the back of its
wake comprise dust on orbits that are highly eccentric and closely apsidally aligned with
the parent disk (these are represented by the white, green, and yellow orbits in Figure 6.5).
Conversely, the stern of the ship and the front of its wake coincide with the few dust orbits
that are anti-aligned with the parent disk and less eccentric. The wake grows in vertical
thickness from front to back because the front is composed of dust at the apastra of low
eccentricity orbits, while the back is composed of dust at the more distant apastra of high
eccentricity orbits; at fixed inclination dispersion, the more distant apastra have greater
heights above the disk midplane. As was the case for the moth (see above), the degree of
vertical asymmetry for the wake depends on the distribution of dust grain launch sites: the
more the launch sites concentrate near periastra, the more severe the asymmetry (see middle
row of Figure 6.6).
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Figure 6.9 : Prototypical debris disk morphologies seen in scattered light, as captured by a “minimum
model” (single eccentric planet + ring of parent bodies + dust grains + stellar radiation pressure).
Possible observable shapes include a “ring” (top left), a “needle” (middle left; this is essentially a ring
seen edge-on), and a “ship-and-wake” (bottom left; this is basically a needle which is fat enough to
resolve vertical structure). Right panels feature various kinds of “moths,” either our standard version
where most dust grains are in front of the star and therefore appear bright in forward-scattered light
(top right), a moth with “double wings” where dust grain orbits are perfectly apsidally aligned as a
consequence of assuming that grains are launched exclusively from parent body periastra (middle
right), and a “reverse moth” where most grains are behind the star, accompanied by a “bar” in front
of the star (bottom right). Note the sharp wingtips seen in the “double wing” panel; this model
looks encouragingly similar to HD 32297 (Schneider et al. 2014, their Figure 19b). The surface
brightness contrasts between the brightest and the faintest features are ∼36, ∼900, ∼104, ∼260,
∼620, and ∼400 for the ring, needle, ship-and-wake, moth, double wing, and bar, respectively. The
head of the ship is ∼400× brighter than its stern. In the double wing, the two wings are ∼4×
brighter than the gap between them. The bar is ∼20% brighter than the gap that separates it from
the main disk.
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6.4 Summary and Discussion
We have explored in this chapter what a “minimum model” of a debris disk looks like in

scattered light. The minimum model consists of a narrow ring of parent bodies, secularly
perturbed by a single, possibly eccentric planet, producing dust grains whose orbits are
made arbitrarily eccentric by stellar radiation pressure. The model has obvious relevance
to systems like Fomalhaut and HR 4796A which patently feature narrow elliptical rings.2
What might not be so obvious is that the minimum model can also help to explain many
other morphologies documented in resolved images of debris disks — all by simple changes
in viewing perspective. A message emerging from our work is that the outskirts of planetary
systems are shaped by eccentric planets, possibly just a few Earth masses each.

In Figure 6.9 we summarize the various disk shapes that are possible. We classify these
into five types: “ring,” “moth,” “bar,” “needle,” and “ship-and-wake.” The first four shapes
can be generated even by a disk that is completely flat. We review each of these morphologies
in turn, highlighting potential applications to observed systems, and close by listing future
modeling directions.

6.4.1 “Ring”

Dust that is generated from an eccentric ring of parent bodies appears as an eccentric
ring itself when viewed close to face on (top left panel of Figure 6.9). The inner rim of the
ring is illuminated by dust particles near their periastra, while a skirt of diffuse emission
extends outward from dust grains en route to their apastra. Some real-life examples of rings
with offset host stars are provided by Fomalhaut (e.g., Kalas et al. 2005, their Figure 1),
HR 4796A (e.g., Schneider et al. 2009, their Figure 3; Thalmann et al. 2011, their Figure 1;
Perrin et al. 2015, their Figure 8; Grady et al. 2016), HD 181327 (e.g., Schneider et al. 2014,
their Figure 33), and HD 157587 (Padgett & Stapelfeldt 2016; Millar-Blanchaer et al. 2016).
These systems also feature diffuse emission exterior to their rings.

6.4.2 “Moth”

When the parent body ring is viewed nearly but not completely edge-on, with its apoapse
pointing out of the sky plane toward the observer, a shape like a fan or moth materializes
(top right panel of Figure 6.9). The resemblance of this morphology to the actual “Moth”
(HD 61005; Hines et al. 2007) was first pointed out by Fitzgerald et al. (2011) and explored
with detailed and quantitative models fitted to the Moth by (Esposito et al. 2016). For
sample images of HD 61005, see, e.g., Figure 3 of Hines et al. (2007); Figure 1 of Maness
et al. (2009); Figure 1 of Buenzli et al. (2010); and Figure 1 of Ricarte et al. (2013). The
wings of our model moth are composed of dust grains on highly eccentric orbits that are
apsidally aligned with the parent ring (and by extension the planet), and whose apastra are
directed toward the observer. Viewing these grains from slightly above their orbital plane

2Perrin et al. (2015) suggest that the HR 4796A disk may be slightly optically thick.
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produces downswept wings; viewing them from below produces upswept wings (flip the top
right panel of Figure 6.9 about the y-axis). If instead these grains’ apastra are directed
into the sky plane away from the observer, then the wings of the moth appear foreshortened
because most of the starlight is forward-scattered away from the observer (this is the “reverse
moth” featured in the bottom right panel of Figure 6.9; the foreshortening is not apparent
because the panel is made using a low contrast to highlight another feature, the “bar,” which
will be discussed below). Note that the moth morphology does not depend on a non-zero
inclination between the parent body ring and the planet; a perfectly flat system suffices,
provided it is viewed slightly away from edge-on.

The degree to which the wings of the moth are angled depends on the degree to which
dust grain orbits are apsidally aligned. In turn, the preference for apsidal alignment depends
on both planet eccentricity and the orbital phases at which parents give birth to dust grains.
If dust grains are launched from parent body periastra and no other orbital phase, then
the system is, in a sense, maximally non-axisymmetric; there is a “preferred” direction in
space; apsidal alignment is perfect, and the moth wings sweep most strongly away from the
horizontal. The wings of HD 61005 are angled by ∼23 degrees from the horizontal (Buenzli
et al. 2010; Esposito et al. 2016), suggesting high planet eccentricity and a strong preference
for launching dust grains near parent periastra.

Another moth-like system is presented by HD 32297. Intriguingly, HD 32297 sports a
second, fainter pair of moth wings that roughly parallel the first, as imaged by HST on scales
of several arcseconds (e.g., Schneider et al. 2014, their Figures 18 and 19). Our minimum
model can reproduce this “double wing” structure (middle right panel of Figure 6.9). When
dust orbits are closely apsidally aligned, a first set of wings (closest to the star, toward the
bottom of the panel) traces particles at and around their periastra, while another fainter set
of wings (farther from the star, toward the top of the panel) is generated by particles near,
but not at, their apastra. We can even try to make a connection to the disk geometry as
revealed on smaller, subarcsecond scales at infrared wavelengths. Figure 4 of Esposito et al.
(2014) (see also Figure 1 of Currie et al. 2012) reveals the emission closest to the star to be
concave down (when north-west is up) and the emission farther from the star to be concave
up (the latter curvature is consistent with the HST images from Schneider et al. 2014). We
can reproduce this reversal of concavity between small and large scales by identifying the
observed concave downward disk with the bright arc above the star (the apoapse of the
innermost cavity rim, pointed toward the observer), and the concave upward disk with the
wingtips.

A third example of a fan/moth is given by HD 15745; see, e.g., Figure 1 of Kalas et al.
(2007a) and Figures 13 and 14 of Schneider et al. (2014; note the typo in the source HD
number in the caption to Figure 13). Unlike the case for HD 61005 and HD 32297, isophotal
ellipses describe well the fan of HD 15745, and indicate that this disk is not necessarily
eccentric: an axisymmetric disk viewed somewhat above its orbital plane, composed of grains
that strongly forward-scatter, can reproduce the morphology of HD 15745. See Figure 4 of
Kalas et al. (2007a), or our Figure 6.4 (e.g., alt = 10◦).

An alternative way to produce a moth-like morphology is to allow the interstellar medium
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(ISM) to secularly perturb dust grain orbits (Maness et al. 2009).3 The mono-directional
flow of the ISM across the disk can induce a global disk eccentricity and thereby mimic some
of the effects of an eccentric planet. As Maness et al. (2009) recognize (see their section 5.1),
this mechanism is subject to uncertainties in the host stellar wind; in principle, the stellar
wind can blow an “astrosphere” shielding disk grains from ISM interactions.

6.4.3 “Bar”

A faint bar emerges when disks are viewed close to but not completely edge-on, with
the embedded planet’s periapse pointing out of the sky plane (bottom right panel of Figure
6.9). The bar, which can be ∼20% brighter than the gap separating it from the main
disk, is composed of dust grains lingering at the apastra of orbits that are nearly apsidally
anti-aligned relative to the planet’s orbit. These grains are launched onto highly eccentric,
barely bound orbits from the apastra of the parent body ring. Detecting the bar would
confirm that the grain size distribution rises sharply toward the radiation blow-out value as
a consequence of the long collisional lifetimes afforded by highly eccentric grains (Strubbe
& Chiang 2006). Such a top-heavy size distribution ensures that dust orbit eccentricities
cluster about a unique value; a pure Dohnanyi size distribution is actually insufficiently top
heavy and does not produce bars.

6.4.4 “Needle”

Needles appear when eccentric and vertically thin disks are viewed edge-on with their
semi-minor axes nearly parallel to the line of sight (middle left panel of Figure 6.9). Needles
possess not only length asymmetries — one limb appears longer than the other — but also
brightness asymmetries.4 As Figure 6.10 details, the shorter arm, containing dust grains
crammed closer to the star, has a higher peak brightness where the line of sight runs through
the periapse of the ring cavity. Our model needle is reminiscent of the prototype HD 15115
(“The Blue Needle”): see, e.g., Figure 1 of Kalas et al. (2007b); Figure 11 of Schneider et al.
(2014); and Figure 1 of MacGregor et al. (2015). These observations show the longer arm
to be brighter than the shorter arm (cf. Figure 1 of Rodigas et al. 2012 and Figure 1 of

3Secular ISM perturbations on grains that remain bound to the host star, as proposed by Maness et al.
(2009), should not be confused with ISM deflections of unbound grains (Debes et al. 2009). Unbound grains
contribute negligibly to disk surface brightness; compared to bound grains, unbound grains have lifetimes that
are shorter by orders of magnitude, and so their relative steady-state population is correspondingly smaller
(e.g., Strubbe & Chiang 2006; Krivov et al. 2006). See Maness et al. (2009, their section 4) for a detailed
discussion of the various flavors of ISM interactions, including empirical arguments against interaction with
a high density (∼100 atoms per cm3) ISM in the case of HD 61005.

4Of course, if the parent ring is circular, or if an eccentric ring is seen exactly edge-on with its major axis
parallel to the line of sight, then both limbs will appear of equal length and brightness (Figure 6.4, alt = 0◦).
This limiting case of a “symmetric needle” may apply to AU Mic, modulo its mysterious non-axisymmetric
and time-dependent clumps (Fitzgerald et al. 2007; Schneider et al. 2014; Wang et al. 2015; Boccaletti et al.
2015).
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Figure 6.10 : Zoom-in on our model “needle.” As long as the coronagraphic mask covers enough of the
central cavity — specifically the region near periapse, where the disk is at maximum brightness —
then the disk’s longer arm can appear brighter than its shorter arm, as is consistent with observations
of HD 15115. Accompanying surface brightness profiles for each arm are computed versus radius
|x| by integrating over y. Each profile features a local maximum where the line of sight intersects
regions near the ansa of the cavity rim.
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Mazoyer et al. 2014 which show more of a brightness asymmetry than a length asymmetry).
Bright long arms can be explained by our model needle provided the coronagraphic mask
is large enough to block out the global maximum in surface brightness which lies along the
shorter arm; see Figure 6.10. A prediction of the model is that beneath the mask, the surface
brightness profiles of the two arms should cross, with the shorter arm ultimately outshining
the longer arm sufficiently close to the star.

6.4.5 “Ship-and-Wake”

Akin to needles are ships and their associated wakes, which appear when eccentric parent
rings, viewed edge-on and close to quadrature, have sufficiently large inclination dispersions
that vertical structure can be resolved (bottom left panel of Figure 6.9). The ship appears
on length scales of the inner cavity rim. The wake, tracing large-scale diffuse emission, is
vertically thicker in the direction of the planet’s apastron.

The wake might be relevant for HD 106906. On comparatively small scales within ∼1
arcsec (92 AU) of the star, the disk’s western arm appears shorter than its eastern arm, as
resolved by the Gemini Planet Imager and SPHERE (Figure 1 of Kalas et al. 2015 and Figure
1 of Lagrange et al. 2016, respectively). We would interpret these observations to imply that
the underlying planet’s periapse points west. On larger scales outside ∼2 arcsec, the Hubble
Space Telescope (HST) reveals the nebulosity to the east to be more diffuse than to the west
(Kalas et al. 2015, their Figure 3) — this is consistent with the eastern nebulosity being
the back of the wake, comprising dust grains near the apastra of eccentric orbits apsidally
aligned with the planet’s. A potential problem with this interpretation is that the HST
image also evinces a radially long extension to the west, suggesting that apoapse points west
instead of east. The complete picture must ultimately include HD 106906b, the substellar
companion at a projected distance of ∼7 arcsec from the star (Bailey et al. 2014). It may
be that the system is not dynamically relaxed but has been perturbed by a flyby (Larwood
& Kalas 2001; Kalas et al. 2015).

6.4.6 Future Improvements

Our model can be improved in a number of ways. A more accurate calculation of the
distribution of dust grain launch sites as a function of parent body orbital phase would be
welcome. We found that the appearance of “moth”-like disks depended on this distribution:
if parent bodies collide preferentially near their periastra, launching more dust grains there,
then the wings of the moth would be angled more sharply downward. Collision rates and
grain size distributions, each a function of position, depend on one another; moreover, the
entire disk is spatially interconnected, as dust grains on orbits made highly eccentric by
radiation pressure can collide with particles at a range of orbital radii. Numerical simulations
— e.g., SMACK (Nesvold et al. 2013), augmented to include radiation pressure (Nesvold &
Kuchner 2015a) — can help to solve this problem.
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The impact of different scattering phase functions can be explored. Our images, con-
structed with a single Henyey-Greenstein scattering phase function having a fixed asymmetry
parameter g, can be made more realistic by accounting for how smaller grains scatter light
more isotropically (smaller grains should have smaller g values than larger grains). Hedman
& Stark (2015) find empirically that the light scattering properties of Saturn’s rings resemble
those of irregularly shaped particles and submit them for application to debris disks.

Warps — misalignments between inner and outer disks — are missing from our models
of single planets in steady-state (secularly relaxed) disks. Positing two or more planets on
mutually inclined orbits produces warps (e.g., Wyatt et al. 1999). A single planet can also
induce a transient warp (Mouillet et al. 1997), as has been apparently confirmed by the
discovery of beta Pictoris b (Lagrange et al. 2010). See also, however, Millar-Blanchaer
et al. (2015) and Apai et al. (2015) who report features in beta Pic that a single planet may
be unable to explain.

Higher-order secular effects relevant at high planet eccentricity and high inclination rel-
ative to the parent body disk (e.g., Veras & Armitage 2007; Li et al. 2014; Pearce & Wyatt
2014; Nesvold et al. 2016), and explicit numerical tests of dynamical stability, can also be
incorporated in future models. Other neglected dynamical effects include those from non-
overlapping mean-motion resonances (e.g., Kuchner & Holman 2003; Stark & Kuchner 2009).
Observational evidence for the relevance of individual MMRs is so far scant except for among
Kuiper belt objects (e.g., Batygin & Brown 2016; Volk et al. 2016) and in the inner Solar
System’s zodiacal dust disk (e.g., Dermott et al. 1994; Reach 2010; Jones et al. 2013).
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