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ABSTRACT OF THE DISSERTATION

Computations in Arithmetic Geometry: Computing with Jacobians of
Shimura curves: point counts and isogeny decomposition via trace formula

and Censuses of low-genus curves over small finite fields

by

Yongyuan Huang

Doctor of Philosophy in Mathematics

University of California San Diego, 2026

Professor Kiran Kedlaya, Chair

In Part I, we provide an explicit version of the Eichler–Selberg trace formula for

Shimura curves with level structure over the rationals. As an application, we provide

an algorithm to compute the isogeny decomposition of the Jacobian of Shimura curves

into modular abelian varieties using the method that Rouse–Sutherland–Zureick-Brown

developed for classical modular curves. We also give a trace formula for definite quaternionic

modular forms over the rationals.

In Part II, we compile a complete list of isomorphism class representatives of curves

of genus 6 over F2. We use explicit descriptions of canonical curves in each stratum of

xiii



the Brill–Noether stratification of the moduli space M6, due to Mukai in the generic

case. Our computed value of #M6(F2) agrees with the Lefschetz trace formula as recently

computed by Bergstrom–Canning–Petersen–Schmitt. We also report progress on compiling

a corresponding list in genus 7 over F2 (for which explicit descriptions of canonical curves in

each stratum of the Brill–Noether stratification of the moduli spaceM7 are also available)

and genus 5 over F3, where the censuses are complete in all except for the generic stratum

in both cases.
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Introduction

Number theory is a discipline with a long and rich history rooted in computation

and data collection, from the Plimpton 322 clay tablet of the Babylonians (c. 1800

BC), which lists Pythagorean triples, and Gauss’s tables of equivalence classes of binary

quadratic forms (now known as class groups) in the 19th century, to the formulation of the

Birch–Swinnerton-Dyer conjecture [14] in the 1960s based on computations performed on

EDSAC 2, and, more recently, to modern databases such as the L-functions and Modular

Forms Database (LMFDB) [62], whose data are partly computed on high performance

clusters such as Google Cloud. On the one hand, the availability of large datasets enables

the formulation of conjectures and provides a testing ground for them; on the other

hand, the development of effective (and in some cases efficient) algorithms for computing

explicit examples is of independent interest and often requires substantial ingenuity. Rapid

improvements in the efficiency and accessibility of both hardware and software over the

past three decades have substantially advanced the arithmetic geometry community’s

sustained interest in explicit computation, enabling computations at scales that were

previously unattainable. In this context, the present thesis represents a very modest

contribution, both in developing new theoretical results and computational techniques, as

well as in supplying data that may inform future investigations.

Problems in algorithmic and computational algebraic number theory/arithmetic

geometry can be, broadly speaking, divided into five categories.

1. The method for computing certain objects exists both in principle and in practice

1



but may require careful engineering when running the computation at scale.

2. We know how to compute something in practice, but new mathematical theorems

need to be proven to fully justify the computation.

3. We know how to compute something both in principle and in practice, but there is

no known efficient (polynomial time on input size) algorithm.

4. An (efficient) algorithm exists in principle but not in practice (i.e. there is no known

effective implementation available).

5. No algorithm (either in principle or in practice) is known for how to compute certain

objects.

Parts I and II of this thesis fall primarily under categories 2 and 1, respectively.

We now proceed, in light of this distinction, to give an overview of the problems addressed

in this thesis, with particular emphasis on their place within the broader context of

computations in arithmetic geometry. Part I of this thesis is motivated by the problem

of computing the isogeny decomposition of the Jacobians of Shimura curves over the

rationals into modular abelian varieties indexed by newforms, modeled after a similar

procedure for classical modular curves developed by Rouse–Sutherland–Zureick-Brown

[78, Section 6]. Modular curves are moduli spaces of elliptic curves with certain level

structures, and many aspects of their theory have been extensively studied in the past

century. Classical modular forms can be viewed as sections of certain line bundles over

modular curves; computations with classical modular forms provide the most direct access

to carry out explicit computations on modular curves (e.g. computing their models and

the j-invariant map). Shimura curves, which parametrize certain abelian surfaces with

extra endomorphisms, are the Shimura varieties that most closely parallel modular curves.

However, the development of computational methods for Shimura curves and quaternionic

modular forms (the analogues of classical modular forms in this setting) has lagged behind

2



that for modular curves and classical modular forms. The key new result in Part I is a

precise and explicitly computable trace formula for the action of Hecke operators acting

on spaces of quaternionic modular forms of arbitrary level and weight in terms of purely

group-theoretic data; similar results are known for classical modular forms, see, e.g., [78,

Section 5]. In fact, the trace formulas for classical modular forms played a paramount

role in the systematic tabulation of modular forms; see [12, Section 2] and the references

therein.

Part II of this thesis is motivated by the study of moduli spaces of curves and

the Torelli locus inside the moduli spaces of abelian varieties over finite fields, as well as

the tabulations thereof inside the LMFDB. The study of curves, abelian varieties, and

their moduli spaces is of vital interest in arithmetic geometry; these objects are especially

suitable for computations and data tabulations when the genus of the curves (resp. the

dimension of the abelian varieties) and the cardinality of the finite fields are small. Work

of Kedlaya [55] enables the enumeration of Weil polynomials, so one can in principle

enumerate isogeny classes of abelian varieties of arbitrary dimension over arbitrary finite

fields as a consequence of the theorems of Honda [43] and Tate [86]. However, there are no

known effective methods to enumerate isogeny or isomorphism classes of curves for genus

g ≥ 8. The enumeration of isomorphism classes of curves even in lower genera requires a

careful analysis of the corresponding moduli. In Part II, we discuss our work on building a

census of curves of genus 6 and 7 over F2, building on Mukai’s explicit stratification of the

moduli space of curves of genus 6 and 7 and the partial census carried out in [59]; we also

conduct a census of curves of genus 5 over F3. Our data can be used to fill existing gaps

in the abelian varieties over finite fields section of the LMFDB and to answer questions

concerning properties of curves over finite fields that are not yet theoretically understood;

furthermore, our work has implications for the study of polynomial point counts of moduli

spaces of curves over finite fields.
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Part I

Computing with Jacobians of

Shimura curves: point counts and

isogeny decomposition via trace

formula
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Chapter 1

Preliminaries

1.1 Quaternion Algebras

We recall the relevant concepts and facts from the theory of quaternion algebra that

we need for our purpose here, and refer the reader to [91] for more thorough discussions of

many quaternion-related ideas.

A quaternion algebra B over Q is a central simple Q-algebra of dimension 4; equiva-

lently, there are elements i, j ∈ B such that

B ∼= Q⟨i, j, ij⟩,

where i2 = a, j2 = b, ij = −ji, and a, b ∈ Q×. In this case, we denote B by
(

a,b
Q

)
. An

order O in B is a rank 4 Z-lattice which is also a subring; a maximal order in B is an order

that is not properly contained in any other orders.

For each place v of Q (including the infinite place), we say B is split at v if the

completion B⊗QQv
∼= M2(Qv), and otherwise we say B is ramified at v, in which case the

completion B ⊗Q Qv is a Qv-division algebra. We say B is indefinite if B is unramified at

v =∞, and otherwise we say B is definite; equivalently, B is indefinite if B⊗QR ∼= M2(R)

and B is definite if B ⊗Q R ∼= H := (−1,−1|R). The matrix ring M2(Q) is perhaps the

most well-known example of an indefinite quaternion algebra. The discriminant of B,
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denoted by disc(B), is the product of all ramified places of B, which uniquely determines

B up to isomorphism. It is a standard fact that the set of ramified places of B has even

cardinality.

If I ⊆ B is a lattice, we define its right order to be

OR(I) := {α ∈ B : Iα ⊆ I}.

The left order OL(I) can be defined analogously. We say I is invertible if there is a two-sided

inverse I ′ ⊆ B such that II ′ = OL(I) = OR(I
′) and I ′I = OR(I) = OL(I

′). Two lattices

I, J ⊆ B are in the same right class, denoted by I ∼R J , if there exists an α ∈ B× such

that αI = J ; equivalently, I and J are isomorphic as right OR(I) = OR(J)-modules. We

denote the class of a lattice I by [I]R. Fix an order O in B. We define the right class set

of O to be

ClsO = ClsRO := {[I]R : I ⊆ B invertible and OR(I) = O}.

It is a fact that #ClsO is finite, and we refer to #ClsO as the class number of O.

1.2 Optimal embeddings

In the sections below, we will frequently consider how orders in an imaginary

quadratic field embed into orders in a quaternion algebra. We briefly recall the setup

and the results we will use here. We refer the curious readers to [91, Chapter 30] for

further details. Let R be a Dedekind domain with F = FracR, and B a quaternion

algebra over F . (For our applications, it suffices to consider R = Z and F = Q, or more

generally F a totally real field and R = ZF its ring of integers.) Let K ⊃ F be a separable

quadratic field extension. Suppose K ↪→ B. By the Skolem-Noether theorem, the set of

embeddings K ↪→ B can be identified with K×\B×. Let S ⊆ K be a quadratic R-order
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and let O ⊆ B be a quaternion R-order. An R-algebra embedding φ : S ↪→ O is optimal

if φ(K) ∩ O = φ(S), where φ extends to an embedding φ : K ↪→ B by extension of

scalars. Optimality is a local property by the local-global dictionary for lattices. Let

Emb(S,O) := {optimal S ↪→ O}. Define

E = ES = ES,O := {β ∈ B× : β−1Kβ ∩O = β−1Sβ}.

We have a bijection of sets K×\E ∼= Emb(S,O). Let O1 ⊆ Γ ⊆ NB×(O). We have a right

action of Γ on Emb(S,O) via conjugation as follows: for γ ∈ Γ, φ ∈ Emb(S,O), and α ∈ S,

(γ · φ)(α) := γ−1φ(α)γ. Let Emb(S,O; Γ) := {Γ-conjugacy classes of optimal S ↪→ O}.

There is a bijection K×\E/Γ ∼= Emb(S,O; Γ) given by β 7→ φβ, where φβ(α) = β−1αβ

for α ∈ S. Let m(S,O; Γ) := #Emb(S,O; Γ). We refer to the quantity m(S,O; Γ) as the

number of global embeddings. The above discussion carries over if we replace each object

by its adelic completion, and we refer to m(Ŝ, Ô; Γ̂) := #Emb(Ŝ, Ô; Γ̂) as the number of

local embeddings. The number of local and global embeddings is related by a trace formula,

c.f. [91, Theorem 30.4.7]. For O maximal, m(Ŝ, Ô; Ô×) can be explicitly computed as

follows.

Lemma 1.2.1. Let R be a complete DVR with maximal ideal p = πR, and S an R-order

with Frac(S) = K, a quadratic field. We have

1. We have m(S,M2(R); GL2(R)) = 1, canonically given by the regular representation

of S on itself in the basis {1, γ} sending

γ 7→

0 −N(γ)

1 Tr(γ)

 .

2. Suppose B is a division algebra and O ⊆ B its division ring. If S = RK is integrally
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closed, then m(S,O;O×) = 1−
(

K
p

)
, where

(
K

p

)
=


1 if p splits completely in K,

0 if p ramifies in K,

−1 if p is inert in K.

In particular, if char(R/p) is odd and K ∼= Q[x]/(x2 − d), then

(
K

p

)
=

(
d

p

)
.

If S is not integrally closed, then Emb(S,O) = ∅.

Proof. See [91, Prop. 30.5.3] and its proof.

Corollary 1.2.2. Let B/Q be a quaternion algebra of discriminant D, O ≤ B a maximal

order, K/Q be a quadratic field, and S ⊆ K a quadratic order of conductor f := [ZK : S].

We have

m(Ŝ, Ô; Ô×) =


∏

p|D

(
1−

(
K
p

))
if (D, f) = 1,

0 if (D, f) > 1.

Proof. This follows immediately from Lemma 1.2.1.

1.3 Shimura curves as quotients of the upper half

plane and quaternionic modular forms

The goal of this section is to give the classical complex analytic description of

Shimura curves. As opposed to directly stating the definition, we start with the general

adelic description. Our main reference is [27, §7].

Let B be a quaternion algebra over Q of discriminant D and O be a maximal order

in B. Throughout, for any Z-moduleM , let M̂ :=M⊗Z Ẑ. Fix an open compact subgroup
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Ĥ ≤ Ô× of level N with (D,N) = 1 that is locally norm-maximal , i.e. nrd(Ĥ) = Ẑ×. Let

r = 0 if B is definite and r = 1 otherwise, i.e.

B ↪→ B∞ ∼= M2(R)r ×H1−r.

Let H± be the union of the upper and lower half planes. The group B×
∞ acts on (H±)r on

the right transitively with the stabilizer of (i, . . . , i) ∈ Hr being

K∞ := (R× SO2(R))r × (H×)1−r.

Definition 1.3.1. We define the quaternionic Shimura variety of level Ĥ associated to B

as the double coset

XB
Ĥ
(C) := B×\(B×

∞/K∞ × B̂×/Ĥ) = B×\((H±)r × B̂×/Ĥ).

The set XB
Ĥ
(C) can be equipped with the structure of a complex Riemannian manifold of

dimension r.

To further unpack this definition, we consider two cases, depending on whether B

is indefinite or definite.

First, suppose B is indefinite, in which case the Shimura variety XB
Ĥ
(C) is also

known as the Shimura curve of level Ĥ. Let ι : B →M2(R) be the splitting at the real place.

For γ ∈ B×, if ι(γ) =

a b

c d

, by abuse of notation, we let det(γ) := det(ι(γ)) = ad− bc.

The group

B×
+ := {γ ∈ B× : det(γ) > 0}

acts on H by linear fractional transformation via ι(γ). We denote this action by γz for

γ ∈ B×
+ and z ∈ H, again by abuse of notation. Since we also have B×/B×

+
∼= Z/2Z, we
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may identify

XB
Ĥ
(C) = B×

+\(H× B̂×/Ĥ).

By strong approximation, the reduced norm map

nrd : B×
+\B̂×/Ĥ → Q×

+\Q̂+/Ẑ× ∼= Cl+ Z

is a bijection. Since the narrow class group of Z is trivial, putting ΓĤ
:= Ĥ ∩ B×

+ , we

conclude that XB
Ĥ
(C) = ΓĤ\H.

With the same notation, we can also define the corresponding modular forms.

Definition 1.3.2. Suppose B ≠M2(Q) is indefinite and k ∈ Z>0 with k ≥ 0. We define

the space of quaternionic modular forms for B of weight k and level Ĥ, denoted by MB
2 (Ĥ),

to be the set of holomorphic functions f : H → C such that

(f |γ)(z) := f(γz)
(det γ)k−1

(cz + d)k
= f(z)

for all γ ∈ ΓĤ . When B ̸=M2(Q), since the Shimura curve XB
Ĥ
(C) has no cusps, we define

the space of cusp forms to be SB
k (Ĥ) :=MB

k (Ĥ).

Now suppose B is definite; the Shimura variety XB
Ĥ
(C) = B×\B̂×/Ĥ is a finite set,

which one may view as a zero-dimensional Deligne-Mumford stack. In particular, each

double coset has a finite stabilizer group.

Definition 1.3.3. Suppose B is definite. We define the space of quaternionic modular

forms for B of weight 2 and level Ĥ, denoted by MB
2 (Ĥ), to be the set of functions

f : B̂×/Ĥ → C such that f(γα̂Ĥ) = f(α̂Ĥ) for all γ ∈ B×;
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equivalently, it is the set of functions

f : B×\B̂×/Ĥ → C.

Remark 1.3.4. When Ĥ = Ô×, since B×\B̂×/Ô× ∼= Cls(O), the right ideal class set of O,

we recover the classical definition of MB
2 (Ô×) = Map(Cls(O),C).

Remark 1.3.5. The definition of quaternionic modular forms can be extended to higher

weights in both the indefinite and definite case; one can also extend the base field of B

from Q to any totally real field. There is also an adelic description of quaternionic modular

forms in the indefinite case. Interested readers are encouraged to consult [27, §7-9].

1.4 Hecke operators

As in the classical modular curve case, there are Hecke correspondences on quater-

nionic Shimura varieties which give rise to linear Hecke operators on the associated spaces

of quaternionic modular (and cusp) forms.

For π̂ ∈ B̂×, the spacesMB
2 (Ĥ) and SB

2 (Ĥ) are equipped with the action of pairwise

commuting diagonalizable Hecke operators Tπ̂ as follows. We write

Ĥπ̂Ĥ =
⊔
j

Ĥπ̂j (1.1)

as a finite disjoint union. Suppose B is indefinite. By strong approximation, for each π̂j,

there exists ϖj ∈ B× such that

π̂−1
j Ôπ̂ ∩B = ϖ−1

j O. (1.2)
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For f ∈MB
2 (Ĥ), we define

(Tπ̂f)(z) :=
∑
j

(f |ϖj)(z). (1.3)

When B is definite, for f ∈MB
2 (Ĥ), we define

(Tπ̂f)(α̂Ĥ) :=
∑
j

f(α̂π̂−1
j Ĥ). (1.4)

For a rational prime p ∤ DN , we denote by Tp the Hecke operator Tπ̂ where π̂ ∈ B̂×

is such that π̂v = 1 for v ≠ p and π̂p =

p 0

0 1

 ∈ O ⊗Z Zp
∼= M2(Zp). By multiplicativity

of the Hecke operators, this definition extends to all n ∈ N with (n,DN) = 1.
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Chapter 2

Trace formula for quaternionic mod-
ular forms

2.1 Introduction

2.1.1 Motivation

Classical modular curves and Shimura curves play parallel roles in the arithmetic of

automorphic forms, but the available computational tools and data are far more developed

for the former than for the latter. For modular curves, the L-functions and Modular

Forms Database (LMFDB) [62] has seen a substantial ongoing effort to tabulate data for

arbitrary congruence subgroups. Although comparable data for Shimura curves is lacking,

the modular curve case nevertheless provides both a model and a benchmark for what one

would like to achieve in the setting of Shimura curves.

A central algorithmic task for modular curves is the efficient computation of point

counts over finite fields. These counts have several arithmetic applications: they can

be used to test for local obstructions to rational points, to compute zeta functions over

finite fields, and, crucially, to determine the isogeny decomposition of the Jacobian into

modular abelian varieties indexed by classical newforms, as exhibited by Rouse–Sutherland–

Zureick-Brown [78, section 6]. To count points, they provide an algorithmic form of the

Eichler–Selberg trace formula [78, section 5], which expresses the trace of the Hecke

13
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operator Tn on weight 2 cusp forms of a given level purely in terms of arithmetic and

group-theoretic input. This trace formula is derived using the moduli interpretation of the

modular curve as a moduli space of elliptic curves with level structure, and the resulting

method has been implemented successfully at scale in the LMFDB.

In this paper, we provide the analogous ingredient for Shimura curves over Q:

we find alternatives to the moduli argument and provide an explicit, computation-ready

Eichler–Selberg trace formula in terms of optimal embeddings of quadratic orders. In

weight 2, this yields Frobenius traces and thereby the Q-isogeny decomposition of the

Jacobian of the Shimura curve.

2.1.2 Main result

We quickly establish some notation to state our results; see Chapter 1 for more

precise definitions and further details. Throughout this paper, let B be an indefinite

quaternion algebra over Q of discriminant D, and let O ⊂ B be a maximal order in B.

We suppose that D > 1, though our methods extend to the case D = 1 recovering the

case of classical modular curves by adding the cusp contribution (see Remark 2.3.6).

Let Ĥ ≤ Ô× be an open compact subgroup of level N ≥ 1, arising as the full

preimage of a subgroup H ≤ (O/NO)× with N minimal. Let ΓĤ
:= Ĥ× ∩B1, where

B1 := {α ∈ B× : nrd(α) = 1}.

Suppose that nrd(H) = (Z/NZ)×; then the associated Shimura curve X(Ĥ) is canonically

defined over Q. For k ≥ 2, let Sk(Ĥ) be the space of (quaternionic) cusp forms of weight

k and level Ĥ, equipped with the action of Hecke operators Tn for n ≥ 1. For a Z-module

M , we let M̂ :=M ⊗Z Ẑ denote its adelic completion. There is a natural permutation ρ

of O× on O×/Ĥ by left multiplication. Since Ĥ ≤ Ô× of level N , ρ naturally extends to

B̂×
(N)

:= {(αp) ∈ B̂× : αp ∈ O×
p for all p | N} acting on Ô×/Ĥ by left multiplication; we
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denote this extended representation also by ρ and its character by χĤ . Finally, for an

imaginary quadratic order S, let m(Ŝ, Ô; Ô×) denote the number of Ô×-conjugacy classes

of optimal embeddings of Ŝ ↪→ Ô, and let h(S) := Pic(S).

A simplified version of our main result is as follows; see Theorem 2.4.2 for the

general statement.

Theorem 2.1.1 (Explicit trace formula). Let k ≥ 2 and n ≥ 1 with gcd(n,DN) = 1. Let

K(α) ⊇ S := Z[γ] ⊇ Z[α] := Z[x]/(x2− tx+ n) be a quadratic order. Let α̂0 ∈ B̂×
(N) be the

image of α under K ↪→ B. Then for n not a square, we have

Tr
(
Tn |SB

k (Ĥ)
)
= δk,2

∑
d|n

d−
∑

t2−4n<0

pk(t, n)
∑

S⊇Z[x]/(x2−tx+n)

1

#S×h(S)m(Ŝ, Ô; Ô×)χĤ(α̂0)

where δk,2 = 1, 0 according as k = 2 or not, and pk(t, n) ∈ Z[t, n] is the coefficient of xk−2

in the Taylor series expansion of (1− tx+ nx2)−1.

Theorem 2.1.1 provides an algorithmic version of the Eichler–Selberg trace formula

for Shimura curves, analogous to the modular curve case [78, Section 5].

Using Theorem 2.1.1, we can provide a Q-isogeny decomposition of the Jacobian of a

Shimura curve X(Ĥ) into products of modular abelian varieties corresponding to newforms

in the sense of Problem 2.2.3 in a manner similar to the modular curve case. We compute

traces of Hecke operators in weight k = 2 (Corollary 2.3.5, simplifying p2(t, n) = 1). We

then query the LMFDB for the possible trace newforms of classical modular forms, and

compute the decomposition by linear algebra over Q.

2.1.3 Discussion

Although our intended applications are algorithmic, explicit trace formulas have

many uses. For trace formulas over definite quaternion orders over totally real fields, there

is a rich history: see Voight [91, Remark 41.5.13]. There is a similarly rich story in the
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indefinite case. Trace formulas for Hecke operators acting on spaces of (quaternionic)

modular forms in an analytic setting [82, 41, 51] play a prominent role in the theory

of automorphic forms of GL2. There have since been very many treatments of explicit

trace formulas for Hecke operators in an algebraic setting of classical modular forms

(those coming from congruence subgroups of SL2(Z), especially Γ0(N)) [97, 23, 72, 73, 3].

Early on, Eichler [31] proved a trace formula for Hecke operators in the weight 2 case

for indefinite Eichler orders using topological methods (see Section 2.3). Shimizu [84, 85]

treated the case of indefinite quaternion Eichler orders over a totally real field for weight

k > 2 using Selberg’s analytic trace formula; it is not clear if Shimizu’s proof can extend

to the case of weight k = 2 due to analytic issues.

We provide two proofs of Theorem 2.1.1. First, in Section 2.3 we generalize

Eichler’s topological argument to Shimura curves of arbitrary level Ĥ ≤ Ô×; this proof is

essentially self-contained and provides some real intuition into the formula itself, but it

works only for weight k = 2. Second, in Section 2.4 we deduce the trace formula from the

Lefschetz–Verdier trace formula for correspondences [1, Exposé III Corollaire 4.7, Exposé

III B Corollaire 1.3], extending the result to arbitrary weight. Together, these give two

independent proofs in weight 2 that avoid analysis entirely.

Our result holds for arbitrary level Ĥ, including unit groups of arbitrary orders as a

special case; this for example recovers a recent trace formula of Tu–Yang [88, Proposition

8] (proven using analytic techniques) for certain orders which are not Eichler at p = 2. The

existence of a trace formula in the generality provided here is well-known to specialists,

but we were unable to find an explicit statement in the literature.

Interestingly, our result also reproves the trace formula (minus cusp contribution)

for classical modular curves [78, section 5] without appealing to the moduli interpretation

of modular curves, replacing it instead with the theory of optimal embeddings. A third

proof in weight 2, working with Shimura curves as moduli spaces of abelian surfaces with

potential quaternionic multiplication, is given in Section 2.7.2 for trivial level N = 1;
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extending this argument to general weight and level seems more difficult.

2.1.4 Contents

Chapter 2 is organized as follows. We first review the procedure for computing the

isogeny decompositions [78, Section 6, Appendix A] in Section 2.2. Then in Section 2.3,

we generalize Eichler’s topological proof of the trace formula in the weight 2 case; and we

further extend it to higher weights in Section 2.4 after recalling the ℓ-adic Lefschetz–Verdier

trace formula for correspondences. We discuss the relevant implementation details of our

trace formula in the weight 2 case in Section 2.5, paying special attention to the non-Eichler

situation where gcd(D,N) > 1. We provide several explicit examples in Section 2.6. We

briefly recall the moduli interpretation of Shimura curves and give a proof of the trace

formula in the level 1 case using the moduli approach in Section 2.7. Finally, we give a

trace formula for definite quaternion algebras over Q in Section 2.8, a result that may be

of independent interest.

2.1.5 Code

We implemented the trace formula proven in this paper in the computer algebra

system Magma [16]. Code along with scripts verifying the examples is available online [46].

2.2 Jacobians of Shimura curves

We recall the procedure for computing the isogeny decompositions of the Jacobians

of Shimura curves, following the framework and key results provided by [78, Section 6,

Appendix A]. See also the references therein for further details. The reader can also view

this section as our primary motivation for developing a trace formula for quaternionic

modular forms in the weight 2 case.
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2.2.1 Jacobian decomposition

Let B be an indefinite quaternion algebra over Q of discriminant D and O be

a maximal order in B. Let Ĥ ≤ Ô× be an open compact subgroup of level N and let

H := Ĥ ∩ (O/NO)×. Let JH := Jac(XH(D;N)) be the Jacobian of the Shimura curve

XH(D;N). The Jacobian JH is an abelian variety over Q that has good reduction at all

primes p ∤ DN .

We restate [78, Theorem A.1.7] in our quaternionic setting. Recall that we say an

abelian variety A over a number field F is of GL2-type if End(A)F ⊗Q is a number field

of degree dimA.

Theorem 2.2.1. Carrying over the same notations, every factor of JH is of GL2-type

over Q. If we moreover assume that gcd(D,N) = 1, then each simple factor of JH is

isogenous over Q to a modular abelian variety of the form Af , where f is a Galois orbit of

D-new eigenforms of level dividing DN2 and character of conductor dividing N .

Proof. Keeping in mind of our convention that (D,N) = 1, as [78, Remark A.1.10]

suggests, this follows by the same line of reasoning as in [78, Appendix A], with Hida’s

result [39, Proposition 4.8] replacing Ribet’s observation, and applying the Jacquet-

Langlands correspondence relating quaternionic modular forms with classical modular

forms.

Remark 2.2.2. We expect Theorem 2.2.1 to still hold with the assumption gcd(D,N) = 1

removed, as suggested by Example 2.6.3. The difficulty in the case when gcd(D,N) > 1

comes from the inexplicit Jacquet-Langlands correspondence where one does not know the

level the corresponding classical modular forms a priori. In any event, when the algorithm

described in Section 2.2.2 terminates, the output is guaranteed to be correct; we leave open

the possibility that the described procedure may not find a solution in the gcd(D,N) > 1

scenario, although we have not found one yet.
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It follows from Theorem 2.2.1 that each simple factors of JH is Q-isogenous to the

modular abelian variety associated to the Galois orbit of a (D-new) normalized eigenform

of weight 2 for Γ1(N) ∩ Γ0(DN
2). This space of cusp forms can be decomposed as

S2(Γ1(N) ∩ Γ0(DN
2)) =

⊕
cond(χ)|N

S2(Γ0(DN
2), [χ]),

where [χ] denotes the Galois orbit of the Dirichlet character χ. The trace form Tr(f)

associated to a normalized eigenform f ∈ S2(Γ0(DN
2), [χ]), with q-expansion defined by

Tr(f)(q) :=
∑
n≥1

TrQ(f)/Q(an(f))q
n,

encodes various arithmetic information about Af . In particular, a1(Tr(f)) = dimAf =

dim f := [Q(f) : Q], and by the Eichler-Shimura correspondence, ap(Tr(f)) = TrFrobp |Af

for each prime p.

Given Theorem 2.2.1, we can precisely state the problem of explicitly computing

the isogeny decompositions of JH over Q as follows.

Problem 2.2.3. Let S(H) := {[f1], . . . , [fm]} be the Galois orbits of the eigenforms f ∈

S2(Γ1(N) ∩ Γ0(DN
2)) with dim f ≤ dim JH = g(H) := genus(XH(D;N)). Find e(H) :=

(e1, . . . , em) ∈ Zm
≥0 with

∑m
i=1 ei dim fi = g(H) such that

JH ∼Q

m∏
i=1

Aei
fi
. (2.1)

The decomposition 2.1 translates to the L-functions side as

L(JH , s) =
m∏
i=1

L(Afi , s)
ei .
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2.2.2 Algorithm

Due to strong multiplicity 1 for the Selberg class of L-functions, Problem 2.2.3 can

be computationally solved in practice as follows.

1. For each [fi] ∈ S(H), obtain the q-expansions for Tr(fi) from the L-functions and

modular forms database [62].

2. Given a sufficiently large M ∈ N, let T (M) be the n × m integer matrix whose

ith column is [a1(Tr(fi)), a2(Tr(fi)), a3(Tr(fi)), a5(Tr(fi)), . . . , ap(Tr(fi)), . . .] where

p varies over the n− 1 primes less than M that do not divide DN . See Remark

3. Compute the vector a(H;M) := [g(H), a2(H), a3(H), a5(H), . . . , ap(H), . . .], where

ap(H) := TrFrobp JH , and again p ranges over primes less than M that do not divide

DN .

4. The vector e(H) can be solved from the linear system

T (M)e(H) = a(H;M). (2.2)

Remark 2.2.4. As Sutherland pointed out in a personal communication, it is important

that we only use the Dirichlet coefficients ap for p prime. Suppose f and g correspond

to elliptic curves and XH is a genus two curve with Jacobian isogenous to f × g. We

have ap(XH) = ap(Tr(f)) + ap(Tr(g)) for all primes p, but we typically do not have

an(XH) = an(Tr(f)) + an(Tr(g)) for all n. Indeed, we have

a6(XH) = a2(XH)a3(XH)

= (a2(f) + a2(g))(a3(f) + a3(g))

= a6(f) + a6(g) + a2(f)a3(g) + a3(f)a2(g).
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Remark 2.2.5. [78, Section 6] gives a precise explanation for the existence of a finite bound

M in Step 2 which guarantees the existence and uniqueness of the solution to the linear

system (2.2); [78, Section 6] also suggests a method for finding such a bound M in practice.

We need an effective method to compute ap(H) in order to solve for e(H) in (2.2).

By the Eichler-Shimura correspondence, we have ap(H) = TrTp|SB
2 (Ĥ) for p ∤ DN . This

serves as a primary motivation for us to develop a trace formula for quaternionic modular

forms of weight 2 in Section 2.3.

2.3 Trace formula

2.3.1 Setup

Throughout, let B is an indefinite quaternion algebra over Q of discriminant D.

Let O ⊂ B be a maximal order an open compact subgroup Ĥ ≤ Ô× of level N , and an

n ∈ N such that (n,DN) = 1. There is a Hecke-equivariant Eichler-Shimura isomorphism

[64, section 4]

SB
2 (Ĥ)⊕ SB

2 (Ĥ)
∼−→ H1(XB

Ĥ
(C),C). (2.3)

After taking the +-eigenspaces for complex conjugation on both sides, we have

SB
2 (Ĥ) ∼= H1(XB

Ĥ
(C),C)+. Hence to compute TrTn|SB

2 (Ĥ), it suffices to compute

TrTn|H1(XB
Ĥ
(C),C), an endeavor we undertake in this section.

The main input here is a Lefschetz-type fixed point theorem that relates

TrTn|H1(XB
Ĥ
(C),C) with the number of fixed points of Tn as a correspondence of the

Shimura curve XB
Ĥ
(C). Recall the notations from Section 1.3 and Section 1.4. Let

Θ(n) := ΓĤ\{ϖ ∈ B
×
+ : nrd(ϖ) = n}.

As a correspondence, Tn acts on XB
Ĥ
(C) = ΓĤ\H by
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Tn(ΓĤz) :=
∑

ϖ∈Θ(n)

ΓĤϖz; (2.4)

when n = m2 is a square, we define T ′
n by

T ′
n(ΓĤz) :=

∑
m̸=ϖ∈Θ(n)

ΓĤϖz. (2.5)

Remark 2.3.1. Every point is a fixed point of ΓĤm, so Theorem 2.3.3 only makes sense for

T ′
n when n is a square.

Remark 2.3.2. The multiplicity of a fixed point ΓĤz of Tn is defined to be the sum of its

multiplicity over all the branches ΓĤϖ. Since the Shimura curve XB
Ĥ
(C) has no cusps,

every fixed point of each branch ΓĤϖ has multiplicity 1. Extra care with the multiplicities

of the fixed points needs to be taken when applying Theorem 2.3.3 to classical modular

curves where there may be cuspidal fixed points.

2.3.2 Fixed point theorem of Eichler

Theorem 2.3.3. For n ∈ N with (n,DN) = 1, if n is not a square, we have

#fixed points of Tn = 2
∑
d|n

d− TrTn|H1(XB
Ĥ
(C),C),

and

#fixed points of T ′
n = 2

∑
d|n

d

− 1

− TrT ′
n|H1(XB

Ĥ
(C),C)

if n = m2.

Proof. We briefly summarize the key ideas here; see [32, §8 Page 97-106] for details. Let

X := XB
Ĥ
(C). The main ingredient in Eichler’s proof is to define a fine triangulation {τ ji }

(j = 0, 1, 2) ofX satisfying certain conveniently chosen properties. Letting Tn(τ
r
i ) =

∑
k τ

r
ik,
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Eichler defines a linear map φ on τ rik such that

φn(τ
r
i ) := φ(Tn(τ

r
i )) =

∑
k

φ(τ rik).

It can be shown via direct calculations that φn is homotoptic to Tn and that φn commutes

with the boundary operator. Let Ci denote the chain groups of X, by the Lefschetz-Hopf

trace formula, we have

Trφn|C0 − Trφn|C1 + Trφn|C2 = Trφn|H0(X)− Trφn|H1(X) + Trφn|H2(X).

Since φn and Tn are homotopic, and by a direct calculation locally at each fixed point, we

then have

# fixed points of Tn = TrTn|H0(X)− TrTn|H1(X) + TrTn|H2(X),

and finally, the result follows from the fact that TrH0(X) = TrH2(X) = deg Tn =
∑

d|n d.

When n is a square, deg T ′
n = (

∑
d|n d) − 1 since we have removed the constant branch

coming from ΓĤm.

We count the number of fixed points of Tn (resp. T ′
n) by relating the fixed points to

optimal embeddings quadratic orders in O (recalling Section 1.2) following [32, section 10].

There is a natural permutation ρ of O× on O×/Ĥ by left multiplication. Since Ĥ ≤ Ô× of

level N , ρ naturally extends to

B̂×
(N)

:= {(αp) ∈ B̂× : αp ∈ O×
p for all p | N};

we denote this extended representation also by ρ and its character by χĤ .

Theorem 2.3.4. Let B be an indefinite quaternion algebra over Q of discriminant
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D ̸= 1. For each quadratic order S, let wS = #S×/2 and h(S) = #Pic(S). Let

K(α) ⊇ S := Z[γ] ⊇ Z[α] := Z[x]/(x2− tx+ n) be a quadratic order. Let α̂0 ∈ B̂×
(N) be the

image of α under K ↪→ B. Let n ∈ N with (n,DN) = 1. If n is not a square, we have

#fixed points of Tn =
∑

t2−4n<0

∑
S⊇

Z[x]/(x2−tx+n)

h(S)

wS

m(Ŝ, Ô; Ô×)χĤ(α̂0),

where the sums are over

• finitely many integers t ∈ Z satisfying t2 − 4n < 0 and

• quadratic orders S ⊇ Z[x]/(x2 − tx+ n).

If n = m2, we have

#fixed points of T ′
n =

∑
t2−4n<0

′∑
S⊇

Z[x]/(x2−tx+n)

h(S)

wS

m(Ŝ, Ô; Ô×)χĤ(α̂0),

where
∑′ means omitting the quadratic orders S ⊇ Z[x]/(x2 − tx + n) such that [S :

Z[x]/(x2 − tx+ n)] = m and t2 − 4n = −4m2 or −3m2.

Proof. Without loss of generality, suppose α0 ∈ Θ(n), z ∈ H, and α0(z) = z. Suppose

ι(α0) =

a b

c d

 ∈M2(R) with t := trd(α0) = a+ d = and n := nrd(α0) = ad− bc. First

suppose n is not a square. Since α0(z) = z and z ∈ H, we have t2 − 4n < 0. To any

such α0, the order S := O ∩ Q[x]/(x2 − tx + n) is, by definition, optimally embedded

in O. Each fixed point ΓÔ×z on the level 1 Shimura curve XÔ× corresponds to a O×-

conjugacy class of optimal embeddings of S in O [32, Page 134-135], for which there are

m(S,O;O×) = h(S)m(Ŝ, Ô; Ô×) of them [91, Theorem 30.4.7]. The converse holds as

well. Each point ΓÔ×z lifts to [ΓÔ× : ΓĤ ] = [Ô× : Ĥ] points on XĤ , since Ĥ has surjective

determinant. Among the [Ô× : Ĥ] lifts of ΓÔ×z, precisely χĤ(α̂0) of them are fixed by α0.
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We then have a sum of the form

∑
t2−4n<0

∑
S⊇

Z[x]/(x2−tx+n)

h(S)m(Ŝ, Ô; Ô×)χĤ(α̂0). (2.6)

For all ϵ ∈ S× and ϖ ∈ Θ(n), ϖ and ϵϖ have different traces but correspond to

the same fixed point unless tr(ϖ) = 0 and ϵ = −1. Thus the sum (2.6) counts each fixed

point of Tn #S× times when t ̸= 0 and #S×/2 times when t = 0.

We also need to account for the possibility that a point z ∈ H may be a fixed

point for multiple branches of Tn. Suppose we have two distinct ϖ1, ϖ2 ∈ Θ(n) and both

branches Γϖ1 and Γϖ2 fixing Γz. Let S1 and S2 be the orders corresponding to the ϖ1

and ϖ2, respectively. If S1 ̸= S2, then the fixed point Γz is correctly counted twice in

(2.6). However, if S1 = S2, which occurs when ϖ1 = ϖ2 and ϖ1 ̸= ϵϖ2 for any ϵ ∈ S×,

the fixed point Γz is under-counted by a factor of 2 in (2.6) except for when t = 0.

Therefore, letting wS = #S×/2, we have

#fixed points of Tn =
∑

t2−4n<0

∑
S⊇

Z[x]/(x2−tx+n)

2

#S×h(S)m(Ŝ, Ô; Ô×)χĤ(α̂0)

=
∑

t2−4n<0

∑
S⊇

Z[x]/(x2−tx+n)

1

wS

h(S)m(Ŝ, Ô; Ô×)χĤ(α̂0).

When n = m2 is a square, the number of fixed points of T ′
n is obtained from remove

the count of elements ϖ ∈ Θ(n) of the form ϵm for ϵ ∈ S× from the above expression. The

case where ϵ = ±1 is already accounted for, and the rest (namely ϵ is a third, fourth, or

sixth root of unity) are precisely given by expression in the statement of this theorem.

Corollary 2.3.5. With the same notations and hypotheses as above, let g be the genus of
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the Shimura curve XB
Ĥ
. We have

TrTn|SB
2 (Ĥ) =

∑
d|n

d−
∑

t2−4n<0

∑
S⊇

Z[x]/(x2−tx+n)

1

#S×h(S)m(Ŝ, Ô; Ô×)χĤ(α̂0)

if n is not a square, and

TrTn|SB
2 (Ĥ) =

∑
d|n

d

− 1−
∑

t2−4n<0

′∑
S⊇

Z[x]/(x2−tx+n)

1

#S×h(S)m(Ŝ, Ô; Ô×)χĤ(α̂0) + g

if n = m2.

Proof. This follows immediately from Theorem 2.3.4 and the Eichler-Shimura isomorphism.

Remark 2.3.6. When D = 1 (equiv. B = M2(Q) and Ô× = GL2(Ẑ)), we have returned

to the setting of classical modular curves, in which case the Riemann surface (a.k.a. the

open modular curve) YĤ := ΓĤ\H is no longer compact; let XĤ denote the Borel-Bailey

compactification of YĤ . In this case, Theorem 2.3.4 gives a count of the number of fixed

points of Tn acting on YĤ (with the same proof). One ought to take into account the

additional contributions of cuspidal fixed points from XĤ\YĤ to obtain the trace formula

for classical modular forms; the count of cuspidal fixed points can be explicitly computed

according to [100, Lemma 3.4].

Remark 2.3.7. We can generalize our discussions thus far by taking B to be a quaternion

algebra of discriminant of D ≠ (1) over a totally real field F of degree n = [F : Q] with

a unique split real place, i.e. B ⊗Q R ∼= M2(R) × Hn−1. Our construction of Shimura

curves in §1.3 naturally extends with the caveat that the resulting Shimura curves in

the setting F ̸= Q may be disconnected. All of our above results immediately generalize

to the case when F has narrow class number one. More generally, as before, let Ø be
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a maximal order in B and Ĥ ≤ Ô× an open subgroup of level N that is locally norm

maximal, i.e. nrd(Ĥ) = Ẑ×
F . The connected components of the Shimura curve XB

Ĥ
(C) are

indexed by Cl+ ZF . More precisely, for each class [a] ∈ Cl+ ZF , let â ∈ ẐF be such that

[âẐF ∩ ZF ] = [a]. There exists α̂ ∈ B̂× such that nrd(α̂) = â. Let ΓĤ,a
:= α̂Ĥα̂−1 ∩ B×

+ .

We have a bijection

XB
Ĥ
(C) ∼−→

⊔
[a]∈Cl+ ZF

ΓĤ,a\H.

Recalling Section 1.4, for a prime p ∤ DN, we denote by Tp the Hecke operator Tπ̂

where π̂ ∈ B̂× is such that π̂v = 1 for v ≠ p and π̂p =

ϖp 0

0 1

 ∈ O⊗ZF
ZF,p
∼= M2(ZF,p),

where ϖp is a uniformizer at p. Let [b] = [ap−1], b̂ẐF ∩ ZF = b, and let β̂ ∈ B̂× be such

that nrd(β̂) = b̂. Let Ia := α̂Ô ∩B and Ib := β̂Ô ∩B. We define

Θ(p)a,b := ΓĤ,a\{ϖ ∈ IaI
−1
b ∩B

×
+ : nrd(IaI

−1
b )p = (nrd(ϖ))}.

Then as a correspondence, we have

Tp(ΓĤ,az) :=
∑

ϖ∈Θ(p)a,b

ΓĤ,bϖz.

We can see from the above description that, in general, Tp permutes the components of

XB
Ĥ
(C), in which case there are no fixed points. When p is narrowly principal, Tp preserves

each connected component of XB
Ĥ
(C), and hence Theorem 2.3.5 can be applied component

wise after suitable modifications.

2.4 Trace Formula: Indefinite Case and Arbitrary

Weights

In this section, we extend Theorem 2.3.4 to arbitrary even weights.
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2.4.1 Lefshetz–Verdier fixed point formula

Let π : A → XB
Ĥ

be the universal abelian surface over XB
Ĥ
. The object A exists

as a two-dimensional complex orbifold, and exists as a genuine abelian surface if ΓĤ is

torsion free. Let VZ := R1π∗Z, and VC := VZ ⊗ C, a rank 4 local system over XB
Ĥ
. By

the quaternionic multiplication (QM) structure on A (see, e.g., [91, Definition 43.6.9]),

VC ∼= W2
C, where WC is a rank 2 local system [21, Page 175]. (Roughly speaking, this

is because each rank 4 fiber decomposes as a square of the standard two-dimensional

representation of B ⊗ C ∼= M2(C).) The Eichler-Shimura isomorphism (2.3) can be

reformulated as

SB
k (Ĥ)⊕ SB

k (Ĥ)
∼−→ H1(XB

Ĥ
(C), Symk−2WC). (2.7)

Our goal is then to compute TrTn|H1(XB
Ĥ
(C), Symk−2VC). For ease of notation, let

X := XB
Ĥ

and L = Symk−2WC. We need a generalization of the the topological Lefschetz

fixed point theorem 2.3.3.

Theorem 2.4.1. Let X be a smooth curve over C and C ⊆ X×X be a correspondence with

degeneracy maps X
c1←− C

c2−→ X. Suppose C has finitely many fixed points and C intersects

the diagonal ∆(X) transversely. Let L be a lisse Zℓ-sheaf on X, and u : c∗1L −→ c∗2L a

homomorphism of lisse sheaves. We have

2∑
i=0

(−1)i Tr((c2∗ ◦ u ◦ c1∗)|H i
ét(X,L)) =

∑
x∈Fix(C)

Trux|Lc1(x)=c2(x).

Proof. This is a simplification of the Lefschetz–Verdier trace formula [1, Exposé III

Corollaire 4.7 & Exposé III B Corollaire 1.3]. The step that generalizes [1, Exposé 1.1.3]

is provided by [90, Theorem 4.10].

For every even k > 0, we define the polynomial pk(t, N) ∈ Z[t, N ] as the coefficient

of xk−2 in the power series expansion of 1/(1 − tx + Nx2). If M ∈ M2(Z) is a matrix
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with Tr(M) = t and det(M) = N , and let ρk−2 : M2(Z) → Symk−2 Z2, we then have

Tr(ρk−2(M)) = pk(t, N). In particular, p2(t, N) = 1.

2.4.2 Trace formula

Theorem 2.4.2. We inherit the notations from Theorem 2.3.4. Let k ≥ 2 and n ∈ N with

(n,DN) = 1. If n is not a square,

TrTn|H1
ét(X

B
Ĥ
(C), Symk−2WC) = 2δk,2

∑
d|n

d−

∑
t2−4n<0

pk(t, n)
∑
S⊇

Z[x]/(x2−tx+n)

1

wS

h(S)m(Ŝ, Ô; Ô×)χĤ(α̂0);

otherwise, suppose n = m2, then

TrTn|H1
ét(X

B
Ĥ
(C), Symk−2WC) = 2δk,2

∑
d|n

d− 1

−
∑

t2−4n<0

pk(t, n)
′∑

S⊇
Z[x]/(x2−tx+n)

1

wS

h(S)m(Ŝ, Ô; Ô×)χĤ(α̂0)

+ 2 dimC(S
B
k (Ĥ)).

Proof. First suppose that ΓĤ is torsion-free, in which case X := XB
Ĥ
(C) is an honest

smooth curve and Theorem 2.4.1 directly applies. We replace WC by its ℓ-adic realization

Wℓ := WZ⊗Zℓ(1) for ℓ ∤ DN and apply Theorem 2.4.1 to L = Wℓ. The ℓ-adic Tate module

Tℓ(Aτ ) of the abelian surface Aτ is then given by Tℓ(Aτ ) ∼= L2
τ . In the situation where the

correspondence C is the Hecke correspondence, the composition c2∗ ◦u◦ c1∗ is precisely the

action of the Hecke operator Tn on H i
ét(X,L). A fixed point τ ∈ Fix(Tn) corresponds to

the data of a degree n isogeny φ : Aτ → Aτ ′ and an isomorphism i : Aτ ′ → Aτ . The action

uτ |Lc1(τ)=c2(τ) at τ ∈ Fix(Tn) can be explicitly described by Tℓ(i ◦ φ) : Tℓ(Aτ )→ Tℓ(Aτ ),
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which corresponds to a CM action by some order S in an imaginary quadratic field K

on the Zℓ-lattice Tℓ(Aτ ) ∼= Zℓ ⊕ τZℓ. As in the proof of Theorem 2.3.4, we rearrange

the sum over Fix(Tn) as a sum over CM discriminants d = t2 − 4n, t ∈ Z. For each

τ ∈ Fix(Tn) having CM discriminant d = t2 − 4n, we can view the composition i ◦ φ as

an element α ∈ S ⊇ Z[x]/(x2 − tx + n) satisfying α2 − tα + n = 0 acting on Tℓ(Aτ ) by

left multiplication, in which case Truτ |Lc1(τ)=c2(τ) = Trα|Zℓ ⊕ τZℓ = t = α+ α. It follows

that Truτ | Symk−2 Lc1(τ)=c2(τ) = pk(t, n). When L is a nontrivial local system, i.e. when

k > 2, H0(X,L) = H2(X,L) = 0.

More generally, we choose Ĥ ′ ⊴ Ĥ of finite index and level coprime to n such that

ΓĤ′ is torsion-free. Let X ′ := XB
Ĥ′(C) and G := ΓĤ/ΓĤ′ . By the degeneration of the

Hochschild-Serre spectral sequence for Galois covers, we have an isomorphism

H i
ét(X,L) ∼= H i

ét(X
′,L)G.

As the correspondence Tn commutes with the deck transformations G of X ′, we have

TrTn|H i
ét(X

′,L)G =
1

#G

∑
g∈G

Tr[(g ◦ Tn)|H i
ét(X

′,L)]. (2.8)

Applying (2.8), Theorem 2.4.1 to each of q ◦ Tn, and taking L = Symk−2Wℓ, we
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have

2∑
i=0

(−1)i TrTn|H i
ét(X

′,L)G =
1

#G

∑
g∈G

2∑
i=0

(−1)i Tr[(g ◦ Tn)|H i
ét(X

′,L)]

=
1

#G

∑
g∈G

∑
x∈Fix(g◦Tn)

Tr(ux|Lgc1(x)=gc2(x))

=
∑

t2−4n<0

pk(t, n)
∑
S⊇

Z[α]∼=Z[x]/(x2−tx+n)

1

wS

h(S)m(Ŝ, Ô; Ô×)

1

#G

∑
g∈G

#{ΓĤ′z : α0ΓĤ′gz = ΓĤ′z}

=
∑

t2−4n<0

pk(t, n)
∑
S⊇

Z[x]/(x2−tx+n)

1

wS

h(S)m(Ŝ, Ô; Ô×)χĤ(α̂0).

EOP

Remark 2.4.3. When k = 2, the local system Sym0VC is trivial, in which case we are simply

counting the number of fixed points of Tn; this recovers Eichler’s topological Lefschetz

fixed point formula as in Theorem 2.3.3.

Remark 2.4.4. When k is odd and −1 ∈ Ĥ, the space SB
k (Ĥ) = 0; there is no content in

the statement of Theorem 2.4.2 in these cases.

Remark 2.4.5. [99, Theorem 8.8] establishes the Lefschetz–Verdier trace formula for Deligne–

Mumford stacks. One can in principle do away with the yoga of taking G-invariants in the

proof of Theorem 2.4.2 by proving [90, Theorem 4.10] for DM stacks; we do not plan on

doing so.

2.5 Implementations

A Magma implementation of the trace formula from Corollary 2.3.5 is provided

by the function IndefiniteTrace in the file indefinite.m in [46]; we make use of the

code available in [77] with minor modifications to carry out the procedure for computing
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isogeny decompositions as in Section 2.2 and the file newform_decomp.m in [46]. The

only nontrivial components in the implementation of Corollary 2.3.5 are the computation

of the characters χĤ and the quantities m(S,O; ΓĤ), which we address in this section.

The computation of the class numbers h(S) can be viewed as a pre-computation and can

be done using readily available Magma intrinsics; the local optimal embedding numbers

m(Ŝ, Ô; Ô×) can be computed using Corollary 1.2.2.

Remark 2.5.1. This is the appropriate place to emphasize that our assumption of the

maximality of O is crucial for the simplicity of the formula in Corollary 1.2.2 and the

cleanliness of our implementation. See [91, Remark 30.6.18] for a historical account of

various treatments of local embedding numbers for other types of orders. In fact, all of

our theoretical results, in particular Theorem 2.3.4, Corollary 1.2.2, and Theorem 2.4.2,

hold for arbitrary quaternion orders O ⊆ B and n coprime to disc(O) ·N with the exact

same proofs.

Let Ĥ ≤ Ô× be a finite index subgroup of level N . In order to compute the

character χĤ , we replace Ĥ by the subgroup H := (Ĥ ∩ (O/NO)×) ≤ (O/NO)× and work

inside the finite group (O/NO)×. When (D,N) = 1, (O/NO)× ∼= GL2(Z/NZ) as we have

pointed out, and χĤ(α̂0) can be computed as follows.

Lemma 2.5.2. Let O ⊂ B be a maximal order, Ĥ ≤ Ô× an open compact subgroup of

level N such that gcd(n,DN) = 1 and gcd(D,N) = 1. Let K(α) ⊇ S := Z[γ] ⊇ Z[α] :=

Z[x]/(x2 − tx+ n) be a quadratic order with b := [S : Z[α]]. Let α̂0 ∈ B̂×
(N) be the image of

α under K ↪→ B. We have

χĤ(α̂0) = χĤ(A(t, b, S)).
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where

A(t, b, S) :=



0 −n/b

b t

 ∈ GL2(Z/NZ), if (b,N) = 1, and

(t− bTr(γ))/2 −bN(γ)

b (t+ bTr(γ))/2

 ∈ GL2(Z/NZ) otherwise.

(2.9)

Proof. If (D,N) = 1, Ô(N) := Ô ⊗Z Z/NZ ∼= M2(Z/NZ). Let Ŝ(N) := Ŝ ⊗Z Z/NZ.

Following the proof of [91, Proposition 30.5.3], we have a canonical optimal embedding

Ŝ(N) ↪→M2(Z/NZ) given by the regular representation of Ŝ(N) on itself. For Ŝ(N) in the

basis {1, γ̂}, we have

γ̂ 7→

0 −N(γ)

1 Tr(γ)

 ∈M2(Z/NZ). (2.10)

When (b,N) = 1, we may take γ = α/b; otherwise, we have α = (t − bTr(γ))/2 + bγ.

In both cases, we have α̂ 7→ α̂0 := A(t, b, S) ∈ GL2(Z/NZ) as defined in (2.9) under the

optimal embedding (2.10).

Remark 2.5.3. The matrix used in the point-counting formula of [78, (5.1.2) & (5.1.4)] can

also be viewed as being obtained from a suitably defined regular representation, c.f. the

proof of [29, Theorem 1].

It remains to discuss how to compute with (O/NO)× in practice when the level

N = pe where p|D by the CRT, as Magma currently does not have a constructor for the

quotient of a quaternion order by a two-sided ideal, let alone constructing its unit group.

Suppose first that p ̸= 2. The unique division quaternion algebra B over Qp can

be described by B :=
(

a,b
Qp

)
, I2 = a, J2 = b, IJ = −JI, where K := Qp(

√
a) is the unique

quadratic unramified extension of Qp, and vp(b) = 1. In this case, O := ZK ⊕ ZKJ is the

unique maximal order in B, and P = OJ is the unique maximal two-sided ideal of O
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with P 2 = pO c.f. [91, Theorems 12.3.2, 13.3.4, 13.3.11]. In practice, given a Z-basis for a

maximal order O ⊆ B over Q, we do a random search for I and J in the trace-0 subspace

of O satisfying
(

−nrd(I)
p

)
= −1, vp(nrd(J)) = 1, and trd(IJ) = 0; we then take a := nrd(I)

and b := nrd(J). Hence we can view (O/peO)× as a matrix subgroup of GL2(ZK/p
eZK) via

the embedding λ : B →M2(K), I 7→

√a 0

0 −
√
a

, J 7→

0 b

1 0

, c.f. [91, Proposition

2.3.1]. When p = 2, we instead pick I with odd reduced trace and reduced norm, in which

case IJ = J(trd(I) − I). In this case, let K = Q2(α) ∼= Q2[x]/(x
2 − trd(I)x + nrd(I)),

which is the unique unramified quadratic extension of Q2. The embedding λ : B →M2(K)

is given by I 7→

α 0

0 trd(I)− α

, J 7→

0 b

1 0

, c.f. [91, Exercise 6.7].

We now describe the generators of (O/peO)×. Let G0 := (O/peO)× and Gk :=

(1+P k)/(1+P 2e), k = 1, . . . , 2e. We have the following filtration (also a subnormal series)

G0 ⊵ G1 ⊵ · · · ⊵ G2e = {1},

where G0/G1
∼= (O/P )× ∼= F×

p2
∼= ⟨c⟩ and Gk/Gk+1

∼= ⟨1+Jk, 1+IJk⟩ for k = 1, . . . , 2e−1,

c.f. [91, 13.5.9]. We lift c to an element c̃ = a+ bI ∈ O for some a, b ∈ {0, 1, . . . , p− 1}.

Therefore (O/peO)× as a subgroup of GL2(ZK/p
eZK) are generated by the images of

c̃, 1 + Jk, 1 + IJk, k = 1, . . . , 2e− 1, under λ. We can also immediately see from the above

filtration that #(O/peO)× = (p2 − 1)p2(2e−1).

Remark 2.5.4. Since (O/peO)× is a polycyclic group, one can further refine the above

subnormal series for (O/peO)× so that each successive quotient is cyclic, and directly

define (O/peO)× as a GrGPC object in Magma by specifying all the necessary conjugation

relations on the generators. This would make the coset computations for χH more efficient.

We opt out of this approach as working inside GL2(ZK/p
eZK) suffices for our purpose.

A simpler, more näıve, and highly inefficient alternative approach would be to embed
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(O/NO)× into GL4(Z/NZ) by left regular representation. To illustrate the monstrosity

of this approach, in Example 2.6.2 to be discussed, one has [GL4(Z/3Z) : (O/3O)×] =

(34− 1)(34− 3)(34− 32)(34− 32)/(23 · 32) = 336, 960, whereas [GL2(Z9/3Z9) : (O/3O)×] =

(92 − 1)(92 − 9)/(23 · 32) = 80.

2.6 Examples

2.6.1 Eichler Orders

One of the most well-known families of Shimura curves is the analogue of the

modular curves X0(N)s; this family of Shimura curves arise from Eichler orders, which we

now describe. Let O ⊂ B be a maximal order and let N ≥ 1 be coprime to D. There is

an isomorphism ιN : O ↪→ O ⊗Z ZN
∼= M2(ZN ), where ZN denotes the completion of Z at

the ideal (N). Let

O(N) := {x ∈ O : ιN(x) is upper triangular modulo N};

the order O(N) is called an Eichler order of level N . Taking Ĥ = Ô(N)×, we denote the

corresponding Shimura curve by X0(D;N) := XB
Ĥ
. Ribet’s isogeny theorem [74, 11, 42, 40]

applies in this setting, and we have an isogeny defined over Q

J(X0(D;N)) ∼Q J0(DN)D−new ∼Q
∏
[f ]

A
ef
f ,

where J0(DN) is the Jacobian of the classical modular curve X0(DN) and the product

runs over Galois orbits of D-new newforms of S2(Γ0(DN)). In fact, we have

S2(Γ0(DN))D−new =
⊕

D|M |DN

(S2(Γ0(M))new)⊕e(DN/M),
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where e(k) = # positive divisors of k. While a trace formula is a priori not needed to

determine the isogeny decomposition of J(X0(D;N)), it is nevertheless a useful consistency

check and a demonstrative class of examples.

Example 2.6.1 (X0(6, 25)). We search in the Classical modular forms section of the

LMFDB [62] for weight 2 newforms of level 6 · 25 = 150 with trivial conductor (character

order = 1), and keeping only the ones that are 6-new (equiv. level divisible by 6). There

are 4 newforms satisfying this requirement:

f1 = 30.2.a.a, f2 = 150.2.a.a, f3 = 150.2.a.b, f4 = 150.2.a.c.

Hence we have

J(X0(6, 25)) ∼Q A
e(150/30)
f1

× Ae(1)
f2
× Ae(1)

f3
× Ae(1)

f4
∼Q A

2
f1
× Af2 × Af3 × Af4 .

For p ̸= 2, 3, 5, we expect

ap(Ô(25)
×) := TrTp|SB

2 (Ô(25)
×) = 2ap(f1) + ap(f2) + ap(f3) + ap(f4),

which we compare with the output of Corollary 2.3.5:

p ap(Ô(25)
×) ap(f1) ap(f2) ap(f3) ap(f4)

7 -4 -4 2 4 -2

11 4 0 2 0 2

13 2 2 6 -2 -6

17 6 6 2 -6 -2

19 -12 -4 0 -4 0

23 0 0 -4 0 4
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2.6.2 Arbitrary levels

Example 2.6.2. Let B =
(

3,−1
Q

)
, O ⊆ B a maximal order with Z-basis ⟨1, (1 + i+ j +

k)/2, (1− i+ j−k)/2, (1− i− j+k)/2⟩, and H = ⟨2+ i+ j+k, 2, 3+ i+ j+k⟩ ≤ (O/3O)×.

The corresponding Shimura curve XB
Ĥ

has LMFDB label 6.1.3.36.2.a.1 (the Shimura

curves section is currently under development and only available in the Alpha version

of the LMFDB). The level of H is N = 3 and D = discB = 6. Three Galois orbits of

eigenforms f ∈ S2(Γ1(3)∩Γ0(54)) have dim f ≤ g(XB
Ĥ
) = 2, with LMFDB labels 27.2.a.a,

54.2.a.a, and 54.2.a.b. ForM = 53 as described in Section 2.2, the 15×3 matrix T (M)

has independent columns. Computing ap(H) via the trace formula for p = 5, 7, 11, . . . , 53

yields a(H;M) = [2, 0,−2, 0,−8, 0, 4, 0, 0, 10, 4, 0,−20, 0, 0]T , and the linear system



1 1 1

0 −3 3

−1 −1 −1

0 3 −3

5 −4 −4

0 0 0

−7 2 2

0 6 −6

0 −6 6

−4 5 5

11 2 2

0 6 −6

8 −10 −10

0 −6 6

0 −9 9



e(H) =



2

0

−2

0

−8

0

4

0

0

10

4

0

−20

0

0


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has the unique solution e(H) = [0, 1, 1]T , corresponding to the Galois orbits 54.2.a.a and

54.2.a.b both of dimensions 1 and analytic ranks 0; thus JH also has analytic rank 0.

The Magma script that reproduces this example is available in [46] at

./examples/6.1.3.36.2.a.1.m.

Example 2.6.3. Let B and O be the same as in Example 2.6.2, and let H = ⟨3+2k, 4− i+

2k, 6− i+2k, 3, 5− i+ k⟩ ≤ (O/4O)×. The corresponding Shimura curve XB
Ĥ

has LMFDB

label 6.1.4.24.1.bj.1. The level of H in this case is N = 4 = 22. Five Galois orbits of

eigenforms f ∈ S2(Γ1(4)∩Γ0(96)) has dim f ≤ g(XB
Ĥ
) = 1, with LMFDB labels 24.2.a.a,

32.2.a.a, 48.2.a.a, 96.2.a.a, and 96.2.a.b. Computing ap(H) via the trace formula

for p = 5, 7, 11 suffices to identify the newform f = 48.2.a.a with the property that

XB
Ĥ
∼= J(XB

Ĥ
) ∼Q Af . As a corollary of this computation, we have that the Shimura curve

XB
Ĥ
belongs to the elliptic curve isogeny class 48.a. The Magma script that reproduces

this example is available in [46] at ./examples/6.1.4.24.1.bj.1.m.

2.7 Towards a moduli approach

In this section, we give a proof of the trace formula in the weight 2 level 1 case (i.e.

Ĥ = Ô×) via the moduli interpretation of Shimura curves, analogous to the proof of [78,

Section 5]; we do not see an apparent way to extend this argument to general weight and

level.

2.7.1 QM-Abelian Surfaces

We begin by making precise the objects parametrized by Shimura curves, following

[91, Chapter 43]. Let B be an indefinite quaternion algebra over Q of discriminant D, and

O be a maximal order in B. Fix a principal polarization of O, i.e. an element µ ∈ O such

that µ2 +D = 0. Every O has a principal polarization µ (c.f. [91, 43.6.6]), which induces

a positive involution

∗ : α 7→ α∗ := µ−1ᾱµ
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on O and hence B.

Let (A, λ) be a principally polarized abelian surface defined over a field k, where

λ : A
∼−→ A∨. Let End(A)Q := End(A) ⊗Z Q denote the rational endomorphism ring of A.

Recall that λ induces a positive involution, known as the Rosati involution, on End(A)Q

given by † : α 7→ λ−1α∨λ.

Definition 2.7.1. We say (A, ι, λ) is an (O, µ)-QM (quaternionic multiplication) abelian

surface if there is an embedding ι : O ↪→ End(A) such that the following diagram commutes

B End(A)Q

B End(A)Q

ι

∗ †

ι

where ∗ and † are as above.

Remark 2.7.2. By [91, Remark 43.6.27], fixing A and ι, there is a unique principal

polarization of A such that its induced Rosati involution is compatible with µ as in

Definition 2.7.1. Hence we may abbreviate the notation (A, ι, λ) by (A, ι) without confusion.

Definition 2.7.3. A homomorphism (resp. isomorphism) (A, ι) → (A′, ι′) of principally

polarized (O, µ)-QM abelian surfaces is a homomorphism (resp. isomorphism) φ : A→ A′

of principally polarized abelian surfaces (respecting the polarization, i.e. φ∨ ◦ λ′ ◦ φ = λ

(resp. φ∗λ′ = λ)) such that the following diagram commutes

B End(A′)Q

End(A)Q

ι′

ι
φ∗ .

We define the Shimura curve X(D; 1) to be the coarse moduli space of (O, µ)-QM abelian

surfaces.

Let k be a perfect field of characteristic coprime to D and Gk := Gal(k/k). Given a

QM-abelian surface (A, ι) defined over k, each σ ∈ Gk induces an action (A, ι)σ := (Aσ, ισ)

where Aσ is defined by the fibered diagram
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Aσ A

Spec k Spec kσ

and ισ(x) := (ι(x))σ. Let X(D; 1)(k) be the set of isomorphism classes of O-QM abelian

surfaces, and X(D; 1)(k) := X(D; 1)Gk .

We continue with the discussion of level structures on QM -abelian surfaces following

[4, Section 2], parallel to the story of level structures on elliptic curves, c.f. [78, Section 2].

Definition 2.7.4. Let k be a perfect field of characteristic coprime to N , and (A, ι, λ) ∈

X(D; 1)(k). A full level N structure is an isomorphism of rank 1 O-modules

α : (O/NO)
∼−→ A[N ](k),m 7→ ι(m)(Q)

for some (O/NO)-basis element Q ∈ A[N ](k).

Let α1 and α2 be two full level N structures on (A1, ι1, λ1) and (A2, ι2, λ2) cor-

responding to Q1 ∈ A1[N ](k) and Q2 ∈ A2[N ](k), respectively. We say the tuples

(A1, ι1, λ1, α1) and (A2, ι2, λ2, α2) are isomorphic if there is an isomorphism

φ : (A1, ι1, λ1)→ (A2, ι2, λ2)

as defined above and φ(Q1) = Q2. We let [(A1, ι1, λ1, α1)] denote the isomorphism class

of this triple. We define X(D;N) to be the Shimura curve parametrizing O-QM abelian

surfaces with full level N structures.

There is a left action of (O/NO)× on the set of full level N structures of (A, ι, λ) as

follows: given a ∈ (O/NO)×, right multiplication by a gives an isomorphism ra : O/NO →

O/NO of left O-modules. Hence if α is a full level N structure on (A, ι, λ), so is α ◦ ra.

Given a subgroup H ≤ (O/NO)×, we say two tuples (Ai, ιi, λi, αi), i = 1, 2 are

H-equivalent if there is an isomorphism φ : (A1, ι1, λ1)→ (A2, ι2, λ2), and for some h ∈ H,
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α2 = rh ◦ α1 ◦ φ|A1[N ]. We let [(A, ι, λ, α)]H denote the H-equivalence class under this

equivalence relation. An H-level structure on an O-QM abelian surface (A, ι, λ) is an

equivalence class [(A, ι, λ, α)]H .

Definition 2.7.5. Let H ≤ (O/NO)×. We define the Shimura curve XH(D;N) to be the

coarse moduli space of the Deligne-Mumford stack over SpecZ[1/N ] that parametrizes

O-QM abelian surfaces with H-level structure; equivalently, XH(D;N) is the coarse space

of the stacky quotient X(D;N)/H.

Remark 2.7.6. It is a classical result [cite Shimura?] that XH(D;N) is a smooth geometri-

cally integral curve defined over Q.

Remark 2.7.7. Let H := Ĥ ∩ (O/NO)×. There exists a biholomorphism of complex

Riemann surfaces

φ : XB
Ĥ
(C) ∼−→ XH(D;N)(C),

thus bridging the two definitions of Shimura curves that we have given.

2.7.2 Point Counting via Moduli

We begin by recalling a classical result which says that QM-abelian surfaces over

finite fields are “not so different” from elliptic curves.

Lemma 2.7.8. Let A be an (O, µ)-QM abelian surface defined over k = Fq with gcd(q,D) =

1 and char(Fq) = p. Then A ∼k E
2, where E is an elliptic curve defined over k.

Proof. This result first appeared in [95, Lemma 6]. We give an abbreviated argument here

(c.f. [22, Proposition 68 and Appendix] for a treatment when k = k). Let ℓ be a prime

coprime to q and Tℓ(A) be the ℓ-adic Tate module of A. Since A has O-QM over Fq, Tℓ(A)

is a rank 1 O-module (as rankZ Tℓ(A) = 4). Hence the q-Frobenius π-action on Tℓ(A)

is given by right multiplication by some element x ∈ O. Hence PA(T ) = f(T )2, where

f(T ) is the reduced characteristic polynomial of x (of degree 2). By Honda-Tate theory
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[43][86], either A ∼Fq E
2 where E is an elliptic curve defined over Fq or A is Fq-simple.

We now proceed to rule out the latter case. Suppose A is Fq-simple. Then once again by

Honda-Tate theory, End(A)Q is a division algebra with center Q(π) with either Q(π) = Q

or a quadratic field K. When Q(π) = Q, then A is necessarily Fq-isogenous to the square

of a supersingular elliptic curve whose endomorphism algebra is ramified at p and ∞,

contradicting that B is unramified at p. If Q(π) = K, then End(A)Q is unramified at all

finite places, which contradicts the fact that B is a division algebra.

We now restrict ourselves to k = Fp and analyze the cases according to whether E

is ordinary or supersingular. Since we are interested in counting Fp-isomorphism classes of

O–QM abelian surfaces, in both cases we start by upgrading Lemma 2.7.8 to a statement

about isomorphisms. Recall that EndFp(E) of E/Fp is always an imaginary quadratic

order regardless of whether E is ordinary or supersingular.

Definition 2.7.9. Let K be a quadratic field and R an order in Mn(K). Then the center

Z(R) of R is an order of K = Z(Mn(K)). We define the central conductor of R to be

fR := fZ(R) = [ZK : Z(R)],

which uniquely determines Z(R).

For E/Fp an elliptic curve, the (endomorphism ring) conductor fE is the conductor

of the order End(E) in the ring of integers ZK of End(E)Q = K for some imaginary

quadratic field K.

Let A/Fp be an abelian surface which is isogenous to E2 over Fp. The central

conductor fA of A is the central conductor of the order End(A) in End(A)Q ∼= End(E2)Q ∼=

M2(K) for some imaginary quadratic field K. Denote Z(End(A)) by O(fA), where O(fA)

is the order in ZK of conductor fA. We say (A, ι) has CM by O(fA).

Theorem 2.7.10 (Kani). If A/Fp is an abelian surface which is isogenous to E2 over Fp,
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where E is an ordinary elliptic curve defined over Fp, then there exists ordinary elliptic

curves E1 and E2 such that we have an isomorphism A ∼= E1 × E2 over the base field Fp.

Furthermore, fixing an ordinary elliptic curve E/Fp with End(E)Q = K, an imagi-

nary quadratic field, there exists a bijection between the set of Fp-isomorphism classes [E ′]

of elliptic curves E ′ isogenous to E with conductor fE′ |fE, and the set of Fp-isomorphism

classes of abelian surfaces A/Fp isogenous to E2 with corresponding central conductor

fA = fE. Explicitly, this bijection is given by [E ′] 7→ [E ′ × E].

Proof. See [53, Theorems 2, 67].

Remark 2.7.11. Kani’s theorems [53] in fact holds over arbitrary base fields (over fields of

characteristic 0, the condition that E is ordinary is appropriately replaced by E is CM).

The following result further strengthens Kan’s theorem.

Proposition 2.7.12. Let (A, ι)/k be a QM abelian surface with CM by S ⊆ OK for some

imaginary quadratic field K. Fix E1/k any elliptic curve with S-CM. Then there exists an

S-CM elliptic curve E2/k, unique up to k-isomorphism, such that A ∼= E1 × E2 over k.

Proof. See [80, Corollary 2.14].

The analogous result holds for supersingular E/Fp.

Lemma 2.7.13. Let R be a quadratic order, i.e. an order in a degree 2 extension K of Q.

Let M be a finitely presented (f.p.) torsion-free R-module.

1. There exists a unique chain of orders R1 ⊆ · · · ⊆ Rn between R and K and invertible

ideals I1, . . . , In of R1, . . . , Rn, respectively, such that M ∼= I1 ⊕ · · · ⊕ In as an

R-module.

2. The Ii are not unique, but their product I1 · · · In is an invertible Rn-ideal whose class

[M ] ∈ PicRn depends only on M .
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3. The isomorphism type of M is uniquely determined by the chain R1 ⊆ · · · ⊆ Rn and

the class [M ] ∈ PicRn.

Proof. See [15].

Proposition 2.7.14. Let A be an O-QM abelian surface defined over Fp such that A ∼Fp E
2

where E is a supersingular elliptic curve defined over Fp. Then there exists supersingular

elliptic curves E1 and E2 defined over Fp such that A ∼= E1 × E2 over Fp.

Proof. Consider the two functors

H om(−, E) :{f.p. torsion-free left R-modules}opp

→ {abelian varieties isogenous to a power of E},

and

Hom(−, E) :{abelian varieties isogenous to a power of E}

→ {f.p. torsion-free left R-modules}opp.

For E/Fp supersingular, the above two functors are equivalence of categories [52, Section

7.3] except for the case where p ≡ 3mod 4 and Z[
√
−p] ̸= EndE as shown in the table in

[52, Section 7.3]. Without loss generality, we may always assume that H om(−, E) and

Hom(−, E) are equivalences of categories: for if we are in the case where p ≡ 3mod 4 and

Z[
√
−p] ̸= EndE, we may replace E by an elliptic curve E ′/k isogenous to E such that

EndE ′ = Z[
√
−p] [92, Theorem 4.2]. By Lemma 2.7.13(1), a f.p. torsion-free R-module is

a direct sum of rank 1 f.p. torsion-free R-modules. Hence the equivalence of categories

together with Lemma 2.7.13(1) implies that A ∼= E1 × E2 over Fp.

Remark 2.7.15. The above statement also holds over Fp2 (c.f. [52, Theorem 5.3c]) and

Fp, but is false over Fpn for n > 2, which gives rise to a challenge to extend the present
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argument beyond Fp.

There is also the following analogue of the second part of Theorem 2.7.10 in the

supersingular case.

Proposition 2.7.16. Fix a supersingular elliptic curve E over Fp such that R := EndE =

Z[
√
−p]. There is a bijection between the set of Fp-isomorphism classes of abelian surfaces

A ∼k E
2 such that fA|fE and the set of Fp-isomorphism classes of products of elliptic

curves E1 × E2 where each Ei is k-isogenous to E together with fEi
|fE.

Proof. This is a restatement of [52, Theorem 7.11] combined with Proposition 2.7.14.

The next result explains how to count the number of QM-structures given A.

Lemma 2.7.17. The number of Fp-isomorphism classes (O, µ)-QM abelian surfaces (A, ι)

with CM by S ⊆ ZK for some imaginary quadratic field K is given by m(S,O;O×).

Proof. We need to show that

1. given an O-QM abelian surface, we get an optimal embedding S ↪→ O

2. an optimal embedding S ↪→ O gives rise to an O-QM abelian surface (A, ι)

3. two O-QM abelian surfaces (A1, ι1), (A2, ι2) corresponding to optimal embeddings

φ1, φ2 : S → O are isomorphic if and only if φ1 and φ2 are O×-conjugate.

Fix an imaginary quadratic field K and an order S ⊇ ZK . Let (A, ι) be an O-QM abelian

surface with CM by S. Then Lemma 2.7.12 (or Lemma 2.7.16) combined with [91, Lemma

5.4.7] imply the existence of an embedding φ : K ↪→ B. A priori, φ(S) ⊆ O′ for some

maximal order O′. By strong approximation, O and O′ are conjugates, so we may assume

without loss of generality that φ : S ↪→ O. Optimality of φ follows from the fact that

Z(End(A)) = S by hypothesis.
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Conversely, let φ : S ↪→ O be an optimal embedding. After extending scalars and

applying [91, Lemma 5.4.7], we obtain an embedding ι : B ↪→M2(K). Let E be an S-CM

elliptic curve defined over k. Take A = E2. Then (A, ι) is O-QM.

Remark 2.7.18. The complex-analytic analogue of Lemma 2.7.17 is [2, Theorem 6.13]

specialized to the case N = 1.

Lemma 2.7.19. Let (A, ι)/Fp be an (O, µ)-QM abelian surface with CM by Z[x]/(x2 −

tx+ p) ⊆ S ⊆ ZK for some imaginary quadratic field K. Then we have

#Autk((A, ι)) =


#S×/2, if t ̸= 0, and

#S× if t = 0.

Proof. This follows from the fact that ±P are GL2(K)-conjugate if and only if Tr(P ) =

0.

Theorem 2.7.20. Let p be a prime number with (p,D) = 1. The number of Fp–points on

the Shimura curve X(D; 1) is given by

#X(D; 1)(Fp) =
∑

t2−4p<0

∑
S⊇

Z[x]/(x2−tx+p)

h(S)

#S×m(Ŝ, Ô; Ô×). (2.11)

Proof. By Propositions 2.7.12 and 2.7.16, every Fp-point of X(D; 1) corresponds to an

(O, µ)-QM abelian surface (A, ι) with CM by some imaginary imaginary quadratic order

S ⊇ Z[x]/(x2 − tx+ p). By Lemma 2.7.17, there are m(S,O;O×) Fp-isomorphism classes

of (O, µ)-QM abelian surfaces with CM by S, for each such imaginary quadratic order S.

In addition, when we sum over pairs of integers (t, p) with t ≠ 0 such that t2 − 4p < 0 and

orders S ⊇ Z[x]/(x2 − tx+ p), each such S is summed twice corresponding to ±t.
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Combining all of the above and Lemma 2.7.19, We have

#X(D, 1)(Fp) =
1

2

∑
t2−4p<0

t̸=0

∑
S⊇

Z[x]/(x2−tx+p)

m(S,O;O×)

#S×/2
+

∑
S⊇

Z[x]/(x2−p)

m(S,O;O×)

#S×

=
∑

t2−4p<0

∑
S⊇

Z[x]/(x2−tx+p)

m(S,O;O×)

#S×

=
∑

t2−4p<0

∑
S⊇

Z[x]/(x2−tx+p)

h(S)

#S×m(Ŝ, Ô; Ô×),

where in the last equality we have made use of the fact thatm(S,O;O×) = h(S)m(Ŝ, Ô; Ô×)

as B is indefinite and #ClsO = 1, c.f. [91, Theorem 28.2.11].

2.8 Trace formula for definite quaternion algebras

Though not needed for the purpose of computing isogeny decompositions of Jaco-

bians of Shimura curves, we also give a trace formula in the definite case. Let B be a

definite quaternion algebra over Q of discriminant D. Let O be an order in B, Ĥ ≤ Ô×

an open compact subgroup of level N , and n ∈ N with (n,DN) = 1. We give an explicitly

computable trace formula for the Hecke operators Tn acting on the space of weight 2

modular forms of level Ĥ as defined in Definition 1.3.3.

Since the set B×\B̂×/Ĥ is finite, we write

B̂× =
n∐

i=1

B×β̂iĤ.

Each point B×β̂iH is equipped with a finite stabilizer group Γi := β̂iĤβ̂
−1
i ∩B×. There is
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an isomorphism of C-vector spaces given by

MB
2 (Ĥ)→

n⊕
i=1

H0(Γi,C)

f 7→ (f(β̂i))
n
i=1.

We treat all such subgroups Ĥ systematically by reducing to the maximal order

case; we assume from now on that O0(1) = O is a maximal order. Define CoInd
Ô0(1)×

Ĥ
(C) =

Map(Ô0(1)
×/Ĥ,C). There is an isomorphism of C-vector spaces

MB
2 (Ĥ)→MB

2 (Ô0(1)
×,CoInd

Ô0(1)×

Ĥ
(C))

that is Hecke equivariant for all Hecke operators Tn with (n,N) = 1. We give a decompo-

sition of MB
2 (Ô0(1)

×,CoInd
Ô0(1)×

Ĥ
(C)) analogous to the one for MB

2 (Ĥ) above.

Let I1, . . . , Ih be representatives for ClsO0(1) with h = #ClsO0(1), and let Ii :=

α̂iÔ0(1)∩B. By strong approximation (see, e.g., [91, Proposition 28.5.18]), we may assume

that (nrd(Ii), DN) = 1, for i = 1, . . . , h. Let O0(1)i := OL(Ii) = α̂iÔ0(1)α̂i
−1 ∩B be the

left order of Ii. We have (O0(1)i)p = O0(1)p for all p ∤ DN . As before, we have the Hecke

equivariant isomorphisms of C-vector spaces

MB
2 (Ĥ) ∼= MB

2 (Ô0(1)
×,CoInd

Ô0(1)×

Ĥ
(C)) ∼=

h⊕
i=1

H0(O0(1)
×
i ,CoInd

Ô0(1)×

Ĥ
(C)).

The definition of Hecke operators given in Section 1.4 can be reinterpreted as follows

(c.f. [27, Section 8]). For n ∈ Z, we define

Θ(n)i,j := O0(1)
×
i \{x ∈ IiI−1

j : nrd(xIiI
−1
j ) = n},

Let Θ(n)i := Θ(n)i,i and MB
2 (Ĥ)i := H0(O0(1)

×
i ,CoInd

Ô0(1)×

Ĥ
(C)). The Hecke operator
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Tn :MB
2 (Ĥ)→MB

2 (Ĥ) is defined component-wise by

(Tn)i,j :M
B
2 (Ĥ)i →MB

2 (Ĥ)j

f 7→
∑

α∈Θ(n)i,j

α · f.

The space CoInd
Ô0(1)×

Ĥ
(C) comes with a natural permutation representation ρ

of Ô0(1)
× by left multiplication as follows: for û, x̂ ∈ Ô0(1)

×, h ∈ CoInd
Ô0(1)×

Ĥ
(C),

(ûh)(x̂Ĥ) = h(ûx̂Ĥ). We let ρi denote its restrictions to H0(O0(1)
×
i ,CoInd

Ô0(1)×

Ĥ
(C)).

Since Hp = O0(1)
×
p for all primes p ∤ N , the representation ρ factors through

∏
p|N O0(1)

×
p ,

and hence ρ extends to B̂×
(N)

:= {(αp) ∈ B̂× : αp ∈ O0(1)
×
p for all p|N}, which we also

denote by ρ by abuse of notations. In particular, ρ and ρi are well-defined on the Θ(n)i’s.

Example 2.8.1. Let B =
(

−1,−23
Q

)
and

O0(1) = Z+ Zi+ Z
1 + j

2
+ Zi

1 + j

2
,

a maximal order in B. Since 3 ∤ 23, O0(1)3 ∼= M2(F3). Consider the Eichler order of level 3

O0(3) = {x ∈ O0(1) : x upper triangular mod 3} ≤ O0(1).

We have O0(1)
×
3 /O0(3)

×
3
∼= GL2(F3)/B2(F3). Thus dimC CoInd

Ô0(1)×

Ô0(3)×
(C) = 4. By Strong

Approximation, we have representatives I1, I2, I3 of ClsO0(1) with N(Ii) = 7i−1, i = 1, 2, 3.

Let Oi = OL(Ii) be the left order of Ii. We have O×
i
∼= Z[i]×,Z×,Z[ω]×, respectively,

where ω = (−1 +
√
3)/2; i and ω act on O0(1)

×
3 /O0(3)

×
3 as (1, 4)(2, 3) and (1, 2, 4)(3),

respectively. Hence we obtain that

dimCH
0(O×

i ,CoInd
Ô0(1)×

Ô0(3)×
(C)) = 2, 4, 2, respectively.
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To compute the trace of T5 acting on MB
2 (Ô0(3)

×), we begin by computing Θ(5)i using

the proof of [91, Lemma 41.2.7] (equiv. [26, Algorithm 2.1]). We have

Θ(5)1 = {2 + i, 2− i},

Θ(5)2 = {1− 9i/7 + j/7 + 2k/7, 1 + 9i/7− j/7− 2k/7}, and

Θ(5)3 = ∅.

We compute the permutation action of the Θ(5)i’s on O0(1)
×
3 /O0(3)

×
3 :

permutation representation trace

2 + i (1,3,4,2) 0

2− i (1,2,4,3) 0

1− 9i/7 + j/7 + 2k/7 (1,4,2,3) 0

1 + 9i/7− j/7− 2k/7 (1,3,2,4) 0

and conclude that TrT5|MB
2 (Ô0(3)

×) = 0.

Before stating the trace formula, we first examine how Tr ρ differs from Tr ρi. From

now on, assume B ̸∼= (−1,−1|Q) or (−3,−1|Q). By [91, Theorem 11.5.14], O0(1)
×
i is

isomorphic to one of Z×,Z[i]×, or Z[ω]×, where ω = (−1 +
√
3)/2.

Lemma 2.8.1. As before, let ρ : Ô0(1)
× → GL(CoInd

Ô0(1)×

Ĥ
(C)) and

ρi : Ô0(1)
× → GL(H0(O0(1)i,CoInd

Ô0(1)×

Ĥ
(C))).

We have

Tr ρi(x) =
1

|O0(1)
×
i |

∑
u∈O0(1)

×
i

Tr(ρ(ux)), for all x ∈ Ô0(1)
×.

In particular, dimCH
0(O0(1)i,CoInd

Ô0(1)×

Ĥ
(C)) = Tr ρi(1).
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Proof. For ease of notation, let R := O0(1)i, and V := CoInd
Ô0(1)×

Ĥ
(C). Consider the

projection operator P : V → V R×
defined by averaging over R×:

P (v) :=
1

|R×|
∑
u∈R×

ρ(u)v.

For x ∈ Ô0(1)
×, the trace Tr ρ′(x) is the contribution of Tr ρ(x) to V ×, and is hence given

by

Tr ρ′(x) = Tr(P ◦ ρ(x)) = 1

|R×|
∑
u∈R×

Tr(ρ(ux)).

Theorem 2.8.2 (Trace Formula: Definite Case). Let B be a definite quaternion algebra

over Q of discriminant D, O0(1) a maximal order in B, and Ĥ ≤ Ô0(1)
× an open compact

subgroup of level N . Let χĤ denote the character of ρ, and A(t, b, S) be the same as in

(2.9). For all square-free n ∈ N with (n,DN) = 1, we have that the trace of the Hecke

operator Tn acting on MB
2 (Ĥ) is given by

TrTn =
∑

t2−4n<0

∑
S⊇

Z[x]/(x2−tx+n)

m(S,O0(1); ΓĤ)

wS

.

The sum is over

• finitely many integers t ∈ Z satisfying t2 − 4n < 0 and

• quadratic orders S ⊇ Z[x]/(x2 − tx+ n).

We have adopted the following notations:

• wi = #O0(1)
×
i , wS = #S×, and h(S) = #Pic(S)

• For each t ∈ Z with t2− 4n < 0, let K = Q(γ) with minpolyQ(γ) = x2− tx+ n. Fix

one embedding K ↪→ B with γ 7→ α0.
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Proof. Since B is definite, each α ∈ Θ(n)i has discriminant disc(α) = t2 − 4n < 0, since

we have assumed that n is square-free. Thus we sum over finitely many t ∈ Z satisfying

t2 − 4n < 0. From the component-wise decomposition of Tn and by Lemma 2.8.1, we have

TrTn =
h∑

i=1

∑
α∈Θ(n)i

Tr ρi(α) (2.12)

=
∑

t2−4n<0

h∑
i=1

∑
α∈Θ(n)i

trdα=t,nrdα=n

Tr ρi(α) (2.13)

=
∑

t2−4n<0

h∑
i=1

∑
α∈Θ(n)i

trdα=t,nrdα=n

 1

wi

∑
u∈O0(1)

×
i

Tr ρ(uα)

 (2.14)

=
∑

t2−4n<0

h∑
i=1

1

wi

∑
α∈Θ(n)i

trdα=t,nrdα=n

 ∑
u∈O0(1)

×
i

Tr ρ(uα)

 (2.15)

=
∑

t2−4n<0

h∑
i=1

1

wi

∑
α∈O0(1)i

trdα=t,nrdα=n

Tr ρ(α). (2.16)

Since disc(α) < 0, α /∈ Q, and Z[α] ∼= Z[x]/(x2 − tx+ n) is a domain. There is a

one-to-one correspondence between {α ∈ O0(1)i : trdα = t, nrdα = n} and

{optimal S ↪→ O0(1)i : quadratic orders Z[α] ⊆ S ⊂ K}.

Let ES,i = ES,O0(1)i . Recall that there is a bijection between Emb(S,O0(1)i;O0(1)
×
i ) and

K×\ES,i/O0(1)
×
i . The action of conjugation by µ ∈ O0(1)

×
i centralizes the embedding

S ↪→ O0(1)i if and only if µ ∈ S×. Hence we have

∑
α∈O0(1)i

trdα=t,nrdα=n

Tr ρ(α) =
∑
S⊇

Z[x]/(x2−tx+n)]

wi

wS

∑
β∈K×\ES,i/O0(1)

×
i

Tr ρ(β−1α0β). (2.17)

Let ÊŜ = {β̂ ∈ B̂× : β̂−1K̂β̂ ∩ Ô0(1) = β̂−1Ŝβ̂}. By the proof of [91, Theorem
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30.4.7], there is a surjection of pointed sets

K×\ÊS/Ô0(1)
× ∼=

h∐
i=1

Emb(S,O0(1)i;O0(1)
×
i )
∼=

h∐
i=1

K×\ES,i/O0(1)
×
i ↠ K̂×\ÊŜ/Ô0(1)

×,

(2.18)

and the fiber over each point is isomorphic to K×\K̂×/Ŝ× ∼= PicS. Continuing from

(2.16), (2.17), and applying (2.18), we have

TrTn =
∑

t2−4n<0

h∑
i=1

∑
S⊇

Z[x]/(x2−tx+n)

1

wS

∑
β∈K×\ES,i/O0(1)

×
i

Tr ρ(β−1α0β) (2.19)

=
∑

t2−4n<0

∑
S⊇

Z[x]/(x2−tx+n)

h(S)

wS

∑
β̂∈K̂×\Ê

Ŝ
/Ô0(1)×

Tr ρ(β̂−1α0β̂). (2.20)

In the last equality, we apply strong approximation to ensure that β̂α0β̂ is p-integral for

all p|N .

The desired result now follows from Lemma 2.5.2.

Corollary 2.8.3. With the same notations as in Theorem 2.8.2, for all n ∈ N with

(n,DN) = 1, we have

TrTn =
∑

t2−4n<0,
S⊇

Z[x]/(x2−tx+n)

m(S,O0(1); ΓĤ)

wS

+ δmass(ClsO0(1))[Ô0(1)
× : Ĥ],

where δ = 1, 0 according as n is square or not, and

mass(ClsO0(1)) := 2
h∑

i=1

1

wi

.

Proof. Nothing changes from Theorem 2.8.2 when n is not a square. When n = k2, k ∈ N,

is a perfect square, we additionally have α = ±k ∈ Θ(n)i for i = 1, . . . , h. Since k ∈ N,
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Tr ρ(±k) = Tr ρ(1), and hence the additional contribution to TrTn is given by

2
h∑

i=1

1

wi

Tr ρ(1) = mass(ClsO0(1)) dimCoInd
Ô0(1)×

Ĥ
(C) = mass(ClsO0(1))[Ô0(1)

× : Ĥ].

Acknowledgments

Chapter 2 is, in part, based on the following paper being prepared for submission

for publication, of with the dissertation author is a coauthor and collaborator.

• Yongyuan Huang, John Voight “Computing with Jacobians of Shimura curves: point

counts and isogeny decomposition via trace formula”.

54



Part II

Census of low-genus curves over small

finite fields
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Chapter 3

Census of curves of genus 5 over F3
and genus 6 & 7 over F2

3.1 Introduction

3.1.1 Overview

For g > 1, letMg denote the moduli stack of curves of genus g. (All “curves” herein

are smooth, projective, and geometrically irreducible unless otherwise specified.) For each

prime power q, the setMg(Fq) of Fq-valued points ofMg is finite; it is naturally identified

with the set of isomorphism classes of curves of genus g over Fq. We equipMg(Fq) with

the measure which gives the isomorphism class of a curve C the weight 1
#Aut(C)

, as in

the Lefschetz trace formula for Deligne–Mumford stacks [6]. Indeed, Mg(Fq) := {x :

Spec(Fq)→Mg} is a groupoid, and the point count onMg that we have defined is the

groupoid cardinality

#Mg(Fq) :=
∑

[C]∈Mg(Fq)

1

#Aut(C)
.

Here we count automorphisms of C over Fq itself, not its base extension to an algebraic

closure. Let Mg denote the coarse moduli space ofMg. The resulting stacky point count

#Mg(Fq) can also be interpreted as the number of geometric isomorphism classes of genus

g curves which admit a model over Fq (see Lemma 3.1.5 for the relationship between these

two counting problems).
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SinceMg has relative dimension 3g − 3 over Z, the setMg(Fq) has order roughly

q3g−3 and thus is feasible to compute for small values of g and q. We precisely state the

computation of the setMg(Fq) as the Census Problem as follows.

Problem 3.1.1 (Census Problem). Given a prime power q and g > 0, find one curve

representing each isomorphism class inMg(Fq) and compute the Fq-automorphism group

of each representative curve.

A complete census of curves of genus g over Fq is available in the following cases:

1. g ≤ 3 and various q by Sutherland and Howe [44] (see https://www.lmfdb.org/

Variety/Abelian/Fq/Completeness for a complete list of q’s),

2. g = 4, q = 2 by Xarles [94],

3. g = 4, q = 3 by Howe [44] for the hyperelliptic case and Bergström–Faber–Payne [9]

for the non-hyperelliptic case, and

4. g = 5, q = 2 by Dragutinović [28].

In this chapter, we discuss our work extending the censuses of curves to the following

cases:

1. g = 6 and q = 2,

2. g = 5 and q = 3, and

3. g = 7 and q = 2.

3.1.2 Motivations

We discuss two primary motivations for our work.
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The Torelli locus

Let Ag denote the moduli space of g-dimensional principally polarized abelian

varieties. There is an open embedding known as the Torelli map

T :Mg → Ag, X 7→ Jac(X).

We define the open Torelli locus T ◦
g to be the image of T , which is dense inside Ag for

g = 1, 2, 3. However, since Ag has relative dimension g(g + 1)/2 over SpecZ for g ≥ 2, T ◦
g

has positive codimension inside Ag for g ≥ 4. Over finite fields, one can enumerate isogeny

classes of abelian varieties by enumerating Weil polynomials by the Honda-Tate Theorem

[43, 86], as is done to create the abelian varieties over finite fields section of the LMFDB

[30]. It is then natural to ask the following.

Question 3.1.2. Which isogeny classes of principally polarized abelian varieties of dimension

g over Fq contain the Jacobian(s) of curve(s) of genus g over Fq?

Example 3.1.1. There are 235, 942 out of 267, 465 isogeny classes of abelian five-folds

over F3 for which we do not know whether they contain Jacobians.

Question 3.1.3. Taking the numerator of the zeta function of a curve of genus g over Fq

defines a map L : Mg → {degree 2g q-Weil polynomials}. Given any arbitrary q-Weil

polynomial of degree 2g, what is L−1(f)?

Remark 3.1.4. Question 3.1.3 naturally arises in [59], where a partial census of curves of

genera 6 and 7 is needed to resolve the relative class number one problem for function

fields; this also serves as a starting point for lots of our work discussed in this chapter, c.f.

[59, Section 8].

Polynomial point count of Mg and Mg,n

Let Ng(q) := #Mg(Fq) be the number of geometric isomorphism classes of smooth

projective curves of genus g that are defined over Fq. We also have Ng(q) = #Mg(Fq) by
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the following fact.

Lemma 3.1.5. Let X be a Deligne–Mumford stack over a finite field Fq admitting a coarse

moduli space X. Then #X (Fq) = #X(Fq).

Proof. See [9, Proposition 1.3(3)].

Well-known calculations have shown that

• N0(q) = 1,

• N1(q) = q,

• N2(q) = q3,

• N3(q) = q6 + q5 + 1 [63], and

• N4(q) = q9 + q8 + q7 − q6 [9].

Let X be a Deligne-Mumford stack. We have, by Behrend’s extension of the

Grothendieck-Lefschetz trace formula to Deligne-Mumford stacks [6, Theorem 3.1.2], that

#X (Fq) =
∑
i

(−1)i Tr(Frob∗
q |H i

c(X ,Qℓ)),

the alternating sum of the graded trace of Frobenius acting on the ℓ-adic cohomology of X

with compact support for any (ℓ, q) = 1. We say X has a polynomial point count when there

exists a polynomial P (q) ∈ Z[q] such that X (Fq) = P (q) for all prime powers q. The above

results imply thatMg has a polynomial point count for g ≤ 4. [19] has also shown that

M5 andM6 have polynomial point counts, and more recently [20, Theorem 1.1] shows that

Mg has a polynomial point count if and only if g ≤ 8; the aforementioned results all rely

a very careful analysis of the cohomology groups ofMg and the Grothendieck-Lefschetz

trace formula. The rational cohomology ofMg can be computed using the tautological

Chow ring. The latter can be computed using the SageMath package described in [25];
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by so doing, one can recover the explicit polynomials for g = 4, 5, and 6 (see [10, Section

4] or [9, Theorem 1.5] for g = 4 and [8] for g = 5, 6). In particular, we have

N5(q) = q12 + q11 + q10 − q8 + 1, and (3.1)

N6(q) = q15 + q14 + 2q13 + q12 − q10 + q3 − 1. (3.2)

The computation of the polynomial formula for N7(q) and N8(q) remains infeasible using

[25] at the time of writing. In general, a putatively complete census ofMg(Fq) only gives

a lower bound for Ng(q). The polynomial formula for Ng(q) can sometimes also serve as

an independent check of the completeness of the census, c.f. Section 3.6.

LetMg,n be the moduli stack of n-pointed genus g curves (where the points are

distinct and indistinguishable) and Nq,n := #Mg,n(Fq). [20, Theorem 1.4] shows that

the smallest integer n such that Ng,n is not a polynomial is max{⌈(25 − 3g)/2⌉, 0}, for

g ≥ 1. In particular,Mg,n has a polynomial point count when 3g+2n < 25. In such cases,

consequent of the Lefschetz trace formula, the polynomial formula for Ng,n(q) can also in

principle be computed in terms of the tautological Chow ring [25, 8], but this computation

becomes quite difficult for large g, n. Our results supplement these computations by

allowing us to read off the exact values of #M6,n(F2),#M5,n(F3), and #M7,n(F2) (as

well as #M6,n/Sn(F2), etc.) for any n, thereby reducing the number of cohomology groups

needed to pin down the full formulas. Knowing these polynomials would also be beneficial

to the computation of the polynomial formula for N7(q) and N8(q).

3.1.3 Main Results and Applications

Our main result is as follows.

Theorem 3.1.6. We obtain an explicit list of isomorphism class representatives for
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M6(F2): it consists of 72227 elements, and for the weighting by automorphisms we have

#M6(F2) = 68615. (3.3)

A tabulation of curves of genus g also yields, for every positive integer n, a point

count for the stackMg,n of n-pointed genus g curves (where the points are distinct and

distinguishable) or more generally any quotient ofMg,n by a subgroup of Sn. For example,

Theorem 3.1.6 yields the following.

Corollary 3.1.7. We have

#M6,1(F2) = 223317, (3.4)

#(M6,2/S2)(F2) = 471210, (3.5)

#M6,2(F2) = 650838, (3.6)

#(M6,3/S3)(F2) = 927153, (3.7)

#M6,3(F2) = 1679646, (3.8)

#(M6,4/S4)(F2) = 1794569. (3.9)

In all but the last case, [20, Theorem 1.5] implies that the point count over Fq is a

polynomial in q, but as of now the computation of these polynomials remains infeasible

using [25]. Our computation provides one linear constraint on the coefficients of the

polynomial, and thus reduces by one the number of rational cohomology groups that need

to be computed in order to determine the polynomial. (One could adapt our methods to

perform a census over F3 and thus obtain a second linear constraint; we do not plan to do

this.)

Our final results for genus 5/F3 and genus 7/F2 are pending ongoing computations.

Our general strategy for solving Problem 3.1.1 goes as follows:
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1. For each stratum, start by constructing a finite “covering” set of curves that is

guaranteed to meet every isomorphism class and is “not too redundant”.

2. Apply a separate postprocessing step to remove redundancies.

Our aim is to design Step (1) as carefully as possible so that Step (2) does not become

computationally intractable under the computational resources available to us. Step (2)

typically involves making extensive use of Magma’s implementation of function fields

to identify isomorphic curves and compute their automorphism groups. Step (1), in

comparison, requires a concrete description of the stratification of the moduli spaceMg of

interest.

For g = 5, q = 3, our approach mirrors and extends the work of [28]; in particular,

we separately tabulate hyperelliptic curves, trigonal curves, and complete intersections

of three quadrics in P4. One difference is that since now q is odd, we can handle the

hyperelliptic case using the approach of Howe [44].

On the other hand, in the cases g = 6, 7 and q = 2, our approach follows the

partial census carried out in [59]: for each stratum in the Brill–Noether stratification of

M6 and M7, respectively, we use the descriptions of general canonical curves in each

stratum (due to Mukai [67] for the generic stratum) to construct a covering set for the

isomorphism classes of curves over F2 in that stratum. In several cases, we use the orbit

lookup trees introduced by Kedlaya (c.f. [59, Appendix A], and further improved in [58]) to

efficiently compute orbit representatives for the action of a group G on n-element subsets

(resp. n-dimensional subspaces) of a finite set S (resp. a finite dimensional vector space V )

equipped with a left G-action for small values of n.

A list of isomorphism class representatives, as well as the SageMath [79] and Magma

[16] code used to generate it, can be found at

https://github.com/junbolau/genus-6

for curves of genus 6 over F2,
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https://github.com/stevehuang235/genus-5-F3

for curves of genus 5 over F3, and

https://github.com/junbolau/genus-7

for curves of genus 7 over F2.

Our censuses answer Question 3.1.3 in the respective cases; for example, one can

now prove the following statements via a query of our table of curves.

• Out of the 164937 isogeny classes of abelian sixfolds over F2, 38327 of them contain

at least one Jacobian, representing all 20 of the possible Newton polygons, and that

the maximum number of Jacobians in a single isogeny class is 20.

• The maximum number of F2-points on a curve of genus 6 is 10, achieved by exactly

two curves [75].

• There are 70 supersingular curves of genus 6 over F2, with 28 distinct zeta functions.

• The only groups that arise as automorphism groups of curves of genus 6 over F2 are

C1, C2, C3, C4, C2 × C2, C5, C6, S3, C10, D5, D10, A5.

• There is no curve of genus 6 over F2 with any of the three possible zeta functions

for an excessive genus 6 curve allowed by [34, Theorem 3.2]. We thus recover [34,

Theorem 5.1]: the maximum gonality of a curve of genus 6 over F2 is 6.

• There is no curve C of genus 6 over F2 with #C(F24) = 0. This recovers the previous

assertion as well as a nonexistence statement made in [56, Section 6].

• There is a unique curve C of genus 6 over F2 with (#C(F2i))
6
i=1 = (0, 0, 0, 20, 15, 90)

[57, Lemma 10.2].
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• As reported in [59, Table 1], there are 52 curves with zeta functions matching one of

the options in [59, Table 2]. As shown in [57], this list includes every curve of genus

6 admitting an étale double cover with trivial relative class group.

• All 31 possible Newton polygons for abelian varieties of dimension 7 over F2 occur

for Jacobians.

3.1.4 Contents

This chapter is organized as follows. We review the background on the classification

of low genus curves in Section 3.2, including Mukai’s stratification ofM6 andM7. We

discuss our data generation process for curves of genus 5 over F3 in Section 3.3, for curves

of genus 6 over F2 in Section 3.4, and for curves of genus 7 over F2 in Section 3.5. We

conclude by addressing the consistency check of Theorem 3.1.6 in Section 3.6, including a

comment on possible consistency check for our upcoming results in genus 5 and 7.

3.1.5 Acknowledgments

We thank Samir Canning for discussions about [8], David Roe for importing our

data into the abelian varieties over finite fields section of the LMFDB [62], and Edgar

Costa for assistance with the server at MIT.

3.2 Background on the Classification of Curves and

the Brill-Noether Stratifications

Throughout this discussion, let C be a curve of genus g over a finite field k and

let k be an algebraic closure of k. Let K be the canonical divisor on C, and |K| be the

canonical linear system.

A grd on C is a linear system of dimension r and degree d, which if basepoint-free

defines a degree d morphism C → Pr
k. We call C hyperelliptic if there is a finite morphism

C → P1
k of degree 2, or equivalently if C admits a g12 (which is automatically basepoint-free

64

https://www.lmfdb.org/Variety/Abelian/Fq/


if g ≥ 1). We call the morphism ι : C → Pg−1
k defined by |K| the canonical morphism. For

g ≥ 2, |K| is very ample if and only if C is not hyperelliptic. Thus if C is nonhyperelliptic,

the canonical morphism ι is an embedding, and if C is hyperelliptic, ι factors as a degree 2

morphism C → P1
k followed by the Veronese embedding P1

k → Pg−1
k . In particular, every

genus two curve is hyperelliptic, and every genus three curve is either hyperelliptic or a

smooth plane quartic.

For g ≥ 4, we say C is trigonal if C admits a g13 but not a g12; let Tg be the

stack of smooth trigonal curves. The moduli space Tg admits a stratification by locally

closed substacks Tg,n where n runs over integers with 0 ≤ n ≤ g+2
3

and n ≡ g (mod 2).

The integer n denotes the Maroni invariant of a trigonal curve C, defined as the unique

nonnegative integer n such that the trigonal cover C → P1
k factors through a closed

embedding

C → Fn := PP1
k
(OP1

k
⊕O(n)P1)

in such a way that the structure map Fn → P1
k restricts to the trigonal cover C → P1

k.

Note that Fn is ruled by the fibers of the structure map; it is in fact the nth Hirzebruch

surface (which for n = 0 degenerates to P1
k ×k P

1
k), and can also be represented as an

(n, 1)-hypersurface in P1
k ×k P

2
k.

Last but not least, we say C is bielliptic if it admits a degree 2 map to a genus 1

curve over k. Any such map gives rise to a g14, but not conversely.

It is a classical result that the moduli spaceM5 of smooth curves of genus 5 can be

stratified into the following locally closed substacks: the locus H5 of hyperelliptic curves

of genus 5, the locus T5 of trigonal curves of genus 5, and the locus U5 of canonical curves

of genus 5 which are complete intersections of three quadrics in P4.

A foundational result of Petri (also attributed to Babbage, Chisini, and Enriques)

crucial to the classification of higher genera says that the homogenous ideal defining a

canonical curve C is generated by quadrics, unless C is trigonal or a smooth plane quintic
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when g = 6. Due to work of Mukai [67] following Petri’s results, we have the following

classification of genus 6 curves over finite fields.

Theorem 3.2.1. Let C be a curve of genus 6 over a finite field k. Then one (and only

one) of the following holds.

(1) The curve C is hyperelliptic.

(2) The curve C is bielliptic.

(3) The curve C occurs as a smooth quintic in P2
k.

(4) The curve C is trigonal of Maroni invariant 0. In this case, C occurs as a curve of

bidegree (3, 4) in P1
k ×P1

k.

(5) The curve C is trigonal of Maroni invariant 2. In this case, C occurs as a complete

intersection of type (2, 1)∩(1, 3) in P1
k×kP

2
k, where the (2, 1)-hyperplane is isomorphic

to the Hirzebruch surface F2.

(6) The curve C occurs as a transverse intersection of four hyperplanes, a quadric

hypersurface, and the 6-dimensional Grassmannian Gr(2, 5) in P9
k.

Proof. Most of the above follows from Petri’s theorem. For the details in the last case, see

[59, Theorem 3.1] and the references therein.

Remark 3.2.2. As stated in [71, Theorem 4.1], the spaceM6 can be stratified into locally

closed substacks consisting of the loci corresponding to each of the cases in Theorem 3.2.1.

In particular:

(1) The locus H6 of hyperelliptic curves of genus 6 has dimension 11.

(2) The locus B6 of bielliptic curves of genus 6 has dimension 10.

(3) The locus Q6 of smooth plane quintic curves of genus 6 has dimension 12.
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(4) The locus T6,0 of trigonal curves of genus 6 with Maroni invariant 0 has dimension

13.

(5) The locus T6,2 of trigonal curves of genus 6 with Maroni invariant 2 has dimension

12.

(6) The locusMBN
6 of generic curves of genus 6 has dimension 15 (it is open inM6).

One can also describe the Brill–Noether stratification ofM7 explicitly, as in [57].

Theorem 3.2.3. Let C be a curve of genus 7 over a finite field k. Then one (and only

one) of the following holds.

1. The curve C is hyperelliptic.

2. The curve C is trigonal of Maroni invariant 3. In this case, C occurs as a hypersurface

of degree 9 in P(1 : 1 : 3)k.

3. The curve C is trigonal of Maroni invariant 1. In this case, C occurs as a complete

intersection of type (1, 1) ∩ (3, 3) in P1
k ×k P

2
k.

4. The curve C is bielliptic.

5. The curve C is not bielliptic but admits a g26 which is self-adjoint (squares to the

canonical class). In this case, C is a complete intersection of type (3) ∩ (4) in

P(1 : 1 : 1 : 2)k, where the degree 3 hypersurface can be taken to be defined by

x0y + P3(x1, x2) = 0 for some separable cubic P3.

6. The curve C admits a pair of distinct g26’s. In this case, C occurs as a complete

intersection of type (1, 1) ∩ (1, 1) ∩ (2, 2) in P2
k ×k P

2
k.

7. The curve C does not admit a g26 but Ck does. In this case, C occurs as a complete

intersection of type (1, 1) ∩ (1, 1) ∩ (2, 2) in the quadratic twist of P2
k ×k P

2
k.
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8. The curve C admits a g14 but Ck does not admit a g26. In this case, C occurs as

a complete intersection of type (1, 1) ∩ (1, 2) ∩ (1, 2) in P1
k ×k P3

k in which the

(1, 1)-hypersurface is a P2-bundle over P1.

9. The curve C does not admit a g14. In this case, C occurs as a transverse intersection

of 9 hyperplanes and the orthogonal Grassmannian OG+(5, 10) in P15
k .

Proof. Most of the above follows from Petri’s theorem. For the rest, see [57, Theorem 3.2,

§7], and the references therein.

Remark 3.2.4. We list the dimensions of the corresponding strata in moduli in Table 3.1.

Note that cases (6) and (7) of Theorem 3.2.3 together correspond to a single stratum in

M7, as the distinction between them is not stable under base change.

Remark 3.2.5. Curves as in case (9) of Theorem 3.2.3 are known as Brill–Noether-general

curves (c.f. [71, Theorem 4.1]). We will henceforth refer to them as generic curves of

genus 7.

Remark 3.2.6. [59, Remark 3.3] points out that the bielliptic curves of genus 7 also occur

as complete intersections of type (3) ∩ (4) in P(1 : 1 : 1 : 2). We further clarify this

description to avoid confusion. According to the paragraphs preceding and following [68,

Proposition 6.4], if we let x0, x1, x2, y be the coordinates on P(1 : 1 : 1 : 2), the degree 3

hypersurface is defined by Q(x0, x1, x2) for some cubic Q when C is bielliptic, unlike the

shape of the cubic in case (5) of Theorem 3.2.3. Hence the two descriptions are mutually

exclusive and have no intersections.
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3.3 Tabulation of curves of genus 5 over F3

We have the following polynomial point counts ofM5 as well as each of its stratum.

#M5(Fq) = q12 + q11 + q10 − q8 + 1, (c.f. Equation 3.1) (3.10)

#H5(Fq) = q2·5−1, and (3.11)

#T5(Fq) = q11 + q10 − q8 + 1; (3.12)

to be precise, the first of these equalities is from [8], the second is folklore (see [17,

Proposition 7.1] and discussion therein), and the third is from [93]. Specializing to q = 3,

we obtain the theoretically predicted stacky counts #M5(F3) = 761, 077,#H5(F3) =

19, 683,#T5(F3) = 229, 636, and hence #U5(F3) = 511, 758. The table of hyperelliptic

curves of genus 5 over F3 was computed by E. Howe using the algorithms in [44] and its

stacky point count agrees with the theoretically predicted count of 19, 683. We henceforth

only address the two remaining cases.

3.3.1 Trigonal

Our tabulation of trigonal curves of genus 5 makes use of its description as certain

singular plane curves, which we now recall. Let C be a projective plane curve in P2. A

singular point of C is said to have delta invariant 1 if it is either a node (an ordinary double

point), where a curve is locally of the form xy = 0, or an ordinary cusp, i.e. locally of the

form y2 = x3. The following is a standard fact.

Proposition 3.3.1. A smooth curve C of genus 5 is trigonal if and only if it can be

represented as a plane quintic with exactly one singular point of delta invariant 1 (and no

other singularities). Furthermore, any isomorphism of such curves C1 and C2 extends to

an automorphism of P2.

By the above result, a trigonal curve of genus 5 over F3 has a single nodal or cuspidal
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F3-rational singular point, so we can restrict to enumerating PGL3(F3)-equivalence classes

of quintics in inhomogeneous form with zero constant and linear terms, and each of the

following three cases for the quadratic terms:

1. split node: x2 − y2,

2. nonsplit node: x2 + y2, and

3. potentially cuspidal: y2.

We have dimF3 H
0(P2,OP2(5)) =

(
5+2
2

)
= 21, and hence each of the above cases correspond

to a 15-dimensional F3-subspace Vi, i = 1, 2, 3, of H0(P2,OP2(5)) (the vanishing of the

constant and linear terms together with the condition on the quadratic terms impose 6

independent equations on the 21 coefficients). With this said, our procedure for enumerating

the set of isomorphism classes of trigonal curves of genus 5 over F3 goes as follows:

1. Enumerate the orbit representatives of the action of PGL3(F3) on Vi by explicitly

constructing the Cayley graph of the action of PGL3(F3) on Vi. The code that carries

out this step can be found in enum_trigonal.sage and find_orbits.sage.

2. Verify using Magma that the curves obtained from (1) are indeed of genus 5. The

code that carries out this step can be found in curve_check.m.

3. Although this step is in principle not necessary, as an extra sanity check, we verify

using Magma that the curves left over from (2) are indeed pairwise non-isomorphic.

The code that carries out this step can be found in isomclass_check.m.

We also compute the zeta function and F3-automorphism group of each curve along the

way of Steps (2) and (3). All the aforementioned scripts are contained in the directory

./Census/trigonal/ of our genus 5 repository.
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3.3.2 Intersection of quadrics in P4

In principle, we would like to enumerate PGL3(F3)-orbits of Gr(3, H0(P4,OP4(2))

according to [58] and select the ones which give rise to a smooth curve. Since

dimGr(3, H0(P4,OP4(2))) = 3 · (15− 3) = 36,

we always run out of memory on all machines available to us when running the above

computation. In practice, we start the enumeration process by computing representatives

of PGL3(F3)-orbits of Gr(2, H0(P4,OP4(2)) according to [58]; there are 191 of them, of

which 29 of them are smooth, 84 of them have a zero-dimensional singular subscheme, 60 of

them have a one-dimensional singular subscheme, and 18 of them have a two-dimensional

singular subscheme. For each of the two-dimensional spaces of quadrics in P4 that has

a singular subscheme of dimension less than 2, there are 313 ways to extend that to a

three-dimensional space, thereby being a candidate curve of genus 5 over F3. After filtering

out the non-smooth ones, it remains to check for pairwise isomorphisms. In this particular

case, we compute an isomorphism invariant that we refer to as the Hilbert hash which we

now describe.

Let C = ProjF3[x0, x1, x2, x3, x4]/(f1, f2, f3) where fi ∈ F3[x0, x1, x2, x3, x4]2. For

each of the (35− 1)/(3− 1) = 121 hyperplanes H in P4(F3), the intersection ZH := H ∩C

is a zero-dimensional scheme of degree 8 by Bézout’s Theorem. We associate to ZH the

set SH := {(n, d,m)}, meaning that there are n points of degree d and multiplicity m in

ZH satisfying
∑
ndm = 8. The multiset {SH}H∈Gr(1,P4(F3)) is an isomorphism invariant

of C. One method for computing SH is as follows. By abuse of notation, we denote the

linear form defining H also by H. Let

I := ⟨f1, f2, f3, H⟩ =
k⋂

i=1

Ii
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be the primary decomposition of the ideal I, and let Ii,rad be the radical of Ii. Let PJ

denote the Hilbert polynomial of the ideal J , which is a constant if the corresponding

projective scheme is zero-dimensional. Each ideal Ii corresponds to a F3-point Pi of

ZH of degree d = PIi,rad = [F3(Pi) : F3] and multiplicity m = PIi/d. We also describe

an alternative method to compute SZ that does not involve the inefficient routine of

computing primary decomposition. Let g̃ denote the dehomogenization of a homogeneous

polynomial f ∈ F3[x0, x1, x2, x3, x4] obtained from evaluating g at x0 = 1, and let J̃ denote

the dehomogenization of J . Let ⟨f⟩ = Elim3 Ĩ := Ĩ ∩ F3[x4] be the 3-rd elimination ideal

of Ĩ. If degx4
f = 8, then the factorization of f over F3 encodes the same information as

SH ; in particular, the tuple (n, d,m) means that f has n degree d factors of multiplicity

m. We precompute all the possible factorization patterns of degree 8 polynomials in one

variable over F3 to speed up the computation.

Remark 3.3.2. While there is no guarantee that degx4
f = 8 for a given arbitrary hyper-

plane H, we always by default start with the latter approach and resort to the primary

decomposition approach only when necessary. We have found that this speeds up the

computation significantly in practice.

Remark 3.3.3. We discovered that the intrinsic PrimaryDecomposition in Magma was

giving incorrect results in some cases; this bug has since been resolved in Magma V.2.29.3.

3.3.3 Progress Report

Our computation of T5(F3) is complete, and we have #T5(F3) = 229, 636 as predicted

by Equation 3.12. We have computed the Hilbert hash of all the candidate curves in the

generic stratum and the pairwise isomorphism check is ongoing.

3.4 Tabulation of curves of genus 6 over F2

We begin by recording a few convenient facts that allow us to more efficiently

search and filter putative genus 6 curves.
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1. Using an analogue of the explicit formula from analytic number theory, Serre (c.f. [83,

Theorem 5.3.2, 7.1 Table 1] shows that a curve of genus 6 has at most 10 F2-points,

which is a notable refinement from the Hasse-Weil bound 15.

2. LMFDB contains a complete list of isogeny classes of abelian varieties of dimension

6 over F2 and their corresponding L-polynomials. Using the fact that a curve and

its Jacobian have the same Weil polynomial, we recover a finite set containing the

tuple (#C(F2i))
6
i=1 for any curve C of genus 6 over F2. The relevant code written in

SageMath can be found in ./Census/Shared/weil_poly_utils.sage in our code

base (taken from [59]). We make use of this list when it would presumptively speed

up our tabulation process.

To simplify the code somewhat, initially we only construct a finite set of genus 6

curves over F2 which meets every isomorphism class with “limited redundancies”. We use

a separate postprocessing step to remove these redundancies (see Section 3.4.7).

3.4.1 Hyperelliptic curves

Here we follow the strategy used in [94, 28] where the enumerations were done in

cases g = 4, 5. This strategy is adapted to characteristic 2; for a good approach in odd

characteristic, see [44].

Any hyperelliptic curve of genus g over F2 can be represented as y2 + q(x)y = p(x)

with p(x), q(x) ∈ F2[x] and 2g + 1 ≤ max{2 deg(q(x)), deg(p(x))} ≤ 2g + 2. Xarles

presented a method to determine the isomorphism class of a hyperelliptic curve using the

action of PGL2(F2) on F2[x]≤g+1.

Lemma 3.4.1. ([94], Lemma 1) Let H1, H2 be hyperelliptic curves represented by the

equations y2 + qi(x)y = pi(x) for i ∈ {1, 2} respectively as above. Suppose that H1
∼= H2.

Then there exists A ∈ PGL2(F2) such that q2(x) = ψg+1(A)(q1(x)), where the action of
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PGL2(F2) on F2[x]≤n is given by

ψn(A)(q(x)) := (cx+ d)nq

(
ax+ b

cx+ d

)
, A =

a b

c d

 ∈ PGL2(F2).

We compute orbit representatives for this action, test for pairwise isomorphism,

and record the resulting curves. The implementation of this method can be found in the

folder ./Census/hyperelliptic/ in our code base.

3.4.2 Bielliptic curves

Here we follow a construction from [59] for enumerating bielliptic curves of genus 7

over F2. As the core elements of the argument exhibit no dependence at all on the genus,

it is straightforward to replicate in genus 6; this case was not needed in [59] because in

that setting (where the zeta function is heavily restricted) one can use a more conceptual

argument to rule out bielliptic curves of genus 6.

By Riemann–Hurwitz plus the fact that double covers in characteristic 2 have only

wild ramifications, the map from a bielliptic curve C of genus 6 to its elliptic quotient E

has ramification divisor of the form 2D where D is an effective divisor of degree g − 1 = 5

on E. We may thus generate all bielliptic curves by enumerating over a set of isomorphism

class representatives of elliptic curves E over F2 (there are 5 of them). For each E, we use

Magma to enumerate over all effective divisors D of degree 5. For each D, we enumerate

over all order-2 quotients of the ray class group of 2D, form the corresponding abelian

extension, then check to see if it indeed has genus 6 (and if so record the resulting curve).

The implementation of this method can be found in ./Census/bielliptic/ in our code

base.
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3.4.3 Smooth plane quintic curves

Since the space of quintic polynomials over F2 has dimension
(
7
2

)
= 21, we can skip

the removal of redundancy using the action of GL(3,F2); we simplify identify all of the

nonsingular polynomials and record the resulting smooth curves. The implementation of

this method can be found in ./Census/plane_quintic/ in our code base.

3.4.4 Trigonal curves of Maroni invariant 0

In this case, we are looking for (3, 4)-curves in P1 ×P1, and we follow the strat-

egy used in [59]. We first compute orbit representatives for the action of PGL2(F2) ×

PGL2(F2) on all subsets of (P1 × P1)(F2). For each orbit representative, we identify

the (3, 4)-polynomials which vanish on the points in the chosen subset and do not

vanish elsewhere; since we are working over F2, this is an affine subspace of the vec-

tor space of (3, 4)-polynomials. We then pick out the nonsingular polynomials and

record the resulting smooth curves. The implementation of this method can be found in

./Census/trigonal_maroni_0/ in our code base.

3.4.5 Trigonal curves of Maroni invariant 2

In this case, we are looking for complete intersections of type (2, 1) ∩ (1, 3) in

P1 ×P2. More specifically, if we write P1 ×P2 = ProjF2[x0, x1; y0, y1, y2], then we may

take the (2, 1)-hypersurface X1 to be

(x20 + x21)y1 + x0x1y2 = 0. (3.13)

Indeed, over a field of characteristic 0, the equation of the Hirzebruch surface Fn is

isomorphic to the hypersurface defined by xn0y1− xn1y2 in P1×P2 (c.f. [47] Exercise 2.4.5),

and we obtain (3.13) by taking n = 2 and making a change of variables to get an equation

with smooth mod-2 reduction.
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The hypersurface (3.13) is fixed by the group G generated by the three involutions

x0 ↔ x1; y0 7→ y0 + y1; y0 7→ y0 + y2.

We now proceed as in the previous case: we compute orbit representatives for the action of

G on all subsets ofX1; for each orbit representative, we identify the (1, 3)-polynomials which

vanish on the points in the chosen subset and do not vanish elsewhere; we then pick out

the nonsingular polynomials and record the resulting smooth curves. The implementation

of this method can be found in ./Census/trigonal_maroni_2/ in our code base.

3.4.6 Generic curves

Here we follow a modified version of the strategy used in [59]. This is the most

computationally intensive case. We first identify orbit representatives for the action of

PGL5(F2) on 4-tuples of points in P9∨(F2). Each 4-tuple defines 4 linear forms and hence

4 hyperplanes on P9; we next compute representatives for the linear action of PGL4(F2)

on such 4-tuples preserving the intersection of the 4 hyperplanes. We record all cases

where the intersection of the 4 hyperplanes with the Grassmannian Gr(2, 5) is irreducible

with singular locus of codimension greater than 1; there are 17 such intersections, of which

7 are smooth, corresponding to the fact that quintic del Pezzo surfaces over a finite field

are indexed by conjugacy classes in S5 (e.g., see [87, Table 1]).

For each of these 17 intersections, we first record all the quadrics defined on the

span of the 4 linear forms, which reduces the enumeration of quadrics from a
(
10
2

)
= 55-

dimensional space to a
(
7
2

)
= 21-dimensional space); we then record the cases where the

intersection is smooth of genus 6. The implementation of this method can be found in

./Census/generic/ in our code base.
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3.4.7 Postprocessing

For each stratum, the computation described above yields a finite set of curves of

genus 6 over F2 lying in that stratum and including at least one representative of each

isomorphism class. It then remains to remove redundant representatives.

For this, we first hash the curves by their zeta function, or equivalently by the

function C 7→ (#C(F2i)
6
i=1). Within each hash class, we use Magma to construct the

function field of each curve, then use Isomorphisms to test whether any pair of curves is

isomorphic. Once this is done, we compute the automorphism group of each curve that

remains.

For the record, we mention some bugs in Magma that we had to work around.

These were fixed in subsequent releases based on our reports.

• For two function fields, the intrinsic Isomorphisms returns a list of all isomorphisms

between the two fields, but in some cases with repeated entries. This caused the

intrinsic AutomorphismGroup to yield errors in certain cases, for which we computed

the group structure directly from the output of Isomorphisms.

• For two function fields, the intrinsic IsIsomorphic sometimes returned false even

when the two fields are isomorphic. We instead tested whether Isomorphisms returns

a nonempty list.

3.5 Tabulation of curves of genus 7 over F2

3.5.1 Hyperelliptic curves

We adopt the same strategy in [94, 28, 45] where the enumerations were done in

cases g = 4, 5, 6 in characteristic 2; for a good approach in odd characteristics, see [44].

Any hyperelliptic curve of genus g over F2 can be represented as y2 + q(x)y = p(x)

with p(x), q(x) ∈ F2[x] and 2g + 1 ≤ max{2 deg(q(x)), deg(p(x))} ≤ 2g + 2. To determine

the isomorphism class of a hyperelliptic curve, one uses the action of PGL2(F2) on F2[x]≤g+1:
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Lemma 3.5.1. ([94], Lemma 1) Let H1, H2 be hyperelliptic curves represented by the

equations y2 + qi(x)y = pi(x) for i ∈ {1, 2} respectively as above. Suppose that H1
∼= H2.

Then there exists A ∈ PGL2(F2) such that q2(x) = ψg+1(A)(q1(x)), where the action of

PGL2(F2) on F2[x]≤n is given by

ψn(A)(q(x)) := (cx+ d)nq

(
ax+ b

cx+ d

)
, A =

a b

c d

 ∈ PGL2(F2).

We compute orbit representatives for this action, test for pairwise isomorphism,

and record the resulting curves. The implementation of this method can be found in

./Census/hyperelliptic/ in our code base.

3.5.2 Trigonal curves of Maroni invariant 3

In this case, we are looking for hypersurfaces of degree 9 in the weighted projective

space P(1 : 1 : 3). This weighted projective space P(1 : 1 : 3) is obtained from blowing

down the Hirzebruch surface F3 along a certain exceptional curve, and by intersection

theory, a trigonal curve has zero intersection with the exceptional curve. This means that

any trigonal curve does not pass through the singular point [0 : 0 : 1] in P(1 : 1 : 3). We

use orbit lookup trees to enumerate orbit representatives for the action of the subgroup of

PGL3(F2) fixing [0 : 0 : 1] on subsets of the nonsingular points of P(1 : 1 : 3)(F2) of size at

most 6. For each orbit representative, we then solve for polynomials in F2[x0, x1, x2](1:1:3)

of weighted degree 9 that pass through exactly those points.

The implementation of this method can be found in

./Census/trigonal_maroni_3/ in our code base.

3.5.3 Trigonal curves of Maroni invariant 1

In this case, we are looking for complete intersections of type (1, 1) ∩ (3, 3) in

P1 ×P2. We first compute orbit representatives for the action of PGL2(F2)× PGL3(F2)
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on subsets of (P1 ×P2)(F2) of size at most 9 using orbit lookup trees. Since the trigonal

map here arises from the projection to P1, we disallow subsets of (P1 × P2)(F2) when

there are more than three points above any one point of P1.

For each orbit representative, to enumerate all complete intersections of type

(1, 1), (3, 3) passing through these points, we use the following facts:

1. the (1, 1) hypersurface is a P1-bundle over P1, the Hirzebruch surface F1 containing

C, which is necessarily smooth.

2. The (3, 3) hypersurface is specified modulo the ideal generated by the (1, 1) hyper-

surface.

3. Given the (1, 1) hypersurface, we identify (3, 3)-polynomials which vanish precisely

on the chosen subset by solving a system of linear equations.

The implementation of this method can be found in

./Census/trigonal_maroni_1/ in our genus 7 code base.

3.5.4 Bielliptic curves

Here we follow the strategy used in [59] to enumerate bielliptic curves of genus

7; therein bielliptic curves of genus 6 were ruled out without any enumeration, but the

enumeration strategy is genus-independent.

By Riemann–Hurwitz and the fact that double covers in characteristic 2 have only

wild ramifications, the map from a bielliptic curve C of genus 7 to its elliptic quotient E has

ramification divisor of the form 2D where D is an effective divisor of degree g − 1 = 6 on

E. We generate all bielliptic curves by enumerating over the 5 isomorphism classes elliptic

curves E over F2. For each elliptic curve E at the base, we use Magma to enumerate over

all effective divisors D of degree 6. For each effective divisor D, we enumerate over all

order-2 quotients of the ray class group of D, form the corresponding abelian extension,
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then check to see if it indeed has genus 7. The implementation of this method can be

found in ./Census/bielliptic/ in our code base.

3.5.5 Self-adjoint g26

In this case, we are looking for complete intersections of type (3)∩(4) in the weighted

projective space P(1 : 1 : 1 : 2) not passing through the singular point [0 : 0 : 0 : 1]. Let

P(1 : 1 : 1 : 2) = ProjF2[x0, x1, x2, y](1:1:1:2). The degree 3 hypersurface can be taken to

be defined by x0y + P3(x1, x2) = 0, for some separable cubic P3. In particular, P3 is one

of {x1x2(x1 + x2), x1(x
2
1 + x1x2 + x22), x

3
1 + x1x

2
2 + x32}. For each fixed cubic hypersurface

H3, subsets of points vanishing on H3 of size at most 10, excluding the singular point

[0 : 0 : 0 : 1], give rise to affine conditions that we use to find the quartic hypersurfaces

passing through precisely those points by solving a system of linear equations.

The implementation of this method can be found in ./Census/self-adjoint_g26/

in our genus 7 code base.

3.5.6 Rational g26

This subsection addresses case (6) of Theorem 3.2.3. We say C has rational g26 if C

admits a pair of distinct g26’s over F2, or equivalently C has a g26 defined over F2 that does

not square to the canonical class. In this case, we are looking for complete intersections of

type (1, 1) ∩ (1, 1) ∩ (2, 2) in P2 ×P2. Similar as before, we proceed by first computing

orbit representatives for the action of PGL3(F2)× PGL3(F2) on subsets of (P2 ×P2)(F2)

of size at most 10 using orbit lookup trees. Moreover, we impose the condition that no

three points project to the same point on either copy of P2, for otherwise it creates a

triple point and hence C would have been trigonal. Our curve enumeration procedure

follows a similar outline as before. For each orbit representative O, we first find all

2-dimensional subspaces of the 9-dimensional space of (1, 1)-polynomials that pass through

the points in O. Then for each such 2-dimensional subspace, we find, by solving a system
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of linear equations, the (2, 2)-hypersurfaces such that the F2-rational points of the triple

intersection (1, 1) ∩ (1, 1) ∩ (2, 2) are precisely the points in O. A näıve implementation of

this procedure will result in an intractable postprocessing step when O contains no F2-

points. Indeed, in this case, one would need to enumerate over 2dimGr(2,9) = 214 intersections

of type (1, 1) ∩ (1, 1). To remedy this, for each orbit representative O, we compute the

PGL3(F2)× PGL3(F2)-orbits of all 2-dimensional subspaces of the 9-dimensional space of

(1, 1)-polynomials that pass through the points in O before proceeding forward. Finally,

we also discard all reducible (1, 1) ∩ (1, 1) intersections during the enumeration phase.

The implementation of the method described above can be found in

./Census/rational_g26/ in our genus 7 code base.

3.5.7 Irrational g26

This subsection addresses case (7) of Theorem 3.2.3. We say C has irrational g26 if

C does not have a g26 defined over F2 but has a g26 defined over F2. We are now looking

for complete intersections of type (1, 1) ∩ (1, 1) ∩ (2, 2) in the (nontrivial) quadratic twist

of P2 × P2. We view the F2-rational points of the quadratic twist X of P2 × P2 as a

subset of (P2 ×P2)(F4). In particular, a F2-point of X can be represented by (P, σ(P ))

for P ∈ P2(F4) and σ the Frobenius generator of Gal(F4/F2). Viewing PGL3(F4) as a

subgroup of PGL6(F4) via g 7→

g 0

0 σ(g)

, PGL3(F4) acts on X(F2). We use orbit lookup

trees to compute the PGL3(F4) orbits of subsets of X(F2) of size at most 10. We then

proceed as in §3.5.6 after making suitable modifications to obtain the coefficients of the

(1, 1) and (2, 2) polynomials in X of the candidate curves.

The key difference between the irrational g26 case and the rational g26 case is in

how we represent the curves computationally for the postprocessing step. To start, we

are not aware of a way to directly instantiate the ambient space X in any computer

algebra systems. Moreover, the (1, 1) and (2, 2) monomials of X involve constants in F4,
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although the curves themselves are defined over F2. In order to descent the (1, 1) and

(2, 2) monomials to F2, we embed X to P8 via the twisted Segre embedding (c.f. [24,

§4.3] for the twisted Segre embedding P1 × P1 → P3) as follows. Let α be a root of

x2 + x+1 ∈ F2[x], let xij , i, j = 0, 1, 2 be the coordinates of P8, and let xi, yj , i, j = 0, 1, 2

be the coordinates of P2 ×P2. We can take the twisted Segre embedding of P2 ×P2 to

have coordinates

xii = xiyi,

xij = xiyj + xjyi (i < j),

xij = αxiyj + (α + 1)xjyi (i > j).

The image of the quadratic twist X of P2 ×P2 inside P8 is then defined by the following

equations:

f1 = x00x11 + x201 + x01x10 + x210,

f2 = x00x22 + x202 + x02x20 + x220,

f3 = x11x22 + x212 + x12x21 + x221,

f4 = x00x12 + x01x20 + x10x02,

f5 = x02x11 + x10x12 + x01x21,

f6 = x02x12 + x12x20 + x02x21 + x01x22.

The (1, 1) and (2, 2)-hypersurfaces in X then correspond to hypersurfaces of degree 1 and

2, respectively, in P8 under the twisted Segre embedding. Each of our candidate curves in

thus cut out in P8 by f1, . . . , f8, two hyerplanes, and a quadric. In essence, the twisted

Segre embedding allows us to “untwist” the quadratic twist.
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The implementation of this method can be found in ./Census/irrational_g26/

in our genus 7 code base.

Remark 3.5.2. The rational and irrational g26 strata together form the g26 stratum ofM7

in the geometric sense. As shown in Table 3.1, the rational and irrational g26 strata both

have a fractional weighted count, but together they do add up to an integer as predicted.

3.5.8 Tetragonal

In this case, we look for complete intersection of type (1, 1)∩(1, 2)∩(1, 2) in P1×P3.

Let xi, yj, (i = 0, 1; j = 0, 1, 2, 3) be the coordinates of P1 ×P3. The (1, 1)-hypersurface

defines a P2-bundle over P1, and we fix a smooth (1, 1)-hypersurface X1 in P1 × P2

defined by f0 = x0y0 + x1y1. We first compute orbit representatives for the action of

PGL2(F2)× PGL4(F2) on subsets of X1(F2) of size at most 10 using orbit lookup trees.

We disallow subsets of X1(F2) in which 5 points have the same image in P1.

For each orbit representative, to enumerate all complete intersections of type

(1, 1), (1, 2), (1, 2) passing through these points of X1, we use the following facts:

1. The first (1, 2)-polynomial f1 is specified modulo the ideal ⟨f0⟩, and the second

(1, 2)-polynomial f2 is specified modulo the ideal ⟨f0, f1⟩.

2. Given the first two hypersurfaces defined by f0 and f1, every F2-point of P
1 ×P2

lying on the intersection of the first two hypersurfaces but not in our specified orbit

representative defines an affine condition on the third hypersurface. We can thus

identify candidates for the second (1, 2)-polynomial by solving a system of linear

equations.

The implementation of this method can be found in ./Census/tetragonal/ in

our genus 7 code base.
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3.5.9 Generic curves

We refer the reader to [59, Section 7] and [68] for further details. In this case, one

should think of the 9 hyperplanes as cutting out a copy of P6 inside P15 that serves as

the codomain of the canonical embedding of C and the quadrics defining the orthogonal

Grassmannian OG+(5, 10) as the equations that define C inside P6. Here OG+(5, 10)

embeds into P15 via the spinor embedding analogous to the Plücker embedding. Let P15 =

ProjF2[x0, x12, x13, x14, x15, x23, x24, x25, x34, x35, x45, x1234, x1235, x1345, x2345]. By Mukai

[68], OG+(5, 10) is cut out inside P15 by the equations

x0x2345 + x23x45 + x24x35 + x25x34,

x12x1345 + x13x1245 + x14x1235 + x15x1234,

x0x1345 + x13x45 + x14x35 + x15x34,

x12x2345 + x23x1245 + x24x1235 + x25x1234,

x0x1245 + x12x45 + x14x25 + x15x24,

x13x2345 + x23x1345 + x34x1235 + x35x1234,

x0x1235 + x12x35 + x13x25 + x15x23,

x14x2345 + x24x1345 + x34x1245 + x45x1234,

x0x1234 + x12x34 + x13x24 + x14x23,

x15x2345 + x25x1345 + x35x1245 + x45x1235.

We have that OG+(5, 10) is preserved by SO+(10). We would ideally want to compute

SO+(10)-orbits of 6-planes inside P15 (equiv. of Gr(7, 16)), but we again run into memory

constraints. Instead, we compute SO+(10)-orbits of 5-planes (equiv. of Gr(6, 16)) inside

P15 via [58] with the property that no 2-plane contains 4 points of OG+(5, 10) by [59,

Lemma 7.1(a)]; there are 160655 orbit representatives. Each 5-plane corresponds to an
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intersection of 10 hyperplanes in P15; we rule out the 8219 orbit representatives which

have a positive dimensional intersection with OG+(5, 10) (for otherwise it would imply

that the canonical embedding factors through P5, which cannot be the case). For each of

the remaining 152436 5-planes, there are 2dimGr(1,16−6) = 29 ways to extend it to a 6-plane.

These give rise to all the possible candidate generic curves of genus 7 over F2.

The implementation of this method can be found in ./Census/generic in our

genus 7 code base.

Remark 3.5.3. We discovered some instances where PrimaryDecomposition can be ex-

tremely slow in Magma, which has been resolved in releases after Magma V.2.28-24.

3.5.10 Postprocessing

For each stratum, the computation described above yields a finite set of curves of

genus 7 over F2 lying in that stratum and including at least one representative of each

isomorphism class. It then remains to remove redundant representatives.

For this, we first hash the curves by their zeta function, or equivalently by the

function C 7→ (#C(F2i)
7
i=1). Within each hash class, we use Magma to construct the

function field of each curve, then use Isomorphisms to test whether any pair of curves is

isomorphic. Once this is done, we compute the automorphism group of each curve that

remains.

3.5.11 Progress Report

We have enumerated F2-points ofM7 in all but the generic stratum, where the

computation is still ongoing; preliminary results are reported in Table 3.1. We can identify

some features of the data that comport with theoretical predictions.

• We have #H7(F2) = 213.

• We have #B7(F2) = 212 − 210 − 27 + 25 − 23 − 2 which agrees with the formula from
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Table 3.1. Preliminary point counts (unweighted and weighted) over F2 of the various
strata of M7. The cases “rational g26” and “irrational g26” together constitute a single
stratum.

Stratum Dimension Unweighted Weighted
H7 13 16544 8192
B7 12 6205 2970
T7,3 13 8340 8264
T7,1 15 42857 42725

self-adjoint g26 15 24925 24580
rational g26 16

43012 42240.5
irrational g26 50791 49982.5
tetragonal 17 171102 169850
MBN

7 18 ? ?

[45, Proposition 4.5] for q odd, in contrast with the situation in genus 6 over F2, c.f.

[45, Remark 4.6].

• Each stratum has integral weighted point count, as predicted by Lemma 3.1.5. In

particular, the sum of the rational and irrational g26 counts is integral.

3.6 Consistency Check in genus 6

The proof of Theorem 3.1.6 implicitly depends on the correctness both of the

relevant features of the underlying computational systems (in particular SageMath and

Magma) and of our implementation of the search strategies described above. It is thus

highly desirable to perform some logically independent consistency checks of the resulting

data. We describe several such checks here.

3.6.1 Point counting on M6

We first verify the numerical assertion (3.3). By [19, Corollary 1.6], there exists

a monic polynomial P (T ) ∈ Z[T ] of degree 15 such that #M6(Fq) = P (q) for every

prime power q. On account of the Lefschetz trace formula for Deligne–Mumford stacks [6,
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Theorem 3.1.2], it is a feasible but challenging computation to extract the exact polynomial

by computing in the tautological ring ofM6 as indicated (and implemented) in [25].

Theorem 3.6.1. For every prime power q, we have

#M6(Fq) = q15 + q14 + 2q13 + q12 − q10 + q3 − 1.

In particular, #M6(F2) = 68615 as asserted in Theorem 3.1.6.

Proof. See [8].

Given Theorem 3.6.1, one can give an alternate proof of Theorem 3.1.6 by indepen-

dently checking the following two concrete assertions:

• For each tabulated curve C, the order of #Aut(C) is no greater than the reported

value.

• No two of the tabulated curves lying in the same stratum are isomorphic. (For an

extra consistency check, we tested this in Magma also for pairs of curves not lying

in the same stratum.)

Given these assertions, one may then directly verify from our data that #M6(Fq) ≥ 68615

with equality if and only if our census is complete. Combining with Theorem 3.6.1 then

yields Theorem 3.1.6.

Remark 3.6.2. The same logic described in Section 3.6.1 applies to our forthcoming result

on #M5(F3). In fact, the polynomial point counts for

#M5,1(Fq),#M5,2(Fq),#(M5,2/S2)(Fq),#M5,3(Fq), and #(M5,3/S3)(Fq)

are all known [8], all of which provide additional logically independent consistency check.
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3.6.2 Point counts with marked points

As noted earlier, given Theorem 3.1.6 one can count the F2-points of any moduli

stack corresponding to genus 6 curves with some additional marked structure, as in

Corollary 3.1.7. This count will always yield an integer consequent of Lemma 3.1.5.

3.6.3 Point counts in strata

Point counts of some strata ofM6 are also known, and can be used to check the

corresponding sections of our table. See Table 3.2 for a summary of this discussion.

• For hyperelliptic curves, it is straightforward to compute that

#H6(Fq) = q11;

see [7] for much stronger results.

• For plane quintics, Gorinov [35] showed that Q6 has trivial rational cohomology,

yielding

#Q6(Fq) = q12.

This has been rederived by elementary means by Wennink [93].

• For bielliptic curves, Kedlaya [45, Proposition 4.5] has shown that

#Bg(Fq) =
q2g − q2g−4 − q2g−5 + (−1)g+1q

q2 + 1

for 6 ≤ g ≤ 11 and for every odd prime q. This formula does not hold for q = 2; it

predicts #B6(F2) = 742, whereas the computed value is 744 (see Table 3.2). See also

[45, Remark 4.4].

We are not aware of any prior computation of #T6,n(Fq). Comparing the values for
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Table 3.2. Point counts (unweighted and weighted) over F2 of the various strata ofM6.
When known, the weighted point count over Fq is also listed.

Stratum Unweighted Weighted Weighted count over Fq

H6 4134 2048 q11

B6 1530 744 q10 − q8 − q5 + q3 − q (q odd)
Q6 4204 4096 q12

T6,0 7282 7166 ?
T6,2 6181 6148 ?
MBN

6 48896 48413 ?
M6 72227 68615 q15 + q14 + 2q13 + q12 − q10 + q3 − 1

q = 2 with Zheng’s results on the stable cohomology of Tg,n [98] suggests that

#T6,0(Fq) ≈ q13 − q10, #T6,2(Fq) ≈ q12 + q11.

While there is no reason to expect a dearth of lower-order terms, for q = 2 these expressions

come astonishingly close to the computed counts (7168 and 6144 in place of the actual

values 7166 and 6148).

Remark 3.6.3. The polynomial point count of #M7(Fq) is not known as of the writing

of this thesis; in fact, our experimentally obtained count of #M7(F2) may be needed to

determine the polynomial for #M7(Fq) in [8]. The polynomial point count for #M7(Fq)

that one may eventually obtain using this method would no longer provide a logically

independent consistency check of our computational result.
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