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Last time, I asked:

“What does mathematics mean to you?”

And some people answered:

“The manipulation of numbers, the manipulation of structures.”

And if I had asked what music means to you, would you have answered:

“The manipulation of notes?”

—Serge Lang, The Beauty of Doing Mathematics

“Do not worry about your difficulties in mathematics;

I can assure you mine are still greater.” – Albert Einstein.
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ABSTRACT OF THE DISSERTATION

On the Values of Equivariant and Artin L-functions of Cyclic

Extensions of Number Fields

by

Barry Ried Smith

Doctor of Philosophy in Mathematics

University of California, San Diego, 2007

Professor Cristian Popescu, Chair

We study the values produced by equivariant Artin L-functions at zero. We begin

with three preliminary chapters providing the requisite background. In the fourth

chapter, we derive expressions for the norms of the values of Artin L-functions

attached to cyclic extensions of degree 2mpn, where p is an odd prime number,

m ≥ 1, and n ≥ 0. We propose hypothetical expressions for the values themselves

in terms of the Fitting ideals of two arithmetic modules over the ring of integers in

a cyclotomic field, and validate the expressions and their local variants in several

cases.

In chapter five, the formulas from chapter four are used to study the Brumer-

Stark conjecture and its local variants in several new cases. Our methods are

similar to those used in the study of degree 2p extensions by Greither, Roblot, and

Tangedal, excepting the use of the formulas from chapter four that enable proofs in

our more general setting. Some results deal only with the annihilation statement

of the p-primary part of the conjecture for degree 2mpn extensions. They hint that

something deeper is happening with the p-primary part of the conjecture in the

cases where general proofs cannot yet be given.

In chapter six, the expressions from chapter four are used to study a new conjec-

ture of Hayes concerning the precise denominators of the values of the equivariant

L-functions at zero. A variant of this conjecture is proved for extensions of degree

xi



2m using the formulas from chapter four. Following that, it is shown that the

truth of the conjecture is preserved under lowering of the top field. We then prove

the conjecture for extensions where both fields are absolutely Abelian of prime

conductor. Lastly, a counterexample is provided to a stronger conjecture posed by

Hayes in an unpublished manuscript.
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Chapter 1

Introduction

1.1 History

Zeta and L-functions are ubiquitous in mathematics. A description of the

state of knowledge of all such functions would fill many volumes, so we must aim

for something more modest within this chapter. We will attempt to give a brief

overview only of the various zeta and L-functions relevant to the results in this

work. Even this would be too large an undertaking for our purposes; for instance,

we would need to discuss the relationship between these functions and both the

analytic and algebraic aspects of the theory, including such topics as the Riemann

Hypothesis and the Prime Number Theorem. We will therefore strive to give a

history only of the creation of these functions, and the relationship between their

special values and the algebraic side of the theory.

The study of special values of zeta and L-functions was initiated in 1650, when

Pietro Mengoli asked for the value of the infinite series
∞∑
n=1

1

n2
.

This problem resisted the efforts of such masters as Gottfried von Leibnitz, Jacob

Bernoulli, and Johann Bernoulli, before it succumbed to Leonard Euler in 1735.

Using a brilliant, albeit unrigorous, argument, he found that

ζ(2) =
∞∑
n=1

1

n2
=
π2

6
.

1
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His paper included several similar evaluations, and demonstrated that he was al-

ready studying what is now known as the Riemann zeta function,

ζ(s) =
∞∑
n=1

1

ns
,

as a function of the variable s for integer valued s > 1. In 1737, he discovered the

Eulerian product,

ζ(s) =
∏

p prime

1

1− p−s
,

from which followed a new proof of the infinitude of prime numbers. This important

formula was the first indication of the algebraic nature of zeta and L-functions.

Euler spent the next several years extending his results and striving to place them

on a firm foundation. Finally, in 1750, he published the following remarkable

formula for the values of the Riemann zeta function at positive even integers:

ζ(2k) =
∞∑
n=1

1

n2k
= (−1)k−1 (2π)2k

2 (2k)!
B2k.

The rational numbers B2k are the Bernoulli numbers.

In 1674, the young Leibniz was the first to discover a special value of what is

now termed an L-function, when he evaluated

L(1) =
∞∑
n=0

(−1)n

2n+ 1
=
π

4
.

In his paper of 1735, Euler evaluated

L(s) =
∞∑
n=0

(−1)n

(2n+ 1)s

for various positive integral values of s. His paper of 1737 then included, besides

the Eulerian product expansion for ζ(s), the related product expansion for L(1).

He later recognized that this result gives an analytic proof of the infinitude of

prime numbers of the forms 4n+ 1 and 4n+ 3. It should be noted that Euler also

obtained a result equivalent to the functional equations for ζ(s) and L(s), which

was unfortunately ignored for the next 100 years.

In 1837, Johann Lejeune Dirichlet extended the idea of Euler’s proof of the

infinitude of prime numbers of the form 4n + 1 and 4n + 3 to prove his famous
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theorem on prime numbers in arithmetic progressions. To accomplish this, he

introduced a variant of the Riemann zeta function, the Dirichlet L-function. It is

defined by

L(s, χ) =
∞∑
i=1

χ(n)

ns
=
∏

p prime

1

1− χ(p)p−s
,

where χ is a periodic and multiplicative function on the integers called a Dirichlet

character. As indicated, these can be written either as a series or as an Eulerian

product; both expressions converge to an analytic function of the complex variable

s in the half-plane <(s) > 1. An example is the L-function considered by Euler in

his paper of 1735, which is associated with the Dirichlet character defined by

χ(n) =


1, if n ≡ 1 (mod 4);

−1, if n ≡ 3 (mod 4);

0, if n ≡ 0 or 2 (mod 4).

Dirichlet’s work also provided the next conceptual advance in the theory of

zeta and L-functions – the idea that the special values of these functions, besides

having simple closed-form expressions, also contain arithmetic information. He

derived an explicit expression, partly anticipated by Carl Jacobi, for the class

number of an imaginary quadratic field in terms of the value of a Dirichlet L-

function at s = 1. He also derived a class number formula for real quadratic fields,

expressing a relationship between the value of a Dirichlet L-function at s = 1 and

the class number and fundamental unit of the corresponding real quadratic field.

Both the Riemann zeta-function and the Dirichlet L-functions can be analyti-

cally continued, the zeta function to the whole complex plane excluding a simple

pole at s = 1, and the L-functions to entire functions. Thus, one may also con-

sider their values at negative integers. Analytic continuation is required to show

that these values exist. One might therefore suspect that the values produced

thereby are transcendental, and perhaps do not have simple closed-form expres-

sions. It is a mystifying result, then, that the values of these functions at negative

integers are algebraic. This follows from the equally astounding result that these

functions, satisfy “functional equations”, which relate the value of a function at a

complex number s to the value at 1− s. The values of the Riemann zeta-function
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and Dirichlet L-functions at negative integers are given in terms of generalized

Bernoulli numbers, although this was not fully understood until the twentieth cen-

tury. These numbers lie in the field of values of the associated Dirichlet character.

The next major advances in the theory of zeta and L-functions required the

development of the theory of more general number fields, finite extension fields

of the rational numbers. The first important advance in this direction was Ernst

Kummer’s theory of ideal numbers. In 1850, Kummer published a paper which

used this theory to prove some of the cornerstones of the theory of cyclotomic fields.

Two are of interest to the history of values of zeta functions. First, he introduced a

function associated with each cyclotomic field of prime conductor, later known as

a Dedekind zeta function. He showed that the residues of these functions at s = 1

contain arithmetic information about the associated fields. Second, he discovered

that the class number of the cyclotomic field of conductor p is divisible by p exactly

when p divides the numerator of ζ(−n) for some n = 1, 3, . . . , p − 4. Thus, the

values of the Riemann zeta function encode information about extension fields of

the rational numbers.

In the 1870’s, Richard Dedekind created ideals as an alternative to ideal num-

bers for overcoming the lack of unique factorization in general number fields. He

demonstrated that an ideal in the ring of integers of such a field always has a unique

factorization as a product of prime ideals. Later, he created generalizations of the

Riemann zeta function called Dedekind zeta functions. Given an algebraic number

field K, the associated Dedekind zeta function is defined as

ζK(s) =
∑

a

1

N(a)s
=
∏

p

1

1−N(p)−s
,

where the sum runs over the integral ideals of the ring of integers of K, the product

runs over the prime ideals of this ring, and N(a) denotes the absolute norm of the

ideal a. Again, a Dedekind zeta function has expressions both as a series and as

an Eulerian product, and both expressions converge to an analytic function on the

half-plane <(s) > 1. In the case where K = Q, the Dedekind zeta function is just

the Riemann zeta function. In the eleventh supplement to Dirichlet’s Vorlesungen

Über Zahlentheorie published in 1894, Dedekind proved the seminal analytic class
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number formula. This says that the residue at s = 1 of the Dedekind zeta function

of a field K is
2r1(2π)r2

W |d|1/2
hR,

where r1 is the number of real embeddings K ↪→ C, r2 is the number of pairs of

complex conjugate embeddings K ↪→ C, W is the number of roots of unity in K,

d is the discriminant of K, h is the class number of K, and R is the regulator of a

fundamental system of units of K. The Dedekind zeta function therefore encodes

all of the important arithmetic information about K.

Number theorists next sought a common generalization of the Dedekind zeta

functions and the Dirichlet L-functions, but the correct generalization of the Dirich-

let characters is not the most obvious possibility. Since the Dedekind zeta function

of a field K is defined as a sum over ideals, the definition of the new L-functions

involves a multiplicative function on the ideal group of the ring of integers of K.

It was desired that the new L-functions have meromorphic continuations to the

complex plane and functional equations. To ensure that the L-functions have such

properties, it is necessary to restrict the definition of the multiplicative function.

Erich Hecke found the appropriate restriction, and called these multiplicative func-

tions Größencharacters. Given a Größencharacter χ, the corresponding L-series is

defined by

L(s, χ) =
∑

a

χ(a)

Na
.

Between 1917 and 1920, Hecke managed to prove that his new L-functions, in-

cluding the Dedekind zeta function in the special case where χ(a) = 1 for all a,

have analytic continuations to the entire complex plane (excepting a simple pole at

s = 1 for the Dedekind zeta function), and that they satisfy functional equations.

Using the functional equation and the analytic class number formula, one can

show that the Maclaurin series of the Dedekind zeta function of a field K begins

with the term

−hR
W

sr1+r2−1. (1.1)

Thus, the value of a certain derivative of the zeta function at s = 0 gives informa-

tion about the arithmetic of the field. However, the special values of other Hecke



6

L-functions are much less understood. For instance, special values of Abelian

L-functions, particular types of Hecke L-series, were expressed through an appro-

priate generalization of the Bernoulli numbers only in 1979 by Takuro Shintani. A

closed-form expression or arithmetic interpretation for the special values of general

Hecke L-functions has not yet been found.

Until now, the zeta and L-functions that we have considered have each been as-

sociated with a number field. The next major historical step was Emil Artin’s cre-

ation of L-functions attached to Galois extensions of number fields. This idea grew

out of the Eulerian product for Abelian L-functions. Given a field k, the associated

Abelian L-functions are the Hecke L-functions whose associated Größencharakters

come from characters on ray class groups of k. The introduction of class field theory

allows one to consider these as characters on Galois groups of Abelian extensions

of k. In a paper of 1923, Artin extended this idea to define functions attached

to characters of represenations of arbitrary Galois extensions of number fields. If

K/k is such an extension, with Galois group G, and if ρ is a representation of G

on a finite dimensional complex vector space V with character χ, then the Artin

L-function associated with χ is defined as

LK/k (s, χ) =
∏

p

1

det (1− σPN(p)−s;V IP)
. (1.2)

Here, p runs through the prime ideals of k, P is a prime ideal of K dividing p, σP is

an arbitrary Frobenius automorphism associated with P, and V IP is the subspace

of V fixed by the inertia group IP of P over p. As indicated in the notation,

representations with the same character yield the same Artin L-function, and the

definition is independent of the choice of Frobenius element for the ramified primes

P. With this definition, Artin introduced the monumental idea that one should

define L-functions through Eulerian products whose local factors are given by the

determinant of the action of a Frobenius element on a certain module. A series

expansion analogous to that of the Riemann zeta function does not exist for general

Artin L-functions, but they behave well under change of the extension K/k, they

have meromorphic continuations to the complex plane, and they satisfy functional

equations. The Artin conjecture states that if χ is the character of an irreducible
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representation of G, then the Artin L-function associated with χ has a holomorphic

continuation to the complex plane, excepting the known pole at s = 1 when χ is

the trivial character.

The Galois-equivariant Artin L-function is created by assembling together the

various Artin L-functions associated with an extension as follows. Let K/k be an

Abelian extension of number fields with Galois group G. Given a complex-valued

character χ ∈ Ĝ, there is an associated idempotent in C [G]:

eχ =
1

|G|
∑
σ∈G

χ
(
σ−1
)
σ. (1.3)

The equivariant Artin L-function associated with K/k is defined by

θK/k(s) =
∑
χ∈ bG

LK/k
(
s, χ−1

)
eχ, (1.4)

where the functions LK/k(s, χ) are the Artin L-functions of K/k. θ is a meromor-

phic function from the complex numbers to the complex group ring C [G]. When

G is the trivial group, the equivariant L-function is the Dedekind zeta function of

k.

Much less is known about the special values of Artin and equivariant Artin L-

functions than those of the subset of Abelian L-functions. The description of the

values of Artin L-functions in terms of the arithmetic of the associated fields is the

goal of the extremely far-reaching Stark conjectures. These conjectures and their

refinements, the first being developed in the 1970’s and early 1980’s by Harold

Stark ([53], [54], [55], [56]), describe the coefficients of the leading terms of the

Maclaurin series of Artin and equivariant Artin L-functions. The Abelian refine-

ments of Stark’s main conjecture suggest that these coefficients contain arithmetic

information about the fields K and k, including information about generators of

Abelian extensions of k. As a special case, just as the rational part of the coefficient

in (1.1) is the quotient of the ideal class number by the number of roots of unity

in the associated field, it is suspected that the value of an equivariant Abelian

L-function at s = 0, when nonzero, contains more refined algebraic information

about these groups. In the next section, we will discuss three ideas in this direction

— one known and two conjectural.
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1.2 The L-function evaluator

To obtain clean results about the values of Artin and equivariant Artin L-

functions, we must introduce their S-truncated variants. For an Abelian extension

of number fields K/k with Galois group G and a set S of places of k containing the

Archimedean places, the S-truncated Artin L-function associated with a character

χ ∈ Ĝ is the Artin L-function associated with χ deprived of the Euler factors

corresponding to the finite places in S. The S-truncated equivariant L-function is

formed from the S-truncated Artin L-functions by using S-truncated L-functions

in (1.4). In both cases, the S-truncated versions are denoted by adding an S to

the subscript in the function’s name.

The special value of the equivariant L-function θK/k,S(0) is called the L-function

evaluator associated with K/k and S. It will usually be written as θK/k,S, or simply

as θ when the context is clear. It is the element of C[G] defined by

θ =
∑
χ∈ bG

LK/k,S
(
0, χ−1

)
eχ,

where the idempotents eχ are defined by (1.3). It is so named because apply-

ing the C-linear extension of a character χ to θ gives the Artin L-function value

LK/k,S (0, χ−1).

The most important property of the θK/k,S is that its coefficients are rational

numbers when S contains the prime ideals that ramify in K. This was first proved

by Siegel [52], building upon earlier work of Klingen [30]. A little later, Shintani

[51] reproved this by different methods. A stronger result, proved independently

by Daniel Barsky [2], Pierrette Cassou-Noguès [5] and Deligne-Ribet [8] says that

θ is almost integral; the denominators of its coefficients divide WK = |µK |, the

number of roots of unity in K. They actually proved that multiplying θ by the

Z[G]-annihilator of µK gives an ideal in the integral group ring Z[G], known as the

Stickelberger ideal. This result is the G-equivariant analogue of the rational part

of the coefficient in (1.1) having denominator WK .

Multiplying the rational part of the coefficient in (1.1) by W gives the class

number of K. Continuing with our analogy, one might suspect that the Stickel-

berger ideal is related to the class group of K. There are two conjectures describing
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such a relationship. Brumer’s conjecture states that the Stickelberger ideal is con-

tained in the Z [G]-annihilator of the ideal class group of K. The Brumer-Stark

conjecture asserts first that WKθ is contained in the Z [G]-annihilator of the ideal

class group of K. This is just a special case of Brumer’s conjecture. However,

the Brumer-Stark conjecture further claims that the principal ideal produced by

applying WKθ to a given ideal of K has a generator with very special properties –

all of its algebraic conjugates have absolute value 1, and its WKth root generates

an Abelian extension of k. Thus, the Brumer-Stark conjecture suggests that the

value of the equivariant L-function at s = 0 contains information about Abelian

extensions of k larger than K. This has implications for Hilbert’s 12th problem.

The final part of the analogy concerns the denominators of the coefficients of the

value of the equivariant L-function at s = 0 when reduced to lowest terms. These

denominators may be proper divisors of the number of roots of unity of K. In the

case of the Dedekind zeta function, the actual denominator of the rational part of

the coefficient in (1.1) is found by removing a factor from W equal to the greatest

common denominator of the class number and number of roots of unity. David

Hayes ([25]) recently stated a conjecture which proposes a relationship between the

actual denominators of the coefficients of the value of the equivariant L-function

at s = 0 and the structure of the class group of K. We will see that there can also

be a relationship between the structures of the class group and roots of unity of K

that is manifest in the values of the S-truncated Artin L-functions of the extension

at s = 0. For the trivial extension K = k, this relationship (manifest in the value

of the S-truncated Dedekind zeta function) is uninteresting.

The purpose of this work is to develop new information about the special values

of Artin and equivariant Artin L-functions for certain cyclic extensions. We will

discuss the result and conjectures mentioned in the previous paragraphs for these

extensions, proving them in some cases. In Chapter 2, we will review the algebraic

results that will be used in the later chapters. Chapter 3 gives an introduction to

the main objects of study, including precise statements of the above conjectures

and a summary of cases in which they are known to be true. In Chapter 4, we

will provide expressions for values of L-functions in terms of the arithmetic of the
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associated fields. In Chapter 5, we will use the results in Chapter 4 to prove new

cases of the Brumer-Stark conjecture for certain cyclic extensions. In Chapter 6,

we will use the results from Chapter 4 to analyze Hayes’s conjecture for certain

cyclic extensions. We will examine the effects of changing the set S or the top

field appearing in the conjecture. We will then prove part of Hayes’s conjecture

in several instances. Finally, we will provide a counterexample to another part of

Hayes’s conjecture.



Chapter 2

Algebraic Background

In this chapter, we will collect the prerequisite algebraic knowledge that will

be used in later chapters. We assume a knowledge of basic algebraic number

theory and commutative algebra. This includes commutative ring theory and

Galois theory. We also assume standard knowledge about algebraic integers, ideal

groups, ideal class groups, and unit groups. Furthermore, we assume that the

reader has a basic familiarity with p-adic integers. See, for instance, [11], [38], or

[50].

2.1 Torsion modules over Dedekind domains

Finitely generated torsion modules over a fixed Dedekind domain are classified

by the Primary Decomposition Theorem:

The Primary Decomposition Theorem. Let M be a finitely generated torsion

module over the Dedekind domain R. Then M is isomorphic to a module of the

form ⊕
p∈IR

(
R/pe(p,1) ⊕R/pe(p,2) ⊕ · · · ⊕R/pe(p,l(p))

)
.

The sum is over the prime ideals of R, and for each prime ideal p, l(p) is an integer,

the exponents e(p, i) are positive integers, and l(p) = 0 for all but finitely many

primes p. This decomposition is unique up to rearrangement of the summands.

For a proof, see [3, Theorem 6.3.20].

11
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2.2 Representation theory

A reference for this material is [49]. Given a finite group G, a representation of

G in a complex vector space V is a group homomorphism ρ from G into GL(V ),

the group of isomorphisms of V . V will also be called a representation of G. When

V has finite dimension n, the representation is said to have degree n. If W is a

subspace of V which is stable under the action of G, then the homomorphism from

G to GL(W ) given by composing ρ with restriction to W gives a representation

of G in W ; W is said to be a subrepresentation of V . A representation of G in a

space V is said to be irreducible if V is nonzero and no subspace of V other than

0 and V is stable under the action of G. For instance, a representation of degree

1 is irreducible.

We may reformulate the above terminology in terms of modules over the group

ring C [G] (see Section 2.3). A representation of G in a space V endows V with

the structure of a C [G]-module. In this context, a subrepresentation of V is

just a C[G]-submodule of V . An irreducible representation is one for which the

corresponding module is simple. Two representations are said to be isomorphic if

the corresponding C[G]-modules are isomorphic.

If V =
⊕

iWi is a decomposition of V as a direct sum of subspaces and if each

subspace Wi is a C[G]-submodule of V , we say that V is the direct sum of the

representations Wi. Every representation can be decomposed as a direct sum of

irreducible representations. In such a decomposition, the number of irreducible

representations isomorphic to a given one is independent of the chosen decompo-

sition.

All irreducible representations of an Abelian group G have degree 1. In other

words, an irreducible representation of an Abelian group G is just a character

χ : G → C×. In this work, we will only consider representations of finite Abelian

groups.

If ρ is a representation of a finite group G in a space V , the character χρ of ρ

is the complex-valued function on G defined by

χρ(g) = Trace(ρ(g)).
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Surprisingly, a representation is determined up to isomorphism by its character.

Let V be a representation space with a decomposition as a direct sum of subrep-

resentations

V =
n⊕
i=1

Wi,

Let χ be the character of V and let χi be the character of Wi for 1 ≤ i ≤ n. These

characters satisfy the relation

χ =
n∑
i=1

χi.

We can define a scalar product on the characters of representations of G by

〈χ, ψ〉G =
1

|G|
∑
g∈G

χ(g)ψ(g).

If χ and ψ are the characters of two irreducible representations, then

〈χ, ψ〉G =

1, if χ and ψ are isomorphic;

0, otherwise.
(2.1)

If H is a subgroup of G, then a representation of H in a space W induces a

representation V of G:

V = C[G]⊗C[H] W.

V is called the representation induced by W . If χ is the character of the repre-

sentation W , then the character of the induced representation will be denoted by

Indχ. Similarly, if ρ is a representation of G, then the restriction of ρ to H is a

representation of H. If χ is the character of the representation ρ of G, then the

restriction of χ to H is the character of the restriction of ρ to H. This restricted

character will be denoted Resχ.

If H is a subgroup of G, ψ is the character of a representation of G, and χ is

the character of a representation of H, then the Frobenius Reciprocity Theorem

says:

〈χ,Resψ〉H = 〈Indχ, ψ〉G . (2.2)

We will only need this theorem to prove the following proposition.
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Proposition 2.2.1. Let H be a subgroup of a finite Abelian group G. If χ is an

irreducible character on H, then

Indχ =
∑
ψ∈ bG

Resψ=χ

ψ.

Proof. Since G and H are Abelian, the characters of the irreducible representations

of G and H are the usual characters in Ĝ and Ĥ. If ψ ∈ Ĝ is such that ResH ψ = χ,

then by Frobenius Reciprocity,

〈χ, χ〉H = 〈Indχ, ψ〉G .

It follows from (2.1) that

〈Indχ, ψ〉G = 1.

Otherwise, if ResH ψ 6= χ, then since unequal characters are not isomorphic, similar

reasoning shows that

〈Indχ, ψ〉G = 0.

The proposition now follows since, for any character ψ ∈ Ĝ, the number of char-

acters in a decomposition of Indχ into irreducible characters that are isomorphic

to ψ is 〈Indχ, ψ〉 (see, for instance, [49, §2.3, Theorem 4]).

2.3 Group Algebras

A reference for this material is [45, Chapter 15]. Let G be a finite Abelian

group, written multiplicatively. We will have cause to consider the group algebras

R[G] for various subrings R of C. The group algebra R[G] is the free R-module

with basis given by the elements of G. Multiplication of basis elements σ, τ is

defined as σ · τ = στ , where the product on the right is that of G. The product of

arbitrary elements is then defined through the distributive law. If we write 1 for

the identity element of G, then R[G] has the structure of an R-algebra through

the injection r 7→ r · 1.

If G = G1 ×G2 is the internal direct product of two Abelian subgroups, there

is an isomorphism

R [G1] [G2] ∼= R[G]



15

given by ∑
σ∈G2

(∑
τ∈G1

aσττ

)
σ 7→

∑
σ∈G2

∑
τ∈G1

aστστ. (2.3)

Every group homomorphism G → R× extends by R-linearity to a homomor-

phism of R-algebras R[G]→ R. This provides a bijection

HomZ−mod

(
G,R×)←→ HomR−alg (R[G], R) .

As a special case, every group homomorphism G1 → G2 induces an R-algebra

homomorphism R [G1]→ R [G2].

We shall have need of three such induced R-algebra homomorphisms. First,

the map induced by the group homomorphism G → R× sending σ 7→ 1 for all

elements σ in G is called the augmentation map and will be denoted by ε. The

kernel of ε in R[G] is called the augmentation ideal. Now let χ be a complex-

valued character of G, and assume that R× contains the values of the character

χ. The second homomorphism we will consider is the R-algebra homomorphism

R[G]→ C induced by χ. We will abuse notation and refer to this map as χ as well.

The third homomorphism is called the twist by χ and will be denoted by tχ. It is

the R-algebra homomorphism R[G]→ R[G] induced by the group homomorphism

G→ R[G]× such that σ 7→ χ(σ)σ.

Keeping our previous assumptions, we now assume further that |G| is invertible

in R. Then we may define an idempotent in R[G] as in the definition of the

equivariant L-functions:

eχ =
1

|G|
∑
σ∈G

χ
(
σ−1
)
σ.

These idempotents satisfy the following properties:

Properties of idempotents in group algebras.

1. For all σ ∈ G, we have σeχ = χ(σ)eχ.

2. For all χ, ψ ∈ Ĝ, we have eχeψ = δ(χ, ψ)eχ.

3.
∑

χ∈ bG eχ = 1.

4. For χ, ψ ∈ Ĝ, we have χ (eψ) = δ(χ, ψ).
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5. The set { eχ|χ ∈ Ĝ } is a free R basis for R[G].

6. If G = G1 × G2, then a character χ on G restricts to characters χ1 and χ2

on G1 and G2. Within R[G], we have

eχ = eχ1eχ2 .

Proofs of properties 1 through 5 can be found immediately following [45, Lemma

15.4]. Suppose that G, G1, and G2, χ, χ1, and χ2 satisfies the assumptions of

property 6. Then

eχ =
1

|G|
∑
σ∈G

χ
(
σ−1
)
σ

=
1

|G1| |G2|
∑
σ∈G1

χ1

(
σ−1
) ∑
τ∈G2

χ2

(
τ−1
)

= eχ1eχ2 .

If V is an R[G]-module, we set V χ = eχV . This R[G]-submodule is called the

χ-th isotypic component of V . It is also characterized by

V χ = { v ∈ V |σv = χ(σ)v for all σ ∈ G }.

The following proposition is fundamental to the theory of Galois module structures

in number theory (see [45, Proposition 15.5]):

Proposition 2.3.1. Let G be a finite Abelian group. Let R be a subring of C such

that R× contains the roots of unity of order |G|, as well as the integer |G|. Let V

be an R[G]-module. Then V is the direct sum of its isotypic components:

V ∼=
⊕
χ∈ bG

V χ

The following lemmas describe the behavior of these idempotents under certain

maps between group algebras. We continue to assume that R× contains |G| and

the values of the characters on G.
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Lemma 2.3.2. Let H be a subgroup of the finite Abelian group G. Let χ be in Ĝ.

Then

π (eχ) =

eχ, if χ(H) = 1;

0, otherwise,

where π : R[G] → R[G/H] is the map induced by projection. Observe that when

χ(H) = 1, χ is being considered as both a character on G and a character on G/H.

Proof. Orthogonality relations.

Lemma 2.3.3. Let G be a finite Abelian group, and let χ ∈ Ĝ. For all ψ ∈ Ĝ,

tχ (eψ) = eχ−1ψ,

where tχ is the twist by χ.

Proof. From the definitions of tχ and eψ, we have

tχ (eψ) =
1

|G|
∑
σ∈G

ψ
(
σ−1
)
χ (σ)σ

=
1

|G|
∑
σ∈G

χ−1ψ
(
σ−1
)
σ

= eχ−1ψ.

We will need a lemma concerning the structure of group algebras R[G] when

G is cyclic of order 2m or 2mpn. Let R be either of the rings Z or Q.

Lemma 2.3.4. Assume that G is a cyclic group of order 2m. Let τ be an element

of G of order 2m. Set Nτ = 1 + τ 2m−1
. Let χ be a complex-valued character on G

of order 2m. Then χ induces an isomorphism

χ : R [G] / (Nτ ) ∼= R [ζ2m ] .

Now assume that p is an odd prime number and that G is a cyclic group of order

2mpn. Let σ and τ be elements of G of orders pn and 2m respectively. Let Nτ be

as above and set Nσ =
∑p−1

i=1 σ
ipn−1

. Let χ be a complex-valued character on G of

order 2mpn. Then χ induces an isomorphism

χ : R [G] / (Nτ ,Nσ) ∼= R [ζ2mpn ] .
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Proof. In either case above, the surjectivity is immediate. Assume first that G has

order 2m. Set ζ2m = χ (τ). To demonstrate the injectivity, let α =
∑2m−1

i=0 aiτ
i be

an element of R [G] such that χ(α) = 0. Then

χ(α) =
2m−1−1∑
i=0

aiζ
i
2m +

2m−1∑
i=2m−1

aiζ
i
2m

=
2m−1−1∑
i=0

(ai − ai+2m−1) ζ i2m = 0.

Since the numbers ζ i2m for 0 ≤ i ≤ 2m−1− 1 form an R-module basis for R [ζ2m ], it

follows that ai = ai+2m−1 for 0 ≤ i ≤ 2m−1 − 1. We thus have the factorization

α = Nτ

2m−1−1∑
i=0

aiτ
i,

so the class of α is trivial in R [G] /(Nτ ).

Now assume that G has order 2mpn. Set ζ2m = χ (τ) and ζpn = χ (σ). To

demonstrate the injectivity, let

α =

p−1∑
i=0

pn−1−1∑
j=0

2m−1∑
k=0

aijkτ
kσip

n−1+j

be an element of R[G] such that χ(α) = 0. Then

p−1∑
i=0

pn−1−1∑
j=0

2m−1∑
k=0

aijkζ
k
2mζ

ipn−1+j
pn = 0.

Subtracting

χ

pn−1−1∑
j=0

2m−1∑
k=0

a(p−1)jkτ
kσj

Nσ

 (2.4)

gives
p−2∑
i=0

pn−1−1∑
j=0

2m−1∑
k=0

(
aijk − a(p−1)jk

)
ζk2mζ

ipn−1+j
pn = 0.

Since ζ2m−1

2m = −1, we may rewrite this as

p−2∑
i=0

pn−1−1∑
j=0

2m−1−1∑
k=0

(
aijk − a(p−1)jk − aij(k+2m−1) + a(p−1)j(k+2m−1)

)
ζk2mζ

ipn−1+j
pn = 0.
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Now the numbers ζk2mζ
ipn−1+j
pn for 0 ≤ i ≤ p − 2, 0 ≤ j ≤ pn−1 − 1, and

0 ≤ k ≤ 2m−1 − 1 form an R-module basis for R [ζ2mp] over R ([38, Chapter 1,

Proposition 10.3]). Therefore, each coefficient in the triple sum above is zero, so

aijk − a(p−1)jk = aij(k+2m−1) − a(p−1)j(k+2m−1)

for each triple of indices i, j, k.

The argument of χ in (2.4) is a multiple of Nσ, and subtracting that argument

from α gives

p−2∑
i=0

pn−1−1∑
j=0

2m−1∑
k=0

(
aijk − a(p−1)jk

)
τ kσip

n−1+j

=

p−2∑
i=0

pn−1−1∑
j=0

2m−1−1∑
k=0

((
aijk − a(p−1)jk

)
+ τ 2m−1 (

aij(k+2m−1) − a(p−1)j(k+2m−1)

))
τ kσip

n−1+j

=

p−2∑
i=0

pn−1−1∑
j=0

2m−1−1∑
k=0

(
aijk − a(p−1)jk

)
τ kσip

n−1+j

Nτ .

Therefore, α is in the ideal (1 + τ,NH) of R[G]. The injectivity of χ follows.

2.4 Fitting Ideals

Accounts of Fitting ideals can be found in [41, §1.4], [36, Appendix], and [39].

Throughout this section, all rings are commutative with unit element, and a mor-

phism from R1 to R2 is understood to take the unit element of R1 to the unit

element of R2. Furthermore, all modules are assumed to be finitely generated. We

will only need to consider the zero-th Fitting ideal of an R-module M , although

the concept of higher Fitting ideals does exist. Because of this, we will refer to the

zero-th Fitting ideal simply as the Fitting ideal FitR(M).

Throughout this work, if R is the ring of integers in a number field, the absolute

norm on ideals of R will be denoted by N. It is the function from the nonzero

ideals of R to the positive integers defined by

N (a) = |R/a| .
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It extends to the fractional ideals of R by multiplicativity.

Suppose M has generators m1, . . . ,mn. Then FitR(M) is the ideal in R gen-

erated by the determinants of all n × n matrices A = (aij) where aij ∈ R and∑n
i=1 aijmi = 0 for all j. In other words, the columns of A consist of relations

among the generators mi. We will use the following properties of Fitting ideals:

Properties of Fitting ideals.

1. FitR(M) is independent of the choice of generators m1, . . . ,mn.

2. FitR(M) ⊂ AnnR(M).

3. For an ideal I of R, FitR(R/I) = I.

4. If M1, . . . ,Mk are R-modules, then FitR

(⊕k
i=1Mi

)
=
∏k

i=1 FitR (Mi).

5. If f : R1 → R2 is a surjective homomorphism of rings, and if M is a finitely

generated module over R2, then f (FitR1(M)) = FitR2(M).

6. If R is the ring of integers in a number field and M is a finite module over

R, then N (FitR(M)) = |M |. Here, if a is an ideal of R, N(a) denotes the

absolute norm |R/a| of a.

7. If M1 →M2 is an R-module epimorphism, then FitR (M1) ⊆ FitR (M2).

Proof.

(1): It suffices to show that the Fitting ideal computed using generatorsm1, . . . ,mn

ofM is the same as that computed using generatorsm1, . . . ,mn,mn+1 for anymn+1

in M . For now, we denote the first of these ideals as Fitn(M) and the second as

Fitn+1(M).

Suppose we are given a determinant∣∣∣∣∣∣∣∣
a11 . . . a1n

...
. . .

...

an1 . . . ann

∣∣∣∣∣∣∣∣ ,
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whose entries are in R and whose columns satisfy

n∑
j=1

ajrmj = 0

for all r = 1, . . . n. Since mn+1 ∈ M and m1, . . .mn generate M , we can find

b1, . . . , bn in R satisfying

mn+1 =
n∑
j=1

bjmj. (2.5)

Then the columns of the determinant∣∣∣∣∣∣∣∣∣∣∣

a11 . . . a1n −b1
...

. . .
...

...

an1 . . . ann −bn
0 . . . 0 1

∣∣∣∣∣∣∣∣∣∣∣
are relations among m1, . . . ,mn,mn+1. Since the above determinants are equal, it

follows that Fitn(M) ⊂ Fitn+1(M).

For the reverse inclusion, suppose we are given a determinant∣∣∣∣∣∣∣∣
a11 . . . a1(n+1)

...
. . .

...

a(n+1)1 . . . a(n+1)(n+1)

∣∣∣∣∣∣∣∣
having entries in R and whose columns satisfy

n+1∑
j=1

ajrmj = 0 (2.6)

for r = 1, . . . n + 1. Let the elements b1, . . . bn be defined by (2.5). Since adding

a multiple of the last row to another row leaves the value of the determinant

unchanged, the value of the above determinant is equal to that of∣∣∣∣∣∣∣∣∣∣∣

a11 + b1a(n+1)1 . . . a1(n+1) + b1a(n+1)(n+1)

...
. . .

...

an1 + bna(n+1)1 . . . an(n+1) + bna(n+1)(n+1)

a(n+1)1 . . . a(n+1)(n+1)

∣∣∣∣∣∣∣∣∣∣∣
.
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Expanding this determinant along the last row gives

±
n+1∑
r=1

(−1)r a(n+1)rAr, (2.7)

where Ar is the determinant of a matrix whose columns have the form
a1s + b1a(n+1)s

...

ans + bna(n+1)s

 .
Taking a linear combination of m1, . . . ,mn with coefficients given by the entries in

this vector gives

n∑
j=1

ajsmj + a(n+1)s

n∑
j=1

bjmj =
n∑
j=1

ajsmj + a(n+1)smn+1 = 0,

where the last equality follows from (2.6). Thus, each determinant Ar in (2.7) is

an element of Fitn(M), and hence the original determinant is as well. This shows

the reverse containment, so Fitn(M) = Fitn+1(M).

(2): Let m1, . . . ,mn be generators for the R-module M . Suppose we are given

an n× n matrix A = (aij) whose entries are in R and whose columns satisfy

n∑
j=1

ajrmj = 0

for r = 1, . . . n. Multiplying the equation

AT


m1

...

mn

 = 0

by the adjoint of AT shows that det(A)mr = 0 for r = 1, . . . n. Hence, det(A) is in

Ann(M), and so Fit(M) ⊂ Ann(M).

(3): The relations on the generator 1 of R/I are r · 1 = 0 for r ∈ I.
(4): It suffices to prove that if M and N are finitely generated R-modules, then

FitR (M ⊕N) = FitR (M) FitR (N). Let m1, . . . ,ms be generators for M , and let

n1, . . . , nt be generators for N . Then m1, . . .ms, n1, . . . nt are generators for M⊕N .
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Let A = (aij) be an s× s matrix with entries in R whose columns satisfy

s∑
i=1

airmi = 0

for all r = 1, . . . , s, and let B = (bij) be a t × t matrix with entries in R whose

columns satisfy
t∑
i=1

birni = 0

for all r = 1, . . . , t. Then the columns of the (s+ t)× (s+ t) matrix

C = (cij) =

[
A 0

0 B

]

satisfy
s∑
i=1

cirmi +
s+t∑
i=s+1

cirni = 0

for r = 1, . . . , s + t. Thus, det(C) = det(A) det(B) is contained in FitR (M ⊕N),

and hence, FitR(M) FitR(N) ⊂ FitR (M ⊕N).

For the reverse inclusion, we relabel the above generators of M ⊕N as

m1, . . .ms, ns+1, . . . ns+t.

Let C = (cij) be an (s + t) × (s + t) matrix with entries in R whose columns are

relations on m1, . . . ,ms, ns+1, . . . , ns+t. Explicitly, the entries satisfy

s∑
i=1

cirmi +
s+t∑
i=s+1

cirni = 0 (2.8)

for r = 1, . . . , s+ t.

We will calculate det(C) using Laplace’s expansion of the determinant using

the rows indexed by 1, 2, . . . , s (see, for example, [40, p. 92, equation 5.3.7]). Fix

a sequence K = (k1, . . . , ks) of p integers satisfying

1 ≤ k1 < k2 < . . . < ks ≤ s+ t.
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Let K̃ =
(
k̃1, . . . , k̃t

)
be the sequence obtained from (1, 2, . . . , s + t) by deleting

the terms that belong to K. For such sequences, we define

DK =

∣∣∣∣∣∣∣∣∣∣∣

c1k1 c1k2 . . . c1ks

c2k1 c2k2 . . . c2ks

...
...

. . .
...

csk1 csk2 . . . csks

∣∣∣∣∣∣∣∣∣∣∣
and

DK̃ =

∣∣∣∣∣∣∣∣
c(s+1)k̃1

. . . c(s+1)k̃t

...
. . .

...

c(s+t)k̃1 . . . c(s+t)k̃t

∣∣∣∣∣∣∣∣ .
Laplace’s expansion using the rows indexed by 1, 2, . . . , s is

det(C) =
∑
K

εKDKDK̃ , (2.9)

where the sum is over all possible sequences K as defined above and the coefficients

εK are all equal to either 1 or −1.

Since the sets {m1, . . . ,ms } and {n1, . . . , nt } are respectively sets of generators

of M and N , the relation (2.8) splits into the relations

s∑
i=1

cirmi = 0

and
s+t∑
i=s+1

cirni = 0.

The columns in each determinant DK are the coefficients in the first relation above

as r runs through the indices in K. The columns in each determinant DK̃ are the

coefficients in the second relation as r runs through the indices in K̃. Thus, each

determinant DK is in FitR (M), and each determinant DK̃ is in FitR (N). It follows

that the right side of the equation (2.9) is in FitR (M) FitR(N). Since C was an

arbitrary matrix with columns giving relations on generators of M ⊕ N , we find

that FitR (M ⊕N) ⊂ FitR (M) FitR (N).

(5): If m1, . . . ,mn is a set of generators for M as a module over R2, then it is

also a set of generators for M as a module over R1 since f is surjective. Let A be



25

an n×n matrix with entries in R1. The columns of A are relations on m1, . . . ,mn

when M is considered as an R1 module if and only if the columns of f(A) are

relations on m1, . . .mn when M is considered as an R2 module. Since

det (f(A)) = f (det(A))

it follows that f (FitR1(M)) ⊂ FitR2(M). To see the reverse containment, let

d =
k∑
i=1

ridi

be an element of FitR2(M), where each ri is in R2 and each di is the determinant

of a matrix Ai of relations on some fixed generators of M . Since f is surjective,

there exist elements r̃i in R1 such that f (r̃i) = ri for i = 1, . . . , k. Also, there

exist matrices Ãi with entries in R1 such that f
(
Ãi

)
= Ai for i = 1, . . . , k. Let

d̃i be the determinant of the matrix Ai. Then by the above discussion, FitR1(M)

contains each d̃i and hence contains

d̃ =
k∑
i=1

r̃id̃i,

Since f
(
d̃
)

= d, the proof is complete.

(6): By the Primary Decomposition Theorem from Section 2.1, we can write

M ∼=
⊕
p∈IR

(
R/pe(p,1) ⊕R/pe(p,2) ⊕ · · · ⊕R/pe(p,l(p))

)
.

The Fitting ideal of a module is an isomorphism invariant. Therefore, from prop-

erties 3 and 4 above, we have

FitR(M) =
∏
p∈IR

p
Pl(p)

i=1 e(p,i).

Therefore,

N (FitR(M)) =
∏
p∈IR

l(p)∏
i=1

N
(
pe(p,i)

)
=
∏
p∈IR

l(p)∏
i=1

∣∣R/pe(p,i)∣∣
= |M | .
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(7): This follows from the fact that the images in M2 of a set of generators for

M1 are a set of generators for M2.

The following lemma will be important when working with groups of roots of

unity.

Lemma 2.4.1. Let R be the ring of integers in a number field, and let M be an

R-module with finite cardinality that is cyclic as a Z-module. Let p be a prime

number, and let Ap denote the factor of the ideal AnnR (M) supported at primes

dividing p. Let pt be the exact power of p dividing |M |. Then there exists a prime

ideal P in R dividing p and of residual degree 1 over Q such that

Ap = Pt.

Proof. If M is cyclic as a Z-module, then the p-part Mp of M must have the form

R/Pe for some prime ideal P of R dividing p, hence Ap = Pe. The module R/P

is isomorphic to a quotient of Mp, hence is cyclic as a Z-module. It is therefore

cyclic as a Z/pZ-module, so that

R/P ∼= Z/pZ.

It follows that P has residual degree 1 over Q and e = t.

2.5 Kummer Theory

References for this material are [4, Chapter III, §2] and [33, Chapter XI, §1].

Let k be a number field containing µn, the group of nth roots of unity. The

following is the main theorem of Kummer theory.

Theorem 2.5.1. There is a lattice isomorphism between the lattice of Abelian

extensions K/k such that Gal(K/k) has exponent dividing n (Kummer extensions)

and the lattice of subgroups ∆ of k× such that k×n ⊂ ∆ ⊂ k×. Given a subgroup

∆, the corresponding extension K∆ of k is defined by

K∆ = k
(

n
√

∆
)
.
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Conversely, given a Kummer extension K∆/k, the corresponding subgroup of k× is

∆ = K×n
∆ ∩ k×.

If G = Gal (K∆/k), then there is a perfect pairing

G×∆/k×n → µn,

called the Kummer pairing. It is given by

(
σ, δ
)
7→ σ n

√
δ

n
√
δ
.

This pairing induces an isomorphism of each one of G and ∆/k×n with the Pon-

tryagin dual group of the other.

In addition, it can be shown that a cyclic extension of k of degree m dividing

n is generated by the mth root of a single element of k. In other words, the

corresponding group ∆ can be written as

∆ = k×n · 〈γ〉

for some element γ in k×.

We will also need some information about the behavior of prime ideals in a

Kummer extension.

Proposition 2.5.2. Let p be a prime number and let k be a number field containing

the pth roots of unity. Let q be a prime ideal of k relatively prime to p. Let α be

in k×. Then ordq (α) is divisible by p if, and only if, q is unramified in k ( p
√
α) /k.

For the proof of a stronger result for general Kummer extensions , see [12,

Chapter I, Theorem 6.3].

2.6 Class field theory

We will only need a small amount of class field theory for number fields. The

version involving generalized ideal class groups will be sufficient for our purposes.

A reference for this material is [28].
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2.6.1 The Artin map

Let K/k be a Galois extension of number fields with Galois group G. Let P be

a prime ideal of K lying above the prime ideal p of k. We will denote the ring of

integers in K by OK , the absolute norm of p by Np, and the decomposition and

inertia groups of P over k by DP and IP respectively. There exists a unique coset

mod IP in DP such that any σ in the coset satisfies

σα ≡ αNp (mod P),

for all α in OK . This coset generates the quotient group DP/IP. Any element of

this coset will be called a Frobenius automorphism of P, and will be denoted by

(P, K/k). These automorphisms already appeared in the definition (1.2). When

P is unramified over p, this coset consists of a single automorphism. Now let σ be

an arbitrary element of G. Then we have

(Pσ, K/k) = σ (P, K/k)σ−1.

When p ramifies in K/k, this relation says that the automorphism on the right is

a Frobenius automorphism of P.

Assume further that K/k is an Abelian extension. The above relation shows

that if p is a prime ideal of k, unramified in K, then the Frobenius automorphisms

of all of the prime ideals lying above p are identical. In this case, we refer to the

Frobenius automorphism of p. It will be denoted either by (p, K/k) or by σp. It is

characterized by the congruence

σpα ≡ αNp (mod pOK)

for all α in OK .

We now extend the map

p 7→ (p, K/k)

by multiplicativity to the subgroup of the ideal group IK/k of k comprising the

ideals supported above primes that are unramified in K. Thus, if a is such an

ideal, and its prime decomposition is

a =
∏

pep ,
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we then define

(a, K/k) =
∏

(p, K/k)ep .

We call (a, K/k) the Artin symbol of a, and the map

a 7→ (a, K/k)

is called the Artin map for K/k.

The Artin symbol satisfies the following properties (see [33, p. 198]):

Properties of the Artin symbol.

1. Let σ : K → σK be an isomorphism of number fields. Then for any fractional

ideal a in IK/k,

(σa, σK/σk) = σ (a, K/k)σ−1.

2. Let k ⊂ K ⊂ K ′ be a bigger Abelian extension, and let a be an ideal in IK′/k.

Then

ResK (a, K ′/k) = (a, K/k) .

3. Let K/k be Abelian and let E/k be finite. Let p be a prime ideal in k unram-

ified in K, and let P be a prime ideal of E lying above p. Then

ResK (P, KE/E) =
(
NE/kP, K/k

)
.

In particular, if k ⊂ E ⊂ K, then

(P, K/E) =
(
NE/kP, K/k

)
The following lemma is an immediate consequences of these properties:

Lemma 2.6.1. Suppose that F , k, M , and K are number fields as in the following

diagram.

K

Mk

ffffffffffff

k

ffffffffffff

M

F

ffffffffffff
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Assume that K/k and M/F are Abelian. (We do not assume that M ∩ k = F ).

Let P be a prime ideal of k, unramified in K/k. Suppose that the prime ideal of

F divisible by P is unramified in M . Then

(p, K/k)
∣∣∣
M

=
(
Nk/F p,M/F

)
.

2.6.2 Class fields

Let k be a number field. A modulus f = f0f∞ of k is a formal product consisting

of an integral ideal f0 and a formal product of distinct real infinite places f∞. If α

is in k×, we write α ≡ 1 mod∗ f to mean that α has the following two properties:

1. If p is a prime ideal of k with normalized valuation vp, and if ordp (f0) > 0,

then vp (α) ≥ 0 and

α ≡ 1 (mod pordp(f0)).

2. If v is a real place of k dividing f∞ and σv is the corresponding embedding

of k in R, then

σv α > 0.

Let I(f) denote the group of nonzero fractional ideals of k that are relatively prime

to f0, and let Pf denote the subgroup of I(f) consisting of the principal fractional

ideals (α) where α ≡ 1 mod∗ f. Then I(f)/Pf is a finite group, called the ray class

group modulo f. We denote the modulus where f0 = (1) and f∞ is devoid of places

by 1. The ray class group modulo 1 is isomorphic to Clk, the class group of k. If f

and f′ are two moduli, then we say that f divides f′ if f0 divides f′0 and each factor

of f∞ is also a factor of f′∞. Under these assumptions, the ray class group modulo

f′ maps surjectively onto the ray class group modulo f by sending the class of an

ideal in I(f′) to the class of the same ideal considered as an element of I(f).

We can now state the main theorems of class field theory.

Theorem 2.6.2. Let K/k be an Abelian extension of number fields. Then there

exists a minimal modulus f (called the conductor of K/k) such that:
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1. The places of k that ramify in K/k are precisely those that divide f.

2. If m is a modulus with f dividing m, then there exists a subgroup H with

Pm ⊆ H ⊆ I(m) such that the Artin map induces an isomorphism

I(m)/H ∼= Gal(K/k).

Theorem 2.6.3. Let m be a modulus of k and let H be a subgroup of I(m) with

Pm ⊆ H ⊆ I(m). Then there exists a unique finite Abelian extension K/k, ramified

only at places dividing m (although not necessarily at all places dividing m), such

that the Artin map induces an isomorphism

I(m)/H ∼= Gal(K/k).

When H = Pm, the Abelian extension given by the above theorem is called

the ray class field of k modulo m, and will be denoted by k(m). The Galois group

Gal(k(m)/k) is isomorphic to the ray class group modulo m. The ray class field

modulo 1 is called the Hilbert class field of k, denoted Hk. It is the maximal

unramified Abelian extension of k. The Galois group Gal(Hk/k) is isomorphic to

Clk.

2.7 Group extensions

This section will provide some results concerning the concepts of the previous

sections within the context of a group extension. A reference for the theory of

group extensions is [19, Chapter 15].

We will say that a group G is an extension of a group N by another group H

if N is a normal subgroup of G and H ∼= G/N . We shall only be concerned with

extensions where N is Abelian. For each h in H, we choose a representative h̃ in

G whose coset h̃N corresponds to h. The map fh : x 7→ h̃xh̃−1 is an automorphism

of N for each h̃. Since N is Abelian, fh is independent of the representative

h̃ chosen, and the map H → Aut(N) given by h 7→ fh is a well-defined group

homomorphism. Each map fh extends by Z-linearity to a ring automorphism of

the group ring Z[N ], also denoted fh.
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Our first result concerns Fitting ideals.

Proposition 2.7.1. Assume that M is a left Z[G]-module which is finitely gener-

ated as a Z[N ]-module. For each h in H, fh
(
FitZ[N ](M)

)
= FitZ[N ](M).

Proof. Let m1, . . . ,mn be a set of generators of M as a Z[N ]-module. We shall first

show that for each h in H, the elements h̃m1, . . . , h̃mn are also a set of generators

of M as a Z[N ]-module. If m is in M , then we can write

h̃−1m =
n∑
i=1

bimi,

where each element bi is in Z[N ]. Then

m =
n∑
i=1

(
h̃bih̃

−1
)
h̃mi,

and the coefficients h̃bih̃
−1 are in Z[N ].

Now let A = (aij) be an n×nmatrix with entries in Z[N ] and columns satisfying

n∑
j=1

ajrmj = 0

for r = 1, . . . n. Then

fh (det(A)) =

∣∣∣∣∣∣∣∣
h̃a11h̃

−1 . . . h̃a1nh̃
−1

...
. . .

...

h̃an1h̃
−1 . . . h̃annh̃

−1

∣∣∣∣∣∣∣∣ .
Each column of this matrix provides a relation on the generators h̃mi, since

n∑
i=1

(
h̃airh̃

−1
)
h̃mi = h̃

(
n∑
i=1

airmi

)
= 0

for r = 1, . . . , n. Thus, by the first property of Fitting ideals in Section 2.4, fh

maps FitZ[N ](M) into itself, and fh−1 is an inverse for this map.

We now turn to Kummer theory. Recall that if K is a number field containing

the nth roots of unity µn, then the Abelian extensions of K having Galois groups

with exponents dividing n are completely understood through Kummer theory. If
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K is an Abelian extension of k with Galois group G, the next result determines

when a Kummer extension L of K is Galois over k. A classification of when L is

central over K is in [10].

Proposition 2.7.2. Let K/k be an Abelian extension of number fields with Galois

group G, and assume that K contains the nth roots of unity. Let ∆ be a subgroup

of K× such that K×n ⊂ ∆ ⊂ K×. Then L = K
(

n
√

∆
)

is Galois over k if and

only if ∆ is a sub Z[G]-module of K×.

Proof. Assume that L/k is Galois. Let σ be in G, let δ be in ∆, and choose a lift

σ̃ of σ to Gal(L/k). If η is an nth root of δ, then η is in L. By hypothesis, ησ̃ is

also in L. If δσ were not in ∆, then under the correspondence in Theorem 2.5.1,

〈∆, δσ〉 would belong to a strictly larger field than L. As ησ̃ is in L, this is not the

case.

Assume now that ∆ is a Z[G]-submodule of K×. Let η be an nth root of some

δ in ∆, so η is in L. If L is a normal closure of L/k and σ̃ is in Gal(L/k), then σ̃

restricts to some σ in G. Then ησ̃ is an nth root of δσ, which is in ∆ by hypothesis.

Thus, ησ̃ is in L. Since L/K is generated by nth roots of elements of ∆, every

automorphism in Gal(L/k) maps L onto L. Therefore, L/k is Galois.

With notation and assumptions as in the proposition, Gal(L/k) is a group

extension of Gal(L/K). Hence, Gal(L/K) has the structure of a Z[G]-module.

Furthermore, the three groups ∆, K×n, and µn appearing in the Kummer pairing,

are all Z[G]-submodules of K×. The next result shows that this pairing, and the

homomorphisms it induces, are Galois equivariant.

Proposition 2.7.3. With notation and assumptions as in the preceding proposi-

tion, the Kummer pairing

φ : Gal(L/K)×∆/K×n → µn

is Galois equivariant. Specifically, if g is in G, σ is in Gal(L/K), and δ is in

∆/K×n, then

φ
((
g · σ, g · δ

))
7→ g · φ

((
σ, δ
))
,
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Furthermore, the group isomorphisms

ψ1 : Gal(L/K) ∼= Hom
(
∆/K×n, µn

)
and

ψ2 : ∆/K×n ∼= Hom (Gal(L/K), µn)

induced by the Kummer pairing become homomorphisms of Z[G]-modules if the

Hom groups are endowed with Z[G]-module structures by letting an element g in

G act as

(gf) (x) = gf(g−1x)

in either case.

Proof. Choose g in G, σ in Gal(L/K), and δ in ∆ representing the class δ in

∆/K×n. Let g̃ in Gal(L/k) be a lift of g. By direct calculation:

φ
((
g · σ, g · δ

))
= φ

((
g̃σg̃−1, g · δ

))
=
g̃σg̃−1 · n

√
gδ

n
√
gδ

= g̃
σ
(
g̃−1 n
√
gδ
)

g̃−1 n
√
gδ

= g̃φ
((
σ, δ
))
,

since φ
((
σ, δ
))

does not depend on which nth root of δ is chosen. As φ
((
σδ
))

is

in K, the first assertion follows.

With the same notation, for each δ in ∆/K×n, we have

ψ1(g · σ)
(
δ
)

= φ
((
g · σ, δ

))
= gφ

((
σ, g−1δ

))
= (g · ψ1(σ))(δ),

where the second equality follows from the Galois equivariance of φ. The Galois

equivariance of ψ2 follows by a similar argument.

We will need the following Kummer-theoretic lemma in Chapter 6. Let K/k be

an Abelian extension of number fields with Galois group G. Let WK = |µK | be the
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cardinality of the group of roots of unity in K. Let n be a divisor of W . Suppose

that ε is an element of k× whose WKth root generates a cyclic extension of K of

degree n. Fix a WKth root η of ε. By Proposition 2.7.2, K (η) is a Galois extension

of k. Let G̃ = Gal (K (η) /k) and let H = Gal (K (η) /K). Then G̃ is an extension

of H by G, so G acts on H as at the beginning of this section. The elements of G

act as homomorphisms of H, giving H the structure of a Z[G] module.

Lemma 2.7.4. With notation as above,

AnnZ[G] µK ⊆ AnnZ[G]H.

Proof. First, we will show that each element σ in G has a lift σ̃ of σ in G̃ such

that

σ̃η = η.

Fix an nth root of unity ζn. Choose an element σ in G, and let σ̃ be an arbitrary

lift of σ to G̃. Since ε is fixed by σ, there is an integer a such that

σ̃η = ζanη.

Since |H| = n, there exists an element τ in H such that τη = ζ−an η. The element

τ σ̃ is then a lift of σ to G̃ satisfying

τ σ̃η = τζanη = ζanζ
−a
n η = η.

Each element σ of G acts on H by choosing an arbitrary lift σ̃ of σ in G̃ and

conjugating H by σ̃. For each element σ in G, let us choose the lift σ̃ satisfying

σ̃η = η.

Also, for each element σ in G, choose a representative bσ in Z of the image of σ

under the homomorphism

G→ (Z/nZ)× (2.10)

giving the action of elements of G on the nth roots of unity. Let τ be an element

in H, and let a be an integer such that

τ(η) = ζenη.
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We find that for an arbitrary integer c,

σ̃τ σ̃−1 (ζcnη) = σ̃τ
(
ζb

−1
σ c
n η

)
= σ̃

(
ζb

−1
σ c
n ζenη

)
= ζc+bσen η.

Therefore, we find inductively that the action of an element α =
∑

σ∈G aσσ in

AnnZ[G] (µ) on τ is given by

(α · τ) (η) =
∏
σ∈G

(
σ̃τ σ̃−1

)aσ
(η)

= ζ
(

P
σ aσbσ)e

n η

= (α · ζen) η

= η.

Therefore, α · τ is the identity element of H for all τ .

Next, we give a result concerning class field theory. If K is a number field with

class group ClK , then the p-primary part of ClK is a quotient group of ClK , and so

corresponds through class field theory to a subextension Hp
K of the Hilbert class

field of K. This field will be called the p-Hilbert class field of K.

Proposition 2.7.5. If K/k is a Galois extension of number fields with Galois

group G, p is a prime number, and Hp
K denotes the p-Hilbert class field of K, then

Hp
K is a Galois extension of k. It follows that Gal (Hp

K/k) is a group extension of

Gal (Hp
K/K), and hence Gal (Hp

K/K) is a Z[G]-module. Denoting the p-primary

part of ClK by ClpK, the isomorphism of Theorem 2.6.2

φ : ClpK
∼= Gal (Hp

K/K)

given by the Artin map is an isomorphism of Z[G]-modules.

Proof. Consider an algebraic closure C of k containing Hp
K . If σ is an embedding

σ : Hp
K → C that fixes k, then the image σHp

K is an unramified Abelian p-extension
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of σK = K. Furthermore, [σHp
K : K] = [Hp

K : K]. Since Hp
K is the unique maximal

unramified Abelian p-extension of K, σHp
K = Hp

K . The first assertion follows.

Let Hp = Gal (Hp
K/K). Let a be a fractional ideal of K representing a class in

ClpK , and let σ be in G. Using property 1 of the Artin symbol in Section 2.6, we

have

φ (σ · a) = (aσ, Hp
K/K) = σ (a, Hp

K/K)σ−1 = σ · φ (a) .

When an extension is both a Kummer extension and unramified, there is in-

terplay between the previous results. As a first example, we present the following

proposition. As usual, K/k is an Abelian extension of number fields with Galois

group G, and NG denotes the norm in Z[G].

Proposition 2.7.6. Let p be a prime number. Assume that the p-Hilbert class

field Hp
K of K is a cyclic extension of K of order n. Let µK be the group of roots

of unity in K. Suppose that n divides |µK | and that NK/k(ζ) = 1 for all roots of

unity ζ in µ. Suppose moreover that Hp
K is a Kummer extension, generated by the

nth root of an element ε in k×. If a is an ideal of K representing a class in ClpK,

then NG ·a is principal.

Proof. Let

φ : ClpK
∼= Gal (Hp

K/K)

be the Artin map for the extension Hp
K/K. The group G acts on both ClpK and

Gal (Hp
K/K) by homomorphisms, so both ClpK and Gal (Hp

K/K) are endowed with

Z[G]-module structures. Proposition 2.7.5 shows that φ is a Z[G]-module isomor-

phism. By assumption, NG is contained in AnnZ[G] (µK). Applying Lemma 2.7.4,

we find that if a is an ideal of K representing a class in ClpK , then

φ (NG · a) = NG · φ (a) = 1.

The class NG · a is therefore trivial in ClpK , so the ideal NG · a is principal.



Chapter 3

The Objects and Conjectures of

Study

3.1 Properties of Artin L-functions

Let K/k be a Galois extension of number fields with Galois group G and let

S be a set of places of k containing the Archimedean places. In this section, we

will abuse notation by also using S to denote the set of places in an extension field

of k dividing the places in S. The Artin L-function attached to a character χ of

a representation of G was defined in equation (1.2), and the S-truncated version

was defined at the beginning of section 1.2. These L-functions have the following

functoriality properties:

Properties of Artin L-functions.

1. For the trivial character χ = 1,

LK/k,S(s,1) = ζK,S(s),

the S-truncated Dedekind zeta function of K.

2. (Additivity) If χ and χ′ are characters of complex representations of Gal(K/k),

then

LK/k,S(s, χ+ χ′) = LK/k,S(s, χ)LK/k,S(s, χ
′).

38
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3. (Inflation) If K ′ is a bigger Galois extension of k, k ⊂ K ⊂ K ′, then write

G′ = Gal (K ′/k). For each character χ on G, let Inflχ = χ ◦ π, where π is

the projection from G′ onto G. Then

LK′/k,S(s, Inflχ) = LK/k,S(s, χ)

4. (Induction) If k′ is an intermediate field, k ⊂ k′ ⊂ K, and χ is the character

of a representation of Gal(K/k′), then

LK/k,S(s, Indχ) = LK/k′,S(s, χ)

Proof. For proofs when S contains only the Archimedean places of k, see [38,

Chapter VII, Proposition 10.4]. For general S, property (a) follows by considering

the definitions. To prove the other properties for general S, we observe that in the

proofs of properties (b)-(c) in [38], equality is demonstrated by showing that the

Euler factors in each function corresponding to a given prime in k are equal. Since

adding prime ideals of k to S just removes the corresponding Euler factors from the

L-functions, the same proof by consideration of Euler factors works for general sets

S. On the other hand, for property (d), if p is a prime ideal of k and P1, . . . ,Pk

are the prime ideals of k′ lying above p, then the proof in [38] shows that the Euler

factor corresponding to p in the L-function on the left equals the product of the

Euler factors in the L-function on the right corresponding to the primes Pi. Since

adjoining the prime ideal p to a given set S has the effect of removing these Euler

factors, the proof again follows from the argument in [38].

We now restrict to the case where G is Abelian. The equivariant L-function

θK/k was defined in (1.4), and its S-truncated variant was defined at the begin-

ning of Section 1.2. Proposition 2.3.1 shows that θK/k,S(s) is characterized as the

unique meromorphic function taking values in C[G] whose projection onto the χ

component is LK/k,S (s, χ−1). Being formed from Artin L-functions, it satisfies the

following properties analogous to those above:
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Properties of equivariant L-functions.

1. For the trivial extension K = k,

θK/k,S(s) = ζK,S(s).

(We are identifying C[G] with C).

2. (Inflation) If K ′ is a bigger Abelian extension of k, k ⊂ K ⊂ K ′, write

G′ = Gal(K ′/k). Let π : C[G′] → C[G] be the C-linear extension of the

canonical projection map. Then

π
(
θK′/k,S(s)

)
= θK/k,S(s).

3. (Induction) If k′ is an intermediate field, k ⊂ k′ ⊂ K, and if H = Gal(K/k′),

then

θK/k′,S(s) =
∏
ψ∈ bG

ψ(H)=1

tψ
(
θK/k,S(s)

)
,

where tχ denotes the twist by χ.

Proof. Property 1 follows immediately from the definition of θK/k,S(s) and property

1 of Artin L-functions. If K ′ and G′ are as in property 2, then by definition,

θK′/k,S(s) =
∑
χ∈cG′

LK′/k,S

(
s, χ−1

)
eχ

By Lemma 2.3.2 and the inflation property of Artin L-functions,

π
(
θK′/k,S(s)

)
=
∑
χ∈cG′

LK′/k,S

(
s, χ−1

)
π (eχ)

=
∑
χ∈ bG

LK/k,S
(
s, χ−1

)
eχ

= θK/k,S(s).

Now let k′ and H be as in property 3. We need to show that for every χ ∈ Ĥ, χ

applied to the right side of the equality in property 3 gives LK/k′,S (s, χ−1). Let χ̃



41

be any character on G whose restriction to H is χ. If ψ is any character on G,

then by Lemma 2.3.3,

tψ
(
θK/k,S(s)

)
= tψ

∑
φ∈ bG

LK/k,S
(
s, φ−1

)
eφ


=
∑
φ∈ bG

LK/k,S
(
s, φ−1

)
eψ−1φ.

Thus,

χ̃
(
tψ
(
θK/k,S(s)

))
= LK/k,S

(
s, ψ−1χ̃−1

)
.

Applying χ̃ to the right side of the equality in property 3 then yields∏
ψ∈ bG

ψ(H)=1

LK/k,S
(
s, ψ−1χ̃−1

)
.

By the additivity property of Artin L-functions, this is equal to LK/k,S (s, φ), where

φ =
∑
ψ∈ bG

ψ(H)=1

ψ−1χ̃−1.

The terms of this sum are those characters in Ĝ whose restriction to H is χ−1.

Proposition 2.2.1 shows that this equals Indχ−1. By the induction property of

Artin L-functions, LK/k,S (s, φ) = LK/k′,S (s, χ−1).

We will also need some properties of the L-function evaluator. Recall that this

was defined in Section 1.2 as the special value of the equivariant L-function at

s = 0:

θK/k,S = θK/k,S(0).

Aside from inheriting the functorial properties of the equivariant L-functions pro-

vided above, θ also possesses the following additional properties:

Properties of L-function evaluators.

1. If p is not in S, then θK/k,S∪{ p } =
(
1− σ−1

p

)
θK/k,S, where σp is the Frobenius

automorphism of K/k associated with p.
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2. Assume that |S| ≥ 2. Let v be a place in S. Set Nv =
∑

σ∈Dv
σ, the sum (in

C[G]) of the elements of the decomposition group Dv of v. Then

NvθK/k,S = 0

Proof. For any character χ, σpeχ = χ (σp) eχ by property 1 of the idempotents eχ

in Section 2.3. Property 1 above then holds since

θK/k,S∪{ p } =
∑
χ∈G

(
1− χ

(
σ−1

p

))
LK/k,S

(
0, χ−1

)
eχ

=
∑
χ∈G

(
1− σ−1

p

)
LK/k,S

(
0, χ−1

)
eχ

=
(
1− σ−1

p

)
θK/k,S.

Property 2 follows from two facts. (For proofs, see [58, Chapter I, Proposition 3.4].)

First, if v is a place in S, Dv is its decomposition group in G, χ is a nontrivial

character on G, and χ (Dv) = 1, then LK/k,S(0, χ) = 0. Second, ζk,S(0) = 0 because

|S| ≥ 2. Now if χ (Dv) 6= 1, then(∑
σ∈Dv

σ

)
eχ =

(∑
σ∈Dv

χ(σ)

)
eχ = 0

by the orthogonality relations. Property 2 then results from the definition of θ.

Remark. By property 2, θK/k,S = 0 if any place in S splits completely in K/k. In

particular, θ = 0 unless k is totally real and K is totally complex.

Finally, in Chapter 6, we will need the relationship between the Artin L-

functions of Abelian extensions of Q and the corresponding Dirichlet L-functions.

Let K be an Abelian extension of Q of conductor f∞, f ∈ N. Let χ 6= 1 be a

complex-valued character on Gal(K/Q). This induces a character on

Gal (Q (ζf ) /Q) ∼= (Z/fZ)× .

We denote this Dirichlet character by χ̃. The following proposition gives the re-

lationship between the Artin L-function corresponding to χ and the Dirichlet L-

function corresponding to χ̃:
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Proposition 3.1.1. With notation as above,

LK/Q(s, χ) =
∏
p∈S

1

1− χ(p)p−s
· L (s, χ̃) ,

where S = { p
∣∣∣ p | f and χ (Ip) = 1 }, Ip being the inertia group of p in Gal(K/Q).

3.2 Partial Zeta Functions

Throughout this section, we assume thatK/k is an Abelian extension of number

fields with Galois group G. We let S be a finite set of places of k containing the

Archimedean places and the prime ideals that ramify in K. Closely related to the

Artin L-functions associated with the extension K/k are the partial zeta functions

of the extension. If a is a fractional ideal of k that is relatively prime to the

conductor of K/k, we write (a, K/k) for the Artin symbol of a. An S-truncated

partial zeta function is associated with each automorphism σ in G. It is defined

by

ζK/k,S(s, σ) =
∑

(a,S)=1
(a,K/k)=σ

1

N as
.

The sum is taken over all integral ideals in the ring of integers of k that are

relatively prime to the ideals in S and that have image σ under the Artin map.

Because this is a subsum of the series defining the Dedekind zeta function of k,

the series converges absolutely to an analytic function on the half-plane <(s) > 1.

The S-truncated Artin L-functions and the S-truncated partial zeta functions are

closely related.

Proposition 3.2.1. For each σ in G, the S-truncated partial zeta function has a

meromorphic continuation to the complex plane, the only pole being a simple pole

at s = 1. It satisfies

ζK/k,S(s, σ) =
1

[K : k]

∑
χ∈ bG

χ(σ)LK/k,S(s, χ).

Furthermore, for every χ ∈ Ĝ, we have

LK/k,S(s, χ) =
∑
σ∈G

χ(σ)ζK/k,S(s, σ).
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The second relationship is proved, for <(s) > 1, using absolute convergence to

rewrite the series for LK/k,S(s, χ). The first then follows from the orthogonality

relations. The existence of a meromorphic continuation of the partial zeta functions

follows from that of the L-functions. For details, see [45, Proposition 15.10].

Usually, working with Artin L-functions is preferable to working with partial

zeta functions because of the functoriality properties of Artin L-functions and

the usefulness of decomposing modules into character components. However, the

values of partial zeta functions are sometimes easier to manipulate, so at times we

will focus on them. The above proposition allows one to transition easily from one

viewpoint to the other.

We will now see that partial zeta functions associated with with k′ ⊆ k ⊆ K,

such that K/k′ and k/k′ are Galois. Let G̃ = Gal(K/k′) and H = Gal(k/k′). Then

G̃ is an extension of G by H, and there is a group homomorphism φ : H → Aut(G)

as described in Section 2.7.

Proposition 3.2.2. Let k′ ⊂ k ⊂ K, G, G̃, H, and S be as defined above. Assume

that S is stable under the action of H on the ideal group of k. If σ1 and σ2 are

elements of G and φ(τ) (σ1) = σ2 for some τ ∈ H, then

ζK/k,S (s, σ1) = ζK/k,S (s, σ2) .

Proof. Let τ̃ be a lift of τ to G̃. Since k/k′ is Galois, τ̃(k) = k. From Section 2.7,

φ(τ) is the automorphism of H given by conjugation by τ̃ . It follows that

τ̃−1σ2τ̃ = σ1.



45

Thus, for <(s) > 1, the partial zeta function corresponding to σ2 is given by

ζK/k,S (s, σ2) =
∑

(a,S)=1
(a,K/k)=σ2

1

N as

=
∑

(a,S)=1
(τ̃(a),K/k)=σ2

1

N as

=
∑

(a,S)=1
τ̃(a,K/k)τ̃−1=σ2

1

N as

=
∑

(a,S)=1
(a,K/k)=σ1

1

N as

= ζK/k,S (s, σ1) .

Since these meromorphic functions are equal for <(s) > 1, they are equal for

s 6= 1.

Next, we will discuss the special values of partial zeta functions. Building on

prior work of Helmut Klingen ([30]), Carl Ludwig Siegel ([52]) proved the following

deep result. It was later proved by Takuro Shintani ([51]) using different methods.

Theorem 3.2.3 (Siegel, Shintani). For every σ in G and each integer n ≥ 0,

ζS(−n, σ) is rational.

Actually, they proved this when K is a ray class field of k and S is the minimal

set Smin of places of k composed of the Archimedean places and the primes that

ramify in K. To demonstrate the more general statement, consider a field K ′ with

k ⊆ K ⊆ K ′ with K ′/k Abelian. Suppose that each non-Archimedean prime of k

that ramifies in K also ramifies in K ′. By considering the behavior of the Artin

map under restriction, one shows that for each σ in G,∑
τ |K=σ

ζK′/k,Smin(s, τ) = ζK/k,Smin(s, σ).

The sum is over those elements τ in Gal(K ′/k) whose restriction to K is σ. Let

K ′ be the ray class field of k with conductor equal to that of K/k. Then since the
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values on the left side are rational for non-positive integers s = −n, the value on

the right is as well. To prove the theorem for larger sets S, we consider first what

happens when we augment the set S by a single prime ideal p in k. Writing σp for

the Frobenius automorphism of p in G, for <(s) > 1, we have

ζK/k,S∪{ p }(s, σ) =
∑

(a,S)=1
(a,K/k)=σ

1

Nas
−

∑
(a,S)=1,p|a
(a,K/k)=σ

1

Nas

=
∑

(a,S)=1
(a,K/k)=σ

1

Nas
−Np−s

∑
(a,S)=1

(a,K/k)=σσ−1
p

1

Nas

= ζK/k,S(s, σ)−Np−sζK/k,S
(
s, σσ−1

p

)
. (3.1)

Since this holds for <(s) > 1, it holds for all s 6= 1. If the partial zeta functions

on the right side take rational values for non-positive integers s = −n, then the

partial zeta function on the left side does as well. The result of the theorem for

general sets S containing Smin follows by induction.

Now for any function ε on G with values in a Q-vector space V , the formula

LK/k,S(−n, ε) =
∑
σ∈G

ε(σ)ζK/k,S(−n, σ),

provides the definition of values L(−n, ε) in V for integers n ≥ 0. When χ is a

complex-valued character on G, Proposition 3.2.1 shows that these are the values

of S-truncated Artin L-functions at nonpositive integers −n. Theorem 3.2.3 shows

that these values lie in the field of values of the corresponding character. When

ε : G→ Q[G] is the homomorphism sending σ 7→ σ−1, we have

LK/k,S(0, ε) =
∑
σ∈G

ζK/k,S(0, σ)σ−1 = θK/k,S, (3.2)

the L-function evaluator associated with K/k and S. This follows by comparing

the coefficient of σ−1 in the definition of θK/k,S with the right side of the first

relation in proposition 3.2.1. Thus, the coefficients of θ are rational. Another case

of interest is when ε is a character with values in the algebraic closure of the p-adic

numbers for some prime number p. When ε has order dividing p− 1, the L-values

lie in Qp.
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Following Theorem 3.2.3, the next discovery about the special values of partial

zeta functions for nonpositive integers s = −n was the determination of explicit

bounds for their denominators. Such bounds follow from relationships between the

values of partial zeta functions used as axioms by John Coates while constructing

p-adic zeta functions associated with totally real fields (see [6]). The validity of

these congruences was later confirmed independently by Daniel Barsky, Pierette

Cassou-Noguès, and Deligne-Ribet. We will only need to consider the values of

partial zeta functions at s = 0, in which case we have the following theorem:

Theorem 3.2.4 (Barsky, Cassou-Noguès, Deligne-Ribet). With notation as at the

beginning of this section, the group µ of roots of unity in K is a Z[G]-module. It

is linked to θK/k,S through the inclusion

AnnZ[G] (µ) θK/k,S ∈ Z[G].

This ideal is called the Stickelberger ideal.

In particular, if W is the number of roots of unity in K, then Wθ is in Z[G].

It follows from equation (3.2) that the denominators of the rational numbers

ζK/k,S(0, σ) are divisors of W for all σ in G.

To apply Theorem 3.2.4, the following lemma is sometimes useful (see [58,

Chapter IV, Lemma 1.1]):

Lemma 3.2.5. Let k, K, G, and S be as at the beginning of the section, and

assume that S contains the prime ideals dividing W . Then AnnZ[G](µ) is generated

as a Z-module by the elements σp −Np, where p runs through the prime ideals of

k outside of S, σp denotes the Frobenius element for K/k associated with p, and

Np is the absolute norm of p.

3.3 Components of the equivariant L-function

Throughout this section, we continue to assume that K/k is an Abelian ex-

tension of number fields with Galois group G, and that S is a set of places of k

containing the Archimedean places. We let W = |µ| be the cardinality of the group

of roots of unity in K.
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Let χ be a complex-valued character on G of order n. The smallest subfield of

C containing the values of χ is Q (ζn), the field of values of χ. If σ is in Gal
(
Q/Q

)
,

then we can produce another character χσ on G by defining

χσ(g) = χ(g)σ

for all g in G. The relation χ ∼ ψ if there exists an automorphism σ in Gal
(
Q/Q

)
such that χσ = ψ is an equivalence relation, and partitions the characters of G into

classes of conjugate characters. To such a class C of characters, we will associate

a function θK/k,S,C(s) as follows:

θK/k,S,C(s) =
∑
χ∈C

LK/k,S
(
s, χ−1

)
eχ,

where the eχ are once again the idempotents of equation (1.3). We will call this

function the C-component of the equivariant L-function. Similarly, we will denote

the special value of this function at s = 0 by θK/k,S,C, or often simply by θC. We

will refer to θC as the C-component of the L-function evaluator. By the definitions,

we have

θK/k,S(s) =
∑

C

θK/k,S,C(s).

First, we consider the functoriality properties of the components of the L-

function evaluator. Let K ′ be a bigger Abelian extension of k, k ⊆ K ⊆ K ′. Write

G′ = Gal (K ′/k) and H = Gal (K ′/K). Let π : C [G′] → C [G] be the C-linear

extension of the projection map. Let NH denote the norm element in Z[H].

Properties of components of L-function evaluators.

1. Suppose that χ is a character on G′ satisfying χ(H) = 1. Let C′ be the

equivalence class of χ, and let C be the equivalence class of χ when considered

as a character on G. Then

π
(
θK′/k,S,C′

)
= θK/k,S,C.

2. If χ and C′ are as in property 1, and if β is any lift of θK/k,S,C to C [G′], then

θK′/k,S,C′ =
NH

|H|
β.
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3. If χ is a character on G′ and χ(H) 6= 1, then

π
(
θK′/k,S,C′

)
= 0.

4. Assume that |S| ≥ 2. Let v be a place in S, and let Nv =
∑

σ∈Dv
σ, the

sum of the elements of the decomposition group Dv of v. Suppose that χ is a

character on G representing the class C. Then

NvθK/k,S,C = 0.

Proof. If χ, C, and C′ are as defined in property 1 and σ is in Gal
(
Q/Q

)
, then

χσ(H) = 1, so χσ can be considered as a character on G. As such, χσ is in the same

class C as χ. The map C′ → C sending each character χσ in C′ to χσ considered

as a character on G is a bijection. Using this observation, as well as Lemma 2.3.2

and the inflation property of Artin L-functions, we have

π
(
θK′/k,S,C′

)
=
∑
χ∈C′

LK′/k,S

(
0, χ−1

)
π (eχ)

=
∑
χ∈C

LK′/k,S

(
0, χ−1

)
eχ

= θK/k,S,C.

Now let β and γ be any lifts of θK/k,S,C to C [G′]. Then

π (β − γ) = 0.

Let τ1, . . . , τ|G| be representatives of the cosets G′/H. We may write

β − γ =

|G|∑
i=1

∑
σ∈H

aiστiσ.

The condition on β − γ can then be rewritten as∑
σ∈H

aiσ = 0

for 1 ≤ i ≤ |G|. It follows that

NH

|H|
(β − γ) =

1

|H|

|G|∑
i=1

(∑
σ∈H

aiσ

)
NHτi = 0.
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Therefore,
NH

|H|
β

is independent of the choice of lift β. In particular, by property 1, we may choose

β = θK′/k,S,C′ .

We have

NH

|H|
θK′/k,S,C′ =

NH

|H|
∑
χ∈C′

LK/k,S
(
0, χ−1

)
eχ

=
NH

|H|
∑
σ∈G′

(∑
χ∈C′

LK/k,S
(
0, χ−1

)
χ−1 (σ)

)
σ.

Since χ(H) = 1 for each character χ in C′, the coefficients in the above double sum

of the elements in a fixed coset G/H are identical. Thus, we may write

∑
σ∈G′

(∑
χ∈C′

LK/k,S
(
0, χ−1

)
χ−1 (σ))

)
σ = NHα,

for some α in C [G′]. Then

NH

|H|
θK′/k,S,C′ =

NH

|H|
(NHα) = NHα = θK′/k,S,C′ .

Property 2 follows.

Property 3 is a consequence of the definition of θK′/k,S,C′ and Lemma 2.3.2.

Property 4 follows from the same proof as that of property 2 of L-function evalu-

ators in Section 3.1.

We now make the additional assumption that S contains the prime ideals of k

that ramify in K. We have the following rationality result concerning θK/k,S,C:

Proposition 3.3.1. Let C be a class of conjugate characters on G, each of order

n. Then the coefficients of θK/k,S,C are rational. Moreover,

|G|N
(
χ
((

AnnZ[G](µ)
)))

θK/k,S,C ⊆ Z [G] ,

where χ is the C-linear extension of any character in C and N is the absolute norm

on ideals in Q (ζn).
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Proof. C contains φ(n) characters, taking their values in Q (ζn). Let χ be any

character in C. By Theorem 3.2.4, AnnZ[G](µ)θK/k,S is contained in Z[G]. Applying

χ, we find that

χ
(
AnnZ[G](µ)

)
LK/k,S

(
0, χ−1

)
⊆ Z [ζn] .

It follows that

N
(
χ
(
AnnZ[G](µ)

))
LK/k,S

(
0, χ−1

)
⊆ Z [ζn] (3.3)

for every character χ in C.

Now set G = Gal (Q (ζn) /Q). If σ is in G, then by Theorem 3.2.3 and the

second formula of Proposition 3.2.1,

LK/k,S (0, χ)σ = LK/k,S (0, χσ) .

For any τ in G, the coefficient of τ in θK/k,S,C is

1

|G|
∑
σ∈G

LK/k,S
(
0, (χσ)−1)χσ (τ−1

)
=

1

|G|
∑
σ∈G

(
LK/k,S

(
0, χ−1

)
χ
(
τ−1
))σ

=
1

|G|
Tr
(
LK/k,S

(
0, χ−1

)
χ
(
τ−1
))
,

where Tr denotes the trace from Q (ζn) to Q. Therefore, the coefficients of θK/k,S,C

are rational. By (3.3), the last expression becomes integral after multiplication by

|G|N
(
χ
(
AnnZ[G](µ)

))
.

Example. Let k = Q, K = Q (ζ7), and S = { 7,∞}, the prime number 7 and the

Archimedean place of Q. Then G is cyclic of order 6, so there are 4 equivalence

classes of characters, consisting of those characters of orders 6, 3, 2, and 1. If χ

has order 3 or 1, then χ is trivial on the decomposition group of the place ∞.

By [58, Chapter I, Proposition 3.4], we know that LK/k,S (0, χ−1) = 0. Thus, the

L-function evaluator has at most two nonzero components, corresponding to the

class C6 of characters of order 6 and the class C2 consisting of the character of

order 2.

The partial zeta functions of K/k are the classical Hurwitz zeta functions,

whose values at non-positive integers are known. In particular,

θK/k,S =
6∑

n=1

(
1

2
− a−1

7

)
σa,
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where σa is the automorphism in G sending ζ7 to ζa7 , and a−1 denotes the least

positive integer inverse to a mod 7. We may also determine from the definitions

that

θK/k,S,C2 =
1

6

6∑
a=1

(a
7

)
σa.

Therefore, it follows that

θK/k,S,C6 =

(
4

21
σ1 −

5

21
σ2 +

1

21
σ4

)
(1− σ6) .

To compare with the denominators given by Proposition 3.3.1, observe that 2−σ2

is in AnnZ[G](µ). If χ is the character in G of order 2, then χ
(
AnnZ[G](µ)

)
is

an ideal in Z containing 2 − χ (σ2) = 1. Thus, the proposition shows that the

denominators of θK/k,S,C2 divide |G| = 6. If χ is a character of order 6, then since

σ2 has order 3 in G, we find that χ
(
AnnZ[G](µ)

)
is an ideal in Z [ζ3] containing

2− χ (σ2) = 5±
√
−3

2
. Thus, N

(
χ
(
AnnZ[G](µ)

))
divides

5 +
√
−3

2

5−
√
−3

2
= 7.

On the other hand, since the denominators of the coefficients of θK/K,S,C6 are 21,

the proposition shows that

N
(
χ
(
AnnZ[G](µ)

))
= 7.

Conversely, assuming this fact, the proposition shows that θK/k,S,C6 has denomina-

tors dividing 42.

We see from this example that the bound on the denominators of the com-

ponents of the L-function evaluator given in the proposition can sometimes be

achieved. Furthermore, we see that the denominators can exceed W . When this

occurs, the coefficients of the various components must satisfy relations ensuring

that the denominators of θK/k are divisors of W . The possibility of the coefficients

of the components θC having denominators exceeding W will ultimately create a se-

rious barrier to proving Brumer’s Conjecture. On the other hand, this phenomenon

will also enable the proofs of statements about class number divisibility.



53

3.4 The Brumer and Brumer-Stark Conjectures

Since the Stickelberger ideal from Theorem 3.2.4 is contained in Z[G], it is

natural to apply its elements to Z[G]-modules associated with K. This section

describes two conjectures about how the Stickelberger ideal acts on the class group

ClK . Other references about these conjectures and their connections with other

annihilation and Stark-type conjectures can be found in [59], [58] and [15].

3.4.1 Statement of the conjectures

In this subsection, K/k is a fixed Abelian extension of number fields with Galois

group G. Moreover, k is totally real and K is totally complex. In addition, S is

a set of places of k containing the Archimedean places and the prime ideals of k

that ramify in K, θ = θK/k,S is the associated L-function evaluator, µ is the group

of roots of unity in K, and W is its cardinality. By Theorem 3.2.4, AnnZ[G](µ) θ is

contained in Z[G]. First, we have

Brumer’s Conjecture (B).

AnnZ[G] (µ) θK/k,S ⊆ AnnZ[G] (ClK) .

This conjecture will be referred to simply as (B). It is analogous to the state-

ment that the rational factor of the coefficient in equation (1.1) is the class number

divided by the number of roots of unity. We note that Brumer’s Conjecture implies

that Wθ annihilates ClK .

The second conjecture says that if we restrict attention to the element Wθ in

the Stickelberger ideal, we can say much more. We need a definition:

Definition 3.4.1.

1. An element α in K× is called an anti-unit if |σα| = 1 for all embeddings

σ : K → C. The set of anti-units in K will be denoted by Ko.

2. Let K/k be an Abelian extension of number fields, let α be in K×, and let

n be a positive divisor of W . Then α is called n-Abelian if K ( n
√
α) /k is

Abelian.
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We observe that K ( n
√
α) /K is Abelian by Kummer theory. In contrast, the

condition of being n-Abelian is highly non-trivial.

We may now state the second conjecture:

The Brumer-Stark Conjecture (BS). If a is a fractional ideal of K, then aWθ

is principal, and has a generator α ∈ K× satisfying

1. α is an anti-unit

2. α is W -Abelian.

This conjecture will be referred to as (BS).

Each of the above conjectures has local variants. If p is a prime number, the

local version (Bp) of Brumer’s conjecture is obtained from Brumer’s conjecture by

replacing ClK by the p-primary part of ClK . The local version (BSp) of the Brumer-

Stark conjecture is obtained from the Brumer-Stark conjecture by the following

modifications: a is restricted to be in the p-primary part of ClK , and W -Abelian is

replaced by Wp-Abelian, where Wp is the largest power of p dividing W . The truth

of each conjecture is equivalent to the truth of the corresponding local conjectures

for all prime numbers p. This is explained in detail in [18].

We will now describe several results, each demonstrating an instance where the

general conjecture (BS) follows from a special case. For proofs, see [59], [47], [24],

and [42].

1. The set of ideals a satisfying the conditions in (BS) forms a subgroup of the

ideal group IK . This subgroup contains the principal ideals. Thus, to verify

the conjecture, it suffices to show that a set of ideals generating the ideal

class group ClK satisfies the conditions in (BS).

2. Assume that (BS) holds for the extension K/k and the set S. If p is a prime

ideal of k outside of S, then (BS) also holds for the extension K/k and the

set S ∪ p. Thus, to prove the conjecture for the extension K/k and arbitrary

allowable sets S, it suffices to prove the conjecture for the minimal set Smin

composed of the Archimedean places of k and the prime ideals of k that

ramify in K. We then say that (BS) holds for the extension K/k without

mentioning a set S.
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3. (Top Change) Let k′ be an intermediate field, k ⊂ k′ ⊂ K. If (BS) holds for

the extension K/k and a set S, then it also holds for the extension k′/k and

the set S. It must be noted that if there exists a prime ideal p of k ramified

in K/k but not in k′/k, then the minimal allowable set S for the extension

k′/k is smaller than that for the extension K/k. In this situation, one cannot

assert that (BS) for the extension K/k implies (BS) for the extension k′/k.

4. (Base Change) Again, let k′ be an intermediate field, k ⊂ k′ ⊂ K. Let S

be a set of places of k and let S ′ be the set of places of k′ lying above those

in S. Then (BS) for the extension K/k and the set S implies (BS) for the

extension K/k′ and the set S ′. If there exists a prime ideal of k that ramifies

in K/k but not in K/k′, then one cannot assert that (BS) for the extension

K/k implies (BS) for the extension k′/k.

Finally, we will present results describing the relationship between Brumer’s

conjecture and the Brumer-Stark conjecture. First, there is the following general

result (see [43, §3, Remark 3]):

Theorem 3.4.2. The Brumer-Stark conjecture for an extension K/k and a set S

implies Brumer’s conjecture for the same extension K/k and set S.

The next result shows that the converse is sometimes true locally. If p is a

prime number, let µp denote the group of p-power roots of unity in the field K.

Proposition 3.4.3. If K/k, G, and S are as above, p 6= 2, and µp is G-cohomologically

trivial, then (Bp) is equivalent to (BSp).

For the proof, see [18, Proposition 1.2].

Remark. There is another collection of ideas related to the Brumer-Stark conjec-

ture. These stem from Eisenstein’s proof of his reciprocity law in the middle of the

nineteenth century, which preceded Stickelberger’s theorem. Gauss sums played a

prominent role in this proof, as they do in the proof of the Brumer-Stark conjec-

ture for cyclotomic extensions of Q. In two famous papers ([61] and [62]), Andre

Weil proved that Gauss and Jacobi sums can be used to define Hecke characters

in number fields that are Abelian over Q. The values of Weil’s Jacobi sum Hecke
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characters reappeared as the generators of the principal ideals given in Sands’s

proof of the Brumer-Stark conjecture for extensions K/k with K abelian over Q
(and some restrictions on S). These results have been extended by David Hayes

([22], [23], and [20]) and Tong-Hai Yang ([65]; note that there is a mistake in the

part of this paper concerning (BS2)). However, they will play no role in this work.

3.4.2 The state of knowledge

Since the Brumer-Stark conjecture for an extension K/k and a set S implies

Brumer’s conjecture for the same extension K/k and set S, we begin by describing

the cases where the Brumer-Stark conjecture or its local versions have been proved.

1. (BS) has a function field analog which was proved by Deligne using his 1-

motives (see [58, Chapter 5]) and independently by David Hayes using the

theory of rank-1 Drinfeld modules ([21]).

2. (BS) is true when k = Q ([58, Chapter 4, Proposition 6.7]). It is a refine-

ment of the classical theorem of Stickelberger describing the factorization of

principal ideals generated by Gauss sums.

3. (BS) is true when G = Gal(K/k) is isomorphic to Z/2Z ([59, §3, case (c)])

or to Z/2Z⊕ Z/2Z ([48]).

4. (BS) is true in almost all cases where G is 2-elementary ( [48, §3, case (3)]

and [9]).

5. (BS) is true when there exists a field k′ such that k′ ⊆ k ⊆ K, with K/k′

Galois having non-Abelian Galois group of order 8 ([59, §3, case (e)]).

6. If p is an odd prime number, then (BSp) is true when G is isomorphic to

Z/2pZ and K/k is not one of two relatively rare types of extensions called

case II(b) and case [ in the paper [18]. (Note: in their paper, the cases II(b)

and ] are erroneously conflated; case II(b) is actually a subcase of ]). In case

II(b), ζp is in K and no place of k splits in k (ζp) and ramifies in K. In case [,

ζp is not in K, no prime of k splits in the quadratic subextension of K/k and
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ramifies in K, and Kcl ⊂
(
Kcl
)+

(ζp), where cl denotes the normal closure

over Q.

7. (BS2) holds for Abelian sextic extensions ([18]). In addition, I have been

informed through a private communication with the authors that they have

a proof of (BS2) when the 2-part of G is cyclic and the odd part of G is trivial

or of prime order p such that 2 is a primitive root mod p. Also, they have

a proof of (BS2) when G is isomorphic to Z/4Z ⊕ Z/2Z and the maximal

totally real subfield ofK is not cyclic over k. Proofs of each of the above cases

excepting the last, independently discovered, will be presented in Chapter 5.

8. If p is an odd prime, the Iwasawa µ invariant for p and K vanishes, and

K/k is a nice extension, then (BSp) is true (see [43], where something much

stronger is proved – for the definition and examples of nice extensions, see

[14] or [43]).

9. If p is an odd prime number, then (BSp) is true in a case with “no trivial

zeros” ([15, §4.4]).

Remark. In the last two examples, a strong form of (BSp) was proved by exhibiting

a close relationship between θ and the Z[G]-Fitting ideal of part of the class group

ClK .

We now turn to cases where (B) or its local variants are known to hold, except-

ing those which follow from the above examples by Theorem 3.4.2 or Proposition

3.4.3.

1. If p is an odd prime number relatively prime to |G|, then (Bp) is true when

certain restrictions on S are met ([64]; note that there is a mistake in this

paper in the proof of (Bp) for primes p dividing |G|) and ([18, Proposition

1.3]).

2. If p is an odd prime number, then (Bp) holds in a case with “no trivial zeros”

([16, Corollaries 2 and 3], and the remark following Theorem 3.13 in [15]).
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3.5 Hayes’s Conjecture

Let K/k be an Abelian extension of number fields with Galois group G, let S

be a set of places of k containing the Archimedean places and the prime ideals that

ramify in K, and let W = |µ| be the cardinality of the group of roots of unity in K.

Theorem 3.2.4 shows that the denominators of the coefficients of the L-function

evaluator are divisors of W . As will be seen in Chapter 6, when these coefficients

are written in lowest terms, all of the denominators are identical. Often, this

common denominator is a proper divisor of W . David Hayes recently proposed a

conjecture providing a condition under which this is true.

Hayes’s condition generalizes the following observation. Let

K = k = Q
(√
−d
)

be an imaginary quadratic field containing only two roots of unity. Then the

equivariant L-function for K/k is the Dedekind zeta function of k, and

θK/k =
h

W
,

where h is the class number of k and W = 2. The observation is that when this

number is written in lowest terms, the denominator is 2 unless 2 | h. Thus, if there

exists an unramified quadratic extension of k (a Kummer extension), then θ is

actually integral. More generally, if K = k is a totally complex field containing W

roots of unity, and if there exists an unramified Kummer extension of k of degree

n dividing W , then the denominator when the rational part of the coefficient in

equation (1.1) is written in lowest terms is a divisor of W/n.

David Hayes conjectured a generalization of this idea while studying Hecke

characters whose values satisfy reciprocity laws. He has actually given two formu-

lations of his conjecture. The first is in an unpublished manuscript ([25]):

Hayes’s Conjecture (Strong Version). Let K/k, G, S, and W be as above,

and denote the totally positive units in k by U+
k . Let HW be the intersection

of K
(

W
√
U+
k

)
with the Hilbert class field of K, and let e be the exponent of

Gal (HW/K). Then
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1. WθK/k,S is contained in eZ[G].

2. W
e
θ annihilates ClK.

Remark. He also includes the condition that K contains the narrow Hilbert class

field of k. We have removed this condition because, as we will see, it appears to be

unnecessary. The above conjecture was also mentioned in Hayes’s work ([20]) on

Hecke characters and reciprocity laws. The condition on the narrow Hilbert class

field of k is included in that paper to ensure that the norm of each ideal of K down

to k is principal and generated by a totally positive number. This is necessary for

applying the WKth power reciprocity law. Perhaps a generalization of Proposition

2.7.6 would obviate the need for the extra condition.

In Chapter 6, we will see evidence supporting the veracity of statement 1 in

his conjecture. However, we will also give a counterexample to statement 2, in

which even the annihilation statement of (BS) is false when Wθ is replaced by

W
e
θ. Foreseeing this, we will focus solely on statement 1 until the counterexample

to statement 2 is presented.

There is a local formulation of statement 1 of the strong version:

Hayes’s Conjecture (Strong Local Version). Let K/k, G, S, and W be as

above, and let pr be a prime power divisor of W . If there exists an element ε in U+
k

whose prth root generates an unramified extension of K of degree pr, then WθK/k,S

is contained in prZ[G].

The strong version of Hayes’s conjecture is equivalent to the collection of local

versions for all prime numbers p. This can be seen by considering the primary

decomposition of Gal (HW/K) and using the fact that a cyclic Kummer extension

can be generated by the root of a single element of the base field.

The second formulation of Hayes’s conjecture is in the introduction of [26].

Hayes’s Conjecture (Weak Local Version). Let K/k, G, S, and W be as

above. Let p be a prime divisor of W that does not ramify in K/k. Assume that

the subfield Hp of the Hilbert class field of K generated by the pth roots of the

totally positive units in k properly contains K. Then WθK/k,S is in pZ[G].
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Actually, the assumption that Hp properly contains K was not explicitly in-

cluded in [26]. It was included here to ensure that the two versions of the conjecture

are similar.

With one exception, we will examine only the weak local version of the con-

jecture. The investigations in Chapter 6 suggest that the condition that p is

unramified in K/k is unnecessary. We will therefore disregard it. The resulting

conjecture is a special case of the strong local version as formulated above. In

fact, the results in the present work indicate that a modification of the strong local

version is true.

Hayes’s Conjecture (Modified Strong Local Version). With notation as

above, let pr be a prime power divisor of W . If there exists a totally positive

element ε in k whose prth root generates an unramified extension of K of degree

pr, then WθK/k,S is contained in prZ[G].

We note that the element ε in this version is not required to be a unit. For the

remainder of this work, the term Hayes’s p-local conjecture will mean this version

of the conjecture, and we will denote it by (Hp).

Remark. One might also wonder if the condition that ε is totally positive in the

above conjecture is also superfluous. If p is odd and ε is as specified in (Hp), then

ε2 is totally positive and also satisfies the condition on ε in the conjecture. Thus,

we may dispense with the condition that ε is totally positive when p is odd. In

several examples, it can be shown that the condition that ε is totally positive is

unnecessary when p = 2. As we will primarily be considering (Hp) when p is odd,

we will not comment on this further.

The above conjectures are equivariant generalizations of the simple observa-

tion about Dedekind zeta functions mentioned at the beginning of the section.

Similarly, one may wonder if there are generalizations of this observation for the

individual Artin L-functions associated with K/k. We will have more to say about

this in Chapter 6, after we have determined some information about the values of

Artin L-functions. This is the subject of the next chapter.



Chapter 4

L-values of Cyclic Extensions

4.1 Overview

One of the primary barriers to further progress on the Brumer and Brumer-

Stark conjectures is a dearth of specific information about the values at s = 0

of Artin L-functions associated with Abelian extensions. The initial cases that

were proved primarily fall into two classes: extensions with 2-elementary Galois

groups, and extensions K/k with K an Abelian extension of Q. These also happen

to be the two cases where arithmetic interpretations of the value at s = 0 of the

associated Artin L-functions were known classically.

When the extension K/k has 2-elementary Abelian Galois group G, the charac-

ters all have order 2. By the inflation property of Artin L-functions, the L-function

associated with a nontrivial character on G may be identified with the L-function

of a quadratic subextension of K/k. An expression for the value of such an L-

function at s = 0 has long been known. Indeed, the L-function can fortuitously be

written as the quotient of two zeta functions, and the value can then be determined

using the analytic class number formula. All of the progress on the Brumer and

Brumer-Stark conjectures for 2-elementary extensions has been made by squeezing

as much as possible out of the expression for the value at s = 0 of the L-function

associated with a quadratic extension.

As mentioned in the introduction, the L-functions associated with an extension

K/k where K is an Abelian extension of Q are Dirichlet L-functions. The values

61
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of these functions involve generalized Bernoulli numbers. It is not this description,

however, that has been used to study the Brumer and Brumer-Stark conjectures.

Instead, when k = Q, the conjectures follow from Stickelberger’s Theorem and the

particularly simple description of values of the Hurwitz Zeta Functions (the partial

zeta functions of this example) at s = 0. For more general k, progress has been

made by starting with the case k = Q and using the induction property of Artin

L-functions.

Much of the recent progress on these conjectures, beginning with the work of

Wiles ([63]), has involved taking projective limits of the various objects that appear

in the conjectures while ascending a cyclotomic Zp-extension of number fields.

This perspective allows application of the immensely powerful Main Conjecture

of Iwasawa theory for totally real fields ([64]). When p is an odd prime number,

the L-function evaluators of the extensions of a totally real field in its p-power

cyclotomic Iwasawa tower form a projective system with respect to the restriction

maps on the Galois groups. The projective limit of the L-function evaluators is

related to the p-adic L-functions of the base field. The Main Conjecture connects

the p-adic L-functions to the projective limit of the p-primary parts of the class

groups in the tower. Descending back to finite extensions of number fields imposes

complications, but eventually the L-function values are related to class groups.

This method allows proofs of broad results, but necessarily focuses on the local

versions of the conjectures. One of its main drawbacks is that the lack of an

analog of the Main Conjecture when p = 2 impedes proving the global versions

using Iwasawa theory. Rather, much of the progress has resulted in partial proofs

only of the “odd parts” of the conjectures. Apart from the particularly problematic

behavior of the prime number 2, further difficulties are introduced by the common

practice of decomposing modules into their isotypic components; this prevents

analyzing the p-primary parts of the conjectures for prime numbers p dividing the

order of the Galois group.

It is desirable, then, to have an arithmetic description of the values of Artin

L-functions associated with characters of order larger than 2. Such a description

can provide information that is lost in the process of ascending an Iwasawa tower,
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using Iwasawa theory, and then descending again. It can also provide more di-

rect and conceptually simpler proofs. In particular, it can provide information

regarding the 2-primary parts of these conjectures. Furthermore, the arithmetic

description of the values of L-functions associated with quadratic extensions has

many applications apart from the Brumer and Brumer-Stark conjectures, and it is

possible that a description of other L-function values would be applicable in these

instances as well.

In this chapter, we will develop expressions describing the values at s = 0

of Artin L-functions for some characters of order greater than two. Along the

way, we will give applications of these expressions, proving some formulas about

divisibility of class numbers. In particular, we shall prove a generalization of

Kummer’s Reflection Theorem.

By the inflation property of Artin L-functions, L-functions of general Abelian

extensions can be identified with L-functions associated with cyclic subextensions.

We will study cyclic extensions of order 2mpn, where p is a prime number. The

value at s = 0 of an L-function for such an extension lies in a cyclotomic field.

A description of such an L-function value will be given in terms of the arithmetic

of the fields K and k defining the extension. For a rational L-function value, this

description involves the order of a class group and the order of a group of roots

of unity. As we shall see, for an L-function whose value lies in the cyclotomic

field Q (ζn), the description involves arithmetically meaningful groups which can

be given Z (ζn)-module structures. In this context, the role of the order of a finite

Z-module is played by the Fitting ideal of a finite Z (ζn)-module.

4.2 L-values for quadratic extensions

Our arithmetic expressions for the values of L-functions at s = 0 will be derived

from the arithmetic expression for the value of the L-function of a quadratic exten-

sion. We will use a variant of this expression given by John Tate in his proof of the

Brumer-Stark conjecture for quadratic extensions ([59, §3, case (c)]). Let K/k be

a quadratic extension of number fields, and let S be a set of places of k containing
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the Archimedean places and the prime ideals that ramify in K. We denote S-class

group of K (k) by ClK,S (Clk,S). These are formed by taking the quotient of the

ideal class group by the subgroup generated by the classes of the ideals in S. Let τ

be the generator of Gal(K/k), and let χ be the nontrivial character on Gal (K/k).

Let W be the number of roots of unity in K.

If any prime of S splits in K/k, then LK/k,S (0, χ) = 0 and θK/k,S = 0 by

property 2 of L-function evaluators in Section 3.1. Otherwise, Tate’s expression is

LK/k,S(0, χ) =
2|S|−1 |Coker|

W
, (4.1)

where “Coker” is the cokernel of the canonical map Clk,S → ClK,S given by lifting

ideals. It follows that

θK/k,S =
2|S|−1 |Coker|

W

1− τ
2

. (4.2)

A different expression for the value of the L-function is often presented, with the

minus class number h− appearing instead of |Coker|. This is obtained by writing

LK/k,S(s, χ) as a ratio of zeta functions multiplied by fudge factors corresponding

to primes in S. One then applies the analytic class number formula and rewrites

the quotient h/h+ that appears as h−. However, the power of 2 appearing in the

resulting formula is complicated. The advantage of Tate’s formula is that although

Coker is more cumbersome than h−, the power of 2 appearing in Tate’s formula is

simple. This becomes especially important for proving (BS2) for quadratic exten-

sions. In fact, Tate’s expression (4.1) is only valid when all of the places in S are

nonsplit in K. One can verify that |Coker| and h− differ only by a power of 2 in

this case.

4.3 Norms of L-values for degree 2m extensions

In this section, we begin the project outlined in section 4.1 by analyzing the

case where G is cyclic of order 2m,m ≥ 1. The method will be a model for those

used later in this chapter.

Let km/k0 be a cyclic extension of degree 2m with Galois group G. We denote

the group of complex-valued characters on G by Ĝ. Assume that km is totally



65

complex and k0 is totally real. For r such that 1 ≤ r ≤ m − 1, let kr/k0 be the

unique subextension of km/k0 of degree 2r. Fix a generator σ of G. Let τ = σ2m−1

be the element of G of order 2; τ is the complex conjugation corresponding to each

Archimedean place of K. Thus, all of the fields kr with 1 ≤ r ≤ m− 1 are totally

real. Let χ be a generator of Ĝ, and let ζ2m be the primitive 2mth root of unity

such that χ(σ) = ζ2m . Finally, let W = |µ| be the cardinality of the group of roots

of unity in km.

Let S0 be a set of places of k0 including the Archimedean places. For each

integer r with 1 ≤ r ≤ m, let Sr be the set of places of kr lying above the places

in S0. Finally, for 0 ≤ r ≤ m − 1, let θr = θkm/kr,Sr . By property 2 of L-function

evaluators in Section 3.1, we may write

θ0 =

(
2m−1−1∑
i=0

aiσ
i

)
1− τ

2
, ai ∈ Q.

By property 3 of equivariant L-functions from the same section,

θ1 = θ0 tχ2m−1 (θ0)

=

(
2m−1−1∑
i=0

aiσ
i

)(
2m−1−1∑
i=0

(−1)iaiσ
i

)
1− τ

2
.

Thus, applying the C-linear extension of χ, we find that

χ (θ1) = NQ(ζ2m )/Q(ζ2m−1) (χ (θ0)) .

Alternatively,

NQ(ζ2m )/Q(ζ2m−1) Lkm/k0,S0 (0, ψ) = Lkm/k1,S1 (0, ψ) ,

for all generating characters ψ of Ĝ. While we obtained this result from the

inductive property of equivariant L-functions, it also follows from the inductive

property of Artin L-functions.

We find inductively that the elements χ (θr) form a norm-coherent sequence,

meaning

χ (θr) = NQ(ζ2m )/Q(ζ2m−r) (χ (θ0))
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for 1 ≤ r ≤ m− 1. In particular,

χ (θm−1) = NQ(ζ2m )/Q (χ (θ0)) . (4.3)

Next, assume that S0 contains the prime ideals that ramify in km/k0, and

assume that no place in S0 splits completely in km. Since G is cyclic and no place

of S0 splits completely in km, no place in Sm−1 splits completely in km. Thus, since

km/km−1 is a quadratic extension, (4.2) shows that

NQ(ζ2m )/Q (χ (θ0)) =
2|Sm−1|−1 |Coker|

W
(4.4)

where Coker is the cokernel of the canonical map Clkm−1,Sm−1 → Clkm,Sm . Alterna-

tively,

NQ(ζ2m )/Q
(
LK/k,S (0, χ)

)
=

2|Sm−1|−1 |Coker|
W

for all generating characters χ of Ĝ. We remark that this norm is positive.

We denote the absolute norm on ideals of Q (ζ2m) by N. We will now determine

N
(
χ
(
AnnZ[G](µ)

))
. The group µ is annihilated by 1 + τ . It is therefore a module

over Z[G]/(1+τ). Lemma 2.3.4 shows that the Z-linear extension of χ gives a ring

isomorphism

χ : Z [G] /(1 + τ) ∼= Z [ζ2m ] . (4.5)

Thus, χ provides µ with the structure of a module over the Dedekind domain

O := Z [ζ2m ] .

Being a cyclic group, µ is also a cyclic O-module. By property 3 and property 6

of Fitting ideals in Section 2.4, it follows that

W = N (FitO(µ)) = N (AnnO(µ)) = N
(
χ
(
AnnZ[G](µ)

))
. (4.6)

Let us summarize what we have now determined in a proposition.

Proposition 4.3.1. Let notation be that from the beginning of this section. If χ

generates Ĝ, then

NQ(ζ2m )/Q
(
Lkm/k0,S0 (0, χ)

)
=

2|Sm−1|−1 |Coker|
W

,
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where “Coker” is the cokernel of the canonical map Clkm−1,Sm−1 → Clkm,Sm. In

addition,

N
(
χ
(
AnnZ[G](µ)θ0

))
= 2|Sm−1|−1 |Coker| .

We will now present an alternative version of the second formula in the propo-

sition. The ideal class group of km is a Z[G]-module. Since each place of km lying

above a place in S0 is in Sm, the subgroup of the ideal group of km supported

above Sm is stable under the action of G. Since the group of lifts of ideals from

km−1 to km is also stable under G, the quotient group Coker is also a Z[G]-module.

Given a representative a of a class in Coker, the ideal a1+τ is the lift of an ideal

from km−1, hence is trivial in Coker. Thus, Coker is a module over Z [G] /(1 + τ).

Coker is therefore an O-module through the isomorphism (4.5).

Let (λ) be the prime ideal of O dividing 2. By property 6 of Fitting ideals and

equation (4.6), we may rewrite the second equation in the above proposition as

N (FitO (µ)χ (θ0)) = N
(
(λ)|Sm−1|−1FitO (Coker)

)
. (4.7)

Since these ideals have the same absolute norm, it is natural to ask if the ideals

themselves are conjugate. Observe that the above Fitting ideals depend on the

choice of character providing the O-module structure. As χ runs through the

characters that generate Ĝ, the Fitting ideals run through a set of conjugate ideals

in O. A consequence of Brumer’s conjecture for km/k0 is that FitO (µ)χ (θ0)

annihilates Coker when both µ and Coker have O-module structures provided

by the character χ. Thus, we pose the question:

Question. Let notation be that from the beginning of this section. Fix a character

χ that generates Ĝ. Is it true that

FitO (µ)χ (θ0) = λ|Sm−1|−1FitO (Coker) , (4.8)

if µ and Coker are both endowed with the O-module structures induced by χ ?

In what follows, if km/k0 is any cyclic extension of degree 2m and S0 is a set of

places of k0 containing the Archimedean places and the prime ideals that ramify

in km, we will refer to this question for the extension km/k0 and the set S0 as
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Q2m (km/k0, S0). If Q2m (km/k0, S0) has an affirmative answer for the minimal set

S0 = Smin
0 , then it also does if S0 is any set containing Smin

0 . We will refer to this

special case as Q2m (km/k0) without mentioning a set S0. If p is a prime number,

then the question of whether the factors supported at primes dividing p on each

side of equation 4.8 will be referred to as the p-primary part of Q2m (km/k0, S0).

When m = 1, equation 4.8 says precisely that the principal ideals generated by

the two sides of equation (4.1) are equal. We note that the relation (4.8), when

valid, implies that FitO (Coker) and FitO(µ) represent the same class in the ideal

class group of O.

Example. Let k0 = Q and km = Q (ζp), where p = 2m + 1 is a Fermat prime. Let

S0 = Smin. In this case, it is known that ([60, Theorem 4.2])

Lkm/k0,S0 (0, χ) = −B1,χ,

where B1,χ denotes a generalized Bernoulli number. If χ is odd, it follows that

NQ(ζ2m )/Q
(
Lkm/k0,S0 (0, χ)

)
=
∏
ψ odd

−B1,ψ.

The set Smin of places of Q consists of the Archimedean place and the prime ideal

(p). The set Sm−1 then contains 2m−1 Archimedean places and the lone prime ideal

of km−1 lying above p. Thus, |Sm−1| − 1 = 2m−1. Finally, since the prime ideal

lying above p in the fields km−1 and km is principal, |Coker| = h−. Putting all of

this together with the first formula of Proposition 4.3.1, we find the well-known

expression for the relative class number of K as a product of generalized Bernoulli

numbers ([60, Theorem 4.17]):

h−km
= W

∏
ψ odd

(
−1

2
B1,ψ

)
.

Now let us specialize to the case where

2m + 1 = p = 257.

257 is an irregular prime, so the 257-primary part of Coker is nontrivial. Since

257 ≡ 1 (mod 2m), the prime ideal (257) of Q splits completely in Q (ζ2m). In
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formula (4.7), each of FitO(µ)χ (θ0) and FitO (Coker) must be divisible by one of

the 128 prime ideals of Q (ζ2m) lying above 257. It does not follow immediately

from formula (4.7) that these must be the same prime ideal. Thus, formula (4.8)

is possibly a stronger statement than formula (4.7).

Although formula (4.7) does not immediately imply formula (4.8), when p is a

prime number that is inert in Q (ζ2m), equation (4.7) implies that the p-primary

parts of both sides of (4.8) are equal. Similarly, if (λ) is the prime ideal of Q (ζ2m)

dividing 2, then the (λ)-primary parts of both sides of (4.8) are equal.

Proposition 4.3.2. Q2m (km/k0) has an affirmative answer when m = 1.

All of the above claims follow from the fact that (4.7) implies the p-primary part

of Q2m (km/k0) for any prime p having only one prime divisor in Q (ζ2m).

We can say more when Coker is a cyclic O-module.

Proposition 4.3.3. Let notation be that from the beginning of the section. If

(B) is true for the extension km/k0 and the set S0, and if Coker is cyclic as an

O-module, then equation (4.8) is valid.

Proof. Since (B) holds for the extension km/k0 and the set S0, we know that

AnnZ[G](µ) θ0 ⊆ AnnZ[G] (Clkm) ⊆ AnnZ[G] (Coker) .

Let χ be a generator of Ĝ. Then χ provides both µ and Coker with O-module

structures, and

AnnO (Coker) = χ
(
AnnZ[G] (Coker)

)
.

Thus,

χ
(
AnnZ[G](µ) θ0

)
⊆ AnnO (Coker) .

Since µ and Coker are cyclic, we find that

FitO(µ)χ (θ0) ⊆ FitO (Coker) .

Therefore, there exists an integral ideal a in O such that

FitO(µ)χ (θ0) = a FitO (Coker) .

Taking absolute norms and using equation (4.7), we find that a = (λ)|Sm−1|−1, so

relation (4.8) holds.
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4.4 L-values for degree 2m extensions

Obtaining a statement as precise as (4.8) in general seems to be beyond the

capabilities of the above methods. The problem is that the analytic class number

formula can only provide information about a product of L-function values. One

cannot rely on this formula alone to obtain information about the values of indi-

vidual L-functions. However, we may look to Tate’s proof of the full Brumer-Stark

conjecture for certain quartic extensions (item 5 in the list in Subsection 3.4.2)

for a hint as to how partial results can be obtained in this direction. Tate’s result

applies to the situation where there exists a field k′ such that k′ ⊂ k ⊂ K is a

tower of fields with K/k′ Galois and non-Abelian of order 8 and with K/k Abelian

of order 4. He then manages to prove the full Brumer-Stark conjecture for K/k.

To accomplish this, he shows that χ
(
θK/k

)
is rational, and then equation (4.1)

and a representation theoretic argument show that θK/k annihilates the ideal class

group of K. When K/k is cyclic of order 4, let us reconsider his proof in view of

the discussion in Section 4.3. We can describe what is occurring by saying that the

added structure imposed on Coker by virtue of its being a module over Gal (K/k′)

places a restriction on its Fitting ideal when considered as an O-module. It turns

out that this restriction is enough to prove (4.8) in this case.

In this section, we will generalize this idea to obtain more refined information

about values of L-functions than that given by Proposition 4.3.1. We use the same

notation as in Section 4.3. In addition, we assume that there exists a field k′ such

that k′ ⊂ k0 ⊂ km, with km/k
′ and k0/k

′ Galois. Assume further that S0 is stable

under the action of Gal (k0/k
′) on the ideal group of k0. Let H = Gal (k0/k

′).

Then H acts on Z[G], as described in Section 2.7. Since the action of H fixes the

unique element τ of G of order 2, we have an induced homomorphism

φ : H → AutZ (Z [G] /(1 + τ)) ∼= AutZ (O) ∼= Gal (Q (ζ2m) /Q) .

We need a preliminary lemma.

Lemma 4.4.1. If |φ(H)| ≥ 2, then W = 2.

Proof. Since |φ(H)| ≥ 2, there exists an h in H that acts nontrivially on G. Choose

an element h̃ in Gal (K/k′) that restricts to h. Set h ·σ = σc, where c is an integer
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such that c 6≡ 1 (mod 2m). If ζ is a primitive W th root of unity, assume that

h̃(ζ) = ζr and σ(ζ) = ζs where (rs,W ) = 1. Then

σc (ζ) = h̃σh̃−1 (ζ) = ζrsr
−1

= ζs. (4.9)

Since c 6≡ 1 (mod 2m), we can find an integer k such that

2k(c− 1) ≡ 2m−1 (mod 2m).

Then

σ2kc (ζ) = τσ2k

(ζ) = ζ−s
2k

.

On the other hand, from (4.9), we have

σ2kc (ζ) = ζs
2k

,

so that

s2k ≡ −s2k

(mod W ).

Since (s,W ) = 1, it follows that W = 2.

The principal result of this section is the following proposition.

Proposition 4.4.2. With notation as above, χ (θ0) is an element of Q (ζ2m)φ(H).

Furthermore, if λ = 1 − ζ2m, then FitO (Coker) can be written as a power of the

ideal (λ) times the lift of an ideal of Q (ζ2m)φ(H).

Proof. By the preceding lemma and equation (4.6), we know that FitO(µ) is the

prime ideal of O lying above 2, hence is fixed by every automorphism of Q (ζ2m).

We write

θ =

(
2m−1∑
i=0

aiσ
i

)
.

Let h be in H, and let h ·σ = σc. Let h̃ be an element of Gal (km/k
′) that restricts

to h. For any i such that 0 ≤ i ≤ 2m − 1, we have

h · σi = σic.

By Proposition 3.2.2, we have an equality of partial zeta functions

ζkm/k0,S0

(
s, σi

)
= ζkm/k0,S0

(
s, σic

)
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for i = 0, . . . , 2m−1. Thus, ai = aic for all i (where it is understood that aic stands

for the coefficient of σic even if ic /∈ [0, 2m − 1]). It follows that

χ (θ) =
2m−1∑
i=0

aiζ
i
2m

is fixed by φ(h), which is the automorphism of Q (ζ2m) that sends ζ2m to ζc2m . Since

h was an arbitrary element of H, this proves the first part of the proposition.

Since S0 was assumed to be stable under the action of Gal (km/k
′), Coker is a

Z [Gal (km/k
′)]-module. If h is in H, Proposition 2.7.1 shows that

fh
(
FitZ[G] (Coker)

)
= FitZ[G] (Coker) .

We apply the map χ : Z[G] → Z (ζ2m) to this equation. Since χ is surjective,

property 5 of Fitting ideals shows that

φ (h) (FitO (Coker)) = FitO (Coker) .

Therefore, FitO (Coker) is fixed by φ(H). The second statement now follows from

the fact that (2) is the only prime ideal of Q that ramifies in Q (ζ2m) /Q.

Corollary 4.4.3. Write

L = Q (ζ2m)φ(H) .

Assume that d = |φ(H)| = [Q (ζ2m) : L] ≥ 2. Also, set

FitO (Coker) = (λ)e aO,

where a is an integral ideal of L. Let NL denote the absolute norm on ideals of L.

Then

NL (χ (θ0)) = 2
|Sm−1|+e−2

d NL (a) .

In particular, equation (4.8) is valid when L = Q.

Proof. Since χ (θ0) and a are in L and FitO(µ) = (λ) by lemma 4.4.1, we can

rewrite (4.7) as

(NL (χ (θ)))d = 2|Sm−1|+e−2 (NL (a))d .

Therefore, |Sm−1|+ e− 2 is divisible by d and the corollary follows.
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Corollary 4.4.4. If hS = |Clkm,Sm| is the Sm-class number of km, then

2r | hS,

where r is the smallest nonnegative residue of 2− |Sm−1| (mod d).

Proof. By the definition of e, |Coker| is divisible by 2e. From the proof of the

preceding corollary,

e ≡ 2− |Sm−1| (mod d).

Remark. If K/k is a cyclic extension of number fields, then Lemma 4.1 in Chap-

ter 13 of [32] gives a formula for the size of the part of ClK fixed by Gal(K/k).

Lang summarizes its content, saying “The next lemma implies that highly ram-

ified primes have a tendency to generate independent ideal classes, and that the

obstruction to this is contained in some cohomology.” A weaker result is Proposi-

tion 2 in [35]. In the course of the proof, the authors show that if K is a CM field

and K+ is its maximal totally real subfield, then the relative class number of K is

divisible by 2t− 1, where t is the number of prime ideals that ramify in K/K+. If

it is not always true that

|Sm−1| ≡ 2 (mod d), (4.10)

then the above corollary is remarkable in that it implies a connection between

the number of primes ramifying in a cyclic extension K/k of degree 2m which is

part of a larger non-Abelian extension and the number of classes in the S-ideal

class group of K when S contains the primes that ramify in K/k. In other words,

even after taking the quotient of the ideal class group of K by the classes of the

prime ideals that ramify in K/k, the presence of a suitable number of such prime

ideals will ensure that there are still more classes in ClK with 2-power order.

Perhaps it is more plausible that the congruence (4.10) can be shown to hold,

making this corollary devoid of content. However, Corollary 4.7.4 in Section 4.7 is

a similar result, and the example provided immediately following it is a nontrivial

application. It might seem strange that one can add primes to Sm−1, thereby

varying the divisibility result in the corollary. This will be elucidated somewhat

in the following example.



74

Example. Let k2 be the splitting field of the polynomial

x8 + 72x6 + 1332x4 + 2448x2 + 36.

The following information was determined using PARI/GP. k2 is totally complex

and Gal(k2/Q) is isomorphic to the group of quaternions. The real quadratic field

k0 = Q
(√

2
)

is contained in k2, and k2/k0 is cyclic of degree 4. There are two

prime ideals in k0 that ramify in k2, namely (3) and the prime ideal dividing 2.

Both of these ideals are totally ramified in k2/k0. Also, k2 has class number 2, and

the nontrivial class is represented by the prime ideal dividing 2. Since Gal(k/Q)

acts nontrivially on G, the degree d in the above corollary is 2.

The minimal set S0 that we may choose consists of the two Archimedean places

of k0, the prime ideal (3), and the prime lying above 2. With this choice, the set

S1 contains four Archimedean places and two finite places. Let P be a prime ideal

of k2 dividing the rational prime p 6= 2, 3. Since the decomposition group of P

over Q is cyclic, there are four possibilities:

1. p splits in k0/Q and remains inert in k2/k0;

2. p is inert in k0/Q, splits in k1/k0, and is inert in k2/k1;

3. p splits completely in the biquadratic extension k1/Q and remains inert in

k2/k1;

4. p splits completely in k2/Q.

Let p be the prime ideal of k0 divisible by P. In each of the cases 2, 3, and 4,

adjoining p to S0 increases |S1| by an even number. In the first case, we must

adjoin both prime ideals of k0 dividing p to S0 to produce a set that is stable

under the action of Gal (k2/Q) (since Gal (k2/Q) acts nontrivially on the Frobenius

automorphism (p, k2/k0)). Therefore, the set S1 in this example must have even

cardinality. It follows that r = 0, so the congruence (4.10) holds and the corollary

says nothing about this example. In fact, the above information shows that hS = 1

in this case. No example has been found where (4.10) fails to hold.
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4.5 Norms of L-values for degree 2mp extensions

Let p be an odd prime number. In this section, we will use the expressions

from Proposition 4.3.1 to derive similar ones for cyclic extensions of degree 2mp.

Let k0 be a number field, and let K1 be a cyclic extension field of k0 of degree 2mp

with Galois group G. We assume that k0 is totally real and K1 is totally complex.

If k1 and K0 are the extensions of k0 of degrees p and 2m respectively contained

in K1, then k1 is totally real and K0 and K1 are CM fields. Let K+
0 and K+

1 be

the maximal totally real subfields of K0 and K1 respectively. Let Smin denote the

set of places of k0 consisting of the Archimedean places and the prime ideals of

k0 that ramify in K1. Let Sns denote the set consisting of the places in Smin that

do not split completely in the extension K0/k0, and note that Sns contains the

Archimedean places.

Let σ be a generator of H = Gal (K1/K0), let σ′ be a generator of H ′ =

Gal (K1/k1), and let τ = σ′ 2
m−1

denote complex conjugation. Let χ be a generator

of Ĝ. Let ζp and ζ2m be the primitive pth and 2mth roots of unity such that

χ2m

(σ) = ζp

and

χp (σ′) = ζ2m .

We denote the number of roots of unity in K0 by W0 and the number of roots of

unity in K1 by W1.

If k0 = Q, then at least one prime ideal of k0 ramifies in K1. If k0 6= Q, then

Smin contains at least two Archimedean places. It follows that
∣∣Smin

∣∣ ≥ 2. Thus,

for each even integer 2t,

LK1/k0,Smin

(
0, χ2t

)
= 0,

since χ2t is an even character (see [58, Chapter I, Proposition 3.4]). The odd

characters fall into two equivalence classes under the equivalence relation from

Section 3.3: C2mp comprises the characters of order 2mp, and C2m comprises the

characters of order 2m. To simplify notation, we write θmin and θns instead of

θK1/k0,Smin and θK1/k0,Sns . Similarly, we write θmin
C and θns

C , where the class C is

either C2m of C2mp.
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We can decompose θmin as

θmin = θmin
C2mp

+ θmin
C2m . (4.11)

Any primes in Smin\Sns split completely in K0/k0 and are totally ramified in k1/k0.

If p is such a prime and the character χi is nontrivial on Gal (K1/K0), then the

inertia group of p acts nontrivially on C through the representation corresponding

to χi. Comparing with equation (1.2), we see that the corresponding Euler factor

in LK1/k0,Smin (s, χi) is trivial. It follows that for each character χi in C2mp,

LK1/k0,Smin

(
0, χi

)
= LK1/k0,Sns

(
0, χi

)
,

and hence,

θmin
C2mp

= θns
C2mp

.

Thus, we may write

θns = θmin
C2mp

+ θns
C2m . (4.12)

We will now see that θns
C2m is nonzero. Property 1 of components of L-function

evaluators from Section 3.3 shows that

π
(
θns

C2m

)
= θK0/k0,Sns , (4.13)

where π is the C-linear extension of the projection map G→ Gal (K0/k0). Let K+
0

be the maximal real subfield of K0, and let S+
0 be the set of places of K+

0 lying

above those in Sns. Formula (4.3) shows that for each generating character ψ of

the character group of Gal (K0/k0),

ψ
(
θK0/K

+
0 ,S

+
0

)
= NQ(ζ2m )/Q

(
ψ
(
θK0/k0,Sns

))
.

Since no place in Sns splits completely in K0/k0 and K0/k0 is cyclic, no place in

S+
0 splits in K0/K

+
0 . In addition, S+

0 contains all of the Archimedean places of K+
0

and all of the prime ideals of K+
0 that ramify in K0. Therefore, Tate’s expressions

(4.1) and (4.2) for the value of the L-function and the L-function evaluator of a

quadratic extension apply to θK0/K
+
0 ,S

+
0
. They show that the left side of the above

equation is nonzero, so that θns
C2m is nonzero. The point of this discussion is that
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we can analyze the term θmin
C2mp

appearing in expression (4.11) for θmin by analyzing

the exact same term appearing in the expression (4.12) for θns, and the term θns
C2m

in expression (4.12) is nonzero.

For this analysis, we will need to consider the C-linear extensions of the char-

acters χa : C [G] → C, as well as their restrictions to C [H]. When p divides a,

χa
∣∣
C[H]

is just the augmentation map on C [H]. We will use ta to denote the twist

by χa. By property 3 of equivariant L-functions in Section 3.1, if Sns
k1

is the set of

places of k1 sitting above the set of places in Sns, then

θK1/k1,Sns
k1

=

p−1∏
a=0

t2ma (θns) .

Following the notation in [47, Proposition 3.1], we let

β =

p−1∏
a=1

t2ma (θns) ,

so we have just removed the factor θns from the earlier product.

Since G = H ′ ×H, equation (2.3) gives an isomorphism

C [G] ∼= C [H ′] [H] .

Under this identification, write

θmin
C2mp

=

p−1∑
i=0

aiσ
i,

where the coefficients ai are in C [H ′]. If φ is in Ĝ, let φH and φH′ denote the

restrictions of φ to H and H ′. By the definition of θmin
C2mp

and property 6 of idem-

potents from Section 2.3, we have the equality in C [H ′] [H]

θmin
C2mp

=
∑

φ∈C2mp

LK1/k0,Smin

(
0, φ−1

)
eφH′eφH

. (4.14)

By the orthogonality relations,

1H (eφH
) = 0

when φH 6= 1H . Therefore, applying the C [H ′]-linear extension of the trivial

character 1H to the expression (4.14) gives 0. It follows that
∑p−1

i=0 ai = 0, so θmin
C2mp

is in the H-relative augmentation ideal of C [G].
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Property 2 of components of L-function evaluators from Section 3.3 shows that

we may write

θns
C2m =

NH

p
θ̃ns0 ,

where θ̃ns
0 is a lift of θK0/k0,Sns to C [G]. We choose θ̃ns

0 to be in the subring C [H ′]

of C [G]. Thus, we have

θns =

p−1∑
i=0

aiσ
i +

θ̃ns
0

p
NH ,

where each term is written as en element of C [H ′] [H].

We now substitute this expression into the product defining β. The result is

a product of sums, and we will first consider the one term found by choosing the

first term in each sum when this product is expanded. The result is

p−1∏
a=1

t2ma

(
p−1∑
i=0

aiσ
i

)
. (4.15)

For each integer a such that 1 ≤ a ≤ p − 1, t2ma acts as the identity on C [H ′].

The factor

t2ma

(
p−1∑
i=0

aiσ
i

)
=

p−1∑
i=0

aiζ
ai
p σ

i

in the product (4.15) maps to 0 under the C [H ′]-linear extension of χ−aH . As a runs

through the integers from 1 to p−1, χ−aH runs through the nontrivial characters on

H. Thus, the image of the product (4.15) under the C [H ′]-linear extension of any

nontrivial character on H is 0. Writing this product as a C [H ′]-linear combination

of the idempotents corresponding to the distinct characters on H, we find that it

is a multiple of the idempotent corresponding to the trivial character. In other

words, we may rewrite (4.15) as

p−1∏
a=1

t2ma

(
p−1∑
i=0

aiσ
i

)
= cNH (4.16)

for some element c in C [H ′].

We can find a more useful expression for c by applying χp to the expres-
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sion (4.15), which yields

χp

(
p−1∏
a=1

t2ma

(
p−1∑
i=0

aiσ
i

))
= χp

(
p−1∏
a=1

(
p−1∑
i=0

aiζ
ai
p σ

i

))

=

p−1∏
a=1

(
p−1∑
i=0

χp (ai) ζ
ia
p

)

= NQ(ζ2mp)/Q(ζ2m )

(
p−1∑
i=0

χp (ai) ζ
i
p

)
.

Applying χp to the right side of expression (4.16), it follows that

χp(c) =
1

p
NQ(ζ2mp)/Q(ζ2m )

(
p−1∑
i=0

χp (ai) ζ
i
p

)
. (4.17)

In summary, when the expression

p−1∑
i=0

aiσ
i +

θ̃ns
0

p
NH

is substituted into the product defining β, the resulting expression can be written

as

cNH + α,

where c is in C [H ′] and satisfies equation (4.17).

Observe that each term entering into the expression defining α is a product of

factors, at least one of which is of the form

t2ma

(
θ̃ns
0

p

)
· t2ma (NH)

for some a such that 1 ≤ a ≤ p− 1. Since

1H (t2ma (NH)) =

p−1∑
i=0

ζ ip = 0,

each such term is in the augmentation ideal in C [H ′] [H]. Hence, so is α.

Putting everything together and using the fact that
∑p−1

i=0 aiσ
i and α are both
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in the augmentation ideal of C [H ′] [H], we find that

θK1/k1,Sns
k1

= θns β

=

(
p−1∑
i=0

aiσ
i +

θ̃ns
0

p
NH

)
(cNH + α)

=

(
c θ̃ns

0 NH +

p−1∑
i=0

a′iσ
i

)
,

where α
∑p−1

i=0 aiσ
i =

∑p−1
i=0 a

′
iσ
i and

∑p−1
i=0 a

′
i = 0 in C [H ′]. However, θK1/k1,Sns

k1
is

contained in the subalgebra C [H ′] of C [G]. It follows that

a′i = −c θ̃ns
0 .

for 1 ≤ i ≤ p− 1, and hence,

a′0 = (p− 1) c θ̃ns
0 .

Thus, we find that

θK1/k1,Sns
k1

= pc θ̃ns
0 .

Our initial choices imply that the restriction χpH′ is the character on H ′ satisfy-

ing χpH′ (σ′) = ζ2m . Also, χp is trivial on H and can thus be considered as a charac-

ter on Gal (K0/k0), satisfying χp
(
σ′
∣∣
K0

)
= ζ2m . Thus, χp

(
θ̃ns
0

)
= χp

(
θK0/k0,Sns

)
.

Applying χp to both sides of the equation above yields

LK1/k1,Sns
k1

(
0, χ−pH′

)
= pχp (c)LK0/k0,Sns

(
0, χ−p

)
.

Equation (4.17) then gives

NQ(ζ2mp)/Q(ζ2m )

(
p−1∑
i=0

χp (ai) ζ
i
p

)
=
LK1/k1,Sns

k1

(
0, χ−pH′

)
LK0/k0,Sns (0, χ−p)

.

Let S+
0 and S+

1 denote the sets of places in K+
0 and K+

1 respectively that lie above

places in Sns, and let Sns
K0

and Sns
K1

denote the sets of places of K0 and K1 lying

above the places in Sns. Also, let Coker0 and Coker1 denote the cokernels of the

canonical maps ClK+
0 ,S

+
0
→ ClK0,Sns

K0
and ClK+

1 ,S
+
1
→ ClK1,Sns

K1
respectively. If we
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now take the norm of each side of the above equation from Q (ζ2m) down to Q,

then Proposition 4.3.1 shows that

NQ(ζ2mp)/Q

(
p−1∑
i=0

χp (ai) ζ
i
p

)
= 2|S

+
1 |−|S+

0 |W0

W1

|Coker1|
|Coker0|

.

Let Sspl be the places in K0 lying above places in Sns that split in k1/k0. Then∣∣S+
1

∣∣− ∣∣S+
0

∣∣ = (p− 1)
∣∣Sspl

∣∣ .
Furthermore, since χp (H) = 1 and χ2m

(H ′) = 1, we have

χ2m+p
(
aiσ

i
)

= χp (ai) ζ
i
p.

As 2m + p is relatively prime to both 2m and p, the character χ−2m−p generates Ĝ.

It follows that

NQ(ζ2mp)/Q

(
p−1∑
i=0

χp (ai) ζ
i
p

)
= NQ(ζ2mp)/Q

(
χ2m+p

(
p−1∑
i=0

aiσ
i

))
= NQ(ζ2mp)/Q

(
χ2m+p

(
θmin

C2mp

))
= NQ(ζ2mp)/Q

(
LK1/k0,Smin

(
0, χ−2m−p)) .

The characters that generate Ĝ are precisely the characters in C2mp. By Proposition

3.2.1 and Theorem 3.2.3, as ψ runs through the characters that generate Ĝ, the

values

LK1/k0,Smin (0, ψ)

run through a set of algebraic conjugates in Q (ζ2mp) (possibly more than once).

We have arrived at the following description of the L-function evaluator for

K1/k0:

θmin = θmin
C2mp

,

if any prime of k0 splits completely in K0 and ramifies in k1, and otherwise

θmin = θmin
C2mp

+
1

p
θ̃0NH ,

where θ̃0 is the lift of θK0/k0,Smin to C [H ′]. In either case, θmin
C2mp

satisfies

NQ(ζ2mp)/Q

(
ψ
(
θmin

C2mp

))
= NQ(ζ2mp)/Q

(
LK1/k0,Smin

(
0, ψ−1

))
= 2(p−1)|Sspl|W0

W1

|Coker1|
|Coker0|

, (4.18)
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for any generator ψ of Ĝ.

We may now find similar formulae for the L-function evaluators corresponding

to more general sets S of places of k0 containing Smin. Consider the effect of the

adjunction of a single prime ideal p to Smin. We will use property 1 of L-function

evaluators from Section 3.1, which says

θK1/k0,S∪{ p } =
(
1− σ−1

p

)
θK1/k0,S.

First, assume that

σ−1
p = σa

for some a such that 1 ≤ a ≤ p − 1, so that p splits completely in K0/k0 and is

inert in k1/k0. Multiplying θmin
C2mp

inside the expression on the left side of (4.18) by

(1− σa) has the effect of multiplying the expression on the right side by p2m−1
.

Next, assume that

σ−1
p = σ′bσa

for some integers a and b such that (a, p) = 1 and (b, 2) = 1. Multiplying θmin
C2mp

inside the expression on the left side of (4.18) by
(
1− σ′bσa

)
when ψ = χ2m+p does

not change the value of that expression since

χ2m+p
(
1− σ′bσa

)
= 1− ζ2mζp

is a cyclotomic unit with absolute norm 1 ([60, Proposition 2.8]). Thus, the same

is true when ψ is any character that generates Ĝ.

Finally, assume that

σ−1
p = σ′b

for some b such that the exact power of 2 dividing b is 2r, with 0 ≤ r < m.

Multiplying the θC2mp
inside the expression on the left side of (4.18) by

(
1− σ−1

p

)
has the effect of multiplying the expression on the right side by 2(p−1)2r

.

The following proposition follows from the previous analysis by an inductive

argument.
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Proposition 4.5.1. Let S be an arbitrary set of places of k0 containing Smin and

such that no prime in S splits completely in K1/k0. If any prime in S splits

completely in K0/k0, then

θK1/k0,S = θK1/k0,S,C2mp
, (4.19)

and otherwise,

θK1/k0,S = θK1/k0,S,C2mp
+

1

p
θ̃K0/k0,SNH , (4.20)

where θ̃K0/k0,S is a lift of θK0/k0,S to C [H ′]. In either of these cases, if ψ is in C2mp,

then θK1/k0,S,C2mp
satisfies

NQ(ζ2mp)/Q
(
ψ
(
θK1/k0,S,C2mp

))
= 2(p−1)|S1|p2m−1|S2|W0

W1

|Coker1|
|Coker0|

, (4.21)

where S1 is the set of places in K0 lying above places in S that split in k1/k0, and

S2 is the set of places in S that split completely in K0/k0 and are inert in k1/k0.

We remark once again that the above norm is positive.

The following lemma is crucial.

Lemma 4.5.2. The norm map

N : Coker1 → Coker0

is surjective.

Proof. Observe that if a is an ideal of K1, then aτ a is the lift of an ideal of K+
1 ,

so τ acts on Coker1 by inversion. Similarly, τ acts on Coker0 by inversion.

LetH1 andH0 be the extension fields ofK1 andK0 corresponding to Coker1 and

Coker0 through class field theory, and let HK1 and HK0 be the Hilbert class fields of

K1 and K0. Proposition 2.7.5 shows that the extension HK1/k1 is Galois, and that

the Artin map ClK1 → Gal (HK1/K1) is an H ′-equivariant isomorphism. Similarly,

the Artin map for HK0/K0 is Gal (K0/k0)-equivariant. Since [K1 : K0] = p, if

K1 ∩ H0 6= K0, then K1 ⊂ H0. But this is impossible, since |H| is odd and the

complex conjugation τ acts trivially on H = Gal (K1/K0) and acts by inversion

on Gal (H0/K0). Thus, K1 ∩H0 = K0.
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We observe that K1H0 is contained in HK1 . First, Gal (K1H0/K1) injects into

Gal (H0/K0) by restriction, so K1H0 is Abelian over K0. Second, if p is a prime

ideal in K0, then since p is unramified in H0/K0, the inertia group Ip of p in

Gal (K1H0/K0) is contained in Gal (K1H0/H0). Let P̃ be a prime ideal of K1H0

lying above p, and let P be the prime ideal of K1 lying below P̃. Let σ be an

element of the inertia group of P̃ over K1. By definition, σ fixes P̃, and

σ(α) ≡ α (mod P̃)

for all elements α in the ring of integers in K1H0. But by definition, this implies

that σ is in the inertia group Ip of P̃ over K0. Hence,

σ ∈ Gal (K1H0/K1) ∩Gal (K1H0/H0) = 1.

The inertia group of P̃ over K1 is therefore trivial. Thus, no prime ideal ramifies

in K1H0/K1. Furthermore, no Archimedean places ramify in K1H0/K1, since K1

is totally complex. Since HK1 is the maximal unramified Abelian extension of K1,

it follows that K1H0 is contained in HK1 .

We have the following diagram of fields:

HK1

H1

jjjjjjj

K1H0

uuuuuuuu

K1

wwwwwwww kkkkkk
HK0

k1

nnnnnn
H0

jjjjjjj

K0

kkkkkkk

k0

mmmmmm

Let a be an ideal ofK1 whose class in Coker1 is trivial. We may write a = bc (γ),

where b is an ideal of K1 supported at prime ideals dividing those in Sns, c is the

lift of an ideal from K+
1 , and γ is in K×

1 . If N denotes the norm map on ideals

from K1 to K0, then

Na = NbNc (Nγ) .

Setting c = c′OK1 where c′ is an ideal in K+
1 and OK1 is the ring of integers in K1,

we have

Nc = NK+
1 /K

+
0

(c′)OK0 ,
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which is the lift of an ideal from K+
0 to K0. Also, Nb is supported at primes

dividing those in Sns. Therefore, the class of Na in Coker0 is trivial. It follows

from Lemma 2.6.1 that

(a, HK1/K1)
∣∣∣
H0

= (Na, H0/K0) = (Na, HK0/K0)
∣∣∣
H0

= id,

since H0 is the subfield of HK0 fixed by the automorphisms (c, HK0/K0) for ideals c

in K0 representing the trivial class in Coker0. Therefore, K1H0 is contained in the

field fixed by the automorphisms (c, HK1/K1) for ideals c representing the trivial

class in Coker1. By definition, this is the field H1, so K1H0 ⊂ H1. There is thus a

restriction map

Res : Gal (H1/K1)→ Gal (H0/K0) ,

which is surjective since K1 ∩ H0 = K0. It follows that the corresponding norm

map N : Coker1 → Coker0 is surjective.

Therefore, we may rewrite (4.21) as

NQ(ζ2mp)/Q
(
ψ
(
θK1/k0,S,C2mp

))
=

1

q
2(p−1)|S1|p2m−1|S2| |Ker | (4.22)

where q is defined by W1 = qW0 and “Ker” designates the kernel of the map

N : Coker1 → Coker0.

Remark. We make a couple of remarks about roots of unity. First, p | W0 if and

only if p | W1. Second, if p | W0, let pa be the exact power of p dividingW0 and pb be

the exact power of p dividingW1. Then Q
(
ζpb

)
∩K0 = Q (ζpa). Also, K0

(
ζpb

)
= K0

if a = b, and K0

(
ζpb

)
= K1 if a < b, since there are no intermediate fields between

K0 and K1. Therefore, if a < b, then pb−a =
[
Q
(
ζpb

)
: Q (ζpa)

]
= [K1 : K0] = p.

Consequently, the exact power of p dividing q is either 0 or 1.

We have arrived at our desired expression for θK1/k0,S, which will be restated

here as a theorem.

Theorem 4.5.3. Let notation be as above. Let S be any set of places of k0

containing the Archimedean places and the primes that ramify in K1/k0. Write

θK1/k0,S,C2m = θC2m and θK1/k0,S,C2mp
= θC2mp

. Then

θK1/k0,S = θC2mp
+ θC2m .
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If ψ is any character in C2mp, then θC2mp
satisfies

NQ(ζ2mp)/Q
(
ψ
(
θC2mp

))
=

1

q
2(p−1)|S1|p2m−1(|S2|−1) |Ker | , (4.23)

where Ker and q were defined immediately following equation (4.22). Furthermore,

θC2m is given by

θC2m =
NH

p
θ̃0,

where θ̃0 is a lift of θK0/k0,S to C [G]. In particular, θC2m is 0 if any prime of S

splits completely in K0/k0.

4.6 Norms of L-values for degree 2mpn extensions

Let p be an odd prime and let m and n be positive integers. In this section, we

will use the expressions in Theorem 4.5.3 to derive similar ones for cyclic extensions

of degree 2mpn. Let Kn/k0 be a cyclic extension of number fields of degree 2mpn.

We assume that k0 is totally real and that Kn is totally complex. For 0 ≤ r ≤ n, let

kr and Kr be the unique extension fields of k0 contained in Kn with [kr : k0] = pr

and [Kr : k0] = 2mpr. The fields kr are all totally real and the fields Kr are all CM

fields. Let K+
r denote the maximal totally real subfield of Kr. Let S0 be a set of

places of k0 containing the set Smin
0 consisting of the Archimedean places and the

prime ideals of k0 that ramify in Kn. For 0 ≤ r ≤ n, let Sr denote the set of places

in kr lying above the places in S0. We denote the number of roots of unity in Kr

by Wr.

Set G = Gal (Kn/k0), G
′ = Gal (Kn/k1), H = Gal (Kn/K0), and finally set

H ′ = Gal (Kn/kn). Fix a generator σ of H, a generator σ′ of H ′, and let τ = σ′ 2
m−1

denote complex conjugation. Furthermore, let

Np =

p−1∑
i=0

σip
n−1

be the norm element in C [H] corresponding to the extension Kn over Kn−1. Let

χ be a generator of Ĝ. For 1 ≤ r ≤ n, let ζpr be the primitive prth root of unity

such that

χ2m
(
σp

n−r
)

= ζpr .
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Let ζ2m be the primitive 2mth root of unity such that

χp
n

(σ′) = ζ2m .

If k0 = Q, then at least one prime ideal of k0 ramifies in Kn. If k0 6= Q, then

S0 contains at least two Archimedean places. It follows that |S0| ≥ 2. Thus, for

each even integer 2t,

LKn/k0,S0

(
0, χ2t

)
= 0,

since χ2t is an even character (see [58, Chapter I, Proposition 3.4]). The odd

characters fall into n + 1 equivalence classes under the equivalence relation from

Section 3.3: for 0 ≤ r ≤ n, C2mpr comprises the characters of order 2mpr. To

simplify notation, we write θ instead of θKn/k0,S0 . Similarly, we write θC2mpr instead

of θKn/k0,S0,C2mpr .

We can decompose θ as

θ =
n∑
r=0

θC2mpr . (4.24)

Consider θC2mpn as an element of Q [H ′] [H] and write

θC2mpn =

pn−1∑
i=0

aiσ
i,

where each ai is an element of Q [H ′]. Property 2 of components of L-function

evaluators from Section 3.3 shows that we can write

θ =

pn−1∑
i=0

aiσ
i + cNp, (4.25)

where c is an element of Q [G].

Since the case n = 1 was examined in the last section, we will now assume that

n ≥ 2. Let ta denote the twist by χa. By property 3 of equivariant L-functions in

Section 3.1,

θKn/k1,S1 =

p−1∏
v=0

t2mpn−1v

(
pn−1∑
i=0

aiσ
i + cNp

)
. (4.26)
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Applying χ2m+pn
to the first term formed when this product is expanded yields

χ2m+pn

(
p−1∏
v=0

t2mpn−1v

(
p−1∑
i=0

aiσ
i

))
= χ2m+pn

(
p−1∏
v=0

(
pn−1∑
i=0

aiζ
iv
p σ

i

))

=

p−1∏
v=0

(
pn−1∑
i=0

χp
n

(ai) ζ
iv
p ζ

i
pn

)

= NQ(ζ2mpn)/Q(ζ2mpn−1)

(
pn−1∑
i=0

χp
n

(ai) ζ
i
pn

)
= NQ(ζ2mpn)/Q(ζ2mpn−1)

(
χ2m+pn (

θC2mpn

))
.

(We have used the assumption that n ≥ 2). For each v = 0, . . . , p − 1, the

assumption that n ≥ 2 also implies that the twist t2mpn−1v fixes Np. Therefore, the

other terms that appear when the product (4.26) is expanded are all multiples of

Np.

We have found that when n ≥ 2, there is a decomposition

θKn/k1,S1 = α+ c′Np (4.27)

where α is in C [G] and satisfies

χ2m+pn

(α) = NQ(ζ2mpn)/Q(ζ2mpn−1)
(
χ2m+pn

(θC2mpn )
)
.

For 0 ≤ r ≤ n − 1, let c2mpr denote the equivalence class in Ĝ′ containing the

characters of order 2mpr. The decomposition of θKn/k1,S1 into components is

θKn/k1,S1 =
n−1∑
r=0

θc2mpr . (4.28)

By property 2 of components of L-function evaluators, the partial sum

n−2∑
r=0

θc2mpr

is a multiple of Np. Property 3 of components of L-function evaluators shows that

Npθc2mpn−1 = 0. It also shows that Np

∑p−1
i=0 aiσ

i = 0. Therefore, since t2mpn−1v

fixes Np,

Np α = Np

p−1∏
v=0

t2mpn−1v

(
p−1∑
i=0

aiσ
i

)
= 0.
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Multiplying the expressions (4.27) and (4.28) for θKn/k1,S by Np/p shows that

c′Np =
n−2∑
r=0

θc2mpr .

Comparing the two expressions for θKn/k1,S1 then yields

α = θc2mpn−1 .

Finally, applying χ2m+pn
shows that

χ2m+pn
(
θc2mpn−1

)
= NQ(ζ2mpn)/Q(ζ2mpn−1)

(
χ2m+pn (

θC2mpn

))
. (4.29)

Each extension Kn/kr with 0 ≤ r ≤ n − 2 is a degree 2mpn−r cyclic extension

with n − r ≥ 2. Therefore, the above analysis can be conducted on each such

extension. For r = 1, . . . , n, let C2mpr be the equivalence class of characters on

Gal (Kn/kn−r) of order 2mpr. An inductive argument shows that the elements

χ2m+pn (
θKn/kr,Sr,C2mpr

)
in Q (ζ2mpr) for 1 ≤ r ≤ n form a norm-coherent sequence.

In particular,

χ2m+pn (
θKn/k1,Sn−1,C2mp

)
= NQ(ζ2mpn)/Q(ζ2mp)

(
χ2m+pn (

θC2mpn

))
.

Set

q =
Wn

Wn−1

.

Since kn/k0 is cyclic, the set of places in Kn−1 lying above places in Sn−1 that

split in kn/kn−1 is also the set of places in Kn−1 lying above places in S0 that split

completely in kn/k0. Let S̃1 be the set of places in K0 lying above places in S0

that split completely in kn/k0. The cardinality of the set of places in Kn−1 lying

above places in Sn−1 that split in kn/kn−1 is pn−1
∣∣∣S̃1

∣∣∣. Let S̃2 be the set of places

in Kn lying above places in S0 that split completely in K0/k0 and are unramified in

kn/k0. We abuse notation by letting Sns
r denote both the set of places in K+

r and

the set of places in Kr lying above the places in Smin
0 that do not split completely

in K0/k0. Let Cokern−1 be the cokernel of the map

ClK+
n−1,S

ns
n−1
→ ClKn−1,Sns

n−1
,
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and let Cokern be the cokernel of the map

ClK+
n ,Sns

n
→ ClKn,Sns

n
.

Finally, let Ker denote the kernel of the norm map N: Cokern → Cokern−1. Since

the extension Kn/kn−1 is a degree 2p cyclic extension, Theorem 4.5.3 shows that

NQ(ζ2mpn)/Q
(
χ2m+pn (

θC2mpn

))
= NQ(ζ2mp)/Q

(
χ2m+pn (

θKn/kn−1,Sn−1,C2mp

))
=

1

q
2p

n−1(p−1)|S̃1|p2m−1|S̃2| |Ker| .

The characters that generate Ĝ are precisely the characters in C2mpn . By Proposi-

tion 3.2.1 and Theorem 3.2.3, as ψ runs through the characters that generate Ĝ,

the values

LKn/k0,S0 (0, ψ) = ψ−1
(
θC2mpn

)
run through a set of algebraic conjugates in Q (ζ2mpn) (possibly more than once).

We have thus proved the following theorem.

Theorem 4.6.1. Let S0 be an arbitrary set of places of k0 containing Smin
0 and

such that no prime in S0 splits completely in Kn/k0. The decomposition of θ into

components is

θ =
n∑
r=0

θC2mpr ,

where the class C2mpr consists of the characters in Ĝ of order 2mpr. If ψ is in

C2mpn, then

NQ(ζ2mpn)/Q
(
LKn/k0,S0 (0, ψ)

)
= NQ(ζ2mpn)/Q

(
ψ−1

(
θC2mpn

))
=

1

q
2p

n−1(p−1)|S̃1|p2m−1|S̃2| |Ker| . (4.30)

where q, S̃1, S̃2, and Ker were defined in the preceding paragraph.

Remark. The norms of the values at s = 0 of the other L-functions for Kn/k0 can

be found using property 2 of components of L-function evaluators, Proposition

4.3.1, and equation (4.30).
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Example. Let p and l = 2mpn + 1 be odd prime numbers. We will examine the

case where k0 = Q and Kn = Q (ζl). Then q = l and the set Smin
0 of places of Q

consists of the Archimedean place and the prime ideal (l). For each character χ in

Ĝ, let B1,χ be the generalized Bernoulli number defined by

B1,χ =
1

l

l−1∑
a=1

aχ(a).

It is known that ([60, Theorem 4.2])

LKn/k0,Smin
0

(0, χ) = −B1,χ,

Assuming that as ψ runs through the characters in C2mpn , the algebraic conjugates

B1,ψ are distinct, it follows that

NQ(ζ2mpn)/Q

(
LKn/k0,Smin

0
(0, χ)

)
=
∏
ψ

−B1,ψ,

where the product is over the characters of order 2mpn. The set S̃1 consists of 2m−1

Archimedean places, and the set S̃2 is empty. Thus,

pn−1(p− 1)
∣∣∣S̃1

∣∣∣ = 2m−1pn−1(p− 1)

and

2m−1
∣∣∣S̃2

∣∣∣ = 0.

Putting all of this together with equation (4.30), we find a formula analogous to the

well-known expression for the minus class number of Kn as a product of generalized

Bernoulli numbers ([60, Theorem 4.17]):

|Ker| = l
∏
ψ

−1

2
B1,ψ.

Again, the product is over the characters of order 2mpn. Also, |Ker| is the quotient

of the relative class number of Kn by the relative class number of Kn−1. This

generalizes a formula used by Peter Stevenhagen in [57] to study the parity of

certain relative class numbers.
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We will now derive another version of formula (4.30). The ideal class group of

Kn is a Z[G]-module. The subgroup of the ideal group of Kn supported above Sns
n

is stable under the action of G. The group of lifts of ideals from K+
n to Kn is also

stable under G. Therefore, the quotient group Cokern is a Z[G]-module. Similarly,

Cokern−1 is a Z[G]-module. We will show that Ker is a Z[G]-submodule of Cokern.

Remark. We must be careful not to confuse Ker with the Z[G]-submodule of Cokern

annihilated by Np. Ker, the kernel of the norm map N : Cokern → Cokern−1, is

necessarily only contained in the Z[G]-submodule of Cokern annihilated by Np. If

the canonical map

Cokern−1 → Cokern

is not injective, then this containment might be strict.

An ideal a is a representative of a class in Ker if and only if the ideal Np ·a is

the lift of an ideal of Kn−1 whose class in Cokern−1 is trivial. If a is such an ideal

and g is in G, then Np g · a = gNp ·a. Since Cokern−1 is a Z[G]-module, Np g · a is

also the lift of an ideal in Kn−1 whose class in Cokern−1 is trivial. It follows that

Ker is a Z[G]-submodule of Cokern.

As Cokern is annihilated by 1 + τ , so is Ker. Since Ker is also annihilated by

the action of Np, Lemma 2.3.4 shows that Ker has the structure of a module over

the Dedekind domain

O = Z [ζ2mpn ] .

Set µ̃ = µn/µn−1. Since µ̃ is annihilated by 1+τ and by Np, it is also an O-module.

By property 6 of Fitting ideals and the fact that µ̃ is a cyclic O-module, we may

rewrite equation (4.30) as

N
(
FitO (µ̃)ψ

(
θC2mpn

))
= N

(
(1− ζ2m)|S̃1| (1− ζpn)|S̃2| FitO (Ker)

)
. (4.31)

It is now natural to pose a question similar to that of Section 4.3.

Question. If ψ is a generator of Ĝ and µ̃ and Ker are endowed with the O-module

structures induced by ψ, then is it true that

FitO (µ̃)ψ
(
θC2mpn

)
= (1− ζ2m)|S̃1| (1− ζpn)|S̃2| FitO (Ker) ? (4.32)
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In what follows, we will refer to this question for an extension Kn/k0 and a

set S0 as Q2mpn (Kn/k0, S0). If Q2mpn (Kn/k0, S0) has an affirmative answer for the

minimal set S0 = Smin
0 , then it also does if S0 is any set containing Smin

0 . In this

case, we will say that Q2mpn (Kn/k0) has an affirmative answer without mentioning

a set S0. If p is a prime number, then then hypothesized equality of the factors

supported above primes dividing p on each side of equation (4.8) are equal will be

referred to as the p-primary part of Q2mpn (Kn/k0, S0). We note that the relation

(4.32), when valid, implies that FitO (Ker) and FitO (µ̃) are in the same ideal class

in O.

Although formula (4.31) does not immediately imply formula (4.32), if p′ is a

prime number with only one prime ideal divisor in Q (ζ2mpn), then equation (4.31)

implies that the p′-primary part of Q2mpn (Kn/k0) has an affirmative answer. It

does not seem immediately clear that the p′-primary parts are equal for other

prime numbers p′. However, if the 2-primary or the p-primary parts are equal

when S0 = Smin
0 , then they are equal when S0 is any set of places containing Smin

0 .

Next, we will give a result concerning AnnZ[G] (µn).

Proposition 4.6.2. Let ψ be in C2mpn and let N denote the absolute norm on

ideals of Z [ζ2mpn ]. If (p,Wn) = 1, then

N
(
ψ
(
AnnZ[G] (µn)

))
= q.

Otherwise,

N
(
ψ
(
AnnZ[G] (µn)

))
= peq

for some exponent e such that 0 ≤ e ≤ pn−1.

Proof. The quotient group µn/µn−1 is a Z[G]-module of order q. It is annihilated

by both Np and 1 + τ . Lemma 2.3.4 shows that it is a module over the Dedekind

domain

O = Z [ζ2mpn ] .

Being a cyclic group, µn/µn−1 is also a cyclic O-module. By property 3 and
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property 6 of Fitting ideals in Section 2.4, it follows that

q = N (FitO(µn/µn−1)) = N (AnnO(µn/µn−1))

= N
(
ψ
(
AnnZ[G](µn/µn−1)

))
. (4.33)

Let N′ denote the absolute norm on ideals of Z [ζ2m ]. Equation (4.6) shows

that

N′ (ψH′
(
AnnZ[H′] (µn−1)

))
= N′ (FitZ[ζ2m ] (µn−1)

)
= Wn−1.

Also, since 1− σpn−1
annihilates µn−1,(

1− ζp,FitZ[ζ2m ] (µn−1)
)
⊆ ψ

(
AnnZ[G] (µn−1)

)
.

If p - Wn−1, it follows that

ψ
(
AnnZ[G] (µn−1)

)
= O.

(We note that p divides Wn−1 if and only if p divides Wn.) Let δ be an element of

AnnZ[G] (µn−1) such that ψ(δ) = 1, and let β1, . . . , βr be a set of elements of Z[G]

such that ψ (β1) , . . . , ψ (βr) generate FitO (µn/µn−1). Then

ψ
(
AnnZ[G] (µn/µn−1)

)
= (ψ (δβ1) , . . . , ψ (δβr)) ⊆ ψ

(
AnnZ[G] (µn)

)
.

Since AnnZ[G] (µn) ⊆ AnnZ[G] (µn/µn−1), it follows from equation (4.33) that

N
(
ψ
(
AnnZ[G] (µn)

))
= q.

Otherwise, assume that the exact power of p dividing Wn−1 is pt. Also, assume

that the ideal factorization of (1− ζpn) in O is

(1− ζpn) =

g∏
i=1

Pi.

Let Ap be the part of AnnZ[ζ2m ] (µn−1) supported at primes dividing p. By Lemma

2.4.1, there exists an i such that

ApO = P
pn−1(p−1)t
i .

Then for this i,

ψ
(
AnnZ[G] (µn−1)

)
⊇
(
1− ζp,AnnZ[ζ2m ] (µn−1)

)
= Ppn−1

i .
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Reasoning as in the case where p - Wn−1, it follows that

ψ
(
AnnZ[G] (µn)

)
= ψ

(
AnnZ[G] (µn/µn−1)

)
Pe (4.34)

for some exponent e such that 0 ≤ e ≤ pn−1. Therefore, since the residual degree

of P over Q is 1,

N
(
ψ
(
AnnZ[G] (µn)

))
= peq.

Next, we investigate the denominators of the coefficients of θC2mpn . We again

write θC2mpn =
∑pn−1

i=0 aiσ
i with the coefficients ai in Q [H ′]. Since Np annihilates

θC2mpn , it follows that for each j such that 0 ≤ j ≤ pn−1 − 1,
∑p−1

i=0 aipn−1+j = 0.

It will turn out to be in our interest to factor (1− σpn−1
) out of θC2mpn by writing

θC2mpn =
(
1− σpn−1

)
θC2mpn with

θC2mpn =

p−2∑
i=0

pn−1−1∑
j=0

bipn−1+j σ
ipn−1+j (4.35)

and

bipn−1+j =
i∑

k=0

akpn−1+j. (4.36)

We now give a bound on the denominators of the coefficients of θC2mpn , stronger

than that given by Proposition (3.3.1).

Proposition 4.6.3. With notation as above,

θC2mpn ∈
1

pq
Z [G] .

If the p-primary part of Q2mpn (Kn/k0) has an affirmative answer and either
∣∣∣S̃2

∣∣∣ ≥
pn−1 or p | q, then

θC2mpn ∈
1

q
Z [G] .

Proof. Let µn and µn−1 be the groups of roots of unity inKn andKn−1 respectively.

The definition of q shows that

q
(
1− σpn−1

)
∈ AnnZ[G] (µn) .
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By Theorem 3.2.4,

q(1− σpn−1

)θ ∈ Z[G].

Equation (4.25) shows that

q
(
1− σpn−1

)
θ = q

(
1− σpn−1

)
θC2mpn .

It follows that

q

(
p−1∏
i=1

(
1− σipn−1

))
θC2mpn ∈ Z [G] .

Under the second isomorphism in Lemma 2.3.4 (using an element ψ in C2mpn for

the character in that lemma),
∏p−1

i=1 (1− σi) has the same image as p. Properties

3 and 4 of components of L-function evaluators in Section 3.3 show that θC2mpn is

annihilated both by 1 + τ and by Np. It follows that

pqθC2mpn = q

(
p−1∏
i=1

(
1− σipn−1

))
θC2mpn ∈ Z [G] .

Therefore,

θC2mpn ∈
1

pq
Z [G] .

(The example following Proposition 3.3.1 shows that pq can be the exact denomi-

nator when the coefficients are written in lowest terms.) Finally, expressions (4.35)

and (4.36) show that

θC2mpn ∈
1

pq
Z [G] .

Now assume that the p-primary part of Q2mpn (Kn/k0) has an affirmative an-

swer. In particular, the factors supported above prime ideals dividing p on both

sides of the equation

FitO (µ̃)ψ
(
θC2mpn

)
= (1− ζ2m)|S̃1| (1− ζpn)|S̃2| FitO (Ker)

are equal, where ψ generates Ĝ. We will use this formula to prove the second part

of the proposition.

The first part of this proposition shows that qψ
(
θmin

C2mpn

)
is integral up to prime

ideals in O dividing p. The p-primary part of Q2mpn (Kn/k0) and equation (4.33)

then show that for each ψ in C2mpn ,

qψ
(
θmin

C2mpn

)
∈ Z [ζ2mpn ] .
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Hence,

q (1− ζp)ψ
(
θ

min

C2mpn

)
∈ Z [ζ2mpn ] .

The argument in the paragraph preceding Proposition 4.5.1 shows that adjoining a

set of prime ideals to S0 with a corresponding addition of k primes to S̃2 multiplies

the integral ideal ψ
((
pqθC2mpn

))
by a factor of (1− ζpn)k. If we now let S0 be a

set formed by adjoining primes to Smin
0 that split completely in K0/k0, and if these

additional primes are enough to make
∣∣∣S̃2

∣∣∣ ≥ pn−1, then we have

qψ
(
θC2mpn

)
= q (1− ζpn)|S̃2| ψ

(
θ

min

C2mpn

)
∈ Z [ζ2mpn ] .

It follows that qψ
(
θC2mpn

)
is integral for any set S0 for which

∣∣∣S̃2

∣∣∣ ≥ pn−1.

Next, if p divides q, then p is the exact power of p dividing q (see the remark

preceding Theorem 4.5.3). It follows from the p-primary part of Q2mpn (Kn/k0)

that

(1− ζpn)ψ
(
θC2mpn

)
is P-integral for all primes P of Q (ζ2mpn) dividing p. Therefore, since

pn−1(p− 1)− 1 ≥ pn−1,

the first part of this proposition and (4.33) show that

qψ
(
θC2mpn

)
∈ (1− ζp) Z [ζ2mpn ] .

Hence,

qψ
(
θC2mpn

)
∈ Z [ζ2mpn ] .

We have now shown that under either of the hypotheses
∣∣∣S̃2

∣∣∣ ≥ pn−1 or p | q,
qψ
(
θC2mpn

)
is integral.

Set ψ = χ2m+pn
. Using the expressions (4.35) and (4.36) for θC2mpn , we have

q

pn−1(p−1)−1∑
i=0

χp
n

(bi) ζ
i
pn ∈ Z [ζ2mpn ] .

The numbers ζ ipn for i = 0, . . . , pn−1(p − 1) − 1 form a relative integral basis for

Z [ζ2mpn ] over Z [ζ2m ]. It follows that the numbers qχp
n
(bi) in Q (ζ2m) are algebraic

integers.
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Let τ denote complex conjugation. Property 4 of components of L-function

evaluators shows that

θC2mpn =

pn−1∑
i=0

aiσ
i

is annihilated by 1 + τ . Thus, (1 + τ)ai = 0 for all i, and hence (1 + τ)bi = 0 for

all i. For each i such that 0 ≤ i ≤ pn−1(p− 1)− 1, we may therefore write

bi =
2m−1−1∑
j=0

βijσ
′j 1− τ

2

for some rational numbers βij. Then

qχp
n

(bi) =
2m−1−1∑
j=0

qβijζ
j
2m .

Since the left side was shown to be in Z [ζ2m ] and since, for j = 0, . . . , 2m−1 − 1,

the numbers ζj2m form an integral basis for Z [ζ2m ], it follows that the coefficients

qβij are in Z. Therefore, each bi is in 1
2q

Z [H ′], and hence θC2mpn is contained in

1

2p
Z[G] ∩ 1

pq
Z[G] =

1

q
Z [G] .

To conclude this section, we provide an instance where Q2mpn (Kn/k0) can be

shown to have an affirmative answer. In the next section, we will present another

instance.

Proposition 4.6.4. If Brumer’s Conjecture is true for the extension Kn/k0 and

the set S0, and if Ker is a cyclic O-module, then equation (4.32) is valid up to

prime ideals dividing 2 and p. If, additionally, either |G| = 2pn or p is inert in

Q (ζ2m), then the p-primary part of equation (4.32) is valid. If 2 is inert in Q (ζpn),

then the 2-primary part of equation (4.32) is valid.

Proof. For simplicity, let θ = θKn/k0,S0 . Since (B) holds for the extension Kn/k0

and the set S0, we know that

AnnZ[G] (µn) θ ⊆ AnnZ[G] (ClKn) ⊆ AnnZ[G] (Ker) .
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Let ψ be a generator of Ĝ. Ker is endowed with an O-module structure through

ψ, and

AnnO (Ker) = ψ
(
AnnZ[G] (Ker)

)
.

Thus,

ψ
(
AnnZ[G](µn) θ

)
⊆ AnnO (Ker) .

Since Ker is cyclic,

ψ
(
AnnZ[G](µn)θ

)
⊆ FitO (Ker) .

Therefore, there exists an integral ideal a in O such that

ψ
(
AnnZ[G](µn)θ

)
= a FitO (Ker) .

Equation (4.34) then shows that

Pe FitO (µ̃)ψ (θ) = a FitO (Ker) .

By equation (4.25),

ψ (θ) = ψ
(
θC2mpn

)
.

Taking absolute norms and using equation (4.31), we find that a is supported at

primes dividing 2 and p. This proves the first statement of the proposition. The

other statements all follow from the fact that the p′-primary part of Q2mpn (Kn/k0)

has an affirmative answer whenever there is only one prime ideal of O dividing

p′.

4.7 L-values for degree 2mpn extensions

Proving formula (4.32) in general seems to be beyond the capabilities of the

above methods, because the analytic class number formula only gives information

about a product of values of L-functions, in other words, about norms of L-values.

However, we can mimic the methods in Section 4.4 to prove formula (4.32) in

special cases. We will use the same notation as in Section 4.6. In addition, assume

that there exists a field k′ such that k′ ⊂ k0 ⊂ Kn, with Kn/k
′ and k0/k

′ Galois.

Assume further that S0 is stable under the action of Gal (Kn/k
′) on the ideal group
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of k0. Let F = Gal (k0/k
′). Then F acts on Z[G] as described in Section 2.7. The

action of F fixes the unique element τ of G of order 2 and also Np. We thus have

an induced homomorphism

φ : F → Aut (Z [G] / (1 + τ,Np)) ∼= Aut (O) ∼= Gal (Q (ζ2mpn) /Q) .

We need a preliminary lemma.

Lemma 4.7.1. If F acts nontrivially either on H ′ or on σp
n−1

, then q = 1.

Proof. If F acts nontrivially on H ′, then Lemma 4.4.1 applies with the objects K,

k, k′, H, G, and W in that lemma set equal to Kn, kn, k
′, Gal (kn/k

′), H ′, and Wn

respectively (note that kn/k
′ is normal since H ′ is a characteristic subgroup of G,

and that Sn is stable under the action of Gal (Kn/k
′) since S0 is.) Thus, Wn = 2,

and so q = 1.

Otherwise, suppose that ρ is an element of F that acts nontrivially on σp
n−1

.

Choose an element ρ̃ in Gal (Kn/k
′) that restricts to ρ. Set ρ · σpn−1

= σcp
n−1

,

where 2 ≤ c ≤ p− 1. If ζ is a primitive Wnth root of unity, assume that ρ̃(ζ) = ζr

and σp
n−1

(ζ) = ζs where (rs,Wn) = 1. Then

σcp
n−1

(ζ) = ρ̃σp
n−1

ρ̃−1 (ζ) = ζrsr
−1

= ζs. (4.37)

Therefore,

ζs
c

= ζs,

so that

sc ≡ s (mod Wn).

Since (s,Wn) = 1, it follows that

sc−1 ≡ 1 (mod Wn).

On the other hand, since |H| = pn, we have

σp
n

(ζ) = ζs
p

= ζ,

so that

sp ≡ 1 (mod Wn).
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Since (c− 1, p) = 1, there exist integers u and v such that u(c− 1)+ vp = 1. Then

s = su(c−1)+vp ≡ 1 (mod Wn).

Therefore,

σp
n−1

(ζ) = ζs = ζ,

so that Wn = Wn−1 and q = 1.

We have the following:

Proposition 4.7.2. Let ψ generate Ĝ. Then ψ (θ) and FitO (Ker) are fixed by

φ(F ).

Proof. Let g generate G, and let ζ be the primitive 2mpn-th root of unity satisfying

ψ(g) = ζ. We write

θ =

(
2mpn−1∑
i=0

aig
i

)
.

Let ρ be in F and let c be an integer such that ρ · g = gc. Suppose that ρ̃ is an

element of Gal (Kn/k
′) that restricts to ρ. For any i such that 0 ≤ i ≤ 2mpn − 1,

we have

ρ · gi = gic.

By Proposition 3.2.2, we have an equality of partial zeta functions

ζKn/k0,S0

(
s, gi

)
= ζKn/k0,S0

(
s, gic

)
for i = 0, . . . , 2mpn − 1. Thus, ai = aic for all i (where it is understood that aic

stands for the coefficient of σic even if ic /∈ [0, 2mpn − 1]). It follows that

ψ (θ) =

2mpn−1∑
i=0

aiζ
i

is fixed by φ(ρ), which is the automorphism of Q (ζ2mpn) that sends ζ to ζc. Since

ρ was an arbitrary element of F , this proves the first part of the proposition.

Since S0 was assumed to be stable under the action of Gal (Kn/k
′), Ker is

a Z [Gal (Kn/k
′)]-module. This can be demonstrated with the argument used to

prove that Ker is a Z[G]-module preceding the statement of the question Q2mpn (Kn/k0).
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One should note in this case that although H is not necessarily in the center of

Gal (Kn/k
′), the elements of Gal (Kn/k

′) do commute with Np. The second part

of the proposition now follows from Proposition 2.7.1.

Corollary 4.7.3. If

Q (ζ2mpn)φ(F ) = Q,

then equation (4.32) is valid.

Proof. Let ψ generate Ĝ. By the previous proposition, ψ
(
θC2mpn

)
is in Q. Also,

ψ endows Ker with the structure of an O-module, and FitO (Ker) is fixed by

Gal (Q (ζ2mpn) /Q). We can therefore write

FitO (Ker) = (1− ζ2m)e2 (1− ζpn)ep cO,

where c is a rational integer. By Lemma 4.7.1 and equation (4.33), we know that

FitO(µ̃) is equal to O. Since ψ
(
θC2mpn

)
and c are in Q, we can rewrite equation

(4.31) as

ψ
(
θC2mpn

)2m−1pn−1(p−1)
= ± 2p

n−1(p−1)(|S̃1|+e2)p2m−1(|S̃2|+ep)c2
m−1pn−1(p−1).

Therefore,
∣∣∣S̃1

∣∣∣ + e2 is divisible by 2m−1 and
∣∣∣S̃2

∣∣∣ + ep is divisible by pn−1(p − 1).

Furthermore,

ψ
(
θC2mpn

)
= ± 2

|S̃1|+e2
2m−1 p

|S̃2|+ep

pn−1(p−1) c.

Write

L = Q (ζ2mpn)φ(F ) ,

with d = |φ(F )| = [Q (ζ2mpn) : L]. Let ψ generate Ĝ. Proposition 4.7.2 shows that

ψ
(
θC2mpn

)
is in L. In addition, FitO (Ker) can be written as

FitO (Ker) = a2apa.

where a is an integral ideal of L and a2 and ap are integral ideals of O with absolute

norms 2e2 and pep respectively. Let Sns
n be the set of places of Kn lying above places

in Smin
0 that do not split completely in K0.
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Corollary 4.7.4. Let r2 be the smallest nonnegative residue of

−pn−1(p− 1)
∣∣∣S̃1

∣∣∣ mod d.

Let δ = 1 if p | q and let δ = 0 otherwise. Let rp be the smallest nonnegative

residue of

δ − 2m−1
∣∣∣S̃2

∣∣∣ mod d.

If hns
S =

∣∣ClKn,Sns
n

∣∣ is the Sns
n class number of Kn, then

2r2prp | hns
S ,

Proof. Let N denote the absolute norm on ideals of L. We can rewrite equation

(4.31) as

qN
(
ψ
(
θC2mpn

))d
= 2p

n−1(p−1)|S̃1|+e2p2m−1|S̃2|+ep N (a)d .

Since (2, q) = 1 and the exact power of p dividing q is either 1 or p, the integers

pn−1(p − 1)
∣∣∣S̃1

∣∣∣ + e2 and 2m−1
∣∣∣S̃2

∣∣∣ + ep − δ are divisible by d. By property 6 of

Fitting ideals from Section 2.4 and the definition of e2 and ep, |Ker| is divisible by

2e2 and by pep .

Example. Set k0 = Q
(√

105
)
, and set K0 = k (ζ3). According to calculations

performed with PARI/GP, the polynomial x12− 51x6 + 729 defines a non-Abelian

Galois extension field K1 of Q which is also an Abelian cubic extension of K0.

The extension K1/K0 is ramified only at the two primes of K0 dividing 3. Set

S0 = Smin
0 , which in this case consists of the two Archimedean places of k and the

lone prime ideal of k dividing 3. Then the set S̃1 consists of the two Archimedean

places of K0, and the set S̃2 is empty.

Let k′ = Q. Since Gal (K1/k
′) is non-Abelian, Gal (k/k′) acts nontrivially on G.

Lemma 4.7.1 then shows that q = 1, so that W1 = 6. Corollary 4.7.3 also applies,

showing that the answer to Q2mpn (K1/k0) is affirmative. Finally, the numbers r2

and rp in Corollary 4.7.4 are 0 and 1. PARI/GP says that the class numbers of

k0, K0, k1, and K1 are 2, 2, 2, and 18 respectively. Since K1/k1 is ramified at

the Archimedean places, the norm map on the the ideal class groups is surjective,

so that ideals representing the class of order 2 in k1 lift to principal ideals in K1.
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Since the prime ideal of k0 lying above 3 splits in K0/k0, the set Sns
0 contains only

the Archimedean places of k0. Therefore, |Coker1| = 9, and similarly, |Coker0| = 1.

Thus, |Ker| = 9, which is divisible by 3 as is predicted by the corollary.

Finally, we note that this corollary has the same feature as Corollary 4.4.4 –

one can let the sets S̃1 and S̃2 vary, producing seemingly different results. One can

show using similar methods as in the example following Corollary 4.4.4 that in the

present example, at least, |S2| is always even when S0 is stable under the action of

Gal (K1/k
′).

4.8 A generalization of a theorem of Kummer

One of the first results relating the special values of L-functions to the arith-

metic of number fields was discovered by Kummer. We denote the Riemann zeta

function by ζ(s). The numbers ζ(−n) for n = 1, 3, . . . , p− 4 are p-integral rational

numbers.

Kummer’s Criterion. An odd prime number divides at least one of the numbers

ζ(−n) for n = 1, 3, . . . , p−4 if and only if the following equivalent assertions hold:

1. p divides the class number h of Q (ζp).

2. p divides the relative class number h− of Q (ζp).

3. There exists a cyclic extension of Q (ζp)
+, distinct from Q (ζp2)

+ and unram-

ified away from primes dividing p.

The equivalence 1⇔ 2 is one of the inspirations for Leopoldt’s Spiegelungssatz,

or reflection theorem ([34]). The equivalence 1⇔ 3 can be found, for instance, in

[60, Proposition 10.13].

In this section, we will first provide a generalization of the implication 3⇒ 2.

We will then prove a result on class numbers in the case where K is a number

field not containing the pth roots of unity. Both proofs use similar methods; it is

perhaps surprising that neither proof makes explicit use of Kummer theory.

Before we state the first theorem, we must fix some notation. Let K/k be a

cyclic extension of number fields of degree 2m. Assume that k is totally real and K
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is totally complex. Let Smin be the set of places of k consisting of the Archimedean

places and the prime ideals that ramify in K/k. We abuse notation by also writing

Smin for the set of places in K+ and for the set of places in K lying above the places

of Smin in k. Let Coker be the cokernel of the canonical map ClK+,Smin → ClK,Smin .

Set O = Z [ζ2m ]. Let χ be a character on Gal (K/k) of order 2m. We write τ for

the element in Gal (K/k) of order 2. As in Section 4.3, Coker is annihilated by

1+ τ , and χ provides Coker with an O-module structure. Furthermore, χ provides

the group µ of roots of unity in K with an O-module structure. Let p be an odd

prime number and assume that pt is the exact power of p dividing |µ|. If Fp is

the factor of the ideal FitO (µ) supported at primes dividing p, then Lemma 2.4.1

shows that there is a prime ideal P in O dividing p and of residual degree 1 such

that

Fp = Pt.

We can now state the generalization of Kummer’s criterion.

Theorem 4.8.1. Let n be an integer with 0 ≤ n ≤ t. Suppose that the p-primary

part of Q2m (km/k0) has an affirmative answer. Assume that there exists a cyclic

extension L of k of degree pn satisfying:

1. The number of p-power roots of unity in LK is pt.

2. No place in k splits completely in K/k and ramifies in L/k.

Then Pn divides FitO (Coker).

Proof. We change the notation to that of Section 4.6, providing K, k, and Smin

with the subscript 0. We set L = kn. Then these fields satisfy the assumptions

from Section 4.5, and we will resume using the rest of the notation from that

section. Set

NH =

pn−1∑
i=0

σi,

the norm element in Q [G] corresponding to the extension Kn/K0. For 1 ≤ r ≤ n,

let C2mpr be the equivalence class of characters in Ĝ of order 2mpr. Let C be the

equivalence class of characters in Ĝ of order 2m. We write θ for θK0/k0,S0 and θ̃ for
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the lift of θK0/k0,S0 to Q [H ′]. Property 2 of components of L-function evaluators

from Section 3.3 shows that

θKn/k0,S0,C =
1

pn
θ̃NH .

For 1 ≤ r ≤ n, set

qr =
Wr

Wr−1

.

Property 2 of components of L-function evaluators and Proposition 4.6.3 show

that, for 1 ≤ r ≤ n,

θKn/k0,S0,C2mpr ∈
1

pn−r+1qr
Z [G] .

Assumption 1 on L in the theorem implies that (p, qr) = 1 for all r. Since n−r+1 ≤
t for all such r, it follows that

WnθKn/k0,S0,C2mpr ∈ Z [G] .

Then the relation

θKn/k0,S0 =
n∑
r=0

θKn/k0,S0,C2mpr

and Theorem 3.2.4 imply that

WnθKn/k0,S0,C =
Wn

pn
θ̃NH ∈ Z [G] .

As θ̃ is in Q [H ′] and NH is in Q [G], it follows that

Wn

pn
θ ∈ Z [Gal (K0/k0)] .

We will have no further need for the group H ′, so we now let H ′ = Gal (K0/k0).

Since the p-primary part of Q2m (km/k0, S0) has an affirmative answer, the above

inclusion implies that

Wn FitO (Coker) (pn FitO (µ))−1

is a P-integral fractional ideal of O. Using assumption 1 on L in the theorem, it

follows that

pt FitO (Coker) (pnFp)
−1 = pt FitO (Coker)

(
pnPt

)−1
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is a P-integral fractional ideal of O. Consideration of P-valuations then shows

that

Pn | FitO (Coker) .

Corollary 4.8.2. Let K be a CM field containing the pnth roots of unity. Assume

that there exists a cyclic extension L of K+ of degree pn satisfying

1. The number of p-power roots of unity in LK is the same as the number of

p-power roots of unity in K.

2. No place in K+ splits completely in K/K+ and ramifies in L/K+.

Then pn divides |Coker|.

Proof. This follows immediately from the above theorem and the fact that Q2m (km/k0)

has an affirmative answer for quadratic extensions.

Remarks.

1. When k = Q (ζp)
+ and K = Q (ζp), this is exactly implication 3 ⇒ 2 of

Kummer’s Criterion.

2. Condition 2 above is essential, as is illustrated by the following example. Set

k = Q
(√

105
)
, and set K = k (ζ3). According to calculations performed

with PARI/GP, the polynomial x12 − 51x6 + 729 defines a cubic extension

field L of K, Abelian over k, unramified outside of primes dividing 3, and

not containing the 9th roots of unity. The prime ideal of k lying above 3

splits in K/k and ramifies in L. Thus, all of the conditions in the corollary

are satisfied except for condition 2. However, the class number of K is 2.

Results related to the case n = 1 in the corollary above were derived in [13] and

[31]. Condition 2 was also a necessary assumption in those papers. For another

similar result when k is imaginary quadratic, see [7].

For the second theorem, suppose that Kn/k0 is a cyclic extension of number

fields of degree 2mpn. Assume that k0 is totally real and Kn is totally complex. For
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0 ≤ r ≤ n, let kr and Kr be as defined in Section 4.6. Let G, H, H ′, σ, σ′, Smin
0 and

Sns
r , Cokern−1, Cokern, and Ker be as defined in Section 4.6. Let O = Z [ζ2mpn ].

Let χ be a generator of Ĝ. Let µ̃ = µn/µn−1 as in Section 4.6. Then χ provides

Ker and µ̃ with O-module structures.

Theorem 4.8.3. Assume that Kn does not contain the pth roots of unity, and that

there exists a prime ideal of k0 that splits completely in K0/k0 and kn−1/k0, but

ramifies in kn/kn−1. Suppose that the question Q2mpn (Kn/k0, S0) has an affirma-

tive answer. Then

(1− ζp) | FitO (Ker) .

Proof. Let C denote the equivalence class of characters in Ĝ of order 2mpn. Assume

that S0 = Smin
0 , so that S̃2 is empty. Set

θC = θKn/k0,S0,C.

Since k0 contains a prime ideal that splits completely in Kr/k0 for 0 ≤ r ≤ n− 1,

it follows that

θKr/k0,S0 = 0

for these values of r. Repeated application of property 2 of components of L-

function evaluators then shows that

θKn/k0,S0 = θC.

Let θC =
(
1− σpn−1

)
θ̃C as in equations (4.35) and (4.36). By Proposition 4.6.3,

θ̃C ∈
1

pq
Z [G] .

Theorem 3.2.4 and the assumption that (Wn, p) = 1 then imply that

θ̃C ∈
1

q
Z [G] .

Since the p-primary part of Q2mpn (Kn/k0, S0) has an affirmative answer,

q (1− ζ2m)|S̃1| FitO (Ker)

(1− ζp) FitO (µ̃)

is p-integral. Therefore, (1− ζp) divides FitO (Ker).
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Corollary 4.8.4. Under the assumptions of the theorem,

p2m−1pn−1 | |Ker| .

Also, the p-rank of Ker is at least 2m−1.

Proof. The first statement is a consequence of property 6 of Fitting ideals from

Section 2.4. For the second part, we begin by using the primary decomposition

theorem for finitely generated torsion modules. It says that the p-primary part of

Ker is isomorphic to a module of the form

g⊕
i=1

(O/Pi
ei,1 ⊕ · · · ⊕ O/Pi

ei,l(i)) ,

where the ideals Pi are the prime ideals in O dividing p. By the theorem and

properties 3 and 4 of Fitting ideals,

(1− ζp)
∣∣ g∏
i=1

l(i)∏
j=1

P
ei,j

i .

Thus, the sums
l(i)∑
j=0

ei,j

are each at least pn−1. In particular, every prime ideal of O dividing p appears at

least once in the above double product. Each factor in the direct sum decompo-

sition of the p-primary part of Ker is an Abelian p-group of rank f , the residual

degree of p in Q [ζ2m ]. The p-rank of Ker is therefore at least fg, which equals

2m−1.

Corollary 4.8.5. If assumptions are as in the theorem, then

p |
∣∣KerH

∣∣ ,
where KerH is the subgroup of Ker fixed by H.

Proof. The subgroup of elements of Ker annihilated by p is a nonzero vector space

over the finite field Fp. The element σ acts as a nonsingular linear transformation

on this vector space, hence has an eigenvector v with associated eigenvalue c in

F×
p . As σp

n
is the identity transformation, it follows that cp

n
= 1, so that c = 1.

Thus, v is fixed by σ, and hence, by H.
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Corollary 4.8.6. With assumptions as in the Theorem,

p | |Ker/(1− σ)Ker |

Proof. Let NH =
∑pn−1

i=0 σi. Since Ker is a finite module over the cyclic group H,

we have [
KerH : NHKer

]
= [KerNH

: (1− σ)Ker] ,

where KerNH
is the part of Ker annihilated by the action ofNH . Since Ker = KerNH

and NHKer = 0, the result follows from the previous corollary.

It should be noted that when m = n = 1, this result is somewhat weaker than

Lemma 2.5 in [18], which is proved using Lemma 4.1 on p. 307 of [32].

Example. Let k0 = Q, and letK0 be the quartic extension of Q contained in Q (ζ13).

Let k1 be the cubic extension of Q contained in Q (ζ61). Let K1 = K0k1. Then K1

is a totally complex cyclic extension of Q of degree 12. The cube roots of unity are

not contained in K1. Finally, the prime ideal (61) in Q splits completely in K0/k0

and ramifies in k1/k0. Therefore, Corollary 4.8.4 applies to this example, and says

that the 3-rank of the class group of K1 is at least 2. According to calculations

performed with PARI/GP, the primary decomposition of the class group of K1 is

Z/3Z⊕ Z/3Z⊕ Z/5Z⊕ Z/5Z⊕ Z/13Z.

Now let k0 = Q
(√

321
)
. Let k2 be the splitting field of the polynomial

x18 − 6x17 − 24x16 + 157x15 + 231x14 − 1482x13

− 1225x12 + 6789x11 + 3981x10 − 16463x9 − 7857x8 + 21195x7

+ 8378x6 − 13656x5 − 3681x4 + 4027x3 + 270x2 − 441x+ 49.

PARI/GP determined that k2 is a non-Abelian Galois extension of Q of degree 18,

and hence an Abelian extension of k0 of degree 9. The prime ideals of k0 dividing 5

are inert in k2/k0. Since decomposition groups are cyclic, k2/k0 is a cyclic extension

of degree 9 (and incidentally, Gal (k2/Q) must be the dihedral group of order 18).

The prime ideal of k0 dividing 3 splits completely in the extensions K0 =

k0

(√
−5
)

and K ′
0 = k0

(√
−11

)
. Set K2 = K0k2 and K ′

2 = K ′
0k2. Both of K2 and
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K ′
2 are totally complex cyclic extensions of k0 of degree 18, and neither contains the

cube roots of unity. Therefore, Corollary 4.8.4 applies to these examples, and says

that the class numbers of K2 and K ′
2 are divisible by 27. According to calculations

done with PARI/GP, the class group of K2 is isomorphic to

(Z/2Z)2 ⊕ Z/4Z⊕ (Z/3Z)6 ⊕ (Z/17Z)2 ⊕ (Z/971Z)2 .

The class group of K ′
2 is isomorphic to

(Z/2Z)8 ⊕ Z/4Z⊕ (Z/3Z)4 ⊕ (Z/5Z)2 ⊕ (Z/53Z)2 .

4.9 L-values in cyclotomic towers

Since the set S0 will not have a significant role in this section, we will suppress it

from the notation. Let k0 be a totally real field, and let p be an odd prime number

such that K0 = k0 (ζp) is a degree 2m extension for some positive integer m. Let pv

be the cardinality of the p-power roots of unity in K0. We then set Kn = k0 (ζpv+n)

for all positive integers n, so that the fields Kn form the p-cyclotomic tower of

extensions of k0 (ζp). For n ≥ 0, set Gn = Gal (Kn/k0). Each extension Kn/k0 has

degree 2mpn, so we may apply the results of Section 4.6 to these extensions. Let

Wn denote the number of roots of unity in Kn. In this section, we will show that

the coefficients of the integralized L-function evaluators WnθKn/k0 align into p-adic

integers.

A crucial fact in the proof is the following lemma

Lemma 4.9.1. There exists an integer M such that for n > M ,

Wn

Wn−1

= p.

Proof. To begin, assume that p̃ is a prime number different from p that divides

Wn

Wn−1
for some n. As p̃ 6= p, there is one level n where this occurs. Since Kn

contains the p̃th roots of unity and Kn/K0 has odd order, K0 must contain the

quadratic subfield of Q (ζp̃). Therefore, there can exist only finitely many such

prime numbers p̃.
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Proposition 4.9.2. Let {σn }n>1 be a sequence of elements in the Galois groups

Gn, compatible under the projection maps. Let cn be the coefficient of σn in

WnθKn/k0. Then the limit

lim
n→∞

cn

exists in Zp.

Proof. The odd characters on Gn fall into n+1 equivalence classes under the equiv-

alence relation from Section 3.3. Each equivalence class consists of the characters

of order 2mpr for some r such that 0 ≤ r ≤ n; we will denote the equivalence class

for a given r by Cn,2mpr .

If n ≥ 1, the L-function evaluator for the extension Kn/k0 decomposes into

components as

θKn/k0 =
n∑
r=0

θCn,2mpr .

For 1 ≤ r ≤ n, let Npr be the norm element in Q [G] corresponding to the extension

Kn/Kn−r. Using a tilde to denote a lift to Z [Gn], property 2 of components of

L-function evaluators shows that

θKn/k0 = θCn,2mpn +
n−1∑
r=0

1

pn−r
θ̃Cr,2mpr Npn−r

= θCn,2mpn +
1

p
θ̃Kn−1/k0 Np . (4.38)

Write

θKn−1/k0 =
∑

σ∈Gn−1

aσσ.

For each σ in Gn−1, choose an arbitrary lift σ̃ of σ to Gn. We then choose to lift

θKn−1/k0 as

θ̃Kn−1/k0 =
∑

σ∈Gn−1

aσσ̃.

Let M be an integer as defined in Lemma 4.9.1. For n > M ,

Wn
1

p
θ̃Kn−1/k0 Np = Wn−1θ̃Kn−1/k0 Np .

This shows that the coefficient of σn in Wn
1
p
θ̃Kn−1/k0Np is cn−1. Furthermore, since

pv+n−1 divides Wn−1, Proposition 4.6.3 shows that

WnθCn,2mpn ∈ pv+n−1Z [G] .
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It then follows from equation (4.38) that

cn ≡ cn−1 (mod pv+n−1).

Remark. It is known that the values of the equivariant L-functions in the p-

cyclotomic tower of a totally real field align p-adically. This was the construction

of p-adic L-functions given in [6]. However, this does not immediately imply the

above proposition.



Chapter 5

The Brumer-Stark Conjecture

In this chapter, we will use the formulae for L-values determined in Chapter 4

to prove cases of the Brumer-Stark conjecture.

5.1 The Brumer-Stark conjecture for extensions

of degree 2m

In this section, we will prove some of the local parts of the Brumer-Stark

conjecture for cyclic extensions of number fields of degree 2m. To begin, we need

a preliminary lemma.

Lemma 5.1.1. Let K/k be a cyclic extension of number fields of degree 2m with

m ≥ 2. Assume that k is totally real. Then the 2-power roots of unity in K are 1

and −1.

Proof. If K is not totally complex, then the conclusion is immediate. If K is totally

complex, then the unique element τ of order 2 in G = Gal(K/k) is the complex

conjugation corresponding to each embedding of K into C. Therefore, K is a CM

field. We denote the group of 2-power roots of unity in K by µ
(2)
K .

Assume that
∣∣∣µ(2)
K

∣∣∣ = 2c > 2. Then there are non-real roots of unity in µ
(2)
K , so

that

K = k
(
µ

(2)
K

)
.

114



115

Thus, G is isomorphic to a subgroup of G = Gal
(
Q
(
µ

(2)
K

)
/Q
)
. Moreover, the

complex conjugation τ restricts to complex conjugation in G. Under the isomor-

phism

G→ (Z/2cZ)× ,

complex conjugation is mapped to −1. Since c ≥ 2, −1 is not a square in this

group. It follows that τ is not a square in G, a contradiction. Hence
∣∣∣µ(2)
K

∣∣∣ = 2.

We resume the notation of Section 4.3.

Theorem 5.1.2. Let km/k0 be a cyclic extension of number fields of degree 2m ≥ 4

with Galois group G. Let δ = 1 if no prime ideal ramifies in km/k0 or the 2-primary

part of Coker is trivial. Otherwise, let δ = 0. Then

Wθkm/k0 ∈ 2[k0 : Q]−δ Z [G] ,

and the 2-primary part of the Brumer-Stark conjecture is true with θkm/k0 replaced

by
1

2[k0 : Q]−δ−1
θkm/k0 .

In particular, (BS2) is true for km/k0.

Remark. This result was obtained independently by Greither, Roblot, and Tangedal

in an unpublished manuscript ([17]). Their methods are similar, especially the

proof of the Abelian condition of (BS2). This is not surprising, as this proof is

based on methods used by Tate and Sands in early work on the subject. In the

same manuscript, Greither, Roblot, and Tangedal also proved (BS2) for extensions

K/k with Galois group isomorphic to Z/4Z ⊕ Z/2Z and such that K+/k is not

cyclic.

Proof. To avoid triviality, we assume that k0 is totally real and km is totally com-

plex. Let W = |µ| be the cardinality of the group of roots of unity in km. Let

Smin
0 be the set of places of k0 comprising the Archimedean places and the prime

ideals that ramify in km/k0. We will denote the L-function evaluator θkm/k0,Smin
0

simply by θ. Let σ generate G, let τ = σ2m−1
, let χ generate Ĝ, and let ζ2m be the

primitive 2mth root of unity such that χ (σ) = ζ2m . Let k+
m be the maximal totally
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real subfield of km. We will denote the sets of places in k+
m and km lying above

the places in Smin
0 by S+ and S. Let Coker be the cokernel of the canonical map

Clk+
m,S+ → Clkm,S. Set O = Z [ζ2m ] and λ = 1− ζ2m . Let vλ denote the normalized

valuation on O corresponding to the prime ideal (λ).

Property 2 of L-function evaluators in Section 3.1 shows that we can write

Wθ =
2m−1−1∑
i=0

aiσ
i(1− τ).

When this product is expanded, the coefficient of σi for 0 ≤ i ≤ 2m−1 − 1 is ai.

Theorem 3.2.4 then shows that each ai is an integer. Set

α =
2m−1−1∑
i=0

aiσ
i.

The 2-primary part of the question Q2m (km/k0) has an affirmative answer (see

the comment before Proposition 4.3.2). It states that

vλ (FitO (µ)χ (θ)) =
∣∣S+

∣∣− 1 + vλ (FitO (Coker)) ,

where µ and Coker have the O-module structures provided by χ. By equation

(4.6) and Lemma 5.1.1,

vλ (χ (α)) = vλ (χ (θ)) =
∣∣S+

∣∣− 2 + vλ (FitO (Coker)) . (5.1)

The set S+ contains the Archimedean places of the totally real field k+
m, which has

degree 2m−1 [k0 : Q] over Q. It follows that

vλ

(
2m−1−1∑
i=0

aiζ
i
2m

)
≥ 2m−1 [k0 : Q]− 2δ ≥ 2m−1 ([k0 : Q]− δ) .

Therefore, the algebraic integer
∑2m−1−1

i=0 aiζ
i
2m is divisible by 2[k0 : Q]−δ in O. Since

the numbers ζ i2m for 0 ≤ i ≤ 2m−1 − 1 form an integral basis for O, it follows that

the integers ai are divisible by 2[k0 : Q]−δ. This proves the first statement of the

theorem.

Next, set

α′ =
1

2[k0 : Q]−δ−1
α and θ′ =

1

2[k0 : Q]−δ−1
θ.
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Equation (5.1) shows that

vλ (χ(α′)) ≥ 2m−1 (δ + 1)− δ − 1 + vλ (FitO (Coker)) (5.2)

≥ vλ (FitO (Coker)) .

Thus, the algebraic integer χ (α′) is divisible by theO-Fitting ideal of the 2-primary

part of Coker. As α′ acts on this O-module as χ (α′), property 2 of Fitting ideals

shows that α′ annihilates the 2-primary part of Coker.

Now let a be an ideal representing a class in the 2-primary part of Clkm . Since

α′ annihilates the class of a in Coker, we have

aα
′
= bc (γ) ,

where b is an ideal of km with support above the prime ideals in S, c is the lift of

an ideal from k+
m, and γ is an element of k×m. Since no prime of S+ splits in km, it

follows that bτ = b. Thus,

aWθ′ = (bc (γ))1−τ =
(
γ1−τ) .

We have found that Wθ′ annihilates the 2-primary part of Clkm , and in fact, the

principal ideals produced thereby are generated by anti-units. It remains to be

shown that these anti-units can be chosen to be 2-Abelian.

Let Panti denote the group of nonzero principal ideals of km generated by anti-

units. We will first prove the claim that (1− σ)W
2
θ′ is in Z[G] and for any ideal a

in the 2-primary part of Clkm ,

a(1−σ)W
2
θ′ ∈ Panti.

Using the inequality (5.2), we find that

vλ (χ ((1− σ)θ′)) = vλ (χ ((1− σ)α′)) ≥ 2m−1 (δ + 1)− δ + vλ (FitO (Coker))

≥ 2m−1 + vλ (FitO (Coker)) .

Arguments similar to those after the inequalities (5.1) and (5.2) then show that

2 divides the coefficients of (1− σ)Wθ′ and (1− σ)W
2
θ′ annihilates the 2-primary

part of Clkm , producing principal ideals of the form (γ1−τ ). The claim follows.
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Let a be a representative of a class in the 2-primary part of Clkm . We will now

see that there exists a generator γ of the principal ideal aWθ′ for which γ1−σn
is a

square in k×m for all n. Since (1− τ) is a factor of θ′ in Q[G], we have

Wθ′ =
W

2
(1− τ)θ′ =

(
2m−1−1∑
i=0

σi

)
(1− σ)

W

2
θ′.

Therefore, if γ̃ is an element of k×m such that

a(1−σ)W
2
θ′ =

(
γ̃1−τ) ,

then

aWθ′ =

(
γ̃

“P2m−1−1
i=0 σi

”
(1−τ)

)
.

Set

γ = γ̃

“P2m−1−1
i=0 σi

”
(1−τ)

.

Then

γ1−σ = γ̃2(1−τ).

Since for 1 ≤ n ≤ m− 1,

1− σn = (1− σ)
n−1∑
i=0

σi,

it follows that

γ1−σn ∈ k×2
m . (5.3)

Now km
(√

γ
)
/km is a Kummer extension. From Section 2.5, the subgroup

∆ of k×m generated by γ and k×2
m corresponds to this extension through Kummer

theory. The inclusion (5.3) shows that γσ is also in ∆. Hence, km
(√

γ
)
/k0 is a

Galois extension by Proposition 2.7.2.

Next, let G̃ = Gal
(
km
(√

γ
)
/k0

)
and H = Gal

(
km
(√

γ
)
/km

)
. We will show

that G̃ is a central extension of H by G. The argument is that of the second half

of Lemma A.1.4 in the appendix of [10]. Let η be a square root of γ. Let n be an

integer such that 1 ≤ n ≤ m − 1, and let σ̃ be an element of G̃ that restricts to

the element σ in G. The inclusion (5.3) shows that there exists ξ in k×m such that

η1−σ̃n

= ξ.
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If h is in H, then

ηhσ̃
n−σ̃nh = η(1−σ̃n)hηh(σ̃

n−1)

= ξh (±η)−(1−σ̃n)

= ξξ−1

= 1.

Since the elements σ̃n for 0 ≤ n ≤ m−1 form a complete set of coset representatives

for G̃/H, it follows that G̃ is a central extension of H by G. Finally, G̃ is generated

by H and the lifts σ̃n. Since these lifts all commute with each other, G̃ is Abelian.

Remark. As stated, the theorem applies to the minimal set Smin. If there are very

many prime ideals that ramify in km/k0 or if unramified prime ideals are included

in S0, the theorem can be refined. However, a precise statement of this refinement

would be somewhat inelegant.

Corollary 5.1.3. The Brumer-Stark conjecture is true for 2-power degree cyclic

extensions of real quadratic fields.

Proof. This follows immediately from the above theorem and the following result

(Corollary 1.4 in [18]):

Proposition 5.1.4 (Greither-Roblot-Tangedal). Let p be an odd prime number.

Let K/F be an Abelian extension of number fields with K CM and F totally real.

Assume that the degree [K : F ] is relatively prime to p. Then (BSp) is true if F/Q
is Abelian and the p-part of Gal(F/Q) is cyclic.

Remark. Combining Stickelberger’s theorem [59, §3(b)] with the results in [59,

§3(c)], [48], and the above corollary, the Brumer-Stark conjecture has now been

completely proved for all Abelian number field extensions K/k with [K : Q] < 12.

Theorem 5.1.5. Let km/k0 be a cyclic extension of number fields of degree 2m with

Galois group G. If p is an odd prime number and the p-primary part of Q2m (km/k0)

has an affirmative answer, then the p-primary part of the Brumer-Stark conjecture

holds for km/k0.
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Remark. Under the assumptions of this theorem, the p-primary part of µ is G-

cohomologically trivial because its order is relatively prime to the order of G. Thus,

Proposition 3.4.3 shows that the p-primary part of the Brumer-Stark conjecture

in this case follows from the p-primary part of Brumer’s conjecture. This, in turn,

often follows from the work of Wiles (see [64, Theorem 3] and [18, Proposition

1.3]). It is possible that the question Q2m (km/k0) could be resolved with these

techniques (although the any “trivial zeroes” involved with the descent to the finite

level would present a major problem). If it could instead be resolved working only

at the finite level, this would have the advantage that the proofs would remain

global, and hopefully could be accomplished without resort to machinery like the

main conjecture of Iwasawa theory.

Proof. (BS) was proved for quadratic extensions by Tate ([59, §3, case (c)]). We

therefore assume that k0 is totally real, km is totally complex, and m ≥ 2. Let

W = |µ| be the cardinality of the group of roots of unity in km, and write W =

peW ′, where (p,W ′) = 1. Let Smin
0 be the set of places of k0 comprising the

Archimedean places and the prime ideals that ramify in km/k0. We will denote the

L-function evaluator θkm/k0,Smin
0

simply by θ. According to the statement of (BSp)

in Subsection 3.4.1 and the above lemma, we must show that Wθ annihilates the

p-primary part of Clkm , and that each principal ideal created in this manner is

generated by a pe-Abelian anti-unit.

Let notation be as in Theorem 5.1.2. Property 2 of L-function evaluators in

Section 3.1 shows that we can write

Wθ =
2m−1−1∑
i=0

aiσ
i(1− τ).

When this product is expanded, the coefficient of σi for 0 ≤ i ≤ 2m−1 − 1 is ai.

Theorem 3.2.4 then shows that each ai is an integer. Set α =
∑2m−1−1

i=0 aiσ
i. We

will now see that α annihilates the p-primary part of Clkm .

Lemma 2.4.1 shows that the factor of FitO µ supported above primes dividing p

has the form P̃e for some prime ideal P̃ of O. Let P be a prime ideal of O dividing

p, and set δ = 0 if P = P̃ and δ = e otherwise. Let vP denote the normalized
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valuation on O induced by P. By assumption, the p-primary part of the question

Q2m (km/k0) has an affirmative answer. It implies that

vP (FitO (µ)χ (θ)) = vP (FitO (Coker)) ,

where µ and Coker have the O-module structures provided by χ. Hence,

vP (χ (α)) = vP (χ (θ)) + e = vP (FitO (Coker)) + δ. (5.4)

The algebraic integer χ (α) is thus divisible by the O-Fitting ideal of the p-primary

part of Coker. As α acts on this O-module as χ (α), property 2 of Fitting ideals

shows that α annihilates the p-primary part of Coker.

Now let a be an ideal in the p-primary part of Clkm . Since α annihilates the

class of a in Coker, we have

aα = bc (γ) ,

where b is an ideal of km with support above the prime ideals in S, c is the lift of

a nonzero ideal from k+
m, and γ is an element of k×m. Since no prime of S+ splits

in kn, it follows that bτ = b. Thus,

aWθ = (bc (γ))1−τ =
(
γ1−τ) .

We have found that Wθ annihilates the p-primary part of Clkm , and in fact, the

principal ideals produced thereby are generated by anti-units. It remains to be

shown that these anti-units can be chosen to be p-Abelian. Since this is trivial if

(p,W ) = 1, we assume that p divides W .

Let Nσ be an integer such that

σ(ζ) = ζNσ

for all p-power roots of unity in km. Since p divides W and k0 is totally real,

Nσ 6≡ 1 mod p. In addition, since σ2m
= 1, we have

(Nσ)2m ≡ 1 (mod pe).

If necessary, we adjust Nσ by pe to ensure that pe is the exact power of p dividing

(Nσ)2m−1. Let Panti denote the group of nonzero principal ideals of km generated

by anti-units. We will now prove the claim that (Nσ − σ)W
pe θ is in Z[G] and

a(Nσ−σ)W
pe θ ∈ Panti,
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for any ideal a in the p-primary part of Clkm .

First, let µ(p) be the p-primary part of µ. Then Nσ − ζ2m is contained in

FitO µ
(p) = P̃e.

Using (5.4), we find that

vP (χ ((Nσ − σ)Wθ)) ≥ vP (FitO (Coker)) + e (5.5)

for all prime ideals P of O dividing p. Thus, pe divides χ ((Nσ − σ)Wθ) in O. If

we write

(Nσ − σ)Wθ =
2m−1−1∑
i=0

a′iσ
i(1− τ),

then pe divides 2
∑2m−1−1

i=0 a′iζ2m . The numbers ζ2m form an integral basis for O, so

the integers a′i are divisible by pe. It follows that

(Nσ − σ)
W

pe
θ ∈ Z[G], (5.6)

which is the first part of the claim.

Next, let a be an ideal representing a class in the p-primary part of Clkm . Let

c =
(Nσ)2m

− 1

pe
.

Because c is relatively prime to p, we can find an ideal a′ in the p-primary part of

Clkm and an element γ′ in k×m such that a(γ′) = a′c. The inequality (5.5) shows

that
∑2m−1−1

i=0
a′i
peσ

i annihilates the p-primary part of Coker. The argument in the

paragraph following equation (5.4) then shows that there is an element γ̃ in k×m

such that

a′
(Nσ−σ)W

pe θ =
(
γ̃1−τ) .

Applying β =
∑2m−1

i=0 (Nσ)i σ2m−1−i to both sides, we find that

a′((Nσ)2
m−1)W

pe θ = aWθ
(
γ′Wθ

)
=
(
γ̃β(1−τ)) .

We will now see that the generator γ = γ̃β(1−τ)γ′−Wθ for the principal ideal aWθ

is pe-Abelian (we can once again use property 2 of L-function evaluators to verify
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that it is an anti-unit). First, for any n such that 1 ≤ n ≤ 2m − 1, (Nσ)n − σn

annihilates µ(p) and

γ(Nσ)n−σn

= γ̃β(1−τ)(Nσ−σ)
Pn−1

i=0 (Nσ)iσn−1−i

γ′−Wθ(Nσ−σ)
Pn−1

i=0 (Nσ)iσn−1−i

= γ̃((Nσ)2
m
−1)(1−τ)

Pn−1
i=0 (Nσ)iσn−1−i

γ′−Wθ(Nσ−σ)
Pn−1

i=0 (Nσ)iσn−1−i

.

The first factor is in k×p
e

m since pe divides (Nσ)2m

− 1, and equation (5.6) shows

that the second factor is in k×p
e

m . Therefore,

γ(Nσ)n−σn ∈ k×pe

m (5.7)

for 1 ≤ n ≤ 2m − 1.

Now km
(

pe√
γ
)
/km isa Kummer extension. From Section 2.5, the subgroup ∆

of k×m generated by γ and k×p
e

m corresponds to this extension through Kummer

theory. The inclusion (5.7) shows that γσ
n

is also in ∆ for 1 ≤ n ≤ 2m− 1. Hence,

km
(

pe√
γ
)
/k0 is a Galois extension by Proposition 2.7.2.

Next, let G̃ = Gal
(
km
(

pe√
γ
)
/k0

)
and H = Gal

(
km
(

pe√
γ
)
/km

)
. We will show

that G̃ is a central extension of H by G. The argument is that of the second half

of Lemma A.1.4 in the appendix of [10]. Let η be a peth root of γ. Let n be an

integer such that 1 ≤ n ≤ 2m − 1, and let σ̃ be an element of G̃ that restricts to

the element σ in G. The inclusion (5.7) shows that there exists ξ in k×m such that

η(Nσ)n−σ̃n

= ξ.

Let h be in H, and let ζ be the peth root of unity such that hη = ζη. Then

ηhσ̃
n−σ̃nh = η((Nσ)n−σ̃n)hηh(σ̃

n−(Nσ)n)

= ξh (ζη)−((Nσ)n−σ̃n)

= ξξ−1

= 1.

Since the elements σ̃n for 0 ≤ n ≤ 2m − 1 form a complete set of coset represen-

tatives for G̃/H, it follows that G̃ is a central extension of H by G. Finally, G̃ is

generated by H and the lifts σ̃n. Since these lifts all commute with each other, G̃

is Abelian.
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Corollary 5.1.6. Let k′ ⊂ k0 ⊂ km be a tower of fields such that km/k0 is cyclic

of degree 2m and km/k
′ and k0/k

′ are Galois. Assume that the map

φ : Gal (k0/k
′)→ Gal (Q (ζ2m) /Q)

from Section 4.4 is surjective. Then the Brumer-Stark conjecture holds for the

extension km/k0.

This follows directly from the above theorem and Corollary 4.4.3. (Note that

the minimal set Smin of places of k0 is stable under the action of Gal (k0/k
′) on the

ideal group of k0, which is a necessary condition to apply Corollary 4.4.3). This

corollary generalizes a result of Tate ([59, §3, case (e)]).

5.2 The component Brumer-Stark conjecture for

extensions of degree 2mpn

In this section, we will prove results similar to the local parts of the Brumer-

Stark conjecture, but for the individual components of the L-function evaluator.

We resume the notation of Section 4.6. In particular, p is an odd prime number,

m and n are positive integers, and Kn/k0 is a cyclic extension of number fields of

degree 2mpn with Galois group G. We assume that k0 is totally real and Kn is

totally complex; the Brumer-Stark conjecture is trivial otherwise. For 0 ≤ r ≤ n,

let kr andKr be the unique extensions fields of k0 contained inKn with [kr : k0] = pr

and [Kr : k0] = 2mpr. The fields kr are all totally real and the fields Kr are all

CM fields. Let K+
r denote the maximal totally real subfield of Kr. Let S0 be the

set of places in k0 consisting of the Archimedean places and the prime ideals that

ramify in Kn/k0. We will abuse notation as follows: for 0 ≤ r ≤ n, if k is a field

between kr and Kr, we will denote the set of places in k lying above the places in

S0 by Sr. We will also denote the set of places in kr lying above places in S0 that

do not split completely in K0/k0 by Sns
r . We will denote the L-function evaluator

θKn/k0,S0 simply by θ. We let Wr = |µr| denote the cardinality of the group of

roots of unity in Kr, and set q = Wn

Wn−1
. We let C be the equivalence class in Ĝ

consisting of the characters of order 2mpn. We set O = Z [ζ2mpn ].
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5.2.1 Local results at primes other than 2 and p

This subsection is devoted to proving the following proposition:

Proposition 5.2.1. Let p′ be a prime number, different from 2 and p, and such

that the p′-primary part of Q2mpn (Kn/k0) has an affirmative answer. Let Clp′ be

the p′-primary part of the class group of Kn. Then

pqθC ∈ AnnZ[G] Clp′ .

Let p′ t be the exact power of p′ dividing Wn. Then the principal ideals produced by

applying pWnθC to ideals representing classes in Clp′ are generated by p′ t-Abelian

anti-units. Furthemore, when WnθC is integral,

WnθC ∈ AnnZ[G] Clp′ ,

and the principal ideals produced by applying WnθC to ideals representing classes

in Clp′ are generated by p′ t-Abelian anti-units.

Proof. Let σ generate H = Gal (Kn/K0), let σ′ generate H ′ = Gal (Kn/kn), and

let τ = σ′2
m−1

denote complex conjugation. Let χ generate Ĝ. For 1 ≤ r ≤ n, let

ζpr be the primitive prth root of unity such that

χ2m
(
σp

n−r
)

= ζpr .

Let ζ2m be the primitive 2mth root of unity such that

χp
n

(σ′) = ζ2m .

Let µ̃ be the quotient of the group of roots of unity in Kn by the group of roots of

unity in Kn−1. For 0 ≤ r ≤ n, let K+
n be the maximal totally real subfield of Kn.

Let Cokern−1 be the cokernel of the map

ClK+
n−1,S

ns
n−1
→ ClKn−1,Sns

n−1
,

and let Cokern be the cokernel of the map

ClK+
n ,Sns

n
→ ClKn,Sns

n
.
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Finally, let Ker denote the kernel of the norm map N: Cokern → Cokern−1.

We write

θC =
(
1− σpn−1

)
θC,

with θC defined by equations (4.35) and (4.36). These equations and Proposition

4.6.3 show that

pqθC ∈ Z [G] .

Property 4 of components of L-function evaluators shows that

(1 + τ)θC = 0.

Hence, considering this as an equality between elements of the group algebra

Q [H] [H ′], we can write

pqθC =
2m−1−1∑
i=0

aiσ
′i(1− τ) (5.8)

for some coefficients ai in Z[H]. Set

α =
2m−1−1∑
i=0

aiσ
′i.

We will now see that α annihilates the p′-primary part of Ker.

Lemma 2.4.1 shows that the factor of FitO µ̃ supported above primes dividing

p′ has the form P̃e, where P̃ is a prime ideal of O and p′e is the exact power of p′

dividing q. Let P be a prime ideal of O dividing p′, and let δP̃ = 0 if P = P̃ and

δP̃ = e otherwise. Let vP denote the normalized valuation on O induced by P. By

assumption, the p′-primary part of the question Q2mpn (Kn/k0) has an affirmative

answer. It implies that

vP (FitO (µ̃)χ (θC)) = vP (FitO (Ker)) , (5.9)

where µ̃ and Ker have the O-module structures provided by χ (recall that p′ is not

2 or p). Hence,

vP (χ (α)) = vP (χ (θC)) + vP(q)

= vP (FitO (Ker)) + δP̃.
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The algebraic integer χ (α) is thus divisible by the O-Fitting ideal of the p′-primary

part of Ker. As α acts on this O-module as χ (α), property 2 of Fitting ideals shows

that α annihilates the p′-primary part of Ker.

Next, let a be an ideal representing a class in Clp′ . Then

apqθC = a

“
1−σpn−1

”
α(1−τ)

.

The ideal a

“
1−σpn−1

”
represents a class in Ker. Therefore, our previous work shows

that a

“
1−σpn−1

”
α

represents the trivial class in Ker, a submodule of Cokern. By the

definition of Cokern, we have

a

“
1−σpn−1

”
α

= bc (γ) ,

where b is an ideal of km with support above the prime ideals in Sns
n , c is the lift

of a nonzero ideal from K+
n , and γ is an element of K×

n . Since the prime ideals in

Sns
n do not split completely in Kn/kn, they do not split in Kn/K

+
n . It follows that

bτ = b. Thus,

apqθC = (bc (γ))1−τ =
(
γ1−τ) . (5.10)

We have found that pqθC annihilates Clp′ , and in fact, the principal ideals produced

thereby are generated by anti-units. It remains to be shown that when pWnθC is

applied to a instead, the anti-units can be chosen to be p′ t-Abelian. We assume

that p′ divides Wn, the p′ t-Abelian condition being trivial otherwise.

Choose a generator g of G. Let µp′ be the group of p′-power roots of unity in

Kn, and let Ng be an integer such that

ζg = ζNg

for all ζ in µp′ . Since g2mpn
= 1, we have

(Ng)2mpn

≡ 1 (mod p′ t).

If necessary, we adjust Ng by p′ t to ensure that p′t is the exact power of p′ dividing

(Ng)2mpn

−1. Let Panti denote the group of nonzero principal ideals ofKn generated

by anti-units. We will first prove the claim that (Ng − g) pWn

p′t
θC is in Z[G] and

a
(Ng−g) pWn

p′t θC ∈ Panti
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for any ideal a representing a class in Clp′ .

As Ng − g annihilates µ̃, χ(Ng − g) is contained in

FitO µ̃p′ = P̃e.

Using property 4 of components of L-function evaluators, we can write

(Ng − g) pWnθC =
(
1− σpn−1

) (p−1)pn−1−1∑
i=0

aiσ
i,

where the coefficients ai are elements of Z [H ′] (see equations (4.35) and (4.36) for

the general idea). Since 1 + τ annihilates θC, we can further write

ai =
2m−1−1∑
j=0

bijσ
′j(1− τ),

for 0 ≤ i ≤ (p− 1)pn−1− 1 (begin by observing that this is true for the coefficients

ai for (p− 1)pn−1 < i < pn−1 − 1; then work backward through the smaller values

of i). The coefficients bij are integers, since the ai s are in Z [H]. Then (5.9) shows

that

vP

(p−1)pn−1−1∑
i=0

2m−1−1∑
j=0

bijζ
j
2mζ ipn

 = vP ((Ng − g)WnθC)

≥ vP (FitO (Ker)) + vP (Wn)

= vP (FitO (Ker)) + vP

(
p′ t
)

(5.11)

for all prime ideals P of O dividing p′. Thus, p′ t divides the algebraic integer

(p−1)pn−1−1∑
i=0

2m−1−1∑
j=0

bijζ
j
2mζ ipn

in O. The numbers ζj2mζ ipn for 0 ≤ j ≤ 2m−1 − 1 and 0 ≤ i ≤ (p− 1)pn−1 − 1 form

an integral basis for O, so the integers bij are divisible by p′ t. It follows that

(Ng − g)pWn

p′ t
θC ∈ Z[G], (5.12)

which is the first part of the claim.
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Next, let a be an ideal representing a class in Clp′ . Let

c =
(Ng)2mpn

− 1

p′ t
.

Because c is relatively prime to p′, we can find an ideal a′ in Clp′ and an element

γ′ in K×
n such that a(γ′) = a′c. The inequality (5.11) shows that

(p−1)pn−1−1∑
i=0

2m−1−1∑
j=0

bij
p′ t
σiσ′ j

annihilates the p′-primary part of Ker. The argument used to prove (5.10) then

shows that there is an element γ̃ in K×
n such that

a′
(Ng−g) pWn

p′ t θC =
(
γ̃1−τ) .

Applying β =
∑2mpn−1

i=0 (Ng)i g2mpn−1−i to both sides, we find that

a
′((Ng)2

mpn−1) pWn
p′ t θC = apWnθC

(
γ′pWnθC

)
=
(
γ̃β(1−τ)) .

We will now see that the generator γ = γ̃β(1−τ)γ′−pWnθC for the principal ideal

apWnθC is p′ t-Abelian (property 4 of components of L-function evaluators shows

that it is an anti-unit). First, for any r such that 1 ≤ r ≤ 2mpn − 1, (Ng)r − gr

annihilates µp′ and

γ(Ng)r−gr

= γ̃β(1−τ)(Ng−g)
Pr−1

i=0 (Ng)igr−1−i

γ′−pWnθC(Ng−g)
Pr−1

i=0 (Ng)igr−1−i

= γ̃((Ng)2
mpn

−1)(1−τ)
Pr−1

i=0 (Ng)igr−1−i

γ′−pWnθC(Ng−g)
Pr−1

i=0 (Ng)igr−1−i

.

The first factor is in K×p′ t
n since p′ t divides (Ng)2mpn

− 1, and equation (5.12)

shows that the second factor is in K×p′ t
n . Therefore,

γ(Ng)r−gr ∈ K×p′ t
n (5.13)

for 1 ≤ r ≤ 2mpn − 1.

Now Kn

(
p′t√γ
)
/Kn is a Kummer extension. From Section 2.5, the subgroup ∆

of K×
n generated by γ and K×p′ t

n corresponds to this extension through Kummer

theory. The inclusion (5.13) shows that γg
r

is also in ∆ for 1 ≤ r ≤ 2mpn − 1.

Hence, Kn

(
p′t√γ
)
/k0 is a Galois extension by Proposition 2.7.2.
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Next, let G̃ = Gal
(
Kn

(
p′t√γ
)
/k0

)
and H = Gal

(
Kn

(
p′t√γ
)
/Kn

)
. We will

show that G̃ is a central extension of H by G. The argument is that of the second

half of Lemma A.1.4 in the appendix of [10]. Let η be a p′tth root of γ. Let r be

an integer such that 1 ≤ r ≤ 2mpn− 1, and let g̃ be an element of G̃ that restricts

to the element g in G. The inclusion (5.13) shows that there exists ξ in K×
n such

that

η(Ng)r−g̃r

= ξ.

Let h be in H, and let ζ be the p′tth root of unity such that hη = ζη. Then

ηhg̃
r−g̃rh = η((Ng)r−g̃r)hηh(g̃

r−(Ng)r)

= ξh (ζη)−((Ng)r−g̃r)

= ξξ−1

= 1.

Since the elements g̃r for 0 ≤ r ≤ 2mpn − 1 form a complete set of coset represen-

tatives for G̃/H, it follows that G̃ is a central extension of H by G. Finally, G̃ is

generated by H and the lifts g̃n. Since these lifts all commute with each other, G̃

is Abelian.

Now assume that WnθC is integral. If a is in Clp′ , then we can find an ideal a′

such that a′p is in the same ideal class as a. Since a′pWnθC is principal, generated

by a p′ t-Abelian anti-unit, aWnθC is as well (use the argument in the paragraph

containing equation (5.13) to handle the quotient of a′p and a, a principal ideal).

5.2.2 The 2-primary part

We will now prove a similar result for the prime 2, but with a strengthened

annihilation statement.

Proposition 5.2.2. Let Cl2 be the 2-primary part of the class group of Kn. If the

2-primary part of Q2mpn (Kn/k0) has an affirmative answer, then

pqθC ∈ 2[k0 : Q]−1Z [G] .
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Furthermore,
pq

2[k0 : Q]−1
θC ∈ AnnZ[G] Cl2.

Proof. We continue with the same notation. Let P be a prime ideal of O dividing

2. Let S̃1 be the set of places in K0 lying above places in S0 that split completely

in kn/k0. By assumption, the 2-primary part of the question Q2mpn (Kn/k0) has

an affirmative answer. It implies that

vP (χ (θC)) = vP (FitO (Ker)) +
∣∣∣S̃1

∣∣∣ ,
where Ker has the O-module structure provided by χ (note that |µ̃| = q is odd).

We again write

pqθC = pq
(
1− σpn−1

)
θC,

where θ is defined by equations (4.35) and (4.36). We then factor further to obtain

pqθC =
(
1− σpn−1

)
α(1− τ),

with

α =

(p−1)pn−1−1∑
i=0

2m−1−1∑
j=0

aiσ
′jσi,

where the coefficients ai are integers. Then since S̃1 contains 2m−1 [k0 : Q] Archimedean

places,

vP (χ(α)) = vP (χ (θC))− vP(2)

= vP (FitO (Ker)) +
∣∣∣S̃1

∣∣∣− 2m−1 (5.14)

≥ 2m−1 ([k0 : Q]− 1) .

The algebraic integer

χ (α) =

(p−1)pn−1−1∑
i=0

2m−1−1∑
j=0

aiζ
j
2mζ ipn

is thus divisible by 2[k0 : Q]−1 in O. Since the numbers ζj2mζ ipn appearing in the above

double sum form an integral basis for O, each coefficient ai is divisible by 2[k0 : Q]−1.

This proves the first statement of the proposition.



132

Returning to (5.14), we find that

vP

(
χ(α)

2[k0 : Q]−1

)
≥ vP (FitO (Ker)) .

It follows that the element
α

2[k0 : Q]−1
∈ Z [G]

annihilates Ker. The proof of (5.10) with α replaced by

α

2[k0 : Q]−1

shows that
pq

2[k0 : Q]−1
θC ∈ AnnZ[G] Cl2.

5.2.3 The p-primary part

In this subsection, we will prove three propositions with a similar flavor to, but

weaker than, the propositions of the preceding subsections. Two of them concern

annihilation of class groups, and the other concerns an Abelian condition like that

in the Brumer-Stark conjecture. The method of proof of the Abelian condition

is essentially that of Section 2 of [18], applied to our wider setting. We need two

lemmas. The first is based on lemma 2.5 in [18], which was crucial for the authors’

study of (BSp) for degree 2p extensions.

Lemma 5.2.3. Let Kn/k0 be a cyclic extension of degree 2mpn as above, and let

Kn−1/k0 be the subextension of degree 2mpn−1. Set H = Gal (Kn/Kn−1). Let s

be the number of prime ideals in kn lying above places in S0 (not necessarily the

minimal possible set) that split completely in K0/k0 and ramify in kn/k0. Let An−1

and An be the p-primary parts of Cokern−1 and Cokern. Then∣∣AHn ∣∣ = p2m−1s |An−1| ,

where the superscript H indicates the submodule fixed by H.
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Proof. Lemma 2.5 in [18] shows that the above equation holds with 2m−1s replaced

by the number of prime ideals in K+
n−1 that split in Kn−1 and ramify in Kn. (Recall

that the p-primary parts of the cokernels are isomorphic to minus parts of the

p-primary parts of the corresponding ideal class groups when p is odd.) Since

Kn−1/kn−1 is cyclic, a prime ideal of K+
n−1 splits in Kn−1 if and only if the prime

ideal of kn−1 that it divides splits completely in Kn−1/kn−1. Thus, the number of

prime ideals in K+
n−1 that split in Kn−1 and ramify in Kn is 2m−1s.

Lemma 5.2.4. Let notation be as in the previous lemma, and assume that m = 1.

Let C be the equivalence class of characters on G = Gal (Kn/k0) of order 2pn. If

s ≥ pn−1, then

θC ∈
1

q
Z[G].

Proof. If p divides q, then this result is part of Proposition 4.6.3. We thus assume

that p does not divide q. Let Kerp be the p-primary part of Ker. By the previous

lemma and the assumption that s ≥ pn−1,

|Kerp| =
∣∣AHn ∣∣
|An−1|

≥ pp
n−1

. (5.15)

We may assume that S0 is the set of places of k0 consisting of the Archimedean

places and the prime ideals that ramify in Kn/k0. It follows that the set S̃2

appearing in the question Q2mpn (Kn/k0) is empty.

Set λ = (1− ζpn). Since (λ) is the only prime ideal dividing p in Q (ζpn), the p-

primary part of Q2mpn (Kn/k0) has an affirmative answer. Thus, the (λ)-valuations

of both sides of the equation

FitO (µ̃)ψ (θC) = (1− ζ2m)|S̃1| FitO (Ker)

are equal for any character ψ in C. We write θC =
(
1− σpn−1

)
θC as in equations

(4.35) and (4.36). Proposition 4.6.3 shows that ψ
(
qθC

)
is integral at prime ideals

other than (λ). Also, the (λ)-valuations of both sides of

ψ
(
qθC

)
=
q (1− ζ2m)|S̃1| FitO (Ker)

(1− ζp) FitO (µ̃)

are equal. Equation (5.15) and the assumption that p does not divide q = |µ̃| show

that the right side is (λ)-integral. Therefore, qψ
(
θC

)
is an algebraic integer. The

end of the proof of Proposition 4.6.3 now shows that qθC is contained in Z[G].
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Remark. To conclude that qψ
(
θC

)
is an algebraic integer in the above proof, it is

essential that there is only one prime of Q (ζpn) dividing p. Thus, it is necessary to

restrict the lemma to the case where m = 1. If m > 1, then let O = Z [ζ2mpn ]. To

generalize the above proof, it is necessary to prove that 1− ζp divides FitO (Ker).

Perhaps this could be accomplished as follows. The quotient An/A
H
n is annihilated

both by 1 + τ and NH. It is therefore an O-module. We can then rewrite the

equation in Lemma 5.2.3 as

p2m−1s
∣∣An/AHn ∣∣ = |An| / |An−1| = |Kerp| .

It is natural to conjecture the following equality, which implies the above equation

by property 6 of Fitting ideals:

(1− ζpn)s FitO
(
An/A

H
n

)
= FitO (Kerp) . (5.16)

Since the proof of Lemma 2.5 in [18] is based on Lemma 4.1 on p. 307 in [32], which

is proved using purely algebraic methods, perhaps there is some hope for proving

this conjecture. If Q2mpn (Kn/k0) as an affirmative answer, then this conjecture is

implied by the conjectural equality

FitO (µ̃)ψ
(
θC2mpn

)
= (1− ζ2m)|S̃1| (1− ζpn)|S̃3| FitO

(
An/A

H
n

)
,

where S̃3 is the set of places in kn−1 lying over places in S0 that split completely

in Kn−1/kn−1. In this formula, there is a beautiful symmetry between the sets S̃1

and S̃3. Let c be either 2 or p. Then the set in the exponent on the factor dividing

c in the above formula is a set of places in the subfield of Kn of maximal c-power

degree over k0, and it consists of the places lying above those places in S0 that

split completely in the extension field of k0 having maximal c-power index in Kn.

For the following propositions, Kn/k0 will be an extension as in the previous

lemmas, and s will be the integer defined in Lemma 5.2.3. We set q̃ = q if p divides

q or s ≥ pn−1, and set q̃ = pq otherwise. Similarly, we set W̃ = Wn when q̃ = q

and W̃ = pWn when q̃ = pq. Finally, we denote the p-primary part of ClKn by Clp.
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Proposition 5.2.5. Let Kn/k0 be an extension of degree 2mpn for which p divides

q̃. If the p-primary part of Q2mpn (Kn/k0) has an affirmative answer, then

q̃θC ∈ AnnZ[G] Clp,

and each principal ideal produced by applying q̃θC to an ideal representing a class

in Clp is generated by an anti-unit.

Proof. We continue with the notation from the beginning of this section. Assume

that S0 is the minimal possible set of places in k0. Then the set S̃2 of places in

kn lying above places in S0 that split completely in K0/k0 and are unramified in

kn/k0 is empty. Let P be a prime ideal divisor of p in O. The p-primary part of

Q2mpn (Kn/k0) implies that

vP (FitO (µ̃)χ (θC)) = vP (FitO (Ker)) , (5.17)

where µ̃ and Ker have the O-module structures provided by χ.

By Proposition 4.6.3, q̃θC has integer coefficients. The same argument used to

derive equation (5.8) provides the factorization

q̃θC =
(
1− σpn−1

)
α(1− τ),

where α has integral coefficients. Recall that in general, the exact power of p

dividing q = |µ̃| is either 1 or p. With our current assumption, p is the exact

power of p dividing q̃. Equation (5.17) implies that

vP (χ(α)) = vP (χ (θC)) + vP(q̃)− vP (1− ζp)

= vP (FitO (Ker))− vP (FitO (µ̃)) + pn−1(p− 2)

≥ vP (FitO (Ker)) + pn−1(p− 2)− 1

≥ vP (FitO (Ker)) . (5.18)

The algebraic integer χ (α) is thus divisible by the O-Fitting ideal of the p-primary

part of Ker. As α acts on this O-module as χ (α), property 2 of Fitting ideals shows

that α annihilates the p-primary part of Ker. The argument used to derive equation

(5.10) shows that q̃θC annihilates Clp, producing principal ideals generated by anti-

units.
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Proposition 5.2.6. Let Kn/k0 be an extension of degree 2pn (so we are setting

m = 1). If p does not divide q̃, then

q̃θC ∈ AnnZ[G] Clp,

and each principal ideal produced by applying this element to an ideal representing

a class in Clp is generated by an anti-unit.

Proof. Lemma 5.2.4 shows that q̃θC has integer coefficients. Let λ = 1− ζpn , and

let vλ be the normalized valuation on O = Z [ζpn ] corresponding to the prime ideal

(λ). Since (λ) is the only prime ideal divisor of p in O, equation (4.31) implies

that the p-primary part of the question Q2mpn (Kn/k0) has an affirmative answer.

As in the preceding proposition, we write

q̃θC =
(
1− σpn−1

)
α(1− τ).

The assumption that p does not divide q̃ implies that p does not divide q = |µ̃|.
Equation (5.17) then yields

vλ (χ(α)) = vλ (FitO (Ker))− pn−1, (5.19)

which, at first glance, seems to be too small for what we need.

To rectify this situation, observe that the modules
(
1− σpn−1

)
Cokern and

Cokern/CokerHn are annihilated by the norm element in Z[G] associated with the

extension Kn/Kn−1. Lemma 2.3.4 shows that they are O-modules. Moreover,

multiplication by
(
1− σpn−1

)
gives an O-module epimorphism

Cokern/CokerHn →
(
1− σpn−1

)
Cokern.

Letting An, An−1, and Kerp denote the p-primary parts of Cokern, Cokern−1, and

Ker respectively, Lemma 5.2.3 shows that

|Kerp| =
|An|
|An−1|

= ps
∣∣An/AHn ∣∣ .

Since (λ) is the only prime ideal divisor of p in O, it follows that

vλ (FitO (Ker)) = s+ vλ
(
FitO

(
Cokern/CokerHn

))
≥ s+ vλ

(
FitO

((
1− σpn−1

)
Cokern

))
, (5.20)
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where the inequality follows from property 7 of Fitting ideals. The assumption

that p does not divide q̃ implies that s ≥ pn−1. Equation (5.19) thus shows that

vλ (χ(α)) = vλ

(
FitO

((
1− σpn−1

)
Cokern

))
+ s− pn−1

≥ vλ

(
FitO

((
1− σpn−1

)
Cokern

))
.

Property 2 of Fitting ideals then shows that α annihilates the p-primary part of

the O-module
(
1− σpn−1

)
Cokern. We now observe that the derivation of equation

(5.10) only requires that α has this property. It follows that q̃θC annihilates Clp,

producing principal ideals generated by anti-units.

Proposition 5.2.7. Let Kn/k0 be an extension of degree 2pn. Let pt be the largest

power of p dividing Wn. If s ≥ pn−1, then the principal ideals produced by applying

WnθC to ideals representing classes in Clp are generated by pt-Abelian anti-units.

Proof. Let O and λ be as defined in the previous proposition. We observe again

that the p-primary part of Q2mpn (Kn/k0) has an affirmative answer. Let a be an

ideal representing a class in Clp. Propositions 5.2.5 and 5.2.6 show that

aq̃θC = (γ)

for some anti-unit γ in K×
n . If p does not divide q̃ = q, then

aWnθC =
(
γ

Wn
q

)
.

This generator is then trivially pt-Abelian, since pt divides Wn

q
.

Otherwise, we must consider the case when p divides q. Let µ(p) be the group

of p-power roots of unity in Kn. Let g be a generator of G, and let Ng be an

integer such that

ζg = ζNg

for all ζ in µ(p). Let Panti denote the group of nonzero principal ideals of Kn

generated by anti-units. We will first prove the claim that (Ng − g) Wn

pt θC is in

Z[G] and

a
(Ng−g)Wn

pt θC ∈ Panti

for each ideal a representing a class in Clp.
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Since p divides |µ̃| = q and Ng − g annihilates µ̃, it follows that

χ (Ng − g) ∈ FitO µ̃,

and so

vλ (χ (Ng − g)) ≥ 1. (5.21)

Proposition 4.6.3 shows that WnθC is integral. The argument used to derive equa-

tion (5.8) shows that we can write

(Ng − g)WnθC =
(
1− σpn−1

)
β(1− τ),

where

β =

(p−1)pn−1−1∑
i=0

bijσ
i

for some integer coefficients bij. Then equations (5.17), (5.20), and (5.21) show

that

vλ (χ(β)) = vλ

(
χ (Ng − g)Wn

1− ζp

)
+ vλ (FitO (Ker))− vλ (FitO (µ̃))

≥ 1 + tpn−1(p− 1)− pn−1 + vλ (FitO (Ker))− 1

≥ tpn−1(p− 1) + vλ

(
FitO

((
1− σpn−1

)
Cokern

))
, (5.22)

where we have used the assumption that s ≥ pn−1. Thus, pt divides the algebraic

integer
(p−1)pn−1−1∑

i=0

bijζ
i
pn

in O. The numbers ζ ipn for 0 ≤ j ≤ 2m−1 − 1 and 0 ≤ i ≤ (p− 1)pn−1 − 1 form an

integral basis for O, so the integers bij are divisible by pt. It follows that

(Ng − g)Wn

pt
θC ∈ Z[G], (5.23)

which is the first part of the claim.

We will next see that the extension Kn/K0 is the nth layer of the cyclotomic

Zp extension of K0. Let pu be the number of pth power roots of unity in K0. Then

Q (ζpu) ⊆ K0 ∩Q (ζpt) ⊆ Q (ζpt) .



139

It follows that

K0 ∩Q (ζpt) = Q (ζpv)

for some v such that u ≤ v ≤ t. Since K0 does not contain the pu+1th roots of

unity, it follows that v = u. Therefore, the restriction map

Gal (K0 (ζpt) /K0)→ Gal (Q (ζpt) /Q (ζpu))

is an isomorphism. However, the assumption that p divides q implies that K0 (ζpt)

is a subfield of Kn not contained in Kn−1. It follows that K0 (ζpt) = Kn. Then

n = t− u, so the assertion follows.

The assertion implies that g2 fixes the puth roots of unity but not the pu+1th

roots of unity. It follows that (Ng)2 − 1 is exactly divisible by pu. Then

(Ng)2pn

− 1 =
((

(Ng)2 − 1
)

+ 1
)pn

− 1 ≡ pn
(
(Ng)2 − 1

)
(mod pt+1),

so that (Ng)2pn

− 1 is exactly divisible by pt. Set

c =
(Ng)2pn

− 1

pt
,

where (c, p) = 1. Let a be an ideal representing a class in Clp. Because c is

relatively prime to p, we can find an ideal a′ in Clp and an element γ′ in K×
n such

that a(γ′) = a′c. The inequality (5.22) shows that

(p−1)pn−1−1∑
i=0

bij
pt
σi

annihilates the p-primary part of
(
1− σpn−1

)
Cokern. The argument used to derive

equation (5.10) (with β in place of α) then shows that there is an element γ̃ in K×
n

such that

a′
(Ng−g)Wn

pt θC =
(
γ̃1−τ) .

Applying β =
∑2pn−1

i=0 (Ng)i g2pn−1−i to both sides, we find that

a
′((Ng)2pn−1)Wn

pt θC = aWnθC
(
γ′WnθC

)
=
(
γ̃β(1−τ)) .

We will now see that the generator γ = γ̃β(1−τ)γ′−WnθC for the principal ideal

aWnθC is pt-Abelian (property 4 of components of L-function evaluators shows that
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it is an anti-unit). First, for any r such that 1 ≤ r ≤ 2pn−1, (Ng)r−gr annihilates

µ(p), and

γ(Ng)r−gr

= γ̃β(1−τ)(Ng−g)
Pr−1

i=0 (Ng)igr−1−i

γ′−WnθC(Ng−g)
Pr−1

i=0 (Ng)igr−1−i

= γ̃((Ng)2pn
−1)(1−τ)

Pr−1
i=0 (Ng)igr−1−i

γ′−WnθC(Ng−g)
Pr−1

i=0 (Ng)iσr−1−i

.

The first factor is in K×pt

n since pt divides (Ng)2pn

− 1, and equation (5.23) shows

that the second factor is in K×pt

n . Therefore,

γ(Ng)r−gr ∈ K×pt

n (5.24)

for 1 ≤ r ≤ 2pn − 1.

Now Kn

(
pt√
γ
)
/Kn is a Kummer extension. From Section 2.5, the subgroup ∆

of K×
n generated by γ and K×pt

n corresponds to this extension through Kummer

theory. The inclusion (5.24) shows that γg
r
is also in ∆ for 1 ≤ r ≤ 2pn−1. Hence,

Kn

(
pt√
γ
)
/k0 is a Galois extension by Proposition 2.7.2.

Next, let G̃ = Gal
(
Kn

(
pt√
γ
)
/k0

)
and H = Gal

(
Kn

(
pt√
γ
)
/Kn

)
. We will show

that G̃ is a central extension of H by G. The argument is that of the second half

of Lemma A.1.4 in the appendix of [10]. Let η be a ptth root of γ. Let r be an

integer such that 0 ≤ r ≤ 2pn − 1, and let g̃ be an element of G̃ that restricts to

the element g in G. The inclusion (5.24) shows that there exists ξ in K×
n such that

η(Ng)r−g̃r

= ξ.

Let h be in H, and let ζ be the ptth root of unity such that hη = ζη. Then

ηhg̃
r−g̃rh = η((Ng)r−g̃r)hηh(g̃

r−(Ng)r)

= ξh (ζη)−((Ng)r−g̃r)

= ξξ−1

= 1.

Since the elements g̃r for 0 ≤ r ≤ 2pn − 1 form a complete set of coset represen-

tatives for G̃/H, it follows that G̃ is a central extension of H by G. Finally, G̃ is

generated by H and the lifts g̃n. Since these lifts all commute with each other, G̃

is Abelian.
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Remark. The result of Proposition 5.2.7 in the case when n = 1 was essentially

proved in [18]. The present proof is merely an adaptation of their methods, the

only new addition being the use of the p-primary part of question Q2mpn (Kn/k0).

Again, extending to the case of degree 2mpn extensions seems to be hindered only

by the lack of a method to distinguish between the distinct prime ideals of Z [ζ2mpn ]

dividing p. This difficulty could be overcome if one could verify equation (5.16),

the conjectured refinement of Lemma 5.2.3.

5.3 The Brumer-Stark conjecture for extensions

of degree 2mpn

In this section, we will use the results of the previous section to analyze the

Brumer-Stark conjecture for a fixed cyclic extension of degree 2mpn. If p′ is a prime

number not equal to p, we will see that if the p′-primary part of Q2mpn (Kr/k0) has

an affirmative answer for 1 ≤ r ≤ n and the p′-primary part of Q2m (K0/k0) has an

affirmative answer, then the p′-primary part of the Brumer-Stark conjecture holds

for Kn/k0. The p-primary part turns out to be much less tractable. Assuming

that the p-primary part of Q2mpn (Kn/k0) has an affirmative answer, we will prove

(BSp) only when θ has only one nonzero component. Proving even the annihilation

statement of (BSp) becomes much more difficult when θ comprises more than

one nonzero component. We will provide proofs of the annihilation statement for

certain extensions for which θ has two nonzero components and also for the finite

layers of the cyclotomic Zp extension of k0 in the case where [k0 (ζp) : k0] = 2m.

Theorem 5.3.1. Let Kn/k0 be a cyclic extension of degree 2mpn with Galois

group G. Let p′ be a prime number different from p. If the p′-primary part of

Q2mpn (Kr/k0) has an affirmative answer for 1 ≤ r ≤ n and the p′-primary part of

Q2m (Kn/k0) has an affirmative answer, then the p′-primary part of the Brumer-

Stark conjecture holds for Kn/k0.

Proof. We use the notation of Section 4.6. Let H and H ′ be the subgroups of G of

orders pn and 2m respectively. For 0 ≤ r ≤ n, let Nr be the norm element in Z[G]
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corresponding to the subgroup of G of order pn−r. Let S0 be the set of places of k0

consisting of the Archimedean places and the prime ideals that ramify in Kn/k0.

For 0 ≤ r ≤ n, let Cr be the equivalence class of characters in Ĝ of order 2mpr. For

simplicity, we set θ = θKn/k0,S0 and θCn = θKn/k0,S0,Cn . If 0 ≤ r ≤ n, let θ̃Cr be a

lift of θKr/k0,S0,C2mpr to C[G] chosen by extending each automorphism of Kr to an

element in G (so that θCn = θ̃Cn). Then property 2 of components of L-function

evaluators shows that

θ =
n∑
r=0

Nr

pn−r
θ̃Cr .

Let a be an ideal representing a class in Clp′ , the p′-primary part of the ideal

class group of Kn. Then since p′ is relatively prime to p, there exists an ideal b

and an element γ in K×
n such that

a = bp
n+1

(γ̃) .

Write ιr for the canonical map of class groups ClKr → ClKn . We have

bNr = ιr (br) ,

where br is the image of B under the norm map N: ClKn → ClKr . Then

bp
r+1Wn Nr θ̃Cr = ιr

(
bp

r+1WnθCr
r

)
.

If p′ t is the exact power of p′ dividing Wn, then Propositions 5.2.1 and 5.2.2 show

that

bp
r+1WnθCr
r = (εr)

for some p′ t-Abelian anti-unit εr in K×
r (when p′ = 2, recall that (2, pq) = 1).

Then

aWnθ = bp
n+1Wnθ (γ̃)Wnθ

= b
Pn

r=0 p
r+1Wn Nr θ̃Cr (γ̃)Wnθ

=

(
n∏
r=0

εr

)
(γ̃)Wnθ .
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In [59, §2], Tate showed that the statement of the Brumer-Stark conjecture is true

when the ideal in the conjecture is principal. Therefore, there exists an p′t-Abelian

anti-unit γ in K×
n such that

(γ̃)Wnθ = (γ) .

We find that the element (
γ

n∏
r=0

εr

)
is a p′ t-Abelian anti-unit generator for aWnθ. Hence, (BSp′) holds for the extension

Kn/k0.

Remark. When p′ = 2, we did not use the full annihilation result of Proposi-

tion 5.2.2, which shows that we may remove the factor of 2[k0 : Q]−1. The above

proof can be adapted to show that an affirmative answer for the 2-primary part

of Q2mpn (Kr/k0) for 1 ≤ r ≤ n implies that (BS2) holds for the extension Kn/k0

with θ replaced by
1

2[k0 : Q]−1
θ.

The following result generalizes Propositions 2.1 and 2.2 in [18] (excepting the

part of Proposition 2.1 which treats “case I(b)”, which is essentially a special case

of Greither’s work on “nice” extensions).

Theorem 5.3.2. Let Kn/k0 be a cyclic extension of degree 2pn with Galois group

G. Assume that only one component of θKn/k0 is nonzero. Then the p-primary

part of the Brumer-Stark conjecture holds for the extension Kn/k0.

Proof. Let S0 be the set of places of k0 consisting of the Archimedean places and

the prime ideals that ramify in Kn/k0. For 0 ≤ r ≤ n, let Cr be the equivalence

class of characters in Ĝ of order 2mpr. Property 2 of components of L-function

evaluators shows that the component θCr of θ is 0 if and only if some prime in S0

splits completely in Kr/k0. Therefore, the assumption in the theorem is equivalent

to the existence of a prime ideal in k0 that splits completely in Kn−1 and ramifies

in Kn. The number s defined in Lemma 5.2.3 is thus greater than or equal to pn−1,

and also

Wnθ = WnθC.
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Proposition 5.2.7 thus proves the theorem.

The next corollary follows immediately from theorems 5.3.1 and 5.3.2.

Corollary 5.3.3. Let Kn/k0 be a cyclic extension of degree 2pn. Assume that

only one component of θKn/k0 is nonzero. If the p′ primary part of Q2mpn (Kn/k0)

has an affirmative answer for all prime numbers p′ 6= p, then the Brumer -Stark

conjecture holds for the extension Kn/k0.

Remark. Note that if 2 is inert in Z [ζpn ], then the 2-primary part of Q2mpn (Kn/k0)

has an affirmative answer. The other primary parts of the Brumer-Stark conjecture

sometimes follow from the work of Wiles ([64]).

The following corollary follows from Corollaries 4.7.3 and 5.3.3.

Corollary 5.3.4. Let k′ ⊆ k0 ⊆ Kn be a tower of number fields with Kn/k0

cyclic of degree 2pn and Kn/k
′ and k0/k

′ Galois. Assume that θKn/k0 has only one

nonzero component. Suppose that the map

φ : Gal (k0/k
′)→ Gal (Q (ζ2pn) /Q)

from Section 4.7 is surjective. Then the Brumer-Stark conjecture holds for the

extension Kn/k0.

We now turn to extensions where θ comprises more than one nonzero com-

ponent. Obtaining even the annihilation statement of the p-primary part of the

Brumer-Stark conjecture is more difficult in this setting. We resume the notation

from Section 5.2. In particular, Kn/k0 is a cyclic extension of degree 2mpn with

Galois group G. For 0 ≤ r ≤ n, Kr is the subfield of degree 2mpr over k0, Wr = |µr|
is the cardinality of the group of roots of unity in Kr, and

q =
Wn

Wn−1

is the cardinality of the O-module µ̃ = µn/µn−1. The set S0 of places of k0 consists

of the Archimedean places and the prime ideals that ramify in Kn/k0. We denote

the p-primary part of ClKn by Clp. For simplicity, we write θ instead of θKn/k0,S0

and θn−1 instead of θKn−1/k0,S0 .
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To begin we will consider the case where Kn/K0 is the nth layer of the cyclo-

tomic Zp extension of K0.

Theorem 5.3.5. Let Kn/k0 be a cyclic extension of degree 2mpn. Assume that K0

contains the pth roots of unity, and that Kn/K0 is the nth layer of the cyclotomic

Zp-extension of K0. If the p-primary part of (Q2mpr) has an affirmative answer for

each extension Kr/k0 with 1 ≤ r ≤ n and (Bp) holds for the degree 2m extension

K0/k0, then

Wnθ ∈ AnnZ[G] Clp.

Remark. Both assumptions in the theorem are true when m = 1: the p-primary

part of Q2mpn (Kn/k0) follows from equation (4.31), and (Bp) follows from Tate’s

proof of the Brumer-Stark conjecture for quadratic extensions ([59, §3, case (c)]).

Proof. Let S0 be the set of places of k0 consisting of the Archimedean places and

the prime ideals that ramify in Kn/k0. For 0 ≤ r ≤ n, let Cr be the equivalence

class of characters in Ĝ of order 2mpr. Also, set θr = θKr/k0,S0 . Choose a lift θ̃n−1 of

θn−1 to Q[G] by choosing an extension of each automorphism in Gal (Kn−1/k0) to

G. Let Np be the norm element in Z[G] corresponding to the extension Kn/Kn−1.

Property 2 of components of L-function evaluators shows that

θ = θCn +
Np

p
θ̃n−1.

Then

Wnθ = WnθCn +
q

p
Wn−1θ̃n−1Np, (5.25)

and q
p

is an integer since Kn/K0 is a layer of the cyclotomic Zp-extension of K0.

Let a be an ideal representing a classs in Clp. Denote the canonical homomor-

phism ClKn−1 → ClKn by ι. We will prove the theorem by induction on n. Assume

first that n = 1. Then

aNp = ι
(
NK1/K0 a

)
.

It follows that

a
q
p
W0θ̃0Np = ι

(
NK1/K0 aW0θ0

) q
p .
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By assumption, (Bp) holds for the extension K0/k0, so the above ideal is principal.

In addition, aW1θC1 is principal by Proposition 5.2.5. Therefore, equation (5.25)

shows that the theorem is true for n = 1.

Next, assume that the theorem is true when the extension has degree 2mpn−1.

We have

a
q
p
Wn−1θ̃n−1Np = ι

(
NKn/Kn−1 aWn−1θn−1

) q
p .

The inductive hypothesis shows that this ideal is principal. Again, it follows from

Proposition 5.2.5 and equation (5.25) that Wnθ annihilates Clp.

Next, we consider a generalization of the case II(b) in [18] (as mentioned in

Subsection 3.4.2, this was erroneously conflated with what the authors label case

]; II(b) is actually a special case of ]). Case II(b) was one of two relatively rare

types of extensions which proved intractable using the methods in that paper.

Theorem 5.3.6. Let Kn/k0 be cyclic extension of degree 2pn. Suppose that Kn

contains the pth roots of unity and that θ consists of precisely two nonzero compo-

nents. Then

Wnθ ∈ AnnZ[G] Clp

under either of the following conditions:

1. n ≥ 2.

2. The maximal elementary p-extension of k0 unramified outside of p has degree

p or p2 over k0.

Proof. In the paragraph following equation (5.23), it was shown that when p divides

q, the extension Kn/K0 is the nth layer of the cyclotomic Zp extension of K0. In

this case, the theorem follows from Theorem 5.3.5. We therefore assume that

(p, q) = 1.

We first consider the case where n ≥ 2. For 0 ≤ r ≤ n, let Cr be the equivalence

class of characters in Ĝ of order 2pr. Property 2 of components of L-function

evaluators shows that the component θCr of θ is 0 if and only if some prime in S0

splits completely in Kr/k0. Therefore, the assumption in the theorem is equivalent
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to the existence of a prime ideal in S0 that splits completely in Kn−2, but none

that splits completely in Kn−1. We may thus write

Wnθ = WnθCn +WnθCn−1 .

We will see that each of these terms annihilates Clp.

We begin with WnθCn−1 . Let Np be the norm element in Z[G] corresponding

to the extension Kn/Kn−1. Let θ̃n−1 be a lift of θn−1 to Q[G] chosen by lifting the

automorphisms in Gal (Kn−1/k0) to G. Let q′ = Wn−1

Wn−2
. Property 2 of components

of L-function evaluators shows that

θCn−1 =
Np

p
θ̃n−1.

Since there is a prime ideal in S0 that splits completely in Kn−2/k0, the integer s

in Lemma 5.2.3 is greater than or equal to pn−2. Lemma 5.2.4 then shows that

q′θ̃n−1 ∈ Z[G].

Let a be an ideal representing a class in Clp. Denote the canonical homomorphism

ClKn−1 → ClKn by ι. Then

aNp = ι
(
NKn/Kn−1 a

)
.

It follows that

aWnθCn−1 = a
Wn−2

p
qq′θ̃n−1Np

= ι
(
NKn/Kn−1 aq

′θn−1

) qWn−2
p

(note that p divides W0, and hence, it divides Wn−2). Proposition 5.2.6 shows that

this ideal is principal, generated by an anti-unit.

Next, Proposition 4.6.3 shows that

pqθCn ∈ Z[G].

Since (p, q) = 1 and p divides Wn, Propositions 5.2.5 and 5.2.6 then show that

WnθCn annihilates Clp. This proves the theorem in the case where n ≥ 2.

We now prove the theorem for extensions of degree 2p. For this, we need the

following proposition:
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Proposition 5.3.7. Let K1/k0 be a cyclic extension of degree 2p. Suppose that

K1 contains the pth roots of unity, but that p does not divide q. Assume that two

components of θ are nonzero. For each ideal a in K1, let ε(NK1/K0(a)) denote an

anti-unit generator for the principal ideal NK1/K0(a)W0θ0. Then W1θ annihilates

Clp yielding principal ideals generated by anti-units if and only if

ε(NK1/K0(a)) ∈ K×p
1 µ1 (5.26)

for every ideal a representing a class in Clp.

Remark. The above condition implies that the Abelian extension of k0 obtained

by adjoining a pth root of ε(NK1/K0(a)) to K0 is contained in K1 (ζpW1). We note

that ε
(
NK1/K0(a)

)
is only defined up to a root of unity in K0, but this is irrelevant

for our result.

Before we prove this proposition, let us first see how it allows us to finish the

proof of Theorem 5.3.6. Observe that since θ has two nonzero components, there

is no prime ideal in k0 that splits completely in K0 and ramifies in k1/k0. This

places the extension K1/K
+
0 in case II(b) in the paper [18]. Immediately prior

to Proposition 2.2 in that paper, the authors observe that only primes dividing

p can ramify in K1/K0. If the maximal elementary p-extension of k0 unramified

outside of p has degree p over k0, then K1 must be the extension of K0 obtained

by adjoining higher p-power roots of unity to K0. In this case, the theorem follows

from Theorem 5.3.5 (see the remark following the statement of that theorem).

Otherwise, assume that the maximal elementary p-extension of k0 unramified

outside of p has order p2, and call this field L. We may assume that K1 is not

the extension of K0 obtained by adjoining higher p-power roots of unity to K0.

But then the extension K1 (ζpW1) /K0 is a degree p2 elementary p-extension of K0

unramified outside of p. Since K1 (ζpW1) is Abelian over k0, L is the unique subfield

of K1 (ζpW1) of degree p2 over k0.

Now let a be an ideal representing a class of p-power order in ClK1 , and fix an

anti-unit generator ε for the principal ideal NK1/K0(a)W0θ0 as in Proposition 5.3.7.

We will show that ε satisfies the condition (5.26). Property 2 of components of
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L-function evaluators shows that

θC0 =
Np

p
θ̃0,

where θ̃0 is the lift of θK0/k0 to Z [H ′]. Since the p-valuations of W0 and W1 are

the same, Theorem 3.2.4 shows that

W0θ = W0θC1 +W0
Np

p
θ̃0

is p-integral. Proposition 4.6.3 shows that the first term on the right side is p-

integral. Therefore, the second is as well. As Np is in Q[H] and θ̃0 is in Q [H ′],

W0θ0 ∈ pZ [H ′] . (5.27)

(We have abused the notation somewhat). The valuations of ε at all primes are

thus divisible by p. Proposition 2.5.2 shows that the extension of K0 ( p
√
ε) /K0 is

unramified outside of p. Tate proved (BS) for quadratic extensions [59, §3, case

(c)]. Therefore, K0 ( p
√
ε) is Abelian over k0. The unique subfield of K0 ( p

√
ε) of

degree p over k0 is a degree p Abelian extension of k0 unramified outside of p. It is

thus contained in L. We consider separately two possibilities for the field K0 ( p
√
ε).

Assume first that

K0

(
p
√
ε
)

= K0 (ζpW0) .

By Kummer theory,

ε = ζrW0
γp

for some integer r and number γ in K0. Therefore, ε satisfies the condition (5.26).

Otherwise, let η be a fixed pth root of ε, and assume that

K0(η) 6= K0 (ζpW0) .

Again by Kummer theory, the fields K0 (ζpW0) and K0

(
ζcpW0

η
)

for 0 ≤ c ≤ p−1 are

distinct. Thus, the subfields of K0 (ζpW0) and K0

(
ζcpW0

η
)

for 0 ≤ c ≤ p− 1 having

degree p over k0 are all distinct. Furthermore, they include all of the elementary

p-extensions of k that are unramified outside of p. It follows that one of these latter

fields is contained in K1, and so K1 = K0

(
ζcpW0

η
)

for some c. In other words, ζcW0
ε

is a pth power in K1. As claimed, we see that ε satisfies the condition (5.26). The

theorem now follows from the proposition.
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Remark. Almost all of the several hundred degree 6 case II(b) extensions for which

it was computationally verified in [18] that W1θ annihilates the 3-primary part of

ClK1 are covered by the above theorem. Of course, the authors computed much

more, showing that (BS3) holds in each example.

Finally, we must prove Proposition 5.3.7.

Proof of Proposition 5.3.7. Let C0 and C1 be the equivalence classes of characters

in Ĝ of order 2 and 2p respectively. We have

θ = θC1 + θC0 .

First, assume that W1θ annihilates Clp yielding principal ideals generated by anti-

units. Let a be an ideal representing a class in Clp. Since (p, q) = 1, we can find an

ideal b representing a class in Clp such that bq = (γ)a for some element γ in K×
1 .

By assumption, applying pW1θ to b gives an ideal generated by the pth power of

an anti-unit. By Proposition 5.2.5 (note that s = 0 and q̃ = pq),

bpW1θC1 = bW0pqθC1 =
(
γ̃W0

)
for some anti-unit γ̃ in K×

1 . The generator γ̃W0 is a pth power. Therefore,

bpW1θC0

is also generated by the pth power of an anti-unit.

Next,

bpW1θC0 = bqW0θ̃0Np

= γW0θ̃0NpaW0θ̃0Np

= ι
(
NK1/K0

(
γW0θ0aW0θ0

))
= ι
(
NK1/K0 (γ)W0θ0 ε

(
NK1/K0(a)

))
.

Equation (5.27) shows that the coefficients of W0θ0 are divisible by p. There-

fore, NK1/K0 (γ)W0θ0 is the pth power of an anti-unit. As we determined ear-

lier that bpW1θC0 is generated by the pth power of an anti-unit, it follows that(
ε
(
NK1/K0(a)

))
is generated by the pth power of an anti-unit. Since an anti-

unit generator for a given ideal is specified up to a root of unity, it follows that
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ε(NK1/K0(a)) differs from the pth power of an element of K1 by a root of unity of

K1. This proves one implication.

For the reverse implication, assume that a is an ideal whose class in ClK1 has

p-power order. If

ε(NK1/K0(a)) = γpζ ∈ K×p
1 µK1 ,

then γ is an anti-unit. Furthermore,

apW1θC0 = aqW0θ̃0Np = (γpq) ,

and hence,

aW1θC0 = (γq) .

Thus, W1θC0 annihilates Clp, yielding principal ideals generated by anti-units.

Proposition 5.2.5 shows that W1θC1 does as well. The proposition thus follows

from the decomposition

W1θ = W1θC1 +W1θC0 .



Chapter 6

Hayes’s Conjecture

We will begin this chapter by using the results of Chapter 4 to prove the mod-

ified strong local version of Hayes conjecture ((Hp)) from Section 3.5 for cyclic

extensions of degree 2m for which the p-primary part of Q2m (km/k0) has an affir-

mative answer. We will then prove a “non-equivariant” reformulation of (Hp) for

cyclic extensions of degree 2mp that implies the equivariant version. Next, we will

examine the functoriality properties of (Hp), proving “top change” completely and

“base change” under certain hypotheses. These results will be sufficient to prove

Hayes’s conjecture for extensions K/k with K Abelian over Q of prime conductor

(with certain restrictions on S). Finally, we will provide a counterexample to the

annihilation part of the strong version of Hayes’s conjecture.

6.1 Hayes’s conjecture for degree 2m extensions

Let p be an odd prime number. In this section, we will prove (Hp) for cyclic

extensions of degree 2m for which the p-primary part of Q2m (km/k0) has an affir-

mative answer. Let km/k0 be a degree 2m cyclic extension of number fields with

Galois group G, and for 1 ≤ i ≤ m − 1, let ki be the extension of k0 of degree 2i

contained in km. Let S0 be a set of places of k containing the Archimedean places

and the prime ideals that ramify in km. For 1 ≤ i ≤ m, let Si be the set of places

of ki lying above the places in S0. Let W = |µ| be the cardinality of the group of

roots of unity in km. We restate (Hp) here for convenience:

152
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Conjecture (Hp). Let pr be a prime power divisor of W , and assume that there

exists a totally positive element ε in k0 whose prth root generates an unramified

extension L of km of degree pr. Then Wθkm/k0,S0 is in prZ[G].

To prove this, we will prove a stronger “non-equivariant” version of (Hp) for

such extensions. Let notation be as in the previous proposition. Let χ be a

generator of Ĝ, and let O = Z [ζ2m ]. In Section 4.3, we saw that µ is an O-module.

The non-equivariant reformulation of (Hp) is as follows:

Proposition 6.1.1. Let pr be a prime power divisor of W , and assume that there

exists a totally positive element ε in k0 whose prth root generates an unramified

extension L of km of degree pr. Let H = Gal (L/km). Then H is an O-module and

FitOH divides FitO µ as ideals in O.

Proof. Since both H and µ are cyclic groups, their Fitting ideals as O-modules

are the same as their annihilators. Proposition 2.7.2 shows that L/k0 is Galois, so

that Gal(L/k0) is an extension of H = Gal(L/km) by G. This provides H with

the structure of a Z[G]-module, and Lemma 2.7.4 shows that

AnnO µ = χ
(
AnnZ[G] µ

)
⊆ χ

(
AnnZ[G]H

)
.

The first statement of the proposition then follows from the fact that 1 + τ is in

AnnZ[G] µ. The second statement follows from the above inclusion and the equality

χ
(
AnnZ[G]H

)
= AnnOH.

We now use this proposition to prove (Hp).

Proposition 6.1.2. Let p be an odd prime number. Let km/k0 be a cyclic exten-

sion of number fields of degree 2m. Let S0 be a set of places of k0 containing the

Archimedean places and the prime ideals that ramify in km/k0. Assume that the

p-primary part of Q2m (km/k0) has an affirmative answer. Then (Hp) holds for the

extension km/k0 and the set S0.

Proof. The proposition is trivial if θkm/k0,S0 = 0. Therefore, we assume that no

place in S0 splits completely in km/k0. In particular, k0 is totally real and km is

totally complex.
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Let pr be a prime power divisor of W , and assume that there exists a totally

positive element ε in k0 whose prth root generates an unramified extension L of km

of degree pr. Let H = Gal (L/km). By Proposition 6.1.1, H is an O-module and

FitOH divides FitO µ. If pt is the exact power of p dividing µ, then Lemma 2.4.1

shows that the p-primary part of FitO µ has the form Pt for some prime ideal of

O dividing p and of residual degree 1 over Q. Therefore,

FitOH = Pr. (6.1)

Let τ be complex conjugation. Since p is odd, the p-primary parts of H and

Clkm decompose into isotypic components correponding to the idempotents 1+τ
2

and 1−τ
2

. Then H, being annihilated by τ , is a quotient of the minus part of the

p-primary part Cl−p of the ideal class group of km. Since no place in S0 splits

completely in km/k0, Coker and the minus class number h− of km differ by a factor

of 2. Therefore, the p-primary parts of Cl−km
and Coker are isomorphic. It follows

that H is a quotient of Coker. Since H is cyclic, properties 2 and 3 of Fitting

ideals in Section 2.4 show that

FitO (Coker) ⊆ AnnO (Coker) ⊆ AnnOH = FitOH.

Combining this with equation (6.1), we have found that

Pr | FitO (Coker) . (6.2)

By Theorem 3.2.3,

WLkm/k0,S0 (0, χ) ∈ O.

Since the p-primary part of Q2m (km/k0) has an affirmative answer, we have

WLkm/k0,S0 (0, χ) = W (λ)|Sm−1|−1 FitO (Coker) (FitO (µ))−1 .

Equation (4.6) shows that this is an integral ideal in O. The exact power pt of p

dividing W factors in O as

ptO = Pt

2m−1−1∏
i=1

Pt
i,
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where the ideals {P,P1, . . . ,P2m−1−1 } are the distinct prime ideals of O dividing

p. Using (6.2), we find that

W (λ)|Sm−1|−1 FitO (Coker) (FitO (µ))−1 = aPr

2m−1−1∏
i=1

Pt
i ⊆ prO,

where a is an ideal in O. It follows that

χ
(
Wθkm/k0,S0

)
= WLkm/k0,S0 (0, χ) ∈ prO.

Let σ be a generator of Gal (km/k0). Let χ be a generator of Ĝ, and let ζ2m be

the primitive 2mth root of unity such that χ (σ) = ζ2m . Property 2 of L-function

evaluators in Section 3.1 and Theorem 3.2.3 show that we can write

θkm/k0,S0 =
2m−1−1∑
i=0

aiσ
i1− τ

2
, ai ∈ Q.

Therefore,

W
2m−1−1∑
i=0

aiζ
i
2m ∈ prO.

Since the numbers ζ i2m for i = 0, . . . , 2m−1 − 1 form an integral basis for Q (ζ2m)

over Q, it follows that the coefficients Wai are all divisible by pr. Thus, Wθkm/k0,S0

is contained in prZ[G], which is the statement (Hp).

Corollary 6.1.3. Let p be an odd prime number. Let km/k0 be a cyclic extension

of number fields of degree 2m. Suppose that there exists a field k′ with k′ ⊆ k0 ⊆ km,

such that km/k
′ and k0/k

′ are Galois extensions. Assume further that the map

Gal (k0/k
′)→ Aut (Gal (km/k0))

given by lifting an automorphism to Gal (km/k
′) and conjugating is surjective.

Then (Hp) holds for the extension K/k.

Corollary 6.1.4. Let p be an odd prime number. Let K/k be a quadratic extension

of number fields. Then (Hp) holds for the extension K/k.

The above corollaries and statements follow from Corollary 4.4.3 and Proposi-

tion 4.3.2 and the comments preceding it.
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6.2 Change of the set S in Hayes’s conjecture

In this section, we let K/k be an Abelian extension of number fields with Galois

group G and let S be a set of places of k containing the Archimedean places and

the prime ideals that ramify in K/k. Write

WθK/k,S =
∑
σ∈G

aσσ,

where W is the number of roots of unity in K and the coefficients aσ are integers.

Denote the coefficient of the identity map by a1. Let p be an odd prime number.

As with the Brumer-Stark conjecture, it is true that if (Hp) holds in the given

setup, then it also holds when S is expanded to any larger set of places of k. In

fact, we can say more:

Theorem 6.2.1. Assume that (Hp) holds for the extension K/k and a set S of

places of k. Then it holds for the extension K/k and any other allowable set S ′

of places of k containing the prime ideals in S that divide p or split completely in

k (ζp) /k.

Proof. For each τ in G, let Nτ be an integer such that

τ(ζ) = ζNτ

for all roots of unity ζ in K. Theorem 3.2.4 shows that for each τ in G,

(τ −Nτ )
∑
σ∈G

aσσ ∈ WZ [G] . (6.3)

Therefore,

aτ−1σ ≡ Nτaσ (mod W )

for all pairs of automorphisms σ and τ in G.

If p is a prime ideal of k not contained in S, then property 1 of L-function

evaluators shows that

θS∪{ p },K/k =
(
1− σ−1

p

)
θS,K/k, (6.4)

where σp is the Frobenius automorphism in G corresponding to p. If pr divides

(a1,W ), then it follows from the above congruence that pr divides an for all n.
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Then from (6.4), one sees that pr divides the coefficient of the identity map in

W θS′,K/k for any set S ′ containing S.

Let S and S ′ be a pair of sets as in the theorem. We must show the implication

WθK/k,S ∈ prZ[G]⇒ WθK/k,S′ ∈ prZ[G]

where pr is a power of p dividing W . From above, it suffices to show this under

the assumption that

S = S ′ ∪ p,

where p is a prime ideal of k that does not divide p, ramify in K/k, or split

completely in k (ζp) /k. Let an and a′n denote the coefficients of σn in WθK/k,S and

WθK/k,S′ respectively. Let N p be the absolute norm of p. Then

σp(ζ) = ζN p

for all roots of unity ζ in K. From (6.3) and (6.4), we have

WθS,K/k = W
(
1− σ−1

p

)
θS′,K/k ≡

(
1−N p−1

)
WθS′,K/k (mod WZ [G])

and so

an ≡
(
1−N p−1

)
a′n (mod W ),

where the inverse N p−1 is understood to be taken modulo W . As p does not split

completely in k (ζp) /k,

N p−1 6≡ 1 (mod p).

Thus, if pr divides an, then pr divides a′n.

6.3 Top change for Hayes’s conjecture

In this section, we will show that “top change” holds for (Hp).

Theorem 6.3.1. Let p be an odd prime number. Let k ⊆ K ⊆ K ′ be a tower

of number fields with K ′/k Abelian. Let S be a set of places in k containing the

Archimedean places and the prime ideals that ramify in K ′. If (Hp) holds for the

extension K ′/k and the set S, then it also holds for the extension K/k and the set

S.
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To prove the theorem, we need a preliminary lemma.

Lemma 6.3.2. Let k ⊆ K ⊆ K ′ be a tower of number fields with K ′/k Abelian.

Set G′ = Gal (K ′/k) and G = Gal (K/k). Let S be a set of places of k containing

the Archimedean places and the prime ideals that ramify in K ′/k. Let W = |µ|
and W ′ = |µ′| be the cardinalities of the groups of roots of unity in K and K ′

respectively. If n is a divisor of W such that

W ′θK′/k,S ∈ nZ [G′] ,

then

WθK/k,S ∈ nZ [G] .

Proof. Set θ′ = θK′/k,S and θ = θK/k,S. Write

W ′θ′ =
∑
σ∈G′

a′σσ.

Let a′1 be the coefficient of the identity map. For each σ in G′, let Nσ be an integer

satisfying

σ(ζ) = ζNσ

for all roots of unity ζ in K ′. Equation (6.3) implies that

a′τ−1 ≡ Nτa
′
1 (mod W ′), (6.5)

so we have

W ′θ′ ≡ a′1
∑
σ∈G′

Nσσ
−1 (mod W ′Z [G′]).

Since each integer Nσ is relatively prime to W ′, it follows that when the coefficients

of θ′ (or the L-function evaluator for any Abelian extension) are written in lowest

terms, they all have the same denominator.

Now the inflation property of equivariant L-functions from Section 3.1 shows

that the coefficient of the identity map in Wθ is given by

a1 = W
∑
σ∈G′

σ|K=1

a′σ
W ′ .
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The congruence (6.5) shows that

W
∑
σ∈G′

σ|K=1

a′σ
W ′ ≡

W

W ′a
′
1

∑
σ∈G′

σ|K=1

Nσ (mod W ). (6.6)

Let

c =
∑
σ∈G′

σ|K=1

Nσ.

If ζ is a primitive W ′th root of unity, then

ζc =

∑
σ∈G′
σK=1

σ

 · ζ = NK′/K ζ.

It follows that c annihilates µ′/µ, so that W ′

W
divides c. Equation (6.6) and the fact

that n divides a′1 then imply that n divides a1. The lemma then follows from the

fact that the denominators of the coefficients of θ when written in lowest terms are

all identical.

Proof of Theorem 6.3.1. Let W = |µ| and W ′ = |µ′| be the cardinalities of the

groups of roots of unity in K and K ′ respectively. Let pr be a prime power divisor

of W , and assume that there exists a totally positive element ε in k whose prth

root generates an unramified extension L of K of degree pr. We must show that

WθK/k,Smin is in prZ[G]. We assume that k is totally real and K is totally complex,

since this is trivially true otherwise.

First, we will show that L ∩ K ′ = K. Proposition 2.7.2 shows that L/k is a

Galois extension. Set G̃ = Gal (L/k), G = Gal (K/k), and H = Gal (L/K). Then

G̃ is an extension of H by G, providing H with a Z[G]-module structure. Since

K ′/k is Abelian, L ∩K ′/k is as well. Let

[L ∩K ′ : K] = ps,

and let η be a fixed psth root of ε, and hence a generator of L ∩K ′ over K. Let

µps be the group of psth roots of unity in K. If α is in AnnZ[G] µps and σ is in H,

then there exists ζ in µps satisfying

σ (η) = ζη.
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Using the fact that L ∩ K ′ is Abelian over k, we find that for any lift α̃ of α to

Z
[
G̃
]
,

(σ − 1)α̃ · η = α̃(σ − 1) · η = α̃ · ζ = 1.

Thus, α̃ · η is fixed by H, and hence, α̃ · ε is in K×ps
. We have found that

AnnZ[G] µps · ε ∈ K×ps

. (6.7)

(For a much more general result, see [10, Appendix, Lemma A.1.4]).

Let φ : K ↪→ C be an embedding of K into C with corresponding complex

conjugation τ in G. Let ζ be a primitive prth root of unity in K. If τ(ζ) = ζa,

then ζa
2

= ζ. Therefore,

a2 ≡ 1 (mod pr).

It follows that τ (ζ) = ζ±1. If τ(ζ) = ζ, then

φ−1
(
φ(ζ)

)
= ζ,

so that φ(ζ) is in R. Since pr > 2, this is a contradiction. Therefore, τ (ζ) = ζ−1.

Equation (6.7) then shows that

(1 + τ) · ε ∈
(
K×)ps

Since ε is in k, it follows that ε2 is in (K×)
ps

, and hence ε is in K×ps
. This says

that L ∩K ′ = K as claimed.

We have now determined that the composite field LK ′ is a cyclic extension

of K ′ of degree pr. It is generated over K ′ by the prth root of ε. Since L is an

unramified extension of K, LK ′ is an unramified extension of K ′. We now use the

assumption that (Hp) holds for the extension K ′/k. It follows that

W ′θK′/k,Smin ∈ prZ [G] .

The theorem is now a consequence of Lemma 6.3.2.

Remark. If there are prime ideals that ramify in K ′/k but not in K/k, then the

theorem does not imply that (Hp) for K ′/k implies (Hp) for K/k, because the min-

imal allowed set of places of k for the extension K/k might be properly contained

in the minimal set for K ′/k.



161

6.4 Hayes’s conjecture for Abelian extensions of

prime conductor

This section is devoted to proving the following theorem.

Theorem 6.4.1. Let K/k be an extension of number fields with K/Q Abelian of

conductor p, where p is an odd prime number. If p̃ is an odd prime number, then

(Hp̃) holds for the extension K/k.

The conjecture (Hp̃) is trivial if K does not contain the p̃th roots of unity. We

thus assume that K = Q (ζp) and that p̃ = p. We also assume that k is totally

real, again since the conjecture is otherwise trivial. We set d = [k : Q]. We set

G = Gal(K/k). If k′ is any subfield of K, then for each integer n prime to p, we

let σn be the element of Gal (K/k′) such that

σn(ζ) = ζn

for all pth roots of unity ζ. Finally, we assume that S is the set of places of Q
consisting of the Archimedean place and the prime ideal (p). We abuse notation

and use S also to denote the set of places in k lying above the places of S in Q.

For simplicity, we write θ in place of θK/k,S.

In the first subsection, we will derive a congruence involving the coefficients

of θ for such extensions and certain products of Bernoulli numbers. In the next

subsection, we will prove the above theorem. Following that, we will provide a

table of examples for which the conjecture is nontrivial. Finally, we will give a local

result at the prime 2, which shows that any formulation of a local version Hayes’s

conjecture at the prime 2 will probably be trivially true for these extensions.

6.4.1 The key congruence

In this section, we will derive the following congruence for the cofficients of the

L-function evaluator for the extension Q (ζp) /k:

Proposition 6.4.2. Let n be an integer whose image in (Z/pZ)× is a dth power.
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Let an be the coefficient of σn in 2pθ. Then

an ≡ (−1)d2dn−1

d−1∏
l=1

Bl p−1
d

p−1
d

(mod p), (6.8)

where the congruence is understood to be between elements of Zp.

Proof. Fix a primitive pth root of unity ζp. Let G = Gal (Q (ζp) /k) and G̃ =

Gal (Q (ζp) /Q). Let g be a primitive root mod p, so that by identifying G̃ with

(Z/pZ)×, G is generated by gd. For 0 ≤ i ≤ p − 2, denote by χ̃i the unique

character on G̃ satisfying χ̃i (σg) = ζ ip−1. Similarly, for 0 ≤ i ≤ p−1
d
− 1, let χi be

the unique character on Ĝ such that χi
(
σgd

)
= ζ idp−1.

Now let L = LQ(ζp)/Q,S (s, χ) be the S-incomplete Artin L-function associated

with the extension Q (ζp) /Q and the character χ of a representation ρ of G̃ in a

C-vector space V . Let P be the prime ideal of Q (ζp) lying above p. The inertia

group IP is all of G̃, so that V IP = V G̃. Let L be the primitive Artin L-function

associated with the extension Q (ζp) /Q and the representation ρ. The relationship

between L and L is given by equation (1.2):

L (s, χ) = det
(
1− ρ (σP) N (p)−s ;V G̃

)
L (s, χ) .

The dimension of V G̃ is the number of times that the trivial representation appears

in ρ. Choosing ρ to be an irreducible representation of G, so that χ = χ̃i for some

i, we see that V G̃ = 0 unless ρ is the trivial representation. By convention, when

V G̃ = 0 the above determinant is defined to be 1. If ρ is the trivial representation,

then dim V G̃ = 1 and the determinant is 1− p−s.
By Proposition 2.2.1, for 0 ≤ i ≤ p−1

d
− 1, the character of the representation

of G̃ induced by χi is

Indχi =
∑
ψ∈G̃

Resψ=χi

ψ =
d−1∑
l=0

χ̃i+l p−1
d
.

The induction and additivity properties of Artin L-functions from Section 3.1 show

that

LQ(ζp)/k,S (0, χi) =
d−1∏
i=0

L
(
0, χ̃i+l p−1

d

)
.
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Thus, if 1 ≤ i ≤ p−1
d
− 1, then

LQ(ζp)/k,S (s, χi) =
d−1∏
l=0

L
(
s, χ̃i+l p−1

d

)
. (6.9a)

In contrast, for the trivial character, we have

LQ(ζp)/k,S (s, χi) =
(
1− p−s

) d−1∏
l=0

L
(
s, χ̃l p−1

d

)
. (6.9b)

Let L be the Dirichlet L-function corresponding to the Dirichlet character χ̃j

obtained by composing the χ̃j with the Artin map. Since the conductor of Q (ζp) /Q
is p∞ and IP = G̃, Proposition 3.1.1 shows that for 1 ≤ j ≤ p− 2,

L (s, χ̃j) = L (s, χ̃j) .

On the other hand, for the character of the trivial representation χ̃0, we have

L (s, χ̃0) = ζ (s) ,

where ζ is the Riemann zeta function.

For 1 ≤ i ≤ p−1
d
− 1, setting s = 0 in (6.9a) and substituting in the well-known

values of the Dirichlet L-functions [38, Chapter VII, Theorem 2.9] yields

LQ(ζp)/k,S (0, χi) =
d−1∏
l=0

−B1,χ̃
i+l

p−1
d

(6.10a)

and from (6.9b), we find that

LQ(ζp)/k,S (0, χ0) = 0. (6.10b)

We can use these values to calculate 2pθ. By definition,

2p θ = 2p
∑
χ∈ bG

LQ(ζp)/k,S (0, χ) eχ

= 2p

p−1
d
−1∑

i=1

d−1∏
l=0

−B1,χ̃
i+l

p−1
d

eχi

=
2p
p−1
d

∑
σ∈G

p−1
d
−1∑

i=1

χi (σ)
d−1∏
l=0

−B1,χ̃
i+l

p−1
d

σ.
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We now embed Q (ζp−1) into Qp by mapping ζp−1 to the unique (p − 1)th root

of unity congruent to g mod p, where g is our fixed primitive root mod p. For

0 ≤ j ≤ p − 2, composing χ̃j with this embedding produces the character ωj,

where ω is the Teichmüller character. For 1 ≤ i ≤ p−1
d
− 1, composing χi with this

embedding produces the restriction of ωi to the subgroup
(
(Z/pZ)×

)d
. The image

of an under the embedding in Qp is

an =
2p
p−1
d

p−1
d
−1∑

i=1

ωi (σn)
d−1∏
l=0

−B
1,ωi+l

p−1
d
. (6.11)

It follows from the form of the power series expansion at s = 1 of the p-adic

L-functions corresponding to powers of ω (see [60, Corollary 5.15]) that

B1,ωn ≡ Bn+1

n+ 1
(mod p), for n 6≡ −1 (mod p− 1),

and both sides of this congruence are p-integral. Also, if t is an integer such that

n ≡ gtd mod p, then

ωi (σn) ≡ gitd (mod p).

Finally,

pB1,ωp−2 ≡ p− 1 (mod p).

Using these congruences, equation (6.11) becomes

an ≡ (−1)dω
p−1

d
−1 (σn)

2p
p−1
d

B1,ωp−2

d−1∏
l=1

Bl p−1
d

p−1
d

(mod p)

≡ (−1)d2gtd(
p−1

d
−1)d

d−1∏
l=1

Bl p−1
d

p−1
d

(mod p)

≡ (−1)d2dn−1

d−1∏
l=1

Bl p−1
d

p−1
d

(mod p).

6.4.2 The p-primary part of Hayes’s conjecture

In this subsection, we will prove Theorem 6.4.1. Then we will consider the

converse.
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Proof of Theorem 6.4.1. Let Hp be the p-Hilbert class field of K. Let

L = K

(
p
√
U+
k

)
and F = Hp ∩ L.

Set H = Gal (Hp/K), L = Gal (L/K), and F = Gal (F/K). By Propositions

2.7.2 and 2.7.5, L and Hp are normal over Q, and hence, F is as well. We set

L̃ = Gal (L/Q), H̃ = Gal (Hp/Q), F̃ = Gal (F/Q), and G̃ = Gal(K/Q). The

groups L̃, H̃, and F̃ are extensions of the groups L, H, and F respectively by

G̃. Each is therefore provided with the structure of a Z
[
G̃
]
-module through the

action defined in Section 2.7. We denote the p-primary part of the ideal class group

of K by Clp. Proposition 2.7.5 shows that the Artin map gives an isomorphism of

Z
[
G̃
]
-modules

Clp ∼= H.

Since L is Abelian of exponent p, F is also abelian of exponent p. By Kummer

theory there is a unique subgroup ∆ ⊂ U+
k K

×p containing K×p such that

F = K
(

p√
∆
)
.

Since F is normal over Q, Proposition 2.7.2 shows that G̃ acts on ∆, and hence,

on ∆/K×p. Let µp be the group of pth roots of unity. As each of F , ∆/K×p, and

µp has exponent p, they are Zp

[
G̃
]
-modules. Proposition 2.7.3 shows that the

Kummer pairing

F ×∆/K×p → µp

is G̃-equivariant. Furthermore, it induces a Zp

[
G̃
]
-module isomorphism

F ∼= Hom
(
∆/K×p, µp

)
, (6.12)

where G̃ acts on Hom (∆/K×p, µp) by

(g̃ · f)
(
δ
)

= g̃f
(
g̃−1δ

)
.

As the order of G̃ is relatively prime to p, the Zp

[
G̃
]
-modules in the above iso-

morphism split into isotypic components as in Proposition 2.3.1. The above isomor-

phism induces isomorphisms between corresponding components. Also, ∆/K×p
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and µp split into the direct sums of their isotypic components, and in fact, if ω

denotes the Teichmüller character of G̃, then µp = µωp . We have⊕
χ

(
Hom

(
∆/K×p, µp

))χ ∼= Hom
(
∆/K×p, µp

)
∼= Hom

(⊕
χ

(
∆/K×p)χ , µp)

∼=
⊕
χ

Hom
((

∆/K×p)χ , µp) . (6.13)

Now choose

f ∈ Hom
((

∆/K×p)χ µp) , σ ∈ G̃, and δ ∈
(
∆/K×p)χ .

Note that since (∆/K×p)
χ

and µp both have exponent p, f is a homomorphism of

Zp-modules. Then

(σ · f)
(
δ̃
)

= σf
(
σ−1δ̃

)
= σf

(
χ−1 (σ) δ̃

)
= χ−1 (σ)σf

(
δ̃
)

= χ−1ω (σ) f
(
δ̃
)
.

Thus, the component Hom ((∆/K×p)
χ
, µp) on the right side of (6.13) corresponds

under the isomorphism to a subgroup of the component (Hom (∆/K×p, µp))
χ−1ω

on the left side of (6.13). Since the groups involved are finite, it follows that

Hom
((

∆/K×p)χ , µp) ∼= Hom
(
∆/K×p, µp

)χ−1ω
. (6.14)

Assume that there exists an element ε in k whose pth root generates an un-

ramified extension of Q (ζp) of degree p. Then p divides |F|, so p divides |F χ| for

some character χ of G̃. From the isomorphism (6.12), we find that(
Hom

(
∆/K×p, µp

))χ 6= 0.

Hence, by (6.14), (
∆/K×p)χ−1ω 6= 0.

Since ∆ ⊂ U+
k K

×p, the group ∆/K×p is fixed by G. Thus, in the decomposition

of ∆/K×p as a direct sum of isotypic components, the components corresponding

to characters which are nontrivial on G are zero. It follows that

χ−1ω
∣∣
G
= id.
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Therefore, χ−1ω = ωl
p−1

d for some l with 0 ≤ l ≤ d− 1, and so

χ = ωp−l
p−1

d .

Now F is isomorphic to a quotient groupH/H′. Furthermore, since F is normal

over Q, H′ is stable under the action of G̃ on H, and thus H/H′ is a quotient of

G̃-modules. One can check that H/H′ ∼= F is an isomorphism of Zp

[
G̃
]
-modules.

If χ is a character on G̃, we set eχ to be the idempotent of Zp

[
G̃
]

defined as in

Section 2.3. Then one has

Fχ = eχF ∼= eχH/eχH ∩H′ = Hχ/H′χ.

Thus, Fχ is isomorphic to a quotient of Clχp through the Artin map. Since p divides

|Fχ|, p also divides
∣∣Clχp

∣∣. By Herbrand’s theorem [60, Theorem 6.17], this implies

that p divides Bl p−1
d

. Finally, it follows from (6.8) that p divides each coefficient

an of 2pθ. In other words,

Wθ ∈ pZ [G] ,

which proves (Hp).

The crucial element of the preceding proof was Herbrand’s theorem. As the

converse of Herbrand’s theorem is true, one might ask if the converse of (Hp) holds

as well.

Theorem 6.4.3. Let k be a totally real subfield of K = Q (ζp). Assume that p

does not divide the class number of K+. If p divides the coefficients of 2pθ, then

there exists a unit ε in k such that K ( p
√
ε) is unramified over K. In fact, this unit

may be chosen to be the relative norm of a cyclotomic unit.

Proof. By (6.8), there exists an integer l with 0 ≤ l ≤ d−1 such that p | Bl p−1
d

. This

condition implies there is a unit ε ∈ k which is the relative norm of a cyclotomic

unit of K such that K ( p
√
ε) is unramified over K (see [37, Theorem 1] or [60,

Exercise 8.9]). Moreover, if Vandiver’s conjecture is true for p, then this extension

is nontrivial.
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Herbrand ([27]) proved the converse to his theorem under the assumption of

Vandiver’s conjecture. More recently, Ribet ([44]) proved it in full generality using

modular forms and algebraic geometry. Finally, there is a purely arithmetic proof

that uses Euler systems ([60, Theorem 15.8]). Thus, the converse to Herbrand’s

theorem has the potential to allow a proof of a refinement of Theorem 6.4.3 by re-

moving the assumption that p does not divide the class number of K+. However, if

Vandiver’s conjecture fails for the prime p, the Euler systems proof of the converse

to Herbrand’s theorem does not give information about specific generators of un-

ramified Kummer extensions of Q (ζp). Theorem 1.2 in [44] shows that regardless

of whether Vandiver’s conjecture holds, if 2n = r p−1
d

and p divides B2n, then there

is an unramified degree p extension of the subfield k′ of K of degree p−1
(p−1,n−1)

over

Q. Again, it does not seem that this gives enough information to determine that

there are unramified extensions of K generated either by pth roots of elements of

k or generated by pth roots of units.

However, we may “reverse” the first part of the proof of Theorem 6.4.1 using

the converse to Herbrand’s theorem to give some information in this direction. The

notation is that of subsection 6.4.2. If p divides the coefficients an of 2pθ, then the

congruence (6.8) shows that there exists an integer l with 0 ≤ l ≤ d−1 for which p

divides Bl p−1
d

. Let χ = ωp−l
p−1

d . By the converse to Herbrand’s theorem, it follows

that p divides
∣∣Clχp

∣∣, and hence, p divides |(H/pH)χ|. Let H ′ denote the subfield

of Hp fixed by pHχ, so H ′ is a nontrivial Kummer extension of K. Let ∆ be the

subgroup of K× containing K×p that corresponds to H ′ by Kummer theory. By

Proposition 2.7.3, the Kummer pairing induces a duality:

∆/K×p ∼= Hom ((H/pH)χ , µp) .

Since (H/pH)χ is nontrivial, ∆ 6= K×p. Since pHχ is a G̃-submodule of H, H ′

is normal over Q. Thus, by Proposition 2.7.2, ∆ is a G̃-submodule of K×. Fur-

thermore, the above isomorphism is an isomorphism of G̃-modules. There is an

isomorphism, similar to that of (6.13):⊕
χ

(Hom ((H/pH) , µp))
χ ∼=

⊕
χ

Hom ((H/pH)χ , µp) .
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Choose

f ∈ Hom ((H/pH)χ , µp) , σ ∈ G̃, and τ ∈ (H/pH)χ .

We consider f to be a homomorphism of Zp-modules. Then

(σ · f) (τ) = σf
(
σ−1τ

)
= σf

(
χ−1(σ)τ

)
= χ−1(σ)σf (τ) = χ−1ω(σ)f (τ) .

Thus, there is an isomorphism

Hom ((H/pH)χ , µp) ∼= Hom (H/pH, µp)χ
−1ω .

Since χ−1ω = ωl
p−1

d , we have

χ−1ω
∣∣
G
= 1.

Thus, G acts trivially on Hom ((H/pH)χ , µp), and hence, on ∆/K×p.

Since ∆ 6= K×p, we may choose an element δ in ∆ \K×p. If σ generates G, we

have

σδ = αpδ

for some α in K. Applying σ to both sides p−1
d
− 1 more times, we find that

δ = NK/k(α)pδ,

so that

NK/k(α) = 1.

By Hilbert’s Theorem 90 ([24, Theorem 90, :-) ]), there exists β in K such that

α =
σβ

β
,

and hence,

σ
δ

βp
=

δ

βp
.

Therefore,
δ

βp
∈
(
∆ \K×p) ∩ k,

and so δ2

β2p is a totally positive element of k whose pth root generates an unramified

Kummer extension of K. Proposition 2.5.2 shows that the valuation of δ2

β2p at every

finite prime ofK relatively prime to p is divisible by p, but it does not seem to follow

immediately that there is a totally positive unit in (∆/K×p) ∩ k. To summarize,

we have the following supplement to Theorem 6.4.1:
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Theorem 6.4.4. Without assuming Vandiver’s conjecture, it is still true that if

2pθ ∈ pZ [G] ,

then there is a totally positive element of k whose pth root generates a nontrivial

Kummer extension of K. If Vandiver’s conjecture holds, then this element can be

chosen to be a unit.

6.4.3 Examples

Theorem 6.4.1 immediately provides many nontrivial examples of Hayes’ con-

jecture. Given any irregular prime p such that Vandiver’s conjecture holds, if p

divides B2n with 2 ≤ 2n ≤ p − 3, then there exists an extension Q (ζp) /k with

k totally real for which B2n appears in the product (6.8). For instance, we may

set k = Q (ζp)
+. Theorem 6.4.3 implies that there exists an element of k whose

pth roots generate a nontrivial unramified extension of Q (ζp). Theorem 6.4.1 then

shows that p divides the coefficients of 2pθQ(ζp)/k, providing a nontrivial example

of (Hp). However, computing examples reveals that for many irregular primes,

Q (ζp)
+ is the minimal such k, and for most irregular primes, the smallest such

k seems to have relatively large degree over Q. Searching for examples of k with

small degree over Q such that p divides the coefficients of 2pθQ(ζp)/k provides some

interesting results. If p is an irregular prime with p dividing B2n, set

dp,n =
p− 1

(p− 1, 2n)
.

Since p divides B2n, the subfield k of K = Q (ζp) of degree dp,n over Q is the

smallest field for which the congruence (6.8) implies that p divides an. If the index

of irregularity of p is 2 or greater, there can be many minimal subfields of K for

which p | eS (K/k). The following table was computed using a script written by

my brother Owen Smith to search through Joe Buhler’s table of irregular primes

up to 16777213 for primes for which dp,n ≤ 25:

Notice that for a prime p and Bernoulli number B2n as above, dp,n = 2 if and

only if n = p−1
4

. In this case, p ≡ 1 (mod 4) and p | B p−1
2

. Kiselev ([29]) and

Ankeny-Artin-Chowla ([1]) independently showed that p divides B p−1
2

if and only
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Table 6.1: Irregular prime numbers p with small dp,n

dp,n p
3 5479, 15646243
5 130811
7 421, 44563
9 37, 13411
13 90247, 163307
14 633473
15 1446901
17 103, 3484729
19 43093, 3962603
20 2441, 9041
22 9901
23 4003, 52579, 376097
24 6801313
25 101, 166301, 345601

if p divides u, where
t+u

√
p

2
> 1 is the fundamental unit of Q

(√
p
)
. Furthermore,

the Ankeny-Artin-Chowla conjecture asserts that p never divides u. The previous

discussion shows that this conjecture is equivalent to the statement that dp,n 6= 2

for all irregular primes p and Bernoulli numbers B2n. A glance at the above table

reveals that, in fact, many small even numbers are absent as values of dp,n for

p ≤ 16777213. It would be interesting to know if there is some unknown factor

which forces small even values of dp,n to occur only for very large values of p. On

the other hand, perhaps the Ankeny-Artin-Chowla conjecture can be strengthened

to say that some additional small even numbers are not possible values of dp,n.

Finally, it would be interesting to know if dp,n can ever take the odd values 11 or

21, which seem conspicuously absent from this list.

6.4.4 The 2-primary part of Hayes’ Conjecture

Let k be a totally real subfield of K = Q (ζp). Let S be the set consisting of

the Archimedean places of Q and the prime ideal (p). We abuse notation by using

S to denote the set of places of k lying above the places of S in Q. In this section,

we will prove the following theorem.
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Theorem 6.4.5. If k 6= Q, then

2pθK/k,S ∈ 2Z [G] .

We will use the notation of Subsection 6.4.1.

Proof. The partial zeta functions for the extension K/Q are the Hurwitz zeta

functions, whose special values at negative integers have long been known. Using

these values, we find that

θK/Q,S̃ =

p−1∑
a=1

(
1

2
− a

p

)
σ−1
a .

For each character χ on G̃, let tχ be the twist by χ from Section 2.3. It is the

endomorphism of C
[
G̃
]

defined by

tχ

(
p−1∑
a=1

caσa

)
=

p−1∑
a=1

caχ (σa)σa.

Property 3 of equivariant L-functions shows that

θK/k,S =
∏
χ∈ b̃G

χ(G)=1

tχ

(
θK/Q,S̃

)
.

Thus,

θ =
d−1∏
i=0

(
p−1∑
a=1

(
1

2
− a

p

)
χ̃i p−1

d

(
σ−1
a

)
σ−1
a

)
,

and hence,

a1 = 2p
∑

1≤c0,...,cd−1≤p−1
c0c1···cd−1≡1 mod p

d−1∏
i=0

(
1

2
− ci
p

)
χ̃i p−1

d

(
σ−1
ci

)
. (6.15)

We will now need the following lemma.

Lemma 6.4.6. Let r ≥ 2 and let χ0, . . . , χr−1 be distinct even Dirichlet characters

mod p. Let t be such that 0 ≤ t ≤ r. If 1 ≤ t ≤ r, let n̂ = (n1, . . . , nt) be a t-tuple

of integers with 0 ≤ n1 < · · · < nt ≤ r − 1. If t = 0, let n̂ be the empty set. Set

sbn =
∑

1≤c0,...,cr−1≤p−1
c0c1···cr−1≡1 mod p

t∏
j=1

cnj

r−1∏
i=0

χi (ci) ,
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where it is understood that the first product is 1 if t = 0. Then t < r implies

sbn = 0.

Proof. The proof will be by induction on t. Throughout this proof, given an integer

a prime to p, a−1 will denote an integer inverse to a mod p. For t = 0,

sbn =
∑

1≤c0,...,cr−1≤p−1
c0c1···cr−1≡1 mod p

r−1∏
i=0

χi (ci)

=

p−1∑
c0=1

· · ·
p−1∑

cr−2=1

r−2∏
i=0

χi (ci)χr−1

(
r−2∏
i=0

c−1
i

)

=

p−1∑
c0=1

· · ·
p−1∑

cr−2=1

r−2∏
i=0

χiχ
−1
r−1 (ci)

=
r−2∏
i=0

(
p−1∑
ci=1

χiχ
−1
r−1 (ci)

)
.

None of the characters χiχ
−1
r−1 is the trivial character since the χi’s were assumed to

be distinct characters. Thus, by the orthogonality relations for characters, each of

the above sums is 0. The lemma thus holds when t = 0. Now assume that it holds

for some particular value t − 1 where t < r, so the statement of the proposition

for t is nontrivial. Then at least one of the integers between 0 and r − 1 is not in

the list of numbers n1, . . . , nt, so assume without loss of generality that one such

integer is r − 1. Then we have

sbn =
∑

1≤c0,...,cr−1≤p−1
c0c1···cr−1≡1 mod p

t∏
j=1

cnj

r−1∏
i=0

χi (ci)

=

p−1∑
c0=1

· · ·
p−1∑

cr−2=1

t∏
j=1

cnj

r−2∏
i=0

χiχ
−1
r−1 (ci) ,
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where rewriting the sum in this way is possible because cr−1 does not appear as

one of the cnj
’s. Now since all of the characters were assumed to be even, replacing

cn1 by p− cn1 in the above multiple sum gives us

sbn = p

p−1∑
c0=1

· · ·
p−1∑

cr−2=1

t∏
j=2

cnj

r−2∏
i=0

χiχ
−1
r−1 (ci)− sbn

= psbm − sbn
where m̂ is the (t − 1)-tuple formed by removing n1 from the t-tuple n̂. By the

induction hypothesis, sbm = 0, so we find that sbn = 0.

We return now to our expression (6.15). The expansion of each product appear-

ing there yields a sum of terms where for some of the integers i with 0 ≤ i ≤ d−1,

the ci
p

term is chosen in the corresponding term in the product, while for the other

integers i, the 1
2

term is chosen. We may split the sum into subsums whereby one

chooses a t-tuple n̂ with 0 ≤ t ≤ d and then forms the subsum consisting of those

terms formed by choosing the ci
p

from those terms where i is one of the numbers

appearing in n̂ and choosing the 1
2

from the rest. Then viewing the characters χ̃i p−1
d

as distinct even Dirichlet characters mod p, we find that each of these subsums is

a constant multiple of the sum sbn appearing in the proposition. Thus, if d ≥ 2,

all of these subsums are zero except for the one formed by choosing n̂ to be the

d-tuple (0, . . . , d− 1). It follows that

a1 = (−1)d2p
∑

1≤c0,...,cd−1≤p−1
c0c1···cd−1≡1 mod p

d−1∏
i=0

χ̃i p−1
d

(
σ−1
ci

) ci
p

Since a1 is a rational integer, one sees immediately from this expression that it is

an even integer.

Remark. Sands mentions in [47, proof of Proposition 4.2] that for d ≥ 3, the fact

that a1 is even follows from similar arguments to the ones he gives for proving

integrality properties of θ.
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6.5 A numerical counterexample

In this section, we will provide a counterexample to the strong version of Hayes’s

conjecture from section 3.5, which is the unpublished version given in [25]. Al-

though no counterexample has been found to the first statement of the conjecture,

the following example shows that the second statement claiming that (B) holds

with Wθ replaced by W
e
θ is false. All of the computations in this section were

performed with PARI/GP, and none of them were substantiated by theoretical

work.

Let k = Q
(√

113
)

and K = k (ζ3). Let S be the minimal allowed set, which in

this case consists of the Archimedean places of k and the sole prime in k dividing

3. With these choices, hk,S = 1 and hK,S = 3. Tate’s expression (4.2) for WKθ in

this case is

6θ = 6(1− τ),

where τ denotes complex conjugation. The extension L of K obtained by adjoining

the cube root of a fundamental unit of k has relative discriminant 1. Since both

of L and K are totally complex, L is contained in the Hilbert class field HK of K.

Thus, the exponent of the Galois group of the intersection of L and HK is 3. This

divides the coefficients of 6θ, which is the statement of (H3).

Next, if we remove the factor of 3 from 6θ, we are left with 2(1 − τ). The

second statement of the strong version of Hayes’s conjecture predicts that this

should annihilate the class group of K. However, the class group of K has order 3,

and since the class group of k is trivial, the minus part of the class group of K has

order 3. Thus, multiplying these classes by 2(1 − τ) has the effect of multiplying

by 4. Hence, 2(1− τ) does not annihilate the class group of K.

Two remarks are in order. First, as mentioned in Section 3.5, Hayes’s initial

statement of this conjecture included the assumption that K contains the narrow

Hilbert class field of k. This condition is also satisfied by this example. To see

this, observe that since 113 is prime and congruent to 1 mod 4, a fundamental

unit u of k has norm negative 1. Thus, u and its conjugate have different signs.

Assume that the signature of u under the two embeddings of k in R is (1,−1).

Choose a generator γ for a principal ideal of k. If γ has signature (1,−1), (−1, 1),
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or (−1,−1), then uγ, −uγ or −γ respectively will be a totally positive generator

for (γ). Thus, the narrow ideal class group of k is the same as the ordinary ideal

class group. Since hk = 1, the narrow Hilbert class field of k is k itself.

The second remark is that the version of Hayes’s conjecture presented in [26]

includes the assumption that the prime p in (Hp) has a prime divisor in k that does

not ramify in K/k. This condition is not satisfied by the prime 3 in this example.
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[52] C. L. Siegel, Über die Fourierschen Koeffizienten von Modulformen, Göttingen
Nach. 3 (1970), 15–56 (German).

[53] H. M. Stark, Values of L-functions at s = 1. I. L-functions for quadratic
forms, Advances in Mathematics 7 (1971), 301–343.

[54] , Values of L-functions at s = 1. II. Artin L-functions with rational
characters, Advances in Mathematics 17 (1975), no. 1, 60–92.



181

[55] , Values of L-functions at s = 1. III. Totally real fields and Hilbert’s
twelfth problem, Advances in Mathematics 22 (1976), no. 1, 64–84.

[56] , Values of L-functions at s = 1. IV. First derivatives at s = 0, Ad-
vances in Mathematics 35 (1980), no. 3, 197–235.

[57] P. Stevenhagen, Class number parity for the pth cyclotomic field, Mathematics
of Computation 63 (1994), no. 208, 773–784.

[58] J. Tate, Les conjectures de Stark sur les fonctions L d’Artin en s = 0: notes
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