UNIVERSITY OF CALIFORNIA, SAN DIEGO

On the Values of Equivariant and Artin L-functions of Cyclic
Extensions of Number Fields

A dissertation submitted in partial satisfaction of the
requirements for the degree

Doctor of Philosophy
in
Mathematics
by

Barry Ried Smith

Committee in charge:

Professor Cristian Popescu, Chair
Professor Wee Teck Gan
Professor Ronald Graham
Professor Russell Impagliazzo
Professor Harold Stark

2007



Copyright
Barry Ried Smith, 2007
All rights reserved.



The dissertation of Barry Ried Smith is approved,
and it is acceptable in quality and form for publi-

cation on microfilm:

Chair

University of California, San Diego

2007

il



To my wife, my parents, and my brother.

v



Last time, I asked:
“What does mathematics mean to you?”
And some people answered:
“The manipulation of numbers, the manipulation of structures.”
And if I had asked what music means to you, would you have answered:
“The manipulation of notes?”

—Serge Lang, The Beauty of Doing Mathematics
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ABSTRACT OF THE DISSERTATION

On the Values of Equivariant and Artin L-functions of Cyclic

Extensions of Number Fields
by

Barry Ried Smith
Doctor of Philosophy in Mathematics

University of California, San Diego, 2007

Professor Cristian Popescu, Chair

We study the values produced by equivariant Artin L-functions at zero. We begin
with three preliminary chapters providing the requisite background. In the fourth
chapter, we derive expressions for the norms of the values of Artin L-functions
attached to cyclic extensions of degree 2"™p", where p is an odd prime number,
m > 1, and n > 0. We propose hypothetical expressions for the values themselves
in terms of the Fitting ideals of two arithmetic modules over the ring of integers in
a cyclotomic field, and validate the expressions and their local variants in several
cases.

In chapter five, the formulas from chapter four are used to study the Brumer-
Stark conjecture and its local variants in several new cases. Our methods are
similar to those used in the study of degree 2p extensions by Greither, Roblot, and
Tangedal, excepting the use of the formulas from chapter four that enable proofs in
our more general setting. Some results deal only with the annihilation statement
of the p-primary part of the conjecture for degree 2™p™ extensions. They hint that
something deeper is happening with the p-primary part of the conjecture in the
cases where general proofs cannot yet be given.

In chapter six, the expressions from chapter four are used to study a new conjec-
ture of Hayes concerning the precise denominators of the values of the equivariant

L-functions at zero. A variant of this conjecture is proved for extensions of degree

xi



2™ using the formulas from chapter four. Following that, it is shown that the
truth of the conjecture is preserved under lowering of the top field. We then prove
the conjecture for extensions where both fields are absolutely Abelian of prime
conductor. Lastly, a counterexample is provided to a stronger conjecture posed by

Hayes in an unpublished manuscript.
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Chapter 1

Introduction

1.1 History

Zeta and L-functions are ubiquitous in mathematics. A description of the
state of knowledge of all such functions would fill many volumes, so we must aim
for something more modest within this chapter. We will attempt to give a brief
overview only of the various zeta and L-functions relevant to the results in this
work. Even this would be too large an undertaking for our purposes; for instance,
we would need to discuss the relationship between these functions and both the
analytic and algebraic aspects of the theory, including such topics as the Riemann
Hypothesis and the Prime Number Theorem. We will therefore strive to give a
history only of the creation of these functions, and the relationship between their
special values and the algebraic side of the theory.

The study of special values of zeta and L-functions was initiated in 1650, when
Pietro Mengoli asked for the value of the infinite series
1

n?’
n=1

o0

This problem resisted the efforts of such masters as Gottfried von Leibnitz, Jacob
Bernoulli, and Johann Bernoulli, before it succumbed to Leonard Euler in 1735.

Using a brilliant, albeit unrigorous, argument, he found that
¢ (2) = = —

2
—~n 6



His paper included several similar evaluations, and demonstrated that he was al-

ready studying what is now known as the Riemann zeta function,

(e 9]

(=31,

n®
n=1

as a function of the variable s for integer valued s > 1. In 1737, he discovered the

=17 ; _1p_5»

p prime

Eulerian product,

from which followed a new proof of the infinitude of prime numbers. This important
formula was the first indication of the algebraic nature of zeta and L-functions.
Euler spent the next several years extending his results and striving to place them
on a firm foundation. Finally, in 1750, he published the following remarkable

formula for the values of the Riemann zeta function at positive even integers:

oo

02 =3 o = (1 B

n=1

The rational numbers B,y are the Bernoulli numbers.
In 1674, the young Leibniz was the first to discover a special value of what is
now termed an L-function, when he evaluated

n+1 4

n=0
In his paper of 1735, Euler evaluated
(=)
L(s) =) ———

(2n+1)°

n=0
for various positive integral values of s. His paper of 1737 then included, besides
the Eulerian product expansion for ((s), the related product expansion for L(1).
He later recognized that this result gives an analytic proof of the infinitude of
prime numbers of the forms 4n + 1 and 4n + 3. It should be noted that Euler also
obtained a result equivalent to the functional equations for ((s) and L(s), which
was unfortunately ignored for the next 100 years.
In 1837, Johann Lejeune Dirichlet extended the idea of Euler’s proof of the

infinitude of prime numbers of the form 4n + 1 and 4n + 3 to prove his famous



theorem on prime numbers in arithmetic progressions. To accomplish this, he
introduced a variant of the Riemann zeta function, the Dirichlet L-function. It is

defined by

B = M T

»orime L~ X(P)P™
where y is a periodic and multiplicative function on the integers called a Dirichlet
character. As indicated, these can be written either as a series or as an Eulerian
product; both expressions converge to an analytic function of the complex variable
s in the half-plane R(s) > 1. An example is the L-function considered by Euler in
his paper of 1735, which is associated with the Dirichlet character defined by

1, ifn=1 (mod 4);
x(n) =19 —1, ifn=3 (mod 4);
0, ifn=0o0r2 (mod4).

Dirichlet’s work also provided the next conceptual advance in the theory of
zeta and L-functions — the idea that the special values of these functions, besides
having simple closed-form expressions, also contain arithmetic information. He
derived an explicit expression, partly anticipated by Carl Jacobi, for the class
number of an imaginary quadratic field in terms of the value of a Dirichlet L-
function at s = 1. He also derived a class number formula for real quadratic fields,
expressing a relationship between the value of a Dirichlet L-function at s = 1 and
the class number and fundamental unit of the corresponding real quadratic field.

Both the Riemann zeta-function and the Dirichlet L-functions can be analyti-
cally continued, the zeta function to the whole complex plane excluding a simple
pole at s = 1, and the L-functions to entire functions. Thus, one may also con-
sider their values at negative integers. Analytic continuation is required to show
that these values exist. One might therefore suspect that the values produced
thereby are transcendental, and perhaps do not have simple closed-form expres-
sions. It is a mystifying result, then, that the values of these functions at negative
integers are algebraic. This follows from the equally astounding result that these
functions, satisfy “functional equations”, which relate the value of a function at a

complex number s to the value at 1 — s. The values of the Riemann zeta-function



and Dirichlet L-functions at negative integers are given in terms of generalized
Bernoulli numbers, although this was not fully understood until the twentieth cen-
tury. These numbers lie in the field of values of the associated Dirichlet character.

The next major advances in the theory of zeta and L-functions required the
development of the theory of more general number fields, finite extension fields
of the rational numbers. The first important advance in this direction was Ernst
Kummer’s theory of ideal numbers. In 1850, Kummer published a paper which
used this theory to prove some of the cornerstones of the theory of cyclotomic fields.
Two are of interest to the history of values of zeta functions. First, he introduced a
function associated with each cyclotomic field of prime conductor, later known as
a Dedekind zeta function. He showed that the residues of these functions at s =1
contain arithmetic information about the associated fields. Second, he discovered
that the class number of the cyclotomic field of conductor p is divisible by p exactly
when p divides the numerator of {(—n) for some n = 1,3,...,p — 4. Thus, the
values of the Riemann zeta function encode information about extension fields of
the rational numbers.

In the 1870’s, Richard Dedekind created ideals as an alternative to ideal num-
bers for overcoming the lack of unique factorization in general number fields. He
demonstrated that an ideal in the ring of integers of such a field always has a unique
factorization as a product of prime ideals. Later, he created generalizations of the
Riemann zeta function called Dedekind zeta functions. Given an algebraic number

field K, the associated Dedekind zeta function is defined as

1 1
Crels) = Z N(a) 1;[ 1—N(p)—’

where the sum runs over the integral ideals of the ring of integers of K, the product
runs over the prime ideals of this ring, and 91(a) denotes the absolute norm of the
ideal a. Again, a Dedekind zeta function has expressions both as a series and as
an Eulerian product, and both expressions converge to an analytic function on the
half-plane R(s) > 1. In the case where K = Q, the Dedekind zeta function is just
the Riemann zeta function. In the eleventh supplement to Dirichlet’s Vorlesungen

Uber Zahlentheorie published in 1894, Dedekind proved the seminal analytic class



number formula. This says that the residue at s = 1 of the Dedekind zeta function

of a field K 1is
27 (2m)"

W d|1/2 ’
where 7 is the number of real embeddings K <— C, ry is the number of pairs of
complex conjugate embeddings K — C, W is the number of roots of unity in K,
d is the discriminant of K, h is the class number of K, and R is the regulator of a
fundamental system of units of K. The Dedekind zeta function therefore encodes
all of the important arithmetic information about K.

Number theorists next sought a common generalization of the Dedekind zeta
functions and the Dirichlet L-functions, but the correct generalization of the Dirich-
let characters is not the most obvious possibility. Since the Dedekind zeta function
of a field K is defined as a sum over ideals, the definition of the new L-functions
involves a multiplicative function on the ideal group of the ring of integers of K.
It was desired that the new L-functions have meromorphic continuations to the
complex plane and functional equations. To ensure that the L-functions have such
properties, it is necessary to restrict the definition of the multiplicative function.
Erich Hecke found the appropriate restriction, and called these multiplicative func-
tions Groflencharacters. Given a Groflencharacter x, the corresponding L-series is
defined by

x(a)

L(&X) = W'

Between 1917 and 1920, Hecke managed to prove that his new L-functions, in-
cluding the Dedekind zeta function in the special case where x(a) = 1 for all a,
have analytic continuations to the entire complex plane (excepting a simple pole at
s = 1 for the Dedekind zeta function), and that they satisfy functional equations.

Using the functional equation and the analytic class number formula, one can
show that the Maclaurin series of the Dedekind zeta function of a field K begins
with the term

hR

—— gl 1.1
s (L.1)

Thus, the value of a certain derivative of the zeta function at s = 0 gives informa-

tion about the arithmetic of the field. However, the special values of other Hecke



L-functions are much less understood. For instance, special values of Abelian
L-functions, particular types of Hecke L-series, were expressed through an appro-
priate generalization of the Bernoulli numbers only in 1979 by Takuro Shintani. A
closed-form expression or arithmetic interpretation for the special values of general
Hecke L-functions has not yet been found.

Until now, the zeta and L-functions that we have considered have each been as-
sociated with a number field. The next major historical step was Emil Artin’s cre-
ation of L-functions attached to Galois extensions of number fields. This idea grew
out of the Eulerian product for Abelian L-functions. Given a field k, the associated
Abelian L-functions are the Hecke L-functions whose associated Groflencharakters
come from characters on ray class groups of k. The introduction of class field theory
allows one to consider these as characters on Galois groups of Abelian extensions
of k. In a paper of 1923, Artin extended this idea to define functions attached
to characters of represenations of arbitrary Galois extensions of number fields. If
K /k is such an extension, with Galois group G, and if p is a representation of G
on a finite dimensional complex vector space V' with character y, then the Artin

L-function associated with y is defined as

1
LK/k ($7X> = 1;[ det (1 — Uﬁ%(]ﬁl)*s’ V[‘/B)‘

(1.2)

Here, p runs through the prime ideals of £, ‘B is a prime ideal of K dividing p, oy is
an arbitrary Frobenius automorphism associated with 93, and V¥ is the subspace
of V fixed by the inertia group Iy of P over p. As indicated in the notation,
representations with the same character yield the same Artin L-function, and the
definition is independent of the choice of Frobenius element for the ramified primes
P. With this definition, Artin introduced the monumental idea that one should
define L-functions through Eulerian products whose local factors are given by the
determinant of the action of a Frobenius element on a certain module. A series
expansion analogous to that of the Riemann zeta function does not exist for general
Artin L-functions, but they behave well under change of the extension K/k, they
have meromorphic continuations to the complex plane, and they satisfy functional

equations. The Artin conjecture states that if x is the character of an irreducible



representation of GG, then the Artin L-function associated with y has a holomorphic
continuation to the complex plane, excepting the known pole at s = 1 when y is
the trivial character.

The Galois-equivariant Artin L-function is created by assembling together the
various Artin L-functions associated with an extension as follows. Let K/k be an
Abelian extension of number fields with Galois group G. Given a complex-valued

character y € @, there is an associated idempotent in C[G]:

ey = |—é’ Z x(c7") o (1.3)

oeG

The equivariant Artin L-function associated with K/k is defined by

HK/k(S) = Z LK/k (S, X_l) €x, (14)

xeé

where the functions Ly /k(s, x) are the Artin L-functions of K/k. # is a meromor-
phic function from the complex numbers to the complex group ring C [G]. When
G is the trivial group, the equivariant L-function is the Dedekind zeta function of
k.

Much less is known about the special values of Artin and equivariant Artin L-
functions than those of the subset of Abelian L-functions. The description of the
values of Artin L-functions in terms of the arithmetic of the associated fields is the
goal of the extremely far-reaching Stark conjectures. These conjectures and their
refinements, the first being developed in the 1970’s and early 1980’s by Harold
Stark ([53], [54], [55], [56]), describe the coefficients of the leading terms of the
Maclaurin series of Artin and equivariant Artin L-functions. The Abelian refine-
ments of Stark’s main conjecture suggest that these coefficients contain arithmetic
information about the fields K and k, including information about generators of
Abelian extensions of k. As a special case, just as the rational part of the coefficient
in (1.1) is the quotient of the ideal class number by the number of roots of unity
in the associated field, it is suspected that the value of an equivariant Abelian
L-function at s = 0, when nonzero, contains more refined algebraic information
about these groups. In the next section, we will discuss three ideas in this direction

— one known and two conjectural.



1.2 The L-function evaluator

To obtain clean results about the values of Artin and equivariant Artin L-
functions, we must introduce their S-truncated variants. For an Abelian extension
of number fields K /k with Galois group G and a set S of places of k containing the
Archimedean places, the S-truncated Artin L-function associated with a character
X € G is the Artin L-function associated with x deprived of the Euler factors
corresponding to the finite places in S. The S-truncated equivariant L-function is
formed from the S-truncated Artin L-functions by using S-truncated L-functions
in (1.4). In both cases, the S-truncated versions are denoted by adding an S to
the subscript in the function’s name.

The special value of the equivariant L-function x j s(0) is called the L-function
evaluator associated with K /k and S. It will usually be written as 0/ g, or simply

as 0 when the context is clear. It is the element of C[G] defined by

0 = Z LK/k,S (07 X_l) €x;

xe@
where the idempotents e, are defined by (1.3). It is so named because apply-
ing the C-linear extension of a character y to 6 gives the Artin L-function value
Lks (0,x71).

The most important property of the 0/ g is that its coefficients are rational
numbers when S contains the prime ideals that ramify in K. This was first proved
by Siegel [52], building upon earlier work of Klingen [30]. A little later, Shintani
[51] reproved this by different methods. A stronger result, proved independently
by Daniel Barsky [2], Pierrette Cassou-Nogues [5] and Deligne-Ribet [8] says that
6 is almost integral; the denominators of its coefficients divide Wy = |ug|, the
number of roots of unity in K. They actually proved that multiplying 6 by the
Z|GJ-annihilator of uy gives an ideal in the integral group ring Z[G|, known as the
Stickelberger ideal. This result is the G-equivariant analogue of the rational part
of the coefficient in (1.1) having denominator Wi.

Multiplying the rational part of the coefficient in (1.1) by W gives the class
number of K. Continuing with our analogy, one might suspect that the Stickel-

berger ideal is related to the class group of K. There are two conjectures describing



such a relationship. Brumer’s conjecture states that the Stickelberger ideal is con-
tained in the Z [G]-annihilator of the ideal class group of K. The Brumer-Stark
conjecture asserts first that W6 is contained in the Z [G]-annihilator of the ideal
class group of K. This is just a special case of Brumer’s conjecture. However,
the Brumer-Stark conjecture further claims that the principal ideal produced by
applying W0 to a given ideal of K has a generator with very special properties —
all of its algebraic conjugates have absolute value 1, and its Wixth root generates
an Abelian extension of k. Thus, the Brumer-Stark conjecture suggests that the
value of the equivariant L-function at s = 0 contains information about Abelian
extensions of k larger than K. This has implications for Hilbert’s 12th problem.

The final part of the analogy concerns the denominators of the coefficients of the
value of the equivariant L-function at s = 0 when reduced to lowest terms. These
denominators may be proper divisors of the number of roots of unity of K. In the
case of the Dedekind zeta function, the actual denominator of the rational part of
the coefficient in (1.1) is found by removing a factor from W equal to the greatest
common denominator of the class number and number of roots of unity. David
Hayes ([25]) recently stated a conjecture which proposes a relationship between the
actual denominators of the coefficients of the value of the equivariant L-function
at s = 0 and the structure of the class group of K. We will see that there can also
be a relationship between the structures of the class group and roots of unity of K
that is manifest in the values of the S-truncated Artin L-functions of the extension
at s = 0. For the trivial extension K = k, this relationship (manifest in the value
of the S-truncated Dedekind zeta function) is uninteresting.

The purpose of this work is to develop new information about the special values
of Artin and equivariant Artin L-functions for certain cyclic extensions. We will
discuss the result and conjectures mentioned in the previous paragraphs for these
extensions, proving them in some cases. In Chapter 2, we will review the algebraic
results that will be used in the later chapters. Chapter 3 gives an introduction to
the main objects of study, including precise statements of the above conjectures
and a summary of cases in which they are known to be true. In Chapter 4, we

will provide expressions for values of L-functions in terms of the arithmetic of the
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associated fields. In Chapter 5, we will use the results in Chapter 4 to prove new
cases of the Brumer-Stark conjecture for certain cyclic extensions. In Chapter 6,
we will use the results from Chapter 4 to analyze Hayes’s conjecture for certain
cyclic extensions. We will examine the effects of changing the set S or the top
field appearing in the conjecture. We will then prove part of Hayes’s conjecture
in several instances. Finally, we will provide a counterexample to another part of

Hayes’s conjecture.



Chapter 2
Algebraic Background

In this chapter, we will collect the prerequisite algebraic knowledge that will
be used in later chapters. We assume a knowledge of basic algebraic number
theory and commutative algebra. This includes commutative ring theory and
Galois theory. We also assume standard knowledge about algebraic integers, ideal
groups, ideal class groups, and unit groups. Furthermore, we assume that the
reader has a basic familiarity with p-adic integers. See, for instance, [11], [38], or

[50).

2.1 Torsion modules over Dedekind domains

Finitely generated torsion modules over a fixed Dedekind domain are classified

by the Primary Decomposition Theorem:

The Primary Decomposition Theorem. Let M be a finitely generated torsion
module over the Dedekind domain R. Then M 1is isomorphic to a module of the

form
@ (R/pe(P,l) ® R/pe(%?) DD R/pe(p,l(p))) '

pelr

The sum is over the prime ideals of R, and for each prime ideal p, [(p) is an integer,
the exponents e(p,i) are positive integers, and l(p) = 0 for all but finitely many

primes p. This decomposition is unique up to rearrangement of the summands.

For a proof, see [3, Theorem 6.3.20].

11
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2.2 Representation theory

A reference for this material is [49]. Given a finite group G, a representation of
G in a complex vector space V' is a group homomorphism p from G into GL(V),
the group of isomorphisms of V. V will also be called a representation of G. When
V' has finite dimension n, the representation is said to have degree n. If W is a
subspace of V' which is stable under the action of GG, then the homomorphism from
G to GL(W) given by composing p with restriction to W gives a representation
of G in W; W is said to be a subrepresentation of V. A representation of G in a
space V' is said to be irreducible if V' is nonzero and no subspace of V' other than
0 and V is stable under the action of G. For instance, a representation of degree
1 is irreducible.

We may reformulate the above terminology in terms of modules over the group
ring C[G] (see Section 2.3). A representation of G in a space V' endows V' with
the structure of a C[G]-module. In this context, a subrepresentation of V' is
just a C[G]-submodule of V. An irreducible representation is one for which the
corresponding module is simple. Two representations are said to be isomorphic if
the corresponding C[G]-modules are isomorphic.

If V=@, W, is a decomposition of V' as a direct sum of subspaces and if each
subspace W; is a C[G]-submodule of V| we say that V' is the direct sum of the
representations W;. Every representation can be decomposed as a direct sum of
irreducible representations. In such a decomposition, the number of irreducible
representations isomorphic to a given one is independent of the chosen decompo-
sition.

All irreducible representations of an Abelian group G have degree 1. In other
words, an irreducible representation of an Abelian group G is just a character
X : G — C*. In this work, we will only consider representations of finite Abelian
groups.

If p is a representation of a finite group G in a space V, the character x, of p

is the complex-valued function on GG defined by

Xo(g) = Trace(p(g)).
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Surprisingly, a representation is determined up to isomorphism by its character.

Let V be a representation space with a decomposition as a direct sum of subrep-

V= é Wi,
=1

Let x be the character of V' and let x; be the character of W; for 1 < i <n. These

resentations

characters satisfy the relation
n
X = Z Xii-
i=1

We can define a scalar product on the characters of representations of G by

() = |—§;| S x(0)99).

geG

If x and % are the characters of two irreducible representations, then

1, if x and % are isomorphic;
(X ) = (2.1)

0, otherwise.

If H is a subgroup of GG, then a representation of H in a space W induces a

representation V of G:
V= C[G] QciH] wW.

V' is called the representation induced by W. If x is the character of the repre-
sentation W, then the character of the induced representation will be denoted by
Ind x. Similarly, if p is a representation of G, then the restriction of p to H is a
representation of H. If x is the character of the representation p of GG, then the
restriction of y to H is the character of the restriction of p to H. This restricted
character will be denoted Res y.

If H is a subgroup of G, v is the character of a representation of G, and y is
the character of a representation of H, then the Frobenius Reciprocity Theorem
says:

(x,Res ), = (Ind x, ) . (2.2)

We will only need this theorem to prove the following proposition.
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Proposition 2.2.1. Let H be a subgroup of a finite Abelian group G. If x is an
wrreducible character on H, then

Indy = Z .

Yed
Resy=x

Proof. Since G and H are Abelian, the characters of the irreducible representations

of G and H are the usual characters in G and H. If (VRS G is such that Resy v = ¥,
then by Frobenius Reciprocity,

<X7 X>H - <Ind X 77ZJ>G’ .

It follows from (2.1) that
(Ind x, ), = 1.

Otherwise, if Resy 1) # x, then since unequal characters are not isomorphic, similar

reasoning shows that
(Indx,¥), = 0.

The proposition now follows since, for any character ¢ € @, the number of char-
acters in a decomposition of Ind y into irreducible characters that are isomorphic

to ¢ is (Ind x, ¢) (see, for instance, [49, §2.3, Theorem 4]). O

2.3 Group Algebras

A reference for this material is [45, Chapter 15]. Let G be a finite Abelian
group, written multiplicatively. We will have cause to consider the group algebras
R|G] for various subrings R of C. The group algebra R[G] is the free R-module
with basis given by the elements of G. Multiplication of basis elements o, 7 is
defined as o - 7 = o7, where the product on the right is that of G. The product of
arbitrary elements is then defined through the distributive law. If we write 1 for
the identity element of G, then R[G] has the structure of an R-algebra through
the injection r +— r - 1.

If G = G; x Gy is the internal direct product of two Abelian subgroups, there
is an isomorphism

R[G1][Gs] = RG]
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given by
Z (Z a077> o Z Z AyrOT. (2.3)
ceGa \7€Gy o€Gy TEGT

Every group homomorphism G — R* extends by R-linearity to a homomor-

phism of R-algebras R[G] — R. This provides a bijection
Homyz_moq (G, RX) «—— Homp_,,; (R[G], R).

As a special case, every group homomorphism G; — G5 induces an R-algebra
homomorphism R [G1] — R[G3].

We shall have need of three such induced R-algebra homomorphisms. First,
the map induced by the group homomorphism G — R* sending o +— 1 for all
elements ¢ in G is called the augmentation map and will be denoted by €. The
kernel of € in R[G] is called the augmentation ideal. Now let x be a complex-
valued character of (G, and assume that R* contains the values of the character
X. The second homomorphism we will consider is the R-algebra homomorphism
R|G] — C induced by x. We will abuse notation and refer to this map as x as well.
The third homomorphism is called the twist by x and will be denoted by ¢,. It is
the R-algebra homomorphism R[G] — R|G] induced by the group homomorphism
G — R|G]* such that o — x(0)o.

Keeping our previous assumptions, we now assume further that |G| is invertible
in R. Then we may define an idempotent in R[G] as in the definition of the

equivariant L-functions:

1 -1
€X = |_G| Z X (O' ) .
oceG
These idempotents satisfy the following properties:
Properties of idempotents in group algebras.
1. For all o € G, we have e, = x(0)e,,.
2. For all x,v € G, we have eyey = 0(X,V)ey.

3. era eX =1.

4. For x,v € CAJ, we have x (ey) = (X, ¥).
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5. The set {ey|x € G} is a free R basis for R[G)].

6. If G = Gy x Gy, then a character x on G restricts to characters x1 and xo
on Gy and Go. Within R[G|, we have

€x = €x16x2-

Proofs of properties 1 through 5 can be found immediately following [45, Lemma
15.4]. Suppose that G, G1, and G, X, X1, and y2 satisfies the assumptions of
property 6. Then

=g ox o

oceG
1 —1 —1
= n@ ) D el
|G1| ‘GZ‘ oceGy TEGY
= 6X1€X2‘

If V is an R[G]-module, we set VX = e, V. This R[G]-submodule is called the
x-th isotypic component of V. It is also characterized by

VX={veV|ov=x(o)vforaloeG}.

The following proposition is fundamental to the theory of Galois module structures

in number theory (see [45, Proposition 15.5]):

Proposition 2.3.1. Let G be a finite Abelian group. Let R be a subring of C such
that R* contains the roots of unity of order |G|, as well as the integer |G|. Let V

be an R|G|-module. Then V' is the direct sum of its isotypic components:
V=@
x€@

The following lemmas describe the behavior of these idempotents under certain
maps between group algebras. We continue to assume that R* contains |G| and

the values of the characters on G.
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Lemma 2.3.2. Let H be a subgroup of the finite Abelian group G. Let x be in G.
Then

€x; ifX<H) =1;

0, otherwise,

T (ey) =

where w: R[G] — R[G/H] is the map induced by projection. Observe that when
X(H) =1, x is being considered as both a character on G and a character on G/H.

Proof. Orthogonality relations. ]

Lemma 2.3.3. Let G be a finite Abelian group, and let x € G. For all (NS (A;,

ty (ey) = -1y,
where t, is the twist by x.

Proof. From the definitions of ¢, and ey, we have

e eg) = ﬁ S (e x ()0

ceG

= ﬁ Z Xflw (Uﬁl) o

ceG
= €X—1w.
]

We will need a lemma concerning the structure of group algebras R[G| when

G is cyclic of order 2™ or 2™p"™. Let R be either of the rings Z or Q.

Lemma 2.3.4. Assume that G is a cyclic group of order 2™. Let T be an element
of G of order 2™. Set N, =1+ 2" Let X be a complex-valued character on G

of order 2™. Then x induces an isomorphism
x: R[G]/(N:) = RG]

Now assume that p is an odd prime number and that G is a cyclic group of order
2mp". Let o and T be elements of G of orders p™ and 2™ respectively. Let N, be
as above and set N, = 25;11 o' Let x be a complez-valued character on G of

order 2Mp". Then x induces an isomorphism

X R [G] / (NT7 Na) =R [C2mp"] :
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Proof. In either case above, the surjectivity is immediate. Assume first that G has
order 2. Set (om = x (7). To demonstrate the injectivity, let a = Z?:(;l a; 7" be
an element of R [G] such that y(«) = 0. Then

2m-1_1 2m—1
x(a) = Z a;Gym + Z iGym
i=0 i=2m—1
am—1_1
= > (@i —aijan1) G =0,
i=0

Since the numbers (4, for 0 <7 < 2™71 —1 form an R-module basis for R [(om], it

follows that a; = a;;9m-1 for 0 < i < 2™71 — 1. We thus have the factorization

om—1_1

a =N, E a;T',
i=0

so the class of « is trivial in R [G] /(N;).
Now assume that G has order 2"p". Set (om = x (7) and (,» = x (o). To

demonstrate the injectivity, let
i=0  j=0 k=0
be an element of R[G] such that y(«) = 0. Then

p—1pt—l-19m_1

cin i
IDPDMPILE

=0 j=0 k=0
Subtracting
n 1 —19m_1
X g g A(p—1)jkT kad | N, (2.4)
j=0
gives
p_2 pn71—1 om _q1
an 1_,’_]
(aijk - (p 1 jk) CQWC =0.
i=0 j=0 k=0
. m—1 . .
Since C22m = —1, we may rewrite this as

p—2 pt~l_1om-1_

i n—1_
Z Z Z Qijk — A(p—1)jk — Qij(k+2m-1) T+ a(p,l)j(kwm_l)) g‘é”mgpﬁ 7 — .

i=0 j=0 k=0
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Now the numbers Cfméﬁnfl” for 0 <i<p—-20<j <pv!—1, and
0 <k <2m™'—1 form an R-module basis for R [(ym,] over R ([38, Chapter 1,

Proposition 10.3]). Therefore, each coefficient in the triple sum above is zero, so

Qijk — A(p—1)jk = Aij(k+2m=1) = A(p—1)j(k+2m"1)

for each triple of indices 1, j, k.
The argument of x in (2.4) is a multiple of V,, and subtracting that argument

from a gives

p—2 pn~l_12m_1

kE _ip" 145
> D0 D (ai — apen) TR
=0 k=0

Jj=0

m—1

B i ) k Z‘pTL71+j
(asisam ) = A susan ) ) T

k_ipn—l4j
(aik = ap-ne) 70| N

Therefore, « is in the ideal (1 + 7, Ng) of R[G]. The injectivity of x follows. [

2.4 Fitting Ideals

Accounts of Fitting ideals can be found in [41, §1.4], [36, Appendix|, and [39].
Throughout this section, all rings are commutative with unit element, and a mor-
phism from R; to Ry is understood to take the unit element of R; to the unit
element of Ry. Furthermore, all modules are assumed to be finitely generated. We
will only need to consider the zero-th Fitting ideal of an R-module M, although
the concept of higher Fitting ideals does exist. Because of this, we will refer to the
zero-th Fitting ideal simply as the Fitting ideal Fitg(M).

Throughout this work, if R is the ring of integers in a number field, the absolute
norm on ideals of R will be denoted by 1. It is the function from the nonzero

ideals of R to the positive integers defined by

N(a) = [R/a].
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It extends to the fractional ideals of R by multiplicativity.

Suppose M has generators my, ..., m,. Then Fitg(M) is the ideal in R gen-

erated by the determinants of all n x n matrices A = (a;;) where a;; € R and

Z?Zl a;jm; = 0 for all j. In other words, the columns of A consist of relations

among the generators m;. We will use the following properties of Fitting ideals:

Properties of Fitting ideals.

1.

2.

7.

Fitgr(M) is independent of the choice of generators my,...,my,.
Fitp(M) C Anng(M).

For an ideal I of R, Fitgr(R/I) = I.

If My, ..., M, are R-modules, then Fitg (EBf:l MZ> = Hle Fitg (M;).

If f: Ry — Ry is a surjective homomorphism of rings, and if M is a finitely

generated module over Ry, then f (Fitg, (M)) = Fitg,(M).

If R is the ring of integers in a number field and M is a finite module over
R, then M (Fitgr(M)) = |M|. Here, if a is an ideal of R, M(a) denotes the

absolute norm |R/a| of a.

If My — My is an R-module epimorphism, then Fitg (M;) C Fitg (Ms).

Proof.

(1): It suffices to show that the Fitting ideal computed using generators my, ..., m,

of M is the same as that computed using generators my, . .., m,, m,1 for any m,
in M. For now, we denote the first of these ideals as Fit,, (M) and the second as
Fit, 1 (M).

Suppose we are given a determinant

aip ... Qip

Ap1 .. Qpp
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whose entries are in R and whose columns satisfy

n

Z Ay = 0

j=1

for all » = 1,...n. Since m,,; € M and mq,...m, generate M, we can find

by, ...,b, in R satisfying

n
Mp+1 = Z bjmj. (25)
j=1
Then the columns of the determinant
ai;y ... Qin —b1
an1 Ann _bn
0 0 1
are relations among my, ..., My, M,y1. Since the above determinants are equal, it

follows that Fit, (M) C Fit,1(M).

For the reverse inclusion, suppose we are given a determinant

ai1 cee A1(n+1)

Ap4+1)1 - -+ Q(nt1)(n+)
having entries in R and whose columns satisfy

n+1

> aym; =0 (2.6)

=1

for r =1,...n+ 1. Let the elements by,...b, be defined by (2.5). Since adding
a multiple of the last row to another row leaves the value of the determinant

unchanged, the value of the above determinant is equal to that of

ain +0ameny oo Qi) T 01 (g1
An1 + 0nlmiyt o Gpns1) + OnGnit)(nrr)
A(n+1)1 e A(n+1)(n+1)
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Expanding this determinant along the last row gives

n+1

= Z A1) (2.7)

where A, is the determinant of a matrix whose columns have the form

ars + b1ani1)s

Qs + bna(n+1)s

Taking a linear combination of my, ..., m, with coefficients given by the entries in

this vector gives

Z Qs + A(n+1)s Z b; T = Z Qs + A(n+1)sMnp+1 = 0

j=1
where the last equality follows from (2.6). Thus, each determinant A, in (2.7) is
an element of Fit,, (M), and hence the original determinant is as well. This shows
the reverse containment, so Fit,, (M) = Fit, 1 (M).

(2): Let myq,...,m, be generators for the R-module M. Suppose we are given
an n X n matrix A = (a;;) whose entries are in R and whose columns satisfy

n

Z Ay = 0

j=1

for r = 1,...n. Multiplying the equation

my
AT ] =0

Mp

by the adjoint of AT shows that det(A)m, = 0 for r = 1,...n. Hence, det(A) is in
Ann(M), and so Fit(M) C Ann(M).

(3): The relations on the generator 1 of R/I are r-1 =0 for r € I.

(4): It suffices to prove that if M and N are finitely generated R-modules, then
Fitg (M @& N) = Fitg (M) Fitg (N). Let mq, ..., ms be generators for M, and let

ni,...,n; be generators for N. Then my, ... ms, nq,...n; are generators for MG N.
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Let A = (a;;) be an s x s matrix with entries in R whose columns satisfy

s
E ANy = 0
=1

for all 7 = 1,...,s, and let B = (b;;) be a t x t matrix with entries in R whose

columns satisfy
t
Z biyn; =0
i=1

for all » = 1,...,t. Then the columns of the (s +t) X (s + ¢) matrix

A 0
C=(¢;) =
0 B
satisfy
s s+t
Z Cirmy; + Z cirn; =0
i=1 i=s+1

for r=1,...,s+t. Thus, det(C) = det(A) det(B) is contained in Fitg (M & N),
and hence, Fitg(M) Fitg(N) C Fitg (M & N).

For the reverse inclusion, we relabel the above generators of M & N as
M, ... Mgy Mgty Ngtt-

Let C = (¢;5) be an (s +t) x (s +t) matrix with entries in R whose columns are

relations on my, ..., mg, Ngr1, ..., nsys. Explicitly, the entries satisfy
s s+t
Z Cir; + Z CirMy = 0 (28)
i=1 i=s+1

forr=1,...,s+1.

We will calculate det(C') using Laplace’s expansion of the determinant using
the rows indexed by 1,2,...,s (see, for example, [40, p. 92, equation 5.3.7]). Fix
a sequence K = (ki,..., k) of p integers satisfying

1Sk31<k2<...<k’5§8+t.
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Let K = (l%l, . ,l;:t) be the sequence obtained from (1,2,...,s+ t) by deleting

the terms that belong to K. For such sequences, we define

Ciky Clky --- Cik,

Cok CoL oo Copg

Dy = 2% C2ky 2k

Cskl Csk:2 e Csk:s

and
C(s—i—l)fcl ce C(s—l—l)iﬂ
Dy = . )

Clsttykr  *+ Clst+t)k

Laplace’s expansion using the rows indexed by 1,2,... s is
det(C) = Y "ex DDy, (2.9)
K

where the sum is over all possible sequences K as defined above and the coefficients
ek are all equal to either 1 or —1.
Since the sets { myq,...,ms } and { ny,...,n; } are respectively sets of generators

of M and N, the relation (2.8) splits into the relations

s
E CirTh; = 0
i=1

and
s+t

Z CirNy = 0.

i=s5+1

The columns in each determinant Dy are the coeflicients in the first relation above
as r runs through the indices in K. The columns in each determinant D are the
coefficients in the second relation as r runs through the indices in K. Thus, each
determinant Dy is in Fitg (M), and each determinant D is in Fitg (V). It follows
that the right side of the equation (2.9) is in Fitg (M) Fitg(N). Since C' was an
arbitrary matrix with columns giving relations on generators of M @& N, we find
that Fitg (M @ N) C Fitg (M) Fitg (N).

(5): If mq,...,m, is a set of generators for M as a module over Ry, then it is

also a set of generators for M as a module over R; since f is surjective. Let A be
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an n X n matrix with entries in R;. The columns of A are relations on mq,...,m,
when M is considered as an R; module if and only if the columns of f(A) are

relations on myq,...m, when M is considered as an Ry module. Since

det (f(A)) = f (det(A))

it follows that f (Fitg, (M)) C Fitg,(M). To see the reverse containment, let

k
d= Zrzdz
i=1

be an element of Fitg, (M), where each r; is in Ry and each d; is the determinant
of a matrix A; of relations on some fixed generators of M. Since f is surjective,
there exist elements 7; in Ry such that f(7;) = r; for i = 1,... k. Also, there
exist matrices fli with entries in Ry such that f (flz> =A; fori=1,... k. Let
d; be the determinant of the matrix A;. Then by the above discussion, Fit g, (M )

contains each d; and hence contains
k
d= E Tid;,
i=1

Since f <ci> = d, the proof is complete.
(6): By the Primary Decomposition Theorem from Section 2.1, we can write
M = @ (R/p“®D @ R/p“®?) @ ... @ R/p“PI0))
pelr
The Fitting ideal of a module is an isomorphism invariant. Therefore, from prop-
erties 3 and 4 above, we have
Fitp(M) = || it e(pi).
pelr

Therefore,

U(p)
N (Fitp(M)) = [T T2t ()

pclp i=1

I(p) '
= H H ‘R/pe(Pﬂ)‘

pelR i=1

= |M].
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(7): This follows from the fact that the images in M, of a set of generators for

M are a set of generators for M. O

The following lemma will be important when working with groups of roots of

unity.

Lemma 2.4.1. Let R be the ring of integers in a number field, and let M be an
R-module with finite cardinality that is cyclic as a Z-module. Let p be a prime
number, and let A, denote the factor of the ideal Anng (M) supported at primes
dividing p. Let p' be the exact power of p dividing |M|. Then there exists a prime
tdeal B in R dividing p and of residual degree 1 over Q such that

A, =P

Proof. If M is cyclic as a Z-module, then the p-part M, of M must have the form
R/P¢ for some prime ideal P of R dividing p, hence A, = PB°. The module R/P
is isomorphic to a quotient of M, hence is cyclic as a Z-module. It is therefore

cyclic as a Z/pZ-module, so that

R/ =Z/pL.

It follows that ¢ has residual degree 1 over Q and e = ¢. m

2.5 Kummer Theory

References for this material are [4, Chapter III, §2] and [33, Chapter XI, §1].
Let k£ be a number field containing u,, the group of nth roots of unity. The

following is the main theorem of Kummer theory.

Theorem 2.5.1. There is a lattice isomorphism between the lattice of Abelian
extensions K/k such that Gal(K/k) has exponent dividing n (Kummer extensions)
and the lattice of subgroups A of k* such that k*™ C A C k*. Given a subgroup
A, the corresponding extension Ka of k is defined by

KA:k(C/Z).
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Conversely, given a Kummer extension Ka/k, the corresponding subgroup of k* is
A=K{"Nk".
If G = Gal (Ka/k), then there is a perfect pairing
G X AJE*" — uy,

called the Kummer pairing. It is given by
o6
5

This pairing induces an isomorphism of each one of G and A/k*™ with the Pon-

(0,0) =

tryagin dual group of the other.

In addition, it can be shown that a cyclic extension of k of degree m dividing
n is generated by the mth root of a single element of k. In other words, the

corresponding group A can be written as
A=K ()

for some element v in k*.
We will also need some information about the behavior of prime ideals in a

Kummer extension.

Proposition 2.5.2. Let p be a prime number and let k be a number field containing
the pth roots of unity. Let q be a prime ideal of k relatively prime to p. Let o be
in k™. Then ordg (o) is divisible by p if, and only if, q is unramified in k (Vo) /k.

For the proof of a stronger result for general Kummer extensions , see [12,

Chapter I, Theorem 6.3].

2.6 Class field theory

We will only need a small amount of class field theory for number fields. The
version involving generalized ideal class groups will be sufficient for our purposes.

A reference for this material is [28].



28

2.6.1 The Artin map

Let K/k be a Galois extension of number fields with Galois group G. Let P8 be
a prime ideal of K lying above the prime ideal p of k. We will denote the ring of
integers in K by Og, the absolute norm of p by Dp, and the decomposition and
inertia groups of P over k£ by Dy and Iy respectively. There exists a unique coset

mod Iy in D such that any o in the coset satisfies
ca=a”™ (mod P),

for all @ in Of. This coset generates the quotient group Dg/Iy. Any element of
this coset will be called a Frobenius automorphism of 3, and will be denoted by
(B, K/k). These automorphisms already appeared in the definition (1.2). When
P is unramified over p, this coset consists of a single automorphism. Now let o be

an arbitrary element of G. Then we have

(P, K/k) =0 (B, K/k)o .

When p ramifies in K/k, this relation says that the automorphism on the right is
a Frobenius automorphism of .

Assume further that K/k is an Abelian extension. The above relation shows
that if p is a prime ideal of k, unramified in K, then the Frobenius automorphisms
of all of the prime ideals lying above p are identical. In this case, we refer to the
Frobenius automorphism of p. It will be denoted either by (p, K/k) or by o,. It is

characterized by the congruence
opa =™ (mod pOy)

for all o in Ok.
We now extend the map
p = (p, K/K)
by multiplicativity to the subgroup of the ideal group I/ of k comprising the
ideals supported above primes that are unramified in K. Thus, if a is such an

ideal, and its prime decomposition is

a=]]v",
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we then define
(a, K/k) = [T (o, K/R)
We call (a, K/k) the Artin symbol of a, and the map

a— (a, K/k)

is called the Artin map for K/k.
The Artin symbol satisfies the following properties (see [33, p. 198]):

Properties of the Artin symbol.

1. Leto: K — oK be an isomorphism of number fields. Then for any fractional
ideal a in I,
(ca,0K/ok) =0c(a,K/k)o ™.

2. Let k C K C K' be a bigger Abelian extension, and let a be an ideal in Ik .
Then
Resk (a, K'/k) = (a, K/k) .

3. Let K/k be Abelian and let E/k be finite. Let p be a prime ideal in k unram-
ified in K, and let B be a prime ideal of E lying above p. Then

Resy (B, KE/E) = (Ngu B, K/k) .

In particular, if k C E C K, then

The following lemma is an immediate consequences of these properties:

Lemma 2.6.1. Suppose that F, k, M, and K are number fields as in the following
diagram.

K

-

MFk
k/
|
M

N

F
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Assume that K/k and M/F are Abelian. (We do not assume that M Nk = F).
Let B be a prime ideal of k, unramified in K/k. Suppose that the prime ideal of
F' divisible by B is unramified in M. Then

(b K/K)| | = (N p, M/F).

2.6.2 Class fields

Let k be a number field. A modulus f = fofs of k is a formal product consisting
of an integral ideal fy and a formal product of distinct real infinite places f. If «

is in k%, we write @ = 1 mod* f to mean that « has the following two properties:

1. If p is a prime ideal of k£ with normalized valuation v,, and if ord, (fo) > 0,
then vy, (o) > 0 and
a=1 (mod pod o)),

2. If v is a real place of k dividing f., and o, is the corresponding embedding
of k in R, then

o, > 0.

Let I(f) denote the group of nonzero fractional ideals of k that are relatively prime
to fo, and let Pj denote the subgroup of I(f) consisting of the principal fractional
ideals () where o = 1 mod*f. Then I(f)/F; is a finite group, called the ray class
group modulo f. We denote the modulus where f, = (1) and f, is devoid of places
by 1. The ray class group modulo 1 is isomorphic to Cl, the class group of k. If |
and f' are two moduli, then we say that f divides §' if fo divides f, and each factor
of fo is also a factor of f/_. Under these assumptions, the ray class group modulo
f maps surjectively onto the ray class group modulo § by sending the class of an
ideal in I(f') to the class of the same ideal considered as an element of I(f).

We can now state the main theorems of class field theory.

Theorem 2.6.2. Let K/k be an Abelian extension of number fields. Then there

exists a minimal modulus | (called the conductor of K/k) such that:
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1. The places of k that ramify in K/k are precisely those that divide §.

2. If m is a modulus with | dividing m, then there exists a subgroup H with

Py C H C I(m) such that the Artin map induces an isomorphism

I(m)/H = Gal(K/k).

Theorem 2.6.3. Let m be a modulus of k and let H be a subgroup of I(m) with
P, C H C I(m). Then there ezists a unique finite Abelian extension K /k, ramified
only at places dividing m (although not necessarily at all places dividing m), such

that the Artin map induces an isomorphism
I(m)/H = Gal(K/k).

When H = P, the Abelian extension given by the above theorem is called
the ray class field of £ modulo m, and will be denoted by k(m). The Galois group
Gal(k(m)/k) is isomorphic to the ray class group modulo m. The ray class field
modulo 1 is called the Hilbert class field of k, denoted Hj. It is the maximal
unramified Abelian extension of k. The Galois group Gal(Hy/k) is isomorphic to
Cly.

2.7 Group extensions

This section will provide some results concerning the concepts of the previous
sections within the context of a group extension. A reference for the theory of
group extensions is [19, Chapter 15].

We will say that a group G is an extension of a group N by another group H
if NV is a normal subgroup of G and H = GG/N. We shall only be concerned with
extensions where N is Abelian. For each h in H, we choose a representative h in
G whose coset AN corresponds to h. The map fj,: @ — hah~' is an automorphism
of N for each h. Since N is Abelian, fn is independent of the representative
h chosen, and the map H — Aut(N) given by h — f; is a well-defined group
homomorphism. Each map f, extends by Z-linearity to a ring automorphism of

the group ring Z[N], also denoted fj.
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Our first result concerns Fitting ideals.

Proposition 2.7.1. Assume that M is a left Z|G]-module which is finitely gener-
ated as a Z[N]-module. For each h in H, f, (Fitzn)(M)) = Fitgn(M).

Proof. Let my, ..., m, be aset of generators of M as a Z[N]-module. We shall first
show that for each A in H, the elements iLml, e ,iLmn are also a set of generators

of M as a Z|N]-module. If m is in M, then we can write

n
hilm: E bimi,
=1

where each element b; is in Z[N|. Then

m = ; <hbih‘1) Fomg,

and the coefficients hb;h~! are in Z[N].
Now let A = (a;;) be an nxn matrix with entries in Z[N] and columns satisfying

n

Z Ay = 0

j=1
forr =1,...n. Then
iLCLlliLil e ]tlalnilil
fu(det(A)) =| :
ha, h=t ... ha,,h~*

Each column of this matrix provides a relation on the generators ﬁmi, since

Zn: (ﬁairﬁ_1> fLmi =h (i aiTmi) =0

i=1 =1
for r = 1,...,n. Thus, by the first property of Fitting ideals in Section 2.4, fj,

maps Fitz;y(M) into itself, and f,-1 is an inverse for this map. O]

We now turn to Kummer theory. Recall that if K is a number field containing
the nth roots of unity pu,, then the Abelian extensions of K having Galois groups

with exponents dividing n are completely understood through Kummer theory. If
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K is an Abelian extension of k with Galois group G, the next result determines
when a Kummer extension L of K is Galois over k. A classification of when L is

central over K is in [10].

Proposition 2.7.2. Let K/k be an Abelian extension of number fields with Galois
group G, and assume that K contains the nth roots of unity. Let A be a subgroup
of K* such that K*» ¢ A C K*. Then L = K (C/Z) 1s Galois over k if and
only if A is a sub Z[G]-module of K*.

Proof. Assume that L/k is Galois. Let o be in G, let ¢ be in A, and choose a lift
o of o to Gal(L/k). If n is an nth root of §, then 7 is in L. By hypothesis, n° is
also in L. If 7 were not in A, then under the correspondence in Theorem 2.5.1,
(A, 67) would belong to a strictly larger field than L. As n? is in L, this is not the
case.

Assume now that A is a Z[G]-submodule of K*. Let 1 be an nth root of some
din A, sonisin L. If £ is a normal closure of L/k and & is in Gal(£/k), then &
restricts to some o in G. Then 17 is an nth root of 6%, which is in A by hypothesis.
Thus, n° is in L. Since L/K is generated by nth roots of elements of A, every
automorphism in Gal(£/k) maps L onto L. Therefore, L/k is Galois. O

With notation and assumptions as in the proposition, Gal(L/k) is a group
extension of Gal(L/K). Hence, Gal(L/K) has the structure of a Z[G]-module.
Furthermore, the three groups A, K*", and u, appearing in the Kummer pairing,
are all Z|G]-submodules of K*. The next result shows that this pairing, and the

homomorphisms it induces, are Galois equivariant.

Proposition 2.7.3. With notation and assumptions as in the preceding proposi-

tion, the Kummer pairing
¢: Gal(L/K) x AJK*" — p,

is Galois equivariant. Specifically, if g is in G, o is in Gal(L/K), and & is in
AJK*™ then
6 ((9-0.9-9)) = g-6((c,9)),
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Furthermore, the group isomorphisms
¢y Gal(L/K) = Hom (A/K*", u,)

and

o AJK*™ = Hom (Gal(L/K), )

induced by the Kummer pairing become homomorphisms of Z|G|-modules if the
Hom groups are endowed with Z|G|-module structures by letting an element g in

G act as
(9f) (x) = gf (g~ )

i either case.

Proof. Choose g in G, ¢ in Gal(L/K), and 6 in A representing the class & in
A/K*". Let g in Gal(L/k) be a lift of g. By direct calculation:

6 ((g-0.9-7) = 6 ((3o5™".-7))
_gog'- /9o
/g0
ol i)
V5
=39 ((0,9))
since ¢ ((0’, 5)) does not depend on which nth root of § is chosen. As ¢ ((05)) is

in K, the first assertion follows.

With the same notation, for each § in A/K*", we have

Yi(g-0) (6) =6 ((9-0.9))
=99 ((0:97'9))
= (9-¢1(0))(0),

where the second equality follows from the Galois equivariance of ¢. The Galois

equivariance of 1, follows by a similar argument. m

We will need the following Kummer-theoretic lemma in Chapter 6. Let K/k be
an Abelian extension of number fields with Galois group G. Let Wi = |uk| be the
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cardinality of the group of roots of unity in K. Let n be a divisor of W. Suppose
that ¢ is an element of £* whose Wikth root generates a cyclic extension of K of
degree n. Fix a With root n of e. By Proposition 2.7.2, K (n) is a Galois extension
of k. Let G = Gal (K () /k) and let H = Gal (K (1) /K). Then G is an extension
of H by G, so GG acts on H as at the beginning of this section. The elements of G

act as homomorphisms of H, giving H the structure of a Z[G] module.

Lemma 2.7.4. With notation as abowve,
Anngq prx € Anngq H.

Proof. First, we will show that each element o in G has a lift & of ¢ in G such

that
an =n.
Fix an nth root of unity (,. Choose an element ¢ in GG, and let & be an arbitrary

lift of o to G. Since ¢ is fixed by o, there is an integer a such that
a1 = Cu1l-

Since |H| = n, there exists an element 7 in H such that 7np = (;*n. The element

76 is then a lift of o to G satisfying
701 = 7C,n = (G 1 = 1.

Each element o of G acts on H by choosing an arbitrary lift & of ¢ in G and

conjugating H by . For each element ¢ in G, let us choose the lift & satisfying

an =rn.

Also, for each element ¢ in GG, choose a representative b, in Z of the image of o

under the homomorphism
G — (Z/nZ)" (2.10)

giving the action of elements of G on the nth roots of unity. Let 7 be an element

in H, and let a be an integer such that

T(n) = G-
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We find that for an arbitrary integer c,
5767 (¢om) = o7 (¢ ')
~ Sl e
(CZ" Cm)

bo
= (.

Il
Q

Therefore, we find inductively that the action of an element o = > _.a,0 in

Anngg (i) on 7 is given by

(a-7) () =]] (6ra7")" ()

ceG

>, aobs)e
(i),

n

=(a-¢)n

Therefore, « - 7 is the identity element of H for all 7.

]

Next, we give a result concerning class field theory. If K is a number field with
class group Clg, then the p-primary part of Clg is a quotient group of Clg, and so
corresponds through class field theory to a subextension H%. of the Hilbert class

field of K. This field will be called the p-Hilbert class field of K.

Proposition 2.7.5. If K/k is a Galois extension of number fields with Galois
group G, p is a prime number, and H%. denotes the p-Hilbert class field of K, then
HY. is a Galois extension of k. It follows that Gal (HY./k) is a group extension of
Gal (HY./K), and hence Gal (HY./K) is a Z|G]-module. Denoting the p-primary
part of Clx by CI%., the isomorphism of Theorem 2.6.2

¢: Cly. = Gal (HY. /K)
given by the Artin map is an isomorphism of Z|G|-modules.

Proof. Consider an algebraic closure C of k containing H%.. If o is an embedding

o: HY. — C that fixes k, then the image o HY, is an unramified Abelian p-extension
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of o K = K. Furthermore, [cH%, : K| = [H} : K]. Since HY, is the unique maximal
unramified Abelian p-extension of K, o Hy. = H%.. The first assertion follows.

Let H? = Gal (H}./K). Let a be a fractional ideal of K representing a class in
CI%., and let o be in G. Using property 1 of the Artin symbol in Section 2.6, we
have

60 F) = (2, HY/K) = o (a, HY JK) 0™ = 0+ 6 (@)

]

When an extension is both a Kummer extension and unramified, there is in-
terplay between the previous results. As a first example, we present the following
proposition. As usual, K/k is an Abelian extension of number fields with Galois

group G, and N¢ denotes the norm in Z[G].

Proposition 2.7.6. Let p be a prime number. Assume that the p-Hilbert class
field HY. of K is a cyclic extension of K of order n. Let pg be the group of roots
of unity in K. Suppose that n divides || and that N (¢) = 1 for all roots of
unity ¢ in p. Suppose moreover that Hy. is a Kummer extension, generated by the
nth root of an element € in k*. If a is an ideal of K representing a class in Cly,

then Ng -a 1s principal.
Proof. Let
¢: Cly. = Gal (HY, /K)

be the Artin map for the extension HY. /K. The group G acts on both CI}, and
Gal (H},/K) by homomorphisms, so both Cl}, and Gal (H}./K) are endowed with
Z|G]-module structures. Proposition 2.7.5 shows that ¢ is a Z[G]-module isomor-
phism. By assumption, N is contained in Anngq) (k). Applying Lemma 2.7.4,

we find that if a is an ideal of K representing a class in Cl%., then
¢(Ng-a)=Ng-¢(a)=1.

The class Ng - @ is therefore trivial in Cl%, so the ideal Ng - a is principal.



Chapter 3

The Objects and Conjectures of
Study

3.1 Properties of Artin L-functions

Let K/k be a Galois extension of number fields with Galois group G and let
S be a set of places of k containing the Archimedean places. In this section, we
will abuse notation by also using S to denote the set of places in an extension field
of k dividing the places in S. The Artin L-function attached to a character y of
a representation of G was defined in equation (1.2), and the S-truncated version
was defined at the beginning of section 1.2. These L-functions have the following

functoriality properties:
Properties of Artin L-functions.

1. For the trivial character x =1,
Li/ks(s,1) = Crs(s),
the S-truncated Dedekind zeta function of K.

2. (Additivity) If x and X' are characters of complex representations of Gal(K/k),
then

Lgjks(s;x +X') = Lik,s(s,X)Lrr,s(s,x').

38
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3. (Inflation) If K' is a bigger Galois extension of k, k C K C K', then write
G' = Gal(K'/k). For each character x on G, let Infly = x o w, where 7 is
the projection from G' onto G. Then

LK’/k,S(Sa Infl X) = LK/k,S(Sa X)

4. (Induction) If k' is an intermediate field, k C k' C K, and x is the character
of a representation of Gal(K/k'"), then

Lg/k,s(s,Ind x) = Lg/w s(s, x)

Proof. For proofs when S contains only the Archimedean places of k, see [38,
Chapter VII, Proposition 10.4]. For general S, property (a) follows by considering
the definitions. To prove the other properties for general S, we observe that in the
proofs of properties (b)-(c) in [38], equality is demonstrated by showing that the
Euler factors in each function corresponding to a given prime in k are equal. Since
adding prime ideals of £ to S just removes the corresponding Euler factors from the
L-functions, the same proof by consideration of Euler factors works for general sets
S. On the other hand, for property (d), if p is a prime ideal of k and Py, ..., Py
are the prime ideals of k" lying above p, then the proof in [38] shows that the Euler
factor corresponding to p in the L-function on the left equals the product of the
Euler factors in the L-function on the right corresponding to the primes ;. Since
adjoining the prime ideal p to a given set S has the effect of removing these Euler

factors, the proof again follows from the argument in [38]. O

We now restrict to the case where GG is Abelian. The equivariant L-function
Ok was defined in (1.4), and its S-truncated variant was defined at the begin-
ning of Section 1.2. Proposition 2.3.1 shows that 0k s(s) is characterized as the
unique meromorphic function taking values in C[G] whose projection onto the y
component is L/ s (s,x™"). Being formed from Artin L-functions, it satisfies the

following properties analogous to those above:
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Properties of equivariant L-functions.

1. For the trivial extension K =k,
Ok ns(s) = Cr,s(5)-
(We are identifying C|G] with C).

2. (Inflation) If K' is a bigger Abelian extension of k, k C K C K', write
G' = Gal(K'/k). Let m : C[G'] — C[G] be the C-linear extension of the

canonical projection map. Then
T (QK’/k,S(S)) = 9[(/@9(8).

3. (Induction) If k' is an intermediate field, k C k' C K, and if H = Gal(K/K'),
then

Okpos(s) = [ te (Oxms(s),

e
Y(H)=1

where t, denotes the twist by x.

Proof. Property 1 follows immediately from the definition of 65/, s(s) and property
1 of Artin L-functions. If K’ and G’ are as in property 2, then by definition,

Ok /k,s(s) = Z L s (8, X7) ey
xeé\’
By Lemma 2.3.2 and the inflation property of Artin L-functions,

T (er/k,S(S)) = Z LK'/k,S (57 X_l) ™ (ex)

xe€G’

= Z Licjis (s,x7") ey

xe@

= QK/]%S(S).

Now let &' and H be as in property 3. We need to show that for every y € H Y%
applied to the right side of the equality in property 3 gives Lx /s (s, x1). Let ¥
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be any character on G whose restriction to H is y. If ¢ is any character on G,

then by Lemma 2.3.3,

ty (Ox/es(9) =ty | D Liyrs (s,07") eq
#eq

= ZLK/k’S (8, (ﬁil) Eyp—1¢-

$eG
Thus,
X (ty (Ors(s))) = Lijws (s, 7).

Applying x to the right side of the equality in property 3 then yields

H Lims (s, 'x71).

pel
Y(H)=1

By the additivity property of Artin L-functions, this is equal to Lg i s (s, ¢), where

o= > o

veG
Y(H)=1

The terms of this sum are those characters in G whose restriction to H is x L
Proposition 2.2.1 shows that this equals Ind x~!. By the induction property of
Artin L-functions, Ly k.s (s,¢) = L s (s,x71). O

We will also need some properties of the L-function evaluator. Recall that this
was defined in Section 1.2 as the special value of the equivariant L-function at
s =0:

Ok ks = O /i,5(0).
Aside from inheriting the functorial properties of the equivariant L-functions pro-

vided above, 0 also possesses the following additional properties:
Properties of L-function evaluators.

1. Ifp isnotin S, then Ok k. su(py = (1 - a;l) Ok /k,5, where o, is the Frobenius

automorphism of K/k associated with p.
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2. Assume that |S| > 2. Let v be a place in S. Set N, =3 _, o, the sum (in
C[G]) of the elements of the decomposition group D, of v. Then

Nk ks =0

Proof. For any character x, o,e, = X (0,) e, by property 1 of the idempotents e,

in Section 2.3. Property 1 above then holds since

Ok jk,s0{py = Z (L=x(0,") Lr,s (0,x71) ey

x€G

= Z (1 — ap_l) Lg/k,s (0, X_l) e

x€G

= (1-0;") Oxns.

Property 2 follows from two facts. (For proofs, see [58, Chapter I, Proposition 3.4].)
First, if v is a place in S, D, is its decomposition group in G, x is a nontrivial
character on G, and x (D,) = 1, then L/ (0, x) = 0. Second, ¢ s(0) = 0 because
|S| > 2. Now if x (D,) # 1, then

(Z cr) ey = (Z X(a)) ey =0

by the orthogonality relations. Property 2 then results from the definition of §. [

Remark. By property 2, 0k /,.s = 0 if any place in S splits completely in K/k. In

particular, # = 0 unless k is totally real and K is totally complex.

Finally, in Chapter 6, we will need the relationship between the Artin L-
functions of Abelian extensions of Q and the corresponding Dirichlet L-functions.
Let K be an Abelian extension of Q of conductor foo, f € N. Let x # 1 be a

complex-valued character on Gal(K/Q). This induces a character on

Gal (Q(¢y) /Q) = (Z/fZ)" .

We denote this Dirichlet character by x. The following proposition gives the re-
lationship between the Artin L-function corresponding to x and the Dirichlet L-

function corresponding to x:
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Proposition 3.1.1. With notation as above,

1
LK/Q(S)X) = | | s L(87>2)7
os L= x(@)p

where S ={p | p| f and x (I,) = 1}, I, being the inertia group of p in Gal(K/Q).

3.2 Partial Zeta Functions

Throughout this section, we assume that K/k is an Abelian extension of number
fields with Galois group GG. We let S be a finite set of places of k containing the
Archimedean places and the prime ideals that ramify in K. Closely related to the
Artin L-functions associated with the extension K /k are the partial zeta functions
of the extension. If a is a fractional ideal of k that is relatively prime to the
conductor of K/k, we write (a, K/k) for the Artin symbol of a. An S-truncated
partial zeta function is associated with each automorphism ¢ in G. It is defined
by

1
Cr/r,s(s,0) = Z Mo

(a,5)=1
(a,K/k)=0

The sum is taken over all integral ideals in the ring of integers of k£ that are
relatively prime to the ideals in S and that have image ¢ under the Artin map.
Because this is a subsum of the series defining the Dedekind zeta function of k,
the series converges absolutely to an analytic function on the half-plane $(s) > 1.
The S-truncated Artin L-functions and the S-truncated partial zeta functions are

closely related.

Proposition 3.2.1. For each o in G, the S-truncated partial zeta function has a
meromorphic continuation to the complex plane, the only pole being a simple pole
at s = 1. It satisfies
CK/k,S(S, 0) = ﬁ ZWLK/k,S(«S, X)~
xe@
Furthermore, for every x € @, we have

Licsks(s,x) = > x(0)Crsns(s, 0).

oeG
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The second relationship is proved, for R(s) > 1, using absolute convergence to
rewrite the series for Lg/ps(s,x). The first then follows from the orthogonality
relations. The existence of a meromorphic continuation of the partial zeta functions
follows from that of the L-functions. For details, see [45, Proposition 15.10].

Usually, working with Artin L-functions is preferable to working with partial
zeta functions because of the functoriality properties of Artin L-functions and
the usefulness of decomposing modules into character components. However, the
values of partial zeta functions are sometimes easier to manipulate, so at times we
will focus on them. The above proposition allows one to transition easily from one
viewpoint to the other.

We will now see that partial zeta functions associated with with &' C k C K,
such that K/k" and k/k' are Galois. Let G' = Gal(K/k') and H = Gal(k/k'). Then
G is an extension of G by H, and there is a group homomorphism ¢: H — Aut(G)

as described in Section 2.7.

Proposition 3.2.2. Let k' C k ¢ K, G, G, H, and S be as defined above. Assume
that S is stable under the action of H on the ideal group of k. If o1 and oy are
elements of G and ¢(7) (01) = o2 for some T € H, then

Cr/hs (8,01) = Cryrs (5,02) .

Proof. Let 7 be a lift of 7 to G. Since k/k is Galois, 7(k) = k. From Section 2.7,
¢(7) is the automorphism of H given by conjugation by 7. It follows that
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Thus, for $(s) > 1, the partial zeta function corresponding to o3 is given by

s (s.0) = Y o

(]

= Ci/k,s (5,01) .

Since these meromorphic functions are equal for R(s) > 1, they are equal for
s # 1. O

Next, we will discuss the special values of partial zeta functions. Building on
prior work of Helmut Klingen ([30]), Carl Ludwig Siegel ([52]) proved the following
deep result. It was later proved by Takuro Shintani ([51]) using different methods.

Theorem 3.2.3 (Siegel, Shintani). For every o in G and each integer n > 0,

Cs(—n,0) is rational.

Actually, they proved this when K is a ray class field of k and S is the minimal
set S™in of places of k& composed of the Archimedean places and the primes that
ramify in K. To demonstrate the more general statement, consider a field K" with
k C K C K’ with K'/k Abelian. Suppose that each non-Archimedean prime of k
that ramifies in K also ramifies in K’. By considering the behavior of the Artin

map under restriction, one shows that for each ¢ in G,
E CK//k’anin (S, T) — CK/k,Srnin (87 U)
T|gk=0

The sum is over those elements 7 in Gal(K'/k) whose restriction to K is 0. Let

K’ be the ray class field of k with conductor equal to that of K/k. Then since the
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values on the left side are rational for non-positive integers s = —n, the value on
the right is as well. To prove the theorem for larger sets S, we consider first what
happens when we augment the set S by a single prime ideal p in k. Writing o, for

the Frobenius automorphism of p in G, for R(s) > 1, we have

1 1
Ck/rsu{p}(s,0) = Z Nas Z Nas

(a,9)=1 (a,8)=1,p|a
(a,K/k)=0 (a,K/k)=c
- Y mh Yoy
B Nas® P Nas
(a,5)=1 (a,9)=1
(a,K/k)=0 (a,K/k:):ao;l
:CK/k,S(3,0'> —NpiSCK/k“g (8,0’0;1) . (31)

Since this holds for (s) > 1, it holds for all s # 1. If the partial zeta functions
on the right side take rational values for non-positive integers s = —n, then the
partial zeta function on the left side does as well. The result of the theorem for
general sets S containing S™® follows by induction.

Now for any function € on GG with values in a Q-vector space V', the formula

Liks(—n,€) = Z e(o)Ck/k,s(—n,0),

oeG

provides the definition of values L(—n,e) in V for integers n > 0. When x is a
complex-valued character on GG, Proposition 3.2.1 shows that these are the values
of S-truncated Artin L-functions at nonpositive integers —n. Theorem 3.2.3 shows
that these values lie in the field of values of the corresponding character. When

1

e : G — Q|G] is the homomorphism sending ¢ — o=, we have

Li/k,s(0,¢) = Z Cresys(0,0)0™ " = Ok s, (3.2)

oceG

the L-function evaluator associated with K/k and S. This follows by comparing
the coefficient of ¢~! in the definition of Ok /k,s with the right side of the first
relation in proposition 3.2.1. Thus, the coefficients of # are rational. Another case
of interest is when ¢ is a character with values in the algebraic closure of the p-adic

numbers for some prime number p. When ¢ has order dividing p — 1, the L-values
lie in Q,,.
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Following Theorem 3.2.3, the next discovery about the special values of partial
zeta functions for nonpositive integers s = —n was the determination of explicit
bounds for their denominators. Such bounds follow from relationships between the
values of partial zeta functions used as axioms by John Coates while constructing
p-adic zeta functions associated with totally real fields (see [6]). The validity of
these congruences was later confirmed independently by Daniel Barsky, Pierette
Cassou-Nogues, and Deligne-Ribet. We will only need to consider the values of

partial zeta functions at s = 0, in which case we have the following theorem:

Theorem 3.2.4 (Barsky, Cassou-Nogues, Deligne-Ribet). With notation as at the
beginning of this section, the group p of roots of unity in K is a Z|G|-module. It

is linked to O r.s through the inclusion

Annz[g} (M) QK/k“g S Z[G]
This ideal is called the Stickelberger ideal.

In particular, if W is the number of roots of unity in K, then W# is in Z|G].
It follows from equation (3.2) that the denominators of the rational numbers
Cr/k,s(0,0) are divisors of W for all o in G.

To apply Theorem 3.2.4, the following lemma is sometimes useful (see [58,

Chapter IV, Lemma 1.1]):

Lemma 3.2.5. Let k, K, G, and S be as at the beginning of the section, and
assume that S contains the prime ideals dividing W. Then Anngg)(p) is generated
as a Z-module by the elements o, — Np, where p runs through the prime ideals of
k outside of S, o, denotes the Frobenius element for K/k associated with p, and

MNp is the absolute norm of p.

3.3 Components of the equivariant L-function

Throughout this section, we continue to assume that K/k is an Abelian ex-
tension of number fields with Galois group G, and that S is a set of places of k
containing the Archimedean places. We let W = |u| be the cardinality of the group

of roots of unity in K.
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Let x be a complex-valued character on GG of order n. The smallest subfield of
C containing the values of x is Q ((,), the field of values of x. If ¢ is in Gal (@/Q),

then we can produce another character x” on G by defining

for all g in G. The relation y ~ 1 if there exists an automorphism ¢ in Gal (@/ Q)
such that xy? = 1 is an equivalence relation, and partitions the characters of G into
classes of conjugate characters. To such a class € of characters, we will associate
a function O /i s .¢(s) as follows:
Ok /k,5,¢(5) = Z Lk ks (S, X_l) Exs
X€e

where the e, are once again the idempotents of equation (1.3). We will call this
function the €-component of the equivariant L-function. Similarly, we will denote
the special value of this function at s = 0 by 0k 5 ¢, or often simply by 0. We
will refer to f¢ as the €-component of the L-function evaluator. By the definitions,

we have

Ok /k,s(s) = Z Orc/k,5,¢(8)-
¢

First, we consider the functoriality properties of the components of the L-
function evaluator. Let K’ be a bigger Abelian extension of k, k C K C K’. Write
G' = Gal(K'/k) and H = Gal(K'/K). Let m: C[G'] — C|G] be the C-linear

extension of the projection map. Let Ny denote the norm element in Z[H].
Properties of components of L-function evaluators.

1. Suppose that x is a character on G' satisfying x(H) = 1. Let € be the
equivalence class of x, and let € be the equivalence class of x when considered

as a character on G. Then
T (O jk,s0) = Orjs,c.
2. If x and &' are as in property 1, and if B is any lift of Ok k.s.c to C[G'], then

N
Ok k5,60 = ﬁﬁ-
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3. If x is a character on G' and x(H) # 1, then
T (O jk,s,e) = 0.

4. Assume that |S| > 2. Let v be a place in S, and let N, = ., o, the
sum of the elements of the decomposition group D, of v. Suppose that x is a

character on G representing the class €. Then

N0k /i,s,e = 0.

Proof. If x, €, and € are as defined in property 1 and o is in Gal (@/ Q), then
X°(H) =1, so x° can be considered as a character on G. As such, x7 is in the same
class € as y. The map ¢’ — € sending each character x? in €' to x? considered
as a character on G is a bijection. Using this observation, as well as Lemma 2.3.2
and the inflation property of Artin L-functions, we have

eK’/kSQ’ ZLK//kS 0, x~ ) (e )

xee’

= Z Ly jk,s (0, X_l) €x

xX€C

= Ok /k,s,¢

Now let # and ~ be any lifts of Ok /i g¢ to C[G']. Then

m(8—7)=0.
Let 71,...,7g be representatives of the cosets G'/H. We may write
|G|
p—v= Z Zawﬂ'a
i=1 c€H

The condition on 3 — v can then be rewritten as

ZCLw:O

for 1 <i <|G|. It follows that

|G
|H| (ﬁ ) ‘H‘Z<Zaw> Ny1i = 0.

ceH
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Therefore,
Ny

[H]
is independent of the choice of lift 5. In particular, by property 1, we may choose

B =0 kse-

We have

Ny
— Ok k500 = Lic/i,s (0,x~
i |H| 2 b e

xee
|H| 2 (Z Liggs (0,x7) x~* <o>> o
xee’

oceqG’

Since x(H) = 1 for each character y in @', the coefficients in the above double sum

of the elements in a fixed coset G/H are identical. Thus, we may write

> <Z Ligys (0.x71) X7 (0))) o = Npa,

oeG' \xed
for some « in C[G’]. Then

%OK’/IC,S,Q’ |NHH| (NHCY) Npga = ‘9K’/I<:,S,¢’-
Property 2 follows.

Property 3 is a consequence of the definition of 0k, ¢ and Lemma 2.3.2.
Property 4 follows from the same proof as that of property 2 of L-function evalu-

ators in Section 3.1. O

We now make the additional assumption that S contains the prime ideals of k

that ramify in K. We have the following rationality result concerning 0/ s ¢:

Proposition 3.3.1. Let € be a class of conjugate characters on G, each of order

n. Then the coefficients of Ok i s,¢ are rational. Moreover,

|G19 (x ((Annzie (1)) Ox/r,se € Z[G],

where x is the C-linear extension of any character in € and N is the absolute norm

on ideals in Q ((,).
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Proof. € contains ¢(n) characters, taking their values in Q(¢,). Let x be any
character in €. By Theorem 3.2.4, Anngq)(1)0k ks is contained in Z[G]. Applying
X, we find that
X (Annge (1)) Licjr,s (0,x7) S Z [ -
It follows that
N (X (AnnZ[G] (M))) Lk ks (0, X_l) C 7Gxl (3.3)
for every character y in €.

Now set & = Gal(Q((,) /Q). If o is in &, then by Theorem 3.2.3 and the

second formula of Proposition 3.2.1,

Lick,s (0,x)” = Lrr,s (0,X7) -

For any 7 in G, the coefficient of 7 in Ok g ¢ is

ﬁ Z Li/k.s (0’ (X”)_l) X7 (7'_1) = ’—(1;| Z (LK/k,S (0, X_l) X (7__1))0

oed oed

1
= @Tf (Les (0x7) x (7)),
where Tr denotes the trace from Q (¢,) to Q. Therefore, the coefficients of Ok /k,s,¢

are rational. By (3.3), the last expression becomes integral after multiplication by

[GI9 (x (Anngicy(p)))- m

Example. Let k = Q, K = Q(¢;), and S = { 7,00 }, the prime number 7 and the
Archimedean place of Q. Then G is cyclic of order 6, so there are 4 equivalence
classes of characters, consisting of those characters of orders 6, 3, 2, and 1. If
has order 3 or 1, then y is trivial on the decomposition group of the place co.
By [58, Chapter I, Proposition 3.4], we know that Lg /s (0,x™!) = 0. Thus, the
L-function evaluator has at most two nonzero components, corresponding to the
class €4 of characters of order 6 and the class €, consisting of the character of
order 2.

The partial zeta functions of K/k are the classical Hurwitz zeta functions,

whose values at non-positive integers are known. In particular,

S /1 a!
Ok ks = Z (5 — 7) Oas

n=1
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where ¢, is the automorphism in G sending (7 to ¢4, and a~! denotes the least
positive integer inverse to a mod 7. We may also determine from the definitions

that
1S a
¢9K/k,s,¢2 = 6 ; <?> Ogq-

Therefore, it follows that

4 5 1
eK/k,S,% = (501 — ﬁO’Q + ﬁO’4> (1 — 0’6> .

To compare with the denominators given by Proposition 3.3.1, observe that 2 — o5
is in Anng(p). If x is the character in G' of order 2, then y (AnnZ[G] (u)) is
an ideal in Z containing 2 — x (02) = 1. Thus, the proposition shows that the
denominators of O i g¢, divide |G| = 6. If x is a character of order 6, then since
o5 has order 3 in G, we find that x (Anngg)(p)) is an ideal in Z [(3] containing
2 —x(09) = %?3 Thus, N (x (Anngg(p))) divides

5++v/-35—v-3

=T.
2 2

On the other hand, since the denominators of the coefficients of 0k x s ¢, are 21,

the proposition shows that

N (x (Anngiey (1)) = 7.

Conversely, assuming this fact, the proposition shows that 0 /i s ¢, has denomina-
tors dividing 42.

We see from this example that the bound on the denominators of the com-
ponents of the L-function evaluator given in the proposition can sometimes be
achieved. Furthermore, we see that the denominators can exceed W. When this
occurs, the coefficients of the various components must satisfy relations ensuring
that the denominators of O/, are divisors of W. The possibility of the coefficients
of the components f¢ having denominators exceeding W will ultimately create a se-
rious barrier to proving Brumer’s Conjecture. On the other hand, this phenomenon

will also enable the proofs of statements about class number divisibility.
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3.4 The Brumer and Brumer-Stark Conjectures

Since the Stickelberger ideal from Theorem 3.2.4 is contained in Z[G], it is
natural to apply its elements to Z[G]-modules associated with K. This section
describes two conjectures about how the Stickelberger ideal acts on the class group
Clg. Other references about these conjectures and their connections with other

annihilation and Stark-type conjectures can be found in [59], [58] and [15].

3.4.1 Statement of the conjectures

In this subsection, K /k is a fixed Abelian extension of number fields with Galois
group GG. Moreover, k is totally real and K is totally complex. In addition, S is
a set of places of k containing the Archimedean places and the prime ideals of k
that ramify in K, 0 = 0/, s is the associated L-function evaluator, p is the group
of roots of unity in K, and W is its cardinality. By Theorem 3.2.4, Anng(p) 0 is

contained in Z[G]. First, we have

Brumer’s Conjecture (B).

Anngq (1) Orsr,s € Anngjg) (Clg) -

This conjecture will be referred to simply as (B). It is analogous to the state-
ment that the rational factor of the coefficient in equation (1.1) is the class number
divided by the number of roots of unity. We note that Brumer’s Conjecture implies
that W60 annihilates Clg.

The second conjecture says that if we restrict attention to the element W6 in

the Stickelberger ideal, we can say much more. We need a definition:
Definition 3.4.1.

1. An element o in K* is called an anti-unit if |oa| = 1 for all embeddings

o: K — C. The set of anti-units in K will be denoted by K°.

2. Let K/k be an Abelian extension of number fields, let o be in K*, and let
n be a positive divisor of W. Then « is called n-Abelian if K ({/a) [k is
Abelian.



54

We observe that K ({/a) /K is Abelian by Kummer theory. In contrast, the
condition of being n-Abelian is highly non-trivial.

We may now state the second conjecture:

The Brumer-Stark Conjecture (BS). If a is a fractional ideal of K, then a"V

s principal, and has a generator o € K* satisfying

1. « is an anti-unit

2. o 18 W-Abelian.

This conjecture will be referred to as (BS).

Each of the above conjectures has local variants. If p is a prime number, the
local version (B,) of Brumer’s conjecture is obtained from Brumer’s conjecture by
replacing Clg by the p-primary part of Clg. The local version (BS,) of the Brumer-
Stark conjecture is obtained from the Brumer-Stark conjecture by the following
modifications: a is restricted to be in the p-primary part of Clg, and W-Abelian is
replaced by W,-Abelian, where W), is the largest power of p dividing W. The truth
of each conjecture is equivalent to the truth of the corresponding local conjectures
for all prime numbers p. This is explained in detail in [18].

We will now describe several results, each demonstrating an instance where the
general conjecture (BS) follows from a special case. For proofs, see [59], [47], [24],
and [42].

1. The set of ideals a satisfying the conditions in (BS) forms a subgroup of the

ideal group Ix. This subgroup contains the principal ideals. Thus, to verify
the conjecture, it suffices to show that a set of ideals generating the ideal

class group Cly satisfies the conditions in (BS).

2. Assume that (BS) holds for the extension K/k and the set S. If p is a prime
ideal of k outside of S, then (BS) also holds for the extension K/k and the
set SUp. Thus, to prove the conjecture for the extension K/k and arbitrary
allowable sets S, it suffices to prove the conjecture for the minimal set S™®
composed of the Archimedean places of £ and the prime ideals of k that
ramify in K. We then say that (BS) holds for the extension K/k without

mentioning a set S.
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3. (Top Change) Let £’ be an intermediate field, & C &' C K. If (BS) holds for
the extension K /k and a set .S, then it also holds for the extension &'/k and
the set S. It must be noted that if there exists a prime ideal p of k ramified
in K/k but not in £'/k, then the minimal allowable set S for the extension
k' /k is smaller than that for the extension K/k. In this situation, one cannot

assert that (BS) for the extension K/k implies (BS) for the extension k'/k.

4. (Base Change) Again, let k' be an intermediate field, k C k' C K. Let S
be a set of places of k and let S’ be the set of places of &’ lying above those
in S. Then (BS) for the extension K/k and the set S implies (BS) for the
extension K/k" and the set S’. If there exists a prime ideal of £ that ramifies
in K/k but not in K/, then one cannot assert that (BS) for the extension
K /k implies (BS) for the extension k'/k.

Finally, we will present results describing the relationship between Brumer’s
conjecture and the Brumer-Stark conjecture. First, there is the following general

result (see [43, §3, Remark 3]):

Theorem 3.4.2. The Brumer-Stark conjecture for an extension K/k and a set S

implies Brumer’s conjecture for the same extension K/k and set S.

The next result shows that the converse is sometimes true locally. If p is a

prime number, let 11, denote the group of p-power roots of unity in the field K.

Proposition 3.4.3. If K/k, G, and S are as above, p # 2, and 1, is G-cohomologically
trivial, then (B,) is equivalent to (BS,).

For the proof, see [18, Proposition 1.2].

Remark. There is another collection of ideas related to the Brumer-Stark conjec-
ture. These stem from Eisenstein’s proof of his reciprocity law in the middle of the
nineteenth century, which preceded Stickelberger’s theorem. Gauss sums played a
prominent role in this proof, as they do in the proof of the Brumer-Stark conjec-
ture for cyclotomic extensions of Q. In two famous papers ([61] and [62]), Andre
WEeil proved that Gauss and Jacobi sums can be used to define Hecke characters

in number fields that are Abelian over Q. The values of Weil’s Jacobi sum Hecke
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characters reappeared as the generators of the principal ideals given in Sands’s

proof of the Brumer-Stark conjecture for extensions K/k with K abelian over Q

(and some restrictions on S). These results have been extended by David Hayes

([22], [23], and [20]) and Tong-Hai Yang ([65]; note that there is a mistake in the

part of this paper concerning (BSs)). However, they will play no role in this work.

3.4.2 The state of knowledge

Since the Brumer-Stark conjecture for an extension K/k and a set S implies

Brumer’s conjecture for the same extension K /k and set S, we begin by describing

the cases where the Brumer-Stark conjecture or its local versions have been proved.

1.

(BS) has a function field analog which was proved by Deligne using his 1-
motives (see [58, Chapter 5]) and independently by David Hayes using the
theory of rank-1 Drinfeld modules ([21]).

(BS) is true when k£ = Q ([58, Chapter 4, Proposition 6.7]). It is a refine-
ment of the classical theorem of Stickelberger describing the factorization of

principal ideals generated by Gauss sums.

(BS) is true when G = Gal(K/k) is isomorphic to Z/2Z ([59, §3, case (c)])
or to Z/27 @ 727 ([48)).

(BS) is true in almost all cases where G is 2-elementary ( [48, §3, case (3)]

and [9]).

(BS) is true when there exists a field &’ such that ¥ C k C K, with K/K
Galois having non-Abelian Galois group of order 8 ([59, §3, case (e)]).

If p is an odd prime number, then (BS,) is true when G is isomorphic to
7./2pZ and K /k is not one of two relatively rare types of extensions called
case II(b) and case b in the paper [18]. (Note: in their paper, the cases II(b)
and f are erroneously conflated; case II(b) is actually a subcase of £). In case
II(b), ¢, is in K and no place of k splits in k ((,) and ramifies in K. In case b,

(p is not in K, no prime of k splits in the quadratic subextension of K /k and
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ramifies in K, and K¢ C (K C1)+ (¢p), where cl denotes the normal closure

over Q.

7. (BSs) holds for Abelian sextic extensions ([18]). In addition, I have been
informed through a private communication with the authors that they have
a proof of (BSs) when the 2-part of G is cyclic and the odd part of G is trivial
or of prime order p such that 2 is a primitive root mod p. Also, they have
a proof of (BS2) when G is isomorphic to Z/4Z & 7 /27 and the maximal
totally real subfield of K is not cyclic over k. Proofs of each of the above cases

excepting the last, independently discovered, will be presented in Chapter 5.

8. If p is an odd prime, the Iwasawa p invariant for p and K vanishes, and
K /k is a nice extension, then (BS,) is true (see [43], where something much

stronger is proved — for the definition and examples of nice extensions, see
[14] or [43]).

9. If p is an odd prime number, then (BS,) is true in a case with “no trivial

zeros” ([15, §4.4]).

Remark. In the last two examples, a strong form of (BS,) was proved by exhibiting

a close relationship between 6 and the Z[G]-Fitting ideal of part of the class group
Clg.

We now turn to cases where (B) or its local variants are known to hold, except-

ing those which follow from the above examples by Theorem 3.4.2 or Proposition
3.4.3.

1. If p is an odd prime number relatively prime to |G|, then (B,) is true when
certain restrictions on S are met ([64]; note that there is a mistake in this
paper in the proof of (B,) for primes p dividing |G|) and ([18, Proposition
1.3)).

2. If p is an odd prime number, then (B,) holds in a case with “no trivial zeros”

([16, Corollaries 2 and 3], and the remark following Theorem 3.13 in [15]).
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3.5 Hayes’s Conjecture

Let K/k be an Abelian extension of number fields with Galois group G, let S
be a set of places of k containing the Archimedean places and the prime ideals that
ramify in K, and let W = || be the cardinality of the group of roots of unity in K.
Theorem 3.2.4 shows that the denominators of the coefficients of the L-function
evaluator are divisors of W. As will be seen in Chapter 6, when these coefficients
are written in lowest terms, all of the denominators are identical. Often, this
common denominator is a proper divisor of W. David Hayes recently proposed a
conjecture providing a condition under which this is true.

Hayes’s condition generalizes the following observation. Let
K=k=0(v=d)

be an imaginary quadratic field containing only two roots of unity. Then the
equivariant L-function for K /k is the Dedekind zeta function of k, and

Ok = %,
where h is the class number of £ and W = 2. The observation is that when this
number is written in lowest terms, the denominator is 2 unless 2 | h. Thus, if there
exists an unramified quadratic extension of k£ (a Kummer extension), then 6 is
actually integral. More generally, if K = k is a totally complex field containing W
roots of unity, and if there exists an unramified Kummer extension of k£ of degree
n dividing W, then the denominator when the rational part of the coefficient in
equation (1.1) is written in lowest terms is a divisor of W/n.

David Hayes conjectured a generalization of this idea while studying Hecke

characters whose values satisfy reciprocity laws. He has actually given two formu-

lations of his conjecture. The first is in an unpublished manuscript ([25]):

Hayes’s Conjecture (Strong Version). Let K/k, G, S, and W be as above,
and denote the totally positive units in k by Ut. Let Hy be the intersection
of K < W) with the Hilbert class field of K, and let e be the exponent of
Gal (Hw/K). Then
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1. WOk s is contained in eZ[G].
2. %9 annihilates Clg.

Remark. He also includes the condition that K contains the narrow Hilbert class
field of k. We have removed this condition because, as we will see, it appears to be
unnecessary. The above conjecture was also mentioned in Hayes’s work ([20]) on
Hecke characters and reciprocity laws. The condition on the narrow Hilbert class
field of k is included in that paper to ensure that the norm of each ideal of K down
to k is principal and generated by a totally positive number. This is necessary for
applying the Wi th power reciprocity law. Perhaps a generalization of Proposition

2.7.6 would obviate the need for the extra condition.

In Chapter 6, we will see evidence supporting the veracity of statement 1 in
his conjecture. However, we will also give a counterexample to statement 2, in
which even the annihilation statement of (BS) is false when W6 is replaced by
%9. Foreseeing this, we will focus solely on statement 1 until the counterexample
to statement 2 is presented.

There is a local formulation of statement 1 of the strong version:

Hayes’s Conjecture (Strong Local Version). Let K/k, G, S, and W be as
above, and let p" be a prime power divisor of W. If there exists an element € in U}
whose p"th root generates an unramified extension of K of degree p”, then Wk . s

is contained in p"Z[G)|.

The strong version of Hayes’s conjecture is equivalent to the collection of local
versions for all prime numbers p. This can be seen by considering the primary
decomposition of Gal (Hy/K) and using the fact that a cyclic Kummer extension
can be generated by the root of a single element of the base field.

The second formulation of Hayes’s conjecture is in the introduction of [26].

Hayes’s Conjecture (Weak Local Version). Let K/k, G, S, and W be as
above. Let p be a prime divisor of W that does not ramify in K/k. Assume that
the subfield H, of the Hilbert class field of K generated by the pth roots of the
totally positive units in k properly contains K. Then Wk s is in pZ[G].
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Actually, the assumption that H, properly contains K was not explicitly in-
cluded in [26]. It was included here to ensure that the two versions of the conjecture
are similar.

With one exception, we will examine only the weak local version of the con-
jecture. The investigations in Chapter 6 suggest that the condition that p is
unramified in K/k is unnecessary. We will therefore disregard it. The resulting
conjecture is a special case of the strong local version as formulated above. In
fact, the results in the present work indicate that a modification of the strong local

version 1S true.

Hayes’s Conjecture (Modified Strong Local Version). With notation as
above, let p" be a prime power divisor of W. If there exists a totally positive
element € in k whose p"th root generates an unramified extension of K of degree

p’, then Wk s is contained in p"Z|G].

We note that the element € in this version is not required to be a unit. For the
remainder of this work, the term Hayes’s p-local conjecture will mean this version

of the conjecture, and we will denote it by (H,).

Remark. One might also wonder if the condition that ¢ is totally positive in the
above conjecture is also superfluous. If p is odd and ¢ is as specified in (H,), then
2 is totally positive and also satisfies the condition on ¢ in the conjecture. Thus,
we may dispense with the condition that ¢ is totally positive when p is odd. In
several examples, it can be shown that the condition that ¢ is totally positive is
unnecessary when p = 2. As we will primarily be considering (H,) when p is odd,

we will not comment on this further.

The above conjectures are equivariant generalizations of the simple observa-
tion about Dedekind zeta functions mentioned at the beginning of the section.
Similarly, one may wonder if there are generalizations of this observation for the
individual Artin L-functions associated with K/k. We will have more to say about
this in Chapter 6, after we have determined some information about the values of

Artin L-functions. This is the subject of the next chapter.



Chapter 4

L-values of Cyclic Extensions

4.1 Overview

One of the primary barriers to further progress on the Brumer and Brumer-
Stark conjectures is a dearth of specific information about the values at s = 0
of Artin L-functions associated with Abelian extensions. The initial cases that
were proved primarily fall into two classes: extensions with 2-elementary Galois
groups, and extensions K /k with K an Abelian extension of Q. These also happen
to be the two cases where arithmetic interpretations of the value at s = 0 of the
associated Artin L-functions were known classically.

When the extension K/k has 2-elementary Abelian Galois group G, the charac-
ters all have order 2. By the inflation property of Artin L-functions, the L-function
associated with a nontrivial character on G may be identified with the L-function
of a quadratic subextension of K/k. An expression for the value of such an L-
function at s = 0 has long been known. Indeed, the L-function can fortuitously be
written as the quotient of two zeta functions, and the value can then be determined
using the analytic class number formula. All of the progress on the Brumer and
Brumer-Stark conjectures for 2-elementary extensions has been made by squeezing
as much as possible out of the expression for the value at s = 0 of the L-function
associated with a quadratic extension.

As mentioned in the introduction, the L-functions associated with an extension

K /k where K is an Abelian extension of Q are Dirichlet L-functions. The values

61
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of these functions involve generalized Bernoulli numbers. It is not this description,
however, that has been used to study the Brumer and Brumer-Stark conjectures.
Instead, when k = Q, the conjectures follow from Stickelberger’s Theorem and the
particularly simple description of values of the Hurwitz Zeta Functions (the partial
zeta functions of this example) at s = 0. For more general k, progress has been
made by starting with the case & = QQ and using the induction property of Artin
L-functions.

Much of the recent progress on these conjectures, beginning with the work of
Wiles ([63]), has involved taking projective limits of the various objects that appear
in the conjectures while ascending a cyclotomic Z,-extension of number fields.
This perspective allows application of the immensely powerful Main Conjecture
of Iwasawa theory for totally real fields ([64]). When p is an odd prime number,
the L-function evaluators of the extensions of a totally real field in its p-power
cyclotomic Iwasawa tower form a projective system with respect to the restriction
maps on the Galois groups. The projective limit of the L-function evaluators is
related to the p-adic L-functions of the base field. The Main Conjecture connects
the p-adic L-functions to the projective limit of the p-primary parts of the class
groups in the tower. Descending back to finite extensions of number fields imposes
complications, but eventually the L-function values are related to class groups.
This method allows proofs of broad results, but necessarily focuses on the local
versions of the conjectures. One of its main drawbacks is that the lack of an
analog of the Main Conjecture when p = 2 impedes proving the global versions
using Iwasawa theory. Rather, much of the progress has resulted in partial proofs
only of the “odd parts” of the conjectures. Apart from the particularly problematic
behavior of the prime number 2, further difficulties are introduced by the common
practice of decomposing modules into their isotypic components; this prevents
analyzing the p-primary parts of the conjectures for prime numbers p dividing the
order of the Galois group.

It is desirable, then, to have an arithmetic description of the values of Artin
L-functions associated with characters of order larger than 2. Such a description

can provide information that is lost in the process of ascending an Iwasawa tower,
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using Iwasawa theory, and then descending again. It can also provide more di-
rect and conceptually simpler proofs. In particular, it can provide information
regarding the 2-primary parts of these conjectures. Furthermore, the arithmetic
description of the values of L-functions associated with quadratic extensions has
many applications apart from the Brumer and Brumer-Stark conjectures, and it is
possible that a description of other L-function values would be applicable in these
instances as well.

In this chapter, we will develop expressions describing the values at s = 0
of Artin L-functions for some characters of order greater than two. Along the
way, we will give applications of these expressions, proving some formulas about
divisibility of class numbers. In particular, we shall prove a generalization of
Kummer’s Reflection Theorem.

By the inflation property of Artin L-functions, L-functions of general Abelian
extensions can be identified with L-functions associated with cyclic subextensions.
We will study cyclic extensions of order 2™p", where p is a prime number. The
value at s = 0 of an L-function for such an extension lies in a cyclotomic field.
A description of such an L-function value will be given in terms of the arithmetic
of the fields K and k defining the extension. For a rational L-function value, this
description involves the order of a class group and the order of a group of roots
of unity. As we shall see, for an L-function whose value lies in the cyclotomic
field Q (¢,,), the description involves arithmetically meaningful groups which can
be given Z ({,)-module structures. In this context, the role of the order of a finite

Z-module is played by the Fitting ideal of a finite Z ({,)-module.

4.2 L-values for quadratic extensions

Our arithmetic expressions for the values of L-functions at s = 0 will be derived
from the arithmetic expression for the value of the L-function of a quadratic exten-
sion. We will use a variant of this expression given by John Tate in his proof of the
Brumer-Stark conjecture for quadratic extensions ([59, §3, case (c)]). Let K/k be

a quadratic extension of number fields, and let S be a set of places of k containing
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the Archimedean places and the prime ideals that ramify in K. We denote S-class
group of K (k) by Clgs (Clgs). These are formed by taking the quotient of the
ideal class group by the subgroup generated by the classes of the ideals in S. Let 7
be the generator of Gal(K/k), and let x be the nontrivial character on Gal (K/k).
Let W be the number of roots of unity in K.

If any prime of S splits in K/k, then Lg/ks(0,x) = 0 and Og/ps = 0 by
property 2 of L-function evaluators in Section 3.1. Otherwise, Tate’s expression is

2191=1 | Coker|

W , (4.1)

Li/k,s(0,x) =

where “Coker” is the cokernel of the canonical map Cl; g — Clg g given by lifting

ideals. It follows that
2151=1 | Coker| 1 — 7

w 2

A different expression for the value of the L-function is often presented, with the

Ok ks = (4.2)

minus class number A~ appearing instead of |Coker|. This is obtained by writing
Lkk,s(s,x) as a ratio of zeta functions multiplied by fudge factors corresponding
to primes in S. One then applies the analytic class number formula and rewrites
the quotient h/h™ that appears as h™~. However, the power of 2 appearing in the
resulting formula is complicated. The advantage of Tate’s formula is that although
Coker is more cumbersome than h~, the power of 2 appearing in Tate’s formula is
simple. This becomes especially important for proving (BS,) for quadratic exten-
sions. In fact, Tate’s expression (4.1) is only valid when all of the places in S are
nonsplit in K. One can verify that |Coker| and h~ differ only by a power of 2 in

this case.

4.3 Norms of L-values for degree 2" extensions

In this section, we begin the project outlined in section 4.1 by analyzing the
case where G is cyclic of order 2™, m > 1. The method will be a model for those
used later in this chapter.

Let k,,/ko be a cyclic extension of degree 2™ with Galois group GG. We denote
the group of complex-valued characters on G by G. Assume that k, is totally
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complex and ky is totally real. For r such that 1 < r < m — 1, let k,./ky be the
unique subextension of k,,/kq of degree 2". Fix a generator o of G. Let 7 = o
be the element of G of order 2; 7 is the complex conjugation corresponding to each
Archimedean place of K. Thus, all of the fields &k, with 1 <r < m — 1 are totally
real. Let x be a generator of é, and let (om be the primitive 2"th root of unity
such that x(o) = (om. Finally, let W = |u| be the cardinality of the group of roots
of unity in k,,.

Let Sy be a set of places of kg including the Archimedean places. For each
integer r with 1 < r < m, let S, be the set of places of k, lying above the places
in Sp. Finally, for 0 <r <m — 1, let 6, = 04, s, s,. By property 2 of L-function

evaluators in Section 3.1, we may write

! 1—7
80 = < Z CLiO'i) 9 s a; € Q

=0

By property 3 of equivariant L-functions from the same section,

91 == 90 txgm—l (90)

27n71_1 27n71_1 1 .
— ( Z aiai> ( (_1)2‘%0@') 5
=0 =0

Thus, applying the C-linear extension of x, we find that

X (01) = N /e (¢m1) (X (00))

Alternatively,

NQ((Qm)/Q(§2m_1) Lkm/k0750 (0,9) = Ly 1,1 0,9),

for all generating characters 1 of G. While we obtained this result from the
inductive property of equivariant L-functions, it also follows from the inductive
property of Artin L-functions.

We find inductively that the elements x (6,) form a norm-coherent sequence,

meaning

X (0,) = NQ(@m)/Q(ng,T) (x (6o))
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for 1 <r <m — 1. In particular,

X (0m-1) = No(em)/a (x (6o)) - (4.3)

Next, assume that Sy contains the prime ideals that ramify in k,,/ko, and
assume that no place in Sy splits completely in k,,. Since G is cyclic and no place
of Sy splits completely in k,,, no place in S,,,_1 splits completely in k,,. Thus, since

km/km—1 is a quadratic extension, (4.2) shows that

2l8m-11=1|Coker
No(ezmy/a (x (0o)) = W‘ | (4.4)

where Coker is the cokernel of the canonical map Cly,, ,.s,, , — Cli,. s,.. Alterna-

tively,
2l8m-11=1 | Coker|
No(eom)/o (Lrjrs (0,X)) = W

for all generating characters y of G. We remark that this norm is positive.

We denote the absolute norm on ideals of Q ((am) by 9. We will now determine
N (X (Annz[g}(,u))). The group p is annihilated by 1+ 7. It is therefore a module
over Z|G]/(1+ 7). Lemma 2.3.4 shows that the Z-linear extension of y gives a ring
isomorphism

X:Z[Gl/(1+7T)=ZZ[(m]. (4.5)
Thus, y provides p with the structure of a module over the Dedekind domain
O =7 [CQm] .

Being a cyclic group, u is also a cyclic O-module. By property 3 and property 6
of Fitting ideals in Section 2.4, it follows that

W = N (Fito(1)) = N (Anno(n)) = N (x (Anngey(n))) - (4.6)
Let us summarize what we have now determined in a proposition.

Proposition 4.3.1. Let notation be that from the beginning of this section. If x

generates @, then

218m-11=1 | Coker]
N@(CQm)/Q (Lkm/ko,so (07 X)) = W >
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where “Coker” is the cokernel of the canonical map Cly,, , s, , — Clg.s,.. In

m—1

addition,

N (x (Annge(1)bo)) = 215m=11=1 | Coker] .

We will now present an alternative version of the second formula in the propo-
sition. The ideal class group of k,, is a Z[G]-module. Since each place of k,, lying
above a place in Sy is in S,,, the subgroup of the ideal group of k,, supported
above S, is stable under the action of G. Since the group of lifts of ideals from
km—1 to ky, is also stable under G, the quotient group Coker is also a Z[G]-module.
Given a representative a of a class in Coker, the ideal a'*7 is the lift of an ideal
from k,,_1, hence is trivial in Coker. Thus, Coker is a module over Z [G] /(1 + 7).
Coker is therefore an O-module through the isomorphism (4.5).

Let (A) be the prime ideal of O dividing 2. By property 6 of Fitting ideals and

equation (4.6), we may rewrite the second equation in the above proposition as
N (Fito (1) x (6p)) = N ((\)*""Fite (Coker)) . (4.7)

Since these ideals have the same absolute norm, it is natural to ask if the ideals
themselves are conjugate. Observe that the above Fitting ideals depend on the
choice of character providing the O-module structure. As x runs through the
characters that generate G , the Fitting ideals run through a set of conjugate ideals
in O. A consequence of Brumer’s conjecture for k,,/kq is that Fite (1) x (6o)
annihilates Coker when both p and Coker have O-module structures provided

by the character x. Thus, we pose the question:

Question. Let notation be that from the beginning of this section. Fix a character

X that generates G. Is it true that
Fito (1) x (60) = A== Fity (Coker) , (4.8)
if p and Coker are both endowed with the O-module structures induced by x ?

In what follows, if k,,/ko is any cyclic extension of degree 2™ and Sy is a set of
places of ky containing the Archimedean places and the prime ideals that ramify

in k,,, we will refer to this question for the extension k,,/ko and the set Sy as
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Qom (km/ko, So). If Qom (ky/ko, So) has an affirmative answer for the minimal set
Sp = Siinthen it also does if Sy is any set containing Syi®. We will refer to this
special case as Qom (k. /ko) without mentioning a set Sp. If p is a prime number,
then the question of whether the factors supported at primes dividing p on each
side of equation 4.8 will be referred to as the p-primary part of Qom (ky,/ko, So).
When m = 1, equation 4.8 says precisely that the principal ideals generated by
the two sides of equation (4.1) are equal. We note that the relation (4.8), when
valid, implies that Fito (Coker) and Fito(p) represent the same class in the ideal

class group of O.

Example. Let ko = Q and k,, = Q((,), where p = 2™ + 1 is a Fermat prime. Let
Sp = S™n. In this case, it is known that ([60, Theorem 4.2])

Ly /ko,50 (0,X) = =By,

where B, denotes a generalized Bernoulli number. If  is odd, it follows that

Noeom)/@ (L joso (0,X)) = [] =B
Y odd

The set S™ of places of Q consists of the Archimedean place and the prime ideal
(p). The set S,,_; then contains 2~ Archimedean places and the lone prime ideal
of k1 lying above p. Thus, |S,,_1] — 1 = 2™~ Finally, since the prime ideal
lying above p in the fields k,,—1 and k,, is principal, |Coker| = h~. Putting all of
this together with the first formula of Proposition 4.3.1, we find the well-known
expression for the relative class number of K as a product of generalized Bernoulli

numbers ([60, Theorem 4.17]):

1
he, =W ] (—ng) :
P

odd

Now let us specialize to the case where
2™ 4+ 1 =p=25T7.

257 is an irregular prime, so the 257-primary part of Coker is nontrivial. Since

257 = 1 (mod 2™), the prime ideal (257) of Q splits completely in Q (¢am). In
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formula (4.7), each of Fito(u)x (6p) and Fitp (Coker) must be divisible by one of
the 128 prime ideals of Q ((om) lying above 257. It does not follow immediately
from formula (4.7) that these must be the same prime ideal. Thus, formula (4.8)

is possibly a stronger statement than formula (4.7).

Although formula (4.7) does not immediately imply formula (4.8), when p is a
prime number that is inert in Q ((om ), equation (4.7) implies that the p-primary
parts of both sides of (4.8) are equal. Similarly, if (\) is the prime ideal of Q ((om)
dividing 2, then the (A)-primary parts of both sides of (4.8) are equal.

Proposition 4.3.2. Qun (k,,/ko) has an affirmative answer when m = 1.

All of the above claims follow from the fact that (4.7) implies the p-primary part
of Qom (ki /ko) for any prime p having only one prime divisor in Q ({om ).

We can say more when Coker is a cyclic O-module.

Proposition 4.3.3. Let notation be that from the beginning of the section. If
(B) is true for the extension k,/ko and the set Sy, and if Coker is cyclic as an

O-module, then equation (4.8) is valid.
Proof. Since (B) holds for the extension k,,/ko and the set Sy, we know that
Anngze (1) 6o € Anngyg (Cly,,) € Anngg (Coker) .

Let x be a generator of G. Then X provides both p and Coker with O-module
structures, and

Anne (Coker) = x (Anngq) (Coker)) .

Thus,
X (Anngg (1) o) € Anne (Coker) .

Since p and Coker are cyclic, we find that
Fito(u)x (6o) C Fito (Coker) .
Therefore, there exists an integral ideal a in O such that
Fito(u)x (6p) = aFite (Coker) .

Taking absolute norms and using equation (4.7), we find that a = (\)!¥"*I™! 5o

relation (4.8) holds. O
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4.4 L-values for degree 2" extensions

Obtaining a statement as precise as (4.8) in general seems to be beyond the
capabilities of the above methods. The problem is that the analytic class number
formula can only provide information about a product of L-function values. One
cannot rely on this formula alone to obtain information about the values of indi-
vidual L-functions. However, we may look to Tate’s proof of the full Brumer-Stark
conjecture for certain quartic extensions (item 5 in the list in Subsection 3.4.2)
for a hint as to how partial results can be obtained in this direction. Tate’s result
applies to the situation where there exists a field £’ such that ¥/ € kK € K is a
tower of fields with K /k" Galois and non-Abelian of order 8 and with K /k Abelian
of order 4. He then manages to prove the full Brumer-Stark conjecture for K/k.
To accomplish this, he shows that y (QK/k) is rational, and then equation (4.1)
and a representation theoretic argument show that /;, annihilates the ideal class
group of K. When K/k is cyclic of order 4, let us reconsider his proof in view of
the discussion in Section 4.3. We can describe what is occurring by saying that the
added structure imposed on Coker by virtue of its being a module over Gal (K/k')
places a restriction on its Fitting ideal when considered as an O-module. It turns
out that this restriction is enough to prove (4.8) in this case.

In this section, we will generalize this idea to obtain more refined information
about values of L-functions than that given by Proposition 4.3.1. We use the same
notation as in Section 4.3. In addition, we assume that there exists a field &’ such
that & C ko C ky,, with k,,, /K" and ko/k" Galois. Assume further that Sy is stable
under the action of Gal (ko/k’) on the ideal group of ky. Let H = Gal (ko/k').
Then H acts on Z[G], as described in Section 2.7. Since the action of H fixes the

unique element 7 of G of order 2, we have an induced homomorphism
¢: H— Autz (Z[G] /(14 71)) = Autz (O) = Gal (Q (&m) /Q) .

We need a preliminary lemma.

Lemma 4.4.1. If |p(H)| > 2, then W = 2.

Proof. Since |¢(H)| > 2, there exists an h in H that acts nontrivially on G. Choose

an element A in Gal (K/k’) that restricts to h. Set h-o = ¢¢, where c is an integer
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such that ¢ # 1 (mod 2™). If ¢ is a primitive Wth root of unity, assume that
h(¢) = ¢" and ¢(¢) = ¢* where (rs, W) = 1. Then

0" (Q) =hoh™ () = ¢ = ¢, (4.9)
Since ¢ # 1 (mod 2™), we can find an integer k such that

26(c—1)=2""1 (mod 2™).

Then

ok
0_2’% (C) — CS 7
so that
s = g (mod W).
Since (s, W) = 1, it follows that W = 2. O

The principal result of this section is the following proposition.

Proposition 4.4.2. With notation as above, x (6o) is an element of Q (Com)*.

Furthermore, if A = 1 — (om, then Fito (Coker) can be written as a power of the
ideal (\) times the lift of an ideal of Q (Com)*".

Proof. By the preceding lemma and equation (4.6), we know that Fito(u) is the
prime ideal of O lying above 2, hence is fixed by every automorphism of Q ((am).

We write
om_1
0= (Z aiaz> .
i=0

Let h be in H, and let h-o = 0¢. Let h be an element of Gal (k,,/k') that restricts
to h. For any i such that 0 <7 < 2™ — 1, we have

h - O_i — O_Z'c
By Proposition 3.2.2, we have an equality of partial zeta functions

Chom /0,50 (5:0") = Com /0,50 (8,07)
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fori=0,...,2™—1. Thus, a; = a; for all ¢ (where it is understood that a;. stands

for the coefficient of 0% even if ic ¢ [0,2™ — 1]). It follows that

2m—1

X (0) = Z a;Com

i=0
is fixed by ¢(h), which is the automorphism of Q ((am) that sends (om to (5. Since
h was an arbitrary element of H, this proves the first part of the proposition.

Since Sy was assumed to be stable under the action of Gal (k,,/k"), Coker is a

Z |Gal (k,,/k")]-module. If h is in H, Proposition 2.7.1 shows that
fn (FitZ[G] (Coker)) = Fity¢q (Coker) .

We apply the map x: Z|G] — Z({am) to this equation. Since x is surjective,
property 5 of Fitting ideals shows that

¢ (h) (Fito (Coker)) = Fitep (Coker) .

Therefore, Fitp (Coker) is fixed by ¢(H). The second statement now follows from
the fact that (2) is the only prime ideal of Q that ramifies in Q ((om) /Q. ]

Corollary 4.4.3. Write
L=Q (sz)¢(H) )
Assume that d = |¢p(H)| = [Q ((em) : L] > 2. Also, set

Fito (Coker) = (\)© a0,

where a is an integral ideal of L. Let Ny denote the absolute norm on ideals of L.
Then

|S'm71|+€_2

Nz (x(0)=2" "4 Ng(a).

In particular, equation (4.8) is valid when L = Q.

Proof. Since x (6p) and a are in L and Fito(u) = (A) by lemma 4.4.1, we can
rewrite (4.7) as
(M (x (0)))" = 25m=1+e2 (N (a))".

Therefore, |S,,—1| + e — 2 is divisible by d and the corollary follows. ]
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Corollary 4.4.4. If hg = |Cl,, s,.| is the Sp,-class number of k., then
2" | hg,
where 1 is the smallest nonnegative residue of 2 — |Sy,—1| (mod d).

Proof. By the definition of e, |Coker| is divisible by 2¢. From the proof of the
preceding corollary,
e=2—|S,-1| (mod d). O

Remark. If K/k is a cyclic extension of number fields, then Lemma 4.1 in Chap-
ter 13 of [32] gives a formula for the size of the part of Clg fixed by Gal(K/k).
Lang summarizes its content, saying “The next lemma implies that highly ram-
ified primes have a tendency to generate independent ideal classes, and that the
obstruction to this is contained in some cohomology.” A weaker result is Proposi-
tion 2 in [35]. In the course of the proof, the authors show that if K is a CM field
and K is its maximal totally real subfield, then the relative class number of K is
divisible by 2! — 1, where t is the number of prime ideals that ramify in K/K™*. If
it is not always true that

|Sm_1| =2 (mod d), (4.10)

then the above corollary is remarkable in that it implies a connection between
the number of primes ramifying in a cyclic extension K/k of degree 2™ which is
part of a larger non-Abelian extension and the number of classes in the S-ideal
class group of K when S contains the primes that ramify in K /k. In other words,
even after taking the quotient of the ideal class group of K by the classes of the
prime ideals that ramify in K/k, the presence of a suitable number of such prime
ideals will ensure that there are still more classes in Clg with 2-power order.
Perhaps it is more plausible that the congruence (4.10) can be shown to hold,
making this corollary devoid of content. However, Corollary 4.7.4 in Section 4.7 is
a similar result, and the example provided immediately following it is a nontrivial
application. It might seem strange that one can add primes to S,, 1, thereby
varying the divisibility result in the corollary. This will be elucidated somewhat

in the following example.
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Example. Let ky be the splitting field of the polynomial
2® + 722° 4 13322" + 24482” + 36.

The following information was determined using PARI/GP. k, is totally complex
and Gal(ky/Q) is isomorphic to the group of quaternions. The real quadratic field
ko = Q (\/5) is contained in ko, and ky/ko is cyclic of degree 4. There are two
prime ideals in ko that ramify in ko, namely (3) and the prime ideal dividing 2.
Both of these ideals are totally ramified in ko /kq. Also, ks has class number 2, and
the nontrivial class is represented by the prime ideal dividing 2. Since Gal(k/Q)
acts nontrivially on G, the degree d in the above corollary is 2.

The minimal set Sy that we may choose consists of the two Archimedean places
of ko, the prime ideal (3), and the prime lying above 2. With this choice, the set
51 contains four Archimedean places and two finite places. Let 8 be a prime ideal
of ky dividing the rational prime p # 2,3. Since the decomposition group of

over Q is cyclic, there are four possibilities:
1. p splits in ko/Q and remains inert in ks /ko;
2. pisinert in ko/Q, splits in k;/ko, and is inert in ko /ky;

3. p splits completely in the biquadratic extension k;/Q and remains inert in

k2/ ka;
4. p splits completely in ko /Q.

Let p be the prime ideal of kq divisible by . In each of the cases 2, 3, and 4,
adjoining p to Sy increases |S;| by an even number. In the first case, we must
adjoin both prime ideals of ky dividing p to Sy to produce a set that is stable
under the action of Gal (k2/Q) (since Gal (k2/Q) acts nontrivially on the Frobenius
automorphism (p, k2/ko)). Therefore, the set S} in this example must have even
cardinality. Tt follows that » = 0, so the congruence (4.10) holds and the corollary
says nothing about this example. In fact, the above information shows that hg = 1

in this case. No example has been found where (4.10) fails to hold.
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4.5 Norms of L-values for degree 2"p extensions

Let p be an odd prime number. In this section, we will use the expressions
from Proposition 4.3.1 to derive similar ones for cyclic extensions of degree 2™p.
Let ko be a number field, and let K be a cyclic extension field of ky of degree 2™p
with Galois group G. We assume that ky is totally real and K is totally complex.
If k&1 and K; are the extensions of ky of degrees p and 2" respectively contained
in K, then k; is totally real and K and K; are CM fields. Let K and K, be
the maximal totally real subfields of K, and K, respectively. Let S™" denote the
set of places of kg consisting of the Archimedean places and the prime ideals of
ko that ramify in K. Let S™ denote the set consisting of the places in S™® that
do not split completely in the extension Kj/ko, and note that S™ contains the
Archimedean places.

Let o be a generator of H = Gal(K;/Kjy), let ¢’ be a generator of H' =
Gal (K1 /ky), and let 7 = 0’2" denote complex conjugation. Let y be a generator

of G. Let ¢p and (om be the primitive pth and 2™th roots of unity such that

X (0) =G,
and
X" (0") = Com.
We denote the number of roots of unity in Ky by W, and the number of roots of
unity in K by Wj.
If ky = Q, then at least one prime ideal of ky ramifies in K;. If ky # Q, then

S™in contains at least two Archimedean places. It follows that !Smin‘ > 2. Thus,
for each even integer 2t,
LKl/ko,Smi“ (07X2t) =0,

since x* is an even character (see [58, Chapter I, Proposition 3.4]). The odd
characters fall into two equivalence classes under the equivalence relation from
Section 3.3: €am, comprises the characters of order 2"p, and €ym comprises the
characters of order 2™. To simplify notation, we write ™" and 6™ instead of
Ok ko, smin and O, sy gns. Similarly, we write Og™ and 63, where the class € is

either €om of Com.
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We can decompose ™" as

Hmin — Qmin + min (411)

Eomy, Com *

Any primes in S™\ S™ split completely in Ky /kq and are totally ramified in & /kq.
If p is such a prime and the character x* is nontrivial on Gal (K;/Kjy), then the
inertia group of p acts nontrivially on C through the representation corresponding
to x'. Comparing with equation (1.2), we see that the corresponding Euler factor

in L, jky,gmin (5, x") is trivial. It follows that for each character x* in €gm,,

L, tko,smin (0,X") = L,y (0,X°)

and hence,
min __ Ans
Cgmp - ngp'
Thus, we may write
ns __ min ns
0™ = 9¢2mp + 0, - (4.12)

We will now see that 0, is nonzero. Property 1 of components of L-function

evaluators from Section 3.3 shows that

T <ngm) — eKo/ko,SnS’ (413)

where 7 is the C-linear extension of the projection map G — Gal (K /kg). Let K
be the maximal real subfield of Ky, and let Sy be the set of places of K lying
above those in S™. Formula (4.3) shows that for each generating character v of

the character group of Gal (Ky/ko),

¥ (QKO/K(T75()+> = N@(sz)/(@ (¢ (0Ko/kzo,SﬂS)) .

Since no place in S™ splits completely in Ky/ky and Ky/kq is cyclic, no place in
Sy splits in Ko/K{ . In addition, S; contains all of the Archimedean places of K
and all of the prime ideals of K that ramify in Kj. Therefore, Tate’s expressions
(4.1) and (4.2) for the value of the L-function and the L-function evaluator of a
quadratic extension apply to 0, K ST They show that the left side of the above

equation is nonzero, so that ¢ is nonzero. The point of this discussion is that
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we can analyze the term Qaifjlp appearing in expression (4.11) for ™" by analyzing
the exact same term appearing in the expression (4.12) for 6", and the term 6§
in expression (4.12) is nonzero.

For this analysis, we will need to consider the C-linear extensions of the char-
acters x*: C[G] — C, as well as their restrictions to C[H]. When p divides a,
X |C[ H) is just the augmentation map on C[H]. We will use ¢, to denote the twist
by x“. By property 3 of equivariant L-functions in Section 3.1, if Sp® is the set of
places of k; sitting above the set of places in S™, then

p—1

eKl/klsti = H tgma ((Qns) )

a=0

Following the notation in [47, Proposition 3.1], we let

p—1
B = tara (6™,
a=1

so we have just removed the factor ™ from the earlier product.

Since G = H' x H, equation (2.3) gives an isomorphism
C|G| = C|H']|[H].

Under this identification, write

p—1
min __ E 7
HQ:Qmp - ala b
=0

where the coefficients a; are in C[H']. If ¢ is in @, let ¢ and ¢z denote the
restrictions of ¢ to H and H’. By the definition of %" and property 6 of idem-

Q:Qmp

potents from Section 2.3, we have the equality in C [H'] [H]
leziip = Z LKl/ko,S’“i" (07 ¢_1) €¢rChpr- (4.14)
(z)EQ:Qmp

By the orthogonality relations,
1y (€¢H) =0

when ¢y # 1y. Therefore, applying the C[H']-linear extension of the trivial

min
Q:27TL p

character 1 to the expression (4.14) gives 0. It follows that 37— a; = 0, so 6

is in the H-relative augmentation ideal of C [G].
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Property 2 of components of L-function evaluators from Section 3.3 shows that
we may write

ns NHéns
Com T (U]

where 2% is a lift of 6, Jko,sns to C[G]. We choose 02 to be in the subring C [H']
of C[G]. Thus, we have

p—1 ) éns
ens = Zaial =+ %NH,
=0

where each term is written as en element of C [H'] [H].
We now substitute this expression into the product defining 3. The result is
a product of sums, and we will first consider the one term found by choosing the

first term in each sum when this product is expanded. The result is

p—1 p—1
[t (Z a,-ai> : (4.15)
a=1 i=0

For each integer a such that 1 < a < p — 1, tom, acts as the identity on C[H'].
The factor

p—1 p—1
tomg E a;o" :E a;Cy'o"
=0 i=0

in the product (4.15) maps to 0 under the C [H’]-linear extension of x;*. As a runs
through the integers from 1 to p—1, x ;" runs through the nontrivial characters on
H. Thus, the image of the product (4.15) under the C[H’]-linear extension of any
nontrivial character on H is 0. Writing this product as a C [H']-linear combination
of the idempotents corresponding to the distinct characters on H, we find that it
is a multiple of the idempotent corresponding to the trivial character. In other

words, we may rewrite (4.15) as

p—1 p—1
H tomg <Z am’) = cNpy (4.16)

for some element ¢ in C [H'].

We can find a more useful expression for ¢ by applying x” to the expres-
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sion (4.15), which yields

p—1 p—1 4 p—1 /p—1 o
i (E) ()
a=1 1=0 a=1 \ =0

p—1
= No(amp) /0(Gm) (Z X" (i) 457) '

=0

Applying x* to the right side of expression (4.16), it follows that

1 = i
x'(e) = ]SN@(szp)/Q(Cw) ( X (a:) Cp> : (4.17)
i=0
In summary, when the expression
p—1 5
. QHS
Z Clz‘CTZ + i.Z\[H
i=0 p

is substituted into the product defining 3, the resulting expression can be written
as

cNy + «a,

where ¢ is in C[H’] and satisfies equation (4.17).
Observe that each term entering into the expression defining « is a product of

factors, at least one of which is of the form

éns
t2ma (%) : tQma (NH)

for some a such that 1 <a < p— 1. Since

—_

p—

1y (tama (Ng)) = Z ¢ =0,

1=

each such term is in the augmentation ideal in C [H'] [H]. Hence, so is a.

Putting everything together and using the fact that Zﬁ:& a;0* and « are both



80

in the augmentation ideal of C [H'] [H], we find that
QKl/]ﬁ ns — Qnsﬁ

. .
. OHS
— <Z a0’ + LNH) (cNy + )
i=0 p
- (c 05° Ny + Z a;cri> :

i=0
where a Y7 a;0" = 3P dlo’ and Y2'— ) ) = 0 in C[H']. However, Ok, ks sy 38
contained in the subalgebra C[H’] of C[G]. It follows that

/. pns
a; = —cy’.

for 1 <i <p—1, and hence,

Thus, we find that
Ox, [k1,Sps = PC 535.

Our initial choices imply that the restriction x4, is the character on H' satisfy-

ing x4, (0') = (am. Also, x? is trivial on H and can thus be considered as a charac-

ter on Gal (Ko /ko), satisfying x? (a’ ‘Ko) = (om. Thus, x? <9~85> = X (0o ko, 500 ) -
Applying x? to both sides of the equation above yields

L, o5 (0, x77) = pX” (¢) Licg ko sm+ (0,x77) .

Equation (4.17) then gives

. LKl/k‘l, (O XH/)
N C2m /Q§2m <ZX CLZ ) p

LKo/kO,S“S (0,x77)°

Let Sg and S;” denote the sets of places in K and K respectively that lie above
places in 5™, and let S and S} denote the sets of places of Ky and K lying
above the places in S™. Also, let Cokery and Coker; denote the cokernels of the

canonical maps Cly+ g+ — CIKO,S%sO and Clg+ o+ — CIKLS?(SI respectively. If we
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now take the norm of each side of the above equation from Q (¢om) down to Q,

then Proposition 4.3.1 shows that

p—1
« _1g+| Wo |Coker; |
N, P ()¢t | = olSi|-]sd| 20 OXE
Q(Gmp)/Q (;X (a:) Cp) W1 |Cokery|
Let S! be the places in K; lying above places in S™ that split in k;/kg. Then
ST =153 = (0 =1 [s™].
Furthermore, since x? (H) =1 and x*" (H') = 1, we have
X2m+p (aiai) = (ai) C;-

As 2™ + p is relatively prime to both 2™ and p, the character Yy ~2" P generates G.
It follows that

No(am,) /e (z_; X @) g;) = No(emy) /0 (XTW (Z Wi))

=0

= No(empyra (77 (025,))
= No(emy) /0 Y (U
The characters that generate G are precisely the characters in €am),. By Proposition
3.2.1 and Theorem 3.2.3, as ¥ runs through the characters that generate @, the
values
L, ko smin (0, 7))
run through a set of algebraic conjugates in Q ((am;,) (possibly more than once).

We have arrived at the following description of the L-function evaluator for

Kl/k’ol

min __ min
9 - 6€2mp7

if any prime of kg splits completely in K and ramifies in k;, and otherwise

. . 1~
len — emln _I_ _QONH’
b

627”17
where 6 is the lift of 6, Jko,smin to C [H']. In either case, Qg;iflp satisfies
min -1
No(erm)/a (¢ (9%%)) = No(emy)/a (Lrcafrosmn (0,071))

W |Coker |
W |Cokerg|’

Sspl

=21 (4.18)
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for any generator 1) of G.

We may now find similar formulae for the L-function evaluators corresponding
to more general sets S of places of ky containing S™®. Consider the effect of the
adjunction of a single prime ideal p to S™". We will use property 1 of L-function

evaluators from Section 3.1, which says

Ok /ko,SULp} = (1 — 0,71) Ok, /ko,S-

First, assume that

for some a such that 1 < a < p — 1, so that p splits completely in Ky/ky and is

min
Com

inert in k; /ko. Multiplying 6 , inside the expression on the left side of (4.18) by

1

(1 — o) has the effect of multiplying the expression on the right side by p*" .

Next, assume that

for some integers a and b such that (a,p) = 1 and (b,2) = 1. Multiplying QQ‘?;:p
inside the expression on the left side of (4.18) by (1 — 0”0®) when ¢ = x*" 7 does

not change the value of that expression since
X2m+p (1 _ U/bO'a) -1 C2me

is a cyclotomic unit with absolute norm 1 ([60, Proposition 2.8]). Thus, the same
is true when v is any character that generates G.
Finally, assume that
-1 b

O'p =0

for some b such that the exact power of 2 dividing b is 2", with 0 < r < m.
Multiplying the 0, inside the expression on the left side of (4.18) by (1 -0, 1)
has the effect of multiplying the expression on the right side by 2(P=12",

The following proposition follows from the previous analysis by an inductive

argument.



83

Proposition 4.5.1. Let S be an arbitrary set of places of ko containing S™" and
such that no prime in S splits completely in Ky/ko. If any prime in S splits
completely in Ko/ko, then

HKl/k:OyS - eKl/kO,S,Q:QmZﬂ (419)

and otherwise,

1-
Ok, /ko,s = eKl/ko,S,Cgmp + ];QKO/kO,SNH, (4.20)

where éKO/kO’S is a lift of Ok, /ke,s to C[H']. In either of these cases, if 1 is in Com,,

then Ok, jko.5,¢,m, Satisfies

| 2m71|52‘ % ‘ 00k€T1|

N 0 = 9= 4.21
Q(CZmp)/Q <77D ( Kl/kO’SvQ:Qmp)) p Wl ‘COkGT’OV ( )

where Sy is the set of places in Ky lying above places in S that split in ki /kqy, and
Sy is the set of places in S that split completely in Ko/ko and are inert in ki /kq.

We remark once again that the above norm is positive.

The following lemma is crucial.

Lemma 4.5.2. The norm map
N: Coker, — Cokery

18 surjective.

Proof. Observe that if a is an ideal of K, then a”a is the lift of an ideal of K",
so 7 acts on Coker; by inversion. Similarly, 7 acts on Cokery by inversion.

Let H, and Hj be the extension fields of K; and K, corresponding to Coker; and
Cokery through class field theory, and let Hg, and Hg, be the Hilbert class fields of
K, and K. Proposition 2.7.5 shows that the extension Hg, /k; is Galois, and that
the Artin map Clg, — Gal (Hg, /K,) is an H'-equivariant isomorphism. Similarly,
the Artin map for Hy,/Ky is Gal (Ko/ko)-equivariant. Since [K; : Ky = p, if
Ky N Hy # Ky, then K7 C Hy. But this is impossible, since |H| is odd and the
complex conjugation 7 acts trivially on H = Gal (K;/K,) and acts by inversion
on Gal (Hy/Ky). Thus, K; N Hy = K.
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We observe that K Hj is contained in Hg,. First, Gal (K;Hy/K}) injects into
Gal (Hy/Ky) by restriction, so KjHy is Abelian over Kj. Second, if p is a prime
ideal in Ky, then since p is unramified in Hy/Ky, the inertia group I, of p in
Gal (K1 Hy/K,) is contained in Gal (KyHy/H,). Let P be a prime ideal of Ky H,
lying above p, and let B be the prime ideal of K; lying below ‘i? Let o be an
element of the inertia group of P over K;. By definition, o fixes P, and

o(a) =a (mod P)

for all elements « in the ring of integers in Ky Hy. But by definition, this implies

that o is in the inertia group I, of i]~3 over K. Hence,
o € Gal (KlHQ/Kl) N Gal (KlHO/HO) = 1.

The inertia group of i]~3 over K is therefore trivial. Thus, no prime ideal ramifies
in Ky Hy/K;. Furthermore, no Archimedean places ramify in K;Hy/K7, since K
is totally complex. Since H, is the maximal unramified Abelian extension of K7,
it follows that K H, is contained in H,.

We have the following diagram of fields:

Let a be an ideal of K; whose class in Coker; is trivial. We may write a = be (v),
where b is an ideal of K; supported at prime ideals dividing those in S™, ¢ is the
lift of an ideal from K", and v is in K;*. If N denotes the norm map on ideals
from K; to Ky, then

Na = NbNc(Nvy).
Setting ¢ = /O, where ¢’ is an ideal in K" and Ok, is the ring of integers in K7,

we have

Ne = Ngr ey (¢") Oro,
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which is the lift of an ideal from K, to Ky. Also, Nb is supported at primes
dividing those in S™. Therefore, the class of Na in Cokery is trivial. It follows
from Lemma 2.6.1 that
(a,HKl/Kl) - = (NC@H()/K()) = (NQ,HKO/K()) . = ld7
0 0

since Hy is the subfield of H, fixed by the automorphisms (¢, Hg, /Kj) for ideals ¢
in Ky representing the trivial class in Cokery. Therefore, K; Hj is contained in the
field fixed by the automorphisms (¢, Hg, /K7) for ideals ¢ representing the trivial
class in Coker;. By definition, this is the field Hy, so K1 Hy C H;. There is thus a
restriction map

Res: Gal (H;/K;) — Gal (Hy/K)),

which is surjective since K; N Hy = K. It follows that the corresponding norm

map N : Coker; — Cokery is surjective. O]

Therefore, we may rewrite (4.21) as

1 _ 1 m—1 >
N@(Qmp)/@ (1/} (QKl/k0757€2mp)) = a2(10 DIS1],2m S| | Ker | (4.22)

where ¢ is defined by W; = ¢gW, and “Ker” designates the kernel of the map
N : Coker; — Cokery.
Remark. We make a couple of remarks about roots of unity. First, p | W, if and
only if p | Wy. Second, if p | Wy, let p® be the exact power of p dividing Wy and p° be
the exact power of p dividing W;. Then Q (Cpb)ﬂKo = Q (Ge). Also, Ky (Cpb) = K,
if a =0, and K (Cpb) = K, if a < b, since there are no intermediate fields between
Ky and K,. Therefore, if @ < b, then p*~¢ = [Q (Cpb) :Q (Cpa)} = [K; : Ko] = p.
Consequently, the exact power of p dividing ¢ is either 0 or 1.

We have arrived at our desired expression for 0k, i, s, which will be restated

here as a theorem.

Theorem 4.5.3. Let notation be as above. Let S be any set of places of ko

containing the Archimedean places and the primes that ramify in K, /ky. Write

Ok, /ko,5,¢ym = Oeym and 9K1/k0,5,¢2mp = ngmp. Then

0K1/k‘o,s = 0€2mp + 0€2m'
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If ¢ is any character in Com,,, then §¢2mp satisfies
_ 1., e
N@(CQmp)/Q (w (0@27”?)) = 62(1) 1)‘Sl|p2 1(‘S2| 1) | K6T| , (423)

where Ker and q were defined immediately following equation (4.22). Furthermore,
O¢,m is given by
Ny ~
9@:2771 = _907
p

where By is a lift of Oko/ko,s to C[G]. In particular, Oc,, is 0 if any prime of S
splits completely in Ko/kg.

4.6 Norms of L-values for degree 2"p" extensions

Let p be an odd prime and let m and n be positive integers. In this section, we
will use the expressions in Theorem 4.5.3 to derive similar ones for cyclic extensions
of degree 2"p". Let K, /ky be a cyclic extension of number fields of degree 2™p".
We assume that k is totally real and that K, is totally complex. For 0 < r < n, let
k. and K, be the unique extension fields of kg contained in K,, with [k, : ko] = p"
and [K, : ko] = 2™p". The fields k, are all totally real and the fields K, are all CM
fields. Let K denote the maximal totally real subfield of K. Let Sy be a set of
places of ky containing the set Si™ consisting of the Archimedean places and the
prime ideals of kg that ramify in K,,. For 0 < r < n, let S, denote the set of places
in k, lying above the places in Sy. We denote the number of roots of unity in K,
by W,.

Set G = Gal (K, /ko), G' = Gal (K, /k1), H = Gal (K, /Ky), and finally set
H' = Gal (K, /k,). Fix a generator o of H, a generator ¢’ of H', and let 7 = /2"

denote complex conjugation. Furthermore, let

p—1
- ipn_l
N, = g o
=0

be the norm element in C[H] corresponding to the extension K, over K, ;. Let
x be a generator of G. For 1 <r <mn, let (,r be the primitive p"th root of unity
such that

X2’m (O-pn*’l‘> _ Cpr‘
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Let (om be the primitive 2th root of unity such that
P (0') = Com.

If kg = Q, then at least one prime ideal of ky ramifies in K. If ky # Q, then
So contains at least two Archimedean places. It follows that | S| > 2. Thus, for

each even integer 2t,

L, /ko,so (0,x%) =0,

since x*' is an even character (see [58, Chapter I, Proposition 3.4]). The odd
characters fall into n + 1 equivalence classes under the equivalence relation from
Section 3.3: for 0 < r < n, €ym, comprises the characters of order 2"p". To
simplify notation, we write ¢ instead of Oy, /i,,s5,- Similarly, we write 0¢,,, , instead
of Orc, /ko,50,€5m -

We can decompose 0 as
0=> Oy, (4.24)
r=0

Consider fg,,, . as an element of Q [H'] [H] and write

§ )
QQZQmPn - a;0 -,

i=0
where each a; is an element of Q[H']. Property 2 of components of L-function
evaluators from Section 3.3 shows that we can write
pr—1
0= Z a;o' + cN,, (4.25)
i=0
where ¢ is an element of Q [G].
Since the case n = 1 was examined in the last section, we will now assume that
n > 2. Let t, denote the twist by x*. By property 3 of equivariant L-functions in
Section 3.1,

p—1 p"—1
eKn/kLSl = Htgmpnflv (Z aial + CNp> . (426)
v=0

=0
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Applying 2" *7" to the first term formed when this product is expanded yields

e {5 (5)
(v eoe)
= No(Comyn ) /Q(Gumpn1) <Z X (ai) pn>

= Ng(eamp)0(gmpn 1) (7 (Bezmyn)) -

(We have used the assumption that n > 2). For each v = 0,...,p — 1, the
assumption that n > 2 also implies that the twist tgm,n-1, fixes N,. Therefore, the
other terms that appear when the product (4.26) is expanded are all multiples of
N,.

We have found that when n > 2, there is a decomposition
eKn/k1751 =+ C’Np (4.27)
where « is in C[G] and satisfies
X P (a) - NQ(C27npn)/@<Cgmpnfl) (X P (0€2mPn)) .

For 0 < r < n —1, let cagm,r denote the equivalence class in G containing the

characters of order 2"'p". The decomposition of 0, /1, s, into components is

eKn/kl,Sl = Z QCQmp'r' (428)
r=0

By property 2 of components of L-function evaluators, the partial sum

[\

n—

6

Compr

Il
=)

is a multiple of IV,,. Property 3 of components of L-function evaluators shows that

N,0 = 0. It also shows that IV, Zf:_ol a;o" = 0. Therefore, since tomyn-1,

p c27np'n71

fixes N,,
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Multiplying the expressions (4.27) and (4.28) for 0, /i, s by N,/p shows that

Comparing the two expressions for Ok, /i, s, then yields

a=10

Compn—1"

Finally, applying x?" 7" shows that

e (9%%%1) = No(compn)1@(cumnt) O (Oeampn)) - (4.29)

Each extension K, /k, with 0 < r < mn — 2 is a degree 2"p"~" cyclic extension
with n — r > 2. Therefore, the above analysis can be conducted on each such
extension. For r = 1,...,n, let Com,r be the equivalence class of characters on
Gal (K, /kn—,) of order 2"p". An inductive argument shows that the elements
Pl (91(” /khSthmpr) in Q (¢ampr) for 1 <r < n form a norm-coherent sequence.

In particular,

X eKn/khSnfvaZmp) - NQ(CZmP")/@(@mp) (X2m+pn (9€2mp”)) :

Set
W,
anl .
Since k,/ko is cyclic, the set of places in K,_; lying above places in S,,_; that

q:

split in &, /k,_; is also the set of places in K,_; lying above places in Sy that split
completely in k, /ko. Let S; be the set of places in K lying above places in Sy
that split completely in k,/ko. The cardinality of the set of places in K,_; lying
5’1 . Let 5’2 be the set of places
in K, lying above places in Sy that split completely in K(/kg and are unramified in

k./ko. We abuse notation by letting SP denote both the set of places in K, and

above places in S,,_; that split in &, /k,_; is p" !

the set of places in K, lying above the places in SP" that do not split completely
in Ky/ko. Let Coker,_; be the cokernel of the map

Clyer

n—1’

S,Eil - ClKn717‘5‘2571 ?
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and let Coker,, be the cokernel of the map
C]'Kiysﬁs — C].KT“S?LS.

Finally, let Ker denote the kernel of the norm map N: Coker,, — Coker,_;. Since

the extension K, /k, 1 is a degree 2p cyclic extension, Theorem 4.5.3 shows that

NQ(CQmpn)/Q (" (Oezinn)) = NQ(CQmp)/Q (x (QKn/kn—lvsn—lch"p))

— l2p”_1(10*1)|§1|p2m_1|§2| |Ker| )

q
The characters that generate G are precisely the characters in €ymyn. By Proposi-
tion 3.2.1 and Theorem 3.2.3, as ¢ runs through the characters that generate @,

the values
LKn/kJO,SO (OJ ¢) = ¢71 (GQQmpn>

run through a set of algebraic conjugates in Q ((amyn) (possibly more than once).

We have thus proved the following theorem.

Theorem 4.6.1. Let Sy be an arbitrary set of places of ko containing SF™ and
such that no prime in Sy splits completely in K, /ko. The decomposition of 0 into

components 18
n
0 = E 9€2mp7"7
r=0

where the class Com,r consists of the characters in G of order 2mp". If ¢ is in

thmpn 5 then

N@(Qmpn)/(@ (LKn/ko,So (07 ?/1)) = NQ(Qmpn)/Q (1#71 (‘9€2mpn))
= Lo oIS e (4.30)
q

where q, Sy, S, and Ker were defined in the preceding paragraph.

Remark. The norms of the values at s = 0 of the other L-functions for K, /ky can
be found using property 2 of components of L-function evaluators, Proposition

4.3.1, and equation (4.30).
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Ezxample. Let p and [ = 2™p™ + 1 be odd prime numbers. We will examine the
case where kg = Q and K,, = Q(¢). Then g = [ and the set SP" of places of Q
consists of the Archimedean place and the prime ideal (). For each character x in

CAJ, let B, be the generalized Bernoulli number defined by

-1

1
By = 7 Z ax(a).

a=1

It is known that (|60, Theorem 4.2])

LKn/kQ,S(I)ni" (O, X) — _BLX’

Assuming that as 1) runs through the characters in €ampn, the algebraic conjugates

By are distinct, it follows that
N@(szpn)/(@ <LKn/k0,Sg’i“ (0, X)) = H —B17¢,
(4

where the product is over the characters of order 2p". The set S; consists of 27~
Archimedean places, and the set Sy is empty. Thus,
S

P 1) | S =2 (- 1)

and
2m—1

52‘ == 0
Putting all of this together with equation (4.30), we find a formula analogous to the

well-known expression for the minus class number of K, as a product of generalized

Bernoulli numbers ([60, Theorem 4.17]):
|Ker| = lH —lB
— 1= Lop-

Again, the product is over the characters of order 2"p". Also, |Ker| is the quotient
of the relative class number of K, by the relative class number of K, ;. This
generalizes a formula used by Peter Stevenhagen in [57] to study the parity of

certain relative class numbers.
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We will now derive another version of formula (4.30). The ideal class group of
K, is a Z|G]-module. The subgroup of the ideal group of K, supported above S!®
is stable under the action of G. The group of lifts of ideals from K;' to K, is also
stable under G. Therefore, the quotient group Coker,, is a Z[G]-module. Similarly,
Coker,,_ is a Z[G]-module. We will show that Ker is a Z[G]-submodule of Coker,,.

Remark. We must be careful not to confuse Ker with the Z[G]-submodule of Coker,,
annihilated by N,. Ker, the kernel of the norm map N: Coker,, — Coker,_;, is
necessarily only contained in the Z[G]-submodule of Coker,, annihilated by N,,. If
the canonical map

Coker,,_; — Coker,,

is not injective, then this containment might be strict.

An ideal a is a representative of a class in Ker if and only if the ideal N, -a is
the lift of an ideal of K,,_; whose class in Coker,,_; is trivial. If a is such an ideal
and g is in G, then N, ¢g-a = gN, -a. Since Coker,,_; is a Z[G]-module, N,, g - a is
also the lift of an ideal in K,_; whose class in Coker,,_; is trivial. It follows that
Ker is a Z[G]-submodule of Coker,,.

As Coker,, is annihilated by 1 + 7, so is Ker. Since Ker is also annihilated by
the action of N,, Lemma 2.3.4 shows that Ker has the structure of a module over
the Dedekind domain

O = Z[Gonyp].

Set fi = fin,/pn—1. Since fi is annihilated by 147 and by N, it is also an O-module.
By property 6 of Fitting ideals and the fact that j is a cyclic O-module, we may

rewrite equation (4.30) as
N (Fito (/1) ¢ (Beyn ) = N ((1 — )@ = )%l Fit, (Ker)) . (431)
It is now natural to pose a question similar to that of Section 4.3.

Question. If is a generator ofa and i and Ker are endowed with the O-module

structures induced by 1, then is it true that

Fito (71) ¥ (Ogyn,) = (1= Gon) S (1 = ¢o) %] Fit (Ker) 2 (4.32)
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In what follows, we will refer to this question for an extension K,/ky and a
set Sp as Qampn (K, /ko, So). If Qompn (K, /Ko, So) has an affirmative answer for the
minimal set Sy = S then it also does if Sy is any set containing Sg". In this
case, we will say that Qgm,» (K, /ko) has an affirmative answer without mentioning
a set Sp. If p is a prime number, then then hypothesized equality of the factors
supported above primes dividing p on each side of equation (4.8) are equal will be
referred to as the p-primary part of Qgm,» (K,,/ko, Sp). We note that the relation
(4.32), when valid, implies that Fito (Ker) and Fite (i) are in the same ideal class
in O.

Although formula (4.31) does not immediately imply formula (4.32), if p’ is a
prime number with only one prime ideal divisor in Q (Cam,n ), then equation (4.31)
implies that the p’-primary part of Qgm,» (K, /ko) has an affirmative answer. It
does not seem immediately clear that the p/-primary parts are equal for other
prime numbers p’. However, if the 2-primary or the p-primary parts are equal
when Sy = S then they are equal when Sy is any set of places containing Sgi.

Next, we will give a result concerning Annge (pn)-

Proposition 4.6.2. Let ¢ be in Cympn and let M denote the absolute norm on

ideals of Z [Compn]. If (p,W,,) = 1, then

N (¢ (Anngg (1)) = ¢
Otherwise,
N (¢ (Annzig) (1)) = Pg
for some exponent e such that 0 < e < p™~1.
Proof. The quotient group i,/ pin—1 is a Z[G]-module of order ¢. It is annihilated
by both N, and 1+ 7. Lemma 2.3.4 shows that it is a module over the Dedekind

domain

O = Z [Gom].

Being a cyclic group, p,/p,—1 is also a cyclic O-module. By property 3 and
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property 6 of Fitting ideals in Section 2.4, it follows that

q = N (Fito(pttn/pn-1)) = N (Anno (tn/ in-1))
=N (¢ (AnnZ[G] (Mn/“n—l))) . (433)

Let 91 denote the absolute norm on ideals of Z[(sm]. Equation (4.6) shows
that

W (Yar (Annzi (kn-1))) = N (Fitzic,n) (n-1)) = W1,
Also, since 1 — ¢?" " annihilates ju,_1,
(1 = G, Fitaem) (tn-1)) S ¥ (Annge) (ttn-1)) -
If pt W,_1, it follows that
¥ (Annzy (o 1)) = O.

(We note that p divides W,,_; if and only if p divides W,,.) Let ¢ be an element of
Anng) (fn—1) such that ¢(6) = 1, and let 3i,..., 3, be a set of elements of Z|G]
such that ¢ (81),...,% (5,) generate Fito (1, /ftn—1). Then

¥ (Anngg) (pn/pn—1)) = (¥ (061) ..., ¢ (06,)) C ¢ (Annge (1)) -
Since Anngg (pn) € Anngg) (fn/ ftn—1), it follows from equation (4.33) that
N (¢ (Anngg (1)) = ¢

Otherwise, assume that the exact power of p dividing W,,_; is p’. Also, assume

that the ideal factorization of (1 — (n) in O is

(1 - Cp") = H&BZ

Let 2, be the part of Anngj,.. (n—1) supported at primes dividing p. By Lemma
2.4.1, there exists an i such that

A,0 = gﬂp?n_l(pil)t'

Then for this 7,

n—1

77/] (AnnZ[G] (Mn—l)) 2 (1 - Cp’ AnnZ[CQ"”] (Mn—l)) = ('Bf .
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Reasoning as in the case where p 1 W,,_1, it follows that

o (Anngge) (1)) = ¥ (Anngey (ttn/pn-1)) B (4.34)

for some exponent e such that 0 < e < p"»~!. Therefore, since the residual degree

of P over Q is 1,

N (¢ (Annge) (1)) = p°a. O
Next, we investigate the denominators of the coefficients of f¢,,, ,. We again
write Og,n . = fia ' a;0" with the coefficients a; in Q [H']. Since N,, annihilates

6¢2mpn, it follows that for each j such that 0 < j < p*»~ ! — 1, Zf:_ol Aipn-14; = 0.
It will turn out to be in our interest to factor (1 — ¢”" ) out of Ogym,» by writing
8¢2mpn = (]. - O'pn71> g@ynpn with

p—2 p”flfl
Oz =D D byrmrgo® (4.35)
i=0 ;=0
and ,
bipn—iij = Y Q1. (4.36)
k=0

We now give a bound on the denominators of the coefficients of §¢2mpn, stronger

than that given by Proposition (3.3.1).

Proposition 4.6.3. With notation as above,

— 1
9@ mn € —71G).
2Mp pq [ ]
If the p-primary part of Qamyn (K, /ko) has an affirmative answer and either Syl >

n—1

p"~torpl|q, then
— 1
qumpn < 5Z [G] .

Proof. Let u, and p,,_1 be the groups of roots of unity in K,, and K,,_; respectively.
The definition of ¢ shows that

q (1 — JP7H> € Anngq (pn) -
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By Theorem 3.2.4,
q(1 — o )0 € Z[G].

Equation (4.25) shows that

q (1 - o.pn71> 0= q <1 - O.p"71> 9€2mpn'

It follows that ,

—

q (H (1 . O_ipn—1>> ngmpn e 7 [G] .

i=1
Under the second isomorphism in Lemma 2.3.4 (using an element ¢ in €ym,n for
the character in that lemma), [[’_} (1 — ¢?) has the same image as p. Properties
3 and 4 of components of L-function evaluators in Section 3.3 show that fc,,, . is
annihilated both by 1+ 7 and by N,. It follows that

p—1

P0eym,m = 4 (H <1 — aipn_l)> Otym » € Z[G].

i=1
Therefore,

1
9¢2mpn c —7Z [G] .
pq

(The example following Proposition 3.3.1 shows that pg can be the exact denomi-
nator when the coefficients are written in lowest terms.) Finally, expressions (4.35)
and (4.36) show that

— 1
O¢m . € —7Z |G| .
&omy, nq []

Now assume that the p-primary part of Qam,» (K,,/ko) has an affirmative an-
swer. In particular, the factors supported above prime ideals dividing p on both

sides of the equation
Fito (i) ¥ (Beyn,.) = (1= G)l¥ (1= ¢) [ Fiito (Ker)

are equal, where 1) generates G. We will use this formula to prove the second part
of the proposition.

The first part of this proposition shows that gy <9§12i2pn> is integral up to prime
ideals in O dividing p. The p-primary part of Qom,n (K, /ko) and equation (4.33)
then show that for each ¢ in Comyn,

qy (9@2?”) €Z [CQ’”:D“] :
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Hence,

—min

0 (1= ) (Bem,. ) € Z[Gompe!
The argument in the paragraph preceding Proposition 4.5.1 shows that adjoining a
set of prime ideals to Sy with a corresponding addition of £ primes to S, multiplies
the integral ideal ((pqggwpn)) by a factor of (1 — Cpn)k. If we now let Sy be a
set formed by adjoining primes to Si"™ that split completely in Ky /ko, and if these

Sy| > p"L, then we have

additional primes are enough to make

—min

00 (Pen,) = a (1= Go)l* 0 (G ) € Z o).

It follows that g1 @@2%”) is integral for any set Sy for which ‘52‘ > pnt

Next, if p divides ¢, then p is the exact power of p dividing ¢ (see the remark
preceding Theorem 4.5.3). It follows from the p-primary part of Qompn (K, /ko)
that

(1= G) ¥ (Oeympn)
is P-integral for all primes P of Q (Comyn) dividing p. Therefore, since
U= —12p"
the first part of this proposition and (4.33) show that
0% (Oezmyn) € (1= ) Z[Compr] -

Hence,
@0 (Oeym,n ) € Z [Compn] .

We have now shown that under either of the hypotheses |Ss

> p”_l or p | q,
qV (Geym,. ) is integral.
Set ¢ = x*" 7", Using the expressions (4.35) and (4.36) for 9¢2mpn . we have

P Hp-1)-1 '
q Z Xp (bz) C;)" ~ Z [CQmpn] .
=0
The numbers C;n for i =0,...,p" '(p— 1) — 1 form a relative integral basis for

Z [Campn] over Z[(am]. Tt follows that the numbers ¢x?" (b;) in Q ((am) are algebraic

integers.
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Let 7 denote complex conjugation. Property 4 of components of L-function

evaluators shows that
p"—1

E )
9€2mpn = a; o

i=0
is annihilated by 1 + 7. Thus, (14 7)a; = 0 for all ¢, and hence (1 + 7)b; = 0 for
all 7. For each i such that 0 < i < p"!(p—1) — 1, we may therefore write

om—1_7

1—-7
b; = Z @‘jUU 9
j=0

for some rational numbers 3;;. Then

am-1_1

ax”" (b:) = Z qﬂijéém-
3=0

Since the left side was shown to be in Z [(om] and since, for j = 0,...,2m" 1 — 1,
the numbers (J,. form an integral basis for Z [(om], it follows that the coefficients

q0;; are in Z. Therefore, each b; is in %IZ [H'], and hence 5%%” is contained in

1 1 1
2—pZ[G] N p—qZ[G] =z G].

]

To conclude this section, we provide an instance where Qam,n (K, /ko) can be
shown to have an affirmative answer. In the next section, we will present another

instance.

Proposition 4.6.4. If Brumer’s Conjecture is true for the extension K, /ky and
the set Sy, and if Ker is a cyclic O-module, then equation (4.32) is valid up to
prime ideals dividing 2 and p. If, additionally, either |G| = 2p™ or p is inert in
Q (Cam), then the p-primary part of equation (4.32) is valid. If2 is inert in Q ((pm),
then the 2-primary part of equation (4.32) is valid.

Proof. For simplicity, let 6 = Ok, /iy.5,- Since (B) holds for the extension K, /kg
and the set Sy, we know that

Anngq) (ptn) 0 € Anngq (Clk,) € Annge (Ker) .
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Let 1 be a generator of G. Ker is endowed with an O-module structure through
¥, and
Anne (Ker) = ¢ (Anngq) (Ker)) .

Thus,
Y (AnnZ[G] (fn) 9) C Anngp (Ker) .

Since Ker is cyclic,
P (AnnZ[G](un)H) C Fitp (Ker).

Therefore, there exists an integral ideal a in O such that

¥ (Anngg(pn)0) = aFite (Ker).

Equation (4.34) then shows that
B Fito (1) ¥ (0) = aFitp (Ker) .

By equation (4.25),
b (0) = (eym,n) -

Taking absolute norms and using equation (4.31), we find that a is supported at
primes dividing 2 and p. This proves the first statement of the proposition. The
other statements all follow from the fact that the p’-primary part of Qompn (K, /ko)
has an affirmative answer whenever there is only one prime ideal of O dividing

. m

4.7 L-values for degree 2"p" extensions

Proving formula (4.32) in general seems to be beyond the capabilities of the
above methods, because the analytic class number formula only gives information
about a product of values of L-functions, in other words, about norms of L-values.
However, we can mimic the methods in Section 4.4 to prove formula (4.32) in
special cases. We will use the same notation as in Section 4.6. In addition, assume
that there exists a field &’ such that ¥’ C ky C K,,, with K,,/k’ and ky/k’" Galois.
Assume further that Sy is stable under the action of Gal (K, /k") on the ideal group



100

of ky. Let ' = Gal (ko/k’). Then F' acts on Z[G] as described in Section 2.7. The
action of F’ fixes the unique element 7 of G of order 2 and also N,. We thus have

an induced homomorphism
6: F— Aut (Z[G)/ (147, Ny)) 2 Aut (O) = Gal (Q (Gampe) /Q)
We need a preliminary lemma.
Lemma 4.7.1. If F acts nontrivially either on H' or on o®" ", then ¢ = 1.

Proof. If F' acts nontrivially on H’, then Lemma 4.4.1 applies with the objects K,
k, k', H, G, and W in that lemma set equal to K, k,, k', Gal (k, /"), H', and W,
respectively (note that k,/k’ is normal since H’ is a characteristic subgroup of G,
and that S, is stable under the action of Gal (K,,/k’) since Sy is.) Thus, W,, = 2,
and so ¢ = 1.

Otherwise, suppose that p is an element of F' that acts nontrivially on o

1 n—1

Choose an element p in Gal (K, /k') that restricts to p. Set p-o?" = o®" |
where 2 < ¢ < p—1. If { is a primitive W, th root of unity, assume that 5(¢) = ¢"
and o”"" ' (¢) = ¢* where (rs,W,) = 1. Then

o () = po ) = ¢ = (4.37)

Therefore,

so that

Since (s, W,,) = 1, it follows that
s '=1 (mod W,).
On the other hand, since |H| = p", we have
" () =¢" =,

so that
s# =1 (mod W,).
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Since (¢ —1,p) = 1, there exist integers u and v such that u(c—1) +wvp = 1. Then
s =gVt = 1 (mod W,).

Therefore,

so that W,, = W,,_; and ¢ = 1. O
We have the following:

Proposition 4.7.2. Let ¢ generate G. Then 1 (6) and Fito (Ker) are fized by
O(F).

Proof. Let g generate GG, and let  be the primitive 2" p™-th root of unity satistying

¥(g) = (. We write
2Mmp™—1

i=0
Let p be in F' and let ¢ be an integer such that p- g = g°. Suppose that p is an
element of Gal (K, /k’) that restricts to p. For any i such that 0 < i < 2™p™ — 1,
we have

p-g=g°

By Proposition 3.2.2, we have an equality of partial zeta functions

CKy /ko,So (S,Qi) = (Ko ko, <3a9i0)

fori =0,...,2mp" — 1. Thus, a; = a;. for all i (where it is understood that a;.
stands for the coefficient of 0% even if ic ¢ [0,2™p" — 1]). It follows that

2Mmpn—1

¥ (0) = Z a;¢’

i=0
is fixed by ¢(p), which is the automorphism of Q ((om,») that sends ¢ to ¢°. Since
p was an arbitrary element of F', this proves the first part of the proposition.
Since Sy was assumed to be stable under the action of Gal (K, /k’), Ker is
a Z[Gal (K, /k')]-module. This can be demonstrated with the argument used to
prove that Ker is a Z[G]-module preceding the statement of the question Qomn (K, / ko).
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One should note in this case that although H is not necessarily in the center of
Gal (K, /F'), the elements of Gal (K,/k’") do commute with N,. The second part

of the proposition now follows from Proposition 2.7.1. m

Corollary 4.7.3. If
Q(Gmp)™ = @,

then equation (4.32) is valid.

Proof. Let i generate G. By the previous proposition, (6’¢2mpn) is in Q. Also,
1 endows Ker with the structure of an O-module, and Fite (Ker) is fixed by
Gal (Q (Campn) /Q). We can therefore write

Fito (Ker) = (1 — (om)® (1 = (n)7 O,

where c is a rational integer. By Lemma 4.7.1 and equation (4.33), we know that
Fito(f1) is equal to O. Since ¥ (0¢2mpn) and ¢ are in Q, we can rewrite equation

(4.31) as

w (8@2 )2m71pn71(p—1) — 4+ 2pn71(p—1)(|§1|+62)p2m71(|§2|+8p)02m—1pn—1(p_1)
mpn .

Therefore, |S;| + e is divisible by 271 and |S,| + e, is divisible by p"~!(p — 1).
Furthermore,
|5'1|+62 ‘SQ‘JFEP
Q/} (6¢2mpn> = 492 om-1 ppn*l(Pfl) C.
]
Write

L= @ (CQmp">¢(F) )
with d = |¢(F)| = [Q ({ampn) : L]. Let ¢ generate G. Proposition 4.7.2 shows that
P (9¢2mpn) is in L. In addition, Fitp (Ker) can be written as

Fito (KGI‘) = a20,0.

where a is an integral ideal of L and ay and a,, are integral ideals of O with absolute
norms 2°? and p° respectively. Let SI° be the set of places of K, lying above places

in Sfin that do not split completely in K.
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Corollary 4.7.4. Let ro be the smallest nonnegative residue of

—p" L (p—1)|51| mod d.

Let § = 1 if p | q and let 6 = 0 otherwise. Let r, be the smallest nonnegative
residue of
§—omt ‘52‘ mod d.

[f hgs - ‘ClKn,Sﬁs

is the S class number of K,,, then
2r2prp | hgs7

Proof. Let O denote the absolute norm on ideals of L. We can rewrite equation
(4.31) as

AN (0 (Beyn, )" = 27" OIS e Se e o1 (a7
Since (2,q) = 1 and the exact power of p dividing ¢ is either 1 or p, the integers
P —1) (5 S,
Fitting ideals from Section 2.4 and the definition of e; and e,, |Ker| is divisible by
2°2 and by p®. O]

+ ey and 271

+ e, — 0 are divisible by d. By property 6 of

Example. Set kg = Q (x/ﬁ), and set Ko = k((3). According to calculations
performed with PARI/GP, the polynomial z'? — 5125 + 729 defines a non-Abelian
Galois extension field K7 of Q which is also an Abelian cubic extension of K.
The extension Ki/Kj is ramified only at the two primes of K, dividing 3. Set
Sp = Siinwhich in this case consists of the two Archimedean places of k and the
lone prime ideal of k dividing 3. Then the set S; consists of the two Archimedean
places of Ky, and the set S5 is empty.

Let ¥ = Q. Since Gal (K /k) is non-Abelian, Gal (k/k") acts nontrivially on G.
Lemma 4.7.1 then shows that ¢ = 1, so that W; = 6. Corollary 4.7.3 also applies,
showing that the answer to Qam,n (K7/ko) is affirmative. Finally, the numbers ry
and 7, in Corollary 4.7.4 are 0 and 1. PARI/GP says that the class numbers of
ko, Ko, k1, and Kj are 2, 2, 2, and 18 respectively. Since K;/k; is ramified at
the Archimedean places, the norm map on the the ideal class groups is surjective,

so that ideals representing the class of order 2 in ky lift to principal ideals in K.
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Since the prime ideal of ky lying above 3 splits in Ky /ko, the set S§® contains only
the Archimedean places of ky. Therefore, |Coker;| =9, and similarly, |Cokerg| = 1.
Thus, |Ker| =9, which is divisible by 3 as is predicted by the corollary.

Finally, we note that this corollary has the same feature as Corollary 4.4.4 —
one can let the sets S; and S, vary, producing seemingly different results. One can
show using similar methods as in the example following Corollary 4.4.4 that in the

present example, at least, | S| is always even when Sy is stable under the action of
Gal (K1 /K').

4.8 A generalization of a theorem of Kummer

One of the first results relating the special values of L-functions to the arith-
metic of number fields was discovered by Kummer. We denote the Riemann zeta
function by ((s). The numbers ((—n) for n = 1,3, ..., p— 4 are p-integral rational

numbers.

Kummer’s Criterion. An odd prime number divides at least one of the numbers

((=n) forn=1,3,...,p—4 if and only if the following equivalent assertions hold:

1. p divides the class number h of Q((,).
2. p dwides the relative class number h™ of Q ({p).

3. There exists a cyclic extension of Q (Cp)+, distinct from Q (sz)Jr and unram-

ified away from primes dividing p.

The equivalence 1 < 2 is one of the inspirations for Leopoldt’s Spiegelungssatz,
or reflection theorem ([34]). The equivalence 1 < 3 can be found, for instance, in
(60, Proposition 10.13].

In this section, we will first provide a generalization of the implication 3 = 2.
We will then prove a result on class numbers in the case where K is a number
field not containing the pth roots of unity. Both proofs use similar methods; it is
perhaps surprising that neither proof makes explicit use of Kummer theory.

Before we state the first theorem, we must fix some notation. Let K/k be a

cyclic extension of number fields of degree 2™. Assume that k is totally real and K
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is totally complex. Let S™® be the set of places of k consisting of the Archimedean
places and the prime ideals that ramify in K/k. We abuse notation by also writing
Smin for the set of places in K+ and for the set of places in K lying above the places
of S™" in k. Let Coker be the cokernel of the canonical map Cly+ gmin — Cly gmin.
Set O = Z[(am]. Let x be a character on Gal (K/k) of order 2. We write 7 for
the element in Gal (K/k) of order 2. As in Section 4.3, Coker is annihilated by
147, and x provides Coker with an O-module structure. Furthermore, x provides
the group p of roots of unity in K with an O-module structure. Let p be an odd
prime number and assume that p' is the exact power of p dividing |u|. If F, is
the factor of the ideal Fitp (1) supported at primes dividing p, then Lemma 2.4.1
shows that there is a prime ideal 3 in O dividing p and of residual degree 1 such
that
F, ="

We can now state the generalization of Kummer’s criterion.

Theorem 4.8.1. Let n be an integer with 0 < n < t. Suppose that the p-primary
part of Qom (kym/ko) has an affirmative answer. Assume that there exists a cyclic

extension L of k of degree p™ satisfying:

1. The number of p-power roots of unity in LK is pt.

2. No place in k splits completely in K/k and ramifies in L/k.
Then B™ divides Fito (Coker).

Proof. We change the notation to that of Section 4.6, providing K, k, and S™i
with the subscript 0. We set L = k,,. Then these fields satisfy the assumptions
from Section 4.5, and we will resume using the rest of the notation from that

section. Set

the norm element in Q [G] corresponding to the extension K, /Ky. For 1 <r < n,
let €ym,r be the equivalence class of characters in G of order 2mp". Let € be the

equivalence class of characters in G of order 2™. We write 6 for 0 Ko/ko,So and 0 for
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the lift of O, /x5, to Q[H']. Property 2 of components of L-function evaluators

from Section 3.3 shows that

1 -
Ok, /ko,So,6 = EQNH-

For 1 <r <mn, set
W,

Wr—l .
Property 2 of components of L-function evaluators and Proposition 4.6.3 show

that, for 1 <r <n,

qr =

1
pn—r—l-lqr
Assumption 1 on L in the theorem implies that (p, ¢,) = 1 for all r. Since n—r+1 <
t for all such r, it follows that

Alell

Ok /k0,S0,Cam e €

WTLQKn/k‘o,S(),Q:Qmp'r e Z [G] .

Then the relation

n
eKn/lCo,So - E eKTL/k07SOv€2mpT
r=0

and Theorem 3.2.4 imply that
W, ~
Wbk, jko.s0.¢ = p—n@NH € Z[G].

As 0 is in Q[H'] and Ny is in Q[G], it follows that

%9 € 7[Gal (Ko /ko)]

We will have no further need for the group H’, so we now let H' = Gal (Ky/ko).
Since the p-primary part of Qam (ky,/ko, Sp) has an affirmative answer, the above

inclusion implies that
W, Fite (Coker) (p" Fito (1)) "

is a P-integral fractional ideal of O. Using assumption 1 on L in the theorem, it

follows that

p! Fito (Coker) (p"F,)~" = p! Fite (Coker) (pnipt)il
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is a P-integral fractional ideal of O. Consideration of B-valuations then shows
that
PB" | Fito (Coker) .

]

Corollary 4.8.2. Let K be a CM field containing the p™th roots of unity. Assume

that there exists a cyclic extension L of K+ of degree p" satisfying

1. The number of p-power roots of unity in LK is the same as the number of

p-power roots of unity in K.
2. No place in Kt splits completely in K/K™* and ramifies in L/K™.
Then p"™ divides |Coker|.

Proof. This follows immediately from the above theorem and the fact that Qam (k;,,/ko)

has an affirmative answer for quadratic extensions. O

Remarks.

1. When k = Q(¢,)" and K = Q((,), this is exactly implication 3 = 2 of

Kummer’s Criterion.

2. Condition 2 above is essential, as is illustrated by the following example. Set
E=Q (\/ﬁ), and set K = k((3). According to calculations performed
with PARI/GP, the polynomial z'? — 512% 4+ 729 defines a cubic extension
field L of K, Abelian over k, unramified outside of primes dividing 3, and
not containing the 9th roots of unity. The prime ideal of k lying above 3
splits in K/k and ramifies in L. Thus, all of the conditions in the corollary

are satisfied except for condition 2. However, the class number of K is 2.

Results related to the case n = 1 in the corollary above were derived in [13] and
[31]. Condition 2 was also a necessary assumption in those papers. For another
similar result when k is imaginary quadratic, see [7].

For the second theorem, suppose that K, /ky is a cyclic extension of number

fields of degree 2™p™. Assume that kg is totally real and K, is totally complex. For
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0 <r < n,let k. and K, be as defined in Section 4.6. Let G, H, H', o, ¢/, S{"™ and
Srs, Coker,,_q, Coker,, and Ker be as defined in Section 4.6. Let O = Z [(omn].
Let x be a generator of G. Let [ = fn/n—1 as in Section 4.6. Then yx provides

Ker and fi with O-module structures.

Theorem 4.8.3. Assume that K, does not contain the pth roots of unity, and that
there exists a prime ideal of ko that splits completely in Ko/ko and k,—1/ko, but
ramifies in ky/kn—1. Suppose that the question Qamyn (K, /ko, So) has an affirma-
tive answer. Then

(1—¢,) | Fito (Ker).

Proof. Let € denote the equivalence class of characters in G of order 2Mp". Assume
that Sy = S so that S, is empty. Set
9@: = eKn/ko,So,Q'

Since kg contains a prime ideal that splits completely in K, /ky for 0 <r <n —1,
it follows that

eKr/ko,So = O

for these values of r. Repeated application of property 2 of components of L-

function evaluators then shows that

Ok, /ko,50 = Oc.

Let f¢ = (1 - ap”*) f¢ as in equations (4.35) and (4.36). By Proposition 4.6.3,

~ 1
O € —7Z [G] .
pq

Theorem 3.2.4 and the assumption that (W, p) = 1 then imply that
~ 1
O € -7 [G] .
q
Since the p-primary part of Qom,n (K, /ko, So) has an affirmative answer,

¢ (1= &) ¥ Fite (Ker)
(1= ¢) Fito (1)
is p-integral. Therefore, (1 — (,) divides Fity (Ker). O
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Corollary 4.8.4. Under the assumptions of the theorem,

2m71pn71 ‘

D |Ker| .

Also, the p-rank of Ker is at least 21,

Proof. The first statement is a consequence of property 6 of Fitting ideals from
Section 2.4. For the second part, we begin by using the primary decomposition
theorem for finitely generated torsion modules. It says that the p-primary part of

Ker is isomorphic to a module of the form

g

@ (O/‘l}iei’l @ P O/qgiei,z(i)) ;

i=1
where the ideals 3; are the prime ideals in O dividing p. By the theorem and
properties 3 and 4 of Fitting ideals,

g ()
(L=¢) | TTTI %

i=1 j=1

Thus, the sums
1)

j=0
are each at least p"~!. In particular, every prime ideal of O dividing p appears at
least once in the above double product. Each factor in the direct sum decompo-
sition of the p-primary part of Ker is an Abelian p-group of rank f, the residual
degree of p in Q[¢om]|. The p-rank of Ker is therefore at least fg, which equals
2m=1 O

Corollary 4.8.5. If assumptions are as in the theorem, then
D | ‘K erfl | ,
where Ker® is the subgroup of Ker fized by H.

Proof. The subgroup of elements of Ker annihilated by p is a nonzero vector space
over the finite field F,. The element o acts as a nonsingular linear transformation
on this vector space, hence has an eigenvector v with associated eigenvalue ¢ in
FX. As o is the identity transformation, it follows that ¢*" = 1, so that ¢ = 1.

Thus, v is fixed by o, and hence, by H. O
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Corollary 4.8.6. With assumptions as in the Theorem,
p | |Ker/(1—o)Ker|

Proof. Let Ny = Zfla "o, Since Ker is a finite module over the cyclic group H,
we have

[Ker™: NyKer| = [Kery, : (1 —o)Ker],

where Kery,, is the part of Ker annihilated by the action of Ny. Since Ker = Kery,,

and NgKer = 0, the result follows from the previous corollary. O

It should be noted that when m = n = 1, this result is somewhat weaker than

Lemma 2.5 in [18], which is proved using Lemma 4.1 on p. 307 of [32].

Ezample. Let ko = Q, and let K be the quartic extension of Q contained in Q ((3).
Let k; be the cubic extension of Q contained in Q ((s1). Let Ky = Koky. Then K,
is a totally complex cyclic extension of Q of degree 12. The cube roots of unity are
not contained in K;. Finally, the prime ideal (61) in Q splits completely in K /kq
and ramifies in k1 /kg. Therefore, Corollary 4.8.4 applies to this example, and says
that the 3-rank of the class group of K; is at least 2. According to calculations
performed with PARI/GP, the primary decomposition of the class group of K is

Z/37.& Z/3Z & 7./57.& L./57 & 7,/ 13

Now let ko = Q (\/ 321). Let ko be the splitting field of the polynomial

'8 — 6217 — 2426 + 1572 + 2312 — 1482213
— 122522 + 6789z + 398120 — 164632° — 7857x% + 2119527
+ 837825 — 136562° — 3681z + 40272> + 27022 — 4412 + 49.

PARI/GP determined that ks is a non-Abelian Galois extension of Q of degree 18,
and hence an Abelian extension of ky of degree 9. The prime ideals of ky dividing 5
are inert in ks /ko. Since decomposition groups are cyclic, ks /ko is a cyclic extension
of degree 9 (and incidentally, Gal (k2/Q) must be the dihedral group of order 18).

The prime ideal of ky dividing 3 splits completely in the extensions K, =
ko (\/—_5) and K|, = ko (\/—_11) Set Ky = Koky and K} = K{ks. Both of Ky and
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K, are totally complex cyclic extensions of ky of degree 18, and neither contains the
cube roots of unity. Therefore, Corollary 4.8.4 applies to these examples, and says
that the class numbers of K, and K, are divisible by 27. According to calculations

done with PARI/GP, the class group of K, is isomorphic to
(Z)22)° ® ZJAZ ® (Z/32)° @ (Z/17Z)* & (Z/971Z) .
The class group of K is isomorphic to

(Z)27)° ® Z/AZ @ (Z)32)" ® (Z/5Z)° ® (Z)53Z)" .

4.9 L-values in cyclotomic towers

Since the set Sy will not have a significant role in this section, we will suppress it
from the notation. Let kg be a totally real field, and let p be an odd prime number
such that Ky = kg ((,) is a degree 2™ extension for some positive integer m. Let p”
be the cardinality of the p-power roots of unity in K,. We then set K,, = ko ((v+n)
for all positive integers n, so that the fields K, form the p-cyclotomic tower of
extensions of kg ((,). For n > 0, set G, = Gal (K,,/ko). Each extension K, /k has
degree 2™p™, so we may apply the results of Section 4.6 to these extensions. Let
W,, denote the number of roots of unity in K,,. In this section, we will show that
the coefficients of the integralized L-function evaluators W0, /i, align into p-adic
integers.

A crucial fact in the proof is the following lemma

Lemma 4.9.1. There exists an integer M such that for n > M,

W,
Wn— 1

Proof. To begin, assume that p is a prime number different from p that divides

W
Whn-1

contains the pth roots of unity and K, /K, has odd order, Ky must contain the

for some n. As p # p, there is one level n where this occurs. Since K,

quadratic subfield of Q ((3). Therefore, there can exist only finitely many such

prime numbers p. O
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Proposition 4.9.2. Let {0, },~1 be a sequence of elements in the Galois groups
G, compatible under the projection maps. Let c, be the coefficient of o, in
W0k, k- Then the limit

lim ¢,

n—o0
ex1sts i L.
Proof. The odd characters on GG,, fall into n+1 equivalence classes under the equiv-
alence relation from Section 3.3. Each equivalence class consists of the characters
of order 2™p" for some r such that 0 < r < n; we will denote the equivalence class
for a given r by €, ompr.

If n > 1, the L-function evaluator for the extension K, /ky decomposes into

components as

n
eKn/k'() - Z ee.n,QTVLp’!' .
r=0

For 1 <r < n,let N, be the norm element in Q [G] corresponding to the extension
K,/K,_.. Using a tilde to denote a lift to Z [G,], property 2 of components of

L-function evaluators shows that

n—1

1
gKn/kO = 0%,27”1)" + Z

n—r
r=0 p

0@7'72,”?7« an—r

1~
= 0O¢,, ymm T 59&1,1/1@ N, . (4.38)

Write

Ok 1 /ko = Z Ay 0.

c€Gn_1

For each ¢ in GG,,_1, choose an arbitrary lift & of ¢ to GG,,. We then choose to lift

éKn—l/kO: Z ag6.

c€Gn—1
Let M be an integer as defined in Lemma 4.9.1. For n > M,

Ganl/kO as

1~ ~
aneKn_l/kO Np = Wn—ngn—Mko Np .

This shows that the coefficient of ¢,, in W, %éKTH JkoNp 18 ¢—1. Furthermore, since

pUT=1 divides W,,_, Proposition 4.6.3 shows that

W,0e € p't"1Z[G].

n,2Mpn
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It then follows from equation (4.38) that
Cn = Cno1 (mod p*t"71). O

Remark. It is known that the values of the equivariant L-functions in the p-
cyclotomic tower of a totally real field align p-adically. This was the construction
of p-adic L-functions given in [6]. However, this does not immediately imply the

above proposition.



Chapter 5
The Brumer-Stark Conjecture

In this chapter, we will use the formulae for L-values determined in Chapter 4

to prove cases of the Brumer-Stark conjecture.

5.1 The Brumer-Stark conjecture for extensions
of degree 2™

In this section, we will prove some of the local parts of the Brumer-Stark
conjecture for cyclic extensions of number fields of degree 2™. To begin, we need

a preliminary lemma.

Lemma 5.1.1. Let K/k be a cyclic extension of number fields of degree 2™ with
m > 2. Assume that k is totally real. Then the 2-power roots of unity in K are 1
and —1.

Proof. 1f K is not totally complex, then the conclusion is immediate. If K is totally
complex, then the unique element 7 of order 2 in G = Gal(K/k) is the complex
conjugation corresponding to each embedding of K into C. Therefore, K is a CM
field. We denote the group of 2-power roots of unity in K by ,ug).

Assume that ‘,ug)‘ = 29> 2. Then there are non-real roots of unity in ,ug), SO

that
K=k (u%) .

114
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Thus, G is isomorphic to a subgroup of & = Gal (Q (,uﬁ?) / Q) Moreover, the
complex conjugation 7 restricts to complex conjugation in &. Under the isomor-
phism

& — (2/2°7)",

complex conjugation is mapped to —1. Since ¢ > 2, —1 is not a square in this

group. It follows that 7 is not a square in GG, a contradiction. Hence )M(I?)’ =2 [
We resume the notation of Section 4.3.

Theorem 5.1.2. Let k,,/ko be a cyclic extension of number fields of degree 2™ > 4
with Galois group G. Let § = 1 if no prime ideal ramifies in ky,/ko or the 2-primary
part of Coker is trivial. Otherwise, let § = 0. Then

Wka/kO € 2[k0: Q-4 7 [G] ,

and the 2-primary part of the Brumer-Stark conjecture is true with 0y, /x, replaced

by
1
9lko: Q]—6—1 Ok ko

In particular, (BSy) is true for ky,/ko.

Remark. This result was obtained independently by Greither, Roblot, and Tangedal
in an unpublished manuscript ([17]). Their methods are similar, especially the
proof of the Abelian condition of (BSy). This is not surprising, as this proof is
based on methods used by Tate and Sands in early work on the subject. In the
same manuscript, Greither, Roblot, and Tangedal also proved (BSs) for extensions
K/k with Galois group isomorphic to Z/4Z @ Z/27 and such that K /k is not

cyclic.

Proof. To avoid triviality, we assume that kg is totally real and k,, is totally com-
plex. Let W = |u| be the cardinality of the group of roots of unity in k,,. Let
Smin he the set of places of ky comprising the Archimedean places and the prime
ideals that ramify in k,,/ko. We will denote the L-function evaluator 0 gpmin
simply by 0. Let o generate G, let 7 = 02", let x generate G, and let (om be the
primitive 2"™th root of unity such that x (0) = (am. Let k' be the maximal totally
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real subfield of k,,. We will denote the sets of places in k! and k,, lying above
the places in Si"™ by St and S. Let Coker be the cokernel of the canonical map
Clyt g+ — Cly,, 5. Set O =Z [Com] and A =1 — (am. Let v, denote the normalized
valuation on O corresponding to the prime ideal (\).

Property 2 of L-function evaluators in Section 3.1 shows that we can write

am—1_1

W = Z a;o' (1 — 7).

i=0
When this product is expanded, the coefficient of o for 0 < i < 2™~ ! — 1 is a,.
Theorem 3.2.4 then shows that each a; is an integer. Set

am-1_1

o= E a;o".
i=0

The 2-primary part of the question Qam (k,,/ko) has an affirmative answer (see

the comment before Proposition 4.3.2). It states that
vy (Fito (1) x (6)) = |ST| — 1+ v (Fito (Coker))

where p and Coker have the O-module structures provided by x. By equation
(4.6) and Lemma 5.1.1,

ux (x (@) = vr (x (8)) = |ST| — 2 4 vy (Fito (Coker)) . (5.1)

The set ST contains the Archimedean places of the totally real field &, which has
degree 2™ ! [ko: Q] over Q. It follows that

am—1_1
U ( Z a,{ém) > 2" ko Q] — 26 > 2™ ([ko: Q] —9).
i=0
Therefore, the algebraic integer ZZZ:(; - a;Cim is divisible by 2[F: A= in O, Since
the numbers (%, for 0 <7 < 2™~1 —1 form an integral basis for O, it follows that
the integers a; are divisible by 2F0: @~ This proves the first statement of the
theorem.

Next, set

, 1 1

— , - —_—
= ko Ql—o-1 & and 0 = ofko: Q—o—1 0.



117

Equation (5.1) shows that

oy (x(a)) > 2" (§+1) — § — 1 + vy, (Fite (Coker)) (5.2)
> vy, (Fito (Coker)) .

Thus, the algebraic integer x (o) is divisible by the O-Fitting ideal of the 2-primary
part of Coker. As o/ acts on this O-module as x («/), property 2 of Fitting ideals
shows that o/ annihilates the 2-primary part of Coker.

Now let a be an ideal representing a class in the 2-primary part of Cl,,. Since

o/ annihilates the class of a in Coker, we have

where b is an ideal of k,, with support above the prime ideals in S, ¢ is the lift of
an ideal from £, and v is an element of k. Since no prime of S* splits in k,,, it

follows that b™ = b. Thus,

A" = (be (1) = ('),

We have found that W6 annihilates the 2-primary part of Cl , and in fact, the
principal ideals produced thereby are generated by anti-units. It remains to be
shown that these anti-units can be chosen to be 2-Abelian.

Let P,.t; denote the group of nonzero principal ideals of k,, generated by anti-
units. We will first prove the claim that (1 — ¢)%¢’ is in Z[G] and for any ideal a
in the 2-primary part of Cl,_,

W pr
a(1_0)76 € panti~

Using the inequality (5.2), we find that

o (X (1 =0)8") = vr (x (1 —0)a’)) = 2" (6 + 1) — § 4 vy (Fito (Coker))
> 2™1 4 9y (Fite (Coker)) .

Arguments similar to those after the inequalities (5.1) and (5.2) then show that
2 divides the coefficients of (1 — o)W6' and (1 — o) %6 annihilates the 2-primary

part of Cly, , producing principal ideals of the form (y'~7). The claim follows.
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Let a be a representative of a class in the 2-primary part of Cli, . We will now
see that there exists a generator v of the principal ideal a? for which v'=7" is a

square in k¢ for all n. Since (1 — 7) is a factor of 6" in Q[G], we have

/ W / 2m_171i W,
Wo' =—-(1-7)0 :( > a)a—a)?e.

=0

Therefore, if 4 is an element of £, such that

a(1—g)%9' _ (?14) :

then
VO <i(2fmo_llaz)(lf))
Set
= :}/(Z?:oil_lﬂ) (1-7)
Then
,yl—a _ ,3/2(1—7')
Since for 1 <n <m — 1,
n—1
l—o"=(1-0)) o,
=0
it follows that
RN e (5.3)

Now k,, (\/7) [k, is a Kummer extension. From Section 2.5, the subgroup
A of k) generated by v and k? corresponds to this extension through Kummer
theory. The inclusion (5.3) shows that 77 is also in A. Hence, ky, (/7) /ko is a
Galois extension by Proposition 2.7.2.

Next, let G = Gal (km (\/7) /ko) and H = Gal (km (ﬁ) /km) We will show
that G is a central extension of H by G. The argument is that of the second half
of Lemma A.1.4 in the appendix of [10]. Let 1 be a square root of . Let n be an
integer such that 1 < n < m — 1, and let ¢ be an element of G that restricts to

the element ¢ in G. The inclusion (5.3) shows that there exists £ in k¢ such that

~1

n' Tt =&
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If his in H, then

he™—6"h _

(1—&")hnh(&"—1)

n n

= ¢" (&)
= ¢!
=1

Since the elements 6" for 0 < n < m—1 form a complete set of coset representatives
for G /H, it follows that G is a central extension of H by G. Finally, G is generated
by H and the lifts 5. Since these lifts all commute with each other, G is Abelian.

m

Remark. As stated, the theorem applies to the minimal set S™?. If there are very
many prime ideals that ramify in k,,/ko or if unramified prime ideals are included
in Sy, the theorem can be refined. However, a precise statement of this refinement

would be somewhat inelegant.

Corollary 5.1.3. The Brumer-Stark conjecture is true for 2-power degree cyclic

extensions of real quadratic fields.

Proof. This follows immediately from the above theorem and the following result

(Corollary 1.4 in [18]):

Proposition 5.1.4 (Greither-Roblot-Tangedal). Let p be an odd prime number.
Let K/F be an Abelian extension of number fields with K CM and F' totally real.
Assume that the degree [K : F) is relatively prime to p. Then (BS,) is true if F//Q
is Abelian and the p-part of Gal(F/Q) is cyclic. O

Remark. Combining Stickelberger’s theorem [59, §3(b)] with the results in [59,
§3(c)], [48], and the above corollary, the Brumer-Stark conjecture has now been

completely proved for all Abelian number field extensions K/k with [K : Q] < 12.

Theorem 5.1.5. Let k,,/kqo be a cyclic extension of number fields of degree 2™ with
Galois group G. If p is an odd prime number and the p-primary part of Qom (k. /ko)
has an affirmative answer, then the p-primary part of the Brumer-Stark conjecture
holds for kp,/ko.
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Remark. Under the assumptions of this theorem, the p-primary part of u is G-
cohomologically trivial because its order is relatively prime to the order of G. Thus,
Proposition 3.4.3 shows that the p-primary part of the Brumer-Stark conjecture
in this case follows from the p-primary part of Brumer’s conjecture. This, in turn,
often follows from the work of Wiles (see [64, Theorem 3| and [18, Proposition
1.3]). It is possible that the question Qam (ky,/ko) could be resolved with these
techniques (although the any “trivial zeroes” involved with the descent to the finite
level would present a major problem). If it could instead be resolved working only
at the finite level, this would have the advantage that the proofs would remain
global, and hopefully could be accomplished without resort to machinery like the

main conjecture of Iwasawa theory.

Proof. (BS) was proved for quadratic extensions by Tate ([59, §3, case (c)]). We
therefore assume that kg is totally real, k,, is totally complex, and m > 2. Let
W = |u| be the cardinality of the group of roots of unity in k,,, and write W =
p°W’', where (p, W) = 1. Let Sy™ be the set of places of ky comprising the
Archimedean places and the prime ideals that ramify in k,, /ko. We will denote the
L-function evaluator 0, /i, smn simply by 6. According to the statement of (BS,)
in Subsection 3.4.1 and the above lemma, we must show that W6 annihilates the
p-primary part of Cly, , and that each principal ideal created in this manner is
generated by a p°-Abelian anti-unit.

Let notation be as in Theorem 5.1.2. Property 2 of L-function evaluators in
Section 3.1 shows that we can write

2m71_1

Wo = Z a;o' (1 — 7).

i=0
When this product is expanded, the coefficient of o° for 0 < i < 2™~ — 1 is q,.
Theorem 3.2.4 then shows that each a; is an integer. Set a = Zf:(; - a;o'. We
will now see that a annihilates the p-primary part of Cly, .

Lemma 2.4.1 shows that the factor of Fitp u supported above primes dividing p
has the form 98¢ for some prime ideal 9 of O. Let P be a prime ideal of O dividing
p, and set § = 0 if P = P and § = e otherwise. Let vy denote the normalized
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valuation on O induced by P. By assumption, the p-primary part of the question

Qom (km/ko) has an affirmative answer. It implies that

vy (Fito (1) x (0)) = vy (Fito (Coker))

where p and Coker have the O-module structures provided by x. Hence,
v (x (@) = v (x (6)) + € = vy (Fito (Coker)) + (5.4)

The algebraic integer y («) is thus divisible by the O-Fitting ideal of the p-primary
part of Coker. As « acts on this O-module as x («), property 2 of Fitting ideals
shows that « annihilates the p-primary part of Coker.
Now let a be an ideal in the p-primary part of Cl; . Since o annihilates the
class of a in Coker, we have
a® = be(y),
where b is an ideal of k,, with support above the prime ideals in S, ¢ is the lift of

a nonzero ideal from k*

m?

in k,, it follows that b™ = b. Thus,

Q" = (be (1) = (7).

We have found that W@ annihilates the p-primary part of Cl,

and v is an element of k. Since no prime of ST splits

., and in fact, the
principal ideals produced thereby are generated by anti-units. It remains to be
shown that these anti-units can be chosen to be p-Abelian. Since this is trivial if
(p, W) =1, we assume that p divides .

Let No be an integer such that

() = ¢

for all p-power roots of unity in k,,. Since p divides W and kj is totally real,

No # 1 mod p. In addition, since 0?" = 1, we have
(No)*" =1 (mod p°).

If necessary, we adjust No by p® to ensure that p° is the exact power of p dividing
(No)?" —1. Let P,y denote the group of nonzero principal ideals of k,, generated
by anti-units. We will now prove the claim that (No — a);—Ze is in Z[G] and

No—o) X0
Cl( )pe € Pantia
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for any ideal a in the p-primary part of Cly_ .
First, let u® be the p-primary part of . Then No — (om is contained in

Fitp u® = °.
Using (5.4), we find that
vp (X (No —o)W8)) > vy (Fite (Coker)) + e (5.5)

for all prime ideals B of O dividing p. Thus, p¢ divides x ((No — o)W§@) in O. If

we write
am-1_1

(No —o)WWo = Z a,o'(1—7),
i=0
then p© divides 2 212:0_ - a:Cym. The numbers (om form an integral basis for O, so

(2

the integers a; are divisible by p°. It follows that

W
(No —o)—0 € Z|G], (5.6)
pe
which is the first part of the claim.
Next, let a be an ideal representing a class in the p-primary part of Cly, . Let
(No)*" —1
o

CcC =

Because c is relatively prime to p, we can find an ideal a’ in the p-primary part of
Cly,, and an element ' in k) such that a(7y’) = a’. The inequality (5.5) shows
that 212:0_ - Z—éai annihilates the p-primary part of Coker. The argument in the
paragraph following equation (5.4) then shows that there is an element 7 in k)
such that

P

a/(Na—a)EeG _ (~177-) .

Applying 3 = Z?:o_l (No) ¢?" =17 to both sides, we find that
a/((NU)zm,l)pﬂea g (,ylwe) _ (

ﬁ,ﬁ(l—T)) )

We will now see that the generator v = 320-7)~/~W? for the principal ideal a"?

is p®-Abelian (we can once again use property 2 of L-function evaluators to verif
b g property y
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that it is an anti-unit). First, for any n such that 1 <n < 2™ —1, (No)" — o"

annihilates 1 and

(No)*—o™ (1=7)(No—0) 31 (No)ign 171 ~/~WO(No—0) Sy (No)ign—1—i

=P
(o)™ 1) (1-7) Tr (NU)iJ"’lfi7/7W9(No'fo) Sy (No)ion ==t

g
e ”5/ i=
The first factor is in kX?° since p¢ divides (No)*" — 1, and equation (5.6) shows

that the second factor is in k*". Therefore,
N o (5.7)

for 1 <n<2m-—-1.

Now k,, ( ”\6/7) /ky, isa Kummer extension. From Section 2.5, the subgroup A
of kX generated by v and kXP° corresponds to this extension through Kummer
theory. The inclusion (5.7) shows that 77" is also in A for 1 < n < 2™ — 1. Hence,
ko, ( %) /ko is a Galois extension by Proposition 2.7.2.

Next, let G = Gal (km ( %) /ko) and H = Gal (km ( P\e/f_y) /km) We will show
that G is a central extension of H by G. The argument is that of the second half
of Lemma A.1.4 in the appendix of [10]. Let n be a p°th root of 7. Let n be an
integer such that 1 <n < 2m — 1, and let ¢ be an element of G that restricts to

the element ¢ in G. The inclusion (5.7) shows that there exists £ in k¢ such that

77(NU)"*&" — éf

Let h be in H, and let ¢ be the pth root of unity such that An = (n. Then

h&"—6"h _ ((Na)”f&”)hnh(&"f(Na)")

n n

=& (Cn) N
=&
=1.

Since the elements ¢" for 0 < n < 2™ — 1 form a complete set of coset represen-
tatives for G /H, it follows that G is a central extension of H by G. Finally, G is
generated by H and the lifts ”. Since these lifts all commute with each other, G
is Abelian. O
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Corollary 5.1.6. Let k' C ko C ky, be a tower of fields such that k,,/ko is cyclic
of degree 2™ and k,,/k" and ko/k' are Galois. Assume that the map

¢: Gal (ko/K') — Gal (Q (Gom) /Q)

from Section 4.4 is surjective. Then the Brumer-Stark conjecture holds for the

extension ki, /ko.

This follows directly from the above theorem and Corollary 4.4.3. (Note that
the minimal set S™™ of places of ky is stable under the action of Gal (ko/k’) on the
ideal group of kg, which is a necessary condition to apply Corollary 4.4.3). This

corollary generalizes a result of Tate ([59, §3, case (e)]).

5.2 The component Brumer-Stark conjecture for

extensions of degree 2"p"

In this section, we will prove results similar to the local parts of the Brumer-
Stark conjecture, but for the individual components of the L-function evaluator.
We resume the notation of Section 4.6. In particular, p is an odd prime number,
m and n are positive integers, and K, /kq is a cyclic extension of number fields of
degree 2™p" with Galois group G. We assume that kg is totally real and K, is
totally complex; the Brumer-Stark conjecture is trivial otherwise. For 0 < r < n,
let k, and K, be the unique extensions fields of &k contained in K,, with [k, : ko] = p"
and [K,: ko] = 2™p". The fields k, are all totally real and the fields K, are all
CM fields. Let K, denote the maximal totally real subfield of K,. Let Sy be the
set of places in kg consisting of the Archimedean places and the prime ideals that
ramify in K, /ko. We will abuse notation as follows: for 0 < r < n, if k is a field
between k, and K., we will denote the set of places in k lying above the places in
So by S,. We will also denote the set of places in k&, lying above places in Sy that
do not split completely in Ky/ky by S*. We will denote the L-function evaluator

Ok, /ko,So Simply by 6. We let W, = |u,| denote the cardinality of the group of

Wy
Wn—l ’

roots of unity in K., and set ¢ = We let € be the equivalence class in G

consisting of the characters of order 2™p". We set O = Z [(amn].
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5.2.1 Local results at primes other than 2 and p

This subsection is devoted to proving the following proposition:

Proposition 5.2.1. Let p’ be a prime number, different from 2 and p, and such
that the p'-primary part of Qamym (K, /ko) has an affirmative answer. Let Cl,, be
the p'-primary part of the class group of K,. Then

pqbe € Anngg Cly.

Let p't be the exact power of p' dividing W,,. Then the principal ideals produced by
applying pW,0¢ to ideals representing classes in Cl, are generated by p'*-Abelian

anti-units. Furthemore, when W,0¢ is integral,
W,0e € Anngg Cly,

and the principal ideals produced by applying W, 0¢ to ideals representing classes

in Cly are generated by p't-Abelian anti-units.

Proof. Let o generate H = Gal (K,,/Ky), let ¢’ generate H' = Gal (K, /k,), and
let 7 = 02" denote complex conjugation. Let y generate G. For 1 <r<n,let

Cpr be the primitive p"th root of unity such that
& () =6
Let (om be the primitive 2"th root of unity such that
X7 (o) = Cam.

Let ji be the quotient of the group of roots of unity in K,, by the group of roots of
unity in K, 1. For 0 <r <n, let K be the maximal totally real subfield of K.
Let Coker,,_; be the cokernel of the map

Clict s, = Cliaise
and let Coker,, be the cokernel of the map

CIKTT,SELS — ClKn7S;’lLS.
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Finally, let Ker denote the kernel of the norm map N: Coker,, — Coker,,_.
We write
Oe = (1 — apn_l) O,
with ¢ defined by equations (4.35) and (4.36). These equations and Proposition
4.6.3 show that
pafe € 7).

Property 4 of components of L-function evaluators shows that
(1+7)0¢ = 0.

Hence, considering this as an equality between elements of the group algebra
Q[H][H'], we can write

om-1_1

pgle = Z a;o"(1—7) (5.8)

=0

for some coefficients a; in Z[H|. Set

We will now see that o annihilates the p’-primary part of Ker.

Lemma 2.4.1 shows that the factor of Fitp i supported above primes dividing
p’ has the form P3¢, where 3 is a prime ideal of @ and p'® is the exact power of p/
dividing ¢. Let P8 be a prime ideal of O dividing p’, and let o = 01f P = if3 and
5;3 = e otherwise. Let vy denote the normalized valuation on O induced by B. By
assumption, the p’-primary part of the question Qom,n (K, /ko) has an affirmative

answer. It implies that

vy (Fito (i) x (6e)) = vp (Fito (Ker)) . (5.9)

where fi and Ker have the O-module structures provided by x (recall that p' is not
2 or p). Hence,

vp (x (@) = v (x (0e)) + vp(q)
= Ugp (Flto (Ker)) + 653
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The algebraic integer x («) is thus divisible by the O-Fitting ideal of the p/-primary
part of Ker. As «v acts on this O-module as x («), property 2 of Fitting ideals shows
that o annihilates the p’-primary part of Ker.

Next, let a be an ideal representing a class in Cly. Then

apqgc _ a(l—apn_l)a(l—’r)

n—1
The ideal a(lfgp ) represents a class in Ker. Therefore, our previous work shows
n—1
that a(l_ap )a represents the trivial class in Ker, a submodule of Coker,,. By the

definition of Coker,,, we have
") —be(y),

where b is an ideal of k,,, with support above the prime ideals in S?°, ¢ is the lift

of a nonzero ideal from K}, and 7 is an element of K¢. Since the prime ideals in
SPs do not split completely in K,,/k,, they do not split in K,,/K, . It follows that
b”™ = b. Thus,

a?? = (be () = (v'77). (5.10)

We have found that pgfle annihilates Cl,/, and in fact, the principal ideals produced

thereby are generated by anti-units. It remains to be shown that when pW,,0¢ is

applied to a instead, the anti-units can be chosen to be p'*-Abelian. We assume
that p’ divides W,,, the p’’~-Abelian condition being trivial otherwise.

Choose a generator g of G. Let 1,y be the group of p’-power roots of unity in

K, and let Ng be an integer such that
¢t = (s
for all ¢ in py. Since g*"?" =1, we have
(Ng)*""" =1 (mod p't).

If necessary, we adjust Ng by p’! to ensure that p’* is the exact power of p’ dividing
(N g)2mp " 1. Let P, denote the group of nonzero principal ideals of K, generated

by anti-units. We will first prove the claim that (Ng — g) & ;Z" f¢ is in Z[G] and

Ng—g)2%n0
Cl( 9—9) 't ¢ c Panti
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for any ideal a representing a class in Cl,,.

As Ng — g annihilates fi, x(Ng — g) is contained in
Fito fi,y = L°.

Using property 4 of components of L-function evaluators, we can write

(p—1)pm~1-1

(Ng —g) pWlble = (1 - 0””71) >

i=0
where the coefficients a; are elements of Z [H'] (see equations (4.35) and (4.36) for

the general idea). Since 1+ 7 annihilates ¢, we can further write

2m—1_1

Z bl‘jO'/j(l — T),
7=0

for 0 <i < (p—1)p" ! —1 (begin by observing that this is true for the coefficients
a; for (p —1)p"~ ! < i < p"! — 1; then work backward through the smaller values
of 7). The coefficients b;; are integers, since the a;s are in Z [H|. Then (5.9) shows

that

(p—1)pn~t—12m-1_1

Up Z Z bZJC2m€Z =vg ((Ng — g) Wabe)

> Usp (Fit@ (Ker)) + U (Wn)
= vy (Fito (Ker)) + vg (p'") (5.11)

for all prime ideals B of O dividing p’. Thus, p'* divides the algebraic integer

(p—1)p"~t-19m-1_1

Z > GG
=0

1=

in @. The numbers ggmg;',n for0<j<2m ! —land0<i<(p—1)p" ! -1 form

an integral basis for O, so the integers b;; are divisible by p'*. It follows that

(Ng— g)p;,f" G, (5.12)

which is the first part of the claim.
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Next, let a be an ideal representing a class in Cly. Let

(Ng)*™" =1

CcC =
/'t
p

Because c is relatively prime to p’, we can find an ideal a’ in Cl, and an element

7" in K¢ such that a(y’) = a’°. The inequality (5.11) shows that

annihilates the p/-primary part of Ker. The argument used to prove (5.10) then

shows that there is an element ¥ in K¢ such that

- (5.

Applying 8 = 2P 1 (Ng)' ¢2"?" 1= to both sides, we find that

PWne
pt ¢

d (Ng—g)

P

a/((Ng)2mpn_1)PV/Vgl€¢ _ aan9¢ ('7

/anGQ‘) _ ~5(1—T)) '

(7

We will now see that the generator v = 750-7)4/=PWnbe for the principal ideal
aPWnbe is p/t-Abelian (property 4 of components of L-function evaluators shows
that it is an anti-unit). First, for any r such that 1 <r < 2™p" — 1, (Ng)" — ¢"

annihilates p,y and

(Ng)"—g" (1-7)(Ng—g) ZZ;&(Ng)ig"l"ﬁ/—anﬁe (Ng—g) Y=g (Ng)igr—1-

= AP

((Ng)?"?" ~1)(1-7) YiZe (Ng)ig™ T —pWabe (Ng—9) XiZg (Ng) g™

Y

N

The first factor is in KX?"* since p/t divides (Ng)* ”" — 1, and equation (5.12)

shows that the second factor is in K", Therefore,
AW =" ¢ | (5.13)

for 1 <r <2mp" —1.

Now K, ( ’f/ﬁ) /K, is a Kummer extension. From Section 2.5, the subgroup A
of K, generated by v and Krfp/t corresponds to this extension through Kummer
theory. The inclusion (5.13) shows that 79 is also in A for 1 < r < 2™p™ — 1.
Hence, K, ( p/\t/?) /ko is a Galois extension by Proposition 2.7.2.
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Next, let G = Gal (K, (%/7) /ko) and H = Gal (K, (~/7) /K,). We will
show that G is a central extension of H by G. The argument is that of the second
half of Lemma A.1.4 in the appendix of [10]. Let n be a p'*th root of 7. Let r be
an integer such that 1 < r < 2™p" — 1, and let § be an element of G that restricts
to the element g in G. The inclusion (5.13) shows that there exists £ in K¢ such

that
/r’(Ng)”'_g'r — 6.

Let h be in H, and let ¢ be the p'“th root of unity such that hn = (n. Then

phd =0 = (N9 =§)hyh(3"~(Ng)")

_ et (¢ (Vo))
= ¢!
=1.

Since the elements g" for 0 < r < 2™p" — 1 form a complete set of coset represen-
tatives for G/ H, it follows that G is a central extension of H by G. Finally, G is
generated by H and the lifts §”. Since these lifts all commute with each other, G
is Abelian.

Now assume that W, 0¢ is integral. If a is in Cl,, then we can find an ideal o

such that a” is in the same ideal class as a. Since a?"»

9¢ is principal, generated
by a p'!-Abelian anti-unit, a"% is as well (use the argument in the paragraph
containing equation (5.13) to handle the quotient of a” and a, a principal ideal).

]

5.2.2 The 2-primary part

We will now prove a similar result for the prime 2, but with a strengthened

annihilation statement.

Proposition 5.2.2. Let Cly be the 2-primary part of the class group of K,,. If the

2-primary part of Qampn (K, /ko) has an affirmative answer, then

pqbe € olko: Q17 G].
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Furthermore,

pq
2U€o—0¢ € ADHZ[G] Cl,.

Proof. We continue with the same notation. Let 3 be a prime ideal of O dividing
2. Let S; be the set of places in K lying above places in Sy that split completely
in k,/ko. By assumption, the 2-primary part of the question Qam,n (K, /ko) has

an affirmative answer. It implies that

v (X (Oe)) = vy (Fito (Ker)) + |5

Y

where Ker has the O-module structure provided by x (note that || = ¢ is odd).

We again write
pade = pq (1 - Up"*) Oe,
where 6 is defined by equations (4.35) and (4.36). We then factor further to obtain

pqle = <1 - ale) a(l—71),

with
(p—Dp"~t—12m-1_1

o= Z Z a0 o,

where the coefficients a; are integers. Then since Sy contains 2™~ [ky: Q] Archimedean

places,

v (x(a)) = v (X (0e)) — vp(2)

= Up (Fit(g (Ker)) + 51 - 2m_1 (514)
> 2" ([ko: Q] — 1) .
The algebraic integer
(p—Lp"~t-lom-1-1
X (o) = aiC%’”C;n

is thus divisible by 2/ @=1in O. Since the numbers (I (,» appearing in the above
double sum form an integral basis for O, each coefficient a; is divisible by 2*o: @-1

This proves the first statement of the proposition.
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Returning to (5.14), we find that

U (%) Z U (Flto (Ker)) .

It follows that the element
o

WEZ[G]

annihilates Ker. The proof of (5.10) with « replaced by

Q
2[k0: Q]-1

shows that

pq

WQQ S Annz[g] Cls.

5.2.3 The p-primary part

In this subsection, we will prove three propositions with a similar flavor to, but
weaker than, the propositions of the preceding subsections. Two of them concern
annihilation of class groups, and the other concerns an Abelian condition like that
in the Brumer-Stark conjecture. The method of proof of the Abelian condition
is essentially that of Section 2 of [18], applied to our wider setting. We need two
lemmas. The first is based on lemma 2.5 in [18], which was crucial for the authors’

study of (BS,) for degree 2p extensions.

Lemma 5.2.3. Let K, /ko be a cyclic extension of degree 2™p™ as above, and let
K,_1/ko be the subextension of degree 2mp™~t. Set H = Gal (K,/K,_1). Let s
be the number of prime ideals in k, lying above places in Sy (not necessarily the
minimal possible set) that split completely in Ko/ko and ramify in k, /ko. Let A,_4
and A, be the p-primary parts of Coker, 1 and Coker,,. Then

|A§’ = pszls |An71| )

where the superscript H indicates the submodule fized by H.
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Proof. Lemma 2.5 in [18] shows that the above equation holds with 2™!s replaced
by the number of prime ideals in K" ; that split in K,_; and ramify in K,,. (Recall
that the p-primary parts of the cokernels are isomorphic to minus parts of the
p-primary parts of the corresponding ideal class groups when p is odd.) Since
K, _1/ky,_1 is cyclic, a prime ideal of K| | splits in K, if and only if the prime
ideal of k,_; that it divides splits completely in K, 1/k,_1. Thus, the number of

prime ideals in K" | that split in K,,_; and ramify in K, is 2™ !s. O

Lemma 5.2.4. Let notation be as in the previous lemma, and assume that m = 1.
Let € be the equivalence class of characters on G = Gal (K,,/ko) of order 2p". If
s> p" 1 then

1
Oe € —Z[G]
q

Proof. If p divides ¢, then this result is part of Proposition 4.6.3. We thus assume
that p does not divide ¢. Let Ker, be the p-primary part of Ker. By the previous

lemma and the assumption that s > p"~!,
AM —
[Ker,| = 471 >p (5.15)
|An—1|

We may assume that Sy is the set of places of kg consisting of the Archimedean
places and the prime ideals that ramify in K, /ko. It follows that the set S,
appearing in the question Qgm,» (K, /ko) is empty.

Set A = (1 — (). Since (A) is the only prime ideal dividing p in Q ((yn), the p-
primary part of Qom,n (K, /ko) has an affirmative answer. Thus, the (\)-valuations

of both sides of the equation
Fite (1) ¥ (Be) = (1 — Gon)¥| Fite (Ker)

are equal for any character ¢ in €. We write ¢ = (1 — apn_1> fe as in equations
(4.35) and (4.36). Proposition 4.6.3 shows that v (qf¢) is integral at prime ideals
other than (). Also, the (A)-valuations of both sides of
¢ (1 — &)l ¥ Fite (Ker)

(1 —¢) Fito (i)
are equal. Equation (5.15) and the assumption that p does not divide ¢ = |fi| show

(0 (qge) =

that the right side is (\)-integral. Therefore, g (gq) is an algebraic integer. The
end of the proof of Proposition 4.6.3 now shows that ¢f¢ is contained in Z[G]|. O
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Remark. To conclude that gy (@@) is an algebraic integer in the above proof, it is
essential that there is only one prime of Q ((,») dividing p. Thus, it is necessary to
restrict the lemma to the case where m = 1. If m > 1, then let O = Z [(amn]. To
generalize the above proof, it is necessary to prove that 1 — (, divides Fito (Ker).
Perhaps this could be accomplished as follows. The quotient A,, /A is annihilated
both by 1 + 7 and Ny. It is therefore an O-module. We can then rewrite the

equation in Lemma 5.2.3 as
m—l'S
P AL AY] = ALl ) [Ana ] = [Ker|.

It is natural to conjecture the following equality, which implies the above equation

by property 6 of Fitting ideals:
(1 = )" Fito (A, /AL) = Fite (Ker,) . (5.16)

Since the proof of Lemma 2.5 in [18] is based on Lemma 4.1 on p. 307 in [32], which
is proved using purely algebraic methods, perhaps there is some hope for proving
this conjecture. If Qom,n (K,,/ko) as an affirmative answer, then this conjecture is

implied by the conjectural equality
Fito (1) ¢ (Beyn, ) = (1 — Gn) |31 (1 = ¢) 15! Fito (4,747

where S is the set of places in kn_; lying over places in Sy that split completely
in K,_1/k,_1. In this formula, there is a beautiful symmetry between the sets gl
and S5. Let ¢ be either 2 or p. Then the set in the exponent on the factor dividing
c in the above formula is a set of places in the subfield of K, of maximal c-power
degree over kg, and it consists of the places lying above those places in Sy that

split completely in the extension field of kg having maximal c-power index in K,.

For the following propositions, K, /ko will be an extension as in the previous
lemmas, and s will be the integer defined in Lemma 5.2.3. We set ¢ = ¢ if p divides
g or s > p" ' and set § = pq otherwise. Similarly, we set W = W, when § = ¢
and W = pW,, when § = pq. Finally, we denote the p-primary part of Clg, by Cl,.
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Proposition 5.2.5. Let K,,/ky be an extension of degree 2™p™ for which p divides
q. If the p-primary part of Qamym (K, /ko) has an affirmative answer, then

Gl € AHHZ[G] Clp,

and each principal ideal produced by applying ¢ to an ideal representing a class

in Cl, is generated by an anti-unit.

Proof. We continue with the notation from the beginning of this section. Assume
that Sy is the minimal possible set of places in ky. Then the set Sy of places in
k, lying above places in Sy that split completely in Ky /ky and are unramified in
k. /ko is empty. Let B be a prime ideal divisor of p in O. The p-primary part of
Qompn (K, /ko) implies that

vy (Fito (ji) X (0e)) = vy (Fito (Ker)) (5.17)

where i and Ker have the O-module structures provided by .
By Proposition 4.6.3, ¢f¢ has integer coefficients. The same argument used to

derive equation (5.8) provides the factorization

GOe = (1 - a”n—1> a(l —7),

where « has integral coefficients. Recall that in general, the exact power of p
dividing ¢ = || is either 1 or p. With our current assumption, p is the exact

power of p dividing §. Equation (5.17) implies that

X (0e)) + vp(q) — v (1 — Gp)

ito (Ker)) — vy (Fito () +p" ' (p — 2)
Fito (Ker)) +p" '(p—2) — 1

(Ker)).

v (x(@)) =

—~ o~~~
hq

(5.18)

The algebraic integer y («) is thus divisible by the O-Fitting ideal of the p-primary
part of Ker. As a acts on this O-module as x («), property 2 of Fitting ideals shows
that o annihilates the p-primary part of Ker. The argument used to derive equation
(5.10) shows that ¢f¢ annihilates Cl,, producing principal ideals generated by anti-

units. O
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Proposition 5.2.6. Let K, /ky be an extension of degree 2p" (so we are setting

m = 1). If p does not divide §, then
Gle € Annz[G] Clp,

and each principal ideal produced by applying this element to an ideal representing

a class in Cl, is generated by an anti-unit.

Proof. Lemma 5.2.4 shows that gf¢ has integer coefficients. Let A =1 — (,n, and
let v be the normalized valuation on O = Z [(n] corresponding to the prime ideal
(A). Since (A) is the only prime ideal divisor of p in O, equation (4.31) implies
that the p-primary part of the question Qamyn (K, /ko) has an affirmative answer.

As in the preceding proposition, we write
G0e = (1 - ap"’1> a(l— 7).

The assumption that p does not divide ¢ implies that p does not divide g = |fi.
Equation (5.17) then yields

vy (x(a)) = vy (Fite (Ker)) — p" 1, (5.19)

which, at first glance, seems to be too small for what we need.

To rectify this situation, observe that the modules (1 — ap%l) Coker,, and
Coker,, /Coker” are annihilated by the norm element in Z[G] associated with the
extension K,/K, ;. Lemma 2.3.4 shows that they are O-modules. Moreover,

multiplication by (1 — Jp"_1> gives an O-module epimorphism
Coker,, /Coker" — <1 — 073”71) Coker,,.

Letting A, A,_1, and Ker, denote the p-primary parts of Coker,,, Coker,,_;, and

Ker respectively, Lemma 5.2.3 shows that

| Ayl H
Ker,| = =p’ A /A, |-
’ P‘ |An71| p | / ’

Since () is the only prime ideal divisor of p in O, it follows that

vy (Fito (Ker)) = s + vy (Fito (Coker,/Coker.))
> 5+ vy (Fit@ <(1 — apn_1> Cokern)) : (5.20)
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where the inequality follows from property 7 of Fitting ideals. The assumption

that p does not divide ¢ implies that s > p"~1. Equation (5.19) thus shows that

ox (x(@)) = va <Fito ((1 — CTPTH) Cokern>> +s5—pt

> vy (Fito ((1 — apn_1> Cokern>) )

Property 2 of Fitting ideals then shows that « annihilates the p-primary part of
the O-module (1 — Upn_1> Coker,,. We now observe that the derivation of equation
(5.10) only requires that « has this property. It follows that ¢ annihilates Cl,,

producing principal ideals generated by anti-units. O

Proposition 5.2.7. Let K, /ko be an extension of degree 2p™. Let p* be the largest
power of p dividing W,,. If s > p"~1, then the principal ideals produced by applying

W,.0e to ideals representing classes in Cl, are generated by p*-Abelian anti-units.

Proof. Let O and X be as defined in the previous proposition. We observe again
that the p-primary part of Qom,n (K,,/ko) has an affirmative answer. Let a be an

ideal representing a class in Cl,. Propositions 5.2.5 and 5.2.6 show that

a’’e = (v)

for some anti-unit v in K. If p does not divide ¢ = ¢, then

Wn
a”neQ‘ — <fy q )
Wi

This generator is then trivially p’-Abelian, since p' divides pt
Otherwise, we must consider the case when p divides ¢. Let x® be the group
of p-power roots of unity in K,. Let g be a generator of G, and let Ng be an

integer such that
¢ =
for all ¢ in u(”). Let P,.; denote the group of nonzero principal ideals of K,

generated by anti-units. We will first prove the claim that (Ng — g) %8@ is in

Z|G] and
a(Ngfg)%Gc cP

anti

for each ideal a representing a class in Cl,,.
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Since p divides |i| = ¢ and Ng — g annihilates fi, it follows that

X (Ng — g) € Fito [i,

and so
un(x (Ng—g)) = 1. (5.21)

Proposition 4.6.3 shows that W, 0¢ is integral. The argument used to derive equa-

tion (5.8) shows that we can write

(Ng —g) Wabe = (1—0""") B(1 = 1),

where
(p—1)p"~1-1

p= Z bijo'i

i=0
for some integer coefficients b;;. Then equations (5.17), (5.20), and (5.21) show
that

Y e

>1+tp" Hp—1)—p" ! + oy (Fite (Ker)) — 1
>tp" Hp— 1)+ vy (Fito ((1 — UpTH) Cokern)> : (5.22)

) + vy (Fito (Ker)) — vy (Fito (1))

where we have used the assumption that s > p"~!. Thus, p’ divides the algebraic

integer
(p—1)p" 11

> by

=0
in O. The numbers ¢, for 0 < j <2 ' —land 0<i < (p—1)p"" —1 form an

integral basis for O, so the integers b;; are divisible by p’. It follows that
W,
(Ng = g)= -0 € ZIG], (5.23)

which is the first part of the claim.
We will next see that the extension K, /Ky is the nth layer of the cyclotomic
Z,, extension of Ky. Let p* be the number of pth power roots of unity in K. Then

Q(Cp“) C Ko mQ(gpt) C @(Cpt) .
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It follows that
KoynQ (Cpt) =Q (Cp”)

for some v such that u < v < t. Since K, does not contain the p**'th roots of

unity, it follows that v = u. Therefore, the restriction map

Gal (Ko (Gyt) /Ko) — Gal(Q () /Q (G )

is an isomorphism. However, the assumption that p divides ¢ implies that K ((,t)
is a subfield of K, not contained in K,_;. It follows that K, ((,t) = K,. Then
n =t — u, so the assertion follows.

The assertion implies that g2 fixes the p“th roots of unity but not the p**th
roots of unity. It follows that (Ng)® — 1 is exactly divisible by p*. Then

(Ng)?" —1=(((Ng)* = 1)+ 1)" —1=p" ((Ng)*— 1) (mod p'™),

so that (Ng)*" — 1 is exactly divisible by p’. Set

(Ng)™ —1
— T’
where (¢,p) = 1. Let a be an ideal representing a class in Cl,. Because c is

relatively prime to p, we can find an ideal a’ in Cl, and an element 7' in K such

that a(y’) = a’°. The inequality (5.22) shows that

_ n—1__

(p—1)p lbij i
Y. o
i=0 p

annihilates the p-primary part of <1 — apnfl) Coker,,. The argument used to derive
equation (5.10) (with g in place of a) then shows that there is an element 7 in K¢

such that
o No=9) T _ (3.

Applying 8 = 327071 (Ng)' ¢*" 1= to both sides, we find that

o (V9" =) T2 0e _ Wie (,Y/Wnec) _ (;yg(lff)) _

1—Why,

We will now see that the generator v = 37(1=7)~ 9¢ for the principal ideal

aVn9¢ is p'-Abelian (property 4 of components of L-function evaluators shows that



140

it is an anti-unit). First, for any r such that 1 <r < 2p"—1, (Ng)" —¢" annihilates

(Ng)" —g" (1-7)(Ng—9) X712, (Ng)igr’l’i,y/an% (Ng—g) 313 (Ng)igr—1-

= AP

(V" —1)(1-7) o (Ng)'g" T 1= Wabe (Ng—g) i (Ng)'o™ ="

gl
=7

The first factor is in K" since pt divides (Ng)*" — 1, and equation (5.23) shows

that the second factor is in K*?'. Therefore,
AW =" e [P (5.24)

for 1 <r <2p"—1.

Now K, ( %) /K, is a Kummer extension. From Section 2.5, the subgroup A
of K, generated by ~ and KTfpt corresponds to this extension through Kummer
theory. The inclusion (5.24) shows that 797' isalsoin A for 1 <r < 2p"™—1. Hence,
K, ( %) /kq is a Galois extension by Proposition 2.7.2.

Next, let G = Gal (K, ( §/7) /ko) and H = Gal (K, ( §/7) /K,). We will show
that G is a central extension of H by G. The argument is that of the second half
of Lemma A.1.4 in the appendix of [10]. Let n be a p'th root of 4. Let r be an
integer such that 0 < r < 2p™ — 1, and let § be an element of G that restricts to
the element g in G. The inclusion (5.24) shows that there exists  in K, such that

n(Ng)“é’“ =¢.

Let h be in H, and let ¢ be the p'th root of unity such that hn = (5. Then

hg"—g"h (Ng)"=g")h h(g"—(Ng)")

7 =1 7
— e (¢~ (Vo =)
= ¢!
=1.

Since the elements §" for 0 < r < 2p" — 1 form a complete set of coset represen-
tatives for G /H, it follows that G is a central extension of H by G. Finally, G is
generated by H and the lifts §”. Since these lifts all commute with each other, G
is Abelian. O
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Remark. The result of Proposition 5.2.7 in the case when n = 1 was essentially
proved in [18]. The present proof is merely an adaptation of their methods, the
only new addition being the use of the p-primary part of question Qam,» (K,/ko).
Again, extending to the case of degree 2™p™ extensions seems to be hindered only
by the lack of a method to distinguish between the distinct prime ideals of Z [Camn ]
dividing p. This difficulty could be overcome if one could verify equation (5.16),

the conjectured refinement of Lemma 5.2.3.

5.3 The Brumer-Stark conjecture for extensions

of degree 2"p"

In this section, we will use the results of the previous section to analyze the
Brumer-Stark conjecture for a fixed cyclic extension of degree 2"p™. If p is a prime
number not equal to p, we will see that if the p’-primary part of Qam,» (K, /kg) has
an affirmative answer for 1 < r < n and the p/-primary part of Qom (Ky/ko) has an
affirmative answer, then the p/-primary part of the Brumer-Stark conjecture holds
for K, /ko. The p-primary part turns out to be much less tractable. Assuming
that the p-primary part of Qomyn (K, /ko) has an affirmative answer, we will prove
(BS,) only when 6 has only one nonzero component. Proving even the annihilation
statement of (BS,) becomes much more difficult when 6§ comprises more than
one nonzero component. We will provide proofs of the annihilation statement for
certain extensions for which # has two nonzero components and also for the finite

layers of the cyclotomic Z, extension of ky in the case where [ko (¢,) : ko] = 2.

Theorem 5.3.1. Let K, /ko be a cyclic extension of degree 2™p" with Galois
group G. Let p' be a prime number different from p. If the p'-primary part of
Qampn (K, /ko) has an affirmative answer for 1 <r <mn and the p'-primary part of
Qom (K, /ko) has an affirmative answer, then the p'-primary part of the Brumer-
Stark conjecture holds for K, [ko.

Proof. We use the notation of Section 4.6. Let H and H’ be the subgroups of G of
orders p™ and 2™ respectively. For 0 < r < n, let N, be the norm element in Z[G|
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corresponding to the subgroup of G of order p"~". Let Sy be the set of places of kg
consisting of the Archimedean places and the prime ideals that ramify in K, /ko.
For 0 < r <n, let €, be the equivalence class of characters in G of order 2™mp". For
simplicity, we set 0 = Ok, k.5, and O, = Ok, /ky,50,¢,- T 0 <7 < m, let 5@ be a
lift of Ok, /ko,S0,¢om, t0 C[G] chosen by extending each automorphism of K, to an
element in G (so that fg, = f¢,). Then property 2 of components of L-function

evaluators shows that .

0=>" N, Oc. .

n—r
r=0 p

Let a be an ideal representing a class in Cly, the p/-primary part of the ideal
class group of K,. Then since p’ is relatively prime to p, there exists an ideal b

and an element v in K¢ such that
a=06" (7).
Write ¢, for the canonical map of class groups Clg, — Clg,. We have
b =1, (b,),
where b, is the image of 28 under the norm map N: Clg, — Clg, . Then
p? W N e, _ . (b’;rJer"ecT) .

If p't is the exact power of p’ dividing W, then Propositions 5.2.1 and 5.2.2 show

that
bpr+1Wn9¢T — (5r)
r

for some p'f-Abelian anti-unit &, in K (when p’ = 2, recall that (2,pq) = 1).
Then

awne _ banWne (;y)Wne

— plreo P T W N be, (5)"

= (H 57‘) (’?)Wne'
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In [59, §2], Tate showed that the statement of the Brumer-Stark conjecture is true
when the ideal in the conjecture is principal. Therefore, there exists an pt-Abelian

anti-unit v in K° such that
\Wno
™ = ().

(1)

is a p''-Abelian anti-unit generator for a"»?. Hence, (BS,/) holds for the extension
K, /ko. O

We find that the element

Remark. When p' = 2, we did not use the full annihilation result of Proposi-
tion 5.2.2, which shows that we may remove the factor of 2/0: @=1 " The above
proof can be adapted to show that an affirmative answer for the 2-primary part
of Qampn (K, /ko) for 1 < r < n implies that (BS2) holds for the extension K, /k
with 6 replaced by

1

2lko: Q-1

The following result generalizes Propositions 2.1 and 2.2 in [18] (excepting the

part of Proposition 2.1 which treats “case I(b)”, which is essentially a special case

of Greither’s work on “nice” extensions).

Theorem 5.3.2. Let K, /ko be a cyclic extension of degree 2p™ with Galois group
G. Assume that only one component of Ok, /k, s nonzero. Then the p-primary

part of the Brumer-Stark conjecture holds for the extension K, /ky.

Proof. Let Sy be the set of places of ky consisting of the Archimedean places and
the prime ideals that ramify in K, /ky. For 0 < r < n, let €, be the equivalence
class of characters in G of order 2™p". Property 2 of components of L-function
evaluators shows that the component 6¢ of 8 is 0 if and only if some prime in S
splits completely in K, /kq. Therefore, the assumption in the theorem is equivalent
to the existence of a prime ideal in kg that splits completely in K,,_; and ramifies
in K,,. The number s defined in Lemma 5.2.3 is thus greater than or equal to p" !,
and also
W, = W, 0¢.



144

Proposition 5.2.7 thus proves the theorem. O
The next corollary follows immediately from theorems 5.3.1 and 5.3.2.

Corollary 5.3.3. Let K, /ky be a cyclic extension of degree 2p". Assume that
only one component of Ok, /k, is nonzero. If the p' primary part of Qompn (K /ko)
has an affirmative answer for all prime numbers p' # p, then the Brumer -Stark

conjecture holds for the extension K, /kg.

Remark. Note that if 2 is inert in Z [(,n], then the 2-primary part of Qom» (K,/ko)
has an affirmative answer. The other primary parts of the Brumer-Stark conjecture

sometimes follow from the work of Wiles ([64]).

The following corollary follows from Corollaries 4.7.3 and 5.3.3.

Corollary 5.3.4. Let k' C ko C K, be a tower of number fields with K, /ko
cyclic of degree 2p™ and K, /K’ and ko/k' Galois. Assume that Ok, iz, has only one

nonzero component. Suppose that the map

¢: Gal (ko/k') — Gal (Q ((opn) /Q)

from Section 4.7 is surjective. Then the Brumer-Stark conjecture holds for the

extension K, [ko.

We now turn to extensions where 6 comprises more than one nonzero com-
ponent. Obtaining even the annihilation statement of the p-primary part of the
Brumer-Stark conjecture is more difficult in this setting. We resume the notation
from Section 5.2. In particular, K, /ko is a cyclic extension of degree 2™p™ with
Galois group G. For 0 < r < n, K, is the subfield of degree 2" p" over ko, W, = ||
is the cardinality of the group of roots of unity in K,, and

Wi,
an 1

q:

is the cardinality of the O-module i = p,,/p,—1. The set Sy of places of ky consists
of the Archimedean places and the prime ideals that ramify in K, /ky. We denote
the p-primary part of Clg, by Cl,. For simplicity, we write 6 instead of Ok, /i,.s,

and 6, instead of O, _, /k,,5,-
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To begin we will consider the case where K,,/Kj is the nth layer of the cyclo-

tomic Z, extension of Kj.

Theorem 5.3.5. Let K,,/ky be a cyclic extension of degree 2"p"™. Assume that Ky
contains the pth roots of unity, and that K, /K is the nth layer of the cyclotomic
Zy-extension of Ko. If the p-primary part of (Qamyr) has an affirmative answer for
each extension K, /ko with 1 < r <mn and (B,) holds for the degree 2™ extension
Koy /ko, then

W,0 € Anngg Cl,,.

Remark. Both assumptions in the theorem are true when m = 1: the p-primary
part of Qampyn (K,/ko) follows from equation (4.31), and (B,) follows from Tate’s

proof of the Brumer-Stark conjecture for quadratic extensions ([59, §3, case (c)]).

Proof. Let Sy be the set of places of kg consisting of the Archimedean places and
the prime ideals that ramify in K, /ky. For 0 < r < n, let €, be the equivalence
class of characters in G of order 2mp". Also, set 0, = Ok, /i,,s,- Choose a lift én_l of
0,-1 to Q[G] by choosing an extension of each automorphism in Gal (K,,_1/kg) to
G. Let N, be the norm element in Z[G] corresponding to the extension K,,/K,_;.

Property 2 of components of L-function evaluators shows that
N, ~
0=0s +—L0,_1.
p

Then
W = Wibe. + %Wnlénljvp, (5.25)

and % is an integer since K,,/Kj is a layer of the cyclotomic Z,-extension of K.

Let a be an ideal representing a classs in Cl,. Denote the canonical homomor-
phism Clg, , — Clg, by ¢. We will prove the theorem by induction on n. Assume
first that n = 1. Then

a :L<NK1/K0 Cl).

It follows that

= (NK1/K0 aWOGO)% )
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By assumption, (B,) holds for the extension Ky/kog, so the above ideal is principal.
In addition, a"%: is principal by Proposition 5.2.5. Therefore, equation (5.25)
shows that the theorem is true for n = 1.

n—1

Next, assume that the theorem is true when the extension has degree 2™p

We have

~ q
%Wn—len—le = ( Wn—19n—1)5 .

a NKn/Kn—l a

The inductive hypothesis shows that this ideal is principal. Again, it follows from
Proposition 5.2.5 and equation (5.25) that W, 6 annihilates CL,. [

Next, we consider a generalization of the case II(b) in [18] (as mentioned in
Subsection 3.4.2, this was erroneously conflated with what the authors label case
g; 11(b) is actually a special case of £). Case II(b) was one of two relatively rare

types of extensions which proved intractable using the methods in that paper.

Theorem 5.3.6. Let K, /ko be cyclic extension of degree 2p™. Suppose that K,
contains the pth roots of unity and that 0 consists of precisely two nonzero compo-

nents. Then

Wne € Annz[g] Clp

under either of the following conditions:
1. n>2.

2. The maximal elementary p-extension of kg unramified outside of p has degree

p or p* over ky.

Proof. In the paragraph following equation (5.23), it was shown that when p divides
q, the extension K, /K is the nth layer of the cyclotomic Z, extension of Kj. In
this case, the theorem follows from Theorem 5.3.5. We therefore assume that
(p,g) = 1.

We first consider the case where n > 2. For 0 < r < n, let €, be the equivalence
class of characters in G of order 2p". Property 2 of components of L-function
evaluators shows that the component f¢, of 0 is 0 if and only if some prime in Sy

splits completely in K, /ko. Therefore, the assumption in the theorem is equivalent
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to the existence of a prime ideal in Sy that splits completely in K,,_5, but none

that splits completely in K,,_;. We may thus write
Wne = Wnﬁ% + anq‘/nil.

We will see that each of these terms annihilates Cl,.

We begin with W,0¢, ,. Let N, be the norm element in Z[G|] corresponding
to the extension K, /K, 1. Let 0,1 be a lift of 6,,_; to Q[G] chosen by lifting the
automorphisms in Gal (K,_1/ko) to G. Let ¢ = % Property 2 of components
of L-function evaluators shows that

N,

e, = ?pén_l.

Since there is a prime ideal in Sy that splits completely in K, 5 /ko, the integer s

in Lemma 5.2.3 is greater than or equal to p"~2. Lemma 5.2.4 then shows that
(0,1 € Z|G].

Let a be an ideal representing a class in Cl,. Denote the canonical homomorphism
Clg, , — Clg, by ¢. Then

=1 (NKn/Kn—l Cl) .
It follows that

W, _ ~
Wnoe —2=-24¢'0n 1N,

n—-1 — (@
aWn—2
/ P

= (NKn/anl o 9"’1)

(note that p divides Wy, and hence, it divides W,,_5). Proposition 5.2.6 shows that
this ideal is principal, generated by an anti-unit.

Next, Proposition 4.6.3 shows that
pqbe, € Z[G].

Since (p,q) = 1 and p divides W,,, Propositions 5.2.5 and 5.2.6 then show that
W,0¢, annihilates Cl,. This proves the theorem in the case where n > 2.
We now prove the theorem for extensions of degree 2p. For this, we need the

following proposition:
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Proposition 5.3.7. Let Ki/ko be a cyclic extension of degree 2p. Suppose that
Ky contains the pth roots of unity, but that p does not divide q. Assume that two
components of 0 are nonzero. For each ideal a in Ky, let e(Nk, /k,(a)) denote an
anti-unit generator for the principal ideal Ni, i, (a)Vo%. Then W10 annihilates

Cl, yielding principal ideals generated by anti-units if and only if
e(Nky /(@) € K" (5.26)

for every ideal a representing a class in Cl,.

Remark. The above condition implies that the Abelian extension of kg obtained
by adjoining a pth root of (N, /k,(a)) to K is contained in K ((yw, ). We note
that € (Nk, /x,(a)) is only defined up to a root of unity in Ky, but this is irrelevant

for our result.

Before we prove this proposition, let us first see how it allows us to finish the
proof of Theorem 5.3.6. Observe that since 6 has two nonzero components, there
is no prime ideal in ko that splits completely in K, and ramifies in ky/ko. This
places the extension K;/K; in case II(b) in the paper [18]. Immediately prior
to Proposition 2.2 in that paper, the authors observe that only primes dividing
p can ramify in K;/Ky. If the maximal elementary p-extension of ky unramified
outside of p has degree p over kg, then K; must be the extension of Ky obtained
by adjoining higher p-power roots of unity to K. In this case, the theorem follows
from Theorem 5.3.5 (see the remark following the statement of that theorem).

Otherwise, assume that the maximal elementary p-extension of kg unramified
outside of p has order p?, and call this field L. We may assume that K; is not
the extension of K, obtained by adjoining higher p-power roots of unity to K.
But then the extension K ((w,) /Ko is a degree p* elementary p-extension of K
unramified outside of p. Since K ((,w, ) is Abelian over kg, L is the unique subfield
of K1 (Gw,) of degree p* over k.

Now let a be an ideal representing a class of p-power order in Clg,, and fix an
anti-unit generator ¢ for the principal ideal N, /x,(a)"*% as in Proposition 5.3.7.

We will show that e satisfies the condition (5.26). Property 2 of components of
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L-function evaluators shows that

N, ~
Oe, = —200,
@& =, 0
where 6 is the lift of O,k to Z[H']. Since the p-valuations of Wy and W, are

the same, Theorem 3.2.4 shows that
N, ~
Wob = Woble, + Wo—p to

is p-integral. Proposition 4.6.3 shows that the first term on the right side is p-
integral. Therefore, the second is as well. As N, is in Q[H] and 6, is in Q [H'],

W090 € pZ [H/] . (527)

(We have abused the notation somewhat). The valuations of € at all primes are

thus divisible by p. Proposition 2.5.2 shows that the extension of Ky (/) /Ky is

unramified outside of p. Tate proved (BS) for quadratic extensions [59, §3, case

(c)]. Therefore, Ky (/) is Abelian over k. The unique subfield of Ky (/) of

degree p over ky is a degree p Abelian extension of ky unramified outside of p. It is

thus contained in L. We consider separately two possibilities for the field Ky ({/¢).
Assume first that

Ko (V) = Ko (Gws)
By Kummer theory,
€= Gy 7”
for some integer r and number v in Kj. Therefore, € satisfies the condition (5.26).

Otherwise, let n be a fixed pth root of €, and assume that

Ko(n) 7é Ky (CPW0> :

Again by Kummer theory, the fields Ko (Gw,) and Ko ( ;Won) for0 <c<p—1are
distinct. Thus, the subfields of Ko (Gwy,) and Ko (C5y,n) for 0 < ¢ < p—1 having
degree p over kg are all distinct. Furthermore, they include all of the elementary
p-extensions of k that are unramified outside of p. It follows that one of these latter
fields is contained in K, and so K; = K| (Q;W()n) for some c. In other words, (€

is a pth power in Kj. As claimed, we see that ¢ satisfies the condition (5.26). The

theorem now follows from the proposition. O
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Remark. Almost all of the several hundred degree 6 case I1(b) extensions for which
it was computationally verified in [18] that 1#/;60 annihilates the 3-primary part of
Clk, are covered by the above theorem. Of course, the authors computed much

more, showing that (BS;) holds in each example.

Finally, we must prove Proposition 5.3.7.

Proof of Proposition 5.3.7. Let €y and €; be the equivalence classes of characters

in G of order 2 and 2p respectively. We have
0 =0g, + Oc,.

First, assume that W;60 annihilates Cl, yielding principal ideals generated by anti-
units. Let a be an ideal representing a class in Cl,. Since (p, ¢) = 1, we can find an
ideal b representing a class in Cl, such that b? = ()a for some element v in K7
By assumption, applying pWW;0 to b gives an ideal generated by the pth power of
an anti-unit. By Proposition 5.2.5 (note that s = 0 and ¢ = pq),

pPWibe; — pWopdle, — (iWo)

for some anti-unit 7 in K. The generator ¥ is a pth power. Therefore,

pr"1 e,

is also generated by the pth power of an anti-unit.

Next,

prWibe, — quVogoNp
_ ’yWOéONpaWOéONp

=t (NKl/KO (VWOGOaWoeo))

=1 (NKl/Ko (7)o e (le/Ko(a))) :

Equation (5.27) shows that the coefficients of Wyf, are divisible by p. There-

Wb i the pth power of an anti-unit. As we determined ear-

fore, NK1/K0 (7)
lier that b?"1%o is generated by the pth power of an anti-unit, it follows that
(¢ (Nk,/Ko(a))) is generated by the pth power of an anti-unit. Since an anti-

unit generator for a given ideal is specified up to a root of unity, it follows that
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€(Nk, /K, (a)) differs from the pth power of an element of K by a root of unity of
K. This proves one implication.
For the reverse implication, assume that a is an ideal whose class in Clg, has

p-power order. If
e(Niw/wo (@) = 77C € K Ppug,

then v is an anti-unit. Furthermore,

aPWibey — qaWoboNp (,ypq)7

and hence,

a0 — (47).

Thus, Wi6¢, annihilates Cl,, yielding principal ideals generated by anti-units.
Proposition 5.2.5 shows that W;i60e, does as well. The proposition thus follows
from the decomposition

W10 = Wile, + W10, . O



Chapter 6
Hayes’s Conjecture

We will begin this chapter by using the results of Chapter 4 to prove the mod-
ified strong local version of Hayes conjecture ((H,)) from Section 3.5 for cyclic
extensions of degree 2™ for which the p-primary part of Qom (k,,,/ko) has an affir-
mative answer. We will then prove a “non-equivariant” reformulation of (H,) for
cyclic extensions of degree 2™p that implies the equivariant version. Next, we will
examine the functoriality properties of (H,,), proving “top change” completely and
“base change” under certain hypotheses. These results will be sufficient to prove
Hayes’s conjecture for extensions K /k with K Abelian over Q of prime conductor
(with certain restrictions on S). Finally, we will provide a counterexample to the

annihilation part of the strong version of Hayes’s conjecture.

6.1 Hayes’s conjecture for degree 2" extensions

Let p be an odd prime number. In this section, we will prove (H,) for cyclic
extensions of degree 2™ for which the p-primary part of Qom (k,,/ko) has an affir-
mative answer. Let k,,/ko be a degree 2™ cyclic extension of number fields with
Galois group G, and for 1 < i < m — 1, let k; be the extension of ky of degree 2°
contained in k,,. Let Sy be a set of places of k£ containing the Archimedean places
and the prime ideals that ramify in k,,. For 1 <i <m, let S; be the set of places
of k; lying above the places in Sy. Let W = |u| be the cardinality of the group of

roots of unity in k,,. We restate (H,) here for convenience:

152
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Conjecture (H,). Let p" be a prime power divisor of W, and assume that there
exists a totally positive element € in kg whose p"th root generates an unramified

extension L of ky, of degree p". Then W6y, ks, is in p"Z[G].

To prove this, we will prove a stronger “non-equivariant” version of (H,) for
such extensions. Let notation be as in the previous proposition. Let y be a
generator of G, and let O = Z [Com]. In Section 4.3, we saw that p is an O-module.

The non-equivariant reformulation of (H,) is as follows:

Proposition 6.1.1. Let p” be a prime power divisor of W, and assume that there
exists a totally positive element € in kg whose p"th root generates an unramified
extension L of ky, of degree p". Let H = Gal (L/ky,). Then H is an O-module and
Fitp H divides Fito p as ideals in O.

Proof. Since both H and p are cyclic groups, their Fitting ideals as O-modules
are the same as their annihilators. Proposition 2.7.2 shows that L/kg is Galois, so
that Gal(L/ko) is an extension of H = Gal(L/k,,) by G. This provides H with
the structure of a Z[G]-module, and Lemma 2.7.4 shows that

Annp p=x (Annz[g} [L) Cx (AnnZ[G] H) )

The first statement of the proposition then follows from the fact that 1 + 7 is in

Anngq p. The second statement follows from the above inclusion and the equality
X (AnnZ[G] H) = Annp H. O
We now use this proposition to prove (H,).

Proposition 6.1.2. Let p be an odd prime number. Let k,,/ky be a cyclic exten-
sion of number fields of degree 2™. Let Sy be a set of places of ko containing the
Archimedean places and the prime ideals that ramify in ky,/ky. Assume that the
p-primary part of Qam (kn,/ko) has an affirmative answer. Then (H,) holds for the

extension ky, ko and the set S.

Proof. The proposition is trivial if 0, /x5, = 0. Therefore, we assume that no
place in Sy splits completely in k,,/ko. In particular, kq is totally real and k,, is

totally complex.
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Let p" be a prime power divisor of W, and assume that there exists a totally
positive element ¢ in ky whose p"th root generates an unramified extension L of k,,
of degree p". Let H = Gal (L/k,,). By Proposition 6.1.1, H is an O-module and
Fitp H divides Fitp p. If p' is the exact power of p dividing p, then Lemma 2.4.1
shows that the p-primary part of Fitp u has the form 3¢ for some prime ideal of
O dividing p and of residual degree 1 over Q. Therefore,

Fito H = " (6.1)

Let 7 be complex conjugation. Since p is odd, the p-primary parts of H and
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Cl,, decompose into isotypic components correponding to the idempotents =

and 1_TT Then H, being annihilated by 7, is a quotient of the minus part of the
p-primary part ClL of the ideal class group of k,,. Since no place in Sy splits
completely in k,,/ky, Coker and the minus class number A~ of k,, differ by a factor
of 2. Therefore, the p-primary parts of CI, and Coker are isomorphic. It follows
that H is a quotient of Coker. Since H is cyclic, properties 2 and 3 of Fitting

ideals in Section 2.4 show that
Fito (Coker) C Anne (Coker) C Annp H = Fitp H.
Combining this with equation (6.1), we have found that
PB" | Fitp (Coker) . (6.2)

By Theorem 3.2.3,
W Li,, /ko,s0 (0,X) € O.

Since the p-primary part of Qom (k,,/ko) has an affirmative answer, we have
W L, k.50 (0, %) = W (X)) ¥~ Fit (Coker) (Fito (1) ™"

Equation (4.6) shows that this is an integral ideal in O. The exact power p' of p
dividing W factors in O as

am—1_1

pro=3" 1] .
=1



155

where the ideals {B,B1, ..., Pam-1_1 } are the distinct prime ideals of O dividing
p. Using (6.2), we find that

W (A)*m=t it (Coker) (Fito (1)) ' = aP™ [[ B Cp O,
where a is an ideal in O. It follows that

X (WO, /ko,50) = W Lo, jk.50 (0,X) € p"O.

Let o be a generator of Gal (k,,,/ko). Let x be a generator of CA}, and let (om be
the primitive 2th root of unity such that x (¢) = (om. Property 2 of L-function
evaluators in Section 3.1 and Theorem 3.2.3 show that we can write

am=1_1

A =T
Ok /k0,S0 = ; %0 —5—, a; € Q.
Therefore,
2m—1_1
W > aiGm €p'O.
i=0
Since the numbers (i, for i = 0,...,2™ ! — 1 form an integral basis for Q (Com)
over Q, it follows that the coefficients Wa, are all divisible by p". Thus, W0, /k,.s,
is contained in p"Z[G], which is the statement (H,). O

Corollary 6.1.3. Let p be an odd prime number. Let k,,/ko be a cyclic extension
of number fields of degree 2™. Suppose that there exists a field k" with k' C ko C ki,

such that k., /K" and ko/k' are Galois extensions. Assume further that the map
Gal (ko/k') — Aut (Gal (ky,/ko))

given by lifting an automorphism to Gal (k,,/k') and conjugating is surjective.

Then (H,) holds for the extension K/k.

Corollary 6.1.4. Let p be an odd prime number. Let K/k be a quadratic extension
of number fields. Then (H,) holds for the extension K/k.

The above corollaries and statements follow from Corollary 4.4.3 and Proposi-

tion 4.3.2 and the comments preceding it.
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6.2 Change of the set S in Hayes’s conjecture

In this section, we let K /k be an Abelian extension of number fields with Galois
group G and let S be a set of places of k containing the Archimedean places and
the prime ideals that ramify in K/k. Write

Wk ks = Zaga,
oeG
where W is the number of roots of unity in K and the coefficients a, are integers.
Denote the coefficient of the identity map by a;. Let p be an odd prime number.
As with the Brumer-Stark conjecture, it is true that if (H,) holds in the given
setup, then it also holds when S is expanded to any larger set of places of k. In

fact, we can say more:

Theorem 6.2.1. Assume that (H,) holds for the extension K/k and a set S of
places of k. Then it holds for the extension K/k and any other allowable set S’
of places of k containing the prime ideals in S that divide p or split completely in

k(G) [F-

Proof. For each 7 in G, let N, be an integer such that

T(¢) = ¢
for all roots of unity ¢ in K. Theorem 3.2.4 shows that for each 7 in G,

(1 —N;) Z a,o € WZ[G]. (6.3)
oeCG

Therefore,
a;-1, = Nya, (mod W)

for all pairs of automorphisms ¢ and 7 in G.
If p is a prime ideal of k not contained in S, then property 1 of L-function

evaluators shows that

Osutpyk/m = (1 - Up_l) Os.x/k (6.4)

where o, is the Frobenius automorphism in G corresponding to p. If p" divides

(a1, W), then it follows from the above congruence that p” divides a,, for all n.
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Then from (6.4), one sees that p" divides the coefficient of the identity map in
W 0 ki for any set S’ containing S.

Let S and S’ be a pair of sets as in the theorem. We must show the implication
WHK/k,S S pTZ[G] = WeK/k:,S’ € pTZ[G}

where p" is a power of p dividing W. From above, it suffices to show this under
the assumption that
S=5Up,

where p is a prime ideal of k that does not divide p, ramify in K/k, or split
completely in & (¢,) /k. Let a,, and a;, denote the coefficients of o, in Wk, s and
WOk i s respectively. Let 91p be the absolute norm of p. Then

op(C) = ¢
for all roots of unity ¢ in K. From (6.3) and (6.4), we have
Woskm=W (1—0,")0s k= (1—Np™") Whs k. (mod WZ[G])

and so

a, = (1—=Mp~")a, (modW),
where the inverse 91 p~! is understood to be taken modulo W. As p does not split
completely in k ((p) /k,

Np'#1 (mod p).

Thus, if p" divides a,,, then p" divides a,. H

6.3 Top change for Hayes’s conjecture

In this section, we will show that “top change” holds for (H,).

Theorem 6.3.1. Let p be an odd prime number. Let k C K C K’ be a tower
of number fields with K'/k Abelian. Let S be a set of places in k containing the
Archimedean places and the prime ideals that ramify in K'. If (H,) holds for the
extension K'/k and the set S, then it also holds for the extension K/k and the set
S.
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To prove the theorem, we need a preliminary lemma.

Lemma 6.3.2. Let k C K C K’ be a tower of number fields with K'/k Abelian.
Set G' = Gal (K'/k) and G = Gal (K /k). Let S be a set of places of k containing
the Archimedean places and the prime ideals that ramify in K'/k. Let W = |u
and W' = |i/| be the cardinalities of the groups of roots of unity in K and K’
respectively. If n is a divisor of W such that

W/QK’/k,S € nz [G/] y

then
WeK/k,S € nz [G] .

Proof. Set 0 = 0+ ps and 0 = Ok, 5. Write

W'e' =" do.

oceqG’

Let a) be the coefficient of the identity map. For each ¢ in G’, let N, be an integer
satisfying
a(¢) =¢M

for all roots of unity ¢ in K’. Equation (6.3) implies that
a1 = Nya} (mod W), (6.5)

so we have

W'6' =a} » Ny,o'  (mod WZI[G)).
oceqG’

Since each integer IV, is relatively prime to W’ it follows that when the coefficients
of @ (or the L-function evaluator for any Abelian extension) are written in lowest
terms, they all have the same denominator.

Now the inflation property of equivariant L-functions from Section 3.1 shows

that the coefficient of the identity map in W@ is given by

a/
ay =W Z W'/'

el
olx=1
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The congruence (6.5) shows that

a _ W,
Wy T = N, (mod W). (6.6)
oceG’ oceG’
olg=1 olg=1
Let
c= N,.

oeG’
olg=1

If ¢ is a primitive W'th root of unity, then

‘= Z g 'CZNK//KC-

oce@@
oxg=1

It follows that ¢ annihilates p//pu, so that % divides c¢. Equation (6.6) and the fact
that n divides | then imply that n divides a;. The lemma then follows from the

fact that the denominators of the coefficients of § when written in lowest terms are

all identical. O

Proof of Theorem 6.3.1. Let W = |u| and W’ = || be the cardinalities of the
groups of roots of unity in K and K’ respectively. Let p" be a prime power divisor
of W, and assume that there exists a totally positive element £ in & whose p"th
root generates an unramified extension L of K of degree p". We must show that
WOk g, smin is in p"Z[G]. We assume that k is totally real and K is totally complex,
since this is trivially true otherwise.

First, we will show that L N K’ = K. Proposition 2.7.2 shows that L/k is a
Galois extension. Set G = Gal (L/k), G = Gal (K/k), and H = Gal (L/K). Then
G is an extension of H by G, providing H with a Z|G]-module structure. Since
K'/k is Abelian, L N K'/k is as well. Let

[LNK': K] =p’,

and let n be a fixed p°th root of £, and hence a generator of L N K’ over K. Let
tps be the group of p°th roots of unity in K. If o is in Anngg) pps and o is in H,

then there exists ¢ in p,s satisfying

a(n) = qn.
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Using the fact that L N K’ is Abelian over k, we find that for any lift & of a to
z(¢}
(c—1)a-n=a(lc—1)-n=a-¢=1
Thus, & -7 is fixed by H, and hence, @ - ¢ is in K*P°. We have found that
Anngg) pips <€ € K7, (6.7)

(For a much more general result, see [10, Appendix, Lemma A.1.4]).

Let ¢: K — C be an embedding of K into C with corresponding complex
conjugation 7 in G. Let ¢ be a primitive p"th root of unity in K. If 7(¢) = (¢,
then Ca2 = (. Therefore,

a®>=1 (mod p").

It follows that 7 (¢) = ¢*L. If 7(¢) = ¢, then
o7 (600)) = ¢,

so that ¢(¢) is in R. Since p” > 2, this is a contradiction. Therefore, 7 (¢) = (L.
Equation (6.7) then shows that

(1+71)-ec€ (Kx)ps

Since ¢ is in k, it follows that £? is in (Kx)ps, and hence ¢ is in K*P". This says
that L N K’ = K as claimed.

We have now determined that the composite field LK’ is a cyclic extension
of K’ of degree p". It is generated over K’ by the p"th root of . Since L is an
unramified extension of K, LK’ is an unramified extension of K’. We now use the

assumption that (H,) holds for the extension K'/k. It follows that
W/GK//k7Smin E pTZ [G] .
The theorem is now a consequence of Lemma 6.3.2. O

Remark. If there are prime ideals that ramify in K’/k but not in K/k, then the
theorem does not imply that (H,) for K’/k implies (H,) for K/k, because the min-
imal allowed set of places of k for the extension K /k might be properly contained

in the minimal set for K’/k.
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6.4 Hayes’s conjecture for Abelian extensions of

prime conductor

This section is devoted to proving the following theorem.

Theorem 6.4.1. Let K/k be an extension of number fields with K/Q Abelian of
conductor p, where p is an odd prime number. If p is an odd prime number, then

(Hp) holds for the extension K/k.

The conjecture (Hy) is trivial if K does not contain the pth roots of unity. We
thus assume that K = Q((,) and that p = p. We also assume that k is totally
real, again since the conjecture is otherwise trivial. We set d = [k: Q]. We set
G = Gal(K/k). If k' is any subfield of K, then for each integer n prime to p, we
let o, be the element of Gal (K/k") such that

on(C) = ¢"

for all pth roots of unity (. Finally, we assume that S is the set of places of Q
consisting of the Archimedean place and the prime ideal (p). We abuse notation
and use S also to denote the set of places in k lying above the places of S in Q.
For simplicity, we write ¢ in place of Ok /s s.

In the first subsection, we will derive a congruence involving the coefficients
of @ for such extensions and certain products of Bernoulli numbers. In the next
subsection, we will prove the above theorem. Following that, we will provide a
table of examples for which the conjecture is nontrivial. Finally, we will give a local
result at the prime 2, which shows that any formulation of a local version Hayes’s

conjecture at the prime 2 will probably be trivially true for these extensions.

6.4.1 The key congruence

In this section, we will derive the following congruence for the cofficients of the

L-function evaluator for the extension Q ((,) /k:

Proposition 6.4.2. Let n be an integer whose image in (Z/pZ)™ is a dth power.
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Let a,, be the coefficient of o, in 2pf. Then

1B,
an = (—1)%2dn™? H pT (mod p), (6.8)
1=1

p=1
d

where the congruence is understood to be between elements of Z,.

Proof. Fix a primitive pth root of unity ¢,. Let G = Gal(Q((,) /k) and G =
Gal (Q(¢y) /Q). Let g be a primitive root mod p, so that by identifying G with
(Z/pZ)™, G is generated by g¢. For 0 < i < p — 2, denote by x; the unique
character on G satisfying Y; (0g) = I’;_l. Similarly, for 0 < i < ’%1 — 1, let x; be

id

the unique character on G such that Xi (O'gd) =(plq-

Now let L = Lg,)/0,s (5, x) be the S-incomplete Artin L-function associated
with the extension Q (¢,) /Q and the character x of a representation p of G in a
C-vector space V. Let P be the prime ideal of Q ((,) lying above p. The inertia
group Iy is all of G, so that Vv = VY. Let £ be the primitive Artin L-function
associated with the extension Q (¢,) /Q and the representation p. The relationship
between L and £ is given by equation (1.2):

L (s5,x) = det (1= p (o) M(p) "1 VE) £(5.0).

The dimension of V¢ is the number of times that the trivial representation appears
in p. Choosing p to be an irreducible representation of GG, so that x = x; for some
1, we see that V& = 0 unless p is the trivial representation. By convention, when
V& = 0 the above determinant is defined to be 1. If p is the trivial representation,
then dim V¢ = 1 and the determinant is 1 — pe.

By Proposition 2.2.1, for 0 <1 < p%l — 1, the character of the representation
of G induced by y; is

d—1
Ind x; = Z ¢=Z)€i+l%.
1=0

pel
Resy=x;

The induction and additivity properties of Artin L-functions from Section 3.1 show

that
d—1

L@(Cp)/k75 (Oa Xz) = HL (07 XH—Z%) .

=0
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Thus, if 1 <7< ’%1 — 1, then

Loms (s:x0) = [ [ £ (5, >~<i+lz%1> : (6.9a)

In contrast, for the trivial character, we have

d—1

Lows (ssxi) = (1=p°) [ ] £ (s, xl%> : (6.9b)

=
Let £ be the Dirichlet L-function corresponding to the Dirichlet character y;
obtained by composing the x; with the Artin map. Since the conductor of Q (¢,) /Q
is poo and Iy = G, Proposition 3.1.1 shows that for 1 < j < p — 2,

where ( is the Riemann zeta function.
For 1 <i <211 setting s =0 in (6.9a) and substituting in the well-known
values of the Dirichlet L-functions [38, Chapter VII, Theorem 2.9] yields

d—1
Los 0.x:) = [ [ =Bis, s (6.10a)
=0
and from (6.9b), we find that
Lac,)/k,s (0, x0) = 0. (6.10b)

We can use these values to calculate 2pf. By definition,

200 =2p Y Lo)ms (0,X) ey

xe@G
e |
= 2p E H _BL&-HEeE
i=1 =0 B

1

2p T2
Ly S

ceG i=1

d—1
Xi (0) H _BLXHZEU'
1=0 B
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We now embed Q ({,—1) into Q, by mapping (,—1 to the unique (p — 1)th root
of unity congruent to g mod p, where ¢ is our fixed primitive root mod p. For
0 < j < p—2, composing x; with this embedding produces the character w’,
where w is the Teichmiiller character. For 1 < < p%l — 1, composing y; with this
embedding produces the restriction of w’ to the subgroup ((Z / pZ)X)d. The image

of a,, under the embedding in Q, is

p d—1
= o1 Blw”l%' (6.11)
d =1 l:O ’
It follows from the form of the power series expansion at s = 1 of the p-adic

L-functions corresponding to powers of w (see [60, Corollary 5.15]) that

B,
By = - _:11 (mod p), forn# —1 (mod p —1),

and both sides of this congruence are p-integral. Also, if ¢ is an integer such that
n = ¢'* mod p, then

W' (0,) = g™ (mod p).

Finally,
pBir—2=p—1 (mod p).

Using these congruences, equation (6.11) becomes

p=1_ 2 p=1
an, = (1% ' (0,) EﬁBl’wrz—2 H 1 (mod p)

6.4.2 The p-primary part of Hayes’s conjecture

In this subsection, we will prove Theorem 6.4.1. Then we will consider the

converse.
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Proof of Theorem 6.4.1. Let H, be the p-Hilbert class field of K. Let

L=K (f/U;) and F = H,N L.

Set H = Gal(H,/K), L = Gal(L/K), and F = Gal(F/K). By Propositions
2.7.2 and 2.7.5, L and H), are normal over Q, and hence, F' is as well. We set
L = Gal(L/Q), H = Gal(H,/Q), F = Gal(F/Q), and G = Gal(K/Q). The
groups £, H, and F are extensions of the groups £, H, and F respectively by
G. Each is therefore provided with the structure of a Z [G’} -module through the
action defined in Section 2.7. We denote the p-primary part of the ideal class group
of K by Cl,. Proposition 2.7.5 shows that the Artin map gives an isomorphism of
Z [G] -modules
Cl, = H.

Since L is Abelian of exponent p, F is also abelian of exponent p. By Kummer

theory there is a unique subgroup A C U, K*? containing K*? such that
F—K(VA).

Since F is normal over Q, Proposition 2.7.2 shows that G acts on A, and hence,
on A/K*P. Let p, be the group of pth roots of unity. As each of F, A/K*? and
i, has exponent p, they are 7Z, [(N}] -modules. Proposition 2.7.3 shows that the
Kummer pairing

FxA/K*P — p,
is G-equivariant. Furthermore, it induces a Ly [@] -module isomorphism
F = Hom (A/K*?, ), (6.12)
where G acts on Hom (A/K*P, 1,,) by
(3-£)(0) =3f (G7"9).

As the order of G is relatively prime to p, the Z, [G} -modules in the above iso-
morphism split into isotypic components as in Proposition 2.3.1. The above isomor-

phism induces isomorphisms between corresponding components. Also, A/K*?
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and f, split into the direct sums of their isotypic components, and in fact, if w

denotes the Teichmiiller character of G, then tp = py. We have

@ (Hom (A/K*?, 11,))* = Hom (A/K*P, u,,)

>~ Hom (@ (A/pr)x,,up>

X

%@Hom((A/KXp)X”up). (6.13)

X

Now choose
f € Hom ((A/KXP)X,LLP) ,o0e@G, andd e (A/KXP)X.

Note that since (A/K*?)* and p, both have exponent p, f is a homomorphism of
Z,-modules. Then

(@) (8) = (c78) =af (x (0)3) =x " (0)f (5) =x"'w(0) f (3).

Thus, the component Hom ((A/K*?)* | u,) on the right side of (6.13) corresponds
under the isomorphism to a subgroup of the component (Hom (A/K*?, up))x_lw
on the left side of (6.13). Since the groups involved are finite, it follows that

tw

Hom ((A/K*?), 11,) = Hom (A/KXP,,up)X_ (6.14)

Assume that there exists an element € in k whose pth root generates an un-
ramified extension of Q ((,) of degree p. Then p divides |F|, so p divides |FX| for
some character y of G. From the isomorphism (6.12), we find that

(Hom (A/K*?, 1)) # 0.

Hence, by (6.14),
(A/K*P) T 20,

Since A C U, K*P, the group A/K*? is fixed by G. Thus, in the decomposition
of A/K*P as a direct sum of isotypic components, the components corresponding

to characters which are nontrivial on G are zero. It follows that

X lw ‘G: id.
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Therefore, Y 'w = W' for some [ with 0<[I<d-1,and so

X = wp_l%

Now F is isomorphic to a quotient group H/H’. Furthermore, since F' is normal
over Q, H’ is stable under the action of G on H, and thus H/H' is a quotient of
G-modules. One can check that H/H' 2 F is an isomorphism of Ly, [é] -modules.

If x is a character on G, we set ey to be the idempotent of Z, [é} defined as in

Section 2.3. Then one has
FX=e F = e H/e,HNH =HX/H™

Thus, FX is isomorphic to a quotient of CL} through the Artin map. Since p divides
|FX|, p also divides |C1X|. By Herbrand’s theorem [60, Theorem 6.17], this implies
that p divides Blp%l . Finally, it follows from (6.8) that p divides each coefficient
a, of 2pf. In other words,

We e pZ|G],

which proves (H,). O

The crucial element of the preceding proof was Herbrand’s theorem. As the
converse of Herbrand’s theorem is true, one might ask if the converse of (H,) holds

as well.

Theorem 6.4.3. Let k be a totally real subfield of K = Q((,). Assume that p
does not divide the class number of K*. If p divides the coefficients of 2pf, then
there exists a unit € in k such that K (/) is unramified over K. In fact, this unit

may be chosen to be the relative norm of a cyclotomic unit.

Proof. By (6.8), there exists an integer [ with 0 < [ < d—1 such that p | Bl%. This
condition implies there is a unit € € k which is the relative norm of a cyclotomic
unit of K such that K ({/¢) is unramified over K (see [37, Theorem 1] or [60,
Exercise 8.9]). Moreover, if Vandiver’s conjecture is true for p, then this extension

is nontrivial. O
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Herbrand ([27]) proved the converse to his theorem under the assumption of
Vandiver’s conjecture. More recently, Ribet ([44]) proved it in full generality using
modular forms and algebraic geometry. Finally, there is a purely arithmetic proof
that uses Euler systems ([60, Theorem 15.8]). Thus, the converse to Herbrand’s
theorem has the potential to allow a proof of a refinement of Theorem 6.4.3 by re-
moving the assumption that p does not divide the class number of K+. However, if
Vandiver’s conjecture fails for the prime p, the Euler systems proof of the converse
to Herbrand’s theorem does not give information about specific generators of un-

ramified Kummer extensions of Q (¢,). Theorem 1.2 in [44] shows that regardless

p=1

- and p divides By, then there

of whether Vandiver’s conjecture holds, if 2n = r

is an unramified degree p extension of the subfield k&’ of K of degree #

—qy over

Q. Again, it does not seem that this gives enough information to determine that
there are unramified extensions of K generated either by pth roots of elements of
k or generated by pth roots of units.

However, we may “reverse” the first part of the proof of Theorem 6.4.1 using
the converse to Herbrand’s theorem to give some information in this direction. The
notation is that of subsection 6.4.2. If p divides the coefficients a,, of 2pf, then the
congruence (6.8) shows that there exists an integer [ with 0 <[ < d—1 for which p
divides B, =y Let x = WP By the converse to Herbrand’s theorem, it follows
that p divides ‘Clzﬂ, and hence, p divides |(H/pH)X|. Let H' denote the subfield
of H, fixed by pHX, so H' is a nontrivial Kummer extension of K. Let A be the
subgroup of K* containing K*? that corresponds to H' by Kummer theory. By

Proposition 2.7.3, the Kummer pairing induces a duality:
AJKP 2 Hom (H/pH) ).

Since (H/pH)X is nontrivial, A # K*?. Since pHX is a G-submodule of H, H'
is normal over Q. Thus, by Proposition 2.7.2, A is a G-submodule of K*. Fur-
thermore, the above isomorphism is an isomorphism of G-modules. There is an

isomorphism, similar to that of (6.13):

@ (Hom ((H/pH) , p1p))* = @ Hom ((H/pH)*, 1) -

X X
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Choose
f € Hom (H/pH)*, 1), 0 € G, and 7 € (H/pH)*.

We consider f to be a homomorphism of Z,-modules. Then

(- )@ =0cf(077) =af (X (0)7) =x"(0)of (F) = x 'w(o)f (7).
Thus, there is an isomorphism

Hom ((H/pH)*, 11,) = Hom (H/pH, )~ .

. _ p—1
Since y " lw = w'a

, we have
X tw | o= L
Thus, G acts trivially on Hom ((H/pH)*, p,), and hence, on A/K*?.
Since A # K*P we may choose an element § in A\ K*P. If o generates G, we
have
od =abd

for some « in K. Applying o to both sides ’%1 — 1 more times, we find that

0= NK/k(a)p5,

so that
NK/k((I) =1.
By Hilbert’s Theorem 90 ([24, Theorem 90, :-) |), there exists 3 in K such that
of
a=—,
g
and hence,
)
U@ = @
Therefore,
o
5 € (A\ K*P) Nk,
and so B‘S—jp is a totally positive element of k£ whose pth root generates an unramified

Kummer extension of K. Proposition 2.5.2 shows that the valuation of ;—221, at every

finite prime of K relatively prime to p is divisible by p, but it does not seem to follow
immediately that there is a totally positive unit in (A/K*?) N k. To summarize,

we have the following supplement to Theorem 6.4.1:
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Theorem 6.4.4. Without assuming Vandiver’s conjecture, it is still true that if
2p0 € pZ|G],

then there is a totally positive element of k whose pth root generates a nontrivial
Kummer extension of K. If Vandiver’s conjecture holds, then this element can be

chosen to be a unit.

6.4.3 Examples

Theorem 6.4.1 immediately provides many nontrivial examples of Hayes’ con-
jecture. Given any irregular prime p such that Vandiver’s conjecture holds, if p
divides By, with 2 < 2n < p — 3, then there exists an extension Q((,) /k with
k totally real for which By, appears in the product (6.8). For instance, we may
set k = Q(¢,)". Theorem 6.4.3 implies that there exists an element of k& whose
pth roots generate a nontrivial unramified extension of Q (¢,). Theorem 6.4.1 then
shows that p divides the coefficients of 2pfg, )/, providing a nontrivial example
of (H,). However, computing examples reveals that for many irregular primes,
Q (Cp)+ is the minimal such k, and for most irregular primes, the smallest such
k seems to have relatively large degree over Q. Searching for examples of k with
small degree over QQ such that p divides the coefficients of 2pfg¢,)/x provides some
interesting results. If p is an irregular prime with p dividing B,,, set

1

Ton = (p]i 1,2n)

Since p divides Bs,, the subfield k of K = Q((,) of degree d,,, over Q is the
smallest field for which the congruence (6.8) implies that p divides a,,. If the index
of irregularity of p is 2 or greater, there can be many minimal subfields of K for
which p | es (K/k). The following table was computed using a script written by
my brother Owen Smith to search through Joe Buhler’s table of irregular primes
up to 16777213 for primes for which d,,, < 25:

Notice that for a prime p and Bernoulli number By, as above, d,, = 2 if and
only if n = 221, In this case, p = 1 (mod 4) and p | By Kiselev ([29]) and

1
Ankeny-Artin-Chowla ([1]) independently showed that p divides BpTﬂ if and only
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Table 6.1: Irregular prime numbers p with small d, ,,

dpn | D
3 | 5479, 15646243
5 | 130811
7 | 421, 44563
9 |37, 13411
13 | 90247, 163307
14 | 633473
15 | 1446901

17 | 103, 3484729
19 | 43093, 3962603
20 | 2441, 9041

22 19901
23 | 4003, 52579, 376097
24 | 6801313

25 | 101, 166301, 345601

if p divides u, where % > 1 is the fundamental unit of Q (\/ﬁ) Furthermore,
the Ankeny-Artin-Chowla conjecture asserts that p never divides u. The previous
discussion shows that this conjecture is equivalent to the statement that d,,, # 2
for all irregular primes p and Bernoulli numbers By,. A glance at the above table
reveals that, in fact, many small even numbers are absent as values of d,, for
p < 16777213. It would be interesting to know if there is some unknown factor
which forces small even values of d,, ,, to occur only for very large values of p. On
the other hand, perhaps the Ankeny-Artin-Chowla conjecture can be strengthened
to say that some additional small even numbers are not possible values of dy, .
Finally, it would be interesting to know if d,,,, can ever take the odd values 11 or

21, which seem conspicuously absent from this list.

6.4.4 The 2-primary part of Hayes’ Conjecture

Let k be a totally real subfield of K = Q((,). Let S be the set consisting of
the Archimedean places of Q and the prime ideal (p). We abuse notation by using
S to denote the set of places of k lying above the places of S in Q. In this section,

we will prove the following theorem.
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Theorem 6.4.5. If k # Q, then
QpQK/k,S € 27 [G] .
We will use the notation of Subsection 6.4.1.

Proof. The partial zeta functions for the extension K/Q are the Hurwitz zeta
functions, whose special values at negative integers have long been known. Using

these values, we find that

/1 a 1
Oxas =D 27 )%
a=1

For each character y on G, let t, be the twist by x from Section 2.3. It is the
endomorphism of C [G} defined by

ty (Z ca0a> = Z caX (0a) Oq-

a=1 a=1

Property 3 of equivariant L-functions shows that

Thus,

and hence,

a=2 Y dH(%——)x(a) (6.15)

1<c0, 10— 1<p—1 i=0
coc1cq—1=1 mod p

We will now need the following lemma.

Lemma 6.4.6. Let r > 2 and let xo, ..., Xr—1 be distinct even Dirichlet characters
mod p. Let t be such that 0 <t <r. If1 <t <r, letn=(ny,...,n) be a t-tuple
of integers with 0 <ny < ---<ny; <r—1. If t =0, let n be the empty set. Set

t

7 = > I1en ﬂXi (ci)

1<co,..,er—1<p—1 j=1 1=0
coc1cr—1=1 mod p
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where it is understood that the first product is 1 if t = 0. Then t < r implies
Sp = 0.

Proof. The proof will be by induction on . Throughout this proof, given an integer

a prime to p, a~! will denote an integer inverse to a mod p. For ¢t = 0,

r—1
Sp = E | | Xi (¢)
1<co,.csycr—1<p—1 =0
cocycr—1=1 mod p

-5 8 Mt (1)

co=1 cr—2=11=0 =

S5 S et

co=1 cr—o=11i=0

p
-1 (zm (e )
ci=1
None of the characters ;X' is the trivial character since the ;’s were assumed to
be distinct characters. Thus, by the orthogonality relations for characters, each of
the above sums is 0. The lemma thus holds when ¢ = 0. Now assume that it holds
for some particular value ¢t — 1 where ¢ < r, so the statement of the proposition
for ¢t is nontrivial. Then at least one of the integers between 0 and r — 1 is not in
the list of numbers nq,...,n;, so assume without loss of generality that one such

integer is r — 1. Then we have

t

r—1
S = E IIanIIXi(Ci)
1<co,...,er—1<p—1 j=1 =0
coc1cr—1=1 mod p

p—1 p—1 t
= Z chJHXer 1 Cz )

co=1 cr—2=1j=1 i=0
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where rewriting the sum in this way is possible because ¢,_; does not appear as
one of the ¢,;’s. Now since all of the characters were assumed to be even, replacing

Cny, DY p — ¢, in the above multiple sum gives us

p—1 p—1 t r—2
sa=pY - > e [t () = sa

co=1 cr_o=1j=2 =0

= PSm — Sa

where m is the (¢ — 1)-tuple formed by removing n; from the ¢-tuple n. By the
induction hypothesis, sz = 0, so we find that s; = 0. O

We return now to our expression (6.15). The expansion of each product appear-
ing there yields a sum of terms where for some of the integers ¢ with 0 <7 < d—1,
the % term is chosen in the corresponding term in the product, while for the other
integers ¢, the % term is chosen. We may split the sum into subsums whereby one
chooses a t-tuple n with 0 < ¢ < d and then forms the subsum consisting of those
terms formed by choosing the % from those terms where ¢ is one of the numbers
appearing in 1 and choosing the % from the rest. Then viewing the characters x; p-1
as distinct even Dirichlet characters mod p, we find that each of these subsums is
a constant multiple of the sum s; appearing in the proposition. Thus, if d > 2,
all of these subsums are zero except for the one formed by choosing n to be the

d-tuple (0,...,d —1). It follows that

d—1
a=00 Y e ()

1<cg,...,cq—1<p—1 =0 p
cpc1-cg—1=1 mod p

Since a; is a rational integer, one sees immediately from this expression that it is

an even integer. 0

Remark. Sands mentions in [47, proof of Proposition 4.2] that for d > 3, the fact
that a; is even follows from similar arguments to the ones he gives for proving

integrality properties of 6.
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6.5 A numerical counterexample

In this section, we will provide a counterexample to the strong version of Hayes’s
conjecture from section 3.5, which is the unpublished version given in [25]. Al-
though no counterexample has been found to the first statement of the conjecture,
the following example shows that the second statement claiming that (B) holds
with W6 replaced by %9 is false. All of the computations in this section were
performed with PARI/GP, and none of them were substantiated by theoretical
work.

Let k = Q (v/113) and K = k ((3). Let S be the minimal allowed set, which in
this case consists of the Archimedean places of k and the sole prime in k dividing
3. With these choices, hys = 1 and hg g = 3. Tate’s expression (4.2) for W6 in
this case is

60 =6(1 — 1),
where 7 denotes complex conjugation. The extension L of K obtained by adjoining
the cube root of a fundamental unit of k has relative discriminant 1. Since both
of L and K are totally complex, L is contained in the Hilbert class field Hx of K.
Thus, the exponent of the Galois group of the intersection of L and H is 3. This
divides the coefficients of 66, which is the statement of (Hs).

Next, if we remove the factor of 3 from 66, we are left with 2(1 — 7). The
second statement of the strong version of Hayes’s conjecture predicts that this
should annihilate the class group of K. However, the class group of K has order 3,
and since the class group of k is trivial, the minus part of the class group of K has
order 3. Thus, multiplying these classes by 2(1 — 7) has the effect of multiplying
by 4. Hence, 2(1 — 7) does not annihilate the class group of K.

Two remarks are in order. First, as mentioned in Section 3.5, Hayes’s initial
statement of this conjecture included the assumption that K contains the narrow
Hilbert class field of k. This condition is also satisfied by this example. To see
this, observe that since 113 is prime and congruent to 1 mod 4, a fundamental
unit v of £ has norm negative 1. Thus, u and its conjugate have different signs.
Assume that the signature of v under the two embeddings of k£ in R is (1, —1).
Choose a generator ~ for a principal ideal of k. If v has signature (1, —1), (=1, 1),
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or (—1,—1), then uy, —uy or —v respectively will be a totally positive generator
for (7). Thus, the narrow ideal class group of k is the same as the ordinary ideal
class group. Since hy = 1, the narrow Hilbert class field of k is k itself.

The second remark is that the version of Hayes’s conjecture presented in [26]
includes the assumption that the prime p in (H,) has a prime divisor in &k that does

not ramify in K/k. This condition is not satisfied by the prime 3 in this example.
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