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ABSTRACT OF THE DISSERTATION 

 

Efficient Generation of Stable Photonic Microwaves by Controlling 

the Limit-Cycle Oscillations of Optically Injected Semiconductor 

Lasers  

by 

Mohammad Abdulghani AlMulla 

Doctor of Philosophy in Electrical Engineering 

University of California, Los Angeles, 2015 

Professor Jia Ming Liu, Chair 

 

Photonic microwave or millimeter wave (MMW) sources that produce highly stable and 

broadly tunable microwave frequencies of low phase noise are anticipated for many applica-

tions ranging from broadband wireless access networks and satellite communication systems 

to emerging broadband photonics-based phased-array antennas and radars.  

The goal of this dissertation is to investigate and control the characteristics of the gener-

ated photonic microwave frequencies induced by an optically injected semiconductor laser. 

Two ways of controlling the dynamics are considered: through the control of the operational 

parameters of the optically injected laser system and through the control of the intrinsic pa-

rameters of the injected semiconductor laser. Controlling the operating parameters shows 

limit cycles of period one (P1) and period two (P2) that have reduced sensitivity to intrinsic 

laser noise and small-signal fluctuations in the operating conditions. The intrinsic parame-

ters of the semiconductor laser, particularly the gain saturation factor, are shown to have 
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significant effects on the characteristics of the nonlinear dynamics in both the stable-locking 

and periodic regions. Therefore, this dissertation shows the optimal operating points of the 

optically injected semiconductor laser for photonic microwave applications.    
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CHAPTER 1  

Introduction 
 

1.1  Motivation 

 

Microwave Photonics is an inter-disciplinary field of study that concerns interactions be-

tween microwave and optical waves for the generation, processing, control and, distribution 

of microwave, millimeter-wave, and THz-frequency signals. The main advantage of micro-

wave photonic systems relative to conventional electrical transmission systems include: 

compact size, reduced cost and weight, low attenuation across the microwave modulation 

frequency range, immunity to electromagnetic interference, low dispersion, and high data 

throughput [1, 2, 3].  The field of microwave photonics also has the advantage of using pho-

tonic technologies to provide functions in microwave systems that are otherwise unavailable 

[4]. Many methods have been developed to generate stable photonic microwaves, each with 

certain advantages and limitations [3, 5]. An ideal photonic microwave system generates 

high-microwave-frequency signals of low phase noise over a wide frequency-tuning range. 

Furthermore, generating these photonic microwave signals with relatively simple or no re-

quired electronics with a single sideband modulation scheme is also desirable. 

Direct modulation of a laser is the simplest photonic microwave frequency generation 

technique where only a microwave signal and the laser are required [6]. They are limited by 

the laser relaxation resonance frequency [7]. Currently direct modulation of a semiconductor 

laser can reach a frequency up to 30 GHz for optical-transmission wavelengths [8]. To over-

come the limitation set by the relaxation resonance frequency of the laser, external modula-

tion by a Mach–Zehnder modulator (MZM) or an electro-absorption modulator (EAM) is 
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used on the semiconductor laser output. A high microwave frequency of 40 GHz with low 

phase noise without special design requirements on the system was achieved [9, 10]. Besides 

the added complexity on the system, the major drawback of external modulation is its high 

insertion loss, which requires a strong pump laser as an input [11]. To simplify the electron-

ics, optical heterodyne where the beat signal of two optical beams at different frequencies is 

used to generate high frequency photonic microwaves in the terahertz range with the only 

limit being the photodetector frequency response. The beat signal of high micro-

wave/terahertz frequencies come with poor stability due to the two optical beams being not 

phase correlated [12]. To reduce the phase noise one can lock the phase of the two lasers by 

an optical phase-locked loop [13, 14]. Optical injection can also be used to augment on the 

aforementioned methods, creating a higher modulation bandwidth in direct modulation [15] 

or added to the optical heterodyne technique by locking the two slave lasers to different 

modulation sidebands of a third modulated master laser [16]. Other techniques with phase 

correlation are established such as mode-locked lasers [17, 18], optoelectronic oscillators 

[19], or dual-mode semiconductor lasers [20, 21]. Although such techniques offer reduced 

phase noise, they are not frequency tunable.  

Recent developments in the field of nonlinear dynamics of semiconductor lasers have 

shown significant advances in the understanding of the dynamic states, which in turn makes 

it possible to control the dynamics. Limit-cycle dynamics [22] induced by perturbing a sem-

iconductor laser is one avenue where photonic microwaves with favorable characteristics is 

demonstrated through the control of the nonlinear dynamics [23, 24].  
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1.2 Background 

Nonlinear dynamics of lasers have been a topic of intense research since their discovery in 

lasers by Haken [25] in analogy to the nonlinear dynamics in convective fluids found by Lo-

renz [26].  Semiconductor lasers are considered class B lasers, where the population decays 

slowly, so that the dynamics is described by two coupled rate equations which are still insuf-

ficient to yield dynamic instabilities [27]. They can invoke nonlinear dynamics only through 

increasing the number of degrees of freedom by at least one [28]. The ability to invoke such 

dynamics in a semiconductor laser stems from that the gain is a function of the optical field 

and carrier density [7, 29, 30]. Therefore, introducing a perturbation source to the semicon-

ductor laser can induce instabilities [31, 32]. Various perturbation methods were used to in-

voke nonlinear dynamics in a semiconductor laser such as but not limited to: strong current 

modulation [32, 33, 34, 35, 36, 37], optical injection [38, 39, 40, 41, 42, 43, 44, 45], dual-

beam optical injection [46, 47, 48, 49, 50, 51, 52], optoelectronic feedback [53, 54, 55, 56, 

57, 58], optical feedback [59, 60, 61, 62, 63], hybrid systems [64, 65, 66, 67], semiconductor 

lasers with saturable absorbers [68, 69, 70], and coupled lasers [71, 72, 73, 74, 75, 76]. 

Numerous nonlinear dynamics invoked by the aforementioned perturbation techniques 

are useful for many applications ranging from cryptography to microwave photonics and 

instrumentation. These dynamics include stable locking [77], periodic oscillation [45, 78, 

79], quasi-periodicity [58], chaotic oscillation [80, 81], and chaotic pulsation [82].  

The focus of this dissertation is on limit-cycle or period-one oscillations induced by op-

tically injected semiconductor lasers. Limit-cycle dynamics addressed here are self-

sustained oscillations that are generated due to undamping the relaxation resonance of the 

semiconductor laser through continuous-wave optical injection [22]. Optically injected sem-
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iconductor lasers operated in the periodic region offer photonic microwaves that are gener-

ated by an all-optical method, are frequency tunable, have single-sideband modulation, and 

have no optical loss, making them an attractive microwave generation method for many ap-

plications.  

The main drawback of the generated photonic microwave is its relatively large 

linewidth, which arises from the intrinsic laser noise and from small-signal fluctuations in 

the bias currents and the temperatures of the two lasers [83, 84, 85]. Many efforts have been 

carried out to reduce this linewidth by stabilizing the P1 frequency. A double-locking tech-

nique was implemented to stabilize the P1 frequency by using an externally applied micro-

wave that is tuned to the P1 oscillation frequency or its subharmonics [86, 87, 88, 89]. Add-

ing a phase-locked loop to the optical injection system to lock the phase of the microwave 

subcarrier to an external microwave further stabilized the P1 oscillation [90]. A self-locking 

method using optoelectronic feedback to lock the P1 frequency generated by optical injec-

tion to a delayed replica of the P1 frequency narrowed the P1 oscillation frequency as well 

[91]. Recently the all-optical version of the self-locking method was demonstrated using a 

polarization-rotated optical feedback or a dual-loop optical feedback [92, 93, 94, 95]. Dual-

beam optical injection operated in Scenario AB [50], where the injection parameters of one 

of the injection fields are tuned to the stable injection locking region [49], generates stable 

P1 microwave frequencies without complex electronics [96, 97]. 

The goal of this dissertation is to stabilize the photonic microwave frequencies generated 

by an optically injected semiconductor laser through the control of the system operational 

parameters and the intrinsic laser parameters.  

 



5 

1.3 Dissertation Outline 

After this introductory chapter a description of the experimental setup and the theoretical 

model used in this work are described in Chapter 2. In Chapter 3, limit-cycle oscillations 

with low-sensitivity to fluctuations in one or more operational parameters are discussed for 

limit cycles of period-one (P1) and period-two (P2) dynamics. Two-dimensional mappings 

of the nonlinear dynamics of an optically injected semiconductor laser and points of reduced 

sensitivity to perturbation are also demonstrated, along with a discussion on their relation-

ship. In Chapter 4, studies on the effects of the gain saturation factor on the characteristics of 

the photonic microwaves generated by the optically injected semiconductor laser are dis-

cussed. Finally, a summary of our results and future research in this field are presented in 

Chapter 5. 
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CHAPTER 2  

Optical Injection System: Theory and Experiment 
 

The optical injection system exhibits rich and complex nonlinear dynamics with its relative-

ly simple experimentally setup. These nonlinear dynamics can be qualitatively and quantita-

tively recovered through a well-established theoretical model relating the circulating optical 

field and the free carriers of the gain medium. Therefore, the optical injection system is used 

not only for application purposes but also as a way to understand nonlinear dynamics in 

general where both theory and experiment are accessible with excellent agreement. In this 

chapter, the experimental setup and the numerical calculation used throughout this disserta-

tion are described.  

 

2.1  Introduction 

Photonics microwave are anticipated for many applications. These applications include lidar 

detection, phased-array radars, ultrafast noninvasive measurements, and imaging. Another 

major application is radio-over-fiber (RoF) communication which has become a commercial 

reality, and the need for higher bandwidth capacity and ability for signal processing without 

microwave electronic complexity is still in the research phase. The period-one (P1) dynam-

ics of a semiconductor laser induced by optical injection provide an all-optical microwave 

generation technique that avoids the limitation set by microwave electronics and electrical 

parasitics. The P1 frequencies are broadly tunable by simply changing the temperatures or 

bias currents of the two lasers. They offer microwave frequencies up to ten times the relaxa-

tion resonance frequency of the solitary laser, reaching frequencies of 100 GHz. The P1 dy-
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namics induced by semiconductor lasers also have a natural single-sideband optical spec-

trum, making them immune to chromatic dispersion-induced microwave power penalty. Re-

cent studies also showed all-optical signal processing methods utilizing the characteristics of 

the P1 and P2 dynamics. A frequency-modulated master laser can optically inject a slave 

laser into a P1 dynamic for double-sideband to single-sideband conversion and power ampli-

fication [98, 99]. The emergence of new optical frequency components in the P1 and P2 dy-

namics was utilized for frequency conversion [100, 101]. All-optical techniques for modula-

tion format conversion were investigated to reduce the complexity of the overall system by 

bypassing the electronics [102, 103]. A tunable passband photonic microwave filter using a 

similar setup has also been realized [104]. These advantages of the P1 and P2 dynamics in-

duced by optically injected semiconductor lasers make them a suitable photonic microwave 

generation technique.    

 

2.2 Experimental Setup 

A schematic of the experimental setup is shown in Fig. 2.1. Three single-mode, distributed 

feedback lasers (DFB) operating at 1.3µm wavelengths are used in this experiment 

(Bookham Technology LC131). Each laser is current and temperature stabilized by a modu-

lar controller (Newport 8000/8008). The slave laser has a current threshold of 18 mA and is 

operated at constant current and temperature of 40 mA and 18 ºC, respectively. The master 

laser has a current threshold of 15 mA and is operated around a current of 116 mA at a tem-

perature of 15.5 ºC. The master laser  
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Figure 2.1: Schematic of the optical injection system. SL: slave laser; ML: master laser; LO: 

local oscillator laser; MFS: microwave frequency synthesizer F: optical fiber; OI: optical 

isolator; M: Mirror; PBS: polarizing beam splitter; VA: variable attenuator; HWP: half wave 

plate; FR: Faraday rotator; BB: beam blocker; L: lens; PC: polarization controller; PD: 

photodetector; A: amplifier and PSA: power spectrum analyzer.  
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temperature is adjusted around 15.5 ºC for broad frequency changes and then the current is 

adjusted around 116 mA for fine frequency tuning. The local oscillator (LO) laser has a 

threshold of 15 mA and is operated around a current of 44 mA at a temperature of 16 ºC. 

The LO laser is used for heterodyne detection, and its frequency is tuned by varying its tem-

perature and current depending on the operating conditions. A free-space circular configura-

tion is used to inject the light from the master laser oscillating at a frequency vML into the 

slave laser oscillating at a frequency vSL. The frequency difference between the two laser, f = 

vML −vSL, is the detuning frequency.  Throughout this dissertation, an optical frequency is 

referred to as v, while a microwave frequency is referred to as f. The circular configuration 

consists of a mirror (M), a variable attenuator (VA), two half-wave plates (HWP), a polariz-

ing beam splitter (PBS), and a Faraday rotator (FR). The injection strength parameter, ξ, is 

proportional to the ratio of the electric field of the injection signal and that of the free-

running slave laser. The square of the injection parameter is proportional to the injection 

power actually received by the slave laser. A power meter is used just before the slave laser 

to measure the relative power injected into the slave laser. To tune the injection strength, 

either the VA is adjusted or the master laser polarization is changed before the PBS through 

the first HWP. The Faraday rotator and the second HWP are used to adjust the polarization 

state of the slave laser such that the maximum amount of power transmits through the PBS 

into the coupling lens. The polarization state of the injection signal has to be the same as that 

of the slave laser output right before the slave laser. Note that the Faraday rotator rotates the 

linear polarization of an optical field by 45 degrees along the same sense no matter which 

side of the rotator the optical field is incident from [7]. The output is then coupled into a sin-

gle-mode fiber and sent to a 35-GHz photodiode (PD) (Discovery Semiconductors DSC20S-
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3-FC) to convert the optical signal into an electrical signal. The power spectrum is then rec-

orded by a microwave spectrum analyzer that has a bandwidth of 26.5 GHz (HP E4407B) 

after being amplified by a RF amplifier (HP 83006A) that has a gain of 20 dB and a band-

width of 26.5 GHz. A microwave frequency synthesizer (MFS) (HP 83620A) can be used to 

apply weak current modulation to either the slave laser or master laser bias currents. 

To get a high-resolution optical spectrum, an optical heterodyne scheme is used. Remov-

ing the Beam Blocker (BB) in front of the LO laser allows the detection of the optical spec-

trum. The LO laser frequency is fixed at a frequency close to or in between the spectral 

peaks of the generated dynamic. The LO laser is mixed with the generated signal from the 

optically injected laser through a 90:10 fiber coupler. The generated output on the PSA is a 

combined power spectrum of the optically injected slave laser and the heterodyne spectrum 

of the mixing of the injected slave laser output and the LO laser. Since the LO laser output is 

essentially monochromatic and can be polarization controlled, its power spectrum has no 

spectral features that contribute to our optical spectrum or degrade our results. Given that the 

spectral features do not overlap, the resolution of this technique is limited by the linewidth 

of the LO oscillator laser only. The second BB in front of the master laser is used to identify 

the frequency spectral components of the mixing of the slave laser frequency and LO laser. 

To identify the master laser frequency component in the heterodyne spectra, the residual 

power of the master laser output after the PBS is mixed with the LO laser while the slave 

laser frequency is blocked or turned off.  
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2.3 Theoretical Model 

A single-mode semiconductor laser is a class B laser since the relaxation time of the material 

polarization is much shorter than the carrier and photon lifetimes. Consequently, it can be 

adequately described by two equations, one for the complex laser field and the other for the 

carrier density. The laser under optical injection with modulation on the slave laser bias cur-

rent or the master laser output can be described by a well-established set of coupled nonline-

ar rate equations [105]: 

c
0 c

i i

d
i( ) ( ,| |)

d 2 2

           1 cos(2 ) exp(-i( cos(2 )))f f

A
A g N A A

t

m f t A t m f t 


 

  

 
     
 

     

 (2.1) 

 
2

20m m
s

0

2cos( )d
Re ( ,| |) | |

d

nJ J tN
N g N A A

t ed






 
    (2.2) 

where A is the complex intracavity field amplitude at the free-running slave laser angular 

frequency ω0, γc is the cold cavity decay rate, ωc is the cold cavity angular frequency,Γis

the confinement factor that relates the overlap of the oscillating mode with the gain medium, 

η is the injection coupling rate, Ai is the injection field amplitude,Ωi =2πfi is the detuning 

frequency of the master laser with respect to ω0. In the equation describing the population 

density of the gain medium, N is the charge carrier density, J is the injection current density, 

e is the electronic charge, d is the active layer thickness, γs is the spontaneous carrier relaxa-

tion rate, ε0 is the free-space permittivity, n is the refractive index, and ℏ is the reduced 

Planck’sconstant.  The complex gain, g(N, |A|), varies about the free-running, steady-state 

operating point as a function of the carrier density and the intracavity photon density, S [7]: 
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where γn is the differential carrier relaxation rate, γp is the nonlinear carrier relaxation rate, 

and N0 and S0 are respectively the steady-state values of N and S when the slave laser is free 

running. The intracavity photon density, S, is related to the laser field amplitude by [42]:  
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Notice the gain in equation (2.3) depends on both the carrier density and the intracavity pho-

ton density. The nonlinear gain or gain saturation which is represented by the last term in 

equation (2.3) is generally attributed to spectral hole burning and carrier heating and is often 

neglected, although experiments show gain saturation to be of crucial importance in describ-

ing the dynamics of the semiconductor laser [106]. Equations (2.1) and (2.2) can be normal-

ized by taking ɑr+iɑi = A/|A0| and 1+  = N/N0, where A0 is the free-running A, to yield three 

real equations:  
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where    = (J ∕ed − γsN0) ∕γsN0 is the normalized bias above the threshold current and ξ = 

η|Ai| ∕γc|A0| is the dimensionless injection strength. For some of our results, modulation is 

applied to either the slave laser bias current or the master laser output. The modulation indi-

ces, m  , mξ, and mf, and the modulation frequencies, f   , fξ, and ff, represent the modulation 

added to the system with the subscripts   , ξ, and f, respectively, indicating current modula-

tion on the slave laser, injection-strength modulation on the master laser output, and detun-

ing-frequency modulation on the master laser output. 

The dynamical parameters used in this paper have been experimentally extracted using a 

well-established four-wave mixing technique [107]. Their values used in this study are ex-

perimentally measured parameters of a InGaAsP/InP DFB semiconductor laser at 1.3 μm 

wavelength [15]: b = 3.2, γc = 5.36 × 10
11

 s
−1

, γs = 5.96 × 10
9
 s
−1

, γn = 7.53 × 10
9
 s
−1

, and γp = 

1.91 × 10
10

 s
−1

 for a normalized bias current of    = 1.222. These parameters give a relaxation 

resonance frequency of 10.25 GHz. All intrinsic parameters are kept constant at their exper-

imentally measured values throughout this dissertation except for b', which is varied in 

Chapter 4 from its experimentally measured value of b = b' = 3.2 for this laser to study its 

effects on various dynamical characteristics of a semiconductor laser. Equations (2.5)-(2.7) 

are numerically solved using second-order Runge-Kutta integration for a duration longer 

than 1 μs for each time series with an integration time step of 2.4 ps. The optical and power 

spectra of the slave laser output are found by taking the Fourier transform of the time series 
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ɑ(t) and |ɑ(t)|
2
 , respectively. The laser noise has been omitted from the model so that the 

spectral peaks can be easily identified for clear comparison of various spectra. 
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CHAPTER 3  

Controlling the Operational Parameters for Stable Pho-

tonic Microwave Generation  

This chapter investigates the limit cycles of P1 and P2 dynamics induced by an optically in-

jected semiconductor laser. Through the control of the operation parameters, namely, the 

injection strength, detuning frequency, and bias current the limit cycle frequency can have 

reduced sensitivity to perturbations and intrinsic laser noise. Two-dimensional mapping of 

the limit-cycle frequency are demonstrated showing low-sensitivity regions for efficient mi-

crowave frequency generation.      

 

3.1 Introduction 

The main purpose of any oscillator is to generate a stable oscillation frequency. Convention-

ally, to achieve such target the oscillator is operated in its linear, harmonic region with the 

highest possible signal-to-noise ratio to reduce its phase noise. To surpass this paradigm re-

cent development showed that the deleterious effects in the nonlinear region of oscillators 

could be used to stabilize the generated signal. Cancellation of nonlinear effects to stabilize 

a system by reducing phase noise has been demonstrated in micromechanical and 

nanoelectromechanical nonlinear oscillators [108, 109, 110]. These nonlinear oscillators, 

characterized by the Duffing equation, undergo such cancellation effects at critical points 

where the slope of the amplitude-frequency or phase-frequency curve is infinite [111]. 
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Limit cycles generated by nonlinear oscillators can be described by a closed orbit in the 

phase space of its dynamical variables [22]. The linewidth of such self-sustained oscillation 

is zero and only becomes nonzero in the presence of noise. The nonzero linewidth of a per-

turbed nonlinear oscillator comes from its autonomous nature, where the oscillator responds 

to perturbation by spiraling back into the limit cycle but at a different phase. For the limit-

cycle dynamics induced by optical injection of a semiconductor laser, fluctuations in the 

control parameters and the intrinsic laser noise perturb the system and broaden the 

linewidth. The intrinsic optical noise and carrier noise of a laser can be modeled as stochas-

tic source terms in the optical-field and carrier-density equations of the laser [112, 113]. 

Through a proper choice of the operating condition in the optical injection system, fluctua-

tions in the limit-cycle frequency due to fluctuations in the control parameters, spontaneous 

emission noise, and carrier noise can be mitigated by taking advantage of the oscillator non-

linearities. Distinct types of these inherently low-sensitivity (LS) points are revealed show-

ing reduced sensitivity to different perturbations. 

To identify these LS points, a weak modulation signal is added to the optical injection 

system, operated in a P1 or P2 dynamic, to either the bias current of the slave laser or the 

output of the master laser. The power spectrum, shown in Fig. 3.1, demonstrates the repre-

sentative modulated P1-frequency carrier, where two modulation sidebands appear around 

the P1 oscillation frequency, f0, and around each of its harmonics (not shown). The magni-

tudes of the modulation sidebands with respect to the P1-frequency carrier, measured in 

dBc, are a manifestation of the P1 frequency stability at different operating conditions. 

Therefore, a modulation is added to the  



17 
 

 

 

 

Figure 3.1: Power spectrum of the amplified photodiode signal monitoring the output of the 

current modulated optically-injected laser operating in the P1 regime where its output power 

oscillates at the fundamental resonance frequency for a fixed ξ and f = 2.12 GHz (black) and 

f = 6.8 GHz (blue). The spectrum displays a strong frequency component at the frequency, 

f0, and two modulation sidebands around f0. The magnitudes of the modulation sidebands 

with respect to the P1-frequency carrier, measured in dBc, are a measure of the P1 frequency 

stability.    
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optical injection system as a test of the P1 frequency stability through the measure of the 

modulation sideband suppression with respect to the P1-frequency carrier. The low-

sensitivity points with respect to the fluctuations in the injection strength (LSξ), the detuning 

frequency (LSf), and the slave-laser bias current (LS  ) are identified by modulating the cor-

responding control parameters. 

 

3.2 Period-One Low-Sensitivity Points 

 

3.2.1 Low Sensitivity to Injection-Strength Fluctuations 

Limit cycles of P1 oscillations with low-sensitivity to fluctuations in the injection strength, 

LSξ, show reduced sensitivity to the effects of fluctuations in the temperatures or bias cur-

rents of the two lasers on the injection strength (i.e. effects of laser-intensity fluctuations). 

The LSξ points also exhibit reduced disturbances from spontaneous emission noise on the 

laser field amplitude. Consequently, the frequency of the limit cycles at these sensitivity 

points is still sensitive to the effects of laser-frequency fluctuations, slave laser bias-current 

fluctuations, and carrier noise. These points are located at a local P1 frequency extrema with 

respect to the injection strength.  

To identify the LSξ points, a weak amplitude modulation is added to the master laser 

field amplitude to mimic fluctuations in the injection strength. The amplitudes of the modu-

lation sidebands with respect to the P1-frequency amplitude quantify the P1 frequency sta-

bility in dBc. Spontaneous emission noise and carrier noise induced fluctuations can also be 

considered as amplitude and phase modulations of the coherent signal and therefore are test-

ed in a similar manner [112]. 
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Figure 3.2: Responses of the positive (blue) and negative (red) modulation sidebands of the 

P1-frequency carrier near a local minimum of the P1 frequency (green) with respect to the 

injection strength at fixed f = 10 GHz and    = 2.9. To identify an LSf point, a weak 

detuning-frequency modulation at ff = 100 MHz is applied (solid curves). To identify an LSξ 

point, a weak injection-strength modulation at fξ = 100MHz is applied (long dashed curves). 

To identify an LS   point, a weak bias-current modulation at f   = 100MHz is applied (short 

dashed curves). 
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Figure 3.2 shows the responses of the modulation sidebands around a local minimum of 

the P1 frequency with respect to ξ. The injection strength is swept from ξ = 0.05 to ξ = 

0.085, while the other operating parameters are held constant at f = 10 GHz and    = 2.9, cre-

ating a P1 frequency with a local minimum at ξ = 0.062 as a function of ξ. Two sharp dips in 

the responses of the modulation sidebands with respect to the P1-frequency carrier are ob-

served at the local P1 frequency minimum, when a weak amplitude modulation to the master 

laser output is applied at fξ = 100 MHz, indicating an LSξ point (long dashed curves). The 

responses of the modulations sidebands show no dips when a weak frequency modulation to 

the master laser is applied at ff = 100 MHz (solid curves) or when bias current modulation to 

the slave laser bias current is applied at f   = 100 MHz (short dashed curves). This indicates 

that at an LSξ the detuning-frequency and bias-current fluctuations still effect the P1 fre-

quency stability. The modulation sidebands are normalized to the P1-frequency carrier be-

cause the power of the P1-frequency spectral line varies as the operational parameters 

change [23]. A P1 frequency extremum with respect to ξ can be found at different combina-

tions of the operational conditions ξ, f, and   . Therefore, two-dimensional maps with respect 

to ξ -f and    - f are calculated to show the LSξ regions.  

Figures 3.3(a) and (b) show the LSξ regions characterized by suppressed responses of the 

positive and negative modulation sidebands, respectively, when the bias current is fixed at    

= 1.222 while ξ and f are varied. The Hopf bifurcation curve (thick black curve) separates 

the stable locking region (uncolored) from the periodic dynamics region (colored). The con-

tour curves represent the P1 frequency in GHz, whereas the colored regions show the 

amount of suppression of the modulation sidebands relative to the P1-frequency amplitude 

in dBc. Chaos regions are highlighted in black. 
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Figure 3.3: Mapping of the LSξ regions obtained by applying a weak modulation on the 

injection strength at fξ = 500 MHz. The maps are plotted as a function of the injection 

strength and detuning frequency in (a) and (b), and as a function of the injection strength 

and bias current in (c) and (d).  The contour curves represent the P1 and P2 frequency, in 

GHz. The colored regions represent the amount of sideband suppression with respect to the 

P1-frequency amplitude, in dBc, under a weak modulation on the injection strength for the 

positive (left column) and negative (right column) sidebands. Stable locking (uncolored 

region) and chaotic dynamics (black regions) are shown across the Hopf bifurcation curve 

(thick black curve). P1 dynamics and P2 dynamics are separated by the period-doubling 

bifurcation (dense curve). 
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The period-doubling bifurcation (dense curve) separates the P1 region from the P2 region. 

An LSξ region (dark blue) is found bounded by the Hopf bifurcation curve and the period-

doubling curve close to the chaotic dynamics. The existence of these LSξ points is due to 

local P1 frequency minima with respect to ξ that arise just before the period-doubling bifur-

cation. Other LSξ points are found at small injection strengths and high detuning frequen-

cies, where the P1 dynamics have relatively low power [29]. The responses of the negative 

modulation sideband at small injection strengths and large detuning frequencies, shown in 

Fig 3.3(b), appear to be more suppressed than their positive counterparts in Fig 3.3(a). This 

difference is attributed to the shift of the dips in the responses of the modulation sidebands 

away from the P1 frequency extremum as the modulation frequency is increased. At higher 

modulation frequencies, the negative and positive sidebands shift away from the P1 frequen-

cy extremum in opposite directions (see supplementary material in [83]). Reducing the 

modulation frequency to 100 MHz in Fig. 3.3(b) shifts the dip in the response of the nega-

tive modulation sideband closer to the P1 frequency extremum.   

Figures 3.3(c) and (d) show the LSξ regions characterized by suppressed responses of the 

positive and negative modulation sidebands, respectively, when the detuning frequency is 

fixed at f = 10 GHz while ξ and    are varied. The Hopf bifurcation curve (thick black curve) 

separates the stable locking region (uncolored) from the periodic dynamics region (colored). 

The contour curves represent the P1 frequency in GHz, whereas the colored regions show 

the amount of suppression of the modulation sidebands relative to the P1-frequency ampli-

tude in dBc. Chaos regions are highlighted in black. The period-doubling bifurcation (dense 

curve) separates the P1 region from the P2 region. When    is varied, changes in the relaxa-

tion rates γn and γp have to be taken into consideration in the theoretical model because γn 
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and γp vary linearly with   , whereas the other intrinsic parameters are independent of    

[107]. Varying the bias current with suppressed nonlinear gain in the theoretical model cre-

ates discrepancies between the theoretical and experimental results [114]. The reason for 

such discrepancies is because of the competition between the differential gain effect and the 

nonlinear gain effect, both of which vary linearly with    [115]. The region where the P1 fre-

quency undergoes a local P1 frequency minimum with respect to ξ in Figs. 3.3(c) and (d) is 

where LSξ are identified. The P1-frequency minima, bounded by the Hopf bifurcation curve 

and the chaos region, are due to the competition between Adler-type pulling and red shifting 

of the cavity resonance [83, 85]. 

No LSξ points are found in the dynamics maps when the injection strength is fixed at ξ = 

0.15 while f and    are varied because no minima of the P1 frequency with respect to ξ occur. 

 

3.2.2 Low Sensitivity to Detuning-Frequency Fluctuations 

P1 oscillations with reduced sensitivity to fluctuations in the detuning frequency, LSf, show 

reduced sensitivity to the effects of fluctuations in the temperatures and bias currents of the 

two lasers on the detuning frequency (i.e. effects of laser-wavelength fluctuations). The LSf 

points also exhibit reduced disturbances from spontaneous emission noise on the laser field 

frequency and phase. Consequently, the frequency of the limit cycles at these sensitivity 

points is still sensitive to the effects of laser-amplitude fluctuations, slave laser bias-current 

fluctuations, carrier noise, and spontaneous emission noise on the laser field amplitude. The 

LSf points are located at a local P1 frequency extremum with respect to the detuning fre-

quency.  
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To identify the LSf points, a weak frequency modulation is added to the master laser fre-

quency to mimic fluctuations in the detuning frequency. Figure 3.4 shows the responses of 

the modulation sidebands around a local minimum of the P1 frequency with respect to f. The 

detuning frequency is swept from f =−1GHztof = 10 GHz, while the other operational pa-

rameters are fixed at ξ = 0.08 and    = 1.222, creating a P1 frequency that has a local mini-

mum at f = 4 GHz as a function of f. Two sharp dips in the responses of the modulation 

sidebands with respect to the P1-frequency carrier are observed at the local P1 frequency 

minimum, when a weak frequency modulation to the master laser output is applied at ff = 

500 MHz, indicating an LSf point (solid curves). Similarly, Two sharp dips in the responses 

of the modulation sidebands with respect to the P1-frequency carrier are observed slightly 

shifted away from the local P1 frequency minimum with respect to f, when bias current 

modulation to the slave laser bias current is applied at f   = 500 MHz (short dashed curves), 

indicating an LS   point. The responses of the modulations sidebands show no dips when a 

weak amplitude modulation to the master laser is applied at fξ = 500 MHz (long dashed 

curves). This indicates that at an LSf only the injection-strength fluctuations and the sponta-

neous emission noise on the laser field amplitude affects the P1 frequency stability. The rea-

son for the simultaneous existence of an LSf and an LS   at a P1-frequency minimum with 

respect to f is that modulation on the bias current induces mainly frequency modulation. 

Therefore, P1 frequency minima with respect to f have reduced sensitivity to slave laser bi-

as-current fluctuations as well as detuning-frequency fluctuations.     

A P1 frequency extremum with respect to f can be found at different combinations of the 

operational conditions ξ, f, and   . Therefore, two-dimensional maps with respect to ξ -f,    - f, 
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Figure 3.4: Responses of the positive (blue) and negative (red) modulation sidebands of the 

P1-frequency carrier near a local minimum of P1 frequency (green) with respect to the 

detuning frequency at fixed ξ = 0.08 and    = 1.222. To identify an LSf point, a weak 

detuning-frequency modulation at ff = 500 MHz is applied (solid curves). To identify an LSξ 

point, a weak injection-strength modulation at fξ = 500MHz is applied (long dashed curves). 

To identify an LS   point, a weak bias-current modulation at f   = 500MHz is applied (short 

dashed curves). 
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and ξ -    are calculated to show the LSf regions. Figures 3.5(a) and (b) show the LSf regions 

characterized by suppressed responses of the positive and negative modulation sidebands, 

respectively, when the bias current is fixed at    = 1.222 while ξ and f are varied. Similar 

convention used in Figs. 3.3(a) and (b) are used in Figs. 3.5(a) and (b). A large LSf region is 

observed close to the Hopf bifurcation curve where the contour curves show P1 frequency 

minima with respect to the detuning frequency. The LSf points are characterized by signifi-

cant suppression of the modulation sidebands. The difference in the responses of the positive 

and negative modulation sidebands, seen in Figs. 3.5(a) and (b), is attributed to the 

antiguidence effect characterized by linewidth enhancement factor. The dip in the responses 

of the modulation sidebands in the power spectrum at an LS point arises from a complex 

summation involving wave mixing of all of the spectral lines in the optical spectrum [84]. 

The b factor is responsible for the asymmetry of the optical spectral components, and recent 

results showed that the region where the responses of the positive and negative modulation 

sidebands are different consists of highly nonlinear, intensity-asymmetric P1 dynamics [116, 

117]. 

Figures 3.5(c) and (d) show the LSf regions characterized by suppressed responses of the 

positive and negative modulation sidebands, respectively, when the detuning frequency is 

fixed at f = 10 GHz while ξ and    are varied. Similar convention used in Figs. 3.3(c) and (d) 

are used in Figs. 3.5(c) and (d). Although f is fixed, a large region of LSf points is observed, 

indicating P1 frequency minima with respect to f. The P1 frequency minima with respect to f 

are in the third axis not shown in the two-dimensional maps of Figs. 3.5(c) and (d). These P1 

frequency minima happen to be at or close to f = 10 GHz for different combinations of ξ and 

  . The difference in the modulation sidebands in Figs. 3.5(c) and (d) is more prominent close  
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Figure 3.5: Mapping of the LSf regions obtained by applying a weak modulation on the de-

tuning frequency at ff = 500 MHz. Similar convention used in Fig. 3.3 is used here. 
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to the Hopf bifurcation curve, where the highly nonlinear, intensity-asymmetric P1 dynam-

ics are located. 

Figures 3.5(e) and (f) show the LSf regions characterized by suppressed responses of the 

positive and negative modulation sidebands, respectively, when the injection strength is 

fixed at ξ = 0.15 while f and    are varied. The Hopf bifurcation curve (thick black curve) 

separates the stable locking region (uncolored) from the P1 region (colored). The contour 

curves represent the P1 frequency in GHz. A large LSf region across the P1 frequency min-

ima is observed, illustrating the tunability of the LSf points. LSf points at frequencies up to 

three times the relaxation resonance frequency of the laser are observed for high bias cur-

rents. Figures 3.5(e) and (f) show that narrow or broad dips in the responses of the modula-

tion sidebands with respect to the tuned control parameter, represented by rapidly or gradu-

ally decreasing amplitudes of the modulation sidebands, respectively, is associated with the 

sharpness of the P1 frequency with respect to the tuned control parameter as indicated by the 

contour curves. Similar to Figs. 3.5(a)-(d), the difference in the modulation sidebands of the 

P1 frequency is prominent close to the Hopf bifurcation curve, where the highly-nonlinear, 

intensity-asymmetric P1 dynamics are located. 

 

3.2.3 Low Sensitivity to Bias-Current Fluctuations 

P1 oscillations with reduced sensitivity to fluctuations in the slave laser bias current, LS  , 

show reduced sensitivity to fluctuations in the temperature and bias current of the slave laser 

and the temperature but not the bias current of the master laser [83]. The LS   points also ex-

hibit reduced disturbances from carrier noise on the slave laser. Therefore, the frequency of 

the limit cycles at these sensitivity points is only sensitive to the effects of laser-amplitude  
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Figure 3.6: Responses of the positive (blue) and negative (red) modulation sidebands of the 

P1-frequency carrier near a local minimum of P1 frequency (green) with respect to the 

normalized bias current at fixed f = 15 GHz and ξ = 0.12. To identify an LSf point, a weak 

detuning-frequency modulation at ff = 500 MHz is applied (solid curves). To identify an LSξ 

point, a weak injection-strength modulation at fξ = 500MHz is applied (long dashed curves). 

To identify an LS   point, a weak bias-current modulation at f   = 500MHz is applied (short 

dashed curves). 
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fluctuations and spontaneous emission noise on the laser filed amplitude. The LS   points are 

located at close proximity to a local P1 frequency extremum with respect to    or f.  

To identify the LS   points a weak current modulation is added to the slave laser to mimic 

fluctuations in the bias current. Figure 3.6 shows the responses of the modulation sidebands 

around a local minimum of the P1 frequency with respect to   . The weak current modulation 

is at f   = 500MHz to simulate current or carrier noise at 500MHz. The bias current is swept 

from    = 2.5 to    = 4, with the other operational parameters fixed at f = 15 GHz and ξ = 0.12, 

creating a P1 frequency with a local minimum at    = 3.2 as a function of   . Two sharp dips 

in the responses of the modulation sidebands with respect to the P1-frequency carrier are 

observed at close proximity, but not exactly at the location, of the local P1 frequency mini-

mum, indicating an LS   point (short dashed curves). Similarly, Two sharp dips in the re-

sponses of the modulation sidebands with respect to the P1-frequency carrier are observed at 

the local P1 frequency minimum with respect to   , when detuning-frequency modulation to 

the master laser frequency is applied at ff = 500 MHz (solid curves), indicating an LSf point. 

The responses of the modulations sidebands show no dips when a weak amplitude modula-

tion to the master laser is applied at fξ = 500 MHz (long dashed curves). The reason for the 

simultaneous existence of an LSf and an LS   in Fig. 3.6 is that a P1 frequency minimum with 

respect to f overlaps with the P1 minimum with respect to   . Therefore, such simultaneous 

LSf and LS   point is qualitatively different than the simultaneous LSf and LS   points shown 

in Fig. 3.4. This indicates that at an LS   point the injection-strength fluctuations, detuning-

frequency fluctuations, and the spontaneous emission noise affects the P1 frequency stabil-

ity. Unless a P1 frequency minimum with respect to    overlaps with the P1 frequency mini-

mum with respect to f, as in Fig. 3.6, only injection-strength fluctuations and 
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Figure 3.7: Mapping of the LS   regions obtained by applying a weak current modulation to 

the slave laser bias current at f   = 500 MHz. Similar convention used in Figs. 3.3 and 3.5 is 

used here. 
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the spontaneous emission noise on the laser field amplitude affects the P1 frequency stabil-

ity. 

A P1 frequency extremum with respect to    can be found at different combinations of the 

operational conditions ξ, f, and   . Therefore, two-dimensional maps with respect to ξ -f,    - f, 

and ξ -    are calculated to show the LS   regions. Figures 3.7(a) and (b) show the LS   regions 

characterized by suppressed responses of the positive and negative modulation sidebands, 

respectively, when the bias current is fixed at    = 1.222 while ξ and f are varied. Although    

is fixed, a region of LS   is identified where the P1 frequency is at a minimum with respect to 

f. The reason as stated above is that, unlike the LSf points, the LS   points can generally be 

found both at a P1 frequency extremum with respect to    and at a P1 frequency extremum 

with respect to f [83]. This stems from the fact that modulation on the bias current of the 

slave laser induces primarily frequency modulation and therefore creates a modulation on 

the detuning frequency. By contrast, a modulation on the master laser frequency does not 

affect the bias current of the slave laser; therefore, an LSf point is not found at a P1 frequen-

cy extremum with respect to   . Figures 3.7(c) and (d) show the LS   regions characterized by 

suppressed responses of the positive and negative modulation sidebands, respectively, when 

the detuning frequency is fixed at f = 10 GHz while ξ and    are varied. A large region of LS   

points originate from two different types of local P1 frequency minima, one with respect to    

and the other with respect to f. A comparison between Figs. 3.5(c) and (d) with Figs 3.7(c) 

and (d) shows that an LS   point that overlaps with an LSf point originates from a P1 fre-

quency minimum with respect to f, whereas an LS   point that does not overlap with an LSf 

point originates from a P1 frequency minimum with respect to   . 
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Figures 3.7(e) and (f) show the LS   regions characterized by suppressed responses of the 

positive and negative modulation sidebands, respectively, when the injection strength is 

fixed at ξ = 0.15 while the f and    are varied. A large LS   region is observed but slightly 

shifted away from the P1 frequency minima. The origin of the LS   can be found when com-

paring Figs 3.5(e) and (f) to Figs. 3.7(e) and (f): An overlap between LSf and LS   indicates 

an LS   point originating from a P1 frequency minimum with respect to f, whereas no overlap 

between the two indicates an LS   originating from a P1 frequency minimum with respect to 

  . In both cases, an LS   is always slightly shifted away from the P1 frequency minimum. A 

sharp P1 frequency minimum corresponds to narrow modulation sideband dips in both cases 

where a P1 minimum is found with respect to f or   , whereas a dull P1 frequency minimum 

corresponds to broad dips, as illustrated by the contour curves. An LS   point associated with 

a dull P1 frequency extremum is shifted significantly away from the extremum, as illustrated 

in the bottom part of Figs. 3.7(e) and (d). 

 

3.2.4 Fluctuation-Frequency Dependence of the Low-Sensitivity Points 

The mappings of the various LS points illustrated in the preceding sections are all created at 

a modulation frequency of 500 MHz. In numerical simulations and experimental demonstra-

tion, 500 MHz modulation frequency showed easily identified modulation sideband dips to 

compare theoretical and experimental results. Lower modulation frequencies show much 

deeper modulation sideband dips. To investigate the dependence of the LS points on the 

fluctuation frequency, weak modulation with a frequency of 100 MHz to 2 GHz is applied to 

the each type of LS point. The modulation sideband response varies as the modulation fre-

quency is varied. The dips of the modulation sidebands are compared to the modulation  
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Figure 3.8: Frequency dependence of the positive (blue) and negative (red) modulation 

sideband dips for an LSξ (long dashed curves), LSf (solid curves) and LS   (short dashed 

curves) at (ξ, f,   ) = (0.05-0.08, 10 GHz, 2.8) , (ξ, f,   ) = (0.08,1-10 GHz, 1.222), and (ξ, f, 

  ) = (0.12,15 GHz, 1-4), respectively.  
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sidebands response further away from the dips to measure the amount of suppression. Figure 

3.8 shows the modulation sideband dips of an LSξ (long-dashed curve), LSf (solid curve) and 

LS   (short-dashed curve) at (ξ, f,   ) = (0.05-0.08, 10 GHz, 2.8), (ξ, f,   ) = (0.08, 1-10 GHz, 

1.222), and (ξ, f,   ) = (0.12, 15 GHz, 1-4), respectively, as a function of the modulation fre-

quency. Because most fluctuations that contribute to the noise of a semiconductor lasers are 

low-frequency fluctuations, the characteristics seen in Fig. 3.8 demonstrate the effectiveness 

of the LS points in suppressing the laser noise. Indeed, the stability of the P1 frequency 

against fluctuations increases significantly with the decrease of the fluctuation frequency for 

the various types of LS points. As seen in Fig. 3.8, the modulation sideband dips slowly fade 

away as the modulation frequency is increased to the order of a few GHz. Because the 

linewidth of the P1 frequency of a semiconductor laser is typically on the order of 100 MHz 

or tens of MHz, this characteristic allows an LS point to suppress noise caused by broadband 

intrinsic and extrinsic noise sources. 

 

3.3 Period-Two Low-Sensitivity Points 

Period-two dynamics of the optically injected laser are characterized by the emergence of a 

subharmonic frequency exactly at half the fundamental frequency. They appear when the 

system undergoes a period-doubling bifurcation as one of the control parameters is tuned 

[81]. The mappings in Figs. 3.3, 3.5, and 3.7 show two regions of the P2 dynamics encircled 

by dense curves marking the period-doubling bifurcation. The two P2 regions found in our 

laser system are both illustrated in Figs. 3.3(a) and (b) and in Figs. 3.3(c) and (d) through 

different cuts. The frequency bandwidth of an LS point is where the dips in the responses of 

the modulation sidebands are prominent before fading away as the modulation frequency is  
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Figure 3.9: Responses of the positive (blue) and negative (red) modulation sidebands of the 

P2-frequency carrier near a local extremum of P2 frequency (green) with respect to: (a) the 

injection strength at fixed  f = 10 GHz,    = 1.7 and (b) the bias current at fixed  ξ = 0.028, f = 

10 GHz. To identify an LSf point, a weak modulation at 100 MHz is applied on the detuning 

frequency (solid curves). To identify an LSξ point, a weak modulation at 100 MHz is applied 

on the injection strength (long dashed curves). To identify an LS   point, a weak modulation 

at 100 MHz is applied on the bias current (short dashed curves). For clarity, the LS   

modulation response curves are down-shifted by 20dB. 
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Figure 3.10: Responses of the positive (blue) and negative (red) modulation sidebands of the 

P2-frequency carrier near a local extremum of P2 frequency (green) with respect to (a) the 

detuning frequency at fixed  ξ = 0.03,    = 1.222 and (b) the injection strength at fixed  f = 9.3 

GHz,    = 1.222. To identify an LSf point, a weak modulation at 100 MHz is applied on the 

detuning frequency (solid curves). To identify an LSξ point, a weak modulation at 100 MHz 

is applied on the injection strength (long dashed curves). To identify an LS   point, a weak 

modulation at 100 MHz is applied on the bias current (short dashed curves). For clarity, the 

LSf modulation response curves are down-shifted by 20dB. 
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increased as illustrated in Fig. 3.8. The bandwidth of an LS point in the P2 dynamic region 

(LS-P2) is found to be less than that of an LS point in the P1 dynamic region (LS-P1). 

Therefore, a weak modulation at 100 MHz, instead of 500 MHz, is used to identify LS-P2 

points.  

Figures 3.9 and 3.10 show the responses of the modulation sidebands when a weak 

modulation at 100 MHz is applied on the injection strength (long dashed curves), the bias 

current (short dashed curves), or the detuning frequency (solid curves) to identify an LSξ-P2, 

LS  -P2, or LSf-P2 point, respectively. Figures 3.9 and 3.10 correspond to the P2 region close 

to the chaotic region in (a)-(d) of Figs. 3.3, 3.5, and 3.7. Figure 3.9(a) shows the responses 

of the positive (blue) and negative (red) modulation sidebands around a local minimum of 

the P2 frequency with respect to ξ for different types of modulation at a modulation frequen-

cy of 100 MHz. The injection strength is varied from ξ = 0.02 to 0.035 while the other con-

trol parameters are fixed at f = 10 GHz and    = 1.7, showing a local minimum of the P2 fre-

quency at ξ = 0.028. Sharp dips in the responses of the modulation sidebands with respect to 

the P2-frequency amplitude are observed at the local P2 frequency minimum when a modu-

lation on the injection strength is applied, indicating an LSξ-P2 point (long dashed curves). 

Figure 3.9(b) shows the responses of the positive (blue) and negative (red) modulation 

sidebands around a local maximum of the P2 frequency with respect to   . The bias current is 

varied from    = 1.4 to 2 while the other operational parameters are fixed at ξ = 0.028 and f = 

10 GHz, showing a local maximum of the P2 frequency at    = 1.7. Dips in the responses of 

the modulation sidebands with respect to the P2-frequency amplitude are observed at the 

local P2 frequency maximum when a modulation on the bias current is applied, indicating 
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LS   points (short dashed curves). For clarity, the LS  -P2 modulation response curves in Fig. 

3.9 are down-shifted by 20dB 

Figure 3.10(a) shows the responses of the positive (blue) and negative (red) modulation 

sidebands around a local minimum and a local maximum of the P2 frequency with respect to 

f. The detuning frequency is swept from f = 7.8 GHz to 9.7 GHz while the other operational 

parameters are fixed at ξ = 0.03 and    = 1.222, showing a local maximum of the P2 frequen-

cy at f = 8.8 GHz and a local minimum at f = 9.3 GHz. Two dips in the responses of the 

modulation sidebands with respect to the P2-frequency amplitude are observed at the local 

P2 frequency extrema, indicating two LSf points (solid curves). For clarity, the LSf-P2 mod-

ulation response curves in Fig. 3.10 are down-shifted by 20dB. 

Figure 3.10(b) shows the responses of the positive (blue) and negative (red) modulation 

sidebands around a local minimum of the P2 frequency with respect to ξ. The injection 

strength is varied from ξ = 0.02 to 0.034 while the other control parameters are fixed at f = 

9.3 GHz and    = 1.222, showing a local minimum of the P2 frequency at ξ = 0.03. 

 Similar to the LS points found in the P1 region, Figs. 3.9 and 3.10 show all three dis-

tinct LS points in the P2 region. The amplitude of the fundamental frequency is significantly 

larger than that of the subharmonic in the P2 dynamic; therefore, in the maps of Figs. 3.3, 

3.5, and 3.7 the LS-P2 points appear less prominent than the LS points of the P1 dynamics. 

The responses of the modulation sidebands around the fundamental frequency in the P2 dy-

namic also dip in a fashion similar to the responses of the modulation sidebands around the 

subharmonic frequency seen in Figs 3.9 and 3.10. 
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3.4 Optimal Operating Points 

Changes in the bias current and the temperature of a semiconductor laser affect both its os-

cillating wavelength and output power. Hence, in an optical injection system, fluctuations in 

the operating temperatures and bias currents of the master and slave lasers affect both the 

detuning frequency and the injection strength. A particular LS point, therefore, mitigates on-

ly the effects of temperature and bias-current fluctuations on the master and slave laser pow-

er, such as in the LSξ case; or only the effects of temperature and bias-current fluctuations on 

the master and slave laser wavelengths, such as in the LSf case; or only the effect of the bias-

current fluctuations of the slave laser, such as in the LS   case. Clearly, it is desirable to have 

LS points that can simultaneously mitigate the effects of the fluctuations in two or more con-

trol parameters. Previously we showed LS    points that are insensitive to fluctuations in both 

the detuning frequency and the bias current at a P1 frequency extremum with respect to f 

[25]. These LS    points can be found by comparing Figs. 3.5(a)-(f) and 3.7(a)-(f) where an 

LSf point and an LS   point simultaneously exist at the same location.  

For an LS point that makes the P1 frequency simultaneously insensitive to fluctuations 

in the injection strength and the bias current, a P1 or P2 extremum with respect to the injec-

tion strength has to overlap that with respect to the bias current. Figure 3.9 shows such a 

case where a P2 minimum with respect to ξ, in Fig. 3.9(a), and P2 maximum with respect   , 

in Fig. 3.9(b), overlap while f is fixed at 10 GHz. The responses of the modulation sidebands 

for a modulation on the injection strength (long dashed curves) and those for a modulation 

on the bias current (short dashed curves) have dips at the same location due to a minimum of 

the P2 frequency with respect to ξ and a maximum with respect to   . No dips in the modula-

tion sidebands are seen when a modulation on the detuning frequency is applied (solid 
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curves). Thus, this LS point is a simultaneous LSξ   point but not an LSf point. The LSξ   point 

can simultaneously suppress the effects of the power fluctuations caused by the fluctuations 

in the temperatures and bias currents of the two lasers, as well as the effects of the wave-

length fluctuations caused by the fluctuations in the temperature and bias current of the slave 

laser but not the master laser.  

For an LS point that is simultaneously insensitive to fluctuation in the injection strength 

and the detuning frequency, a P1 or P2 extremum with respect to the injection strength has 

to overlap that with respect to the detuning frequency. Figure 3.10 shows such a case where 

the minima of the P2 frequency with respect to ξ, shown in Fig. 3.10(a), and f, shown in Fig. 

3.10(b), overlap while    is fixed at 1.222. The responses of the modulation sidebands for a 

modulation on the injection strength (long dashed curves) and those for a modulation on the 

detuning frequency (solid curves) have dips at the same location. A dip in the responses of 

the modulation sidebands are seen when a modulation on the bias current is applied (dashed 

curves) but are shifted significantly away from the P2 minimum into more advanced dynam-

ics (not shown). An LSξ  point can simultaneously suppress the effects of the wavelength 

and power fluctuations caused by the fluctuations in the temperatures and bias currents of 

the two lasers. Due to the effects of the bias-current fluctuations on the detuning frequency, 

as explained above, an LSξ  point can be considered insensitive to all three control parame-

ters and therefore an optimal operating point. The P2 oscillation frequency is at a minimum 

with a frequency of 5.6 GHz at the LSξ  point shown in Fig. 3.10. Tuning one of the opera-

tional parameters will move the P2 oscillation frequency away from its minimum with re-

spect to the injection strength and the minimum with respect to the detuning frequency. 
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Therefore, the tuning range is restricted by both the injection strength and detuning frequen-

cy limiting the oscillation frequency tunability to around 5 GHz to 7 GHz. 

In this study, simultaneous low-sensitivity points of the LSξ   and LSξ  types are found in 

the P2 dynamics region but not in the P1 region. The modulation sidebands around the fun-

damental frequency in the P2 dynamics undergo similar dips as the ones illustrated in Figs. 

3.9 and 3.10. The existence and locations of the LS points depend on the intrinsic parame-

ters of the slave laser because these parameters significantly affect the nonlinear dynamics 

induced by optical injection [26, 29]. For a slave laser that has a set of intrinsic parameters 

different from those used in this study, optimal operating points of the LSξ  type might be 

also found in the P1dynamic region. 

 

3.5 Experimental Results 

To verify the numerical calculations discussed above, experiments are performed. The 

optical injection setup shown in Fig. 2.1 is operated in the P1 dynamic region. Both lasers 

are temperature and current stabilized as discussed in Chapter 2. To vary the injection 

strength the variable attenuator or the first HWP is tuned. To vary the detuning frequency 

the master laser temperature is adjusted for gross frequency changes and then the current 

was adjusted for fine-tuning of the detuning frequency. The slave laser bias current is fixed 

at 40 mA for a normalized bias current of    = 1.222, similar to the bias current used in our 

simulation results. weak current modulation is applied to the slave laser through a bias-tee 

from the microwave synthesizer at f   = 500 MHz. Figure 3.11 shows the experimentally 

found LS   point at a P1 frequency minimum with respect to f. The detuning frequency is  
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Figure 3.11: Experimentally measured (symbols) and calculated (solid curves) values of the 

modulation sideband amplitude and the P1 frequency using a normalized injection 

amplitude of 0.07, a bias current of 40 mA, and a modulation frequency of 500 MHz. This 

figure shows the positive frequency detuning sideband (blue circles), the negative detuning 

sideband (red circles), and the corresponding P1 frequency (green squares). 
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Figure 3.12: Experimentally measured (symbols) and calculated (solid curves) mappings of 

key transitions in the optical injection laser system as a function of the injection strength and 

the detuning frequency. Experimental Data—the open squares are the saddle-node 

bifurcation points that, along with the green triangles representing Hopf Bifurcation points, 

bound the region of stable locking. The red diamonds mark operating points with a local P1 

minimum frequency. The gray triangles mark the P2 Dynamics. The orange circles denote a 

saddle-node bifurcation of limit cycles, and the open orange circles, mark alternate routes 

from P1 to more complex dynamics. 
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swept from f =−1GHztof = 8 GHz by varying the master laser temperature. The injection 

strength is held constant at a normalized injection strength of ξ = 0.07.  Dips in the responses 

of the positive (blue circles) and negative (red circles) modulation sidebands are observed at 

close proximity to the P1 frequency minimum (green squares) at f = 2.12 GHz.  The error for 

the experimentally measured detuning is ± 200 MHz while the depths of the minima were 

limited by the background noise levels. Similar to the numerical calculations the response of 

the modulation sidebands are normalized to the P1 frequency amplitude as illustrated in Fig. 

3.1.  

Figure 3.12 shows the experimental mapping of the key features of the dynamics map of 

the optically injected semiconductor laser overlapped with the numerical calculations using 

the model described in Chapter 2. The experimental mapping is created by monitoring the 

power and optical spectra of the optically injected laser by adding or removing the beam 

blocker in front of the probe laser, respectively. The saddle-node (blue squares) and the 

Hopf (green triangles) bifurcations bound the region of stable locking. Chaotic dynamics are 

bounded by different routes to chaos, from below period-doubling bifurcation (gray trian-

gles) and from above saddle-node of limit cycles (orange circles). The LS   points (red dia-

monds) are found at the numerically calculated P1 frequency minima indicated by the con-

tour curves.   

The curve of measured and modeled operating points in Fig. 3.12 where the P1 frequen-

cy is minimized, the laser switches from a limit cycle where the injected-shifted laser oscil-

lation frequency is pushed away from the injection frequency at larger detuning to a limit 

cycle where the oscillation frequency is pulled towards the injection frequency for smaller 

detuning. This change in relative behavior of the system resonance relative to the injection 
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frequency is necessary, though at higher injection levels we observe a smooth rather than 

abrupt transition. Frequency pushing behavior arises from the fact that the semiconductor 

laser is a detuned oscillator, while the frequency pulling behavior is the kind expected from 

an Adler-type analysis of an injected oscillator. A local minimum of the P1 frequency is 

where these two opposing effects balance out. 

To get quantitative comparisons of theory and experiment as shown in Figs. 3.11 and 

3.12 the laser intrinsic parameters were adjusted within their experimentally defined error 

margins. The measured relaxation rates have ± 10% error while the b and b' have ± 15% and 

± 50%, respectively. A more detailed description of the adjusted parameters will be dis-

cussed in Chapter 4. Since the actual power injected into the slave laser is difficult to deter-

mine, the injection strength is used as our only fitting parameter. Nevertheless, it is deter-

mined by fitting the negative offset saddle-node bifurcation experimental data to the model 

calculations. This then fully determines the experimental map and the agreement is excel-

lent. Further, the agreement between data and model in Fig. 3.11 shows that even detailed 

features of the system can be fully recovered in quantitative agreement. This degree of accu-

racy requires careful determination of the dynamic parameters that go into the model. As 

discussed in the previous chapter, the intrinsic parameters are experimentally determined 

using a well-established four wave mixing technique.  

The gain saturation factor was introduced to account for the offsets of the response of the 

modulation sideband dips to the P1 frequency minima. Note that the saturation effects do not 

need to be included in the model to observe the reduced sensitivity points. Suppressing the 

nonlinear gain (γp = 0, b' = 0) still maintains the LS points but at significantly shifted injec-

tion strength and frequency detuning. Therefore, nonlinear gain effects such as spectral hole 
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burning or carrier heating do not determine the LS points. It is the interband carrier dynam-

ics, and their effects on the refractive index of the gain medium, that principally determine 

when the wave mixing of the various optical frequency components will lead to destructive 

interference and the minimization of sensitivity to perturbations. Saturation effects and non-

linear gain effects in general, however, do play a key role in the relative positioning of the 

sensitivity minima with respect to the various bifurcations in the mapping and will be dis-

cussed in Chapter 4. 

 

3.6 Summary 

In summary, we showed that the nonlinearities of the optical injection system can be used to 

stabilize the photonic microwave frequency generated by limit-cycle oscillations at specific 

operating points. These LS operating points are found at the local extrema of the P1or P2 

frequency with respect to one or more of the control parameters. 

Two-dimensional mappings as functions of different sets of control parameters show re-

gions where different types of LS points exist. An LSξ point is found at an extremum of the 

P1 frequency with respect to ξ in a region bounded by the Hopf bifurcation curve and a cha-

os region. These points show reduced sensitivity to the effects of the fluctuations in the tem-

peratures and bias currents of the lasers on the injection strength, along with reduced effects 

from spontaneous emission noise on the laser field amplitude. An LSf point is found at an 

extremum of the P1 frequency with respect to f in a region close to the Hopf bifurcation 

curve. These points show reduced sensitivity to the effects of the fluctuations in the tempera-

tures or bias currents of the lasers on the detuning frequency, along with reduced effects 

from spontaneous emission noise on the laser field frequency and phase. An LS   point is 
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found at an extremum of the P1 frequency with respect to    and/or f in a region close to the 

Hopf bifurcation curve. These points show reduced sensitivity to the fluctuations in the tem-

peratures or bias currents of the slave laser and in the temperature but not the bias current of 

the master laser, along with reduced effects from carrier noise on the slave laser and sponta-

neous emission noise on the laser field frequency and phase. Each LS   point is found at a P1 

frequency extremum with respect to    and/or f because a modulation on the bias current of 

the slave laser induces detuning-frequency modulation as well. On the other hand, an LSf 

point cannot be found at a P1 frequency extremum with respect to   , unless it happens to 

overlap with a P1 frequency extremum with respect to f, because a modulation on the detun-

ing frequency does not affect the bias current of the slave laser. Both LSf and LS   points can 

be found at frequencies up to three times the relaxation resonance frequency of the slave la-

ser by tuning the bias current.  

Operating points that have reduced sensitivity to fluctuations in two or more control pa-

rameters are found in the P2 dynamics region. These points exist due to a P2 frequency hav-

ing an extremum with respect to two control parameters simultaneously. At an LSξ   point, 

the P2 frequency has reduced sensitivity to fluctuations in the injection strength and in the 

bias current. At an LSξ  point, the P1 frequency has reduced sensitivity to fluctuations in the 

injection strength and the in detuning frequency. Fluctuations in the bias current can also be 

suppressed at an LSξ  point since fluctuations in the bias current leads primarily to detuning-

frequency fluctuations. Therefore, LSξ  points can be considered as optimal operating points. 

Finally, an experimental verification of the LS points and mapping of the key features of the 

dynamics map showed excellent quantitative agreement between theory and experiment.  

Note that the laser used in this work has a low relaxation resonance frequency of 10.25 GHz 
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and reaches an LS point with a P1 oscillation frequency of 30 GHz. For a high-speed laser 

with a higher relaxation resonance frequency having a modulation bandwidth of 30 GHz, the 

optically injected laser can reach an LS point with P1 oscillation frequencies of 90 GHz or 

higher. Furthermore, the P1 & P2 oscillations induced by optical injection discussed in this 

work are generated through an all-optical system without the need of an external modulation 

source, which is required in the case of a directly modulated laser. 
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CHAPTER 4  

Controlling the Gain Saturation Factor for Stable Pho-

tonic Microwave Generation  

This chapter investigates the effects of the intrinsic parameters of the semiconductor laser on 

the nonlinear dynamics induced by optical injection. The effects of the gain saturation factor 

on the characteristics of the nonlinear phenomena are studied to find the optimal operating 

conditions for various application requirements. Such requirements include high microwave 

frequency, broadband frequency tunability, high modulation bandwidth, optical single-

sideband modulation, low phase noise, and stability. The characteristics of optically injected 

semiconductor lasers with different b' factors are compared and analyzed.  

 

4.1 Introduction 

The effects of the intrinsic laser parameters on the optically injected laser have been previ-

ously investigated [115]. The linewidth enhancement factor, b, also known as the 

antiguidance factor, is a representation of the coupling between the amplitude and phase of 

the intracavity laser field. It is the ratio of the carrier-induced variations of the real and im-

aginary parts of the complex susceptibility. This factor is responsible for the rich dynamics 

in semiconductor lasers [115]. The effects of b on the P1 dynamics of an optically injected 

laser indicate a strong relation between the emergence of the P1 dynamics and the preferred 

cavity resonance under external perturbation; a large value of b favors the occurrence of the 

P1 dynamics [118]. By contrast, the gain saturation factor, b', is the ratio of the photon-
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induced variations of the real and imaginary parts of the complex susceptibility [119]. When 

studying the nonlinear dynamics of semiconductor lasers, the role of b' is usually neglected 

by assuming it to be equal to either b or zero. The spectral asymmetry of a weakly modulat-

ed semiconductor laser is used to determine the values of b and b' of the laser [119]. It 

shows that the assumption of either b = b' or b' = 0 is not necessarily accurate; while b is 

generally positive, b' can have a positive [119] or negative [44] value that is different from 

b. The b and b' factors affect the characteristics of any semiconductor laser system that has 

phase-sensitive dynamics, such as a laser subject to optical injection or optical feedback. 

The relaxation rates γp and γn both vary linearly with    and have opposing effects on the laser 

dynamics. It has been shown that γp has a suppressing effect to the instability of the per-

turbed laser, whereas γn has a supporting effect to the instability of the perturbed laser [115]. 

 

4.2 Gain Saturation Factor Experimental Measurement. 

Similar to how the b factor was introduced for semiconductor lasers to account for the en-

hancement of the linewidth of the laser beyond the Schalow-Townes limit [120], the b' fac-

tor is introduced to account for the asymmetry in the optical spectrum of the current modu-

lated laser [84]. Although b' is usually neglected in many works involving semiconductor 

laser modeling, it proves to be essential when quantitative fitting of the experimental data is 

desired [114, 121]. The excellent quantitative fitting of the experimental data done in Sec-

tion (3.5) can be achieved only when introducing b' in the theoretical model. Note that be-

cause γc is approximately two orders of magnitude larger than the other rates, the relaxation 

resonance frequency is typically much larger than the damping rate and is only weakly de-

pendent on the nonlinear gain relaxation rate. Because of this, one can get good semi-
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quantitative agreement between model and experiment even with γp = 0, or equivalently 

∂g/∂|A|
2
 = 0. As a consequence, all of the key experimentally measured features of the opti-

cally injected semiconductor laser discussed in this work can be reproduced with γp = 0 (and 

a modified value of b and other relaxation rates), but at significantly offset values of the de-

tuning frequency and injection parameter relative to the experimentally measured values. 

Many experimental techniques have been developed to measure b and b' [121]. Since the 

intrinsic parameters of the laser used in this work have been previously measured [15], we 

use a technique that uses the spectral characteristics of the laser under weak current modula-

tion to measure b' [119]. The technique relies on the frequency dependence asymmetry of 

the modulation sidebands. Turning off the master laser and using the LO laser for hetero-

dyne detection, the modulation sidebands of the current modulated slave laser are measured 

at different modulation frequencies. The ratio of the positive to the negative modulation 

sidebands for different bias currents is shown in Fig 4.1. To extract the b and b' from the ex-

perimental measurements it is fitted against the modulation sideband equation [119]:    
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(4.1) 

where A±   is the amplitude of the positive and negative modulation sidebands, respectively. 

Equation (4.1) is derived by perturbation analysis of the directly modulated rate equations 

shown in equations (2.5)-(2.7) and represents the positive or negative modulation sideband 

normalized to the central peak [42, 119]. The term 
p

( ')
J

b b





represents the asymmetry in 

the optical spectrum and shows symmetric sidebands when b = b'. Equation (4.1) also shows  
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Figure 4.1: Asymmetry of the modulation sidebands given as the ratio of the positive to 

negative sidebands as the modulation frequency is varied. The modulation sidebands are 

measured at different bias currents from 30 mA to 55 mA at 5-mA increments. 

Experimental data are shown as colored squares. The calculated curve using Eq. (4.1) in 

black gives a value of b ≈ 3.2 and b' ≈ 3.2 to fit the experimental data.  
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Table 4.1 

Values for the model parameters and their associated experimental uncertainty 

 

that for b ≠b' the modulation sideband ratio will have a maximum that depends on the value 

b only, while its offset frequency will depend on b' and γp. From Fig. 4.1 the ratio of the pos-

itive to negative modulation sidebands is constant as the modulation frequency is tuned from 

0 GHz to 5 GHz indicating that b is equal to b' with a value of 3.2 which was previously 

measured [15]. Since the b' factor represents the ratio of the photon-induced variations of the 

real and imaginary parts of the complex susceptibility, a study of the effects of the bias cur-

rent on b' is warranted. This is also demonstrated in Fig. 4.1, as the bias-current is increased 

from 30 mA to 55 mA no change in the dependence of the modulation sideband ratio on the 

frequency is observed, indicating that b' is constant as the bias current is increased for the 

laser used in this work. Although the measurements here show the value of b' to be equal to 

b at 3.2, using these values to fit the experimental measurements done in Chapter 3 does not 

show good agreement. Therefore, the value of b' has been tuned to a value of 1.6 along with 

other adjustments to the relaxation rates to get a better fit. Table 4.1 shows the original val-

ues of the intrinsic parameters measured through the techniques mentioned above and their 

Parameters Experimental Val-

ues 

Error Mar-

gins 

Adjusted Val-

ues 

% Differ-

ence 

b 3.2 ± 15 % 3.3 3.125 

b' 3.2 ± 50 % 1.6 -50 

γc 5.36×10
11

 ± 10 % 5.0 × 10
11

 -6.72 

γs 5.96×10
9
 ± 10 % 5.96 × 10

9
 0 

γn 6.16 ·     × 10
9
 ± 10 % 5.73 ·    × 10

9
 -7.04 

γp 1.56 ·     × 10
10

 ± 10 % 1.41 ·    × 10
10

 -9.78 
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adjusted values used in the theoretical modelto fit the experimental data. The reason for such 

large discrepancy in the b'  value comes from the accuracy of the measurement technique 

used here which is ± 15 % accuracy for b and  ± 50 % accuracy for b' [44]. All the relaxation 

rates are adjusted within their error margins of ± 10 %, which is determined by the accuracy 

of the FWM experimental technique used to extract them.  

 

4.3 Effects on Stable-Locking Dynamics 

Stable optical injection leads to significant changes in the modulation characteristics of a 

semiconductor laser. An increase in the modulation bandwidth and relaxation resonance fre-

quency of more than three times their free-running counterparts was reported [15]. The vari-

ation in the gain saturation factor b' for different lasers notably affects these characteristics. 

The variation of b' in DFB lasers depends on whether the DFB laser operates on the red or 

the blue side of the gain peak [122]. Operating on the red side of the gain peak yields a posi-

tive b' factor, while operating on the blue side of the gain peak yields a negative b' factor. 

The disparity between the positive and negative gain saturation factors is apparent in their 

influence on the relaxation resonance frequency, modulation bandwidth, and sideband rejec-

tion ratio (SRR) on an optically injected laser. Figure 4.2 shows the dynamics maps for four 

different values of b' while the bias current    = 1.222 and other intrinsic laser parameters are 

held constant. The dynamics maps are simulated by varying the detuning frequency, f, from 

−20to60GHzandtheinjectionstrength,ξ, from 0 to 0.35. Similar convention used in the 

mappings of Chapter 3 is used here with the contour curves below the Hopf bifurcation line 

in the uncolored stable locking region signify the peak frequency, fpk, of the modulation re-

sponse spectrum. 
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Figure 4.2: Frequency maps, as functions of the optical injection strength and detuning 

frequency at    = 1.222. The contour curves represent a constant P1 frequency, in GHz, (col-

ored regions) and a constant fpk, in GHz, (uncolored regions). The thick curve represents the 

Hopf bifurcation line. The second dense curve represents the period-doubling bifurcation. 

Black regions indicate chaos. The gain saturation factor is varied with (a) b' = b = 3.2, (b) b' 

= 1.5, (c) b' = 0 and (d) b' =−1.5whiletheotherlaserparametersare held constant. 
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The modulation response spectrum of the slave laser in the stable locking region is calculat-

ed by numerically solving the rate equation model in equations (2.5)-(2.7) for a broad range 

of modulation frequencies. The value of fpk at a given operating point is found by identifying 

the peak of the modulation response spectrum, and the contour curves in Fig. 4.2 are ob-

tained by varying the detuning frequency and the injection strength for different operating 

points. Note that fpk is not exactly the same as, but is generally slightly less than, the relaxa-

tion resonance frequency, fr, of the laser because of the finite value of the relaxation rate γr 

[7]. As the b' factor decreases from a value equal to b the instability region increases, show-

ingthelowestpointoftheHopfbifurcationlineinthemappushedto−7GHzforb' =−1.5

in Fig. 4.2(d)from−1GHzforb' = b = 3.2 in Fig. 4.2(a). The increase in instability is at-

tributed to a reduction in the damping of the relaxation oscillation which is caused by re-

duced influence of the nonlinear relaxation rate γp on the damping as a consequence of the 

reduction in b'. The nonlinear relaxation rate represents the effect of the nonlinear gain on 

the system, which is generally believed to result from spectral hole burning in the gain curve 

[123]. Therefore, the occurrence of the P1 dynamics of an optically injected semiconductor 

laser favors a smaller or more negative b', which is opposite to the effect b has on the P1 dy-

namics. In the stable locking region, fpk increases monotonically with the injection strength 

and with the detuning frequency. Under the same operating condition, fpk increases with b' 

as illustrated in Fig. 4.3. The injection strength is held constant at 0.4 while the detuning 

frequencyisvariedfrom−5GHzto−20GHzat5-GHz increments, with a more negative 

detuning frequency showing a lower modulation resonance peak. Different values of b' are 

represented by colors, with b' =3.2,1.5,0and−1.5inred,blue,black,andgreen, respec-

tively. For comparison, the modulation response of the free-running laser is shown in gray. 
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Figure 4.3: The modulation response at a constant injection strength of ξ =0.4 for detuning 

frequencies of f =−5GHz(solid),f =−10GHz(dash),f =−15GHz(dash-dot) and f =−20

GHz (dotted). The colors represent the value of the gain saturation factor b' = 3.2 (red), b' = 

1.5 (blue) b' = 0 (black) and b' =−1.5(green).Thefree-running modulation response (gray) 

shows a modulation bandwidth of 15GHz. The horizontal dotted line is at−3dB. 
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By comparing Fig. 4.2(a) and (d) or comparing the red and green curves of Fig. 4.3, it is 

seen that the value of fpk for a laser with b' = b = 3.2 is about 10 GHz higher than a laser 

with a negative b' =−1.5whenbotharestably locked under the same detuning frequency 

and injection strength. Thus a large, positive value of b' is favored for modulation bandwidth 

enhancement by stable injection locking. Although fpk is a good indicator of the modulation 

bandwidth at a given operating point it does not reflect the actual bandwidth, especially in 

certain parts of the stable locking region. At high injection strengths, the modulation re-

sponse dips by more than 3 dB in an intermediate frequency region between the zero fre-

quency (i.e., DC) and fpk. This dip could severely affect the modulation characteristics of the 

stably injection locked laser. One method to remove it is to use a cascaded optical injection 

configuration [124]. The first stage can be detuned to a more negative frequency to reach a 

high resonance frequency, and then the second stage is utilized to compensate the response 

reduction at the intermediate frequencies. Removal of the dip in the response spectrum 

without the need of a complex two-stage configuration can be accomplished by using a laser 

that has a small or negative b' factor, as illustrated in Fig. 4.3. For a semiconductor laser of b 

= b' = 3.2 the dip of the modulation response at the intermediate frequencies causes a signif-

icant reduction of its 3-dB modulation bandwidth; it is reduced from 38.2 GHz to 15.8 GHz 

when the laser is injection-locked at a detuning frequency of f =−5GHz.Usingasemicon-

ductor laser that has the same b = 3.2 but a slightly smaller b' = 1.5 increases the 3-dB mod-

ulation bandwidth to 36.4 GHz by reducing the response dip at the intermediate frequencies. 

Further reduction in the gain saturation factor continues to raise the response at the interme-

diate frequencies but at a cost of reducing the modulation bandwidth due to a reduction in 

the relaxation resonance frequency.  
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Figure 4.4: Power maps, as functions of the optical injection strength and detuning 

frequency, at    = 1.222. The contour  curves represent a constant power level for the 

P1 power (colored region), normalized in dB to its maximum indicated by a black 

dot, and Ppk (uncolored region), normalized in dB to its free-running power at ξ = 0 

and f = 0, indicated by a black dot. The thick curve represents the Hopf bifurcation 

line. The second dense curve represents the period-doubling bifurcation. Black re-

gions indicate chaos. The gain saturation factor is varied with (a) b' = b = 3.2, (b) b' 

= 1.5, (c) b' = 0 and (d) b' =−1.5 while the other laser parameters are held constant. 
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Figure 4.4 shows the mapping of the modulation resonance peak power, Ppk, normalized 

in dB to its free-running power at ξ = 0 and f = 0, indicated by a black dot. As in previous 

mappings, the thick black curve in Fig. 4.4 is the Hopf bifurcation line separating the stable 

locking region from periodic oscillations. Below the Hopf bifurcation line are contour 

curves representing constant values of Ppk at different operating conditions. As the operating 

point is shifted towards a more negative detuning frequency and a higher injection strength 

away from the Hopf bifurcation line, Ppk is reduced. As seen in Fig. 4.3, although fpk of a 

stably injection-locked laser increases with the value of its b' factor when all other parame-

ters of the laser are fixed, the response power Ppk at fpk decreases due to the response dip. 

This effect is seen by comparing Fig. 4.4(a)–(d) where Ppk for a laser that is stably locked 

with a fixed detuning frequency and a fixed injection strength increases when the value of b' 

decreasesfrom3.2to1.5,0,and−1.5. 

Direct modulation generates two signal sidebands on the two sides of the optical carrier. 

In a radio-over-fiber transmission system, the double-sideband (DSB) spectrum leads to 

degradation in the RF signals associated with the phase walk-off between the two sidebands 

caused by fiber dispersion. The severe microwave power penalty due to DSB modulation 

can be significantly reduced by using SSB modulation [23]. Direct modulation of an optical-

ly injected semiconductor laser in stable locking generates nearly SSB modulation for a laser 

with b ≠b' [125]. The SSB spectrum results from the suppression of the high frequency 

sideband with respect to the low-frequency sideband due to the antiguidance effect charac-

terized by the b and b' factors. The degree of the asymmetry between the two sidebands is 

measured by the SRR, which is defined as the ratio, measured in dB, of the high-power low-

frequency sideband to the low power high-frequency sideband. Figure 4.5 shows the SRR  
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Figure 4.5: SRR maps, as functions of the optical injection strength and detuning frequency 

at    = 1.222. The contour curves represent the SRR, in dB, of the P1 dynamic (colored re-

gion) and in the stably injection-locked laser (uncolored region), at different modulation fre-

quencies: f   = 10 GHz (red), f   = 20 GHz (blue) and f   = 30 GHz (black). The thick curve 

represents the Hopf bifurcation line. The second dense curve represents the period-doubling 

bifurcation. Black regions indicate chaos. The gain saturation factor is varied with (a) b' = b 

= 3.2, (b) b' = 1.5, (c) b' = 0 and (d) b' =−1.5whiletheotherlaserparametersareheldcon-

stant. 
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for different injection strengths and detuning frequencies for four lasers of b' equal to 3.2, 

1.5,0and−1.5inFig.4.5(a)–(d), respectively. The contour curves below the Hopf bifurca-

tion line represent a constant SRR for the stably injection-locked laser. The three sets of 

contour curves in different colors represent the SRR for different modulation frequencies at 

f   = 10 GHz (red), f   = 20 GHz (blue) and f   = 30 GHz (black). For fixed b' and f  , the high-

est SRR is reached at an operating point closest to the Hopf bifurcation line. Comparing the 

SRR at different f   with its corresponding fpk in Fig. 4.2 for the same laser at a fixed operat-

ing point, it is seen that the highest SRR is attained at a modulation frequency just below fpk. 

Finally, a comparison between lasers of different b' at the same operating point and f   finds 

the highest SRR of up 26 dB for a laser with b' = b = 3.2, as demonstrated in Fig. 4.5(a). As 

b' is reduced a decrease in the SSB modulation capabilities is seen at the same operating 

point, as illustrated in Fig. 4.5(b)–(d). 

 

4.4 Effects on Period-One Dynamics 

The P1 dynamics induced by optical injection can reach frequencies of more than 6 times 

the relaxation resonance frequency of the free-running laser [23]. Recently, such P1 dynam-

ics have been studied for radio-over-fiber applications [23], [87], showing optically con-

trolled tunability over a broad, continuous P1 frequency range for the uplink subcarrier fre-

quency, which exceeds the laser modulation bandwidth. Figure 4.6 shows the characteristics 

of the P1 dynamics as functions of b' valuewhenitiscontinuouslyvariedfrom−3.2 to 3.2 

at different operating points of the optically injected laser. Fig. 4.6(a) shows the optical 

spectrum of a typical P1 dynamic, where the main frequency components are shown with 

frequency offsets equal to the P1 frequency f0. The primary oscillation spectral line, f −f0, of  
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Figure 4.6: (a) A typical optical spectrum in the P1 dynamics at ξ = 0.3 and f = 30 GHz for b' 

= 3.2. (b)–(e) Frequency separation (P1 frequency)and intensity difference of the primary 

oscillation component relative to the injection frequency component in the optical spectrum 

as a function of b' under a fixed detuning frequency of f = 30 GHz (upper row) for four 

different injection levels and under a fixed injection strength of ξ = 0.3 (bottom row) for 

three different detuning frequencies. 
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the P1 dynamic in the optical spectrum is defined as the frequency component that is closest 

to the cavity resonance of the injected laser other than the injection frequency spectral line, f 

[50]. This primary oscillation component is generally the lower sideband of the injection-  

locked laser frequency due to the positive value of the linewidth enhancement factor b. Fig. 

4.6(b) and (c) show the P1 frequency f0 in the optical spectrum at a fixed detuning frequency 

of f = 30 GHz and at a fixed injection strength of ξ = 0.3,  respectively. Fig. 4.6(d) and (e) 

show the intensity difference, in dB, of the intensity at f −f0 spectral line relative to the in-

tensity at the f line, which represents the asymmetry of the optical spectrum, at a fixed de-

tuning frequency of f = 30 GHz and a fixed injection strength of ξ = 0.3, respectively. The 

intensity at the f spectral line and that at the f −f0 spectral line are both larger than the inten-

sity of the higher sideband, f + f0, and the lower sideband, f −2f0, in the optical spectrum; 

therefore, the f + f0 and f −2f0 spectral lines will not be addressed here. Similar to the ef-

fects of the linewidth enhancement factor, increasing the gain saturation factor shifts the f −

f0 line away from the f line, thus increasing the P1 frequency [118], as seen in Fig. 4.6(b). 

This effect is enhanced as the injection strength is increased. The higher the injection 

strength is, the faster the f −f0 line shifts away from the f line as b' is increased. Similarly, 

Fig. 4.6(c) shows that at a fixed injection strength, the P1 frequency increases consistently 

for different detuning frequencies as b' is increased. The intensity difference in Fig. 4.6(d) 

shows that at low injection strengths the intensity at the f −f0 line is higher than that at the f 

line. As the injection strength is increased, the intensity at the f line increases and eventually 

surpasses that at the f −f0 line, resulting in a negative intensity difference. For ξ = 0.1, 0.2 

and 0.3, a monotonic increase in the intensity difference is observed as b' is increased. How-

ever, for ξ = 0.4, increasing the value of b' causes a drop in the intensity difference. Figure 
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4.6(e) shows a monotonic increase in the intensity difference as b' is increased, for detuning 

frequencies of 30 GHz and 40 GHz. At a lower detuning frequency of f = 20 GHz, the inten-

sity difference decreases as b' increases. These observations indicate that the addition of an 

external optical field reduces the carrier density, which results in the reduction of the neces-

sary gain of the injected laser, and therefore an increase in the refractive index of the gain 

medium through b and b'. Consequently, the laser field experiences an increased cavity 

length and a reduction in the cavity resonance frequency, thus lowering the frequency of the 

f −f0 line. Because the laser frequency is locked by the injection frequency, this effect leads 

to an increase in the P1 frequency, which is the separation between the f −f0 and f spectral 

lines, as the value of b or b' is increased under fixed injection conditions, as observed in Fig. 

4.6(b) and (c). Meanwhile, an increase in intensity difference is expected due to the increase 

in the intensity at the f − f0 line, as observed in Fig. 4.6(d) and (e). This does not happen, 

however, at high injection strengths or at low detuning frequencies where the f spectral line 

is favored and a drop in the intensity difference is observed, as seen in Fig. 4.6(d) for the 

case of ξ = 0.4 and in Fig. 4.6(e) for the case of f = 20 GHz. The P1 frequency at high injec-

tion strengths is more sensitive to the change in b' than at low injection strengths, as seen in 

Fig. 4.6(b). However, the effects of the change in b' on the P1 frequency is most significant 

in the neighborhood of the chaotic regions, at low injection strengths and low detuning fre-

quencies, where the system is highly nonlinear, as seen in Fig. 4.2. In this map area of low 

injection strengths and low detuning frequencies, the contour curves for the P1 frequency 

bend at sharper angles as b' is increased. This characteristic makes pinpointing the b' value 

essential for accurately fitting experimental data at low injection strengths and low detuning 

frequencies as demonstrated in Chapter 3. One of the key features that is sensitive to b' is the 
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lowest point of the Hopf bifurcation curve in the map [126, 127]. Other important features in 

this area that also depend on b' are the regions of advanced dynamics [44, 114] and the LS 

points. The sharp turning of the contour curves in this area is attributed to the competition 

between the red shifting of the cavity resonance frequency caused by the antiguidence effect 

and the Adler-type pulling effect. At high detuning frequencies, the red shifting of the cavity 

resonance frequency causes frequency pushing, whereas at low detuning frequencies close 

to the free-running laser frequency the Adler-type pulling dominates. This competition be-

tween these two phenomena originates from the existence of two limit cycles of different 

frequencies that coalesce in the area above the chaotic region in a saddle node bifurcation of 

limit cycles [40]. For completeness, Fig. 4.4 shows the power of the P1 oscillation in the 

colored region above the Hopf bifurcation line. The contour curves show the P1 power nor-

malized to the maximum P1 power, which is shown as a black dot. Contrary to the strong 

dependence on b' of the modulation resonance peak power Ppk in the stable locking region, 

b' has no significant effect on the power of the P1 oscillation. In Fig. 4.4 the contour curves 

for all power levels in the P1 region above the Hopf bifurcation line only slightly change as 

the b' value is varied.  

The SSB modulation capabilities of the laser under stable injection locking discussed in 

the preceding section show optimum performance for a laser with b' = b at operational 

points close to the Hopf bifurcation line with a modulation frequency just below fpk. An op-

tically injected semiconductor laser operating in a P1 dynamic generally has better SSB 

modulation capabilities than operating in stable locking. The spectrum of a P1 dynamic con-

sists of highly intensity-asymmetric sidebands that are equally separated from the injection-

locked laser oscillation frequency. Recently P1 dynamics have been used for DSB to SSB  
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Figure 4.7: Mappings of the LS regions as functions of the optical injection strength and 

detuning frequency at    = 1.222. The contour curves represent a constant P1 frequency, in 

GHz. The colored regions represent the amount of sideband suppression with respect to the 

carrier, in dBc, under a weak current modulation at f   = 100 MHz for the positive (left 

column) and negative (right column) sidebands. Stable locking (uncolored region) and 

complex dynamics (black regions) are shown across the Hopf bifurcation line (thick curve). 

The gain saturation factor is varied with (a)–(b) b' = b = 3.2, (c)–(d) b' = 1.5 while the other 

laser parameters are held constant 
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Continue Figure 4.7: Mappings of the LS regions as functions of the optical injection 

strength and detuning frequency at    = 1.222. The contour curves represent a constant P1 

frequency, in GHz. The colored regions represent the amount of sideband suppression with 

respect to the carrier, in dBc, under a weak current modulation at f   = 100 MHz for the posi-

tive (left column) and negative (right column) sidebands. Stable locking (uncolored region) 

and complex dynamics (black regions) are shown across the Hopf bifurcation line (thick 

curve). The gain saturation factor is varied with (e)–(f) b' = 0 and (g)–(h) b' =−1.5whilethe

other laser parameters are held constant. 
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conversion of a frequency-modulated semiconductor laser in a master-slave configuration, 

leading to an increased modulation depth and an improvement in microwave amplification 

and detection sensitivity [98]. The asymmetry of the optical spectrum of a P1 dynamic is 

measured by the SRR. The weaker of the two dominating components is first chosen. It is 

then compared with the strongest component among the rest of the sidebands. The power 

difference in dB is defined as SRR. Figure 4.5 shows the SRR of P1 dynamics in the colored 

region above the Hopf bifurcation line for four different values of gain saturation factor b' = 

3.2,1.5,0and−1.5whileotherlaserparameters are fixed.  For b' = b = 3.2, the SRR can 

reach 22 dB at high injection strengths, as seen in Fig. 4.5(a). Reduction in the value of b' 

increases the SSB modulation capabilities of P1 dynamics until a maximum SRR is reached 

at b' = 0, as seen in Fig. 4.5(c). Further reduction in b' to a negative value reduces the SRR, 

as seen in Fig. 4.5(d). Therefore, a semiconductor laser operating close to the gain peak, 

where b' ≈ 0, has the best SSB modulation capability relative to DSB modulation for a min-

imal microwave power fluctuation over the fiber transmission distance. 

The significance of the b' factor on the P1 frequencies of low-sensitivity to fluctuations 

has been observed in the experimental data fitting done in Chapter 3. To demonstrate the 

dependency of the LS points on the b' factor mappings of the LS points are calculated for 

lasers of different b' factors. The results are shown in Fig. 4.7, which shows the LS   operat-

ing conditions and their dependence on b', through mapping of the positive (left column) and 

negative (right column) modulation sidebands with respect to the carrier at the P1 frequency 

when a weak current modulation at f   = 100 GHz is applied. The contour curves show the P1 

frequencies, whereas the colors represent the amount of modulation sideband suppression as 

in mappings of Chapter 3. Black colored regions represent complex dynamics. For the case 
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of b' = b = 3.2, large regions colored in light blue for 20 dBc suppression of the sidebands 

are seen in Fig. 4.7(a) and (b). Around the LS   points at the local minima of P1 frequency 

contour curves, large suppression of the modulation sidebands as high as 50 dBc (dark blue) 

is observed, indicating highly stable P1 oscillations in this region. Reduction in the b' value 

significantly shrinks the stable P1 regions, but the large suppression of the modulation side-

bands up to 50 dBc remains in the neighborhood of the LS   points. Similar effects of b' on 

the LSξ and LSf is observed when modulation is added on the master laser amplitude or 

modulation on the master laser frequency, respectively, for different combination mappings 

of ξ - f, ξ -   , and    - f. Therefore, for lasers of small or negative b' values, highly stabilized 

P1 oscillations still exist, though in smaller and more restricted regions. It is worth noting 

that as opposed to the gain saturation factor b', a large value of the linewidth enhancement 

factor b reduces the LS   regions around the LS   points.  

Complex dynamics occupy small regions in the dynamics maps relative to P1 dynamics 

and stable locking. Nonetheless, complex dynamics possess significant attributes that make 

them useful in various applications. The P2 regions in the maps broaden significantly when 

the value of b' is reduced, as seen in Fig. 4.2 in the broadening of the area encircled by the 

second dense curve that indicates period-doubling bifurcation. Chaotic oscillations, on the 

other hand are relatively unaffected by the change in the b' value, as seen in the dark regions 

in Fig. 4.2 above the Hopf bifurcation line. A study on the chaotic oscillations induced by 

optical injection for lasers with different b' values did not show any significant influence on 

the bandwidth of chaos. 
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4.5 Summary 

The significance of the gain saturation factor b' for an optically injected semiconductor laser 

emerges in the characteristics of the nonlinear phenomena induced by injection locking. In-

stability of the induced dynamics, measured by the expansion of regions of periodic oscilla-

tions through suppression of the stable locking region, is favored by a small or negative b' in 

contrast to the opposite effect of the linewidth enhancement factor b. Under similar operat-

ing conditions, an optically injection-locked semiconductor laser that has a larger or positive 

b' tends to reach higher relaxation resonance frequencies than ones that have a small or neg-

ative b'. This high relaxation resonance frequency is usually accompanied by a reduction, 

rather than an increase, in the modulation bandwidth due to a dip of the modulation response 

in the intermediate frequency region at high injection strengths. To an extent, this reduction 

in the 3-dB modulation bandwidth of the optically injection laser can be resolved by using a 

laser that has a small or negative b' factor to smooth out the modulation response curve 

across the spectrum. For similar operating conditions, a large positive b' leads to favorable 

SSB capabilities for a stably injection-locked laser, whereas the most favorable SSB capabil-

ities for the P1 dynamics of an optically injected laser occur when the laser operates close to 

the gain peak when b' ≈ 0. The P1 frequency at a low injection strength is highly sensitive to 

the variation in b'. A large or more positive b' produces more stable P1 oscillations in re-

gions of the dynamics map around the LS points located at the local minima of P1 frequency 

contour curves. Higher dynamics such as P2 are also affected by the value of b', but the cha-

otic dynamics are found to be relatively unaffected. The value of b' considerably depends on 

the gain medium and the laser structure. For example, it can be varied by shifting the emis-

sion wavelength of a DFB laser from its gain peak. Therefore, desirable dynamical charac-
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teristics found in this study can be reached by properly tuning the laser to a desirable value 

of b'. 
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CHAPTER 5  

Conclusion 
 

The work presented in this dissertation shows the ability to control the limit-cycle dynamics 

of an optically injected semiconductor laser for the generation of narrow linewidth photonic 

microwaves. Theoretical simulations and experimental demonstration showed that the non-

linear dynamics of the laser could be controlled through the operational parameters of the 

optical injection system or through the intrinsic parameters of the laser. Various types of P1 

oscillations with reduced sensitivity to fluctuations in the operational parameters and intrin-

sic laser noise have been discovered. P1 oscillations induced by optical injection at LSξ, LSf, 

and LS   points show reduced sensitivity to the effects of bias current and temperature fluctu-

ations of the two lasers on the injection strength, detuning frequency and slave laser bias 

current, respectively. P1 oscillations with reduced sensitivity to two or more operational pa-

rameters exist at points where two or more P1 frequency extrema overlap. The gain satura-

tion factor of the semiconductor laser plays a crucial role in the nonlinear dynamics induced 

by optical injection. The value of the b' factor depends on whether the laser operates on the 

red or the blue side of the gain peak. Controlling the value the b' can alter the characteristics 

of the nonlinear dynamics. It is shown that in both stable locking and periodic dynamics, a 

laser of a positive gain saturation factor that is smaller than the linewdith enhancement fac-

tor is most suitable for optical transmission requirements. 

The results demonstrated in this dissertation are interesting on two levels: from a funda-

mental standpoint, the agreement between theory and model allows for new avenues of the 

tests of semiconductor laser characteristics and the measurements of the intrinsic parameters 
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based on the interactions described here. For example, there is considerable current interest 

in the dynamics of quantum-dot lasers and the precision of the techniques described here 

will allow rigorous testing of proposed modifications to the coupled equation model to char-

acterize these novel structures [128, 129]. The second interesting aspect of this work is that 

photonic oscillators have been proposed for a variety of applications and the discovery of 

these low-sensitivity operating points shows that the optically injected laser may be able to 

display favorable characteristics of reduced phase noise and jitter to go along with its wide 

tuning range and SSB capabilities. Now additional work is needed to see if these observa-

tions can be translated into improved performance of photonic devices such as broadly tuna-

ble, low-noise, low-jitter oscillators. 

In the future, more research efforts shall be devoted to low-sensitivity points in nonlinear 

oscillators. Theoretical analysis on nonlinear oscillators that invoke limit-cycle dynamics 

can be studied to develop analytical models that carry the systems nonlinearities. Theories 

that rely on perturbation analysis to solve for the limit-cycle dynamics often become inaccu-

rate for quantitatively describing the optical injection system in the P1 region [130]. A new-

ly developed method uses the two dominant optical frequency components to approximate 

the P1 frequency at regions where the P1 frequency is larger than the relaxation resonance 

frequency of the laser [116]. This approach cannot yield quantitative results when the sys-

tem is highly nonlinear in regions where the P1 frequency is smaller than the relaxation res-

onance frequency of the laser. A linearized analysis of the optical injection system, although 

capable of quantitatively solving the system in the stable locking region, cannot quantitative-

ly yield the P1 frequency in the high nonlinear regions either [42]. A recent method that can 

get excellent quantitative results uses the general limit-cycle solution and takes into account 
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high-order harmonics [117]. Expanding on this technique, we can further study the low-

sensitivity points in the optical injection system to further explore the oscillator nonlineari-

ties for reducing the effects of noise and improving the frequency precision of other nonlin-

ear oscillators that invoke limit-cycle dynamics.  
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