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ABSTRACT OF THE DISSERTATION 

     

NUMERICAL SYNTHESIS ALGORITHMS AND ANTENNA DESIGNS FOR NEXT 

GENERATION SPACEBORNE WIND SCATTEROMETER AND CUBESAT ANTENNAS 

by 

Jordan Frank Budhu 

Doctor of Philosophy in Electrical Engineering, 

University of California, Los Angeles, 2018 

Professor Yahya Rahmat-Samii, Chair 

 

Two novel aperture type antennas, both for next-generation space borne applications, are 

designed. The first is 3D printed, all-dielectric, inhomogeneous, shaped lens antenna designed to 

produce a conically scanned spinning spot beam. The electronic scan stems from a ring of feeds 

located along the ring focus designed into the azimuthally symmetric lens. The antenna is proposed 

for use in a space-borne scatterometer used to measure wind speeds upon the surface of the earth’s 

oceans. The design requires the advent of a complex code hybridizing the Computational 

Electromagnetics method of Geometrical Optics with the optimization strategy of Particle Swarm 

Optimization. This code and its mathematical formulations, the resultant designs, and the 

measurements validating the codes and obtained designs are presented in this dissertation. The 

second is a new novel dual reflector Gregorian antenna system designed to meet the stringent 

requirements of the newly proposed CubeSat satellite paradigm by folding the optics into one of 

the most compact dual reflectors to date. The design combines a high gain reflectarray main 

aperture with an ellipsoidal subreflector fed by a patch array feed. The system is coplanar with the 
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CubeSat chassis, deploying only the subreflector and thus has no moving cables or RF parts. This 

antenna design also requires a complex computer code to design. The code implemented to design 

the reflectarrays applies several novel acceleration strategies to the spectral domain method of 

moments algorithm in order to speed up the calculations. The theory and mathematical formulations 

behind this algorithm are also presented, as well as the resultant designs and measurements. The 

accelerated codes are used to design several Ka-Band reflectarrays. Measured and simulated results 

are provided.  
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CHAPTER 1 

 Introduction 

 

With the recent advances made in the additive manufacturing community, materials used in Radio 

Frequency (RF) and microwave components and antennas can now be engineered and printed on demand. 

Thus, it is no surprise that 3D printing of RF components and antennas has received a lot of attention [1]. 

Researchers have investigated the possibility to fabricate 3D printed antennas and RF components at 

gigahertz and terahertz frequencies and provided measurements of the electrical properties of common 

polymers used in polymer jetting 3D printers [2] [3]. Even satellites and space-borne antennas are being 

considered as 3D printable candidates [4]. The polymers can be mixed with nanoparticles to engineer 

materials with a wide range of dielectric properties [5]. These materials have been called ‘artificial 

dielectrics’ in the literature [6]. In this work, we take advantage of these advancements to prototype and 

manufacture engineered materials used in microwave lens antennas by simply ‘printing’ the resultant 

antenna and material. Without the advancements made in additive manufacturing, the work presented here 

would have not been possible as fabrication challenges for continuously spatially variant materials is great 

for frequencies above 10 GHz. A classical graded-index lens antenna is the Luneburg Lens first proposed 

by R.K. Luneburg in 1949 [7]. This lens focuses a plane wave to a point on the lens diametrically opposite. 

It does this through a Graded Index (GRIN) material with a radially symmetric index of refraction function 

given by ( ) = 2 −  , where r is the radial coordinate and the spherical lens has radius . One of 

the primary benefits of the lens is its superior scan performance which can scan to any angle without 

incurring scan loss. Since the inception of Luneburg’s lens, research has progressed. Consequently, many 

papers have been published. In 1952, Eaton derived an expression for the permittivity of a spherically 

symmetric lens which does not restrict the rays to exit parallel to the symmetry axis of the lens [8]. Gutman 
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derived an expression for a spherically symmetric lens with the focus interior to the lens [9]. Peeler, 

Kelleher, and Coleman reduced the weight of the lens by incorporating a metal reflector which divides the 

lens in half and effectively images the feed so as though it looks as to radiate from the virtual source [10]. 

Kay provided expressions for determining the permittivity function for a spherically symmetric lens to 

produces any desired beam pattern [11]. Morgan later generalized the procedure [12]. Mosallaei and 

Rahmat-Samii applied optimization strategies to create high efficiency non-uniform Luneburg Lenses [13]. 

These studies were performed on spherically symmetric lenses. Due to its spherically symmetry, the 

Luneburg lens can scan to any angle without incurring any scan loss, and since the design is based solely 

on geometric means, the lens is inherently broadband. However, due the spherical surface of the lens and 

the GRIN material filling the volume of the lens, the weight of the lens becomes impractical for applications 

requiring highly directive antennas. Therefore, the antenna community has seen recent work on ‘slimming’ 

the Luneburg lens to reduce the weight. For example, In [14] and [15],  Demetriadou and Hao used the 

concepts of transformation electromagnetics to produce a slimmed Luneburg lens with a reduced volume 

of 1/6th the volume of the equivalent spherical lens. However, the transformation electromagnetics process 

requires relative permittivity’s as high as 12 and relative permeabilities less than 1.  

In this work, a novel hybrid numerical technique based on curved ray Geometrical Optics in general, 

isotropic, inhomogeneous, media will be developed and used to design slimmed, shaped, engineered 

material, inhomogeneous, 3D-printed, all dielectric lenses for next generation spaceborne wind 

scatterometer instruments. The algorithm will be linked with an optimization technique to synthesize the 

lens geometry and material inhomogeneity. These lenses will be designed to produce a spinning, conically-

scanned beam, by forcing azimuthal symmetry and feeding the lens from a ring-type foci locus.  

Reflectarray antennas are another class of antennas which have seen recent progress in research and 

development. A reflectarray antenna is a conjunction of a phased array antenna and a reflector antenna. The 

phased array is a periodic structure which allows one to achieve direct aperture field control via discretizing 

the otherwise continuous aperture field into unit cells of which an individual excitation is provided. In the 
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case of the reflectarray antenna, the phased array acts as a reflecting surface and the individual excitations 

are provided by small radiators which can be tuned to provide any reflection phase in the range of 0° to 

360°. Typically, the small radiators are microstrip printed patch elements which are detuned from resonance 

by varying the patch dimensions and thereby tuning the phase of the reflection coefficient. The reflectarray 

antenna is a relatively new technology and is just starting to see applications in space-borne settings and 

satellite applications [16], [17]. Due to its planar structure, the antenna can be folded into panels and 

deployed. The antenna technology is also more compact than a comparable parabolic reflector as there is 

no pre-defined geometric focus. The reflectarray antenna can be designed for any focal point and F/D ratio. 

It was in 1960 that the reflectarray concept was first conceived by Berry, Malech, and Kennedy [18]. The 

concept used an array of variable length shorted waveguides as a reflecting surface fed by a pyramidal horn 

antenna. The first mention of microstrip radiators was in 1978 by Malagisi [19]. Microstrip radiators 

allowed the antenna to become planar and low profile ushering in a new era of reflectarray research. That 

same year, the first record of the infinite array analysis/design method for microstrip reflectarrays was 

published [20]. By 1995, the reflectarray was an active area of research as can be noted by the publication 

of two Ph.D. dissertations out of the University of Massachusetts [21], [22]. These two dissertations provide 

the first full account of algorithmic details for design and analysis of microstrip reflectarrays at millimeter 

wave frequencies. Thus, they provide the base algorithm improved upon in this work. Their algorithms are 

based on the Method of Moments implemented in the spectral domain. The algorithm calculates the 

reflection dyad from each patch embedded in an infinite periodic array of identical patches [23]. The doubly 

infinite periodicity allows the problem to be reduced to a single unit cell. The algorithm suffers from 

inherent drawbacks, and thus must be accelerated for integration into an optimization loop. In this work, 

novel acceleration methods are applied to the Spectral Domain Method of Moments (SDMoM) algorithm 

producing a program which runs two-orders of magnitude faster than the original algorithm presented in 

[21], [22], and [23]. This accelerated algorithm is then used to design and analyze two reflectarrays. Once 

a Ka-Band 26.5GHz 1200 element offset fed scanned beam reflectarray antenna and the other a compact, 

deployable, Gregorian dual reflector reflectarray system to fit within the 6U CubeSat paradigm. 
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To design the aforementioned antenna technologies, new novel codes must be developed. Non-

canonical problems in electromagnetics and antenna design require the discretization of Maxwell’s 

equations to facilitate numerical solution methods solved on a computer. Next generation antennas are being 

pushed to meet ever-increasing complexity and requirements and thus the design techniques must be 

evolved to meet these demands. Space Borne antenna designers are being asked to meet simultaneous 

design requirements of which the current analytical techniques used to solve common canonical problems 

in antenna design and the current numerical techniques in common use in the community today have 

difficulty meeting due to the antenna complexity, computer resource requirements, and because there is no 

a-priori way to obtain the optimal antenna specifications or design. Thus, a new approach based on 

hybridizing the techniques of analytic formulation, numerical Computational Electromagnetics (CEM) 

algorithms, and global optimization strategies must be developed to meet these needs. Certain CEM 

algorithms are better suited for different situations than others. For example, the Method of Moments is 

better suited for geometries which are not very large in terms of wavelength as the algorithm requires 

meshing and matrix inversions, whereas Geometrical Optics may be a better choice for electrically large 

scatterers or antennas as the algorithm is purely geometric and algebraic and requires no meshing or large 

matrix inversions. Also, to shape antennas for greater efficiency or to produce a very specific type of beam, 

one must employ optimization strategies to obtain non-intuitive results. By hybridizing common numerical 

algorithms in computational electromagnetics with optimization strategies, one can gain a general tool with 

a great level of flexibility for antenna design for many situations. Figure 1 shows a high-level flowchart of 

the hybridization scheme used in the synthesis of the antenna technologies presented in this dissertation. 
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Figure 1. High level flowchart of the numerical synthesis algorithms for next generation spaceborne scatterometer and 
CubeSat antennas development. 

The motivation to investigate next generation 3D printed lens antennas and reflectarray antennas for 

space-borne settings has prompted the need for new hybrid synthesis algorithms. These codes will need to 

be efficient and accurate to be integrated into an optimization routine such as Particle Swarm Optimization 

(PSO) to meet the design requirements. Thus, novel acceleration techniques will need to be developed and 

applied to the base algorithms of Geometrical Optics (GO) and MoM. This dissertation presents these 

algorithms, novel acceleration schemes, and two next-generation space-borne antenna designs, a shaped 

inhomogeneous light weight lens antenna for next-generation earth-science scatterometers and a Gregorian 

dual reflector reflectarray antenna system for next-generation CubeSat missions. 
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CHAPTER 2 

3D-Printed, Shaped, Inhomogeneous, Dielectric Lens Antennas for Next 

Generation Space-Based Wind Scatterometers 

 

 INTRODUCTION 

2.1.1 Definition of Problem 

Wind scatterometer weather radar satellites are instruments capable of measuring the near-surface wind 

velocity vectors over the earth’s oceans [24]. These satellites carry high gain antennas which emit of pulse 

of electromagnetic energy toward the surface of the earth’s oceans and measures the returned scattered 

signal. This measurement is used to derive the Radar Cross Section (RCS) of the surface of the ocean. The 

RCS is a function of the surface roughness of the ocean, which in turn is a function of the near-surface 

winds. Examples of two of NASA’s wind scatterometer weather radar satellites are shown in figure 2.  

  

Figure 2. (left) QuikSCAT satellite wind scatterometer. The rotating dish antenna is depicted in the bottom of the 
figure [25]. (right) RapidSCAT satellite wind scatterometer. The rotating dish antenna is depicted in the bottom 

right of the insert of the figure [26]. 
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The figure shows two of NASA’s spaceborne wind scatterometers. The one on the left is the QuikSCAT 

carrying the SeaWinds scatterometer. The unexpected failure of its predecessor, the NSCAT in 1997 

prompted the development of QuikSCAT, which was launched on June 20th, 1999. In order to derive the 

wind vector from the RCS measurements, the scatterometer must take multiple measurements along a 360° 

conical scan. To achieve the conical scan, a parabolic reflector antenna is revolved about a fixed axis by a 

mechanical motor.  On November 23rd, 2009, bearing seizure in the rotating mechanism used to scan the 

antenna caused the satellite to be decommissioned by NASA [27]. Moving parts and frictional wear 

ultimately are the single point of failure of the satellite. The one on the right is RapidSCAT, designed as a 

quick replacement following the failure of QuikSCAT. This scatterometer is affixed to the International 

Space Station (ISS) and also contains a rotating parabolic reflector antenna. The rotation is achieved again 

by a mechanical motor. This satellite was launched on September 21st, 2014. This satellite was also 

decommissioned in 2016 on November 18th due to a power failure on the ISS. Needless to say, weather 

radar instruments have shown chronic failure due to moving mechanical parts wearing over time. These 

current systems achieve a conical beam scan by rotating a parabolic reflector antenna by mechanical means. 

New designs should avoid moving parts and transition to a full electronic version while maintaining similar 

performance. In this dissertation, we present one such design, which can achieve a conical beam scan 

through full electronic means.  

2.1.2 Spaceborne Wind Scatterometer Fundamentals of Operation 

Wind scatterometer weather radar satellites operate by transmitting a pulse of microwave energy toward 

the ocean surface and measuring the backscattered power. The backscattered power is used to calculate the 

radar cross section (RCS) of the ocean surface. Stress to the surface of the ocean caused by the near surface 

winds cause surface waves to develop and the surface to roughen. The relationship between the calculated 

RCS and the near surface wind vector must be known to then extract the wind vector from the RCS 

calculations. The basic radar equation is used to calculate the RCS from the backscattered received power 

[24]  
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where  is the RCS, R is the slant range to the surface,  is the transmit power,  is the received 

backscattered power, L represents known system losses, G is the antenna gain, A is the effective illuminated 

area, and λ is the wavelength of the transmitted radiation. The total power received is actually a combination 

of noise power, , resulting from instrument noise and from the natural emissivity of the earth and 

atmosphere at the radar frequency, and , the backscattered power. Since the satellite is pointed to the hot 

earth, the background temperature of the environment that the antenna is pointed to causes the antenna to 

have a larger antenna noise temperature. The instrument is also at some thermal temperature which also 

contributes to the system noise temperature.  must be estimated and subtracted from the measured power 

( + ) in order to extract . This noise-free  is then used in conjunction with (2.1.1) to calculate , 

the RCS. The function relating the calculated  to the wind vector ⃗ is called the Geophysical Model 

Function (GMF). Theoretical models of near-surface wind and sea surface geometry have not been readily 

developed, and thus the GMF relies heavily on previous observations and measurements. These empirical 

models have been developed from the Seasat wind scatterometer data. Seasat was NASA’s first wind 

scatterometer, launched in 1978, and contained two orthogonal stick antennas positioned 90 degrees apart. 

Several million  measurements were made by Seasat and formed the data from which the SASS-2 Ku-

Band Geophysical Model Function was derived from. In general, = (| |, , … , , , ), where the 

quantities are shown in figure 3.  
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Figure 3. Wind scatterometer satellite beam geometry [28]. The satellite emits a beam incident upon the ocean 
surface at elevation angle  with respect to the surface normal and azimuthal angle  with respect to the wind 

velocity vector. The incident beam sweeps through 360° in azimuth collecting multiple measurements of the RCS of 
the earth’s oceans.  

The wind vector ⃗ has magnitude | | and direction . The incident electromagnetic pulse at angle  from 

the vertical makes an azimuth angle  with the wind vector direction . The SASS-2 Geophysical Model 

Function is graphically shown in figure 4. 

  

Figure 4. (left)  . | | for cross-wind azimuth ( = 90°) for v-pol. The different curves show the results for the 
indicated incidence angle . (right)  .  for incidence angle = 30° for h-pol. [24] 

These two plots collectively represent the GMF function derived from Seasat data. The plot on the left 

shows  vs. | | for various incidence angles  for a fixed azimuth angle in the cross-wind direction 

( = 90°) for v-pol. The plot on the right shows  vs.  for a fixed incidence angle of = 30°. The first 
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thing to observe from the left plot is that  has a greater dynamic range for greater incidence angles. These 

observations become paramount in selecting the correct antenna geometry. The second observation for the 

left plot is that as the wind speed picks up,  increases. The right plot shows this same trend, as wind speed 

picks up, the RCS increases. The second observation for the right plot is the relationship between the angle 

between the incident beam and the wind direction can be described by a cos (2 ) type function. This 

relationship will become important when the GMF shown in figure 4 is inverted to obtain the wind direction. 

The depth of the cos (2 ) function is greatest for low wind speeds and for largest incidence angles. An 

important observation of the right plot in figure 4 is the slight asymmetry between the values of  for =

0° and for = 180°. This is important as without this slight asymmetry, the inversion would always result 

in an 180 degree ambiguity. The backscattered returns are mostly due to resonant Bragg scattering with 

wave separation on the order of the radar wavelength. In order to invert the GMF and obtain the wind vector 

from the RCS measurements, multiple azimuthal measurements are necessary. This is depicted in figure 5.  

 

Figure 5. Wind vector magnitude | | vs. direction  for collocated noise free measurements of  obtained from 
various azimuthal angles. The dark solid line is for antenna azimuth angle 0° v-pol. The dashed line is for antenna 
azimuth angle 90° and for v-pol. The dashed-dot line is for antenna azimuth angle of 25° h-pol. The dotted line is 

for antenna azimuth angle of 25° h-pol. The arrows indicate the possible 4-fold solution using only the antenna 
azimuth look angles of 0° and 90°. [24] 
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The plot shows the curves of possible wind vectors for single measurements of  made at a single 

observation angle. For example, the dark solid line is for an antenna azimuth angle of 0° and each point on 

the curve represents a possible wind vector derived from that single measurement of . Thus, for a single 

RCS measurement, there exist many possible solutions. Therefore, multiple measurements from different 

azimuth angles must be made to obtain an unambiguous wind vector determination. When only two azimuth 

angles are used, such as the case of the Seasat scatterometer which had 2 orthogonal antennas, there exists 

a 4-fold ambiguity in the possible wind vectors. This 4-fold ambiguity is shown as the arrows in figure 5. 

Thus, more than 2 measurements must be taken. Where all wind vector curves taken at each of the azimuth 

angles intersect, the correct wind vector can be determined. The antenna geometry must therefore take into 

account the necessity to obtain multiple azimuthal angle RCS measurements over a wide swath during each 

orbit if the scatterometer is to obtain global coverage. Thus, multiple wide swath beams are needed. 

However, this also places restriction on the resolution, which is a function of the beamwidth. In addition, 

the antenna needs to produce a beam at a large incidence angle  for best measurements. Therefore, the 

antenna design represents the the most fundamental issue in scatterometer design. Two popular topologies 

exist. The first is a multiple fan beam antenna scatterometer design as shown in figure 6. 
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Figure 6. Wide swath fan beam wind scatterometer antenna topology. Three fan beams oriented in different azimuth 
angles cover a wide swath on each side of the sub-satellite track. [29] 

Early scatterometers used this antenna topology. Each side of the sub-satellite track contains 3 wide swath 

fan beam antennas oriented at different azimuth angles. As the satellite moves over a point on the ocean 

surface, the first antenna attains a measurement at some azimuth angle, then the second antenna passes over 

the same spot taking a measurement of the same point at its azimuth angle. Finally, the third and last antenna 

takes a final measurement at its azimuthal angle. In this way, three collocated measurements of the same 

spot of ocean surface are taken at three different azimuth angles, allowing unambiguous inversion of the 

GMF function to obtain the wind vector. The second type of wind scatterometer antenna topology is the 

spinning spot beam antenna. This antenna choice uses a conically scanned pencil beam antenna which 

revolves by mechanical means through all 360° of azimuth angles. This is the type of scatterometer antenna 

is the type shown in the wind scatterometers of figure 1 and 3. This antenna topology has been shown to be 

superior to the fan beam designs [30]. The reasons are because the design employs a single large aperture 

antenna affixed to the spacecraft which does not require complex deployment or stowage. This is a highly 
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desirable feature in times where smaller payloads are demanded by newer missions. Further, many 

azimuthal angle measurements can be taken resulting in the highest quality wind vector measurements. 

Also, because the antenna illumination is concentrated in a smaller area, a much higher signal-to-noise ratio 

(SNR) can be obtained with a smaller transmitter, resulting in reduced power requirements. And finally, 

there is no ‘nadir gap’ in the measurements, which is the central part of the swath of which is directly under 

the spacecraft where the fan beams do not illuminate. The spinning spot beam antenna emits a highly 

directive spot beam which revolves around the spacecraft nadir direction continuously through the full 

range of azimuth angles. However, as eluded to before, this design requires moving parts which are the 

single point of failure for the satellite system. A table which chronicles the current and past wind 

scatterometer satellites and also the future planned satellite missions is shown in figure 7 and 8 below.  

 

Figure 7. Current and past wind scatterometer satellites. [31] 
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Figure 8. Future wind scatterometer satellites. [31] 

Note, most of the future missions are for the spinning spot beam conical scan antenna topology which 

operate at Ku-band. This motivates our antenna design presented as part of the research of this dissertation, 

a spinning spot beam wind scatterometer radar antenna which creates the spinning spot beam all 

electronically while avoiding moving parts which are prone to failure through mechanical wear. This new 

antenna could be adopted for future spacecraft carrying wind scatterometer weather radars which utilize 

conical scan type radar antennas.  

2.1.3 Proposed Solution 

The proposed solution is to generate a conically scanned spot beam. Of the few design choices without 

mechanical scanning, the Luneburg Lens Antenna comes to mind [2]. This class of inhomogeneous 

spherical lenses can achieve electronic scanning of a beam through a conical pattern sweep with no scan 

loss. However, these lenses are too massive and heavy for space applications. Thus, a more lightweight 

design which achieves similar azimuthal scan performance at a fixed elevation angle is desirable. The 

restriction to only a subset of the full scan range of the Luneburg lens allows one to reduce the volume of 

the inhomogeneous lens. Our approach to achieving such a design is a shaping algorithm based on 

geometrical optics (GO) [3] and particle swarm optimization (PSO) [4]. A high-level block diagram of the 

approach is shown in Figure 10. The GO is equipped with the capability to trace curved rays through 

inhomogeneous media, thus allowing the synthesis of both shape and material. The extra degree of freedom 

through material engineering allows one to obtain even thinner, more lightweight lenses, with superior scan 



 
 

15 
 

performance. We use our shaping algorithm to design an off-axis scanned beam lens. By symmetry, the 

lens can sweep that scanned beam in azimuth through a full 360 degrees without any change in pattern. 

This design meets the goals of light-weight and conically scanned rotating beams via electronic means, thus 

achieving the original project goals. The antennas are then 3D printed in separate voxels by realizing the 

lens material inhomogeneity through variable print polymer fill fraction within each voxel [5]. 

 

Figure 9. Evolution of Design Choices for Next Generation Electronically Scanned Scatterometer Antennas 

The following sections provide the details of the design codes and the results of the synthesis, design, 

analysis, 3D printing fabrication, and measurements of multiple shaped, inhomogeneous engineered 

material, dielectric lens antennas.  

 HIGH LEVEL PROGRAM FLOWCHART 
Here we provide a high-level flowchart of the data flow of the synthesis technique. Having defined the 

problem and proposed a solution, we formulate a method to arrive at the solution by developing a high-

level flowchart for the design process. As eluded to in the previous section, the linkage between the 

Geometrical Optics (GO) Algorithm and the Particle Swarm Optimization (PSO) Technique will form the 

heart of the algorithm and allow the synthesis of an inhomogeneous lens for nearly any desired aperture 
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field distribution. Shown in Figure 10 below is the high-level program flowchart showing this linked 

algorithm. 

 

Figure 10. High level program flowchart showing the linkage between or the hybridization of the Geometrical 
Optics algorithm and the Particle Swarm Optimization technique into the synthesis package. The red text in the 

blocks within the figure indicate which sections of this chapter pertain to the respective block.  

 

Each block within the flowchart will be described in the sections indicated by the red text within the 

respective block. A functional expansion for both the surface description of both the top and bottom surface 

of the lens and for the material parameters of the inhomogeneous material filling the volume of the lens is 

given in Section 2.4. In section 2.3, we derive the key equations of geometrical optics starting from 

Maxwell’s equations. These results are necessary to write the computer programs of which we present the 

algorithmic details of section 2.4. The particle swarm optimization (PSO) technique is described in detail 

in section 2.5. The PSO algorithm intelligently converges upon the optimum coefficients defining the 

surfaces and materials within the volume of the lens. The vector containing all of the coefficients which 
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define a particular lens design are passed into the GO analysis program. The GO program then evaluates 

the design passed to it by PSO and assigns to it a scalar value indicating the designs ‘goodness’ as described 

by a carefully designed fitness function. This scalar is passed back to PSO for comparison with the other 

designs tested and to aid in the definition of the next design to test. This linkage between the analysis engine 

of Geometrical Optics and the optimization engine of Particle Swarm Optimization is clearly depicted in 

Figure 10 as a feedback loop labeled ‘synthesis loop’. Once the optimization loop converges, the final 

optimum set of coefficients is output. These coefficients define the optimum design. That design is then 

modeled in Full-wave simulation tools when applicable and/or fabricated through 3D printing and 

measured. We next describe the details of each of the sub-blocks themselves in the sections to follow.   

 

 DERIVATION OF GEOMETRICAL OPTICS FOR 

INHOMOGENEOUS MEDIA FORMULATIONS 
This section chronicles the mathematical formulations of the geometrical optics technique [32], [33]. These 

formulas will ultimately then be used to create the program. We begin with Maxwell’s equations and 

derived formulas which are used to trace the amplitude, phase, and polarization of the electromagnetic wave 

as it propagates through the inhomogeneous media filling the volume of the lens antenna. Special cases of 

the derived formulations for homogeneous media are also provided. The theory of Geometrical Optics relies 

heavily on the mathematics of Differential Geometry. An excellent monograph on the theorems of 

Differential Geometry is available in [34]. The flowchart presented in figure 11 below depicts the 

mathematical flow of formulations derived in this section. The numbers within each box of the flowchart 

in the figure correspond to numbered results within the text. For example, equation (2.3.3) derived below 

is labeled as ‘Box 1 Result’ when presented in the text and corresponds to the box labeled as ‘Box 1’ in the 

figure. This labeling strategy helps correlate the mathematical derivations to the flowchart. The flowchart 

should be referred to when reading through this section. 
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Figure 11. Geometrical Optics theory key equation flowchart. The numbered boxes are associated with numbered 
results in the text.  

 

2.3.1 Calculation of the Ray Paths 

We assume first a lossless, isotropic, spatially inhomogeneous, source free medium. For time harmonic 

time variation of , the Maxwell Equations are 
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  (2.3.1) 

where ⃗ is the electric field intensity vector, ⃗ is the electric flux density vector, ⃗ is the magnetic field 

intensity vector, ⃗ is the magnetic flux density vector,  is the electric permittivity of the medium,  is the 

magnetic permeability of the medium,  is the radian frequency of the electromagnetic field, and ⃗ is the 

observation point position vector. In homogeneous media, the plane wave solutions can be constructed as 
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      (2.3.2) 

Which indicates the accumulation of phase is proportional to the reduced wavelength or equivalently the 

reduced velocity of propagation within the medium of index of refraction n. The unit vector ̂ points along 

the direction of propagation and thus one may write the propagation vector as ⃗ = ̂. The complex 

valued vector functions ⃗ and ℎ⃗ describe the electric and magnetic field vectors. Note, here n is the index 

of refraction and is defined by = √ . In an inhomogeneous medium, the index of refraction becomes 

a function of position and thus the plane wave solutions take the form 

Box 1 Result: 
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      (2.3.3) 

Note here, the function ( ⃗) accumulates Optical Patch Length when integrated along some path within the 

medium and thus accounts for the inhomogeneity of the medium. Substitution of the postulated plane wave 

solutions of (2.3.3) into (2.3.1) gives the result 
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  (2.3.4) 

As we are interested in the geometrical optics limit solution of Maxwell’s Equations, namely, when the 

→ 0 or equivalently → ∞, the RHS of (2.3.4) can be neglected. Thus, we have 
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  (2.3.5) 

These equations collectively indicate plane wave solutions with a right-handed mutually orthogonal 

relationship between ∇ , ⃗, and ℎ⃗.  If one takes the curl of the first of equations (2.3.5) and substitutes the 

second, we obtain  

  1 0S S e c e
c




            

 
  (2.3.6) 

By the vector identity ⃗ × ⃗ × ⃗ = ⃗ ⃗ ∙ ⃗ − ⃗ ⃗ ∙ ⃗ , we have  

     2 0S S e e S S c e       
  

  (2.3.7) 

But ⃗ ∙ ∇ = 0 by (2.3.5), and since ⃗ is not identically zero, we have 

Box 2 Result: 2 2S n    (2.3.8) 

A result known as the Eikonal Equation. The Eikonal Equation relates the rays (space curves) to the 

orthogonal wavefronts (surfaces). Next, we may investigate the time-average Poynting vector 
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  (2.3.9) 

Which shows the average power flows in the direction defined by ∇ . We know that ∇  is orthogonal to 

( ⃗) =  by definition of the gradient, and thus the rays are orthogonal to the wavefront ( ⃗) =

. Parameterizing the ray path in terms of arc-length parameterization, we then have  
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   (2.3.10) 

By the Eikonal Equation we can write 

 S n S nt        (2.3.11) 

Also note, the tangent vector to the ray ̂ is also the normal vector to the wavefront surface ̂. This only 

occurs when the medium is isotropic, meaning the index of refraction or equivalently the electric 

permittivity or magnetic permeability is not a function of the electric field direction. Using the result of 

(2.3.11) in (2.3.9) we obtain 

  2 21
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       (2.3.12) 

where  is the time average of the energy density for the monochromatic wave,   is the velocity of 

propagation. This result shows energy flows along the ray. One may write the intensity of the ray as 

 av
cW I
n

   
 

  (2.3.13) 

Note, since  
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  (2.3.14) 
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which is a statement of energy conservation. Since the average energy density is independent of time in a 

lossless medium at steady state, we have 

   0avS It  
    (2.3.15) 

To interpret (2.3.15) we refer to a flux tube of rays as shown in Figure 12. The figure shows a tube of rays 

created around the axial ray by a number of paraxial rays. 

 

Figure 12. Flux tube of rays created by considering a class of para-axial rays around an axial ray 

As the rays are orthogonal to the wavefronts surfaces, the tube of rays intersects a wavefront surface at  

and at  and cut out a cross-section of the wavefront surface. The power which flows through a surface 

area  must be conserved and thus also flows through area . Mathematically, if ∇ ∙ ( ̂) = 0, this 

implies that all flux entering a point must also leave the point, namely, no net flux flows through any point. 

We may integrate the above relation by evoking the divergence theorem 

     0
v S

It dv It ds    
    (2.3.16) 

Since we know power does not flow orthogonal to the rays per (2.3.12), then the above integral reduces to 

the difference of the power flowing through the two surfaces, 
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  (2.3.17) 

Which is a result known as the Intensity Law of Geometrical Optics. For homogenous media, this result 

leads to an expression relating the transport of the electric field amplitude vector.  

We next derive the Light-Ray Equation from the Eikonal Equation. The Light-Ray Equation is a vector 

equation for the ray. We begin with 
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Differentiating both sides with respect to the arc-length parameter 

Box 3 Result: 
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Therefore, we have 
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  (2.3.18) 
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which is known as the Light-Ray Equation. One can solve (2.3.18) to obtain the ray path. We can make an 

appeal to the Frenet-Serret apparatus to obtain a result in terms of the ray curvature . From the Light-Ray 

Equation (2.3.18), we obtain 
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Next, we scalar multiply through by  to obtain 
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  (2.3.19) 

This result shows that the rays tend to bend toward higher indices of refraction. For homogenous media, n 

is constant and consequently the RHS of (2.3.18) is zero. In this case, (2.3.18) is describing rays with zero 

curvature, or simply straight lines. 

 
2

2 0d r
ds


 

  (2.3.20) 

We conclude the rays are straight lines in homogeneous media. In this type of medium, the rays can be 

parameterized as 

   
0 lr s r sr 

 
  (2.3.21) 

where s is the ray parameter and 0r


which points to the start point of the straight ray and 

lr is a unit vector 

in the direction of the straight ray. For inhomogeneous media, the Light-Ray Equation must be solved 

numerically except in few special cases involving a high degree of symmetry. A popular numerical method 
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to solve first order ODE’s is the Runga-Kutta method. The Runga-Kutta method is highly accurate when 

taken to the 4th order (RK4) and has the advantage of numerical simplicity. The Light-Ray Equation was 

solved numerically by the RK4 method in isotropic, inhomogeneous media in [35]. Here, we follow the 

same procedure. To solve (2.3.18) by the RK4 method, we must recast the equation into a first order ODE 

by defining a reparameterization of  

 
dst ds ndt
n

     (2.3.22) 

Which when substituted into (2.3.18) gives 
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Next, we define a tangent vector to the ray called the Optical Ray Vector of ⃗ = ⃗ . Using this definition, 

we obtain 

Box 4 Result: 
dT n n
dt

 


  (2.3.23) 

Which can be solved by the numerical method RK4. The application of RK4 to solve (2.3.23) numerically 

results in a set of points on the ray { ⃗ } and a set of Optical Ray Vector Tangents { ⃗ } at each of the points 

along the ray defined by { ⃗ }. The set of points and tangents allows one to interpolate between the points 

using Cubic Spline Interpolation and thus obtain a parameterization of the ray. The form of the spline 

interpolants and hence the parameterized ray position vector are 

Box 5 Result: 
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  (2.3.24) 



 
 

26 
 

Note, the path parameter varies from 0 ≤ ≤ ∆ , where ∆  is the RK4 algorithm step size between points. 

Thus, a new cubic spline results between each set of points and the path parameter t resets its domain back 

to 0 ≤ ≤ ∆  between each two points. Finally, we conclude with the formulation to obtain the Optical 

Patch Length along a ray from point A on the ray to another point B on the ray through integration 

Box 6 Result: ( ) ( )
B

A

OPL S B S A ndt      (2.3.25) 

This completes the calculation of the ray path parameterization. 

2.3.2 Calculation of the Amplitude Variation Along the Ray 

In this section, we derive an expression which relates the amplitude of the electric field vector a point along 

the ray to that at a reference point on the ray. The derivation again begins with Maxwell’s Equations. 

Restated, they are  
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We derive a wave equation in ⃗  
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Next, we evoke the identity ∇ × ∇ × ⃗ = ∇ ∇ ∙ ⃗ − ∇ ⃗ to write the above as 
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Which is the wave equation for the electric field in isotropic inhomogeneous media. Substitution of the 

assumed plane wave solutions of (2.3.3) results in 

      0 0 0 02 2 ln ln 0jk S jk S jk S jk See ee ee ee              
   

  

After some algebraic manipulation, one obtains 
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where  
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       (2.3.27) 

In the high frequency limit, we let → ∞, which implies ⃗ = ⃗ = 0. Therefore, we have 
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And since ⃗ is not identically zero, we recover the Eikonal Equation |∇ | = . Using this result in the 

wave equation of (2.3.26), we obtain 
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Since we are interested in the high frequency limit, the above implies 
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which can be written as 
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Since the operator ( ̂ ∙ ∇) =  , the above become 

Box 7 Result:  21 1 ln ln 0
2

e S e e n t
s n s

          

      (2.3.28) 

Which is a key result known as the Transport Equation. The Transport Equation describes the variation of 

both the magnitude and direction of ⃗ along the ray. We solve the Transport Equation twice, once for the 

magnitude variation and separately for the direction variation. To derive the formulation which describes 

the amplitude variation along the ray, we try to formulate an equation describing | ⃗| = ⃗ ∙ ⃗∗ by taking the 

scalar product of (2.3.28) with ⃗∗ 
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Thus, we have 
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Next, to eliminate the second term, we can form the conjugate equation and add the two results. Doing this, 

we obtain 
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Next, we divide through by ⃗ ∙ ⃗∗ to form an equation involving the rate of change of the amplitude with 

respect to arc-length 
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  (2.3.29) 

Integrating both sides with respect to arc-length from a point A on the ray to a point B on the ray, we obtain 
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By the fundamental theorem of calculus, we arrive at the result  
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  (2.3.30) 

We can take the derivation a step further. Noting that  
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we can rewrite (2.3.30) as  
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Next, we note that ⃗ ∙ ⃗∗ = | ⃗| , we can take the square root of both sides of the above to obtain an 

expression relating the amplitude of ⃗ at one point along the ray to another 
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  (2.3.31) 

We can take equation (2.3.31) one step further to relate the divergence of the ray tangent to the wavefront 

surface. To do this we must evoke a theorem of differential geometry. The derivation of the following 

theorem can be found in appendix B of this dissertation. The theorem states 

 1 2
1 2

1 12 Mt
R R

           (2.3.32) 

where  is the gaussian curvature of the wavefront surface and ,  are the radii of curvatures of the 

wavefront surface. Substitution of this result into (2.3.31) results in  
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Box 8 Result: 
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  (2.3.33) 

Note also, that (2.3.33) is the solution to the differential equation / = −( + ) , which states that 

the change in intensity of the electric field with respect to the arc-length parameter is proportional to the 

mean curvature of the wavefront associated with the ray. Thus, if the wavefront curvature increases, then 

the intensity of the field decreases, which agrees with the conservation of energy within a flux tube of rays. 

The above result is the key result used in the Geometrical Optics program used for this research.  

We next derive the special case of (2.3.31) for homogeneous media. For homogenous media, this results in 

the following relation 
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a consequence of rectilinear propagation. Using this result in (2.3.31) results in  
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Note, in homogeneous media, ( ) = ( ) and thus we obtain the result 
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  (2.3.34) 

The above is referred to as the divergence factor in literature. This concludes the derivations of the 

amplitude variations along the ray.  

2.3.3 Calculation of the Polarization Variation Along the Ray 
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In this section we again solve the Transport Equation (2.3.28) for the variation in the direction of the electric 

field along the ray. To recast the Transport Equation into an expression involving the variation of the 

direction of the electric field vector, we divide through by √ ⃗ ∙ ⃗∗ to form the unit vector ̂  

  2

* * *

1 1 1 ln 1 ln 0
2

e eS e n t
s n se e e e e e

            

   
        

Now since  

 
* * *

1 1e e e
s s se e e e e e

         
          

  
        

We have  

    * 21 1 lnln ln 0
2

e e e S e e n t
s s n s

              

        

Using the second result of (2.3.29), the second term of the above is zero, thus, we obtain the result 

Box 9 Result:  lne e n t
s


  


     (2.3.35) 

which governs the rate of change of the polarization along the ray. The result shows that the infinitesimal 

increase of ̂ as the point ( , , ) is moved along the ray is parallel to the ray. This is the key result used 

in the Geometrical Optics program used in this research. We conclude with the special case of (2.3.35) for 

the homogeneous case. Since the rays are straight lines in homogeneous media from (2.3.20), the curvature 

of the ray is zero. Thus, for homogeneous media, (2.3.35) becomes 

 0e
s







  (2.3.36) 
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The result indicates that the electric field does not change direction along the ray, and thus can simply be 

parallel transported along the ray from point A to point B.  

2.3.4 Table of Relevant Formulas from Geometrical Optics 

In this section, we provide a table listing the key results of the previous sections. These formulations are 

relevant for the geometrical optics program used as part of this research and provided in the next section.  

Table 1. List of key formulation of Geometrical Optics Theory used in the code 

 Homogeneous Case Inhomogeneous Case 

Ray Path   
0 lr t r tr 

 
 d drn n

ds ds
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 INHOMOGENEOUS LENS SYNTHESIS PROGRAM ALGORITHMIC 

DETAILS 
In this section, we use the results derived in section 2.3 to formulate the algorithmic details of the 

geometrical optics program. The programs main objective is to calculate the far field radiation pattern 

arising from the lens/feed antenna system as depicted in figure 13.  
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Figure 13. Lens analysis program high level flow. The radiation emanating from the patch antenna feed propagates 
through the shaped, inhomogeneous dielectric lens, and to the aperture plane. The magnitude and phase of the fields 
each of the tangential field components in the aperture plane are interpolated separately. The Fourier transform of 

the interpolated aperture fields gives the far field radiation pattern.  

The radiation emitted by the feed antenna propagates through the inhomogeneous lens antenna and 

impinges upon the aperture plane where it is interpolated. The lens transforms the wavefront by nature of 

its shape and material definitions. The far field pattern is calculated from the interpolated aperture fields 

through the Fast Fourier Transform (FFT). The detailed calculation of the fields in each of the regions above 

are given next. 

2.4.1 Definition of the Problem 

The geometry of the synthesis problem under consideration is sketched in Figure 14. A lens is 

illuminated by the incident field from a source located at the point ⃗ . The problem is to determine the shape 

of the bounding surface and permittivity of the medium filling the inhomogeneous lens to obtain a desired 

aperture field in the exit aperture plane. In this section we shall describe the various elements involved in 

the problem.  
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Figure 14. Definition of the problem. Coordinate systems, geometry, and all parameterizations are shown. 

Coordinate Systems, and Time Convention: A global rectangular coordinate system (x,y,z) is used. Where 

applicable, a switch to cylindrical coordinates ( , , ) is used by calculating the radial variable  and polar 

angle  from the global x and y coordinates. The feed coordinate system ( , , ) is pointed to by position 

vector ⃗  and located in the xy-plane. An aperture coordinate system ( , , ) with its origin pointed to 

by ⃗  describes points in the aperture plane. Local coordinates systems used to calculate various wavefront 

or surface properties are described where used later. All units are in meters. The time convention is  

and is suppressed throughout.  

Feed Source: The feed is assumed to radiate a spherical phase front from its phase center located at the 

point in the xy-plane pointed to by feed coordinate position vector ⃗ . The feed is also assumed to carry a 

cos  amplitude pattern, along with the spherical phasefront, and polarized in the -direction described by 

    1 2, cos cos cos sinq q
fE       


  (2.4.1) 
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Lens Bounding Surface Parameterization: The -symmetric lens is located with its bi-secting plane 

(parallel to the xy-plane)  meters in the z-direction. This plane also defines the focal length  of the lens. 

The radius of the lens is fixed to a value of  meters. The lens is parameterized as a body-of-revolution as 

   1,2, [ cos , sin , ( )]s cr z f       


  (2.4.2) 

and thus can be described by a generating curve of the form = ( ), where  is the radial coordinate in 

the xy-plane. A separate expansion for the lower (Feed Side) and upper (Aperture Side) surfaces of the lens 

is used. The lower surface is parameterized by the generating curve ( ) and the minus sign chosen in 

(2.4.2), whereas the upper surface is parameterized by the generating curve ( ) and the plus sign is 

chosen. These generating curves are described by 4th order polynomials of the form 

  
4

1,2
0

n
n

n
f a 



   (2.4.3) 

which pass through 5 points chosen in the ,  plane as shown in Figure 15. We found that the fourth order 

polynomial provides enough variation (two inflection points) for all our designs while avoiding a high 

number of oscillations between points. 

 

Figure 15. Parameterization of generating curves of lens surfaces. 

Only 4 out of the 10 total coordinates describing the 5 points are unknown. Since the curve is even only 

those coordinates with positive  are unique, the others obtained through mirror symmetry about the z-axis. 

Of the remaining points of positive , the  coordinate of the first point and the third point are fixed at 0 
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and b. This leave only the  coordinate of the first point, the  and the  coordinate of the second, and the 

 coordinate of the final point as unknown. The even order expansion also allows the lens surface to remain 

smooth upon revolution about the lens axis as the tangent across the z-axis is zero. 

The body-of-revolution surface is obtained by limiting the domain of the generating curve expansion to 

[0, ] and revolving the result about the z-axis. Later it will be seen that this expansion also allows for more 

efficient optimization as the number of unknowns representing the surface is reduced and the solution space 

defined by the range of these unknowns is intuitively defined.  

Lens Volume Permittivity Parameterization: The relative electric permittivity is defined at 10 points chosen 

in the -plane lying within the domain of the lens bounding surface as indicated by the blue dots in Figure 

16.  

 

Figure 16. Parameterization of the relative electric permittivity function of the inhomogeneous volume filling the 
lens. 

A 2-dimensional surface is fit to these values of the form 
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3 3

0 0
, n m

r nm
n m

z a z  
 

   (2.4.4) 

as shown in Figure 16. The 10 points in the domain are chosen by calculating the z-directed thickness of 

the lens at 5 equally spaced points along the  axis. Each z-directed length is divided into thirds or quarters 

and two points are placed along the z-directed length at the points closest to the  axis. For example, Figure 

16 shows a lens cross section in the -plane with 10 blue filled dots where the sample points are chosen. 

The first set of points are distributed along the z-directed line at = 0 bounded by the lens surface. That 

line is equally divided into thirds, and 2 samples are placed along the line spaced a third apart. The next z-

directed line is chosen to be at  = /4 and is bounded by the lens surface at that  calculated by (2.4.3) 

with = /4. This line segment is divided into fourths and 2 samples placed a fourth apart. The thirds then 

fourths segmentation process is alternated until the lens radius  is reached and all 10 samples have been 

placed. This alternation scheme is chosen to distribute the samples uniformly throughout the lens cross 

sectional area. The relative permittivity is defined at those 10 points and a surface is fit to the 10 data points 

using a Linear Least Squares algorithm.  The -symmetry allows this definition to be revolved about the 

z-axis to fill the volume of the lens.  

 The expansion described by (2.4.4) must be range-limited to take values between unity and a predefined 

maximum representing the permittivity of the print material, , used when 3D printing the lens, and 

domain limited to be defined only over the domain of the lens defined by the bounding surface as shown in 

Figure 16. In the case of Figure 16, the allowable relative permittivity range is limited to = 1 to =

= 2.686. We accomplish the first by calculating a compression and/or shift factor of which we pre-

multiply the expansion by and/or add to it. This factor is calculated by following algorithm.  

Four possible cases arise, of which the compression/shift factor is calculated differently. Just after the 

surface given by (2.4.4) is fit to the 10 points, the maximum ( ) and minimum ( ) relative 
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permittivity within the lens domain is calculated. Next the permittivity range ( = − ) is 

calculated. These three values determine which of the four cases is used.  

CASE 1: ( < ( − 1)) and ( < ) and ( > 1). This case corresponds to the permittivity 

already fitting within the allowable range of (   1). In this case, the compression/scale factor is not 

needed and the permittivity function is the same as that given by (2.4.4) 

 , ( , ) ( , )r fit rz z      (2.4.5) 

CASE 2: ( < ( − 1)) and ( > ) and ( > 1). This case means that the permittivity fits 

within the allowable range but is shifted too high, meaning that the maximum ( ) is greater than the 

print polymer material permittivity ( ). Thus, in this case, only a shift factor is needed and the modified 

Equation (2.4.4) becomes 

 , max( , ) ( , ) ( )r fit r r pz z          (2.4.6) 

CASE 3: ( < ( − 1)) and ( < ) and ( < 1). This case means that the permittivity fits 

within the allowable range but is shifted too low meaning that the minimum ( ) is less than the relative 

permittivity of free space. Thus, in this case, only a shift factor is needed and the modified Equation (2.4.4) 

becomes 

 , min( , ) ( , ) (1 )r fit r rz z         (2.4.7) 

CASE 4: ( > ( − 1)). In this case, the range of permittivity’s is greater than the allowable range. 

Thus, a compression factor must be applied in order to limit the range of permittivity’s given by(2.4.4). In 

this case, a combination of both a shift factor and a compression factor is needed and Equation (2.4.4) 

becomes 

    
      

,
max

1 1
, , 1

2 2
p p

r fit r av
r av

z z
 

    
 

    
      
      

  (2.4.8) 
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where = ( + )/2 and is the mean permittivity of the unscaled permittivity function given 

by(2.4.4). The idea behind (2.4.8) is to first shift (2.4.4) to have a zero mean, then apply the compression 

factor equally to both the positive and negative portions of the zero mean permittivity function so as to 

compress the permittivity range to fit within the allowable range of (   1), then shift the resultant scaled 

function back to a mean of (1 + ( − 1)/2).  

This above process completes the scaling of the range of the permittivity function. To accomplish the 

permittivity function domain limiting, we truncate the expansion domain to be defined by the lens surface 

parameterization in the -plane as shown in Figure 16. The final expansion of one of (2.4.5)-(2.4.8) allows 

up to quadratic variation in both the  and the  directions. The advantage of defining the surface in this 

way is that the permittivity filling the entire volume of the lens can be defined by only the 10 values and 

that the range of these 10 values are well defined to be within 1  . This becomes critical when defining 

the optimizer solution space boundaries.  

Aperture Plane Parameterization: An exit aperture plane is located  meters from the xy-plane along the 

z-axis and parameterized in the usual manner. A point in the plane pointed to by a position vector ⃗ ( , ) 

lying in the plane and described in the aperture coordinate system, has a length  projection onto the first 

basis in the plane ⃗ , and a length  projection onto the second basis, ⃗ . The two bases span the plane. 

Thus, any point in the plane can be described by a pair of coordinates ( , ) in the plane. This same point 

can be described in the global coordinate system by the vector addition of ⃗ + ⃗ ( , ). Thus, a point in 

the aperture plane described in the global coordinate systems is 

   1 2,
g a a
p a p pr l m r lr mr  
   

  (2.4.9) 

Ray Parameterizations: Three position vectors, ⃗ , ⃗ , and ⃗  point to the three intersection points of rays 

with surfaces, the first the intersection of the incident ray with the ‘Feed Side’ of the lens, the second the 

intersection of the transmitted ray within the lens with the ‘Aperture Side’ of the lens, and the third the 
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intersection of the exit ray transmitted from the ‘Aperture Side’ of the lens with the Exit Aperture Plane. 

All these vectors are shown in Figure 14. The vector ⃗  connects the feed coordinate system centroid 

pointed to by ⃗  to the first intersection point ⃗  and thus represents the incident field ray. This ray is 

parameterized by parameter  and unit vector ̂  as 

 1inc inc fr t r r 
    (2.4.10) 

The interior of the lens is filled with an inhomogeneous medium described by permittivity function given 

by one of (2.4.5)-(2.4.8) and thus the ray within the lens, ⃗ , is a parameterized space curve and connects 

the two intersection points ⃗  and ⃗ . This space curve is parametrized as a cubic spline interpolation 

between successive points calculated along the ray trajectory using the Runge-Kutta 4th Order (RK4) 

algorithm [35]. We defer the discussion of the calculation of the ray path via RK4 till later.  

The ray exiting the lens, ⃗  represents the exit ray and connects the two intersection points ⃗  and ⃗ . This 

ray is parameterized by parameter  and unit vector ̂  as 

 23out outr t r r 
    (2.4.11) 

2.4.2 Calculation of the Geometrical Optics Field 

With all the coordinate systems, geometry, and parameterizations defined, the calculation of the 

geometrical optics field is possible. This field consists of four computations: The ray path, the field phase, 

the field amplitude, and the field polarization. Three regions separated by two interfaces define the ray 

tracing problem. These are the free-space medium of the incident radiation, the inhomogeneous medium of 

the lens volume, and the free-space medium of the transmitted radiation from the lens. We detail the 

calculation of the electric field for each medium in the subsections to follow. 

2.4.2.1 Calculation of the Incident Electric Field 

Incident Ray Path Calculation: The incident ray path calculation is simplified by predetermining the 

intersection points pointed to by ⃗  on the front surface of the lens. We do this by selecting uniformly 
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distributed points in a polar grid in the global xy-plane, and calculating the (x,y,z) coordinates of these 

points projected onto the front surface of the lens using the body-of-revolution parameterization of (2.4.2). 

The samples are chosen as uniformly distributed along  and spaced /2 apart along the circumference of 

every  sample ring. To facilitate half-symmetry computation modes, a sample is always placed at both 

= 0 and =  on every ring. Once the surface coordinates are calculated from (2.4.2), vector addition 

gives the incident ray as 

  ,inc s fi ir r r  
  

  (2.4.12) 

The advantage of this sampling scheme is the avoidance of a ray-surface intersection computations 

for the first intersection points, as they are chosen a-priori. However, care must be taken when the lens 

surface geometry is such that an incident ray calculated with this method enters the lens before the a-priori 

chosen intersection point. If this occurs, then that ray would require further calculation.  

Ray-Surface Intersection Point Calculation: In the cases where the a-priori intersection point selection does 

not work, the ray-surface intersection point is calculated using the Newton Root-Finding method for solving 

systems of non-linear equations. The parameterizations of (2.4.2) and (2.4.10) are set equal to each other 

component by component resulting in a system of 3 nonlinear equations with 3 unknowns, the parameters 

of the ray and surface ( , , ).  

Incident Field Calculation: By Eularian angle transformation one can express ⃗  in the feed coordinate 

system as 

 
f gf g
inc incr A r   
 

  (2.4.13) 

where the matrix f gA     is the Eularian Angle transformation matrix which transforms vectors defined in 

the global coordinate system into the feed coordinate system and is defined in [36]. Dot products of this 
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vector with the feed coordinate axes give the spherical angles of the transmitted ray from the feed coordinate 

system 

   


1 1cos ,  tan

f
f inc
incf f f

inc

y rz r
x r

  
    
  

    (2.4.14) 

Use of (2.4.1) allows one to obtain the electric field at the intersection point ⃗  as 

    
0

1 ,
incjk r

g g f c s
inc f f f

inc

eE r A T E
r

 


       


  

   (2.4.15) 

where 
Tg f f gA A        and represents the inverse transformation, and c sT    is the spherical to cartesian 

transformation matrix, also defined in [36].  

Free Space-Lens Interface: Once the intersection point is known, the incident ray path calculated, and the 

electric field at the intersection point is known, the laws of Snell and Fresnel are used to calculate the 

transmitted ray unit vector ̂  and the transmitted electric field. The unit normal to the lens surface at 

the intersection point is found as 

       
   

1 1
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1 1

r r r r
N r

r r r r

 

 






   


      (2.4.16) 

where ⃗ = ⃗  and ⃗ = ⃗  and ⃗  is defined in(2.4.2). Note, the normal is always selected to be toward 

the source. The angle of the incident ray with respect to the surface normal is found next 
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   (2.4.17) 

and the transmitted unit vector is found from 
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  (2.4.18) 

where  is the index of refraction of the incident medium, and  is the index of refraction of the 

transmitted medium at the point of transmission. Unit vectors parallel and perpendicular to the plane of the 

incidence are formed 
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  (2.4.19) 

From (2.4.19) the transmitted electric field is found 

            1 1 1
i t i tg g g

trans inc incE r T E r a a T E r a a    

     
    (2.4.20) 

where the Fresnel Transmission Coefficients are given by 

 2 2

1 2 2 1

2 cos 2 cos,  
cos cos cos cos

i i

i t i t

T T   
        

    (2.4.21) 

Here = /  and = /  where medium 1 is free space and medium 2 is the lens dielectric. 

The permitivvity is taken as that just inside the lens surface at the intersection point ⃗ .  

The expanding incident spherical wavefront shape locally around each ray can be described by a curvature 

matrix [34] 
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   (2.4.22) 

The matrix (2.4.22) is diagonal as the incident wavefront is assumed spherical. The square root of the ratio 

of the determinant of the curvature matrix at any point on the ray to the determinant of the curvature matrix 

at any prior initial point gives the divergence factor, a coefficient which measures the change in the electric 

field amplitude between the same two points on the ray. In the case of the incident wavefront described by 

(2.4.22), this divergence factor is 1/ ⃗  as expected. This factor is already included as part of (2.4.15). 

Associated with a ray-wavefront is also a right-handed, orthonormal, ray-fixed coordinate system 

( ̂ , ̂ , ̂ ). The vector ̂ is the ray tangent. The other two vectors span a plane orthogonal to the ray and 

thus tangent to the wavefront surface at some point on the ray. These two vectors, ̂  and ̂ , are called the 

principle directions and point in the directions of maximum and minimum normal section curvatures of the 

wavefront surface. Since the incident wavefront is a spherical wave, the wavefront is umbilic, and thus all 

directions contain the same curvature. In this case, we select the incident wavefront base vectors ̂  and ̂  

as 
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  (2.4.23) 

The wavefront surface changes shape as the incident wave interacts with the front surface of the lens and 

refracts into the inhomogeneous medium filling, and thus the wavefront curvatures change. The transmitted 

wavefront curvature matrix is found following a phase matching procedure similar to that found in [34] 

      
1 1 1 1

1
1 11 0 0 33 1 33

T TTt t i i i t t t
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 (2.4.24) 
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In (2.4.24), = √  where  is the relative permitivvity of the dielectric medium of the lens just inside 

the lens at the intersection point. The other matrices shown in (2.4.24) are defined in what follows. 

Associated with the transmitted wavefront is its own ray fixed coordinate system ( , , ) and is defined 

as 
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t

t t ttrans trans
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trans trans
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  (2.4.25) 

Note, the unit vectors  and  may not be aligned with the principle directions of the transmitted 

wavefront. They can be rotated to be aligned later in the algorithm. 

Associated with a surface is both a curvature matrix  similar to (2.4.22) and a local surface coordinate 

system ( , , ). The surface curvature matrix is found from 

 
2 2

2 2

eG fF fE eF
EG F EG FQ
fG gF gE fF
EG F EG F



  
    

  
   

  (2.4.26) 

where = ⃗ ∙ ⃗ , = ⃗ ∙ ⃗ , = ⃗ ∙ ⃗  and are the parameters of the First Fundamental Form, = ⃗ ∙

, = ⃗ ∙ , = ⃗ ∙  and are the parameters of the Second Fundamental Form. Note, the double 

subscript as in ̂  indicates the second derivative with respect to . The local surface coordinate system is 

defined to be  

    
1 2 3,  ,  x r x r x N 
  
      (2.4.27) 

The projection matrices  and  are defined in [34] and are given by 
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  (2.4.28) 

All components of (2.4.24) are now defined facilitating computation of .  

2.4.2.2 Calculation of the Electric Field within the Lens Medium 

The transport of the electric field along a space curve within an inhomogeneous medium involves four 

components, the ray path, the electric field phase, the electric field amplitude, the polarization. These 

quantities are governed by their own key equations. We derive these expressions and provide a method of 

solution.  

Under the high-frequency limit, one may solve the Helmholtz wave equation by expressing the electric field 

in terms of an asymptotic expansion given first by Kline [37] 

        jkS r m
m

m
E r k e ik e r  

   
   (2.4.29) 

where = 2 / ,  is a parameter characterizaing the order of diffraction and in our case is equal to zero 

as edge and corner diffraction are not considered, ( ⃗) is surface characteristic function which measures 

the optical path length from some reference point to any point ⃗ within the medium, and ⃗ ( ⃗) are vector 

wave expansion functions. Note, the definition of ( ⃗) is such that all points ⃗ for which ( ⃗) is constant 

defines an equiphase surface called the wavefront surface. This surface will become important in what 

follows. In (2.4.29), it is assumed that the perturbation parameter → ∞. For the geometrical optics fields 

involved in this work, only the = 0 term is kept, and thus, any type of diffraction is ignored.  

 Substitution of (2.4.29) into the wave equation results in two nonlinear partial differential equations 

known as the Eikonal equation and the Transport equation as derived in section 2.3. The Eikonal equation 

will be used to solve for the ray paths (space curves), and the Transport equation will be used to solve for 
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the electric field along that ray path. We solve them separately beginning with the solution of the Eikonal 

equation to get the ray path.  

Ray Path Calculation in Inhomogeneous Media: The Eikonal equation is 

 
2 2( ) ( )S r n r 

 
  (2.4.30) 

where ( ⃗) is the index of refraction of the medium at position ⃗. Equation (2.4.30) can be recast into the 

Light Ray equation [33] 

 
 d r sd n n

ds ds
 

   
 


  (2.4.31) 

Note, here the vector ⃗(s) is a position vector for the ray path which is parametrized with arc-length 

parameter . Equation (2.4.31) can further be reformulated into a form suitable for numerical computation 

[35] 

 
dT n n
dt

 


  (2.4.32) 

where ⃗ = ⃗/  and is the tangent vector to the ray, and the ray has been reparameterized in terms of 

parameter  under the definition = . Equation (2.4.32) can now be solved via the Runge-Kutta 4th 

Order (RK4) method [35]  
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  (2.4.33) 

with a suitably chosen step size ∆  of the ray parameter. Application of the RK4 method of (2.4.33) leads 

to a series of points ⃗  on the ray and a series of tangent vectors ⃗  defined at each point ⃗ . Cubic spline 

interpolation is used to construct a ray path parameterization for the space curve in terms of a parameter  
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  (2.4.34) 

Note, each of the  parameterizations in (2.4.34) are between the ℎ and the ( + 1) ℎ points of ⃗ . The 

coefficients in (2.4.34) are found from the matrix solution of  
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  (2.4.35) 

and similarly for the  and  coefficients. Note, the leftmost matrix in (2.4.35) is the same for all sets of 

coefficients.  
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The iterative calculation is terminated when the ray intersects with the upper surface. A check on the z-

coordinate of the ray and of the surface allows one to determine when the ray has exited the lens. The last 

segment length must then be recalculated using the Newton Root Finding algorithm to solve the system of 

non-linear equations that results from equating each component of the parameterization of (2.4.34) to the 

components of the surface parameterization of (2.4.2). The solution of the system gives the parameter , 

which is then input into (2.4.33)-(2.4.35) as ∆  to give the final segment parameterization. 

Calculation of the Electric Field Phase: Integration of the path through the inhomogeneous medium gives 

the phase angle of the electric field along the ray  

 ,0 0
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t

in iin
i

k OPL k n r t dt


     


  (2.4.36) 

where OPL refers to the Optical Path Length. Note, index  of (2.4.34) has been replaced with index  in 

(2.4.36) in order to avoid confusion with the index of refraction  in the integrand.  

Calculation of Wavefront Curvatures: Here we follow the approach taken in [38]. Two paraxial rays are 

integrated to have the same Optical Path Length as the ray under calculation (axial ray) and thus are located 

on the same wavefront surface. In our implementation, we chose these two rays to have an initial  and  

from (2.4.12) to be + /10 meters and + /4 radians for the first paraxial ray, and + /10 meters 

and + 3 /2 radians for the second. These three rays are termed ⃗  (axial ray), and ⃗  and ⃗  (paraxial 

rays). These rays are used to construct a basis for the tangent plane to the wavefront surface. The 

construction is shown in Figure 17.  
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Figure 17. Geometry and coordinate definitions for wavefront curvature calculation. 

Two unit vectors lying in the tangent plane to the wavefront surface (which is also orthogonal to the axial 

ray) are found 
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An arbitrary vector ⃗ lying in the tangent plane can be described in terms of this basis 
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      (2.4.38) 

where  and  are the components of the vector ⃗ described in the ,  basis. Also, the change in the unit 

normal to the surface ̂ can be described using the same parameters  and   
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With these definitions, one can calculate the wavefront curvature  

  
2 2

1 1 2 2
1 2 2 2

1 1 2 2

2,
2

el fl l gld r dtl l
El Fl l Gld r d r

  
 

 

 
    (2.4.40) 



 
 

53 
 

where = ∙ , = ∙ , = ∙  and are the parameters of the First Fundamental Form, = ∙ ̂ , 

= ( ∙ ̂ + ∙ ̂ ), = ∙ ̂  and are the parameters of the Second Fundamental Form. A curvature 

matrix is defined from these parameters [34] 
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  (2.4.41) 

The eigenvalues of (2.4.41) give the principle curvatures  and  of the wavefront. The principle 

directions ̂  and ̂  corresponding to the principle curvatures are 
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  (2.4.42) 

where ⃗  and ⃗  are the eigenvectors of (2.4.42) and are column vectors. Note, the size of the first matrix 

on the right hand side of the equals sign is 2x2, and the size of the last matrix on the right hand side is 2x3 

(the first row consists of the three components of  and the second row consists of the three components of 

). The right-handed triple of ( ̂ , ̂ , ̂) form the ray fixed coordinates for the travelling wavefront. Note, 

̂ is found from the ⃗  of the RK4 calculations.  

Calculation of the Electric Field Amplitude: The solution of the Transport equation gives the variation of 

the electric field vector along the ray. The Transport equation 
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        (2.4.43) 

can be solved to provide an equation governing the rate of change of the amplitude of ⃗. Note,  defines 

the relative permeability of the medium at point ⃗. The resultant equation is [39] 
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Note, in (2.4.44), the initial amplitude ⃗ ⃗ = ⃗ ( ⃗ )  and the vector magnitude in the integrand is 

of the ray tangent ⃗ = ⃗ , / . The principle curvatures of the wavefront ( ) and ( ) as functions of 

the ray path parameter  are formed from a first order Taylor expansion  
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  (2.4.45) 

where the subscripts ⃗  and ⃗  indicate the calculation of the wavefront principle curvatures at the RK4 

solution points. The amplitude of the electric field can be calculated at each RK4 point along the ray from 

(2.4.44).  

Calculation of the Electric Field Polarization: The Transport equation is once again solved only this time 

to result in an expression governing the rate of change of the direction of the unit vector ̂ along the ray. 

The result is [33] 
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     (2.4.46) 

We choose to solve (2.4.46) numerically using the method of finite differences. Between each two 

successive RK4 points ( ⃗  and ⃗ ), we create a new path parameter step size ∆ = ∆ /10, and solve 

for the new unit vector ̂  
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where , , and  are defined in(2.4.34). Renormalization is applied to the result of (2.4.47) after each 

step. The electric field can now be propagated along the ray path calculated by RK4 and determined at the 

intersection point ⃗ .  

Lens-Free Space Interface: The procedure to calculate the transmitted unit vector ̂ , the transmitted 

electric field ⃗ ( ⃗ ), and the transmitted wavefront curvature matrix ( ⃗ ) are repeated across the exit 

surface of the lens. The necessary expressions are   
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and , ( , , ), , and  are defined in (2.4.26)-(2.4.28).  and ( ̂ , ̂ , ̂) are found from the final 

RK4 calculations. Note, the surface normal  in this case points toward the source. The subscript +

1 indicates the ‘final’ calculated values of the RK4 process at the intersection point ⃗ . Note also, the 

formulations are for transmission from medium 1 (the dielectric medium with  equal to that just inside 

the lens at the intersection point ⃗ ) to medium 2 (free space) and thus =  and = /  . 

2.4.2.3 Calculation of the Electric Field Impinging Upon the Exit Aperture Plane 

Exit Ray Path Calculation: The ray exiting the lens can now be parameterized using (2.4.11).  

Ray-Exit Aperture Plane Intersection Point Calculation: The intersection point ⃗  can be solved for. A 3x3 

system of nonlinear equations resulting from setting each component of the parameterizations of the ray 

given by (2.4.11) and the exit aperture plane given by (2.4.9) equal to each other. Three unknowns ( , , ) 

are solved for by the Newton Root Finding algorithm. The intersection point ⃗  is then found from 

knowledge of  as 

 3 23 outr t r r 
    (2.4.57) 

Aperture Electric Field Calculation: The divergence factor is calculated from (2.4.55) and (2.4.57) as 
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where  and  are the eigenvalues of(2.4.55). The electric field at the intersection point ⃗  at the aperture 

plane is 

     0 33 2
g g jk t
ap outE r DF E r e
   

  (2.4.59) 

Equivalent electric currents are formed in the aperture following from application of surface equivalence 

principle and image theory  
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      (2.4.60) 

It is the phase of these currents which are optimized via PSO to meet the fitness function goals. 

2.4.3 Aperture Field Interpolation and Far Field Calculation 

The equivalent currents of (2.4.60) are interpolated into a rectilinear grid in preparation for the Fast Fourier 

Transform operation. We chose to use a Delaunay Triangulation Interpolation Scheme [40] to interpolate 

the real and imaginary parts of each component of (2.4.60) separately. Note, in addition to those values 

calculated as part of (2.4.60), a number of additional ‘spillover’ rays are interpolated as direct captured rays 

from the feed to the aperture plane which do not intercept the lens along the way. These rays are captured 

to obtain enough of the electric field in the aperture plane to satisfy the surface equivalence theorem. In our 

case we try to capture enough fields in the aperture to see at least -40 dB of decay relative to the maximum 

amplitude in the aperture.    

The far fields are then calculated using the Fast Fourier Transform (FFT) algorithm. The plane wave 

spectrum (PWS) ( , ) is calculated from 
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where = Δ , = Δ , , = Δ = 2 / Δ , and , = Δ = 2 / Δ .  and  are 

chosen to be 512 each as a power of two. Δ  and Δ  is the spacing between the interpolated samples in the 

aperture plane. ⃗ ,  refers to the interpolated aperture equivalent currents. The far zone electric field is 

calculated from the PWS from 

        , cos sin cos sin cosx y x yE A A A A             


  (2.4.62) 

Finally, the directivity is found by dividing 4  by the beam solid angle calculated through integration of 

the PWS visible region  
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  (2.4.63) 

Note, the PWS in (2.4.63) is normalized. Pattern statistics such as beamwidth and beam pointing angle can 

be obtained from the results and included as part of possible optimization fitness functions.  

 

 PARTICLE SWARM OPTIMIZATION 
Particle Swarm Optimization is used to obtain the best design. The algorithm is simple, intuitive, and quick. 

Details of the algorithm can be found in [41] [42]. For completeness, the necessary expressions are 

presented here. In what follows, reference figure 18 below which gives the algorithmic flowchart of the 

PSO optimization method.  
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Figure 18. Flowchart depicting the Particle Swarm Optimization algorithm [41]. 

A single optimization parameter is assigned to an orthogonal optimization domain axis.  optimization 

parameters lead to an  dimensional space. Each point in this  dimensional space maps to a single design 

with all optimization parameters defined. A set of ‘particles’ are dispersed throughout the solution space. 

Each particle has its position and velocity defined. At every solution step, the particle evaluates the design 

associated with its current position and assigns a single scalar fitness value with that position. Each particle 

updates their personal best fitness record and the whole swarm updates the global best fitness record. The 

particles then update their positions and the next iteration begins. The point with the lowest scalar fitness 

assignment represents the optimum design. The key to the algorithm is the update equations 
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     (2.5.1) 

where  is the iteration number,  represents the particle number, ⃗ is the particle velocity vector, ⃗ is the 

particle position vector,  and  are the social weights and are equal to 2,  and  are uniform random 
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numbers between 0 and 1, ⃗ is the inertial weight which ranges from 0.9 at the first iteration and linearly 

decreases to 0.4 at the last iteration, ∆  is the time step and equal to 1, ⃗ is a vector which points from the 

current position to the personal best location, and ⃗ is a vector which points from the current position to 

the swarms global best location. Thus, the velocity vector update is the vector sum of these three vectors 

(the current velocity vector, the personal best vector, and the global best vector) as shown in Figure 19. In 

this way, the particles search the whole space stochastically (due to the random numbers) and converge 

upon the best design in the solution domain.  

 

Figure 19. Velocity update vector addition diagram. 

The optimization parameter scheme chosen (optimizing points of which polynomial expansion fit to rather 

than the polynomial coefficients directly) provides a much more intuitive definition of the optimization 

domain [41] [42]. The solution space is defined with invisible boundaries. These boundaries are defined 

according to the min and max expected values for the optimization parameters. Had the coefficients been 

chosen as optimization parameters, then these parameter ranges would not be as intuitive. Four parameters 

for each of the upper and lower lens surfaces (as shown in Figure 15) and 10 samples of the permittivity at 

10 points in the lens cross section (as shown in Figure 16) are optimized, 18 parameters in total. Two 

particles per parameter are launched, thus there are 36 particles in total. The range of the optimization 

parameters are 0-  for the lens surface parameters, and 1-  for the permittivity parameters leading to a 
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hyper-cube shaped solution domain.  A particle with a coordinate outside of these limits is considered to be 

outside the solution space and assigned a large fitness. The optimization is ran for 1000 iterations.  

 VALIDATION OF THE SYNTHESIS ALGORITHM 
 In this section, we present the validation efforts for the algorithm presented in section 2.4. The 

algorithm is validated in several ways. First the GO analysis algorithm (forward problem) is validated 

against the analytic solution of the Maxwell Fish Eye lens. Second, the ray path calculation is validated 

against the analytic solution for the Luneburg Lens. Third, the optimization algorithm  (inverse problem) is 

validated through the recovery of the permittivity profile of the Luneburg Lens when the geometry is forced 

to be spherical and uniform phase is requested in the exit aperture. Lastly, the output from the geometrical 

optics program is compare with the Full-Wave solution of CST Microwave Studio using the space map 

material feature. This feature allows for the simulation of inhomogeneous materials defined by a space map 

of permittivity versus position within 3-dimensional space. The functional expansions of both the 

permittivity and surfaces of the lens as obtained from our GO synthesis technique are input into CST MWS 

and the inhomogeneous lens modeled. Both the aperture fields and the far field patterns are compared 

between both methods.  

2.6.1 Validation of the Forward Problem: Maxwell Fish Eye 

The algorithm will be validated against the analytic results of the Maxwell Fish Eye inhomogeneous 

spherical lens. The Maxwell Fish Eye is a good test case because the geometry of the analytic results is 

simple. Namely, the rays are semicircles, the wavefronts are spherical, and the divergence factor (DF) and 

the optical path length (OPL) are known in closed form [39]. The results of the validation efforts are 

summarized in Tables 2 and 3 and Figures 20 and 21 below. The test case is for a 12cm diameter ( =

6 ) Maxwell Fish Eye Lens fed by a point source located at at the origin of the global coordinates. The 

lens is displaced along the z-axis by = 6.01 , thus positioning the point source 0.1mm from the lens 

surface. The frequency of operation (even though the analytic test case is frequency independent) is 

13.4GHz. Both cases of rays along the lens central axis and rays propagating off the central axis are tested. 
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The results show the algorithm accurately predicts the path of the ray, the wavefront curvatures, the 

divergence factor, and the phase (or OPL) of the electric field propagating through the inhomogeneous 

medium of the Maxwell Fish Eye, thus validating the algorithm. 

 

Figure 20. Maxwell Fish Eye test case analytic result showing reference point Q and calculation point P2 and the 
wavefronts associated with both points for a ray propagating through the central axis. The points Q and P2 are 

defined in [39]. 

Table 2. Maxwell Fish Eye vs. Inhomogeneous GO, Ray Through Central Axis 

 Analytic Maxwell Fish 
Eye Test Case 

Inhomogeneous 
Geometrical Optics 

Point Q [0, 0, 0.0390]* [0, 0, 0.0390]* 

 13.2953 13.2953 

 13.2953 13.1953 

Point P2 [0, 0, 0.0521]* [0, 0, 0.0521]* 

 4.4663 4.5533 

 4.4663 4.4199 

DF at P2 w.r.t. Q 0.8930 0.8497 

OPL at P2 w.r.t. Q 0.0785 0.0784 
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*These position vectors are expressed in the global coordinate system of Figure 14. To relate these to the coordinate 

system used in [39] and thus that used in Figure 20 and 21, one must transform the z coordinate as = − .  

 

Figure 21. Maxwell Fish Eye test case analytic result showing reference point Q and calculation point P2 and the 
wavefronts associated with both points for a ray propagating off the central axis of the lens. The points Q and P2 are 

defined in [39]. 

Table 3. Maxwell Fish Eye vs. Inhomogeneous GO, Off-Axis Ray  

 Analytic Maxwell Fish 
Eye Test Case 

Inhomogeneous 
Geometrical Optics 

Point Q [0.0239, 0, 0.0200]* [0.0239, 0, 0.0200]* 

 24.9673 25.2009 

 24.9673 24.6559 

Point P2 [0.0295, 0, 0.0285]* [0.0295, 0, 0.0285]* 

 15.9760 16.1992 

 15.9760 15.5896 

DF at P2 w.r.t. Q 0.8125 0.7916 

OPL at P2 w.r.t. Q 0.0484 0.0481 

*These position vectors are expressed in the global coordinate system of Figure 14. To relate these to the coordinate 

system used in [39] and thus that used in Figure 20 and 21, one must transform the z coordinate as = − . 
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2.6.2 Validation of Ray Path Calculation Against Analytic Result for Luneburg Lens 

The algorithm outlined in section 2.4 is used to trace rays through inhomogeneous lenses. A simple test 

case to validate the ray paths is the Luneburg Lens. The Luneburg Lens has a simple analytic solution for 

the permittivity profile and also for the ray paths [43] 
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Figure 22. Analytic solution for ray paths in a Luneburg lens [43]. The figure shows both the equation which 
describes the rays and the accompanying figure which graphically shows the variable dependencies.  

The result for the path of the rays of an ideal Luneburg Lens calculated by GO can be compared with those 

of the analytic solution provided in [43]. The Lens diameter is chosen to be 12cm. The permittivity of the 

material filling the lens is ( ) = 2 − . The feed is place on the surface of the lens. The code is used 

to trace rays from the feed through the lens and to the aperture. The resulting ray paths are compared with 

the analytic solution in Figure 23. 
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Figure 23. Ray picture plot of an Ideal Luneburg Lens with both the numerical solution of RK4 (shown in solid 
blue) and the analytic solution of [43] (shown in dashed red) overlaid within the lens volume. The rays exiting the 

lens volume are shown in black. 

Figure 23 shows excellent agreement between the numerical method of RK4 used in the GO synthesis 

technique code and the analytic formulation for the ray paths in an ideal Luneburg Lens, thus providing 

confidence that the developed codes are functioning properly. With this test of the code, the ray paths are 

validated. 

 

2.6.3 Validation of the Inverse Problem: Luneburg Lens 

The Maxwell Fish Eye test case validates the forward problem. Our approach to validation of the inverse 

problem is the optimization of a spherical lens fed by a point source located on the surface of the lens for 

uniform phase and parallel exit rays. As the geometry is forced to be spherical, only the material parameters 

of the filling medium are optimized. The resulting optimized permittivity distribution function is then 

compared with that of the classical Luneburg Lens. The results should compare well as the optimum design 

is expected to be that of the Luneburg Lens. The lens diameter is again chosen to be 12cm, and the frequency 
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remains the same at 13.4GHz. The lens is positioned similar to the Maxwell Fish Eye test case with =

6.01  placing the point source at the origin of the global coordinate system 0.1mm from the lens surface. 

The optimization of a spherical lens with a source so close to the surface is challenging. The ray launching 

scheme must be updated to launch rays uniformly distributed in launch angle as measured from the lens 

central axis between zero and the angle of the tangent to the sphere which also goes through the origin. 

Further, the fitness function must be updated to include a term which also attempts to uniformly distribute 

those rays throughout the projected circular aperture of the spherical lens. Also, the permittivity described 

by (2.4.4) must be radially symmetric rather than just azimuthally symmetric. Thus, the permittivity defined 

at the 10 points of which (2.4.4)  fits through is made symmetric about the =  plane. This leaves only 

5 unique permittivity samples, as the upper hemisphere is mirrored to the lower hemisphere. The results of 

the optimization are shown in Figure 24. The results show that the optimization recovered the Luneburg 

Lens permittivity profile as expected. 

 

Figure 24. Optimized electric permittivity ϵ_r vs. classic Luneburg Lens electric permittivity ϵ_r. The spherical lens 
has a diameter of 12cm. 

2.6.4 Validation against CST MWS Full-Wave Simulation Tools: 30cm Inhomogeneous Lens 

0 0.01 0.02 0.03 0.04 0.05 0.06
(m)

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

r

Optimized vs. Luneburg Permitivvity

Luneburg
Optimized



 
 

67 
 

We also validate the GO software against the Full-Wave simulation toolset CST MWS. In CST, one has 

the capability to define an inhomogeneous material through their space map material feature. This feature 

allows one to define either the permittivity ( , , ), the permeability ( , , ), or the conductivity 

( , , ) of a material against a spatial map of 3D coordinates. The resulting optimum surface 

parameterizations of (2.4.2) and optimum material parameterizations of (2.4.4) are input into CST in order 

to model the 3D solid continuously inhomogeneous material lens and simulate under the same conditions 

as the GO software that we developed as part of this dissertation. The results can then be compared for both 

aperture electric field and also for far field radiation pattern. We use this validation method for all the lenses 

we present in section 2.8. For example, figures 40 and 42 show the validation effort of our GO codes 

through comparison with CST for a 30cm inhomogeneous dielectric lens. The results of all such 

comparisons show that our geometrical optics program is producing the correct results.  

 

 3D-PRINTING FABRICATION OF INHOMOGENEOUS 

DIELECTRIC LENSES 

2.7.1 Introduction to Multijet 3D Printing 

The lenses are printed using the Multijet Printing (MJP) method [1]. This material jetting process creates 

3D printed models similar to common inkjet printers. The process jets photopolymers onto a build platform 

with high accuracy. These photopolymers are first heated to pass the polymer from the solid state to a liquid 

state. The printed polymers are then photocured by ultraviolet (UV) light. The print method is called multijet 

printing since there are multiple print nozzles which can eject drops of different materials. Thus, the part 

can be printed using multiple materials. Typically, one material is the build material while the other is a 

soluble material, washed away with a sodium hydroxide solution or a water jet. This allows complex 

structures with intricate features and hanging parts to be printed easily, a feature not shared by Fusion 

Deposition Modeling (FDM) methods. Figure 25 depicts the MJP additive manufacturing technique. 
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Figure 25. Multijet Printing (MJP) additive manufacturing process [44] 

Figure 25 shows the build process starting with the 3D Computer Aided Drafting (CAD) model defined on 

a Personal Computer (PC). The model is sent to the embedded processor in the build machine which 

processes the model into layered slices. These slices contain all the instructions to print and cure each layer, 

of which subsequent layers are added on top of, hence the name additive manufacturing. A Digital Light 

Projector (DLP) controller chip the receives the layer print instructions and converts the layer into a series 

of tiny mirror deflections in the digital micromirror device. The digital micromirror device is used to create 

a specified pattern of light projected onto a plane, in this case, the pattern of ultraviolet light used to cure 

the printed polymer. A ultraviolet source is focused through a lens and projected onto the digital 

micromirror device, which then by nature of the micromirror positions casts a pattern of light through 

imaging optics and onto the build platform. Meanwhile, the inkjets deposit beads of both build material (a 

photopolymer cured by UV light into a hard resin) and support material (a soluble photopolymer). The UV 
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light then cures the layer via the light cast onto it by the micromirror device. The build platform lowers, 

and the process is repeated to print the next layer. Once the final layer is printed and cured, the support 

material is washed away with a sodium hydroxide solution or a water jet. The material that the MJP printer 

prints with for our work is called Visijet Amber and has a relative permittivity of = 2.882(1 − 0.0394) 

measured at 13.7GHz. 

2.7.2 Preparation of the Inhomogeneous Engineered Material Lens Designs for 3D Printing Using 

MJP 

The validated design is sent for fabrication via 3D printing. To realize the inhomogeneity, the lens is 

discretized into small sub-wavelength unit cells. Each of these cells will be filled with polymer according 

to the required permittivity at the cell’s centroid. The process is depicted in figure 26. 

 

Figure 26. Discretization process to realize inhomogeneous lens antennas for 3D printing. The solid inhomogeneous 
lens is discretized into subwavelength unit cells with varying material density proportional to the permittivity 

required at that location. 

The optimum design is fully specified by the final form of (2.4.2), (2.4.3), and (2.4.4). The inhomogeneous 

material specified by (2.4.4) is a continuous function of space. Realizing this material using a single 

permittivity print material is accomplished by the Effective Medium concept [45]. The structure is divided 

into sub-wavelength unit cells of dimension /5 along each edge. The effective permittivity at each cell 

location is found from one of two methods. The first is a direct interpolation between the print polymer 

permittivity and that of free space using the fill fraction as the interpolation parameter, and the second is 
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based on an S-parameter inversion formulation [46]. The direct interpolation method determines the 

permittivity from  
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  (2.7.1) 

where  is the relative permittivity of the print material,  is the lattice gridwork support structure linear 

dimension,  is the unit cell linear dimension, and  is the cube linear dimension.  is called the fill fraction. 

The quantities are shown in Figure 27.  

 

Figure 27. Discretization process. The continuously varying inhomogeneous material is discretized and varying 
sized cubes of printed polymer are placed at each unit cell center. By filling the volume of a unit cell with more 
material, the effective permittivity at each unit cell can be continuously changed from 1 to , where  is the 

permittivity of the print polymer used in the 3D printer. 

Equation (2.7.1) can be interpreted as a linear interpolation between the relative permittivity of free space 

and that of the print polymer as the fraction of the  volume unit cell is filled with polymer. To support 

and connect each of the unit cells is a gridwork lattice support structure consisting of square rods of 

dimension . We choose the dimension of the support structure to be = 1 . After the discretization 

process, the cube size  is calculated from (2.7.1) with knowledge of (2.4.4).  

 The second method used to determine the cell dimensions for a given required permittivity is the 

S-parameter inversion technique. This technique uses knowledge of the simulated or measured S-

parameters of a single unit cell of an infinite periodic lattice to derive formulas for the effective permittivity 
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versus cube cell size c. The impedance  and the index of refraction  are related to the S-parameters 

through [46] 
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  (2.7.2) 

where  is the length of the unit cell, in our case /5. This method has proven superior to the interpolation 

method as illustrated by the plot provided in Figure 28.  

 
Figure 28. Illustration of superiority of S-parameter Inversion technique over that of the Interpolation method for 

discretized inhomogeneous lenses. (left) Plot of relative permittivity versus cube dimension c filling a /5 unit cell. 
(right) Simulated far field patterns for an 18cm inhomogeneous dielectric lens antenna. 

The left plot of figure 28 shows the curves of relative permittivity versus cube dimension c for normal 

incidence. The blue curve is calculate using the Interpolation method of (2.7.1) whereas the red curve is 

calculated using the S-parameter inversion technique of (2.7.2). The curves show that the interpolation 

method underestimates the required cube size to achieve a certain permittivity, and thus will produce cells 

with smaller cubes and less material. The effect of the underestimation is shown in the right plot of figure 
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28. The right plot shows three far field patterns for an 18cm inhomogeneous dielectric lens fed by a 

cos .  source represented by (2.4.1). The actual solid version of the lens gives the black far field pattern 

labeled ‘CST Solid Inhomog’ when simulated in CST MWS. Any error produced through the discretization 

process will be relative to this pattern. The S-parameter Inversion technique of (2.7.2) was used to discretize 

the 18cm lens into /5 cubical unit cells. The CST MWS simulation of the discrete cubical version of the 

lens results in the red pattern labeled ‘CST Disc Cube (S-parmInv)’. The pattern approximates the solid 

version pattern well. In fact, the directivities agree to with 0.29 dB and the beamwidhts also agree to within 

0.2 degrees. The third curve in the plot is the far field pattern resulting from CST MWS simulations of a 

discretized lens using the Interpolation method of (2.7.1). This pattern shows significant null fill in and 

opening of the beamwidth. The directivity when compared to the solid inhomogeneous version represented 

by the black curve of the figure is 0.7 dB less, and the beamwidth is 0.7 degrees wider. This pattern 

degradation is due to aperture phase aberrations developing due to the discrete cubes not providing the 

correct transmission phase. Thus, this error can compound when the lenses become large and hence have a 

large number of cells along the lens axis. Each cell contributes a small error, which adds up to a large error 

in the final aperture fields.  

We also wanted to investigate whether the cells act independently and don’t couple or interact or whether 

the S-parameter simulations which go into (2.7.2) need to be conducted for a multilayer stackup of cells. 

To determine whether they interact or not, we simulated a single unit cell and obtained the S-parameters. 

Then, by conversion of the S-parameter matrix to equivalent ABCD matrices, the ABCD matrix can be 

cascaded through matrix multiplication of the ABCD matrix n-times for n layers of cells. The cascaded 

ABCD matrix representing the n-layer structure can then be converted back to S-parameters and compared 

with CST MWS simulations for the structure containing 3 layers.  
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Figure 29. Test setup to determine strength of interaction between different layers of infinite periodic unit cells. 

Figure 29 describes the test setup. Each cell in figure 29 represents a unit cell of an infinite layer of cells 

which would span the plane perpendicular to the page. Thus, the figure represents the stackup of three 

infinite layers of unit cells. If each layer of cells acts independently, their cascaded S-parameter calculations 

should agree with the simulation of the 3 layers directly. The conversion formulas for ABCD to S-parameter 

matrices can be found in [47]. The next figure gives the results of the cascade calculations versus the direct 

simulations for all 3 layers under normal incidence.  

 
Figure 30. Plot of calculation of S-parameter matrix for 3 infinite layers of cubical unit cells versus direct simulation 

of the 3 infinite layers. (left) The magnitude of S21 in dB scale versus cube size . (right) Phase angle of S21 in 
degree scale versus cube size .  

The plots in the figure shows the results for both the magnitude and phase of . Plotted are the calculated 

results for 3 layers (‘Casc’), the simulated result for three layers (‘Sim’), and the analytic results for a 

homogeneous infinite dielectric slab with the same thickness of three layers of the effective medium cubical 

structures. The homogeneous slab is made to have the same permittivity as the effective medium structure 

at each cube size  in the curves. The results show that the effective medium structures approximate the 

analytic solution of the homogeneous slab with the same permittivity to an acceptable degree. An important 

observation is that the effective medium theory produces the least agreement when the cube size is approx. 

3.75mm, which corresponds to a relative permittivity of 1.93 from figure 28. The results also show that the 

cells act independently and thus the formulations of (2.7.2) which are based on a single unit cell simulation, 
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should apply to the full structure of the discretized lens. The lenses printed as part of this dissertation are 

printed using these techniques unless otherwise stated.  

2.7.3 Introduction to Fused Deposition Molding 3D Printing 

Although the MJP printing process generates printed structures with excellent quality and adherence to 

model dimensions, the process can only print in highly lossy photocurable polymers. The Visijet Amber 

material used to 3D print the lens has a high loss tangent that is unacceptable for spaceborne applications 

where gain is a critical design requirement. Visijet Amber also exhibits other undesirable features for 

potential use in space. In addition to its high loss tangent, it also has low fracture toughness, degrades in 

ultraviolet light and has unknown outgassing characteristics in the space environment. Hence, a move to a 

low loss space qualified material called Ultem was made. However, Ultem can only be printed using Fused 

Deposition Modeling (FDM). Ultem is a high strength, high operating temperature, low outgassing 

thermoplastic that has been widely used in space applications, such as the Constellation Observing System 

for Meteorology, Ionosphere, and Climate (COSMIC-2) satellite helix antenna array supports. In this 

application, Ultem 9085 was printed at NASA JPL/Caltech on a Stratasys Fortus 450MC printer. Ultem has 

measured electrical properties of = 2.686(1 − 0.0045) at 13.9 GHz. Thus, we opted to print the lens 

using FDM and Ultem. 

Fused Deposition Modeling (FDM) is a printing process in which heated plastics are extruded through a 

small nozzle onto a heated print bed into a desired shape. The heated print nozzle can move along 2 axes 

while the print bed can move along the third dimension. As the melted heated plastic prints out of the 

nozzle, it adheres to the previously laid down layers and cools to solidify.  
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Figure 31. Figure depicting the Fused Deposition Modeling process. The figure shows 5 steps involved in FDM 
printing of parts. (a) plastic material is fed into a heated moving extruder head. (b) the heated extruder head melts 

the plastic and deposits it, layer by layer, in the desired shape. (c) the part is built up layer by layer as the heated bed 
lowers (d) in order to support overhanging parts, removeable support trussing must be added to the printed part.  

The FDM printing process allows printing with low loss space qualified materials, however, the printer 

cannot print complex models which require a lot of supporting structures.   

2.7.4 Preparation of the Inhomogeneous Engineered Material Lens Designs for 3D Printing Using 

FDM 

The unit cell design had to be modified from cubic to cylindrical cells with conical supports [48]. This 

allows the printing of the cells with no overhanging parts so that no internal support material is required, 

and the lens is self-supporting. The cell geometry is shown in Figure 32. 
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Figure 32. Cylindrical unit cell with conical base (left) design which allows printing on FDM printers. In contrast to 
the cubic based unit cell (right) design which cannot be printed in FDM. 

Note, the vertical support lattice spokes were changed to a cylindrical shape in contrast to the rectangular 

one in the cubical unit cell. The horizontal support lattice spokes remained rectangular in both cell types. 

The same formulations to obtain the cubical dimensions for a given permittivity using the S-parameter 

Inversion technique of (2.7.2) are used to first obtain the discrete cubical version of the lens. Then, the 

equivalent structure based on cylindrical unit cells is generated by ensuring the same volume of material is 

deposited within each unit cell as the cubical version specified.  

 

Figure 33. Cylindrical unit cell geometry 

The cylindrical unit cell is the same = /5 in extents. The volume of the structure occupying the unit cell 

can be calculated from  
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  (2.7.3) 

where the quantities are defined in figure 33. Setting (2.7.3) equal to the first of (2.7.1) allows one to 

calculate  from knowledge of  and thus converting the cubical unit cell to its cylindrical analog.  In our 

applications, we chose = 0.6 , = 0.5 , and ℎ = 0.5 . It must be noted, however, that the 

cylindrical unit cell cannot realize the same range of permittivity’s as the cubical unit cell as the entire cell 

cannot be filled with material. The maximum allowable permittivity  input into the synthesis code and 

used in calculation of (2.4.5)-(2.4.8) must reflect this. As the effective permittivity is a function of how 

much material fill the unit cell, the effective permittivity is the same for both structures. This claim is 

verified by calculating the equivalent radius  for each cube size  used in the calculation of the curves 

shown in the left plot of figure 28 and attaining the relative permittivity for each of those radii via (2.7.2). 

The result is plotted against the results for the cubical structure in figure 34 below.  

 

Figure 34. Comparison of  versus cube size  or cylinder radius  for cubical and cylindrical unit cells.  
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The results show that the equivalent cylindrical unit cell provides nearly the same permittivity as the cubical 

structure. More importantly, the plot also shows the maximum permittivity achievable by the cylindrical 

unit cell is = 1.9 for the parameter choices we made for , , and ℎ. Different values for these parameter 

choices may lead to a higher maximum achievable permittivity. The result also indicates that it is the filled 

fraction of the unit cell with material that determines the permittivity, not the shape of the structure used to 

fill it. The addition of the conical base allows for a gradual base to be laid down and printed using FDM 

techniques and thus in the low loss space qualified material Ultem. Lenses printed in this method will be 

identified where presented.  

2.7.5 Comparison Between MJP and FDM 3D Printing Techniques 

The table below compares the two printing methods. The key comparison parameters to note are the 

complexity of the models that can be printed and the minimum feature size. The MJP method allows for 

‘Every imaginable part’ with feature sizes which are tenths of millimeters in extent, whereas the FDM 

printing technique can only print ‘low complexity’ parts with easily accessible support structures, i.e. not 

deep within the model, and with feature sizes greater than 1mm. However, the MJP printer cannot print in 

low-loss, space qualified materials. Hence, the necessity to move to the FDM process.   
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Figure 35. Comparison between the two 3D-printing techniques of Multijet Printing (MJP) and Fused Deposition 
Molding (FDM) [49]. 

2.7.6 Sensitivity to Printing Tolerances and Fabrication Errors  

The printed model may not exactly represent the actual model due to printing tolerances and fabrication 

errors. These errors especially become important in FDM. We investigate the sensitivity to the printing 

tolerances and fabrication errors next. The curve provided in the left of figure 28 for the S-parameter 

retrieval method can be described by the polynomial  

 9 4 7 3 2(3.654 10 ) (1.119 10 ) 78430 143.3 1.238r c c c c          (2.7.4) 

The derivative of this curve represents the sensitivity to fabrication errors in printed cube dimension . If 

one forms a first order linear approximation to the curve using the derivative, then the phase error ∆  locally 

around the desired cube dimension  is found from 
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  (2.7.5) 

where ∆  can range from say ±3% of the desired cube dimension  which can be typical print error 

tolerance range for these small parts (a few mm in extent) at Ku-band frequencies. For example, if the 

desired permittivity at 13.4GHz described by (2.4.4) is = 1.8, then according to the plot on the left of 

figure 28, the cube dimension = 3.55 . If we assume a +3% printing tolerance, then the printed cube 

dimension is actually 3.66  and phase error incurred per cell in the lattice that the wave propagates 

through is = − ∆ = 1.84°. This is a tremendous error as it can accumulate quickly for large 

lenses. For example, one of our 30cm diameter lenses has 28 cells along the thickest part of the lens. This 

would give a phase error due to a 3% printing tolerance error of 51.6° in this direction.  

 DESIGNED SHAPED INHOMOGENEOUS ENGINEERED 

MATERIAL LENSES 
Using the algorithm outlined in section 2.5, several lenses were designed via the GO/PSO hybrid synthesis 

technique. The examples are chosen to test the different processes required to arrive at the large aperture 

design of 60cm printed in a space qualified material. The different lenses were chosen to be first two 30cm 

diameter on-axis lenses, one printed in Visijet Amber through the MJP print method and the other printed 

in PLA using the FDM method, second an 18cm scaled version of the same lens printed in Ultem using 

FDM, and finally a 30cm off-axis lens which produces the conically scanned spinning spot beam. The idea 

behind the 18cm lenses was to validate the synthesis package as these diameters would allow easy 

evaluation of the discrete model through Full-Wave simulations using CST MWS and measurement in the 

UCLA Plane Bi-polar Near Field Measurement Range. The 30cm diameter size was chosen to facilitate 

printing entire lenses in one piece in the available print bed of the 3D printers. Recently, we also 

experimented and had success with printing larger diameter lenses than the print bed allowed by printing 
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the lens in quadrants and fusing the sections together, however, these lenses will not be presented here. The 

design frequency is chosen to be in the Ku-Band at 13.4 GHz in accord with the current wind scatterometer 

the design is to replace. The focal length is chosen so as to give an F/D ratio of 0.67. All the lenses are 3D 

printed using the Multijet Printing additive manufacturing technique with the material Visijet Amber or 

using the Fused Deposition Molding additive manufacturing technique with the material Ultem or 

Polylactic acid (PLA). The material parameters of Visijet Amber are = 2.882 and = 0.0394 

measured at 13.7 GHz, of Ultem are = 2.686 and = 0.0045 measured at 13.9 GHz, and of PLA 

are = 2.7 and = 0.01 measured at 10GHz.  

2.8.1 2x2 Patch Array Feed Design 

Next, we outline the design of a 2x2 patch array feed designed to provide 10dB edge illumination. The 

array is designed by first determining the required feed taper at the subtended angles of the lens from the 

feed. For F/D=0.67, the subtended angle is 37° and the Space Loss is 1.94dB. Thus, the feed pattern must 

be 8.06dB down at 37°. A cos .  pattern gives the required taper. The 2x2 patch array design must 

produce a pattern which is 8.06dB down at the angle of 37°. CST MWS was used to model a 2x2 patch 

array and tuned to provide a good match and the required pattern. The final array design is shown in the 

figure below.  
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Figure 36. Geometric design parameters of 2x2 patch array and resultant return loss plot.  

The same substrate as the single patch feed was used. The patch and feed network dimensions are also 

shown. The feed network incorporates two T-junction power dividers and two 180 degree phase delay lines 

to orient the polarization of the patches. The patches are inset fed for impedance match. Also shown in 

Figure 36 is the S11 return loss simulation result. The feed shows good match at the design frequency of 

13.4 GHz in simulation. The patch array was then fabricated, and both return loss and pattern measurements 

in the UCLA spherical near field measurement range were taken. The results are shown in Figure 37. 
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Figure 37. Fabrication and measurement results for 2x2 patch array feed design. (left) Fabricated patch array feed 
mounted in the UCLA Spherical Near Field Measurement Range for pattern measurement. (center) Return loss 

measurement vs. simulation. (right) H-plane pattern measured vs. simulation vs. cos . .  

The feed array is shown to perform well with a good impedance match and far-field patterns which provide 

the required feed taper and hence edge illumination. All lens designs utilize this feed.  

2.8.2 30cm Inhomogeneous Center-Fed MJP Lens with Cubical Cells 

2.8.2.1 Design of the 30cm Inhomogeneous Lens 

The synthesis technique presented in the previous section was used to synthesize the shape of a 30cm 

inhomogeneous lens when an imposed Luneburg-like permittivity distribution was forced within the 

volume. We did this as a first attempt to reduce the volume of a starting design of the Luneburg Lens. The 

30cm diameter lens has an F/D ratio of 0.67 placing the bisecting plane of the lens at a focal length of =

20  from the feed phase center, which is located at the origin of the coordinates. The lens is fed by a 

cos .  feed model described by 

     4.45, , cos cos sin
jkr

f
eE r

r
    



 


  (2.8.1) 

This feed is designed to provide a -10dB edge illumination at the subtended angles of 37° in order to provide 

optimal illumination. The Luneburg-like permittivity is described by  
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  (2.8.2) 

where = 15  is the lens radius,  is the axial thickness of the aperture side of the lens, and  is the axial 

thickness of the feed side of the lens. Since different parameterizations are used for each of the aperture 

side and feed side of the lens, the permittivity described by (2.8.2) was also split into the aperture side and 

feed side hemispheres. The optimizer was asked to reduce the volume of the lens while maintaining the 

permittivity described by (2.8.2). The fitness function used during the optimization was  
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  (2.8.3) 

In (2.8.3),  is the RMS phase error in the fit of the calculated aperture field phase to a plane 

perpendicular to the intended main beam direction, # /#  is the ratio of the ray 

count of rays which made it to the aperture without experiencing total internal reflection to the total number 

of launched rays, and  is the calculated volume of the resultant lens. The optimizer converged 

upon the optimum design resulting in the lens depicted in the left inset of Figure 38. 

 

Figure 38. (left) Luneburg Like permittivity profile of 30cm inhomogeneous shaped lens. 

Note, the optimum lens for the forced permittivity of (2.8.2) results in the best tradeoff between phase 

uniformity and mass or weight. With the permittivity of (2.8.2), the optimum lens would be spherical which 

is the Luneburg Lens. However, the lens would be too massive, thus the optimizer chose the best lens for 

weight and phase requirements. The optimum surface polynomials expansion coefficients of (2.4.3) are 

given in table 4. The expansion coefficients show that the odd order terms are zero, which is a consequence 
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of mirroring the points of which the expansion fit to about the z-axis. As eluded to before, this creates 

smooth body-of-revolution lenses when the generating curve is revolved around the axis of revolution.  

Table 4. Optimum surface polynomial expansion coefficients of (2.4.3) for both the feed side and aperture side 
surfaces of the 30cm inhomogeneous lens. 

      
Feed Side  12.509 0.0000 - 2.9481 0.0000 0.0600 

Aper Side 136.99 0.0000 - 6.0600 0.0000 0.0670 
 

The optimizer attempts to equalize the Optical Path Length (OPL) of each of the launched rays to the 

aperture. This is equivalent to attaining uniform phase in the aperture plane of the lens. The ray picture plot 

calculated by the GO program is shown in figure 39. 

 

Figure 39. Ray picture plot for the 30cm inhomogeneous lens. The rays launched from the feed are shown in red 
color, the rays within the inhomogeneous medium filling the lens are shown in blue, and the rays to the aperture 

plane are shown in black.  

Examination of the ray picture plot shows the rays within the lens medium are curves. The rays bend toward 

higher permittivity’s as per the derived relation (2.3.19). Comparison of figure 38 and 39 show that this is 

the case. Had the maximum permittivity been higher (the permittivity was forced to range from 2 to 1 as 
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per (2.8.2)) or the length of the path of the ray through the medium been longer, then the ray curvature 

would be more evident as in figure 23.  The phase delays more through material with a higher permittivity, 

and thus the lens is thicker along the center where the incident ray from the feed is shortest. The ray picture 

plot is intuitive and pleasing.  

Our GO algorithm was used to analyze the design for pattern performance. The results of the analysis is 

shown in Figure 40 as the ‘Sim-GO’ curve.  

  

 Directivity HPBW-E HPBW-
H 

Volume Mass 

Sim-GO 29.23 dB 6.36° 6.32° 3597.0 cc 4.209 Kg* 
Meas-
PBP 

28.87 dB 6.14° 6.10° 1055.4 cc 1.315 Kg** 

Sim-CST 29.30 dB 6.10° 6.10° 3597.0 cc 4.209 Kg* 
Figure 40. Far field (left) E-plane co-pol and (right) H-plane co-pol pattern comparison between Plane Bi-Polar Near 

Field (Meas-PBP) measured pattern vs. GO (Sim-GO) simulated pattern vs. CST MWS (Sim-CST) simulated 
pattern, for the 30cm inhomogeneous lens. Also provided is the performance table for the three patterns within the 
figures. *Note, the mass density used in the calculation of the weight is 1.17 / . **Note, the measured mass is 

for the discretized porous structure. 

The pattern shows the development of a good beam with 29.23dB of directivity. Note, the forced Luneburg-

like permittivity of (2.8.2) coupled with the fitness function of (2.8.3) has resulted in a lens which has 

approximately 50% aperture efficiency. The volume of the design is 3597 cubic centimeters, which is 75% 

less than that of the Luneburg Lens with the same radius. This translates to a reduction in mass of the final 

printed lens. The printed lens is also realized by discretizing the structure and filling the separate voxels 

with print polymer and thus also reduces the volume over that of the solid version. The mass quoted in the 
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table included in Figure 40 for the Meas-PBP fabricated 3D printed lens is a measured quantity. The 

calculated mass for the solid lenses Sim-GO and Sim-CST in the table included in figure 40 assumes a mass 

density factor of 1.17 / . We also compare the cross polarized electric field component in the far field 

in figure 41 below.  

  

Figure 41. Far field (left) E-plane cross-pol and (right) H-plane cross-pol pattern comparison between Plane Bi-
Polar Near Field (Meas-PBP) measured pattern vs. GO (Sim-GO) simulated pattern vs. CST MWS (Sim-CST) 

simulated pattern, for the 30cm inhomogeneous lens. 

The plots show low development of cross-pol in the far field. The measured results show a higher level 

than the simulated results as it is generally difficult to measure cross-pol accurately as it is very sensitive 

to alignment and measurement accuracies. Nonetheless, the cross-pol levels do not seem to be exceedingly 

high. Note, however, that the simulations use a cos .  feed model designed to emulate the actual 2x2 

feed array presented in section 2.8.1 used in the measurement and thus has ideal cross-pol. 

To validate our GO analysis algorithm, we also opted to simulate this design in CST MWS using 

the space map material feature. This feature allows for the simulation of inhomogeneous materials defined 

by a space map of permittivity versus position within 3-dimensional space. The functional expansions of 

both the permittivity and surfaces of the lens as obtained from our GO synthesis technique were input into 

CST MWS and the inhomogeneous lens modeled. The same cos .  feeding technique as that used in the 

GO simulations as described by (2.8.1) was used to excite the CST model. The results of the CST MWS 
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simulations are also shown in Figure 40 superimposed over the GO simulation results. What we note is 

excellent agreement between our algorithm based on GO and the Full-Wave simulation method of CST 

MWS, thus validating our algorithm further. Note, the use of CST MWS for inhomogeneous material 

optimization and lens design is not possible due to long simulation times. For example, for our 30cm design, 

our GO synthesis program completes in 1/10th the time of CST MWS. The directivity and beamwidths 

agree with those calculated using GO to within a few percent. To further emphasize the excellent agreement, 

we also compared the aperture field magnitude and phase of the co-polarized electric field component 

calculated by both GO and CST MWS. The results are shown in Figure 42.  

 

Figure 42. Comparison between aperture fields calculated by Geometrical Optics and CST MWS for 30cm 
inhomogeneous lens of Section 4. The plots show line cuts through the co-polarized component of the aperture field 
electric field in an aperture located one-quarter of a wavelength in front of the maximum z-extent of the lens along 

its axis. (left) Aperture field phase comparison plot. (right) Aperture field magnitude comparison plot. 

These results show that the GO program is calculating the correct aperture fields. This result also shows 

that the calculation of multiply reflected rays within the lens is not necessary as CST MWS is a Full-Wave 

solution which takes into account all interactions between scatterers and the GO results consider only the 

direct transmitted ray to the aperture.   

2.8.2.2 3D Printing Fabrication of the 30cm Inhomogeneous Lens 

Having validated our design through simulation, we then proceeded to fabricate the design via 3D printing. 

To 3D print the lens, we subdivided the geometry into discrete ‘voxels’ of dimension /5 on each side 



 
 

89 
 

according to the techniques outlined in section 2.7. Each of these cells were filled with 3D printed material 

according to required permittivity at the location of the voxel cell. The printed lens is shown in Figure 43.  

 

Figure 43. (left) 3D printed 30cm lens before washout of support material. (center) 3D printed 30cm lens after 
washout of support material. (right) 3D printed 30cm lens after washout of support material and mounted in the 
UCLA Plane Bi-Polar Near Field Measurement Range for measurement at 13.4 GHz. Note: Lens was printed at 

NASA Jet Propulsion Laboratory. 

The lens was printed using the Multijet Printing (MJP) 3D printing process on a 3D Systems ProJet at 

NASA JPL/Caltech in a material called Visijet Amber with electrical properties = 2.882(1 − 0.0394) 

in cubical cells. The MJP printing process allows for complex geometries with overhanging parts as the 

printer prints in two materials, one a build material and another a water- soluble washable support material 

which can be removed after printing. The 30cm lens has 38,216 individual discrete cubes. This makes the 

fabrication a challenge as the number of individual cubes makes it difficult to wash out the water-soluble 

support material after printing. Figure 43 shows the lens before (left inset) and after (middle inset) the 

support material is washed away. A close in view of the cubical cell structure is shown in figure 44. 
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Figure 44. Close-in view of the cubical unit cells of the 30cm MJP Visijet Amber lens.  

The figure shows a close in view of the cubical unit cells. The cells have a different side length dimension 

in order to create an effective dielectric constant at each cubical location. These figures show how much of 

a challenge the 3D printing of large lenses with many small cells can be. Nonetheless, we obtained good 

results with the MJP printing process with the /5 unit cell size.  

2.8.2.3 Measurement of the 30cm Inhomogeneous Lens 

The fabricated 30cm lens has a volume of 3597 cubic centimeters and a measured mass of 1.315 Kg. To 

get an idea of the reduction in volume, the volume of a Luneburg lens of the same radius is 14,137 cubic 

centimeters. Thus, our design has reduced the volume by 75%. We opted to measure this lens in the UCLA 

plane bi-polar near field measurement range. This range allows for the measurement of large aperture 

antennas as the antenna is supported from underneath with uniform gravitation loading and positioned on 

an azimuth only rotation stage. The measurement probe then moved in a bi-polar grid fashion sampling the 

near field of the antenna over a planar region. More details of the UCLA PBP range can be found in [50]. 

The lens is fed by the patch antenna feed presented previously. The measured results of the 30cm scaled 

inhomogeneous lens is shown in Figure 40, plotted against the GO simulation results and the CST MWS 

simulation results. The measured results show excellent agreement. 
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We wanted to compare the aperture field results of our GO program with the measured data. We did this 

by using the holographic back-projection technique which can reconstruct the near fields of an antenna 

from the measured far field patterns. The key benefit of this technique is that the plane of which the near 

field is to be reconstructed on can be chosen to be at any location and thus can be chosen to be below the 

original scan plane. Here we chose to back-project the far fields to a plane a quarter-wave in front of the 

lens to match the plane of the GO calculation. The back-projected results are shown in Figure 45 along with 

the GO calculated aperture fields. The signature left in the near fields from the support structures affixing 

the lens to the mounting apparatus is evident in the figure. We also plot the axis-aligned line cuts through 

the back-projected aperture fields in Figure 46 below.  

 

Figure 45. (upper) Calculated near fields from GO simulations. (lower) Back-projected near fields to aperture plane 
coincident with that of the GO calculations 



 
 

92 
 

 

Figure 46. Comparison between back-projected aperture fields from measured (Plane Bi-Polar Near Field) far field 
patterns and simulated (Geometrical Optics and CST MWS) aperture fields through the same aperture plane. 

The line cuts show good agreement with simulation the aperture field phase. This further ensues confidence 

in the geometrical optics design process developed as part of this work and the 3D printing manufacturing 

techniques. The result also shows that large inhomogeneous lenses can be discretized, and 3D printed using 

the techniques outlined in this dissertation. The aperture field amplitude, however, shows aberrations when 

compared to the simulated results. These aberrations are likely due to the bracketing structures and lens 

supports. 

2.8.3 18cm Inhomogeneous Center-Fed FDM Lens with Cylindrical Cells 

We then decided to create an 18cm scaled version of the previous 30cm inhomogeneous center-fed MJP 

lens only this time printed in Ultem material using the FDM process. We chose 18cm to allow the direct 

comparison with Full-Wave simulation tools of the discretized model of the lens with the GO simulated 

and measured results. Larger lenses than 18cm preclude the CST MWS simulation of the discretized lens 

model. As explained in section 2.7, this lens therefore was printed in cylindrical cells rather than the cubical 

of the previous 30cm version. We also fabricated this lens as a test of the FDM printing process in Ultem. 

The Ultem material is space-qualified and low loss. The Ultem material has measured material parameters 

of = 2.686(1 − 0.0045) at 13.9 GHz. Since this material is space qualified, it would ultimately be used 

in the final design, and thus the process had to be refined. We present the results for this design next.  
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2.8.3.1 Design of the 18cm Inhomogeneous Lens 

The 18cm lens is a scaled version of the 30cm lens of section 2.8.2. The diameter is 18cm, which places 

the lens at a focal length of 12cm along the z-axis. As the F/D ratio is kept fixed during scaling and thus is 

the same F/D of 0.67 as that of the 30cm version, the subtended angles to the lens are the same. Therefore, 

the illumination is the same and thus the same feed that was presented in section 2.8.1 is used. The printed 

lens mounted in the UCLA Plane Bi-polar near field measurement range and a close-in view of the printed 

cylindrical cells is shown in figure 47.  

 

Figure 47. (left) 18cm Ultem lens mounted in the UCLA Plane Bi-polar near field measurement range. (right) Close-
in view of cylindrical 3D printed unit cells. The cell dimensions were chosen using the S-parameter inversion 

technique. Note: Lens was printed at NASA Jet Propulsion Laboratory. 

The figure shows the lens was printed with high quality. The measured results are compared with the 

simulation results from CST MWS space map feature and with the CST MWS simulated results of the 

cubical based discretized version of the lens. The 18cm diameter lens size allows for Full-Wave simulation 

of the discretized model. Larger diameter lenses will not allow for Full-Wave simulations.  
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 Directivity HPBW-E HPBW-H Mass 
CST Solid SVM 25.29 dB 9.8° 9.9° 0.909 Kg 
CST Disc Cube 25.0 dB 10.1° 10.1° Not Calculated 

Meas Ultem 25.3 dB 9.95° 9.08° 0.385 Kg 
Figure 48. Simulation vs. measured results for the 18cm Ultem lens. (left) E-plane co-polarized far field pattern. 

(right) H-plane co-polarized far field pattern. Note, mass is calculated using a mass density factor of 1.17 / . 

Figure 26 in section 2.7.2 shows the comparison between the solid continuous inhomogeneous lens versus 

the cubical based discretized model. The measured results show development of a good beam and the same 

directivity as the simulated continuous solid version. The pattern does show slight asymmetry due to the 

bracketing supports used during the measurement. One thing to note is the CST discretized simulation is 

for the cubical unit cell based lens whereas the measured results are for the cylindrical unit cell based lens 

based on S-parameter inversion techniques. The important observation to note is that the CST solid version 

of the inhomogeneous lens based on space map feature has very similar pattern features as that of the 

discretized cubical based CST model simulation results showing that the discretization process is working 

well.  

The cross polarized component for the three cases is also interesting. The cross polarized electric far field 

component for both simulated and measured results is shown in the next figure. 
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Figure 49. Simulation vs. measured results for the 18cm Ultem Lens. (left) E-plane cross-polarized far field pattern. 
(right) H-plane cross-polarized far field pattern. 

The cross polarized electric field component shows that in the E-plane, both the solid inhomogeneous lens 

and its cubical discretized counterpart have the same cross-pol, which is low. Note, that the feed used in 

the simulations are a cos .  type feed model which is designed to emulate the true feed used in the 

measurement which is the 2x2 patch array presented in section 2.8.1. This does lead to some discrepancy 

in the cross-pol comparison between measured and simulated. The key feature to discuss, however, is not 

the measured cross-pol versus the simulated, but rather the simulated solid versus the simulated discretized. 

In the H-plane, where the cross-pol is typically highest, the discretized lens has no cross-pol whereas the 

solid version has developed the classical difference type pattern. This is interesting as it indicates that the 

effective medium based materials don’t refract electromagnetic waves the same as the solid continuous 

surfaces that they are to emulate as figure 26 would lead one to believe. This is evident since it is the 

curvature of the surfaces and the splitting of the incident electric field into a co-pol and cross-pol component 

dependent on the surface normal that gives rise to the cross polarized component of the electric far field. 

The discretized model has a piecewise continuous surface, which does not diffract the same as a continuous 

surface. The measured results show a general higher level of measured cross-pol since it is difficult to align 

perfectly and measure cross-pol accurately. Nonetheless, the diffraction of electromagnetic waves into 

discretized lenses based on effective medium theory should be investigated further. Note also, that this lens 
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diameter is the only one that allows for simulation of the discrete model in CST, thus, the investigation for 

the same effects for the 30cm lenses is not possible.  

2.8.4 30cm Inhomogeneous Center-Fed FDM Lens with Cylindrical Cells 

We then decided to print an FDM version of the previous 30cm inhomogeneous center-fed MJP lens to test 

the printing of large FDM lenses. The previous 30cm MJP lens was printed in Visijet Amber whereas this 

FDM lens is printed in PLA. The PLA material has measured material parameters of = 2.7(1 − 0.01) 

at 10 GHz. As explained in section 2.7, this lens had to be printed in cylindrical cells rather than the cubical 

of the previous 30cm version. We fabricated this lens as a test of the FDM printing process. It is the FDM 

printing process than can print in space qualified materials such as Ultem, thus the process had to be refined 

for large diameter lenses. We present the results for this lens next. 

2.8.4.1 Construction of the FDM Lens 

The lens had to be constructed with cylindrical unit cells in order to facilitate printing in FDM printing 

process. The lens design is the same as that presented in section 2.8.2, only now it is realized using the 

cylindrical unit cell design of section 2.7.4. Photographs of the fabricated lens and a close-in view of the 

printed cylindrical unit cells is shown in figure 50.  
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Figure 50. Fabricated 30cm inhomogeneous lens printed in PLA using the FDM printing process. (upper) Lens in 
FDM printer as it’s printing. (lower left) Close-in view of cylindrical unit cells. (lower right) 30cm inhomogeneous 
PLA lens mounted in the UCLA plane bi-polar near field measurement range. Note: Lens was printed at NASA Jet 

Propulsion Laboratory. 

The figure shows the cylindrical unit cells printed nicely. Each unit cell has a varying cylindrical radius, 

thus creating a different effective permittivity at each cell location. The lens is mounted in the UCLA plane 

bi-polar near field measurement range to characterize the radiation performance. The bracketing is the same 

as that used for the 30cm MJP lens of section 2.8.2. The results of the measurement are shown in Figure 51 

plotted against the CST MWS results for the same lens implemented with their space map feature.  
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 Directivity HPBW-E HPBW-H Volume Mass 

Visijet 28.87 dB 6.14° 6.10° 1055.4 cc 1.315 Kg ** 

PLA 28.70 dB 6.57° 6.18° 1055.4 cc  1.676 Kg ** 
CST 29.30 dB 6.10° 6.10° 3597.0 cc 4.209 Kg* 

Figure 51. Far field (left) E-plane and (right) H-plane pattern comparison between Plane Bi-Polar Near Field (Meas-
PBP) measured patterns of the MJP Visijet Amber lens and the FDM PLA lens vs. CST MWS (Sim-CST) simulated 
pattern, for the 30cm inhomogeneous lens. Also provided is the performance table for the three patterns within the 
figures. *Note, the mass density used in the calculation of the weight is 1.17 / . **These measured masses 

are for the discretized porous structures. 

 The comparison between the MJP lens printed in Visijet and the FDM lens printed in PLA shows that 

lenses printed in FDM are feasible and perform well. The directivity reduced by nearly 0.2 dB owing to the 

increase phase errors in the aperture. The phase errors arise from possible printing tolerances as explained 

in section 2.7.6 when printing in FDM. The aperture field phase plots shown in figure 52 indicate that the 

measured phase in the near field shows a small gradient. This is likely not due to the lens, but rather the 

feed used to illuminate it. The feed patterns and phase front shape are shown in figure 78.  
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Figure 52. GO Simulated vs. measured aperture fields for 30cm Visijet Amber MJP lens and for 30cm PLA FDM 
lens. (left) Co-polarized electric field component aperture field phase plot. (right) Co-polarized electric field 

component aperture field magnitude plot.  

This lens proves valuable as an example in FDM printing. The large diameter lenses can be printed with 

space qualified materials following the success of this example.  

 We did investigate the possibility of anisotropy in the response of the lens to incident polarization 

as the cells do have a cartesian alignment to them. To test this, we performed two measurements, one with 

the lens rotated within the mounting apparatus so as to align the cell pattern with the feed polarization and 

with the x-axis of the measurement range, and another with the lens rotated to an arbitrary angle of 

approximately 30°. The results of the measurements are shown in figure 53. 

  

Figure 53. Measured results for the 30cm PLA lens for two different lens orientations with respect to rotations of the 
cylindrical cell pattern alignment against the feed polarization direction. The lens has its cell patterning either axis 
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aligned with the feed polarization (X Aligned) or rotated to an arbitrary angle of 30° with respect to the feed 
polarization (Arb Angle).  

The figure shows that the co-pol patterns are near identical, whereas the cross-pol patterns show a slight 

shift. The rotation can be seen in the cross-pol patterns; however, the effect is not large enough to be of 

significance and thus will simply be noted here.  

2.8.5 30cm Off-Axis Fed Spinning Spot Beam Inhomogeneous Lens Antenna Design for Potential 

Weather Radar Satellite Application 

To get an idea of the scanning capabilities of the 3D printed lenses, the patch array feeding the on-axis 

30cm inhomogeneous lens of the preceding section was laterally defocused along the x-axis by 12.5cm and 

rotated by 27.5° toward the center of the lens to optimize the illumination as shown in the left insert of 

figure 55 on the next page. The GO analysis program described in this paper was used to analyze the 

scanning performance. The results are shown in figure 56 on the next page as the OnAxisOpt OffAxisFed 

curve. The results show significant deterioration of the main beam in the far field indicating significant 

aberrations to the aperture field phase. The directivity has dropped by about 4 dB, the sidelobe envelope 

has risen and has become asymmetric, and the nulls have filled in. 

We then used the optimizer to optimize the 30cm lens to produce an off-axis beam in an attempt to restore 

the beam quality in the far field by removing the aperture field phase aberrations through optimization. 

Since the lens is parameterized as a body-of-revolution, the optimization can be done at single feed location. 

By symmetry, successive excitation of feeds placed along the BOR ring focus of the final optimized design 

would produce a beam that electronically scans in a conical sweep. This BOR restriction places limitations 

on the minimum achievable RMS phase error one can achieve in the final optimized design. The goal of 

the optimizer is to obtain a uniform phase gradient in the aperture and also low weight. If one did not restrict 

the weight, then the final optimized lens could be spherical and would produce perfect phase gradient as in 

the case of a Luneburg Lens. However, as the optimizer attempts to also reduce the volume of the lens, the 

phase linearity begins to degrade because of the imposition of the azimuthal symmetry. Thus, a fundamental 
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tradeoff exists between the volume of the lens and the scan performance. The optimizer must select the best 

case between these two tradeoffs. The fitness function used during the optimization is 

3

#2 7.5 1 0.5 1 min ,1
# (4 / 3) (15 )

eff
phase

physical
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 (2.8.4) 

The first term of (2.8.4) represents the RMS phase error of a fit of the aperture field phase to a plane 

perpendicular to the intended main beam direction, which in this case is = 33.6°. The second term 

attempts to minimize the number of total internal reflected rays. The third term is included to reduce the 

overall volume of the optimized lens. The fourth and final term is included in order to maximize the area 

of the convex hull surrounding the rays within the aperture. This term was included so as to create as large 

as an effective aperture as possible to increase the directivity of the scanned beam lens.  

The optimizer converged upon the optimum design within 1000 iterations as indicated by figure 54.  

 

Figure 54. Optimizer convergence plot for 30cm off-axis spinning spot beam inhomogeneous lens. 
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The final fitness function value of (2.8.4) is = 0.7169 with each term equal to ( =

0.2696, = 0, = 0.13405, = 0.3141). The optimum geometry resulting from the 

optimization are shown in the right insert of Figure 55 in an attempt to compare the optimized result for 

scan with that for on-axis feeding. The optimizer was allowed to access the full range of permittivity’s 

between that of free space ( = 1) and that of the polymer used during the 3D printing process 

( = 2.686). The right insert of the figure shows the optimized lens surface shape and inhomogeneous 

permittivity filling the volume. The calculated volume of the optimized lens is 3,795 cubic centimeters 

which is a 26.8% of the volume of the Luneburg Lens with the same radius. This translates to a significant 

reduction in the lens mass, which was one of the primary goals of the project.  

 

Figure 55. (left) Permittivity profile of 30cm inhomogeneous lens of section 2.8.2 showing off-axis feeding 
arrangement. (right) Permittivity profile of optimized 30cm inhomogeneous lens of this section, section 2.8.5, also 

showing off-axis feeding arrangement.  

Table 5. Surface expansion Coefficients of (2.4.3) for the optimized 30cm inhomogeneous off axis fed lens 

      
Feed Side  -34.816 0.0000 -2.3611 0.0000 0.071 

Aper Side 88.938 0.0000 -3.7011 0.0000 0.0418 
 

Table 6. Permittivity expansions coefficients of (2.4.4) for the optimized 30cm inhomogeneous off axis fed lens 

           m 

n 

0 1 2 3 
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0 -28.758 493.61 -2649.6 4739.7 

1 -33.218 505.72 -1662.6 0 

2 -272.1 1360.3 0 0 

3 -52.099 0 0 0 

 

The results of the GO analysis are shown in Figure 56 as the OffAxisOpt OffAxisFed curve. Also shown 

in Figure 56 is the on-axis fed result of the lens of section 2.8.2 for comparison as the OnAxisOpt 

OnAxisFed curve. Note, the figure plots all patterns in a main lobe aligned coordinate system which places 

the z-axis of the pattern coordinates through the beam peak. Thus, each beam appears in the plot with its 

maximum along = 0°. However, note that each beam is scanned to different angle as indicated in the 

table included within Figure 56. The plotting of each beam onto their own main beam aligned coordinate 

system allows more readable direct comparison between the beams.  

  

 Directivity HPBW-E HPBW-H Beam Point Mass 
OnAxisOpt 
OnAxisFed 

29.23 dB 6.36° 6.32° 0.00° 4.208 
Kilograms 

OnAxisOpt 
OffAxisFed 

25.29 dB 9.62° 5.35° 32.46° 4.208 
Kilograms 

OffAxisOpt 
OffAxisFed 

29.06 dB 7.14° 5.32° 33.87° 4.440 
Kilograms 

Figure 56. Far field Eplane (left) and Hplane (right) pattern comparison between 30cm inhomogeneous lens with the 
feed laterally defocused by 12.5 cm along the x-axis in an attempt to scan the beam (OnAxisOpt OffAxisFed), the 

30cm inhomogeneous lens with the feed on focus (OnAxisOpt OnAxisFed), and the optimized 30cm 
inhomogeneous lens optimized to produce a scanned beam to angle = 33.6° (OffAxisOpt OffAxisFed). Note, 

all patterns are cut in a main-beam aligned coordinate system. All patterns are from GO simulations. 
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The directivity of the optimized scanned beam lens has increased back to 29.06 dB, comparable to the 

directivity of the on-axis fed 30cm inhomogeneous lens. The beam has significantly been cleaned up by the 

optimizer. The table within the figure clearly shows that the optimizer was able to bring the directivity for 

the scanned beam lens back to the original value of the unscanned case. This is due in part to the possibility 

of material optimization in addition to the shaping, which points to the novelty of our approach. To show 

that the 30cm off-axis optimized lens is indeed optimized for off-axis performance, we analyzed the 

performance of the off-axis optimized lens for on-axis feeding performance. The results of the analysis are 

shown in figure 57. 

 

 Directivity HPBW-E HPBW-H Beam Point Mass 
Off-Axis Fed 

Optimized 
29.05 dB 7.14° 5.32° 33.87° 4.440 

Kilograms 
On-Axis Fed 
Optimized 

27.46 dB 6.00° 6.06° 0.00°  4.440 
Kilograms 

Figure 57. On-axis fed performance vs. Off-axis fed performance of the optimized scanned beam antenna. 

The figure shows that indeed, the lens is optimized for off-axis performance. When fed on-axis, the 

directivity drops by ≈ 2.5 . Finally, to show that the lens produces the conically scanned beam, several 

simulations were carried out using the GO analysis for different locations of the feed along the focal ring 

in the xy-plane as shown in Table 7.  

Table 7. Conical scan spinning spot beam pattern performance table for 30cm off-axis fed optimized lens 
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For each feed location, the feed pattern polarization along the x-axis is maintained. The table shows the 

feed position vector ⃗  for four positions of the feed, one along each of the positive and negative directions 

of both the x and y axes. The far field patterns resulting from these four feed locations are shown in figure 

58 and verify the spinning spot beam conical beam scan promised by the BOR parameterization scheme 

adopted.  

 

Figure 58. Body-of-revolution based conical scan beam far field patterns. (left) Beams for feed positioned along the 
x-axis, (Red) for feed located at = −12.5 , and (Blue) for feed located at = 12.5 . (right) Beams for feed 

positioned along the y-axis, (Red) for feed located at = −12.5 , and (Blue) for feed located at = 12.5  

Each beam in Figure 58 is nearly identical. The directivity of each beam and the beam pointing angles are 

given in Table 7. To further elucidate the conical scan, Figure 59 shows the uv-space plots for the four 

representative beams of the full conical scan range. It is clear from the figure that the beam rotates along 

the surface of the cone described by cone angle 34°. Thus, if feeds with sufficient density are placed along 

the BOR ring focus and excited in succession, then the lens would produce the spinning spot beam conical 

Feed Centroid Position 
Vector 

Directivity 
(dB) 

Beam 
Point ( ) 
in degrees 

Beam 
Point ( ) 
in degrees 

⃗ = [− . , , ] 29.06 33.87 0.0 
⃗ = [ , . , ] 29.08 33.42 -90.0 
⃗ = [ . , , ] 29.03 33.81 180.0 

⃗ = [ , − . , ] 29.06 33.48 90.0 
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sweep. This design would ultimately be expanded to 60cm in diameter to obtain the final lens antenna 

design.  

 

Figure 59. Plots of uv-space for body-of-revolution based conical scan produced by moving the feed to different 
location along the ring focus of the 30cm optimized inhomogeneous lens. (upper left) feed located at ( =

−12.5 , = 0 ), (upper right) feed located at ( = 0 , = 12.5 ), (lower left) feed located at ( =
12.5 , = 0 ), (lower right) feed located at ( = 0 , = −12.5 ). 

The incident angle of 34° allows for good dynamic range in RCS measurements according to the GMF of 

figure 4 while simultaneously not pushing the lens scan angle too far. It could have been optimized, 

however, for a larger scan angle.  

2.8.6 Focal Ring Feed Array Concept Design for the 60cm Lens 

Multiple feed topologies will be presented. Each of which have their own benefits and applications. The 

first feed topology is designed to provide 50 spot beams along the conical sweep path. These 50 
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measurements of  at 50 different azimuth angles and all at the same incident angle = 33.5° provide 

enough data points for the wind vector to be obtained unambiguously as explained in section 2.1. The 

second feed topology aims to emulate a full continuous 360 degree conical scan by filling the focal ring 

with enough feeds to fill the full scan cone with beams of which overlap with 3dB or less of pattern decay 

between beams. This topology can in theory emulate a continuous scan.  

2.8.6.1 Feed Array Topology to Create 50 Beams and 50 Azimuthal Samples: 

Typically, only 4 or more measurements are needed at different antenna azimuth angles to unambiguously 

invert the GMF function and obtain the wind vector. The array we present next can generate up to 50 beam 

and thus 50 measurements. Not all beams need be excited, however, and the number of measurements 

needed can be tailored to how one chooses to excite the array. The array consists of 50 individual feeds 

tiled along the focal ring. Each of the 50 feeds are of the same type as that provided in figures 36 and 37. 

This feed element is designed to efficiently illuminate the lens and provide a single beam which is scanned 

to ≈ 33.5°. This scan angle thus correlates to an incidence angle upon the ocean surface of = 33.5°. This 

is a good choice for incidence angle according to the left plot of figure 4 providing ≈ 20  of dynamic 

range of  vs. wind speed while also not attempting to push the lens scan angle too far. This scan angle 

for a 60cm diameter lens already is approximately 12 beamwidths of scan. By tiling this feed antenna along 

the focal ring, the entire focal ring can be populated with 50 elements. The focal ring feed array is depicted 

in figure 60. 
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Figure 60. Focal ring feed array geometry to produce 50 spot beams at 50 different azimuth angles. 

Each red dot in the figure indicate the location of the phase center of one of the 2x2 patch array feed 

elements shown in figure 36 and 37. Thus, there will be 50 coaxial ports, each of which excite a single 

beam. The ground plane of the feed element depicted in figure 36 will be truncated to a 3   3  size, 

thus allowing for 50 feed elements, each 3cm wide to populate the 157cm focal ring circumference. Note, 

the focal ring in this case has a radius of 25cm. The feed focal ring array is shown in Figure 61 modeled in 

CST MWS for simulation.  
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Figure 61. Focal ring feed array. A total of 50 individual feed elements are tiled along the conically curved feed 
focal ring. (upper left) The focal ring feed array view from above. (upper right) The focal ring feed array view from 
below. (lower) The focal ring feed array viewed from the side to show the feed elements are laid out piecewise along 

the array. Each patch is printed on a flat dielectric substrate. 

This feed topology thus can generate enough samples by simply exciting the ports in succession.  This feed 

array consists of laying 50 flat feed elements effectively a piecewise conical anulus. It may be difficult to 

mount the feeds along the support ring in this manner. Another option that we explored was creating a 

curved feed element printed on a continuously curved conical anulus dielectric substrate which would be 

conformal to the conically curved aluminum support ring. The curved feed topology is shown in figure 62. 
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Figure 62. Curved focal ring feed array topology. (upper) Top view of focal ring feed array. Each patch is a curved 
patch printed on a curved conical anulus ring grounded dielectric substrate. (middle) Side view of focal ring feed 

array. Each feed element is excited by a single coaxial port. (lower) Close-in view of a single element printed on the 
whole ring. The patches are curved and printed on the curved dielectric substrate. 

CST MWS simulations were carried out on a single curved element in the environment of the entire 

aluminum support ring as in figure 62, a single flat feed element in the environment of the entire aluminum 

support ring as in Figure 61 and compared to the isolated flat element from figure 36 and 37 to investigate 

how the curved substrate and support ring environment effected the radiation patterns. The simulated results 

are shown in figure 63. 

  

 Directivity HPBW-E HPBW-H 
Curved On Ring 12.95 dB 35.5° 40.8° 

Flat On Ring 12.65 dB 39.5° 45.5° 
Flat Isolated 12.93 dB 39.6° 44.2° 

Figure 63. Pattern comparison for curved feed element on support ring, flat feed element on support ring, and flat 
element in free space with no support ring. (left) Eplane patterns. (right) Hplane patterns.  

The flat element isolated is the same result as that presented in figure 37. The flat element radiating in the 

presence of the aluminum support ring starts to show rising sidelobes in the E-plane around = 50°. The 

pattern within the subtended angle to the lens is not affected greatly, however, this rising sidelobe region 

contributes to the spilled over power and thus reduces the efficiency. Note, the element which is excited is 

placed on the ring along the x-axis, and the z-axis points upward from a coordinate system which has its 

origin at the geometric center of the ring. Thus, the excited element radiates with its main beam maximum 

toward = −27.5° in the feed coordinate system with its origin at the center of the whole ring. The curved 
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element in the radiating in the presence of the aluminum ring also shows the same rising sidelobe level. 

Despite the increased sidelobe level, the feed radiation pattern is similar in the angular range covering the 

subtended angle to the lens, namely, = 37°.  

The S-parameter simulations for 3 of these feed elements placed side by side shows that the 

coupling between elements is weak. These S-parameter results are provided in table 8. 

 Port 1 Port 2 Port 3 
Port 1 -14.66 dB -33.82 dB -32.57 dB 
Port 2 -33.83 dB -14.96 dB -50.84 dB 
Port 3 -32.57 dB -50.85 dB -14.59 dB 

Table 8. S-parameter matrix for 3 flat feed elements side-by-side. 

The other possibility which sets this antenna design apart from its predecessors for wind 

scatterometers is the possibility to excite multiple beams simultaneously to accelerate the scan. We next 

show a second possible feed array topology which can emulate a continuous beam scan.  

2.8.6.2 Feed Array Topology to Emulate a Continuous Conical Beam Scan for 60cm Lenses 

In order to maintain a minimum of a 3dB overlap between beams the feed array creates and thus emulate 

the continuous scan offered by the parabolic reflector mounted on the mechanical motor of Figure 9, the 

feeds phase centers must be densely packed along the focal ring as shown in Figure 65. To determine the 

arc-length separation between phase centers along the focal ring, one first notes that as one ‘revolves’ the 

vector which points in the direction of the main beam about the z-axis along the cone defined by constant 

 through one beamwidth, by definition of the half power beamwidth, the beam through the new main beam 

vector direction will overlap with the original by 3dB. This is shown in the left insert of figure 64. The left 

insert of the figure shows to adjacent beams separated by 1 beamwidth. In this case, we overestimated the 

beamwidth to allow for efficiency factors.  
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Figure 64. (left) In order to maintain a 3dB beamlet overlap, the beams must be separated by approximately 3°. 
(center) The ray connecting the feed phase center on the focal ring to the geometric center of the lens makes an 
angle of = 32° with the lens axis. The beam is scanned to approximately = 33°. As these two angles are 

nearly identical, the feed phase centers must be distributed along the feed focal ring by an angular separation of 1 far 
field beamwidth in order to maintain minimum 3dB overlap. (right) The translates to an arc length separation of at 

most 1.31cm along the focal ring 

Next, one must observe that the beam divergence factor (BDF) can be approximated as equal to 1 by design. 

Thus, the cone angle which defines the conical beam scan sweep is the same as the cone angle defining the 

cone with its vertex at the center of the lens and which goes through the focal ring. Thus, the angular 

separation between beams in the far field is also the angular separation between phase centers along the 

focal ring. This is shown in the central insert of figure 64. The right insert of figure 64 shows how this 

angular separation between phase centers along the focal ring translates to an arc-length separation of 

approximately 1.31cm. This requires the phase centers to be more densely packed then possible with a 

single row of feeds as in figure 60. Thus, the feeds must be packed in a different way along the focal ring 

to obtain sufficient density. One way to achieve this is to create two offset staggered feed rings, one above 

the optimized focal ring, and another below. Figure 65 shows on the left inset the focal ring array with color 

coded dots showing the locations of the feed phase centers within the array.  
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Figure 65. (left) Figure depicting the feed geometry. The feeds will be placed along the focal ring feed array with 
their phase centers at the locations of either the green, red, or orange dots. (right) A single unit-cell of the feed 

array. The red dashed line indicates those feeds which will be placed along the feed array at locations with red dots, 
the green dashed lines indicate those feeds which will be placed along the feed array at locations with green dots, 

and the orange dashed line indicates those feeds which will be placed along the feed array at locations with orange 
dots. The blue dashed line shows the separation between the phase centers of each of the individual feeds in the unit-

cell. 

The feeds will be placed along the focal ring feed array with their phase centers at the locations of either 

the green, red, or orange dots. The right inset of Figure 65 shows a single unit-cell of the feed array. The 

unit-cell consists of 4 individual feed elements. This unit-cell will be repeated and laid along the feed array. 

The red dashed line indicates those feeds which will be placed along the focal ring feed array at locations 

with red dots, the green dashed lines indicate those feeds which will be placed along the focal ring array at 

locations with green dots, and the orange dashed line indicates those feeds which will be placed along the 

focal ring array at locations with orange dots. The blue dashed line shows the separation between the phase 

centers of each of the individual feeds in the unit-cell is 1cm. 

A total of 100 feeds will be placed along this array, 50 along the optimized focal ring and 25 along each of 

the offset staggered rings. The feed array can be printed and glued down to a conical surface in order to 

produce the final fabricated feed array as shown before. Excitation of each feed port in succession will 

produce the conical scan required by the continuously scanning spinning spot beam scatterometer radar. 

 3D-PRINTED LENS DIAGNOSITCS USING GO/PSO AS AN 

INVERSE SCATTERING TOOL 
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2.9.1 Determination of Unknown Lens Permittivity with Printing Errors 

The final fabricated lens is sensitive to printing tolerances as described in section 2.7. Thus, we needed to 

formulate a way to analyze the fabricated lens to determine what the printing errors were and also to 

formulate a new effective focus the actual fabricated lens would be best illuminated from. The strategy we 

used is demonstrated in figure 66 below. 

 

Figure 66. Inverse Scattering flowchart for 3D printed lens diagnostics. The known measured fields of the feed alone 
and the aperture fields of the feed-lens system are input into the GO-PSO synthesis loop. The optimizer converges 
upon the lens parameterizations for the material and/or surface which would give the same aperture fields as was 

measured by the unknown lens.  

The figure begins with a lens with unknown permittivity due to fabrication errors. The lens is measured in 

the UCLA plane bi-polar near field measurement range upon which the measured aperture fields are 

obtained. The far field transform of these measured near fields show that the lens may not be performing 

as expected due to printing errors. Since the feed pattern is known, then the GO-PSO synthesis algorithm 

can be converted into an inverse scattering diagnostics tool in order to determine the actual unknown printed 

permittivity expansion of (2.4.4). The problem is similar, a known source, a desired aperture field (that 

which was measured rather than that which would produce the desired beam), and an unknown lens with 

unknown shape and permittivity. The same tool can design a lens or diagnose a printed lens. Effectively, 

the synthesis tool has become a diagnostics tool. The now diagnostics tool is used to synthesize the actual 
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printed permittivity of the lens which is known to have printing errors. The optimizer can be seeded with 

the expected print-error free design since it is expected that the actual printed design is only slightly 

perturbed due to print tolerances or errors. This also helps mitigate any multimodal or mutlisolutions that 

may exist in the solution space which would give the same result. Once the lens can be modeled after 

determining the printed permittivity, a separate optimization is ran to find the best feed position and hence 

focal length that would produce a more efficient beam for the lens with printing errors.  

 We tested the diagnostics tool approach by enforcing a known error into the permittivity 

distribution that was used in the lens presented in section 2.8.3. A quadratic error was added to the 

permittivity in agreement with the expected errors caused by the tolereance study of section 2.7.6. In that 

study, a small error in the transmission phase of each cell of 2° lead to a quadratic phase error in the aperture 

field phase of the co-polarized component. The perturbed permttivittiy error introduced into the original 

permittivity of  
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  (2.8.5) 

where ,  is the permittivity of the perturbed lens, ,  is the original permittivity,  is 9cm, 

 is 4.02cm, and  is 3.6cm. Graphically, these permittivty distributions are shown in the figure below. 
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Figure 67. Original (left) and perturbed (right) permittivity distributions of 18cm diameter lens. The perturbed lens 
has a quadratic error added to the original permittivity which would be representative of possible printing or 

fabrication errors.  

Both the original and perturbed lenses shown in figure 67 were analyzed via the GO program outlined in 

section 2.4. The aperture field phase of the co-polarized component was recorded and is shown in figure 

68. 

 

Figure 68. Co-polarized aperture field phase for both the original and perturbed 18cm lenses.  

The perturbation added to the original permittivity has lead to a significant phase error developed in the 

aperture. The phase error is quadratically shaped as expected. The far field patterns resulting from the 

analysis of each of the lenses will be shown in figure 75. The task of the diagnostics algorithm is then to 

recover the perturbed permittivity given the perturbed aperture field phase function shown in figure 68. The 
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diagnostics algorithm does not know what lens produced the aperture field phase shown in the figure, it 

simply knows this measured phase. The job of the diagnostics algorithm is then to produce the lens which 

gives the perturbed phase function shown in figure 68. A surface was fit to the perturbed phase distribution 

and thus represents the measured aperture fields. The diagnostics algorithm was ran to synthesize the lens 

permittivity with known shape to produce the measured aperture field phase with the fitness function of 

  
#3 1 1 min ,1
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  (2.8.6) 

The term  was an important term and is used to mitigate the problem of multiple solutions for the 

permittivity generating the same aperture field phase and is given as the RMS error between the original 

lens permittivity expansion coefficients and the calculated solutions permittivity expansion coefficients. 

Effectively, this results in finding the solution closest to the original lens permittivity as it is not expected 

that the print error would be large. The second term is the RMS error in the fit between the two surfaces 

created by fitting (a) the measured phase (in this case the simulated aperture field phase of the perturbed 

lens) to one surface and (b) fitting the calculated aperture field phase of each design calculated as part of 

the fitness evaluation to the other. The remaining terms are the same as those of (2.8.4). The optimizer 

converged upon the best design according to the fitness function resulting in the permittivity distribution 

shown in figure 69. 
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Figure 69. Diagnosed (left) and perturbed (right) permittivity distributions.  

Given the measured phase of figure 68, the diagnostics optimizer produced the lens shown in the left insert 

of figure 69. The diagnosed lens permittivity agrees reasonably well with the known injected error of the 

perturbed lens. The aperture field phase resulting from the diagnosed lens is plotted against the aperture 

field phase of the perturbed lens (which would be presumed to be attained via near field measurement of 

an unknown lens) in figure 70. 

 

Figure 70. Diagnosed lens aperture field phase plotted against the perturbed lens aperture field phase. The 
diagnostics optimizer’s job was to determine the lens which gives the equalizes these aperture field phases. 

The results show that the diagnostics optimizer did converge upon the correct design which gives the same 

aperture field phase as the perturbed lens produces in the near field. The optimizer final fitness value of 

(2.8.6) is =0.1083 ( = 0.0977, = 0.0106,  ℎ    ). The 

convergence plot for the optimizer is shown in figure 71. 
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Figure 71. Diagnostics optimizer convergence plot. 

The convergence plot above shows the average fitness of the swarm of particles and the global best fitness 

of the entire swarm plotted against iteration number. The optimizer is considered converged when the 

average fitness approximately equals the global fitness meaning all the particles in the swarm are near the 

same optimum point in the solution space, and the optimizer is considered to have reached its goal when 

the global best is as close to zero as possible. Figure 71 indicates that the optimizer has converged.  

Now that the lens permittivity and shape are known, one can optimize for a new focal point which 

brings the lens performance back in agreement with the original lens spec’d out for fabrication. Without 

the diagnostics tool, one could not determine where the new optimal focal point is for the lens with print 

fabrication errors without doing a series of trial and error measurements.  

2.9.2 Reoptimization for New Optimal Focal Point 

Now that the unknown lens permittivity has been determined using the diagnostics tool, we can optimize 

the now known lens for its new optimum focal point. The same GO-PSO synthesis algorithm is used again 

only now the lens surface expansion and permittivity expansion are known from diagnostics. The ̂-
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components of the vector ⃗ , where ⃗  is defined in figure 14, is the optimization variables, that is, . We 

optimize to attempt to restore the aperture phase distribution of the original lens. Thus, the new focus would 

represent the optimum focus for the lens including its printing errors. To search for the optimum focus, the 

fitness function of  
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  (2.8.7) 

is used in the GO-PSO synthesis program. The first term is the RMS error in the fit between the two surfaces 

created by fitting (a) the original lens (the original optimized print error free lens) aperture field phase to 

one surface and (b) fitting the calculated aperture field phase of each design calculated as part of the fitness 

evaluation to the other. In this way, the new optimum focal point restores the intended aperture field phase. 

The remaining terms are the same as those of (2.8.4). The optimization problem is illustrated in figure 77. 

 

Figure 72. Optimization problem definition for new focal length. 

Again, invisible boundaries are used with a solution space defined so as to allow the feed location to move 

throughout a length of 6  on each side of the original focal point. As the solution space is a single 

dimension, the optimizer converged quickly. This is illustrated in figure 73. 
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Figure 73. Optimizer convergence plot for new focal length optimization. 

 

The final fitness is = 0.05435 with ( = 0.05435, = 0, = 0). The optimizer 

converged upon the new focal length of = 8.82 . The diagnosed lens specified by the left insert of 

figure 69 was analyzed via the GO program at the new focal length of 8.82cm. The results are shown in 

figure 74.  
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Figure 74. Co-polarized component electric field aperture phase distribution for the original lens, the perturbed lens, 
and the diagnosed lens with the new focal point.  

It is clear in the figure that the new focal point for the diagnosed lens has restored the phase back to that of 

the original optimized lens. The far field patterns resulting from each of the cases shown in figure 74 are 

plotted in figure 75. 

 

 

 
Directivity HPBW-E HPBW-H FSLL-E FSLL-H 

Original 25.3 dB 9.8 deg 9.9 deg -20.1 dB -20.2 dB 

Perturbed 25.0 dB 8.9 deg 8.8 deg -12.5 dB -12.2 dB 

DiagNewFocal 25.4 dB 9.6 deg 9.7 deg -22.0 dB -21.6 dB 
Figure 75. CST MWS simualted far field patterns for original lens (blue), perturbed lens (red), and diagnosed lens at 
new focal point (black). Shown are the E-plane co-pol (upper left), the D-plane co-pol (upper middle), the H-plane 
co-pol (upper right), the E-plane xr-pol (lower left), the D-plane xr-pol (lower middle), the H-plane xr-pol (lower 

right). Also provided is a table of pattern statistics including the directivity, the half-power beamwidth (HPBW) in 
the E- and H-planes, and the first side lobe level (FSLL) in the E- and H-planes.  

The far field patterns show that the diagnosed lens with the new focal point restore the beam quality and 

directivity thus validating the diagnostics approach. This tool can prove to be valuable when lenses with 

unknown printing errors resulting from printer tolerances need to be characterized and a new optimal focal 

point defined.  
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2.9.3 Diagnostics of an 18cm Inhomogeneous Center-Fed PLA Lens 

We used this diagnostics tool to correct for printing errors from a 18cm diameter lens. The 18cm 

lens is the same as that presented in section 2.8.3, only it was printed in PLA with cylindrical cells rather 

than in Ultem. The cell geometry for a given permittivity was calculated using the Interpolation Method 

which is known to be approximate as explained in section 2.7. The FDM process is also more difficult to 

control, and thus, the lens was known to have some fabrication errors. We first measured the 18cm lens in 

the UCLA plane bi-polar near field measurement range and obtained the measured results shown in figure 

77.  

 

Figure 76. 18cm lens designed with interpolation method and printed in PLA using the FDM method. (left) Lens 
mounted in UCLA plane Bi-polar near field measurement range. (right) Close-in view of the lens.  
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 Directivity HPBW-E HPBW-H 
CST Solid 25.29 dB 9.8° 9.9° 
Meas RedLens 24.43 dB 10.41° 9.54° 

Figure 77. Measured vs. simulated for 18cm PLA lens printed with FDM. The lens was designed using the 
interpolation method. 

The measured results show significant errors in the far field patterns. The nulls have filled in, the directivity 

reduced, and the beamwidths have opened up. These are characteristic of quadratic type phase error in the 

aperture fields. This error develops since if each cell gives a say 2-3° error, then simply due to the shape of 

the lens, with more cells in the center versus the edge, the maximum phase error will develop along the 

central axis of the lens, and less along the outer rim, effectively placing a quadratic type phase error in the 

aperture. Nearly 1dB of directivity had dropped as compared to the solid inhomogeneous lens simulated 

results. The lens can be corrected, however, by determining the location of the new optimum focal point.  
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 We needed to determine the permittivity distribution of the actual printed lens. We used the 

diagnostics tool to synthesize a lens which would match the measured near fields when illuminated with 

the known source pattern. The fitness function used during the optimization is the same as that of section 

2.9.1, namely, expression (2.8.6), only the true measured near field phase is used in place of the simulated. 

In addition to the fitness function, the true feed pattern had to be used in place of the cos  feed model 

described by (2.4.1). Since only phase is required for the GO-PSO synthesis or diagnostics and since the 

CST MWS co-polarized phase front agreed excellently with the measured co-polarized phase front ,we 

opted to use the CST MWS phase front for the diagnostics optimization. Simulations were carried out using 

CST MWS to find the location of the phase center with respect to the patch geometry. The phase center 

was calculated to be located at ⃗ = (−1.56,0.008, −1.69)  away from the coordinate origin which 

is located at the center of the coaxial pin feeding the patch and at the surface of the patch as shown in figure 

78 below. 
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Figure 78. Phase center calculation of the patch antenna feed. (upper left) The patch array feed showing the 
coordinate system definition. (upper middle) The co-polarized far field phase pattern calculated from the coordinate 

origin. (upper right) The co-polarized far field phase pattern calculated from the calculated phase center. (bottom 
left) Eplane far field co-polarized phase line cuts. (bottom right) Hplane far field co-polarized phase line cuts.  

The black rectangle in the line cut plots indicate the subtended angle to the lens from the feed. When the 

feed is not placed at the phase center but rather at the origin, there exists a large gradient in the phase front 

in the Eplane. This leads to a small beam scan from a gradient that appears in the aperture of the lens. If 

one places the feed at the phase center, this scan can be removed as shown in figure 78. The measurement 

of the 18cm lens, however, was done with the feed at the origin, and thus, the measured aperture field phase 

includes a small gradient in the Eplane. This phase center calculation exemplifies the importance of using 

the true feed model or actual feed measured patterns when running the diagnostics program. The diagnostics 

program was run with the feed at the origin to calculate the actual permittivity of the printed lens with 

unknown permittivity. The surface shape was assumed to be accurately manufactured, simply the 

permittivity was incorrect due to printing tolerances. The results of the optimization are shown in figure 79. 
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Figure 79. Diagnosed (left) versus original (right) permittivity of 18cm diameter lens.  

The results of the reverse-engineering of the printed lens show that the FDM printer printed the lens light, 

meaning that there was less material printed than was specified. The permittivity in the core of the lens has 

reached a maximum value of = 1.92 rather than the value originally specified of = 2.0. The optimizer 

converged quickly to a fitness function value of = 0.3622, as indicated by the convergence plot 

provided in figure 80. 

 

Figure 80. Convergence plot for diagnostics optimization of 18cm lens 
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 The now known lens was optimized for a new focal point and thus a new focal length. The same 

optimization procedure was used as in section 2.9.2. The optimizer was asked to use the reverse-engineered 

diagnosed lens to recreate the aperture field phase of the original lens. Therefore, if the optimizer were 

asked to find the optimum focal point of the original lens which would create the original aperture field 

phase, then the same original focal length of = 12  would be converged upon as this focal point 

produces the original aperture field phase. The diagnosed lens however, will most closely approximate the 

original aperture field phase at a new focal point. The new optimal focal point was found to be = 14.8  

rather than the original focal length of = 12 . The lens was then mounted on a modified measurement 

bracket to increase the focal length to = 14.8  and measured in the UCLA plane bi-polar near field 

measurement range for pattern characterization. Figure 81 shows the lens in the range side-by-side with the 

original measurement setup.   

    

Figure 81. 18cm diameter lens mounted in UCLA plane bi-polar near field measurement range for pattern 
measurement. The diagnosed lens at the new focal length of = 14.8  is shown in the left. The original 

measurement oat the focal length of = 12  is shown in the right.  

The patterns resulting from the measurement are shown in the next figure. 
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 Directivity HPBW-E HPBW-H 
CST Solid 25.29 dB 9.8° 9.9° 
Meas Diag 25.16 dB 8.88° 8.55° 
Meas Orig 24.43 dB 10.41° 9.54° 

Figure 82. Far field pattern comparison between the CST MWS original lens simulation of the continuous 
inhomogeneous solid with cos  feed (CST Solid), the original measured results at the original focal point (Meas 

Orig), and the measured result for the diagnosed lens at the new focal point (Meas Diag).  

The measured pattern of the reverse-engineered diagnosed lens at the new focal point agrees more closely 

with the CST MWS simulation results for the solid inhomogeneous lens. The nulls have been restored 

indicating the presence of uniform phase in the aperture field. Furthermore, the directivity has increased 

and agrees more closely with the simulated results. It must be noted that by moving the feed to the new 

focal point, the illumination has changed, and thus the edge taper is different between the two measurement 

cases. However, it is the phase that was the primary focus, and the phase shows good improvement. These 

measured patterns were backprojected to the aperture plane to compare the near field phase. The results of 

the backprojection are plotted in figure 83.  
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Figure 83. Aperture field phase comparison between CST MWS simulation, the original measurement at the original 
focal point, and the new measurement at the new focal point.  

The aperture field phase has been restored due to the diagnostics procedure, further indicating that the 

diagnostics procedure is working well. All of the results of this section show that a slight variation in the 

permittivity can lead to large performance degradation. In this case, the relative permittivity is only off by 

at most one-tenth of the original permittivity, which is an easy error to incur for the printing tolerances 

described in section 2.7.6. The performance of the antenna has been restored. Without the diagnostics tool, 

the predication of the new optimal focal point would not have been possible.  
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CHAPTER 3 

 

Reflectarray Antennas for the CubeSat Small Satellite Platform 

 INTRODUCTION 

 

Figure 84. Artist rendition of reflectarray CubeSat satellite deployed in space above the Earth. 

Reflectarray antennas have been focus of research since the early 1990’s. Since then, many new designs 

have emerged, such as multi-band [51], multi-layer [52], broadband [53] [54], active reflectarrays [55], 

reconfigurable/tunable [56] [57] , and conformal arrays [58] to name a few. The analysis and design 

algorithms have evolved as well from the first instance of application of the infinite array analysis approach 

[20], to a full SDMoM analysis/design algorithm [23] [21], the surrounded element approach [59], various 

efficiency and acceleration methods for the SDMoM algorithm for reflectarrays [22] [60] [61] [62], and 

optimization algorithms applied to reflectarray antennas [63] [62]. The reflectarray antenna technology has 

also seen recent space applications for satellite antennas [16] [17]. Building upon the recent paradigm shift 
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in small satellites called CubeSat satellites [64], the reflectarray antenna finds a novel application setting 

as theses small satellites must stow a large aperture antenna in a small space.  

Reflectarray antennas act to emulate classical conic section reflectors by producing uniform phase within 

an aperture plane in front of the array. The word reflectarray is a conjunction between reflector antenna and 

phased array antenna, of which the reflectarray borrows the benefits and avoids the drawbacks. A classic 

parabolic reflector antenna is a bulky curved surface structure and has limited beam scan capabilities, 

whereas a reflectarray is a planar structure allowing conformal designs and novel foldable deployment 

strategies and can be designed to scan the beam to wide angles. A phased array antenna is a versatile antenna 

structure which allows flexibility in the beam design as local discrete control of the aperture field magnitude 

and phase is achieved through local element excitation coefficients at the cost of the insertion loss and 

complexity of design of the cooperate feed network. The attains this flexibility while avoiding the loss by 

producing the excitation coefficients through a spatial feeding technique through a feed horn rather than 

the cooperate feed network of phased arrays. For these reasons, reflectarrays have seen recent progress. The 

planar structure leads to a differential spatial phase delay which must be compensated for by the reflecting 

elements. The ‘phase-advance’ is provided by each element within the array by tuning the reflection dyad 

to produce the compensating phase. A full range of reflection phase is achieved through various methods, 

a popular method being the varying patch size method. By varying the patch size, the phase of the reflection 

dyad goes through 360 degrees of phase change, allowing one to generate design curves and simply ‘look-

up’ the necessary patch to compensate for the path length differences between the feed and the elements of 

the array. The details of this design process will be outlined in the sections to follow. Many papers have 

been published and many books have been written outlining the operating principles, history, and recent 

advancements made in reflectarray antenna design and analysis [65] [66].  

Here we present both a Ka-band 26.5GHz, 1200 element, offset fed, scanned beam reflectarray design and 

a novel, very compact, Gregorian dual reflector antenna system with a reflectarray main reflector for future 

CubeSat missions requiring high-gain antennas [67]. Also presented is the Infinite Array Based Spectral 
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Domain Method of Moments (SDMoM) algorithm and some novel acceleration techniques which speed-

up the algorithm to allow for linkage of the Particle Swarm Optimization (PSO) technique into the hybrid 

synthesis technique for reflectarray antenna design/optimization. 

CubeSat small satellites are a new paradigm in satellite technology. What once was reserved for large 

government based companies and large commercial companies has now been made accessible for university 

students and hobbyists. A significant portion of satellite development costs are attributed to launch vehicles 

and deployment costs. By introducing the small satellite model, designed satellites can ‘hitch a ride’ on 

launch vehicles already planned for other missions as a secondary payload using a standardized launcher 

known as the Poly Picosatellite Orbital Deployer (PPOD) [68]. The CubeSat satellite is based upon the 

Unit-Cube. The Unit-Cube is 10cm X 10cm X 10cm in dimension and represented the basic building block 

of the satellite chassis. The units can be connected to create a 3-unit chassis (3U with dimensions 10cm X 

10cm X 30cm) or a 6-unit chassis (6U with dimensions 10cm X 20cm X 30cm) for example. A range of 

CubeSat satellite chassis are shown in Figure 85.  
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Figure 85. CubeSat satellite chassis. From left to right 1U, 1.5U, 2U, and 3U satellite chassis. 
(http://ccar.colorado.edu/asen5050/projects/projects_2013/Naik_Siddhesh/Cubesats.html) 

The 6U bus is created by juxta-positioning two 3U buses side by side. The small dimensions of the chassis 

make large aperture high gain antenna design for CubeSat satellites a challenge. Thus, many deployable 

designs have been envisaged. Deployable high gain antennas can be umbrella mesh reflectors [69] [70], or 

spring-loaded panel reflectarray or phased array antennas [16], for example. Here we present a Gregorian 

Dual Reflector with a reflectarray main reflector antenna designed to emulate an offset parabolic reflector 

antenna, a ellipsoidal subreflector which accepts a spherical wave radiated by the near field of a patch array 

feed antenna and focuses it at the shared focus of the reflectarray main reflector antenna as shown in Figure 

86. This dual reflector antenna setup is compact and only require the deployment of the subreflector as the 

feed patch array and the reflectarray are planar and conformal to the CubeSat bus.  

 

Figure 86. (left) The proposed Gregorian dual reflector antenna geometry with reflectarray main reflector, 
deployable ellipsoidal subreflector, and patch array feed array.  

The advantages of this reflectarray CubeSat system is the avoidance of a complex feeding network which 

must sit underneath the reflectarray within the chassis of the CubeSat, the deployable subreflector with no 

moving RF parts or cables, and fully planar antenna elements. The RF transceiver can be stowed within the 

CubeSat chassis and the cable feeding the feed array can be affixed to the array through a small hole placed 

within the top of the satellite chassis. This system is small, compact, and contains a light weight deployable 
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subreflector, ideal for the CubeSat small satellite bus. The details of the design are presented in the 

following sections.  

To obtain the design of the reflectarray antenna system, complex computer codes must be developed. These 

codes are based on the SDMoM employing the Infinite Array Analysis Technique commonly used for 

periodic structure and phased array analysis. These codes are inherently slow for large apertures as the 

impedance matrix elements involve truncated infinite double summations for each expansion mode used. 

Thus, the algorithms must be accelerated to integrate them into optimization routines. This dissertation first 

reviews the details of the SDMoM algorithm, then presents novel acceleration techniques applied to the 

algorithm, and finally a hybrid synthesis package for reflectarray antennas. The codes are applied to the 

design of the Gregorian dual-reflector system depicted in Figure 86.  

 SPECTRAL DOMAIN METHOD OF MOMENTS FOR 

REFLECTARRAYS 
The SDMoM algorithm discussed in this dissertation follows a similar approach as that found in [23], with 

some incredibly effective improvements in the algorithm leading to faster overall design/analysis times. 

Figure 87 defines the coordinate systems used throughout this section. This section is a brief summary of 

the core algorithm used, whereas the next section provides the development of novel acceleration 

techniques which dramatically increase the efficiency as compared to that found in [23]. 
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Figure 87. Definitions of the Global (black), Feed (blue), and Local Patch (red) Coordinate Systems. Also shown is 
the element position vector, ' ( , )i i ir x y , and the feed position vector, fr . 

3.2.1 Spectral Domain Formulations of Maxwell’s Equations 

The development of any EM Design and Analysis (EDA) tool begins with Maxwell’s Equations (  time 

convention)  

 
E j H

H j E





  

 

 

    (3.2.1) 

Equations (3.2.1) give rise to the uncoupled wave equations for ⃗ and ⃗ of 
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    (3.2.2) 

Either of (3.2.2) are separable into three identical ordinary differential equations in the Cartesian coordinate 

system and thus the eigenfunction solutions to a single component gives the solutions for the remaining 

components. The well-known eigenfunction solutions are 

 , ,  or yx zjk yjk x jk ze e e    (3.2.3) 

Only two of the wavenumbers appearing in (3.2.3) may be chosen independently as the third is dependent 

on the choice of the first two through the separation equation, arising from application of the separation of 

variables technique used to solve equations (3.2.2). Therefore, we may write the solution of (3.2.3) as 

     2 2 2

, , x y x yj k x k y jz k k k
eE x y z e e      (3.2.4) 

which is an elementary plane wave solution, . Now, any general solution,  , to the homogeneous wave 

equation in Cartesian coordinates may be formed as a weighted superposition of all possible , , -

directed elementary plane wave solutions as 
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        2 2 2

, , , x y x yj k x k y jz k k k
g a x y x yE x y z E k k e e dk dk

 
   

 

     (3.2.5) 

where ,  represents the amplitude, or weight, for each plane wave in the expansion. As each plane 

wave solution in the expansion is characterized by its propagation direction given by ,  and its 

amplitude which is given by the function , , the expansion functions can be represented in what 

is known as k-space. k-space is therefore a spectrum of plane waves. This is the Plane Wave Spectrum 

representation of the Electric Field and is valid since the general solution, , of (3.2.5) may be formed 

from any linear combination of the elementary plane wave solutions,  of (3.2.4) [71] [72]. Observation 

of (3.2.5) shows that the weight function ,  is the 2D Fourier Transform of the electric field along 

a planar aperture defined at z=0. Thus, the following transform pair can be defined 
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  (3.2.6) 

Thus, the weight function ,  is known as the spectrum function. As will be seen shortly, the 

advantage of this representation is that the fields along an infinite planar interface can be expressed in terms 

of their spectrum function, and Maxwell’s equations can be recast into spectral form and these transverse 

components of the spectral function written in terms of the normal components. Thus, the 3D-problem of 

solving for the electromagnetic fields radiated from planar geometries in the spatial domain can be reduced 

to the 1D problem of finding the normal component of the fields expressed in the spectral domain. 

Knowledge of the normal component of the spectral function leads to the transverse components. The full 

spectral function can then be inverse transformed back to the spatial domain to obtain the true 

electromagnetic fields. The 1D normal component of the spectral function can be found from solution of 

the 1D transformed wave equation and application of boundary conditions written in spectral form. We 
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outline this process next beginning with the spectral form of Maxwell’s Equations. Using the transform pair 

of (3.2.6), (3.2.1) can be written as 
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  (3.2.7) 

which can also be rearranged to express the transverse components in terms of the normal components as 
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  (3.2.8) 

where = + . Using (3.2.8) and transforming (3.2.2) leads to an elegant 1D scalar wave equation 

written in spectral form of  
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  (3.2.9) 

of which we know a-priori the solutions are of the form ± , sin( ) ,  cos ( ). By applying 

boundary conditions expressed in spectral form, the normal components of the spectral function  can be 

determined. From (3.2.8) the full spectral function can be found and by (3.2.6) the transverse components 

of the electromagnetic field in the spatial domain can be found. By the third of Maxwell’s Equations in 

source-free media ∇ ∙ ⃗ = 0, the normal component of the electromagnetic field in the spatial domain can 
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be found as only two components of the electromagnetic field are independent since for plane waves we 

may write ⃗ = ⃗ ⃗∙ ⃗ and plugging this into Maxwell’s Third Equation gives the result 
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j k r j k r j k r
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    (3.2.10) 

Thus, we conclude that ⃗ ∙ ⃗ = 0. This result when expanded gives 

 x x y y
z

z

k E k E
E

k
 

   (3.2.11) 

which shows that the z-component of the electric field can be found from knowledge of the x- and y-

components of the electric field. Note, by the dispersion relation,  can be expressed in terms of 

  . Thus, for planar geometries, solving for the spectral function  using (3.2.9) leads to the full 

spectral function by (3.2.8), which by inverse transformation using (3.2.6) leads to the transverse 

components of ⃗ in the spatial domain, which finally by the dispersion relation and (3.2.11) leads to the 

full electric field in the spatial domain. In essence, the problem of solving for radiated fields from planar 

structures has been reduced to determining the z-component of the spectral function.  

3.2.2 Periodic Dyadic Spectral Greens Function for Planar Structures 

A Green’s function describes the fields produced by a unit point dipole at ⃗′, given by ̂ ( ⃗ − ⃗′), where ̂ 

describes the orientation or polarization of the dipole point source. Thus, our point source in the space 

domain is written as  

            , , ' ' ' 'J x y z p r r p x x y y z z        
  

  (3.2.12) 

of which transforms to (using the Fourier Transform Shift property) 

      '', , 'yx jk yjk x
x yJ k k z pe e z z    (3.2.13) 
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The transform pair for the Green’s Function is 
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     (3.2.14) 

Of which describes the fields from a point source located at ( , , ′). We may factor out from the 

spectrum function the factor  to express the spectral Green’s Function as 

̅ ⃗; , ′ , for source at (0,0, ′) to get  
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     (3.2.15) 

Thus, the original spectral Green’s Function was the spectral representation for the fields produced by a 

point source located at ( , , ′). The spectral Green’s function in (3.2.15) is defined as the spectral 

representation of the fields produced by a point source at location ( , , ′), by an explicit multiplication 

by a factor  from the ̅  for the source at (0,0, ′). In (3.2.15), ̅  is defined for a point source 

at (0,0, ′) as the shifts to the location ( , , ′) have been factored out and included as part of the 

definition of the transform pair exponentials. The reason for this will become clear next. In the spatial 

domain, the field due to some surface current distribution on a z’=constant surface is given by  

      
'

, , ; ' ' 's

s

E x y z G r r J r ds 
    

   (3.2.16) 

where = ′ ′. Substituted the spectral representation for ̿  from (3.2.15) 
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Since ̅ ⃗; , , ′  is not a function of x’ or y’ 
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  (3.2.18) 

Thus, the nice result for the spectrum function 

         , , ' ; , , ' , , 'sx y x y x yE k k z G r k k z J k k z


   (3.2.19) 

which shows the importance of the form of (3.2.15) with the explicit factors  factored out. 

Note also, the result shows the Transform property of which convolution in space becomes multiplication 

in the spectral domain. Note convolution implies shifting the result to different source points (over x’,y’) 

and summation, yet here we simply multiply the spectrums to get the entire result. The inverse transform 

(integration over , , not shifting and summing over x,y) gives the fields function in the space domain. 

We next derive the explicit form of the Green’s function.  

 

Figure 88. Unit infinitesimal dipole at ( , , ) on an infinite grounded dielectric slab 

Microstrip patch antennas require the dyadic Green’s function for a grounded dielectric substrate. Since the 

metallization exists on the top of the substrate, and this is where the integral equations will be reinforced, 

only the tangential components of the dyadic Green’s function are needed corresponding to the tangential 

fields on the substrate surface. Currents on the top surface can only have an  or  component, thus we will 

consider an -directed first, as shown above. The current density in the spatial domain is  

       ', ', ' 'sJ x y d x x x y y   


  (3.2.20) 
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on the z=d plane. The transformation of the current density is  

     '', yx jk yjk x
s x yJ k k xe e   (3.2.21) 

The boundary conditions in the spectral domain to satisfy are  
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  (3.2.22) 

It’s interesting to note, when Maxwell’s Equations are written in spectral form the boundary conditions 

apply to the spectral functions, or simply the plane waves of the Plane Wave Expansion. From the problem 

geometry, we can guess the eigenmode solutions form in each layer. For the ̂ components, namely 
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  (3.2.23) 

where  and  are defined as −  in each region (or equivalently ) 
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  (3.2.24) 

Note = . We choose to write the wavenumber  in terms of      as these are the 

known eigenvalues of the expansion or spectrum function variables. Remember also that  was written as 

 2 2 2
z x yk k k k      (3.2.25) 

and thus, care must be taken in choosing the correct sign based on the problem geometry. If > ε , 

then the wavenumber in the z-direction becomes imaginary and we get 
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 2 2
1 0rk j k      (3.2.26) 

of which the negative sign must be chosen to allow conservation of energy and to satisfy the radiation 

boundary condition, for the evanescent modes that result as  

 
 2 2 2 20 02

j j k z k zjk ze e e
          (3.2.27) 

which is a decaying evanescent wave in the +z direction. In order to apply the boundary conditions to the 

spectrum functions, we need to compute the tangential components of the spectrum using (3.2.8). 

Substitution of (3.2.23) into (3.2.8) followed by application of (3.2.22) leads to a set of algebraic equations 

which can be solved for the unknown coefficients A,B,C,D,E, and F, of (3.2.23). After some lengthy 

algebraic manipulation, one obtains 
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  (3.2.28) 

where  

       2 1 1 1 1 1 2 1cos sin  and cos sinm r eT k k d jk k d T k k d jk k d     

which are the characteristic equations for the surface wave modes in a grounded dielectric substrate. The 

modes can be found from the zeros of these characteristic equations. Now that the Greens function in the 

spectral domain, or the Green’s Spectrum Function, has been obtained in dyadic form, we can begin to 

interpret the results. The functions represent the spectrum of the fields radiated by a point source (directed 

represented as a Dirac delta source). The dyadic notation may be written as 
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  (3.2.29) 

The transform of the Greens Spectrum Function gives the space domain fields radiated  

         00
2

1, , ,
4

yx jk y yjk x x
pq pq x y x yE x y d G k k e e dk dk



 


 

  


  (3.2.30) 

Here, ⃗ ( , , ) is the ̂-directed fields radiated by a -directed infinitesimal dipole ( , , ) as 

observed at point ( , , ), and ,  is the spectrum function of ̂-directed fields radiated by a -

directed infinitesimal dipole ( , , ) as observed at z=d, on the top of the substrate. Thus, this is the 

spectrum of the fields right on the surface of the substrate. This spectrum is for a dipole at (0,0, ) and the 

transform shift property shifts it to ( , , ). The factors  are from the transform shift 

property. The above becomes 

      00
2

1, , ,
4

y yx xjk y jk yjk x jk x
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  (3.2.31) 

Thus, we have solved for the spectrum function of an infinitesimal dipole on the substrate surface at 

( , , ) and the space domain fields are found from the inverse Fourier transform for the same source. 

Next, say the dipole source is shifted from its initial position at ( , , ) to a new location, say 

( + , + , ). By the Fourier transform shift property, only the phase is affected, namely: 

      0
0

xjk x a
xf x x a F k e      (3.2.32) 

Thus, we can simply say that a source shifted from the origin involves the spectrum of a source at the origin 

multiplied by a phase shift term. Thus, we can add many sources together to create an array of sources, by 

considering a common spectrum and summing together the relevant phase shifts. Namely,  
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 (3.2.33) 

Which represents now the ̂-directed electric field radiated by an infinite double periodic array of -directed 

infinitesimal dipoles with coordinates = + ,   = + , where a and b are the 

periodicities in the x and y directions, respectively. Now consider a linear phase gradient across the array 

phased to generate a scanned beam to spherical angles ( , ). The linear phase gradient can be written as 

( ), where = ,  = . Applying this phase gradient to each of the 

elements in (3.2.33) gives 
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 (3.2.34) 

This function represents the ̂-directed electric field radiated by an infinite double periodic array of -

directed infinitesimal dipoles phased to generate a beam scanned to spherical angles ( , ). The form 

obtained is rigourous and exact, yet continuous infinite integrals need to be performed and thus the form is 

not suitable for computer computation. By invoking the Poisson Sum Formula, it can be recast into an 

alternate form of  

    00 ( )( )1( , , ) , ynxm jk y yjk x x
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m n
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  (3.2.35) 

where the normally continuous spectrum of plane waves has now been sampled at the discrete values of  

 0 0
2 2 , xm yn

m nk k u k k v
a b
          

   
  (3.2.36) 

which are referred to as the Floquet Wavenumbers. The result shows that the ̂-directed component of the 

electric field radiated from a doubly periodic infinite array of -directed infinitesimal dipoles atop a 
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grounded dielectric slab of thickness d can be found by summing up discrete samples of the periodic spectral 

Green’s Function at the Floquet Wavenumbers. Equation (3.2.35) is thus in the form of a discrete inverse 

Fourier transform. The derived Periodic Dyadic Spectral Green’s Function can be used in a convolution 

integral to find the fields radiated by a doubly infinite periodic array of current density functions distributed 

atop the grounded dielectric substrate. This process forms the heart of the Infinite Array Analysis Method. 

For reflectarrays, this method is only approximate as in practice the array is finite and is not perfectly 

periodic. However, the elements vary slowly across the array and thus the method proves to be useful. In 

the next subsection, we derive the Spectral Domain EFIE for the reflectarray case and solve by the Method 

of Moments. 

3.2.3 Spectral Domain Method of Moments Solution of EFIE For Reflectarray Antennas 

This subsection provides a brief overview of the SDMoM architecture as applied to reflectarray antennas. 

The MoM architecture is used to solve integral equations, and in electromagnetics problems, these integral 

equations are typically built from known boundary conditions of the electric field components, hence the 

name Electric Field Integral Equation or EFIE. For the reflectarray antenna, the pertinent boundary 

condition used to develop the EFIE is that of vanishing tangential components of E


on the patch surfaces 

at z = d. Thus, the boundary condition may be written as 

 0
i is s
total totalz E z E z E z E        

        (3.2.37) 

The scattered field sE


is given through the convolution integral of the electric field due to a unit 

infinitesimal dipole source with the total current density (sum of both top and bottom currents) across the 

microstrip patch 
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  (3.2.38) 
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where the dyadic  is defined in (3.2.35) with scalar  replaced by the full 2x2 dyadic matrix ̅ . Note 

that the reflectarray antenna formulation only assumes currents oriented along the x- and y-directions and 

thus the full 3x3 dyadic reduces to the 2x2 dyadic used in (3.2.38). Substitution of (3.2.38) into (3.2.37) 

gives the EFIE of  

 
0

0

i
total s

s

z E z E J ds    
     (3.2.39) 

where ⃗  can be considered as the total field existing at the patch location in the absence of the patch 

itself, i.e., the incident plane wave plus the reflected plane wave from the grounded substrate referenced at 

the grounded substrate surface or ⃗ = ⃗ + ⃗ . The unknown quantity appearing 

underneath the integral sign is the current density sJ


, and thus, in order to perform the integrations, the 

unknown current density sJ


is expanded into known ‘Basis Functions’ with unknown constant complex 

coefficients. One of the most critical aspects of applying the MoM architecture to reflectarray antennas is 

the choice of these bases, where typically entire-domain basis functions are used when the patches are of 

canonical geometry [73]. The current density is expanded in terms of a set of known entire domain basis 

functions ⃗  with unknown complex coefficients   

 s j j
j

J I J
 

  (3.2.40) 

and the expansion is substituted for sJ


 in (3.2.39) leading to 
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     (3.2.41) 

The integrations can now be carried out. A Galerkin Approach is used and thus the weighting functions are 

identical to the basis functions used. Applying the weighting functions to generate enough equations  to 
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solve for the unknown complex coefficients of the current and to minimize the residual, or error in the 

average satisfaction of the boundary conditions over the patch surface, to (3.2.41) gives 

  
0
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i
totali j i j

js s s

J z E ds I J E J ds ds       
      (3.2.42) 

Substitution for  from (3.2.35) and for the known basis functions for  ⃗   ⃗  as part of (3.2.40) into 

(3.2.42) leads to 
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 (3.2.43) 

where ∗ ,  is the conjugate of the Fourier Transform of the test function ⃗ ( , ), ∗ ,  is the 

conjugate of the Fourier Transform of the basis function ⃗ ( , ), and ̅ ( , ) is the PDSGF for a 

source located at (0,0, ). Note, the LHS takes the form of a reaction integral and thus measures the 

available power the incident field carries as measured by reaction with the ith test function. By conservation 

of power and by the equality in the equation, that available power must be distributed among the expansion 

functions and when summed must be equal. Thus, the scattered field power is a known quantity and since 

the same test functions are reacted with the scattered fields, the unknown coefficients can be determined by 

setting the reactions between the incident field and the scattered field with the testing functions equal. To 

define the test source periodically over the face of the entire infinite array, we must evoke the Green’s 

Function. Doing so expresses the incident field plane wave in terms of the Floquet Model Expansion. Thus, 

as we wish to define the test source periodically over the face of the array at each patch in order to satisfy 

the boundary condition of × ⃗ = 0 on every patch, we must define the test source periodically over 

every patch metallization surface within the array. The test source is then reacted with the incident field to 
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match the reaction power result of the scattered fields, which will allow the determination of the expansion 

coefficients. The Reciprocity Theorem is evoked. The Reciprocity Theorem for the reflectarray problem is 

stated as 

      tan( , , ) , , , , , ,
i e

i si
s s

J x y d E x y d ds E x y d J x y d ds   
   

  (3.2.44) 

where ⃗ ( , , ) is the electric field radiated by the ith expansion mode current, and ⃗ ( , , ) is an 

equivalent surface current density which radiates ⃗ + ⃗  in the absence of patches in the presence of the 

grounded dielectric substrate. Thus, to compute the new reaction integral, we first must formulate ⃗  and 

⃗ . To find ⃗ ( , , ), we express it in terms of the Green’s Function as  
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   (3.2.45) 

The product ̅ ∙  gives  with is then defined periodically over each patch. Then = ̅ ∙  is inverse 

transformed to obtain ⃗ ( , , ) expressed in the spatial domain. Note, the spectrum of ⃗  or  is defined 

now periodically over the domain of the patch surface in the entire infinite array. This was the motivation 

of evoking the Reciprocity Theorem to utilize the Green’s Function. Next, we compute ⃗ , which is an 

equivalent surface current density captured along an infinite mathematical surface at z=d, which radiates 

⃗  and ⃗  in the presence of the grounded dielectric substrate in the absence of patches. Using field 

equivalence, we place an infinite mathematical surface at z=d to compute the equivalent current densities 

of  
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     (3.2.46) 

These equivalent currents atop the substrate at z=d when allowed to radiate in the presence of the substrate 

would radiate toward the ground plane, reflect off and radiate back to the substrate surface to produce ⃗  
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and ⃗  at steady state. We next fill the half space z>d with PMC to short out the equivalent magnetic 

currents and employ image theory to double the electric currents to get ⃗ = 2 × ⃗ . Thus, we compute ⃗  

assuming the incident polarization broken into    polarized components  
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Now we may formulate the reaction integral, evaluate the integral and formulate the voltage vector elements 

of the SDMoM. Therefore, 
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where the second to last line resulted from the transform of a delta function and the last line resulted from 

the delta source sampling property, or delta integration. Thus, we now have the complete SDMoM 

equations as 
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We therefore can now compute the unknown current density expansion coefficients  which will determine 

the unknonwn current density. The solution of the matrix equation leads to the fundamental unknown 
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From the induced current density, the scattered fields are found 
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which gives the    components of the scattered fields. By exploiting the divergenceless property of 

the scattered electric fields, we may compute the ̂ component as the fields are plane waves  
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The above formulations give the cartesian components of the electric field at z=d. These fields propagate 

as plane waves away from the substrate surface as 
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where = + − −  and must be real and positive to be a propagating mode which is within 

the visible region circle in k-space or the grating lobe diagram. Note, ( , , ) is computed from 

   from z=d. Note also, the evanescent modes lead to an imaginary  and in this case, the ‘minus’ 

sign must be chosen. From these cartesian components of the scattered fields, one can compute the spherical 

components 
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where  
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The scattering parameters can now be formulated from 
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We can create a scattering dyad of 
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which is only valid for a single propagating mode in the specular direction. In the above, =

( )   = ( )  evaluated at z=0. The total reflection dyad Γ is then 

found by adding the scattering parameters to the reflection coefficients to get  
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  (3.2.58) 

where  and  are the usual Fresnel Plane Wave Reflection Coefficients  
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Then the total field reflected from the reflectarray in the specular direction can be written as 
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  (3.2.60) 

This reflection coefficient fully characterizes the reflectarray surface as an impedance surface. The 

reflection dyad carries all information of the surface and its scattering properties such that the 

electromagnetics of the surface’s response to an incident plane wave is fully represented by a single 

reflection coefficient.  

3.2.4 Calculation of the Radiation Pattern 

To calculate the radiation pattern, we assume that the reflectarray is divided into unit cells according to the 

element grid spacing, and that each unit cell radiates a spherical wave proportional to (3.2.60). The incident 

field ⃗  at the ith unit cell is determined from the feed pattern at that unit cell including the 1  amplitude 

decay and  phase-delay factors. The fields radiated by the electrically small unit cells have fairly broad 
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patterns, which allows us to write the radiation pattern of an N-element reflectarray using array theory, 

namely 
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    (3.2.61) 

where ⃗ is the far field electric intensity pattern of the reflectarray, the dyad  accounts for the 

transformation of a plane wave to a spherical wave and is related to the RCS of a square plate, the dyad Γ 

is the reflection dyad at the ith patch, and ⃗  is the feed pattern including the  dependence. The 

phase term in a function of the coordinates of the ith patch center, namely ( , ), and the spherical angles 

of observation. The  dyadic will be defined next. In the infinite array environment, the aggregate sum of 

all radiating elements radiates a plane wave as a result of the periodicity and infiniteness of the array. 

However, each individual element radiates a spherical wave consistent with the small-electrical size of the 

radiating elements. To convert the plane wave radiated by each unit cell into a spherical radiator to allow 

array summation, an expression related to the radar cross-section of a square plate is used 
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The components are then given as 
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Similarly, the remaining components are 
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These create a matrix of which converts a plane wave into a spherical wave 
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One way to interpret the result is to consider the scattered fields from each patch radiating as in an ordinary 

array, with a Physical Optics like numerical integration of the specular reflection from each unit cell. The 

theta dependence introduced by the  matrix elements leads to a broad patch like pattern. By nature of the 

PO like integration of the reflected fields from the unit cell domains, the array like addition, the finiteness 

of the ground plane is taken into consideration. Note, however, the Q matrix above is only valid for square 

or rectangular patches. The above computation method based on array theory is one method one may use 

to obtain the far-field pattern. Next another method may be employed which allows for the computation, 

namely, aperture field integration based on the surface equivalence theorem. Simple integration of the total 

equivalent currents constructed from the summation of the unit cell equivalent currents are considered as 
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  (3.2.66) 

This equivalent current density is formed by summing the currents from each individual unit cell, obtained 

from surface equivalence, PMC shorting in the back, and image theory to double the electric currents. 

Integration of this current distribution leads to the far field radiation pattern. As the summation is over each 

unit cell, the finiteness of the ground plane is also taken into account. Finally, a transformation matrix from 
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,  components to co-polarized (co-pol) and cross-polarized (x-pol) components based on Ludwig’s Third 

Definition is constructed in order to obtain the final far field patterns [74]. The matrix is defined as 
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   (3.2.67) 

This completes the derivations of the spectral domain method of moments for reflectarray antennas. The 

next section outlines acceleration methods applied to this algorithm. 

 HIGH LEVEL PROGRAM FLOWCHART 
There are two reflectarray programs, the design program and the analysis engine which will be linked to 

the optimization algorithm. First the design program algorithm is presented with reference to Figure 89.  

3.3.1 Reflectarray Design Program 

 

Figure 89. Reflectarray design program flowchart 

The program contains two input files, one defining the centroid locations of each patch in the array 

(PatchCentroids.txt) and another containing the feed parameters including the feed coordinate system 

location as described in the global coordinate system, the Eulerian rotation angles of the feed coordinate 
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system with respect to the global coordinate system, the feed polarization, and feed model type (cos  

feed model or pyramidal horn) and relevant feed model parameters. The coordinate system and structure 

definition is shown in Figure 90. Note, the coordinate origin is at the bottom of the substrate at the ground 

plane. 

 

Figure 90. Reflectarray global and feed coordinate system definitions 

For each patch in the array, the design program first assumes a plane wave incident upon the reflectarray 

surface of the form  

  0 cos
0

i i i
i jk xu yv zE E e  
 

  (3.3.1) 

where ⃗  defines the amplitude and the polarization of the incident electric field, and =  and 

=  with ( , ) defining the spherical angles of incidence with respect to a local coordinate 

system aligned with the global coordinate system with origin at the center of the patch under consideration. 

The amplitude and polarization of the incident field is looked up from the feed pattern by finding the 

corresponding feed pattern angles , . For a number of patch sizes ranging from 10-90% of the unit 

cell dimension, the total reflection dyad is calculated from (3.2.58). The reflected field is then determined  
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This reflected field is used to formulate equivalent currents in the plane of the patches by first forming a 

mathematical infinite planar surface and employing surface equivalence theorem, then filling the back-half 

space with PMC to short out the magnetic currents, then using image theory to double the electric currents.  
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i

r EJ z


   
 
 

    (3.3.3) 

For each patch size considered, the phase of this equivalent current is found and a design curve created   of 

reflection phase versus patch size. An example of a design curve for a Ku-band square patch single layer 

reflectarray is shown in Figure 91. 

 

Figure 91. Design curve for a 13.4 GHz Ku-Band square patch element reflectarray. Shown is the angle of the 
equivalent current in the plane of the patches versus patch length. The substrate is Rogers 5880 31mil substrate with 

= 2.2,  = 0.0009. The design curve is for normal incidence.  

The phase delay of the incident ray of which the patch is to compensate for is calculated from  

  00 2ii ik R r r N   
    (3.3.4) 

where  is the length of the ray connecting the feed to the patch under consideration, ⃗  is a vector which 

points to the patch under considerations centroid, ̂  is a unit vector pointing in the direction of the main 

beam, and  is the phase of the reflection dyad or equivalently, the phase of the equivalent current in the 

plane of the patches. Once the phase needed is determined, , the corresponding patch size is looked-up 
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from the design curves. The process is repeated for each patch in the array. A file is written containing the 

patch centroid location and the corresponding patch size at that location for all patches in the array. This 

file is read by the analysis program to calculate the radiation pattern. The calculated reflection dyads are 

also written to a file and saved. Note, for every patch in the array, multiple reflection dyad calculations 

must be made, one for each patch. Thus, the design program takes a long time to run. Acceleration methods 

applied to the algorithm speed up the design process. These acceleration methods are presented in a later 

section.  

3.3.2 Reflectarray Analysis Program 

The reflectarray analysis engine is based on the program flowchart shown in Figure 92. 

 

Figure 92. Reflectarray analysis program flowchart 

The analysis program accepts four input files. The first is the output file from the design program containing 

the patch locations and patch sizes. The second set of files are files containing the reflection dyads calculate 

from the design program if the option was selected to save them. They may be read by the analysis program 

to expedite the calculations by avoiding the recalculation of them. The third file is same feed definitions 
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file used by the design program.  The final program contains analysis parameter definitions and includes 

the analysis frequency, substrate height, substrate dielectric constant, substrate loss tangent, element 

spacing in the x and y directions, element type definition (square, rectangular, dipole), scan angle of the 

main beam, array aperture shape (square or circular), aperture dimension in the x and y directions (for 

square) or aperture radius (for circular), and the metallization conductivity. The analysis program follows 

the same steps as the design program to calculate the equivalent currents in the plane of the patch for each 

patch only this time for a single patch size (the actual patch size as read from the ArrayGeom.txt file). A 

piecewise equivalent current sheet made from the equivalent currents defined over each unit cell in the 

array and stitched together is formulated. The far field pattern is calculated by either (3.2.61) or (3.2.67). 

The gain is calculated following the formulations found in [75].  

 NOVEL ACCELERATION TECHNIQUES APPLIED TO THE 

SDMOM FOR REFLECTARRAYS 
To design large aperture reflectarrays with a large number of elements, the program will be inefficient. 

Further, to integrate the code with an optimization technique such as the Particle Swarm Optimization 

(PSO) technique, the program will need to be as efficient as possible to allow practical synthesis times. 

Thus, the SDMoM algorithm presented in in section 3.2 must be accelerated. By investigating the program 

architecture, areas of high computational demand may be identified. Much of the program run time comes 

from filling the MoM impedance matrix. Each element in the matrix contains a double infinite summation 

over the Floquet modes in the spectrum. Further, the matrix dimension is dependent on the number of basis 

used in the expansion of the unknown induced current density. Also, in the design code, the reflection dyad 

must be computed for a number of patch sizes such that the reflection phase response of element can be 

characterized. This involves repeating the matrix filling multiple times, once for each patch size considered. 

Investigating the computation time effect each level of the nested loop has on the program efficiency can 

give insight on possible places the algorithm efficiency can be improved. Figure 93 identifies the parts of 
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the algorithm which produce a high computation demand, where in the main program loop the identified 

area is located, and the proposed acceleration technique used to increase the efficiency of the program. 

 

Figure 93. Flowchart showing the identified areas of high computational demand (top row), the effected nest level of 
the main program loop (middle level), and the proposed acceleration technique to remedy the demand (bottom row).  

The program loop architecture is shown in Figure 94. 
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Figure 94. Program main nested loop architecture. The outermost loop is over the number of patches in the array, the 
second nest level is over the number of patch sizes that patch must be evaluated for (to generate the design curves of 
patch size vs. reflection phase), the third nest level is over the number of basis functions, the fourth nest level is over 
the number of weight functions, the fifth nest level is over the Floquet modes which sample the  spectrum, and the 

final and sixth nest level is over the Floquet modes which sample the  spectrum.  

3.4.1 Parallelization Scheme 

We begin the discussion with the outermost loop and work inward. The outermost loop involves iterating 

over the number of patches in the array. The reflection dyad must be computed for each patch in the array. 

As the number of patches grows in an array, the number of iterations of the main program lop increases. 

This loop has the most significant effect as each of the nested loops must be repeated this number of times. 

To accelerate the program at this level, a parallelization scheme was implemented in the program. Each 

pass of the outer loop over the patch sizes is independent meaning each loop iteration does not depend on 

any data generated in a previous iteration. Thus, this type of iterations lends itself nicely to parallel 

programming. The number of patches is divided up by the number of processing cores available on the host 

machine. Then each processor computes the reflection dyad for its set of patches. The data is shared between 

processing cores using the Message Passing Interface paradigm. The final results are aggregated into a 
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global result buffer and written to an output file. The hybrid synthesis techniques used in this research are 

programmed in the Matlab programming language. A parallel programming toolbox for Matlab was created 

by MIT Lincoln Laboratory and is called pMatlab [65]. 

3.4.2 Impedance Matrix Interpolation Scheme 

The second nest level is over the patch sizes. In the design code, the reflection dyad must be computed for 

a number of patch sizes to generate the design curves relating the patch size to the reflection phase. Once 

the path length, and hence relative to some reference ray, the propagation delay from the feed to the patch 

of interest is determined, the patch dimension at that location in the array must be chosen to compensate 

for the propagation delay. This requires the accurate characterization of the reflection phase versus patch 

size for the unique spherical angles of incidence and polarization of the incident wave incident upon that 

patch and hence multiple computations for the reflection dyad for each patch. For each reflection dyad, the 

MoM matrix must be filled which involves the doubly infinite summation over the Floquet wavenumbers 

for each element of matrix size NxN where N is the number of basis functions used in the expansion. Thus, 

a method to expedite the design curve calculations is necessary. For this the we have developed a novel 

impedance matrix interpolation scheme [61]. Rather than calculating the reflection dyad at multiple patch 

sizes in the sweep, only 5 calculations are made, one at each edge of the sweep and three through the sweep. 

The key observation here is that the impedance matrix is not a strong function of frequency and hence patch 

size at a fixed frequency, and thus can be interpolated easily. This contrasts with interpolation of the design 

curve directly which is most often done, where multiple samples must be taken as the design curves exhibit 

strong variance with frequency or patch size. The scheme allows one to obtain an accurate design curve 

from only 5 patch size samples as can be seen from the excellent agreement in Figure 95. 



 
 

164 
 

 

Figure 95. Custom impedance matrix interpolation scheme acceleration technique for reflectarray SDMoM 
impedance matrix computations over patch size as part of the design process. (upper left)  design curve 
calculated using 100 patch sizes directly (No-Interp), only 5 patch sizes and then using the impedance matrix 

interpolation scheme (Z-matrix Interp), and for only 5 patch sizes and then using a direct interpolation on the design 
curve itself, (upper right)  design curve calculated using 100 patch sizes directly (No-Interp), only 5 patch sizes 

and then using the impedance matrix interpolation scheme (Z-matrix Interp), and for only 5 patch sizes and then 
using a direct interpolation on the design curve itself, (bottom left) shows the difference between the Z-matrix Interp 

curve and the direct design curve methods for  polarization, hence highlighting the error in the direct design 
curve method, (bottom right) shows the difference between the Z-matrix Interp curve and the direct design curve 

methods for  polarization, hence highlighting the error in the direct design curve method. All curves calculated 
using the single mode basis of [73], for normal incidence, frequency is 26 GHz, the substrate is a Rogers 5880 31mil 

substrate with = 2.2  = 0.0009. The unit cell dimension is /2 in both directions. Also, note all 
interpolation schemes are piecewise cubic Hermite interpolant. 

As can be seen in Figure 95, an accurate design curve can be obtained for just 5 samples rather than 100 

full samples using the impedance matrix interpolation scheme. The figure also shows that a direct 

interpolation of the design curve leads to nearly 30° of error near the resonance point, where the slope of 

the curve is the greatest. Thus, rather than interpolating the design curves directly, it is much more accurate 

and to interpolate the impedance matrix. A look at the matrix elements themselves reveals the benefit of 
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matrix interpolation. Figure 96 shows the impedance matrix elements over patch size for the case depicted 

in Figure 95. Note, both the non-interpolated case and the interpolated case are shown.  

 

Figure 96. Impedance matrix elements for the same case as depicted in Figure 81. The solid blue curve is the 
interpolated curve while the dashed red curve is the non-interpolated curve.  

Figure 96 shows good agreement between the non-interpolated case (100 patch sizes evaluated) and the 

interpolated cased (only 5 patch sizes evaluated). Note, the  and  elements are nearly zero as the 

vertical axis in the figure indicates. The key observation is the matrix elements do not vary strongly with 

patch size, namely, there is no strong slope as there is with the design curves. This allows one to obtain 

better results interpolating these matrix elements rather than the design curves themselves. The voltage 

vector shows the same slow variance as shown in Figure 97. 
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Figure 97. Voltage matrix elements for the same case as depicted in Figure 81. The solid blue curve is the 
interpolated curve while the dashed red curve is the non-interpolated curve. 

 

The voltage vector calculated in Figure 97 was computed with only 5 samples as in Figure 96. Note, at 

normal incidence, the incident plane wave carries no orthogonal component, hence the zero elements shown 

in Figure 97.  

3.4.3 Efficient Set of Expansion Modes 

The third nested loop level is over the number of expansion modes for the unknown induced surface current 

density. In the code developed as part of this research we choose an efficient set of basis originally proposed 

by Rengarajan [73]. This choice of basis only requires a single mode per current. The basis and their 

transforms can be found in [73]. In the interest of brevity, the modes are simply listed here and not derived.  
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  (3.4.1) 

where the patch dimensions are    along the    directions respectively, ,   are the 

unknown complex coefficients and  
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with the appropriate substitutions form x, L, y, W, m, n. The SDMoM algorithm requires the transforms of 

the expansion functions, which are  
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  (3.4.3) 

where  is the Bessel Function of the First Kind of Order 0. Some observations are necessary. The 

transforms are in the form of Bessel functions, and thus the spectrum contains a roll-off rate proportional 

to 1/   as opposed to say a sinc function spectrum which rolls off proportional to 1/ . This is important 

because using these efficient modes creates a wider spectrum which must be sampled. Thus, there is a 

fundamental trade-off between number of modes and the width of the spectrum. 

3.4.4 Efficient Spectral Sampling Scheme 

The fourth and final level of the main nested loop is the sampling of the discrete spectrum over the Floquet 

modes. For each expansion function the spectrum must be summed until convergence has been met, and 

thus the spectral roll-off rate is important. The spectrum of x-directed single mode basis of (3.4.1), namely 

the transform expression of (3.4.3), for a unit cell of length and width of /2 at 26 GHz containing a 

square patch of dimensions L=3mm by W=3mm is shown in Figure 84. 
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Figure 98. Plot of spectrum of the single mode basis of (3.4.1) for an x-directed current of dimensions 3mm x 3mm 
in a unit cell of /2 at 26 GHz shown in dB scale. The spectral plot shows the roll-off inherent in the Bessel 

function. The heavy blue outline marks the square sampling region that is typically sampled over. The heavy red 
hyperbolic sampling region marks the more efficient region to sample over. The samples are taken over the discrete 

Floquet wavenumbers of the spectrum. 

Figure 98 shows the spectrum with two sampling region outlines, one in heavy blue and another in heavy 

red. The heavy blue square outline defines the region of the spectrum which is typically sampled, in a 

uniform grid over k-space in both the  and  directions. The spectrum is more efficiently sampled over 

the hyperbolic sampling region shown in heavy red as the unnecessary samples outside the significant 

portion of the spectrum do not contribute to the sum. This sampling scheme leads to a more efficient 

program.  

With these acceleration schemes, the program has over two-orders of magnitude improvement in run-times 

for design and over one-order of magnitude improvement for analysis. These acceleration methods have 

allowed the coupling of the algorithm with the Particle Swarm Optimization technique. 
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 REFLECTARRAY DESIGN AND ANALYSIS CODES VALIDATION 
The reflectarray design and analysis algorithms presented in this chapter were coded into a hybrid 

reflectarray synthesis tool. Since the heart of the reflectarray design and analysis tool is the computation of 

the reflection dyads from the infinite array based SDMoM algorithm, the tool is first validated through 

comparison of the obtained design curves to those from the trusted Full-Wave simulation tool CST MWS. 

The reflection dyad is calculated from an infinite array of square microstrip patches spaced /2 at 26 GHz 

printed on a Rogers 5880 31mil substrate with = 2.2  = 0.0009. The design curves will be 

obtained using the SDMoM codes developed as part of this research and by a Finite Element based solved 

assuming periodic boundary conditions. 

 

Figure 99. Comparison of design curves obtained through infinite array analysis from CST MWS and SDMoM. The 
calculations are performed for an infinite array of square microstrip patches spaced /2 at 26 GHz printed on a 
Rogers 5880 20mil substrate with = 2.2  = 0.0009. (left) Normal incidence case. (middle) Oblique 

incidence case at = 30°, = 30° for . (right) Oblique incidence case at = 30°, = 30° for . 

Figure 99 shows excellent agreement for both normal incidence and oblique incidence for both 

   components. Note, the SDMoM simulations were performed with the efficient codes 

incorporating the acceleration methods of this chapter. The complete design curve was calculated in 1.217 

seconds on an Intel Core i7 6820HK 2.17 GHz Quad-Core processor using the accelerated SDMoM 

algorithm of this research; whereas the complete design curve took 5 minutes 44 seconds using the Finite 

Element Method in CST MWS. Although the two techniques are very different, this is one example of the 

improvements in the run times using the accelerated SDMoM codes designed as part of this research. The 

efficiency gains become more evident when a specific design is considered. For the case of a 1200 element 

array, the design using CST MWS would take 114.667 hours or 4.77 days whereas the same array is 
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designed in 24.34 minutes using the accelerated SDMoM codes of this research. The results of Figure 99 

validate the accelerated design and analysis codes for reflectarrays.    

 DESIGN OF REFLECTARRAY ANTENNAS FOR CUBESAT 

MISSIONS 
The validated analysis and design tool is used to produce the designs presented in this section. In particular, 

two reflectarrays have been designed. They are presented next. 

3.6.1 26.5 GHz Ka-Band 1200 Element Scanned Beam Reflectarray 

The first is a 1200 Element 26.5 GHz Ka-Band reflectarray consisting of 1200 square patch elements printed 

on a Rogers 5880 20mil substrate with = 2.2, and = 0.0009. The element spacing is /2 , or 

5.7mm in each direction. The array aperture is circular with radius 114.3mm. The /  ratio is 0.612. The 

main beam is scanned to 33° off broadside. The scan angle is chosen to maximize efficiency as the beam is 

scanned to the same direction as the specular direction. The feed is located at = 114.3 , =

0 , = 140  and is rotated with respect to the global coordinate system through Eularian Angles 

= 90°, = 147°, = −90° to position the feed at an angle of 33° from the global −  axis toward the 

center of the array. The feed is a cos .  type model. This array was originally selected to test the SDMoM 

design/analysis programs. The design program was ran to obtain the reflectarray artwork. The result is 

shown in Figure 100 along with the fabricated array. 



 
 

171 
 

        

Figure 100. (left) Reflectarray artwork from design output. (right) Fabricated Reflectarray. 

The reflectarray was modeled in CST MWS and simulated. The feed used for the simulation was a Ka-

Band horn antenna by systron donner microwave. The feed was modeled and simulated first in CST MWS 

in order to analyze the performance and find the phase center to facilitate proper alignment. Because we 

only had a K-band waveguide to coax adapter which fit our mounting apparatus, we had to utilize a K-band 

to Ka-band waveguide adapter. This adapter was also modeled in CST MWS for performance. The 

simulations were ran at 26.5GHz. The horn flares pyramidally from the dimensions of the WR-28 

waveguide (7.112   3.556 ) to the aperture dimensions of (19   14.5 ) over an axial 

length of 45mm. The K-band to Ka-Band waveguide adapter pyramidally flares from WR-42 to WR-28 

over an axial length of 50mm. The results are shown in figure 101. 
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Figure 101. Ka-Band horn antenna simulation results. (top) The Ka-Band horn antenna CST model with K-Band to 
Ka-Band waveguide adapter. (bottom left) Amplitude pattern results. (bottom right) Far field phase results. The horn 

gives good spherical phase over a ±30° range.  

The results for this feed show good pattern and spherical phasefront within the angles of interest. The 

simulated directivity is 13.83 dB which is a close approximation to the cos .  feed pattern we used during 

the design. Note, the design is independent of the amplitude of the feed amplitude pattern and only depends 

on the phase. The patterns were exported from the phase center of the feed, which was calculated to be at 

( = 0 , = 0 , = −1.618 ) as measured from a coordinate system centered in the physical 

aperture of the horn antenna. This feed will be used during simulation and measurement.   

The fabricated array was mounted on a bracket designed to allow a wide range of array diameters and feed 

locations. The mounting bracket and the array mounted on the bracket in the UCLA spherical near field 

measurement range is shown in Figure 102. 
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Figure 102. The fabricated Ka-Band 26.5 GHz 1200 Element reflectarray mounted on the plexiglass bracket in the 
UCLA Spherical Near Field Measurement Range. 

The bracket shown in Figure 102 is fabricated out of plexiglass to allow minimal electromagnetic 

interactions. It is made of moving and sliding parts to allow many reflector geometries. The bracket was 

fabricated by the UCLA Engineering machine shop and is shown in the figure with the reflectarray 

mounted. The results of the pattern measurement are plotted against the simulated results from the SDMoM 

analysis program and the simulated results from CST MWS in Figure 103. 
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 Directivity HPBW-E HPBW-H Pointing Angle 
SDMoM 33.71 dB 3.85° * -32.9° 

CST MWS 33.1 dB 3.7° 3.5° -32.9° 
Measured * 4.02° * -32.14° 

Figure 103. Far field electric field pattern comparison between SDMoM analysis program simulation, CST MWS 
simulation, and Spherical Near Field measurement for the 1200 element Ka-Band reflectarray. (left) Co-polarized E-

plane pattern. (right) Cross-polarized E-plane pattern. *These quantities are not available. 

The results show good agreement between measurement and both simulation methods. Note, the SDMoM 

solution is for the scattered field only, and thus does not include any spillover from the feed or 

sidelobe/backlobe radiation from the feed. Also, the SDMoM simulation does not include edge diffraction 

effects. These algorithmic differences must be taken into account when comparing the SDMoM results with 

measurements or other simulation tools. The measurement captured the main beam shape, beamwidth, and 

general features well. The first few sidelobes in the measurement are affected by the plexiglass bracket feed 

boom. The cross polarization pattern shown in the right insert of figure 103 shows the cross polarization 

peaks in the direction of the main beam. The differences between this peak value at ≈ 33° is due to how 

deep the null is calculated there in the different tools or measurement. The cross polarization has a 

difference type of pattern in the orthogonal cut (not shown) which is the H-plane, and the depth of the null 

in that cuts difference pattern determines how high the lobe in the E-plane cross polarization cut is. Most 

importantly, the reflectarray was designed with the accelerated SDMoM algorithm presented as part of this 

dissertation using only 1 expansion mode per current. The SDMoM program completes the pattern 

calculation in 3 minutes and 20 seconds whereas the CST MWS simulation took 12 hours and 52 minutes. 
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This represents an efficiency improvement of over 2 orders of magnitude [60]. This improvement allows 

one to integrate the SDMoM algorithm with optimization methods.  

3.6.2 26 GHz Gregorian Dual Reflector Reflectarray Antenna System for CubeSat Missions 

The second reflectarray design is a Gregorian dual reflector system with a reflectarray main reflector. The 

system consists of a feed source antenna which illuminates an ellipsoidal subreflector, which itself scatters 

onto a reflectarray main reflectarray planar reflector as shown in figure 104. The system is designed to be 

compact enough for stowage in a 6U CubeSat satellite bus. We present the construction details first, then 

the simulation results.  

 

Figure 104. Gregorian dual reflectarray antenna system geometry. 

3.6.2.1 Construction of the Ellipsoidal Subreflector 

The construction of the elliptical subreflector can be described by a Boolean operation of the intersection 

of a z-oriented right circular cylinder of radius 55mm and central axis through the point ⃗ =

[−167.6 , 0 , 0 ] with a 0.5 eccentricity ellipsoid with one of its foci defined at ⃗ =

[−167.6 , 0 , 0 ] which is at the feed phase center, and its other defined at ⃗ =

[−194.5 , 0 , 90 ] which is at the focus of the main reflectarray.  The subreflector construction 

is shown graphically in Figure 105 as this intersection. 
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Figure 105. Construction of ellipsoidal subreflector as the intersection of a right circular cylinder with a tilted 
ellipsoid.  

The subreflector is designed so as to provide optimum illumination to the main reflectarray which is flat.  

3.6.2.2 Construction of the Main Reflectarray: 

The reflectarray is designed using the algorithm presented in section 2 and 3 of this chapter. The reflectarray 

was designed next to produce a broadside beam when illuminated from a feed positioned at the 

subreflector/reflectarray shared focus of = 104.5 , = 0 ,  = 90  and rotated to point 41° 

from the −  axis toward the center of the array. The feed is chosen as a cos  with the q=5, selected to 

give approximately 10dB edge taper on either side of the array. The array is designed to be printed on a 

Rogers 5880 20mil substrate with = 2.2  = 0.0009. The F/D ratio for this reflectarray is 0.43. 

The design begins with determining the phase needed by the array to compensate for the path length 

differences, then designing the array artwork such that the desired phase is achieved. Figure 106 shows the 

phase needed plot and the final designed array artwork resulting from running the design program.  
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Figure 106. (left) Phase needed to compensate for the path length differences from the feed. (right) Final array 
artwork. 

Note, figure 106 shows that the array artwork mimics that of the desired phase as expected. The reflectarray 

was modeled in CST MWS and simulated as a single reflector fed by an x-polarized cos  type feed source 

located at ⃗ = [−104.5 , 0 , 90 ] which is the location of the shared focus between the 

reflectarray and the ellipsoidal subreflector. The simulation results are plotted against the SDMoM 

simulation results in figure 107. 

 

 Directivity HPBW-E HPBW-H 
SDMoM 33.15 dB 3.8° 4.1° 
CST MWS 32.69 dB 3.7° 4.1° 

Figure 107. Single reflectarray fed by a cos  type feed source comparison between SDMoM and CST MWS.  
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The results shown good agreement for the main beam and near in sidelobes. The far out sidelobes are 

affected more by edge diffraction effects which are not modeled by SDMoM. The SDMoM simply 

integrates the equivalent aperture currents to obtain the far field whereas CST MWS is a full-wave 

simulation method which incorporates edge effects. Furthermore, the SDMoM patterns are for scattered 

field only, and do not include any spillover from the feed. Nonetheless, the agreement is good. The 

agreement prompted us to integrate the reflectarray into the full system and obtain simulation results.  

3.6.2.3 Simulation Results for the Full CubeSat Gregorian Dual Reflectarray System 

The Gregorian dual reflectarray system shown in figure 104 was modeled in CST MWS and simulated. The 

subreflector is fed by an x-polarized cos .  type feed source designed to efficiently illuminate the 

ellipsoidal subreflector. The subreflector scatters onto the main reflectarray through the shared focus. The 

reflectarray then scatters and creates the main radiated beam in the far field. The dual reflector geometry is 

shown in figure 108 below. 

 

Figure 108. Gregorian dual-reflectarray antenna system geometry. 

The results of the CST MWS simulation are shown in figure 109 plotted against the results for the single 

reflectarray. 
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 Directivity HPBW-E HPBW-H 
Full System 31.90 dB 3.8° 3.9° 
Reflectarray Only 32.69 dB 3.7° 4.1° 

Figure 109. Full system vs. reflectarray only CST MWS simulations for 26 GHz Gregorian Dual Reflectarray 
antenna CubeSat system.  

The results indicate that the integration of the reflectarray, as designed as a single reflectarray fed from the 

shared focus, into the full Gregorian system was successful. The decreased directivity of the Full System 

results comes from increased spillover due to the ellipsoidal subreflector attempting to illuminate a flat 

reflectarray efficiently leading to an increase backlobe as compared to the single reflectarray. We designed 

the subreflector to illuminate as efficiently as possible. This antenna system can be integrated into a 6U 

CubeSat bus and will sit planar and flush with the satellite chassis. The only moving part is the deployable 

ellipsoidal subreflector, which has no cables attached and thus not moving cables or RF connectors is 

necessary. This increases reliability for space applications. The deployable subreflector can be affixed to a 

single arm which hinges from a single hinge located on the edge of the satellite chassis. A feed array which 

emulates the cos .  pattern can be designed to sit planar with the satellite chassis making the entire 

system planar.  

3.6.2.4 CubeSat Reflectarray Deployment Mechanism 

The only moving deployable part on the CubeSat satellite is the ellipsoidal subreflector. This is an 

advantage as there are no moving RF parts such as cables or feed elements. Thus, the performance is more 
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reliable than those which involve moving cables. The subreflector is mounted on a double hinged arm as 

shown in figure 110.  

 

 

Figure 110. CubeSat reflectarray antenna mounted on the 6U satellite chassis. (top) Deployed subreflector. (bottom) 
stowed subreflector.  

The figure shows the ellipsoidal subreflector affixed to a doubly hinged arm and its deployment mechanism. 

The curved subreflector sits against the satellite chassis before deployment. Our plan is to implement 

deployment in a similar fashion to the deployable folded-panel reflectarray antenna in [16]. The subreflector 

would use two spring-loaded hinges with stops strategically placed in order to tilt the subreflector properly. 

During launch, the subreflector would be held flush to the chassis surface using a Vectran tie-down. A 

nichrome burn wire can be used to initiate the deployment sequence and break the tie-down in space [16] 

[76]. Such a deployment sequence is both simple and only requires a single deployment initiator. This 

simplification makes a more reliable deployment process. The advantages of this reflectarray is the 
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avoidance of a complex feeding network which must sit underneath the reflectarray within the chassis of 

the CubeSat, the deployable subreflector with no moving RF parts or cables, and fully planar antenna 

elements. The dual reflectarray system is novel and compact and can provide good performance for future 

CubeSat missions and craft.  

3.6.2.5 Feed Antenna Design for Gregorian Dual Reflectarray Antenna System 

The feed array used to excite the Gregorian dual reflectarray antenna system is a 16 element patch array 

resonant at 26GHz. The patch array is designed to emulate a cos .  type feed pattern. The array is planar 

and measures 50mm X 50mm. The design is shown in figure 111. 

 

Figure 111. 26GHz patch array feed for Gregorian dual reflectarray CubeSat antenna system. 

The array consists of 16 individual inset fed patch elements resonant at 26GHz. Quarter wave transformers 

are used for impedance matching at each microstrip line junction. 180 degree phase delay lines are used to 

make the system co-phasal. The array is printed on a 5cm by 5cm Rogers RO5880 10mil substrate. The 

material properties of the substrate material is = 2.2 and = 0.0009. The array is fed by a single 

coaxial cable feed from underneath. Each patch is spaced one wavelength apart as the array is designed to 

produce a broadside beam. The antenna is modeled and simulated in CST MWS. The results show 19.6 dB 

of simulated directivity as the next figure shows. 
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 Directivity HPBW-E HPBW-H FSLL-E FSLL-H 
Co-Pol 19.6 dB 18.2° 16.9° -10.6 dB -11.1 dB 

Figure 112. Simulated results for the 26GHz 16 element array for the CubeSat satellite Gregorian system. (top) CST 
MWS simulated return loss. (bottom left) CST MWS simulated far field E-plane pattern. (bottom right) CST MWS 

simulated far field H-plane pattern.  

The simulated return loss show that the array is resonant at the design frequency and has good bandwidth. 

The array produces a clean beam. The directivity is too high for the immediate application which causes 

the region of uniform spherical phase too narrow as the subtended angle to the subreflector is ≈ 25°. The 

array could be tuned to provide more efficient illumination of the subreflector. This work is planned.  
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CONCLUSION 

The dissertation presented two novel antennas for next generation spacecraft. The first is a 3D printed 

inhomogeneous dielectric lens antenna for wind scatterometer instruments. This antenna marks the first 

time a shaped engineered material 3D printed lens antenna would be used in space. The design methodology 

is novel and allows for the synthesis of an engineered material shaped lens for nearly any type of desired 

aperture field or beam pattern. The presented lens corrects a known failure in its mechanically driven 

predecessors. Namely, it provides the same performance all electronically with no moving parts, thereby 

extending the life of these instruments. Instrument lifetime is critical to the mission as these craft are in 

space and service in not possible. The design approach, based on geometrical optics for inhomogeneous 

media and particle swarm optimization, is validated through various analytical test cases and through Full-

Wave simulations. The validated tool is used to synthesize both 18cm and 30cm diameter lenses. These 

lenses produce either broadside beams when fed on-axis or a spinning spot beam characteristic of wind 

scatterometer weather radars when optimized for off-axis feeding. The fabrication by 3D printing was 

shown to be challenging. Two approaches were considered, depending on which printing method is chosen. 

When the Multijet Printing (MJP) printing method is selected, a cubical unit cell is chosen. The MJP 

printing method prints in two materials, one a build material, and another a water soluble support material 

and thus can print complex structures with overhanging parts. The cubical dimensions are chosen according 

to an S-parameter inversion technique. Since the MJP method prints in a UV photocurable print material, 

the material it prints with degrades in UV light and is not suitable for space use. A material that is space 

qualified is Ultem, which can only print in the Fused Deposition Molding (FDM) technique. The method 

however, cannot print overhanging parts and thus a new novel unit cell structure was generated which prints 

in cylindrical unit cells with conical base. The presented lenses were printed in both types of materials. 

Their performance analyzed and compared. It was shown that the cubical unit cells were more accurate, 

however, as eluded to, the material is not space qualified. The cylindrical unit cells were shown to also 

provide good results. For lenses printed with errors, a novel diagnostics technique based on an inverse 
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scattering approach using our GO/PSO synthesis tool was generated and used to find new optimum focal 

points for lenses with print errors.  A novel ring of feeds design was presented to be placed along the ring 

focus of the designed optimized off-axis lens. The 3D printed inhomogeneous lenses were shown to be able 

to produce spinning spot beams for next generation wind scatterometers.  

CubeSat small satellites that require high gain antennas must be approached with new novel designs. These 

designs must pack a large aperture in a small stowage space. A fully planar approach of a dual reflectarray 

concept employing a deployable subreflector was presented. The deployable subreflector approach avoids 

cable movements and thus has no moving RF parts. To design these reflectarray antennas, complex 

computer code based on Spectral Domain Method of Moments (SDMoM) must be used. These SDMoM 

codes can become slow for large antennas with numerous elements, and thus novel acceleration techniques 

must be applied to the algorithm. We presented a few such novel acceleration techniques. The accelerated 

SDMoM algorithm was used to design 2 Ka-Band reflectarrays. One a scanned beam 26.5 GHz offset fed 

reflectarray and another the dual reflector reflectarray. Measurements and simulations validate the design 

tools and the final arrays. These antennas can also be used for CubeSat satellites offering a fully planar 

design providing high gain in small form factors.  

 

 

 

 

 

 

 

 



 
 

185 
 

APPENDIX A 

Differential Geometry of Surfaces 

 

We review the notion of surface curvature originally formulated by Carl. F. Gauss. This concept is key in 

the derivation to follow.  

 

Figure 113. Carl. F. Gauss's view of surface curvature. 

With reference to figure 113, the surface  is parameterized by two independent variables , . The map 

⃗( , ) maps a point ( , ) in ℝ  parametric space to a point ( , , ) on  in ℝ  Euclidean space. The 

derivative of this map produces two tangent vectors to  at point , ⃗   ⃗ , not necessarily orthogonal 

but span the tangent plane vector space  defined by these two vectors and thus ⃗ ,  ⃗  form a linearly 

independent basis for the vector space . The linear transformation ⃗ transforms vectors in the -plane 

to vectors in the  which can be expressed in the basis ⃗ , ⃗  as ⃗ = ⃗ + ⃗ . A quadratic 

approximation to the surface  at point  can be formed from  
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  (A.1.1) 

where = ⃗ ∙ ⃗ , = ⃗ ∙ ⃗ , = ⃗ ∙ ⃗ . Equation (A.1.1) is called the First Fundamental Form 

(Quadratic Form) and represents the square of the first order approximation to a differential arc length along 

a curve on a surface. The quadratic form defined above can also be written in matrix form as  
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  (A.1.2) 

which is a matrix operation of the form  and thus represents a quadratic form when  is symmetric. 

The determinant of any linear transformation matrix represents the Jacobian of the transformation, and in 

this case, is det( ⃗) = − . This result will be needed later. From the definition of ⃗   ⃗  we can 

define a surface unit normal vector ( ) as  

    u v

u v

r rN P
r r





 
    (A.1.3) 

With every point , which is a function of ( , ), a normal vector  can be defined. Thus, a simultaneous 

second map is evident, from a point in the -plane to a point N(P) defined on a unit sphere in ℝ . The unit 

normal vector (A.1.3) is mapped to the unit sphere (called the unit 2-sphere) by simply parallel transporting 

the unit vector to the origin and defining a point ( ) on the unit 2-sphere of where the parallel transported 

unit normal vector points to on the sphere. This mapping from the point  on the surface  in ℝ  to the 

point ( ) on the surface of the unit 2-sphere is called the Gauss Map. The reason for defining this map 

will become clear next. Because of the parallel transport of ( ) normal to surface  to the vector ( ( )) 

pointing to a point on the unit 2-sphere, the tangent plane to the surface  at point , namely , is parallel 
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to the tangent plane to the unit 2-sphere at point ( ), namely ( ) = . Thus, a vector ∈  

also belongs to ( ) . Thus the linear transformation  maps vectors in the tangent vector space  

back to itself since = ( ) . The linear transformation can be represented in matrix form and a 

second quadratic form can be defined called the Second Fundamental Form. 
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where = − ⃗ ∙ , 2 = − ⃗ ∙ + ⃗ ∙ , = − ⃗ ∙ . Equation (A.1.4) represents twice the 

deviation of the surface at ( + , + ) from the tangent plane at ( , ). The parameter  thus 

represents the dot product of the image of ⃗  under the map  (which produces a vector in ) with the 

vector ⃗ , namely = ( ⃗ ) ∙ ⃗ . It is the area expanding property of the Gauss Map which produces a 

non-unit Jacobian. It is this Jacobian which represents the surface curvature. Similarly, = ( ⃗ ) ∙ ⃗ = 

( ⃗ ) ∙ ⃗  and = ( ⃗ ) ∙ ⃗ . Note, since ⃗ ∙ = 0  ⃗ ∙ = 0, we can write , ,   in terms 

of ⃗( , ) map as 
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where = ±1 is defined in accordance with the choice for the surface normal (toward the source) [34]. 

The surface curvature in a direction ̂ along a surface can be found by forming the ratio of the two 

fundamental quadratic forms 
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   (A.1.6) 

The area expanding property of the Gauss Map allows the Gaussian curvature of the surface  at the point 

 to be defined as 
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  (A.1.7) 

Note, the map ∘ ⃗ would cascade these linear transformations, and thus the associated transformation 

matrices would multiply. Equations (A.1.7) and (A.1.6) can then be interpreted as the ratio of the 

transformation matrix representing ∘ ⃗ to that of that representing ⃗. The key idea here is that the rate of 

change of the surface normal  in different directions along the surface represents the curvature of the 

surface. In general, there are two directions, say ̂ = ̂   ̂ = ̂ , in which  is parallel to ⃗. These 

two directions are called the principle directions and the curvatures along these directions are the maximum 

and minimum curvatures of the surface   , namely 
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  (A.1.8) 

These directions represent eigenvectors of the linear transformation of the map  and the curvatures 

represent their eigenvalues.  
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A matrix can be formulated which operates on vectors in the tangent space and produces the quadratic 

forms. This matrix is called the curvature matrix, contains the eigenvalues, and when the tangent base 

vectors are aligned with the principle directions, the matrix is diagonal of the form 

 1

2

0
0

Q



 

  
 

  (A.1.9) 

which leads to another fundamental result for the Gaussian curvature (the product of the two principle 

curvatures) 

 
1 2detG d N      (A.1.10) 

These results are necessary to carry out the derivation to follow. Note, with the definition of (A.1.9) we can 

define  

 d N Q dr 


  (A.1.11) 

Reference to these results may aid the reader unfamiliar with the basic concepts of differential geometry 

which reading the text.  
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APPENDIX B 

Derivation of the Mean Curvature Ray Tangent Divergence Theorem 

In this appendix, we derive formulas which allow the calculation of the wavefront properties, namely the 

mean curvature , the gaussian curvature , the principle curvatures ,  of the wavefront surface, the 

principle directions ̂ , ̂  along the wavefront surface, and the Curvature Matrix  containing the 

parameters describing the quadratic form representing the wavefront surface. These parameters are 

necessary when calculating the results of interactions of wavefronts with scattering/refracting surfaces. We 

begin with the derivation of a result from differential geometry relating the mean curvature  to the 

divergence of the tangent vector ∇ ∙ ̂, along the ray [77].  

We begin with the Frenet-Serret formulation 

 dt n
ds




  (B.1.1) 

Then because the operator (∇ ∙ ̂) =  , we can write the above in component form 

   i it t n   , for i=1,2,3 (B.1.2) 

The reason for writing the Frenet-Serret in component form as above will become evident later. Next, by 

the theorem ∙ ⃗ × ⃗ = ⃗ ∙ × ⃗ − ⃗ ∙ × ⃗ , and because ̂ = ×  , we can write the vector theorem as  
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  (B.1.3) 

Next, if one carries out the algebra, it can be show that 
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i C C

d nn n n n n
ds

          (B.1.4) 

We conclude that × ∇ ×  describes the curvature of a curve C whose tangent is  by comparison of 

(B.1.4) with (B.1.1) or (B.1.2). This curve C is shown in Figure 114 below. 

 

Figure 114. Ray and wavefront surface showing curve C whose tangent is  

Note, that the normal  to the curve C along the wavefront surface may make an angle  with the normal 

to the surface − ̂ at point P as shown in Figure 99 above. Arguing similarly for a curve D whose tangent is 

, we can write (B.1.3) as 

   C C D Dt t n n         (B.1.5) 

Next, we note that if ′ is the curvature of the normal section made from the intersection of the surface 

with the plane which contains (− ̂, ) and if ′ is the curvature of the normal section made from the 

intersection of the surface with the plane which contains (− ̂, ), then by Meusnier’s Theorem, we may 

write = ′ and = ′. Meusnier’s Theorem states that all curves through a surface who 

share the same tangent vector at a point on the surface have the same normal curvature, or in other words, 

the osculating circles of all curves on the surface who share the same tangent at the point P on the surface 

form a sphere. As a consequence of this theorem, we are free to choose both  and  as any choice results 
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in the same normal curvature. Therefore, we choose  and  such that − ̂ ∙ =  and − ̂ ∙ = . 

Using these results in (B.1.5) results in 

 ' '
1 2 2 Mt          (B.1.6) 

Note, the mean curvature of a surface is an invariant quantity. This marks our first result, the mean curvature 

of the wavefront surface can be found from (B.1.6). 
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