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In a world where high-speed communications and energy-aware electronic devices are becom-

ing ubiquitous, efficient electromagnetic (EM) radiation sources remain vital. A precision

oscillation frequency, high output power, and high efficiency are all coveted properties in

EM oscillators, as well as low phase noise and a small form factor to fit into ultra-small

but densely packed devices. This dissertation’s main focus is on a new class of electromag-

netic/RF devices, primarily oscillators, which rely on dispersion engineering utilizing the

slow-light phenomenon associated with exceptional points of degeneracy (EPD).

An EPD is formed in the parameter space of the dynamical system when two, or more,

physical eigenstates coalesce into a degenerate eigenstate and bifurcate when a parameter is

varied. A coupled transmission line (CTL) theory is established which provides a paradigm

for dispersion engineering concepts at radio frequencies based on EPDs. A special fourth-

order EPD, so-called degenerate band edge (DBE) occurs in an infinitely long and lossless

periodic system that, given proper operational condition, four of its eigenstates coalesce.

In practice, since the DBE ideal condition of having an infinitely long and lossless periodic

system is impossible, the operation of a finite-length periodic device near the DBE ideal

condition can lead to unique and beneficial properties such as enhanced quality factor and

xxii



giant gain enchantment. A figure of merit is developed to assess the practical occurrence of

fourth-order EPDs in CTLs with tolerances and losses.

First, experimental observation of the DBE is demonstrated in microstrip CTLs at mi-

crowaves even in the presence of fabrication tolerances and dissipative losses. We further

introduce the “gain and loss balance” regime in CTLs as a mean of recovering an EPD in the

presence of radiation and/or dissipative losses, without necessarily resorting to Parity-Time

(PT)-symmetry regimes. Second, a new class of distributed oscillators is introduced by engi-

neering the dispersion of two-coupled periodic waveguides to exhibit a DBE. The distributed

DBE oscillator is realized in periodic CTLs with a unique mode selection scheme that leads to

a stable single-frequency oscillation, even in the presence of load variation. We demonstrate

its performance through full-wave transient simulations. Moreover, we introduce a general

theoretical framework to exhibit EPDs for applications that incorporate discrete distributed

coherent sources and radiation loss elements, such as a waveguide comprising of uniform

lossless segments together with discrete gain and radiating elements.

Finally, we harness the dispersion engineering concept to conceive different DBE slow-wave

structures (SWSs) for highly efficient electron-beam-driven oscillators. A DBE oscillator

(DBEO) is demonstrated for sub-terahertz frequency where the DBE operation synchroniza-

tion regime was manifested through particle in cell (PIC) simulations. Moreover, an accurate

traveling wave tube analytic (TWT) model is constructed based on the Lagrangian field the-

ory as a mean to recover the complex-valued dispersion diagram and the information of hot

eigenmodes in a full-interactive TWT. A helical-based TWT analytical model was recon-

structed and the agreement between the analytical model and CST-PIC simulations results

was remarkable.
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Chapter 1

Introduction

1.1 Motivation

Developing new principles for EM generation is becoming increasingly popular due to the

escalating interest in improving electromagnetic radiation sources concerning efficiency, in-

creasing output power, and reducing phase noise. In addition to frequency range, sources and

oscillators must provide low power consumption, compact form factors, and low jitter/phase

noise to ensure a reliable oscillation frequency and deter interference with other frequen-

cies. Our dissertation examines several new aspects of highly efficient oscillators using novel

dispersion engineering principles. We also propose an approach to estimating dispersion

information in a traveling wave tube.

1.2 Exceptional Points of degeneracy (EPD)

ELECTROMAGNETIC guiding structures or resonators are characterized by their evolution

equations in terms of the eigenmodes (eigenvalues and eigenvectors). Among many features

1



Figure 1.1: Classification of the different structure-topologies that can exhibit exceptional
points of degeneracy (EPDs).

of the evolution of these eigenmodes, we explore the points in the parameter space of such

system at which two or more eigenmodes coalesce into a single degenerate eigenmode [1, 6, 7,

8]. We denote these points as exceptional points of degeneracy (EPD), and the degeneracy

order represents the number of coalescing eigenmodes. Such condition is simply referred to

as “EP” in various works [9, 10, 11]; here, the “D” is used to stress the importance of the

degeneracy. A general picture of possible EM structures that can exhibit EPDs and they

have classified such structures into mainly four categories as shown in 1.1.

In this dissertation, we investigate EPD conditions of wave propagating eigenvectors in

coupled-mode systems, i.e., guided wave structure supporting multiple eigenwaves. To avoid

ambiguity; the EPD is a stronger degeneracy condition and its different condition than

having simple degenerate modes in waveguides, in which two modes may have the same

eigenvalue (wavenumber) but different field distributions (e.g. two TE11 modes in a circular

waveguide with orthogonal transverse field polarizations). In the simple degenerate case,i.e.

TE11 degenerate modes in a circular waveguide, the system matrix is diagonalizable which

in contrast to the EPD condition where the system matrix is defective; we will quantify in

chapter 2.
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In Periodic guiding structures certain class of EPDs inherently exists so-called “regular” band

edge (RBE) at which standing waves with zero group velocity are manifested at the band

edge (i.e., the separation between pass and stop bands). RBE is a second-order EPD exists

in periodic lossless/gainless structures which is manifested at the edge of the Brillouin zone.

The RBE represents a point at which the two Floquet-Bloch eigenwaves with wavenumbers

k and −k + 2π/d coalesce (in their wavenumbers and eigenvectors) at a single frequency,

where d is the period of the periodic structure [12, 1, 4]. Trivial degeneracies also occur at

the cutoff frequency of waveguides or at zero frequency. Periodic structures in particular

offer interesting degeneracies related to the electromagnetic band gap which would not be

attainable in uniform waveguides. Higher order degeneracies can be found or engineered in

periodic structures by the proper coupling between the supported modes; as will quantify in

chapter 2.

EPDs also occur in Parity-Time (PT)-symmetric structures such as coupled waveguides and

resonators when the system’s refractive index obeys n(x ) = n∗(−x ) where x is a coordinate in

the system [7, 13, 14, 15] and * denotes complex conjugation. We point out that EPDs cannot

occur in systems whose evolution is described by a Hermitian matrix. By tuning one of the

system parameters e.g., frequency, gain and loss parameters, coupling, etc., the eigenvalues

of a PT-symmetric system transitions from being entirely real valued to be complex, and

the transition point, also called bifurcation point, is in fact an EPD [13, 16, 17]. In the

radio frequency region, there has been some studies on EPDs and PT-symmetry in lumped

circuits [18] and in a microwave cavity [19].

An EPD occurs in systems where the evolution of the system vector, in space or time, is

described by a non-Hermitian matrix which can be imposed by periodicity [1, 20, 2, 21] or

by having losses and gain in the system [6, 7, 8, 22, 23, 24, 25]. Moreover, in [26] EPDs

have been found in nonreciprocal waveguides, between coupled topological modes, with a

balanced distribution of loss and gain. EPDs of second order may occur with asymmetric
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distributions of gain and loss in uniform CTLs [6]. Furthermore, in [27] second order EPDs

in uniform CTLs with loss and gain have been investigated from the bifurcation theory point

of view.

Despite the wide spectrum of systems that exhibit such strong degeneracy conditions, i.e.,

EPD, our focus is on the periodic structures for their compatibility with microwave, RF, and

electron-beam devices; as will be quantified in Chapters 2, 3, and 5.

1.3 Degenerate band edge (DBE)

Degenerate band edge is a fourth-order EPD occurs in periodic-lossless-gainless structures

when four eigenmodes of the supporting eigenwaves coalesces into one degenerate mode.

Prof. Figotin and Dr. Vitebskiy have proposed interesting properties of photonic crystals

made of multilayer dielectric structures [12, 1, 4, 2]. By cascading anisotropic dielectric

layers and engineering the misalignment angle between the dielectric layers (A1 and A2 in

1.2) to form a one-dimensional periodic structure, higher order EPDs are achievable. Such

structures support two modes simultaneously (two in each direction, for a total of four).

The EPDs conditions are manifested in the dispersion diagram, that relates frequency to the

Floquet-Bloch wavenumber of eigenwaves supported by the periodic structure, as singular

points called the regular band edge (RBE, second-order EPD), in 1.2(a) the degenerate band

edge (DBE, fourth-order EPD), in 1.2(b), or the split band edge (SBE, double second-order

EPD), in 1.2(c). The waves associated to those special singular points, in their vicinity,

exhibit almost vanishing group velocity so-called slow wave phenomena [28]. The vanishing

group velocity is promising for gigantic enhancement in the gain and quality factor of Fabry-

Pérot cavities in microwaves and optical devices.

In mathematical terms, propagating and evanescent fields are described by a four dimensional
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Figure 1.2: (top) Periodic stack capable of supporting k−ω diagram with degenerate band
edge. A unit cell L includes three layers: two birefringent layers A1 and A2 with different
orientations ϕ1 and ϕ2 of the respective anisotropy axes in the X-Y plane, and one isotropic
B layer. (below) ω − k dispersion diagrams in periodic structures showing the following
features: (a) Standard regular band edge (RBE), between the pass and stop band of a single
mode in a photonic crystal. (b) Degenerate band edge (DBE) and (c) split band edge (SBE)
of a complex periodic structure. Pictures adopted from [1, 2]

state vectorΨ containing transverse electric and magnetic fields. The EM system is described

as the evolution of its multidimensional state vector as ∂
∂z
Ψ (z) = −jM (z)Ψ (z). In periodic

structures, the transformation across the unit cell is considered using the transfer matrix

T(z + d, z) such as Ψ(z) = TΨ(z + d). The corresponding eigenvalue problem for modal

propagation is TΨ = λΨ; more details are provided in chapter 2. The DBE condition

occurs the transfer matrix is similar to a Jordan matrix, and that the four eigenvalues and

eigenvectors are all coalesce at the DBE. This is corresponding to having only one eigenvector,

with multiplicity equal to four in the case of DBE, hence a generalized eigenvalue (i.e.,

generalized eigenvectors) problem should be considered in this case; this will be elaborated

in details in chapter 2.
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Throughout this dissertation, we will advance the theory of EPDs with fourth-order and

second-order, demonstrate various structures supporting the different orders of EPDs also

using the gain and loss balance concept, as well as in lossless-gainless periodic structures.

We will also devote a significant part of this dissertation on the applications of EPDs to

develop a very stable oscillators in different technologies and for different frequency range.

1.4 Organization of the dissertation and contents

The dissertation is organized into Chapters that involve the theory and applications of dis-

persion engineering in the microwave, RF and electron beam devices.

Chapter 2. We present in this chapter a transmission line theory of exceptional points of

degeneracy (EPD) in coupled-mode periodic guiding structures. We have also experimentally

demonstrated for the occurrence of a fourth order EPD (the DBE) in microstrip CTLs at

microwave frequencies, first through four-port measurements of a unit cell leading to the

DBE dispersion relation and then through the transmission characteristics of a finite-length

CTL. A figure of merit is also introduced, we call it hyperdistance, to estimate the effect

of perturbations like imperfect coupling, presence of losses and any other perturbation that

may arise from fabrications or numerical simulation on the EPD. Furthermore, in CTLs that

experience significant radiation and dissipative losses, we show that the so-called “gain and

loss balance” condition leads to recovering an EPD even in schemes that do not necessarily

imply PT-symmetry.

Chapter 3. We present an application to the degenerate band edge DBE-based structures.

The DBE structure in the cavity made of a periodic waveguide strongly synchronizes a dis-

crete set of oscillators resulting in an overall single mode of oscillation. The single oscillation

frequency, in close proximity to the DBE frequency, has been theoretically demonstrated
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through full-wave transient simulations. Results demonstrate the stability of the oscillation

frequency over a very wide range of load or gain variation. This scheme based on the DBE

concept would be valuable in devices that require several coherent sources, in power combin-

ing, with a possible extension to distributed radiating active antenna arrays at microwaves

and millimeter waves.

Chapter 4. We explore periodic structures with simultaneous existence of gain and loss.

We demonstrate that a periodic waveguide loaded with gain and radiating elements exhibits

EPDs. We summarize the different conditions for having EPDs, i.e. symmetric and asym-

metric cases. The discrete radiation admittances considered in this chapter represent the

input admittances of a periodic array of antennas. Such a phenomenon may pave the way

to a new class of active traveling-wave antennas and also in array antennas with all elements

oscillating and synchronized.

Chapter 5. We explore metallic waveguide structures and show various designs of the

fourth order EPD at microwave and terahertz frequencies. We demonstrate the degener-

ate band edge (DBE) condition via full-wave simulations, namely the degeneracy of four

Bloch modes, in three different realization i) double helix slow wave structure, ii) MTM

coupled cavity metamaterial, iii) double corrugated rectangular waveguide. We show a very

flat wavenumber-frequency dispersion diagram. We correlate our finding to theoretical and

simulation results utilizing various techniques including dispersion synthesis, and oscillation

frequency in degenerate band edge oscillators (DBEO) via particle in cell (PIC) simulations.

Chapter 6. In this chapter, we present a mean to recover the dispersion information in trav-

eling wave tubes (TWTs). The approach utilizes an analytical model for TWTs based on the

Lagrangian field theory upgrading its constants to be frequency-dependent. Such model gives

accurate predictions of the dispersion relation the frequency dependent gain/amplification.

The approach utilizes primary parameters of the SWS recovered by using the standard

procedures without any “curve fitting”. We implement the construction of the model for a

7



helical-based TWT and found an excellent agreement between with the particle in cell (PIC)

simulations.
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Chapter 2

Exceptional Points of Degeneracy in

Periodic Coupled Waveguides and the

Interplay of Gain and Radiation Loss:

Theoretical and Experimental

Demonstration

2.1 Motivation

The focus of this chapter is on constructing a paradigm for dispersion engineering in coupled

transmission lines (CTLs) based on exceptional points of degeneracy (EPDs). We develop

a theory for fourth-order EPDs consisting of four Floquet-Bloch eigenmodes coalescing into

one degenerate eigenmode. We present unique wave propagation properties associated to

the EPD and develop a figure of merit to assess the practical occurrence of fourth-order
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EPDs in CTLs with tolerances and losses. We experimentally verify for the first time the

existence of a fourth EPD (the degenerate band edge), through dispersion and transmission

measurements in microstrip-based CTLs at microwave frequencies.

In addition, we report that based on experimental observation and the developed figure of

merit, the EPD features are still observable in structures that radiate (leak energy away),

even in the presence of fabrication tolerances and dissipative losses. We investigate the “gain

and loss balance” regime in CTLs as a mean of recovering an EPD in the presence of radia-

tion and/or dissipative losses, without necessarily resorting to Parity-Time (PT)-symmetry

regimes. The versatile EPD concept is promising in applications such as high intensity and

power-efficiency oscillators, spatial power combiners, or low-threshold oscillators and opens

new frontiers for boosting the performance of large coherent sources.

ELECTROMAGNETIC guiding structures or resonators are characterized by their evolution

equations in terms of the eigenmodes (eigenvalues and eigenvectors). Among many features

of the evolution of these eigenmodes, we explore the points in the parameter space of such

system at which two or more eigenmodes coalesce into a single degenerate eigenmode [1, 6, 7,

8]. We denote these points as exceptional points of degeneracy (EPD), and the degeneracy

order represents the number of coalescing eigenmodes. Periodic guiding structures enable

the occurrence of a fundamental class of EPDs at the so-called “regular” band edge (RBE)

at which standing waves with zero group velocity are manifested at the band edge (i.e., the

separation between pass and stop bands). EPDs also occur in Parity-Time (PT)-symmetric

structures such as coupled waveguides and resonators when the system’s refractive index

obeys n(x ) = n∗(−x ) where x is a coordinate in the system [7, 13, 14, 15] and * denotes

complex conjugation. We point out that EPDs cannot occur in systems whose evolution is

described by a Hermitian matrix (see Section 2.2). Thus, an EPD occurs in systems where

the evolution of the system vector, in space or time, is described by a non-Hermitian matrix

which can be imposed by periodicity [1, 2, 21] or by having losses and gain in the system

[6, 7, 8]. Moreover, in [26] EPDs have been found in nonreciprocal waveguides, between
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Figure 2.1: Example geometries of waveguide microstrip lines on a grounded dielectric slab
that support the fourth-order EPD, visible in the (k - ω) dispersion diagram at microwave
frequencies. (a) and (b) Examples represent two cases of coupling, with proximity fields and
with a physical connection, respectively. Results in Sections 2.3 and 2.6 are based on a CTL
that models the geometry in (a), whereas the results in Sections 2.4 and 2.5 are based on
the microstrip CTL geometry in (b). In the lossless case, the fourth-order EPD is called
DBE; however, such structures exhibit both second- and fourth-order EPDs in the case of
gain and loss balance.

coupled topological modes, with a balanced distribution of loss and gain. EPDs of second

order can also occur with asymmetric distributions of gain and loss in uniform CTLs [6].

Furthermore, in [27] second order EPDs in uniform CTLs with loss and gain have been

investigated from the bifurcation theory point of view. It is worth noting that an EPD

affects the flatness of a ω−k dispersion diagram and in general the higher the EPD order the

flatter the dispersion. This concept shall not be confused with the flattening of the group

velocity versus frequency dispersion diagram, for instance discussed in [29] and references

therein.
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In this chapter, we investigate second and fourth order EPDs occurring in periodic guiding

structures whose wave dynamics are represented by two periodic coupled TLs. In par-

ticular we are interested in the fourth order EPDs that occur when all four independent

Floquet-Bloch eigenmodes coalesce in their eigenvalues and eigenvectors and form one single

degenerate eigenvector [1, 12, 4] at the band edge as it will be clear later on in the rest of

this chapter, in absence of losses and gain.

A fourth order EPD occurring at the band edge of a lossless structure is called degener-

ate band edge (DBE). This DBE condition is the basis for a possible enhancement of gain

in active devices comprising DBE structures [30, 3]. Although the DBE concept was first

shown in periodic layers of an isotropic materials where two independent polarizations are

coupled throughout the structure [1, 4] other investigations were also carried out using mi-

crostrip lines for filtering and antenna applications [31, 32, 33]. Moreover, coupled silicon

waveguides were also designed [34, 35], with potential application in low threshold and high

efficiency lasers [30, 36]. However, in connection with experimental studies, the existence of

EPD features was shown experimentally in periodic an isotropic layered media consisting of

dielectric layers fabricated of low-loss microwave ceramic disks [37]; such geometry exhibits

the split band edge [1, 2]. Also, in optical waveguides the giant resonance and giant Q fac-

tor scaling associated with DBE were observed [35, 38]. Moreover, in printed CTLs frozen

guided modes associated to stationary inflection point were observed [39]. More recently, the

authors proposed that the DBE can also be manifested in all-metallic periodically-loaded

waveguides [40] and experimentally detected even in the presence of losses and tolerances

[41]. The application of such waveguide in high power microwave oscillators based on elec-

tron beams demonstrates low starting (threshold) current and better threshold scaling with

length compared to conventional backward wave oscillators [3, 42]. The same concept has

been adopted for investigating ladder circuit oscillators [43, 44] with low threshold and po-

tential power efficiency. Note that the DBE (i.e. fourth order EPD) occurs rigorously only

in lossless structures as shown in [1, 30, 31, 41], but fourth order EPDs can also be achieved
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in gain and loss balanced CTLs as will be shown in this chapter. This is different from the

CTL regime discussed in [45] since there second order EPDs have been considered in uniform

CTLs, while here we deal with periodic CTLs and the investigated EPD regimes are of the

fourth order. It is also worth noting that the gain compensation condition, the so-called

“gain and loss balanced condition” in CTLs investigated in this chapter to obtain fourth

order EPDs does not necessarily mean PT-symmetric systems. Moreover, in the realization

of EPDs with the gain and loss balanced condition, it is important to observe that losses can

actually represent distributed radiation in a periodically opened waveguide structure. This

concept paves the way for a new class of radiating array oscillators based on EPDs.

Besides the presented general formulation that is applicable to any CTL, we discuss in detail

the two microstrip coupled transmission lines shown in Fig. 2.1. However, the conclusions

drawn can be extended to many other geometries or structures since our formalism is general;

operating from RF to optical frequencies. The rest of the chapter is organized as follows. In

Section 2.2 we develop the theory of periodic CTLs and discuss the characteristics of EPDs

in periodic coupled waveguides. In Section 2.3 we introduce the concept of hyperdistance

and investigate the effect of losses and coupling on the dispersion diagram as well as the

effect of perturbations. In Section 2.4 and 2.5 we show the experimental demonstration of

EPDs in periodic structures with both infinite- and finite-length structures at microwaves

based on coupled microstrip lines. In Section 2.6 we describe EPDs in CTL, based on gain

and loss balance.

2.2 System Description of CTLs

We consider a pair of CTLs such that two independent modal fields are able to propagate

along each z -direction (so a total of four independent modes are present when we consider

propagation in both positive and negative z directions). At an EPD some of these modes
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(two or four, depending on the case, in a system satisfying reciprocity) will no longer be

independent and thus will coalesce. We refer entirely to the formulation in [45] for homoge-

neous (i.e., uniform) TLs that describe the field evolution using a CTL approach, assuming

a time harmonic evolution as ejωt. In this section we consider the general case of a periodic

CTL that may or may not possess dissipative as well as radiation losses and/or gain.

2.2.1 State vector and wave propagation in CTLs

We start by representing the field amplitudes in the two CTLs by equivalent voltage and

current vectors V(z) =

[
V1(z) V2 (z)

]T
and I(z) =

[
I1(z) I2 (z)

]T
. It is convenient to

define the four-dimensional state vector

Ψ(z) =

 V(z)

I(z)

 (2.1)

that comprises voltages and currents at any coordinate z in the CTL. This technique has

been employed in [1, 30, 46] to investigate the modal properties of photonic crystals and

periodic waveguides. The system evolution along z is described by the first order differential

equations [45]

∂

∂z
Ψ (z) = −jM (z)Ψ (z) (2.2)

where Mis a 4×4 CTL system matrix, where Mis given by

M(z) =

 0 −jZ(z)

−jY(z) 0

 (2.3)

where 0 is the 2×2 zero matrix, and Z and Y are the series impedance and shunt admittance

matrices describing the per unit parameters of the CTL [45, 46, 47]. Note that in [45] we have
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investigated the uniform CTL case, i.e., the case when M is invariant along z. The properties

described in this chapter are related to a periodic piece-wise variation of the system matrix

M(z).

The series impedance and shunt admittance matrices describing the per unit parameters of

the CTL are defined as Z = jωL + R, and Y = jωC + G. The CTL per unit length

inductance L and capacitance C matrices are 2×2 symmetric and positive definite matrices

[48, 49], whereas the per unit length series resistance R and shunt conductance G matrices

are 2×2 symmetric matrices [48, 49] accounting for losses and for small-signal linear gain

introduced by negative resistance or conductance. Note that Rand G are positive-definite

matrices if and only if they only represent the losses [48, 49]. Moreover, we recall that the

capacitance and conductance matrices have negative off-diagonal entries (see Ch. 4 in [49]).

Cutoff conditions could be modeled by resonant series and shunt reactive elements as was

done in [30, 46]. For instance, cut-off series capacitances (inductances) per unit length can

model cutoff conditions for TM (TE) waves in the waveguide and could be included in the

impedance (admittance) matrix (see Ch. 8 in [50]). However, for the sake of simplicity here

we ignore cutoff conditions since we analyze microstrip lines in terms of their fundamental

quasi-TEM modes that ideally do not have a cutoff frequency.

The homogenous solution of (2.2), assuming a certain boundary condition at z = z 0, namely

Ψ(z0) = Ψ0 inside a uniform (i.e., z -invariant) CTL segment, is found by representing the

state vector solution at any arbitrary coordinate z1 via

Ψ(z1) = T(z1, z0)Ψ(z0) (2.4)

where we define T(z1, z0) as the transfer matrix which translates the state vector Ψ(z)

between the two points z0 and z1. Within a uniform segment the transfer matrix is easily

15



calculated as

T(z1, z0) = exp (−j(z1 − z0)M) (2.5)

and the transfer matrix satisfies the group property T(z2, z0) = T(z2, z1)T(z1, z0) and the

symmetry property

T(z1, z0)T(z0, z1) = 1 (2.6)

where 1 is the 4×4 identity matrix.

The previous discussion identifies the transfer matrix of a uniform segment of a CTL, and

it is used to describe periodic waveguides made of a cascade of uniform CTL segments.

2.2.2 Evolution of waves in periodic coupled CTLs

Let us assume a periodic CTL composed of two uniform segments A and B cascaded as

shown in Figs. 1(a) and 1(b). The transfer matrix of each individual CTL segment is given

by

TA ≡ T(z0 + dA, z0) = e−jMAdA ,

TB ≡ T(z0 + dB, z0) = e−jMBdB

(2.7)

where, MA andMB are defined in terms of the per-unit-length impedance and inductances of

the segments A and B, respectively using (2.3), while dA and dB are the lengths of segments

A and B respectively. The transfer matrix TU of the unit cell of the CTL shown in Fig.

2.1(a), is expressed as the product of the two transfer matrices of the individual segments

of the unit cell calculated in (2.7) as TU = TBTA. On the other hand, the transfer matrix

of a unit cell of the periodic CTL in Fig. 2.1(b) incorporates an additional coupling matrix
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due to the coupling microstrip. Particularly in Fig. 2.1(b), segments A and B are uncoupled

while the coupling between TL1 and TL2 is introduced using a physical connection which

is mediated through another transfer matrix denoted by the coupling transfer matrix TC

(whose expression is omitted here for the sake of brevity). Hence, the unit cell transfer

matrix is TU = TBTCTA.

The transfer matrix TU translates the state vector across a unit cell as

Ψ(z + d) = TUΨ(z) (2.8)

where d is the period in Figs. 1(a) and 1(b). For an infinitely long stack of CTL unit

cells, a periodic homogenous solution for the state vector exists in the form Ψ (z) ∝ e−jkz.

This form denotes a Floquet-Bloch type solution where k is the complex Floquet-Bloch

wavenumber and e−jkz is referred to as the Floquet-Bloch multiplier. To find such Floquet-

Bloch wavenumbers and the eigenvectors, we write the following eigenvalue equation

(TU − ζn1)Ψn(z) = 0 (2.9)

where Ψn are the regular eigenvectors, corresponding to four eigenvalues (or Floquet-Bloch

multipliers) given byζn = e−jknd, with n = 1, 2, 3, 4. The eigenvalues can be readily obtained

as solutions of the characteristic equation det (TU − ζ1) = 0. We introduce the matrix

k as a 2×2 diagonal matrix, whose diagonal elements are the Floquet-Bloch wavenumbers

with positive real values, i.e. k = diag(k1, k2). We define the Brillouin zone in our periodic

structure from k = 0 to k = 2π/d. Therefore k1, k2,−k1 + 2π/d, and −k2 + 2π/d are

the four modal wavenumbers of the four independent Floquet-Bloch modes in the periodic

structure, inside the Brillouin zone. In fact, all the Floquet-harmonics whose wavenumbers

are kn,p = ±kn ± 2pπ/d with p = 1, 2, 3, · · · obey symmetry because we consider reciprocal

systems (k and −k are both solutions). We will also define Λ as a diagonal matrix whose
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diagonal elements are the eigenvalues e−jknd via

Λ =

 e−jkd 0

0 ejkd

 (2.10)

(Note that e−jkd is a diagonal matrix with elements e−jk1dand e−jk2d.) Therefore, it follows

that the transfer matrix TU is written as

TU = U Λ U−1 (2.11)

where U is 4×4 matrix that serves as a non-singular similarity transformation that di-

agonalizes TU, and is computed using the four regular, normalized eigenvectors of TU as

U = [Ψ1 | Ψ2 | Ψ3 |Ψ4] meaning that the column vectors of U are the regular eigenvectors

of TU that are linearly independent. If (2.11) is satisfied with a non-singular Uwe say that

TU is similar to a diagonal matrix.

In principle, the matrix TU is non-Hermitian, but it satisfies some other important properties

in the absence of gain and loss, where each constitutive CTL segment has a z -evolution matrix

Mthat is J -Hermitian and a Hermitian characteristic matrix ZY, mainly the J- unitarity

property,

T†
U(z1, z0) = JT−1

U (z1, z0)J (2.12)

where J is defined in eq. (2.9) in [45], and the dagger symbol † denotes the complex conjugate

transpose operation. Importantly, the constitutive matrices TA and TB for instance, are

diagonalizable in the absence of gain and loss in each segment, and therefore both TA and

TB have a complete set of eigenvectors. In addition, in the lossless case their eigenvalues lie

on the unit circle of the complex eigenvalue plane. The product TBTA, on the other hand,

is not necessarily diagonalizable and indeed EPDs can manifest in the parameter space of
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the periodic structure described by TU, and the complex Floquet multiplier, which are the

eigenvalues of TU, may not lie on a circle in the complex eigenvalue plane even in lossless

structures as we will show in Section 2.3. We recall that TU is a non-Hermitian matrix which

is a necessary condition to realize EPDs, though it is not sufficient by itself since there are

non-Hermitian matrices that can be diagonalized. Whereas, the sufficient condition occurs

when the matrix TU becomes defective, i.e., similar to a matrix that contains a non-trivial

Jordan block, as it will be shown in the next subsection.

2.2.3 Fourth-order exceptional points of degeneracy

We define the fourth order EPD as a point in the parameter space of the periodic CTL

at which the four eigenvectors coalesce into a single degenerate eigenvector. At an EPD

the matrix TU becomes defective, i.e., it cannot be diagonalized. At a fourth order EPD,

the eigenvalue problem (2.9) does not provide a complete basis of independent eigenvectors:

they coalesce into a single one, hence U in (2.11) becomes singular. Strictly speaking, it

means that it is not possible to find a non-singular similarity transformation as in (2.11)

that diagonalizes TU. It is well-known from linear algebra that an m×m Jordan block has

a single eigenvector. Accordingly, TU must be similar to a matrix that contains a non-

trivial Jordan block of order four to have a fourth order EPD. Such a Jordan block will

have a single degenerate eigenvector, and three other generalized eigenvectors. The four

linearly independent generalized eigenvectors in such defective system are found by solving

the generalized Floquet-Bloch form

[TU − ζd1 ]
q Ψg

q(z) = 0, q = 1, 2, 3, 4 (2.13)

where Ψg
1(z) = Ψ1(z) is a regular or ordinary eigenvector while Ψg

2(z), Ψ
g
3(z) and Ψg

4(z)

are the generalized eigenvectors of ranks 2, 3, and 4, respectively (see details of generalized
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eigenvectors in Ch. 7 in [51]). A fourth order EPD in our CTL system occurs if and only if

the transfer matrix TU is similar to a Jordan canonical matrix [12, 4] given by

TU = S ΛS−1, Λ =



ζd 1 0 0

0 ζd 1 0

0 0 ζd 1

0 0 0 ζd


(2.14)

with S = [Ψg
1 | Ψ

g
2 | Ψg

3 |Ψg
4] being composed of one regular eigenvector and three general-

ized eigenvectors corresponding to a coincident eigenvalue ζd with the multiplicity of four,

with ζd = exp(−jkdd) and Λ in (2.14) is a 4×4 Jordan matrix. This is the highest order

degeneracy that may be obtained in reciprocal and linear structures with only two coupled

TLs, since it combines all supported waves (forward and backward, and/or propagating and

evanescent). As the system is reciprocal the ±kd symmetry must hold. Therefore if we

require to have only one degenerate eigenvalue ζd = exp(±jkdd) with multiplicity of four,

this implies that kd must be either kd = π/d or kd = 0. Therefore, the fourth order EPD

can occur either at the Brillouin zone edge (kd = 0) or at the center (kd = π /d). Here we

have defined the fundamental Brillouin zone (BZ) within the range from kd = 0 to 2π. The

evolution of the four eigenvectors near the fourth order EPD, varying either frequency or any

other parameter in the CTL, is schematically depicted in Fig. 2.2. We also stress that such

an EPD (i.e. 4th order EPD) occurs in an entirely passive structure without gain or loss.

Later in Section 2.6, we show that it may also occur in the presence of gain and loss when a

particular balance condition is reached. In the following section, we explore examples where

three kinds of exceptional points manifest themselves in CTL structures.
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Figure 2.2: Representation of the eigenvectors of the coupled waveguides near an EPD,
schematically showing that the four independent vectors coalesce into a degenerate eigen-
vector at the EPD when one system parameter is varied.

2.3 Fourth Order EPD in Periodic CTLs

The examples in Fig. 2.1(a) and (b) illustrate two coupled waveguide geometries that can

potentially support a DBE. We recall that the DBE occurs in lossless and gainless struc-

tures. Therefore, under this assumption, when the CTL is arranged into a periodic structure

like the ones shown in Fig. 2.1, both MA and MB are J -H ermitian, and the characteristic

matrices ZY and YZ in (2.3) are Hermitian. The microstrip geometries in Fig. 2.1 consti-

tute periodically cascaded segments of coupled/uncoupled microstrip lines that support four

Bloch modes (two in each direction). In this section we elaborate on the periodic microstrip

TL in Fig. 2.1(a). The other example in Fig. 2.1(b) will be utilized in Sections 2.4 and

2.5. In the following, we derive the dispersion relation for the fourth order EPD as well as

introduce a figure of merit which we call hyperdistance to assess the quality of such EPD

subject to any kind of perturbation, e.g., losses, frequency or structural perturbations like a

coupling capacitance. We first consider lossless CTLs while at the end of this section losses

in the CTL are also considered when discussing the hyperdistance concept.

A. Fourth order degeneracy

We first assume the periodic CTL to be lossless (no gain is introduced yet; we will investigate

the case with gain and loss in Section 2.6), hence the matrix M for each segment satisfies
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the J -Hermiticity property [1] (see also [52], Ch. 6)

M† = J M J−1, M = −N M N−1 (2.15)

where J and N are defined in eq. (2.9) in [45]; and as such each individual CTL segment

has four modal solutions that have purely real propagation wavenumbers. Indeed, we recall

that each of the constitutive CTL segments has the characteristic matrices Z Y and Y Z

that are Hermitian and has real eigenvalues as proven in the Appendix of [45].

The periodic CTL has eigenvalues ζn = exp(−jknd), with n = 1, 2, 3, 4, where kn is the Bloch

wavenumber, that is obtained from the solution of (2.9). In order to realize the fourth order

EPD at a certain frequency, we impose the Jordan block similarity (2.14) on the transfer

matrix of the periodic unit cell. There are several possible unit cell TL parameters (L, C )

combinations that make TU satisfies (2.14). A set that models the geometry in Fig. 2.1(a) is

provided as an example with parameters as in Appendix A, leading to a DBE at 4.03 GHz,

which is the case shown in Fig. 2.3.

B. Dispersion perturbation analysis and Puiseux series

When a system parameter of the CTL (a geometry or electrical parameter like Cm, or

frequency, or because of the introduction of losses) is perturbed by a small parameter δ

, the perturbed eigenvalue is written as a perturbation of the degenerate eigenvalue in the

neighborhood of an EPD eigenvalue ζe = exp(−jked) in terms of a fractional power expansion

(also called Puiseux series [53, 28, 54]) in the perturbation parameter δ. Since in this section

we focus on the fourth order EPD in the absence of losses and gain (i.e., on the DBE), the

eigenvalue is ζd = exp(−jkdd) which can be related to CTL wavenumber kd as

kn(ω) = kd + a1e
j(n−1) 2π

4 δ1/4 + a2e
j(n−1) 2π

2 δ1/2 + · · · (2.16)
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Figure 2.3: (First two columns) (a)–(c) Complex k plane showing the trajectory of the
wavenumber k for increasing frequency near the fourth-order EPD condition for different
values of the coupling capacitances, for a lossless CTL, and the (d)–(f) corresponding dis-
persion diagram showing the evolution from RBE to DBE and to SBE, respectively, when
varying the coupling capacitance. Dots in the left panel plots indicate the starting point ω
= 0.95ωd of the frequency sweep. (g)–(l) “Measures” of the closeness to the EPD calculated
based on the four eigenvectors Ψn of the lossless and lossy periodic structure. (g)–(i) depicts
|det(U)| = 0, while (j)–(l) depicts DH for different values of Cm. Any EPD necessarily has
|det(U)| = 0 and the fourth-order degeneracy has DH = 0. Mathematically speaking, only
the lossless case with Cm = Cm,d shows the fourth-order EPD (i.e., the DBE). Other values of
Cm lead to the second-order EPDs (i.e., the RBEs). Losses perturb the RBE and the DBE.
Solid lines represent the results for a lossless CTL, whereas the dashed lines represent the
results for a CTL including radiation “loss,” in which EPD is no longer strictly manifested,
but it can still occur in practice, depending on how small DH is. Results are based on the
microstrip geometry shown in Fig. 2.1(a) whose parameters are given in Appendix A. Here,
ωe ≡ ωd = 2π (4.03 GHz) and ke ≡ kd = π/d.
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(the proof is provided in Appendix B). Here a′ns are the fractional series expansion coefficients

for the nth eigenmodes, and n = 1,2,3,4 provide the four possible quartic roots near the

EPD. The perturbation factor δ could be, for example, defined as the normalized detuning

of angular frequency from the exact DBE frequency, i.e. δ = (ωd − ω)/ωd, where ωd is

the DBE angular frequency. Note that in (2.16), we denote δ1/4 as the quartic root in the

first quarter of the complex plane since we take the four different quartic roots into account

using the exponential terms exp(j(n − 1)π/2). Keeping only the lowest order terms in the

fractional power expansion in (2.16) leads to the approximate form of the dispersion near

the DBE

(ω − ωd) ≈ h(k − kd)
4, (2.17)

where h is a parameter that defines flatness of the dispersion near ωd. Indeed, from (2.16) and

(2.17), by substituting δ = (ωd − ω)/ωd, it is clear that the flatness parameter is h = ωd/a
4
1,

and it depends on the system parameters. The smaller the value of h the flatter the dispersion

curve, indicating higher Q factor [55].

C. Dispersion relation for fourth order degeneracy

In Fig. 2.3 we show the ω−k dispersion diagram for a lossless CTL with circuit parameters

in Appendix A, that model the geometry in Fig. 2.1(a), with three different values of the

coupling capacitance per-unit-length Cm(note that the co-diagonal elements of C are −Cm).

In Figs. 3(d, e, f) we only plot the modal curves that are related to modes with purely real

wavenumber for the lossless CTL. Figs. 3(a, b, c) show the complex wavenumber evolutions

varying frequency. In the following we discuss the occurrence of three possible EPDs in

lossless CTL: the RBE, the DBE and split band edge (SBE) by varying Cm. We define Cm,d

as the Cm value at which the DBE occurs. Losses are considered at the end of the section

and in the last two columns of Fig. 2.3 (curves with dashed lines).
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In Fig. 2.3(e) we plot the ω−k dispersion relation of the two modes with purely real

wavenumber. Since there are four solutions, for ω < ωd there are two other modes that

are evanescent (not shown in Fig. 2.3(e) but shown in Fig. 2.3(b)) and, all four modes

coalesce at ωd. For ω > ωd all four modes are evanescent. Note that the periodic structure’s

dispersion diagram is periodic in Re (k) with period 2π/d, hence we plot the dispersion in the

first Brillouin zone defined as 0 ≤ Re [k(ω)] ≤ 2π/d, and because of reciprocity wavenumbers

are symmetric about the Brillouin zone center k = kd = π/d. The so-called frozen mode

regime associated with the DBE is related to the vanishing group velocity and has been dis-

cussed in previous publications (see [1, 4, 30, 39, 41, 42, 46, 56, 57], and references therein).

In this section we focus on the characteristic of the fourth order EPD, the DBE, and what

happens near it, and in Section 2.6 the effect of gain and loss on the DBE is analyzed.

The determinant of the similarity transformation U of the transfer matrix in (2.11) is de-

picted in Figs. 2.3(g, h, i) varying frequency, for three choices of Cm: we observe that U is

singular (det(U) = 0) only at the exceptional points. Note that there exist two different kinds

of EPDs: the DBE (fourth order degeneracy, associated to four coalescing eigenvectors) that

is the most interesting case and the main subject of the study in this chapter, and various

RBEs (second order degeneracies associated to two coalescing eigenvectors). In Figs. 2.3(a,

b, c) we show the evolution of complex wavenumbers in the complex Re(k)-Im(k) plane

for increasing frequency (the direction of the arrows), for three values of the capacitance

per-unit-length Cm. By varying Cm, three different situations are observed in the dispersion

diagrams and they are discussed in the following. The proper coupling capacitance that

allows the DBE is denoted as Cm,d. For small coupling distributed capacitance (Cm< Cm,d),

the CTL exhibits only one lower and one upper RBE at k = kd, as typical in periodic single

TL at the band edge. In Fig. 2.3(a) trajectories of eigenmode coalesce twice at k = kd at

two different frequencies (the upper and lower band edges) designating two distinct second

order EPDs. At this second order EPD, two eigenmodes coalesce and this is in principle

analogous to the second order EPD that occurs in the uniform CTL investigated in [45]
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where a balanced gain and loss condition was necessary to develop an EPD. Therefore, a

second order EPD can be realized either with a uniform CTL with balanced gain and loss

as in [45] or simply by using a periodic TL. In the latter case the EPD occurs at the center

of the Brillouin zone, i.e. at kd = π/d.

Increasing Cm, such that Cm = Cm,d, we find the proper conditions for the fourth order

EPD (the DBE) to be manifested. At the DBE, four Floquet-Bloch eigenmodes coalesce to

a single degenerate eigenmode; as explained in Fig. 2.3(b) where four modal trajectories of

complex k varying as a function of frequency intersect at a single point k = kd. At the DBE

frequency ωd the dispersion diagram in Fig. 2.3(e) is very flat and thereby approximated

by the quartic law (2.17). Note that this condition cannot occur in uniform CTL made

of only two TLs with L and C distributed parameters, as in this chapter, since it requires

the presence of a bandgap that is endowed by periodicity. (Other important cases with

two uniform CTLs with different distributed parameters for backward waves and evanescent

waves will be discussed in the future.)

Increasing the coupling such that Cm > Cm,d will lead to altering the DBE to a split band

edge (SBE) [2, 58, 59] that has been sometimes referred to as double band edge (DbBE)

[33, 56] where three distinct EPDs are found in the dispersion diagram in Fig. 2.3(f), in

the shown frequency range. Each EPD is associated with a second order degeneracy in the

eigenmodes as seen in Fig. 2.3(c). At each EPD the dispersion diagram is flat, and it exhibits

a vanishing group velocity. It can be observed that when Cm< Cm,d or Cm> Cm,d , two

EPDs are manifested, all of the second order, and either all of them on the same side of the

stop band (Fig. 2.3(f)) or on both sides of the stop band (Fig. 2.3(d)). These EPDs are

separated, yet for Cm = Cm,d these second order EPDs coalesce and form a fourth order

EPD (DBE) (Fig. 2.3(e)).

D. Hyperdistance in four-dimensional complex vector space for identifying “vicinity” to a

fourth order EPD
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In order to distinguish a fourth order EPD among others, and in order to understand how

“far” from the EPD a system is, one ought to define a figure of merit (or hyperdistance) to

assess the quality of such EPD subject to any kind of perturbation, like losses, frequency

detuning, or tolerances of CTL parameters. Here we focus on losses and coupling as the

cause of EPD perturbation. Structures, such as that in Fig. 2.1 are naturally lossy due

to dissipative losses (dielectric and ohmic losses) as well as radiation losses that limit the

intrinsic quality factors of the constitutive components. Therefore, a perfect degeneracy

condition like the DBE corresponding to a lossless structure does not exist in practice when

losses are present but can be met in an approximate way and still retain the main features of

the four coalescing eigenvectors. In case the periodic CTL is a radiating array, then radiation

“losses” (i.e., distributed power extraction) are considered necessary. However, as we will

clarify in Section 2.6, CTLs with (radiation) losses may rigorously exhibit EPDs when a gain

is introduced in a balanced fashion. Just a few studies have shown the sensitivity of field

enhancement in DBE structure to losses [47, 58, 60] and in general any imperfection can be

thought as perturbations that affect the eigenvalues (wavenumber) in the way described by

(2.16). Moreover, in designing realistic waveguides, numerical or experimental methods are

used and numerical or systematic errors would require a quantitative measure for observing

an “exact” EPD. Since our state vector in the CTL is four dimensional, we develop the

concept of hyperdistance, denoted as DH(ω), between the four eigenvectors of the transfer

matrix of one-unit cell TU to determine the closeness to an EPD. Various choices could be

made for its definition, and here the hyperdistance that represents a figure of merit (FOM)

is defined as

DH =
1

6

4∑
m = 1, n = 1

m ̸= n

|sin (θmn)| , cos (θmn) =
ℜ (Ψm,Ψn)

∥Ψm∥ ∥Ψn∥
(2.18)

with θmn representing the angle between two vectors Ψm and Ψn in a four-dimensional
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complex vector space with norms ∥Ψm∥ and ∥Ψn∥. Angles are defined via the inner product

(Ψm,Ψn) = Ψ†
mΨn, where the dagger symbol † denotes the complex conjugate transpose

operation, and DH is defined to be always positive. This FOM yields a hyperdistance ideally

equal to zero when all four eigenvectors in the CTL system coalesce, i.e., when the CTL

system experiences a fourth order EPD. Mathematically this is described by the transfer

matrix of the unit cell TU becoming similar to a 4×4 Jordan Block as in (2.14). Therefore,

when losses (or any disorder of the structural parameters seen as perturbation) occur, the

proposed FOM is not zero. When using numerical methods or measurements (see Sec. 2.4)

we can assume that the EPD is met in practical terms when the FOM measure is less than a

very small threshold value, i.e., DH < ε, where ε is a small number. It is natural to question

when such an EPD occurs in practical terms, i.e., how small ε shall be to claim an EPD

is verified. Furthermore, it is also important to quantify how much losses or perturbations

deteriorate the EPD.

To better illustrate this concept, we plot in Figs. 2.3(j), (k) and (l) the hyperdistance DH

varying as a function of frequency, for a lossless CTL (denoted by solid lines), i.e., for the

three values of coupling capacitance Cm considered in Figs. 2.3(a, b, c). We can now compare

the two FOMs introduced: the one associated to vanishing |det (U)| in Fig. 2.3(g, h, i) and

the one associated to vanishing DH in Fig. 2.3(j, k, l). The first one vanishes when at least

two eigenvectors coalesce, the second one is the proper one to describe a fourth order EPD

because it vanishes only if all four eigenvectors coalesce. Indeed, we see that |det (U)| → 0 at

any EPD, whereas DH → 0 only at the DBE frequency (ω = ωd) and only when Cm = Cm,d,

i.e., only in Fig. 2.3(k) .

The two FOMs are also observed when losses are introduced in the CLT as distributed series

resistance (dashed line in Figs. 2.3(g)-(l)). Losses are assumed to be in both TLs with a

quality factor QTL of 1000, defined as QTL = ωL/R. We also see that the perturbation due to

losses can deteriorate the DBE, i.e. DH is now non-vanishing at ω = ωd, when Cm = Cm,d,
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in Fig. 2.3(k). This is in agreement with perturbation theory of eigenmodes leading to

(2.16), implying that a small δ parameter leads to a significant change in the eigenvalues

since |δ|1/4 >> |δ| when |δ| << 1; which takes place in the close “vicinity” of the fourth

order EPD. We again stress that the FOM DH provides a more quantitative identification

of the fourth order degeneracy compared to the simpler measure |det (U)|. The deviation in

the ideal EPD conditions due to losses can be seen in Fig. 2.3(j, k, l) by comparing dashed

lines to solid lines for the different kinds of EPDs in Figs. 2.3(d), (e) and (f) respectively.

In a radiating array the limitation in the occurrence of such degeneracies is due radiation

“loss” (it is natural to introduce gain in the structure to balance the losses and potentially

recover the exceptional point as we will show in Section 2.6). However, the question remains

whether we can observe the EPD in experiments even in the presence of losses or not. The

concept of hyperdistance developed previously is very useful to decide how “near” a system

is to an EPD and therefore if an EPD occurs in practice. Furthermore, the concept of

hyperdistance is helpful in determining if introducing gain in some parts of the system is

useful in compensating for losses, i.e., in defining the concept of “gain and loss balance” as

it will be shown in Section 2.6.

2.4 Experimental Verification of EPD Features in Pe-

riodic CTLs

In this section we experimentally verify the existence of the EPD in the microstrip example

in Fig. 2.1(b). First, instead of fabricating a long (multi-unit cell) coupled microstrip, we

experimentally demonstrate the occurrence of EPDs by performing a measurement on a

single unit cell fabricated as shown in Fig. 2.4(a). The unit cell is fabricated on a grounded

substrate (Rogers substrate RO4360G2) with a dielectric constant of 6.15, height of 1.52

mm, and with a loss tangent of 0.0038. The TL appearing on the top of the figure was
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designed to have a characteristic impedance of 50 Ohms and all the unit cell dimensions

are reported in Fig. 2.4(a). To confirm the existence of EPDs in the unit cell, we perform

scattering (S)-parameter measurements at the four ports of the unit cell using a four-port

Rohde & Schwarz Vector Network Analyzer (VNA) ZVA 67 as shown in Fig. 2.4(b). From

the S-parameters measurements, we then retrieve the transfer matrix TU as shown from

well-known conversion tables [61, 62], for the range of frequencies shown in Fig. 2.5. The

four wavenumbers are derived and plotted in Fig. 2.5 by solving (2.9) for complex k, at

any frequency shown in the plot. The dispersion based on measurements shown in Fig.

2.5(a) is in a good agreement to the results from full-wave simulations of the S-parameters

performed using Keysight Technologies ADS based on the Method of Moments (MoM). The

full-wave simulation included the effects of the SMA connectors. The dispersion shows several

frequencies at which the four wavenumbers have values very close to each other denoting

the occurrence of the 4th order EPD, with some perturbation due to ohmic, dielectric and

radiation losses. Indeed losses, fabrication tolerances, effect of connectors and other realistic

factors affect ideal EPD conditions. Even though mathematically speaking the EPD is not

verified exactly, in practical terms, the EPD’s prominent features can be well-preserved as

we discuss in the following.

In order to assess the existence of the EPD in practical terms, we utilize the hyperdistance

concept developed in Section 2.3 for the first time. We use the transfer matrix TU of the

unit cell in Fig. 2.4(a), based on measurements, to calculate the four eigenvectors Ψn, with

n = 1,2,3,4, of the eigenvalue problem in (2.9). First, the eigenvectors are used to calculate

the hyperdistance DH in (2.18) that is supposed to vanish when approaching a 4th order

EPD. Then, they are used to build the similarity transformation matrix U in (2.10) and

hence |det(U)| that will tend to zero when at least two eigenvectors become dependent. We

plot both DH and |det(U)| FOMs in Fig. 2.5(b) based on measurements and compare them

to the same FOMs obtained from full-wave MoM simulations. We can see that at different

frequencies, 2.81 GHz, and 3.1 GHz occurring at kd = π the simulated and measured DH

30



Figure 2.4: (a) Microstrip unit cell of a periodic structure that exhibits a fourth-order EPD.
The substrate is Rogers RO4360G2 with a dielectric constant of 6.15 and a height of 1.52
mm. (b) Fabricated unit cell under test with the four ports is attached to a VNA to extract
the four-port S-parameters versus frequency used to calculate the eigenvalues. EPDs in the
case of gain and loss balance.

show a minimum denoting vicinity of a 4th order EPD despite the presence of radiative

and dissipative losses. This demonstrates the EPD properties of eigenvector coalescence is

observed at microwaves.

2.5 Finite length CTLs with EPDs: giant resonance

and radiation

We investigate the properties of a finite length periodic CTL as in Fig. 2.6, with a fourth

order EPD. In principle, the coalescence of four eigenmodes into one degenerate eigenmode at

the DBE causes a quartic dispersion relation (2.17) and leads to a vanishing group velocity
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Figure 2.5: (a) Dispersion relation and (b) hyperdistance measurement versus full-wave
simulation of the unit cell of a periodic CTL exhibiting a fourth EPD. The results show that
the fourth-order EPD occurs at two different frequencies in the range shown in this plot.
Full-wave simulations are performed with Keysight ADS using the MoM.

in the infinitely-long periodic structure in the absence of losses. The presence of losses

and structural variations/perturbations leads to a non-zero group velocity and renders the

hyperdistance (2.18) non-vanishing as seen from the experiment in Fig. 2.5. In addition,

even in a lossless structure, waves in a finite-length CTL with EPD do not have zero-group

velocity since the peak of transmission in Fig. 2.7(c) occurs at a frequency close to the DBE

one. Nonetheless, the finite-length CTL develops very interesting resonance features related

to the EPDs as we discuss in the following.

Consider the finite length microstrip CTL made of a finite number N of unit cells as shown

in Fig. 2.6. The microstrip and substrate’s parameters are the same as those used in relation

to Figs. 2.4 and 2.5. We perform full-wave simulations using Ansys HFSS utilizing the finite

element method (FEM) solver to retrieve the scattering parameters. The dispersion diagram

of such structure is shown in Fig. 2.7(a), obtained by simulating a single unit cell. The 4th

order EPD is evident at 2.81 GHz. The 4-port, N -cell, finite-length CTL is terminated with

coaxial connectors at both extended sides of TL1, the length of the extended part on each

side equals 50 mm. Whereas TL2 is terminated in short circuits at the beginning of the 1st

unit cell and at the end of the 8th unit cell, as seen in Fig. 2.6. We are interested in the case

where the excited fields inside the CTL create a standing wave because of the Fabry-Pérot
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Figure 2.6: Fabricated microstrip eight cell array with an EPD. The CTL is based on the
unit cell described in Fig. 2.4.

cavity (FPC) resonance near the EPD frequency (see details in [1, 30]). At such condition

constructive interference of the four synchronous eigenmodes leads to a sharp transmission

resonance [1, 30]. Such Fabry-Pérot resonance closest to the DBE frequency occurs at the

angular frequency denoted by ωr,d, referred hereafter as DBE resonance, characterized by a

peak in the transmission coefficient |S21| and a dip in |S11|. The DBE resonance frequency

is approximately given by [1]

ωr,d ≈ ωd − h
( π

Nd

)4

. (2.19)

Therefore ωr,d approaches ωd for large number N of unit cells. Thanks to the DBE degeneracy

condition, a large enhancement in the energy stored is expected because we approach the

zero- group velocity conditions when ωr,d ≈ ωdand causing a giant enhancement in the Q-

factor [30, 63].

We show in Fig. 2.7(b) and (c) FEM full-wave simulations as well as measurement of the

magnitude of the scattering parameters S21 and S11. The full-wave simulation included

the effects of the SMA connectors. Results show good agreement between simulation and

measurement. Results also demonstrate the occurrence of the DBE resonance at 2.775 GHz,

that is close to the DBE frequency of 2.81 GHz. The transmission resonance at the DBE
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Figure 2.7: (a) Dispersion relation for the unit cell of the periodic structure in Fig. 2.6
obtained using the full-wave FEM (Ansys HFSS) accounting also for radiation, ohmic, and
dielectric losses. Simulations and measurements of the scattering parameters (b) S11 and
(c) S21 for an eight-unit-cell array in Fig. 2.6, where a good agreement between full-wave
simulations and measurements is shown at the resonance frequency associated with the EPD.
The frequency of the resonance peak is estimated by (2.19).
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Figure 2.8: Measurements versus simulations of the power loss parameter defined as 1-
|S11|2-|S21|2 varying as a function of frequency near the EPD resonance.

has a transmission coefficient |S21| of -3.6 dB.

It is important to point out that such transmission resonance is affected by losses; both

dissipative and radiative. Indeed, the exact mathematical DBE condition is not met as seen

in Fig. 2.5 and as discussed in Section 2.4. Nonetheless, the DBE resonance is still observed

in Fig. 2.7. We emphasize that most of the losses incurred by this CTL are in fact radiation

losses. The power loss factor, shown in Fig. 2.8, is defined as 1−|S11|2−|S21|2 combining

both effects of dissipative Ohmic loss as well as radiation. Results show good agreement

between FEM full-wave simulations and measurements.

2.6 EPDs With “Balanced” Gain And Loss

The RBE and DBE (EPDs of order 2 and 4, respectively) exist in structures that are lossless,

indeed the presence of losses would inhibit the existence of the DBE, i.e., it would degrade
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the degree of coalescence of the four eigenmodes. This phenomenon is monitored by the

hyperdistance parameter DH that increases with increasing losses. And this is the reason

why we have observed a non-ideal DBE dispersion relation in Fig. 2.5. Increasing radiation

losses (e.g., for antenna applications) will further degrade the DBE. Here our aim is to

provide a mean to recover EPDs deteriorated by losses by strategically incorporating a

proper distribution of gain in each unit cell. The perfect condition that allows the existence

of an EPD is named perfect “loss and gain balance.” (For perfect EPD condition we mean

the exact mathematical condition described in Section 2.2 that leads to DH → 0). The

balancing between gain and loss implies that both the z -evolution matrices MA and MB

are not J -Hermitian, and that the characteristic matrices ZY and YZ in (2.3) are non-

Hermitian. This does not happen for the DBE case, therefore we will not refer to this

condition as DBE. This “loss and gain balance” condition is different from the situation

previously studied in PT-symmetric literature [45, 7, 8, 64, 6] in two aspects: (i) The EPD

studied here is of fourth order; (ii) the gain compensation condition for a fourth order EPD

in periodic CTLs does not necessarily mean that the system is PT-symmetric [45, 7, 6, 65]

, i.e., it does not mean that one TL has gain and the other has loss of exact symmetry and

magnitude. Note that gain compensation of losses may, in various circumstances, not lead

to a perfect EPD as will be shown in the study case B. However, in many practical cases the

exact (i.e., perfect) condition may not even be necessary. Indeed, when DH is sufficiently

small we can observe qualitative features related to the EPD even though the structure

does not possess the precise mathematical EPD condition. Furthermore, we point out that

gain/loss compensation in a unit cell does not necessarily imply absolute instability or self-

oscillation in a finite length structure; indeed loading effect must be taken into account in

the stability criterion especially near these EPDs as done in [42].

The following discussion is based on the periodic coupled transmission line as in Fig. 2.1(a),

where all parameters are given in Appendix A, investigated with the theoretical tools in

Section 2.3. We will study different configuration for losses and incorporating gain.
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2.6.1 Case A: Series loss and shunt gain

Losses in the CTL are assumed to be in the form of a per unit length series resistance

in both TLs, representing radiation and/or dissipation losses. Here, gain is introduced in

the periodic CTL using a negative per-unit-length conductance G in both TLs (therefore

–G is positive with units of Siemens/m). Note that here, we assume that such gain is

introduced in both TLs, i.e., each TL has a self-negative conductance G in addition to a series

resistance Rn associated to radiation and metal losses for the nth TL, with n = 1,2. Losses

are described using the quality factor QTL,n = ωLn/Rn associated to the per-unit-length

TL parameters, and here we assume that all TLs have the same quality QTL,n = QTL for

simplicity. Accordingly, here each constitutive CTL segment has a z -evolution matrix Mthat

doesn’t satisfy the J -Hermiticity and a characteristic matrix ZY that is non-Hermitian. A

simple procedure is developed to estimate the value of the needed G in the CTL to “recover”

the fourth order EPD occurring at more or less the same angular frequency as that would

occur in the lossless structure ω = ωd. Note that here for “recovering” an EPD we mean

that the required hyperdistance DH shall be smaller than a specific low threshold ε, that is

arbitrarily predetermined (at a lossless 4th order EPD, i.e. at a DBE, this DH vanishes).

Therefore, we find the value of the optimum distributed gain parameter, namely Ge such

that the DH < ε at ω = ωd, where here we assume ε = 0.1 as an example. In Fig. 2.9

we show the dispersion diagram of a CLT with losses and with compensating gain, as well

as the hyperdistance DH plotted in Fig. 2.9(a) versus gain parameter −G at ω = ωd. We

observe that for all TLs with QTL = 100, a chosen values G = Ge = −9.54 mS/m , leads to

a minimum DH < 0.1 which indicates that the fourth order degeneracy has been achieved

in practical terms, i.e., the four eigenvectors Ψn are almost parallel. Indeed, we plot the

dispersion relation of the lossy structure (i.e. before introducing gain) in Fig. 2.9(b). Then

we chose the best G, i.e. G = Ge, and in Fig. 2.9(c) we plot the dispersion with such gain

and loss balance condition. It is clear that the dispersion in Fig. 2.9(c) is very similar to the
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ideal case with no loss and no gain plotted in Fig. 2.3(e).

Additionally, in Fig. 2.10 we show that this procedure is also useful to recover EPDs when

the CTL is strongly perturbed by losses. Indeed in Fig. 2.10 the CTL and discussion is the

same as for the case in Fig. 2.9, except that now the TLs have losses that are an order of

magnitude larger than in Fig. 2.9, i.e. all TLs considered for the result in Fig. 2.10 have

QTL = 10. It is obvious from Fig. 2.10(a) that the dispersion of the modes in the lossy CTL

(i.e. before introducing gain) is strongly perturbed from the ideal case, indeed the DBE is

not visible at all. Then, using the same procedure previously discussed, one can recover the

4th order EPD in practical terms as shown in Fig. 2.10(b). We recall one more time that

these guiding structures are not PT-symmetric since gain and loss are not displaced in a

symmetric fashion.

2.6.2 Case B: shunt loss in both TLs, shunt gain in only one TL

We analyze another CTL configuration that has losses and gain not satisfying PT-symmetry.

Losses in the CTL are assumed to be in the form of a per unit length shunt conductance

GL,n in both TLs, representing radiation and/or dissipation losses. Shunt per-unit-length

losses are analogously described by a quality factor QTL,n = ωCn/GL,n, and in the following

we assume that all TLs have shunt conductances GL,n such that QTL,n =QTL = 100. Gain is

introduced in the periodic CTL using a negative per-unit-length conductance G in only TL1

(therefore –G is positive with units of Siemens/m). Note that this CTL configuration differs

from the one in Case A in: (i) gain is introduced to only one TL, not in both TLs as in the

previous case, and (ii) losses are introduced using a shunt conductance per unit length rather

than a series resistance per unit length. Therefore, TL1 has a self-negative conductance G

in addition to a GL,1 associated to losses, whereas TL2 has only GL,2 associated to losses.

Similar to Case A, each constitutive CTL segment has a characteristic matrix ZY in (2.3)

38



Figure 2.9: (a) Plot of the hyperdistance (18) to assess the occurrence of a fourth-order
EPD in a CTL with losses, as a function of gain -G to compensate for losses. The EPD
is achieved in practical terms with G = Ge = -9.54 mS/m at which hyperdistance has the
minimum value DH(ωd) = 0.078 (keeping the angular frequency fixed at ωd , at which the
lossless CTLs develops a DBE). (b) Corresponding dispersion diagram for the lossy CTL
(i.e., before introducing gain) where losses are modeled as series resistance Rn such that all
TLs have QTL = 100. (c) Dispersion diagram after introducing the appropriate gain G =
Ge to achieve the “balanced gain and loss condition,” showing the typical flatness of a DBE
is recovered.
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Figure 2.10: (a) Dispersion diagram for a lossy CTL structure (i.e., before introducing gain)
as in Fig. 2.9(a) but with one order of magnitude larger losses than in Fig. 2.9(a), that is,
now all TLs have QTL = 10. (b) Corresponding dispersion diagram after introducing the
gain Ge = -93.4 mS/m associated to minimum DH(ωd) = 0.18.

that is non-Hermitian, and the value of the needed gain G in TL1 to “recover” the fourth

order EPD is determined with same procedure used in Case A. In Fig. 2.11(a) we plot

DHversus the gain parameter −G at ω = ωd (that is the angular frequency at which the

DBE for the ideal lossless structure is obtained) and we observe that for G = Ge = −15.4

mS/m we have minimum DH and that such minimum has DH < 0.1 which indicates that

the fourth order has been achieved in practical terms. The dispersion relation of the lossy

CTL, i.e., before introducing gain, is plotted in Fig. 2.11(b), and in Fig. 2.11(c) we show the

dispersion after introducing the gain associated to minimum DH . It is worth noting that,

the gain compensation leads to a non-ideal EPD. However, in many practical cases the exact

EPD may not even be necessary. Indeed in Fig. 2.11(c), one can see that the dispersion

diagram is very similar to the one of the ideal DBE, therefore we can still observe qualitative

features related to the DBE.

Note that, increasing the gain beyond the value of G = Ge may lead to self-oscillations in the

unit cell and would render the structure absolutely unstable. Such technique however can be

very useful in realizing novel schemes for low threshold oscillators which we will investigate

in the near future, and have been already explored in the areas of electron-beam devices
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[3, 43] and lasers [36].

2.7 Conclusion

We have experimentally demonstrated for the first time the occurrence of a fourth order EPD

(the DBE) in microstrip CTLs at microwave frequencies, first through four-port measure-

ments of a unit cell leading to the DBE dispersion relation and then through the transmission

characteristics of a finite-length CTL. We have also introduced the novel concept of a hy-

perdistance figure of merit to estimate the effect of perturbations like imperfect coupling,

presence of losses and any other perturbation that may arise from fabrications or numerical

simulation on the EPD. The hyperdistance concept is a way to measure the eigenvectors mu-

tual “distance” in a multidimensional vector space, that should ideally vanish at the exact

EPD condition. The smaller the hyperdistance the closer a system is to the EPD occurrence.

Based on the defined figure of merit, our experimental verification has confirmed for the first

time that the main EPD features of almost parallel eigenvectors can still exist in realistic

periodic arrays that include radiation and dissipative losses. Furthermore, in CTLs that ex-

perience significant radiation and dissipative losses, we have shown that the so-called “gain

and loss balance” condition leads to recovering an EPD, up to a level that can be quantified

via the hyperdistance concept, even in schemes that do not necessarily imply PT-symmetry.

The gain and loss balance condition scheme can be applied in principle for any amount of

loss in a CTL, paving the way to use it in the design of active grid array antennas.

The capability of obtaining EPDs in CTLs with large radiation losses when adding gain in a

proper manner in each unit cell also paves the way to use this multi-eigenmode degenerate

scheme in the design of array oscillators and high-intensity spatial power combiners. Poten-

tial benefits may include low oscillation threshold, or even high-intensity radiation with high

power efficiency, and spectral purity.
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Figure 2.11: (a) Plot of the hyperdistance (18) to assess the presence of a fourth-order
EPD in a CTL with losses, as a function of gain -G to compensate for losses. The EPD is
achieved in practical terms with a value of gain parameter -Ge = 15.4 mS/m (attached to
TL1) at which hyperdistance has the minimum value DH(ωd) = 0.078 (i.e., less than the pre-
determined threshold). Angular frequency is fixed at ωd at which the lossless CTLs develop
a DBE. (b) Corresponding dispersion diagram for lossy structure (i.e., before introducing
gain) where losses are modeled as shunt GL,n such that all TLs have the same QTL = 100.
(c) Corresponding dispersion diagram after introducing the gain associated to minimum DH

, showing nonideal EPD.
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Chapter 3

Distributed Degenerate Band Edge

Oscillator

3.1 Motivation

We propose a new class of oscillators by engineering the dispersion of two-coupled periodic

waveguides to exhibit a degenerate band edge (DBE). The DBE is an exceptional point of

degeneracy (EPD) of order four, i.e., representing the coalescence of four eigenmodes of a

waveguide system without loss and gain. We present a distributed DBE oscillator realized

in periodic coupled transmission lines with a unique mode selection scheme that leads to a

stable single-frequency oscillation, even in the presence of load variation. The DBE oscillator

potentially leads to a boost of the efficiency and performance of RF sources, due to the unique

features associated to the EPD concept. This class of oscillators is promising for improving

discrete-distributed coherent sources and can be extended to radiating structures to achieve

a new class of active integrated antenna arrays.
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Oscillators are one of the fundamental components that exist in any radio frequency (RF)

system. Typically, an RF oscillator is an amplifier with positive feedback mechanism utiliz-

ing a gain device with a selective resonance circuit that generates a single tone frequency.

The negative conductance, i.e., the gain component, required for positive feedback can be

obtained using transistors as in cross-coupled transistor pair [66], or by circuit topologies

such as Pierce, Colpitts, and Gunn diode waveguide oscillators [67, 68]. In pursuance of im-

proving the performance of RF and microwave sources, many research avenues are currently

being investigated [69, 70, 71, 72, 73]. The focus of this chapter is on a new class of oscillators

whose architecture features i) a cavity made of a periodic coupled-mode waveguide utilizing

a special kind of degeneracy in its dispersion diagram, used as the passive circuit responsible

for frequency selection, and ii) a set of distributed active devices incorporated in the cavity

that provide the sufficient negative conductance to compensate the losses and thus to start

the oscillation.

Generally, electromagnetic guiding structures or resonators are characterized by evolution

equations that describe the spatial evolution of their eigenstates (eigenvalues and eigenvec-

tors). We are interested in a very special degeneracy condition that occurs when two or

more of these eigenstates coalesce into a single degenerate eigenmode at a certain point in

the parameter space [1, 45, 7, 74]. Such points are called exceptional points of degeneracy

(EPD), and the order of the EPD is determined by the number of eigenmodes that coalesce

at this point. The dispersion relation of eigenmodes in such a guiding structure that exhibits

an EPD of order n has the unique behavior in which (ω − ωe) ∝ (β − βe)
n in the vicinity of

EPD, where ω and β are the angular frequency and the propagation constant, respectively,

at the EPD they are denoted by the subscript e. In lossless waveguides, as in this chap-

ter, this unique degenerate dispersion behavior is accompanied by supreme characteristics

including the vanishing of the group velocity [4, 57] as well as the dramatic improvement in

the local density of states [30] resulting in a robust increase in the loaded quality factor of

the structure.
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In this chapter we focus on the degenerate band edge (DBE), which is a fourth-order EPD

manifested at the band edge of a lossless structure. At the DBE four eigenstates coalesce into

a degenerate one and the dispersion relation near the DBE is characterized by (1−ω/ωe) ≈

ηe(1−k/ke)
4 where ηe is a dimensionless flatness parameter. A finite-length waveguide made

of a finite number N of unit cells forms a Fabry-Perot cavity (FPC) with a resonance very

near the DBE frequency, see details in [1, 30, 20], and the field creates a standing wave. The

resonance closest to the DBE frequency occurs at ωr,e and for large N it is approximated

by ωr,e/ωe ≈ 1 − ηe/N
4. Associated to such DBE resonance, the cavity experiences a field

enhancement at its geometrical center which leads to an enhancement in the Q-factor and less

sensitivity to loads [45]. The motivation behind introducing a DBE-based oscillator is based

on previous work related to high power microwave devices; it has shown an enhancement

of gain in electron beam devices based on waveguide with a DBE [30, 3] and demonstrated

a low starting (threshold) current and a unique threshold scaling with length compared to

conventional backward wave oscillators [42, 3].

3.2 System Description

In this chapter, we present an example of a DBE oscillator based on two periodic coupled

transmission lines (CTLs) as in one of the configurations proposed in [20] and shown in

Fig.1(a). The DBE concept in CTLs was introduced in [75] for antenna minimization ap-

plication. We first show the dispersion of the coupled waveguide where the DBE occurs at

several points in the shown frequency range and beyond. Then, we consider a cavity made of

a finite-length CTL where discrete distributed gain is introduced leading to a single-frequency

of oscillation. We show the robustness of this new class of oscillators against load variation.

The passive waveguide (before the introduction of distributed gain) consists of two coupled

microstrips over a grounded dielectric substrate engineered to exhibit a DBE, as shown
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in Fig. 3.1(a). In such a waveguide there are two modal fields that can propagate along

the +z-direction, and two in the opposite one. Proper coupling among the four modal

fields is required to exhibit a DBE. The realization of proper coupling is achieved either

with proximity fields (inductive/capacitive coupling) or with a physical electric connection

as in this chapter. For more detailed on the engineering of the proper coupling with an

approximate LC model see [20] and references therein. The “corrugation” in TL1 (shown in

Fig. 1(a)) is introduced to add another degree of freedom to our design space parameters.

The formulation that describes the field evolution using a coupled transmission line approach

is found in [45, 20], assuming a time harmonic evolution ejωt. It is convenient to define a

four-dimensional state vector Ψ(z) = [ V(z), I(z) ]T , which comprises the voltages V(z) =

[ V1(z), V2(z) ]T and currents I(z) = [ I1(z), I2(z) ]T in the two lines. The first order

differential equations that describe the spatial evolution of the state vector in a uniform

segment of the CTL are written as [45]

∂zΨ(z) = −jMΨ(z) (3.1)

where

M =

 0 −jZ

−jY 0

 (3.2)

is the 4×4 CTL system matrix, and Z and Y are the distributed series impedance and shunt

admittance 2×2 matrices describing the per unit length parameters of the two CTLs [48, 45].

The solution of 3.1, assuming a certain boundary condition at z = z0, is found as Ψ(z1) =

T(z1, z0)Ψ(z0) where T(z1, z0) is the transfer matrix given by T(z1, z0) = exp(−j(z1−z0)M).

The periodic structure depicted in Fig. 3.1(a) has a unit cell composed of two uniform

segments A, B and incorporates an additional coupling matrix due to the coupling microstrip.
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The transfer matrix of a unit cell is expressed as the product of the individual segments’

transfer matrices as TU = TATCTB, where TA and TB are the transfer matrices of segments

A and B, and TC is the coupling matrix representing the physical connection via a microstrip

between the two lines.

3.3 Distributed Degenerate Band Edge Oscillator

The CTL shown in Fig. 3.1 is designed on a grounded substrate with relative dielectric

constant ϵr = 2.2, height of 0.508 mm, and with a loss tangent of 0.002. The complex

wavenumber-frequency dispersion diagram shown in Fig. 3.1(c) is obtained using the finite

element method, implemented in CST Studio Suite by DS SIMULIA. The dispersion diagram

is constructed by extracting the S-parameters of a four-port unit cell and calculating the

eigenmode using the associated transfer matrix based on the method discussed in [20]. The

results show that various DBEs occur, at frequencies of 2.75 GHz and 3.02 GHz at kd = π,

and 5.33 GHz and 5.59 GHz at kd = 0, where all four coalescing wavenumbers are almost

real and equal to each other. Losses prevent the realization of a mathematically perfect DBE

[20], which is evident from the non-vanishing imaginary part of the wavenumbers at the DBE

frequencies in Fig. 3.1(c). However the main feature of the four coalescing eigenvectors is

still retained as discussed in [20] using the concept of the eigenvector coalescing parameter

(also called hyperdistance).

The distributed DBE oscillator is realized by incorporating discrete active components in a

cavity made of a finite-length CTL exhibiting a DBE. Each active component is arranged

between two adjacent unit cells to balance small distributed losses and compensate for the two

load terminations, and hence start the oscillation as shown in Fig. 3.2(a). The high quality

factor of such DBE cavities and the concept of DBE resonance has been already explained in

[42, 55]. Gain is modeled using the non-linear cubic I-V characteristic i(t) = −gmv(t)+ζv3(t)
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Figure 3.1: (a) Schematic of two coupled microstrip lines on a grounded dielectric substrate
that support a fourth order EPD (the DBE) visible in the (k-ω) dispersion diagram. (b)
Microstrip unit cell of the periodic waveguide that exhibits the DBE. (c) Real and imaginary
parts of the wavenumbers of the four guided Floquet-Bloch modes obtained using the full-
wave finite element method accounting for radiation, ohmic and dielectric losses.
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of the active device [43] which can be practically implemented with circuits with amplifying

devices, such as CMOS transistors or op-amps, with positive feedback. Here −gm is the

small-signal slope of the I-V curve in the negative resistance region, and ζ is the third-order

non-linearity constant that models the saturation characteristic of the device. To mimic the

clipping mechanism in realistic active devices we choose the turning point (i.e., which is a

point in the I-V curve of the active device above which it starts to behave as a passive one;

more details are in [43]) vb =
√

gm/3ζ of the I-V characteristics to be 1 volt, and accordingly,

we set ζ = gm/3. The smaller the ζ value the higher the output swing and the time required

to reach steady state.

In general, active components are realized either as a single-ended or differential topology.

The most common single-ended realizations are based on two-terminal diodes such as the

Gunn diode [76, 77], IMPATT diode [78], and tunnel diode [79]. Such elements are mainly

implemented in a compound semiconductor (III-V semiconductor) and used in high power

oscillators [76]. On the other hand, a negative differential resistance is most commonly

realized in CMOS technology as a cross-coupled transistor pair [66, 72]. As long as the

cross-coupled pair is biased by a tail current source, a single-ended version can also be

realized, with the other terminal connected to an appropriate dc voltage.

The following calculations and simulations are carried out using the time-domain transient

solver implemented in Keysight Advanced Design System (ADS) software by means of scat-

tering parameters obtained through full-wave simulation, where the excitation is modeled

by thermal noise generation in the load resistors. The schematic of the proposed distributed

oscillator is shown in Fig. 3.2(a) where the active devices are attached to the lower transmis-

sion line in between adjacent unit cells toward the ground (the bias line). For simplicity, we

assumed that the gain −gm is equal in all the active devices. In fact, the overall performance

of this kind of distributed oscillators can be improved by optimizing the distribution of the

gain values of active devices along the finite structure.
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Figure 3.2: (a) Loaded DBE oscillator consisting of 8 cascading unit cells (UCs) of
microstrip-based CTLs shown in Fig.1(b). Active devices are placed between each two adja-
cent unit cells to the bias line. Two loads of 50Ω are attached at the two ends of the lower
TL while the upper TL is terminated in short circuits. The oscillation starts for sufficiently
large gm = 3mS. (b) Voltage waveform vL(t) monitored at a 50Ω load where steady state
oscillation is observed in less than 30 ns. (c) The normalized spectrum VL,N(f) shows that
oscillations occur at 3.03 GHz, that is very close to the DBE frequency of 3.02 GHz in Fig.
1(c). The spectrum is calculated by applying the Fourier transform in a time window from
35 to 100 nsec.
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To determine the oscillation threshold, which is the minimum value of the gain conductance

gm to start oscillations, we tested the finite-length loaded cavity shown in Fig. 3.2(a) with

both ends of the lower TL terminated with 50Ω and both ends of the upper TL terminated

by short circuits to ground. The oscillation threshold is obtained by sweeping the gain −gm

value until the oscillation starts. Accordingly, we report that the oscillation threshold is

gm,th = 1mS for the 8 unit cells oscillator in Fig. 3.2(a). Note that, the oscillation threshold

value depends on the length of the finite structure (i.e. number of unit cells) and the load

values RL. Therefore, since we analyze the effect of load variation, for the rest of the chapter

we choose gm = 3mS to be sufficiently larger than the oscillation threshold gm,th for a large

value of RL = 1MΩ. The waveform vL(t) at either load reaches a steady state in less than 30

ns as shown in Fig. 3.2(b). The oscillation frequency is determined by Fourier transforming

vL(t) in the time window from 35 to 100 ns, shown in Fig. 3.2(c), and it clearly confirms

the single-frequency oscillatory behavior despite the length of the cavity and the presence of

seven active devices.

Fig. 3.3 shows the magnitude of voltage and current distributions in the loaded CTL cavity

of Fig. 3.2(a). These voltages and currents are evaluated at nodes n = 1, 2, . . . , 8, in the

presence of the active devices with gm = 3mS. It can be observed that the voltage reaches

its peak magnitude in the middle of the cavity; the voltage magnitudes in the lower TL are

approximately four times larger than those in the upper TL.

3.4 Frequency Stability of the Distributed DBE Oscil-

lator

An important advantage of the proposed DBE oscillator is the robustness of the oscilla-

tion frequency against a large variation in the load. This robustness is directly related to
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Figure 3.3: (a) Voltage and current distributions on top and bottom TLs of the distributed
DBE oscillator shown in Fig. 2(a), when the bottom TL is terminated in two 50Ω loads,
while the top TL is short circuited at its two ends. (|Vn| and |In| represent voltage and
current time-harmonic waveform peak values, which are phasors’ amplitudes, at steady state
regime).

the strong DBE resonance associated to the cavity made of a finite-length CTL exhibiting

a DBE [1, 30, 43]. This advantage has been shown only for a DBE-based double ladder

lumped-element circuit oscillator with only one active device [43, 80]. Typically, the oscilla-

tion behavior is very sensitive to the output termination resistance variation resulting in a

significant shift in oscillation frequency (e.g. mode jumping in ladder oscillators [69, 44]); in

some cases the oscillation stops. Fig. 3.4 shows the effect of varying the load resistance on

the oscillation frequency and on the average output power in the proposed distributed DBE

oscillator, for gm = 3mS. The result shows a stable frequency of oscillation with a change

of only 1% over a change of load resistance over 7 orders of magnitude. The same plot also

shows the total output power on both loads as a function of the load resistance, where the

maximum output power corresponds to RL = 150Ω. Note that, the distributed DBE oscilla-

tor also shows a stable frequency of oscillation when changing the gain as long as it exceeds

the threshold to start the oscillation. This is shown by plotting again the output power

and frequency of oscillation for the smaller conductance of gm = 1.5mS. For gm = 1.5mS,
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the maximum output power occurs when RL = 50Ω and the oscillation stops when the

loads RL ≥ 100Ω (as 1.5mS < gm,th|RL=100Ω). Moreover, the robustness of the oscillation

frequency against a wide variation in the gain is shown in Fig. 5(a), by fixing the two load

resistances to RL = 50Ω and varying the gain conductance from gm,th < gm < 9 gm,th. It is

clear from the red curve in Fig. 5(a) that increasing the gain in the proposed oscillator has

a negligible effect on the oscillation frequency (i.e. less than 1% over the studied range while

for gm > 9 gm,th the oscillation frequency jumps to a higher frequency at 7.6 GHz), whereas

the output power (blue curve) increases by increasing the gain conductance. The stability

analysis was repeated using a single load resistance, with the other end short circuited, which

leads to very similar results and an even high stability of the oscillation frequency over load

variation (not reported here for the sake of brevity).

To better understand the robustness of the oscillator to load variations, we add a capacitance

C in parallel to each of the two load resistors RL = 50Ω shown in Fig. 3.2(a) to imitate the

effect of a parasitic capacitance. Fig. 3.5(b) shows the effect of varying such load capacitance

on the oscillation frequency and on the average output power, for gm = 1.5 gm,th = 1.5mS.

The variation of the oscillations frequency is negligible for all shown C values.

3.5 Conclusion

It has been shown that the DBE in coupled periodic waveguides is useful to conceive new

schemes for arrays of coupled oscillators. The DBE structure in the cavity made of a pe-

riodic waveguide strongly synchronizes a discrete set of oscillators resulting in an overall

single mode of oscillation. The single oscillation frequency, in close proximity to the DBE

frequency, has been theoretically demonstrated through full-wave transient simulations. Re-

sults demonstrate the stability of the oscillation frequency over a very wide range of load

or gain variation, to confirm the stable single-frequency oscillation scheme dictated by the
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Figure 3.4: Average output power and oscillation frequency versus load resistance for the
distributed DBE oscillator shown in Fig. 2(a), for gm = 3mS and gm = 1.5mS. The stability
of the oscillation frequency over a huge variation of the load resistance shows an important
advantage of the proposed oscillator: the frequency of oscillation is almost the same, i.e. ˜3
GHz, with a very slight shift that does not exceed ±1% (˜30 MHz).

modal degeneracy.

This new scheme of operation is promising for boosting the overall performance of RF sources,

where potential benefits include spectral purity and high power efficiency. This scheme based

on the DBE concept would be valuable in devices that require several coherent sources, in

power combining, with a possible extension to distributed radiating active antenna arrays

at microwaves and millimeter waves.
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Figure 3.5: Average output power and oscillation frequency versus (a) gain variation, and
(b) capacitive loads variation. In (b) the capacitor C is parallel to each of the two load
resistors RL = 50Ω,assuming gm = 1.5mS.
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Chapter 4

Exceptional Degeneracy in a

Waveguide Periodically Loaded with

Discrete Gain and Radiation Loss

Elements

4.1 Motivation

We demonstrate that a periodic waveguide comprising of uniform lossless segments together

with discrete gain and radiating elements supports exceptional points of degeneracy (EPDs).

We provide analytical expressions for all possible conditions that guarantee the occurrence

of an EPD, i.e., the coalescence of eigenvalues and eigenvectors. We show that EPDs are

not only achieved using symmetric gain and radiation periodic loading, but they are also ob-

tained using asymmetric gain and radiation loss conditions. We illustrate the characteristics

of the degenerate electromagnetic modes, showing the dispersion diagram and discussing the
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tunability of the EPD frequency. We show a special condition, we refer to it as parity-time

(PT)-glide symmetry, which leads to a degeneracy that is occurring at all frequencies of

operation. The class of EPDs proposed in this work is very promising for many applications

that incorporate discrete-distributed coherent sources and radiation-loss elements; operating

in the vicinity of such special degeneracy conditions leads to potential performance enhance-

ment in a variety of microwave and optical resonators, antennas, and devices and can be

extended to a new class of active integrated antenna arrays and radiating laser arrays.

Electromagnetic (EM) guiding structures or resonators are described by their eigenmodes’

(eigenvalues and eigenvectors) evolution equations. Eigenmodes representing EM propagat-

ing waves in a multimodal waveguide may coalesce into a single degenerate eigenmode by

varying at least one parameter of the parameter space (frequency, geometrical/physical pa-

rameters) of the waveguide system; this special point in the system parameter space is called

an exceptional point of degeneracy (EPD) [53, 81]. At the EPD, two or more eigenstates of

the system coalesce into a single degenerate eigenstate. Such condition is simply referred to

as ’EP’ in various works; here the ‘D’ is used to stress the importance of degeneracy [11]. The

number of degenerated eigenstates is referred to as the order of the exceptional point. In the

proximity of an EPD angular frequency ω, the eigenvalues λ associated with the coalescing

eigenvectors change with respect to frequency as (ω − ωe) ∝ (λ− λe)
n, in which λe , ωe, and

n are the degenerate eigenvalue, EPD angular frequency, and order of EPD, respectively.

In general, an EPD occurs in a system where the space-time evolution of the system vector

is characterized by a non-Hermitian matrix, which can be imposed also by periodicity in

space [1, 41, 2, 20] or in time [21, 82] or by having losses and gain in the system [45, 20]

including systems satisfying parity-time (PT) symmetry [81, 7, 8, 83]. The unique degener-

ate dispersion behavior is accompanied by supreme characteristics including the vanishing

of the group velocity [4, 57] as well as the dramatic improvement in the local density of

states [30] resulting in a robust increase in the loaded quality factor of the structure. The
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EPD phenomenon has been proved to have various applications including high quality factor

(Q) and low-threshold lasers [36], lasers in coupled ring resonators[84], and low-threshold

oscillators [42, 3, 85]. Moreover, the deviation of the perturbed eigenvalues from the degen-

erate eigenvalue is large when a small perturbation to a system parameter is applied; so this

sensitivity brings another class of applications in sensors [86, 87, 88, 89].

4.2 System Description and Analytical Formulation

In this chapter, we present an example of a waveguide that exhibits a second-order EPD by

periodically loading a uniform waveguide with gain and radiating elements, as schematized in

Fig. 4.1. We provide the analytical expressions for the second-order EPD conditions to occur

in different loading configurations for the gain and radiating elements. The EPD condition

is observed in the dispersion diagram and by the coalescence of the eigenvectors. We also

describe the Floquet-Bloch impedance in the vicinity of the EPD, which can be important

for matching and stability analysis. We conclude by showing a possible application as an

array of radiation elements oscillating and radiating at the EPD frequency.

We consider a uniform waveguide that is periodically loaded with discrete gain and loss and

that is schematically represented by its equivalent transmission line model (TL) [90, 91];

this model can be applied to waveguides operating from microwaves to optics, hence our

formulation is general. We assume that the waveguide is periodically loaded with discrete

shunt gain and resistive elements, as shown in Fig. 4.1(a). Indeed, it is customary to

represent radiation from discrete points along a waveguide using resistive loads.

The periodic unit cell is divided into four parts: two uniform waveguide segments together

with a discrete gain element and a discrete radiative element represented by its equivalent

resistance. For simplicity the waveguide segments are assumed to have similar characteristic
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impedance, but with possibly different electrical lengths θA = k0lA, and θB = k0lB where lA

and lB are the physical lengths of the waveguide segments A and B, respectively, and k0 =

ω/vph is the waveguide propagation constant, with vph being the phase velocity of a uniform-

waveguide mode. It is convenient to define a system state vector as Ψ(z) = [ V (z), I(z) ]T

, with T indicating the transpose action. Therefore, referring to Fig. 4.1(a), we use the

transfer matrix of a shunt element Tshunt and lossless transmission line TTL [62], and we

form a relation between equivalent voltage and current between the two ends of a unit cell

as Ψn+1 = TUΨn. The unit cell transfer matrix TU is the result of the multiplication of four

transfer matrices as

TU = Tshunt(Yr)TTL(θB)Tshunt(−g)TTL(θA). (4.1)

We look for solutions of the type Ψn ∝ Ψ0e
−jknd satisfying the Floquet’s condition Ψn+1 =

e−jkdΨn, where d is the waveguide period, k is the Floquet-Bloch wavenumber, and we

implicitly assume the time convention ejωt. Hence, the eigenmodes supported in such a

system are described by the eigenvalue problem

[TU − λI]Ψ = 0, (4.2)

where I is the identity matrix of order two, λ = e−jkd is an eigenvalue and Ψ is the asso-

ciated eigenvector. The eigenvalues are readily found by solving the characteristic equation

det(TU − λI) = 0, i.e., by finding the roots of the characteristic polynomial

λ2 +
[
− 2 cos(θA + θB)− gYrZ

2
0 sin(θA) sin(θB)

−jZ0Yr(1− g/Yr) sin(θA + θB)
]
λ+ 1 = 0,

(4.3)

where Z0 is the characteristic impedance of the two uniform waveguide segments. To have
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(a)

(b)

Figure 4.1: (a) Unit cell schematic of a periodic waveguide, represented by its equivalent
transmission line (TL), made of two segments with characteristic impedance Z0 and loaded
with shunt lossy element (Yr) and shunt gain element (−g). (b) The relation between gain
and loss to have an EPD. The shaded area represents the asymmetric cases where gain and
loss relation to have an EPD is gZ0 = 4/(YrZ0 sin

2(θA)). The black-dashed curve represents
one of the asymmetric cases when θA = θB = (2m+1)π/2, also the PT-glide-symmetry case
is depicted by the green dot in the intersection between the asymmetric case dashed curve
and red line representing symmetric cases.
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two identical roots in a second-order polynomial of the form of λ2+aλ+ b = 0, a2− 4b must

vanish. Having b = 1 in the proposed system characteristic polynomial (4.3) indicates that

the eigenvalues are λ1 = 1/λ2 = e−jk1d, which implies that k1 = −k2. Also, the necessary and

sufficient conditions for having identical eigenvalues λ is a = (−1)p2; where p is an integer

number indicating the positive and negative possible solutions of a. Therefore conditions

that must be satisfied at the EPD frequency, related to the real and imaginary parts of a,

read as

−2 cos(θA + θB)− gYrZ
2
0 sin(θA) sin(θB) = (−1)p2 (4.4)

Z0Yr(1− g/Yr) sin(θA + θB) = 0. (4.5)

The second condition, (4.5), is satisfied either by constraining the gain and radiation-element

equivalent resistance (i.e., 1−g/Yr = 0) or by constraining the TL segments’ electrical lengths

(i.e., sin(θA + θB) = 0). Whereas, the first condition in (4.4) is used as the design equation

for different possible cases that are leading to identical eigenvalues. The chart in Fig. 4.1(b)

summarizes the required relation between gain and radiation loss to have an EPD, that are

discussed next.

4.2.1 Trivial cases with vanishing gain or loss (Yr = 0 or g = 0)

A trivial condition to satisfy EPD is by having θA + θB = pπ, where p is an integer, besides

having either g = 0 or Yr = 0, represented by the blue-dashed vertical or horizontal line,
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respectively, in the chart in Fig. 4.1(b). The EPD obtained for this case occurs at k = π/d,

where d is the unit cell period. However, we do not focus on this trivial case as it is

not suitable for applications that incorporate both discrete-distributed coherent sources and

radiation loss elements.

4.2.2 Symmetric gain and loss cases (Yr = g)

One possibility to satisfy the condition in (4.5), Im(a) = 0, is by enforcing balanced gain

and radiation-loss, g = Yr represented by the solid-red line in the chart in Fig. 4.1(b). The

normalized gain and radiation elements values that satisfy the other EPD condition (4.4)

Re(a) = 2(−1)p, yields

YrZ0 = gZ0 =

√
2 ((−1)p − cos(θA + θB))

sin(θA) sin(θB)
. (4.6)

It is important to mention that for any arbitrary choice of θA and θB, the term inside the root

in (4.6) can always have a positive value by choosing the proper p value. The symmetrical

gain and radiation-loss is a straightforward condition that leads to EPD where the introduced

amount of radiation loss should be compensated with the same amount of gain in order to

have neither a decaying nor a growing wave. Although, in this case, gain and loss loads

are equal, the unit cell with θA ̸= θB does not classify as (PT)-symmetric condition, that

could be defined based on the system’s refractive index obeying n(z) = n∗(−z), where z is

a coordinate in the system and ∗ denotes complex conjugation [13, 7, 81]. Enforcing spatial

symmetry in the unit cell by choosing equal electrical lengths θA = θB leads to a unit cell

that satisfies a possible definition of PT-symmetry as used in [92]. Indeed, the symmetric

load case with θA = θB satisfies the following

62



n(z +
d

2
) = n∗(z), (4.7)

which holds the reflection between gain and loss by the complex conjugate operator ∗ and the

translation along z by half a period. We define the PT-glide-symmetry condition as in (4.7)

which can be used also to describe more complicated structures. In general, glide symmetry

is a symmetry operation comprised of a reflection operation over a certain coordinate and

translation along with that coordinate [93, 94, 95]. We refer to the condition in (4.7) as PT-

glide-symmetry where the EPD condition is met at every frequency with λe = e−jked = 1;

this condition is only valid for the ideal case discussed here where the gain and loss elements

are assumed to be purely real valued and frequency-independent. In reality, active sources

and radiation loss elements are dispersive (i.e., frequency-dependent), implying that in this

case the EPD condition also has some frequency dependency. Note that for the reciprocal

system we are studying, the EPD is only possible when ke is purely real with the value of

either ked = 0 or ked = π.

Figure 4.2 depicts the dispersion of a waveguide with symmetric loads and different electrical

lengths. The waveguide exhibits EPD by satisfying the EPD condition in (4.6) at 3 GHz

such that 3θA = θB = π/4, Z0 = 50Ω, and Yr = g = 2
√
2/Z0 =

√
2/25 S.

In the rest of the chapter, we focus on the case with asymmetric gain and radiation-loss

as it provides more flexibility in using different values of gain and radiation-loss. Indeed,

the value of resistance of the radiating element cannot be set arbitrarily and the constraints

depend on the specific design, while gain usually can be tuned by simply changing a biasing

voltage.
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Figure 4.2: (a) Dispersion diagram of complex-valued wavenumber versus frequency for gain-
radiation loss symmetric case, Yr = g = 2

√
2/Z0 =

√
2/25 S, with 3θA = θB = 3π/4 at 3

GHz. Wavenumber degeneracies are observed at 3 GHz, 4.333 GHz, 7.715 GHz, 9 GHz,
etc., where either k = 0 or kd/π = ±1. (b) A zoom-in version in the vicinity of the EPD at
(ωe, ke) = (3 GHz, 0) shows that the complex-valued dispersion fits to the quadratic formula
(ω − ωe) = h(k − ke)

2 denoted by red symbols with h = 1.1162× 1014m2/sec.
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4.2.3 Asymmetric gain and loss cases (Yr ̸= g)

Condition (4.5) can be satisfied also for asymmetric gain and radiation-loss cases, represented

by the shaded area in the chart in Fig. 4.1(b), by constraining the waveguide segments’

electrical lengths as

θA + θB = pπ, (4.8)

where p is an integer number, in other words, the total length of the waveguide of a unit cell

at fe is an integer multiple of half wavelength. The other condition (4.4) forces the relation

between the normalized gain and radiation-loss values to be

(gZ0) =
4

(YrZ0) sin
2(θA)

. (4.9)

By forcing these two conditions (4.8,4.9), the degenerate eigenvalue of the eigenvalue problem

in (4.2) is equal to

λe = e−jked =


(−1)p+1, if θA ̸= θB ̸= lπ

(−1)p, otherwise

(4.10)

where l is an integer such that 0 ≺ l ≺ m, and the degenerate eigenvector is Ψe =

I

[
ZB,e, 1

]T
, where

ZB,e = −2Z0/ (YrZ0 + j2 cot θA) , (4.11)

is the Bloch impedance of the degenerate mode. Figure 4.3(a) depicts the dispersion of

one waveguide that exhibits EPD by satisfying the conditions at 3 GHz such that θA =

65



θB = π/2, Yr = 20 mS, Z0 = 50Ω, and g = 80mS to satisfy the EPD condition in (4.9).

The two complex wavenumbers are traced in two different colors such that one can observe

the coalescence of the two complex wavenumbers at the EPD frequency and its harmonics

(i.e. all meet the EPD conditions). Note that the EPD points are the transition points at

which the complex wavenumbers alternate between the same sign for both parties of the

complex wavenumber (i.e. real and imaginary parts) indicating growing waves to opposite

signs indicating decaying waves.

Upon analyzing the modal dispersion equation, it can be proved that when the special case

of YrZ0 = 2, accordingly, g = Yr (i.e., symmetric case) and θA = θB are met utilizing the

aforementioned PT-glide-symmetry case, then the two eigenvalues (and also the eigenvectors)

will be identical at every frequency. In Fig. 4.3(a) we show an example of the dispersion when

θA = θB when YrZ0 < 2, that is true when using the aforementioned parameters, whereas in

Fig. 4.3(b) we show an analogous example that exhibits EPD at the same frequency when

the condition reads as YrZ0 > 2 by selecting Yr = 50 mS and g = 32 mS for the same

Z0 = 50Ω.

The periodic electromagnetic guiding structure is characterized by the modal dispersion

equations (4.3). Each eigenmode is characterized by its eigenvalue λi = e−jkid related to the

associated complex Floquet wavenumbers ki and its eigenvector Ψi = Ii

[
ZB,i, 1

]T
, with

i = 1, 2 for the case under study here, where ZB,i is the ith mode Floquet-Bloch impedance.

The evolution of the eigenmodes’ complex Floquet-Bloch impedance varying frequency, which

is directly related to the evolution of the eigenvectors Ψi, is shown next. The coalescence

of the eigenvectors at the EPD is based on having a degenerate Floquet-Bloch impedance

(i.e., ZB,e = ZB,1 = ZB,2). Figure 4.4 shows the trajectory of the complex Bloch impedance

ZB,i for increasing frequency for two different cases: (a) YrZ0 < 2 depicted in Fig. 4.4(a),

and (b) YrZ0 > 2 depicted in Fig. 4.4(b), associated with dispersion diagrams shown in Fig.

4.3(a,b), respectively. It is obvious from the traces shown in Fig. 4.4(a,b) that in general,
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Figure 4.3: Dispersion diagram of complex-valued wavenumber versus frequency. Wavenum-
ber degeneracies are observed at 3 GHz, 6 GHz, etc. where both wavenumbers vanish. The
two wavenumbers are denoted by different colors, for the two different cases with Z0 = 50Ω
and θA = θB = π/2 at 3 GHz: (a) Yr = 20 mS, g = 80mS corresponding to YrZ0 < 2, and
(b) Yr = 50 mS, g = 32mS corresponding to YrZ0 > 2
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0, 6,⋯GHz

3, 9,⋯GHz

(a) (b)

3, 9,⋯GHz 0, 6,⋯GHz

Figure 4.4: Complex-valued Bloch impedances ZB showing the trajectory of ZB evolution
varying frequency where arrows represent the direction of frequency increasing. Degeneracies
are observed at 3 GHz, 6 GHz, etc. where both wavenumbers vanish, i.e. k = 0. The two
modes’ Bloch impedance are denoted by different colors, matching different modes’ colors in
the dispersion diagram in Fig. 2 (a, b), for the two different cases with θA = θB = π/2 at
3 GHz: (a) Yr = 20 mS corresponding to YrZ0 < 2, and (b) Yr = 50 mS corresponding to
YrZ0 > 2.

the Bloch impedances are complex conjugate to each other over the whole frequency range

except at the EPD frequency 3 GHz and its harmonics 6, 9, . . . GHz where they become

purely real. At the EPD, the two impedances turn into one degenerate real impedance ZB,e

either −2/Yr or zero.

4.3 EPD Oscillator

We describe succinctly some possible applications that incorporate discrete-distributed co-

herent sources and radiation elements (that are usually characterized by loss lumped ele-

ments, like the admittances Yr). One application to the proposed EPD scheme is an active

radiating oscillator that requires the incorporation of discrete-distributed coherent sources
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and radiation loss elements. This active oscillator is realized in a cavity made of a finite-

length waveguide exhibiting EPD with asymmetric gain and loss. As proof of the concept,

and regardless of the specific implementation, the radiating elements are simply modeled as

a distributed shunt radiation loss, whereas gain is modeled in each unit cell using non-linear

cubic i-v characteristic i(t) = −gv(t) + ζv3(t) of the active device [43, 85] which can be

practically implemented with circuits with amplifying devices, such as CMOS transistors or

Op-Amps, with positive feedback. Here −g is the small-signal slope of the i-v curve in the

negative resistance region, and ζ is the third-order non-linearity constant that models the

saturation characteristic of the device. We set the turning point vb =
√

g/(3ζ) of the i-v

characteristics to be 1 volt, and accordingly, we set ζ = g/3.

We tested the finite-length loaded cavity comprised of 8 unit cells as shown in Fig. 4.5(a) in

the time domain solver implemented in Cadence Virtuoso IC 616. The unit cell is chosen to

have identical ideal TL segments with Z0 = 50Ω and each has an electric length θ(3GHz) =

π/2. The gain and loss elements are chosen as g = 32 mS, Yr = 50mS to satisfy the

EPD condition in (4.9). Accordingly, we report that the oscillation occurs close to the EPD

frequency and the waveform vm(t), at the load Yr in the middle of the structure between

the fourth and the fifth unit cell reaches a steady-state in less than 2 ns as shown in Fig.

4.5(b). The oscillation frequency is determined by taking the Fourier transform of vm(t)

in the time window from 2 to 100 ns, shown in Fig. 4.5(c), and it confirms the oscillatory

behavior around the EPD frequency 3 GHz and its odd harmonics (9, 15, ...) GHz since

they all satisfy EPD conditions. Note that, operating in the vicinity of the EPD enhances

the sensitivity of the system [86, 87, 89] which can be an effective way of controlling the

directivity and beam angle of an antenna array or leaky-wave antenna, analogously to what

was shown in [45] for EPD in a uniform (i.e., not periodic) coupled TL with balanced gain

and radiation loss.
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Figure 4.5: EPD oscillator consisting of 8 cascaded unit cells (UCs) loaded with gain and loss
(representing a radiating antenna) as shown in Fig. 4.1(a). Active gain devices are placed
in each UC from the TL to the bias line (that acts as a ground for a.c. signals). (b) Voltage
waveform vm(t) monitored at the Yr load in the middle of the structure where steady-state
oscillation is observed in less than 2 ns. (c) Normalized voltage spectrum Vm,N (f) shows
that oscillations occur at around 3 GHz, that corresponds to the EPD frequency of 3 GHz
in Fig. 4.3(b).
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4.4 Conclusion

We have demonstrated that a periodic waveguide loaded with gain and radiating elements as

shown in Fig. 4.1(a) exhibits EPDs. We have shown the different conditions for having EPDs

summarized in Fig. 4.1(b) and also, importantly, we have demonstrated a case where the

EPD condition is met at every frequency satisfying the PT-glide-symmetry condition. The

theoretical framework developed applies to various structures operating from microwave to

optical frequencies. The discrete radiation admittances considered in this chapter represent

the input admittances of a periodic array of antennas. We have shown that EPDs occur

at frequencies where the two TL wavenumbers vanish, leading to possible applications of

broadside radiation in arrays of antennas periodically connected to the waveguide. Such a

phenomenon may pave the way to a new class of active traveling-wave antennas and also in

array antennas with all elements oscillating and synchronized.
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Chapter 5

Degenerate Band Edge Slow Wave

Structures for Electron Beam Driven

Devices

5.1 Motivation

We present new slow wave structures (SWSs) for high-power electron-beam-driven oscillators

based on the degenerate band edge (DBE). The proposed DBE operational regime is based

on four degenerate eigenmodes all synchronized with the electron beam, and leads to an

effective energy transfer from the electron beam to the four degenerate eigenmodes. This

paves the way for a new class of high-power oscillators, which we have called degenerate

band edge oscillators (DBEOs) that show an unconventional trend of the starting current

and feature single frequency of oscillation with high spectral purity.

High power microwave generation using relativistic electron-beam driven vacuum devices is

considered the sole technology for generating Mega- and Giga-watts of power used in radars,
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satellite communications, and various other applications [96, 97, 98]. We are investigating a

mean to improve the power efficiency generation utilizing EPD concept by proposing DBE

slow wave structures (SWSs). In this chapter we propose different SWSs that offers a good

interaction impedance besides its ability to exhibit higher order dispersion. The proposed

BWOs is composed of SWSs exhibiting the fourth order degeneracy at which four guided

radio-frequency modes interact with an electron beam leading to high power microwave gen-

eration. We show an example of the realization of such SWS which exhibits the DBE based

on a double helix SWS. Another realization of such SWS is based on the coupled cavity

metamaterial (MTM) SWSs. MTM SWS is composed of a circular waveguide with periodic

loading of two complementary electric split-ring resonator (CeSRR) disks. A BWO using

the proposed MTM SWS has been simulated using a particle-in-cell(PIC) solver and exper-

imentally tested with University of New Mexico (UNM) group to evaluate its performance.

Finally we show a realization of DBE-based SWSs for millimeter(mm) and Terahertz(THz)

-waves power generation in periodic double corrugated waveguide. We show a possibility of

high power oscillators at this range of frequencies, in particular, we demonstrate a degenerate

band edge oscillator (DBEO) at 638 GHz based on PIC simulations.

5.2 Four-eigenmode Super Synchronization Regime at

the DBE

The DBE occurs when four electromagnetic eigenmodes in a SWS coalesceinto a single

degenerate eigenmode, when varying frequency or any structural parameter of the waveguide

[3, 4]. The DBE occurs in lossless periodic waveguides at a specific angular frequency and

wavenumber denoted by ωd and kd, respectively (Fig. 5.1(b)). The DBE is also associated

with a vanishing group velocity [3, 4]. The super synchronization operational principle for

SWSs with DBE interacting with an electron beam is demonstrated in [3, 42]. In [42] a low
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Figure 5.1: Example of high-power electron beam driven device composed of a SWS that
supports four degenerate eigenmodes. This degenerate condition is shown in the modal dis-
persion diagram of the “cold” periodic SWS, where four Floquet-Bloch eigenmodes coalesce
at the single point (kd, ωd) that occurs at the band edge. Super synchronization is achieved
when the electron beam velocity u0 is matched to the phase velocity of the four modes at
(kd, ωd), leading to the super synchronization condition in Eqn. 5.1. Note that kd = π/d
where d is the period of the SWS. Eigenmodes with purely real wavenumber are denoted by
solid lines whereas complex wavenumbers are denoted by dashed lines.

starting current oscillator was demonstrated using the generalized Pierce method [46, 99].

The DBE super synchronization regime mandates that the phase velocity of the four degen-

erate eigenmodes matches the average velocity of the electron beam u0, leading to the super

synchronism condition

u0 ≈ ωd/kd (5.1)

shown graphically in Fig. 5.1(b), represented by the intersection at (kd, ωd) of the “cold” SWS

dispersion in the fundamental Brillouin zone with the beam line (dotted yellow). Complex

dispersions of “hot” SWSs accounting for the four modes-beam interaction are shown in

[46, 3]. One of the consequences of having such a fourth order super synchronization condition

in hot SWSs is the low oscillation threshold, i.e., the low starting beam current Ist which

is defined as the minimum value of the beam current required to initiate oscillations. The

estimation of this threshold current versus SWS length Nd, where N is the number of unit
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cells of the periodic SWS, is carried out using the generalized Pierce method [46, 99, 3] and

leads to the unconventional trend for large number of unit cells given by

Ist ∝ N−5. (5.2)

5.3 Four-Mode Degeneracy in a Double-Helix SWS

A helix-based SWS typically consists of a metallic tape-helix inside a metallic waveguide;

such SWSs have been used for decades for high power device sources. A simple modifica-

tion consisting of a double-helix SWS supports a DBE when properly designed (Fig. 5.2).

The double helix SWS is comprised of two concentric helices with two different radii and

different pitches placed inside a cylindrical waveguide [100], whose unit cell is shown in Fig.

5.2(a). By properly engineering the coupling between the various modes supported, a four

mode degeneracy (i.e., the DBE) is achieved. Proper coupling is realized by introducing a

longitudinal misalignment between the two helices such that the outer helix pitch ph1 is two

times the inner helix pitch ph2. Fig. 5.2(b) shows the modal dispersion relation of the pro-

posed “cold” SWS calculated using the Eigen mode solver implemented by CST Microwave

Studio based on the finite element method. The dispersion relation shows that the second

mode exhibits a DBE that locally fits the dispersion ω − ωd = h(k − kd)
4, where h is a

design-related constant. The interaction with the electron beam in a SWS is quantified by

the interaction impedance. Higher interaction impedance indicates stronger electromagnetic

mode and electron beam interaction, and in general leads to higher efficiency of microwave

generation. In Fig. 5.2(c) we plot the interaction impedance Zp of the first two modes in

the SWS versus frequency, using the definition of Zp in Ch.2 of [101]. The DBE degenerate

mode is shown to have a higher interaction impedance compared to that of the lower mode.

This in turns may imply higher efficiency of microwave generation and oscillation purity.
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Figure 5.2: (a) Double helix SWS exhibiting the fourth order eigenmode degeneracy at C-
band. (b) Modal dispersion relation associated to the proposed “cold” double helix SWS
in (a), showing the first two modes (only curves with purely real wavenumber are shown).
The higher mode (red) exhibits a DBE at 6.14 GHz as shown from the typical characteristic
fitting formula for this kind of degeneracy [3, 4]. (c) Interaction impedance of the DBE
SWS calculated along the longitudinal axis, for the first two eigenmodes. The SWS unit cell
dimensions are rwg = 6.6 mm, rh1 = 2.2 mm, rh2 = 2.4 mm, the period is d = ph1 = 2ph2 =
4mm, and the thickness and width of both helices is the same and equal to 0.1 mm and 1
mm, respectively.
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5.4 Four-Mode Degeneracy in a MTM coupled cavities

SWS

A design of a backward wave oscillator (BWO) based on the MTM SWS where its unit cell

is depicted in Fig. 5.3. The MTM structure proposed here is an extension of the all-metal

complementary electric split-ring resonator (CeSRR) that has been studied in [102, 103].

This CeSRR based MTM SWS has several advantages starting from SWS miniaturization

relative to conventional SWSs used in VEDs to the offered high interaction impedance. The

main difference in our proposed SWS with respect to those in [102, 103], is that we have

introduced two CeSRRs in the unit cell with two different resonant frequencies, and the

two CeSRRs are tilted with respect each other. This asymmetric design by adding another

CeSRR [104, 105], with different dimensions and tilt angle, was chosen for the following

reasons. The first reason is related to long term research plan (beyond the scope of the present

study) where the use of two CeSRRs, tilted with respect to each other, and with different

resonant frequencies, is crucial in realizing higher order dispersion [3, 106] which is associated

with exceptional points of degeneracy like the degenerate band edge (DBE), the split band

edge (SBE) and the stationary inflection point (SIP) [1, 107, 20]. The use of multi-mode

degeneracies in vacuum electronics attains some unique features related to HPM sources

such as low starting (threshold) electron beam current and unique threshold scaling with

the SWS length compared to conventional BWO, and large amplification in HPM amplifiers

(for more details see [3, 106, 46, 42, 108] and references therein). Another reason was the

importance to investigate the involved synchronization regime with several waveguide modes

and the electron beam and how simulations would agree with experimental measurements

in this very complex setup. The last reason is the investigation of the capabilities of the 3D

printing technology in fabricating very complex and multimode SWS structures (e.g., ones

that only 3D printing might be able to realistically fabricate) which are used for the design

of HPM sources and oscillators.
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Figure 5.3: A unit cell of the proposed MTM SWS: a disk-loaded circular waveguide with
misaligned CeSRRs designed to facilitate the mode mixing required for multiple-mode in-
teraction regime: (a) perspective view, (b) side view. (c) The two loaded disks inside the
circular waveguide, each of which has a beam tunnel and two irises in the shape of half ring.
All parameters and dimensions are reported in Table 5.1.

A unit cell of the MTM SWS comprises two tilted rings and has period d. All the geometrical

dimensions of the MTM SWS are reported in Table 5.1. The MTM SWS is biperiodic in

that two types of periodic structural subassemblies, interchanging in one or more directions,

comprise the SWS. The circular waveguide has radius rwg and the two loading circular

metallic rings have the same beam tunnel of radius r b as well as two irises. The iris in

each of the two rings in the unit cell has the shape of two half rings. Moreover, the two

irises are different from ring 1 to ring 2, and they are misaligned by an angle φ as seen in

Fig. 5.3(c). The metal rings’ thickness considered here is the same for rings 1 and 2. The

separation between rings 1 and 2 (i.e. the gap between rings) is tr, as seen in Fig. 5.3. In

the following analysis, we will assume a lossless structure, i.e., we ignore metal loss for cold

test performance using full-wave simulations.
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Symbol Quantity Value(µm)
rwg Waveguide radius 35 mm
s Iris separation 4 mm
g Iris width 4 mm
ϕ Misalignment angle 45 degrees
hs Ring thickness 2 mm
tr Ring separation 0.5 mm
r1 Iris 1 inner radius 18 mm
r2 Iris 2 inner radius 28 mm
rb Beam tunnel radius 16 mm
d Period 15 mm

Table 5.1: Physical dimensions and parameters of the DBE-MTM SWS

5.4.1 Cold SWS dispersion

In Fig. 5.4 the (ω − k) dispersion diagram of the five lowest order eigenmodes is depicted

for the designed DBE-MTM SWS in Fig. 5.3 and whose parameters are in Table 5.1. The

dispersion is calculated using the eigenmode solver implemented in CST Suite Studio by

DS SIMULIA based on the finite element method. The eigenmode solver enforces a phase

shift across the structure period in the axial direction of propagation and solves for the

eigenfrequencies. By repeating the simulation for different phase shifts, one can construct

the dispersion diagram as the one shown in Fig. 5.4. In the dispersion diagram we show both

forward and backward Floquet-Bloch propagating harmonics in the fundamental Brillouin

zone that extends from k = 0 to k = 2π/d. It is worth noting that the plotted dispersion

curves represent only the propagating part of the spectrum and thus they have a purely

real-valued wavenumber k. In addition, it is worth emphasizing that the dispersion diagram

obtained in Fig. 5.4 is for the cold SWS case (electron beam is absent). However, this

cold dispersion is still helpful as a zeroth order approximation to establish synchronization

in the fully interactive system (SWS and electron beam). This approximate picture of the

interactive system is realized by plotting the “electron beam line” together with the cold

dispersion diagram as shown in Fig. 5.4 in the black line. The DBE mode that is shown in

this dispersion diagram has asymmetric (in the cross section) axial electric field distribution,
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Symbol Quantity Value
rwg Waveguide radius 25 mm
s Iris separation 5.7 mm
g Iris width 2.2 mm
ϕ Misalignment angle 45 degrees
hs Ring thickness 2 mm
tr Ring separation 3.5 mm
r1 Iris 1 inner radius 15.7 mm
r2 Iris 2 inner radius 20.7 mm
rb Beam tunnel radius 12.85 mm
d Period 15 mm

Table 5.2: Physical dimensions and parameters of the MTM SWS; the one used for the BWO
relatization.

as shown in Fig. 5.4 inset, which indicates a low interaction impedance. However, the DBE

may also occur at higher frequencies than those shown here with symmetric axial electric

field distribution. Furthermore, design variations may also lead to the DBE with the proper

axial field distribution for interacting with the electron beam.

For the rest of this section, we will consider another design with the dimensions listed in

Table. 5.2. The modifications made to the original structure with DBE are done for reasons

first to make the structure fits the SINUS-6 accelerator hot setup at the University of New

Mexico (UNM). The other reason was to have a strong axial field for sufficient interaction

with the electron beam. The last reason is to investigate capabilities of fabricating the

proposed DBE SWS using the 3D printing technology.

5.4.2 Interaction impedance

In Fig. 5.5 the (ω−k) dispersion diagram of the five lowest order eigenmodes is depicted for

the designed MTM SWS in Fig. 5.3 and whose parameters are in Table 5.2; the one used

for the BWO realization in the following.

As shown in Fig. 5.5, the electron beam line intersects with different eigenmodes at different
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Figure 5.4: (Top) Dispersion diagram of the lowest order Floquet-Bloch eigenmodes of the
cold periodic MTM SWS in Fig. 5.3, with dimensions reported in Table 5.1. (Below) A
zoomed-in plot of the fourth mode (red curve) showing the higher order dispersion, associated
to 4th order exceptional point of degeneracy, called degenerate band edge. (Inset) The
longitudinal electric field map of the DBE mode at the transverse cross-section in the unit
cell at z = d/2 shows that this mode has asymmetric pattern.
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Figure 5.5: Dispersion diagram of the lowest order Floquet-Bloch eigenmodes of the cold
SWS in Fig. 5.3. An electron-beam line of 490 keV (black dashed line) is plotted showing that
the beam line intersects with the cold dispersion at different frequencies for each eigenmode.
However, the dominating mode in the fully interacting system is the one that has the highest
interaction impedance (i.e. third mode “purple”).

frequencies. To better quantify the interaction of different eigenmodes with the electron beam

in a SWS, it is customary to calculate the interaction impedance because such impedance is

responsible for high amplification and gain according to Pierce theory (see details in [96, 109,

97]). Higher interaction impedance indicates stronger enhancement of wave and electron

beam interaction and leads to higher efficiency of microwave generation. The interaction

impedance, with units of ohm, is defined as (see Ch.2 in [110] or Ch. 1 in [111])

Zp(x, y) =
|Ezp(x, y)|2

2Re(kp)2Pr

, (5.3)

where the subscript p designates the pth Floquet-Bloch harmonic of the axial electric field.

The axial field is decomposed into Floquet-Bloch harmonics as

Ez(x, y, z) =
∑∞

p=−∞Ezp(x, y)e
−jkpz in which Ezp(x, y) is the pth Floquet-Bloch harmonic

axial electric field amplitude and kp is the Floquet-Bloch harmonic wavenumber kp = k +

2πp/d,with p = 0,±1,±2, · · · . Furthermore, Pr is the time-average power flow in the

periodic SWS. All the aforementioned quantities are calculated using the eigenmode solver
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Figure 5.6: Interaction impedance described by Eq. (5.3) of the proposed SWS structure
calculated at (x, y) = (0, 0), i.e., along the beam axis for the lowest order fundamental
Floquet-Bloch eigenmodes. The different colors match those of the modes of the cold SWS
shown in Fig. 2. Note that the other Floquet harmonics have lower interaction impedance;
thus, we do not plot them here since they are less likely to interact with the electron beam.
Results are obtained from full wave simulations.

full-wave simulations implemented in CST Studio Suite by DS SIMULIA.

In Fig. 5.6 we show the interaction impedance for the first five fundamental eigenmodes (i.e.

p= 0). Note that higher order Floquet-Bloch harmonics can also be excited, however, they

contribute less to the interaction with the beam since their interaction impedance is much

smaller than the fundamental eigenmodes (not shown in Fig. 5.6 for brevity). It is clear

from Fig. 5.6 that the third mode is the one that has the highest interaction impedance.

Therefore, it is the mode that is most likely to couple with the beam and to efficiently harvest

the energy from the electron beam. The electric field associated with the third mode has a

very strong axial electric field component and resembles the TM01 mode of the waveguide

with a slight azimuthal asymmetry caused by the misaligned irises, as depicted in Fig. 5.7,

where we show the electric and magnetic field maps of the third mode.
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Figure 5.7: The electric and magnetic field maps of the third mode (normalized to their
maximum) at the transverse cross-section in the unit cell at z = d/2, showing that this
mode has almost a TM01-like mode profile.

5.4.3 Computational Model

This Section is dedicated to describing the entire model used to investigate the performance

of the proposed SWS as the interaction part of a pulsed power-driven BWO. Additionally, we

briefly discuss the simulation setup carried out by CST Studio Suite (particle in cell solver)

to model the experiment environment.

The PIC algorithm uses a 3D self-consistent solution to Maxwell’s equation in the time

domain in the presence of an electron beam current made by a finite number of emitted

charged particles. It also accounts for saturation effects such as electron overtaking which is

responsible for reaching a steady state in the oscillator.

Fig. 5.8 shows the proposed design for the MTM SWS-based BWO. The SWS consists of

N= 11 unit cells with total length 165 mm. The total length of the whole structure starting

from the annular cathode ending in the output port at the mouth of the horn antenna (used

to radiate the generated output power) is 460 mm. The PIC solver was used to quantify the

performance of the proposed pulsed BWO. The cathode is chosen to be annular with inner

and outer radii equal to 8.7 and 10.5 mm respectively. The motive behind using an annular

beam instead of a solid beam is because it interacts with the axial electric field distribution

of the interacting mode, shown in Fig. 5.7, which is concentrated near the inner radius of
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Figure 5.8: Schematic showing the entire BWO structure, (top) 3-D perspective view of the
structure (bottom) lateral view, i.e., the r-z cross-section at the x=0 plane. Starting from
the left side, the BWO consists of: (i) annular cathode for annular electron beam generation;
where the voltage is applied between the cathode and outer side of BWO using a coaxial
circular waveguide port; (ii) MTM SWS with 11 unit cells , and total length =165 mm; (iii)
metallic cylinder of radius rb =12.85 mm; (iv) canonical horn antenna to radiate the output
microwave generated power, where (v) a circular waveguide port is placed at the end of the
entire BWO (i.e. at the mouth of the horn antenna) to monitor the output power level.

the disks with a vanishing field at the center.

The annular electron beam emission is based on the explosive emission model in the PIC

solver. The electron beam is excited by introducing a waveguide port between the outer

surface of the cathode and the inner surface of the waveguide. This coaxial waveguide port

is excited by a voltage waveform based on UNM’s SINUS-6 accelerator, as shown in Fig.

5.9(a) (blue trace). The amplitude of the pulse is the maximum electron beam applied

voltage (i.e. 490 kV), whereas the current is not forced but rather depends on the emission

model.
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A static axial magnetic field Bz = 1.6 T is used to ensure good confinement of the annular

electron beam traveling in the axial direction. A metallic cylinder of radius equal to the

beam tunnel rb is introduced at the end of the SWS as the collector (i.e. beam collection

tube and radio frequency coupler) as shown in Fig. 5.8 to prevent electron beam particles

from hitting the output port.

The microwave output power is extracted out by introducing a horn antenna as the one

shown in Fig. 5.8, where at the mouth of the horn antenna another circular waveguide port

is placed to monitor the output power level.

5.4.4 Hot Simulations Results

This Section presents the hot simulation results associated with the detailed setup in pre-

vious Subsection. We investigate the interaction of the proposed SWS with a high-power

relativistic electron beam and the consequent HPM generation. In the following we aim at

generating a high power pulse; hence, we consider a 490-kV electron beam since we have

found that this value provides high power and it is realizable in the experimental setup as

will be shown in the following Section.

Figure 5.9(a) presents the electron beam applied voltage pulse (i.e., anode voltage with

respect to the cathode’s one) as well as the corresponding emitted current as a function of

time. The voltage and current traces are obtained by placing a voltage monitor between

the cathode surface and the BWO wall and a current monitor at a distance 3 mm from the

emitting surface of the cathode, respectively.

In Fig. 5.9(b) we show the transient output electromagnetic signal obtained from the waveg-

uide port monitor at the end of the structure, i.e., at the horn’s aperture. Note that the

delay in time between the instant when we apply the e-beam pulse and the instant when the
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RF output pulse is observed at the output port is about 4 ns. This delay is related to the

RF traveling time from the beginning of the SWS to the horn’s aperture. We only report the

output signal in the TM01 mode which carries the highest power among the various modes

of the output circular waveguide port. The transient signal at the output waveguide port,

with units of (W1/2 ), shows that the output pulse reaches the waveguide port after ∼5 ns.

The instantaneous output microwave power is reported in Fig. 5.9(c), which is calculated as

the output port signal (in Fig. 5.9(b)) squared. The maximum instantaneous output power

reported here is ∼88 MW. Moreover, we report the output signal normalized spectrum in

Fig. 7(d) calculated in the time window between 0 and 25 ns showing a single oscillating

frequency around 2.9 GHz. The output frequency is almost coinciding with the zeroth-order

approximation of the synchronization frequency, shown in the dispersion diagram shown in

Fig. 5.5 by the intersection point between the black dashed line that represents the 490 kV

electron beam and the purple curve that represents the third Floquet-Bloch eigenmode.

An important metric of HPM generation is the radio frequency (RF) conversion efficiency.

The RF conversion efficiency is calculated by dividing the maximum instantaneous output

power by the peak input electron beam power (peak beam input power is obtained by

multiplying the peaks of the applied voltage and current). We report that the RF conversion

efficiency at this specific case studied in this section equals 5.5 %, using the peak input

power calculated as Pin, peak = 490 kV × 3.3 kA = 1617 MW. Yet, here we only aim

at demonstrating the principle of operation and we used a high electron beam voltage to

show the maximum output power in this case. Fig. 5.10 presents phase plots of electrons at

different times in PIC simulations, showing strong bunching.

To study the effect of applied voltage on RF conversion efficiency we performed PIC simu-

lations scanning the applied voltage, and evaluated the output extracted power for different

values of electron beam applied voltage. Results are shown in Fig. 5.11, where the maximum

instantaneous output power in the output circular waveguide port mode for various applied
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Figure 5.9: (a) SINUS-6 applied voltage pulse in blue and the corresponding emitted current
in red. (b) Simulated oscillating output microwave signal extracted from the TM01 mode
of the horn output consisting of a circular waveguide port (Fig. 5.8). (c) Simulated output
instantaneous power with a maximum around 88 MW, and (d) output spectrum obtained
from a Fourier transform of the signal in the time window from 0 to 25 ns, showing a single
frequency oscillation at 2.9 GHz which coincides with the zero-order approximation of the
synchronization shown in the dispersion diagram in Fig. 5.5.
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Figure 5.10: Phase space plot of electrons at different times in PIC simulations: (a) t = 6
ns; (b) t =10 ns.

cathode voltages is reported. On the same graph we show the RF conversion efficiency eval-

uated for each applied voltage using the definition mentioned in the previous paragraphs.

It is worth noting that, for each value of the applied voltage there is a specific value of the

derived current which was taken into account in calculating the RF conversion efficiency.

For the sake of brevity, these values of current corresponding to different values of maximum

applied voltage are not reported here.

It is obvious from Fig. 5.11 that by decreasing the applied voltage, the efficiency improves

to a certain value of such a voltage. The maximum RF conversion efficiency of almost 14%

occurs when the electron beam applied voltage equals 200 kV where the maximum instanta-
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Figure 5.11: Simulated maximum instantaneous output power (blue trace) and RF conver-
sion efficiency (red trace) versus the peak value of the applied voltage pulse for the MTM
SWS shown in Fig. 5.8.

neous output power equals 25 MW. For applied voltage less than 200 kV the RF conversion

efficiency starts to decrease. On the other hand, the maximum instantaneous output power

monotonically increases with increasing applied voltage. A remarkable observation is that

the output frequency obtained by performing a Fourier transform to the output signal like

the one shown in Fig. 5.9(d) is stable for all applied voltages. Indeed, the output spectrum

for different cathode voltages shows that the oscillation frequency is very stable around

2.9 GHz± 1% except for the lower beams below 25 kV where the oscillation frequency drops

to 1.97 GHz.

5.4.5 Experiments

The SINUS-6 electron beam accelerator was selected for hot test studies of the UCI MTM

SWS. The SINUS-6 can provide voltages up to 700 kV to a cathode with 130 Ω load

impedance in a 13 ns pulse. A solenoidal magnetic field is used to transport the electron

beam. The solenoid can generate a magnetic field up to 3 T. A drawing of the SINUS-6

electron beam accelerator is shown in Fig. 9.
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Figure 5.12: CAD drawing of the SINUS-6 electron beam accelerator showing the Tesla
transformer (left), the pressurized spark gap switch (to the right of the Tesla transformer),
and then connecting to the transmission line. The cathode and MTM SWS are affixed to
the right end of the system within a solenoidal magnet.

Figure. 5.13(top) presents CAD drawings of the two CeSRRs that were 3D printed using

Accura 60 material. The printed CeSRRs were then copper plated and assembled to form

the 3D printed, copper plated MTM SWS (Fig. 5.13, bottom). The MTM SWS housing

was then inserted into a 3D printed cylinder and assembled at the load end of the SINUS-6

accelerator. The solenoid was finally mounted around the MTM SWS assembly.

We should point out that, in this circumstance, 3D printing was the only manner in which we

could have fabricated this MTM SWS. Utilizing traditional machining techniques would have

been too challenging to produce a properly aligned final structure. And the choice of Accura

60 material and copper plating was determined by our previous experience in producing

microwave components using this process. We find that the 3D printed, copper plated

Accura 60 material allows us to achieve the usual base pressure in our system (described

below).

To-date, available metal 3D printers use alloys whose conductivity is not suitable for mi-

crowaves. Furthermore, previous researchers developing 3D printed metallic structures found

that a considerable amount of post-processing was required in order to improve the smooth-

ness and uniformity of the structure. However, in a recent collaboration between the SLAC

National Accelerator Laboratory and the Center for Additive Manufacturing and Logistic
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Figure 5.13: (Top) CAD drawing the two CeSRRs comprising a unit cell of the MTM SWS.
(Bottom) 3D printed cylindrical tube housing the 11-cell MTM SWS.
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at North Carolina State University, a copper additively manufactured high efficiency X-

band klystron output cavity with micro-cooling channels and weight optimized structure

was successfully demonstrated [112]. This new capability will likely revolutionize the HPM

community as well.

Initial experiments were performed to assess the vacuum compatibility of the 3D printed

structures. A vacuum base pressure ranging from 7.6 × 10−6 Torr to 1.3 × 10−5 Torr was

routinely achieved using a turbo pump. This base pressure is the same as achieved when

using all metallic structures.

Once convinced that the MTM SWS and assembly is compatible with the vacuum base

pressure necessary to operate the SINUS-6 accelerator, beam alignment was performed. In

order to ensure proper generation of HPM from the MTM SWS it is important for the electron

beam be properly aligned concentric within the SWS. This alignment involves adjusting the

position of the solenoid.

Experimental hot tests were then performed using a cathode voltage of 490 kV with cor-

responding electron beam current of about 2.85 kA, which is the Fedosov current limit.

Approximately 100 hot tests were performed and no damage was noted, except along the

first ring at the inlet due to some cathode initiated damage (Fig. 5.14).

Fig. 5.15 presents a summary of the typical data acquired on a shot. For this shot the cathode

voltage was 510 kV, the electron beam current was 2.85 kA, and the output frequency was

3.0 GHz. A magnetic field of 1.6 T was provided, as in the simulations.

In order to estimate the radiated power it is necessary to map out the output TM01 mode

pattern and then integrate the power density over this pattern. A waveguide detector with

a resistive sensor was used [113].

A summary of the experimental results is as follows. Following integration of the mode
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Figure 5.14: Photograph of the 3D printed, copper plated MTM SWS following 100 shots.
Minimal damage was noted at the inlet (highlighted by the white ovals).

pattern, we estimate that the MTM SWS was generating about 22 MW at 3.0 GHz when

driven using a 490 kV, 2.85 kA electron beam. This efficiency is considerably less than the

one predicted by PIC simulations in hot simulations subsection. Our explanations for the

discrepancy are below.

The experiment employed features that were not present in the PIC simulations performed

at UCI. One feature is that a metallic beam dump was used in the experiments (since the

3D printed, copper plated waveguide would not survive impact from spent electrons) and

the collector was extended into the horn antenna, as shown in Fig. 16. This configuration

might also be responsible for partial mode conversion of the TM01 mode into a TE11-like

mode, as suggested by the time-integrated photograph of the neon bulb array.

Nevertheless, with good agreement in frequency, and good order of magnitude agreement in

radiated pulse levels, these results are encouraging. In addition, considering that the MTM
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Figure 5.15: Typical data recorded on a shot. Top left: electron beam current registered
using a Rogowski coil; Top right: cathode voltage measured in the oil portion of the oil-
vacuum interface registered using a capacitive divider; Bottom left: output of an S-band
waveguide sensor registered using a crystal diode; and Bottom right: Fourier transform of
the output of the waveguide sensor.
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SWS in experiment was 3D printed and copper plated suggests that this technology is a

viable approach to rapid prototyping of pulsed power-driven HPM VEDs.

5.5 EPDs for High Power Microwave and Terahetrz

Generation

MM-waves and Terahertz generation has recently seen a growing interest and progress thanks

to the advancement in microfabrication techniques [114, 115, 116] as well as in solid state

devices [117, 118]. Amplifiers and oscillators in this frequency range are vital for many

applications that require portable, compact and lightweight devices for imaging, sensing;

and detection [119, 120]. They are also crucial for advancement of various fronts of science

[115, 119, 121, 122, 123]. However, electron-beam-based vacuum devices typically produce

high electromagnetic power that scales as the inverse of the frequency-squared [115, 116, 124].

This put a limitation on the attainable power when frequency increases, i.e., at mm-wave

and THz frequencies, using vacuum sources. Moreover, realizing high interaction impedance

and avoiding spurious resonances in TWTs and BWOs is a challenge at those frequencies

due to losses, misalignment in fabrications, as well as the overmoded nature of some of those

devices. Special dispersion engineering must be performed to attain higher levels of power

and better efficiencies [96, 115, 116, 124]. The EPD framework may present an avenue for

potential improvement in output power and efficieny compared to conventional devices at

mm-wave and THz frequencies.

Here we present a preliminary investigation of SWSs at mm-waves and THz that exhibit an

EPD. And in particular we demonstrate a DBEO at 638 GHz based on CST Particle Studio,

3D particle-in-cell (PIC) simulator.
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5.5.1 Periodic double corrugated waveguide and the degenerate

band edge oscillator (DBEO)

A potential SWS geometry at mm-wave or THz frequencies is the double corrugated rect-

angular waveguide [125, 126] shown in Fig. 5.16. Note that the SWS has two identical

parallel sets of corrugations assembled in a rectangular waveguide such that they create a

channel suitable for interaction with a cylindrical electron beam. In fact, the double corru-

gated waveguide may have several potential advantages as stated in [125, 126], in contrasts

to typical mm-wave and THz structures [127, 128]. The structure is here modified to exhibit

the DBE as follows. We introduce misalignment between the two parallel corrugations. This

misalignment is necessary to have the sufficient mode mixing between the eigenwaves sup-

ported by the corrugations so that a DBE occurs. Note that in the geometry proposed in

[125] and shown in Fig. 5.16, the eigenwaves appear as symmetric and antisymmetric pairs

[125]. The corrugation misalignment enables a mode-mixing scheme leading to new set of

eigenwaves that exhibit a DBE. There are two degrees of misalignment introduced here: (i)

the two parallel corrugations are misaligned by an offset ∆z in the z -direction as shown in

Fig. 9(c); (ii) the corrugation height alternates periodically, between two different values

h1 and h2 as shown in Fig. 5.17(b).

We optimize the design parameters (∆z, h1, h2) such that a DBE is manifested at 661 GHz.

The resulting values are reported in Table 5.3.

Cold Simulations Results

Fig. 5.17(d) shows the dispersion relation of the first few order modes in the SWS calculated

using the finite element method Eigenmode solver implemented by CST Microwave Studio.

The dispersion relation shows that the second mode is asymptotically equivalent to the

ideal dispersion ω − ωd = h(k − kd)
4 where here hDBE=5.55 m4/s. The lower frequency
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Figure 5.16: Schematics of double corrugations inside a rectangular waveguide: (a) 3D
perspective view; (b) Transverse cross section, in the x-y plane; and (c) y-z cross sections
(i.e., a side view). This structure is adapted from [73] and will be used as a basis for a
modified structure to realize a DBEO at THz frequencies (see Fig. 5.17).

Symbol Quantity Value(µ m)
wr Ridge width 30
g Ridge lateral separation 60
d Period 70
s Ridges longitudinal separation 35
w Waveguide width 800
b Waveguide height 115
∆z Offset in z-direction 35

h1, h2 Heights of ridges 85, 64

Table 5.3: Dimensions and parameters of the double corrugated waveguide with DBE

mode exhibits a regular band edge (RBE), which is the standard band edge condition in

periodic structures, whereas the higher order mode exhibits a DBE. In the following we

consider the four-degenerate eigenwaves interaction regime by requiring that the velocity

of the beam electrons must match the phase velocity of a Floquet harmonic of the four

waveguide eigenwaves at the DBE frequency (i.e., condition (5.1)). In other words the

designs starts by selecting a beam electron velocity u0 such that the “beam line” intersects

the “cold” structure dispersion diagram around the DBE point in Fig. 5.17.

In Fig. 5.18 we show the longitudinal electric field component Ez of the DBE mode at differ-
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Figure 5.17: Proposed double corrugated waveguide with DBE. (a) 3D perspective view; (b)
Lateral view, i.e., the y-z cross section. Here the ridges along the z-direction have different
heights h1 and h2. (c) Top view, i.e., the x-z cross section showing the offset ∆z in the
z-direction between the two parallel corrugations. (d) Dispersion relation of the first few
eigenmodes for the modified double corrugated waveguide showing normalized propagation
wavenumber versus frequency. The second mode (green curve) exhibits a DBE at 661 GHz,
proved by the fitting dispersion law (ωd − ω) ∼= hDBE(k− kd)

4 (blue dotted line). The beam
line “black line” intersects with the DBE eigenwaves curve at around DBE frequency. This
is used to conceive a DBEO.
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Figure 5.18: Electric field Ez profile of the DBE eigenwave at 661.5 GHz; at different trans-
verse cross sections (i.e., in the x-y plane, at different z coordinates) in the unit cell starting
from z = 0: (a) z = 0.1d; (b) z = 0.4d; (c) z = 0.6d; and (d) z = 0.9d, where d is the period.
Blue and red indicate negative and positive values of the Ez field, at a given time.

ent transverse cross sections through the unit cell. The DBE mode field profile exhibits both

symmetric and asymmetric features because it is a mix between symmetric and asymmetric

modes due to the introduced misalignment. In summary the Ez field has alternating positive

and negative values as necessary to interact with the electron beam.

Hot Simulations

The DBEO based on the double-corrugated SWS, to oscillate at a frequency in the neighbor

of the DBE frequency is designed with a solid electron beam with voltage V0 =77.13 kV and

current of I 0 = 20 mA. The beam radius is r beam = 25 µm. We use a longitudinal magnetic

field of 2 T and the number of unit cells is 90, corresponding to a SWS length of 12.6 mm.

The metal of the SWS is considered to be copper with conductivity σ = 5.9 × 107 Ω−1 ·

m−1 as in [125]. The waveguide is terminated by a beam collector and the THz signal power

is extracted from the cathode side through output coupling section identical to the setup in

[127], for simplicity. In Fig. 5.19, we show results of DBEO using CST Particle Studio, PIC

simulator and observe that the DBEO has a well-defined single frequency output signal at 638
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Figure 5.19: (a) Oscillating output signal versus time of the DBEO made of a modified
double corrugated waveguide shown in Fig. 5.17. Steady oscillation regime is reached at
approximately 7 ns. (b) The normalized spectrum of the output signal shows that the
oscillations occur at 638 GHz, which indicates that the oscillations are approximatively at
the DBE frequency. The spectrum is calculated in a time window from 14 to 15 ns.

GHz. This frequency is in close proximity of the DBE frequency. And the small difference

may be due to the fact that a finite length SWS exhibits a DBE resonance frequency at a

frequency slightly lower than the DBE one, as observed in [42].

These preliminary results show a great promise in adopting such geometry to generate high

power at THz frequencies; and more investigations are required to improve the interaction

impedance between the beam and DBE eigenwaves, and also to better understand the role

of metal losses at this frequency. Other geometries could also be investigated employing

concepts in metamaterials [129] and multi-channel waveguides that can also designed to

exhibit high orders of EPDs by increasing the number of channels.
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5.5.2 Cylindrical waveguide with periodically corrugated surface

Another potential SWS in Fig. 5.20 is a cylindrical waveguide whose inner walls are

periodically-patterned in both the longitudinal and azimuthal directions, and it is referred

to as periodic surface lattice and has been proposed for BWO operation in [5, 130]. The

cylindrical waveguide walls are periodically-patterned in both the z and ϕ-direction such

that the inner radius of the waveguide is r = r0 + ∆r cos(βz)cos(lϕ) where r 0 is the mean

radius of the unperturbated cylindrical waveguide, ∆r is the amplitude of the perturbation,

l is an integer represeting the number of azimatul variations and β = 2π/d, with d being

the lattice longitudinal period. Such corrugated waveguide allows coupling between the sur-

face eigenwaves supported by the corrugations and the cylindrical waveguide eigenmodes

as shown in [5]. Here we show the eigenmode dispersion relation between the propagation

Bloch wavenumber and the angular frequency (i.e., the k-ω relation) of the periodic struc-

ture whose parameters are given in the caption of Fig. 5.20. The dispersion diagram in Fig.

5.20(d) has been calculated using the finite element method, implemented in the Eigenmode

solver of CST Microwave Studio. The corrugated waveguide structure is overmoded as seen

from Fig. 5.20(d) meaning that there are many propagating eigenwaves existing at differ-

ent bands of frequencies especially in the range between 40 and 45 GHz. However, some

eigenmodes can be seen to exhibit flat dispersion near the band edge at kd=0, as shown

from the dotted fitting lines in the dispersion plot in Fig. 5.20(d). Such observation can be

beneficial to engineer the output mode distribution and may lead to high efficient operation

when synchronized with an electron beam at the DBE.

5.6 Conclusion

New SWSs that exhibits four degenerate electromagnetic guided modes are proposed. These

four degenerate eigenmodes are all synchronized with the electron beam leading to a new
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Figure 5.20: Schematics of periodic surface lattice on a cylindrical waveguide’s inner wall,
i.e., where inner radius is perturbated. (a) 3D perspective view; (b) longitudinal cut, and
(c) transverse cross sections of such waveguide with corrugations, adapted from [5]. This
structure can support a DBE. This specific geometry is compatible with annular electron
beams. (d) Dispersion relation of modes in the waveguide showing an overmoded behavior
and possible DBEs (showing in dotted lines) exhibiting flat dispersion in the mm-wave fre-
quency range. Here, the parameters are mm, mm, and mm.
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class of oscillators called degenerate band edge oscillators. This regime of operation causes

enhanced interaction with the electron beam with potential advantages in terms of low

starting current, high power efficiency, and single frequency of oscillation with excellent

spectral purity. The preliminary example shown in this chapter, though not representing an

optimized structure for high efficiency, shows the first examples where control of eigenmodes

for both a fourth-order degeneracy and a proper longitudinal field distribution is possible.
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Chapter 6

An Accurate Traveling Wave Tube

Analytic Model

6.1 Motivation

We construct here an analytical model of traveling wave tube (TWT) based on the La-

grangian field theory upgrading its constants to be frequency-dependent. The frequency

dependence of parameters of the TWT slow wave structure (SWS) is recovered from full-

wave simulations by standard software (CST) without curve fitting. We implemented the

construction for a helical-based TWT and found an excellent agreement between the model

and particle in cell (PIC) simulations [131]. Our additional studies show that the proposed

approach applies to different SWSs.

Vacuum electron devices (VEDs) are used widely for radar and satellite communications ap-

plications for several decades due to their high power operational capabilities and reliability[96,

109]. VEDs operation is based on the synchronous interaction of an electromagnetic (EM)

wave in a slow wave structure (SWS) with the electron beam [132, 101].
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We advance here an analytical model of traveling wave tubes (TWTs) based on the La-

grangian field as in [133, 134] upgrading its constants to be frequency-dependent. We refer

to an eigenmode as “hot” if it is the one associated with the full-interactive TWT sys-

tem and as “cold” if it is associated with the SWS (without the presence of the electron

beam). The hot eigenmodes involve both the charge wave and the EM fields and may have

a complex-valued wavenumber. The hot eigenmodes is one of the subjects of our studies.

The commonly taken initial step in the studies of TWT eigenmodes is to consider the cold

eigenmodes in the SWS in order to establish conditions providing synchronous interaction

between the charge wave on the electron beam and the EM wave in the SWS. It is well

known that the synchronization occurs when the speed of the EM wave in the SWS matches

the speed of the beam electrons to facilitate effective energy transfer[101, 97, 109]. While the

studies of the EM eigenmodes in the cold SWS are important for making good choices when

designing the TWT, its actual efficiency is fully manifested only in hot eigenmodes. The hot

eigenmodes, in particular, carry significant information on electron beam instabilities such

as convective and absolute instability [135], which are crucial for electron beam energy har-

vesting (i.e., the energies transfer from the electron beam to the EM wave). The hot mode

exponential growth in space is expressed through the relevant complex-valued wavenumber

with non-zero imaginary part representing the TWT gain.

In most cases, a theoretical model or a computer simulation is used to model and design

TWTs. Pierce’s classical small-signal theory has been widely used for modeling and designing

TWTs for about seventy years [136, 101]. Pierce introduced the 3-wave theory and described

the dispersion relation as a cubic polynomial (i.e., also know as 3-wave dispersion) [132] that

is fully characterized by 4 dimensionless constants. Many earlier works are carried out to

quantitatively evaluate those constants ([137, 138], and references therein). Other studies

have extended the work by Pierce to theoretically model TWTs as in [135, 99]. Recently,

a numerical eigenmode solver for hot eigenmodes in TWT systems was introduced based

fully on PIC simulations in [139]. In spite of being excellent tools for initial design of
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TWT, theoretical models are not reliable, and actual performance is determined by accurate

simulations. In this research we present a mean to narrow the gap between the theoretical

predictions and simulation results.

One of the focuses of our efforts here is to recover information about eigenmodes from a

very reduced set of PIC simulations (as explained later on, we will need a PIC simulation

at only one frequency). The biggest challenge in addressing this subject is the extraction of

useful information about eigenmodes from PIC full-wave simulations is not by any means a

simple straightforward problem. We address the problem by a thoughtful selection of special

regimes of TWT operation in which the hot eigenmode features are manifested in the most

pronounced and undisturbed form. This approach utilizes information of significant physical

quantities obtained in PIC simulations, such as EM fields and electrons’ energy, and it allows

to extract the spectral information in the form of complex-valued wavenumbers as well as

harmonics of the hot Floquet-Bloch eigenmodes..

The above mentioned spectral information allows in turn to reconstruct the analytical model

parameters and its frequency dependence. Using then the analytical model, we obtain in

particular the complex-valued (ω-k) dispersion relation of the hot eigenmodes in the TWT

(i.e., in the beam-EM interactive system). This dispersion relation is compared side by side

with data obtained from PIC simulations at various frequencies. As one can see from Fig. 6.1,

the dispersion relations based on the recovered analytical model are in excellent agreement

with three dimensional PIC multi-frequency simulations for the helical-based TWT shown

in Fig. 6.2. The dispersion relations and the frequency dependence of the imaginary part of

the complex-valued wave numbers provide valuable information on the TWT operation. For

instance, the amplification region refers to the range of the frequencies where ℑ(k) > 0 and

the TWT gain is directly related to ℑ(k). The constructed analytical model with frequency

dependence parameters accomplishes our primary goal to model TWT operations for a wide

range of frequencies accurately as verified by the comparison with PIC simulations. Taking
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Figure 6.1: Complex-valued wavenumbers of the hot eigenmodes in the interactive electron
beam-EM mode in the helical SWS considered in this chapter in Fig. 6.2(a). (a-b) Real-
imaginary parts of the recovered dispersion by estimating the adjusted analytical model
(γ) parameter using PIC simulations data (the black cross data point) and the frequency
dependence of w(ω) and γ(ω) directly from the cold CST eigenmode solver in Fig. 6.10. A
reasonable agreement is observed in the real part in (a) as well as the imaginary part in (b)
between the recovered adjusted analytical model and PIC simulations data (the green dots).

into account the complexity of TWT operation and its simulation, the simplicity of the

analytical model and its excellent agreement with PIC simulations is rather remarkable.

The remainder of this chapter is organized as follows. Section 6.2 presents a brief review of

the analytical model used to describe the system and associated model parameters. Section

6.3 presents the proposed approach to obtain hot eigenmodes of interest in a TWT using a

single PIC simulation (at one frequency). Section 6.4 demonstrates the connection between

the analytical model and actual electron beam device based on eigenmode and dispersion

relations analysis. Conclusions are presented in Section 6.5.

6.2 Mathematical Formulation

We briefly review the analytical model of TWTs used in this chapter. An effective mathe-

matical model for a TWT was introduced by Pierce [136, 101]. This model can be considered

as the simplest one that accounts for EM wave amplification and the electron beam energy

conversion into microwave radiation in the TWT [98, 97, 109]. The Pierce model, also known
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as the 4-wave theory of a TWT, is one-dimensional linear theory in which the SWS is rep-

resented by a lossless transmission line (TL), assumed to be homogeneous, that is, with

uniformly distributed capacitance and inductance [132, 101, 97]. An approximation to the

4-wave theory is the 3-wave small-signal theory which laid the foundation for TWT design

[101].

The analytical model used in this chapter is a generalization of the Pierce theory, based

on the Lagrangian field framework presented in Refs. [133, 134], that, in particular, takes

into account the space charge effects . The Lagrangian field theory in [133, 134], allows

also to model more complex SWSs than the simple one represented by Pierce by involving

more than one SWS mode and multi-stream beam. We provide below a concise summary of

the simplest case of a single-stream electron beam coupled to a single TL representing the

primary eigenmode of the SWS.

The state of the TWT system is described by variables Q(t, z) =
∫ t

t0
I(t′, z)dt′ and q(t, z) =∫ t

t0
i(t′, z)dt′ where I and i are respectively the TL line and the electron beam currents, t0

is the initial time. Variables Q and q represent the amount of charge that has traversed the

cross-section of the transmission line and the electron beam, respectively, at point z, from

time t0 to time t. Then, following [134], we introduce the TWT-system Lagrangian LTB as

LTB = LTb + LB (6.1)

where the Lagrangian components LTb and LB are associated with the SWS and the electron

beamrespectively and are defined as follows

LTb =
L

2
(∂tQ)2 − 1

2C
(∂zQ+ b∂zq)

2 , (6.2)
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LB =
v20∂zq∂tq

2β
− 2π

σB

q2. (6.3)

Here, σB is the cross-section of electron beam and v0 is the electron beam stream velocity.

The symbols ∂t, ∂z represents the partial derivative with respect to time t and space z,

respectively. The parameters L and C are the , respectively, distributed inductance and

capacitance associated with the single TL. The term b in (6.2) describes how the electron

beam couples to the TL. The representation of the coupling between an electron beam

and a SWS goes back to Ramo [140]. The debunching effects are considered by the term

−2πq2/σB in equation (6.3). The parameter β is the electron beam stream intensity and

it equals σBR
2
scω

2
p/(4π), where ωp, Rsc are the corresponding plasma frequency and plasma

frequency reduction factor, respectively. The Euler-Lagrange equations associated with the

Lagrangian are the following system of second-order differential equations:

L∂2
tQ− 1

C

(
∂2
zQ+ b∂2

zq
)
= 0, (6.4)

1

β
(∂t + v0∂z)

2q +
4π

σB

q − b

C

(
∂2
zQ+ b∂2

zq
)
= 0. (6.5)

Since the beam parameters are assumed constant in space, we can make use of the dispersion

relation to study the eigenmodes. With that in mind, we consider solutions of the form

q(z, t), Q(z, t) ∝ ej(ωt−kz). In the case of spatially uniform (homogeneous) TL, the Fourier
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transform, in time t and space variable z, of equations (6.4), (6.5) yields

(
k2

C
− ω2L

)
Q̂+

k2

C
bq̂ = 0 (6.6)

[
4π

σB

− 1

β
(ω − v0k)

2

]
q̂ +

k2

C

(
b2q̂ + bQ̂

)
= 0 (6.7)

where ω and k are respectively the frequency and the wavenumber, and Q̂ = Q̂(ω, k) and

q̂ = q̂(ω, k) are the Fourier transforms of the system variables Q(t, z) and q(t, z), respec-

tively. The above system of linear equations (6.6), (6.7) is of special interest to us as for it

encodes important information on the TWT system including its dispersion relations and

the structure of the eigenmodes. For every fixed ω, the linear system (6.6), (6.7) are viewed

as a kind of eigenvalue problem, which is not the standard eigenvalue problem, where the

k is an eigenvalue and the pair Q̂,q̂ forms an eigenvector, see details in [134] . Taking

into account the significant role played by the velocities in electron flow interactions, we

recast equations (6.6), (6.7) by substituting there k = ω/u where u is the phase velocity

of a mode in the interactive system. We then solve the system of equations (6.6), (6.7)

assumingnon-trivial (non-zero) solutions and after elementary transformations we arrive at

the followingdimensionless form of the dispersion relation

Ds(u, ω) =
(v0 − u)2

u2
+

γ

w2 − u2
−

R2
scω

2
p

ω2
= 0 (6.8)

where γ = βb2/C is the system coupling parameter [134] with unit of [velocity]2, and w =

1/
√
LC is the cold SWS mode phase velocity (i.e., TL model). The Euler-Lagrange equations

(6.4), (6.5) and the system of second-order differential equations (6.6), (6.7) are written in

centimeter–gram–second (CGS) system, whereas the dispersion relation is dimensionless,

hence in the following we will use SI units for convenience. In SI units, the parameters Rsc
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and ωp are given in [141]. The translation between the Lagrangian model parameters used

in this framework and the parameters used in Pierce model is listed in the Supplementary

Material of [141].

The dispersion equation (6.8) has three main parameters: (i) the electron stream velocity

v0; (ii) the SWS TL modal phase velocity w, and (iii) the system coupling parameter γ.

Recovering the correct values of these parameters as functions of the angular frequency ω

is not straight forward, and the purpose of this chapter is to develop an approach that

uses values of these parameters without any recourse to “curve fitting” approximations but

rather based on simple cold SWS full-wave simulations and a single three dimensional PIC

simulation as explained next.

Analytical model adjustment

In this subsection, we present a way of improving the agreement between the analytical model

previously discussed and real device data by introducing a phenomenological adjustment to

the analytical model. The main physics-based modification is the introduction of frequency

dependence of parameters w and γ (6.8) that were assumed to be constant in the analytic

model. In other words, we adjust the analytical model by assuming that w = w(ω) and

γ = γ(ω) in (6.8), and that yields

Ds(u, ω) =
(v0 − u)2

u2
+

γ(ω)

w2(ω)− u2
−

R2
scω

2
p

ω2
= 0. (6.9)

The frequency dependence of analytical model parameters (w and γ) is invoked as an ad-hock

to the final characteristics equation in (6.8). In the following sections, we present an approach

to recover the frequency dependent parameters by exploring solution sets of the dispersion

equation (6.8) at one or more frequencies and comparing that to the hot complex-valued
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eigenmode observations obtained based on PIC simulations.

6.3 TWT hot eigenmodes based on PIC simulations

Our goal here is to develop an approach of recovering TWT eigenmode information by a

thoughtful selection of regimes of TWT operation. The selected regime carry TWT eigen-

mode information in the most pronounced and undisturbed form. The approach features

estimates of the hot eigenmode information, such as (ω, k),where ω and k are the angular

frequency and the associated complex-valued wave number, respectively, based on the EM

fields and particles information obtained in PIC simulation. In general, there is no straight-

forward way to extract an information about the eigenmodes from commonly performed PIC

simulation.

6.3.1 Eigenmode-like operation regime

The eigenmode-like regime of operation is determined by a set of conditions that facilitate

manifesting the eigenmode frequency and wavenumber through analyzing observable param-

eters in PIC simulations. . Those conditions include, first, limiting our setup to the spatial

region where the cold SWS has a single dominant mode. Consequently, the 4-wave theory

based on Lagrangian formalism in Sec. 6.2 is expected to provide an accurate account for

the interaction between the electron beam and the wave in the SWS. Second, we would like

to suppress backward waves by all means available including introducing a sever. Third, we

choose TWT regimes of operation for which nonlinear effects are minimal (i.e., negligible).

Suppose now that the above conditions are implemented. Then we carry out PIC simulation

assuming that the complex time representation of a chosen observable s (for instance, electric

or magnetic field) after reaching the steady state can be represented as follows:
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s(t, z) =
4∑

i=1

ai exp {j (ωt− kiz)} , (6.10)

where exp {j (ωt− kiz)} represent the TWT hot eigenmodes, ω and ki = ki(ω) are the

associated angular frequency and complex-valued wavenumber, respectively. The four modes

are the resultant of the interaction between two EM waves in the cold SWS (along ±z) along

with two electron beam space-charge waves.

In a simple fully interactive system, four hot eigenmodes form the basis for two regions of

operation

1. Amplification region: in this region the four modes are divided into two sets of modes

first, amplifying/attenuating modes such that two modes wavenumbers are complex

conjugate to each other (i.e. k1 = k∗
2) second, oscillatory (unamplifying/unattenuating)

modes such that their wavenumbers are real (i.e., ℑ (k3) = ℑ (k4) = 0, oscillatory mode

varies harmonically in time and bounded in the entire space by a constant).

2. Non-amplified region: in this region the four modes are unamplifying/unattenuating

modes as their wavenumbers are real (i.e. ℑ (k1:4) = 0).

Assumption 1 : In the amplification region the amplifying eigenmode is the dominant one.

Such that, for a large value of z and after reaching the steady state any observable physical

quantity in (6.10) can readily be approximated as follows:

s(t, z) ≈ a exp {j (ωt− kiz)} (6.11)

where ℑ{ki} > 0, so that the mode exp {j (ωt− kiz)} is amplifying and exponentially grow-
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ing in space. In view of Assumption 1, the structure hot amplified eigenmode exp {j (ωt− kiz)}

can be detected by considering the Fourier transformation in spatial variable of one or more

of the observable physical quantities in the PIC simulation. The PIC algorithm uses a three

dimensional self-consistent solution of Maxwell’s equations in the time domain in the pres-

ence of an electron beam current made of by a finite number of emitted electrons. It also

accounts for saturation effects such as electron overtaking. In the following subsection, we

show an example of helix-based SWS and the estimation of the amplified eigenmode using

observable physical quantities.

6.3.2 Estimation of the amplified eigenmode in helical TWT

We illustrate the efficiency of the approach described in the previous section by considering

an example of a C-Band TWT amplifier shown in Fig. 6.2(a). A helix-based SWS typically

consists of a metallic tape-helix inside a metallic waveguide; such SWSs have been used for

decades for high power device sources and amplifiers [98, 97, 109]. Figure 6.2(a) shows an

example of helix-based TWT optimized to operate at around 15 GHz, with a total length

of about 18 cm comprised of 160 unit cells with period d = 1.04 mm. TWT unit cells are

made of a helix metallic tape with an inner radius of 795 µm, 0.2 mm thickness and 0.51

mm width. The metallic circular waveguide has a radius of 1.06 mm and the three equally

spaced dielectric rods support that physically hold the helix are made of BeO dielectric with

a relative dielectric constant of 6.5. The input and output radio frequency (RF) signals of

the structure are defined as input RF port and output RF port as shown in Fig. 6.2(a).

We show in Fig. 6.2(b) the dispersion relations of the modes in the periodic cold SWS.

The cold SWS dispersion diagram indicates that the frequency range of the first quasi-TEM

forward mode, which is the reasonable for amplification regime of operation, ends around 25

GHz.
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The (ω-k) cold dispersion is calculated using the eigenmode solver implemented in CST

Suite Studio by DS SIMULIA based on the finite-element method. The eigenmode solver

enforces a phase shift across the structure period in the longitudinal direction of propagation

and solves for the real-valued eigenfrequencies. The dispersion diagram is constructed by

repeating the simulation for different phase shifts.

The cold dispersion diagram shows both forward and backward Floquet-Bloch propagating

harmonics in the fundamental Brillouin zone that is here defined from kd/π = 0 to kd/π = 2.

The plotted dispersion curves represent only the propagating part of the spectrum and thus,

they have a purely real-valued wavenumber k. In addition, it is worth emphasizing that

the dispersion diagram obtained in Fig. 6.2(b) is for the cold SWS case (electron beam

is absent). However, this cold dispersion is still helpful as a 0th-order approximation to

establish synchronization in the fully interactive system (SWS and electron beam). This

approximate picture of the interactive system is realized by plotting the “electron beam

line” together with the cold dispersion diagram as shown in Fig. 6.3 in the blue-dashed line.

As shown in Fig. 6.3, the electron beam line intersects with the TEM eigenmode in blue

around 12 GHz.

The hot simulation setup is carried out by CST Studio Suite (PIC solver). The PIC algorithm

uses a 3-D self-consistent solution to Maxwell’s equation in the time domain in the presence

of an electron beam current made by a finite number of emitted charged particles. It also

accounts for saturation effects such as electron overtaking which is responsible for reaching

a steady state in an oscillator.

The hot simulation is performed taking into account the eigenmode-like regime considerations

by defining particles that are emitted based on the direct current (DC) emission model of

the PIC Solver. Such TWT amplifier uses a solid linear electron beam with a radius of

560 µm. The particles’ initial velocity is 0.2 times the speed of light (v = 0.2c) to have a

synchronization around 12 GHz in the region where the cold SWS unit cell can be modeled
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Figure 6.2: (a) Schematic of a helix-based TWT amplifier. (b) (left) Perspective view and
(right) front view of a unit cell of the TWT shown in (a) where the tape helix SWS in the
circular waveguide supported by three equally spaced dielectric rods. (c) A solid electron
beam flows along the axis of the helical conductor.

Figure 6.3: Dispersion diagram of the lowest order Floquet-Bloch eigenmodes of the cold
SWS in Fig. 6.2. An electron beam (e-beam) line with particles’ initial velocity about 0.2
times the speed of light to have a synchronization around the 12 GHz (blue dashed line) is
plotted showing that the beam line intersects with the cold dispersion in the forward region.
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by one cold eigenmode (in each direction) as shown in the cold dispersion and to have a good

matching to minimize any rise of the backward (i.e., reflected) mode due to mismatch at the

output RF port. The value of the emitted current was set to 10 mA that is less than the

threshold current for oscillation, to minimize nonlinear effects. A static axial magnetic field

Bz= 0.64 T is used to ensure a good beam confinement of the solid electron beam traveling

in the axial direction. The total number of charged particles used to model the electron

beam in the PIC simulation is about 8,901,500 while the whole space in the SWS structure

is modeled using 6,640,704 mesh cells.

A hot simulation is performed to verify the stability of the structure and its immunity to

oscillation by running the CST PIC for no RF excitation at the input RF port (red trace),

and the signal observed at the output port (blue trace) is shown in Fig. 6.4(a). It is clear

that in the case where there is no RF excitation and since the hot setup configuration, that

ensures the stability of the hot structure, the output vanishes after passing the transient

time.

Figure 6.4(b) shows the output (in blue) and input (in red) RF signals, indicating the

amplification level for a single-tune sinusoidal excitation signal of frequency 15 GHz. The

frequency spectrum of the output RF signal shown in Fig. 6.4(c) is obtained by applying

Fourier transform to the output RF signal in the time window from 10 nsec to 25 nsec.

By utilizing the eigenmode-like regime of operation in the hot setup, one can assume that

any observable physical quantity after reaching the steady state resembles the hot amplified

eigenmode as in (6.11).

To estimate the amplified hot eigenmode, we analyze the observable physical quantities

obtained in the CST PIC simulations. The PIC solver simulates the complex interaction

between the EM wave and electron beam using a large number of charged particles and it

follows their trajectories in self-consistent electromagnetic fields computed on a fixed mesh.

The physical quantities that represent the EM mode in the interacting SWS are electric and
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Figure 6.4: (a) Simulated output RF port signal, for the no RF excitation case, shows
no signal after some transient time ˜ 10 nS, confirms the stability of the structure, and
indicates the time required to reach steady state. (b) Simulated output RF port signal in
green shows an amplification occurs to the input RF signal of 10 dBm input and 15 GHz in
red, (c) frequency spectrum of the output RF signal shows that the output signal has the
same frequency of the signal used to excite the input RF port but with a higher amplitude
indicates the amplification operation.
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magnetic fields. Also, one can observe physical quantities related to the beam particles such

as electron beam energy, momentum, and charge density.

Figure 6.5(a) shows a snapshot of the z-component of the transient electric field along the

SWS after the steady state is reached (on the gap between the SWS and circular waveguide

wall). The phasor-domain representation of the Ez(z, t) versus z along the SWS is calculated

as

Ez(z) =
1

T

∫ t=t0+T

t=t0

Ez(z, t)e
−jωtdt (6.12)

where t0 is any time instant after steady state is observed, and T = 2π/ω. The phasor Ez(z)

is depicted in Fig. 6.5(b, c) in terms of magnitude and phase, respectively.

It is apparent that there is more than one spatial frequency component in the field data shown

in Fig. 6.5. Those spatial frequency components are obtained by taking the Fourier transform

of the Ez(z). We report the normalized spatial spectrum in Fig. 6.6 showing different

spatial frequency components where the fundamental one that carries most of the energy

is k = 1580m−1. Also, it is worth noting that, the plotted normalized spatial spectrum in

Fig. 6.6 invokes other modes from PIC simulations that are not part of the analytical model

eigenmodes solution. Those other modes are related to the Floquet-Bloch modes associated

with the periodic SWS such as kn = k0 + 2πn/d where n is an integer number representing

the order of harmonics. For the particular illustrative example shown here, we report that

k0 = 1580m−1 and 2π/d = 6041.5m−1 accordingly the corresponding −1 Floquet-Bloch

harmonic k−1 = −4461.5m−1, similarly for the negative fundamental k0 = −1580m−1 the

corresponding +1 Floquet-Bloch harmonic is k1 = 4461.5m−1.

Similarly, we apply the same procedure to a physical quantity related to the electron beam

such as particles energy. In reality, the energy of the electron beam particles do not have a

single value in each z point usually depends on each particle transverse location, hence it may
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Figure 6.5: (a) A snapshot in time at t = 10 nS of the transient Ez-field just outside the
helix along the SWS after reaching steady state time. (b, c) Phasor Ez-field in terms of
amplitude and phase along the SWS.

Figure 6.6: Spatial frequency components of longitudinal electric field associated to the
hot structure obtained by performing FFT of phasor Ez(z) shown in Fig. 6.5 in the space
window from z = 0 to z = 0.08 m.
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be convenient to deal here with the average of all particles in each transverse cross section

such that at each point z the particles energy is represented by a single value representing

their average.

Figure 6.7(a) shows a snapshot of the average kinetic energy of electron beam particles along

the SWS after the steady state is reached. The phasor-domain representation of small-signal

kinetic energy (i.e., by subtracting the time-averaged kinetic energy) of electron beam “AC-

Energy” is calculated similarly to the Ez in (6.12). The phasor small-signal kinetic energy

is depicted in Fig. 6.7(b, c) in terms of magnitude and phase, respectively.

It is apparent that there is only one spatial frequency component in the electron beam data

shown in Fig. 6.7, which is contrary to the electric field spectrum that involves Floquet-

Bloch modes due to the periodicity nature of the SWS. We report the normalized spatial

spectrum of phasor small-signal kinetic energy in Fig. 6.8 where its spatial frequency is

k = 1595m−1. This spatial frequency component is directly related to the eigenmode that

is harvesting energy from the electron beam.

By analyzing the spatial frequency spectrum of such physical observables at a certain fre-

quency one can estimate the dominant amplified eigenmode complex-valued wavenumber

and the corresponding complex-conjugate attenuated eigenmode. For the helical TWT un-

derstudy and from the spatial frequency spectrum in Fig. 6.8 and the amplitude growth rate

reported in Fig. 6.7(b) the estimated eigenmodes are (ω, k) ∼ (15GHz, 1595± j31.6m−1).
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Figure 6.7: (a) A snapshot in time at t = 10 nS of the transient electron beam particles
energy along the SWS after reaching steady state time. (b, c) Complex-valued AC part of
the phasor electron beam particles energy in terms of amplitude and phase. Red line in (b)
represents the exponential curve χeαz with α = 31.6m−1 and χ = 19.7 eV which fits well to
the magnitude growth of the AC part of electron beam particles energy.
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Figure 6.8: Spatial frequency components of electron beam energy associated to the TWT
obtained by performing FFT of phasor AC-Energy shown in Fig. 6.7 in the space window
from z = 0 to z = 0.08 m.

6.4 Connection between the analytical model and ac-

tual electron beam device

TWT observables are used to determine the analytical model parameters (γ, u0, w) through

PIC simulations. As to their qualification to be TWT observables we notice that by their

very definition these are eigenmodes associated to the amplified eigenmode in the fully inter-

active system utilizing an eigenmode-like regime of operation. The wavenumber-frequency

dispersion describing the eigenmodes in the TWT is determined by running multiple PIC

simulations at different frequencies and then determining hot amplified eigenmode (ω,k) at

each. Those eigenmodes can be observed through a series of PIC simulations each where

the structure is excited by a single tone RF signal. Notice also that TWT observables give

knowledge about the complex-valued wavenumbers k for certain frequency ω at which the

TWT dispersion relations as well the TWT characteristic function Ds(ω, k) solutions attain

instabilities (i.e. convective instability referring to growing and decaying waves with space)

as discussed in Sec. 6.2.

To facilitate the computation of analytical model parameter γ we would like to optimize
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γ to best fit growing solutions of the dispersion (ω, kDs) to the estimated amplified eigen-

mode through PIC simulations (ω, kPIC). This optimization process is applied only at the

estimated frequency. The estimated frequency can be any frequency, in the vicinity of the

synchronization frequency, within the amplification region. A common way to deal with

this kind of problem is to look for analytical parameter γ that minimizes error between the

analytical model and PIC data for the estimated frequency ω, by defining the following error

function:

error = c1 |ℜ (kDs − kPIC)| 2 + |ℑ (kDs − kPIC)| 2 (6.13)

where c1 is a weighting coefficient to equate the importance of the real and imaginary parts

of the wavenumbers since there are orders of magnitude difference between the real and

imaginary parts of k. In particular, given the aforementioned estimated eigenmode (ω, k) ∼

(15GHz, 1595 + j31.6m−1), c1 was set to be equal to the ratio between the imaginary and

real parts of k, i.e., c1 =31.6/1595. Then the expression of the error function is minimized

numerically by optimizing the analytical parameter γ.

For the particular illustrative example shown here, we perform the PIC simulations for

different frequencies and follow to the approach described in Sec. 6.3 when estimating the

hot amplified eigenmodes for each frequency. Figure 6.9 shows the recovered dispersion for

the optimized analytical parameters as following γ = 8.651× 1010m2/s2,v0 = 0.2c,w = 0.2c.

The hot eigenmodes obtained from the PIC simulations are plotted by those green circle

dots showing a reasonable agreement between the recovered dispersion and real data from

PIC simulations for the real part of the dispersion in Fig. 6.9(a). Whereas, the imaginary

part of the dispersion shown in Fig. 6.9(b) shows a discrepancy except at 15 GHz “black

cross symbol” which is the CST data point used to optimize γ. The discrepancy at the other

frequency points can be explained as a result of using a simple analytical model that has

125



only non-dispersive parameters (i.e., γ, v0, and w defined as frequency-independent which is

not practically true).

Figure 6.9: Complex-valued wavenumbers of the eigenmodes in the interactive electron beam-
EM mode in the helical SWS in Fig. 2 (a). (a) Real part of the recovered dispersion by
estimating analytical model parameters using PIC simulations data, a reasonable agreement
is observed in the real part. (b) Imaginary part of the dispersion shows a discrepancy between
the recovered model and PIC simulations data.

Adjusted analytical model

In this subsection, we show an improved matching between the analytical model and PIC

results attributed to the adjusted analytical model. The adjustment is the replacement of

constants w and γ with the corresponding frequency dependent functions w(ω) and γ(ω).

The phase velocity frequency dependence w(ω) is obtained from the cold full-wave simula-

tion by analyzing wave propagation in the SWS in the absence of the electron beam to get

the w(ω) to be used in our analytical model recovery method. The frequency dependence

of γ is also obtained from the cold simulation and relation γ(ω) = B/C(ω) where C(ω) is

the frequency-dependent equivalent capacitance of the TL model of the SWS as discussed

in [141], and B is an adjustment constant which is evaluated by minimize the error func-

tion in (6.13) . We simulated the helix slow-wave circuit by using the finite element-based

eigenmode solver implemented in CST Microwave Studio and extracted the (i) cold-circuit

EM phase velocity w(ω) normalized to the speed of light c as shown in Fig. 6.10 and (ii)
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the interaction impedance Zc(ω) of the coupling mode under interest (i.e., mode 1 “red

trace” in the cold dispersion shown in Fig. 6.3). By using w(ω) and Zc(ω), one obtains an

equivalent frequency-dependent distributed inductance L(ω) = Zc(ω)/w(ω) and capacitance

C(ω) = 1/ [Zc(ω)w(ω)].

Figure 6.10: (Blue) Normalized phase velocity and (Red) interaction impedance of the first
forward mode of the SWS shown in Fig. 6.2(a) obtained from the cold full-wave simulation
by analyzing wave propagation in the absence of the electron beam using the finite element-
based eigenmode solver.

Figure 6.1 depicts the recovered complex-valued wavenumbers dispersion for the optimized

adjusted analytical parameters as following B = 71.28F·m/s2,v0 = 0.2c using w(ω) obtained

from full-wave simulations. Note that, B is evaluated at only one frequency and then the fre-

quency dependence γ(ω) is found from γ(ω) = B/C(ω). The hot eigenmodes obtained from

the PIC simulations are plotted by green circular dots showing a significant improvement in

the agreement between the recovered dispersion and real data from PIC simulations.

In Figure 6.11, we plotted side by side the imaginary part of the recovered dispersion for

the analytical model in Fig. 6.11(a), and the phenomenological adjusted one in Fig. 6.11(b)

to emphasis the significant improvement in matching the model to real data obtained from

CST PIC simulations.
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Figure 6.11: Comparison between imaginary parts of the wavenumbers of the hot eigenmodes
for the helical SWS shown in Fig. 1(a) for two analytical models: (a) frequency-independent
parameters (γ, v0, w) analytical model in (6.8), (b) frequency-dependent parameters (γ(ω),
v0, w(ω)) adjusted analytical model in (6.9).

6.5 Summary

An adjusted analytical model for TWTs is proposed that gives accurate predictions of the

dispersion relation and the frequency dependent gain/amplification.The approach utilizes

primary frequency-dependent parameters of the cold SWS (modal wave velocity and equiv-

alent TL capacitance) recovered by using a standard procedure, and one PIC simulation of

the TWT, at one frequency, to find the adjustment parameter B without curve fitting. .

The proposed adjusted analytic model was tested against PIC simulation for a helical-based

TWT operating in the GHz range and showed an excellent agreement. Our extensive prelim-

inary studies suggest that the proposed approach can be applied to different kinds of TWTs

including those based on the serpentine SWS.
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Appendix A

Numerical Parameters Used In

Chapter 2

Periodic CTL parameters used in Section 2.3 and 2.6. The periodic CTL used has the

following parameters pertaining to the microstrip lines shown in Fig. A1(a) over a grounde

dielectric slab with a dielectric constant of 2.2 and height of 1.5 mm, which provides a

DBE at 4.03 GHz. All microstrips have a width of 1 mm. The coupled line segment has

length dA= 10 mm and separation gap 0.2 mm, while the uncoupled segment is made of an

uncoupled TL1 with length dB1= 14 mm and uncoupled TL2 length dB2=10 mm as shown

in Fig. A1(b). Note that the use of the bended junction impacts the assumption of having a

uniform segment of a TL1 by slightly increasing the self-inductance and capacitance due to

bending [65]. Therefore, the corresponding equivalent CTL parameters of the microstrip line

unit cells are as follows. For the coupled section: C 11=C 22=55.15 pF/m, L11=L22=0.467

µH/m, C 12 = C 21= −Cm = -27.2 pF/m, L12= L21=Lm=0.25 µH/m, are the matrix entries

of the C and L matrices. For the uncoupled section: TL1 has L = 0.61 µH/m, and C =

48.54 pF/m whereas TL2 has L = 0.57 µH/m, and C = 39.64 pF/m. Most of the results

in Section 2.3 are for lossless CTLs, losses are considered at the end of Sec. 2.3 and in the
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Figure A.1: Geometries of the microstrip configurations adopted in Section 2.3, that develops
an EPD. (a), (b) the equivalent passive CTL system of the geometries in Sec. 2.3.

examples in Section 2.6 and in the full-wave simulation results shown in Fig. A3 for the

structure in Fig. A1(a).

In Fig. A2, we show the dispersion diagram (for both real and imaginary parts of k-ω) using

circuit simulator, which is based on predefined models for each piece of the circuit and using

those models the system response is described by a system of equations solved using implicit

integration methods, adopted in Keysight Technologies ADS (denoted by blue curves). Also,

we plot the dispersion obtained using eq. (2.9) for the passive equivalent circuit whose circuit

parameters mentioned before (denoted by red curves). Both show a good agreement around

the DBE point which is clearly observed at fd=4.03 GHz.
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Figure A.2: (a) Real and (b) imaginary parts of the k-ω dispersion diagram obtained for
microstrip CTL in Fig. A1(a) using two different methods. First, a circuit simulator (blue
curves) adopted in Keysight Technologies ADS. Secondly, by solving eigenvalue equation
(2.9) for the equivalent passive CTL system shown in Fig. A1(b) (red curves), whose circuit
parameters (L, C) are stated in this Appendix. In both simulations, losses have been ne-
glected.

Additionally, in Fig. A3 we plot the real and imaginary parts of the dispersion using MoM

full-wave solver adopted in Keysight Technologies ADS. Losses considered in this full-wave

simulation includes radiation, ohmic (i.e. copper has conductivity σ = 5.8∗107 Siemens/m),

and dielectric (i.e. substrate used with dielectric constant of 2.2, height of 1.5 mm, and with

a loss tangent of 0.002) losses. The dispersion shows a deformed flat dispersion at frequency

4.3 GHz which is slightly upshifted from the DBE frequency fd obtained for the lossless case

using circuit simulator and equivalent passive model in Fig. A2.
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Figure A.3: (a) Real and (b) imaginary parts of dispersion diagram obtained for microstrip
CTL in Fig. A1(a) using MoM full-wave simulation (Keysight Technologies ADS) accounting
for radiation, ohmic and dielectric losses.
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Appendix B

Wavenumber Perturbation in The

Vicinity of The DBE

We show here the relation between the expansion of perturbed eigenvalues of periodic CTL

ζn = exp(−jknd) and the perturbed wavenumbers kn, when a system parameter of the CTL

is perturbed by a small perturbation parameter δ. In general, the perturbed eigenvalues ζn

are written as a perturbation of the degenerate eigenvalue in the neighborhood of the DBE

eigenvalue ζd = exp(−jkdd) in terms of a fractional power expansion (also called Puiseux

series [53, 28, 54]) in the perturbation parameter δ as

ζn(δ) = ζd + α1e
j(n−1) 2π

4 δ1/4 + α2e
j(n−1) 2π

2 δ2/4 + · · · (B1)

where α′
ns are the coefficients of the fractional series expansion of the nth eigenmodes, and n

= 1,2,3,4 provide the four possible quartic roots near the DBE. The perturbed wavenumber

kn = jd−1 ln(ζn) can be obtained as well, by expanding ln(ζn) around ζn = ζd using the

Taylor series expansion which is given by

ln(ζn) = ln(ζd) +
ζn−ζd
ζd

− (ζn−ζd)
2

2ζ2
d

+ · · · . (B2)
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Accordingly, the perturbed wavenumber kn is written as a perturbation of the degenerate

wavenumber in the vicinity of the DBE eigenvalue k = kd as follows

kn(δ) = kd + a1e
j(n−1) 2π

4 δ1/4 + a2e
j(n−1) 2π

2 δ1/2 + · · · (B3) where

a1 = jd−1ejkddα1

a2 = jd−1ejkdd
(
α2 − α2

1e
jkdd

2

)
.

(B4)
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Appendix C

Properties of System and Transfer

Matrices of Periodic Coupled

Transmission Lines

We summarize here some important properties associated with matrices related to the system

description for the coupled transmission lines.

First, a system description is done by defining a state vector Ψ(z) as in (2.1) that varies

in a uniform segment as shown in (2.2) where M is the constant system matrix. This

system matrix entries in (2.3) are the impedance Z = jωL + R and admittance matrices

Y = jωC+G. It is clear from this representation that Z and Y are skew-Hermitian matrices,

i.e., A† = −A, if and only if they are lossless/gainless (i.e. Z = jωL and Y = jωC, where

L and C are 2×2 symmetric and positive definite matrices [48, 49]). However, introducing

gain and/or loss to the system makes Z and Y non-Hermitian. Therefore, if we consider only

lossless/gainless systems, both Z Y and Y Z matrices are Hermitian (i.e. A† = A) as they

are real symmetric matrices, which implies that they are diagonalizable and they have real
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eigenvalues and real determinant [51].

Second, the system matrix M in a lossless/gainless system described by (2.2), which has the

skew-Hermitian matrices Z and Y as its entries (2.3), is a non-Hermitian matrix as

M† = MT ̸= M (C1)

but it satisfies the J-Hermiticity property (i.e., A† = J A J, where J is any matrix satisfying

J = J−1 = J† [48]). This property is easily proved by applying the Hermitian operator to

the J M matrix, i.e., by evaluating the complex conjugate transpose (J M(z))† = M†(z)J†;

then using (C1) it follows that

(J M(z))† = M†(z)J† = J J MT (z)J = (J M). (C2)

Accordingly, J M is a Hermitian matrix, hence M satisfies the J-Hermiticity property M† =

J M J.

Third, the periodic structure consists of at least two uniform segments A and B, and the

state vector z -variation is described using the transfer matrix concept for each unit cell TU

as in (2.8), that is the product of the transfer matrices of the two segments TU = TBTA,

each one given in (2.7). Within a uniform segment (either A or B), the system vector varies

as in (2.4) and the transfer matrix is given by T(z) = exp(−jMz) as shown in in (2.5), where

the constant M matrix at the exponent satisfies the J-Hermiticity properties as shown in

(C2). Using the following expansion that defines the transfer matrix

T(z) = exp(−jMz) = 1+ (−jMz) + (−jMz)2

2!
+ · · · , (C3)

the spatial variation is written as
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∂zT(z) = ∂z(1+ (−jMz) + (−jMz)2

2!
+ · · · )

= −jM+ (−jM)22z
2!

+ (−jM)33z2

3!
+ · · ·

= −jM(1+ (−jMz) + (−jMz)2

2!
+ · · · )

= −jMT(z).

(C4)

Accordingly, the transfer matrix is proven to satisfy the J-unitarity (i.e., A† = JA−1J) fol-

lowing the proof in Appendix A of [12], based on the fact that ∂z[T(z)T−1(z)] = (∂zT)T−1+

T
(
∂zT

−1
)
= 0 and the properties shown in (C2) and (C4).

Finally, we prove that the unit-cell transfer matrix TU = TATB, which translates the state

vector across a periodic unit-cell is J-unitarity. Indeed, as just proved, both TA and TB are

J-unitarity. Hence, TU also satisfies the J-unitarity property as it can be easily proven as

follows:

TU
† = (TATB)

† = TB
†TA

†

= JTB
−1TA

−1J = JTU
−1J.

(C5)
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