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• ~ +. 
We have investigated eta production in the reaction n p -. n p~ '" 

. : ,'" .. 
", 

" .. 
:,' : ',,' t'" ~ ~ .' 

,.,.',' . 
. :' ~ .... : I'.' 

:" .. .' .. 
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:" 

.. "' 
.: .... ", . 

"" '. .~.', .;. ~ ", 

r . ~., 

at 1050 and 1170 MeV/c, and in the reaction n-p:..n-p~ at 1170', MeV/c. ,We', ,:' 
.' ',' ,,'. ~ .-:': '; " +, 

obtain the following partial cross sections for the reaction n-p -. 
•• oJ. I,; _," \ 

+ " +" - 0 n-P11 followed by the charged decay 11 -.n n n : (9.5 ± 1.5) J,!b for 

J,!b for 1170 MeV/c n -. 
, + 

From our n data we find that we need four I = 
3/2 amplitudes in order to obtain good agreement with our mass and, 

angular distributions and to reproduce the threshold behavior of the 

cross section. We find the dominating amplitude to be ,that represent- ,,' 
+ + ' • ' 

ing the reaction, n p -.1')A(1238); h,(1238) -'.n p, where the 11 and the " 

A(1238) are produced in s-wave. The four amplitudes are extrapolated 

to higher energies where the predicted mass and angular distributions, ,,' 

and cross sect'ions are compared with the available data. -From our n 
, , 

data we f~nd that in addition to the four I = 3/2 amplitudes (deter-, 
I '+ 

mined from the n data), one I = 1/2 amplitude is required: the 

amplitude in which all particles are in relative S-states. We find 

that this I = 1/2 amplitude in fact dominates the n- reaction. We see 

* ' no evidence for production of the N (1550) -. TlP resonance. 

",:'>:r' '.' . 
, ~. 

',', ,;. 

'>. '.', 

: .. ' ", 

-', . 
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I. INTRODUCTION 

1 
Since the discovery of the eta meson in 1961, there have been 

2-7 several experiments at various energies involvine the reaction, 

+ + 
1l' P --+ re P T). 

In all of these experiments the reaction appears to proceed mainly 

via 

rep --+ T) 6(1238) 

6(1238) --+ rep. 

(1) 

. 8-10 There have also been several exper~ents involving the reaction 

re p --+ re PT). 

Reaction (1) is unusual in that there are no psuedoscalar or 

vector mesons which can be exchanged in the t-channel. Therefore, 

such models as the one pion exchange model or the vector exchange model 

" of Stodolsky and Sakurai do not apply to reaction (1). As can be seen 

from the figure below, 

re 

p 
p 

the required quantum numbers for the exchange particle are IG = l

and JP = 0+, 1-, 2+, •••• Mesons with t~ese quantum numbers are the 

. ( P + P + massl.ve. A2 1300), J = 2 and reV (1016), J = 0 • 

The A2 meson is well established and the quantum numbers are now 

fairly agreed upon. (There is some evidence, however, that there might 

12 be more than one meson in this region. ) The compiled branching ratio 

for A2 decay into T)re is listed13 as 11 ± 2 0/ indicating that the 
o 

coupling constant at the upper vertex is small. 
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The other meson candidate for the exchange particle, rrV (1016),13 

is seen as a KK enhancement near threshold and may be interpreted as 
. 14 

due to a large scattering length. A reported ~ enhancement in this . 

region has not been confirmed. 

In addition to meson exchange in the t-channel it is also possible 

to have baryon exchange in the u-channel. This would tend to peak the 

backward region of the production angular distribution. Fbr baryon 

* exchange the nucleon and the N (1550), 811, resonance have the re-

quired quantum numbers. 

The fact that the masses of all the proposed exchange particles 

are large has the consequence that the interaction is of shorter range . 

than interactions to which the peripheral model is usually applied ... 

It is not surprising, therefore, that experiments involving reaction 

(1) are not highly peripheral; that is, the production angular dis-

tributions do not exhibit the great forward peaking characteristic 

of peripheral interactions. In fact in the low energy data of Foelsche 

and KraYbil1
2 

and of this experiment the production angular distribu-

tions are fairly flat. 

We also note that the reaction rrp ~ rrPll might proceed via 

* rrp -+ rr N (1550) 

* N (1550) -+ TIP. 

* However, this N resonance has yet to be seen as an enhancement in the 

(ll-N) mass distribution in a reaction involving a final state of three 

or more particles. 

In this paper we adopt the phenomenological approach of describing 

the production process of the reaction ~p -+rrpll in terms of low partial 

waves. We find that our rr+ data at 1050 and 1170 MeV/c may be ade

quately represented by s-wave production of the eta and 6(1238), plus. 

"1'. 

... 

I 
I· 
I 
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an admixture in which the eta is produced in s- or p-wave and the ~ 

and p are in a relative S-wave. At 1170 MeV/c we find the cross sec

tion ratio cr(~"p -'~-Pll)/cr(~+p -'~+Pll) = 0.30 ± 0.04 instead of the 

value 0.11 expected (on the basis of Clebsch-Gordan factors) if the 

~-p reaction proceeded only through the I = 3/2 amplitudes. This 

indicates that in addition to the I = 3/2 amplitudes there is also an 

appr~ciable I = 1/2 contribution. Our ~ data is adequately repre

sented by the addition of only one I = 1/2 amplitude; the amplitude 
\ 

in which all particles are in relative S-states. 

II. EXPERTh1ENTAL DETAILS 

The Alvarez 72-inch liquid hydrogen bubble chamber was exposed 

+ -' to beams of both ~ and ~ mesons at a momentum of 1170 MeV/c and 

to ~+ mesons at a momentum of 1050 MeV/C. The beam setup has been 

described previoUsly;15,16 we present 'here in Fig. 1 only a schematic 

diagram of the beam optics. 

A total of 240,000 pictures were taken at the three momenta. 

The film was scanned for 4-prongs. A' total of 11,000 4-prongs were 

found and fitted by the LRL spatial reconstruction. and kinematical 

fitting program, SIOUX. Most of the events, 9000, fit the four-

constrained reaction, 

.± ± + -
~p-,~·p~~ (2) 

with a chisquare less than 16. These events were discarded. The 

remaining 2000 events were then examined on the scanning table to 

determine the proton. Out of these 2000 events 800 fit reaction (2) 

with a chisquare between 16 and 35. For these events if the proton 

identification made on the scanning table agreed with the track 

identified as the proton in the 4c fit of reaction (2), then the event 
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was discarded. In addition events identified on the scanning table as 

having Dalitz pairs and events identified as having four charged pions 

were also discarded. 

The remaining events were retained if they fit the reaction 

± ± + - 0 rc p~rc prcrcrc 

or 

± ± + -rc p. ~ rc p rc rc r 

with a one-constrained (lC) chisquare of less than 8.6 and if the 
TJte J.;.$i~;.&ui;DrU ~t\ iA .. ~~lIsi'l' fle.:J"J ......" ItJ, tittle ~tlCltt,..,e. c~- c... F~ 2. 

events were inside the fiduci~l volumeoA These events were then fit 

to the two-vertex, two-constrained hypothesis 

and 

± ± 
rc p~rc PTl 

+ -
Tl~rc rc r 

. (3) 

(4) 

An event was recorded as reaction (3) or (4) depending on which had 

the lower chisquare. Events fitting reaction (4) are not used. All 

+ + + - 0 but four of the events that fit rc-p ~ n::- p 1C rc 1C also fit the 2C 

reaction (3) with chisquares less than 20 and are regarded as good eta 

events. The four exceptions have chisquares over 200. Thus, essen-

+ - 0 tiallyall events which fit the final state hypothesis, 1C p 1C 1C 1C , 

come from etas. The number of events fitting reaction (3) are 135 for 

/ 
+ + the 1170 MeV c 1C data, 51 for the 1050 MeV/c 1C data, and 81 for the 

1170 MeV/c 1C- data. 17 The 2CX
2 

distribution of these 273 events is 

given in Fig. 3. 

There is still the problem of "ambiguous" events. Since there are 

two pions of the same charge in the final state, it is unknown which 

pion has come from the decay of the eta; thus reaction (3) can be fitted 

';" ," f , 

I 
I 
\ 
I , 
I 
! 
! 

I 
J 

~ I 
1 
! 

": 

, 
,I 
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two ways. When both fits are good (chisquare less than 20), the event 

is ambiguous. In this case the interpretation with the lower chisquare 

is taken to be the correct one. In the analysis which follows it is 

assumed that the right identification is always made. (By a Monte 
• 0 

Carlo calculation we estimate that we choose the wrong pion about 3 / 
o 

of the time.) 

Another possible way in which we could have obtained our final 

+ + + - 0 sample of events, ~-p ~~- p~; ~ ~~. ~ ~ , is to separate out the events 

with a missing 'Y ray by taking all events in which the mass of the miss- • 

ing neutral is greater than 0.010 BeV2 (see Fig. 2), and then plot the 

+ - 0 invariant mass of the ~ ~ ~. The resulting plots are shown in Fig. 4. 

Again, because of the pion ambiguity, there are two. such combination~; 

only the one in which the invariant mass is closer to the eta mass has 

been plotted. It is seen in Fig. 4 that this procedure likewise results 

in nearly all events being etas. 
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III. CROSS SECTIONS 

+ - 0 The measured cross sections for the reaction 1Cp -+ 1t'PT}, T} -+ 1t' 1t' 1t' 

for each of our three beams are given in Tab1e I along with the pertinent 

scanning information. 
. 

As stated in Section II, an eta event is obtained by insisting 

that the 4c chisquare for "nothing missing" is greater than 35, that 

the lC chisquare for missing 1t'0 or missing r is lessthanB.6 and 

that the 2C chisquare for eta decaying into 1t'+1t'-1t'0 is less than for 

+ -the decay into 1t' 1t' r. The last criterion introduces some misinter-

pretations if both chisquares are small. In order to obtain the 

efficie.ncy of.the Ilbove selection criteria, the Monte Carlo program, 

lB FAKE, was used to simulate events of type (3). The efficiency was 

found to be 91.5 01. In addition events of type (4) were faked. It 
o 

+ -was found that the number of rc 1t' r eta decays contaminating our final 

sample is negligible (less than o.B events). 

The partial cross sections obtained in this ~xperiment for re-

action (3) are listed in Table II along with the cross section values 
. 

given in references (2-10). A plot of these values as a fUnctiqn of 

incident beam momentum is shown in Fig. 5. Note that the ratio 

+ + . 
o-(1t'-P -+1t'- pT}): o-(1t' p -+1t' PT}) at 1170 Mevlc is (15.9 ± 1.9)/ (53.3 ± 

5.0) = 0:30 ± 0.04. Were the 1t'-p reaction to proceed via I=3/2 ampli

tudes only, such as through the reaction rc-p -+ ~(123B), the ratio 

would be 1/9 = 0.11. Thus I = 1/2 amplitudes are important at 1170 

MeV/C. 

.. .. 

t 

I 
! 
t 

. I 
I 

f 

f 

\ 
I 
I· 
I 
I 

. I .. ~ 

i 
I 
j 

~! 
I 
: 
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IV. THE EXPERIMENTAL 'DISTRIBUTIONS 

A. The Coordinate System 

+ + 
In the analysis which follows we regard the reaction, n-p ~n-p~, 

as the two step process, 
± N 

n p ~ ~ N, 

followed by 

IV 

where we use the symbol, N, to indicate a n-p state of total angular 

momentum J and orbital angular momentum L; thus when J = 3/2 and L = 1, 
IV 

N corresponds to the ~(1238). 

Figure 6 is a mnemonic diagram in velocity space 'depicting the 

20 two step process. The beam pion, n
B

, and target proton, PT , of - ~ 
orbital angular momentum, fit. , and linear momentum, k, in the overall 

.~ ~om~~~ 
center-of-mass of energy, E, produce an. eta and a N of orbital angular A 
~ ~ 

IV 

£, and linear momentum, p, in the overall center-of-mass. The N of 
~ 

total angular moment~, J, then decays with orbital angular momentum, 
~ ~ 

IV 

L, and linear moment~, q, in the N rest frame. The total angular mo-
~ 

mentum of the system is ». The final state n + p~ then consis~s of 

I = 3/2 states, (1. LT ) ~ , and the final state n - p~ consists of both 

I = 3/2 and I = 1/2 states, (l~)~. The notation is summarized in 

the following table. 

..~,....--~ 

~i '7o-l., t· I Ij'HVAP fC).r "., f:S -Li 1An4 .... ~ "~'1 .... 0 .... e~,.n htOM81'1 .. --
i.ni tia.1 (ove ra..11 

e42n tQ"'-aP~'rfIa.ss) 
7i8 ) Pr r ... .... 

~ 8- E 

N 
..... -" ... i a- t: ;irt.td (o'(e,..a. II . rt • N f 

cen:ier-ol'. ,."'1.$0$) ...... ..... 
N rQst 7ro , - L J" M 

-trr:o.me PD q ---
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We choose as the z-axis the line of flight of th~ beam particle 
' .. 

in the center of mass. 

That is, -" 'z = k 
lit'· 

We now define ~ as the angle in the center of mass between the line 

of flight of the eta and the line of flight of the incoming pion. 

That is, 
.'.'-, - -

cos '! = . p <~ 

I ~II K I 
- .' .. -:'.' ~. , ' 

= 

The vectors p and k define the production plane. The y-axis is defined 

as the normal to the production plane, - -~k~)(-,r ___ , 
)i<l!pl si", e 

.. :..,. 

A 

'y 
1\ 

= n= 

and the x-axis is defined so as to construct a right handed coordinate 

'" '" 1\ system, x = y x z. 
.." 

We now go to the N rest frame and define the angles· e and cp as' 

the polar and azimuthal angles of the decay proton: 
.... " cos e = C{. z 

If = ta.~-' I ~.n/ q·xJ 
In this frame the z-axis is defined to be in the production plane and 

at an angle ~ from the line of flight of the eta. 
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. A three body final state has five external degrees of freedom: . 

three particles each with three components of momentum minus the four 
-

energy-momentum equations of constraint. One of these degrees of 

freedom, the orientation of the production plane in space (say, in the 
. 

bubble chamber) is of no interest. Thus the four independent variables, 

cos"£ , cos g, <p, and the invariant mass-squared of the N, M2, are 

sufficient to completely describe an event. 

In terms of these independent variables the differential cross 

section can be written, 

J. '10- = C-tE) 't1J'n.1 1 (1- r1 M2 J.cos'£ J.C()$ 9- oltp), (5 ) 

where the first factor is the Lorentz invariant flux factor, the 

second is the absolute square of the matrix element and the third 

is the Lorentz invariant three body phase space factor. The factor p 

equals pq/M. 

B. Mass and Angular Distributions 

The production Dalitz plots and their mass squared projections for 

our three sets of data are shown in Fig. 7. The distributions in the 

angular variables, dO'"'/dcos~ , dv-/d<p, and dcr Idcos g, are shown in 

Figs. 8, ~, and JO, respectively. All errors are statistical and are 

based only upon the number of events in each bin. The curves shown 

are the 'result of the best fit of the parameterization described in 

Section V. 

In Fig. 7 we see that the events are clustered into the upper 

left hand corners of the Dalitz plots as a result of the formation 

of the 6(1238) ~np. It is seen that the enhancemenu in the low mass 
. ') 
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, " 2"'" , " " ' , ' CLt'e', ," ' , ,,"., 

region of the M ",)" ,distributioDJ ~ a' refiection of the l:!.. The distri-
" ' 'l'}p. '" " ' , ' "",.' , 
'2,' " 

butions in 'M ,(not shown)' show' no enhancements. 
'I'}" 

The distributions in cost, fig. 8,are the production angular .. 
, distributions. Production via only s-wav'e would require these distri-

. 
butions to be completely fiat. (We will use lower-case letters to 

IV 

indicate the angular momentum state in which the eta and N is produced, 

and capital letters to indicate the state in which the N decays.) We 
, 2 

see that the "fiat" h'JPothesis is a good one at 1170 MeV/c (X = 3.8 
+ ' , ' 2 

for the n data and 4.9 for the n- data, with <X > = 4.0), 

that higher t values may not be required. 

21 However, the distributions in the azimuthal angle, ~, which are 
'.' ',',' 

shown in Fig. 'q, 'indicate that p-wave production amplitudes ,are also 

required. + The 1170 MeV/c n data in particular shows a very definite 
, " 

cos ~ dependence. Production via only s-wave would require the ~ dis-',"'.,'; 

tributions to be fiat. As will become apparent in the next section, it' 

is necessary to add p-wave production amplitudes in order to obtain a 

cos ~ dependence. 

The distributions in cos g, fig. 10, are, the i,:'N:; decay angular 

distributions. If the reaction proceeded solely via s-wave production 

of the b.(1238), the distributions would 'be 'of the form, (1 + 3 cos2g). 

,If some'p-wave b. production were present, the distributions would no 

longer be of this form but would still be symmetrical. Asymmetry in 

the distributions is the result of both S-wave and P-wave decay of the 
#OJ 

N. The structure of these distributions is such as to be adequately 
N 

described by only S- and P-wave decay of the N (i.e., partial waves 

. ,:. '. 

1 
f 
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with L>lare . not needed). 

The qualitative remarks made in,this section concerning the 

angular distributions are made more quantitative in the next section. 

On the basis of the distributions in cos ~ cos 9 ,and cp we consider 

only partial waves with I- = 0 and l..,and L = 0, -and 1: 'that is, s-

,I/IIJ., 

and p-wave production of the eta and i.N} and S- and p-wave decay of 

the ,'" , (N •. 
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v. THE PARAMETERIzATION 

,If we list all possible final state amplitudes which can be 

produced with £, =,' 0, and 1, and L = 0 and 1, we find a total of ten. 

(See Appendix A.) In addition each complex amplitude, (.e LJ)~ ~ can 

exist in two overall I-spin states: I = 1/2 and I = ~/2. We want 

to determine which amplitudes are required by the data and what are 

the values of the magnitudes and phases of these amplitudes. The 

I = 3/2 amplitudes can be determined from the:rc + data, since :rc +p 

state exists only in 1 = 3/2. The:rc p state, however, consists of 

both I = 3/2 and t = 1/2. Once the I = 3/2 parameters have been 

determined from the :rc+ data, this information can be used to determi~e 

the I = 1/2 parameters' from the :rc- data at the same momentum. 

At first glance it may seem presumptuous to consider ten complex "., 

amplitudes with the order of only a hundred events. This would be 
'} .:' 

,'-" , 

true if all we had to work with was one angular distribution, as we 

certainly could not fit the distribution beyond a few powers in the 

. cosine of the angle and thus the number of amplitUdes which could be 

determined would be severely limited. However in our- experiment we 

have four independent variables and therefore a total of four indepen- . -, - .' 

dent mass and angular distributions to work with, plus all the correla--
. . . . 

tions which exist among the four variables. We do not fit beyond the 

_ second power in anyone angular distribution. We will shm, that only 

four of the ten complex I = 3/2 amplitudes are required by the :rc+ data 

and only one of the ten I = 1/2 amplitudes is required by the:rc data. 

Thus we have seven I = 3/2 parameters to be determined (fOur magnitudes 

and three phases) and two I == 1/2 parameters {one magnitude flnd one 



.' 

-13-

phas~). With four independent variables and using the correlations 

which exist among the variables, we can determine seven parameters 

,quite well with the order, of only a hundred events. 

We will now descr:lbe our technique for examining these correla

tions, We then go on to describe the'procedure used to'determine which 

of the ten complex amplitudes are present for each I-spin state and 

how the values of the magnitudes and'phases of these amplitudes were 

determined. The results of this parameterization are then examined. 

A. The Method of Moments 

Fbr each I-spin state the absolute square of the matrix element, 

I~Ja)composed of the ten complex amplitudes is derived in Appendix A 

and has the form, 

of. C l1ov o 
It (1'. 10 

I (ttb' y.1 tt-1Y,') ... + eli i cr, j .,. 1'1 1 

'JO V O C .!. ('tI! y.' ... V' '(.,) + C,o "if' ' 2 + 'I 2. 1"1 2 d , :t. 

+ c 1)0 yo + J. ('fL' V-I 'tJ.' y.) 
, Ia, 71 a C 11 :z. ra 't +- (<1 2 

+ c 'lJ0y.o 
1 ~I • 

+ c, V:y: 
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wheI,'e thee's are'real functions of M '(M' ::. M , one of our four 
, " rep" rep , ' 

independent va,riables) consisting of combinations of the ten complex.' 
, , 

amplitudes, (.e L
J
), ' (see Appendix A) and'!;( t ,0) and Y:(9, cp) , 

are the production and decay spherical harmonics, respectively. The 
. 

quantities, L, .e, and the angular variables are defined in Section IV, 

and - .e~m~:e, - L ~M:!!s L. 

One possible method for determing which of the ten complex 

amplitudes are required by the data is; to insert Eq. (6) into Eq. (5) 

and then integrate over three of the four variables to get expressions, 

for the mass distribution and the three angular distributions in terms 

of the complex amplitudes. A fit to these distributions would then 

yield some information as to which amplitudes are present. This pro':' 

,cedure, however, does not make use of all the information contained in 

the data, since the various correlations which exist among the four 

variables integrate out when one obtains a mass or imgular distribution. 

In order to take these correlations into account we project out 

each of the fourteen coefficients of the various combinations of the 

production and decay spherical harmonics present ih 1?1t/2
• , We make 

use of the orthonormal property of the spherical'harmonics, 

Thus, 

where r = 1/2 when m = M = 0, and r = 1 when m = --M # 0. We define m m 

the values, 

(8 ) 

' ...... 
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I 
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I 
I 
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'I 
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I 
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I 
I 
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where p =·pq}M and, as defined before, k is the linear momentum of the 

beam pion and and p is that of the eta in the overall center of mass; 

, E is the total energy in that center of mass; q is the linear momentum 
N N 

of the decay proton in the N rest frame; and M is the mass of the N. 

We therefore performed operations (7) and (8) on 'our three sets 

of data. That is, in each of the Mf bins we added up the values of 

'Itrj("!;y:If +Yt'Y:) to get the distribution, p C;(Mf); Le., 

C (M') - n~,. 't. ('tIMy'''' + 11-... v~) ~ , j - qle" ... it '" 7,i.. 11 It. lj 
. (,It /, ... 3 

The value of the error for each bin is given by 

;rfr CP1i>Jc [:~.:jJ ¥~(.p-: ... ~tY~)'jl" r 2.. 

We then obtained the value, D· , by summing over the M . bins and 
" 

multiplying by a scale factor to convert from counts to cross· section. 

Thus, 

and . JX 
dD· ~ (!>cale -tActor-) I 3:,. [Y ... (II.JJ.Wly~'4 +-1;-Y""')l]:l ,. , ..." 0' f/"cot~S 

"-I"e 
·The fourteen D. values for each of the three sets of data ts presented 

in Table III. 

As stated at the beginning of this subsection,each mass depen-. 

dent coefficient, C. (M2), consists of combinations of the mass 
(. 

dependent parts of all the complex amplitudes. The type of amplitudes 

present- in each Cl (M2), and hence ~n each D" is given in Table IV. 

(This Table is derived in Appendix A.) In the following subsections 

by comparing Tables IE and IV we obtain the simplest set of amplit1,ldes 

necessary to fit the data. 
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. B. The ,1f Data 

1. Determination of the I =3/2 amplitudes 

From the Dalitz plots and angular distributions we believe that 

the ~(1238) is produced. We therefore need at least one amplitude 

representing ~ production. Of the ten I = 3/2 amplitudes, (tL
J
), ' 

under consideration, four of them, (sP.1/a. )3/2.' (pP3/:.) '/a. 'Va. 'S-~ #, 

represent production of the~. (When states differ only in the total, 

angular momentum, " we use the notation, (t LJ)~' ' }a , .... ) We 

begin by choosing the lowest orbital angular momentum state, ampiitude, 
,'1', 

Next we see from the 1f + part of Table III (columns la and' 

2a) that D3 , D
5

, D7 (and of course D, since D, =C7"") are non-zero. We 

:;' 

-:":. 

.- .... :.,:: ,." 

" , 

'." 

see from Table IV that in order to make D3 non-zero we need sS-sPand!, .,' 

or pS-pP interference. (The values of J and~ have been supressed). 

To obtain sS-sF interference we need only to assume one additional 

amplitude, ( s S Va. ) '/2. • However, in order to obtainpS-pP' interference 

there are seven additional amplitudes which need to be Gonsidered, all 

of which possess higher angular momentum barriers than the sS amplitude. ' 

On the basis of always choosing the lowest angular momentum state 

amplitudes, we choose the former alternative. 
. . 

In order to make D5 non-zero we see from Table IV that we have 

to add elther pS or pP amplitudes. Again choosing the amplitudes with 

the lower angular momentum barriers, we add the pS amplitudes to our 

set. final state originates from the 21/ 2 inital s~ate; 

the (pSl/a )'/.1'.. final state from theg,3/2 initial state. Since the 

momentum of the beam particle in the overall center-of-mass is of the 

.':" . 

..... ' r 
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ord~r of 600 MeV/c, there is sufficient energy for the initial state· 

to exist incb'wave. We therefore include both the (pSv:t. )./2. and 

(pS'/a )Va amplitudes. 

Next we see from Table IV that in order for D7 to be non~zero, 

we need sP-sP and/or pP-pP interference. Since we have already chosen 

the (sPv~)~ amplitude, no additional amplitudes are required. 

Thus in order to obtain non-zero values of Dl , D
3

, D
5

, and D7 

we need only the amplitudes: (SS'/lt)Ya. ' (sp 3/a. )'h. ' and (pS'/a. ) y~ '." 

J/,a • We assume all other amplitudes are absent. This means that 
.... 

when the N is in S-wave, we have both s- and p-wave production; when 

the N is in P-wave, it has only J-3/2, and is produced only in s-wave. 

With this choice of amplitudes all shaded portions of Tables III, 

IV, and AII should be zero. We see that our assumption that the five . 

. . (pp) amplitudes, are zero requires DS through D14 to be zero. Except 

for the 1050 MeV/c value of DS' this requirement is consistant with the 

D values, of Table III. The non-zero value at 1050 MeV/c could be a 

statistical fluctuation. 

2. Determination of the values of the magnitudes };::r,~:: ... :'.i . .':: .. .'_:::.....: ... ~~ ..... : :.':. 

and ~hases of the complex amplitudes 

Now that we have described the procedure used to determine which 

complex'amplitudes are present in the n+ data, we describe how the 

magnitudes and phases of these amplitudes were determined. Near thres

hold the M2 and E dependence of the amplitude for £3' ~ (t L:r)>> can be 

A ~ Do e· i. AC( <I k ~ b.e 9 L. , parameterized by ~I~ ~ r where the quantities 

A_ fJ are real positive parameters (assumed to be energy independent), 
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, >' 

; ;', f, 

. ". ' 

'",', 

"'-., '. 
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A ot~ . are phase angles (also assumed~o be~n~rgy independent), and ct. 

and t3 are ihdicies used to differentiate the various states (~= 0 
',' 

for s-wave and 23' for p-wave; similarly t3 = 0 for S-wave and 2J for 
, 

p-wave). Specifically, for our set"of four amplitudes,we have 

rlr'~4 ~ (~p ) 
'io. ..:J/a. V2, 

.t'la ~ (pS'/a)l4,' 

.PYa.-' (pS V; h 

M2. 

Aoo 
Ao! 

A,o 

A!o 

-~ 

~ E kre.h.:l-.ee. . 

e ,~oo k 
e i. >'03 k~ vM/q"~ (-t.:-z) 

e 1>.'0 p 

e L ~90 P ka 
-"." .. 

~.' . 

,':. 

'.", . 

". 
;t..:, , .... 

. _.~ "...r • 

": . . " ., " 

-.,. 

-. -.;: 

",' "'" 
..•. " 

where the factor, ~M/~f' ( E; ~ £ ) , is the Breit-Wigner amplitude for the 

, 22 
~(1238) resonance. The factor, e , is the number of half-widths re- '. " . . . ~ . 

moved from the resonant energy. That is, 
.. ' 

:1 
" ;.' . i 

23 where 

E: = 

' ... r'.' 

and q =231' MeV. ,Since there is an"" ' , 
o 

overall arbitrary phase, ,we define A03 == O. We further define' 

G E V Cj r7M' Inserting these definitions 

into the expressions for the C's as derived in Appendix A, and using 

the above table, we obtain for the I =3/2 amplitudes, 

,' .. ' I 

l 
t 
f 

, f 

I 
t 
t . r 

I 
I. 

r 
" f',. 

I 
I 

~I 
" r 

f 
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~ 
I 
; 
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C, (M~) = ·lrtA,oAoJ k3 cos).oo]G-FS ... 1!~Ao31(3s':lt~ooIGF' 

c~ (MI) ::. It A/o ~ /(3 COS ~/o + -f A'?oA"2 k" COc A30] P GF € 

+ l t A/oAOJk:l S~" )./0 + of AtoAoS k'l si" .\'01 r~F 

+ a A, .. A", e S~I\ A/o - t Alo A"3 k" S~I'\ ~3oJ r GF' 

. C6 (Hz)·t:: L~ A", Aso k2 tO$ ("\'O-~3J + -Is: A!o2. k¥ 1 /,-1 

C, (Ml)-

(8) .. 

The A's and A's were determined by fitting the. 1050 and 1170 

MeV/c rt+ data. Equating the numerical value of each Di as given. in 

Table III with the algebraic expression for the D, as given by Eqs. 

(8) and (9), we obtain a set of seven quadratic equations involving 

the four A's and three >.' s. For example, 

0, = Ao~ [~ffC(Ma] +2~rfaffF~M21+(A/!+2A,~k')fk~J,opaO(Hll (10) 

which at 1170 MeV/c becomes, 

(53.3 ± S'.D);-b = A:o [/.5"6' X IO! B~V21 + 2A~ [7. 'I' >c 10-
3 

B. V 31 

+ A,! [ t. n)( 10·" a.va] + 2 A~ [%. B3)( JO-
s &v~rl 

The integrations have been performed numerically. At each momentum 

we have seve~ such equations. In addition C, (M2), C3 (M
2
), C4 (M2), 

2 
and C

5 
(M ) each have two or more final state momentum dependenc~J 

and therefore the relative amounts of each dependence can be fit, 

thereby yielding more information on the values of the parameters. 

.0\ • 
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(T~e distributions C 2 (M ), C6 (M ), and C

7 
(M ) ea9h have only one 

momentum dependence and therefore yield no additional informa'tion on 

the values of the A' ~ and ,\ 's.) 2 2 
We therefore fitted C, (M ), C} (M ),. 

. 2 2 + 
C4 (M ), and C

5 
(M ) and the seven Dt 's at both ~ momenta simultane-

ously and obtained the fitted values,24 

= (66 ~~3) [ ... t./s.v lllY& 
,. 

Aoo >'00 .. (I/.n ",(1,0') toAd. 
- 0,1" -

A'6 :: (166 ~~~) 1",~/Bf!V~t'~ )./6 I: (if. 39 ~;:;:) ~A..t. 

A'6 :: (221!. ~~) [ ... I./BeV'f'Z. >. := (fJ.67 • "',ao) ~rl 
S6 -D • .", 

Au = ($1.'1 !H) [""b/B.V'l~ . 
. ',. 

wi.th X:rt: gg 
) 

<.X a> = 71, ' (11) 

+ 3. Comparison at the ~ data with the :re,sults of the fit 

With knowledge of the A's and >. 's, by Eqs. (8) and (9) we should 

2 be able to predict the distributions of all seven Cl(M ) and the values., 

of the seven DI 'stand hence the mass and angular distributions and the :- ,-

+ + total cross section for the reaction ~ p ..... ~ Pl1 at any momentum near 

threshold. 

Fig. 5 shows the variation in cross section with beam momentum. 

The curve labeled "u=O" is the cross section as given by the values· . 

at the parameters, Eq. (11). We see that the curve follows the data 

well from threshold to just above 1170 MeVjc, whereupon it continues· 

to rise steadily, departing :£':rom the data. (The other curves will be 

discussed in the following subsections.) 

Fbr the angular distributions the differential cross sections 

:., .. 
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are.obtained by integrating Eq. (5) with respect to the appropriate 

variables. Thus, 

The values of the seven Di 's at 1050 and 1170 MeV/c, as given by the 

values of the parameters, Eq. (11), are listed in Table III beside the 

experimental values. The curves shown in the angular distributions, 

. Figs. 8,'1, and 10, are obtained by using the fitted Di 's in Eqs. (12), 

(13), and (14), respectively. It is seen that the curves follow the 

data quite well. 

The mass distributions, d.o-/ d.M:~ and J,tr / t1M~ , can be 

obtained by integrating the expression, 

J.ar = I< 'e2. (~M£ef; JM:~ I ?T7. (M!,. , M;,J} ~ 
(which is a differential element of the Dalitz plot) with respect to 

the appropriate variable. Thus 

Ar - f C, (M:,) -C;{M a k Et! 
""r 

(15 ) 

..k.. J""""<('1;,.) 
'= - C, (M;,.) "'~ al.M:1. II k. ~3 11' MIN(M&) . 

~,. 

(16 ) 
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. The,se' parameteriz~d curves· are' shown ;in Fig~ 7." .... 

.: . 

. From Eq. (10 )we see that D, consists of.the 'sum of the inten

sities of the fqur I = 3 /2 amplitudes and is therefore the sum of . 

four partial cross sections.zoThesepartial cross sections are listed 
. . . 
in Table V. We see that the ~(1238) accounts for more than half of 

the reaction at 1050 MeV/c and about three-fourths of the reaction at 

1170 Mey/c, with the rest accounted for by non-resonant three body 

states in which the eta is produced in both s-.wave and p-wave with the' 

(n-p) system in a relative S-state. 

+. + 
".C. Other Experiments Involving the Reaction n p ~n p T) 

We found in the preceding subsection that the cross section, as 

given by th~ parameters of Eq. (11) rises steeply beyond 1170 MeV/c, . 

departing from the data. In an attempt to get a parameterized cross " 

section which better follows the data above 1170 MeV/c, 'We introduce 

an energy dependence into the quantities A~. We replace A«fi with 

'A~/L' + y*"' f",,s(£')] where f .. p(E) is a function of energy such 

that at threshold f~~ (E) = O. The function f«~(E) is chosen such 

that at high energy it cancels the threshold kinematical factors and. 

hence' . o;~ /(-'"O(j'" i: Oi~ + ! ) 1r / klt, which is l/u times the unitarity 

limit for that partial wave. Thus, we 'choose t..,e :; I'IGI,Q ~ ... " It . 

. ( k 2,cf.1 Ufo! Ufo' Q ' for the non-resonant amplitudes and -t .. tt :: 
V PH q 

I'lot~ ~fI Vk~z..., fH ,Jot, G for the. resonant amplitude where .Fr.l· 

and qM are the maximum values of p .and q, respectively, at energy E, 

and Q = E -m - m - m. The' consta nt n ~.4 is chosen such that at 
'Tl n P -I" . 

high energy, [~¥- k a:ti-I ! (' 'fu 5 d Hz1 / [ fcc(3 (£)]2 = , 

",:,. " 

,'. 

"';, 

i , 
i, 

,- .t 
. '. [ 
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where g = F, the Breit-Wigner intensity, for the resonant amplitude, 

and g = 1 for the non-resonant amplitude. For simplicity we take the 
r 

dimensionless parameter, u, to be the same for all four amp~itudes. 

Since u = 1 for the unitarity limit, we must have u > 1 for non-

violation of unit~rity. 

Fitting only our 1050 and 1170 MeV/c data to this hypothesis, 

we obtain, 

Aoo = 
A,o '::= 

Aao :: 

Aoa :: 

'-l --

(71 :~~) [,t4Io/s.yat a 

(2.12. !UJ lA4l,/8ttV21~ 
(329'::;n ["b/l3ctV61~ 
(~9h ! E~) L~J,/ s.v31Ji 

('If ~ ~~) 

x~o = (..,.. 8f : ~:~~) ,.",-t. 

)/D = ("" 3' ~ ~:~'8) ~cl. 
).,~ ~ (D. 61 ... C'. 21) ~Ae{. 

.... . -fJ.:f8 

(17) 

with X2 = 80, 2 <X>= 70. 

Figure 0 displays the cross section curve resulting from the 

parameters of Eq. (17). We see that our best fit value, u = 94, 

gives a predicted cross section that lies below the ten measured, cross 

sections located between 1.2 and 3.7 BeV/c. (The overall X2 is 80 + 

25, with < X2> = 70 + 10.) By decreasing u to 67 we decrease the 

2 
overall X to (81 + 15) = 96, where the contribution from our data 

alone. is 81. 
2 , 

This is in good agreement with < X > = 80 ± V 2 <x.2 .> 

= 80 ± 13. Thus our simple model for the energy dependence of the 

parameters, ArJ(/l' involving just one additional parameter, u, gives 

good agreement with all of our data and with the ten additional cross 

sections lying between 1.2 and 3.7 BeV/c. However, in order for the 

parameter values, Eq. (17),. to be meaningful we must be able to predict 
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.riqt~~nlYt~e, valu~ \ of the totalcross.sectibn'at a particular beam 

,momentUm, but also ,all the mass and angular distributions at that 

momentum. 

The published distributions of references (2-7) are reproduced 

, . ; in Fig. II; the curves are those predicted by the paraineterswhich 

produce the u ; 67 curve of Fig. 5. It is seen that all mass distri- " 

butions ar.e in good agreement. ,The production angular distributions':' 

are in good agreement at low energy but our fit is unable to produce ," 

the forward peaking that arises with increased beam momentum. The 

only decay angular distributions which are available are those of 

reference 2, and they are not well represented by the curves. Thus,. 

the assumption of phases which are constant with beam moment,um pro-:, " 

bably becomes inadequate, and/or more partial waves become necessary 

at these higher energies. 

D. The 1£ Data 

While the 1£+p state consists of ,only I = 3/2 amplitudes, the 1£ p 

-, state has both I = 3/2 and I ~ 1/2 amplitudes. 

action each complex amplitude, (.e 'L
J

)8- becomes 

Thus, fbr the 1£ p re-

and therefore, 

[(£L;r)>>,J[CtL'J"')>>1" ~ t [(iLJ");·valI(.('r:J",)1~1* 
.,. : I (lllJ;'~n (t~:')f'lllt 
~ ~ 1(i lJ");'~] [(~/t.:~·)t'41~ 

+ f [(.e lJ);~ H (fL~,);y~t 

, (18) 

, , 0 

, 
! 

I 
J 

! 



We see that if all the I 
2 = 1/2 amplitudes were zero, then each C,(M ) 

- ·2+ for the n data would be 1/9 of the corresponding Cl(M) for the n 

data (at the same momentum). Of course, the same relationship would 

hold for each Dj • 

From Table III we see that at 1170 MeV/c D" (n-) is not equal to 

+ .' 1/9 of D,(n ); ~.e., the ratio of the total cross sections is not 1/9.' 

Therefore at least one I = 1/2 amplitude is required. We also see 

that, like the n+ data, each Di (n-), 1 = 8 to 14, is consistant with 

zero so that there is no need to consider I == 1/2 pP amplitudes. Next 

we see from Table IV that if the I = 1/2 (sS Ya)'/~ amplitude is present, 

we expect it to c~ntribute to D2(n-) through sS-pS interference (where 

the pS amplitude exists in I = 3/2) and to D3 (n -) through' sS-sP inter

ference (where the sP amplitude exists in I = 3/2). Therefore if the 

I = 1/2 (sSy)va,amplitude contributes, D,(n-), D2 (n-) and:0
3 

(n-) are 
~oMst~a1nq4 + . 

not e~4 to be 1/9 of their corresponding n v~lues. Similarly 

from Table IV we see that if a I = i/2 (pS) amplitude is present then 

D, (n-), D2 (n-), D4 (n-), D5 (n-) and D6 (n-) are not contrained to 

be 1/9 of their 'corresponding ~ + values. Finally if a I = 1/2 (sp) 

ampIitude is present, then D, (~-), ~ (n-), D4 (n-), D5 (n-) and 

D7 (~-) are not contrained to the 1/9 value. Examination of Table III 

shows that, except for Dr' each experimental value, D; (n-) (column 3a) 

/ ( ... +) is consistent with 1 9 of the corresponding experimental value, Di " 

(column 2a); the errors involved, however, are so large as to make the 

valUes insensitive to any inconsistancies with the 1/9 value. Thus, 

other than the fact that at least one I = 1/2 amplitude is required,. 
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However, if we nowmake use of the 'valuesof.the I = 3/2 ampli~ 

tudes as determined by our fit to the 1(+ data, we can compare the 
, ~'.' '. '.' 

Pi (1(-) values (column 3a) with the Di. (1(+)values of column'2b. 
... ' > '. 

If ~" ,':~ 

.. 
~his is done, we see that D2 (1(-) = 2.90 ± 1.63 is almost two stand- ..... 

ard deviations away from 1/9 ofD2 (1(+) = 0.13, indicating (from 

. Table IV) that sS and/or pS I = 1/2 amplitudes may be present. 

Considering the three I = 1/2 complex amplitudes, (ssJY2,' 

(pS'~)'L 1/, , we proceeded, as we did with the 1(+ data,' to determine 
''1., z 

the magnitudes and phases (or the real and imaginary parts) of these 

amplitudes. Each Ci (~) of Eq. (12) was modified to include the 

I = 1/2 parameters. As prescribed by Eq. (18), 

.. ' '~ 

and 
A'i~.... 'A ,~." 

',r o , • 

e '-. ~ -:;- ... e . «fJ' ......,.. 
y:: 03 

where the :B I s and the •. ~ IS a·re the magnitudes and phases, respect;;' '. 

. ivelYi of the I ;,. 1/2 cOmplex amplitudes. Using these modified Ct.

. (M2) arid Di expressions and using the A I S and A' s of Eq. (11), we 

fitted the 1( 
. +. 

data in the same manner as we had fitted the 1( data~ 

and obtained, 

Re. i Booe':v .. } = (38 :::)I .... l,/8ev~l~ 
Re t B,o e l)l,.} =: (-68 :,~)r,.,.~/ 8evalli 
Re! 810 e.'''lto} = (/5'1 ::~nftu~/BeV'l~ 

Ih'!. r Boo e'~""} ::: (_Ii'5'~/; )[._1,/eev1]Y& 

1M f 8'6 e,)l1O ~ :- ( 77~ ~~)[ ... ~/ReVlJ"a. 

IM.{.a30 e')llo! :. (-136~:~:)tM~/I3I!V'lY~ 
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We see that B,o and B30 are consistant with zero and that 

therefore (sSt/a,)v,- is the only I = 1/2 amplitude r;tee~ed to fit the 

data. (Had we limited ourselves at the beginning of 'this subsection 
-' 

to only one I = 1/2 amplitude, the simplest hypothesis would have 

been (sSV:z.)Y.t ; all other amplitudes are suppressed due to angular 

momentum barriers with no strong forces acting, such as in the 6(1238), 

to enhance any of them.) Setting B,o == 

804 ::0 (~3 ::~)I,.I:,/Blfv2r/~ 

2 2 
with X = 37, <X > = 37. 

24 o and B30 = 0 we obtain 

))00 c:. (~/;< ~~: :~) r'ttd. 

The Di (~-) values as given by the fit are given in column 3b 

of Table III. Di (~-), i= 4 to 7, are of course 1/9 of the corres

ponding D i (~+) value, as given by the ~ + fit', since B04 and lJoo 

do not enter into the expressions for these D~. The ~- angular dis-

tributions are shown in Fig. 8, q, and~; the curves are the distri-

butions as given by Eqs. (12), (13), and (14) using these fitted D£ 

(~-) values. Agreement is good. 

Since the (sp 3Ia,)¥,2- a nd (pSv)~" ~ amplitudes are a ssumed to be 

present only in the I = 3/2 state, their relative contribution to the 

-~ p reaction can be computed a~ follows: 

Thus since the reaction ~+p ~ ~(1238) accounts for 73 %f eta 
o 

production in the ~+p reaction at 1170 MeV/c, the reaction ~-p ~ ~ 
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~;(1238) acco~ntsf~~'~1/9'): '(73. 0 /0) '. ~5;jllb/1.5; 9;,:llb) ='27' 0/ of: eta .' 
. ' :. . .'" .' . " .. ' 0 "., ...... .'. . .... '.. ·.0 

:. :,-", .:;;< . 

'productioniil the:J{.J? reaction at this momentum, .. ' Similarly, 6 % of 
.. . ,Of· 

.. , -in the :J{-P reaction proceed~ via I=3/2 (pS) amplitudes. Theremainder 
.. '.: . . 

" of'the reaction'," 67 oj ,is accounted for by thet6tal"sS intensity, 
o . . ". ".' 

..,r • 

. .. which is comp~sed of both I=3/2 and I=1/2 amplitudes. We cannot say 
-

. how much of the reaction proceeds via the I=1/2 sSamplitude alone or 
.,' ·,i 

via the I=3/2 sS amplitude alone, since in any expression involvirig 

; these two amplitudes, there is always present an interference term be

tween them. 25 This interference term is.,present~in :'c, (rl), and hence~·'.:,i~; ,." ' 

. 2 2 " 
in d(G" /dMfI'p and in dcr' /dM'lP' Thus, only the total sS contribution 

can be given. The relative contributions and the partial cross sec-

" tions for the :J{-p reaction at 1170 MeV/c 

The distributions, in M~p and M~p , 

are listed in Table V. 

as given by the values' 'of the 

:J{ parameters, are shown in Fig. 5. Again, agreement is good. 

If we extrapolate the:J{ parameters, assuming phases which are 

...... 

:. " 

. ! • • 

. constant with beam momentum and an amplitude dependence as prescribed .: 

:.,: 

in Section VC with u = 67, we obtain the dashed curve of Fig. 5 • . The: 

curve is in good agreement with the :J{- cross section points. 

: ., 

.'.'. . 

There are no mass or angular distributions published forpoiLnts. 

8 9 10 ' ~ and i . For points j there are mass distributions which indicate~'7;: 

, * 

. '~' .. 
" ",' .. 
"<" 

:",.'. ;. 

• ",t', 

:.,... , 

"" . 

.'\' 

that the N (1688) and the A2 (1300) are produced in addition to the . r.'.: .••. ' 
" . 

'. 
• I • ~ 

.'. ,~~ .. , ... _ . 
6(1238). Thus more amplitudes are necessary at high energy • 

* E The N (1550) ~ T)p Resonance .. :. 

* . 
In thels'st few years the existence of a resonance, the N (1550),. . ... 

which decays mainly into TlP, has been inferred on the basis of phase 
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sh~ft analysis of ~-p elastic scattering and on the basis of experi-

ments which exhibit a cross section enhancement near threshold in the 

reactions r p ~ ~n and ~-p ~ ~n.27 This resonance, however, has yet 

to be seen as an enhancement in the (~-N) mass distribution in'a 

reaction involving the final state of three or more particles. 

We see from our Dalitz plots in Fig. ,7 that the mass and width 

* values of the N (1550) are such as to fill up the entire region of 

the plots; thus it is difficult to deduce the presence or absence 

of this resonance in our experiment. In order to make use of all 

four independent variables and all the correlations which exist among 

the variables, we have added amplitudes for the production of the 

* N (1550) resonance to the matrix element. (See Appendix B~) The C{ 

(~ ) expressions derived in Appendix A are now replaced by more 
~p 

2 2 
complicated expressions, C i (M1Y,.. , M "lJO ), and these new expressions 

were used to fit the data. 

+ For the ~ data we included in the fit I=3/2 ,amplitudes for s-

* " 
wave and p-wave production of the N (1550) along with the original 

four I=3/2 amplitudes of Section VB. At 1050 MeV/c addition of the 

* ' , 
N (1550) amplitudes does not change the chisquare minimum from that 

obtained with just the original four amplitudes. At 1170 MeV/c we :','!, 

find a' chisquare ;minimum at ~e ls-wave amplitude] = (- 4 ~1) Illb/ 
'~ ~' 

Bev1 IW\fs-wave amplitudeJ = (-8_
15

) lllb/Bevl~ and p-wave ampli-

22' 
tudes equal zero, with X = 41.0, <X > = 38; setting both s-wave and 

p-wave N*(1550) amplitudes equal to zero we obtain X2 =42.3, <x2> = 

40. * Thus production of the N (1550) ~ ~p is undetectable in our 
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In:fitti~g, the 1(data we set the I";3/2'am~litud~sfor N* (1550)' 

production equal to zero, since the 1(+ d~tashows that none 'are 

required. We find a chisquare minim~ at"Re{s-wave amplitude} 

.'= (1.1 ± 2.1) [~b/BeVJ\1., :rtolls-wave amplitude} =(0.5± 1.7)[llbl'>.:-;~i~"'· 
~~ 2 .' 2 

BeY1, and p-wave amplitudes equal zero, with X = 37.7, <X >= 43; 

* . setting both s- and p-wave N (1550) amplitudes equal to zero we 

obtain, . X
2 = 2 

37.8, <X > = 45. 
. * 

Thus, the decay, N (1550) ~ ~p is 

undetectable in our 1( data. 

+ 
We next ask, what are the upper limits for the reaction 1(-P ~ 

+ * * 1(-N (1550); N (1550) ~~? When the matrix element contains ampli- . 

* tudes for N (1550) production the cross section is not composed of .' 

are always present interference terms involving the N* (1550).25 Thus, 

in obtaining an upper limit we cannot quote a c~oss section dUe to 

. *' 
the N (1550) alone. If, however, we attribute all interference terms 

. * * J.nvolvingthe N (1550), as well as the N (1550) intensity terms, to 

the formation of the resonance, we obtain at the 90 0/ confidence o 

level, .,<;" 

o;:(-Tr+e· ..... 1T'+ Nit ('''50) ;)' N"( )550)"" ~) 

.ir(1I'f"JO-""+r~) .' ~ O.Cs ( o. g ~k) o.t 10$0 MeY/c 

'-' ':., 
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, , Assuming the I=3/2 amplitudes for N (1550) production are zero, at 

, ,1170 Me V / c we obta in at the 90.0 / confidence level an upper limit 
, '. 0 
" * on I=1/2N (1550) amplitudes of 7.6 J.Lb, or , J 
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VI. suMMARY· ,'~ ",.' . ~, .' ,., .~. : 

A siinple~phenomenolog:i.cal model has 'b,een presented'which des-, 
.' ,,' 

cribes eta production in the reaction 1t'p'.,-+ 1t'pT) near th:reshold. A 

partial wave analysis was made, using our 1t' + data at 1050 and 1170' 

MeV/c and 1t'- data at 1170 MeV/c, in which it was found that four 
. , 

,I 
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" ~ .... I=3/2 amplitudes,' (sSV~)V ' 
. ' 1 

are required' 
'.'. " 

~ .' 

, . 
~ ... 

, + 
by the 1t' ,'data and that an additional 1=1/2 amplitude, (sSJva.' is'< 

~ . ~ .. 

"-, " 

. '. '. 

,'j.' 

, , : " ,~. 

" .. 

". :',.' 

:~: " ". '. . " 
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required by the 1t' data. The magnitudes and phases of these ampli-

tudes have been determined. 

+ It is found that the 1t' p reaction is dominated by s-wave pro-" " 

duction of the .6( 1238) -+ 1t' + P resonance ,while the 1! - P reaction is 

dominated by the I=1/2amplitude in which all particles are in 

relative S-states. The fitted parameters produc~ a cross section," 

variation with energy, and mass and angular distributions which are 

in good agreement with our data. 

The parameters \oIere then extrapolated to higher energies where 

, we obtain good agreement with the energy variation of the cross 

section and with some of the published mass and angular distributions." 

It appears, however, that as the beam momentum increases, an energy 

variation of the phases and/or more partial waves probably become 

necessary. 

* * We further find that the reaction 1t'p -+ 1t'N (1550),; N (1550) -+ TIP 

is undetectable in both our 1t'+ and 1t'- data; upper limits are obtained. 
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APPENDICES' 

',' A.' Derivation of the Matrix Element 

We want to d,erive the absolute square of the matrix element., 

Eq.(6), arisingfroin the, ten complex amplitudes considered in Section V. 

The 'ten, amplitudes written in terms of oe~,~ (iLJ)} are listed in 

Table AI. (See Section IV for notation. ) 

We take the beam direction as the quantization axis. (See 

, Section IV.) Along this axis the initial7t'-p state has 

the spin projection of the proton, since there can be no component of the 

initial orbital angular momentum, ~ , 'along the b.eam. We expand the" 

in terms of spherical harmonics. In general 

"- (l1;> ~~_~ < J. '" j. :TM .. I8'~. > 1£ ... > I :rM, '> 
CL 01.,a):t M..M~; ('1 Cc)) J :r MIT) , 

r ~,,-- Gr' J 

where the Jl are' ime Clebsh-Gordan 
m 

coefficients and the 'i;J ~ (.4» 

are ~ spherical harmonics in the variables ~ 

further 
) 

, M ' 

:: ~ Y,.. y: (~(J) ,x, s 
~ 

-t~m.~J ""'<l-:r~~~:r. 
and w) ~ JExpandlng 

" ." 

,".:' . 

, .~ .. ' 

.... ';., 

• c, 

" .~ ~ 

,> . 
(, .. '. 
.', ...... " 

',' ...... ; 

are1ffi-e Ctebsh-Gordan where the coefficients, the yM L(g, ~ ),are' '" 
-L.=S:M~L.J X & " " 

, ~~?:a:mi';.~.,are 
, 

~pherical harmonics in the variables g and f 
the 

• tA .. cl Ms ::::t~. 
, 9"'& decay proton spin project£OT,J;S, Combining the two expansions we have '.' ". 

" 
',.; 

, i 
\ 

, 
, , 
,i 
[ 

, ! 
; 

r 
\ 

, I 
! 



are: 

.In terms of this expansion the ten final state complex amplitudes 

(8 P'4)v.. = ~! { r11J:r.,,~1;y' + (ii; y:r:' ,l+~,,} 

. Cf Sv:/)y~ = a.',o f+ (ii3 'tJ~Y:i7.'Iz :t Wi 1:'Y: x.~". ~ 

. (", S"ah,~ = a.30 f rn ~/"y:,}Va + rn tJ;'Yoo~~'1&I 

+ r 1j'V;Ir.' - ~ V.· Y~' 1 t;"al 

CrPYa\,a = Aa, H:;: -r: 1j~' Y;' + 1f 11~ ¥;] ~t:ta 

(r 'Pv)v" ,c ~3 n a 'I,;' ~tl - it y:r,. - 3'r;;. "tJ~'y,;I] xt~ 

+ t -11: r:' + t iJ ~ y,Ol ,t; y~ I 

(~'P,,,).,& = Q.33H t ~ .,:1 Y,tl 3: iYf "1.0 v.' :;: ~~ 't~'Y,;'l x tV" 

+ r:tm,1;Y;' :;: aW ~;-Y,·J X·1/a 1 . 

(p 'P~)¥a = Q.
S3
H fk ~,;' y~' of- P;'1'.~'U ... ~ '1'~ V~'y'~IJX~'~ 

+ r ..l *110 Y'" +-..L .",,'1.' yo 1 t,:r. Va) 
YS' -'" rs ~, 1 I , 

w~e,.e: tJ,e 't.e.ppe ... ,~" is used. whel'l ihe ~rt" rr-ojQctict\ <It -I:),Q ~tii~l .'. 

p,..ottt" tS of. Y2.., a.:,~d -lAe lowe,. si~" is "'-Set:/.· whet'\ tJ..es.~'" pr-"jec:6,," 

tS -I/~. (All ctr1umero.t.s h,,",l'e ~ eel1 (u,Pfre5se.J.) 
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'The matrix' element is now the sum·of these expanded ~oIllplex 

; . ampli tudes, 

',~',i __ ." , (-i)' ~+tt~:ta. (M a)2: ~ . .u.' ~', "U'1wI (~w)Y~ (~rt)X,tY~.,': .. ", LV ~..,. ~'+,. . . '¥S '"r> "" M /)0\ M., (J"1. . '; . .,:' 
. .t.,.!),' 

. + L'D,l 
where 'J7{. is. thatprotion of the matrix element for = +~ and??t is 

for' ~z -~ and the fa'ctors dependent on ;f. . and. J' resul t from the 

expansion of an incoming plane wave into an outgoing spherical wave. The 

r- ") I;w, I ~ i=- 4,/1?t +/2 + .:!;.1 "in-/~'. desired expression, ~1' ~6 ~ IS,'\ _ 4 

where 

':'. ' 

We can now gather terms and write 

m t = G:t xtVa + H% X.;V2 

,!" 

. I 

- "f I (a.,. + .:2~,) +. ~ (Ct.,l ~ v~o/; ttSl - S ro; a,n)l1/,tI y~' 

Vi. LG ) + 3 at. -a. SI 

" . ~ . 
I .,' 

< ' .. 

'. :' ~ 

·1 
. i 

"':':'. '. 

" , 

.0 

"', r 

, .'. 

. " 
I 

"; \ 
., ! 

,: .':' t 
~ 

,",,' .,' i 
I 
I 

.. ,do
_; t 

t,·'· .... \ •. 
, , 

.. , ~, 

, . ~ .. 

: ! 

:.'j 
" .1 

, 
~ 
I 

. 1 
.. i 

, , I 
i, 

< I 
t 
t 

'I f . 
t , 



" 

,I 
" 

t., 

'j 

, . 

" -27-

'We note that upon taking the absolute square of the amplitudes 

G± and ~, the variables tf and tV always appear in the combination (f-~). 

As defined by the spherical harmonics, ," and GV are measured with respect 

to some coordinate system fixed in space. The angle CV is the azimuthal 

angle of the production plane in space; it is of no interest in this,experi- " 

menta What is of interest is the angle (f- W ) ; the azimuthal angle of the 

decay proton with respect to the production plane. We therefore redefine 

the angle (r;-eJ) as ~" 

The absolute square of the matrix ele~ent, ,)~1% 
+ + 

obtained by taking the absolute square of G- and Ir. That is 

:ae"e.'lC~s'tng::t:!ie""T'f~~~~"Le 

G~tker':'t\~ t4f tCMYl.$ f.N..:1: hAve -the $tl.It1e Q.vt114i/l."" ~er~ndel\C~) W6 h.Me 

is now 

(AI), 

11>1''" =: %, Ci.(M';Jt[¥~rtI('fJO) Y-2.(&>Jtp) + <tJ;W\(~O)YLM(~9')1t ,,, , ' 

= c t° Y,0 + .c;. V~~o +- CVcfJy" (6) 
I 0 0 gO , 

+ C y,0 y,0 
'I I I + C . J. (~' Y-I 4- 'A-' r.') S" ~ I I, , 

+ C V:6 y'1) ts :l. t) + c; y.: 1',0 

+- c 'I' yo f , I + C; 1 (1f; y,... -t- 'f,.' y,') 

+ C 1/0 Y.0 
10 I :l of... Sl i (~: y;' + 1(,' y;) 

+ c,,:V: 'Go + C .! C1/-.' y''' ' IJ:ol ~ 2 +V;'y;) 

+ C I (1/2. y'-2 
..... 1..~7. y" ) 

''I ";i, :. ;I .t:l 
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wh~:rethe fourte~riG:s are real ,funct~Orls .C>fM np resulting ,from 

, combinations "of the various complex 9.otp "s~,The dependence of each 

,'. '" 

, "'2' " "'~ "2' ',,' ; 
C. (M ' ) on the a .... 

A 
(M' ) IS is given'TableAII. If weare not 'inter..; , 

1. ,np ""/J, np 

'estedspecifically, in theval,ues of ~ (the 'total angular momentUm of 

the state} and J (the total angular momentum of the' final n-'p state), 

we can look at. the type of terms, (.£ L I.e' z: >, whi"ch comprise each - " 

Ci (M
2
np )· These terms are listed in Table IV ,for each, Cj (M~p) • For, 

example, f'rom Table AII we see that C4 = ; «0..'0 -tZo..30)J(:(~?+ Za..os) > 
If we" are not 

.: 

. '.' ... ~ : 
" • ':" ""ro • \ 

...... "',,,5, 
" , '. 

," 

" 

, interested'in the values of g- and 

of the type <rS/$P>and (s51 r p,> 

J, we see that G4 consists of terms:,:" , " 

r 
i, 
, 

In Section V we show that the only complex amplitudes which', 

need to be considered are (sS '1~ )V2 ' 

G± and H± simplify to 

Thus 

G:t = Q.oo + (a.1b + 2430 ) COS ~ + ,.2. a.o3 CO$ (;. 

H:t ( (l"o - «ao) s,'" ~ e -r£44 • (7 +~tp :: - Q.()2 S(." e-
(A2) , 

and each C, (M~_ ) simplified considerably; all terms in Table AII. , ,.,p 

and Table IV which are shaded become zero. 

We therefore have: 

C'::: a. 

C,. = f Re (a.; 'lD3 

C6 = '~ ) a3/)J~ + ~ Re (a.: a..,/I) 

C., = "* I a..03 }% 

'. " \ 

.y'; 

"-,:,:' ' 

-'~ . , ' ' 
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Expressing e~ch complex a fI({J(M
2
"..,.) . in terms of t A «s 1 [kin~atical 

. factor] [ e i ~ 1((9 J, as prescribed in Sectio~ V, we obtain Eq. (9) •. 

"*' . B. Inclusion of N (1550) ~ ~p Resonances Amplitudes 
. , 

in the Matrix Element 

In Appendix A we show that 

G t = 0.00 of- (~/O + 2. 0.,30) cot s: ~ 2. 0-0:3 <:0$ 9-

H t: OK (4'0- (
30

) S;"I\.. '! e%.~'" . _ /!t." sc.1\ S-e ~ if (A2) 

if we consider only the complex amplitudes, (sSY'~)'Ia.! (sPvJ:3'2..' and 

All quantities are referred to the (~-p) rest frame 

and are defined in Appendix A. 
I 

In addition to the above amplitudes we also want to consider s'-

and p'-wave production of the S'-wave resonance, the N*(1550) ~ ~p. 

(We·- will use primes to indicate quantities referred to the (~-p) 

rest frame in the same way that the unprimed quantities are referred 

to the (~-p) rest frame.) Production via d'-wave and higher need not 

be considered since these waves produce terms in cos3t and higher, 

cos3g and higher, and cos2~ and higher; these higher order terms are 

not required by the data, adding amplitudes (s'S'Y)'I& and (p'S"/:t )'/2' 

And. ¥.a , to Eq. (A2), we have 

6 t 'II: (Q.oo ... 0.;0)'" (a.,o+-~430) tos ~ 0 + (a..:o +2430) tos~' ... 2 ()..o, coS rr 

H:t (0. a \ . .., '!tiw (' ,). I %.£41' ,'t,', 
::. 10 - 301 $(.", il. e. +- a.ID - 4)0 s,'" ~ e - Q.n 5,,, "e 

By Eq. (Al), 
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·InEq. (Bl) we have a mixed set of variables. So that we may know 

which quantities belong in which Ci , the variables 'cos S" , sin~' cos w'-, 

and sin'f'sin:w' must be expressed in terms of the independent variables 

cos ~ , cos Q, and cp. As in Appendix A we define the azimuthal angle, w, 

to be zero, thereby defining the plane of reference. 

In order to express cos~lin terms of the independent angles we note 

that by Lorentz transformation 

- -, 
q, - t:' 

(B2) 

-+ where p, and e are the momentum and energy, respectively, of the pion in . :n: 

the center of mass, and 

¥ = 

Got = {)O2.. + YYI~ i 

Using Eq. (B3) and the fact that 

we get 

lOa. = (I: - ~"l):l - M~ 

E.". .. t (€11" - ~ • ~ ) 

(B3 ) 
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'where .• • 
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, :' 

"< .:.. 
" ' 

;~ . e + E 
'1( '. 1( , ··.f·=, 
E-E+M . t.· ". , ... ''':-, 

. " ',. 
; .... ..... 

" ti :~' ~., 'Therefore ,-'" 
.' ~ - . . '. ;;: 

~p' '. = qq ('I"JL,)' ~ P' - p p (BIf) 
.' ,; 

. ' .. ,> ...... 

The 'z-axis, the direction of t~e beam in the ~enter' o·~· mass., is :cornmon,' : ,,'., .'- ' .. , .. , 

'. to both the .primed and unprimed coordinate systems, . Therefore taking .... 

. ", ,. 

the z-component ofEq.· (BI"') we get 

'cos~ (~cos g - (Et) cos ~ 
. p p. 

(Bs")·. ' 
~ ':, 

To obtain the other two angular quantities we need the following 
',' ,', 

, 
space· angle relationships, 

A ".., "t!' • 
, p'. q = cos;{ cos Q + si~ ~ SIrr. Q cosq>. (B6) 

, '.~.': ~ - ;' '. .' 

p '. q = cos 1{' cos Q + Si~-t;.' si" Q . cos (cp-w') (B7) 

".. ", p.p = cos t cos 1'+ st., 1 sin~' cos w' (BS) 

Now equate Eq. (BB) withp dotted with Eq. (B~)anduse Eqs. (B6) and 

(BS) to get 

Sill r' cos w' = (}) sin g cos q> - (T}) sii\ ~ 

To obtain the other angular quantity equate Eq. (B7) with.q ~otted 

with Eq. (Blf) and use Eqs ~ (Eo), (B7) and (B:;9.) to get 

: " 

sl.n. zr. sirt w ' = (9..,) si", Q si,." .CJ> 
p 

(Bio) .. 

We now put Eqs.(Bs),(B:9.), and (B10) into Eq. (B'J ) at:td converting ". : 

-. ,.:,'." 

, )" 

.: ::' 
',' 

,',: " 

. to spherical harmonics we obtain the qua~tities Ci (t/-,M'2): ' : ", .... ': .~.:,:', 

C ,(11', M'j 
(Bil ) 

., 
( 

,:l , ) 
t 'Z"Q + ~ tl~~ (1(J~ 

. '" 
::',4-

',,' 

" 
... (1a(13 a.;o) ~/' . 

- (2 o./~a:o + +' 410 a~ )'1. 
+ (t;t;ot + ~ tt~:) L (CY,..,) l +. (!f)~J .} 
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C lt (f1~ Wi) :. f (;e o.~a/el +- .ya.tl~ a~~) + (Z a:. d,,,+ II a:,,'al ,,) 
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, . . . 

c~ (M", H' 2) = (( l/ A JJ A) ~ 1 £;\03 ..... ,0 -. 1 a.D! ..... 3D 

_(u / 11 J)~ 
·1 ~3 aJ1 - 7 a.Oii tt3() , p' 

-+:{ - ~l ().~O a./~ + J../ A.,o a;() -t- J/ tt:O tt!D .... J! t:<3(.1 (J.~) ~, 

..:. (-1/ ct:/ .... i c<. a.;u - ~ a~;) !1'~ , pia.. 

C" 01~ M''-) ,= { (:lCt,oQJO + a1~ ) 
_, (~Ct '4.1 + "'; It)' 7"e ~ 
T 10!()' ~3«, pill 
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>~enb~b..eed. th~; ~2depe~dEmceofthe·a's·, and iheM,2 dependence~.· 
of the Ef's.·FoI'then+p data the M2 d~pe~d~~C:iSgiVen in Section V 

, (M':l.) ltoo 

. .-
·a.'O 

. '23 
where 

I 
et.;30 

e' 

( Mt&) 

(M'~) 

, 
I e~~oo :: Aoo 

. .- ' >.,' 
::' A to e" 10 

·t . , 
" 30 ::.. A3.0 e· 

I = .. ' '(5f..)(' ~)-' r.. r;,. a M . .q ~ 

(B12) 

with13 Mo = 1550 MeV, ro =130 MeV, x = 0..30, andqo the value of q' at 

.resonance •. 

. Substituting Eqs. (11) and (B12) into Eq. (Bll) gives Ci (r.t-, M,2) 

. explicitly in terms of the A I S, ~'s and various momentum dependences. 

Now, integration over M,.2, one variable of the production Dalitz plot, 

give the Ci' s in the other variable, M2. Treating these new expres

sions as described in Section V, we can fit the n+p data and determine 

. the quantities; A:o ,A'/~ ,A~" ' ~~o,~',o' ).'ao •• . ,'.' 

" .. ' 

" ;.. ~,' .. 

. " " >" . 

I ~ "'oiJl For the n p data we make the SUbstitution A "'/3 e. ,.. ~ 
I, . " .., ~ ~ .. ' 
J- A ("«4 +- .:::. B e is and 3' oc.,ee 3 «,e except that 

A ,).~ I A ~>.oo 
00 e --. "3 00 e + Now fitting then p data, 

we obtain the quantities, 
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"Fig.'L', Schematicdiagrani:of the beam optics. A ma s s d spe ctrometer , ' 
" + ,'" " 

not shown in the diagram, is used in the rt beam to separate' 

+ 
. - .. :' 

:re mesons from protons. 

Fig. ,2.' The distributions in the missing neutral, mass (using 'unfitted 

quantities) for events which fit either of the reactions 

++ + - 0 2 :re-p ~:re-p:rc:re, (:re or 'Y) with a X < '8.6.' 

'. a. ' ,1170 MeV / c incident:re 
+ 

, b. + 1050 MeV/c incident :re 

c. 1170 MeV/c incident :re-
. . ," 

Fig. 3. The 2C X2 distribution of the 273 events ,for reaction (3) 

,',\ 

'. ' .. ' 

(solid lines). The dashed lines represent the "theoretical" " 

2C X2 distribution normalized to 213 events. 

Fig." 4. + - 0 " 
The distributions in the invariant mass of the :re :re:re (using 

, ' 

,", 2 " 
unfitted quantities) for events in Fig. 2 for which M (missing, 

in the final stat,e; 

is closer to M2 = 0.30 Be~ has , 11, ' , been plotted. , . 

1170 MeV/c incident + a. :re 

p. 1050 MeV/c .incident + rt 

I 

.~ .. 

"C' '.' 

.' 
.," v 

;. 

',:' .' 
, -( 

.. : 

.,: . 

'.' . ~ 

""'!I 

c. 1170 MeV/c incident :rc .:. '.!. ~ . 
, , ' 

+ + 
Fig. 5. ' Variation of cr(:rc-p ~ .:re-PT}; 11 ',~:re +:re -:reo) as a function 6f ind- ,.' 

: ~. '., 
-,-, . ..} ",:. 

dent beam momentum. The:rc + data points are indicated by black, ".' ,,' 
,'.: 

dots; the:re data points by open circles. See TableII'for 

references. The u=o curve is the result of the threshold para-



Fig. 6. 

- 87-

meterization of the n+ data (see Section VB). The other solid 

curves are the results'of the modified parameterization of 

Section ve. The dashed curve is the u=67 curve for the n 

data. 

Mnemonic (non-relativistic) diagram in velocity space depict-

N ~ 

ing the two-step reaction nBP ~ ~ N; N ~nnPD' . In the overall 
...to 

. center of mass n
B 

has orbital angular momentum if:.. and linear . 
. ... 

momentum k along the z-axis; ~ has orbital angular momentum 
'. ~ . 

P, and linear momentum -p. - ... . The two vectors,k and p, def~ne 

. ·the production plane. The normal to the production plane, k 
A • th . . ".~ A th ~ t th . x p, ~s e y-ax~s; x= ~ x z. In e N res frame e z-ax~s 

is in the production plane at an angle ~ from the line of 

" 01\ N . 

flight of the eta; cos '1 = p·k. The N of mass M and total 

-angular momentum, J, decays into nD and PD with orbital angu-

- - '" " -I lar momentum L and linear momentum q; cos9 = q ·z, IT> = tan 

[ A "'/" ... 1 <I. 11 '1. x • The total angular momentum of the system is 

-»; the total energy is E. 

Fig. 7. Production Dalitz plots and mass squared projections. The 

curves are given by Eqs. (15) and (16) using our best fit 

parameters. 

/ 
+ a. 1170 MeV c incident n 

b. 1050 MeV/c incident n+ 

c. 1170 MeV/c incident n 

. Fig. 8. Production angular distributions in the center of mass. The 

. curves are given by Eq. (12) using our best fit parameters. 
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a. ':'~.ii70· MeV/c incident ~/" 

b •. 1050 MeV/c incident 1(+ • 

c., 1170 MeV/c incident 1( 

~ 

", .: ;,.. 

]!'i.g. '9'. N azimuthal decay angular distributions.' The curves are giv,en 

,',byEq. (13) using our best fit parameters. ' 

1170 MeV/c incident + . a. 1( 

b. 1050 MeV/c incident + 1(' 

··C. 1170 MeV/c incident 1( 

~ 

Fig., 10. N polar decay angular distributions. The, curves. are given 

, .by Eq. (14) using our best fitparamet.ers. 

1170 MeV/c, incident + a. 1( 
.' 

b. 1050 MeV/c incident + 
1(' 

c. 1170, MeV/c incident 1( 

',' ' + ' '+ 
Fig. 11. Mass and angular distributions for the reaction 1( p ~ 1( PTl 

published in references (2-7).' ";l'he curves are those given by' 

our parameterization of Section ve, and are normalized to the '.' 

total number of events. 

a. Mass distributions 

b. Angular distributions 
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This report was prepared a~ an account of Government 

sponsored work. Neither the United States, nor the Com
m1SS10n, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 

or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






