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ABSTRACT OF THE DISSERTATION

Function Computation with Optimal Number of Queries

by

Ashkan Jafarpour Koujahi

Doctor of Philosophy in Electrical Engineering (Communication Theory and
Systems)

University of California, San Diego, 2015

Professor Alon Orlitsky, Chair

Evaluating a multivariate function is a crucial and ubiquitous task whose
importance has inspired countless different computational models. These models
are made by restricting the function’s class, changing the computational elements,
moderating the computation error probability, adding assumptions on input prob-
abilities, assuming noisy queries, etc.

In most function-computation problems, the major cost of calculating the
function is the price of samples or queries. The query meaning may change from
one model to another but the aspiration to minimize the number of queries is
unavoidable in all the models. In this dissertation, we consider and optimize the

number of queries for two models in Part I and II.

XV



In part I, we study maximum selection and sorting of n numbers using pair-
wise comparators that output the larger of their two inputs if the inputs are more
than a given threshold apart, and output an adversarially-chosen input otherwise.
We consider two adversarial models. A non-adaptive adversary that decides on
the outcomes in advance based solely on the inputs, and an adaptive adversary
that can decide on the outcome of each query depending on previous queries and
outcomes. Against the non-adaptive adversary, we derive a maximum-selection al-
gorithm that uses at most 2n comparisons in expectation, and a sorting algorithm
that uses at most 2nlnn comparisons in expectation. These numbers are within
small constant factors from the best possible. Against the adaptive adversary,
we propose a maximum-selection algorithm that uses ©(nlog(1/e)) comparisons
to output a correct answer with probability at least 1 —e. The existence of this
algorithm affirmatively resolves an open problem in [5].

Our study was motivated by a density-estimation problem where, given
samples from an unknown underlying distribution, we would like to find a distri-
bution in a known class of n candidate distributions that is close to underlying
distribution in ¢; distance. Scheffe’s algorithm [19] outputs a distribution at an ¢,
distance at most 9 times the minimum and runs in time ©(n?logn). Using maxi-
mum selection, we propose an algorithm with the same approximation guarantee
but run time O(nlogn).

In Part II, we consider and propose a new method for function computa-
tion. The function’s computation query complexity is the lowest expected number
of queries required by any query order. Instead of computation, it is often easier to
consider verification, where the value of the function is given and the queries aim to
verify it. The lowest expected number of queries necessary is the function’s verifi-
cation query complexity. We show that for all symmetric functions of independent
binary random variables, the computation and verification complexities coincide.
This provides a simple method for finding the query complexity and optimal query
order for computing many functions. We also show that after relaxing any of the
symmetry, independence, or binary inputs restrictions, there are functions whose

verification complexity is strictly lower than their computation complexity.

Xvi



Part 1

Ranking with Application to

Density Estimation



Chapter 1

Introduction

1.1 General background and motivation

Maximum selection and sorting based on pairwise comparisons are crucial
operations with wide-spread applications in many aspects of computing, sports,
marketing, and decision making [35, 18]. Algorithms performing these operations
using few comparisons are consequently taught in most algorithm-design courses
and textbooks, e.g., [15].

In a typical application, each of several items has a score, and using pairwise
comparisons, we would like to find the largest item, or to sort the items, based
on their scores. In the simplest model, every pairwise comparison yields the item
with the higher score.

However, in many applications the comparison may be imperfect. For exam-
ple, in sports, we would like to find the strongest team based on pairwise matches
that don’t always result in the stronger team winning, and chance may play a role.
Or when deciding which product is most desirable based on consumers’ choices
between pairs of products, the responses depend on the individuals providing the
answers. Given such imperfect comparisons, we would like to find algorithms that
find or approximate the largest element or sort the elements using few comparisons.

Depending on the motivating application, several methods of quantifying
the comparison inaccuracy have been proposed. The Bradley-Terry-Luce [12]

model assumes that if two teams with scores x and y are compared, then the



team with score x is selected with probability z/(x + y). Algorithms for ranking
and estimating weights under this model were proposed, e.g., in [31]. Another
model assumes that the output of any comparator gets reversed with probabil-
ity less than 1/2. Algorithms applying this model for maximum selection were
proposed in [4] and for ranking in [23, 13].

We consider a third model were, unlike the previous models, the comparison
outcome can be adversarial. If the two team capabilities differ by more than a
threshold A, namely one team is significantly stronger than the other, the higher-
capability team wins. However, if the team capabilities differ by at most A, then
the winning team is chosen arbitrarily, and possibly even adversarially.

This model is motivated by several physical observations. The popular
Weber-Fechner law [21] stipulates that if two physical stimuli are within a thresh-
old A from each other, a human will not be able to distinguish between them,
while if the stimuli are farther than A apart, then the observer would easily dif-
ferentiate between them. In sports, a judge or a home-team advantage may, even
adversarially, sway the outcome of a game between two similarly-capable teams,

but a significantly more capable team will always beats its opponent.

1.2 Density estimation via pairwise comparisons

Our motivation for studying maximum selection derives from a density-
estimation and distribution-learning problem. In a typical PAC-learning setup [36,
24], we are given a known distribution class P and samples from an unknown
distribution py € P, and would like to find, with high probability, a distribution
p € P such that |[p — pol|; < 9.

One approach to solve this problem proceeds in two steps [19]. First, offline,
construct a d-cover of P, a finite collection Ps € P of distributions such that every
distribution in P is within ¢; distance < ¢ from some distribution in Ps. Then, given
samples from py, find with high probability a distribution in Ps whose ¢; distance
to pp is close to the least possible. These two steps result in a distribution whose

¢y distance from pq is close to §. Surprisingly, for several common distribution



classes, such as Gaussian mixtures, the number of samples required by this generic
approach matches the information theoretically optimal sample complexity, up to
logarithmic factors [17, 3].

A popular method for implementing the second step, namely to find a
distribution in Ps with a small /; distance from py, is via binary comparisons. The
Scheffe Algorithm [34, 19] takes every pair of distributions in Ps and uses samples
from pgy to decide which of them is closer to py. It then declares the distribution
that “wins” the most pairwise closeness comparisons to be closest to pg. As shown
in [19], with high probability, the Scheffe algorithm yields a distribution that is at
most 9 times further from py than the distributions with the lowest distance in Ps
plus a diminishing additive term.

Since the Scheffe algorithms compares every pair of distributions in Py, its
running time grows quadratically in [Ps|. In Section 2.2, we use maximum-selection
results to describe an alternative algorithm with the same error guarantees but

running time that is linear in |Ps].

1.3 Definitions

Let X %

{z1,...,2,} be a multiset of n real numbers, possibly with repeti-
tions. We would like to estimate the largest element x* def max{xi,...,T,} using
noisy pairwise comparisons. The comparators we consider take two real inputs x
and y, and if |z —y| > A, output max{z,y}, while if |x - y| < A, they output either
x or y, possibly adversarially. Without loss of generality, we assume that A =1,

hencel,
max{x,y} it Jr-y|>1,

C(,y) ={ (1.1)

x or y (adversarially) if  |r-y|<1.

!Note that in most applications, we compare objects, such as teams or probability distribu-
tions, that have scores, and the output of the comparator is not one of the two scores, but rather
one of the two objects. For our algorithms to apply to these problems, we allow the comparator
to determine the output based not only on the scores but also on the objects themselves, as long
as the output is consistent with (1.1). For example, if two teams A and B have the same score,
the comparator can consistently output one of the teams, say consistently team B.



We consider two types of adversarial comparators, non-adaptive and adap-
tive. A non-adaptive adversary that has complete prior knowledge of X and the
algorithm, but must decide on the comparator output for all input pairs before
the algorithm starts running. It cannot decide on a comparison result for an un-
seen pair based on previous queries and outcomes. Note that in the adversarial
model we will never compare the same pair of inputs more than once. A natural
way to represent such a comparator is via a complete directed graph with n nodes
representing the inputs and if C(x,y) = x, then there is a directed edge from x to
v.

Let Cpon(X) or simply C,on, denote the set of all possible adversarial com-
parators under this model.

A stronger adaptive adversary not only has access to the algorithm and the
inputs, but it is also allowed to adaptively decide the outcomes of the queries taking
into account all the previous queries made by the algorithm. The adversaries under
this model are denoted by Caqpt.

For consistency with existing literature, we refer to each comparison as a
query. The number of queries algorithm A makes for X = {z1,...,x,} or the query
complezity of A is denoted by Q. Note that Q4 is a random variable since our

algorithms are randomized. The expected query complexity of A for X is

def
g < E[QR],

where the expectation is over the randomness of the algorithm.
The mazimum expected query complexity of A against a non-adaptive ad-

versary is

Anon dgf

q@, max max g, (1.2)

CeCnon X

Similar to the non-adaptive adversarial model, the maximum expected query com-

plexity of A for an adaptive adversary is

A,adpt dgf

A
y INax max gy

CeCadpt
We evaluate an algorithm by measuring how close its output is to the max-

imum. A number x is a t-approximation of x* if x > x* —t. The t-approximation



error of an algorithm A for n inputs is
EA) CPr(Ya(X) <2t -t),

the probability that A’s output Y4(X) is not a t-approximation of z*. For an Algo-
rithm A, the maximum ¢-approximation error for the worst non-adaptive adversary
is

gnon (1) ' max max EA(),

€Cnon

and similarly for the adaptive adversary,
gAadvt (1) € max max EA(L).
ecadpt X
For the non-adaptive adversary, the minimum t-approximation error of any algo-
rithm is

(1) € min & (8),

and similarly for the adaptive adversary,

EP(t) € min £ (1),

Clearly, £2P'(¢) > &mon(t) for all t. The following simple example shows that
Eyon(t) > & for all ¢ < 2.

Example 1. £5°(t) > & for all t < 2. Consider X = {0,1,2} and the following

comparators.
0
2<«—1

By symmetry, no algorithm can differentiate between the three inputs, hence

any algorithm will output 0 with probability 1/3.

By replicating each value for % times, we can generalize this example to
larger n. In Section 1.5.1 we show a stronger result, namely for all ¢t < 2, we cannot
obtain a t-approximation with probability greater than 1/2-1/(2n).

We are interested in designing algorithms that have small query complexity,

and small t-approximation error for small values of .



1.4 Previous and new results

In Section 1.5.1 we lower bound &£2°%(t) as a function of t. We show that
for all ¢ <1 and odd n, E°*(t) > 1 - 1/n, namely for some X, approximating the
maximum to within less than one is equivalent to guessing a random =z; as the
maximum. In Lemma 3, we modify Example 1 and show that for all ¢ < 2 and odd
n, any algorithm has t-approximation error close to 1/2 for some input.

We propose a number of algorithms to approximate the maximum. These
algorithms have different performance guarantees in terms of the probability of
error, approximation factor, and query complexity.

We first consider two simple algorithms, the complete tournament, COMPL,
and the sequential, SEQ. COMPL compares all pairs of inputs, and outputs the
one with the maximum number of wins. We show the simple result that comMPL
achieves a 2-approximation of z* with zero error probability. We then consider the
sequential algorithm SEQ that compares a pair of inputs and discards the loser and
compares the winner with a new input. We show that even under randomization,
with high probability, this algorithm cannot provide a constant approximation.

We then modify knock-out to derive a new algorithm KO-MOD that achieves
a 3-approximation with error probability at most € against the adaptive adversary.
We note that [5] proposed a different algorithm with similar performance guaran-
tees.

Motivated by quick-sort, we propose a quick-select algorithm Q-SELECT
that outputs a 2-approximation with zero error probability and has the expected
query complexity of at most 2n against the non-adaptive adversary. However, as
we see in Example 14, the algorithm may require (g) queries against the adaptive
adversary.

This leaves the question of finding a 2-approximation of z* with O(n)
queries against the adaptive adversary. In fact, [5] asked whether there exists
an O(n)-query randomized algorithm that outputs a 2-approximation of the max-
imum. We solve this problem by designing an algorithm cOMB that combines
quick-select and knock-out. We prove that COMB outputs a 2-approximation with

probability of error at most €, using O(nlog <) queries. We summarize the results



in Table 1.1.

Table 1.1: Maximum selection algorithms

algorithm notation approximation gpmen ghadpt
complete
p COMPL ESOMPL,adpt(Z) -0 (;)

tournament
deterministic

- gL (2) = 0 O(n?)
upper bound [5]
deterministic

- gladrt(2) = 0 - Q(n3)
lower bound [5]
sequential SEQ Epomen (lolgoign - 1) -1 n-1
modified ,

KO-MOD groNopadpt 3y ¢ n+slog'n E In %]2
knock-out
quick-select Q-SELECT gxsereradpt 9y _ ) 2n (Z)
Knock-out and on
COMB EooMBadpt (9) ¢ ¢ O (nlog?l)

quick-select

We note that while we focus on randomized algorithms, [5] also studied the
best possible trade-offs for deterministic algorithms. They designed a deterministic
algorithm for 2-approximation of the maximum using only O(n?3?) queries. More-

over, they prove that no deterministic algorithm with fewer than Q(n*/3) queries

can output a 2-approximation of x* for the adaptive adversarial model.

1.5 Simple results

In Lemmas 2 and 3 we prove lower bounds on the error probability of any
algorithms that provide a t-approximation of x* for ¢t < 1 and ¢ < 2 respectively.
We then consider two straight-forward algorithms for finding the maximum. One

is the complete tournament, where each pair of inputs is compared and the other

sequentially compares inputs, discarding the loser at each stage.




1.5.1 Lower bounds

We show the following two lower bounds.
e Forall 0 <t<1 and odd n, Eron(t) > 1 - %
e Forall 1 <t<2and odd n, 2°(t) > 5 - 5-.

These lower bounds can be applied to even values of n by adding an extra input
which is smaller than all others and loses to everyone. Note that Example 1 showed

that V¢ <2, £2°"(¢) > 3. Lemma 3 improves the error probability to about 1/2.
Lemma 2. For all0<t<1 and odd n, E°"(t) >1- 1.

Proof. Consider 0 < ¢; <y <...<c,q <1—t. Let (z1,29,...,2,) be an unknown
permutation of (1,¢q,¢,. .., ¢, 1). Suppose we consider an adversary that ensures

each input wins exactly (n —1)/2 times. An example is shown in Figure 1.1 for

Cl «<— C2

n=>5.

Figure 1.1: Tournament for Lemma 2 when n =5

We want a lower bound on the performance of any randomized algorithm.
By Yao’s principle, we consider only deterministic algorithms over a uniformly
chosen permutation of the inputs, namely only one of the coordinates is 1, and
remaining are less than 1-¢. In this case, if we fix any comparison graph (as in the
figure above), and permute the inputs, the algorithm cannot distinguish between

1 and ¢’s, and outputs one of the ¢’s with probability 1-1/n. [l

Lemma 3. For all 1 <t<2 and odd n, E2°"(t) > 1 - &=
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Proof. Consider 0 < ¢; < ¢g < ... < ¢y1 < 2-t. Let m be (n-1)/2.
Let (z1,79,...,2,) be an unknown permutation of (2,1 + ¢1,1 + ¢9,...,1 +
Crms Cmils Cmi2s - - -, Com ). Suppose the adversary ensures that 2 loses against all

the inputs above 1 and indeed all inputs have exactly (n—-1)/2 wins. An example

is shown in Figure 1.2.

Cq

AR

2 C3

\ <t/

1+ Cl <— 1+ Co
Figure 1.2: Tournament for Lemma 3 when n =5

Similar to Lemma 2, the inputs are all identical to the algorithm and there-

fore, the algorithm outputs one of the ¢’s with probability ™ = % - % m

1.5.2 Two elementary algorithms

In this section, we analyze two familiar maximum selection algorithms,
the complete tournament and sequential algorithms. We discuss their strength
and weakness and show that there is a trade-off between query complexity and
approximation guarantee of these two algorithms. Another well-known algorithm
for maximum selection is knock-out algorithm and we discuss a variation of it in

Section 2.1.1.

Complete tournament (round-robin)

As its name evinces, a complete tournament involves a match between every
pair of teams. Using this metaphor to competitions, we compare all the (g) input
pairs, and the input winning most times is declared as the output. If two or more
inputs end up with the highest number of wins, any of them can be declared as
the output. This algorithm is formally stated in cOMPL and was formerly studied

in the context of density estimation in [19].
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input: X
compare all input pairs in X

count the number of times each input wins

output: an input with the maximum number of wins
Algorithm 1: coMPL - Complete tournament

We bound the performance of the algorithm as follows.

Lemma 4. qgonm,adpt _ (721) and ggolePL,adpt(Q) =0.

Proof. The number of queries is clearly (}). To show £;°"*%(2) = 0, note that
if y < z* -2 then if y beats some z, then z <y+1 <x* -1, hence z* also beats z.
Moreover, x* also beats y. Therefore, * beats more inputs than y, so y cannot be
the output of the algorithm. It follows that the input with the maximum wins is

a 2-approximation of z*. n

COMPL is deterministic and after (g) queries outputs a 2-approximation of
x*. If the comparators are noiseless, we can simply compare the inputs sequentially,
discarding the loser at each step, thus requiring only n — 1 comparisons. This
evokes the hope of finding a deterministic algorithm that requires a linear number
of comparisons and outputs a 2-approximation of x*. As mentioned earlier, [5]
showed it is not achievable. They proved that any deterministic 2-approximation
algorithm requires Q(n?*3) queries. They also showed a strictly superlinear lower
bound on any deterministic constant-approximation algorithm. On the other hand,
they designed a deterministic 2-approximation algorithm using O(n3/?) queries.

Therefore, we consider only randomized algorithms with the hope of finding
a 2-approximation algorithm with O(n) queries. We next consider the sequential
algorithm in the adversarial setup and show that it cannot achieve a constant-

approximation of x*.

Sequential selection

Sequential selection first compares a random pair of inputs, and at each
successive step, compares the winner of the last comparison with a randomly chosen

new input. It outputs the final remaining input.
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input: X
choose a random y € X and remove it from X
while X is not empty
choose a random x € X and remove it from X
y < C(z,y)

end while

output: y
Algorithm 2: SEQ - Sequential selection

This algorithm uses n—1 queries. We give an example of inputs where this
algorithm, even against the non-adaptive adversary, with high probability cannot

output a constant-approximation of x*.

Lemma 5. Let s = ; oen_ - for all t < s, EFY"M(t) 21— ——.
oglogn loglogn

Proof. Let s, logn, and loglogn be integers and let

s for i =1,
s—1 forv=2,...,logn,
s—2 fori=logn+1,...,log*n,
x; =
m for i =log* ™ tn+1,...,log" ™n,
0 forizlogn+1,...,n.

Consider the following non-adaptive adversarial comparator,

max{wx;, x;} if |[z;—x;]>1,
c<xi,xj>={ (woai} i -z

min{z;, z;} if |z; - x| < 1.

Observe that SEQ sequentially compares a random permutation of inputs.
Let L; be the random location in the permutation where input with value j appears

last. The following two observations help to prove the lemma.

Observation 1. Input j appears at least (logn — 1) times more than input j + 1.
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Observation 2. For the defined adversarial comparator, if Lo > L1 > ...> L, then

SEQ outputs 0.

As a consequence of Observation 1, in the random permutation of inputs,
L; > L;,1 with probability at least 1 - @. By the union bound, Ly > L >...> L,
with probability at least,
1
S R .
logn loglogn

By applying Observation 2, SEQ outputs 0 with probability at least 1 - m. [l
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Chapter 2

Maximum Selection with

Adversarial Noise

2.1 Algorithms

In the previous chapter we saw that the complete tournament, COMPL,
always outputs a 2-approximation, but has quadratic query complexity, while the
sequential algorithm, SEQ, has linear query complexity but a poor approximation
guarantee. A natural question to ask is whether the benefits of these two algorithms
can be combined to derive bounded error with linear query complexity. In this
section, we propose algorithms with linear query complexity and approximation
guarantees that compete with the best possible, i.e., 2-approximation of z*.

We now propose three algorithms, with varying performance guarantees:

e Modified knock-out, described in Section 2.1.1, has linear query complex-
ity and with high probability outputs a 3-approximation of x* against both

the adaptive and non-adaptive adversaries.

e Quick-select, described in Section 2.1.2, has linear expected query com-
plexity and always outputs a 2-approximation of z* against the non-adaptive

adversary.

¢ Knock-out and quick-select combination, described in Section 2.1.3, has

14
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linear query complexity, and with high probability outputs a 2-approximation

of x* against the adaptive adversary.

We now go over these in detail.

2.1.1 Modified knock-out

The knock-out algorithm derives its name from knock-out competitions
where the tournament is divided into logn successive rounds. In round i, there are
507 inputs. These inputs are paired at random, and the winners advance to the
next round. The winner after logn rounds is declared as the maximum.

At each round of knock-out algorithm, the largest remaining element de-
creases by at most one. Therefore, knock-out algorithm finds at least logn-
approximation of x*. Analyzing the precise approximation error of knock-out
algorithm appears difficult. However, simulations suggest that for any large n, the
set consisting of 0.2-n 0’s, a-n 1’s, (0.7-«)-n 2’s, 0.1-n 3’s, and a single 4, where
0 < a < 0.7 is an appropriately chosen parameter, the knock-out algorithm is not
able to find 4-approximation of z* with positive constant probability.

The problem with knock-out algorithm is that if at any of the logn rounds,
many elements are within 1 from the largest element in that round, there is a fair
chance that the largest element will be eliminated. If this elimination happens in
several rounds, we will end up with a number measurably smaller than z*. To
avoid this problem, we select a specified number of elements at each round and
save them for the very end, thereby ensuring that in every round, if the largest
element is eliminated, then an element within 1 from this element has been saved.
We then perform a complete tournament on the saved elements.

More precisely, to ensure that a number close to x* remains till the end,
at each round, we would like to keep an input within l-approximation of x* with
high probability. Our proposed algorithm to achieve this goal is modification of
knock-out algorithm KO-MOD.

We show that KO-MOD has 3-approximation error less than €. Let ny et

E In % log n] At each round, KO-MOD retains n; inputs in an additional multiset )
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input: X
pair the inputs of X randomly, let X’ be the winners

output: A"’
Algorithm 3: KO-SUB - Subroutine for KO-MOD and COMB

input: X, e
V=@ n = Eln%logn]
while |X| > n,
copy ny of random inputs from X to Y
X « KO-SUB(X)
end while

output: compL(X U)Y)
Algorithm 4: KO-MOD - Modified knock-out algorithm

and runs the knock-out subroutine KO-sUB on the multiset X. When the number
of inputs in & is < nq, then the algorithm runs the complete tournament on X (J ).

Since |X UY)| is poly-logarithmic in n, the extra query complexity of the
complete tournament will be poly-logarithmic in n. For the approximation guaran-
tee, we show that at each round of the algorithm, an input within 1-approximation
of z* remains in the set X J) with probability greater than 1-¢/logn. Since there
are at most logn rounds, by union bound, with probability greater than 1 —¢, an
input within l-approximation of z* remains in XJ). Observe that the com-
plete tournament outputs a 2-approximation of its maximum input. As a result,

KO-MOD outputs a 3-approximation of x* with probability greater than 1 —e.

- t 2 - dpt
Theorem 6. Forny >4, g™ ® <+ llog'n [1In2]" and 507 P(3) <.

Proof. The number of comparisons made by KO-SUB is at most § +% + % +... <n.

Observe that KO-SUB is called m % [log nil] times. Let X; be the multiset X at
the start of ith call to KO-SUB. Let &)1 and ),,;1 be the multisets X and ) right

before the call to COMPL.
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The number of inputs in X,,,;1 U Vst is

|Xm+1 Uym+1| < |Xm+1| + |ym+1|

<ny+ ) ([Vial = 19
i=1

<np+mng
1.1
= [log2 + 1] [—ln—logn]
s € €
1, 1
Slogzn[—ln—],
€ €

where the final inequality follows as n; > 4. As a result, the complete tournament
2
uses less than %log4n Hlnﬂ queries. Therefore, the total number of queries is
2
less than n + %log4n E In ﬂ .

We now bound the error of KO-MOD. Let
X*dgf{xe)(:xzx*—l},

the multiset of inputs that are at least 2*-1. Fori=1,...,m+1, let A* = A;NA*
and V) .1 = Vi NX™.

Let o def % and a = max{aj,as,...,q,}. We show that with high prob-
ability, |X*  UY: 1| 21, i.e., some input in &,,41 UVims1 belongs to X*. In par-
ticular, we show that for large «, at least one input from X* will be in ),,,1, and

if v is small then z* remains in X,,,,1.

Observe that,

Pr(&;.. =2) <Pr(z” ¢ X7,0)

=Y Pr(z* ¢ Xj|z* € X)) - Pr(z* € X))
i=1

1=1
@ o X -1
<

2 %1
< Z@i

=1
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where (a) follows from the fact that KO-SUB randomly pairs the inputs and only
inputs inside X*\{z*} may eliminate z* at round i.

At round ¢, the probability that an input in A'* is not picked up in ) is

Eal% n
(1— |X| :(1—Oéz‘) .

Therefore,
Pr(): .1 =2) <min(l-a;)™ < (1-a)™.
As a result,

PI(X;HI Uy;w—l = Q) = Pr(X;Hl =g A y;:w—l = @)
<maxmin{Pr(X;,, =2),Pr(V;.. =2)}

m
e

<maxmin {am, (1 -a)™}

(a)
< max{am, (1 - oz)"1}|a:1 c
og

e () |
= max 1 -
logn logn

()
<

I

where (a) follows since the first term increases and the second term decreases with
a, and (b) follows since m < logn and n; = E In<log n]

So far we have shown that with probability 1—e¢, there exists an input inside
Xi1 U Vst that is 1-approximation of z*. Lemma 4 showed that COMPL outputs
a 2-approximation of its maximum input. Consequently, with probability 1 — €,

KO-MOD outputs a 3-approximation of x*. ]

The next example shows that the modified knock-out algorithm cannot

achieve better than 3-approximation of x* with constant probability.

Example 7. Suppose n —2 is multiple of 3 and n is a large number. Let X be a

random permutation of

{3,2,2,...,2,1,1,...,1,0,0,...,0,0%}.

~
n—2 n-2 n-2
3 3 3
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The multiset of inputs consists of an input with value zero but specified with 0*,
since this input is going to behave differently from other Os. Let the adversarial
comparator be such that all Os, except 0*, and all 2s will lose to all 1s, and 3 loses
to all 2s. By the properties of comparator it is obvious that any 2 will defeat all
zeros, including 0*. In order to prove our main claim, we make some arguments

and show that each of them happens with high probability.
o Pr(input with value 3 is not present in the final multiset)> 1%.
e Pr(input 0* is present in the final multiset)> 3.

o With high probability, the fraction of 1s in the final multiset is high and the

fraction of Os and 2s are very small.

Before proving each argument we show why all the above statements are sufficient
to prove our claim. Consider the final multiset; with high probability it mainly
consists of 1s and there are small number of 0s and 2s. Moreover, with probability
greater than % X 13—0, input with value 3 has been removed before reaching the final
multiset and 0* has survived to reach the final multiset. Therefore, if we run
Algorithm COMPL on the final multiset, the input 0* will have the most number
of wins and declared as the output of the algorithm. Hence for all t < 3, we have
EROMOPION(E) > constant. Note that we did not try to optimize this constant.

Now we show why each of the arguments above are true. Note that all the
discussions made below 1s in expected value. However, the concentration bounds
for all these claims are straightforward but not discussed because it is out of the

scope of this study. Also we assume that n is sufficiently large.

Lemma 8. With high probability, the fraction of 1s in the final multiset is close

to 1 and the fraction of 0s and 2s are very small.

Proof. We calculate the expected number of 0s, 1s, and 2s at each step. Let f;(j)
be the fraction of j’s at the end of step . After each step, we lose an input with
value 1 if and only if they are paired with each other. So we have the following

recursion,

fr (1) = 2- (D) (552 + 1 £i(1)).
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where the factor 2 on the RHS of the recursion above is due to the fact that at
each step we are reducing the number of inputs to half. Starting with fo(1) =
1/3, we get the set of values {1/3,5/9,65/81,6305/6561 ~ 0.96, ...} for f;(1)s. We
can see that the ratio is approaching 1 very fast. More precisely, the fraction of
Os is decreasing quadratically since their only chance of survival is to get paired
among themselves. As a result, after a couple of steps, the fraction of zeros is
extremely small, and henceforth the only chance of survival for 2s becomes getting
paired among themselves and also their fraction is going to decrease quadratically
afterwards. As a result, more samples of 1s will be in the final )} with high

probability. O]
Lemma 9. Pr(input with value 3 is not present in the final multiset)> 1%.

Proof. The input with value 3 is going to be removed when it is compared against
one of the 2s. There is a slight chance of surviving for it if it is chosen randomly
for being in the output. Thus the probability of input 3 being removed from the
multiset in the first round is

-2
Pr(input 3 is being removed in the first round) = n3_ (1 - ﬂ) > %,
n n

where ny = Eln%logn]. [l
Lemma 10. Pr(input 0* is present in the final multiset)> 3.

Proof. Similar to the argument made in the proof of Lemma 8, we have the fol-

lowing recursion for f;(2).

fia(2) =2+ Fi(2) (L2 +1- £2) - £i(1))

Thus we have fy(2) = 1/3, f1(2) =1/3, f2(2) =5/27, f3(2) = 85/2187. As we stated
in the proof of Lemma 8, the expected fraction of 2s is decreasing quadratically
and

Pr(0surviving) = (1- 1)(1- )(1 - $)(1- 5%)> 2.

proving the lemma. O
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2.1.2 Quick-select

Motivated by quick-sort, we propose a quick-select algorithm Q-SELECT
that at each stage compares all the inputs with a random pivot to provide stronger

performance guarantees against the non-adaptive adversary.

input: X
pick a pivot z, € X at random
compare x, with all other inputs in X
let Y c X\{z,} be the multiset of inputs that beat z,

output: if Y # @ output ) otherwise output {z,}
Algorithm 5: QS-SUB - Subroutine for Q-SELECT and COMB

input: X
while |X|> 1
X < Qs-suB(X)

end while

output: the unique input in X
Algorithm 6: Q-SELECT - Quick-select

We first show that Q-SELECT provides a 2-approximation with no error
against both the adaptive and non-adaptive adversary. To show this result, observe
that x* will only be eliminated if a 1-approximation of z* is chosen as pivot and

therefore, only inputs that are 2-approximation of z* will survive.
Lemma 11. £S04t (9) - (.

Proof. 1f the output is x*, the lemma holds. Otherwise, z* is discarded when it
was chosen as a pivot or compared with a pivot. Let z, be the pivot when z*
is discarded, hence x, > 2* — 1. By the algorithm’s definition, all the survived

elements are >z, — 1> z* - 2. O

We now show that the expected query complexity of quick-select against a

non-adaptive adversary is at most 2n. This result is similar to the case when the
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comparisons are noiseless. To obtain high probability results, we prove a super-
exponential decay of the number of queries. We finally consider an example for

which Q-SELECT requires ( ) queries against the adaptive adversary.

Q-SELECT,non

Lemma 12. g, <2n.

Proof. Recall that the non-adaptive adversary can be modeled as a complete di-
rected graph where each node is an input and there is an edge from z to y if
C(z,y) = z. Let in(x) be the in-degree of z.

At round ¢ the algorithm chooses an z, at random and compares it to all
remaining inputs. By keeping the winners, max{in(z,),1} inputs will remain for

the next round. As a result, we have the following recursion for non-adaptive

adversaries,
g SELECT = [ [(QQ-SPLECT]
—n—1+ l iE[ Q—SELECT]
n i in(;)
1+ l Zn: Q-SELECT

=n- n ! qln(xl

By (1.2),
gQSPLECTION = gy max @ SELECT (2.1)
€ non

Q-SELECT
= maxmax|n-1+—
CECnon X Z qln(l'i)

- Q-SELECT
<n-1+ Zcr&%ii MAX G )

Q-SELECT,non

1
=n-1+— .
n n in(z;) )

where the inequality follows as maximum of sums is at most sum of maximums.

We prove by induction that g7 >**“""°" < 2(n - 1). It holds for n = 1. Suppose it
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holds for all n’ < n, then,

qS—SELECT,non <n- 1 + l = iQn—(SJl;ZiL)ECT,non
i=1
1 n
<n-1+=>2-in(z)
n=1
n(n-1
I P k)
n
<2(n-1),
where the equality follows since the in-degrees sum to w [l
Lemma 12 shows that ¢ °""“""" < 2n. Next, we show a naive concentra-

tion bound for the query complexity of Q-SELECT. By Markov’s inequality, for a
non-adaptive adversary,

Pr(Q%s" T > 4n) < %
Let k£ be an integer multiple of 4. Now suppose we run Q-SELECT, allowing kn
queries. At each 4n queries, the Q-SELECT ends with probability > % Therefore,

Pr(QSEECT 5 fp) < 274

This naive bound is exponential in k. In the following lemma, for the non-adaptive

adversary, we establish a tighter super-exponential concentration bound.

Lemma 13. Let k' = max{e,k/2}. For the non-adaptive adversary, Pr(Qy """ >

kn) < e~ (k=K) k"

Proof. Abbreviate Q""" by Q,. As in the Chernoff bound proof, for all X > 0,
E[e?@n ]

ekAn

Pr(Q, > kn) < (2.2)

Let A = LInk" and (i) ©E[e@]. We prove by induction that ®(i) < e¥». The
induction holds for i = 0. Similar to (2.1), we have the following recursion for ®(n),

eMn-1)

d(n) <

n

i@(inm))

An

< % i@(in(%)).
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Since in(z;) < n, using induction,

€>\n n e)xn n

— Z P(in(z;)) < — Z ek Ain(z;), (2.3)

Observe that e?*n(z:) is a convex function of in(x;) and Y7, in(x;) = nnl) D As

a result, the RHS of (2.3) is maximized when the in-degrees take their extreme

values, i.e., any permutation of (0,1,...,n— 1). Therefore,
Z ek Ain(z;) < Z ek Aj
7=1

e)\n ek An _ 1

T o
Combining the above equations,
/\n ek: An _ 1
d(n) < ——77—.
Similarly by induction on 1<i<mn,
6)\1 ek AP 1

Q1) < ————.

Next, we show that for 1 <7 <n,

eM ek’)\i -1

— - S ek,)\l.
i eFA-1

For a positive real number ¢, let
X1 _ oKXt
def el -
t -
We show that f(¢) <1 for 0 <t <n. Observe that,

k)\

On the other hand,
e ] — e—k:'/\n
)=t

< k' 1

= ek Ink'/n _q
k' n

< —
n k'Ink’

<1
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Next we show that f(t) is convex. One can show that,

1-e®

Y

In
U

is a convex function of u. As a result,

is a convex function of t. Observe that Ine is also convex. Therefore,
In ﬂ +Ine,
t
is convex. As a result, logarithm of f(¢) is convex and therefore, f(¢) is convex.
So far we showed that f(t - 0) <1, and f(n) <1, and f(¢) is convex. Therefore,
forall 0 <t <n, f(t) <1. As a result,

i k"N _
eMe 1 i

- <e
1 eF'A -1

By induction, we showed that ®(i) < e¥'* for 1 <4 < n and in particular,
®(n) < e¥ . Substituting E[e*?n] = ®(n) in (2.2),

ek'/\n
ekAn

ek' In &k’

Pr(Q, > kn) <

- ekInk’

(bt ’
= (k=K Ink’

Hence the lemma is proved. [l

While Q-SELECT has linear expected query complexity under the non-
adaptive adversarial model, the following example suggested to us by Jelani Nel-
son [32] shows that it has a quadratic query complexity against an adaptive ad-

versary.

Example 14. Let X = {0,0,...,0}. At each round, the adversary declares the pivot
to be smaller than all other inputs. Consequently, only the pivot is eliminated and

the query complexity is (g)
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2.1.3 Knock-out and quick-select combination

Our final algorithm cOMB provides a 2-approximation of * even against the
adaptive adversarial comparator, and has linear query complexity. This resolves

an open question of [5]. We begin with a few simple lemmas.

input: X, e
B1=9,0,=25,i=0
while |X|> 1
i=i+1 (7 is the round)
= |X]
run X < Qs-suB(X) for [61 log%J times
X=X
if || > 2n;
run KO-SUB on fized X for [52 (% log J times
if there exists an input with > % l log J wins
let X be inputs with > = [ % log J wins
else
let X be an input with highest number of wins
end while
output: X

Algorithm 7: coMB - Knock-out and quick-select combination

Lemma 15. At each round |X| reduces at least by a third, i.c., niq < 3n,.

Proof. If at any round |X;| < %ni, then the lemma holds and the algorithm does not
call KO-SUB. On the other hand, if KO-SUB is called, then by Markov’s inequality
at most %rd of the inputs win more than %th fraction of queries. As a result, at

round ¢ at least %rd of the inputs in X will be eliminated. [l

Recall that
X*={xeX:x>x"-1}.

The next lemma shows that choosing inputs inside X'* as a pivot, guarantees a

2-approximation of x*.
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Lemma 16. If z* € X', at a call to QS-SUB either x* survives or a pivot from X'*
1s chosen where in the later case, only inputs that are 2-approximation of x* will

survive.
Proof. Similar to the proof of Lemma 11. m

We showed that at each round, cOMB reduces |X| by at least a third. As
a result, the number of inputs decreases exponentially and the total number of
queries is linear in n. We also show that if xz* is eliminated at some round, then
in that round, an input from A* has been chosen as a pivot with high probability.
Using Lemma 16, this implies that COMB outputs a 2-approximation of x* with

high probability. We now analyze the performance of COMB.

Theorem 17. ¢St = 0 (nlog %) and EFOMPPY(2) < e

Proof. We start by analyzing the query complexity of COMB. By Lemma 15,
n;<n- (%)i_l .

Therefore, the total number of queries at round ¢ is at most

where the first term is from calls to Qs-SUB and the second one is from calls

to KO-sUB. Adding the query complexity of all the rounds,

qTCLOMB,adpt < nlog% i (ﬁl (%)i_l + %ﬁg (g)z—l)

i=1
<n(3p; +60;)log
=0 (n log %) )

We now analyze the approximation guarantee of COMB. We show that at

least one of the following events happens with probability greater than 1 —e.
e COMB outputs x*.

e An input inside X'* is chosen as a pivot at some round.
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Let X* def X;NX* and «; def |X:|. We consider the following two cases

separately.

e Case 1 There exists an i such that |} > %nz and oy > %.

e Case 2 For all 4, either |X;| < 2n; or o; < %.

First we consider the case 1. We show that in this case a pivot from X'* is
chosen with probability > 1—e€. Observe that at round 7, |X| is at most n; which is
less than 2|Xj|. On the other hand, in all the lﬁl log%J calls to Qs-suUB, |X N X
is at least |X*| which is a;|&;|. Therefore, in all the calls to QS-SUB at round i,

|X N x| S o X 2

EREEZ e

Let E be event of not choosing a pivot from X'* at round 7. As a result,

Pr(FE) < (1 - %ai)[ﬁl 1Og%J

< (Q)SIOg%

—_

<E.

Therefore, in case 1, with probability more than 1 — ¢, a pivot from X'* is chosen.

We now consider the case 2. By Lemma 16 during the calls to QS-SUB,
either x* survives or an input from A’* is chosen as a pivot. Therefore, the only
way to lose z* without choosing a pivot from X'* is if at some round i, |X;| > %nz
and z* wins less than %th of its queries during the calls to KO-SUB.

Recall that in case 2, if |X;] > %nl then o; < %. Observe that x* wins against
a random input in &; with probability greater than > 1 — «; which is at least g.
Let E! be the event that x* wins fewer than %th of its queries at round <. By the

Chernoff bound,
Pr(E}) < exp (=D (3117 52 (3) Tox )

4 1
2(3)
<e\3
def

where D(pllg) = pInk + (1 -p) ln% is the Kullback-Leibler distance between

Bernoulli distributed random variables with parameters p and g respectively. As-

Y

suming € < %, the total probability of missing x* without choosing a pivot form A'*
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is at most
) 0o 4\*
Y Pr(E]) < 262(5)
i=1 i=1

<E€.

So far we showed that with probability > 1—¢, either x* survives or an input

inside X'* is chosen as a pivot. The theorem follows from Lemma 16. O

2.2 Application to density estimation

Our study of maximum selection with adversarial comparators was moti-
vated by the following density estimation problem.

Given a known set Ps = {p1,...,p,} of n distributions and k samples from
an unknown distribution pg, output a j such that for a small constant C' > 1 with
high probability,

[Po = pjll < € - min [po =pifly + 0r(1).
This problem was studied in [19] who showed that for n = 2, the SCHEFFE-TEST
takes k& samples and with probability 1 —¢ outputs a distribution p € Ps such that
10log £
o

1P = poll; < 3-min|[p - pol|, + (24)
pePs

input: distributions p; and ps, k i.i.d. samples of unknown
distribution pg
let §={x:pi(z)>pa(z)}
let p1(S) be the probability mass that p; assigns to S
let po(S) be the probability mass that p, assigns to S
let ps be the frequency of samples in §

output: if [p1(S) — us| < |p2(8S) - ps| output py, otherwise output po
Algorithm 8: SCHEFFE-TEST- Scheffe test for two distributions

SCHEFFE-TEST provides a factor 3-approximation with high probability.

The algorithm, as stated in its pseudocode, requires computing p;(S) which can
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be hard since the distributions are not restricted. However, as noted in [3], the
algorithm can be made to run in time linear in k. [19] also extend this result for
n > 2. Their proposed algorithm for n > 2, runs SCHEFFE-TEST for each pair of
distributions in Ps and outputs the distribution with maximum number of wins,
where a distribution is a winner if it is the output of SCHEFFE-TEST. This algorithm
is referred to as the Scheffe tournament or the complete tournament. They showed

that this algorithm finds a distribution p € Ps such that

|Ip = poll, < 9min ||p - pol, + 0r(1),
pePs

and the running time is clearly ©(n2k), quadratic in the number of distributions.

[27] showed that the optimal coefficients for the Scheffe algorithms is indeed
3 and 9 for n = 2 and n > 2 respectively. They also proposed an algorithm with an
improved factor 3-approximation for n > 2, however still running in time ©(n?).
They also proposed a linear-time algorithm, but it requires a preprocessing step
that runs in time exponential in n.

Scheffe’s method has been used recently to obtain nearly sample optimal
algorithms for learning Poisson Binomial distributions [16], and Gaussian mix-
tures [17, 3.

We now describe how our noisy comparison model can be applied to this
problem to yield a linear-time algorithm with the same estimation guarantee as
Scheffe tournament. Our algorithm uses Scheffe test as a subroutine. Given a
sufficient number of samples, k£ = O(logn), the small term in the RHS of (2.4)

vanishes and the Scheffe test’s outputs

Di if [Ip; = polly < 3 [Ip; — poll, »
p; if [Ipj = poll, < 3 [lpi = poll;

unknown otherwise.

Let z; = —logg ||pi — pol|;, then analogously to the maximum selection with adver-

sarial noise in (1.1), the Scheffe test outputs

{ max{z;, x;} if |z; —x;|> 1,

unknown otherwise.
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Given a fixed multiset of samples the tournament results are fixed, hence this
setup is identical to the non-adaptive adversarial comparators. In particular, with

probability 1 — ¢, our quick-select algorithm can find p € Ps such that

16 = poll; <9-min|[p - pol|; + ox(1),
pePs
with running time ©(nk).
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Chapter 3

Noisy sorting

3.1 Problem statement

We now consider sorting with noisy comparators. The comparator model
is as before but the goal is to approximately sort the inputs in decreasing order
with noisy comparisons.

Consider an Algorithm A for sorting the inputs. The output of A is denoted
by YA(X) € (Y1,Ys,...,Y,) which is a particular ordering of the inputs. Note
that since algorithms are randomized, Y 4 has randomness. Similar to maximum
selection problem, a t-approximation error is

E4(0) ' Pr (max(vi - ) > 1)
i.e., the probability of Y; appearing after Y; in Y 4 while Y;-Y; > ¢. The definitions
of £ (t) and £ (¢) is same as before.

In the following, we first revisit complete tournament with small modifica-
tion for the sake of sorting problem and we show that under adaptive adversarial
model, it has zero 2-approximation error and query complexity of (;) Then we
discuss quick-sort algorithm Q-SORT and show that it has zero 2-approximation
error but with improved query complexity for the non-adaptive adversary. We
apply the known bounds for running time of general quick-sort algorithm with n

distinct inputs to find the query complexity of Q-SORT.
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3.2 Complete tournament

The algorithm is similar to COMPL in Section 1.5.2 and we refer to it as

COMPL-SORT. The only difference is in the output of the algorithm.

input: X
compare all input pairs in X
count the number of times each input wins

output: output the inputs in the order of their number of wins,

breaking the ties randomly
Algorithm 9: cOMPL-SORT - Complete tournament

The following lemma and its proof is similar to Lemma 4 and therefore we

skip the proof.

COMPL-SORT,adpt COMPL-SORT,adpt
Lemma 18. g, “Pt= (D) and &, *PH(2) = 0.

Next we discuss an algorithm with improved query complexity.

3.3 Quick-sort

Quick-sort is a well known algorithm and here is denoted by Q-SORT. The
expected query complexity of quick-sort with noiseless comparisons and distinct
inputs is

f(n) € 2nlnn-(4-2y)n+2Inn+0O(1), (3.1)

where «y is Euler’s constant [28]. Note that f(n) is a convex function of n.

In the rest of this section we study the error guarantee of quick-sort and its
query complexity in the presence of noise. In Lemma 19 we show that the error
guarantee of quick-sort for our noise model is same as complete tournament, 7.e., it
can sort the inputs with zero 2-approximation error. Next in Lemma 20 we show
that the expected query complexity of quick-sort with non-adaptive adversarial

noise is smaller than its expected query complexity in noiseless model.

Lemma 19. 75" 2%(2) = .
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Proof. The proof is by contradiction. Suppose x; > x; +2 but x; appears before x;
in the output of quick-sort algorithm. Then there must have been a pivot x, such

that C(z;,x,) = x, while C(z;,x,) = x;. Since x; > z; +2 no such a pivot exists. [

Quick-sort algorithm chooses a pivot randomly to divide the set of inputs
into smaller-size sets. The optimal pivot for noiseless quick-sort is known to be
the median of the inputs to balance the size of remained sets. In fact, it is easy to
show that if we choose the median of the inputs as pivot, the query complexity of
quick-sort reduces to ~» nlogn. Observe that in a non-adaptive adversarial model,
the probability of having balanced sets after choosing pivot increases. As a result,
in the next lemma we show that the expected query complexity of quick-sort in

the presence of noise is upper bounded by f(n).

-SOR’ . . . .
Lemma 20. ¢7°°"""" = f(n) and is achieved when queries are noiseless and

imputs are distinct.

Proof. Let in(x) and out(x) be the in-degree and out-degree of node z in the com-

plete tournament respectively. For the noiseless comparator with distinct inputs,

the in-degrees and out-degrees of inputs are permutation of (0,1,...,n—1). We
show that
argmax max g >%"
CeCoon ¥

is a comparator where its complete tournament in-degrees and out-degrees are
permutation of (0,1,...,n—1). For the simplicity of notation let g, = g3 >°"""".

We have the following recursion for quick-sort similar to (2.1).
1 n
Gn <N — 1+ ﬁ Z Gout(x;) + Qin(zx;) (32)
i=1

By induction, we show that the solution to (3.2) is bounded above by f(n), a
convex function of n. The induction is true for n = 0,1, and 2. Now suppose the
induction is true for all i <n. Since f(n) is a convex function of n and ¥ ;in(x;) =
Yiout(z;) = %, the right hand side of (3.2) is maximized when the in-degrees

and out-degrees take their extreme values, i.e., when they are permutation of



35

(0,1,...,n—1). Plugging in these values, (3.2) is equivalent to,
1 n
Gn<n—-1+— Zf(ln(xz)) + f(out(x;))
n =1
1 n
<n-1+=> f(i-1)+ f(n-1i),
ni

where the solution to this recursion is f(n), given in (3.1). Hence ¢, is bounded
above by f(n) and equality happens when in-degrees and out-degrees are permu-

tation of (0,1,...,n—1). O

(25, 22, 29] show different concentration bounds for quick-sort. In particular,
[29] show that the probability of quick-sort algorithm requiring more comparisons
than (1 +¢€) times its expected query complexity is n-2¢mn+O(nininn) = Qhserve
that for the non-adaptive adversarial model, the chance of a random pivot cutting
inputs into balanced sets increases. As a result, one can show that the analysis
in [29] follows automatically. In particular, Lemmas 2.1 and 2.2 in [29], which
are the basis of their analysis, are valid for our non-adaptive adversarial model.
Therefore, their tight concentration bound for quick-sort algorithm can be applied

to our non-adaptive adversarial model.
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On the Verification Query of

Symmetric Functions
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Chapter 4

Introduction

4.1 background

A basic model of multivariate function computation is the decision-tree
complexity or worst-case query complexity [8, 10, 38, 33]. In this model, we find
the function value by adaptively choosing the inputs queried while optimizing the
maximum number of queries needed to determine the function value. For example,
the worst-case query complexity of a Boolean function zy vz is 2, as the value of
x determines which of y or z needs to be queried to determine the function value.
For a survey of decision-tree complexity, please see [14].

A multivariate function is symmetric if its output remains unchanged under
all input permutations. Many functions encountered in engineering and science
are symmetric, including parity, threshold, and delta, as well as most statistical
measures such as median, mode, maz, etc. [39, 30, 6] considered the complexity of
symmetric functions.

It has been shown, e.g. [20], that the worst-case query complexity of all
non-constant symmetric functions is n. On the other hand, average-case query
complexity received less attention. Perhaps because it is difficult to find a fixed
and robust probabilistic model for the data, or because minimizing the expected
depth of a decision tree is more difficult to analyze than minimizing the maximum
depth.

Despite getting less attention, expected or average-case query complexity
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for computing a function is more important than the worst-case in most of the
problems. For example, when an airline decides to set a price for a ticket, often
the expected earning is more of attention than the worst-case or when a gambler
wants to decide a strategy, often the focus is on increasing expected gain than
worst-case.

[9, 37, 11] considered the expected query complexity. [7] showed that for
the expected query complexity under the uniform distribution, quantum algorithms
can be exponentially faster than classical algorithms. [26] considered the expected
query complexity of computing symmetric functions. For the expected query com-
plexity, the optimal query order depends not only on the function, but also on
the underlying distribution of variables. [26] found an optimal query order for
threshold functions of independent but not necessarily identical Bernoulli random
variables. In particular, they showed that for threshold functions of independent
Bernoulli random variables, the optimal query order does not depend on the pre-
cise probabilities of inputs, but only on which is the largest, the second largest,
ete.

To simplify and extend arguments for finding the optimal query order, [2]
defined the expected verification query complexity of a function to be the lowest
expected number of inputs that need to be revealed to convince an observer of the
value of the function. For example, consider the logical OR function X; v...v X,
where each X; ~ bernoulli(p;) and independently. To verify that the OR function
is 1, it suffices to show that one of the inputs is 1; hence for moderate values of p;’s,
the expected number of inputs that need to be revealed is small, whereas verifying
that the OR function is 0, requires checking that all inputs are 0, hence all the n
inputs must be queried. Note that verification complexity differs from certificate
complexity [1, 14, 8], where all input values are known in advance and can be used
to determine the optimal query order.

We show that for all symmetric functions of independent binary inputs,
the optimal expected verification and computation complexities are equal. We
use this result to simplify the proof of the optimal query complexity of threshold

functions presented in [26]. We observe that the value of all binary-input symmetric
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functions depends only on the number of ones, or weight, of the input, and use this
property to find an optimal query order for all delta functions and for all symmetric
functions that are not constant over any three consecutive input weights. We
also show that after relaxing any of the symmetry, independence, or binary inputs
restrictions, there are functions whose verification complexity is strictly lower than
their computation complexity.

This part of the dissertation is organized as follows. In Section 4.2, we
formally define the problems of computation and verification. In Section 4.3, we
make a few observations to simplify our analysis. In Section 5.1, we show that
verification method can be used to find the query order for computing thresh-
old and delta functions. In Section 5.2, we show the equality of verification and
computation for general symmetric functions of independent binary inputs. In
Section 5.3, we demonstrate that symmetry, independency, and binary restrictions

are all necessary to have equal verification and computation complexities.

4.2 Notation and formulation

Except Section 5.3, we assume that f is a symmetric function of n binary
inputs X e x 1, X2, ..., X, where X; ~ bernoulli(p;) independently, and the p;’s
are known in advance. Without loss of generality, assume that 1 >p; > ps > ... 2>
pn > 0. [i,7] denotes the set of integers between and including ¢ and j. For any
set S, |S| denotes the number of element in S. Let p; = ©op

To compute f(X), we query the inputs sequentially. A policy P is a rule
that at any given time, based on prior query outcomes, determines whether query-
ing should stop or continue, and if the latter, which input should be queried next.
P computes f, if for all values of X, when P stops querying, f can be determined.

Let Qp(x) be the number of inputs a policy P queries for input x. The
expected query complexity of P is

C(P) € E[Qp(X)] = Zzo(x)czp
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and the computation complexity of f is

def

C(f)  min C(P) = min ¥ p()Qp(x), (4.)

where the minimum is taken over all the policies P computing f. Any policy that
computes f with complexity C'(f) is an optimal computation policy. In general,

there might be several optimal computation policies.

Example 21. Consider the threshold function,

1 ifw>6,
Iy (w) < /

0 otherwise,
and let f(x1,z2) = Iy (x1 + xo) determine if at least one of x1 and xy is 1. If X;
is queried first, the expected number of queries is 1-p; +2- (1 —p;) =2 —p;, since
a policy can stop after querying an input with value one and it has to query the
second input if it queries an input with value zero. As a result, the optimal policy

should query X1 first if py is strictly greater than ps.

In theory, it is possible to express the computation complexity of any func-
tion and policy in terms of the input probabilities and optimize the query order.
But since the number of policies is exponential in n, this may be computationally
inefficient.

An alternative approach was proposed in [2]. Instead of finding an optimal
policy to compute a function, they considered the simpler problem of finding an
optimal policy to verify the function value. They found a class of functions for
which the two policies coincide.

In the verification of a function f, we are given the value of f(X), and are
asked to query the inputs to verify that this is indeed the function value. As with
computation, we apply a policy that determines which inputs to query and when
to stop so that the function value can be determined. The only difference is that
we have a freedom to use different policies for different function values.

It is easy to see that a verification policy is just a collection of computation

policies, one for each value of f, and the advantage of verification is that for
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each value of f we can choose a policy that minimizes the expected number of
queries for that value of f. The difference between verification and computation
complexities is perhaps easier to demonstrate via a non-symmetric function of

dependent random variables.

Example 22. Let n > 1 be an integer. Let e; be the unit vector in R™, whose ith
component is 1 and all others are 0. Let X = e; with probability %, ie., one of
the n unit vectors with equal probability. Let f : {0,1}" — {1,...,n} be such that
f(e;) =1i. For example, for n =3, f(100) =1, f(010) = 2, and f(001) = 3, and
Pr(100) = Pr(010) = Pr(001) = 1/3.

To compute f, we must find an i such that X; = 1. Therefore, we need to
query the inputs till we find the input whose value is 1 or find the n — 1 inputs

whose values are 0. Hence the computation complexity is

%(1+2+...+(n—1)+(n—1)):W.

However, for verification we are given f(X) =14 for some i and we can

verify X; =1 by only querying X;. Hence the verification complexity is 1.

For a more precise definition, the expected query complexity of policy P
when f(X) =7 is

C(PIF(X) = /) Y E[Qp(X)|f(X) = j] = PX)Qp(x)
(P =9) B COU() =11= T i

The verification complexity of f when f(X) = j is the smallest expected
number of inputs that need to be queried to verify that f(X) = j, i.e.,

Vi(f) € min C(PIf(X) = j) = min fg% ,

where the minimum is taken over all policies that verify f(X) = j. Equivalently
we can take the minimum over all policies computing f since for the values of f
other than j the behavior of the computation policy is not important.

The minimum expected verification query complexity or simply the verifi-
cation complexity of f is

VHEXP(fX) =)Vi(H)=Ymin Y p()Qp(x),  (42)

x:f (x)=]
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where for each j, we find a potentially different policy P minimizing V;(f).

An optimal verification policy is one whose expected query complexity is
V(f). As with its computation counterpart, f may have several optimal verifica-
tion policies.

In the next section, we make a few observations about computation and

verification complexity and in Section 5.2, we show that for all symmetric functions
of independent binary inputs, V(f) = C(f).

4.3 Preliminary observations

Since computation is one way of verification, or equivalently, a verification
policy is a set of computation policies, one for each value of f, the verification

complexity is at most the computation complexity.

Observation 23. For all f, V(f) <C(f).

Proof. Comparing Equations (4.1) and (4.2),
V(f)=Ymin Y p()Qe(x) < min Y p(x)Qr(x) = C(f).
77 xf()= x
since the sum of minimums is at most the minimum of sum. O]
Recall that symmetric functions of binary inputs are determined by the
input’s weight w def w(X) def Yy X;. With a slight abuse of notation, we use
f(w(X)) and f(X) interchangeably. The following observation shows that when

a policy computing f stops, the value of f is constant for all possible weights.

Observation 24. If for inputs x, a policy stops after querying ny zeros and ny
ones, then w(x) can take any value in the contiguous interval [ny,n —ng]. Fur-
thermore, if the policy computes f, then f(x) is constant for all x such that

w(x) € [ny,n—ng].

Proof. After querying ng zeros and n; ones, Y, x; can take any value in [ny,n—ng]
depending on the values of the unknown inputs. Since when the policy stops, the
function value is determined, regardless of the unknown inputs, f(x) must be the

same for all inputs with w(x) € [ny,n —ng]. O
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1
Foy
01 23 45 6 7 8 01 2 3 45 6 78

w(x) w(x)

Figure 4.1: Example of function ¢

Let the interval indicator function of f be the function g: [0,n] — [1,n+1],
defined by ¢(0) "1 and the following recursion,

| o [0 £G4 1) = £,
ai+1)=g(i) = { 1if f(i+1) % f(0).

g(w) indicates which peacewise-constant interval of f, w(X) belongs to. Figure 4.1
demonstrates the relation between f and g by example. Define 7, o {wlg(w) =7}
to be the jth peacewise-constant interval of the function ¢g. The next observation,

lower bounds the number of inputs needed in order to compute g.
Observation 25. If w(x) € Z; then for any policy P, Qp(x) 2 n—|Z;| + 1.

Proof. From Observation 24, we conclude that g(z) = j for j € [ny,n —ng], where
ng is the number of queried zeros and n; is the number of queried ones. Hence,
[n1,n — no|CZ;. Therefore, n —ng—ny +1 < |Z;]. Equality is achieved, when

[n1,n—no| =7Z,. O

We divide intervals into two types. An interval Z; is large if |Z;| > % and
small otherwise. In Section 5.2, we consider the behavior of optimal verification
policies for these two types of intervals separately. The next observation shows

that f and g have the same computation complexity.

Observation 26. For any f, a symmetric function of independent binary random

variables,

C(f)=C(9).

Proof. For every symmetric function f, the value of g determines the value of f.

Therefore, any policy that computes g also computes f. Hence C(f) < C(g).
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Conversely, while the value of f may not determine the value of g, e.g., for the
parity function, by Observation 24, when the value of f is determined, w(X) lies
in a known interval over which f is constant, and hence g is determined as well.

Therefore, a policy that computes f also computes g and C(g) < C(f). m

While the same result also holds for verification complexity, only one direc-

tion is easy to prove.

Observation 27. For any f, a symmetric function of independent binary random

variables,

V(g) <V(f).

Proof. Recall that verification policy for f is a collection of computation policies,
one for each value of f. Since g determines f, and a verification policy for f is also

a verification policy for g, V(g) <V (f). O

Our main result, Theorem 35, shows that for all symmetric functions f
of independent binary random variables, V' (g) = C(g). Combining the above
observations, we obtain C'(g) =V (g) <V (f) <C(f) = C(g) and hence,

Corollary 28. For all symmetric functions f of independent binary random vari-

ables,

V(g)=V(f)=C(f)=C(g)

In general, verification complexity appears to be easier to determine than
computation complexity, and verification complexity of the interval indicator func-
tions seems easier to determine than the verification complexity of symmetric func-
tions.

In the next chapter we give examples that demonstrates this simplicity.
For these examples, we can find the computation policy by only considering the

verification one. A generalization of them is given in Section 5.2.
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Chapter 5

Comparing Verification and

Computation

5.1 Simplicity of verification

In this section, we find the optimal computation policies for the threshold
and delta functions. We start with the threshold function and find a specific
optimal verification policy for it. Next we show that there exists a computation
policy which follows that specific optimal verification policy. As a result, the
computation policy should be optimal since computation complexity is at least
verification complexity. Finally we generalize the result to delta functions. We
start by a simple lemma about the property of optimal verification policies.

Consider the case when the threshold function II5(X) has value 1. This can
be verified only when 6 ones have been observed. Therefore, an optimal verification
policy should minimize the expected time to observe # ones. It is intuitive to first
query the input with highest probability, i.e., X7, and then X if it is necessary

and so on. The following lemma formalizes this intuition.

Lemma 29. For I[14(X) =1, an optimal verification policy is to query in the order
X1, Xo, ... until 0 ones are observed and for I1y(X) =0, the order is X, Xp-1,. ..

until (n— 6+ 1) zeros are observed.

Proof. We prove the optimality when I1y(X) = 1. A similar argument holds when

46
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ITo(X) = 0. It suffices to show that querying X; as the first input is optimal since
after the first query, the problem reduces to computing another threshold function
for the rest of the inputs.

We prove optimality of querying X; by induction on (n,0). If n < 6 the
function is trivially zero. If n = 6, all inputs must be queried to verify that I1y(X) =
1. Therefore, X; can be queried first.

For 0 > 2, suppose X}, is queried first. If X, =1, we have to find an optimal
verification policy for n — 1 inputs and threshold # — 1, and if X, = 0, we have to
find an optimal verification policy for n — 1 inputs and threshold #. By induction
hypothesis, for both these cases there is an optimal hypothesis in which X is
queried next. This implies that there is an optimal policy for our problem in
which the first two observed inputs are X, and X;, and since 6 > 2 at least two
inputs should be queried. Thus the order of X, and X; is immaterial and X; could
be queried first, followed by X} and no further changes to the policy.

This leaves us with the case when 8 = 1. For n =1 it is trivial to ask Xj.
For n = 2, we proved in Example 21 that X; should be queried first. For n > 2
and # =1, we again use induction to prove X; should be queried first. Suppose an
optimal policy P; that queries X # X first. If X, =1 then policy P; should stop
querying the inputs. On the other hand, if X, =0, then by induction hypothesis,
policy P; should query X; next. Now consider the new policy P, which queries
X, and then X if needed, and from the third step onwards, the policy follows
the decision of the optimal policy Py. If (X;,X%) = (0,0) or (1,1), then P; and
Ps query the same number of inputs. Therefore, we only consider the case when
{X1, X} ={0,1}, i.e., one and only one of the X; and X} is 1. Let

a® Pr(X; =1, X = 0{X1, X} = {0,1}) = — 2L

P1Pk + P1Dk
Observe  that  E[Qp,(X){ X1, Xk} ={0,1}] = a + 2a  and
E[Qp, (X){X1, Xz} ={0,1}] = 2a + &. Since a > 2, the expected query

29

N —

complexity of policy P, is smaller than or equal to the expected query complexity
of policy P;. Equality only happens when p; = px. As a result, an optimal policy
to verify I1;(X) =1 could query X; first. Hence the lemma is proved. O]
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The next lemma finds an input which can be queried first in an optimal
verification policy for threshold function. This lemma helps us to find the optimal

computation policy.

Lemma 30. An optimal verification policy queries Xy regardless of wvalue of

Iy (X).

Proof. In Lemma 29 we showed that if IIy(X) = 1, an optimal verification policy
queries X1, Xo, ... till finding # ones. As a result, if IIy(X) = 1, an optimal verifi-
cation policy should query Xy at some point. Similarly, if IIo(X) = 0, an optimal

verification policy queries Xy at some point. [l

Lemma 30 shows that if we query Xy first, we can track an optimal verifi-
cation policy without knowing the function value. After observing the value of Xj,
the threshold function will reduce to a new threshold function over n — 1 inputs.
Therefore, we can continue on tracking the optimal verification policy. Pseudocode

of this verification policy is described in OPTIMAL-POLICY-THRESHOLD.

leti=j=0and Y =1
while 0 ones or n — 0 + 1 zeros are not queried
if Y=1
query X;, let Y = X, and decrement i
else
query Xj, let Y = X, and increment j
end while

output Y
Algorithm 10: OPTIMAL-POLICY-THRESHOLD

Observe that OPTIMAL-POLICY-THRESHOLD is an optimal verification pol-
icy for both IIy(X) = 0 and I15(X) = 1. This policy does not need to know the func-
tion value to proceed and therefore, it is also a computation policy. Since computa-
tion complexity is at least verification complexity, OPTIMAL-POLICY-THRESHOLD

is an optimal computation policy.
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In the following we generalize this result to the delta function which is

defined as
1 ifw=20,

0 otherwise.

When a policy computes Agy(w) it also shows us whether w < 6, w = 6 or w > §. This
can be seen by Observation 24. We consider the problem of verification for these
cases separately. Using the results obtained for threshold functions, we obtain the

following optimal verification policies.

e w = 6: In this case all inputs must be queried to verify that the weight is

exactly 6.

e w < #: This problem is identical to the threshold problem with 6 as the
threshold value. We know that an optimal verification policy is to query

X, X,-1,... until n — 0 + 1 zeros are observed.

e w > 6: This problem is identical to the threshold problem with 6 + 1 as the
threshold value. We know that an optimal verification policy is to query

X1, X5, ... until 6 + 1 ones are observed.

By comparing these optimal verification policies to optimal verification policies for
the threshold function we can easily show that OPTIMAL-POLICY-THRESHOLD can
be used for optimal computation policy for delta function with only changing the
stopping criterion. The new stopping criteria is when 6 + 1 ones or n — 6 + 1 zeros
are observed, or all inputs have been queried. For the sake of completeness, the

Pseudocode for this policy is given in OPTIMAL-POLICY-DELTA.

5.2 Functions with same verification and compu-

tation

In this section we consider the general symmetric functions of independent
binary inputs. Similar to Section 5.1, we show that verification and computation

complexities of these functions coincide. In Theorem 35 we show that regardless
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leti=j=0and Y =1
while 0 + 1 ones or n — 0 + 1 zeros are not queried
if all the inputs are queried
output 1 and stop
if V=1
query X;, let Y = X, and decrement ¢
else
query Xj, let Y = X, and increment j

end while

output 0
Algorithm 11: OPTIMAL-POLICY-DELTA

of the function value, there is an optimal verification policy where some inputs can
be always queried first. This result yields to an optimal computation policy that
is also an optimal verification policy for all the function values.

The proof of Theorem 35 is evolved and Figure 5.1 demonstrates the main
steps of it. Recall that we defined large and small intervals in Section 4.3. In
Lemma 33, we consider the optimal verification policy when the weight of the
inputs belongs to a large interval and we find some inputs of which one can be
queried first in an optimal verification policy. Conversely, when the weight of the
inputs belongs to a small interval, Lemma 34 finds some inputs any of which can be
queried first in an optimal verification policy. A combination of these two lemmas
finds an input that can be queried first in an optimal verification policy for all
function values. Lemmas 31 and 32 are the main tools for the proof of Lemmas 33
and 34 and are stated later.

Every policy starts by querying a fixed input X; and the next query is a
function of the value of X;. An optimal policy is called second-input-fized if the
second input queried is some fixed X; independent of the value of X;. On the other
hand, a policy may query X first and then X; or X} next depending on whether
X,; =0 or X; =1. Such a policy is called second-input-varies.

The next lemma is about the second-input-fixed optimal policies. Suppose

there is a function for which there exists a second-input-fixed optimal policy, that



ent type of second query

in an optimal policy

[ Side lemmas for differ-

second—input—f‘iy

Lemma 31: All the inputs
between first and second query

are optimal to be queried first

Lemma 33: If w € Z; such that
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Figure 5.1: Proof scheme for Theorem 35
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Popt
X; X;
0 <73 1 0 231
—
| —
Popt,l 7301)15,2 popt,3

Figure 5.2: Second-input-fixed policy

queries some two inputs X; and X;. Using the fact that the input probabilities are
sorted and the function is symmetric, we show that for any index k between ¢ and

7 there exists an optimal policy that queries X}, first.

Lemma 31. Let P,y be a second-input-fizved optimal policy (verification or com-
putation) that queries X; and X; as the first two inputs. Then for any k between

i and j (inclusive), there exists an optimal policy that queries Xy, first.

Proof. Figure 5.2 describes P,,; for computing the value of g or verifying it. Let
Popt 15 Popt,2, and Py 3 be policies followed after querying of X; and X;, depending
on the values observed. Since the function is symmetric, when X; + X, = 1, the
same policy works. Without loss of generality, we assume that ¢ < j. For any
k € [i,7], consider four policies that are shown in Figure 5.3 and note that they
query X first. We briefly explain these four policies.

The first policy queries X and then X;. It then follows P, and queries
X, when P, requires querying Xj. In the second policy X}, is queried first, and
depending on its value we query X; or X; and follow P,,. When P,y requires
querying Xj, we query one of X; and X; that has not been queried yet. The
remaining two policies are similar.

We relate the expected query complexities of the various policies described
above and show that at least one of the four policies defined, performs as well as
Popt-

Using the linearity of expectation, the complexity can be written as

C(Popt) =pibj(aooPr + boopr) + Pipj(am Pr + bo1pr )+

piDj(anpr + bo1pk) + pipj(a11pr + b11pk),
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Popt,l Popt,Q Popt,S
Xk—>Xj Xk—>Xj Xk—>Xj
Ps
0 X1 0 Xi 1
—
Popt,l Popt,Q Popt,Q Popt,fﬁ

X=X, Xi—- XXk —>Xj Xk—>Xj
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0 Xi 1 0 X5 1

T

Popt,l Popt,Q Popt,Q Popt,B
Xk—>Xj XkﬁXijﬁXi Xk—>XZ

0 Xj 1 0 %Xj 1

———
Popt,2
Xk —>XZ

Popt,l
Xk —>)(z

Popt,S
Xk _>Xi

Figure 5.3: Candidates for the optimal policy if second input is fixed

where a,; and b,; are non-negative numbers depending on the structure of P,

for r,t € {0,1}, independent of p;, p; and p;. The complexity of the four defined

policies can be written as,

C(P1) =prpi(acop; + boop;) + Pkpi(aoip; + boip; )+

PePi(ao1D; + bo1p;) + pepi(anp; + buipj),

C(P2) =prpi(aoop; + boop;) + Prpi(aoiD; + boip;j )+

PeD;(@o1D; + bo1p:) + prpj(ai1pi + biips),

C(Ps) =prp;(aoopi + boop:) + Drpj(ampi + borpi )+

prDi(ao1p; + bo1p;) + pepi(anip; + biip;),

C(Ps) =prp;(aoopi + boop:) + Drpj(ampi + borpi )+

PiP;(ao1Ps + bo1pi) + pepj(anp; + buip;).

Now we compare the complexity of the four new policies with the original optimal
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policy by subtracting C'(P,p:) from them. After simplifying,

C(P1) = C(Popt) = Di(p; = Pr) (boo — aor) + pi(pj = pr) (bor = ar),
C(P2) = C(Popt) = Di(ps = Pr) (boo — aor) + p;(pi = pr) (bor = a1),
C(Ps) = C(Popt) = 0j(pi = Pr) (boo — aor) + pi(p; = pr) (bor = a11),
C(Ps) = C(Popt) = 0j(pi = prc) (boo — aor) + p;j(pi = pi) (bor = a11).

By assumption, input probabilities are sorted in decreasing order, hence p; > py >
pj. If any of p;,p;, and p; are equal, the result follows trivially. Assume that
they are all different. In the four equations above, observe that the coefficients
multiplied by (bgy — ap1) and (b — a11) take all possible negative and positive
signs. Therefore, either all the equations are zero or at least one of them is negative.

Hence, at least one of the four policies performs as well as the optimal policy. [

Next we consider second-input-varies policies. Suppose a policy that queries
X; first and then X or X, depending on whether X; =0 or X; = 1. For X;, X;, X},
the median index is the median of {4, j, k}. We call the corresponding input as the

median-input.

Lemma 32. For the second-input-varies policy defined above, there exists an op-

timal policy that queries the median-input of {X;, X;, X} first.

Proof. If j <i <k or k <i < j, then by definition, the optimal policy queries the
median-input, X;, first. We consider the case when i > max{j, k}. The case when
i <min{j, k} is similar.

Figure 5.4 describes an optimal policy P,,. As in the proof of Lemma 31,

C(Popt) =piPj (Praoo + prboo) + Pipj (Praor + prbor )+

PiPe(Djar0 + pibio) + pipk(Pja1r + pjbir).

Since P,y is optimal, changing P,y 2 to Py s in Figure 5.4 should not decrease

the complexity. As a result,

Drao1 + Prbor £ Praio + prbio. (5.1)
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0% 1 0 Xk 1
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Popt,l Popt,? 7Dopt,?) popt,él

Figure 5.4: Second-input-varies policy

7)1 732
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POPtJ Pom,?» ,POPt,3 POPtA Popt,l Popt,Q Popt,?) ,Popt,4

Figure 5.5: Candidates for the optimal policy if second input varies, j < k

Similarly,

Djaio + pibio < Pjaor + pjbor- (5.2)

Consider the following two cases. For both of them, we show that there exists a
policy that queries the median-input first.

Case 1 (j < k < i) We consider the policies in Figure 5.5 and show that at least one
of them is as good as P,,;. Note that both of these policies query the median-input
first. By the linearity of expectation, the expected query complexity of the two

policies in Figure 5.5 are

C(Pr) =prpi(Pjaoo + piboo) + Prpi(Djaro + pibio)+
prDi(Pjaro + pibio) + pepi(Pjai + pbu),
C(P2) =prp; (Piaoo + piboo) + Drpj(Diaor + pibor )+
PeDi(Dja10 + pibio) + prpi(Djars + pjibir).

We now show that either C'(Py) < C'(Popt) or C(Ps) < C(Popt)-
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If C(P1) > C(Popt),
PiPkDiboo + DjPrPitio + PiPrPibio > PiDrPito1 + PiPkDiboo + PjPrPibor -
After applying Equation (5.2),
PiPkPiboo + PiPkDiGo1 > PjPrPicor + PiPkPiboo-
And since p; > px,
boo > ao1- (5.3)
If C(P2) > C(Popt),
PiPkPiboo+pjPrpibor + PipkPiaro + pjprPibio >
DjPkPiG10 + PjDrPibio + PiPkDiboo + PjPrPibor -

This equation can be rewritten as

P;DkPiboo + PiDrpibor + (PkDi — PPk ) (Dja10 + Pjbio) > PiprDiboo + PjPkDibor -
Since pp; — piPr > 0, using Equation (5.2), we can simplify the above expression as

D;DkPiboo + PiDrpibor + (PkDi — PPk ) (Djao1 + Pjbor) > PiprDiboo + PjPkDibor -
By simplifying,

(PrDi = PiDr)Pja01 > (PrPi — PiDk )Djboo-

Since prp; — pipr > 0, we have ag; > byo, contradicting Equation (5.3).

Case 2 (k < j < 1) Inequalities (5.1) and (5.2) still hold. As before we have two
policies in Figure 5.6 and show that at least one of them is as good as our optimal
policy. By the linearity of expectation, the expected query complexity of the two

policies are

C(P1) =p;pi(Praoo + prboo) + Pipi(Praor + prbor)+
p;Di(Praor + prbor) + p;pi(Drain + prbir),
C(P2) =p;Di(Praoo + Prboo) + Pipi(Praor + prbor )+

P;Dk(Piaro + pibio) + pipe(Diarr + pibi1).
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Figure 5.6: Candidates for the optimal policy if second input varies, j > k

If C(P1) > C(Popt),
DjPkPiGo1 + DjPrpibo1 + PiPkPiain > PjPrPiG10 + PiPkPid11 + PjDPrPibio-
This equation can be rewritten as
DiPrao1 + DiPrbo1 — PiPraio > Pjprair + PiPrbio — DjDra11-
By subtracting p;pibio from both sides,
D; (Praor + prbor — Praio — prbio) > — (Pjpr — piPr) (bio — a11) - (5.4)

Let E = praio + prbio — Praor — prbor- Equation (5.1) shows that F > 0. Observe
that p;px — p;pr = pr — pj > 0. Therefore, Equation (5.4) can be rewritten as

(pk = p;)(bio — ann) > p; - E. (5.5)
If C(P2) > C(Popt),
PiPkPiGo1+DjPrPibo1 + PiPrPi10 + PiPkDia11 >
DjPkPiG10 + DjPrPiai1 + PjPrDiGo1 + P;iPkDibot,
which can be rewritten as
(pjpi — piDj) (Pr@1o — Pr@or — Prbo1) > —pr(p; — pi)ars-

Observe that p;p; — pipj = p; — pi > 0. By adding (p; — p;)prbio to both sides of the

equation and substituting £ = praig + prbio — Prao1 — prbo1,

E > pi(bio - a11). (5.6)
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Since py > p;, after combining equation (5.5) and (5.6),

Es>- PP g
Pr — Dy
Pk — Dy

> F,

contribution. O

Recall that we divide the intervals into two types of small and large intervals.
Lemmas 33 and 34 consider the first queried input when the input’s weight lies in

large and small interval respectively.

Lemma 33. Suppose w(X) belongs to a large interval with size L. There exists
an optimal policy that queries some X; first where i € [n— L+ 1, L], and verifies

the value of g(w).

Proof. Suppose w(X) € Z, where Z, is a large interval. Let L, =
{Xy-r+1,---, X} Our goal is to show that there exists an optimal verification
policy that queries some X; € £,, 1, first. The proof is based on induction on n and
first we consider some corner cases.

Consider a corner case when n € Z,,. Then verifying the value of g(w)
is same as verifying w(X) >n - L+ 1 or II,_z,1(w) = 1. Lemma 30 shows that
Xn-r+1 can be queried first in an optimal verification policy and X,,_r+1 € £, 1.
Hence the lemma holds for this corner case. The next corner case is when 0 € Z,,
and similarly, we can show that the lemma holds in this case. Next we prove the
induction when 0 and n are not inside Z,,,.

By induction, suppose the lemma holds for any function ¢’ with n’ =n -1
inputs. Observation 25 shows that at least n — L + 1 inputs need to be queried.
Since 0 ¢ Z,, and n ¢ Z,,, L is smaller than n and at least two inputs need to be
queried.

Let P,y be an optimal policy that queries X; first. If X; € £,, 1 then the
induction is complete. If X; ¢ £,, 1, then either ¢ > L or ¢« <n— L +1. We consider

the case, when ¢ > L and the case i <n — L + 1 is similar.
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Let X’ be all the inputs except X;. Verifying w(X) € Z,, is same as verifying
w(X’") + X; € Z,,. Recall that 0 and n are not inside Z,,. Therefore, after querying
X;, verifying w(X') + X; € Z,,, is same as verifying w(X') € Z! for some Z! such
that |Z/.| = L.

Using induction, there is an optimal policy P/, that verifies w(X) € Z,,
and queries X; first and then based on its value, it chooses one of the inputs

inside £,,_1 1, for the second query. Either the policy P,

i 15 second-input-fixed or

second-input-varies and we consider them separately.

It P}, is second-input-fixed, then suppose it queries X; as the second input
such that X; € £,,1 . By Lemma 31, any member of {X;,..., X;} can be queried
first in an optimal policy and {Xj,..., X;}NL, # @. If the policy is second-
input-varies, then suppose it queries X; if X; = 0, and X, if X; = 1, such that
X, Xy € L,,-1 1. Then, by Lemma 32, there exists an optimal policy which queries
the median-input of {X;, X, X;} first which is an input inside £, ;. Hence the

lemma is proved for ¢ > L and similar proof holds for i <n - L + 1. O

Lemma 34. Suppose w(X) belongs to a small interval with size ¢, then querying

any one of { Xy, ..., Xy g1} first, is optimal.

Proof. The proof is based on induction on n and is similar to the proof of
Lemma 33. We explain the general scheme of the proof.

Suppose an optimal policy that queries X; first. The value of ¢ can belong
to three distinct sets, [1,/-1], [¢,n—-£¢+1], and [n—{+2,n] and we consider these
cases separately. For all these cases, by using Lemmas 31, 33 and induction, we
can show that {Xj,..., X, .1} are eligible choices to be queried first in an optimal

policy. ]

The following theorem is the main contribution of this part. It states that
for all symmetric functions of independent binary inputs, there exists an optimal

computation policy that is also an optimal verification policy.

Theorem 35. C(g) =V (g).
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Proof. Observe that all symmetric functions have at most one large interval except,
IT nt1 (z) for odd n. For this exception, the above theorem is proved in Section 5.1
and in the rest of the proof we assume that there is at most one large interval.
Let A; be the set of inputs that can be queried first in the optimal verifi-
cation policy when w € Z;. It suffices to show that N; A; # @ since it implies that
there is an input that can be queried first in an optimal verification policy for all
function values. After the first query, the similar argument can be used for the rest
of the inputs and we can track the optimal verification policies without knowing

function value.

def

Let ¢; = |Z;| and k be the index of the longest interval. If there is more

than one longest interval, choose one of them arbitrary. We consider two cases,

0 < ”T*l and £, > "T” separately. For both of these cases, we show that N; A; # @.

o /)< ”T”, hence Z,, is small interval. By Lemma 34, for all 7,
{Xg,, ., X1 JCA;.
Hence, {Xy,,..., Xy-,+1}CA; and N; A; + .
o (> "TH, hence 7, is large interval. By Lemma 34, Vj # k,

{ng, e 7Xn—fj+1}c~/4j'
Observe that,
{ X1, - 7Xék}C{X£j, e ,anzju}-
Therefore, Vj # k, {X;—¢, 41, ..., Xy, }CA;. By Lemma 33,
{Xn—€k+1a s 7X€k}m~’4k * O
Hence N; A; # @.
Hence the theorem is proved. O

From the proof of Theorem 35, we have the following observation. Let

def
gmax = max; |I]|
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Observation 36. If /., < "T“, an optimal computation policy queries all the

; ; _n+l ;
inputs Xo ooy Xnotpaer1 and if Loy = 5=, it queries Xy, .

Observation 36 can be used to find an optimal computation policy for a
function with small /... In particular, if £,,., is small, using Observation 36, we
reduce the number of inputs from n to 2/, — 2. For a smaller number of inputs,
it is possible to find the optimal computation policy by exhaustive search. In the
following, we give an example to show how this result can be used in order to find

an optimal computation policy.

Example 37. In this example, we find the optimal computation policy for functions
with L. < 2. Observation 36 shows that the optimal computation policy should
query all the inputs Xo, ..., X,_1. As a result, only X1 and X,, are left to be queried
and the optimal computation policy for any symmetric function with two inputs is

trivial.

5.3 Functions with different verification and

computation

Section 5.2 shows that computation and verification complexities are same
for symmetric functions of independent binary inputs. We show that the symmetry,
independence, and binary restrictions are necessary, and relaxing any of them
may result in functions whose verification complexity is strictly lower than their

computation complexity.

5.3.1 Non-symmetric Functions

The following example is a non-symmetric function of independent binary

inputs that has different verification and computation complexities.

Example 38. Let X1, X,, and X3 be independent bernoulli(3) random variables.
Consider the non-symmetric function f(x) defined in Table 5.1. We show that its
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verification complexity is,

NN
+
NN
+
NN
+
W oo
Il
AN

V() - iVj(f)p(f(X) )=

Table 5.1: Function in Example 38

x5 | 000 | 001 | 100 | 110 | 011 | 111 | 010 | 101
fx) | 1|1 2] 2|3 ]3/]4]4

The first three terms correspond to function values 1, 2, and 3, each occur-
ring with probability 1/4 and verifying them requires to query exactly two inputs.
The fourth term corresponds to function value 4. In that case, querying all the
three inputs is necessary to verify the function value.

On the other hand, we show that the computation complexity is % Suppose
we start with querying X1 as the first input. Querying Xo or X3 has a similar

result. Based on the Xy value, the function can be rewritten as in Table 5.2.
Table 5.2: Induced functions in Example 38

Ty = 0 Ty = 1
ToX3 00 01 11 10 ToX3 00 10 11 01
fx)| 1|1 |3]4 fx)| 2|2 |3]4

The optimal computation policy that queries X, first is shown in Figure 5.7.

A simple calculation shows that the expected query complexity is 5. As a result,

computation and verification complexity are different for this ezample.

Example 38 has a non-binary output. Next, we consider a binary-input
and output function where the inputs are independent and the verification and

computation complexities are different.

Example 39. Let X;,X5, and X3 be independent bernoulli(%) and X4 be

bernoulli({5). Consider the non-symmetric function f(x) defined in Table 5.3
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0 X2 1 0 X3 1

Figure 5.7: Optimal computation policy for Example 38

Table 5.3: Function in Example 39

a1@axszy | 0000 | 1000 | 0100 | 1100 | 0010 | 1010 | 0110 | 1110
f(x) 0 0 1 1 0 1 0 1

T @ax3r, | 0001 | 1001 | 0101 | 1101 | 0011 | 1011 | 0111 | 1111
£(x) 1 0 1 1 1 0 1 1

With exhaustive search, we can show that if f =0, then an optimal verifi-
cation policy should query Xy first, however if f =1 querying X3 before X, results
in a smaller expected query complezity. As a result, different function values imply
different set of inputs to be queried first in an optimal verification policy. There-

fore, computation and verification complexity are different for this example.

5.3.2 Functions with dependent inputs

The next example is of a symmetric binary-input function that with depen-

dent inputs has different verification and computation complexities.

Example 40. Consider the symmetric binary function and input probabilities
shown in Table 5.4, where € is a small positive constant so we can ignore its effect
on our calculation.

If f(X) =0, in an optimal verification policy, all the inputs other than X4
are eligible to be queried first. However, if f(X) =1, We can show that the first two
steps of an optimal verification policy have to follow Figure 5.8. Therefore, based
on the function value, an optimal verification policy should query different set of

mputs first. Hence the verification and computation complexities are different.
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Table 5.4: Function and input probabilities in Example 40

f(x)=1| zyxoxzzy | 1100 | 1010 | 0110 | 0101 | 0011 | 1001

p(x) € € q q q 3q
F(x)=1 | @ymamgzy | 1110 | 1101 | 1011 | 0111 | 1111

p(x) € € € € €
f(x)=0 | zyzox324 | 0000 | 1000 | 0100 | 0010 | 0001

p(x) € € € € q

0 X4 1
/\

X2 or X3 X1

Figure 5.8: Optimal verification policy in Example 40 when f(X) =1

5.3.3 Non-binary inputs

Our last example is a symmetric function of ternary independent inputs

where the verification and computation complexities are different.

Example 41. Let four independent ternary random variables be distributed over
ternary alphabet according to Table 5.5. And consider the symmetric function of
the variable sum
0 if Y 2i<2,
f(xX)=11 if3<¥t 2:<5,
0 if6<Yi,

The minimum number of inputs to verify f(X) =0, namely Yi, X; <2, is
3 and the optimal verification policy will query Xo, X3 or X4 as a first input but
not X1, since Xy has the smallest probability of zero among the inputs. Similarly,
If 1,2 > 6 the optimal verification policy will query X1, X5 or X, as a first
input but not Xo. With exhaustive search, we can show that if 3 < Yt x; <5 the
optimal verification policy should query Xy first. Since the first queries for different
function values does not intersect, verification and computation complexities are
different.
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Table 5.5: Input probabilities in Example 41

0 1 2
Ty 2¢ %—e %—e
To %—6 %—6 2€
T3 %—6 2¢ %—e
x4 | 01 | 0.7 | 0.2
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