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Theory of Electron Correlation in Atoms and Molecules

Oktay Sinanoélu

ABSTRACT

‘ Correetians to the Hartree~Fock (H;F.) ﬁave funetion,
®o, and energy of 8 many electron system are glven. By the
use of operator teohniques in perturbation theory, the first
order W.F., Xf, is obﬁained in terma of pairp funotionse These
satisfy equatxons Just iike those of an actual two electron
system except that now aach electron moves in the H.PR. field
of the entire N-electron "mediun® added to the_iie;a of
nuclel. Every pelr function must be orthogonallzed to each
of the two H.P. orbitals associabed with it to get the com-
plete Xi"’. This Xi determines both E, and 'Ej.— The seoond
order energy,iEe; comes out ag the sum of pair interactions and

three and four body correlations due to the excluéion principle.

The 1atter‘ﬁay be incorporated into the pair energles 1f each

pair funqtibn is orthogonalizéd also to theé remaining H.F

orbitals of & . The approach allows the valence and inner

. 8hells, ete. to be discussed sepafately and extends some of
the concépts of guantum chemistry based bn orbital approxima-

tiong 80 &8 to'include'correlation.'
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~ INTRQIUCTICN
The best solutien ¢f an N-electron gystem in the form of
a determinant of N &pinwarbitals is given by the Hartree-Fock
method, This is a very good starting point, but not geod
enough to yiélﬁ.the’ﬁmali energy differences of chemistry

'anﬁ &spectroscopy. The energy difference between the Hartree-

Fock (H.F.) and the exact’ ‘non-relativistic soluoian i

called the © correlatxam energy” snd amounts to mbout A keal/mole

per doubly filled orbital. |
Phe next best thing to the orbital approximation is to
try to build up a many eleetron aystem froem groups of electrons
eéch ceﬁtaining'some correlation. A nztural building bloek
e choéaé for this would be an electron pelr, since the only
satisfaetory energy calculations so far have been on He and'ﬁz.
As we ahowed_recently (Sinanoglu 1960a) perturbatien
theory allows one to talk of groups of electrons in & nen-
arbitréry way, i.e. by taking the 1ndistinguishabiiity of the

electrons fully into account. We started from the occupied

 H.F. orbitals and clessified the complete set of Slater

*Present Address: Sterling Chemistry Laboratory, Yale University

Hew Haven, Connecticut.
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- Schrqginger methéd are avoided., We teke the single determinant
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determinants é&vto the virtual ¢ranszitions they represedts

In this way, the second order energy, Eps was separated into
th@uénergies of antigymmetrized pairs end three and four—b@d&

Fermi correlations (“exelusion effects") The use Of o1q1nary

-'Schrading@r-type perturoation theory leads‘ta infinite sume,

e.g. in E,, ‘whish are very difficult to evaluate. The largest
contributions to such sums come fr@m'tpe'oontinuum part of the
érbitalAbaaié set used (Lewdin 1959). Henceé we suggested

semi-empirical mesns of getting the pair energles. The

.exelusion effects were séparated and obtained in closed form

" but approximately by replacing the enefgy denominators with

mean excitation energzies® .

In this article we devalep a. rigorous theory to obtain

the g¢errections to the H. F.-wave function (W.P.) and energy

of a many electron system in Cerms of those of electron pairs
and edded exclusion effects. Formal perturbation th@ory with

epeéater tecnniquesis used_and the infinite sums of the usual form or
' the

H.F. solution of—anfatem or molecule as 1ts non-degenerate

- zero order Y.F., ®,» and then give its first order W.F., Xi,

rigorously in terms of pair functions. Each pair function

'satisfies an'indapenden; equation which_ean‘be golved separately

(e.g. by veriztional principles) Jjust like the ground or an
excited state of any. two eiectron system. The only difference
18 that the eleet?ona of the pair in the N-electron "medium®,

move in a Hartree-Fock potvential rather than in the field of .
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" bare nuclei. The technigues used for He and H, (e.g. W.F. with

rip in it) can now be applied to such "immersed” pairs. The
"immersed paif“ functions as such do not’detefmine Xi coempletely.
It will be shown below that the exﬁctvxi is obtained after

-.erthaéonaliziné'each'“immefsedlpair“ function ﬁ@ its pair'gf -

the H.F. orbitﬁls..jﬁi yields EE as the sum of pair energies

and exclusion effects., The latter can be formelly incorperated

. : @ . )
into the palr energles by orthogonalizing the new pair functions

to the remeining H.F. orbltals of ¢,. ‘
 The same X} yields the third order energy, Eg, a8 well.

Then having started from an H.F. solution, this should give

' the correlation energy to sufficient accuracy. The approach

presented here alse provides-basis for many chemicel concepts
(Sinanbélu 196Ca). It allows the core and velence eiectrons,
sigma and pi electrons, ete. to be treated in a 3epérate,
yvet non-arbitrary fashion,

‘we have applied the same formalism before to an H-electron

system starting with the bare nuclei Hamiltonian instead of

. the Hartree-Fock solution and taking the entire interelectronic

N _ | |
repulsion (H1-= X rij'l) as the perturbation (Sinanocglu
: 1>J=1 . .
136Cb). The pair functions in this case are totally independent
of the "medium" and correspond to the first order W.F.'s of

the actual states of & real two electron system. FPFor example,

Li atom is built up from the (ls)2 13,,(1328) 33 and ;S states
of 1a*, With i, = 3 r,, T the entire X, is given by the
1 15 1] 1

independent pair functions. The effects of the "medium® show
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up in E, only as "eress pelarization® terms (Sinénoglu 1960b)
which are simply added'on. 'Thié sdvantzge 1s lost upen
stéfting with an H.P. @@ where the effecte of mediunm become
implicit in each palr, On the other hand, the H.F. ER
tfeatment hasvthe‘adVantaga of greater ascuracy. |

fhere have been other attemyts‘at thaining solutions for
many electron- systems in terms of palrs (ﬁurleg, et. zl, 1953j‘
or larger groups (Lykos%mg?arr-l956;_Mc%eenyAIQGG). These
use afbitrary orthogqnaliéaticm conditions which divide 2}
complete set of one electron orbitals into wmutually exclusive
subsets. fhus they viclate the exelusion prineiple and are
vellid only for widely sepafated groups {Sinancflu 1960&) (e.q.
the faor ends ¢f & long molecule).

Fair correlations have besn used also in the theory of
nuelear matter (Bru@@kne§ 185 ) and other infinite'Fermi>

gases, DBut the present form of these theories for finite
fo

- idable |
systems (Eden 195§) Pequire/afT%—consistency procedures many

tlmes mére invelved than those in the Hartree-Fock method.

THE PERTURBATION METHOD STARTING FRUM A HARTREE-FOCK SOLUTICN
rerturbation method will be used in -the fbllcwing'form:
Let E = He + Hl with Ho the unperturbed Hamiltonian, ﬁl soﬁe

perturbation and

(Ho + Higf = B¢ | _ »l (1)

Ho® = Eg¥ps < $g0 T > = 1
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@0 is the zere order w,F.; E, Q_thé exact energy and eigen-
function. If we wyite |

such that <@, © =1, <P, X> = 0

' we get exactly

E e <&, HE> = B + <&, HX> S | (5)._

Upon expanding X and E in terms of a parametér A and then

setting X = 1, the perturbaticn series

X = Xl + X2 + 000

=By o+ Ep ok By £ Eyer o ‘ (4)

1 is the soluticen of

(HQ - B )X = (El'» )9,

-where : | El = <@°, H1®é>?

and 1t determines‘the‘énergy to. third order (see e.g. Bethe
and Salpeter 1$57). |

Ep = <¥» (H - E)X)> (6)

Eg = <Ky, (B - E))X;> ‘ AN

This 18 general; each order of W.F. (except @G)'determines

the energy to two higher orders. Moreover if caleulations are

carried out to odd orders of energy, e.;. both E, andAgs areé

obtained from Xl, the resulting energy will be an upper limit

t0 the exact E (Morse and Feshbach 1353). The same 1s not true .

te even orders only.
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_ where E% = <¢g, 31¢§>, willAbe orthogonal to all Qo
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In cases of degeneracy, the degenerate zeroc order ¥.P.'s,

K , , o K om v
¢°,correspond1ng to Eo, must be so chogen that each (E% - Hl)®o,
£

(% - a1)¢§>'a 0 - ()

(Sinanoglu 1960b). Then there will be a different equation,

" equation (5), for each @ » and equation (8) will ensure that

solutions to these equations exist.
To solve equation (5) for X,, one 18 ‘not restrieted to
the Sehrfdinger method of expanding X in terms of the eigen-

funcetions of HO. Other direct means cof sqlving non-homogeneous

differential equations may be used. Approximations to Xl can

alsovbe found by minimizing the expression (See e.g. Bethe and
Salpeter 1957): |

Eg < EZ(Xtrial) 2 (@0, El)x‘bl‘i&l
+ <X’frial’ ' x;':l"i&l (9)

with respect to trial functions, Xirial.- Equation (9) applies

directly if &  1s & ground state or the lowest state of a given

- gymmetry. For a general excited atate,& modifiaa minimization

procedure has been developed (S8inenoglu 1960c).
The approach to be followed here is to analyze Xl into

‘components exactly using the inverse operator Lgl = (B, - Eo)fl

The components turn out to be pair funetions which satisfy 2
electron equations similar to equation (5) and to which the
variationsl érinciplé, equation (9), Of its modifieation
{8inanoglu 1960c) csn be applied individually. We start with
the zero order W.F., the Hartree‘Foek golution. |

Consider an N-electron atom or molecule with a Hamiltonlan
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N

He th + }: giJ
i=1  1>J=l | B
| ~ | - (10)
n® %92 U %y IS
hy = -2V é K, E I

Zy/Ryy 18 the potentlal of eleotron 1 in the field of nicleus
@, and atomic units {1 a.u. = 27.2 ev.) are used. H mey be

split intot H = Ho + Hl such that

H, = i (.'h;_’- +Y,)

i=1

and. Hl Ej: 1J ZV

(11)

i=1
V; is &n averagé_potential that aéts on i and may be non~local.
In the non-degenerate case the best choice for Vi, i.e. one
that leads to the smallest Hl' is the Hartree-ﬁoek potential:

V' (xi)gfﬁi_i—i. IMPJd?J (12;)

| ?13 exchangea X, and % and p(xj, F3 ) is the Fock-Dirac density

(see e.g. L¥wdin 1959)

- N | ‘
9(2&1! ‘Ej) = z n'*(ﬁi)n' (53) , , {(13)
Xy denotes:bbth the spatisl (r,) and the'spin coordinates (€,)s
n'(x,) are the Hartree-Fock spin-orbitals' (in molecules MO SCF)

?Primes will be used to.réfer to the properties of H.F. orbitals

as distinet from the solutions of hih
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with the orbital energies ei, satisfying:

hi.ff n' (J'Ei) - eih' (2'51) , ' . (14)
where hiff 2 hg + Vif Fbrmally the same Vi acts on all the

n' end 1.

The zero order W.P. 15 taken here as the‘ﬁormalized»detera'

minant'

® = 78T de?{l"'(as;):e'(&) e W (g} s Mras . “’} (15)

A 18 the anti-symmetrizer:

, 1 NV, WP o | ' i:
R e

. Among-.the spin-orbitals 1' to N', all odd integers refer to H.F.

orbitals multiplied by spin a and 2ll even ones to_those with

spin Bi e.g. in atoms 1' = 18@’_2' = 183"' « +  In equation

(15); before'é is appliéd, eleetron %3 ocecuples the spine
orbital 1'. o | | |
Prom equation (11) we havet
' \ eff ' = ' : .
(", - Ep) = .‘(ni -el) s (17)
' - =1

By =<9, (Zgii - Lvi)c’b& = - /. '(‘J1J - xij_“’) (18)

17J 1=1 " 1=l |
where J,, = {1'(§1)J'(§3)Q-&ijiifil)d'(ﬁJ)> = <130, Bipltet>
and Ky " = <1' (2,09 (x4), giji'(ii)i'(ﬁj)> 2 <1'y', gy,4'1'>

Kyy # 0only for 1' and §' of like spin.

The correction, Xi,fto the H.P. ®o,of equation (15) ﬁuﬂh
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be solved from equation (5)
et { S o+ Suenr
, , 3=l =1 9)
with L, = H, = E/ of equation (17). Since L, 18 linear, 31
and equation (19) can be split into two parts

| | X =u W S (e0)
such that - - ' : ' -
, \': N - . | | :
: 1?,3m1 | - |

| andLWs{ ZQ(J“ . g"J) -»-Z }@ (22)

Subtz»acung equation (22) from (21), equation (19) is obtained.

Each of these eqvations have solutions for non~degenerate @

: since they separately patisfly the existence condition, equation_
6. o

| Equation (21)'1nvolvés only the two electron repulsioﬁs,

giJ; equation (22) oﬁly the one electron potentials, V.. This

is 8 very convenlent result. Equation {21) has exactly the

seme form as the equation that.giveértne firét order W.F., X

of an N-electron system when one takes the.ent;rev1nterelectronic

N

repulsions, as the per%urbation,'ﬁl,’and uses bare

814
1>J“1
nuclei orbitals (hydrogen-like orbitals in atoms) (Sinanoglu

1960b) inastead of the H.P. @O. The maln difference between

equaticn (21) snd an equation giving X, with H, = E:gij lies
' ' : i>J
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in LO which in the H.PF. c¢ase contains the h?ff

_ hi + Vi
instead of just the hi [equation (14)]. Thus the methods
developed previously (Sinanoglu 1960b) for obtaining X in
terms of pairs apply in éxﬁctly the same Wéy to U'. .MoééoVer;
&8 we shall show first for a two eiecéron system and then
generaily, once U' is determined ¥ is obtained f#om;it by
gimple orthégonalization proeeduree.

we give first the method of separating

 U' into pairs. This is based on the method that was used in

the seperation of X, with H, = = 8, (Sinanoglu 1960b).
. i>
The par@icular solution of equation (21) i8 obtained by

inverting L 1

(¢

U = L 1{_ V (J Kij Sij) A(l'&"-“N') (23)
" i)Jal A .
L‘l i8 the dreen's function operator and by equation (17):

(s} (o) Aei + eé + e& N v
wheré wé'have defined:

f = e e (el @s)

and ingluded the corresponding one electron spin part. In terms

of the complete setl of the antl-symmetrigeq eigenfunctions of

~1
HO,_LQ is gAven by{ o
(26)

0
L 1. v A Aigﬁ“‘n))(A(yE“'n) A _
o L k T ek 4+ o v v en) - (eT + eé d o e e e')
n> * k3l .
~1

LO ig a8 self~adjoint, linear 6perator and commutes with A.
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From e} i(ﬁi) = O and equation {25) it follows that if
. flé(ﬁl’ §9) is any function of £y and Xp only, then

ei + eé -}- PRI evl 12(,@_: %2)3(%)1&(&) coee N(;E«N)} -

ia(;g})a(w Co el ety fiala %) (1)

' - -1 .
Commuting A witb 1§jm 3 (mij = Ji,j Kij 313) and L » this
equation would allow U' in equation (23) to be written as

a sum of tenms each involving a two electron qu B

._rui_—r mij{i'(xi)J (x }-and multiplied by the remalning
J

séin-orbitals n'(x ) # 1, J. However, when each of the two
electron inverse operators <;T——-f> is expanded ag 1n equation
(26), the expreasions for qq , become infinite. This 1s be-
cause qu does not correspond to a firgt order two electron
W.F. obtainable as a solution of (ef + ed%heiJ -

mij{i (ii)d (ﬁj)} similar to equation (5) ;/{i’(xi)J (z )}
will be degenerale with other two electron states, e.g. with
{1'(§3);'(51)}, 80 that the qijlequations do not satisfy the
exlstence conditions, equation (8). In the overall U', however,
such pair degeneracies leading to infinitles are removed when
'A is finelly applied. |

To obtain U' in terms of finite_pair funetions each’ one

satisfying a two~electron non-homoggneous equation of tne

type, equation (5):\€he pair_dageneraeies must be removed

bgfore applying L 'l; This 128 acc¢omplished by teking those
linear combinations of (i'J") pair products that belong to the
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irreduciblé representations of the symmetry group of a two:
electron system. It is possible to find these combinations
in & way leaving the overall A P4 m (1'2"*‘&')} irivariant

>J
(Sinanoglu 1960b) in the equation.

" | —1 Ai }i ij(ltgv...m')} B (28)

i>j=1
For inatance ;Lf ey and ;;J' correspond to the same spatial orbitel
and differ only in spin, it is sufficient to make use of
A L 3 | »
Tom AByy = A | | (29)
‘where B, P 7§T (L - P J) = 357 det, anuisymmetriees only 1!

and j' by 1nterchanging x; and % g0 Then from equations (2?),
(28) enda (29) we get e.g: for the (1'2') pair: o '

it k{(aw - gyp) (1" 2eeeN') =
”l J“"{(le - g12)312(1 2')5"(x )"‘N'(KN)}
@—{3'(9;5)4’ (2 N (?&q‘)ﬁig(é'}j_?ﬁé)} ‘ (30)
w@erg now ui2(§l; §Q) is the particular}selution¢ of
(o] + e)uipleys E) = (g, - Ep)Bp{1 ()2 <x2>} (51)
such that. <u12, Bla(l 2')> - 0: Before the last step of @quation

(29), .;- and A have been commuted. .

The total U is given by

=2 T—-—A{ i 1'2""[1 - 1] [J 4+ l]'-nl\f')uid} (32)
i>j=1 . :

$The particular solution of equation (31) with the proper beha-
viour at X;, X, = O and =, must be made orthogonal to B(1'2')

before inserting it in eaquation {30).
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;where 1' = i'(gi), n' = n'(x ) and ugj-yﬁuij(ﬁi; ﬁd){ If for
an (1°3") paif,‘BiJ(l'J') already belongs to an irreducible
representation (or to one of its rows) of the two electron
mymmgtryvgroup (2 "oclosed ahel;" pair) the corresponding uij
will bé: the particular solution of

| (ef + ejduiy = myyBe,{(1'9") o - ()
such that <u'j, Bij(i ' e 03 my ;= Jij - Kij & 4 it

on the other hand Big is not sufficient to remove the degen~

eracy'bf an (i*J') pair, then, in the aquatién

N

LR -"}Z lJsm(:va'--»ra')} O (34)

o ~ 1331 -
“obtained from equations (28) and (29), mig (1'3') must be

written as a linear eombination of terms thaﬁ belong to the
mentioned irreducible repreaentatioqa and hence sab;sfy equa-
tion (8) individually. - |

Suppese there are r such terms,'mij, for a given (143,)’

j%—{mijﬁij(liai...itjr.;.N')} gl%ﬁ-(l"oc[i 6"1)1[3.* 11?.‘.N1)_

x Zmiﬁ%({i, §J)} (35)
_ 8=l
then J;Ar‘ : | - .
wy =)y - e
g=1 Z e '
where ugj are the golutions of
(e + ey)uf, = uf 0, o (e6m)

- 8 8 \ 8 = - " 1
and mj_‘j e <$ijf 512¢1J> - By The %.11'j must be made orthogonal -
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to ¢§J before inserting in equaﬁioﬁs (36&) an@()?). This
procedure fqr obtaining the proper uié_has been illustrated
in detail before for the case of L; atom with Hl = 1?3'313
{Sinanoglu 1960b)'mhere the Uif det (13 8 f pair leads to .
the ug, of the (1s2s) ' 15 and 33 states of Lx*

New each m’_J oceurring in equation {32) can be obtained
by solving several two electron equations, eguations (33) or
(péb), e.g. by veriational prinogpig%7%%ig é%égaaétion {9).
The number of,inéependeht pair functions in ', in general ‘
will be less thaﬁ,the total-number of pairs.  In the next sec?
tions, the ocmplete xi will be obtained by relating W (equatibn

(eo)) to U'.

’a) Two~Electron System
_Congider a nonsdﬁgenerate two electron system such as the

ground state of He or H2 Then 1' and 2' are the H.F. scF

3 A oo ) ) ] ; . !
spin-orbitals, efg. ls,, lsa or (cgls)a, (agls)6 Now U
uj, satisfies equation (31) and X} = uj, - Wla“ Equation {22)
becomes

(e + eadwip(mys 2p) = [(3yp - Vy) + (), - Vp)IB,(1027)  (57)
We have written the perturbation appearing on the right hand
gide of this equation as the sum of two terms: (J,, - Vl)

Qnd (312A~ Vé). Each one of thése is a one electroh function.
Changing the notation of equation (22) slightly and letting
the subseripts denote the orbitals producing the potential,
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Vl = Vl(ﬁa)-and'from equation (12):

vl‘(ﬁg)‘“ <1'(;§:,1f)"512 (‘Xl))' fdxl gl'é(xl' ~2)|1 (R]_HQ (38)
Inverting (e} + ég), we have -

oz = by Bl (g - )+ (g - Tl DI ()2 ()

P

or using equation (27):

312{1 (xl)tz(x )} + Blgit (xl)a (ﬁe)} - {39a)
where e.g. , o
lae) = g(9a - ") () (390

in equatien (39) t, and t2 are related to ula(xl, wg)

simply byt | _

tl(ﬁl) = ‘J‘E: <2’ (3.52)5 uig(ﬁlﬁ %2)>§2

. _ N | : | (40)

tgtﬁa) = NEY <I!(§1),'ui2(§ls ie)?§1
where as in equation (38), < >, denotes an integration over

X1

only Xy° To prove this we substitute the partieular ﬂolution

of equation {31) into. equation {40):

<2’y “ia>§g - <2'(§Q)’ ei + eé (Jla " g12) 312(152')?é2
The operations (ei)’l«and < >, commute and (e} + eé)“l is
gelf-adjoirit with respect to < > 88 well ag < >§3« Thus

; , 1
<27y iRy, <E{‘¢“E§ 2'(x5)> (312 g12)312(1 2')?é2

w4£T <2'(§2)s<‘312 - 5;2’?12(1'2i)>§a . (41)

Equation (27) has been used in the last step. Sinece 1' and 2°
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are orthonormal and <2' (xy), 5122 {x5)> = V,(xy)» equation
(41) leads to the desired result, equation (40):

. 1 . _ 1 '
@1 >y “,agg;ei(3124~ Va2 )03 (1) = gty ()
Note also that
<Gylm)s 150 = <tlx)s 2> =0 (42)
Bquations (19), (20), (39a) and (40) show that the first
order correction, Xi, tc the H.PF. solution ie given by u12

orthogonaiized (by the Schmidt process) to the H.F. spin-
orbitals 1' and 2'; i.e.

X0 %) = ujy ~ det {1 (x;)<1' (%), ulg( £ ma)> }
- ot {20 (1)< (ip)s Wl 2l ) ()

so that _
KKy 11> = <X, 2'> = 0 44)
X Xy 1’ X0 ‘ (
Substituting this result in equation (6) with <X, By,(1'2')

= 0 and.using equation (11) we get:
B, = < g3r det(1'2'), g,X> | (45)
The = Z V, part of Hy has vanished because of the orthogonali~
1

zation conditions, eauation (44). 1r @ (1'2') =

12 12
8y 2%1 (%75 x5) 18 written in equation (45) and the x, integration
carried out first, E? becomes the expectation value, _
<2' (%) v, (x )2’( )>, of the correlation or fluctuation
,(Sinancglu l960a) potential, V (§2) = <1', Gy,1'>  acting

5!
on the electron Koy
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the usual

In the language of/Schridinger perturbation theory, i.e.
- when equation (32) is solved using equation (26), uia contains
all the double dnd the single virtusl excitations from @
| 312(1'2')‘ To get the complete solution X] to equation (5);
ﬁhe cedtribution~of the single excitations are subtracted out
from uj, by orthogonalization to 1° ahd 2! (équation (43)).
Thus when @5 is @ Hartree-Fock solution, X] consists only of
the "dispersion” (double exeitations) part, the "orbital
averagé polarization“'(single excitations) part does not sppear
because 1tvis already implicit in the S.C.F. nature of @

(See e.g. Stnanoglu 1960a).

 b) Neeleetron System
In the case of an N-electron system, as in the previbus

case, the eomplege first order eorréction,'Xi to the E;Fs o ;
18 obtained by orthogonalizing each gij in equation (32) to
its H.F. orbitals 1' and J'.

~ To show this, we first split the sum of the H.FP. potentials,
g Vi(xi) appearing as the perturbation in equation (22) into
'%;e coulomb and exchange potentials of individual orblitals
1' ascting on electrons %40 Substituting equation (13) in

(12) | .

N N . .

Y Vel Z[(Si(zj)+3J(-251)>-(R§(§,3)+Rg(§i))] (46)
k=l 1>F=I
'Si(ﬁj) is the coulomb and'Ri(gj) the exchange potential of the
orbital i's In & = A(1'2'+<:N'), 1' is occupied by the

/
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| éléctr@n xi before A 1& applied.
| si(x‘i = <3 (xi)» gy 41" (x1)> _ o (uTe)
a;( j)J'(xJ) = <1 (x,), @131"31)P13>x 3" (AJ)~,

- (Xi)‘ gijj (xi}> . (xj) N (§7b)

' We write the perturbation in equation (22) as the sum cf
pair tqrmS'uaing equation (&6).\after‘commuting.it with A:

N | , .
j;c‘ _ . . :
Wwhere _ |
15 = [ 13 Kis = 5 (XJ) + R )J ¥ [Jij - Kyy - 8ylxgd +

Rg(ﬁi)j (46v)
- The form of %hié.equation 18 exactly the same as equétion (28)
which gave U'; only kij'haé réplaqed the'mia. Thusiw.is obe
‘tained in terms of the corresponding pailr funstions, Wy e in
the same way that U' was related to “155 except now the use.

of A= g5 KB, suffices to do this. For reasons that will be
apparent shortly, it is ‘not’ necegaary to resolve some of the

(i'J') further in terms of @ij (cf. @quation (35))- We

W= Lélcré{ ikigﬁig(l'e"--ifs'e--w)} e
' 15341 | v | _

Then, commuting A end L;l and using equation (27) for each

get

kij term,
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R | ' ' :

W= g3 k{ Z (r2teefs = 20005+ 11""“')"’13} (50)
i>d=1 A

| . 1 o PR

- where Wij = m kijmi;j(i ") (ef. equations (34)).

The wij 8 are related to the "immersed patr® funebions
<ui3 in the same way a3 we showed in the two electron syatem.
; fa ~ 1 , e o . ;‘}'1
Bi.j (tees 757 det) commutes with.km and (e' + e5)
that using equation (27) end the definition of Ky g5 equatior
(ng), '

13 = 13{”" (:%1)” (" ’} + Bij{t "‘1)'3 (z )} -(5i?) ‘
i(xl) < ..’-[ 13 7 13 -8 (,?153_) + Ry (ﬁi)Ji (ﬁi) ‘ (%lb) '

1 and j are internhanged to get t (xj) These equations are
the seneralization of equ&tiona (39) to any pair. Again we .
havet

b(ge) = JB ST Ggd w0 B0y .
t (ﬁ.). '*-4'2! <1 (x,), uid(ggi»gé)) o (52)

t
54 whether its u1J

obtained just frcm Bigti EAB I (equatiOn (33)),. or from: pair

Equation (52) 1= valid for any w

ymmetry statea, @13 by equationa cﬁé)r The proof of the
.first sase with B, J(i'J') follows in exactly the same way &8s
in the two electron aystem by . aubsti%uting uij = (e 4 ej) =1
ij 1J(1 J') in equation (52) and noting that
4t (%1). (8-(xi) - J(xi))i (x> = JiJ - Kig‘ The other

case is similarly verified by substituting u1J
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apprepriate Bi (i’J )'s at the last step.
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. e out of  1n teris of
ijviJ and writing ocut @13 in terms of thg

J2 T 1
<A (x4)s 14(’*1’ ~3)> = =7 ;fl“' (xy) e+ ey mu@ia)xi
2 ‘I ¢ | 1 1 W | ‘“'
=~ Bil—*g(i (Xi)p mijq1“> = Tév«-é-g(Jij - K‘ij "' Si +Rl)‘j'(?\{-j)
. B . .
=37 EJ(XJ) .

Pinally the overall first order WeF., Xi is obtained by
combining the U given by equation (52) and the W of equatiun

{50). The result is:
: N

Xlgui "WﬂmA{ T 1!2'...[1¢l} [J* }!oooNO)uij} (53)
i>J=l A '
expressed in terms of uig’ the immereed pair" functions ortho-

gonalized to the H.F. orbitals 1' and j':

»Eij(ﬁi’. xg) = ujy - det {i' (3 2" (g0 w] 0%y %.j)>§i}

- det {é'(gjkd‘(ﬁgj), Uy (x4 Jb } | (54)

EIJ corresponds to only the “dispersion part of u!_.  Note

15°
that since the particular aolutions,-uiga were obtained such
that ' ‘i
<ufys B (174')> =0 - o (58)
we have <%, Xi) = 0, Also-

O ' = <u LD = ',

The second order energy of the system is given from
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equations (6), (11), (5%) and (55) by:
32 = %-.(A(I'Q""N'), (1§J<g13”3'(§3)4'(?EA)"'N' (?&N)Elz(ﬁl’ ?;Ea)

+ 1'(?51)2'(§2)5'(Es)"'ﬂ'(@)ﬁ)u(i&}: ?&4) ‘- 1> (57)
where we have used the self-adjoint property of A and Ag = VN A.
The Z Vi terms,of_ﬂl vanished because of equation (%56). The A
By jist~given is simply the sum of Pdispersion” energies of
pairs of eleetrons (1+35") immersed in the N electron mediﬁm,
plus three an& four bedy Fermi correlation terms ("exclusion
effectﬁ"); To see this examine e.g; the first part of equation

(57) with Eia‘ Out of &ll the permutations in A= -3 (“1)PP

‘ Vil P
only those P that interchange the electrons x,, Zq0 X0 %p in
i'(ﬁ;)j'(éj)aia(ﬁl’ X,) contribute to the part of this term
involving By 40 We have! '

'\[}‘u A 1-'2' oW g A=zt Yy "...""" , \

'Q'ﬁ‘ < ( & e )av (1>§ 1314)3 (?&3) (ﬁ’ ula(?&l’ 3,&2))

' N - o
= <Byp(1'2'); gl > - 2 §2<m' (ﬁg)ﬁlm};}' (xy)2 (Z:;n)}»
_ i |

N _
g0 (5 )0 00200 20>+ 2 <Bs(Kk'4Y), by
w2 22> B B 12
<By,(1'2'), g;,By,(k"8')> (58)

The first term on the right is the dispe?sion-energy'of the
pair (1'2'); it depends on the other eleectrons of the system
only through the H.F. 8.C.F. potential. The second term glves
the "exclusion effect” of the ocoupied orbital m' on the corre-

lation of (r2'). In_;theffugugl‘perturbation theory it arises
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because the Virtual excitations of {(1'2') to m' (2'<m'<N')

are forbidden by the Paull principle. The last term of equation

' (58)-' aimilairly represents four-body "_emlusion-éffects" (effect

of R'B‘ on (1'2')) There are no other man y-body effécta.
Terms auch as <1‘(x )2' (x ;’5 (11§ )“12 (xl, ; )> which we have
called cmss-palarization” (smamglu 1%0’9) vanish due to

| equgeion (56) in this case, where ©, was chosen as the Hartree=

Pock solution,

Fronm @quationa (57 ) and (58) we thus have:

Z‘(B (' n')s %'\%m) + (Exclusion Effects) (59)
| n)m;z ,
This is e rigorous result that had been obtaineé approximately

bef‘ore (Sma:xoglu 196(3&)
‘Equation. (59) cen ‘e put into a very compact form by

orthogonalizing umn to all the - other oggupied H.F. orbitals

of the systexn. Equation (58) is equiva] ent to

%A(l'z"“k"): (Zgii)} (3,&3)4 (ﬂ)"'N (xmgula(xla &))
153 |
= <Bm(l 2'), gythp> - (69)
wheres |

Ba = 312(“3."%2)“‘ Zd@t{ (5 )0’ (1) le(wl’ 220> }
u >

2

2<312(kz), um}Ble(kE) I (61)

so that <y(xs %p)s m' ()3, = O for 2'<w'<N'. Thus equation
(57) or (59) beecmes




«23~ UCRL-9365

' N
npm»l ,

and <“mn(§m' %), k'(ém)> = 0 for Nyk's#m',n'.
The Xl' equation (53), that gave this Ea, also gives the
EE by equation {7), which can be analyzed in a similar.wayQ

 SUMMARY OF THE'Noﬁ-Em?InIcAL PROCEDURE

The steps involved in a. purely non~empirica1 caleulation
of the eorractions to the Hartree—?eck energy and W.P. of an |
‘N electron aystem by the method given above are the follawiqg.
| ' 1) Determine all the unique uiJ equations as 1p equations
(33),-(55)’and (36). (See also $inanoglu 1960b). uij‘s beleng
to the irreducible representétiens of tie symmetry group of a
twd.electron system. The number of uiJ‘s to be solved for,
will usually be less thar the totel number of pairs, N{N - 1)/25
due to the nultiplicity of gome of the pair states. For example

in Be, the only u} '8 needed are for (15%) lg, (1s25) %S and -3,

13
“and (aaﬁ) 8.

2) Ohtain each uj . from equation (33) or from equations

iJj
(36), either by a special variational principle such as equation
(9) or by other approzimate ways of solving these. non&homogeneous '
tWO~eleetron partial differentiai equations. Orthogonalice uij’
to B(1'j') or ¢1j° Many of the paira,will correspond to the
excitéd states of a two-electron system. These can be obtained
by the modified minimum principle (Sinanoglu 1960c).

3) Orthogonalize each uiJ to its own 1' and j', so that the
new pair function uij,satisfiea <u13, i (x1)> = <uij’ J! (ﬁJ)>§J

uO;
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| 4) The complete first order W.F., X] 18 given by equation
{53). The use of this X} leads to K, as the sum of pair dis-
peraién interactions and thrée» and fourwbo&y exclusion effects
{equations (57) and {59)). ?Alternacivaly, ﬁig may be orthow
gonalized by equation (61} to all the other H.P. orbitals
.difserent from 1' and j' and oaeu@iaﬁ in QOQ This glves the

same By, but expressed as a sum of gffective pair energles,
equation (62). | |
5) Xi also determinea.$5 by equation (7). The total

energy calculated will be an upper limit to the exact E only

ingg ig added to_EQ + Ei + Eg.

‘DISCUSSION

. We haveréeen in the previcua sections that 4in a&n N
electron system éaah‘(l'g’) pair of br%itals is associated
with cne “ij' This means.that even whgﬂ electron correlation
can no longer be neglected there will be gome validity o
talking about the orbitals i' and J' which merely gerve as
labels and'imylj uij as well. Thus many of the crudsr and
qualitative concepts of quantum chemistry which were based
on the orbital approximation and neglected correlation can
be justified on this basis.

The theory developed above does not hﬁve to be used in
a purely non-empirdicel way. Ite usefulness even for large
molecules depends on the possibility of its semi-empirical

gpplicaticn. The "immersed pairs" of X; are almost independent
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of the other electrons of the system. The uij equations are
Just like these that determine the first order ¥W.F. of an ace
tual two electron system taking Hl‘c glggvexcept that tﬁe
electrons of v, move in the H.x.' $.C.F. of 811 N electrons
rather than oalg in the field of nuclei. Often some of the
i‘, 3t orbitéls, €. 2. inner sheila, will be quite unchanged ”
in going from oné atom or molecule to another. Then provided.
the ahaﬁge in Vi ig alse smali,'ﬁhe-eorresponding uiﬁ,'the.
:Eié and the pair energy <Bij(i'j'), gléﬁ13> as wel;‘aé the
orbitels 4', J' can be transferred {rom one system to the
other. - | | | |
-When & pair of eleatrons occupy the same obbit&lj'the”
ablution_@f bheir uy ;. e.g by equation (9) will bé,simiiar to
the He ar'HE problem and should be greatly aided by the use
of vy, in the trial function, (uij)triél‘ | |
If the slectrons of & pair occcupy different. orbitals
their cerrelaiion error will be much sméllép'and may be obe~
tained by other abpr@ximaﬁe methods; When the different orbitals
are equivalent to twojorbitgls areuhd different centers the
résulting ?air intera@tion_may be described as a generalized
London force within the same molecule. On the other hand
one of the orbitals méy belong té an inner and the other to
- en outer shell. Then we may desqribe the quter'eleetrén as
moving in & cqpempolariaatiép potentisal. Both of thése>weaker
correlation effects can be obtained by the adiabatic approxis
métion or by the use of meanAexcitation'energieﬂ (8inanoglu
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" We considered abdve a system with a single H.F. deter~
minant'ég.' Many_méigcular problems, &.g. involving T-electrons
hovwever will have degeneraciesa_'These casés can algo be
treated by the formalism of this'artiele.' The.Lgl g"(z ei)"l
(equations (24) to (27)) aéting on ®_ would separate Xi into
a closed shell pért and the degenerate outer shell part. The
. degeneracy of the latter may theﬁ be resolved'sb-as éo gsatisfly

equatién'(&); The rest of theé method then applies as before.
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