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of and Noleoulee 

Corrections to the H:artree-Foak (H6F.) wave fW'lotion, · 

~0 , and energy of e, many ele~tron system are given. By the 

use of operator teohniques in perturbation theory, the t'1rst 
( 

orQer w.P., Xl, is obtained in terms of pair functions. These 

satisfy equations Just like those of 001 actual two electron 

system except that now each electron moves in the n.F. field 

of the entire N-eleotron "medium" added.to the.i'lel<i of 

nuclei. Every pair function must be Ol .... thogonalized to each 

of the two H. F .• o.rbitals associated with it to get the com­

plete Xi"· Thi.s X]. deterrilines both E2 and &_,. The second 

order energy, E2 , comes out -ae the swn of pair interactions and. 

three and four body correlations due to the exclusion principle. 

The latter may be incorporated into the pair energies 1.f each 

pair function 1s orthogonal1zed also to the remaining Ii. F. 

orbitals of ~0 • The approach allows the valence and inner 

shells, etc. to be discussed separately and extends some of 

the concepts of quantum chemistry based on orbital approxiina-

tions so as to ·include correlation. 
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Oktay Sinanoglu* 

Department of Chemistry and Lav.-renee Radiation Laboratory 

University of California, Berkeley, California 

INTRODUCTION 

The beat solution of' an N-electron system in the form of 

a determinant of N apin ... orbita.ls 1Cil given by the Hartree-Fock 

method. This 1s a very good starting point, but not ti;OOd 

enough to yield the smal~ energy differences of chemistry 

and spectroscopy. The energy d1fferenoe bet~teen the F..artree-­

Fock (H. F.} and the exact ··non-rel.':l.tivistie :solution is 

called the .'"correlation energy" e.nd &,.tounts to about 23 kcal/mole 

per doubly filled orbital. 

1rhe next be.st thing to the orbital approximation is to 

try to bu.1ld up a many electron system from groups of electrons 

each containing some correlation. A na.tural building block 

to choose for this \'lOUld be an electron pair, since the only 

satisfactory energy calculations so fa.r have been on He and H2• 

As we showed recently (Sinanoglu l960a) perturbation 

theory a.llows one to talk of groups of' electrons in a non-, 

arbitra.t--y way, i.e. by taking the indistinguishability of the 

electi>ons fully into account. We started from the occupied 

H. F. orbitals and. cle.se1fied the aomplete set of Slater 

*Present 1\ddrea.s: Sterling Chenlistr-i Laboratory, Yale UniverB1ty 

New Haven, Connecticut. 
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determ1nar1ts a.rs to the virtual t-ransi tigns they represent. 

!n this way, the aeoond order .enere,ry, ,!21 was separated into 

the energies of ant1symmetrized pairs a11d three· and .f'cnir ... body 

Fermi correlations ("exclusion effects"). The use of ordi.nary 

Sohrgdinger-type perturbation theory .leads to infinite sums, 

e.g. in E2, whioh are ver-y d1ff1oult to evallllate. T.he largest . 

eontribUtions to such awns come from t}le continuum part of the 

orbital basi~ set used (Lwgdin 1959). Hence we suggested 

semi-entp1r1oa1 mea.ns of getting the pair energies. The 

. exclusion e.t'fects. \'tere separated and obtained in closed form 

but approximately by replacing the energy denominators with 

"mean excitation energies". 
. ' 

In thi.e article we develop a .. J?1goroua theory to obtain 

:the corrections to the H. F. wave .1\mction (W.F.) and energy 

o.f a many elec_tron system in tel"m.s of' those or eleetron pairs 

and added e;tclusion .effects. Formal perturbation theory with 

operator technique;s used and the infinite sums. of the usual form 'or 
- the SohrQ.d.inger method are avoided. We take the single determinant 

.H.F. solution of an. atom or molecule as its non-degenerate 

zero order w.F., w
0

, and then give ita !'irst_order W.F., Xl, 
rigoL"ously in terms of pair f~otions. . Each pair function 

satia.f1es an· indepenaen~ equation t'lfluch can be solved separately 

~e.g. ~-Y ve.rie ti ona.l principles) Ju;; t like .the gi"ound or an 
.. 

exo1 ted. state of ttny two electron .system. The only difference 

is that the electrons of the ·pair in the N-electron "1uediwn", 

move in a Hartree-Fock potential ratll~ar than in the field of-
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bare nuclei.. The te(}hniq:ues used for He ~md H2 (e.g. w.F. with 

r 12 in it) can now be applied to such "1r.unersed" pairs. The 

"immersed pair" functions as such do not.determine Xi completely. 

It will be shown below that the exact Xi is obtained after 

_ orthogonaliz1ng ·each "im.11tersed pair" function to its pair Qf 

the H.F. orbitals •. :Xi yields E2 as the sum of pair energies 

and exclusion effects. ·The latter can be formally incorporated 
® 

into the pair energies by orthogonalieing the new pair functions 

to the remaining· H. F. orbitals of ~~ • 
0 

The· same X:l. yields the third ordel' energy, E3 , as well. 

Tnen having started from an H.F. solution, this should give 

the correlation energ7 to sufficient accuracy. The approach 

preeente4 here also pr.cvides·baais :f'or many chemioal·ooncepts 

(Sinanoglu l960a). It allot.Ys the core and valence eleotronsR 

sigma. and pi electrons, etc. to be treated in a separ•ate, 

yet non-arbi tra.ry · fs.shion. 

we have applied the same formalism before to an N-electron 

system starting with the bare nuclei Hamiltonian instead of 

the Hartree-Fook solution and taking the entire interelectronic 
N 

repulsion (H1 = ~ r 1 j-1 ) as the perturbation (Sinanoglu 
i>J=l . 

196Cb). The pair functions in this·oase are tot.ally independent 

of the *'mediuin" alid c.orrespond to the ·first order \>l. F. 1 s of 

the actua.l states of' a real two electron syste.m. For e:r..ample, 

Li atom is built up front the (ls) 2 1s, (ls2s) 5s and 1s states 

of Li+. With H1 =. ~ r1 j-l the entire x 1 is given by the 
i)j 

independent pair functions. The effects of the "medium" show 
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up in E~ only as "cross polarizationn terms (Sinanoglu 1960b) 

which are· si:mply added· on. This adv'anta.ge is lost upon 

sta.:tting 'llti th an H.J?. li-·
0 

~Jher'€ the effects of m.e,dium become 

1mpliq1t tn each pair. on the othe:r hand, the H.Jfl'. :P
0 

treatment hr1.s the ad:ila .. ntage of greater aoouracy. 

There have been other attempta.at obtaining solutions .for 

many electron ~ys~ems in terms of pail;'a (Uurlef:s et. aJ .• 1953) 

or larger groups (LYkes~ Parr. 195.6; !·40'Itleeny 1!16C). These 

use arbitrary orthogqnaliza.t1orJ oondi tions to~W.ch divide a. 

complete set of one electron orbttula into mutually exclu~ive 

subsets. Thus they violate the exclusion principle and are 

va.lid .only for widely Se'pa:rated groups (Sinartoglu l960a) (e.g. 

t;he far ends cf a long molecule). 

f'(;!J.r col"rels.tions have been used also in the theory of 

nualear matter (Bl"'Uecl<:n~ 19~) a.nd other infinite Ferm.t 

gases. But the present form of these theories for· finlte 

. 
!Zl.·y. ""t~l ... "'., ( ·.r..-:.-1r..n 1:9- .. ::-1G) .fomrldablei 't . _ ~.~ ..., u.u ._ ..... ,. ·e~ r•equire;selj -cons .s enoy proceo.urer.s many 

times mora involved than those in the P.:artree-Fock method. 

THE PERTUP.J3A'l'I0l1l ME'I'HOD S'l'J\RTING FROI>1 A H.ARTREE-FOCK SOLUTION 

Perturbation method will be used in ·the follcrwing ·form: 

Let H = H
0 

+ H1 'i'Jith H
0 

the unperturbed tla!uiltonian_, H1 sorne 

pei'turbation and 

(H0 + Hi)i = E'l! 

H:o Ito = Eo <'Po; < wo' t;'t > c. l 
Gil 

( 1) 
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® is the zero order ~i.F., F., '::!. the exact energy a.nd e1gen .. 
0 

funation. If we write 

.'i:. = ~ +X 
0 

such that (Q>
0

, i) = 1, <'1>
0

_, X> = 0 

w.a · get exactly 

( 2) 

( S) 

Upon ·expanding X and E in tel. .. lnB of a parameter A. and then . 

setting A: = 1, the perturbation series 

x = x1 + x2 + • • • 

E ·= E
0 

_+ E1 + E2 + E3 + • • • (4) 

is obtained. The first order w.F.,-x1 1s the solution of 

where 

(HG - Eo)Xl = (El - Hl)~'>o 
E = <w, H ¢-> 1 0 1 0 . 

and 1t determines the energy to third order (see e.g. Bethe 

and Salpet~r 1957). 

E2 = <tJ.o, (Hl El)Xl> ( 6) 

E3 = <Xl' (Hl - El)Xl> (7) 

This is general; each order of w.F. (except <t>
0

) determines 

the energy to ~ higher orders. 1\'Joraover if calculations are 

caz:r1ed out to odd o.rder.s of energy, e.g. both E2 ~ ~ ~ 

obtained from x1 , the resulting energy will be an upper 1!~ 

to .the exaot E (Morse and lt'eshbach 195-3). 'rhe same is not true 

to even orders only. 
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In oases ot degeneracy. the degenerate zero order w.F.'s, 

$~,corresponding to E
0

, must be so chosen that eaoh (~ - B1)<l>~, 

where ~ = <$~, Ii19, will oe orthogonal to .!ll <1>~ 

. (8) 

(Sinanoglu 1960b). Then there will be a different equation, 

equation (5)) for each 4)~, and equation (8) will ensure that 

solutions to these equations exist. 

To sol·ve equation (;) for x1 , one is· not restricted to 

the Scbr5d1nger method of expanding x1 in terms or the eigen­

f\mctiona of H
0

• Other direct· means or solving non-homogeneous 

differential equations m.ay ·be used.. Approx1mat1ona to x1 can 

also be found by minimizing the expression (See e.g. Bethe anG'i 

Salpeter 1957): 

~ < E2 (xi rial) == 2 <~oJ (Hl ·- ~)xi rial> 

+ <Xtrial. ·(M _ E )~rial>· ·(a) 1 , . 0 0 ~-J. ; 

with respect to trial functions; xfri.al., · Equation (9) applies 

directly if 4>
0 

is a ground state or the lowest state of a given 

symmetry. For a. general excited. state a moditie.d minimization 

procedure has been developed (Sinapoglu. l960c). 

The approach to be followed here is to analyze xl into· 

·components exactly using the inverse operator L~1 = (H
0

- E
0

)-
1• 

The components turn out to be pair f'unctlona which satisfy 2 

electron eqt.tations similar to equation (5) and to which .the 

variational principle., equation (9), or its mod1f'ioation 

(Sinanoglu 1S}60e) can be applied individually. We start with 

the zero order w.F.I the Hartree-Fock solution. 

Consider an N-electron atom or molecule with a Hamiltonian 
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N 

H = \ h 0 + L 1 
1=1 

·(10) 

Zc/Jb:i 1S the potential of eleotron i in the field. of nucleus 

<:&, and atomie -units_ (1 a.u. = 27.2 ev.)·are used. H may be 

split into: . H = H
0 

+ H1 such that 

H = 0 I {h~ +vi) 
1==1 

(11) 

Vi is ~n average_potential that acts .on 1 and may be non ... looal. 

In the non ... degenerate case the best choice for Vi' L e. one 

that leads to the smallest H1 , is the Hartree-Fo1.1k potential: 

J
p(x x·} 

1
-p(x · x) 

v (x) = . rvJ' ""J ch • ·. "-',1' ""1 ·r. ch· (12) 
1 "-1 . r 1 J j . . r 1 J 1 J- . J 

P1J exchange$ ~1 and ?tj and p{kJ"' ~j) is the Fook•Dirao density 

(see· e.g. L5lHiin 1959) 

N' 

p(~i~ ~J> = I n'.*<*'i>n' <~,> (13) 
n'=l 

?.Si denotes both the spatial (~1 ) and the .~p1n coordinates (-a1 >; 
n'(x) are the Hartree-Pock spin-orbitalst (in molecules MO SCF) 

"'1 

tPrimes will be used to refer to the propertie.s of H. p. orb1t.als 

as· distinct from the solutions of h~·· 
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with the orbital energies e.t, satisfyingt 

ett ( ) ( ) ai. n' !i ·~ 'in' ~1 (14) 

where h~rt e h~ + v1• Formally the same v1 aots on all the 

n' and .1. 

The ze.ro order W. F. is taken here .as the normalized deter ... 

minant 

1 \ . p 
A= J"N! ~ (-1) P (16) 

Aiuong.c,the Spin-·Orbitals 1' to N' I all odd integers refer to ll· Fo 

orbital& multiplied bysp1n a and all even ones to tnoee with 

· spin ~J e. g. in atoms 1' e ls
01

, 2' a i$~, . • • ~ In equation 

(15), be£ore A is applied, eleetrotl ~1 ocoupies the spin ... 

or'bi tal 1' • 

From equation (11) we have: 

.· (H
0 

- J£
0

) a f. (h~ff - ei) (17) 
i=l 

~ a <~o' (I 111J - I V1)~o> ~ - I (JiJ - KiJ") (lB) 
1 J 1~1 . 1)J=l 

where J 1 j = (1 1 (:s1 )J' (~J),. g1 J1' (~1 )J' (~j)> a <1' J' '. g121' J'> 

and. K1J"= <1'(~1 )J'(~j), g1JJ'(~1 )1'(~j)> a (i'J', g12J'1'> 

K1J" # 0 only for :1' and j' of like spin. 

The correction, .Jei,_. to the H.F. ~0 of equation (15) mu,st 
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Hl)~Q = { I'·(-J1J + x;:j 
1>J=l 

UCRL-9365 

N 

g . ) + \. V }A ( l ' 2 ' " • • N'. ) ij ~ 1 . 
1=1 (19) 

with I..
0 

= H
0 

... E
0 

of equation (17)• S1nee :r..
0 

is linear., Xi, 
and equation (19) ean be split into two parts 

;. (20) 

such that 

{21) 

(22) 

Subtracting equation (22) from (21), equa.tion (19) is obtained. 

Each of these equations have solutions tor non-degenerate ~0 , 

since they sep·Qrately satisfy the existence cori<iition.,. equation 

(8). 

Equation (21) involves only tb.e ttw electron repulsions, 

g1J; equation (22) only the one electron potentials, v1• This 

1s a very convenient result. Equation (21) has exactl;v· the 

same form as the equation that. gives the first order w.F., ~ 

of anN-electron system wnen one takes the.entire 1nterelectron1o 
N 

repulsions, . 4 g1J as the perturba t1on, · H1 , ana uses bare 
i)j=l . 

nuclei orbitals (hydrogen-like orbitals· in atoms) {Sinanoglu 

l960b) 1nstea<1 of the H~F. 11)
0

• The main difference between 

equation (21) and an equation g:tvin·g X1 ;. with :n1 ·=· IgiJ lies 

1>J 
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in L
0 

which in the H.F. oaae contains the h~ff = h~ + v1 
instead of ju.et the h~ (equation (14)]. Thus the methods 

developed previously (Sinanoglu 1960b). for obtaining x1 1n 
. 

terms of pa1I''S apply in exactly the same way to U''. . Moreover, 

as t1e shall aho~ first for a two electron system and th~n 

generally, once .ut is determined 111 1s obtained rrom · 1 t by 

simple orthogonalization procedures. 

· ·· ·we g1ve first the method of separating 

ut into pairs. Thi.s is based on the method that was used 1n 

the separation. or x1 with H1 = 1;/~ij (S1nanoglu 1960b)e. 

The particular· solution of equation (21) is obtained by 

inverting L
0

t 
N 

U' . -1{- \ ( . = Lo ' · J1j G .. 
. i)J==l 

Kn . .... g ) .. }A ( 1 ' 2 ' • • ~ N' ) 
1j ij . . (23) 

... l L
0 

1s the Greenf.e function operator and by equati·on. (17): 

L•l . (He. -· Eo)•l .... 1 · · o = ==. el + e2 · + • • • e~ (24) 

where we have defined: 

and included the corresponding one electron spin part. In terms 

of the compl<ete set of the anti-synnn~tr~ed eigen.funettons of 

Lo-1 i"' H
0

, ... given byz 

L -1 
0 

co 

,. ') .·· . . A(k£• ... n~Afk.6••:n~ . 
L, (e' + e' + • • • € i ~ € t + fi: + • 

n>• •• .B>l.i:)l k . .t . · n 1 2 

(26) 

• . • ¢ t) 
. N. 

L~1 is a self-adjoint,. linear operator and commutes with A. 
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From ei 1(~1 ) ~ 0 ~nct equation (25) it follows that 1£ 

e.g. r12 (~1 , ~) is .any function o.f ~l and~ only,. then 

1 I' 

N'(~N)} == e' + e' + ektfl2(~1' ~)3(~)4(~) • • • • • • l 2 
(' 

. N( ) } 1 . t~<~,)4(~) • • fl2(~l' ~) • ~·e• + e' 1 2 
. . 

(27) 

Commuting A w1tJ:i 4 m1J (m1J s J1J - KlJ - g1j) and r.-;1 , this 
i)j . 

equation .woulcl allow U' in equation. (23) to be written as 

a sum of terms each involving a two el_ectron qiJ a 

eJ. ! e j m1J{ 1' (~1 ) J '(~J)} and multiplied by the ~a1ning 
spin-orbitals n' (~) ~ 1, J• However, WhEm eaoh of tbe two 

eleatron inverse operators (e• ! e•) is expanded as 1n equation 
. 1 j . . 

(26), the expressions for qiJ become infinite. This is be-

cause qiJ 4oes not correspond to a f1r$t or4er ·two electron 

\i.F• obtainable as a solution of' (ej_ + ej(~~j = 

m1J{1' (~1 )J'(~J}} similar to equation (5}. 1{1' (~1 )J' (~J)} 
will be degenerate with other two electron states, e.g .. with 

{ i • (:£J )J • (~1 } }it so that the q1 j equations do not satisfy the 

e;xistenoe oonditions., equation (8). In the overall U', however, 

suoh pair degeneracies leading to infinities are removed when 

A is rinally applied. 

T9 obtain U_' in terms of finite pair fl.Ulctions each one . 

satiet'z1ng a two-electron non-homogeneous egWJ.tion ot the 

.me, eq\18-tion (;?}, the pair. degeneracies must :be rem()ved 

be.ro.re &pP.lYi!l,i :t.O::· '!'his is accomplished by tak;ng those 

linear combinations of (1' J 1 pair products that beloog to the 
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irreducible representations of the synunetry groUp or a two·· 

.eleatron sy-stem. It is possible to _find these combinations 

in a· way 1 eaving the overall AI_. X_ m .. ( 1' 2' • • • N' >} 1nvarian t 
. li)J ij . . . . . 

(81nanoglu 1960b} 1n the equation: 
. N . 

U1 = L~1 ~- Irn1J{l.'2 1 ·•·M')} (28) 
i)j=l 

For· 1nstanQe '-fit~ ;aid J' correspond tg the same spatial orbital 

and differ only in sp"in,. lt is suft'ic1ent to make use of 

(29) 

. where .BiJ e k (l - P1 j) m k det .. antisymmetriees only 1! 

.and J' by interchanging ~1 an<i ~J· Then from equations (27)., 

(_26) and-(29) we get e.g. for _the (1'2')pair: 

L~l 'i_(J12 .... gl2)(i'2'···N') = 

L~l ~ (Jl2 - gl2)Bl2(1'2t )3'·(~3)· ••N' (:SN)} = 

*"(3' (~)4' (~)· •·N~ (~)\1i2 (~i' -~>} (..:;o) 

where now ui2 Ctt1 , ~2 ) is the particular solution* of 

. (ei + e2l11i2(ftl' ~) =. (Jl2 ... gl2)al2{1 ' Ct1>2' (~2>} (3l) 

such tha.t <ui2 , a12 (1'2' )> c ~ Before _the last step of equation 

(2~), t;1 and A have been aommuted;; ·. 

'rile total u• 18 given by 

1 r ~ 
U' ~~AlL(1'2'···[1 

i)J=l 

(32) 

*The particular solution of equation (31) with the proper-beha­

viour at ~l, ~2 = 0 and CG, must be made orthogonal to B(l' 2' .) 

before inserting it in eauation t~ol. 

·• .. , 
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where 1' = 1' {?E1), n' = n' (~) and ui_j = 'UlJ(~1 ,' ~J). If tor 

an (1' J') patr, · B1J (1' J' ) already ~elongs to an irreduei'ble 

repreeentatisn (or to one Qr· its row.s) ot the two electron 

s:;'mmetey group (a ,.olosed shell" pair) the corresponding u;_J 

will beL the partieUlar solUtion of 

_such that <uit• a1J (1' J • )> • OJ m1J = J 1J ... Ki.J - g1J. If' 

.on the other hand B1 J 1$ not suff10ient to remove_ the degen· 

en:toy 'ot an (i • J •) pair~ then~ 1n the equation 
. N 

lJ' • ·r.,·l -AJ \.· m B {1'2' .. oN'>}. · (}4} 
G J2'l L 1J ij . • ' 

'' . i>J=l 

obtained from equation~ (28) and (29),_m1JB1J(i'J') must_ be 

written as a linear combination o'f' tema that belGng to the ·· 

mentioned irreducible representatio~s and hence satisfy equa•. · 

tion (8) indlvidually. 

. suppose there a:re r such terms, q>~J, for a g1 ven ( 1 • J ' ) , 

_JLf m .8 ( l ' 2 ' • • • 1' J ' • • • N' }}·. = 1AJ ( 1 ' • • • [ 1 .... l] t[ J + 1 ] ' .. • N' ) · 
~ 1J ~J . · r l · 

1" ' 

x I rn~Jcp:J(~1 , ~J)} (35) 
s-1 . 

then . r 
t ""2 \l s. 

u1J = r L uiJ (}6a) 

'a=l 
where u~J are the $Olut1on& of 

( ' t )' s s s (~6 ) e1 + e J u1J = m1J(§)iJ ;, b 

and m~j = <(J)~j, ~12<p~j> - . gij. The u{J must be made orthogo~al 

' ' 

\ 

\ 
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to cp~J before inserting 1n equations (J6a) and(;52). This 

procedure for obtaining the proper u1J nas been illustrat.ed 

in detail· before .for. the case. o:f Li atom with H1 = 
1

:& · g1J 
1 - ?J 

(Sinanoglu. 1960b) where tlle :t2r d.et. (lsf:'2sa) pair leadS to 

th,e u13 .ot t.h.e (lsais) 1s and :5s states o.f Lt+ • 

. N~w each uiJ occurring in equation (32) can be obtained 

by solving several two electron equations, equa.t.1ons (:~3) or 
· : ( Sinanog;J.. u l960c ) · · 

(:;6b), e.g. by variat1ona1 prinoiplee;such as equation (9)· 

'rhe number of.independent pair funotions in u•, in.general 

will be lese than .the total .. number of pairs. · In .the· next sec­

tions,. the OOmplete XJ. will be Obtained. by relating W (equat:ion 

(20)) to U'. 

-Consider a non•degenerate two electron system such a.s the 

ground eta. te of He or Ha. Then l' and 2' .are the H. F. SCF 

spin-orbitals, e.g. lsa, lsJ1$ or (agls)a, (agls)fi. Now 0' = 
·ui2 satisf'ies equation (31) and Xi = ui2 ... w12• Equation (22) 

beoomes 

We have written the perturbation appearing on the right hand 

side of thi$ equat.ion as the sum of two te:rma: (J12 - v1) 

and (J12 - v2 ). Each one of these is a one electron t'Wlction. 

Changing the n'otation of equation (22) slightly and letting 

the su.bearipts denote the orbitals producing the potential, 

..... ~ 
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V1 ~ \\ (~) and ·rrom equation (12): 

Vl(~2) o: <l'(~l), g1e1 '{~1l>~1 a ~~1 812(~1' ~)ll'(~l)j 2 
(}8) 

Inverting (e]. + e2), we· have 

wl2 = e 9 ! e' ~2{(Jl2 ... Vl"(~2)) + (Jl2 ... V2(~1))1(l'(~l)2 '(~)) 
. l 2 . . . 

or uing equation. ( 27) : ·. 

· w12 = ~2{1 ~ <!1)t2(~2)} + 812{ t1f1f.1)2.t (~)} 
where e.g. 

tg(~·) = el (Jl2 - vl {~l)2t (~) 
2 . 

In equation (:;~) t 1 and t 2 are related to ut~ (~1 ., ~) 

sim.ply by& 

tl(~l) =·~at <2' (~), ui2(~1' ·.~)>x 
~ 

t2 f~:) _#- ,[21 <i '· (~1)' ui2 (~1, !2)?ftl 

(J9a) 

(40) 

,.. whe.re;as in equa.tion (38); < >x denote·s an integration over 
. "'1 . 

only ~1 .. To prove this we substitute the particular solution 

of equation ()1) into -equation (40): 

<2 ' , ui2> ~ = <2 ' ( ~)' · ei ! e2 ( J 12 .. gl2 ) 812 (l' 2 ' ) > ~ 

The operations ·(ei)"'1 and < >*-a commute ana (ei + e2>. ... 1 is 

selt-adjo1nt with respeat to < > as well e,.s < >~. Thus 

l <2 '" ui2>~2 = <ei + e2 2 ' (?t2)' (Jl2 "" .gu~)Bl2 (l ' 2 ' )~~. 

= fr <2 ' (~), (Jl2 ... gl2)~2(l ' 2 ' )>x (41) 
l . . . ~ 

Equation (27) haS! been used in the last step .. Sinee.l' and 2' 
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.are orthonorm~l and <2' (~), gu~2'·(~2 )> = v2 (~1 ), equation 

(41). leads to the desired result.- equation (40): 

<2 ' D ui2>~ = ZJal ei (J12 ... V2(~l))l' ~~1) = &.tl (*.1) 

,Note also thet 

<tl (~1), 1' (~1)> c <t2(~), 2' (~)> = 0 (42) 

Equations (19), (20), (39a) and (40) show ~at the first 

order correction, Xl' to the }i.F. solution is given by ul2 
orthogonalized (bY. the Sohrnidt process) to the Ho F. spin­

orbitals 1' and 2'; 1. e. 

Xi(~h·' ~) ~ ul2 ... det {l'(?tl)<l'(~l)' ui2(~l' 

... det {2• (~2 )<2' (~2 ), ui2 (~ll> 

so that 

(43) 

(44) 

SUbstituting this result in equation (6) with <Xi• ~2 (1'2') 
= 0 and.usip.g equation (11) we get: 

(45) 

'l?he E v1 part of H1 has vanished because of the orth.ogonali-
1 ' 

zat1on conditions, equation (44). If o12B12 (1'2') = 

g12Xi{~1 , ~) is written 1n equation (45) and the ~l integration 

carried out first, ~ becoraes the ~xpectation value, 

<2' (~2 ), VP(~)2t (~)>, of the correlation or fluctuation 

. (Sinancglu 196Ca) potential, VP(~) ... <1' I> a121' >x acting 
....,1 

on the electron ~2 • 
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the usual 
-In the language of/Sohr6<11nger perturbation theory, i~e. 

when equation (32) is SGlved using equation (26), uJ.a conta1na 

all the double and the single virtual excitations trom ~ = 0 . 

B12 (1'2'). To get the complete solution Xi_ to equation (5), 

the contribu.tiop: of the single excitations are subtracted out 

from u12 by orthogonalization to 1' and 2 t (equation ( 4:;)). · · 

Thus when ~0 ia a .Hartree ... Fock solution, X). consists only of 

the "dispersion" (double excitations) part·, the "orbital 

average polarization'* (single excitations) part does not appear 

because it is already 1mpliQ1t in the s.c.F. nature of 4>
0 

(See e.g. Sinanoglu 1960a}. 

u~~ 

In the ease of an N•electron system, as in the previous 

case, the complete first order correction,· Xi to the H·. ,. 4>
0 

is obtained by orthogonalizing each ulJ in equation (.52) to 

its H. F. orbital a 1' and J'. 

To show this, we n rst split the sum of the He p., potentials, 
N . . 
:& v1 (x1 ) appearing as the_perturbation in equation (22) into 

1=1 "' . . . 
the ooulomb and exchange potentials of in<iividual orbitals 

1' acting on el~etrons ~J· ·SUbstituting equation (13) 1n 

(12) 
N N .. 

k·~lVk(~) = I r. (s1 (~j) + s.,c~1>)- (R~(~j) + Rj(~i>)] {~) 
- 1>J=t 
s1 (~J) is the coulomb and ·.R1 (~J) the exchange potent~al of the 

orbital 1'. In 4> = A(1'2'···N'), i' is oocupie<i by the 
0 
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s1 (xi) "" <1' (x1 ), g1 J1' (.x1 )> __ · (_47a) 
~d ~- · · ~- . It 

Ri(~J)J• (_~J'~ 5 (i' (~t)' 81"~ 1 ' (~1)P11>x J• (~1) · 
.., "' ~1 tl ' 

.(471:>) 

We write ~e pertu:rbation in equation (22) as the sum of 

p-air terms u.sin@ equation (45), after collUDUting .it with Al 
N . 

L0 W = t{ L k1J}(1•2''' • · •N') (48a) 
i)J=l ' 

where 

kij • [J!J - Kl.J ... 81(~J) + Ri(~j) J + [JiJ • KiJ • SJ(~i) + 
-! 

Rj(~1 )j (48b) 

The form ot th1s equation is exactly tbe same as equation (28) 

wh1oh gave U'; only k1 j has replaoed the m1J. Thus W is ob• 
' ' 

:tained in terms of the corresponding pair tu.notion.s, w1J' in 

the same_ way that U' was related to ui_J.t exoept now tl'le use. 

of A = .rl- AB1J sufti~ee to do this. tor reasons that will. be 

apparent shortly; it is not necessary to resolve some of the 

B1j(i•J'). further in terms of cp~J (cr. equation (35)). We 

get . 

W = x;·1 . .J. {· ~ k_ B (1'2' •••i'J'• • •N' )} (49)· . . o :rr L iJ 1J · -
. 1)j=l . . 

Then,. commuting A and L;1 and using equation (27) tor each 

kiJ term, 
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. N . . 

w = 4 J \-.· (1'2••,..[1 .... l}'[J + 1l'~~··N')w-} (50) 
~~ ~ ~- . lJ, 

1)Jcl . . 

•here w1_J c: ef! e2 k 1ia1J(1' J') (et. equations (:54)). 

The w1 j' s are related. to the "immersed patr" functions 

u.tJ 1n t.\'le same way as we Showed in th~ two electl"().n aystem. 

Bij (1.e. ~ det) eommutes witb:kiJ ana (el + ea)'"'1, so 

that using equation (27) end the det'1n1t1,.on o.f k1J; equat1o11, 

(4$b)' 

wij "' l\.J{:t• !~1 )t J Ct.J)} + 131J{t1 (~t.)J' CtJ)} (5ia) 

t1 (~1) == ~r{-Jij - KiJ .. SJ (~1) + Rj (~i) ] 1 ' (?!i) ... (51\>) . 

1 and J are interch~ged to gat t J (~J ). 'l'hese equations are 

the seneral1.zation of equations (;)9) to !m:Y pair. Again we .. 
have: 

t1(~1) = . .f2! <.J_' (~J), \liJ <!i·· X )) . 
... ""J XJ "". 

t J (~J) -d<. J"az (1., (~1), urj (~1.' ?EJ)>~1 (52) 

Equation (52) ·is valid for any w1 j t#n~the~ 1ts .. _ut;1 is 
I . 

_obtained Ju.st· from· B1J(1' J' ),- (equation ()3)), .·or rrom:pair 

eyw.metr;r states, •:J by equations ('6).. · ."'l'he p~of of the 

_.first case with BiJ (1' j') follo~s in exaotly the same way as · 

in_ the. two electron_ system by. s_ubstituting U.lJ = (e1 + ejf .. 1 

m1JBij(1'J') in equation (52) and noting that· 

.·. 

<1' (~l.), (SJ(~1 ) - Rj(~1 ))1' (~1 )> == J13 - KiJ· The other 

case is similarly. verified by sUbstituting ui_j =-
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: ..f2 ~ (' ' ' )-1 s $ . d 1t1. t i3 1 t .(:> th r S:l e1 + e j . mij~ij an wr · ng ou · q>iJ · n erms O.a. · . e 

appropriate :s1j(1 1 j')'s at the last stepo 

· · , ( . ) . , <· _ · )- .fa .~ .1 , ( ) 1 s s 
(i ~1 I UiJ ~i.t ~J )~i m r ,;1 ( ~1 j er + ej m1J\p1j)~i 

J'""2 · r · 1: · s. s ·. 1 l ( 
= r s!

1
ef'1 ' (~1)' m1j<p1J>~1 == :J2 'ij J~j - KlJ • Si +_ rti)J' (~j) 

= fg tj(~J) 
Finally the overall first order w .• F. ~ Xj_ is obtained by 

combining the u• given by equation {:52) and thew of equation. 

(50). The result 1s: 
. N 
Xi = U'· - w = ~· ~ I (1'2' ••• [1 ... l]' [J + 1]' • .o~t yu:ij} 

. »~1 . . 

~-. ,· 

expressed 1n te1~s of u.ij' the .,immersed. pair" functions ortho­

gona11zed to the H.F. orbitals 1' an,d J': 

uij (~1' ~J). ~·· "i.J - det {1' (~i )<1' (~1), uJ.a (~1 j ~J )>~} 

~ <let {j • (~J )<J' (~J) • uj_2 (~1' ~J )>It) (54) . 

uiJ corresponds to only the "dispersion"· part. of u;_j. Ncte 

that since the particular solutions, ·uj_J-" wel"e obtained rsuah 

that 

(55) 

\-te have <~0 , Xi> = o. Also · 

<uiJ, 1'>x = <u1J' .J'>x a;: o 
~i ~J 

(56) 

T:ne second order energy of th"* system isgiven from 
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equations (6), . (11), (55) and. (55) by: 

JL = fil.<A(l 1 2' • • •N' ), ( l: g .)[3• (x )4' (x~.)· · •N' (x )U.. (x , x ) ~ 11f i)j 1j ~3 ~ ~N ~2 ~1 ~2 

·+ 1' (~1)2' <~2)5' <~s>· ··N' <~lu,4(~, ~) + •• ·l> (57) 

where we have used the self-aciJo.int property of A and A2 == .Ji·n A. 

The ~ v1 terms ot H1 vanished beeause of equation (56). The 
1 

~ Just ·-given is simply the sum or t$ dispersion n energies or 

pairs of electrons (1'j') i:mmersed_1n theN electron mediUm, 

plus three and four body Fermi correlation terms ("exclusion 

effeots"). To see this examine e.g~ the first part ot equation 

(5_7) with ~. 2 • Out of all the pet'muta:tiona in A = ....!.... .1: ( -l)Pp 
..[Nl P 

only those P that interchange the electrons-~1 , ~J' ~l' ~in 

1' (~1 ) J' (~J )u12 (~1 , ~) . aontr1bute to the. part of this tenn 

involving giJO we havet 

.rg~ <A(l' 2' • .. N' ) jl ( ~ g )3' (x )4' (xJ.) .. • U.. (x , :x-.. )> 
. 1)J=l 1J . ""' 'V+ '.1.2 ""1 ~ 

== <l\e<1 ' 2 ' >~ g12u12> ... 2 ~ <m' <~2)B1mJ1 ' <~1)2 ' (~)}, 
· m)2 ·l 

N 
glmm'(~)ul2(~1 1 ~)> + ~ <Bl2(k't'), ul2> 

.· . £)k)2 . 

(58) 

The fi.ret term on the right is_ the disperaion energy ·or the 

p.air (1'2' ); it depends on the other electrons of the system 

only through the H.F. s.c.F. potential. The second term gives 

the "exolus1on eff'~ct" of the oaoupied orbital m' on the corre­

lation or (1 '2' ). In . the:! .. ·usual' pertUrbation theory it arises 
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becaus.e the virtual excitations of ()!2') to m' (2'<m'<N') 

are forbidden by the 'Paull principle. The last term of equation 

· (5S)' similarly represents four .... body "ex.olusion ·ett&cts" (etf'eot 

ot k'J' on (1'2')). There ~reno other ma.ny ... body eff'eets .. 

~~~s-·su.~h ··;$~-<1' (~1 )a• (~~·'f:!3-)u;2 (~1 ; .~)).which we na.ve 
. ~. I , . . . ~· • . ~-. . • ~·.,' . '· ; "'' 

called "e~sa ... polari~ation" ($1nano~lu 1,.60b) vanish due to 

eq~tion (5(3) in this ·case- where <il
0 

was chosen as the Hartree­

l'ook solution. 

From equations (57) and {58) we t:h.us have: 
N . 

·~-a~ l <:emn(m'n' ), Smn~> + (kelusion Effects) (59) 
n>m~ .. 

This is ·e rigorc>\1$ result that had been obtained appttc>J.timately 

before ('81nanogl~ 1960a). 

Equation. (59) can be put into a very compact torm. by 

_crth9gonalizin~ ~nn to all the·othe~ ~~~ied H.F. orbitals 

ot th~ system. Equat4.on (58) 1s equivalent to 

fi!<A(l'.2' .. ·N' ), (I giJ)}' (!£,)4' (~)·. ·N' (~)~2,~1" ~.>>. 
1}j 

= <Ji2(1'2'), gl~2> (60) 

where: N 

ul2 .. ~2(~1' ~) - ~ <iet {m' (~l)<m• (~l)' 
N m )2 

+ I <Ii.2 (k.t >' u12>~2 (k£) 
£>k>a 

. ·,· 

(61) 
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N 

-~ = I <Bmn(m'n' L ~timn> (62) 
n>m)l 

and <1~nn(~, ~); k' (~)>~n = 0 for r~t;:m• ,n~ .. 

The Xi, equation (5;), that gAve this B2, also gives the 

:S, 'by equation (7), which can be analyzed in a similar way. 

The steps involved in a.puJ>ely non-empirical caleu.lation 

of the corrections to the Hartree-Fock energy and w. p .• o£ an 

-N electron system. by the method g:lven above are the following:· 

1) Determine all the unique ufj equations as 1n equati.ons . 

{:;,), (35)' and (-'6). (See also Sinanoglu 1960b.). uj_.,' s ]l)~long 

to the irreducible representations or the symmetry g.roup of a . 

two .electron system. '.l'he number o£ uiJ' a· to be solve-~ for .. 

will usually be less thari the total nwnber o~ p&irs,. N(N ... 1)/2.~~ 

due to the multiplicity of ,some of' the pair states. .For e.:x.ample 

in Be, the only .. ui/ s needed are for (ls2 ) 1a, (1&2s) ~3 and ·'Si 

· and (2s2 } 1s. 
. . 

2) ·obtain each uiJ from equation (3.}) or from equations 

(36)~ either by a special variational pr1ne1ple sueh aa equation 

(9) or by other- approximate waye of sol vlr,g these non•homogeneous 

two-electron part.ial differential equations. Orthogonal!ze.ui_J 

. to B(i'J') or ~~j· Many or the pairs. wlll correspond to the 

e.xoi.ted states o£ a two-electron system. These can be obtained 

. by the mod1f1e<i minimum prino1ple (81nanoglu 1960c). 

3) Orthogonallze eaoh ui_j to 'its own 1' and J'~ so that the 

·new pair funotion)u1J ,satisfies <u1 J, 1' (~1 )>~1 = <u1 j.t J' <~.J)>~j 

= o. 
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4) 'the eomplet$ f1:rst order w. r., X]. is given by equation 

· (5}). The use of thie Xj_ leads to ~ as the sum of p$.1r dis-. 
pere1on interactions and three ... and to~body exclusion etreots 

(equations (57) and (59)) •. ,Alternat.1vely, u1J may be ortho• 

gonaltzad by equation (61) to all the other H·P• or'bi.tals 

di.fferent from 1' and J' f,l1d OOC\4')1e4 in t
0

• ifb1S giVE!$ the 

same E2 ; 'but expressed aa a sum of e.tt~otive P<$ir ·en~mle.§, 

equation (~2). 

5) Xi also determinee E:, by equation (7)• Tha total 

enel"gy ealculated will be an ~per limit -,~ the e.xaet. E only 

~ ia added to .. E. + E1 + ~· 

. w~ have seen in tbe previous sections that in an N., 

eleotron system eaoh (1'J') pair of orbitals is associated 

with one uiJ• This means that even when electron oorr.elation 

aan no lone;er be neglected thex-e will be some validityto 

talking about the orb1 tals 1 • and J '· which merely serve as 

labels and imply ulJ a.s well. Thus many of the cruder and 

qualitative concepts of: quantum chernistry whieh were b&tlled 

on the orbital approximation and. neglected aorrelat.1on aan 

be justified on f;his basia • 

'!he theory· developed above does not have to be u.sed.. in 

a purely non·-empir1.oa.l way. Its usefulne$s even for large 

molecules depends on the poss1b1.l1 ty ot 1 ts semi-empirical 

application. The "il'mnersed pairs" of Xi are almost independent 
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of the other eleetrona of the system. The u1j equations are 

just like those that determine the f'1r3t order w. p. of an aa• 

tual two electron system taking H1 = g12• except that the 

electrons of utJ move in the H.F. s .. a.r. of' all N eleotrons 

r>ather than only in the field or nuclei. Often some of the 

1•, J' or>bitale, a. g. inner shells, will be .qui"c;e un.changed. 

1n going from orie atom 9r molecule to another. Then pro\'"ideti 

the ohange in v1 i:s also small, the corresponding urJ' the. 

u1J and the pai.r energy <BiJ (1 f j'), gl2u1j> as well as the 

orbit.a.ls 1', J 1 aan be transferred fl'Om one system to the : 

other. 

'When a .Pair or eleo.trons occupy tne same orbital.. tne 

solution or their u;_j. e. g. by equation (9) wil.l be slmilar .. to 

the He or ~ problem and ehould be greatly aided by the uae 

of.' r 12 1n the tFial funat.ion, ( t.tj_J) trial· 

If" the electrons of: a pair occupy different o.rbitals 

their correlation error will be much smaliez> and may be ob­

tained by other approximate methods.. When the different orbitals 
" .are equivalent to two orbitals ar0und d1f£erent centers the 

resulting pair interaction may be <ieacribeG as a genc.zralized 

London ferae wi.thin the same moleeul.e. On the .other hand 

one of the orbita.ls may belong to an inner and the other to 

. an outer shell. 1neh we may de.seribe the quter electron u 

movini in a co.r e:-polar1zation potent.ia.l. Both of the&e weaker 

correlation effeota oa.n be obtained by the adiabatic approxi ... 

mation or by the use of mean ·exoitation energies (B1nanoglu 

1960a). 
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We considered abo"ve ~ system with a single H.F .. deter .. 

minant ~ • Marcy moiecular problems, e. g. invol v1ng 1r-electrons 
0 

h01t1ever will have degeneracies. These cases ca."l also be 

treated by the f'onnali~m of this article. The L~1 ~ (Z ej)-1 

1 
(equations (24) to (27)) acting on 1£>

0 
woul<l separate Xi into 

a .closed shell part and the degenerate outer shell part. The 

degeneracy of the latter may the~i be resolved eo as to satisfy 

equation· (S) ~ The rest of the raethod th~n applies as before. 
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