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J. Lubliner and V. P. Panoskaltsis
Department of Civil Engineering
University of California at Berkeley

Abstract

A model of linear viscoelasticity introduced by Kuhn et al. to describe
rubber is modified by the addition of instantaneous elasticity in order to be
applicable to structural materials whose creep is asymptotically logarithmic;
this is referred to as the continuous modified Kuhn model. The relaxation
function is determined by Laplace transform inversion. Energy dissipation is
studied, and in particular the frequency dependence of the loss tangent, which
is found to be flat over a large number of cycles if the damping is small, in
accordance with observed behavior of structural materials and unlike the usual
(Kelvin) model of structural damping. An approximation to the modified model
based on a discrete retardation-time spectrum, called the discrete modified
Kuhn model, is also studied; this is an internal-variable model which can be
extended to account for nonlinear behavior. '

1 Introduction

Beginning with the experiments of Phillips [1905], the creep of numerous solids (in-
cluding rubber, glass, various metals, and concrete) has been observed to obey a
logarithmic creep law over a wide range of times; that is, at a time ¢ sufficiently long
after the application of stress, the strain is given approximately by

exlInt. (1)
For concrete in the linear range, for example, the creep function
J(t) = A+ Blog(1 +t/7) (2)

is often used (U.S. Bureau of Reclamation [1956]) to describe creep over a time range
of months or years if 7 is a characteristic time of the order of one day. Obviously,
Equation (2) reduces to the form (1) for ¢ sufficiently large.
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Following Phillips, the creep of rubber was traditionally described by the creep
function

J(t)=A+ Blnt (3)
and its time derivative B
Jit) =~ (4)

In order to remedy the singularity at ¢ = 0, Kuhn et al. [1947] proposed to replace
the expression (4) for the time derivative of the creep function with

Jt) = Z- e, (5)

which has the finite limit BC as ¢ — 0 and has the same behavior as (4) as t > 1/C.
Kuhn et al. defined the creep function as the integral of (5) from 0 to ¢, with no
constant of integration, consistent with the fact that the instantaneous deformation
of rubber, based on “glassy” response (i.e. for temperatures below the glass-transition
temperature Tj; see, e.g., DiBenedetto [1967] or Van Vlack [1989)]), is negligible when
compared with later deformation (based on “rubbery” response, i.e. for temperature
above T;). This creep function can be expressed in terms of the exponential integral
(see, e.g., Greenberg [1978], p. 43) as follows:

J(t) = B / t #dz = Bly + In(Ct) + Ei(CY)), (6)

where Ei represents the exponential integral and v = 0.5772... is Euler’s constant.
It is seen from this expression that J(0) = 0 and that the logarithmic feature of the
observed creep function (3) is preserved.

It is the purpose of the present paper to propose several modifications to the
Kuhn creep function (6) that will make it more readily applicable to solids such as
concrete (in which the instantaneous strain is not negligible beside the creep strain)
and generalizable to multiaxial stress states and to nonlinear behavior.

2 The Continuous Modified Kuhn Model

The first modification, at first glance minor but in fact significant in that it makes
possible the description of structural materials, is the inclusion of a nonzero con-
stant of integration in the expression for the creep function in order to account for



instantaneous elasticity. The creep function is therefore

t T e—C’:L'
Jt)=A+B / — s, (1)
0

where A is the instantaneous elastic compliance.

The second modification involves a change of variable, namely C'z = ¢/7, where
7 is the new dummy variable, in order to obtain a rheological representation of the
model. The creep function can then be written in the following retardation-time

superposition form:
[ o]

d
I=a+8 [ (-t (8)
1/C T
This creep function given by (7) or (8) will be said to represent the continuous modified
Kuhn model, since it is based on a continuous retardation-time spectrum, in order to

distinguish it from the discrete modified Kuhn model to be discussed in Section 4.

2.1 Relaxation Function

The relaxation function G(t) corresponding to the creep function (8) may be deter-
mined by means of Laplace transform methods. It is well known (see, e.g., Christensen
[1982] or Fliigge [1975]) that the Laplace transforms of the creep and relaxation func-

" tions, written respectively as J(s) & L{J(t)} and G(s) o L{G(t)} (where s is the
transform variable, in general complex), are related by

J(5)G(s) = —. 9)

The relaxation function may therefore be found by inverting G(s) as given by (9).
Using the creep function in the form given by Equation (7), we have

t tq9 __ —Crt
=48 Loem i ) eotar,
S 0 0 T

j(s)=§+B£{/:f(T)dT}=§+B@, (10)

or

S

where
Ct

def 1 —€”




so that

) = casen = {22},

where
g(t) =1—e°"

From the properties of the Laplace transform it follows that
7= [ gt

while
1

oo 1
- — _ ,=C1\_—su e 2
g(s) = /0 (1-e )e. du Crs

S

= T A | 1 s+C
f(s):/a (;——u+0>du=ln T

As a result of Equation (10), the Laplace transform of the creep function is

J(s) ! [A-I-Bln (1+%)] : (11)

S

Therefore

and by relation (9) the Laplace transform of the relaxation function is found to be

R Py v

It follows from the Laplace transform inversion theorem that the relaxation function
G(t) is given by the Bromwich integral:

- 1 [otie
G(t) = L7G(s)] = — G(s)e*'ds,

2w R

where o denotes an abscissa located to the right of any singularity G(s) may have.

Hence,
1 atico et
G(t) = —/ —ds. (12)

Das s'[A+ Bln (1 + —C-)]
S
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The integrand must be examined in order to determine its singularities, and in
particular poles and branch cuts. The singularity at s = 0 is removable. On the other
hand, the one at s = sg, where 4 + Bln(1 4 C/s¢) = 0, is a pole. We may solve for
Sg, obtaining

C

o (13)

So =

Finally, there is a logarithmic branch cut from on the negative real axis from —C to
0, since for s in the interval [-C,0], 1 + C/s < 0. It is observed from equation (13)
that sp < —C. Hence the description in the complex plane is the one portrayed in
Figure 1. With the aid of Cauchy’s integral theorem, the relaxation function G(t)
given by Equation (12) becomes

G(t) = Res(e”G(s), so) + :2%([1 + 0) (14)

where Res(e**G(s), so) is the residue of the function e*'((s) associated with the pole
8 = So, and I; and I are the integrals above and below the branch cut, respectively.
According to a well-known theorem of complex analysis (see, e.g., [Marsden & Hoff-
man [1987], p. 268), for a function of the form f(s) = g(s)/h(s) with g and % are
analytic at so and g(so) # 0, h(so) = 0, and A/(so) # 0, the residue associated with
the simple pole at s = sq is

Res(f(s), so) = lim (s — s0)f(s) = 9(s0)

3—30 h’(So)

Since the present case fulfills all the conditions stated above, the residue is

- st
Res(e”G(s), so) = lim (s = so)e =
°s [A-f—Bln (1+—)]
S
esut

vlaeoe(+ )]}

Some lengthy but straightforward calculations lead to

s=sp

e—Ct/(1~e—4/B)

Res(e”@, s0) = —



In order to evaluate the integrals I; and I,, we recall that the logarithm of the
complex variable s is given by

Ins=1In|s|+iargs

where —m < args < 7. Above the branch cut, s = re'™, where s € [-C,0] and

C >r=-s5>0, hence
ln<1+g>=ln(g—1)+i1r.
s r

Below the branch cut, s = re™, r = —s, and hence

ln(1+—q)=ln(g—l)—i7r.
s r

With the help of these expressions, the integrals I; and I, become

0 re' ¢ C et
L :/C A+ Bm(Ofr —iBa =“/0 r[A+ Bh(C/r—1) +iBa

and,

c erc—iﬂt C e—'rt
I, = / ——(—dr) = / ——dr.
o —T[A+Bln(C/r—1)—iBr] o T[A+Bln(C/r—1)—iBn]
Then since I; and I, are complex conjugate we obtain,
1 1 (o e—rt e-—rt
gmath) =50 | {_r[A-{- Bln(C/r—1) +iBr] T rA+ BIn(Cjr —1) = iBw]} dr

1 c e—rt
- ;Im/O r[A+ BIn(C/r = 1) — iBn] dr.

where Im denotes the imaginary part of a complex quantity. By performing the
change of variables z = r/C, and upon noting that 0 < r < C implies 0 < z < 1, we
may transform this integral into

e-:z:Ct

1 1 !
.y, =1
omiht )= m/o 2C[A+ Bl (i/z = 1) = iBr]

Cdzx
e—th

N B/(; x{[A+Bln(1/x—l)]2+(B7r)2}

dz.
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Combining this result with Equations (14) and ( 15), we obtain the relaxation function
in a form in which it may be evaluated by numerical integration, namely

e—Ct/(1-e—4/B) 1 e—zCt
G(t) = ———*+B/ dz.
(®) B(eA/B —1) o 2{[A+Bln(1/z —1)]’ + (Br)?} ?

While the integrand blows up at & = 0, it can be shown that the integral is well be-
haved there. For sufficiently small z, the denominator is approximately B2z[ln(1/z)]?,
so that it is sufficient to examine the behavior of the integral

for some small A ( 2 < 1 ). By introducing the variable u = Inz, this integral
becomes

Ink 7, 1
/ o 2 In(1/R)

3 Energy Dissipation

3.1 Thermodynamic Considerations

Energy dissipation in a linearly viscoelastic material may be discussed on the basis
of the thermodynamics of materials with internal variables. In this section special
attention will be paid to the description of the dissipation by the proposed model, in
particular its relation with the frequency of excitation. By way of background it is
recalled that if an oscillatory strain of angular frequency w,

€(t) = go sinwt, (16)

1s applied to a linear viscoelastic material specimen, the steady-state stress response
o is also oscillatory with the same angular frequency w, but out of phase with the
strain. In particular, the stress leads the strain by a phase angle 6(w) and is given by

o(t) = ggsin(wt + §(w)). (17)

For simplicity, the explicit dependence of the angle 6 on w will henceforth be omitted.
The dissipated energy, as will be seen, is associated with the phase angle §. If wt is
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eliminated between Equations (16-17), the following relation is obtained:

CAOREAU RPN

5 = sin? §.

This equation describes an ellipse in the o-¢ plane.
The dissipated energy may be calculated by appealing to the first and second laws
of thermodynamics. The local form of this law is

pu =o€+ pr — divh (18)

(see, e.g., Lubliner [1990]), where u is the internal energy density, p is the material
density, r is the rate of body heating or radiation per unit mass, and h is the heat-flux
vector (so that A = h-n is the heat outflow per unit time per unit suface with normal
vector n). The inner product of the stress with the strain rate tensor represents the
mechanical power (also called deformation power or stress power) per unit volume.

Let a cyclic process in a material element be defined as a process in which the
kinematic and response functions defining the state of the element have the same
values at the beginning (time t,) and at the end of the process (time ¢,). Upon
integrating Equation (18) from ¢; to i, it is seen that

12 . t2
/ o:edt + / (pr — divh)dt = 0,
1

t

since the internal-energy density is a state function and therefore has the same value
at instants at which the state is the same. Since the steady-state excitation is a
cyclic process, it follows that the integral of the deformation power over a period
(equal to the area inside the stress-strain loop in the one-dimensional case) equals
the amount of heat produced (or the mechanical energy dissipated) during this time.
It is clear from the above derivation that the area of the stress-strain loop represents
the dissipated energy only in the case of a steady-state deformation and for a period.
It can be mentioned here that Tschoegl [1989] arrives at the same result on the basis
of the assumption that the kinetic energy can be neglected for a viscoelastic material;
this assumption is unnecessary, and is wrong in general.
The second law of thermodynamics may be expressed by the Kelvin inequality

D=Zpa§.a20



(Lubliner [1990]), where D is the intrinsic dissipation (Lemaitre & Chaboche [1990]),

L4
P = pafa

is the “thermodynamic force” conjugate to the internal variable €, and 7 is the
Helmholtz free-energy density per unit mass. It was shown by Lubliner [1972] that
the additive decomposition of the strain tensor € into elastic (€°) and inelastic parts
(¢') is compatible with the existence of a free energy density (e, &,T) if and only if
the free energy can be decomposed as follows:

¥(e,T,8) = ¢°(e —€'(€),T) + ¥(§, 7). (19)

Then the dissipation becomes

with the help of the standard relation o = pdv/de, which is derived in different ways
by the “rational thermodynamics” school (Truesdell [1984], Coleman & Gurtin [1967])
and the “accompanying equilibrium state” school (Bataille & Kestin [1975], Germain
et al. [1983]); the derivation from the point of view of the “rational thermodynamics”
school is known as Coleman’s method (see Woods [1981] for a critique of this school).

If the part of the dissipation made up of the inelastic work rate o:&* is integrated
through a cyclic process, we obtain

t2 ) t2 t2
/ o dt = / o:edt — / o:e°dt.
t 3] 131

Because of the relation (19), the stress tensor is given by

e

o'=paee.

Hence the second integral of the right-hand side equals the difference of the values
of 1° (which is a function of €® and T') at the beginning and at the end of the cycle
and is zero for isothermal conditions (e° attains the same values at the beginning and
end of the cycle for isothermal conditions, since o does so and ¢ = e°(e,T)). Since
e(o,T,£) and o attain the same values at the end of the cycle and because specifically
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a steady-state cycle is being considered, it is reasonable to assume that in such a cycle
the internal-variable vector £ also has the same value at the end of the cycle. Hence -
the integral over a cycle of the second part of the dissipation D = —p 3__(9v%" /8¢, )¢,
equals zero in an isothermal process, in view of the Equation (19). Hence

t2 t2
Wd=/ Ddt=/ o:edt
t (51

Consequently, we have arrived at the same result as before, i.e. the dissipated
energy is given by the area of the stress-strain loop in a steady-state cycle. It is
interesting to note that the result based on the second law of thermodynamics is
the same as the one based on the first law, but with the additional assumption of

isothermal processes.
Upon combining the above results with the relations (16) and (17) and integrating

over a period, we obtain the dissipated energy per unit volume in a cycle,

2n
Wy = /ade = / oo sin(wt + §)eqw cos wt dt,
0

and upon performing the integration,
Wy = ogeom sin 6. (20)

Hence the tangent of the phase angle 6, known as the loss tangent, is

Wy

tan § = ————.
TOED COS O

The strain attains its maximum value ¢q at ¢t = T'//4, and the corresponding value of
the stress is 0 = ggcos §. If W, denotes the stored energy per unit volume of a linear
elastic material strained up to €y with corresponding stress o = o cos 6, then W; is

W, = 1/20’060 COS 5,

so that
Wy

W, (21)

tané =
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3.2 Comparison with Kelvin Model

The analysis presented above may be compared with that used frequently in struc-
tural dynamics. Assume that a body or an element is subjected to a displacement-
controlled sinuisoidal excitation given by A = Agsinwt. The resulting steady-state
force is
F = Fysin(wt + 6).

As a rule the Kelvin model is used in structural dynamics, though without being ex-
plicitly referred to; it is commonly known by other names, such as “viscous model” or
“standard structural model,” and it is sometimes thought, confusingly, that all linear
damping models are Kelvin models. With the Kelvin model, the force-displacement
relation is F' = KA + HA, where K and H are the stiffness and viscous coeflicient,
respectively, of the element under consideration. By comparing the two expressions
for the force, we have the result that cos§ = KA, /Fo and sin § = HwAy/F,. Hence
the loss tangent is

With the help of this expression, the force becomes
F=KA+% tansA.
w

With the preceding expression for sin § and with Equation (20), the following expres-
sion is obtained for the energy dissipated in a complete cycle by the element under
consideration:

W, = nHwAZ, (23)

If the element comprises a single-degree-of-freedom system with mass M and natural
frequency wy = y/K/M, then the damping coefficient is ¢ = H/H. = H2Mw, =
Huwy/2K; hence the viscous coefficient is H = 2Mwof = (2K /wp)é. Comparing this
expression for the one previously found for the viscous coeflicient, H = tandéK/w,
yields the result

so that at resonance (w = wp) the damping coefficient equals one-half the loss tangent.
With the help of Equation (21) it is also found that
Wy
4 W,

£ =
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at resonance. From Equation (23) we observe that the dissipated energy as predicted
by the Kelvin model is quadratic in the displacement and linear in the frequency, -
while from Equation (22) we note that the loss tangent is linear in the frequency. This
predicted behavior is contrary to that observed in most structural materials (Nashif
et al. [1985], Kelly [1991]), in which the damping coefficient is essentially independent
of frequency. This frequency independence is usually modeled by hysteretic damping
(Crandall [1963], Kelly [1991], Nashif et al. [1985]), which although convenient in
frequency-domain analysis is intractable in time-domain analysis. The latter is often
preferable because nonlinearities can then be taken into account.

3.3 Frequency Representation

A mathematically powerful way of presenting the loss tangent is by means of the
frequency representation which will be used here (Golden & Graham [1988]). Let ¢
denote the function

C(t) = J(0)8(t) + J (1) H (2) (24)

where H(t) is the Heaviside step function and §(¢) is the Dirac delta function. The
strain may then be represented (Golden & Graham [1988]) as

e(t) = /_ t C(t—to(t)dt, (25)

where the lower limit may be replaced by ¢; if (t) = 0 for ¢ < ¢;. Similarly we may

define )
p(t) = G(0)8(t) + G(t)H(2),

so that

o(t) = /_ R #)e(t')dt'. (26)

oo

Let {(w) denote the Fourier transform of ((t), i.e.
)= [ e 2 Fie),
0

with similar definitions for (w), 6(w), and é(w). It can easily be shown that

~ - -

(W) = wd(w), iw)=1wG(iw),



where J and G denote the Laplace transforms as before. By taking the Fourier
transforms of Equations (25) and (26) we obtain

Ew) = (W)8(w), &(w) = pw)iw),

so that
1

((w)
The complex functions i(w) and ¢ (w) are respectively known as the complex modulus
and complex compliance. If fi(w) = i1 (w)+ifiz(w), where p; (w) and g, (w) are usually
referred to as the storage modulus and the loss modulus, respectively, then the loss
tangent is

Aw)

_ fig(w)
tané = @)
Similarly, if {(w) = {y(w) — il(w), then
tans = 2(), (27)
G1(w)

For the continuous modified Kuhn model it follows from Equation (11) that

% : 2
C(w)=A+Bln(1+£) =A+Bln\/1+%_i3tan—l (€>
w w w

The loss tangent of the continous modified Kuhn model is therefore

1
Btan~! =

tané = c (28)

1\ 172
1+Bn <1 + —2)
q

where f = B/A and ¢ = w/C. Plots of the creep function J(t), as given by Equation
(7), against the logarithm of time and of the loss tangent, given by Equation (28),
against the logarithm of ¢ are shown in Figures 2 and 3, respectively. It is observed
from the latter plot that for small values of 3, the loss tangent is almost constant
over a wide frequency range, which is a characteristic of structural materials, and
the values are similar to those observed in structural materials. The Kelvin model
notoriously fails to predict this type of behavior, since its loss tangent varies linearly
with the frequency.
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4 The Discrete Modified Kuhn Model

Let Jn(t) denote the following truncated Dirichlet (or Prony) series:

N
Jn(t)= A+ Blnr Y (1- e, (29)

m=0

where r is a parameter subject to r > 1. This series represents the creep function of a
generalized Kelvin model, shown in Figure 4, consisting of a spring with compliance
A in series with V 41 Kelvin elements, each of which has the same spring compliance
Blnr, and whose retardation times form a discrete spectrum with values r™/C,
m = 0,...,N. It will be shown that Jy(¢) has as a limit, under conditions that
will be specified, the creep function J(t) of the continuous modified Kuhn model.
Consequently the model described by Jy(¢) may be called the discrete modified Kuhn
model. It is noteworthy that the only parameters describing the model are A, B, r
and N, so that the number of parameters is independent of V.

Theorem.
Jn(t) = J(t) as N — oo, r = 1+, VN 5 oo.

It should be noted that the first two conditions, N — oo and r — 1+, are not
sufficient for the third, r¥ — oo, as can be seen from the following counterexample:
If r is given by the sequence 1+ 1/N, then it is seen that r — 1+ as N — oo , while
rN=(1+1/N)N e

The proof of the theorem is as follows. The improper integral of the expression
(8) for the creep function is given by

oo H
=i / (1- e_t/T)ﬂ = lim (1- e—t/f)fdi.
1/Cc

T H—o00 1/C T

By definition of the Riemann integral, the integral I is

N
I'=lim lim Y f(rn)AT,

1ammii0 m=0
where f(7) = (1 — e7¥/7)/7, 77 stands for an arbitrary value inside the interval

Tm < T < Tmt1, AT = Tyl — Tm, and N is the number of intervals. It is noted
that 7o is equal to 1/C', i.e. it is the lower limit of integration, and that H = rV/C,

14



N

hence H — oo when " — oo . If we now further take 7* = 7,,, the above equation

becomes N
® _t/r\ 9T . : ~Ct/rm
(1—e™)—= lim lim ) (1—e )(r—1). (30)
1/0 e

If the function Inr is expanded in a Taylor series about r = 1, we obtain

1nr=0+(r—1)—%("—1)2+0((r—1)3)’

or
Inr=(r-1)+0((r - 1)%).
Then
N N
dm I (=T < dm (= 1)+ 06 =1 31 - e~

N—oo,r—1 N—oo,r—1

= hm r-—l)Zl—e‘Ct/’

N—boo,r—»l

This relation, with the help of Equation (30), proves the theorem.
The loss tangent of the discrete modified Kuhn model will be derived with the
help of the relation (27). By applying the relation (24) to Equation (29), we obtain

N
((t) = AS(t) + BClar rime-Ct/T'"H(t),

m=0

so that the complex compliance is

N
((w) = A+BC’lan rimf{e'm/'m}
=0

N
1 (Clr™) -

N
C . wrm™
= A+BCIDT‘Z <02+w2r2m _102+w2r2m> .

m=0

15



Consequently the loss tangent is given by

N m
Z wrT
2 C? + w2r2m
5= 2@ e
Cl (w) A + Z C
BClnr o) C? + w2r2m
i wr™/C
B e 1 + w2r2m/02
- N

A 1

Blnr +m2=:0 1+ w?r?m/C?
N m

 Wrpon ==
1+q2r2m

m=0

17 4 =l
Blnr =01+q2r2m

m

where 8 = B/A and ¢ = w/C as before. Plots of the creep function and of the
loss tangent, shown in Figures 5 and 6, respectively, confirm the convergence to
the continuous modified Kuhn model with increasing N; in the range shown, the
curves corresponding to N > 100 are virtually indistinguishable from those for the

continuous model.
An important feature of the discrete model is the fact that it is an internal-

variable model. For any stress history o(t) such that o(—o0) = 0, the strain £(¢) may
be written as

e(t) = /t In(t —t') do(t))

-
= (1) + ) an(®),

where



It can easily be seen that each o, (t) obeys the rate equation

. C BClnr
at mo=—0f
r r

g

corresponding to the Kelvin model. The discrete model can be extended into the
nonlinear range by replacing the right-hand side of the rate equation with a nonlinear
function of o; for example, the factor o can be replaced, in accordance with rate-
process theory, by Dsinh(o/D), where D is a constant.
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Figure 1: Singularities of G(s)
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Figure 2: Continuous modified Kuhn model: creep function for various values of
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Figure 3: Continuous modified Kuhn model: frequency dependence of loss tangent
for various values of 4
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Figure 4: Discrete modified Kuhn model: representation as a generalized Kelvin
model
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Figure 6: Discrete modified Kuhn model: frequency dependence of loss tangent for
various values of N; 8 = 0.1, r = 1.25 (dotted line: continuous model)
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