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Affine structure of facially symmetric spaces
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Department of Mathematics, Jerusalem College of Technology, P.O. Box 16031,
Jerusalem 91160, Israel

AND BERNARD RUSSO

Department of Mathematics, University of California,
Irvine, California 92717, U.S.A.

(Received 2 May 1988 ; revised 24 November 1988)

In [7), the authors proposed the problem of giving a geometric characterization of
those Banach spaces which admit an algebraic structure. Motivated by the geometry
imposed by measuring processes on the set of observables of a quantum mechanical
system, they introduced the category of facially symmetric spaces. A discrete spectral
theorem for an arbitrary element in the dual of a reflexive facially symmetric space
was obtained by using the basic notions of orthogonality, projective unit, norm exposed
face, symmetric face, generalized tripotent and generalized Peirce projection, which were
introduced and developed in this purely geometric setting.

In this paper, we investigate geometric properties of these spaces. We analyze the
generalized Peirce decomposition associated with a face and give a useful condition
for two such decompositions to commute. A polar decomposition is proved for an
arbitrary element and a characterization is given of semi-exposed faces in these
spaces and their duals.

The primary example of a facially symmetric space is a Banach space whose dual
is a JB*-triple. In particular, this includes the preduals of von Neumann algebras,
the duals of C'*-algebras and JB*-algebras (=Jordan C'*-algebras) as well as those of
J*-algebras. The latter includes Hilbert spaces and Cartan factors as special cases.
For an introduction to JB*-triples and JBW*-triples, see [5, 6, 10].

Characterizations of the state spaces of C*-algebras and of JB*-algebras, based on
physically significant axioms, are known and were constructed in a framework of
ordered Banach spaces (cf. [1, 2]). On the other hand, the predual of a JBW*-triple
enjoys analogues of essentially all the properties which are needed in these
characterizations (cf. [5]). We expect that these properties, formulated in a facially
symmetric space, will lead to an algebraic structure on its dual. Because of the lack
of a global order structure however, this will be a triple product rather than a binary
one (cf. the introduction in [7]). This will solve (and give precise meaning to) the
problem stated in the first paragraph.

One approach to solving this problem is via a spectral theorem, functional
calculus, and polarization. However, obtaining a satisfactory continuous spectral
theorem seems to be a difficult task, requiring a new version of Choquet theory.
Moreover, even though spectral theory and functional calculus can be used to define
cubes, it is non-trivial to show that the triple product defined via polarization is
additive in each argument, since this requires a treatment of non-compatible
elements, discussed below.
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Fortunately, there is another approach which we believe is tractable for our
problem. It is based on the recent work of Dang and Friedman [3], which gives an
elementary constructive proof of the classification of JBW*-triple factors of type 1
(cf. also [9]). In the work of Dang and Friedman, a basis is constructed which consists
of tripotents which are related in certain basic ways (orthogonal, collinear, or
governing). All of these notions have meaning in a facially symmetric space.

In order to facilitate the carrying out of this approach, a penetrating analysis is
needed of the facial structure of the unit ball of a facially symmetric space and its
dual. This is the purpose of the present paper. The corresponding analysis in the
predual of a JBW#*-triple appears in [5] and the recent work of Edwards and
Riittiman [4].

An important feature of a JBW*-triple is the existence of a Peirce decomposition
associated with a given tripotent (or equivalently, a norm exposed face) in which
each summand is a JBW*-subtriple. A similar decomposition occurs in the context
of [7], and the stability of the category under generalized Peirce projections will be
of equal importance in our study.

We now discuss the notion of compatibility. A useful general technique is to
decompose a space simultaneously with respect to a family of individual
decompositions. It is therefore important to know econditions under which this joint
decomposition does not depend on the order, i.e. when the corresponding projections
all commute. In this case we say that the members of the family are compatible. For
a comprehensive study of this notion in the context of Jordan triple systems,
sce [8].

In the globally ordered case, faces correspond to idempotents, and compatibility
implies commutativity of the idempotents. Therefore it is not possible to study non-
commutative phenomena in this framework without abandoning compatibility, and
thus increasing significantly the complexity of the problem. On the other hand, by
dropping the requirement of a global order structure, it is possible to describe non-
commutative objects by using compatible families. This method, which we intend to
employ toward this end for facially symmetric spaces, was illustrated in the factor
classification of JBW*-triples in [3].

The contents of this paper are as follows. In §1 we begin by establishing properties
of orthogonality in a normed space Z which depend only on the assumption that the
orthogonal complement of any norm exposed face is a linear space. With this
minimal assumption we are able to prove, for example, the existence part of a polar
decomposition of an arbitrary element. Then, under the basic assumption that every
norm exposed face is symmetric (we shall call such spaces weakly facially symmetric,
WFS), we discuss the one-to-one correspondence between generalized tripotents and
symmetric faces, and rclated matters.

In §2 we introduce the notion of neutrality and use it to prove the uniqueness of
the symmetry occurring in the definition of svmmetric face. We also explore the
duality between the generalized Peirce spaces in Z and its dual Z* and use it to show
that the latter are spanned in the weak*-topology by certain generalized tripotents.
This is used in §3 to prove the fundamental result which states that two genceralized
tripotents are compatible if one of them belongs to a generalized Peirce space of the
other.

Also in §3 we study the behaviour of our spaces under generalized Peirce
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projections. We show that the properties neutrality and WFS are inherited by the
range of any generalized Peirce projection. In the final §4, we restrict our attention
to the subclass of (strongly) facially symmetric spaces. We study the order structure
on the set of generalized tripotents and use it to prove the uniqueness, minimality,
and faithfulness of the polar decomposition. We also study semi-exposed faces in Z
and Z*. We show that every norm semi-exposed face in Z, is exposed and give a
complete description of weak*-semi-exposed faces in the dual ball.

This paper builds on its predecessor [7], but is otherwise self-contained, using only
elementary functional analysis. Although the main result of [7] is not needed here,
we do refer to most of the machinery used in its proof, up to and including lemma
2-8 of [7].

The theory in this paper is developed for real or complex spaces. The proof that
the predual of a JBW*-triple is a neutral facially symmetric space can be seen from
proposition 8, proposition 1, lemma 1-6 and (1-9) of [5] and the Jordan decomposition
for normal functionals on a JBW-algebra. It follows from this fact and the results of
this paper that purely geometric proofs can be given for the commutation formulas
(lemma 1-10 and proposition 3 in [5]) and for the polar decomposition of a normal
functional (proposition 2 in [5]).

It seems doubtful whether the predual of a real JBW*-triple will be a facially
symmetric space.

1. Symmetric faces and orthogonality

In this section we review the fundamental concepts which were introduced in [7]
and prove some new properties which are needed in the present paper.
Let Z be a real or complex normed space. Elements f, g€ Z are orthogonal, notation

2 .f
Jou 1f+gl = 1—gll = 171+ gl M

This condition is equivalent to the existence of elements u,v € Z* satisfying

lulf = lloll = L =lluzxol, Au)y=I1fI. g@) =lgl, flv)=gw) =0 (2)

(cf. [7]. proposition 1-1).

Recall that a norm exposed face of the unit ball Z, of Z is a non-empty set
(nccessarily £ Z,) of the form F, = {feZ,: f(x) = 1}, where xe Z*, ||z|| = 1. Note that
F,0F,=F, where z = {z+y).

For subsets S,7 of Z, SO T means fO ¢ for all feS, geT. From (2) it follows
that Izl = Iyl = llz-£yll = 1 implics £, & F, ®)

For a subset S of Z, S° denotes {feZ:fO g for all geS}. It is easy to see that
SO T if and only if T'< 8°. Moreover S© = §°°° and S° is closed, but in general
S # 8% and S° is not additive or complex homogeneous. However, under a mild
assumption, S© will always be a linear subspace. Namely. we say that a space is
Sfacially linearly complemented if it is a real or complex normed space in which the
orthogonal complement F© of every norm exposed face /' (of the unit ball) is a linear
subspace.

ProrosriTiON 1-1. Let Z be a facially linearly complemented space. Then 8° is a linear
subspace for every subset S of Z. Moreover Sp 8 is orthogonal to S°.
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Proof. Since S© = N{{f}°:fe 8}, it suffices to prove that {f}° is a linear space. Let
g, he{f}° and assume without loss of generality that || f|| = |lg]l = ||| = L. By [7],
corollary 1-3(b) there exist pairs of orthogonal norm exposed faces (F,G) and (H, K)
with fe FNH,gel, heK. Then J:= Fn H is a norm exposed face and g, heJ°. By
assumption, for any scalar a we have g+aheJ®, implying g+ahe{f}°.

Since S§°? is a closed linear subspace containing S, it contains spS, i.e.
(spS) & 8°.

From this proposition, by using induction, we have

CoroLLARY 1-2. Let Z be a facially linearly complemented space. Then for any
multually orthogonal family ., ..., ¥, we have |Z | = Z |1y,

The following is a converse of Proposition 1-1, and does not require any hypothesis
on norm exposed faces.

Remark 1-3. Suppose g O h and (g+4) O f. Then g O fand 2 O f.
Proof. We have

gl + 20l +1AH =g+l +1FI = llg+hLfi
S lgxfI+ RN < Ngh+ 11+ 1A

Therefore g+ fll = llgll + I fIl, i.e. g O f. By symmetry 2 O f. |

An element we Z* is called a projective unit if || = 1 and (u, F$)> = 0. This means
that the norm exposed face F, is ‘parallel’ to F'9.

In the following proposition, this notion is used to prove the existence of a ‘polar
decomposition’ for elements of Z.

ProrosiTiON 1'4. For each non-zero f in a facially linearly complemented space Z,
there is a projective unit w with flu) = || fll and {u,{f}°)> = 0.

Proof. Assume || f|| = 1. Define ¢ on sp{f}+{f}° by é(af+g) = a for ge{f}°® and
scalar «. Then ¢ is a linear functional. Since f<O ¢, by Proposition 11 we have
af & g and

[(af +9)| = la < lal+llgll = llaf+gll.

By the Hahn—-Banach theorem, there exists ueZ* with ||u| =1, flu) =1, and
{u,{f}°> =0. Since {f} =F,, we have {f}® 2 FC. Thus {u,F2» =0, ie. u is a
projective unit.

We shall improve this result and prove the uniqueness of % under appropriate
hypothesis in §4 (cf. Theorem 4-3).

Let & and % denote the collections of norm exposed faces of Z, and projective
units in Z*, respectively. The map #3uw~ F,€% is not onto in general (cf. [7],
example 4).

In order to get a bijection between distinguished subsets of projective units and

- norm exposed faces, we need to recall the definitions of symmetric face and
generalized tripotent from {7].

Motivated by measuring processes in quantum mechanics, we define a symmetric
face to be a norm exposed face F in Z; with the following property: there is a
linear isometry Sy of Z onto Z, with S% = I, such that the fixed point set of Sy is
(SpF) @ F° (topological direct sum). In particular, F© is a closed linear space. We
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shall show in §2 that under a mild assumption, Sy is unique. Hence the assumption
of uniqueness made in [7] is not needed.

The rest of this paper will be concerned with the following spaces. In §4 we wili
restrict attention to a subclass of this class.

Definition 1. A real or complex normed space Z is said to be weakly facially
symmelric (WFS) if every norm exposed face in 0Z, is symmetric.

Since a WFS space is facially linearly complemented, the above results are valid
for it.

For each symmetric face ' we define contractive projections P (¥F) for k =0, 1,2
on Z as follows. First P,(F) = (I —8j) is the projection on the —1 eigenspace of S;.
Next we define P,(F) and Fy(F) as the projections of Z onto Sp F and F*® respectively,
so that P(F)+ Py(F)=31(l+8.). These projections are called generalized Peirce
projections.

The projections P,(F') depend, a priori, on the choice of S. It is immediate from

the definition that
PyF)+P(F)+Py(F) = I

and Fy(F)—B(F)+ By F) = Sp.

The following, concerning the generalized Peirce projections, is an immediate
consequence of Proposition 1-1.

ProrosiTiON 1:5. Let Z be a WFS space. Then Py(F)Z O Py(F)Z for every norm
exposed face F. In particular,

IPo(F) pll + I B (F) pll = [(PF) + Bo(F)) pll - (pEZ). (4)

A generalized tripotent is a projective unit u €% with the property that F:=F, is
a symmetric face and S¥u = u for some choice of symmetry S, corresponding to F.

Denote by 97 and % the collections of generalized tripotents and symmetric
faces respectively. By using Proposition 1-5 and the proof of [7], proposition 1-4, we
now have

ProrosiTioN 1°6. Let Z be a WFS space. Then the map 97 su—F,e ¥ F isa
bijection of the set of generalized tripotents and the set of symmelric faces.

Propositions 1-5 and 1:6 were stated in [7] without the assumption that every norm
exposed face is symmetric. The authors wish to thank Professor Kevin MeCrimmon
for pointing out that (4) does not follow directly from the definition of symmetric
face.

For each generalized tripotent « in the dual of a WFS space Z, we shall denote the
generalized Peirce projections by P, (u) = P,(F,), for £k =0,1,2. Also we let

U:=272* Zu)=2Z,(F,):=P(w)Z and Ugu)=U.F,):= P(uw)*),

so that
Z=Z,(u)+Z,(m)+Zy(u) and U= U,(u)+ U (u)+Uy(u).

The inverse of the map u~ F, of Proposition 1-8 will be denoted by Fi+>v,. A sym-
metry corresponding to the symmetric face F, will sometimes be denoted by S,,.
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Example 1-7. Let Z = R? with unit ball given by a regular hexagon with vertices
(£1,0),(3 £3v3).(—% £3v/3). Then

(1) 0%, has 12 norm exposed faces, each of which is symmetric; thus Z is a WFS
space;

(2) % =0U, (since 8° = {0} for all & + S < Z);

(3) the generalized tripotents are (£+1,0), (3, £14/3), (=% +1v/3), (1, +1v/3),
(0, £3v/3),(—1, £3v3);

) if f=(1,0)eZ, then any wue{(1,0),(l, +3v/3)} satisfies f(u)=|f|| and

w, {f}%> =0.

Properties (1), (2), (3) show that there exist projective units « which are not
generalized tripotents but for which F, is a symmetric face. Hence the condition
S*u = w in the definition of generalized tripotent does not follow from the other part
of the definition. Property (4) shows the non-uniqueness of a projective unit
occurring in the polar decomposition of Proposition 1-4 (uniqueness will be shown in
§4 under additional assumption).

In the rest of this paper we shall need the basic orthogonality properties of
generalized tripotents and other elements of the dual space Z* of a WF'S space Z, as
developed in [7], §2. These results were stated in [7], for convenience, under an
additional assumption. An examination of their proofs shows that lemma 2:1, lemma
2-4 and lemma 2-5 of [7] are valid in WFS spaces, and therefore they can be used here
in §2 and §3.

The following lemma will be used in §4 to study the properties of a partial order
on the set of generalized tripotents.

LemMMA 1-8. Let Z be a WFS space. For ve94T and beUyv) with ||b]] =1 and
F, + &, we have
(Fpun)® = F5 N FS. (5)
In particular, if w,v€9T are orthogonal, then Zy(u+v) = Zy(w) N Zy(v).
Proof. By [7], lemma 21, we have F, c F,,,. Therefore (F,,,)° =« FS NF.
For any ¢eF,,,, we have
1=<¢.b+v) =g, (B)*+F(v)*) (b+v))
= (Byv) . v> + (Fy(v) ¢, b)

< 1B0) gl + 1 Rw) @1l < Nl gl = 1,
which implies that

I1P,(v) gl Py(v) peF, if P,v)¢ +0,
and 1Fo(w) Il Fo(v) g€ F, if Fy(v)¢ * 0.

Let e FS N FP. Then yr O Py(v) ¢ and ¥ O Py(v) ¢, so by Corollary 1:2 we have
L+ (YN 2 g2yl 2 1(Pv) + Fo(0)) (62| = [1B(v) @1l + |1 Fy() gl + gl = L+ 91l

implying ¥ & @, and (5). |
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2. Neutrality and uniqueness of symmetries

In this section we introduce the notion of neutrality and use it to prove that the
generalized Peirce projections are uniquely determined by the symmetric face F
which defines them.

We shall also characterize the generalized tripotents which belong to U.(F) for
ke{0, 1,2}, and show that they span this space in the weak*-topology.

A contractive projection @ on a normed space X is said to be neutral if for each
X, Q&) = |IEll implies @& = £. A normed space Z is neutral if for every symmetric
face F, the projection P,(F) corresponding to some choice of symmetry S, is
neutral.

If Z is the predual of a JBW*-triple then Z is neutral (see [5], proposition 1).
Moreover, in a JBW*-triple, Fy(F') is always neutral and P,(F) is not neutral in
general. This situation prevails in general according to the following result.

LEMMA 2:1. Let Z be a neutral WFS space. Then Py(F) is neutral for every symmetric
face F.

Proof. Let geZ and |F,(F)g| = gl =1 for some symmetric face F. There
exist zeZ* with ||z|| = 1 and with (F(F)g,xz)> = 1. We may therefore assume that
xeUy(F). Let w and v be the unique elements in ¥ corresponding to the symmetric
faces F, and F respectively. By lemma 2-1 of [7]

2 Ov=F, O F,=F, =F, < F¢ = Z,w) € Z(v) = Py(v) () = Py(w).

Also, since geF, = F,, we have |F,(w)gl| = llgll, and by neutrality we have
g = Py(w)g = Fy(v) Py(w)g = Fy(v)g.

The following lemma will be used to prove the uniqueness of a symmetry
associated with a symmetric face. It will also play an important role in §3 for proving
the compatibility of two generalized tripotents u,v with we U,(v). It is based on a
simple relation between neutrality of a contractive projection @ and a unique
Hahn-Banach extension property of the range of @*.

LEMMA 22, Let @ be a neutral contractive projection on a normed space X. Then @Q*
8 the unique weak*-continuous contractive projection on X* with range Q*(X*).

Proof. We show first that V:= @*(X*) has the following unique Hahn-Banach
extension property: if ¢,,¢,€ X < X** and ¢,|, = @,l,, = ¢ say, with {|¢,[| = |d,ll =
l¢lly, then ¢, = @,.

To see this, note that || Q¢ | y = | ¢ |y« = ||@;ll x. Hence, by neutrality, ¢,€ @(X).
Thus for all e X*, we have {a,¢;) = {Q*a,¢,> = {@*a,$), and ¢, = ¢,.

Now let R: X* - X* be a weak*-continuous contractive projection with range V
and let Y €X. Then ¥|,eV* and, with y, =y oR, ¥, = yo@Q* we have y,€X,
Il = 1911 and Yy = ¥ly. By the previous paragraph, y, =y, so that
R=g+ |

For an arbitrary projection @ on X, the kernel of @* is determined by the range
of @ in the sense that R(X) = @(X) implies ker R* = ker @*. The following theorem
shows that the range of @* is also determined by the range of @ in the case that
Q = PR(F) or @ = Py(F). This fact will be used in the next section to prove
compatibility of generalized tripotents.
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THEOREM 2-3. Let Z be a neutral WFS space, and let F be any norm exposed face. For
k=0 or 2, any xeUF) with ||lz|| =1 satisfies F, < Z,(F); conversely, if = is a
generalized tripotent with F, c Z,(F), then xe U, (F). Moreover, all such generalized
tripotents generate U (F') in the following sense:

U F)y=5p""{vg:GeSF,Gc Z,(F); (k=0,2).

Proof. Throughout let k = 0 or 2.

If xe U, (F) and ||z|| = 1, then

peF, implies (P (F)p, x> = {p,P(F)*z) = {p,x) = L.
Hence, by neutrality of P,(F), we have peZ (F) and F, c Z (F).

If Ge S F and G = Z,(F), then Sy (G) = G. Hence, by [7], lemma 24, S}v; = v,
ie. voe Uy(F)+ Uy(F).

Suppose G < Zy(F) = F°. Then F°° < G°. By Proposition 15, (SpF) O F©, which
impliesSpF < F°° < G°.Since Z,(F) = spF and v, G®) = 0, we have for arbitrary
oceZ

(By(F)Y*vg,0) = g, Py(F) o) = 0.
Thus P(F)*vs = 0 and vg e Uy(F').

Now let G = Z,(F). Then once more by Proposition 1-5 we have G O F©, implying

F° < @°. For arbitrary o€ Z we have

Py *vg, 0) = (g, Py(F) o) = 0.

Thus Py(F)*ve = 0 and vge U,(F).

We have shown that sp** {v,:Ge S F,G < Z,(F)} = U, (F). To show equality,
suppose there exists g€ Z with ||¢|| =1 and ¢(v;) = 0 for all norm exposed faces
G < Z,(F), and suppose that ¢(U.(F)) + {0}. We may assume that ¢eZ, (F) and
that there is an xe U, (F) with ||z| =1 and with ¢eF,. From above, F, = Z_ (F)
and thus ¢(vy,) = 0 where H = F. This contradicts the fact that geF,.

We are now able to prove the uniqueness of a symmetry corresponding to a given
symmetric face.

THEOREM 2'4. Let Z be a neutral WFS space, and let F be any norm exposed face.
If Sy and Sy are isometric symmetries with the same fixed point set SPF @ FO, then
S, = Sp. Moreover the generalized Peirce projections Po(F),k =0,1,2, are uniquely
determined by F'.

Proof. Let P,(F) and P,(F) be the generalized Peirce projections corresponding to
the symmetries S, and Sy respectively. Since

PF)Z =5pF = P,(F)Z = Z,(F) and P,F)Z =F° = P(F)Z = Z,(F),

Theorem 2-3 implies that P,(F)* and P,(F)* have the same range (k = 0,2). By
Lemma 2:2, these projections are equal, so that

LI +8%) = Py(F)*+ Py(F)* = P(F)*+ By(F)* = 11 +5%).

Hence S% = §* and S, = S,. I
Our final theorem in this section describes the generalized tripotents in the space
U,(F). It is similar to Theorem 2-3, but since P,(¥) is not neutral and xe U, (¥F) does
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not imply F, « Z,(F), the condition on the face F, involves the action of the
. symmetry rather than the range of P,(F).

THEOREM 2-5. Let Z be a WFS space, let Fe S F ,xc U,(F), |zl| = 1. Then Sp(F,) =
—F, and vy e U\(F), where H = F_; in particular, if x is a generalized tripotent and
Sp(F,) =—F,, then xeU,(F). Moreover the generalized tripotents in U,(F) generate
U,(F) in the following sense:

U,(F) =35p*" {v;: GeFF,Sp(G) = -G}
Proof. Let ¢peZ, where [j¢|| = 1. Then
SF¢G_F1¢><_SF¢’x> = 1©<¢’S;‘x> =_1¢><¢’x> =l<eg¢ek,.

Hence Sg(F,) = —F,. By [7], lemma 24, with H = F,, we have Sk(v,) = v_y = —vy,
ie. vye U, (F).
Let Ge F satisfy Sp(G) = —G. Then

P(F)*vg =3I —8p)*ve = vg.

Thus sp** {v;: Ge FF,8:(Q) = —G} < U,(F). To show equality, let ¥ belong to Z,
Y (ve) = Oforall Ge S F with 8p(G) = — G and suppose (U, (#)) + 0. We may assume
Yy eZ,(F) and ||| = 1. Thus there exists xe U,(F) with x| =1 = {,z), and by
the first statement Sp(F,) = —F,. We now have y¥(v,) = 1, a contradiction, where
H=F,

3. Compatible generalized tripotents

Two generalized tripotents u and v are said to be compatible if their generalized
Peirce projections commute, i.e. [P(u),P(v)] =0 for k,je{0,1,2}. Theorem 33,
which is of fundamental importance in the sequel, gives sufficient conditions for
compatibility.

In the next lemma and theorem, the following idea occurs a few times. Once it is
proved that P (u)T = T for a suitable operator 7', then a commutativity formula
follows by duality using Theorem 2-3 to reverse the order of the product. In Lemma
31, T'=8,P,(u) and [S,,P.(u)]=0 follows. In Theorem 33, T = F(v) and
[Pe(u), Fj(v)] = 0 follows.

LeEMMA 3:1. Let Z be a newtral WFS space. Let w,v€ 9T and suppose S,(F,) = +F,.

Then )
(S, B(w)] = 0 = [P,(0), Bu)] for je{0,1,2). (6)

In particular, if we U, (v) for some ke{0,1,2}, then (6) holds.
Proof. Suppose that S, (F,) = +F,. Then P,(u) S,(F,) = S,(F,) so that
Py(w) S, Pyu) = S, Py(u). (7
Since S,(FQ) = (S,(F,)° = (£F,)° = F2
we have S (Z,(u)) = Z,(u) so that
Fy(u) S, Fy(w) = S, Fy(u). (8)
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For S¥, by Theorem 2-3 and [7], lemma 2-4, we obtain
S3(Ug(u)) = sp”{S}vy): He S F  H < Z(w)}
=s5p” {vg:K=S,H),HeSF Hc Z,(u)}
for k£ = 0 or 2. Since (7) and (8) imply that S,(H) c Z,(u), we have
Py(u)*S3 Py(u)* = 83 Py(u)*, 9)
and Py(u)*S} Py(u)* = S} Py(u)*. (10)
Using (9) and (7), we have
Py(u)**S3* = Py(u)**ST*Py(u)** = (Py(u) S, Py(u))**

= (8, Pyu))** = S3*Py(u)**

Thus [Fy(u),S,] =0

Similarly, (8) and (10) imply {Fy(u),S,] =0. Since P,(u) =1—F,(u)—Py(u) and
P,(v) = 3{—8,), assertion (6) follows.

Finally, ifu e U,(v), then by Theorem 2:3, S,(F,) = F, if £ = 0 or 2, and by Theorem
2-5, S,(F,)=—F,if k=1.

The following remark, similar to Remark 1-3, is needed in the proof of the
fundamental Theorem 3-3.

Remark 32. Let F be a symmetric face in a neutral normed space Z. If ¢,y e Z,
¢ Oy and g+ yreZ,(F), then gpeZ,(I') and yeZ,(F).

Proof.
gl + 1yl = llg+yll = IBWE) S+l < 15WF) gl + IPEF) Yl < gl + %1,
s0 by neutrality, ¢,y € Z,(F). |

THEOREM 3-3. Let Z be a neutral WFS space. If w and v are two generalized tripotents
such that we U, (v) for some ke{0, 1,2}, then w and v are compatible.

Proof. In each of the following three cases, by Lemma 3-1 we have
[P (v), P(w)] =0 for j;€{0,1,2}. (11)

Case 1. k = 0. By Theorem 2:3, F,, ¢ Z,(v) and therefore Z,(u) = spF, < Z,(v). This
means that Py(v) Py(u) = F,(u). Also by Theorem 2-3,

Uy(w) = 5p*" {vy : K < Zy(u)} = 5p** {vy: K < Zy(v)} = Uy(v)
so that Py(v)*P,(u)* = Py(u)*. Therefore
Py(u)**Fo(v)** = Py(u)** = (Fy(v) Py(w))** = FBy(v)**Py(u)**,

i.e. [Py(u), Pyv)] = 0.
Since ve Uy(u) by [7], lemma 2-5, by symmetry [F,(v), Py(u)] = 0. Finally

[Po(u), By(v)] = [Fy(u), I — P (v)— Py(v)] = 0

and similarly

[Fo(v), Py(w)] = [P(w), Fy(v)] = [Fou), F(w)] =

Thus % and v are compatible.
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Case 2. k = 2. Once more, by Theorem 2:3. F,, < Z,(v). Thus F,(v) Py(u) = Py(u). and
as above, by the same theorem, we obtain

Py(0)*Py(w)* = Py(w)*, and  [Py(v), By(w)] = 0

Since F,  Z,(v) € F$° by Proposition 1-7, we have F'$ o F$°% = FQ. Therefore

Zo(u) 2 Zy(v) and so Fy(u) Py(v) = Fy(v).

By Theorem 2-3 again, Py(u)*F,(v)* = Fy(v)*, and [Fy(u), Fy(v)] = 0. It now follows,
as in the previous case, that [F(v), Pj(u)] = 0 for all 7,5e{0,1,2}.

Case 3. k = 1. Since Pp(v)+ Py(v) = ¥ +8,), Lemma 31 implies that

(Py(v)+ Py(v)) Zj{u) = Z(u) for je{0,1,2}. (12)

Using the fact that Z,(v) & Z,y(v), from Remark 1-3 (for § = 0) and Remark 3-2 (for
j=2), we have
Fy(v) () = Py(u) P(v) Fj(u) for ¢,je{0,2}. (13)

Moreover := F(v)Fj(u) is a neutral contractive projection with range
Z(v) N Zy(u), for 2,5€{0, 2}.

Obviously the subspace @*(U) contains U,(v) N Uj(u). If these subspaces are not
equal, we may choose ¢eQ(Z) such that ¢(U,(v)n U w)) = {0} and |j¢|| = 1. Then
there exists xe @*(U) with ||zf =1 and with ¢eF,. By neutrality of @ we have
F, = Q(Z) and by Theorem 2-3, v, € U,(v) N Uy(u), where H = F,. Hence ¢(vy) =0,
contradicting ¢ € F,. Thus we have @*(U) = U;(v) N Uy(u).

Now let R:= F,(v) Pj(u) P(v). From (13) it follows that R? = R, so that R is a neutral
contractive projection. For any ¢eZ we have

1RSIl = IR*GIl = 1P(v) Pylw) Rl < |P(w) ROl < R
Since Fj(u) is neutral for j=0 or 2, we have R¢ = Pj(u)R¢. Thus we have

R(Z) = Z;(w) N Z;(v). This implies, as above, R*(U) = U,(v) N Uj(u) and thus by
Lemma 22, @ =R, i.e.

P,(v) Py(u) = Py(v) P(uw) P(v) for i,je{0,2}. (14)
From this it follows that

Py(v) P(u) = Py(0) (Py(ae) + Py(u) + Py(w)) P(v) Py(u) = (P(v) Py(w))?,
implying, by neutrality of P(v),
Pv) P(u) = P,(u) P(v) P(u) for ie{0,2}. (15)
Finally, using (13) and (15), we have, for ¢,5€{0, 2},
Py(w) P(v) = Py(w) Py(v) (Py(u) + Py (w) + Py(u))
= Py(u) P,(v) P(u) = P,(v) P(u),

i.e. [P(v), P(u)] = 0 for ¢, je{0,2}. This fact, together with (11) shows that u and v
are compatible.
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COROLLARY 3-4. Let Z be a neutral WFS space. If w and v are generalized tripotents
such that we U(v) for some ke{0,1,2}, then Pjv)Fj(u) ts a projection with range
Z(v) N Zy(u) for all 1,j€{0, 1,2}. Moreover

(@) of ueUy(v), then (b) if ueU,(v), then
(1) Pylv) Py(u) = Pz(u) (i) Py(v)Py(u) = Py(u)
(il) Fy(u) Py(v) = Py(v)  (i1) Fy(u) Fy(v) = Fy(v)
(iii) Po(u) Py(v) = 0 (iii) P(u)Py(v) =0
(iv) P(u) Byv) = (iv) Py(u)Fy(v) =
(v) Pv)F, (u)= (v) Py(v)Fy(w) =0

Proof. The proofs of (a)(i-ii) and (b)(i—ii) are included in the proof of
Theorem 3-3.
If we Uy(v), then
Fy(v) Py(u) = Py(v) (Fy(v) Py(u)) = 0,

and Py(u) Fy(v) = (I =Py(u) = Py(u)) Py(v) = Po(v) —0—Fy(v) = 0.

By symmetry P,(v) P(u) = 0, proving (a).
If we U,(v), the proof of Theorem 3:3 showed that Z(u) > Z,(v) and Z,(v) D Z,(u).
Therefore
Py (u) Fy(v) = Py(u) F(v) =0 and Fy(v) Py(u) =

proving (b). l

We close this section with an important consequence of Theorem 3-3. Namely, we
show that some fundamental properties of a normed space Z are inherited by the
generalized Peirce subspaces. We adopt the following notation: if Y is a closed
subspace of a normed space Z, the collections of norm exposed faces and symmetric
faces in 0] will be denoted by &, and &, respectively. Similarly for #,, 97,
and if Ke &, then S(K, Y) and P, (K, Y) denote a symmetry associated to K and the
corresponding generalized Peirce projections.

For any Ke %, by the Hahn—Banach theorem, K = F, 0 Y for some xeZ*. If Z is
WEF'S then a symmetry S, corresponding to the face F, of Z,, fixes spF, +F2. 1f §
leaves Y invariant then S|, is a symmetry of Y fixing

SPE,+FO)nY = (SpE,NY)+(FSNY).

Therefore, in order to show that Ke %, it suffices to prove that S leaves Y
invariant and that spF,NY =spK and FSNY=K°nY. The latter is done in
Lemma 3:5 if ¥ = ¢(Z) and @ is any contractive projection on Z. Specializing to
@ = P.{v) and using some carlier commutation formulae then leads to the fact that
the generalized Peirce spaces Z,(v) are WFS and neutral, whenever Z is WFS and
neutral.

LEMMA 3'5. Let Z be any normed space. let @ : Z — Z be « contractive linear projection.
and let we%T N Q*(U). Then, with Y = Q(Z),

(F,nY)°nY=FSnY, (16)
and Sp(F,NY) =sp(F)NY. (17)
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Proof. Obviously (F,NnY)°NY > F3NY. To prove equality, let p belong to
(F,NnY)°nY, where [|p| =1, and let p€F,. Since w = Q*w, we have QpeF, and
Q¢ © p. Hence
2=1Qsll+lpll = 1Qd+pl = QL) < lgtpl <2.

Thus ¢ O p, and peFS NY, proving (16).

Obviously sp(F,nY)csp(F,)nY. To prove equality, suppose first that
p = 2a,p, belongs to (spF,)NY, so that p,eF,. Then p=Qp=2a;Qp, and
Qp;eF,nY. Therefore (spF,)NnY csp(F,nY). Now (17) follows by approxi-
mation.

THEOREM 3'6. Let Z be a neutral WFS space. Let ve 9T . Then Z,(v) is a neutral WFS
space, for ke{0,1,2}. More precisely, for every norm exposed face K in Z,(v), there is a
norm exposed face F in Z such that K = F 0 Z(v) and the generalized Peirce projections
corresponding to a symmetric face in Z,(v) are the restrictions of the global generalized
Peirce projections in Z, i.e. B(K,Z,(v)) = B(F)ly, (where Y = Z,(v)) for j=0,1,2.
Furthermore P.(v)(F) =K.

Proof. Let Ke %, where Y = Z,(v). Then K = F, n Z,(v) for some x in U, (v) with
lz]l = 1. It is clear that K < P.(v)(F) and conversely, if pe ¥, then

CP) p.x) = {p, B (w)*x) = {p,x) =1,

so P(v)(F') = K. By Theorems 2:3 and 2-5 there exists we % N U,(v) with F, = F,,.
By Theorem 3-3, the symmetry S, (with ¥ = F,) leaves Z,(v) invariant. Therefore
Sg:=8gly is an isometric symmetry fixing (SpF+F°)nZ,(v), which equals
SpK+(K° NZ,(v)) by Lemma 3-5. Therefore Ke %, and Z,(v) is WFS.

Moreover, since Fj(F) leaves Z,(v) invariant and its restriction has the ‘correct’
range, we may define the generalized Peirce projections F,(K, Z,(v)) to be P(F)|y. It
follows immediately that Z, (v) is neutral if Z is neutral and hence, by Theorem 24,
that the generalized Peirce projections are unique.

We have just proved a hereditary property for certain contractive projections,
namely the generalized Peirce projections. Since it is known that the category of
JB*-triples is stable under arbitrary contractive projections, the following is a
natural question.

Problem 1. If Z is a WFS space and @:Z — Z is an arbitrary contractive projection,
is Q(Z) a WEFS space?

4. Facial structure in SFS spaces

In the previous sections, we obtained properties of WFS spaces. To proceed
further, we restrict our attention to the subclass of strongly facially symmetric
spaces. This class was introduced by the authors in [7] to obtain a geometric spectral
theorem. In [7], these were simply called facially symmetric spaces.

In this section we show that the facial structure of the unit balls of a strongly
facially symmetric space and its dual behave almost exactly as they do in the case
of a JBW*-triple and its predual (cf. (4]). This is further evidence that the category
of dual spaces of strongly facially symmetric spaces, which satisfy certain physically
meaningful axioms, will coincide with the category of JBW*-triples.
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Definition 2. A WEFS space Z is said to be a strongly facially symmetric space
(abbreviation SFS space) if for every norm exposed face F in Z, and every ye Z*

with |ly|l = 1 and F' < F, we have S}y = y, where Sy denotes a symmetry associated
with F.

This property implies that ¥y = v + Py(F)*y and is analogous to orthomodularity in
a lattice (the definition of which is recalled below).

Note that the WFS space Z in Example 1-7 is also neutral. However, it is easy to
see that it is not an SFS space. For « = (1,0) and v = (1,;4/3), we have F, c F,,
F, # F, and F$ nF, = J since F$ ={0}. This shows that [7], lemma 27, which is
needed below, fails in neutral WFS spaces. Moreover this example shows that the
spectral theorem ([7], theorem 1) and the uniqueness of the generalized tripotent
occurring in the polar decomposition (Proposition 1:4) are not valid in the category
of neutral WFS spaces.

The only result in the previous sections that does not hold automatically for SFS
spaces is the stability under generalized Peirce projections, which we now prove.

Note that in an SFS space, every projective unit is a generalized tripotent (i.e.
U = %T ), since for ue, the condition S¥ » = « is included in the definition of SFS
space.

ProrosiTioNn 4-1. Let Z be a neutral SFS space. Then for any ve¥%T , and
ke{0,1,2}, Z,(v) is an SFS space.

Proof. Let Fe #,ye Uy,(v) and suppose K:= F N Z,(v) < ¥, N Z,(v). We must show
that S(K, Z,.(v))*y = y. For any peF, by Theorem 3-6 we have P (v)pe K and

p,y> = <p, Bw)*y)> = (P.w)p,y> = L.

Thus F < F,, and S(K, Z,(v))*y = Sty = i

Although a main theme of our theory is to be free from a global order structure,
a key role will be played by an order structure on the set of generalized tripotents.

A priori, there are three ways to define an order structure on 47 ,, where Z is a
WEFS space, namely

(1) by using the bijection of ¥ with & given in Proposition 1-8, and set-
theoretic inclusion of faces;

(2) by using the fact that the sum of orthogonal generalized tripotents is a
generalized tripotent;

(3) by using generalized Peirce projections.

Example 1:7 shows that for WFS spaces these definitions are not equivalent. The
following lemma shows this equivalence in SFS spaces.

LA 42. Let Z be a strongly facially symmetric space and suppose that u,ve 9T ,.
The following are equivalent :

(1) F, < F,;
(2) v—u s ezther Oora genemlzzed tripotent with (v—u) O u;
(3) Py(u)*v = u.

Proof. (1) implies (2). Since Z is SFS, by [7], lemma 28, F, < F, implies that
v = u+b withb = Py(u)*v. To show thatbe 97, if b + 0, it suffices to prove thatbisa
projective unit, i.e. bl = 1and (b, F§) = 0.Since b # 0, F, # F,so by [7], lemma 2-7
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there exists e F$ N F,. Thus ¢(b) = g(v—u) = 1 and ||b|| = 1. Next, let pe FP. Since
F, O F,, we have FPy(u) F{ < F{ by Theorem 3-3. Therefore Py(u) pe FY N FS = F? by
Lemma 1-8, and so

<b,p) = <b, Fy(w) p> = {b+u, Fy(w) p> = v, Fy(u) p) = 0.

(2) implies (3). If v = u+b with be Uy(u), then Py(u)*v = P,(u)*(u+b) = u.
(3) implies (1). If peF,, then (v,p) = (v, Fy(u)p) = {(Fo(w)*v,p) = {u,p) = 1,
so pek,.

Definition 3. Let Z be a strongly facially symmetric space and suppose that
u,v€ 9T 5. If one of the conditions in Lemma 42 is satisfied, we write u < ».

We are now able to obtain more detailed information on the generalized tripotent
arising in the polar decomposition.

THEOREM 4'3. Let Z be a neutral SFS space. For any feZ with || f|| = 1, there is a
unique generalized tripotent v such that

(a) feF,, and

(b) <v.{f}°) =0.

Moreover

(c) F, is the smallest norm exposed face containing f, and

(d) fis faithful on U,(v) in the following sense:

f@) = |1Pyw)fll >0 for any uebT with u < v.

Proof. The existence of v which satisfies (@) and (b) is given in Proposition 1-4.

To show uniqueness, let we 97 satisfy fe F,,. Then F:= F, N F, is a norm exposed
face, hence F = F, for some ue%J . Obviously v <v and feF,. If u + v, then
d:=v—ue%J, 4Ou, and F; OF,, which implies that F; c F$ < {f}°, hence
{v,Fz) =0 by (b). Thus

0 =<v, By = Cut @, Fy) = (a, Fy,

a contradiction. Therefore F,, = F,, and F, < F,, which proves (c) and the uniqueness.
To prove (d), write v = w+w with « O w and we %7 . Then

L= flu) +flw) = (Pylu) f,v) + < F(w) f,vd < [KPy(u) f,v)] + [KFy(w) f, v)l
< B@) fIl+ 1Rl = 1(Pyw) + Pu) fIl < I fIl = 1.

Therefore f(u) = ||[Fy(w)f|| = 0. If f(u) =0, then f(w) =1 and w # v, contradicting
(c).

In a neutral SFS space, for f+ 0 in Z we denote by v(f) the unique generalized
tripotent » with f(v) = | f|| and {v,{f}°> =0. If f,geZ, then fO ¢ if and only if
v(f) O v(g), as follows from corollary 1-3(b) and lemma 2-1 of {7].

An important construct in the study of the facial structure of any convex set is the
notion of a norm semi-exposed face, which by definition is the intersection of an
arbitrary family of norm exposed faces. In the predual of a JBW#*-triple, these
objects coincide with the norm exposed faces and the norm closed faces of the unit
ball [4]. The next result proves one of these assertions for SFS spaces.
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THEOREM 4'4. Let Z be a neutral strongly facially symmetric space. Then every norm
semi-exposed face of Z, is norm exposed.

Proof. By Proposition 1-6, any norm semi-exposed face G has the form N{F,:ae T}
where for a €T, F, is the norm exposed face associated with the generalized tripotent
v,. Fix #eT and set H = F,. For any finite subset A = T with fe A, define F,e ¥F
by F, = N{F,:a€A}. By Theorem 4:3(d) we have {p,v,> = ||Py(v,)pll. Moreover if
A = B then F, o Fg, so by Corollary 34 we have P,(vg) = Py(vg) Py(v,). Thus for
pett, pg) = |Povg) pll = |Fo(vg) Po(v,) pll S IPy(ws)ll = p(v,).

It follows that lim , {p,v,) exists for pe H. Now define a functional ® on sp H by
(X a;p,) = lim (X a;py(v,4))-
i 4 1

Clearly @ is linear and of norm 1 so extends to Z,(H). Let xeU be defined by
{x,0) = O(P,(H) o), for 0€Z. Then ||z}l =1 and G = F,.

The following consequence of Theorem 4'4 provides a local structure of complete
orthomodular lattice in SFS spaces.

Let L be a lattice, i.e. a partially ordered set any two of whose elements ¢ and b
have a least upper bound a Vb and a greatest lower bound a Ab. The least and
greatest elements of L, if they exist, are denoted by 0 and 1 respectively.

Recall that if wel, where L is a lattice, then w €L is a complement for w if
uAu =0 and uVu = 1. The lattice L is said to be orthocomplemented if there is an
order reversing map u+ u"* (called orthocomplementation) on L satisfying u** = u and
such that u* is a complement for « ; and orthomodular if in addition % < v implies v =
wV (vAut). Also L is a complete lattice if every non-empty subset of L has a least
upper bound and a greatest lower bound.

ProrosiTioN 4'5. Let Z be a neutral strongly facially symmetric space and fix
a generalized tripotent w. The set L,:={ve9T v < wlU{0} is a complete ortho-
modular lattice with smallest element 0, largest element w, and orthocomplementation

v vl =w—o.

Proof. Since, for w,velL,, F:= F, N F,is either empty or a norm exposed face with
F c F,, it is clear that the generalized tripotent corresponding to F is the greatest
lower bound of u and v. Also, the order reversing map v+~ w—v defines a structure
of orthocomplemented lattice on L.

To show completeness it suffices to show that every non-empty family has a
greatest lower bound (=GLB). For an arbitrary family {v,} < L,,, if N, F, = J, where
F, is the face corresponding to v,, then 0 = GLBv,. On the other hand, if N F, + ¢,
then by Theorem 4-4, N, F, = F, for some ue %7 , and clearly u = GLBu, in this
case.

To prove orthomodularity, let ¥ <v. By Lemma 42 we have v =u+(v—u)
and w O (v—u). Also F,_, =F NF,_,, ie. v—u=vA(w—u) =vAu'. Finally, since
U (v—u),

v=u+@w—u)=uV@—u)=uV@®Au). |

Each feZ with || f|| = 1 defines a weak*-exposed face in U, which will be denoted
by F/ i.e. F/ = {xeU:|z|| = 1L = f(z)}. Note that e F/ if and only if fe F,.

https://doi.org/10.1017/5030500410006802X Published online by Cambridge University Press


https://doi.org/10.1017/S030500410006802X

Affine structure of facially symmetric spaces 123

For any generalized tripotent v let F(v) denote the convex set v+ Uy(v),. Our next
theorem states that the collection {F(v):ve%Z } coincides with the collection of
weak *-semi-exposed faces of U,.

THEOREM 4'6. Let Z be a neutral strongly facially symmetric space. For each ve 99
F(v) = N{F':feF,},

hence F(v) is a weak*-semi-exposed face. Moreover, for any weak*-semi-exposed face G
of U,, there exists ve 49T with G = F(v).

Proof. For ze F(v) and feF, we have f(z) = f(P,(v) z) = f(v) = 1. Thus xeF/ and
F(v) = N{F’:fe F,}. On the other hand, if z lies in F/ for all fe F,, then F, = F,, so that
by (7], lemma 2:8 we have x = v+ Py(v)*x € F(v).

Now, let G@ =N{F’:feT} be a weak*-semi-exposed face in U;. By Theorem 44,
the norm semi-exposed face F:= N{F,:x€G} is norm exposed, say F = F, for some
ve%TJ . To prove that G = F(v), note first that if x€G and feT then zeF/, feF,
and therefore T' < F,. By the first statement, F(v) = N{F?:g€eF,}, and therefore,
G > F(v), since T = F,. Conversely, if e @, then F, = N{F,:ye G} c F, and therefore
x=v+Fw)*xeF(v). |

In general, a weak*-semi-exposed face in U, is not weak*-exposed. However, if the
space Z is not ‘too big’, for example if it is o-finite, we do have the following
result:

ProvrosITioN 4-7. Let Z be a neutral strongly facially symmetric space which is o-
finite, i.e. every orthogonal family of generalized tripotents is at most countable. Then
every wealk*-semi-exposed face of U, is weak*-exposed.

Proof. Let G be a weak*-semi-exposed face of U;. By Theorem 46, there is a
ve€YT with G = F(v). It suffices to prove that v = v(y) for some Y € Z, for then we
will have G = FY.

Let {¢,} be a maximal orthogonal family of elements of F,. Then {v(d,)} is an
orthogonal family of generalized tripotents in L, and therefore v = LUB v(¢,) exists
in L, If w+v then there exists ¢peF,NFS which implies ¢ O ¢, for all «,
contradicting maximality. Thus u = v.

On the other hand, by o-finiteness, {¢,} = {¢,}.,, say, is countable. We now have,
with yr:= 22 27", that Yy eF,.

Moreover, if ge{y}°, then ge{y,}° for all n, by Remark 1-3. This implies that
{v(¥,),g> = 0 for all n and therefore, since

v=w*lim @)+ ... +o({,)
that (v,¢> = 0. Thus (v, {{}°)> =0, and v = v(¥}). |

Two important questions remain open concerning the facial structure of an SFS
space and its dual. The answer to each of these questions is ‘yes’ in the category of
JBW*-triples.

Problem 2. Let Z be an SFS space, let fe Z, and let v = ¢(f). Is the face generated
by f norm dense in F,?
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Problem 3. Let Z be an SFS space. Is every proper norm closed face of Z,
automatically a norm exposed face? In particular, is every extreme point of Z, a
norm exposed point of 7, ?

Both authors are supported by NSF grant DMS 8603064.
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