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Abstract

Effective Field Theory Techniques for Resummation in Jet Physics

by

Nicholas Daniel Dunn

Doctor of Philosophy in Physics

University of California, Berkeley

Christian W. Bauer, Co-Chair

Professor Lawrence J. Hall, Co-Chair

In this thesis, we present several new techniques for the resummation of observables
relevant to jet physics at the LHC using effective field theory techniques. Specifically,
we first derive the factorization theorem and calculate the generic soft function for
N -jet threshold resummation. This allows for dynamic threshold resummation at
hadron colliders, where parton distribution functions may enhance threshold effects.
Then we develop a new metric to gauge the importance of threshold resummation in a
process-independent manner. This also allows us to determine the relevant scales for
threshold resummation without the introduction of an arbitrary procedure. Next, we
present a new subtraction technique for the calculation of soft functions with complex
phase space boundaries. This technique is especially useful in calculations involving
η − φ jet algorithms, which are common at hadron colliders. Finally, we discuss a
new regularization scheme for real emission diagrams and present an example of said
scheme.
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Chapter 1

Introduction

The goal of particle physics is to discover the fundamental particles of nature
and accurately predict their interactions. In this endeavor, the Standard Model
[103, 116, 74, 76, 99] has been phenomenally (and phenomenologically) successful.
Experiments place strong limits on the possibility of substructure for the (current)
list of fundamental particles, suggesting they may actually be nature’s smallest build-
ing blocks. Similarly, every experiment to date is consistent with the SU(3)c×SU(2)L×
U(1)Y gauge theory of particle interactions. Hundreds of precision measurements from
several experiments around the globe done over dozens of years all confirm (or at the
very least, do not disprove) that the Standard Model is indeed the correct theory of
particle physics at currently accessible energies. For more details on current measure-
ments constraining deviations from the Standard Model, see [98] and the references
therein.

In spite of all this, we have very compelling reasons to believe that the Standard
Model is not the whole story. It depends on the existence of at least one particle (the
Higgs boson) that has not yet been observed (though this may change in the very near
future). It does not provide an explanation for either dark matter or dark energy,
both of which are experimental certainties at this juncture (see [102] for a review on
dark matter and dark energy). There are also more aesthetic concerns. The so-called
hierarchy problem [117], which stems from a desire for theoretical niceness rather
than consistency with experimental evidence, drives much of our current research,
both theoretically and experimentally.

Without any new physics, the Standard Model provides a consistent theory of par-
ticles an their interactions up to a scale of O(1018) GeV. However, as it stands this
consistency is predicated upon cancellations between (potentially) unrelated quanti-
ties of 1 part per O(1032). New physics at the TeV scale could eliminate (or at the
very least greatly reduce) this ”unnatural” cancellation. New physics at the GeV
scale would also work, but this has been experimentally excluded. Along with dis-
covering the Standard Model’s missing ingredient, experimentalist at the LHC hope
to find new TeV-scale physics to solve the hierarchy problem.
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The search for new physics at the LHC is complicated by the fact that other
experiments have yet to find any evidence of discrepancy with the Standard Model
(cosmological experiments providing evidence for dark matter and dark energy ex-
cepted). New physics events, if they are produced at all at the LHC, will be extremely
rare. This leads us to two facts which have guided this research: First, that any new
physics at the LHC will most likely be discovered in conjunction with one or more
particles that are charged under SU(3)c. Due to the nature of the experiment (proton-
on-proton collisions), final states with strongly-interacting particles are produced at
a much higher rate than color-neutral final states. This enhancement in production
will almost certainly be necessary in order to distinguish new physics from Standard
Model background. Second, that we need predictions that are both accurate and
precise, in order to be sure we are seeing new physics, rather than simply misunder-
standing the Standard Model.

1.1 Quantum Chromodynamics

Quantum Chromodynamics (QCD) is the theory of strongly-interacting or colored
(hence the name) particles. It is an unbroken SU(3) Yang-Mills gauge theory with two
major defining features: asymptotic freedom and confinement. Asymptotic freedom
is the property that, at high energies, the theory tends towards non-interaction. The
flip side of this, confinement, is the observation that at large distances (and therefore
low energies) there are no particles charged under QCD. The is consistent with exper-
imental evidence that the particles directly observed in detectors, protons, neutrons,
pions, and kaons, are color-neutral, despite being composed of strongly-interacting
quarks and gluons.

In terms of predictions for experiments such as the LHC, QCD presents a unique
challenge. Calculations in 4D quantum field theory are generally done using pertur-
bation theory. The theory is solved exactly in the limit of no interactions, and then
perturbed around this limit. In the case of QCD, this is clearly useful in the high
energy regime, where the coupling constant (the common measure of the strength
of the interaction) is small, due to asymptotic freedom. However, in any real exper-
iment, any strongly-interacting particles produced at high energies eventually must
confine into color-neutral objects. As this process occurs, the theory enters the regime
in which naive perturbation theory is no longer reliable. The goal of much current
research in QCD is to provide a way of calculating observables relevant to current
experiments that avoid this issue.

1.2 Jet Observables

An observable is some quantity calculated from information about the final state.
A simple example is the number of electrons. This is theoretically easy to calculate,
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since the emission of electrons in the Standard Model is perturbative (ignoring the
contribution from decays). It’s also fairly easy to measure (assuming any issues
involving conversion of photons into electrons and vice-versa can be experimentally
disentangled).

In QCD, an analogous observable, the number of pions, is much less straight-
forward. While it is still relatively easy to measure, it is effectively impossible to
calculate. The hadronization of quarks and gluons into color-neutral hadrons in-
volves the details of low energy QCD, where standard perturbative methods do not
work. The question then becomes, what can we calculate?

To avoid the complications of confinement, we want to calculate observables that
are completely (or mostly) determined by high energy dynamics, where the coupling
constant of QCD is small. The most common way of doing this is to group final state
hadrons into jets, usually with a jet algorithm. The goal of this is that the resulting
jets will roughly correspond to the high energy partons (quarks and gluons) initially
produced in the collision, such that corrections from the low energy evolution from
partons into hadrons are small.

Once hadrons have been grouped into jets, one can calculate observables based on
the jets, rather than their constituent hadrons. Building on our earlier example, the
number of jets in the final state is both theoretically tractable (assuming a reasonable
jet algorithm is used) and experimentally feasible.

Jet observables, however, come with their own set of issues. Take for example jet
thrust, defined as

τ0 =
1

2Ejet

∑
i∈jet

njet · pi . (1.1)

Here the sum is over all particles in the jet and njet = (1,njet), where njet is the
direction of the jet. Since the naive emission probability of a parton radiating energy
goes like

Pemission(p) ∝ 1

nparton · p
, (1.2)

there is a divergence in the perturbative cross section of the form

dσ

dτ0

∼
∞∑
n=1

αns
ln2n−1τ0

τ0

. (1.3)

As τ0 → 0, there is a region where αs ln2τ0 is O(1) and the perturbative expansion
breaks down. This breakdown, along with naive divergence of the cross section,
presents a problem for calculating this (and other) jet observables.
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1.3 Resummation and the Effective Field Theory

Approach

The solution to this problem is resummation. By re-expressing the cross section as
an expansion in a different variable (in this case αs ln τ0), we can restore perturbativity
and perform a meaningful calculation. While there are several different techniques
for resummation in QCD (see [111] for a review of QCD resummation methods), in
this thesis we will focus on effective field theory methods. Specifically, we will work
in the framework of soft-collinear effective theory (SCET) [23, 25, 31, 30].

Using the definition of njet above, we can decompose a generic four-vector p into
components given by

p = n̄jet ·p
njet

2
+ njet ·p

n̄jet

2
+ p⊥

= (n̄jet ·p, njet ·p, p⊥) = (p−, p+, p⊥) (1.4)

Here, n̄jet = (1,−njet) and p⊥ is defined implicitly. In these coordinates, collinear
momenta scale like

pc ∼ (1, λ2, λ) , (1.5)

while soft momenta have scaling given by

ps ∼ (λ2, λ2, λ2) , (1.6)

where λ2 is taken to be some small number. In the example above, if we assume jet
thrust to be small (say, O(λ2)), then at leading order in τ0 these are the only allowed
on-shell modes. SCET is approximation to QCD in the limit only soft and collinear
modes are present, with λ as the relevant expansion parameter.

In order to make this expansion more formal, we first divide momenta p into two
components

p = p̃+ k , (1.7)

where p̃ contains the O(1) and O(λ) parts of p, while the residual momentum k is
strictly O(λ2). We then divide the quark field ψ(x) into collinear piece, ψn(x) and a
soft piece, ψs(x) such that

ψ(x) = ψn(x) + ψs(x) . (1.8)

We further redefine the collinear quark field

ψn(x) =
∑
p̃

e−ip̃·xψn,p . (1.9)
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The new field ψn,p only contains residual momentum, such that derivatives ∂µ acting
on ψn,p are O(λ2). We can also separate the four-component spinor ψn,p into two
two-component using projection operators defined as

1 =
n/n̄/

4
+
n̄/n/

4
= Pn + Pn̄ . (1.10)

The relevant two component spinors are then

ξn,p = Pnψn,p (1.11)

ξn̄,p = Pn̄ψn,p (1.12)

Writing the collinear quark Lagrangian in terms of these spinors gives

Lξ =
∑
p̃,p̃′

[
ξ̄n,p′

n̄/

2
(in·D) ξn,p + ξ̄n̄,p′

n/

2
(n̄·p+ in̄·D) ξn̄,p (1.13)

+ ξ̄n,p′ (p/⊥ + iD/⊥) ξn̄,p + ξ̄n̄,p′ (p/⊥ + iD/⊥) ξn,p

]
.

Because derivatives acting on ξn,p and ξn̄,p are suppressed in λ relative to label mo-
menta, we can drop the derivatives from the second, third, and fourth terms, leaving.

Lξ =
∑
p̃,p̃′

[
ξ̄n,p′

n̄/

2
(in·D) ξn,p + ξ̄n̄,p′

n/

2
(n̄·p) ξn̄,p (1.14)

+ ξ̄n,p′ (p/⊥) ξn̄,p + ξ̄n̄,p′ (p/⊥) ξn,p

]
.

Clearly, at leading order in λ, ξn̄,p is not a dynamical field and can be integrated out.
Applying the equation of motion

(n̄·p+ in̄·D) ξn̄,p = (p/⊥ + iD/⊥)
n̄

2
ξn,p , (1.15)

leaves

Lξ =
∑
p̃,p̃′

e−i(p̃−p̃
′)·xξ̄n,p′

[
in·D + (p/⊥ + iD/⊥)

1

n̄·p+ in̄·D (p/⊥ + iD/⊥)

]
n̄

2
ξn,p . (1.16)

At this point, it is useful to define an operator P , such that

Pξn,p = p̃ ξn,p . (1.17)

We will also divide the gluon field A(x) into soft and collinear components, such that

A(x) = An(x) + As(x) . (1.18)
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Using these definitions gives

Lξ = ξ̄n

(
in·D + iD/⊥

1

in̄·DiD/⊥
)
n̄/

2
ξn , (1.19)

where we have absorbed P into D, used the equality

i∂
∑
p

e−ip·xξn,p = e−iP·x (P + i∂) ξn , (1.20)

and omitted the phase factor e−iP·x. Note that, at leading order in λ,

in̄·D = n̄·P + g n̄·An . (1.21)

If we now define the collinear Wilson line Wn as

Wn =
∑

permutations

exp

(
−g 1

n̄·P n̄·An
)
, (1.22)

we can further simply the collinear quark Lagrangian to

Lξ = ξ̄n

(
in·D + iD/⊥W

†
n

1

in̄·PWniD/⊥

)
n̄/

2
ξn (1.23)

A similar expansion can be done for the gluon Lagrangian. Since the derivation
is identical, here we will just quote the result. Defining

iD = P + gAn +
n̄

2
(in·∂ + g n·As) (1.24)

and noting that, at leading order in λ, iD = iD, we find that the collinear gluon
Lagrangian is given by

LAn =
1

2g2
Tr ([iD, iD])2 + τ Tr

{([
P +

n̄

2
(in·∂ + g n·As) , An

])2
}

(1.25)

+ 2 Tr
(
c̄n

[[
P +

n̄

2
(in·∂ + g n·As) , [iD, cn

]])
.

All together, at leading order in λ, the SCET Lagrangian can be written as

LSCET = Lξ + LAn + Lsoft
QCD = LQCD +O(λ) . (1.26)

Here Lsoft
QCD is the full QCD Lagrangian, but only containing soft quark and gluon

fields.
It is important to note that in both Lξ and LAn , the soft gluon field As only

appears in terms that go like n·As. If we define the soft Wilson line Y as

Y (x) = P exp

(
ig

∫ x

−∞
ds n·Aas(ns)T a

)
(1.27)
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we can make the field redefinitons

ξn,p = Y ξ(0)
n,p (1.28)

An,p = Y A(0)
n,p Y

† (1.29)

cn,p = Y c(0)
n,p Y

† , (1.30)

and completely remove all interactions between soft and collinear modes at leading
order. This is a defining feature of SCET.

By separating the various energy scales (Q for hard radiation, Qλ for collinear
radiation, and Qλ2 for soft radiation), the effective theory allows us to simplify the
calculation by working with the only the degrees of freedom relevant at each scale. Re-
summation then naturally arises as a consequence of renormalization group evolution
between the various scales.

This thesis is organized as follows. In Chapter 2, we will explore threshold re-
summation, which is necessary in situations where the mass of a produced particle
is near the limit allowed by the experiment. We will derive the form of the general
threshold soft function in SCET, which is applicable not only in traditional threshold
situations (hadronic threshold), but also when some other factor is forcing additional
radiation to be suppressed (partonic threshold). In Chapter 3, we develop a useful
metric to determine when dynamic threshold resummation is necessary in the case of
proton-(anti-)proton collisions. This metric depends only on the form of the parton
distribution functions (pdfs) and the mass of the produced object and is independent
of the dynamics of the interaction. In Chapter 4, we present a method that allows
us to calculate the soft function for a wide range of jet observables and algorithms.
This extends previous work, which was restricted to a small class of jet algorithms.
In Chapter 5, we discuss some calculational techniques for observables that are not
symmetric about the jet access. Finally, in Chapter 6 we conclude. Note that some
of this work has been presented previously in [19, 20, 21].
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Chapter 2

The Soft Function for Threshold
Resummation

2.1 Introduction

Explicit applications of factorization theorems for processes at hadron colliders
near the hadronic endpoint have largely focused on simple final states with either no
jets (e.g., Drell-Yan) or one inclusive jet (e.g., deep inelastic scattering and prompt
photon production). Factorization for the former type of process gives rise to a soft
function that depends on timelike momenta, whereas the soft function for the latter
type depends on null momenta. Here, we derive in soft-collinear effective theory a
factorization theorem that allows for an arbitrary number of jets, where the jets are
defined with respect to a jet algorithm, together with any number of non-strongly
interacting particles. We find that the soft function in general depends on the null
components of the soft momenta inside the jets and on a timelike component of the
soft momentum outside of all jets. This generalizes and interpolates between the soft
functions for the cases of no jets and one inclusive jet. We verify consistency of our
factorization theorem to O(αs) for any number of jets. While we demonstrate con-
sistency only near the hadronic endpoint, we keep the kinematics general enough (in
particular allowing for nonzero boost) to allow for an extension to partonic threshold
resummation away from the hadronic endpoint.

Factorization of cross sections is the basis of every theoretical prediction at hadron
colliders. In its simplest form, factorization states the measured hadronic cross section
σ can be obtained by convolving a perturbatively calculable cross section σ̂ with
nonperturbative parton distribution functions (pdfs) [60, 56],

σ = f ⊗ f ⊗ σ̂ . (2.1)

The pdfs are universal, and can therefore be extracted from one process and used to
make predictions in another. Moreover, σ̂ will in general depend on a hard scale Q
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(for example, the partonic center-of-mass energy
√
ŝ), while the pdfs depend on the

scale at which they are measured, say Q0. The evolution of the pdfs between these
two scales resums logarithms of Q/Q0. This basic paradigm illustrates the two main
uses of factorization: separation of universal, nonperturbative contributions to a cross
section from perturbatively calculable contributions, and resummation of logarithms
of ratios of scales to which each contribution is sensitive.

When σ̂ depends only on a single scale, Equation (2.1) is the end of the story.
The situation is more involved when σ̂ itself depends on multiple, widely disparate
scales. For example, in many collider physics processes involving jets, σ̂ can depend
on mass scales associated with the jets such as MJ , hard scales like

√
ŝ, and seesaw

scales like M2
J/
√
ŝ. In such cases large logarithms of ratios of these scales can spoil

the convergence of the fixed order perturbative expansion of σ̂. One must further
factorize σ̂ in order to resum these large logarithms and, perhaps, to separate out
any other nonperturbative physics that is not captured in the pdfs [57, 58, 87, 86].
The general structure of resummation, at the level of next-to-leading logarithms, has
been previously investigated in [42].

In this section we will focus on so-called threshold logarithms. When a process
approaches its kinematical threshold, there is limited phase space available for radia-
tion. This gives rise to an incomplete cancellation between real and virtual diagrams,
resulting in large logarithmic terms. This is common in situations where the invariant
mass of the final state is near the maximum available energy, which limits the amount
of energy that can go into excess radiation. Examples of this type of resummation
can be found for Drell-Yan, deep-inelastic scattering (DIS), B meson decay, and top
production [6, 110, 109, 48, 49, 61, 41, 69, 88, 91, 4, 40, 86, 94, 23, 95, 34, 53]. It
has been suggested [13, 51] that a similar effect occurs at hadron colliders away from
hadronic endpoint due to the steepness of parton luminosities, and this effect was
explored more quantitatively in [35]. In this section, we will concentrate on hadronic
threshold and assume that the invariant mass of the final state is near the maximum
allowed by the collider. However, we will derive a factorization theorem that can be
applied away from hadronic threshold without loss of information.

An extremely useful tool to prove factorization is effective field theory. In the case
of jet physics, soft-collinear effective theory [23, 25, 31, 30] is the relevant effective field
theory that can be used to derive factorization in many hard scattering processes [24].
The SCET Lagrangian is constructed by integrating out all modes of QCD except
for soft modes and collinear modes with respect to some fixed number of directions
ni. Matching QCD onto SCET gives rise to a hard function that contains the physics
of the hard scales in the problem, and matrix elements of the remaining soft and
collinear fields give rise to soft and jet functions, respectively.

The first applications of SCET involved cases with particularly simple jet defini-
tions, such as in Drell-Yan [82, 35] where there are no jets, hemisphere jets in event
shapes [29, 27, 92, 93, 70, 105, 71, 22, 36, 81, 80], or completely inclusive jets as
in B → Xsγ [23], DIS [95, 34, 53], and prompt photon production [37]. Factoriza-
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tion of jets defined with more generic algorithms was considered in [26] and two-jet
rates defined with jet algorithms were computed using SCET in [27, 115, 54]. A
study of various different jet algorithms and the dependence on the jet parameters
in the framework of SCET was discussed in [54]. More recently, an NLL analysis
of jet shapes in multijet events using modern jet algorithms in e+e− collisions was
performed in [65, 66].

The goal of this section is to derive a factorization formula for an arbitrary number
of jets in the presence of any number of non-strongly interacting particles in the
threshold limit. We allow for a nonzero total rapidity and calculate the ingredients of
this formula to allow resummation of threshold logarithms at NLL accuracy. This is
conceptually distinct from the case of a single final state jet, which can be measured
indirectly by simply demanding that a non-strongly interacting particle is produced
with nonzero pT. When there is more than one final state jet, jet algorithms must
be used to identify jets, and so the technology of incorporating jet algorithms into
a factorization formula, developed in [26] and applied to e+e− collisions in [66, 65],
must be employed. The consistency of this factorization (that is, the fact that the
cross section is independent of the factorization scale µ) is only demonstrated here
in the true hadronic endpoint. However, we will show in Chapter 3 that, under the
correct conditions, this factorization is consistent away from hadronic threshold..

Throughout this thesis, we will assume that Glauber modes do not contribute at
leading order in the power counting. This cancellation has only been formally proven
at the level of cross sections for simple processes, e.g. [59]. While Glauber modes could
potentially spoil our factorization theorem, we assume that for sufficiently inclusive
observables the argument in [59] generalizes. We also assume that pdfs can always
be factorized from the partonic cross section, i.e. that

dσ

dO = f ⊗ f ⊗ dσ̂

dO . (2.2)

is always valid. This has also not been proven to be generically true, but is phe-
nomenologically valid for a wide range of observables.

The organization of this section is as follows. In Section 2.2, we define precisely
what we mean by threshold production of N jets and discuss the corresponding kine-
matics. In Section 2.3, we discuss how the definition of threshold affects the logarith-
mic structure of the result and how, in particular, our definition should not introduce
so-called non-global logarithms. In Section 2.4, we briefly discuss different classes of
jet algorithms used at hadron colliders. We then derive our factorization theorem in
Section 2.5, beginning for notational simplicity with the case of a single (quark or
gluon) final state jet, then extending these results to the case of N jets. We derive the
anomalous dimensions for the objects that appear in our N -jet factorization formula
in Section 2.6 and use these in Section 2.7 to show that our factorization theorem is
formally consistent, at least in the hadronic endpoint region.
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2.2 Kinematics of Threshold Resummation

To explain our approach to threshold resummation, how it includes both the
cases of Drell-Yan and direct gauge boson production as limiting cases, and how
it is extendable to arbitrary N -jet production, we first discuss the kinematics. By
demanding that the final state contains N jets each with fixed transverse momentum
pT and pseudorapidity η, together with some number of non-strongly interacting
particles with total 4-momentum q, we are requiring that there is a minimum partonic
center-of-mass energy

ŝmin =
(
q +

N∑
i

piJ

)2

, (2.3)

where piJ is the momentum of the ith jet. This momentum is defined in terms of the
pT
J and ηJ of the jet as

pJ ≡ (pT
J cosh ηJ ,p

T
J , p

T
J sinh ηJ) . (2.4)

Of course, the actual partonic center-of-mass energy ŝ typically exceeds this minimum
value, and in general can be as large as the available machine center-of-mass energy
s. Therefore, the dimensionless variable z, defined as

z ≡ ŝmin

ŝ
, (2.5)

can range from

τ ≤ z ≤ 1 , with τ ≡ ŝmin

s
. (2.6)

Going to hadronic threshold (τ → 1) forces z → 1, such that the only emissions
kinematically allowed are collinear radiation off the hard partons that form jets, as
well as soft radiation. Radiation collinear to one of the jets with momentum scaling
as Ecm(1, λ2, λ) (in the light-cone coordinates of the jet) and soft radiation scaling as
Ecm(λ2, λ2, λ2), each contribute an equal amount to ŝ, where λ ∼

√
1− z is a small,

dimensionless parameter. In this limit of restricted radiation, partonic momentum
conservation can be written as

pI = q + ks +
N∑
i

pic , (2.7)

where pI is the total initial-state (partonic) momentum, ks is the total soft momentum,
and pic is the momentum carried by collinear fields in the direction of jet i. The
total momentum can be separated into two components: the first is the minimum
momentum needed to create N jets of fixed pT and η together with the non-strongly
interacting particles of total momentum q, while the second brings the invariant mass
of the final state above its minimum value ŝmin. To do this, we note that an arbitrary
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four-vector p can be written as the sum of a massless four-vector which characterizes
the transverse momentum and pseudorapidity of p and a purely timelike four-vector
with a magnitude equal to the +-component of p in light-cone coordinates about
n = (1,p/|p|) (i.e., p+ ≡ p0− |p|), which characterizes the off-shellness of p. That is,
for any four-vector p, we can write

pµ = pµJ + p+vµ , (2.8)

where vµ = (1,0) and pJ is given in Equation (2.4) with pT
J and ηJ the transverse

momentum and pseudorapidity of p, respectively. We want to apply this relation to
the total 4-momentum in each of the jets. To do this, we note that the jet algorithm
will group some of the soft momentum ks into parts that belong to jet i, ki, and a
part that is not included in any of the jets, kout,

ks =
N∑
i

ki + kout . (2.9)

Using this together with the relation Equation (2.8) and the fact that

(pic + ki)
+ ≡ pi,0c + k0

i − |pic + ki| = pi+c + k+
i +O(λ4) , (2.10)

where on the right-hand side, k+
i is plus with respect to pJ and pi+c is plus with respect

to pc, we can write momentum conservation Equation (2.7) at leading order in λ as

pµI = qµ + kµout +
N∑
i

pµJ + vµ
[ N∑

i

(p+
i + k+

i )
]
. (2.11)

Here, we have also used that out-of-jet collinear radiation is power suppressed [66].
Given these definitions, we can write

1− z =
2

ŝ
pI ·

(
kout + v

[ N∑
i

(p+
i + k+

i )
])

+O(λ4)

=
2

ŝ

(
pI · kout + p0

I

N∑
i

(p+
i + k+

i )
)

+O(λ4) , (2.12)

where ŝ = p2
I . We see that since pI is timelike, 1 − z depends on the timelike

component of the soft momentum outside of the jets and on the null component of
the momentum within the jets.

So far, we have discussed the kinematics in the hadronic endpoint defined as τ → 1,
which is the main focus of this paper. However, z can be forced close to 1 not only
in this hadronic endpoint, but also in the limit of steeply falling parton luminosities.
In this case, final states with small values of ŝ are preferred, giving again z → 1. Our
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analysis is independent of the precise mechanism which guarantees that 1− z can be
regarded as a small quantity, and can therefore be used away from the true hadronic
endpoint.

We are now in a position to discuss how our parametrization of 1− z reduces to
the standard variable in the case of Drell-Yan and cases when there is one inclusive
jet, such as B → Xsγ, DIS, and direct gauge boson production. As we will see in Sec-
tion 2.5, Equation (2.12) implies the soft function in general depends on the timelike
component of kout and on the null components (with respect to the corresponding jet
directions) of the soft momenta in each of the jets ki. In Drell-Yan, there are no jets
in the final state and so the entire soft momentum ks is just kout. This is why the
soft function in Drell-Yan depends only on the timelike component of the total soft
momentum. For a single inclusive jet (i.e., defined with a jet algorithm that includes
all of the hadronic momentum), all the soft momentum is included in the jet, such
that ks = k1. This explains why the soft function in this latter type of process only
depends on the null component of the total soft momentum. In Ref. [86], on the
other hand, threshold resummation for dijet production was considered and it was
found that the soft function only depended on the timelike component of momentum
outside of the jets. This apparent discrepancy is due to the fact that the limit of
small jet size R → 0 was taken and the contribution of in-jet soft particles vanishes
in this limit.1 From the discussion above, the soft function will have dependence on
the null component of in-jet momentum for jets of finite size.

2.3 Non-global Logarithms and Our Definition of

Threshold

In Ref. [86], two definitions of z were defined for the case of two final state jets,
which we denote here as za and zb,

za ≡
(p1 + p2)2

ŝ

zb ≡
2p1 · p2

ŝ
, (2.13)

where p1,2 are the total 4-momenta of the jets . Note that, unlike pJ (cf. Equa-
tion (2.4)), p1,2 can not be defined by the jet direction and energy alone, so both
definitions of z are indirectly sensitive to the jet mass. To lowest order, 1 − za,b can

1Note that double counting is avoided in [86] by removing collinear modes from the soft function
(“eikonal subtractions”), which, for R ∼ λ, removes any dependence on the soft momentum inside
of jets, at leading order in the power counting.
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be written as

1− za =
2k0

out

MJJ

+O(λ4)

1− zb =
2k0

out

MJJ

+
p2

1 + p2
2

M2
JJ

+O(λ4) , (2.14)

where on the right-hand side, M2
JJ can be set to (p1 + p2)2 for both za,b to order λ4.

It is well-known that jet observables which have an energy scale of radiation inside
of a jet that is widely disparate from the scale outside the jet give rise to non-global
logarithms [62]. This is due to the fact that in this case, real emission corrections
to radiation inside the jet can be vetoed when one of the daughter particles escapes
the jet, and this leads to an incomplete cancellation of real and virtual corrections,
an effect which is stronger for radiation near the jet boundary (the so-called “buffer
region”). As has been pointed out in the literature (see, e.g., Ref. [17]), za introduces
non-global logarithms, whereas zb does not. This is clear because the limit 1−za � 1
only restricts radiation outside of the jet and, for a jet size R ∼ 1, the radiation
within the jet is not restricted in the hadronic endpoint τ → 1. On the other hand,
the scaling of in-jet and out-of-jet radiation is correlated with zb (in particular, in
both cases soft radiation has momentum components that scale as MJJ(1− zb)) such
that no non-global logarithms should arise.

Notice that for a two-jet final state in the hadronic endpoint (τ → 1), the definition
of z given in Equation (2.5) reduces to

1− z τ→1−−→ 2k0
out

MJJ

+ 2
p2

1 + p2
2

M2
JJ

+O(λ4) , (2.15)

where we used Equation (2.12) and that, to O(λ2), pI = (
√
ŝ,0) = (MJJ ,0) in the

τ → 1 limit. Thus, our definition of z restricts radiation both inside and outside of the
jet, similarly to zb in this limit and should correspondingly not introduce non-global
logarithms for R ∼ 1. (This is also clear directly from Equation (2.12) which is valid
away from the hadronic endpoint, provided another mechanism enforces 1 − z � 1,
such as the steepness of pdfs.)

2.4 Jet Algorithms at Hadron Colliders

Perturbative calculations require a precise definition of the phase space boundaries
imposed by the jet algorithms. Any jet algorithms needs to be infrared safe; otherwise,
it leads to infrared divergent results when calculated in perturbation theory. There are
two general types of jet algorithms: cone algorithms and cluster algorithms. Cone
algorithms decide on which particles belong to a given jet based on cones of fixed
size R, while cluster algorithms group particles together into jets based on a relative
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measure of their distance. These jet algorithms act on the entire set of particles in the
final state to decide how many jets are contained in a given event and which particles
belong to which jet. Almost all jet algorithms depend on a jet size R, and a distance
∆Rij that measures the distance between two particles in η − φ space

∆Rij =
√

(∆ηij)2 + (∆φij)2 . (2.16)

As discussed in the previous section, the relevant degrees of freedom in jet pro-
duction close to z = 1 are collinear and soft particles. To perform perturbative
calculations in this region we therefore need a restriction on these degrees of freedom
to decide whether they belong to a given jet or not. Collinear particles in a given
direction all belong to the same jet. This is in contrast with soft particles, which
can either belong to a jet or not. Note that the treatment of jet algorithms in SCET
is only correct to leading order in the power counting parameter λ. Therefore, we
assume that all jets have energy much in excess of their mass, and that all jets are
widely separated.

Standard cone algorithms, such as SISCone, are quite simple. The restrictions they
impose on each particle to belong to a given jet are independent of other particles
in the event, and only depend on the angular distance from the jet direction. The
restriction for both soft and collinear particles to be in a jet j with direction n is
therefore

Θ̂R
soft,j = Θ̂R

coll,j =
∏
i

Θ(∆Ri,n < R) . (2.17)

For the purposes of this paper, we only need results at relative order αs, and therefore
only have to consider one extra particle in the final state. The restrictions therefore
simplify, and for the extra particle i we can write

Θ̂R
soft,j = Θ̂R

coll,j = Θ(∆Ri,n < R) . (2.18)

Cluster algorithms iterate a process of calculating a distance measure dij for all
pairs of particles and a distance di for each jet and, if a di is smallest, removing
particle i, or, if a dij is smallest, merging jets i and j. In general , dij is defined as
dij = min{di, dj}∆Rij/D, where D is a fixed parameter that characterizes the size
of a jet and the precise definition of di depends on the choice of algorithm.2 This
makes the action of the jet algorithm considerably more complicated. As explained
above, all collinear particles in a given direction have to end up in the same jet, which
allows us to write a generic restriction for the action of a cluster algorithm on a set
of collinear particles in a given direction as

Θ̂R
coll,j =

N−1∏
k=0

Θ(∆RN−k
min < R) . (2.19)

2An example for such a distance measure is di = piT for the kT algorithm.
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Here, N denotes the total number of collinear particles in the direction of the jet
nj. ∆RN−k

min denotes the ∆Rij between the pair of collinear particles in the set of
N − k remaining particles with the smallest dij. For soft particles, such a generic
formula is not possible (at least analytically), since different soft particles can end
up in different jets, and the restriction on a given particle depends on all other soft
particles in the event. At relative order αs, however, the restrictions ΘR

i for cluster
algorithms simplify and are given by

Θ̂R
soft,j = Θ(∆Ri,n < R) (2.20)

for soft particles and by

Θ̂R
coll,j = Θ(∆Rk,l < R) (2.21)

for collinear particles, where k and l label the new particles after the collinear splitting.
For more information about jet algorithms in SCET, see [66].

2.5 N-Jet Factorization Theorem

In this section, we present the factorization theorem for the cross section to pro-
duce N jets, defined with respect to a jet algorithm, differential in the 3-momentum
(pT and pseudorapidity η) of each jet and of the non-strongly interacting particles.
To keep the notation simple, we begin in Section 2.5.1 by discussing the case of a
single jet produced via the channel qq̄ → g. We then discuss the differences between
this derivation and the one needed for the channel qg → q. It will be clear from these
derivations that, aside from the promotion of the hard and soft functions to matrices
which arise from mixing of operators in color space, there is nothing conceptually or
technically new for arbitrary N -jet production in our approach. This allows us to
generalize our results to the N -jet factorization formula in Section 2.5.2.

In writing down a factorization theorem, we first assume that we can match QCD
onto operators in SCET containing N + 2 distinct collinear fields. This is valid
when a (direct or indirect) measurement constrains the final state to be N -jet like.
In our case, this is ensured by the fact that we take the variable 1 − z to be small,
together with the assumption that the jets are well separated from each other and from
the beams (with the latter requirement ensuring that the probability of initial-state
collinear radiation to produce a jet is power suppressed relative to the probability
of the jet arising from the hard interaction). Our derivation is agnostic as to the
cause of 1 − z � 1, and in Chapter 3 we explore in greater detail in what regimes
the steepness of parton luminosities allow the factorization theorem we derive here
to be applied away from the hadronic endpoint. We will assume in this section that
the reader has some familiarity with SCET. For details, we refer the reader to the
original SCET literature [23, 25, 31, 30].
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2.5.1 Case of a Single Jet

Working to leading order in the electroweak coupling constant, we first write the
full theory matrix element mediating the partonic interaction as

〈qX|O|P1P2〉 =
∑
i

Mαβµ
i TAab 〈X|ψ̄αaψβbAAµ |P1P2〉 . (2.22)

Here, |q〉 represents the non-strongly interacting final state of total momentum q,
|P1〉 and |P2〉 are the incoming hadrons with the corresponding momentum, and |X〉
represents the hadronic final state. The index i labels Dirac structures. This equation
defines the Mαβµ

i . Note that we have used the fact that there is only one color singlet
in the decomposition of 3⊗ 3̄⊗ 8.

In terms of Mi, the matching of QCD onto the fields of SCET takes the form

Mαβµ
i Qαβµ(x) ≡Mαβµ

i

[
ψ̄αaψ

β
bA

A
µ

]
(x)

=
∑
j

Mαβµ
j

∑
{p̃}

Cij({p̃})ei(p̃1+p̃2−p̃3)·x[(χ̄−p̃1)αa (χp̃2)βb (B−p̃3)Aµ
]
(x) , (2.23)

where p̃i is the label momentum carried by the field. At tree level, we have

Cij({p̃}) = δij . (2.24)

The matching condition in momentum space takes the form

Mαβµ
i Qαβµ(k) ≡Mαβµ

i

∫
d4x e−ik·xQαβµ(x)

=
∑
j

Mαβµ
j

( 3∏
i=1

∫
d/4pi

)
Cij({p̃})

[
χ̄βb (−p1)χαa (p2)BA

µ (−p3)
]

× (2π)4δ4(p1 + p2 − p3 − k) , (2.25)

where we turned the sums over labels and integrals over residual momenta into inte-
grals over the full d4pi and used the shorthand notation∫

d/4p ≡
∫

d4p

(2π)4
. (2.26)

Using this matching condition, we can write the cross section differential in the
jet pseudorapidity ηJ and transverse momentum pT

J as

dσ

d2pT
J dtanh ηJdΦq

=
1

2E2
cm

rest.∑
X

|〈qX|O|P1P2〉|2spin avg.δ(ηJ − η(X))δ2(pT
J − pT(X))

× (2π)4δ4(P1 + P2 − q − pX) (2.27)
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=
1

2E2
cm

rest.∑
X

∑
i,j,i′,j′,

spin

Mαβµ
j M

β̄ᾱµ̄

j′
TAabT

Ā
b̄ā

4C2
A

( 3∏
k=1

∫
d/4pkd/

4p′k

)
Cij({p̃k})C∗i′j′({p̃′k})

× 〈P1P2|χ̄β̄b̄ (p′2)χᾱā (−p′1)B†Āµ̄ (−p′3)|X〉〈X|χ̄αa (−p1)χβb (p2)BA
µ (−p3)|P1P2〉

× δ(ηJ − η(X))δ2(p⊥J − p⊥(X)) (2π)4δ4(p1 + p2 − p3 − q) . (2.28)

Here, we defined dΦq as the phase space measure of the m non-strongly interacting
final-state particles,

dΦq ≡
m∏
k

d/3qk
2Ek

, (2.29)

where we have omitted symmetry factors coming from identical particles in Φq. The
restriction on the sum over final states X (“rest.”) is that they include exactly one jet
as defined by the jet algorithm and the delta functions that fix η(X) and pT(X) act
on the part of X identified to be the jet, which we assume to be sufficiently separated
from the beams such that contributions from collinear initial-state radiation are power
suppressed. We also define M ≡ γ0M †γ0. To arrive at this equation, we used the
hadronic momentum-conserving delta function in the first line to shift the operator O†

to the point x, applied the matching condition Equation (2.25), and then integrated
over x which resulted in the partonic momentum-conserving delta function on the
last line.

We can simplify Equation (2.27) using the following observations. First, we can
use the BPS field redefinition [30] to decouple soft and collinear modes to O(λ2),

χn(x)→ Yn(x)χn(x) (2.30a)

χ̄n(x)→ χ̄n(x)Y †n (x) (2.30b)

Bn(x)→ Yn(x)Bn(x) = Y †n (x)Bn(x)Yn(x) , (2.30c)

where Yn is a soft Wilson line, for which we adopt the conventions3

Y in
n (x) = P exp

[
igs

∫ 0

−∞
ds n · As(x+ sn)

]
, (2.31a)

for an incoming particle (where P denotes path ordering) and

Y out †
n (x) = P exp

[
igs

∫ ∞
0

ds n · As(x+ s n)

]
, (2.31b)

for an outgoing particle. In momentum space, the field redefinition in Equation (2.30)
induces the shift pc → pc + ks, where ks is the total soft momentum carried by the
Wilson lines.

3For a discussion of the various conventions for incoming and outgoing Wilson lines and how they
are related see, for example, Ref. [14]. There is also a nice discussion of how soft Wilson lines arise
in the path integral formulation of SCET in Appendix C of Ref. [35].
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Second, we can implement the restriction on the final state X that there is one
jet at the operator level to all orders by using the jet algorithm operator Θ̂R

i , defined
in Section 2.4. This allows us to complete the sum over X and factorize the collinear
and soft matrix elements from one another.

The final state collinear matrix element can be written as〈
0
∣∣B†Aµ (−p′3) Θ̂R

coll,3δ(ηJ − η̂)δ2(pT
J − p̂T)BB

ν (−p3)
∣∣0〉 = (2.32)

− EJ(2π)4δ4(p′3 − p3)δABg⊥3
µν J

g
ω(p3) ,

which defines the gluon jet function Jgw(p). Integrating Equation (2.32) over the full
p3 and p′3, which contain integrals over residual momentum and sums over the labels
ω and n3 of the B⊥ field, fixes the labels to be n3 = (1,pT

J /|pT
J | cosh ηJ , tanh ηJ) and

ω = 2pT
J cosh ηJ . The label “3” on Θ̂3

R and on g⊥3
µν indicates these are defined with

respect to the direction n3 of the jet. Note that this jet function depends on the
choice of the jet algorithm.

For an algorithm that is inclusive over collinear initial-state radiation, the initial-
state collinear matrix elements give rise to pdfs from the relations [24, 26]∫

d/4p d/4p′〈P |χ̄α′a′ (p′)χαa (p)|P 〉spin avg. = Ecmδaa′
(n/

2

)αα′ ∫ 1

0

dxfq(x)∫
d/4p d/4p′〈P |χα′a′ (−p′)χ̄αa (−p)|P 〉spin avg. = Ecmδaa′

( n̄/
2

)α′α ∫ 1

0

dxfq̄(x) , (2.33)

with p1,2 set to x1,2Ecm
n1,2

2
= 1

2
ω1,2 n1,2 (where n1 ≡ n and n2 ≡ n̄) and p′1,2 = p1,2.

The color structure in the matrix elements Equations (2.32) and (2.33) leads to a
trace over the color structure of the Wilson lines in the soft function. We can write
the soft function in terms of the variables of interest kout and k3 (the out-of-jet and
in-jet momenta) as∫

d/4ksS(ks, {ni}) =

1

CACF

∫
d4ks

〈
0
∣∣T[Y †n2

Y †n3
TAYn3Yn1

]
δ4(kµs − i∂µ)T

[
Y †n1

Y †n3
TAYn3Yn2

]∣∣0〉
=

∫
d4kout d4k3 S(kout, k3, {ni}) , (2.34)

where {ni} = {nq, nq̄, ng} and T (T) denotes (anti-) time ordering. S(kout, k3, {ni})
is then defined as

S(kout, k3, {ni}) ≡
1

CACF

〈
0
∣∣T[Y †n2

Y †n3
TAYn3Yn1

]
δ4(k3 − k̂3)

× δ4(kout − k̂out)T
[
Y †n1

Y †n3
TAYn3Yn2

]∣∣0〉 , (2.35)
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and it is understood that the replacement ks → kout + k3 should be made wherever
ks appears. The operators k̂out and k̂3 are defined as

k̂µ3 ≡ Θ̂R
soft,3i∂

µ

k̂µout ≡
(

1− Θ̂R
soft,3

)
i∂µ . (2.36)

Finally, using that the spin- and color-averaged square of the Born matrix element
MB, |MB|2, can be written in terms of Mi as

|MB|2 ≡
1

4C2
A

∑
spin,color

|MB|2 = −Tr[TATA]

4C2
A

∑
i,i′

Mαβµ
i M

ᾱβ̄µ̄

i′ (p1/)
αᾱ(p2/)

β̄βg⊥3
µµ̄

= − CF
4CA

ŝ
∑
i,i′

Mαβµ
i M

ᾱβ̄µ̄

i′

(n/1

2

)αᾱ(n/2

2

)β̄β
g⊥3
µµ̄ , (2.37)

we see that the Dirac structure of the matrix elements in Equations (2.32) and (2.33)
naturally gives rise to the Born cross section.

To simplify the notation, we define a hard function H which includes all pertur-
bative corrections contained in the matching coefficients Cij as

H({ni, ωi}) ≡ −
CF
4CA

ŝ
∑

i,i′,j,j′ Cij({p̃k})C∗i′j′({p̃k})Mαβµ
j M

β̄ᾱµ̄

j′

(
n/1

2

)αᾱ(
n/2

2

)β̄β
g⊥3
µµ̄

|MB|2
,

(2.38)
where ωi are the labels on the three collinear fields. H by definition is 1 to leading
order in αs. Putting this together, we arrive at the expression

dσ

d2pT
J dtanh ηJdΦq

=
EJ

2E2
cm

∫
dx1

x1

dx2

x2

|MB|2
∫

d/4p3

∫
d4kout

∫
d4k3 (2.39)

×H({ni, ωi})fq(x1)fq̄(x2)Jgω(p3)Sqq̄→g(kout, k3, {ni})
× (2π)4δ4(x1Ecm

n

2
+ x2Ecm

n̄

2
− q − kout − p3 − k3) .

The final step is to simplify the momentum-conserving delta function. We use
Equations (2.8) and (2.11) to write it, up to power corrections in λ, as

δ4(x1Ecm
n

2
+ x2Ecm

n̄

2
− q − kout − p3 − k3)

=
2

E2
cmτ

δ
(

1− z − 1

ŝ

[
2pI · kout + 2p0

I(p
+
c + k+

3 )
])

× δ2(pT
J + qT

J ) δ

(
Y − tanh−1

(
pT
J sinh ηJ + qz
pT
J cosh ηJ + q0

))
, (2.40)
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where pI is the total (partonic) initial-state momentum, p0
I = (x1 + x2)Ecm/2 and

pzI = (x1 − x2)Ecm/2. Here, we used that

δ
[
f(x, y)

]
δ
[
g(x, y)

]
=
δ(x− x0)δ(y − y0)∣∣∣ ∂(f,g)

∂(x,y)

∣∣∣ , (2.41)

where f(x0, y0) = g(x0, y0) = 0 and made the change of variables

x1 =

√
τ

z
eY

x2 =

√
τ

z
e−Y . (2.42)

In switching from x1,2 to z and the total rapidity Y , we will also need that∫
dx1

x1

dx2

x2

=

∫ 1

τ

dz

z

∫ 1
2

ln z
τ

− 1
2

ln z
τ

dY . (2.43)

Now, since there is no dependence on the soft momenta other than on the components
pI · kout and k+

3 and the only unconstrained component of p3 is the plus-component
p+

3 , we can integrate over the other variables to obtain our final expression

dσ

d2pT
J dtanh ηJdΦq

=
π

E4
cmτ

∫ 1

τ

dz

∫ 1
2

ln z
τ

− 1
2

ln z
τ

dY |MB|2Hqq̄→gX({ni, ωi})fq(x1)fq̄(x2)

×
∫

dp+
3 J

g
ω(p+

3 )

∫
dk0

out

∫
dk+

3 Sqq̄→g(k
0
out, k

+
3 )δ2(pT

J + qT)

× δ
(
Y − tanh−1

(
pT
J sinh ηJ + qz
pT
J cosh ηJ + q0

))
× δ

[
1− z − 2√

ŝ

(
coshY

(
p+
c + k+

in

)
+ k0

out

)]
. (2.44)

The soft function in Equation (2.44) is defined as

Sqq̄→g(k
0
out, k

+
3 , {ni}) ≡

1

CACF

〈
0
∣∣T[Y †n2

Y †n3
TAYn3Yn1

]
δ(k+

3 − k̂+
3 )δ
(
k0

out −
pI · k̂out

|pI |
)

× T
[
Y †n1

Y †n3
TAYn3Yn2

]∣∣0〉
= δ(k0

out)δ(k
+
3 ) +O(αs) . (2.45)

Note that, despite our notation, k0
out ≡ pI · kout/|pI | is simply the projection of the

soft momentum outside of all jets onto a timelike vector. This function is most easily
computed in the partonic center-of-mass frame where pI is in fact purely timelike.
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However, in general pI will have nonzero spatial components, in which case k0
out

is not simply the energy component of the kout four-vector. The jet function in
Equation (2.44) is defined as

Jgω(p+)gµν⊥ δ
AB ≡ − ω

2π

∫
d4x eip·x〈0|Bµ,A

⊥,ω(x)Θ̂R
coll,3B

ν,B
⊥,ω(0)|0〉 = δ(p+)gµν⊥ δ

AB +O(αs) ,

(2.46)

where, again, the label ω is set to ω = 2EJ = 2pJT cosh ηJ .
The majority of the above discussion goes through in much the same way for the

channel qg → q. The main differences are that the matrix element of final state fields
gives rise to a quark jet function, defined by∫

d/4p′3
〈
0
∣∣χc′α′(p′3) Θ̂R

coll,3δ(ηJ − η̂)δ2(pT
J − p̂T)χ̄cα(p3)

∣∣0〉 = δc
′c
(n/3

2

)
α′α
Jqω(p3) , (2.47)

which, after integrating over all but the p+ component, becomes

Jqω(p+)δab ≡ 1

2π

∫
d4x eip·x〈0| n̄/

2
χan,ω(x)Θ̂R

coll,3χ̄
b
n,ω(0)|0〉 = δ(p+)δab +O(αs) . (2.48)

For the initial-state gluon, we obtain the gluon pdf via the relation∫
d/4p d/4p′〈P |B†Aν (p′)BB

µ (p)|P 〉 =
g⊥µν
D − 2

δAB

∫ 1

0

dx

x
fg(x) . (2.49)

Finally, the soft function is defined as in Equation (2.34) but with the appropriate
modification in the definition of the Wilson lines for incoming and outgoing fields given
in Equation (2.31). The final result after these differences are taken into account is
of the form Equation (2.44) but with the substitutions fq̄ → fg, J

g → Jq, and
Sqq̄→g → Sqg→q.

2.5.2 Extension to N Jets

The above results clearly generalize. The only nontrivial complication is due to
mixing in color space. To avoid cumbersome notation, we will explain what generalizes
and state the result rather than write down the N -jet derivation. Explicitly, for every
quark, antiquark and gluon in the final (initial) state, the all-orders jet function (pdf)
has precisely the Dirac and color structure to contract with the non-QCD matrix
element Mαβ···µ···

i to give the Born matrix element at tree level. The pdfs and jet
functions have the same definitions as in the single jet case. However, due to the
fact that operators with different color structures in general mix, the hard and soft
functions in these formulas should be interpreted as matrices in color space.
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Since the main difference in the generalization to N jets is in the soft function,
we will discuss it in more detail. It takes the general form

S(k0
out, {ni, k+

i }) ≡
1

N 〈0|O
†
S δ
(
k0

out −
pI · k̂out

|pI |
) N∏

i

δ(k+
i − k̂+

i )OS|0〉 , (2.50)

where N is a normalization factor such that the soft function is unity (times delta
functions in its arguments) at tree level and the operator OS is the product of Wilson
lines that arise from the BPS field redefinitions Equation (2.30), appropriately traced.
As for the one jet case, the arguments ki in the soft function run over all final state
jets and the ni include all directions, both initial and final. The operators k̂out and
k̂i that appear in Equation (2.50) are defined as

k̂µi ≡ Θ̂R
soft,i i∂

µ

k̂µout ≡
(

1−
N∑
i

Θ̂R
soft,i

)
i∂µ . (2.51)

The result of going through the same steps as for the single jet case leads to the N -jet
factorization formula,

dσ∏N
i d2pT

Ji
dtanh ηJidΦq

=
1

E4
cmτ

∫ 1

τ

dz

∫ 1
2

ln z
τ

− 1
2

ln z
τ

dY |MB|2H({ni, ωi})f1(x1)f2(x2)

×
N∏
i

∫
dp+

i

2·(2π)3
Ji(p

+
i )

N∏
i

∫
dk+

i

∫
dk0

outS(k0
out, {ni, k+

i })

× (2π)4 δ

[
1− z − 2√

ŝ

(
coshY

N∑
i

(
p+
i + k+

i

)
+ k0

out

)]

× δ
(
Y − tanh−1

(∑N
i p
⊥
Ji

sinh ηJi + qz∑N
i p
⊥
Ji

cosh ηJi + q0

))

× δ2(
N∑
i

pT
Ji

+ qT) . (2.52)

In Equation (2.52), both H and S are matrices in color space, while J and f are
proportional to the identity in color space and there is an implicit trace. Loop cor-
rections will in general mix color structures, which means that beyond tree level H
and S will contain off diagonal elements. The details of resummation in the presence
of color mixing is discussed in [42].
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2.6 Anomalous dimensions

Now that we have shown that a generic N -jet cross section factorizes in the limit
of 1− z � 1, we are left to calculate each ingredient of the factorization theorem. In
this section, we focus on the consistency of the factorization theorem to O(αs), and we
therefore need the one-loop anomalous dimensions for the hard, jet and soft functions.
Note that the results presented here are enough to resum threshold logarithms at
NLL4.

2.6.1 Hard, Jet, and Parton Distribution Functions

Both the Born-level matrix element and the hard function, which can be found by
calculating the virtual corrections to the Born-level matrix element in the MS scheme,
are process dependent, so they can not be calculated generically. However, the hard
anomalous dimension, defined as

dH({ni, ωi};µ)

d lnµ
≡ γH ({ni, ωi};µ)H ({ni, ωi};µ) , (2.53)

only depends on the directions ni, label momenta ωi, and color charges Ti of the
collinear particles and is given by ([55], [15], [32], [73], [33])

γH({ni, ωi};µ) =
∑

i∈{partons}

(
−Γcusp T2

i ln
µ2

ω2
i

− γi
)
− 2 Γcusp

∑
〈i,j〉

Ti ·Tj ln
ni ·nj

2
.

(2.54)

The cusp anomalous dimension at two loops is given by

Γcusp =
αs
π

+
α2
s

4π2

[
CA

(
67

9
− π2

3

)
− 20

9
CFTFnf

]
. (2.55)

The γi to one-loop are given by

γq =
3αs
2π

CF and γg =
αs
2π
β0 , (2.56)

for quarks and gluons, respectively, where β0 is defined as

β0 =
11CA

3
− 2Nf

3
. (2.57)

The sum on 〈i, j〉 is a sum over all distinct pairs of partons i and j for i 6= j.

4There are several different ways to define precisely what is meant by NLL. In this thesis, we will
use the convention of [35].
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The quark and gluon jet functions have been calculated previously, e.g.[28, 43, 18],
and were first calculated with a jet algorithm in [66]. Their anomalous dimensions,
defined by

dJi(p
+
i ;µ)

d lnµ
=

∫ p+
i

0

dp′
+
i γJi(p

+
i − p′

+
i ;µ)Ji(p

′+
i ;µ) , (2.58)

are given by

γJi(p
+
i ;µ) =

(
2 Γcusp T2

i ln
µ

ωi
+ γi

)
δ(p+

i )− 2 Γcusp T2
i

1

µ

(
µ

p+
i

)
+

. (2.59)

The expressions for Γcusp and γi are the same as for the hard function. Note that
the algorithm in [66] used a polar angle for the measure and not Equation (2.16).
However, since the anomalous dimension in that case did not depend on the algorithm
parameter R, the result must be independent of which measure is chosen since the
precise definition of the jet boundaries is not associated with any singularities. It does
however affect the finite parts of the jet function, which become important starting
at NNLL accuracy.

It is well-known that the parton distribution functions are not perturbatively
calculable; in practice, they can be expressed as universal matrix elements, which are
then extracted from experiment. However, the evolution of the pdfs with µ can be
computed,

dfi(xi;µ)

d lnµ
=
αs
π

∫ 1

xi

dz

z
Pij(z)fj

(xi
z

;µ
)
, (2.60)

where the repeated index j is summed over and Pij are the Altarelli-Parisi splitting
functions. Near hadronic threshold, the splitting functions simplify and can be written
as

αs
π
Pij(x) =

[
2 Γcusp T2

i

1

(1− x)+

+ γi δ(1− x)

]
δij . (2.61)

2.6.2 Soft Function

In general, the soft function depends on the null component of the soft momentum
inside each jet as well as the timelike component k0

out (defined in Section 2.5 as
k0

out ≡ pI · kout/|pI |). At order αs, the soft function can be written as a sum of
functions that depend only on one momentum variable, with trivial dependence on
the others and is given by

S(k0
out, {ni, k+

i }) = Sout(k
0
out)

∏
i∈{jets}

δ(k+
i ) + δ(k0

out)
∑

i∈{jets}

Sin(k+
i )

∏
j∈{jets}
j 6=i

δ(k+
j ) ,

(2.62)
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where the sum over i ∈ {jets} is over all i corresponding to outgoing jets and does
not include the incoming partons (and we remind the reader that the dependence
here on ki is only over final state jets but the ni run over all initial and final partons).
The timelike component of the soft function, Sout, receives contributions from soft
gluons that are not inside any of the outgoing jets. We can find this by calculating the
contribution of soft gluons going anywhere and then subtracting the contribution from
gluons that enter one of the jets. This can be written in the hadronic center-of-mass
frame as

Sout(k
0
out) =−

∑
〈i,j〉

Ti ·Tj 2g2µ2ε

∫
ddk

(2π)d
ni ·nj

(ni ·k)(nj ·k)

× 2πδ(k2)δ
(pI ·k
|pI |
− k0

out

)[
1−

∑
k∈{jets}

Θ̂R
soft,k

]
, (2.63)

where Θ̂R
k is the restriction that the gluon is in jet k, defined by a jet algorithm of

size R as in Section 2.4. This is most easily calculated in the partonic center-of-mass
frame. Denoting the directions and energies of the collinear partons in this frame as
ñi and ω̃i respectively, we have that

Sout(k
0
out) = −

∑
〈i,j〉

Ti ·Tj 2g2µ2ε

∫
ddk

(2π)d
ñi ·ñj

(ñi ·k)(ñj ·k)

× 2πδ(k2)δ(k0 − k0
out)

[
1−

∑
k∈{jets}

Θ̂R
soft,k

]
, (2.64)

where we have used the fact that, for an η−φ algorithm, the jet algorithm restrictions
are frame invariant.

The null components of the soft function, Sin(k+
i ), are defined in the hadronic

center-of-mass frame as

Sin(k+
k ) = −

∑
〈i,j〉

Ti ·Tj 2g2µ2ε

∫
ddk

(2π)d
ni ·nj

(ni ·k)(nj ·k)
2πδ(k2)δ(nk ·k − k+

k )Θ̂R
soft,k .

(2.65)

In the partonic center-of-mass frame, this can be written as

Sin(k+
k ) = −

∑
〈i,j〉

Ti ·Tj 2g2µ2ε

∫
ddk

(2π)d
ñi ·ñj

(ñi ·k)(ñj ·k)
2πδ(k2)

ωk
ω̃k
δ

(
k+ − ωk

ω̃k
k+
k

)
Θ̂R

soft,k .

(2.66)

The calculation of Sin and Sout in the partonic center-of-mass frame can be related
to the calculation of the soft function in [66]. While [66] uses a polar angle measure,
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we will show that, even though Sin and Sout separately depend on the parameter
R, the anomalous dimension is R independent. This implies that all algorithms
with the same singularity structure as the polar angle algorithm used in [66] have the
same anomalous dimension for this observable. Specifically, the anomalous dimension
calculated in the partonic center-of-mass frame should be the same for both a polar
angle measure and an η − φ measure. Since the η − φ measure is boost invariant,
the R independence of the anomalous dimension must be true in all frames5. The
relations of Sin and Sout to the soft function in [66] are given by

Sout(k
0
out) = 2

∑
〈i,j〉

d

dΛ

Sincl
ij +

∑
k∈{jets}

Skij


Λ=k0

out

, (2.67)

and

Sin(k+
k ) = 2

∑
〈i,j〉

1

ω̃k
Smeas
ij (τ k0 ) , (2.68)

where Sincl
ij , Skij, and Smeas

ij are defined and computed in [66]. In calculating Smeas
ij ,

we use the definitions τ k0 = k+
k /ω̃k and δR = δ

(
τ k0 − k+/ωk

)
, where τa and δR are

originally defined in [66].
The anomalous dimension of this soft function is defined as

dS(k0
out, {ni, k+

i };µ)

d lnµ
=
∏

i∈{jets}

∫ k+
i

0

dk′
+
i

∫ k0
out

0

dk′
0

out γS(k0
out − k′0out, {ni, k+

i − k′
+
i };µ)

× S(k′
0

out, {ni, k′+i };µ) . (2.69)

Using the results of [66], together with Eqs. (2.67) and (2.68), the result for the
anomalous dimension can be written as

γS(k0
out, {ni, k+

i };µ) =
∑

i∈{jets}

γSi(k
+
i ;µ)

∏
j∈{jets}
j 6=i

δ(k+
j ) δ(k0

out)

+ γSout(k
0
out;µ)

∏
i∈{jets}

δ(k+
i ) . (2.70)

with

γSi(k
+
i ;µ) = 2 ΓcuspT

2
i

ωi
µ ω̃i

(
µ ω̃i
k+
i ωi

)
+

(2.71)

γSout(k
0
out;µ) = Γcusp

∑
〈i,j〉

Ti ·Tj

(
2 ln

ñi ·ñj
2

)
δ(k0

out)− 4 Γcusp (T2
1 + T2

2)
1

µ

(
µ

2k0
out

)
+

.

(2.72)

5We have verified this explicitly for small R by making the replacement R → R/cosh η, which
relates the polar angle and η − φ measures in the small R limit.
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2.7 Consistency of Factorization to O(αs)
Consistency is a nontrivial check of our factorization theorem. The factorized cross

section should be independent of the factorization scale µ in the threshold limit and
thus renormalization group invariant. Starting from the generic N -jet cross section,
Equation (2.52), ignoring multiplicative factors that do not affect the derivative, and
using the shorthand notation

dσ

d lnµ
≡ d

d lnµ

dσ∏
i d

2pT
Ji

dηJidΦq

, (2.73)

we have that

dσ

d lnµ
∝
∫ 1

τ

dz

∫ 1
2

ln z
τ

− 1
2

ln z
τ

dY H({ni, ωi};µ)f1(x1;µ)f2(x2;µ)

×
∏

i∈{jets}

∫
dp+

i Ji(p
+
i ;µ)

∏
i∈{jets}

∫
dk+

i

∫
dk0

outS(k0
out, {ni, k+

i };µ)

×
(

d lnH({ni, ωi};µ)

d lnµ
+

d ln f1(x1;µ)

d lnµ
+

d ln f2(x2;µ)

d lnµ

+
∑

i∈{jets}

d ln Ji(p
+
i ;µ)

d lnµ
+

d lnS(k0
out, {ni, k+

i };µ)

d lnµ

)

× δ

1− z − 2√
ŝ

(
coshY

∑
i∈{jets}

(p+
i + k+

i ) + k0
out

) . (2.74)

There are several simplifications we can make to check the independence of µ. First, µ
only enters perturbative expressions, and whether or not the cross section depends on
µ is independent of nonperturbative physics. This allows us to use the perturbative
definition of the parton distribution functions. Second, given that the µ dependence
of each of the factorization ingredients starts at order αs, we can use the tree level
expressions for the hard, jet and soft functions, as well as for the pdfs,

fi(x;µ) = δ(1− x) (2.75)

H({ni, ωi};µ) = 1 (2.76)

Ji(p
+
i ;µ) = δ(p+

i ) (2.77)

S(k0
out, {ni, k+

i };µ) = δ(k0
out)

∏
i∈{jets}

δ(k+
i ) . (2.78)



29

Using this and working to lowest order in αs, we can simplify Eq. (2.74) to get

dσ

d lnµ
∝ αs
π
P11(τ) +

αs
π
P22(τ) +

√
ŝ

2 coshY

∑
i∈{jets}

γJi

( √
ŝ

2 coshY
(1− τ);µ

)

+

√
ŝ

2 coshY

∑
i∈{jets}

γSi

( √
ŝ

2 coshY
(1− τ);µ

)
+ γH(µ) δ(1− τ)

+

√
ŝ

2
γSout

(√
ŝ

2
(1− τ);µ

)
. (2.79)

After plugging in Equations (2.54), (2.59), and (2.70), rescaling the plus functions
using the identity (

1

ax

)
+

=
ln a

a
δ(x) +

1

a

(
1

x

)
+

, (2.80)

and combining the various terms, we find

dσ

d lnµ
∝ Γcusp

[∑
〈i,j〉

Ti ·Tj

(
2 ln

ñi ·ñj
ni ·nj

)
+ T2

1 ln
ω2

1

ŝ
(2.81)

+ T2
2 ln

ω2
2

ŝ
+
∑

i∈{jets}

T2
i

(
2 ln

ωi
ω̃i

)]
. (2.82)

After making the simplification∑
〈i,j〉

Ti ·Tj

(
2 ln

ñi ·ñj
ni ·nj

)
=
∑
i,j
i 6=j

Ti ·Tj

(
ln
ωi
ω̃i

+ ln
ωj
ω̃j

)
=

∑
i∈{partons}

T2
i

(
−2 ln

ωi
ω̃i

)
,

(2.83)
where we have used that p̃i ·p̃j = pi ·pj and

∑
i Ti = 0, Equation (2.81) gives

dσ

d lnµ
= 0 . (2.84)

This result confirms that our factorization theorem is consistent at hadronic threshold
and justifies using the renormalization group to resum logarithms of 1− τ .
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Chapter 3

A Measure of Effectiveness for
Threshold Resummation

3.1 Introduction

In this section, we parameterize the enhancement of threshold effects away from
hadronic endpoint that arise due to the steeply falling nature of parton distribution
functions, within the context of soft-collinear effective theory. This is accomplished
in a process-independent way by directly linking the characteristic scale of soft and
collinear radiation, λ, to the shape of the pdfs. This allows us quantify the power
corrections to partonic threshold resummation as a function of the invariant mass
and rapidity of the final state. In the context of SCET, being able to compute λ in
a process-independent manner allows us to determine the correct scale for threshold
resummation after integration with the pdfs, without any additional procedure.

There has been much effort to increase the accuracy and precision of predictions
for observables at hadron colliders. The standard technique to improve the accuracy
of calculations is to add fixed orders in perturbation theory. Many observables have
been calculated to next-to-leading order (NLO) in QCD, and for some next-to-next-
to-leading order (NNLO) has been achieved [78, 10, 101, 8, 44, 9, 11, 12, 7, 75, 50].
Frequently, observables contain large ratios of scales, usually due to experimental
cuts or the presence of several mass scales in the process. In such cases, one can
increase the precision and accuracy of theoretical calculations by resumming the large
logarithms of these ratios to all orders in perturbation theory. Standard techniques
allow for the resummation of these logarithms at next-to-leading logarithmic order
(NLL) and beyond [110, 48, 42], while recent advances in effective theory methods
[23, 25, 31, 30] provide a systematically improvable alternative to resummation in
hard-scattering processes [24].

It is well known that, beyond leading order, partonic cross sections contain terms
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of the form

αns

(
logm(1− z)

1− z

)
+

, (3.1)

where m ≤ 2n − 1 and z = ŝmin/ŝ is a measure of excess radiation in the process.
These terms are due to collinear and soft singularities in the real emission diagrams
of the perturbative series and can be resummed with the same techniques used for
other large logarithms. Threshold resummation has been applied to several Standard
Model processes, including (inclusive) Drell-Yan [110, 48, 82, 35], prompt photon
[51, 37], Higgs production [97, 89, 83, 2, 3], and dijet and heavy-particle production
[90, 40, 52, 86, 87, 85].

It is important to understand when threshold logarithms are phenomenologically
relevant. The partonic endpoint (where logarithms of z become large) cannot be
observed, since one integrates over the partonic variable z when the partonic cross
section is convolved with parton distribution functions (pdfs). The exception is near
the hadronic endpoint, where the partonic and hadronic endpoints are equivalent. As
an example, consider Drell-Yan, where the rescaled leptonic center of mass energy is
given by τ = m2

``/s. The hadronic cross section is then

dσ

dτ
=

∫ 1

τ

dz L(τ/z)σ̂(τ, z) , (3.2)

where

L(z) =

∫ log z
τ

− log z
τ

dY

[
f1

(√
τ

z
eY
)
f2

(√
τ

z
e−Y

)
+ f1

(√
τ

z
e−Y

)
f2

(√
τ

z
eY
)]

(3.3)

is the parton luminosity. From this expression, one can immediately see that a mea-
surement of Drell-Yan close to the hadronic endpoint (τ → 1) also forces the partonic
center of mass energy z to its endpoint, such that these logarithms become important.
However, away from the hadronic endpoint, the integration variable z is not forced
to one, such that it is not clear that the threshold terms given in Eq. (3.1) should
dominate over terms which are, for example, polynomial in z.

By comparing resummed cross sections with available fixed order calculations it
has been noted that, in certain cases, the threshold terms at O(αs) give the dominant
effect of the full NLO correction, even far away from the hadronic endpoint [13, 51, 35].
This observation has been used to suggest that threshold resummation is effective not
only in the hadronic endpoint, where it is clearly necessary, but also for much lower
values of τ . One possible explanation for this is the shape of parton luminosities [13,
51]. For steeply falling parton luminosities, the integration in Eq. (3.2) is dominated
by the smallest values of τ/z, which is the region z → 1. By assuming a simple,
analytical form for the parton luminosity, one can make this argument more precise
[35]. However, the corrections to threshold resummation applied away from hadronic
endpoint have not yet been studied without assuming a model for parton luminosities.
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The goal of this section is to provide a model-independent, quantitative measure
of the corrections to partonic threshold resummation. Using only the shape of the
pdfs, we define a parameter λ that can be used as the expansion parameter in SCET.
This implies that corrections to the threshold resummation are power suppressed in λ.
Since we will use the measured pdfs to calculate λ, our definition does not require the
assumption of a particular form for the parton luminosities. Thus, λ can be viewed
as a model-independent definition of the steepness of a parton luminosity. We will
determine the numerical size of λ for various parton luminosities as a function of the
hadronic threshold variables τ and Y . In addition to quantifying power corrections,
λ allows us to determine the scales relevant to threshold resummation in SCET after
convolving the partonic cross section with the pdfs. This avoids integrating over un-
physical regions (a consequence of setting the scales before integration) or introducing
a process-specific procedure to calculate the scales.

This section is organized as follows. In Section 3.2, we will define the relevant
expansion parameter in threshold resummation and show that it has the expected
behavior for a simple choice of the pdfs. In Section 3.4, we show the consistency of
the factorization theorem assuming only small values of λ, but keepinig an arbitrary
functional form for the pdfs, while in Section 3.3 we discuss the scaling in λ of
integrals against the pdfs. In Section 3.5, we will determine the numerical values
of this expansion parameter for the actual pdfs.

3.2 Definition of Steepness

The only assumptions one has to make to allow for the resummation of thresh-
old logarithms is that 1 − z � 1, where z is appropriately defined, along with the
statement that pdfs factorize from the partonic cross section [60, 56]. We will use the
definitions

z ≡ ŝmin

ŝ
, τ ≡ ŝmin

s
, (3.4)

with

ŝmin =
(
q +

N∑
i

piJ

)2

. (3.5)

Here q denotes the sum of the momenta of all non-strongly interacting particles, and
piJ is the momentum of the ith jet. This momentum is defined in terms of pT

J and ηJ
of the jet as

pJ ≡ (pT
J cosh ηJ ,p

T
J , p

T
J sinh ηJ) . (3.6)

Thus, the jet 4-momentum is reconstructed from the measured transverse momentum
and rapidity, assuming zero mass.
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A generic hadronic cross section can be written as

dσ =

∫ 1
2

ln 1
τ

− 1
2

ln 1
τ

dY

∫ 1

τe−2|Y |
dz f1

(√
τ

z
eY
)
f2

(√
τ

z
e−Y

)
dσ̂(z, τ, Y ) + (1↔ 2) . (3.7)

One can use soft-collinear effective theory to analyze the partonic cross section, with
corrections being suppressed by powers of 1− z

dσ̂(z, τ, Y ) = dσ̂(z, τ, Y )SCET +O(1− z) . (3.8)

As was shown in Chapter 2, the SCET partonic cross section factorizes, and renormal-
ization group equations can be used to resum threshold logarithms. No assumptions
were made about the kinematics of the event other than 1 − z ∼ λ2, where λ is the
usual SCET power counting parameter, which relates the hard, collinear and soft
scales via µc/µh ∼ µs/µc ∼ λ.

From Eq. (3.7) it is clear that z is forced to one if the kinematics force us close
to hadronic threshold, τ → 1. In this case, 1 − z � 1, which means that the
power corrections in Eq. (3.8) are small. Away from hadronic threshold, however, the
partonic cross section gets integrated over values of z for which 1 − z ∼ O(1). For
generic parton luminosities, threshold resummation will have O(1) power corrections
when applied away from hadronic threshold, if the region 1− z ∼ O(1) is large.

If the parton luminosities are dominated by the region where 1− z � 1, however,
the SCET expression gives the dominant contribution to the hadronic cross section.
We can quantify the corrections due to this by defining a parameter

ε(λ, τ, Y ) =

∫ 1−λ2

τe−2|Y | dz
∣∣f1

(√
τ
z
eY
)∣∣ ∣∣f2

(√
τ
z
e−Y

)∣∣∫ 1

1−λ2 dz
∣∣f1

(√
τ
z
eY
)∣∣ ∣∣f2

(√
τ
z
e−Y

)∣∣ . (3.9)

In other words, the parameter ε measures how much of the parton luminosity is
contained in the region τe−2|Y | < z < 1− λ2 compared to the region 1 > z > 1− λ2.
This parameter obviously depends not only on our choice of λ, but also on the hadronic
center of mass energy τ and the total rapidity of the event Y . Note that for fixed
values of τ and Y , ε is as a monotonically decreasing function of λ.

Using this definition, we can write

dσ =

∫ 1
2

ln 1
τ

− 1
2

ln 1
τ

dY

∫ 1

1−λ2

dz f1

(√
τ

z
eY
)
f2

(√
τ

z
e−Y

)
dσ̂(z, τ, Y )SCET +O(ε, λ2) ,

(3.10)
where the O(λ2) correction comes from the fact that 1 − z in Eq. (3.10) is bounded
by λ2. The total correction to threshold resummation can therefore be estimated
as max(ε, λ2). However, since ε decreases with increasing λ2, the total correction is
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minimized if we choose ε = λ2. The corrections are then O(λ2). This also allows us
to define λ2 through the relation

λ2 =

∫ 1−λ2

τe−2|Y | dz
∣∣f1

(√
τ
z
eY
)∣∣ ∣∣f2

(√
τ
z
e−Y

)∣∣∫ 1

1−λ2 dz
∣∣f1

(√
τ
z
eY
)∣∣ ∣∣f2

(√
τ
z
e−Y

)∣∣ , (3.11)

where λ2 ≡ λ2(τ, Y ). We can also define λ2 for a single pdf

λ2 =

∫ 1−λ2

x
dz
∣∣f (x

z

)∣∣∫ 1

1−λ2 dz
∣∣f (x

z

)∣∣ , (3.12)

where here λ2 ≡ λ2(x). This definition will be useful for determining if endpoint
Altarelli-Parisi functions are valid when evolving the pdfs.

0.5 0.6 0.7 0.8 0.9 1.0

0

10 x  10
5

0.05 0.10 0.15 0.20 0.25 0.30

0.0

0.1

0.2

0.3

0.4

0.5

0.6

N

D

8 x  10
5

6x  10
5

4 x  10
5

2 x  10
5

ε(λ ) = N
D

x = 0.5

x 1-λ
2

1

2

z

f x
z( )

ε(λ ) = N
D

2

λ
2

λ
2
final

λ
2

Figure 3.1: Left: The parameter ε, defined in Eq. (3.9), illustrated as the ratio of
two areas. Right: For power corrections that go as max(ε, λ2), there is a choice of
λ2 = λ2

final such that the corrections are minimized. This choice, called λ2 in the text,
is defined in Eqs. (3.11) and (3.12).

We illustrate our definitions in Figure 3.1, with a simple example function f(x).
The graphic on the left shows ε as the ratio of two areas: the region D, where 1−z < λ2

and the region N, where 1 − z > λ2. For N � D and λ2 � 1, we see that the area
under the curve is dominated by a region where 1− z � 1. The right graphic shows
that Eq. (3.12) has a solution where power corrections are minimized, labelled λ2

final.
Independent of the form of the pdfs, we can see that λ2

final goes to 0 as τ (or x)
goes to 1, as expected. First, note that τ → 1 forces Y → 0, which sets the lower
bound of the integral in the numerator of Eq. (3.9) to τ . Next, we can examine the
limits on λ2. As λ2 goes to 0, ε goes to∞ (here we’ve assumed that the pdf implicitly
contains a Θ function that sets it to 0 if the argument is greater than 1 or less than
0). Similarly, as λ2 goes to 1 − τ , ε goes to 0. Therefore, the crossover point, where
ε = λ2, is between 0 and 1− τ , which means λ2

final → 0 as τ → 1. For the remainder
of this section, we will omit the subscript final on λ2.
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Note that these definitions do not assume anything about the form of the pdfs
and are therefore completely model independent. Given that pdfs are not observable
quantities, many pdf sets do not constrain them to be positive. For this reason, we
have used absolute values of the pdfs in our definition. Of course, the value of λ2

depends on the functional form of the pdfs, but this can be determined numerically
using any of the available pdf sets. We will present the numerical results for the
power counting parameter λ2 in Section 3.5.

We end this section by showing the behavior of λ2 for a particularly simple form of
the pdfs. This will illustrate our proposal with an analytic example and should con-
vince the reader that corrections to threshold resummation behave as expected. The
assumed form of the pdfs does not represent their observed shape and is only chosen
so that the analytic results can be easily studied. All numerical results presented in
Section 3.5 will use the measured pdfs.

Consider the simple model
fi(x) = x−ai , (3.13)

where the pdf becomes steeper as a increases. Given this form, Eq. (3.11) becomes

λ2 =
(1− λ2)1+(a1+a2)/2 − (τe−2|Y |)1+(a1+a2)/2

1− (1− λ2)1+(a1+a2)/2
. (3.14)

To simplify this equation, we define

r ≡ Aλ2 , with A ≡ 1 +
a1 + a2

2
. (3.15)

The equation can then be written as(
1 +

r

A

)(
1− r

A

)A
=
r

A
+ (τe−2|Y |)A . (3.16)

We can clearly see that r → 0 in the hadronic endpoint τ → 1 (for which Y → 0),
independent of the value of the parameter A. However, for large values of A, and
therefore steep pdfs, we can use the approximations 1+r/A ≈ 1 and (1−r/A)A ≈ e−r

to find
r = W (A) , (3.17)

where W (A) denotes the product logarithm of A. Since the W (A) only grows loga-
rithmically with A, we find the desired result that λ2 → 0 as A→∞.

3.3 General Power Corrections

It is instructive to understand the power corrections and scaling of various test
functions integrated against a steep distribution, f(z), where steep is defined as∫ 1−λ2

zmin
dz f(z)∫ 1

1−λ2 dz f(z)
= λ2 � 1 . (3.18)
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We define all scaling relative to
∫ 1

1−λ2 dz f(z), which can be taken to be O(1) without
loss of generality.

The simplest choice for a test function is a non-singular polynomial of z, g(z). In
general, we can express g as a Taylor series about z = 1,

g(z) =
∞∑
n=0

g(n)(1)

n!
(z − 1)n , (3.19)

where we assume all g(n)(1) are O(1). We can evaluate the integral of f(z)g(z) by
dividing the integration region into two parts,∫ 1

zmin

dz f(z)g(z) =

∫ 1−λ2

zmin

dz f(z)g(z) +

∫ 1

1−λ2

dz f(z)g(z) . (3.20)

In the region zmin < z < 1− λ2, the integral is O(λ2), since f(z) and f(z)g(z) are of
the same order and the integral of f(z) over this region is O(λ2). For 1−λ2 < z < 1,∫ 1

1−λ2

dz f(z)g(z) =
∞∑
n=0

g(n)(1)

n!

∫ 1

1−λ2

dz f(z)(z − 1)n

∼
∞∑
n=0

g(n)(1)

n!

∫ 1

1−λ2

dz f(z)×
(
λ2
)n
. (3.21)

In this region, the integral is dominated by the zeroth order term in the power ex-
pansion. Therefore, we can write the integral of g(z) against the distribution f(z)
as ∫ 1

zmin

dz f(z)g(z) = g(1)

∫ 1

1−λ2

dz f(z) +O(λ2) . (3.22)

A second possible test function is a δ-function at z = 1. The integral is trivially
f(1), but we would like to know the scaling of this result. Assuming f is monotonically
increasing from zmin to 1, ∫ 1

1−λ2

dz f(z) ≤ f(1)× λ2 . (3.23)

Since this integral is O(1), we can say that f(1) is O(λ−2).
The last class of test functions we will consider is logn(1−z)/(1−z) plus functions,
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multiplied by a non-singular function g(z). When integrated against f(z), this gives∫ 1

zmin

dz f(z)g(z)

(
logn(1− z)

1− z

)
+

=

∫ 1

zmin

dz logn(1− z)
f(z)g(z)− f(1)g(1)

1− z − f(1)g(1)

∫ zmin

0

dz
logn(1− z)

1− z

=

∫ 1

1−λ2

dz logn(1− z)
f(z)g(z)− f(1)g(1)

1− z

+

∫ 1−λ2

zmin

dz logn(1− z)
f(z)g(z)

1− z + f(1)g(1)
logn+1 λ2

n+ 1
. (3.24)

Since f(z) is at most O(λ2) over the interval zmin < z < 1 − λ2, the second term is
clearly power suppressed relative to the final term. Focusing on the first term, if we
express g as a Taylor series about z = 1, we see that the zeroth order term is again
dominant. This gives∫ 1

zmin

dz f(z)g(z)

(
logn(1− z)

1− z

)
+

= g(1)

∫ 1

1−λ2

dz f(z)

(
logn(1− z)

1− z

)
+

+O(λ2) .

(3.25)
Note that Eq. (3.24) shows that the scaling of this integral is O(λ−2 logn+1 λ2) and
therefore, for small λ2, threshold effects are important.

The Altarelli-Parisi (AP) kernels, Pij(z), are polynomial functions of z for i 6= j
and a combination of δ-functions and plus functions for i = j. This means that for
steep pdfs (assuming all λ2

i are small), the Pij for i 6= j are suppressed in λ2 compared
to Pii. Moreover, any polynomial functions of z in Pii(z) can be evaluated at z = 1, up
to power corrections in λ2. The result is endpoint AP kernels, given at NLL accuracy
by

αs
π
Pij(z) =

[
2 Γcusp T2

i

(
1

1− z

)
+

+ γi δ(1− z)

]
δij . (3.26)

3.4 Consistency of Threshold Resummation

As discussed in Chapter 2 threshold resummation can be derived using effective
field theory methods. Using SCET, and assuming 1 − z ∼ λ2 � 1 as well as dσ =
f⊗f⊗dσ̂, one can derive a factorization theorem for a generic differential cross section.
One check of this factorization theorem is consistency, which is the µ independence
of the factorized result. In Chapter 2 we showed the consistency of our factorization
theorem using the partonic definition of the pdfs fi(x;µ) = δ(1 − x). Since we have
just shown that away from the true hadronic endpoint it is the functional form of the
pdfs that defines the expansion parameter λ, we wish to repeat this proof using the
full functional form, subject only to the constraint of large steepness (or small λ).
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We start from the derivative with respect to lnµ of the factorized differential cross
section derived in Chapter 2, together with the anomalous dimensions for the hard, jet,
and soft functions, given in the same reference. Using the result of Section 3.3 for the
Altarelli-Parisi splitting kernel, and performing trivial integrations and cancellation,
we find

dσ

d lnµ
∝
∫

dY f1(
√
τeY )f2(

√
τe−Y )[

T2
1 ln

ω1√
ŝ

+ T2
2 ln

ω2√
ŝ

+
∑
〈i,j〉

Ti ·Tj ln
ñi ·ñj
ni ·nj

+
∑

i∈{jets}

T2
i ln

ωi
ω̃i

+ T2
1

(∫ 1

√
τeY

dw1

f1

(√
τeY

w1

)
f1(
√
τeY )

1

(1− w1)+

−
∫ 1

τe|2Y |
dz

f1

(√
τ
z
eY
)
f2

(√
τ
z
e−Y

)
f1 (
√
τeY ) f2 (

√
τe−Y )

1

(1− z)+

)

+ T2
2

(∫ 1

√
τe−Y

dw2

f2

(√
τe−Y

w2

)
f2(
√
τe−Y )

1

(1− w2)+

−
∫ 1

τe|2Y |
dz

f1

(√
τ
z
eY
)
f2

(√
τ
z
e−Y

)
f1 (
√
τeY ) f2 (

√
τe−Y )

1

(1− z)+

)]
. (3.27)

The first line in Eq. (3.27) can be shown to vanish using the identity∑
〈i,j〉

Ti ·Tj ln
ñi ·ñj
ni ·nj

=
∑

i∈{partons}

T2
i ln

ω̃i
ωi
. (3.28)

The first term in the second line can be made identical to the second term through
the substitution Y ′ = Y − 1

2
logw1, followed by the relabeling Y ′ → Y . Thus these

two terms cancel, and using a similar substitution Y ′ = Y + 1
2

logw2, with the same
relabeling, the third line vanishes as well. Thus, we find

dσ

d lnµ
= 0 +O(λ2) , (3.29)

and therefore consistency of the factorization formula. Note that in both cases Y ′ =
Y + O(λ2), which means we can be differential in Y , up to power corrections in λ2,
and still have consistency.
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3.5 Numerical Results for λ2

Now that we have defined a measure of steepness, it is a simple matter to deter-
mine numerically what λ2 is for the physical pdfs and parton luminosities. In this
section, we will give our results and discuss their implications for the relevance of
threshold resummation. As discussed above, the expansion parameter for threshold
resummation is given by λ2, and we make the assumption that this expansion be-
comes reliable for λ2 < 0.25. Note that while this value is chosen somewhat ad-hoc,
it serves to assess the importance of threshold resummation.
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Figure 3.2: The value of λ2 for single pdfs as a function of x, as defined in Eq. (3.12).

There are two different types of objects for which steepness is a necessary in-
gredient of our factorization theorem. The first is individual pdfs, where λ2 � 1
allows us to use endpoint AP kernels in determining the consistency of our factor-
ization theorem. The second is parton luminosities, in the form of two pdfs which
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Figure 3.3: The value of λ2 for a selection of parton luminosities as a function of τ ,
as defined in Eq. (3.11).
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are convolved in Y and z. Since it is possible to be differential in Y up to power
corrections in λ2 (see Section 3.4), we will focus on the case where Y is fixed and
z is the only convolution variable. We will present plots using the CTEQ6.6 [100],
MSTW2008NLO [96] and NNPDF2.0 [16] pdf sets, with a default renormalization
scale of 1 TeV. To study the uncertainties in our predictions for λ, we use the 100
replica set provided by NNPDF2.0. The central value is given by the median of the
results, while the error bars show the range where 68% of the points lie, with equal
number of points on either side of the median.

In Figure 3.2 we present the value of λ2 for a single pdfs as a function of x, as
defined in Eq. (3.12), which characterizes how important the non-singular terms in
the AP evolution kernels are. In each plot we show the result for CTEQ, MSTW
and NNPDF sets, with errors presented for the NNPDF set. One clearly sees that
the value of λ2 is decreasing as x→ 1, as expected, and that λ2 is small not only in
the region where 1 − x � 1 but for smaller values of x as well. Irrespective of the
type of parton, the value of λ becomes smaller than 0.25 for x > 0.3, implying that
in that region the singular AP evolution kernel becomes a reasonable approximation
to QCD, even though 1 − x = O(1). The feature in the sea-quark distributions for
x ∼ 0.5 is due to the steepness falling off in the measured pdfs, giving a rising value of
λ2, which then gets forced to zero due to x approaching 1. In the lower right plot of
Figure 3.2, we illustrate the dependence of steepness on the renormalization scale of
the pdfs. Between 100 GeV and 10 TeV, there is at most an O(5%) variation, while
for most values of x the variation is O(1%). In this plot, we only present the results
for the down quark, however, the effect is similar (O(1− 5%)) for all other pdfs.

Next, we study the value of λ2 as obtained from the convolution of two pdfs, as
defined in Eq. (3.11). The results are shown in Figure 3.3 for Y = 0. While the
distributions in general do not peak exactly at Y = 0, the peak is sufficiently close
to this value for these plots to illustrate the observed behavior. Again we show the
result for CTEQ, MSTW and NNPDF sets, with errors presented for the NNPDF
set. The value of λ2 becomes less that 0.25 for τ > 0.05 − 0.1. This implies that
threshold resummation is not limited to the region where 1 − τ � 1, however, for
most values of phenomenological interest, the power corrections are potentially large.
In the lower right hand side of Figure 3.3 we show the variation of steepness with Y ,
presented as a function of Ymax = −(1/2) ln τ . While this variation is considerable,
one should keep in mind that the majority of the phase space is close to Y = 0. The
variation of λ2 with renormalization scale is not shown for the parton luminosities,
but is similar to the result for the single pdfs.
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Chapter 4

A Subtraction Method for Soft
Function Calculations

4.1 Introduction

In this section, we present a method to calculate the soft function in soft-collinear
effective theory to NLO for N -jet events, defined with respect to arbitrarily com-
plicated observables and algorithms, using a subtraction-based method. We show
that at one loop the singularity structure of most observable/algorithm combinations
can be classified as one of two types. Type I jets include jets defined with inclusive
algorithms for which a jet shape is measured. Type II jets include jets found with
exclusive algorithms, as well as jets for which only the direction and energy are mea-
sured. Cross sections that are inclusive over a certain region of phase space, such
as the forward region at a hadron collider, are examples of Type II jets. We show
that for a large class of measurements the required subtractions are already known
analytically, including traditional jet shape measurements at hadron colliders.

The first step in resummation in SCET is to factorize an N -jet cross section into
hard, jet, and soft functions

dσN ∼ BN HN × [J ]n ⊗ SN . (4.1)

Here BN denotes the Born-level cross section in full QCD, Hn reproduces the virtual
corrections of full QCD, while the J ’s and Sn together encode real emission diagrams
in the collinear and soft limits. There is one jet function for each jet in the final state,
and both the jet and soft functions depend on the algorithm used to define the jets, as
well as the observables measured. Note that Equation (4.1) must be modified in the
case of hadron collisions, since there will also be PDFs and, for some measurements,
beam functions [113]. At tree level, the hard, jet, and soft functions are trivial, but
each has to be calculated order by order in perturbation theory.

The simplest jet definition involves exactly two jets, each consisting of all particles
in one of the two hemispheres defined by a plane perpendicular to the thrust axis, and
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is typically only used in e+e− collisions. In this case resummation has been achieved
at NNNLL [36].

For more complicated jet definitions, however, the required calculations are more
involved, and in many cases we do not know the NLO results for the jet and soft
functions. One counter example is cone or inclusive kT -type algorithms in e+e−

collisions, where the distance measure is the angle θ of each particle with respect to
the jet axis, and the total energy outside of the jets is less than Λ. For this example,
the jet and soft functions are known to O(αs) [66].

Unlike for e+e−, jet definitions at hadron colliders are usually required to be
boost invariant. As a result, distance is usually measured in η-φ space, where η and
φ are defined with respect to the beam axis, and there is a restriction on the total
|pT| outside of jets, rather than energy. The absence of results for more complicated
phase space configurations has been one of the biggest hurdles in deriving more precise
predictions for jet cross sections at hadron colliders. The solution to this problem is
the topic of the current section.

4.2 Notation and Definitions

4.2.1 The Soft Function in SCET

A soft function in SCET takes the general form

S(A;M;σ1, . . . σn) =
〈
0
∣∣YsOs(A;M;σ1, . . . σn)Y†s

∣∣ 0〉 . (4.2)

Here Ys denotes a set of soft Wilson lines, which arise in SCET from the BPS field
redefinition [30] that decouples the interactions of collinear and soft degrees of free-
dom. The function Os denotes an operator insertion, which determines how a given
soft particle contributes to the observables σi. This operator depends on the details of
the jet algorithm A, which assigns soft particles to a given jet, and on the definition
of the measurementM. Note that the soft function at tree level is completely trivial,

S(0)(A;M;σ1, . . . σn) = δ(σ1) . . . δ(σn) , (4.3)

such that it is independent of the algorithm and the details of the measurement. At
higher orders, the jet algorithm introduces highly non-trivial dependence on the final
state momentum, even at one loop.

Soft functions in SCET are most conveniently calculated in pure dimensional regu-
larization. Since no additional scales are introduced into the problem, all expressions
that do not contain external scales vanish identically. This implies that all purely
virtual diagrams at higher loop order vanish exactly, and only diagrams that include
real emissions need to be considered. The momentum of the real emission is called q
in the following.
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We will restrict ourselves to shape-type observables, where σi is a smooth function
of the particles’ momenta assigned to jet i. We will only be concerned with observables
that are defined to be positive semi-definite and such that σi → 0 in both the soft and
collinear limits. We also ignore power correction that vanish as σi → 0. At one-loop,
this allows us to write

Os(q;A;M;σ1, . . . σn) =
N∑
k=0

Θ k
A(q) ∆ k

meas(q;σ1, . . . σn) . (4.4)

Here Θ i
A(q) restricts the momenta q to be part of jet i and Θ 0

A(q) restricts q to be
outside of all jets (while also including any out-of-jet veto such as an energy or pT
cutoff). The function ∆ k

meas(q;σ1, . . . σn) measures an observable in jet k, while setting
the observables in the other jets to zero

∆ k
meas(q;σ1, . . . σn) = δ (σk − σk(q))

∏
l 6=k

δ (σl) . (4.5)

Note that for a jet where no jet shape is measured, ∆ k
meas =

∏
l δ(σl).

Putting this information together, the soft function at one-loop can therefore be
written as

S(1)(A;M;σ1, . . . σn) =
∑
k

∑
〈i,j〉

∫
dd−1q

(2π)d−12Eq
Nij(q)Θ

k
A(q)∆ k

meas(q;σ1, . . . σn) , (4.6)

where Nij is defined as

Nij(q) = −g2µ2ε Ti ·Tj
ni ·nj

ni ·q nj ·q
, (4.7)

where ni = (1,ni) are the jet directions and Ti are the color charges of the jets (in
the notation of Ref. [47]). In Equation (4.6), for each jet we sum over all pairs of soft
emission sources i and j, which includes the jets and, in the case of hadron collisions,
the beams.

We can define moments of the soft function with respect to the σk as

〈σnk 〉 ≡
∏
l

∫ σmax
k

0

dσl

(
σk
σmax
k

)n
S (A;M; {σm}) , (4.8)

where σmax
k is the maximum allowed value for the observable σk. Note that we are

suppressing the dependence of the moments on the algorithm and measurement. At
one loop, the moments of the soft function are given by

〈σnk 〉 =
∑
〈i,j〉

∫
dd−1q

(2π)d−12Eq
Nij(q) Ink (A;M; q) , (4.9)
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where Ink is defined as

I0(A;M; q) = Θ 0
A(q) +

∑
k∈{meas}

Θ k
A(q) θ(σk(q) < σmax

k ) +
∑

k/∈{meas}

Θ k
A(q) , (4.10)

for the zeroth moment and

In>0
k∈{meas}(A;M; q) = Θ k

A(q)(σk(q)/σ
max
k )n θ(σk(q) < σmax

k ) ,

In>0
k/∈{meas}(A;M; q) = 0 , (4.11)

for the higher moments. Here we have omitted the subscript on the zeroth moment,
since there is only one for all k. The label “k ∈ {meas}” refers to the set of jets where
a shape has been measured and “k /∈ {meas}” refers to the set of unmeasured jets.

The soft function defined in Equation (4.6) is a distribution in the various σk,
which can be written in terms a delta function δ(σk) and the distributions
Lm(σk/σ

max
k ), where

Lm(x) ≡
[
θ(x) logm(x)

x

]
+

, (4.12)

where the ‘+’ function is defined as distribution that, when integrated against smooth
test functions f(x), gives∫ b

a

[
θ(x) logm(x)

x

]
+

f(x) =

∫ b

a

θ(x) logm(x)

x
[f(x)− θ(a ≤ 0)f(0)] . (4.13)

It is straightforward to show that at one loop the soft function can be written in
terms of its moments as

S(1) (A;M;σ1, . . . σn) =〈σ0〉
∏
k

δ (σk) (4.14)

+
∑
k

[
4〈σ2

k〉 − 〈σ1
k〉
] θ(σk < σmax

k )

σmax
k

L0

(
σk
σmax
k

)∏
l 6=k

δ (σl)

+
∑
k

[
4〈σ2

k〉 − 2〈σ1
k〉
] θ(σk < σmax

k )

σmax
k

L1

(
σk
σmax
k

)∏
l 6=k

δ (σl) .

As mentioned above, we are assuming the is soft and collinear limits give σk → 0 and
we are dropping power corrections that vanish in this limit.

We finish this section with an example of jet algorithm and jet measurement. For
a cone algorithm of size R at an e+e− collider, where the out-of-jet energy is restricted
to be less than Λ, we have

Θ k
cone(q) = θ

(
nk ·q
n̄k ·q

< tan2R

2

)
, Θ 0

cone(q) =

(
1−

n∑
k=1

Θ k
cone(q)

)
θ(Eq < Λ) .

(4.15)
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SCET is applicable only for exclusive N -jet cross-sections. This means that there
must be a veto on out-of-jet soft radiation, which can be for example an energy or a
pT cut. All such vetoes can be formulated as a direction-dependent restriction on the
out-of-jet energy. That is,

Θ0
A(q) =

(
1−

n∑
k=1

Θk
A(q)

)
θ(Eq < Ecut(Ωq)) . (4.16)

One set of jet measurements which satisfies the criteria mentioned above are the
angularities [39], which are parametrized by a continuous, real parameter a. When
restricted to jets, multiple conventions can be used for the definition (cf. Refs. [5],
[66]). We take the convention of Ref. [66], which gives that the contribution from a
single emission of momentum q is

τ ka (q) =
1

ωk
(nk · q)1−a/2(n̄k · q)a/2 , (4.17)

where ωk is an arbitrary normalization (with units of energy). We restrict a < 2 for
infrared safety. We will find that angularities form a basis for a very wide class of
phenomenologically relevant observables.

4.2.2 The Classification of Jets: Type I vs. Type II

We can think of a jet algorithm A as defining a region Rk(A;Eq) in θ-φ space,
such that a particle with energy Eq and Ωq ∈ Rk(A, Eq) belongs to jet k. Similarly,
a measurement M defines a region Rk(M, σ;Eq) in θ-φ space, for which a particle
with energy Eq and Ωq ∈ Rk(M, σ;Eq) gives a value of the observable σk satisfying
σk < σ.

As an example, for a cone algorithm of size R

Rk(cone;Eq) = {θq,k < R} , (4.18)

where θq,k is the angle of q with respect to the direction of jet k and the quantity in
braces on the right-hand side refers to the set of all points points in θ-φ space that
lie within an angle R of the axis of jet k. For the jet thrust observable (thrust T is
related to the a = 0 angularity discussed above via τ0 = 1− T ), we have

Rk(thrust, σ;Eq) =

{
θq,k < arccos

(
1− ωk σ

Eq

)}
. (4.19)

In this work, we will consider two broad classes of jets, which we label as Type I
and Type II. They are defined as:

Type I : lim
Eq→∞

Rk(M, σ;Eq) ⊂ lim
Eq→∞

Rk(A;Eq) ∀σ , (4.20a)

Type II : lim
Eq→∞

Rk(A;Eq) ⊂ lim
Eq→∞

Rk(M, σ;Eq) ∀σ . (4.20b)
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Jets where no observable is measured are clearly included in Type II.
In terms of the notation introduced in Section 4.2.1, for Type I jets we have, by

definition,

lim
Eq→∞

Θ k
A(q) θ(σk(q) < σmax

k ) = lim
Eq→∞

θ(σk(q) < σmax
k ) , (4.21)

while for Type II jets

lim
Eq→∞

Θ k
A(q) θ(σk(q) < σmax

k ) = lim
Eq→∞

Θ k
A(q) . (4.22)

It is important to note that this definition implies that for Type I jets the divergent
part of the one loop contribution, and therefore the anomalous dimension, is inde-
pendent of the jet algorithm. Conversely, for Type II jets, the anomalous dimension
is independent of the observable. For these jets, the divergent part of the one loop
contribution is proportional to δ(σk), which means the higher moments are finite.

While it may seem that these two classes are restrictive, in reality they include
many if not most of the phenomenologically relevant observable/algorithm combina-
tions.

4.2.3 Soft Functions via Subtractions

The goal of this section is to express an unknown (target) soft function in terms
of a known (subtraction) soft function and a numerically calculable difference. As
discussed earlier, a general soft function is most easily expressed in terms of its mo-
ments. If two soft functions agree on which jets are measured and on σmax

k for each
jet, we can write

S(1) (A,M;σ1, . . . σn) = S̃(1)
(
Ã,M̃;σ1, . . . σn

)
(4.23)

+D0
∏
k

δ (σk) +
n∑
k=1

[
4D2

k −D1
k

] 1

σmax
k

L0

(
σk
σmax
k

)∏
l 6=k

δ (σl)

+
n∑
k=1

[
4D2

k − 2D1
k

] 1

σmax
k

L1

(
σk
σmax
k

)∏
l 6=k

δ (σl) .

Here Dnk is defined as the difference of two moments

Dnk ≡ 〈σnk 〉 − 〈̃σnk 〉 =
∑
〈i,j〉

∫
d3q

(2π)32Eq
Nij(q)

[
Ink (A;M; q)− Ink (Ã;M̃; q)

]
, (4.24)

where the limit d = 4 has been taken.
The result in Equation (4.23) describes an ideal subtraction. However, it may be

possible to take a known result and convert to a suitable form. The first possible issue
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is that the subtraction and the target disagree as to which jets are measured. Since
we need the subtraction to have the same number of observables as the target, the
subtraction must be modified. For jets that are measured in the target and not the
subtraction, we can simply multiply by a delta function, such that the subtraction is
now a function of these variables. For jets that are measured in the subtraction and
not the target, we need to somehow remove the extra variables from the subtraction.
The simplest way to do this is to integrate the offending variables from 0 to σ̃max.

The second possible issue is that, for one or more jets, the target and subtraction
both measure the jet, but disagree as to σmax. In this case, the two soft functions
have different regions of support and we cannot write the target in terms of the
subtraction and maintain the form in Equation (4.14). In order to solve this problem,
we can remove the dependence of the subtraction on σmax by removing the (1/σ)+ and
(log σ/σ)+ terms. To accomplish this goal, we can integrate over σ in the subtraction
from 0 to σ̃max, then multiply by δ(σ). While the two functions will still have different
regions of support, the form of Equation (4.14) is achieved due to the fact that the
subtraction is now simply proportional to δ(σ).

We can make this procedure somewhat more formal by defining {meas} to be the
set of measured jets for the target and {m̃eas} for the subtraction. The modified

subtraction, S̃(1)
new(Ã;M̃;σi . . . σn), is then given by

S̃(1)
new(Ã;M̃;σ1 . . . σn) =

∏
i∈{meas}\{m̃eas}

δ(σi)
∏

j∈{m̃eas}\{meas}

∫ σ̃max
j

0

dσj
∏

k|σmax
k 6=σ̃max

k

δ(σk)

×
∫ σ̃max

k

0

dσk S̃(1)(Ã;M̃;σl . . . σm) . (4.25)

Here, {meas} \ {m̃eas} is the relative complement of {m̃eas} in {meas}, i.e. all jets
measured in the target that are not measured in the subtraction. The sum over k is
over all jets were σmax

k 6= σ̃max
k . The target is now found using Equation (4.23), with

S̃(1)
new in place of S̃(1).

4.3 The Divergent Structure of Soft Functions

The moments defined in Equation (4.9) have three types of divergences, arising
from singularities in the one-loop integrand Nij(q) defined in Equation (4.7)

1. Collinear divergence: ni · nq → 0 or nj · nq → 0 (where nµq = qµ/Eq = (1,nq) is
the direction of q)

2. Soft divergence: Eq → 0

3. UV divergence: Eq →∞
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In order for the difference of two soft functions to be calculable numerically, we need to
show that the difference between two moments in Equation (4.24) are finite in d = 4.

This is most easily done by showing that the different Ink (A;M; q) − Ink (Ã;M̃; q)
multiplying Nij(q) vanishes in all three of the divergent limits.

In the soft limit, where Eq → 0, infrared safety dictates that σi(q) → 0. This
implies that all higher moments (and therefore their differences) vanish

lim
Eq→0

In>0
k (A;M; q) = 0 . (4.26)

For the zeroth moment, we can use that for both algorithms the restriction from the
observables, as well as out-of-jet restriction becomes trivial

lim
Eq→0

θ(σk(q) < 1) = 1

lim
Eq→0

θ(Eq < Ecut(Ωq)) = 1 . (4.27)

Using Equation (4.16), this allows to write

lim
Eq→0

I0(A;M; q)− I0(Ã;M̃; k)

= lim
Eq→0

{[
Θ 0
A(q)−Θ 0

Ã(q)
]

+
∑
k

[
Θ k
A(q)−Θ k

Ã(q)
]}

= lim
Eq→0

{[
1−

∑
k

Θ k
A(q)

]
−
[
1−

∑
k

Θ k
Ã(q)

]
+
∑
k

[
Θ k
A(q)−Θ k

Ã(q)
]}

= 0 .

In the collinear limit, when ni ·nq → 0, IR safety once again tells us that σi(q)→ 0,
which immediately implies

lim
ni·nq→0

In>0
k (A;M; q) = 0 . (4.28)

In addition, for fixed Eq, any IR-safe algorithm will assign the emission to jet i in this
limit, such that Θ k

A → δik. Thus, in this limit the difference between zeroth moments
becomes

lim
ni·nq→0

I0(A;M; k)− I0(Ã;M̃; k) = lim
ni·nq→0

∑
k

[
δik − δik

]
= 0 (4.29)

The UV limit, in which Eq →∞, requires a more careful analysis. As the energy
of the gluon goes to infinity, any out-of-jet cut will veto the emission, which means we
only need to consider radiation in the jets. In this work, we will only consider Type
I and Type II jets. Since these two jet types have a different behavior as Eq →∞, it
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should clear that the difference between two soft functions can never be UV finite if
there is disagreement over which jets are Type I versus Type II. Therefore, we assume
that both agree on which jets are Type I and Type II.

Using Equations (4.21) and (4.22), we can write for the zeroth moment

lim
Eq→∞

I0(A;M; q)− I0(Ã;M̃; q) = lim
Eq→∞

{∑
k∈I

[
θ(σk(q) < 1)− θ(σ̃k(q) < 1)

]
+
∑
k∈II

[
Θ k
A(q)−Θ k

Ã(q)
]}

, (4.30)

while for higher moments we find

lim
Eq→∞

In>0
k∈I (A;M; q) = lim

Eq→∞
[σnk (q) θ(σk(q) < 1)− σ̃nk (q) θ(σ̃k(q) < 1)] , (4.31)

for Type I jets and

lim
Eq→∞

In>0
k∈II(A;M; q) = lim

Eq→∞

[
σnk (q)Θ k

A(q)− σ̃nk (q)Θ k
Ã(q)

]
, (4.32)

for Type II jets.
In order to have finite expressions in the UV, we need the limits in Equations (4.30),

(4.31) and (4.32) to be vanishing. This implies that Type I jets must satisfy

lim
Eq→∞

R(M, σ;Eq) = lim
Eq→∞

R(M̃, σ;Eq) ∀σ . (4.33)

Note that this must be true for all σ so that Equation (4.31) goes to 0, as well as for
our formalism to be independent of normalization. For Type II, the requirement for
the second half of Equation (4.30) to cancel is

lim
Eq→∞

R(A;Eq) = lim
Eq→∞

R(Ã;Eq) . (4.34)

Since the anomalous dimension for Type II jets is independent of the observable,
at one loop the divergent pieces must be proportional to δ(σi). Therefore, Equa-
tion (4.32) is finite.

In summary, the differences between moments of the soft function contain no soft
or collinear divergences as long as both the jet algorithm and the jet measurement
are infrared safe. This fact can be seen as a consequence of the fact that, for IR safe
algorithms and measurements, the (scaleless) virtual diagrams should convert the IR
divergences in the real emission diagrams to UV divergences, and since the virtual
diagrams are universal, any divergence in the difference between two soft functions
must be of UV origin. However, we have also seen that the UV divergences are the
same for all soft functions that have the same classes of jets, since the measurement
regions become equal for Type I jets and the algorithm regions become equal for Type
II in the limit Eq →∞.
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Figure 4.1: The regions of integration over q when q is restricted both to be within
an inclusive-type jet (cone or inclusive kT , anti-kT , or CA) of size R (or R′) and to
have a measurement σk < 1 when σk = τak (angularity) as a function of a in both the
(a) q+ − q− and (b) Eq − θ planes. Regardless of the choice of R, the measurement
restriction is dominant in the UV (that is, in the limit (a) q± →∞ or (b) Eq →∞,
θq → 0 ). Also, all measurements that correspond to a smooth, monotonic curve in
these planes will asymptote to an angularity curve for some a (and some choice of
ωk) in the UV. For measurements that depend on this azimuthal angle φ about the
jet axis, the above is true for each value of φ.



52

4.4 Subtractions for Inclusive Algorithms

and Azimuthally-symmetric Shapes

While the discussion so far has been rather general, there is an important special
case we will discuss now, which will serve to illustrate our method. For inclusive
algorithms (e.g. anti-kT ) and measurements whose minimum is when all particles in
the jet are collinear (e.g. jet thrust), the calculations in [66] can be used to construct
a subtraction. In [66] the soft function was calculated for an arbitrary number of soft
Wilson lines under the following conditions:

• The jet algorithm is a cone or inclusive kT -type algorithm, where the distance
measure is the angle θ-φ space

• The total energy outside of all jets is less than Λ

• For each jet one measures either the angularity of all particles in the jet, or the
jet remains unmeasured

In other words, the jet algorithm in the soft sector satisfies

Θ k
cone(q) = θ

(
nk ·q
n̄k ·q

< tan2R

2

)
, Θ 0

cone(q) =

(
1−

n∑
k=1

Θ k
cone(q)

)
θ(Eq < Λ) ,

(4.35)

while the jet can either be unmeasured or the measurement is

σk ≡ τak =
1

ωk
(nk · q)1−a/2(n̄k · q)a/2 =

Eq
ωk
τak (Ωq) . (4.36)

One important simplification of a cone or inclusive kT -type jet algorithms is that
at one loop, in the soft region, these algorithms only depend on the angle between
the soft gluon and the jet axis, and not on the energy of this gluon

Θ k
Ã(q) = Θ k

Ã(Ωq) . (4.37)

Assuming the same is true for the target algorithm, we can perform the integral
over the gluon energy analytically. Note that Equation (4.37) implies that the region
R(A;E) does not change in the E → ∞ limit. Therefore Type II jets only consist
of unmeasured jets, since R(M, σ;E) goes to 0 in this limit. Furthermore, for the

difference between the target and the subtraction to be finite, R(A;E) = R(Ã;E) in
the limit E → ∞ for Type II jets (see Section 4.3). Since we are assuming R(A;E)
does not change in this limit, we know that for all Type II jets, the algorithm must
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be identical. This allows us to write

D0 =
1

2

∑
〈i,j〉

∫
dΩq

(2π)3
Nij(Ωq)

∫
dEq
Eq

{[
Θ 0
A(q)−Θ 0

cone(q)
]

+
∑
k∈I

[
Θ k
A(Ωq)θ

(
Eq <

ωk
σk(Ωq)

)
−Θ k

cone(Ωq)θ

(
Eq <

ωk
τak (Ωq)

)]}

Dn>0
k∈I =

1

2

∑
〈i,j〉

∫
dΩq

(2π)3
Nij(Ωq)

∫
dEq
Eq

En
q

ωnk

[
σnk (Ωq)Θ

k
A(Ωq)θ

(
Eq <

ωk
σk(Ωq)

)

− [τak (Ωq)]
n Θ k

cone(Ωq)θ

(
Eq <

ωk
τak (Ωq)

)]

Dn>0
k∈II =0 . (4.38)

where the form of the target observables, σk(q) = Eq
ωk
σk(Ωq), is dictated by IR safety,

with ωk as an external normalization scale that makes σk dimensionless. Here we
have assumed that all σk are unbounded, which is typical for Type I jets, such that
σmax
k = 1 and the functions θ(σk < σmax

k ) are dropped. Since the normalization for
angularities is arbitrary, we have set it to be the same as the normalization for the
target observables.

After performing the integral over the gluon energy, we can show

D0 =
1

2

∑
〈i,j〉

∫
dΩq

(2π)3
Nij(Ωq)

{[
1−

∑
k

Θ k
A(Ωq)

]
log

Ecut(Ωq)

Λ

+
∑
k∈I

[
Θ k
A(Ωq) log

ωk
Λσk(Ωq)

−Θ k
cone(Ωq) log

ωk
Λτak (Ωq)

]}

Dn>0
k∈I =

1

2

∑
〈i,j〉

∫
dΩq

(2π)3
Nij(Ωq)

1

n

[
Θ k
A(Ωq)−Θ k

cone(Ωq)
]

Dn>0
k∈II =0 . (4.39)

Note that for jet algorithms that do not have an out-of-jet region, the cut on the
out-of-jet energy is of course not defined. However, in this case we have[

1−
∑
k

Θ k
A(Ωq)

]
= 0 (4.40)

such that the above equation is in fact independent of this out-of-jet energy cut.
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Using Equation (4.39), we can write Equation (4.23) as

S(1) (A,M;σ1, . . . σn) = S̃(1) (cone, ang;σ1, . . . σn) +D0
∏
k

δ (σk)

+
∑

k∈{meas}

D1
kL0 (σk)

∏
l 6=k

δ (σl) , (4.41)

where D0 and D1
k are given by Equation (4.39) and S̃(1) (cone, ang; σ1, . . . σn) can

be found in [66]. This subtraction can be applied to inclusive algorithms, where
Θ k
A(q) = Θ k

A(Ωq), and observables that are azimuthally symmetric about the jet and
have the property

lim
Eq→∞

R(M, σ;Eq) = {θq <
(
σ
ωk
Eq

)α
} (4.42)

where 0 < α < 1. Unmeasured Type II jets that are cone or kT -type can also be
easily included.

We should briefly discuss the numerical implementation of Equation (4.41). While
the required integrals are two dimensional, they are well-bounded integrals over the
full solid angle. In addition, these integrals contain no singularities, and can generally
be binned uniformly in cos θq and φq. We have found good performance and excellent
convergence using these methods.

4.5 Two Simple Examples

4.5.1 Type I

As an example of the subtraction in Section 4.4, we will consider an example
where result and the moments D0 and D1

k are known analytically. Specifically, we will
reproduce the hemisphere soft function, using the soft function of [66] as a subtraction.
This will give us a chance to demonstrate our method without resorting to numerical
comparisons.

The hemisphere soft function has two collinear directions, given by ni = n and
nj = n̄. In this section, for simplicity, we will use τ 0 = 1−T as the target observable,

σn(q) =
n·q
ωn

(4.43)

σn̄(q) =
n̄·q
ωn̄

,

where the ωi are normalization scales, typically some multiple of the jet energy. The
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hemisphere algorithm has the form

Θn
hemi = θ(n·q < n̄·q) (4.44)

Θ n̄
hemi = θ(n̄·q < n·q)

Θ 0
hemi = 0 .

Following Section 4.4, we construct our subtraction using the soft function in [66].
For two collinear directions, Tn ·Tn̄ = −T2

n = −T2
n̄ = −CF and, since ni = n = n̄j,

1/t2ij = 0. This leads to

S̃(1)(cone, thrust;σn, σn̄) = (4.45)

− αs
π
CF

[
δ(σn)δ(σn̄)

(
1

ε2
+

1

2ε
log

µ4

ω2
nω

2
n̄

+
π2

12
− 1

2
log2 µ2

4Λ2
+

1

2
log2 µ2

4Λ2 tan2 R
2

+
1

4
log2 µ

2 tan2 R
2

ω2
n

+
1

4
log2 µ

2 tan2 R
2

ω2
n̄

+ 2Li2

[
− tan2 R

2

])

+ δ(σn)

(
1

σn̄

)
+

(
−1

ε
− log

µ2 tan2 R
2

ω2
n̄

)
+ 2 δ(σn)

(
log σn̄
σn̄

)
+

+ δ(σn̄)

(
1

σn

)
+

(
−1

ε
− log

µ2 tan2 R
2

ω2
n

)
+ 2 δ(σn̄)

(
log σn
σn

)
+

]
.

We now need to calculate D0, D1
n, and D1

n̄ in order to construct S(hemi, thurst).
Using Equation (4.39), we find

D0 =
αs
π
CF

∫ 1

−1

dcos θ
1

1− cos2 θ

[(
Θ(cos θ > 0)−Θ(cos θ > cosR)

)
log

ωn
Λ(1− cos θ)

+
(

Θ(cos θ < 0)−Θ(cos θ < − cosR)
)

log
ωn̄

Λ(1 + cos θ)

]
(4.46)

D1
n =

αs
π
CF

∫ 1

−1

dcos θ
1

1− cos2 θ

(
Θ(cos θ > 0)−Θ(cos θ > cosR)

)
(4.47)

D1
n̄ =

αs
π
CF

∫ 1

−1

dcos θ
1

1− cos2 θ

(
Θ(cos θ < 0)−Θ(cos θ < − cosR)

)
, (4.48)

where θ is defined with respect to the n direction and we have done the trivial φ
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integration. After integrating over θ, we get

D0 =
αs
π
CF

(
π2

6
+

1

2
log

4Λ2

ω2
n

log tan2 R

2
+

1

2
log

4Λ2

ω2
n̄

log tan2 R

2

+ log2 tan2 R

2
+ 2Li2

[
− tan2 R

2

])
(4.49)

D1
n = D1

n̄ = −αs
π
CF log tan2 R

2
. (4.50)

Combining this with Equations (4.41) and (4.45), we arrive at the hemisphere soft
function

S(1)(hemi, thrust;σn, σn̄) = (4.51)

− αs
π
CF

[
δ(σn)δ(σn̄)

(
1

ε2
+

1

2ε
log

µ4

ω2
nω

2
n̄

− π2

12
+

1

4
log2 µ

2

ω2
n

+
1

4
log2 µ

2

ω2
n̄

)

+ δ(σn)

(
1

σn̄

)
+

(
−1

ε
− log

µ2

ω2
n̄

)
+ 2 δ(σn)

(
log σn̄
σn̄

)
+

+ δ(σn̄)

(
1

σn

)
+

(
−1

ε
− log

µ2

ω2
n

)
+ 2 δ(σn̄)

(
log σn
σn

)
+

]
.

This matches the known result in the literature [71], as well as Equation (4.45) in the
limit tan2 R

2
→ 1, where each cone occupies an entire hemisphere.

4.5.2 Type II

While the discussion of Section 4.4 and Section 4.5.1 has focused on Type I jets,
we would like to give an example of subtractions involving Type II jets. We can define
an algorithm in which particles are merged if the pairwise measure dij is less than a
fixed cut ycut, where dij is defined as

dij =
1

Q
min{Ei, Ej}(1− cos θij) . (4.52)

Here Q is a high scale energy used as normalization, typically the center of mass
energy. We require Qycut < Ejet

i for all i, such that two distinct jets are not merged.
This is similar to the original “exclusive kT” algorithm [46], except that the energies
in Equation (4.52) are raised to a single power instead of squared. This is done
because factorization of exclusive kT is problematic in SCETI and therefore outside
the scope of this paper. For the rest of this work, we will refer to the algorithm in
Equation (4.52) using the label excl, as an example of a generic exclusive algorithm.
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As in Section 4.5.1, we will look at the case of two back-to-back jets, with ni =
n̄j = n. For out-of-jet radiation, we will employ an energy cut Λ on gluons not
assigned to a jet. If there is no observable, the soft function is given by

S(1)(excl, unmeasured) =2

∫
ddq

(2π)d
Nnn̄(q)2πδ(q2)

[
θ(n·q < Qycut)θ(n·q < n̄·q)

+ θ(n̄·q < Qycut)θ(n̄·q < n·q)
+ θ(Eq < Λ)θ(n·q > Qycut)θ(n̄·q > Qycut)

]
, (4.53)

where we have expanded Equation (4.52) in the soft limit to get the restriction θ(n·q <
Qycut). This integral can be done analytically, with the result

S(1)(excl, unmeasured) =− αs
π
CF

[
1

ε2
+

1

ε
log

µ2

Q2y2
cut

− π2

12
+

1

2
log2 µ2

Q2y2
cut

+ Θ(Λ > Qycut)
(π2

6
− log2 Qycut

2Λ
− 2Li2

Qycut

2Λ

)]
. (4.54)

For angularities with a < 0, the algorithm in Equation (4.52) leads to Type II
jets. In this case, the soft function is given by

S(1)(excl, ang;σn, σn̄) =2

∫
ddq

(2π)d
Nnn̄(q)2πδ(q2) (4.55)

×
[
θ(n·q < Qycut)θ(n·q < n̄·q)δ(σn − τann (q))δ(σn̄)

+ θ(n̄·q < Qycut)θ(n̄·q < n·q)δ(σn̄ − τan̄n̄ (q))δ(σn)

+ θ(Eq < Λ)θ(n·q > Qycut)θ(n̄·q > Qycut)δ(σn)δ(σn̄)
]
.

In order to use Equation (4.54) as a subtraction for Equation (4.55), we need to multi-
ply Equation (4.54) by δ(σn)δ(σn̄), such that both are functions of σn and σn̄. This is
an example of the procedure discussed in Section 4.2.3. After this is done, we can see
that the zeroth moments of S

(1)
new(excl, unmeasured;σn, σn̄) and S(1)(excl, ang;σn, σn̄)

are equal, and is D0 = 0. Given this exact cancellation, the higher moments, Dn>0
k ,

are independent of S
(1)
new(excl, unmeasured;σn, σn̄), such that they trivially reproduce

the higher moments of S(1)(excl, ang;σn, σn̄). One might worry that these higher mo-
ments are divergent and could not be calculated numerically; however, since these are
Type II jets, all higher moments are finite. The analytical calculation, which is pos-
sible for Equation (4.55), agrees with numerical calculations of the higher moments.
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Chapter 5

Notes on Azimuthally Asymmetric
Observables

5.1 Introduction

Jet shape observables that are sensitive to the azimuthal angle about the jet
axis are becoming increasingly common in substructure analysis. However, no such
observable has been resummed to date. The dimensional regularization techniques
currently available for calculating IR safe observables that depend only on the energies
and polar angles of particles in a jet are straightforward generalizations of those
used originally for case of electroweak decays by Peccei et al. However, to further
extend this technique to observables with azimuthal dependence requires care and
leads to complicated and counter-intuitive relations between the physical angles and
the variables of integration. We demonstrate that an extension based instead on the
pioneering work of ’t Hooft and Veltman leads to a much more transparent relation
between physical and integration variables and can be carried out straightforwardly.
We apply this latter scheme to jet angularities τa in the case that there is an out-of-jet
energy veto Λ, extended to the case that both the parameter a and the normalization
factor ω in the definition of τa depend on the azimuthal angle, a generalization that
represents a very generic azimuthally dependent jet shape.

Recently, there has been considerable progress in using jet substructure to dis-
criminate QCD initiated background jets from jets arising from the decay of new
physics in collider events (see for example Ref. [104] and references therein). This
success hinges on the ability to predict intrajet properties and most commonly these
predictions are based on Monte Carlo event generators. As the approximations used
in event generators are not systematically improvable and our ability to estimate the
errors associated with these approximations is often not well understood, an alterna-
tive that does not share these features is crucial.

The class of substructure analyses that we focus on in this paper is that of jet
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shapes. Jet shapes are broadly defined as smooth functions of the 4-momenta of a
jet’s constituents that characterize the profile of energy flow within the jet, and as
such lend themselves straightforwardly to perturbative, first-principles predictions, in
particular to both fixed-order and resummed calculations. In addition to new physics
discrimination, jet shapes have historically been used as precision tests of QCD and
for event generator tuning [1, 108]. Examples include event shapes (such as the classic
thrust and jet broadening) restricted to the constituents of a jet as well as the original
energy profile Ψ(r/R) dubbed “the jet shape” [67, 68, 1].

Generally, jet shape distributions, represented in this paper by τ , contain loga-
rithms at fixed order of the form

dσ

dτ
∼

∞∑
i=1

2i−1∑
j=0

αis
logj τ

τ
, (5.1)

which become large for narrow jets, which we’ve taken to correspond to τ ∼ 0 (there
are additional terms in the cross section which are finite or power suppressed at
τ → 0). In order for perturbation theory to be well behaved for all values of τ , these
logarithms have to be resummed. This can be accomplished with either soft-collinear
effective theory [23, 25, 31, 30] or with more traditional QCD-based methods [58, 111].
Relative to event generation, this approach to describing substructure can be used
to make predictions more accurately and with uncertainties. It can also be used
in conjunction with event generators, which have the often indisposable advantage of
providing fully exclusive, hadronized final states, to illuminate when the predictions of
event generators are not to be trusted, and, when the two approaches are in agreement,
to allow meaningful assignment of errors to an event generator [112].

To date, all jet shapes that have been resummed share an azimuthal symmetry
about the jet axis. However, polarization, spin, and color connection effects can all
correlate radiation in and around a jet with the plane defined by the jet axis and
another axis in the event, e.g., the beam axis, and these correlations will in general
be different for pure QCD jets and new physics decays. Thus, the azimuthal dis-
tribution of radiation about a jet itself can be used to delineate signal events from
otherwise irreducible background events, and some observables have been proposed
that attempt to exploit precisely this fact (in particular, planar flow [5], pull [72],
and dipolarity [79]). On the other hand, the ability of event generators to correctly
describe these properties is much less well understood than their ability to describe
more classic (and azimuthally symmetric) observables. In fact, many commonly used
event generators are known to not correctly contain the physics responsible for the
above correlations (and for the case of color correlations can not even in principle
incorporate the appropriate physics since this effect disallows the Markovian inter-
pretation inherit in parton showers for finite NC). It is the purpose of this section
to develop techniques that allow one to include azimuthal dependence in resummed
jet shape calculations. From the point of view of SCET where dimensional regular-
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ization is the most convenient. As we will see, this will require recasting the basic
formulation of dimensionally regularized radiative corrections.

This paper is organized as follows. In Section 5.1.1, we begin by describing the
dimensional regularization technique that has been traditionally used for azimuthally
symmetric observables in the literature to date, referred to as the “partial-democratic”
method. We then illustrate how one can utilize an alternative formulation, referred
to as the “undemocratic” method, which, using the physical angles (the polar and the
azimuthal angle present in d = 4 dimensions) as integration variables directly, allows
straightforward extension to the general case. By comparing the two methods, we
are able to identify the nontrivial correspondence between angles in the traditional
case and the physical angles, further demonstrating that using the traditional method
in such cases is considerably more difficult and counter-intuitive. In Section 5.1.2,
we use this technology to define a class of azimuthally symmetric observables which,
for each fixed azimuthal angle φ, reduces to that of angularities [39]1, but which is
generalized to allow φ-dependent normalization ω and angularity parameter a. We
refer to this class of observables as φ-angularities. In Section 5.2, we present the
details of the calculation of the soft function for φ-angularities.

5.1.1 A New Take on Dimensional Regularization

In order to calculate the distribution of a jet shape in SCET, we begin by assuming
a factorization theorem, which typically takes the form [24]

dσ

dτ1 . . . dτn
= H ×

∫
dτ ′1 . . . dτ

′
n J1(τ ′1)× · · · × J(τ ′n)× S(τ1 − τ ′1, . . . , τn − τ ′n) , (5.2)

has been established for the observable at hand. Factorization theorems of this type
generally hold only up to power corrections of O(τi). While the hard function, H, is
independent of the observable (and of any other restrictions on the final state) and
the jet function only depends on one direction (with limited dependence on final state
phase space restrictions), the soft function, S, depends on all observables and the full
details of any phase space restrictions. Therefore the calculation of S is typically the
most difficult part of these calculations and this is what we will focus on.

When calculating the contribution of the soft function to an azimuthally asym-
metric observable, we have to calculate the higher order virtual and real emission
diagrams. To do this, we will use pure dimensional regularization to regulate diver-
gences encountered in these calculations. Dimensional regularization is particularly
useful in effective theories such as SCET, since virtual diagrams are generally scaleless
and can be set to zero. Therefore, in this paper we will concentrate only on the real

1To be precise, with our conventions it reduces to the version of angularities later defined in [66]
which differs from that in [39] with a polar angle dependent normalization such that radiation at
the boundaries of jets is defined not to contribute in [39].
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emission contributions. While we focus primarily on the one-loop soft function, the
techniques clearly extend both to the jet function and to higher order diagrams.

In previous real emission calculations in dimensional regularization [77], the d −
1 spatial dimensions have been treated “democratically,” in that once a time-like
direction is factored out, the phase space is taken to be a Euclidean space with no
“special” subspace identified. In these calculations, the full phase space (including
the on-shell delta function) can be written as

ddk δ(k2) =
1

2|k|d
d−1k =

1

2
|k|d−3d|k|dΩd−2 . (5.3)

Here, dΩn is the n-dimensional spherical volume element, defined as

dΩn = sinn−2 θ1 sinn−3 θ2 · · · sin θn−2 dcos θ1 · · · dcos θn−1 dφ , (5.4)

where cos θi runs from −1 to 1 and φ from 0 to 2π. dΩn satisfies the recursion relation

dΩn = sinn−1θ dθ dΩn−1 (5.5)

and integrates to ∫
dΩn =

2π
n+1

2

Γ
(
n+1

2

) . (5.6)

Before proceeding, we note that cartesian components of a vector k living on this
n-dimensional sphere can be written in terms of the n − 1 polar angles θi and the
azimuthal angle φ as

k1 = |k| cos θ1

k2 = |k| sin θ1 cos θ2

k3 = |k| sin θ1 sin θ2 cos θ3

...

kn = |k| sin θ1 sin θ2 . . . sin θn−1 cosφ

kn+1 = |k| sin θ1 sin θ2 . . . sin θn−1 sinφ . (5.7)

In [81, 80], instead of factoring out only the time-like direction, the authors re-
moved a light cone subspace and treated the resulting d−2 spatial dimensions demo-
cratically, i.e.,

ddk δ(k2) =
1

2
dk+dk−dd−2k⊥δ(k

+k− − |k⊥|2) =
1

4
(k+k−)

d−4
2 dk+dk−dΩd−3 . (5.8)

We refer to this as the “partial-democratic” method. Note that the physical polar
angle is encoded in k± and has thus been factored out of the (d− 2)-dimensional k⊥
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democratic subspace. When integrands involve dot products with 2 distinct external
directions, its easiest to align one of these directions along the z-direction such that
the angle of the loop momentum k with respect this direction can be written in terms
of k±. One can then choose to align the 2nd external direction along the “1” direction
within the k⊥ subspace (cf. Equation (5.7)) since then dot products only involve a
single additional angle θ1, which can be made an explicit integration variable using
Equation (5.5). In general, when there are 3 or more linearly-indepedent directions,
one needs to choose a plane for the external vectors within the k⊥ subspace. This is
most easily done by choosing the “1-2” plane since dot products will then only involve
the two angles θ1,2, which can be made explicit in dΩd−3 using Equation (5.5) twice.
However, when an observable explicitly depends on the azimuthal angle φ about a
jet, its not immediately clear how to express φ in terms of θ1,2 since, for one, these are
polar angles (i.e., they run from 0 to π). Note also that making the azimuthal angle
of Equation (5.4) explicit by aligning physical vectors in the “n-(n + 1)” plane is in
general prohibitively complicated since dot products involving this angle also involve
all n− 1 polar angles θi.

As an alternative, we propose an “undemocratic” method, based on the original
dimensional regularization proposal of ’t Hooft and Veltman [114]2, in which a 4
dimensional Minkowski space is factored out, and the remaining d − 4 dimensional
subspace is integrated over, i.e.,

ddk δ(k2) = d4k̄ dd−4K δ(k̄2 − |K|2) =
1

2
d4k̄ (k̄2)

d−6
2 dΩd−5 . (5.9)

An important feature of this method is that physical 4-vectors (v) have no components
in the d− 4 dimensional subspace, i.e.

k ·v = k̄ ·v . (5.10)

This applies to collinear directions and boson polarizations, as well as 4-momenta.
The advantage of the undemocratic method is that the resulting Minkowski space
contains an angle whose range is 0 < φ < 2π and can be identified as the azimuthal
angle about the jet direction.

We will now show that the partial-democratic and undemocratic schemes are
equivalent, which confirms the natural assumption that the result is scheme inde-
pendent (as long as the scheme consistently regulates all divergences) and allows
us to illustrate how azimuthal dependence can be included in the partial-democratic

2Recently, it was noticed in [84] that the appropriate divergences in beam functions were correctly
reproduced when a procedure to evaluate loop momenta that used aspects of our proposed method
was used, but neither a general method for extending this procedure to other applications nor
the relation to other schemes, formally necessary when combining the beam functions with other
factorized ingredients calculated in a different scheme, were discussed. In addition, polarizations
were treated in a way that, while not affecting any of the results in their paper, if generalized
directly would not lead to a consistent scheme.
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scheme. Similar comparisons can be made between the democratic/partial-democratic
and democratic/undemocratic schemes, however, since the partial-democratic scheme
is now the most widely used in SCET calculations, we will take it as the standard.

At one loop, any soft function, including phase space restrictions, can be written
as

S =

∫
ddk f(n1 ·k, n̄1 ·k, n2 ·k, n3 ·k) , (5.11)

where the ni are light-like 4-vectors and n1, n2, and n3 are linearly independent. All
dependence on other directions can be written in this basis, since these four vectors
form a complete basis in 4 dimensions, where f is defined. In the partial-democratic
(pd) scheme, we proceed by factoring out a light cone direction, which is most easily
identified as n1. After integrating over |k⊥|, as in Equation (5.8), we have

Spd =
1

4

∫
(k+k−)

d−4
2 dk+dk−dΩd−3f(k+, k−, n2 ·k, n3 ·k) . (5.12)

In order to write n2 ·k and n3 ·k in terms of the remaining integration variables, we
employ Equation (5.5) and identify θ1 as the angle between k⊥ and n⊥2 in the d − 2
dimensional space. The angle between k⊥ and n⊥3 when projected onto the d − 3
dimensional hyperplane perpendicular to n⊥2 is given by θ2, while ψ23 is the angle
between n⊥2 and n⊥3 . In terms of these variables, we have

Spd =
1

4

∫
dk+dk−sind−4θ1 dθ1 sind−5θ2 dθ2 dΩd−5(k+k−)

d−4
2

× f
(
k+, k−,

n+
2 k
− + n−2 k

+

2
−
√
n+

2 n
−
2 k

+k−cos θ1,

n+
3 k
− + n−3 k

+

2
−
√
n+

3 n
−
3 k

+k−(cos θ1cosψ23 + sin θ1cos θ2 sinψ23)

)
.

(5.13)

In the undemocratic (ud) scheme, after performing the integrations in Equa-
tion (5.9) and relabeling k̄ as k, we have

Sud =
1

2

∫
d4k (k2)

d−6
2 dΩd−5f(n1 ·k, n̄1 ·k, n2 ·k, n3 ·k) . (5.14)

This illustrates an important feature of the undemocratic scheme, namely that n·k =
n · k̄ for any physical vector n, such that f is completely independent of the d − 4
dimensional subspace. After making the transformation into light cone coordinates,
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we have

Sud =
1

4

∫
dk+dk−dkx dkydΩd−5(k+k− − k2

x − k2
y)

d−6
2

× f
(
k+, k−,

n+
2 k
− + n−2 k

+

2
−
√
n+

2 n
−
2 kx,

n+
3 k
− + n−3 k

+

2
−
√
n+

3 n
−
3 (kx cosψ23 + ky sinψ23)

)
. (5.15)

If we now make the substitutions kx =
√
k+k−cos θ1 and ky =

√
k+k−sin θ1cos θ2 and

include the proper Jacobian, we see that the partial-democratic and undemocratic
schemes are equivalent.

Given that we know the proper variable transformations to go between the two
schemes, it is easy to see how one could include azimuthal dependence in the partial-
democratic scheme. Using the fact that tanφ = ky/kx we have

tanφ = tan θ1cos θ2 . (5.16)

In Equation (5.16), both θ1 and θ2 range from 0 to π, while φ goes from 0 to 2π.
The fact that cos θ2 goes from −1 to 1 allows us to recover the full range of tanφ
(which runs from −∞ to ∞ twice). One might worry about over counting, since
cos θ2 takes a continuous range of values. However, the Jacobian between the partial-
democratic and undemocratic schemes removes this problem by properly reweighting
each combination of θ1 and θ2. Care must be taken when defining φ as an inverse
tangent, as this does not generally cover the desired range. While we could use the
partial-democratic scheme and include azimuthal dependence using Equation (5.16),
it is clearly easier to use the undemocratic scheme, with spherical coordinates instead
of light cone coordinates. We will see an example of this in the next section.

5.1.2 Azimuthally Asymmetric Jet Shapes in e+e−

In order to demonstrate the benefit of our regularization scheme, we will calculate
an extension of angularities we will call φ-angularities, defined as

τa(φ) =
1

ω(φ)

∑
i∈jet

(k+
i )1−a(φ)

2 (k−i )
a(φ)

2 . (5.17)

Here, k± are given by

k+ = njet ·k (5.18)

k− = n̄jet ·k , (5.19)
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where njet = (1,njet) is a null vector along the light cone direction of the jet. The
sum in Equation (5.17) is taken over all particles in the jet, where the jet is defined
by a jet algorithm. In analogy with the calculation for traditional angularities, we
restrict ourselves to jet algorithms that, at one loop, reduce to cones of size R in θ
about the jet direction. This includes cone and kT -type algorithms in e+e− collisions.
We will also include a jet veto, Λ, for radiation outside of all jets.

If we look at e+e− initial states and take ω(φ) ∼ Q, where Q =
√
s, then φ-

angularities will factorize in the limit τa(φ) � 1. We will assume the factorization
follows directly along the lines of traditional angularities in e+e− collisions. This
factorization, including a jet algorithm and jet veto, is discussed in [66]. Along the
lines of that calculation, we will divide our soft function into three pieces:

• Sincl
ij : describes the interference term between the ith and jth Wilson lines, where

the emitted gluon is allowed to go anywhere, with an energy less than Λ

• Skij: describes the interference between the ith and jth Wilson lines, where the
emitted gluon is found in the kth jet, with energy greater than Λ. Using that
the contribution of a gluon in a jet with any energy is zero (since it involves a
scaleless integral), it can be shown that the sum of Sincl

ij and Skij summed over
k is the contribution of a gluon outside of all jets with energy less than Λ

• Sij(τ ka(φ)): describes the contribution to τ ka(φ) from the interference between the

ith and jth Wilson lines.

The soft function is then given by

S(τ 1
a(φ), . . . , τ

n
a(φ)) =

∑
i 6=j

[
Sincl
ij +

n∑
k=1

(
Skij + Sij(τ

k
a(φ))

)]
(5.20)

Here we have assumed that a separate measurement of the φ-angularity has been
made on each jet. However, as discussed in [66], factorization is also valid even if
there is no measurement on a jet provided the jet size is small, R� 1, for that jet. In
this case, Sij(τ

k
a(φ)) is omitted. The full result for each piece is given in the appendix.

From this point forward, we will drop the explicit φ dependence of a and ω; they will
both be assumed to be in general arbitrary functions of φ.

To emphasize the difference between our regularization scheme and those previ-
ously used in the literature, we can compare one of the integrals from above with
the corresponding integral in a different scheme. For example, if we take ω to be a
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constant and a(φ) = cosφ− 1, we have

(
Sij(τ

i
a)
)

ud
=
αs

2π2

(
4πµ2

ω2

)ε
ε(τ ia)

−1−2ε

Γ(1− ε) Ti ·Tj∫
dx dcos θdφ

ni ·nj
(x− cos θ)(x− cos θ cos θij − cosφ sin θ sin θij)

× (x2 − 1)−1−ε(x− cos θ)(3−cosφ)ε(x+ cos θ)(cosφ−1)εΘ(θ < R), (5.21)

(
Sij(τ

i
a)
)

pd
=

αs
2π2

(
4πµ2

ω2

)ε
(ni ·nj)(Ti ·Tj)

ε

Γ(1− ε)
ω

(τ ia)
2ε∫

dk−dθ1dθ2 sin−2ε θ1 sin−1−2ε θ2(k−)−2

(
ωτ ia
k−

)−1

×
[(

ωτ ia
k−

) 2

√
1+tan2 θ1 cos2 θ2

3

√
1+tan2 θ1 cos2 θ2−1

cos2 ψij
2

+ sin2 ψij
2

−
(
ωτ ia
k−

) √1+tan2 θ1 cos2 θ2

3

√
1+tan2 θ1 cos2 θ2−1

sinψij cos θ1

]−1

×Θ

(ωτ ia
k−

) 2

√
1+tan2 θ1 cos2 θ2

3

√
1+tan2 θ1 cos2 θ2−1

< tan2 R

2

(ωτ ia
k−

)2ε
2

√
1+tan2 θ1 cos2 θ2−1

3

√
1+tan2 θ1 cos2 θ2−1

. (5.22)

In Equation (5.22), cosψij ≡ 1−ni·nj. As we can see, while Equation (5.21) is certainly
not trivial, Equation (5.22) is prohibitively difficult. While the undemocratic scheme
can be reduced to finite one dimensional numerical integrals for arbitrary a and ω,
the analogous case in the partial-democratic scheme will generally involve a double
numerical integral, which may contain 1/ε poles.

5.2 Computation of the φ-Angularity

Soft Function S(τ ka , φ)

We first define Sij(τ
k
a , φ) and Skij(φ) via the relations

Sij(τ
k
a ) ≡

∫
dφ

2π
Sij(τ

i
a, φ)

Skij ≡
∫

dφ

2π
Siij(φ) . (5.23)
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In both cases, in the “undemocratic” method, the integration is decomposed as in
Equation (5.9). Using that

dd−4K =
−ε π−ε

Γ(1− ε)(K2)
d−6

2 dK2 , (5.24)

we find that∫
d4k dd−4K

(2π)d
δ(k2 −K2)θ(k0) =

−ε π−ε
Γ(1− ε)

∫ 2π

0

dφ

2π

∫ 1

−1

d cos θ

∫ ∞
0

d|k|∫ ∞
|k|

dk0((k0)2 − (|k|)2)−1−ε . (5.25)

There is a freedom in how the algorithm and the observable are defined away from
d = 4. For example, the definitions ΘR = θ(θ < R) and ΘR = θ(k+/k− < tan2R/2)
coincide for d = 4 but deviate for k0 > |k|. We find that the precise definition affects
both Skij and Sij(τ

k
a ) separately for R ∼ O(1), but that both Skij for R � 1 and the

sum Skij + Sij(τ
k
a ) are independent of this. This can be attributed to the fact that for

measured jets, it is always the sum that is needed and for unmeasured jets, one must
take R� 1 in which case this dependence in Skij becomes a power correction.

We take the convention that the algorithm restriction is

ΘR = θ(θ < R) . (5.26)

For the angularity measurement generalized to allow both the normalization ω and
the parameter a to be φ-dependent, we take

δτa = δ

(
τa −

1

ω
(k0 − |k| cos θ)1−a/2)(k0 + |k| cos θ)a/2

)
, (5.27)

with ω = ω(φ) and a = a(φ).
Due to the difference in the singularity structure, we consider the cases k = i or

j and k 6= i, j separately. For the former case, we define φ to be the azimuthal angle
of the emitted gluon from the ij-plane about i. In the latter case, we define φ to be
the angle of the emitted gluon about the ik-plane about k, and βijk to be the angle
of the jk-plane with respect to the ik-plane about k. This means that φ should be
shifted for each i, j, k to a common frame of reference.

We define for brevity

r ≡ tanR/2

Tij ≡
r

tanψij/2
, (5.28)
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where ψij is the angle between ni and nj, i.e., ni · nj = cosψij. For the case k 6= i, j,
we also use

Ti ≡ Tik =
r

tanψik/2

Tj ≡ Tjk =
r

tanψjk/2
. (5.29)

Requiring non-overlapping jets is equivalent to T < 1 for every T .3 We adopt the MS
scheme in what follows.

5.2.1 S incl
ij

Ref. [66] calculated Sincl
ij using the “partial-democratic” scheme with the definition

of ΘR given in Equation (5.26). Provided we stick with that definition throughout
our calculation of the soft function, the result of Ref. [66] directly applies here. We
quote the result for completeness.

Sincl
ij = −αs

2π

(
eγEµ2

4Λ2

)ε
Ti ·Tj

Γ(1− ε)

[
1

ε2
− 1

ε
ln
(ni · nj

2

)
− π2

6
− Li2

(
1− 2

ni ·nj

)]
(5.30)

5.2.2 Sij(τ
i
a, φ)

Using that Sji(τ
i
a, φ) = Sij(τ

i
a, φ) (up to redefining β → 2π − β and shifting

φ→ φ− β), we need only focus on Sij(τ
i
a, φ). We obtain (in MS)

Sij(τ
i
a, φ) =

αs
π

Ti ·Tj
(eγEµ2)ε

Γ(1− ε)εni ·nj
∫ 1

cosR

d cos θ

∫ ∞
0

d|k| (5.31)∫ ∞
|k|

dk0(k2)−1−ε 1

k0 − ni · k
1

k0 − nj · k
δτ .

Using the coordinate system where n̂i = ẑ and n̂j is in the xz-plane (where φ = 0),
using the delta function δτ to do the |k| integral, and changing variables to x = k0/|k|
and z = tan2(θ/2)/r2, we find

Sij(τ
i
a, φ) = −αs

2π
Ti ·Tj

1

Γ(1− ε)

(
eγEµ2r2(1−a)

ω2

)ε
1

ε
(τ ia)

−1−2εF i
ij(φ) , (5.32)

where

F i
ij(φ) = − 4ni ·njε2

r−2+2(1−a)ε

∫ 1

0

dz

∫ ∞
1

dx(x2 − 1)−1−ε(x− 1 + r2z(x+ 1))−1+ε(2−a)

× F (x, z, φ) , (5.33)

3The results of [66] are in terms of the parameter tij , which corresponds to tij ≡ 1/Tij .
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where the nonsingular part of the expression has been grouped into F (x, z, φ) and is
given by

F (x, z, φ) ≡ (x+ 1 + r2z(x− 1))εa(1 + r2z)−2ε

(x− 1)(1 + r2z) + ni ·nj/P (z, φ, Tij)
, (5.34)

with

P (z, φ, T ) ≡ 1

1 + T 2z − 2T
√
z cosφ

. (5.35)

To isolate the most singular contributions, we then split F i
ij as

F i
ij(φ) = F

i (1)
ij (φ) + F

i (2)
ij (φ) (5.36)

where

F
i (1)
ij (φ) = −4ni ·njr2ε2

∫ 1

0

dz

∫ ∞
1

dx
[F (x, z, φ)− F (1, z, φ)]|ε=0

(x2 − 1)(x− 1 + r2z(x+ 1))
, (5.37)

where we set ε = 0 in F
i (1)
ij since, by construction, the divergences at x = 1 and z = 0

are regulated in this expression, and

F
i (2)
ij (φ) = − 4ni ·njε2

r−2+2(1−a)ε

∫ 1

0

dz

∫ ∞
1

dx(x2 − 1)−1−ε

× (x− 1 + r2z(x+ 1))−1+ε(2−a)F (1, z, φ)

=
Γ(1− ε)Γ(1− ε(1− a))

Γ(1− ε(2− a)))

×
(

1

1− a + εf1(Tij, φ) + ε2
(

(1− a)f2(Tij, φ)− f3(Tij, φ, r)
))

, (5.38)

where we defined

f1(φ, T ) ≡
∫ 1

0

dz

z

(
P (z, φ, T )− 1

)
= 2

cosφ

|sinφ|

(
tan−1 cosφ

|sinφ| − tan−1 cosφ− T
|sinφ|

)
− ln(1 + T 2 − 2T cosφ)

f2(φ, T ) ≡
∫ 1

0

dz

z
ln z

(
P (z, φ, T )− 1

)
= 2<((−1 + i cotφ)Li2(eiφT ))

f3(φ, T, r) ≡
∫ 1

0

dz

z
ln(1 + r2z)P (z, φ, T ) = 2<[f3(z, φ, T, r)]

∣∣z=1

z=0
, (5.39)
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with

f3(z, φ, T, r) = ln r

[
ln(P (z, φ, T )) + cotφ

(
tan−1 sinφ

cosφ− Tz

− tan−1 (1 + Tz) tan φ
2

Tz − 1

)]
− 2Li2(irz) +

eiφ

sinφ

[
ln

(
i

r
+ z

)
ln

(
1− T (1− irz)

T − ire−iφ
)

+ ln

(
− i

r
+ z

)
ln

(
1− T (1 + irz)

T + ire−iφ

)
+ Li2

(
T (1− irz)

T − ire−iφ
)

+ Li2

(
T (1 + irz)

T + ire−iφ

)]
.

(5.40)

5.2.3 Siij(φ)

Using the same variable transformations as for Sij(τ
i
a), we find

Siij(φ) =
αs
4π

Ti ·Tj
1

Γ(1− ε)

(
eγEµ2

4Λ2r2

)ε
1

ε2
Gi
ij(φ) , (5.41)

where

Gi
ij(φ) = 4ni ·njε24εr2(1+ε)

∫ 1

0

dz

∫ ∞
1

dx
(x− 1)−1−ε

x− 1 + r2z(x+ 1)
G(x, z, φ) , (5.42)

with

G(x, z, φ) ≡ x2ε

(x+ 1)1+ε

1

(x− 1)(1 + r2z) + ni ·nj/P (z, φ, T )
. (5.43)

We then split Gi
ij as

Gi
ij(φ) = G

i (1)
ij (φ) +G

i (2)
ij (φ) (5.44)

where

G
i (1)
ij (φ) = −F i (1)

ij (φ) +O(ε3) , (5.45)

and

G
i (2)
ij (φ) = 4ni ·njε24εr2+2ε

∫ 1

0

dz

∫ ∞
1

dx
(x− 1)−1−ε

x− 1 + r2z(x+ 1)
G(1, z, φ)

= Γ(1 + ε)Γ(1− ε)
(

1− εf1(φ, Tij) + ε2
(
f2(φ, Tij)− f3(φ, Tij, r)

) )
+O(ε3) . (5.46)
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5.2.4 Sij(τ
i
a, φ) + Siij(φ)

Adding the results of the two previous subsections, we obtain

Sij(τ
i
a, φ)+Siij(φ) =

αs
4π

Ti ·Tj

{
− 2

Γ(1− ε)

(
eγEµ2r2(1−a)

ω2

)ε
1

ε

1

1− a(τ ia)
−1−2ε (5.47)

+
1

Γ(1− ε)

(
eγEµ2

4r2Λ2

)ε
1

ε2
δ(τ ia)− f1(φ, Tij)

[(
1

τ ia

)
+

+ ln
ω2

4Λ2r2(2−a)
δ(τ ia)

]
+ δ(τ ia)

(
2(2− a)f2(φ, Tij)− 2f3(φ, Tij, r

2)
)}

.

Using the fact that∫ 2π

0

dφ

2π
f1(φ, T ) = − ln(1− T 2)∫ 2π

0

dφ

2π
f2(φ, T ) =

1

4
ln2(1− T ) +

1

2
Li2

( −T 2

1− T 2

)
∫ 2π

0

dφ

2π
f3(φ, T,A) = Li2

( −T 2

1− T 2

)
− Li2

(
− T 2 + A

1− T 2

)
(5.48)

we obtain agreement with the result of Sij(τ
i
a) + Siij in [66] when ω(φ) and a(φ) are

constant in φ.

5.2.5 Sij(τ
k
a , φ)

We find

Sij(τ
k
a , φ) = −αs

2π
Ti ·Tj

1

Γ(1− ε)

(
eγEµ2r2(1−a)

ω2

)ε
(τ ia)

−1−2εIkij(φ) , (5.49)

where

Ikij(φ) = − ni ·njε
r−2+2(1−a)ε

∫ 1

0

dz

∫ ∞
1

dx(x2 − 1)−1−εI(x, z, φ) , (5.50)

with

I(x, z, φ) ≡ (1 + r2z)−2ε (x− 1 + r2z(x+ 1))ε(2−a)

(x− 1)(1 + r2z) + ni ·nk/P (z, φ, Ti)

× (x+ 1 + r2z(x− 1))εa

(x− 1)(1 + r2z) + nj ·nk/P (z, β − φ, Tj)
. (5.51)
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As before, we split up Ikij(φ) as

Ikij(φ) = I
k (1)
ij (φ) + I

k (2)
ij (φ) (5.52)

where

I
k (1)
ij (φ) = −ni ·njε

∫ 1

0

dz

∫ ∞
1

dx
[I(x, z, φ)− I(1, z, φ)]|ε=0

(x2 − 1)
+O(ε2) , (5.53)

and

I
k (2)
ij (φ) = 2r2(1+ε) ni ·nj

ni ·nknj ·nk

∫ 1

0

dz

∫ ∞
1

dx
(x2 − 1)−1−ε

x− 1 + r2z(x+ 1)
I(1, z, φ)

= (1 + 2ε ln r)g1(φ, Ti, Tj, βijk) + ε((2− a)g2(φ, Ti, Tj, βijk, 0)

− 2g2(φ, Ti, Tj, βijk, r
−1)) +O(ε2) , (5.54)

where

g1(φ, T1, T2, β) ≡ 2r2 ni ·nj
ni ·nknj ·nk

∫ 1

0

dzP (z, φ, T1)P (z, β − φ, T2)

=
h1(φ, T1, T2, β) + h1(β − φ, T2, T1, β)

T 2
i + T 2

j − 2TiTj cos(β − 2φ)

g2(φ, T1, T2, β, A) ≡ 2r2 ni ·nj
ni ·nknj ·nk

∫ 1

0

dz ln(A2 + z)P (z, φ, T1)P (z, β − φ, T2)

= 2<
[
h2(z, φ, T1, T2, β, A)− h2(z, β − φ, T2, T1, β, A)

T1e−i(β/2−φ) − T2ei(β/2−φ)

]∣∣∣∣z=1

z=0

,

(5.55)

where

h1(φ, T1, T2, β) ≡ 2 cscφ((T 2
1 + T 2

2 ) cosφ− 2T1T2 cos(β − φ)) (5.56)

(tan−1 cotφ− tan−1(cot−T1 cscφ)) + (T 2
1 − T 2

2 ) ln[1 + T 2
1 − 2T1 cosφ]

and

h2(z, φ, T1, T2, β, A) =
i cscφ

T1eiβ/2 − T2e−iβ/2

[
ln(z + iA) ln

(
1− T1(A− iz)

AT1 − ie−iφ
)

(5.57)

+ Li2

(
T1(A− iz)

AT1 − ie−iφ
)

+ ln(z − iA) ln

(
1− T1(A+ iz)

AT1 + ie−iφ

)
+ Li2

(
T1(A+ iz)

AT1 + ie−iφ

)]
and we used

2r2 ni ·nj
ni ·nknj ·nk

= T 2
i + T 2

j − 2TiTj cos β . (5.58)
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5.2.6 Skij(φ)

We find for Skij(φ)

Skij(φ) =
αs
4π

Ti ·Tj
1

Γ(1− ε)

(
eγEµ2

4Λ2r2

)ε
1

ε
Jkij(φ) , (5.59)

where

Jkij(φ) = 4ni ·njε4εr2(1+ε)

∫ 1

0

dz

∫ ∞
1

dx(x2 − 1)−1−εJ(x, z, φ) , (5.60)

with

J(x, z, φ) ≡ x2ε 1

(x− 1)(1 + r2z) + ni ·nk/P (z, φ, Ti)
1

(x− 1)(1 + r2z) + nj ·nk/P (z, φ− β, Tj)
. (5.61)

We then split Jkij as

Jkij(φ) = J
k (1)
ij (φ) + J

k (2)
ij (φ) (5.62)

where

J
k (1)
ij (φ) = −Gk (1)

ij (φ) , (5.63)

and

G
k (2)
ij (φ) = 4ni ·njε24εr2+2ε

∫ 1

0

dz

∫ ∞
1

dx
(x− 1)−1−ε

x− 1 + r2z(x+ 1)
J(1, z, φ)

= −2r2(1+ε) ni ·nj
ni ·nknj ·nk

g1(φ, T1, T2, β) . (5.64)

5.2.7 Sij(τ
k
a , φ) + Skij(φ)

Adding the above results, we obtain

Sij(τ
k
a , φ) + Skij(φ) =

αs
4π

Ti ·Tj

{
g1(φ, T1, T2, β)

[
−
(

2

τ ia

)
+

+ ln
ω2

4Λ2r2a
δ(τ ia)

]

+ δ(τ ia)
(

(2− a)g2(φ, T1, T2, β, 0)− 2g2(φ, T1, T2, β, r
−2)
)}

.

(5.65)
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This agrees with the result of Sij(τ
k
a ) + Skij in [66] for constant ω(φ) and a(φ), as

can be seen via the identities4∫ 2π

0

dφ

2π
g1(φ, T1, T2, β) = ln

(
1 + T 2

1 T
2
2 − 2T1T2 cos β

(T 2
1 − 1)(T 2

2 − 1)

)
∫ 2π

0

dφ

2π
g2(φ, T1, T2, β, A) = −

{
g(T−1

1 , A) + g(T−1
2 , A)− 2 ln(A+ 1) ln(T1T2)

+ 2<
[

Li2

(
1− T1T2e

iβ

1 + AT1T2eiβ

)
− Li2

(
1

1 + AT1T2eiβ

)

+ ln(1− T1T2e
iβ) ln

T1T2e
iβ

1 + AT1T2eiβ

)]}
,

(5.66)

where

g(t, A) ≡ Li2

(
t2

t2 + A

)
− Li2

(
t2 − 1

t2 + A

)
+ ln(t2 − 1) ln(r + t2)

− ln(t2) ln((A+ 1)(A+ t2)) . (5.67)

4The functions on the right-hand side of Equation (5.66) correspond with the functions f1,2 of
[66].
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Chapter 6

Conclusion

The LHC era is an incredibly exciting time for particle physics. Already we’ve
seen strong hints suggesting that the Higgs boson will be found in the near future and
hopefully there will be many more discoveries in the years to come. However, almost
any new physics will be found in conjunction with (or buried beneath a background
of) Standard Model jets. In order to make the most of the data from the LHC, it is
imperative that we do as much as possible to understand jet physics.

In this thesis, we have presented several new techniques that will hopefully increase
our understand of jets, especially in the context of collider physics. In Chapter 2,
we derived a factorization theorem for the production of N jets, together with any
number of non-strongly interacting particles, such as electroweak gauge bosons. This
factorization theorem allows us to write the physical cross section in terms of a con-
volution of parton distribution functions, a hard function, and jet functions for each
observed jet and a soft function describing among other things the color recombina-
tion between the initial and final state partons. Both the jet and the soft functions
depend on the precise form of the jet algorithm chosen.

The main new ingredient in this factorization theorem is a soft function that de-
pends on a timelike component of the soft momentum outside of the observed jets,
and the lightlike component of the soft momentum in a given jet. This function is
directly related to the soft function first proposed and calculated for the case of jet
production in e+e− collisions in [66, 65]. This soft function allows us to interpolate
between the soft function arising for final states without observed jets (which depends
only on a timelike component of the soft momentum) and the soft function for com-
pletely inclusive jet production (which depends only on the lightlike component of
the soft momentum).

We have derived the UV divergent parts of all ingredients of the factorization the-
orem to O(αs). These were then used to show that the combination of all ingredients
of the factorization theorem is independent of the arbitrary factorization scale µ, and
therefore the derived results satisfy the nontrivial requirement of consistency. While
consistency was shown in this work only in the true hadronic endpoint, we have kept
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the kinematics general enough (in particular allowing for a nonzero overall boost) to
allow for a generalization of our results to the case where the steepness of the parton
luminosities force events to be close to the partonic threshold. This result, which is
by far more interesting phenomenologically, is discussed in Chapter 3.

Our results can be used to explicitly resum threshold logarithms to NLL accuracy
(in the log-counting convention of [35]) for any process in hadron collisions with any
number of jets and non-strongly interacting particles in the final state. The technol-
ogy of going from the anomalous dimensions we present here to explicit resummed
distributions is well-known. Beyond one jet, in addition to the standard resumma-
tion methods, we need the matrices Ti ·Tj, but these have been computed for many
processes (see, e.g., [55, 86, 85, 64, 106, 107]), including all 2→ 2 and 2→ 3 partonic
channels. The only other ingredient needed to obtain a NLL distribution is the Born
matrix element.

In addition, if our results are extended to include two-loop results of the anomalous
dimensions together with the full algorithm-dependent one-loop finite parts, NNLL
results can be obtained for all processes for which the virtual NLO corrections are
known. Together with recent advances in calculations of NLO cross sections (e.g.,
W+W−j [45, 63] and Wjjj [38]), this would have a significant impact on the precision
frontier of predictions at the LHC.

In Chapter 3, we presented a model-independent, quantitative measure of the
power corrections to partonic threshold resummation. Previously, any quantitative
study of the power corrections associated with applying hadronic threshold resum-
mation away from the true endpoint necessitated simplified assumptions about the
functional form of the pdfs. The expansion parameter of threshold resummation is
given by a parameter λ2, which can be defined unambiguously through integrals over
pdfs. In SCET, the parameter λ2 is related to the scale of soft and collinear radia-
tion, such that the scales µc and µs can be chosen after convolving the partonic cross
section with the pdfs. This allows us to avoid integrating through regions where the
perturbative expansion is ill-defined, without having to define an arbitrary procedure
for determining scales after integration. We have shown analytically that the value
of λ approaches zero either in the true hadronic endpoint or in the limit of infinitely
steep pdfs. Our numerical results indicate that while threshold resummation can be
justified away from the region where 1− τ � 1, we expect the corrections to become
sizable for τ < 0.05− 0.1.

Most QCD resummation requires the calculation of a soft function, which describes
the emission of low energy radiation from high energy partons. In Chapter 4, we
demonstrated a new method that would allow for the calculation of soft functions
with highly complex phase space constraints, using currently available calculations
as a subtraction. At one loop, subtractions can be constructed that allow for new
soft functions to be calculated numerically, using previously derived analytical results.
Using only calculations that exist in the literature, the soft function can be calculated
for a number of phenomenologically relevant observables and algorithms, including
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jet shapes found using η-φ algorithms and N -jettiness, for arbitrary N . In order to
calculate the soft function for most current measurements at hadron colliders, both
Type I and Type II jets are required. We should also note that a similar argument
can be used to calculate jet functions in the presence of algorithms; however, this is
generally less relevant as algorithm corrections tend to be power suppressed.

Finally, in Chapter 5 we introduced a new regularization scheme (undemocratic
regularization) for on-shell, d-dimensional integrals. Based on the work of ’t Hooft
and Veltman, this scheme provides an intuitive way of relating physical angles to
angles of integration in the d-dimensional space of loop momenta. Similar relations
in previous schemes are derived by studying the mapping onto the new scheme.

While we show that the undemocratic scheme is equivalent to previous schemes,
we demonstrate that it is particularly well suited to calculate jet observables that
depend on the azimuthal angle with respect to the jet direction. We demonstrate
this by defining a new variable, φ-angularity, and comparing parts of the calculation
for a specific φ-angularity. We then calculate the soft function for an arbitrary φ-
angularity in terms of finite, one-dimenisonal numerical integrals.
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