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Static Output Feedback Control for Multi-Agent
Systems Using Nash Equilibrium

Paul Serna-Torre, Member, IEEE

Abstract— This work proposes a semidefinite problem
(SDP) problem that synthesizes static output control feed-
back for networked multi-agent systems (MAS). The SDP
uses a solution of the coupled algebraic Riccati equations
that has been previously determined for a Nash equilibrium
of the MAS. The Nash equilibrium considers that agents
seek to minimize their individual cost functions subject
to the system dynamics of the MAS. These system dy-
namics are represented by a linear time-invariant state-
space model that includes the dynamics of the agents and
couplings between them. The resulting control from the
proposed SDP ensures the stability of the closed-loop sys-
tem and dissipativity when a disturbance is present in the
MAS. A set of four case studies are implemented. The first
three numerical cases are taken from previous works for
MAS control. We use these cases to validate and compare
cost effectiveness and time-domain performance of the
proposed control framework with other previous works. The
fourth case designs a frequency regulation scheme for a
modified IEEE 24-bus power grid case. Using the proposed
framework, distributed controllers are synthesized for the
inverters which are considered agents in the grid. Each
inverter uses partial state information of the neighboring
inverters. The resulting control scheme is implemented in
a high-fidelity non-linear model that describes the electro-
magnetic transient dynamics of the power grid. Hence, this
fourth case demonstrates the scalability and practicality of
the proposed control framework in real-world networked
systems. We have implemented the proposed framework
in a public toolbox in Python and MATLAB, enabling prac-
titioners and researchers to readily implement it in their
applications.

Index Terms— Differential game theory, linear systems
theory, Nash equilibrium, output feedback.

[. INTRODUCTION

A wide range of real-world dynamical systems, such as
power grids and robot systems, can be studied as multi-agent
systems (MAS) [1]. A MAS is composed by agents that can be
connected through couplings or links. The agents are decision
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makers that perform a global task while seeking to optimize
their individual performance metrics. Non-cooperative linear
quadratic differential games (NLQGs), since its inception in
the 1950s, has been increasingly developed to provide a
framework for the control of MAS [2], [3].

In NLQGs, each agent pursues to minimize its individual
quadratic cost function by choosing its own strategy subject
to a linear time-invariant (LTI) system state-space model [4].
Hence, each agent is considered self-interested as it does not
cooperate in minimizing neither other agents’ cost functions
nor a global cost function. Despite this non-cooperative aspect,
the strategies of the agents can be designed to ultimately
accomplish a global task for the MAS. For instance, the work
in [5] implements a control scheme using NLQGs to control
the dynamics of multiple power inverters in a microgrid. Al-
though the power inverters are considered selfish, the strategies
for the inverters are designed to satisfy a regulation service
and the microgrid’s load. Moreover, in NLQGs, the system
state-space representation does not only model the dynamics
of the agents, but also it can incorporate the dynamics of
the couplings between the agents. Hence, NLQGs can be
considered as a multi-objective optimization problem subject
to the dynamics of agents and their couplings. Given this
complexity in NLQGs, the challenge is how to determine the
strategies for the agents.

Several works have investigated the determination of these
strategies using the concept of Nash equilibrium. As the
studies in [6], [7] show, these strategies can be determined
in a static linear state-feedback form by solving coupled
algebraic Riccati equations (CAREs). However, as CAREs
are bilinear, solving them is not trivial. The works in [§]
and [9] propose relaxed versions of the CAREs and iterative
algorithms, respectively, to solve them. Inspired by potential
differential games [10], the work in [11] reformulates the
NLQG as a linear quadratic regulator (LQR) problem under
certain assumptions, which is easier to solve. An underlying
assumption across the works in [6]-[9], [11] is that the
resulting Nash strategies use complete state information of
the agents and couplings. However, this assumption makes the
implementation of full state-feedback strategies impractical in
several real-world networked systems. Agents can be placed
in distant locations, leading to considerable time delays in the
communication flow. Thus, opting for distributed strategies
is suggested over full state-feedback approaches [12]. In
other cases, the access to the state information of the MAS
requires extensive communication efforts. Aside from these
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communication infrastructure issues, privacy concerns may
refrain agents from sharing their complete state information.

These challenges to implement Nash state-feedback strate-
gies can be exemplified as follows. In [13], Nash state-
feedback strategies are designed for the regulation of electrical
frequencies in a 9-bus power grid. However, its implementa-
tion in a real-life large-scale grid can result impractical. This
is because measuring frequencies and voltage angles, which
both are the states in the grid, would require to install Phasor
Measurement Units (PMU) at every substation in the grid.
However, given the high cost of PMUs, installing numerous
PMUs is financially nonviable. Hence, as Nash state-feedback
strategies can be difficult or impractical to implement, it opens
the question on how to synthesize strategies in NLQGs that
use partial state information.

In efforts to fill this gap, the work in [14], [15] determines
Nash strategies for a pursuit-evasion game with limited state
observation among agents. In a more general setting, the
authors in [16], [17] propose a communication graph and
bilinear matrix equalities to synthesize Nash strategies that
use neighboring state information. The studies in [18], [19]
demonstrate that when the communication graph in [16] is
arborescence or directed acyclic, the CAREs reduce to a
set of standard algebraic Riccati equations (AREs), which
synthesizes distributed strategies for the agents. Although
[16] and [17] develop careful theoretical results, they do not
provide a method to explicitly solve its proposed bilinear
matrix equations for an arbitrary number of agents. Moreover,
the mentioned frameworks in [14], [15], [17]-[19] consider
that the dynamics of the agents are uncoupled. This implies
that the state matrix of the MAS state-space model is a
block diagonal matrix that stacks the state matrices of the
agents’ state-space models. However, this assumption does not
hold for several real-world systems, where a physical network
inevitably connects agents’ states through physical laws. For
instance, in a gas network [20], the gas flowing between nodes
is a function of the nodal pressures, which are states that can
be associated to gas producers (agents) at the nodes.

Furthermore, the article in [21] derives sufficient and nec-
essary conditions for the existence of Nash strategies with
static output feedback structure in NLQGs. However, fulfilling
these conditions can be impossible, as it is demonstrated in
a three-agent test system [22]. As an alternative to Nash
output strategies, the works in [22], [23] develop the concept
of network adapted feedback guaranteed cost equilibrium.
Using this concept, the work in [22] proposes a iterative
algorithm that incorporates Linear Matrix Inequalities (LMIs)
to synthesize the output feedback strategies. The work in [23]
thoroughly extends this framework by incorporating unknown
disturbances in the MAS dynamics. Although the sophisti-
cated algorithms in [22], [23] can be implementable through
for-loops and conditional statements, a more straightforward
approach, such as a single optimization problem, would be
more efficient to solve for the synthesis of output feedback
control and, to the best of our knowledge, there is no such
formulation yet. Hence, in MAS with dynamically coupled and
heterogeneous agents, there is still a gap on how to synthesize
control strategies that use partial state information.

Moreover, a common practice seen across the aforemen-
tioned works in [8], [9], [14], [16], [18], [19], [22], [23] is
the implementation of their proposed frameworks in small
numerical examples, e.g., third-order model with five agents,
leaving the scalability of their frameworks unexplored. Hence,
it is an open question whether their proposed frameworks
can be solved or converge for more realistic MAS, which
are modeled by high-order dynamical systems with multiple
agents. Aside from this scalability question, the prior work and
well-established software such as MATLAB fall short of pro-
viding a publicly available toolkit for the control synthesis of
MAS from a differential game perspective. Built-in functions
in Python and MATLAB for traditional control synthesis such
as LQR and H,, are offered; however, packages for control
synthesis for MAS using differential games are limited. Filling
this gap would substantially facilitate the further investigation
and implementation of differential games in practical industry
and research settings.

[I. CONTRIBUTIONS

The major contributions of this work are the following:

1) We propose a novel SDP that synthesizes a set of linear
feedback control strategies using a Nash equilibrium for
a LTI networked MAS with restrictive communication.
As the proposed SDP uses a Nash equilibrium solution,
the resulting strategies aim to capture the self-interested
nature of the agents in NLQGs. Moreover, the resulting
strategies ensure the stability of the closed-loop system
and dissipativity when a disturbance is present in the
MAS. Compared to [16], [17], [21]-[23] which propose
iterative methods or do not explicitly solve the equations
for the synthesis of output feedback strategies in NLQGs,
we put forth a SDP which results more straight-forward
to solve using off-the-shelf solvers. This proposed SDP
can be also applied to a MAS with dynamically coupled
agents, a scenario not accommodated in previous works
[14], [15], [17]-[19].

2) We showcase the time-domain performance and cost-
effectiveness of the proposed control frameworks com-
pared with other control frameworks for MAS. Unlike
previous works [8], [9], [14], [16], [18], [19], [22], [23]
that implement their framework in small-scale cases, our
work tests the scalability of the proposed framework in a
more realistic setting. To this end, we design a distributed
control scheme for frequency regulation in a modified
IEEE 24-bus power grid. Subsequently, we implement the
designed control scheme in a high-fidelity model of the
power grid, which models the non-linear electromagnetic
transient (EMT) dynamics of the grid’s components.
Furthermore, we compare the controller with classical
decentralized frequency regulation strategies.

3) We provide an open-access toolbox of the proposed con-
trol framework. Practitioners and researchers can use this
toolkit to readily implement and benchmark the proposed
control framework.
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[1l. NOMENCLATURE

Let R and C denote the set of real and complex numbers,
respectively. The notation |C| indicates the cardinality of the
set C. The matrices 0,,,x,, and I, denote the zero matrix of
dimension m x n and the identity matrix of dimension n x n,
respectively. A scalar, a vector, and a matrix are denoted by
x, x and X, respectively. The construct B = diag(Ay, ..., A,)
returns the block diagonal matrix B by aligning the matrices
Ay, ..., A, along the diagonal of B. A norm is denoted by ||-]|.
Ly(a,p) represents the set of square integrable functions, i.e.,
fab |f(t)|?dt < co. The dependence on time is omitted when
it can be inferred from the context, e.g., x(¢) is equivalent to
X.

V. PROBLEM STATEMENT

Let the dynamics of a MAS be described by the following
LTI system:

)'(:Ax—i—ZBiui, (1)
ieC
yi = Cix + D;d;, )

where C = {1,...,|C|} represents the set of agents, x € R"
contains the states of the dynamics of the agents and couplings,
u; € R™ is the input of agent i € C, y; € RP¢ is the output
of agent ¢ € C, and d; € R™ is a disturbance to the output
of agent i € C. The LTI system in (1)-(2) has the following
characteristics:

(C1) the  matrix  pairs (4, [B Bje])  and
(A,diag(Ch,...,Cic|) are stabilizable and detectable,
respectively,

(C2) A is not necessarily a block diagonal matrix, thus the
dynamics of the agents can be coupled,

(C3) the entries of A can be different, then the agents and
couplings can have heterogeneous dynamics,

(C4) C; Vi € C is not necessarily equal to I, thus the agents
have partial access to the system state x, and

(C5) the disturbance has finite energy, i.e., d; € Lg[b(’i)’oo)
C.

Furthermore, each agent ¢ € C is endowed with a quadratic

cost function:

fi(XO; up, ..., ll‘c|) = / XTQiX —+ u?Riuidt, (3)
0

Vi €

where Q; = 0, R; > 0, and xq is the initial state for (1)-
(2). The objective is to determine the set of static matrices
F = {Fi,..., Fic|} where F; € R™*P: such that the output
feedback strategy u; = F;y; Vi € C satisfies the following:
(O1) it renders the closed-loop system stable, i.e., A(A +
ZiGC BiFiCi) eC_,
(02) it ensures dissipativity supply
d"Rd, where d = dH
R= diag(Rl, -~~~7R|C\)7 and
(03) it minimizes the difference between f; and fN*sh Vi €
C. The term f{ € Rx is the cost function of agent i €
C that results from using u; = F;y; in (3), and fiNaSh S
R is the cost function of agent ¢ € C that results from

with

function
&

-

&

and

using a Nash equilibrium strategy with complete state
information and no disturbance.

V. CONTROL SYNTHESIS

First, we present a brief review on how to determine a Nash
equilibrium solution in NLQGs [6], [7]. In these games, each
agent seeks to minimize its individual objective function in (3)
subject to the system dynamics in (1)-(2) where C; = I,, and
D; = 0p,xm; Vi € C. To find a Nash equilibrium solution, it
requires solving the Hamilton-Jacobi-Isaacs partial differential
equations, which in NLQGs, they reduce to solving the set of
CAREs for P;:

(4= > BjRJleJTPj)TPi +P (A~ > BR;'B/F))
JjeEC—; JjeC_;
— P,B;R;'B'P, + Q; = 0,5, Vi € C, @)

where the set C_; = {1,...,¢i — 1, + 1,...,|C|}. The set of
matrices P; = 0 Vi € C enables the determination of the
linear Nash seeking strategies:

Nash __
i =

u ~R7'B/ Px, ViecC. )

Using these Nash strategies, the cost function of an agent ¢ € C
is calculated as: fNah = x] P;xo. Note that ul¥®h Vi ¢
C uses complete state information of the MAS. Moreover,
ulash i € C has been determined without considering any
disturbance in the system. Therefore, in practice, in a real-
world MAS, it is idealistic to implement u}¥**® and to attain
the cost fN2sh i € C. However, the lemmas presented in this
work demonstrate that the set of matrices {Py, ..., Pc|} from
solving (4) can be used as input data to synthesize feedback
controllers that use partial information in MAS. First, we
present Lemma 1

Lemma 1: Let the dynamics of a MAS be described by (1)-
(2) with the characteristics (C1)-(C5) defined in Section 1V,
if a set of matrices F = {F1, ..., Fic|} satisfies:

Bl-T P; R; 0
DT,P, 0 R_;
then the set of matrices F satisfies (O1) and (O2), where for
all i € C:

T
« i =Qi=F; (Ejec,i BiR; "B P+ ¥ ;cc BijCj)
- (Zjec,i PiB;R7'B] +Y, ¢ OJTF]TBJT) P,
« Y;=PB; (F;D;R;' + R;'D/ F,") B/ P,
o B; = Bi(I,, + FiD;),
. D—i =
[_BlFlDl Bi—lFi—lDi—l Bi+1Fi+1Di+1 B\C|F|C\D|C\]
. R_i = diag(Rl, ceey Ri—l, Ri+17 ceey R‘c|), and
e P; is a solution to the CAREs (4).
Proof: As R; > 0, using Schur complement formula [24,
Theorem 1.10] in (6) results:

> 0 for at least one i € C, (6)

I, +Y; - P,B;R;'B/ P,

— Y P.B;F;D;R;'D]F/ B/ P -0, (7)
JjeC_;
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for at least one ¢ € C. Then replacing I';, T, B; in (7) with
their respective definitions, (7) becomes:

:
15T
o 3 mmn e Y
JjeEC_;

jec
15T T T T
—( > PiBjR;'Bj +> CjF; BJ-)P,»
JeC_; jec
1,7 AT T T
—P,B;R; 'B] P, - P;B;F;D;R; 'D] F; B[ P, =0, (8)
jec

for at least one ¢ € C. Furthermore, the set of CAREs in (4)
can be rewritten as:

Qi — P,BiR; ' B P - Pz-(

—1,T
Z B;R; ' B, Pj>

JjeC_;

.

( > BjRj‘lB]Pj> Pi=—(PA+A'PR). (9)
jeC_;

Using (9) in (8) results in:
— P(A+)_BjF;Cj) = (A+ > B;F,C;)P,
jec jec
—Y P.B;F;D;R;'D] F]'B;P; = 0
[ R e R it Pala )

Jj=1

(10)

for at least one ¢ € C. Next, we define the following matrices:

A=A+ BjF;Cj, (11)
jec

N=[BiF\D1 ... B FieDie|], (12)

R= diag(Rl,...,R‘c‘). (13)

Subsequently, using (11), (12), and (13) in (10) results in:

—PA.— AP, —PNRINTP, ~ 0, (14)

for at least one i € C, which implies P;A. + A;'—Pi < 0, as
R > 0 and P; > 0. By Lyapunov stability condition, A\(A.) €
C_, which proves that the set of matrices F satisfies (O1).
Note that (14) has to be satisfied for at least one agent ¢ € C
so that the Lyapunov stability condition holds for A..

Next, we prove that the set of matrices F satisfies (02). By
Schur complement, (14) can be recast as

PA.+AlP;, PN
NTP, _r| =0

for at least one 7 € C. By the definitions in (11), (12), and
(13), the closed-loop system of the MAS is represented by:

(16)

5)

x=Ax+ Nd

-
where d = j:le dﬁ;d . We define the storage function

Vi(x) = x' Pix. Taking the Lie derivative of V;(x), using
(13), and replacing x with (16) results

Vi(x) =x"Px+x' Px

[x]"[ATP, + PA. PN] [x
~ld N'PR  -R||d

a7)

] +d"Rd,VieC.
(18)

Passing the term d' Rd to the left-hand side in (18) and
using (15) results in Vj(x) < d" Rd. By the definition of
dissipativity [25], this inequality implies that the closed-loop
system in (16) is dissipative for the disturbance d with the
supply function W (d) = d" Rd. Hence, the set of matrices
F satisfies (02). [ |

Remark 1: If there is only one agent, i.e., C = {1}, the
NLQG reduces to a linear quadratic regulator (LQR) problem.
Note that (1)-(2) reduce to

x = Ax + Bu,
y = Cx + Dd.

19)
(20)

Moreover, the CAREs in (4) reduce to a standard ARE.
Replacing I'; with its definition for ¢ = 1, the LMI in (6)
reduces to:

[Q — PBFC-CTFTBTP+7Y PB

BTP r|™"

2D
where Q and R are the state cost and input cost matrices in
(3), respectively, and P is the solution to the ARE. In fact,
the work in [26] proposes (21) for the synthesis of output
feedback control in the LQR problem. It is worth mentioning
that the work in [26] has been served as initial motivation for
the development of Lemma 1.

However, the set of matrices F that results from Lemma 1
does not satisfy (O3). As we show in Remark 5, the solely
use of the LMI in (21) can result in a set of matrices JF that
yield unbounded values for the agents’ cost functions.

In Lemma 2 we provide additional constraints that prevent
this issue and enables the set of matrices F to ultimately
satisfy (O3). First, the following corollary is reviewed.

Corollary 1 (Exercise 3.13 in [24]): Consider the system
X = Ax + Bu where x € R", u € R,;,, and A\(4) € C_.
If u € L0, 00) then tli)m x(t) =0.

Lemma 2: Let w; = Fyy; Vi € C in (1)-(2) where the set
of matrices F = {F1,..., Fi¢|} satisfies Lemma 1, then

ff < fz‘NaSh + k1g¢2 + /f2hz2 + k3gih; + Z a;g; + bjhj,Vi ecC,
JjeC_;

(22)
where ff s fiNaSh are defined in (O3) in Section IV, k1, ko,
ks, lj, hj Vj € C_; are constants independent of F; and time,

1 1 1
g = ‘Ri *BTP, + R?F,C;|| . and h; = HRfFiDiH .
2 2
Proof: By Lemma 1, the set of matrices F renders
A (A.) € C_. By definition in (C5), d; € L%'[0,00). Hence,
using the fundamental theorem of calculus for the storage
function V;(x) = x' P;x and applying Corollary 1 to (16)
results in:

oo
/0 Vi(x)dt = tliglo XE';)Pix(t)—x[—)rPixo = —x(—']—Pixo,Vi eC.
(23)
Using u; = Fyy; Vi € C, (2), and (23) in (3) results in:
fl]: = XopiXO + / {‘/L(X) + XTQiX
0

+ (F;Cix + F;D;d;) " R (FiCix + FyDyd;) }dt, Vi € C.
(24)
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Replacing Vl(x) with (17), and using (4) and (16) in (24) Similarly, by the triangle inequality,
results in:
. .- S [ el g+ e, o (3
fi :xOP,;X0+/ X PZBlR; B; Pix jec_; 0
0
QB»TPix’ Iy + aslly + Ix]l,) dt. 34)
_ ; J j J J
+2XTP7;< > BjRj1BJTPj)x+xTCiTFl-TRiFiC¢x J; / ‘ ! 2 2 2
jecfi _1 1
+2x" ¢ ' R;F;D;d; + d/ D] F;' R,F;D;d; < > 4| R 7B} P +RQFC , i ||B Eibs| L viec,
JEC_;
(35)

T T
2xT<ZBijCj) Pix+2<ZBijDjdj> Pyx dt,Vi € C.

Jjec jec

(25)

_1 1
We define p; = R, °BPix and p;; = R; *B] Px,
1
note that p; = p;;. Moreover, q; = R?F;C;x and r; =
1
R? F;D;d;. Using these definitions in (25) results in:

f7 =xoPxo + / {p/Pi+2 > pipj+alai+2qr

JeC—i
+r/ri+2> qlpi;+2) r/pyldtviec.  (26)
jec jec
Using the property that fN*h = x/Pxy Vi € C,

grouping terms and using the triangle inequality and the
Cauchy—Schwarz inequality in (26) results in:

o0
F Nash 2
7= N +/ Ipi + i + 12 dt
0

+2/ S™ pii(p; +a; +15)| db,

jeC_;

27)

Nash 2 2
< fNas +/0 Ipi + aillZ + 2012 + 2 s + il el

2 3 [Tlpulla s + -+l devicc
jec_;

(28)

As MAc) € C_ and d; € Ly ) Vi€ C, [ |x[l, dt and
I ||x||2 dt are bounded above by a constant independent
of F; and time. Moreover, the induced matrix norm property
states that ||Ax|| < || A ||z||. Using these properties and the

definitions of p; and q; results in:

oo oo 1 1 2
/ ||pi+qi\|§dt:/ H(Ri ZBZTPZ-—i—RZ?F,Ci) xH2dt,
0 0

(29)
_1 2
<k |R; | viec
30)
Similarly, using the definition of r; results in:
o) oo 1 2 1 2
/ |[r|3 dt = / HR; F;D;d;|| dt <ko||R2F;D;|| ,ViecC
0 0 2 2
(3D
o) 1 T 1
| Ipi il il e < ko | B2 BT P+ R
0 2
1
HR12 F;D;|| ,VieC. (32)
2

where k1, k2, a;, b; are constants independent of F; and time.
Finally, using (30), (31), (32) and (33) in (28) results (22). ®

Remark 2: In the idealistic case, where there is perfect state
information (C; = I, Vi € C) and no disturbance (D; =
0p; xm; Vi € C), (27) reduces to:

F _ ,Nash “fllp-% 5T i ?
7 = ] +/ { R 2B/ Px+ RZF,Cix

2 ) (R

jecC_;

2

_1 1
2B Px) (R} 2B P+ R? F;Cx) } di,vi € C,

(36)

where the definitions of p;, q;, r;, and p;; have been used.
In (36), note that f{7 = fN&P when F;, = R;'B]P
Vi € C, which is indeed the standard Nash state-feedback
strategy presented in [4], [7], [8]. Hence, Lemma 2 indicates
that the quadratic cost function f; is equal to the quadratic
cost function ff for the idealistic setting, i.e., C; = I, and
D; = 0p,xm,; Vi €C.

Corollary 2 (Section 4.6.3 in [27]): Let  A(x) =
Ay + 1A + ... + x,A,, where A, € RP*? and
X = [:El xn] € R”™. The unconstrained problem
mxinHA(x)H2 is equivalent to the SDP: r}{lint subject to

t1 A(x)

[A(x)—r tl,

Lemma 3: We are given the parameters a, b, and ¢ € R,
and the matrices T';, Y;, P;, B;, D_; and R_; are as defined
in Lemma 1. If the optimal solution of the following SDP:

} > 0, where t € R.

min i+ bB; i 37
auBz 'Yu 'LZ Tac + ﬁ + C,y ( )
v iec i€C
subject to:
_Fl—i_ Tz P,LBZ Pini
B'Pi R 0 | =olym Viel,  (38)
i DLPl- 0 R_;
r _1 1
Bilm, R;*BIPi+ R} FiCi|
_(R §BTP +R FC’) Bil, N
VielC, (39
r 1
. 21.7).
Jilme  BEED gy iec, (40)
_(Rz‘z FiDi)T rinmi
returns «; > 0 for at least one i € C, then the resulting set of

matrices F for the output feedback control u; = F;y; Vi € C
in (1)-(2) satisfies (O1), (02), and (O3).
Proof: 1If a; > 0 for at least one ¢ € C, then the

set of matrices JF satisfies the LMI in (6) of Lemma 1.



PREPRINT MANUSCRIPT UNDER REVIEW

L > icc bBi subject to
> icc bgi, where g; is defined
in Lemma 2. Likewise, . gi\%ec > ice Ci sul')ject to (49)
L min > icc chi, where h; is defined in

Lemma 2. Therefore, the SDP in (37)-(40) is equivalent to

Using Corollary 2, note that

min

39) is equivalent to
(39) q Bi,F; VieC

is equivalent to

! S ‘ i 41
ai,/ri?g:,pi Z ao; + bgz + Ch“ (41)
v iec 1€C

subject to (38). By Lemma 2, note that the previous optimiza-
tion problem minimizes the upper-bound of f — fNash v
1 € C. Therefore, the set of matrices F that solves the SDP
(37)-(40) satisfies O1, 02, O3. [ |

Remark 3: If the solution to the SDP in (37)-(40) returns
a; < 0V i€ C, it does not necessarily imply that the resulting
set of matrices F should be discarded. The reason is that the
left-hand (LHS) side of (38) can be still positive definitive.
Thus, we suggest checking post-solution if this is case. If the
LHS of (38) is still positive definite, then the set of matrices
F that results from solving the SDP satisfies (O1), (02), and
(03).

Remark 4: The constraint (38) implies that R — oI, >=
0V i € C, where R = diag(Ry, ..., Rjc)). Therefore,
min > icc —acq;, where a € Ry, is bounded below.

By Corollary 2, #; > 0 and v, > 0 V ¢ € C, then

5 IniVI/I_ c > icc bBi + c¢v; are bounded below. Therefore the
i,Yi VIE€
objective function (37) is bounded below.

Remark 5: The absence of constraints (39) and (40) in the
SDP (37)-(40) can result in a set of matrices JF that yields
an unbounded cost function ff Vi € C. To demonstrate this,
consider the SDP omitting constraints (39) and (40):

glan —aaqy, 42)
v iec i€C
subject to:
B! P, R; 0 =a;lprm VielC. (43)
DT, P, 0 R_,;

Let the dynamics of a single agent system be given by (19)-
(20). By Schur complement and Woodbury matrix identity
(Ry —al,) ' =R '+ R YR - al,)"! and considering
D =0, (38) becomes:

—(A+BFC)"P - P(A+ BFC) =

al, + PBR™YR—al)"'BTP. (44)

For the scalar case when A = B =C =Q = R =1, as
R —a > 0 by (43), (42) is minimized when « = R = 1.
Moreover, the solution to the ARE is P = 2.41. Replacing
A,B,C, R, P,a in (44) with their respective values, (44)
results in:

—2(2.41)(1 4 F) > 1. (45)

Note that the value of F' can be infinitely negative to satisfy
(45). Replacing F' with an infinitely negative value in (3) yields
an unbounded cost function value. Therefore, constraints (39)

and (40) that result from Lemma 2 enable to produce a
bounded cost function f7 Vi € C.

Remark 6: Constraints (39) and (40) do not only enable
to produce bounded cost function f; Vi € C as we demon-
strated in Remark 5. Indeed, they serve to approximate f7 to
fNash i € C. Moreover, note that the role of constraint (40)
is to attenuate the impact of the disturbance d; Vi € C on the
system.

VI. IMPLEMENTATION AND CASE STUDIES
A. Introduction to an open-source toolbox

We have created CMAS, a toolbox for the Control of Multi-
agent Systems. CMAS is available in Python and in MATLAB.
Both packages implement the framework of this article and
other novel frameworks we are continuously developing for
the control of MAS [28].

Despite the wide range of control packages offered in
Python and MATLAB, to the best of our knowledge, there
is no package for the control of MAS. CMAS aims to fill
this gap by offering a comprehensive suite of functions and
examples for the control of MAS integrating a game-theoretic
perspective. CMAS is publicly available in the GitHub repos-
itory [29]. As follows, we provide a succinct overview of the
essential functions in CMAS that are associated to this work:

1) mas_output_feedback: It solves the SDP of Lemma
3. In Python, we use CVXPY [30], [31], whereas in
MATLAB, we use YALMIP [32]. As input data, the
function reads the matrices A, B;, C;, D; Vi € C from
(D-2), Q;, R; Vi € C from (3), the set of matrices
P, Vi € C that solves the CAREs in (4), and the
parameters a, b and ¢ from (37). The function returns the
set of matrices F; Vi € C.

2) newton_raphson_cares: It returns the set of ma-
trices P; Vi € C that solves the CAREs in (4). To
this end, we propose solving a SDP iteratively that
incorporates linear matrix equations. These matrix equa-
tions are derived from applying the Newton-Raphson
method to the CAREs in (4). These matrix equations
are presented in algorithm 7 in [9]. As input data, the
function reads the matrices A, B;, @;, R;, Vi € C.
When these matrices are highly ill-conditioned or badly
scaled, the solver for the SDP can experience numerical
issues. As an alternative to this function, we present
lyapunov_iteration_cares.

3) lyapunov_iteration_cares: It returns the set of
matrices P; Vi € C that solves the CAREs (4). To
this end, it implements the algorithm 5 presented in
[9]. This algorithm solves standard AREs iteratively. We
use functions in Python and MATLAB that balance and
re-scale the input matrices to prevent numerical issues.
However, a limitation of this algorithm is that it requires
that each pair (A, B;) Vi € C to be stabilizable [33]. This
limitation is not present in newton_raphson_cares.

It should be noticed that neither newton_raphson_cares
outperforms the lyapunov_iteration_cares nor vice
versa as each function has its own benefits and limita-
tions. Moreover, note that first newton_raphson_cares
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or lyapunov_iteration_cares should be executed, then
the resulting set of matrices P; Vi € C should be inputted
to mas_output_feedback. In the repository, each function
incorporates a detail description of its inputs and outputs.
CMAS offers more functions, besides the three detailed earlier.

In Section VI-B, the proposed control framework is com-
pared with other frameworks for MAS control. Through the
comparison in numerical cases, we can validate and showcase
the virtues of the proposed control framework. In Section VI-
C, using the proposed framework we design a control scheme
to regulate the electrical frequency in a power grid. Through
this case study, we showcase the scalability of the control
framework in a high-order and realistic networked system.
All case studies are also available in the repository [29]. All
numerical results shown in this article are generated using
CMAS in MATLAB. These results are virtually the same as
using CMAS in Python.

B. Validation and comparison with other frameworks

The framework in [26] proposes the synthesis of an output
feedback control scheme for the LQR problem. This corre-
sponds to a MAS with one agent. We compare our proposed
framework against the framework in [26] for the case in
[26, Example 4.1]. Table I illustrates that the values of Fj
and f{ that result from using mas_output_feedback are
very close to those that result from using [26], differing
only in up to —0.0014%. However, note that, in contrast to
mas_output_feedback, the framework in [26] does not
incorporate the constrains (39) and (40). The absence of these
constraints can yield unbounded cost values in some cases as
it is illustrated in Remark 5.

The work in [18] proposes the synthesis of distributed
controllers by solving sequential AREs for a MAS with hetero-
geneous agents. The mentioned work considers the following
case study. Suppose a set of agents C = {1, 2, 3,4} that moves
in the plane R? with restrictive communication, where each
agent has single-integrator dynamics as follows:

%; = Byu; + »_ Byju, (46)
JEN;
T
i = [le ijwl_& : (47)
where z; € R? represents the position of agent i € C on
the plane, B;; = I, B;j = —Ip, and N7 = {1}, Ny =

{1,2}, N5 = {2,3}, and N3 = {2,4}. The objective is
to design a control scheme that steers the position of the
agents to satisfy a desired formation on the plane. To this
end, first, we synthesize the set of matrices F; Vi € C
using the control framework proposed in [18]. Second, we
re-formulate (46)-(47) in the form (19)-(20) and synthesize
F; Vi € C using mas_output_feedback. Table I shows
that mas_output_feedback returns exactly the same set of
matrices F; Vi € C, and consequently, the same cost function
values ff Vi € C that the framework in [18] returns. Hence,
the control framework that we propose has been validated with
the work in [18]. However, in contrast to our proposed control
framework, the framework in [18] is restricted to MAS with

TABLE |
COMPARISON OF RESULTING SET OF MATRICES F AND COST
FUNCTION VALUES ff FOR DIFFERENT CASE STUDIES USING THE
PROPOSED CONTROL FRAMEWORK AND OTHER FRAMEWORKS.

[26, Example 4.1] [18, Section VI] [22, Section V-A]

[26] Proposed [19] Proposed [22] Proposed
r—0.897 " —0.997 "
T T —1.32 —1.64
Fy {&.9902} [8648995} —0.115 —0.115 —0.50 0.63
: : 0.63 0.60
1 0.18 | | 0.13 |
2112 21.09 0.14 0.14 1.65 1.83
r—0.897 ' [—0.987 "
—0.451) " [~0.451,] T | 132 (169
F2oo- © |-0.08L| |—0.08I 0-50 066
Les2 k2 0.63 0.62
| 018 | | 0.14 |
- - 2.66 2.66 1.22 1.34
0507 r0337"
0.61 0.37
. - | 050 0.28
P —0.451 —0.451 0.61 0.17
3 ) ) —0.221 —0.221 —1.32 —0.96
—1.70 —1.84
0.16 0.10
Lo.161 Lo.10
Vi - - 3.11 3.11 1.81 1.74
ro6377 roerq’
—045L,] " [~0.451,] " | 930 0-25
Fao - . —0.221 —0.221 0-61 0.64
stz stz 0.28 0.26
|—1.34] |—1.36]
Vv - - 3.11 3.11 0.64 0.61
ro6377 roe2q"’
0.30 0.22
Fy - - - - 0.61 0.64
0.28 0.26
|—1.34] |—1.36]
Vi - - - - 0.47 0.46

dynamically uncoupled agents. The previous case is indeed an
example of this type of MAS because the differential equation
(46) for each agent i does not have the state x; of other agents
j # 4 on its right-hand side.

Finally, the proposed control framework is compared with
the framework in [22]. As it is described in Section I, the
mentioned work develops an iterative algorithm with LMIs to
synthesize distributed control for MAS. The case study in [22,
Section V-A] considers a similar formation control problem as
[18] does, but the MAS has five agents and double-integrator
dynamics. The system states are the position p; € R for
agents for ¢ = {1,...,5} and the velocity v; € R for agents
i = {1,2,3}. Table I shows that mas_output_feedback
returns cost function values that differ in up to 11% with
respect to the framework in [22] for this case study. This is
probably because [22] considers an alternative definition to
Nash equilibrium. Moreover, the four top panels in Figure
1 illustrate that the settling time across all the states is
approximately 5 seconds using the proposed control, while
it is 10 seconds using the control in [22]. The four top panels
in Figure 1 also describe that the overshoot is on average
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up to 10% greater using the control in [22] than using the
proposed control. These panels also display that the proposed
control attains less oscillating response across all states. This is
because the proposed control places the dominant eigenvalue
on the real axis as the bottom panel of Figure 1 shows, thus
providing more damping to the system than the control in [22].

0.30

pi
—0.15

—0.30

—0.45

pi
—0.15
~0.30 s ' . s
0 5 10 15 0 5 10 15
Time [s]
x T x T ]
05 F o o 3
- o x ]
< o00f x X o =
E o x ]
—05F o x o. . .o Cox
1.5 —-1.0 0.5 0.0
Re(1)
PLoP2 p3 pa ps v V2 vio A
Proposed — — _— — 0
2] -- -- -- - X
Fig. 1. Comparison of time-domain performance of the states p; € R

(position) and v; € R (velocity) and eigenvalues A that result from using
the proposed framework and the framework in [22] for the case study in
[22, Section V-A].

C. Distributed frequency regulation in a power grid

Using the proposed control framework, this case designs
a distributed frequency regulation strategy for a modified
version of the IEEE 24-bus power grid. As Figure 2 shows,
this 230-kV system incorporates 11 grid-forming inverters
(GFMIs) that have virtual inertia [34], 5 grid-following invert-
ers (GFLIs) that have phase locked loop [35], 34 transmission
lines and 24 buses. First, we formulate a NLQG for the
frequency regulation of the grid. To this end, GFMIs and
GFLIs are considered selfish agents that seek to minimize their
cost functions subject to the system dynamics. These system
dynamics are represented by a multi-nodal frequency dynamics
model, which includes the swing equation to represent GFMIs,
power flow equations for the transmission lines, and equations
for power dynamics of GFLIs. Refer to [13] for a detailed
explanation on the construction of this NLQG. Next, Kron
reduction is applied to eliminate the algebraic equations in the
multi-nodal frequency dynamics model. Finally, the resulting

Fig. 2. Modified IEEE 24-bus power system. GFMIs and GFLIs can
share state information only within their zone.

state-space model has 40 states, including electrical frequency
of GFMIs, voltage angles of buses connected to a GFMI,
and states of the GFLIs, and 29 inputs, including loads and
power references of GFMIs and GFLIs. Aside from the higher
complexity of this model, this case study substantially differs
from the case studies of Section VI-B in the presence of
heterogeneous agents (GFMIs and GFLIs) and dynamical
couplings (transmission lines) between the agents.

Next, matrices A and B;, Q; and R; Vi € C are inputted
into lyapunov_iteration_cares to compute the Nash
equilibrium solution. In a Mac Studio, Apple M2 Ultra, 128
GB, lyapunov_iteration._cares is set to 60 iterations
and takes approximately 10 seconds to finish with an error
of 10~%. The function newton_raphson_cares can also
be used instead of lyapunov_iteration_cares. This
function is set to 3 iterations and takes 211 seconds to finish
with an error of 1074,

The resulting matrices P; Vi € C are then inputted to
mas_output_feedback. As input data to this function, the
matrix C; for agent ¢ € C is chosen such that agent ¢, GFMI or
GFLI, has access to the state information, including electrical
frequency and state of the power dynamics of GFLIs, only
within its corresponding zone. Moreover, agents cannot access
voltage angles of the buses in any circumstance. The execution
of the function mas_output_feedback takes 0.6 seconds
to complete.

The resulting set of static matrices F constitutes the dis-
tributed frequency regulation control scheme for the grid.
As explained before, agents exclusively use some states of
their neighbors, without needing the full system’s state. We
implement and run this control scheme in a high-fidelity
model of the grid that we developed in Simulink. This high-
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fidelity model is nonlinear and has 261 states that describe
the EMT dynamics of the GFMIs, GFLIs and the network.
Hence, this model intends to provide a realistic representation
of the dynamics of voltage, frequency, and control schemes
that integrate the components of the grid. Refer to STING
[36] for a more detail explanation of the control schemes of
the GFMIs and GFLIs in this high-fidelity model.

60.06 T T T T T T
60.04
60.02

60.00

Time [s]

— Proposed K, =40 K; =120 = K; =400

Fig. 3. Comparison of time-domain performance of frequency (Hz)
regulation that results from using the proposed control framework and
three decentralized integral action strategies for the grid in Figure 2.
In each panel, the frequency for each control strategy is the frequency
center of inertia (COI) of the zone.

To contrast the proposed control framework, we implement
three different frequency regulation strategies in the grid.
These strategies consist of an integral action with gain K; € R
that is incorporated in the active power control loop of a
GFMI in each zone. In this manner, these strategies intend
to model a decentralized secondary frequency regulation in
the grid. Figure 3 shows that the frequency deviation is on
average up to 41% less when using the proposed control
as opposed to using the decentralized strategies. Figure 3
also displays that the proposed control is able to set the
frequency to its nominal value in approximately 1 second,
which is two times faster than the other strategies. Aside from
this performance comparison, note that the proposed control
enables the participation of GFLIs and GFMIs from a game-
theoretic perspective in a frequency regulation setting.

VIlI. CONCLUSION

We introduced a novel SDP that synthesizes a set of static
matrices, which are used as output feedback gains for agents
in MAS. The LMI constraints in the SDP have been derived
such that the resulting control enables the stabilization and
dissipativity of the MAS. The resulting control also seeks

to approximates the agents’ objective function values to the
objective function values from a Nash equilibrium. The control
framework has been implemented in CMAS, an open-source
toolbox in Python and MATLAB for the control of MAS.

Although the computation of the solution for the SDP
problem is centralized, the case studies illustrate that the
implementation of the control is distributed, as each agent’s
control strategy requires partial and local state information.
Moreover, the SDP is model-based as it requires the state-
space model of the MAS. Hence, it may be appealing to re-
formulate the SDP in a data-driven fashion. Another appealing
research direction is the extension of the proposed framework
to switched affine linear systems.
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