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ABSTRACT OF THE DISSERTATION 
 

A Coupled Electro-Chemical-Mechanical Multi-Scale Computational 

Framework for Simulation of Skeletal Muscles 

 

by 

 

Yantao Zhang 

Doctor of Philosophy in Structural Engineering 

University of California, San Diego, 2015 

Professor Jiun-Shyan Chen, Chair 

 

 This work focuses on electro-chemical-mechanical multi-scale simulation of the 

excitation-contraction of skeletal muscle, including electro-chemical excitation process in 

the neural system which activates the contraction of muscle fibers, the combined effects of 

active fiber contraction and passive extracellular matrix (ECM) mechanical deformation, 

and their resulting force generation in the muscle components. In the neural systems, the 

Fitzhugh-Nagumo (FHN) equation is solved to simulate the propagation of neural signals 

(action potential) in neural trees and muscle fibers using multi-dimensional FHN discreti-



xix 
 

zations. The calculated neural signal is consequently used as the input for the calcium 

dynamics model, which describes the chemical processes in the muscle fibers. Based on 

the calculated calcium concentration, the activation distribution in the muscle tissue is then 

obtained, which determines the active force muscle fiber can generate voluntarily. To study 

the mechanics associated with the composition of muscle fibers and ECM, the 

microstructure of skeletal muscle is reconstructed from images, from which the 

homogenized material property in the continuum level is calculated. By varying the 

microstructure model, their morphological effect on the muscle performance is studied and 

compared with experimental observation. 

Computationally, the physiological models in excitation dynamics are solved by 

finite difference methods, and their accuracy, efficiency and stability conditions are studied 

respectively. For the cellular and component scale models, the 3-dimensional reproducing 

kernel particle method (RKPM) together with stabilized conforming nodal integration are 

employed. The simulation models are constructed based on medical images, where the 

pixel points are directly used as meshfree nodes. This computational model has been used 

to investigate the source of reduced force generation associated with ageing or diseases 

within muscles due to the malfunctioning in the subscale units. Through the proposed 

computational models, this research demonstrates how the stiffened connective tissue 

reduces force generation and how the frequency of neural stimulation affects force 

generation in the skeletal muscle.
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Chapter 1 Introduction 

1.1 Background and motivation 

 The human musculoskeletal system consists of about 640 pieces of skeletal muscle. 

They play a very important role in people’s daily life. However, the performance or 

functioning of skeletal muscle suffers from ageing and various diseases. For example, the 

force generation capability of skeletal muscle generally decreases with ageing [1]. Some 

diseases also alternates the morphology of skeletal muscle such that the normal function of 

skeletal muscle is seriously compromised [2]. It’s desirable to understand the biological 

causes of the morphology change as well as the mechanism of how the morphological 

change can affect force generation. Thus a computational framework for simulation of 

skeletal muscle considering the underlying microstructure and physiology is necessary to 

help identifying the reasons of the previously mentioned pathological process.  

Research in skeletal muscle modeling has received increasing attention due to the 

complexity of its material composition and the associated mechanical behavior. This can 

be understood from Figure 1-1 and Figure 1-2, which show muscle composition from 

component scale, to cellular scale (microstructure of muscle fiber and ECM) and finally to 

sub-cellular scale (sarcomeres). Although all muscles can generate force, they are highly 

adapted to their functional tasks. For example, there are 'fast contracting' and 'slow 

contracting' muscle fibers [3], which are suitable for different kinds of behaviors as is 

denoted by their names. The different length scales of the muscle structure are given in 

Table 1-1. 
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 In the component scale, a whole piece of muscle is composed of muscle fibers, 

connective tissues, fat saturation and is connected to bone through tendon. Hodgson et al. 

[4] carried out detailed study of the macroscopic structure of skeletal muscle, which shows 

that the soleus aponeurosis exhibits very complex structure (see Figure 1-3). Soleus muscle 

is divided into several compartments by the aponeurosis, and the pennation angle of muscle 

fiber varies in different compartments. This complex muscle structure influences the 

behavior of muscle significantly. Finni et.al [5] shows that the distribution of velocities 

exhibits strong correlation to the structure of muscle.  

 In the cellular scale or the so called representative volume element (RVE) scale, 

the microstructure of skeletal muscle is revealed. Each piece of muscle is surrounded by a 

connective tissue sheath called epimysium. Some part of the epimysium protrudes into the 

muscle to divide muscle into different compartments. Each muscle compartment consists 

of bundles of muscle fibers, which are called fascicles and they are surrounded by a layer 

of connective tissue named perimysium. Within the fascicle, there’re multiple muscle 

fibers and each fiber is surrounded by connective tissue called endomysium. The 

endomysium and muscle fibers are strictly bonded so that the deformation generated by 

fiber contraction can be transmitted to the surrounding endomysium through shear [6, 7]. 

If the skeletal muscle is viewed in fascicle level or fiber level, a honeycomb-like structure 

is observed [8] (see Figure 1-1 (b)), which is closely related with the mechanical property 

of skeletal muscle in component scale.  
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Table 1-1 Hierarchy of muscle organization [9] 
Structure Size 

whole skeletal muscles cm 
muscle fascicles mm 

muscle fibers μm×100 
myofibrils μm 

myofilaments nm 
 

    

(a)                                                              (b) 

Figure 1-1 (a) Macroscopic structure of skeletal muscle 
(http://training.seer.cancer.gov) and (b) the honeycomb-like structure of endomysium in 

fiber level [8] 
 

 
Figure 1-2 Microscopic structure of each muscle fiber (http://www.teachpe.com) 
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Figure 1-3 Macroscopic structure of human soleus muscle [10]. "AS" means anterior 
compartment and "PS" means posterior compartment. The ‘AS’ and ‘PS’ are separated 

by a thin sheet of aponeurosis. 
 

 In sub-cellular scale, the active part of each muscle fiber consists of many 

myofibrils, which are further composed of sarcomeres, i.e. the functional units for 

generating force. It can be seen from Figure 1-2 that sarcomeres are composed of 

contractile filaments named myofilaments. Two major types of myofilaments are myosin 

and actin, which are connected by the so called 'cross-bridge'. Triggered by the electrical 

signals from the nervous system (excitation dynamics), the calcium dynamics in the 

intracellular space of muscle cells is activated, and the increased calcium concentration 

will facilitate the formation of cross bridges. The cross bridges will absorb chemical energy 

from the surrounding environment and generate relative movement between actin and 

myosin (contraction dynamics). Consequently force is generated (Figure 1-4) and the unit 

that provides this function is called 'sliding filament'.  
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 The sliding filament theory is widely accepted and many mathematical models have 

been proposed to describe its behavior, such as Huxley's two-state model [11] and various 

extended versions of the model. However more complete models are yet to be discovered 

to explain the newly founded behaviors and structures of muscle fibers, e.g. it has been 

observed that a big protein called titin connecting the myosin filament and z-discs may 

play an important role in its passive behavior. 

 

 
Figure 1-4 Structure of sarcomere (http://www.sarcomere.org) 

 

 As is mentioned previously, the contraction of muscle fibers are governed by the 

excitation of neural signals, i.e. the action potential. In fact, there’re millions of muscle 

fibers in each human muscle component, and they’re not excited simultaneously. Research 

shows that certain muscle fibers are grouped into motor units [12], and each motor unit is 

excited by the neural signals simultaneously. The non-uniform distribution of neural 

system also plays a vital role in determining which part of muscle is excited to generate 

contraction force.  To realistically model the muscle behavior, this part also needs to be 

considered.  

 As is shown previously, skeletal muscle can be mechanically described as a 

composite of the active muscle fibers and the passive connective tissue [13] in the RVE 
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scale. In many studies, the passive phase, which is mainly connective tissue or extracellular 

matrix (ECM), is expressed as incompressible hyperelastic rubberlike material in 

continuum mechanics. Experimental measurements on active muscle fibers have been 

conducted and showed that the total force under static contraction can be regarded as a 

superposition of active force and passive force, as is shown in Figure 1-5(a). In some 

research works, these experimental results are scaled up and introduced into a transversely 

isotropic hyperelastic model [14, 15, 16]  for component scale simulation. 

  

(a)                                                         (b) 

Figure 1-5 (a) Force length relationship of muscle fiber under static contraction and 
(b) Force-velocity curve of muscle fiber under isotonic contraction [3]. 

  

 The dissertation is motivated by the fact that many diseases and the ageing process 

affect the force generation capability of the muscle system. The reasons behind the diseases 

and the ageing process lie in the morphological changes in the cellular scale or the 

pathological process in the neural physiology. A multi-scale model considering these 

factors would be helpful in identifying the reasons.  



7 
 

 

1.2 Objectives and Scope 

 This research focuses on the development of a coupled electro-chemical-

mechanical multi-scale computational framework for modeling skeletal muscle with the 

consideration of electro-chemical processes leading to muscle fiber contraction, the 

combined active (fiber activation) and passive deformation in the extracellular matrix 

(ECM), and their contribution to the contractile behaviors of skeletal muscle components. 

The main objectives of this research are summarized as the following, 

1. Development of sub-cellular models including Huxley’s cross-bridge model for 

chemical effect and electro-physiological model for neural electro signal propagation 

 The Huxley’s model will be solved to obtain the force-velocity curve of muscle 

fibers, while the Fitzhugh-Nagumo equation will be employed to model the propagation of 

neural signal along neural and muscle fibers. In this work, finite difference method in 

conjunction with characteristic line method is proposed to solve Huxley’s two-state 

equations, and finite difference method and reproducing kernel particle method are to be 

considered to solve the Fitzhugh-Nagumo equation. The effectiveness of the employed 

numerical methods will be verified. 

2. Development of cellular fiber-ECM model for analyzing combined active and 

passive deformation in skeletal muscle RVE 

 The deformation of ECM and muscle fiber contraction are modeled based on 

RKPM, where pixels from MRI (magnetic resonance imaging) images are used as 

discretized nodes, and fiber orientations from DTI (diffusion tensor imaging) data and 

material property defined at the pixel points are employed directly in the RKPM 
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discretization. The construction of approximation spaces for stable and locking free 

solution in dealing with incompressible hyperelastic materials is also to be investigated. 

3. Study of non-uniform contraction and rate coding effect using multi-scale model 

through the activation dynamics 

 In the prior work of skeletal muscle modeling, the fibers are assumed to be of the 

same type and activated simultaneously, while in practice fibers are distributed non-

uniformly across the muscle and activated asynchronously by nerves. The proposed multi-

scale model takes into account the excitation dynamics (electrical) and will be used to study 

the non-uniform muscle contraction and rate coding effect. Issues associated with bridging 

the state variables between the models in excitation dynamics and the material models in 

continuum or cellular scales are to be investigated. 

4. Investigation into ECM model to identify the factors that affect force generation 

 Due to the difficulties of performing experiments on the microstructure of live 

skeletal muscle tissue, the function of ECM in force generation and transmission during 

ageing and diseases hasn’t been fully understood. The  proposed multi-scale model together 

with  homogenization technique  to analyze the ECM microstructure of skeletal muscle are 

to be employed to investigate the cellular scale factors that affect force generation with 

ageing. 

 The dissertation is organized as the following. Chapter 2 gives a brief literature 

review of the constitutive models of skeletal muscle, the earlier work of muscle modeling 

and physiological modeling, and the recent development of meshfree methods and the 

associated numerical algorithms to impose incompressibility. In chapter 3, details of the 

mathematical models of multiple physics at different scales in muscle modeling are given, 
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including the excitation dynamics of electric signal propagating along muscle fibers and 

nerves, contraction dynamics driven by calcium kinetics, and hyperelastic material model 

at ECM level. The numerical procedures for the subscale models are discussed in chapter 

4, and their accuracy and stability are verified. In chapter 5, a 3D reproducing kernel 

particle method (RKPM) with SCNI for domain integration for transversely isotropic 

hyperelastic modeling muscle component is presented. In chapter 6, the RVE model of 

skeletal muscle is constructed to model the combined effects of active muscle contractile 

behavior and passive ECM material properties on force reduction with ageing. In chapter 

7, a continuum scale model is constructed from a stack of MRI images. The accuracy of 

image based modeling is studied through convergence analysis and comparison with FEM 

results. In chapter 8, multiple skeletal muscle models under the excitation dynamics are 

integrated with the proposed component model and the effect of rate coding on force 

generation is demonstrated. Conclusions and suggestions for future study are finally given 

in chapter 9. 
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Chapter 2 Literature review 

2.1 Muscle models 

 Corresponding to the multi-level architecture of skeletal muscle, there exists 

various types of modeling methods. On the topmost level, different muscle components are 

coordinated to generate desired locomotion.  A commonly used structural model is to treat 

the muscles as line segments connecting bones joints to study the coordination between 

different pieces of muscles and how the force is transmitted to bone to generate human 

locomotion [17]. This type of modeling has been widely applied in sports science and 

animation industry.  

 The second type of modeling focuses on the mechanical behavior of certain pieces 

of muscle or the microstructure of skeletal muscle and thus considers detailed models based 

on continuum mechanics and multi-scale modeling [16, 18, 15, 19].This type of modeling 

is capable of providing details of muscle deformation, force generation and  is often used 

to identify model parameters , deformation pattern [15, 14], force transmission [20, 21] and 

muscle physiology. Continuum mechanics are used to describe the mechanical behavior of 

the micro-structure (RVE scale) of skeletal muscle, and the homogenized muscle tissue 

properties in macroscopic scale. Bahar and Blemker [22] explored the material property of 

skeletal muscle tissue in fascicle and fiber level and obtained anisotropic properties from 

the micro-structure. Bahar et al. [23] also studied the deformation pattern at the 

myotendinous junction using a micro-mechanical model, and investigated the efficiency of 

lateral force transmission between muscle fiber and surrounding endomysium [21]. Zhang 
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and Gao also used a micro-mechanical model [24] to study the lateral force transmission 

in fiber level. 

 Researchers also tried to propose fiber level models to explain the mechanical 

behavior of skeletal muscle fibers. The force-stretch curve of muscle fibers can be well 

explained by the sliding filament or cross-bridge mechanisms, i.e. the bonded cross bridges 

between actin and myosin that rotate to generate deformation [25, 26]. It has been shown 

that the shape of the active force as a function of stretch ratio is consistent with the amount 

of overlap between the two filaments (actin and myosin), when the fiber length is in the 

plateau and descending region. When its length is in the ascending region, it’s believed that 

the active fiber force is offset by the serial elastic components. This explains the 

mechanism behind the curve of the active force versus muscle fiber length [27].To explain 

the force-velocity curve, Huxley [28] proposed a probability function for the distribution 

of bonding length of the cross bridges. The model describes the active force-velocity 

behavior when muscle fiber shortens.  

 The muscle fibers contract according to the ‘order’ delivered through the neural 

system to the fibers. This area of research is called ‘excitation dynamics’ [3]. Muscle fiber 

shortening is the result of a series of processes, including the propagation of neural signal 

along neural system, transmit of signal into muscle fibers through neuromuscular 

conjunction point and a series of chemical reactions inside the muscle cells. 
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2.2 Muscle fiber contraction dynamics  

 Inspired by the micro-structure of muscle fibers (Figure 1-2), A.V. Hill [29] first 

introduced the two-element model (Figure 2-1), which was extended to three-element 

model (Figure 2-2) to describe the contraction dynamics of muscle fibers. The model 

proposed by Hill (Figure 2-1) represents the actual micro-structure of muscle fibers. The 

passive element (PE) represents the sarcolemma or cell membrane, i.e. the passive structure 

surrounding the sarcomeres. The serial elastic element (SE) may result from the large 

protein that connects the sarcomeres and the endo-plate (z-disk), i.e. the titin [30], see 

Figure 1-4. In the three-element model, as is illustrated in Figure 2-2, muscle is modeled 

as a series of elastic element (SEE), active force generating contractile element (CE) and a 

passive element (PE) in parallel. Due to the simplicity, this model is widely used in the 

simplified type of modeling previously mentioned.  

 Based on Hill’s model on muscle fibers, Zajac [3] proposed the lumped parameter 

model to represent a whole piece of muscle using line segments. In this model, the 

pennation angle  is introduced and it’s assumed that all fibers were parallel to each other 

having the same length and oriented at the same pennation angle   to the tendon axis 

(Figure 2-3) and the tendon can only move along its axis. Due to these simplifications, the 

force output at fiber level could be scaled to continuum level, termed upscaling and thus 

this model can be used to simulate the whole pieces of muscle in higher scales.  
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Figure 2-1 Classical two-element model, adapted from [31] 
 

 

Figure 2-2 Extended Hill type model, adapted from [3], M CE PEF F F  , where MF  
is total force, CEF  is active force and PEF  is passive force 

 

 

Figure 2-3 Lumped parameter muscle model, adapted from [3] 
 

 In the fiber level, two important curves are measured to characterize the mechanical 

response of muscle fibers, i.e. the force-stretch curve and the force-velocity curve (see 

Figure 1-5). The force-stretch curve is measured under isometric contraction, i.e. the 

muscle fiber is stretched to certain fixed length and then is fully activated to measure the 

force generation [26, 3, 27]. In contrary, the force-velocity curve is measured under 
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isotonic condition [3, 11], where the muscle fiber is stretched under constant traction and 

the shortening/lengthening velocity is measured.  

 To explain the mechanisms behind these curves, multiple theories have been 

proposed, a major one of which is Huxley’s cross-bridge model. The mechanical behavior 

of muscle is related to the chemical process of calcium kinetics by considering the 

microstructure of myofibrils. Huxley [28] first introduced 2-state cross bridge model, in 

which a distribution function ( )n  of bond length of the cross bridges was defined and a 

kinetic equation of this distribution function was proposed. However, in this model, some 

parameters are difficult to measure, for example the bonding and unbonding rate function. 

In order to get a solution to Huxley's 2-state model, Zahalak [31] proposed an equivalent 

distribution moment model to transform the original partial differential equation into a set 

of ordinary differential equations by introducing the moments of ( )n  . An activation 

factor as a function of calcium concentration [32], is also introduced into the model to 

provide an interface to link with the activation dynamics. The stress and the stiffness of 

muscle fiber [31] determined by the distribution function can also be linked with the 

component scale. A few works talked about how these scales can be combined together 

[19]. This type of multiscale modeling was implemented into finite element framework by 

Gielen et al. [33, 19]. Later Huxley’s 2-state model was extended to 3-state model [11]. 

Razumova et al. [34] proposed a simplified 3-state model, where the fiber force is the 

product of the stiffness of all parallel cross bridges and their average distortion. Rohrle et 

al. [35, 36, 37] linked Razumova’s 3-state model into continuum level (hyperelastic) and 

built a multiscale constitutive model, in which a weak coupling between the sub-cellular 

scale and component scale was proposed.  
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2.3  Excitation dynamics 

The muscle fibers are driven by the electrical signals from neural system. The 

neural signal travels along the neural fibers and muscle fibers in the form of action potential, 

i.e. the voltage difference between the outside and inside of fiber cells. When the neural 

signal arrives at specific muscle fibers, the calcium dynamics inside the muscle fiber is 

triggered. As the calcium concentration is an indicator of the activation level, the fiber 

contraction starts.  

In skeletal muscle even neighboring muscle fibers may belong to different motor 

units and thus are electrically isolated. A motor unit is defined to be a nerve axon and the 

set of muscle fibers innervated by this axon, shown in Figure 2-4.  The central nervous 

system (CNS) regulates the net force output by controlling the individual motor units.  As 

can be seen from the figure, the motor units function independently from each other and 

within each unit it’s assumed that the muscle fibers are stimulated simultaneously. Each 

motor unit is excited by a signal ( )iu t  from CNS and generates force M
iF . These forces are 

summed together to produce the net force output MF .  The process of inducing a change 

in the state of the muscle’s mechanical characteristics through electrical stimulus is called 

excitation-contraction (EC) coupling.  

The nervous system can vary the force exerted by the skeletal muscle by two 

general means: altering the number of active motor units (recruitment) and modulating the 

rate of action potential impulse driving motor units (rate coding) [38]. Motor units consist 

of different number of muscle fibers. Many units consist of small number of fibers and 

generate small forces; relatively few motor units are composed of large number of muscle 
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fibers and exert large forces [12]. The non-uniform distribution of neural excitation on 

muscle fibers in both temporal and spatial space yields the fact that the muscle fibers are 

also activated asynchronously. Rohrle et al. [37] gave the empirical formulation to describe 

the distribution of motor units, recruitment of motor units and rate coding [12], i.e. 

modulating the rate of action potential impulses driving motor units. 

 

 

Figure 2-4 Schema of motor units of one muscle, adapted from [3] 
 

Since neural fibers are long and thin and they can be viewed as cables, a cable 

model [39] was extensively employed to represent the propagation of action potential, 

where electrical current through the cell membrane includes the contribution from a 

capacitor and a resistor. In physiology, the current flow through the resistor consists of the 

ionic current carried by sodium, potassium and all the other ions and the governing 

equation is called Hodgkin-Huxley equation (HH). The conductance for each component 

ionic flow was measured by Hodgkin and Huxley [40, 41, 42]. As the HH equation involves 

multiple variables and is hard to study, Fitzhugh [43, 44] proposed a simpler set of 

equations, named Fitzhugh-Nagumo (FHN) equation, that exhibits similar behavior with 

the original Hodgkin and Huxley’s equation and is extensively used by researchers. 

Computationally, a backward Euler method was used by Mascagni [45] to solve the 
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Hodgkin-Huxley’s equation. The FHN is a classical type of reaction-diffusion equation 

and Rempe et al. [46] proposed a predictor-corrector algorithm to solve the equations on 

branched structure. Cooley et al. [47, 48] also proposed a numerical method to solve the 

governing equation and it’s compared with experimental results. In practice, as it’s hard to 

obtain the tree-like neural structure, a Monte Carlo tree growth algorithm [49]  is often 

used to construct the representation of the distal nervous system.  The propagation of action 

potential in the muscle cells is also governed by the same set of equations as the neural 

cells and it has been widely used in the cardiac field. Fernandez et al. [50] extensively 

introduced electro cellular kinetics to model the propagation of action potential in skeletal 

muscle fibers. 

2.4 Simulation of skeletal muscle at component level 

Because the geometry of muscle is complex, non-uniform distribution of strain is 

often observed, which challenges the assumptions made in the lumped-parameter models. 

Further, the macroscopic behavior of muscle is highly complex and it is a nonlinear, 

incompressible, anisotropic material, which often undergoes large deformations in vivo. 

As muscle can generate force voluntarily, it’s also considered as a composite material 

including two phases: a phase of active contractile material and a phase of passive material, 

which has been characterized in the force-length curve (Figure 1-5(a)). Considering these 

characteristics, a transversely isotropic hyperelastic material is often adopted for skeletal 

muscle.  

Weiss et al. [51] developed the formulations for transversely isotropic hyperelastic 

material and implemented into finite element code, where the energy density function 
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depends on five invariants of the Cauchy-Green deformation tensor and the additional 

invariants 4I , 5I were introduced for anisotropy. The deviatoric and volumetric parts of the 

energy density function are decoupled, so that it can be used to characterize quasi-

incompressible response. Criscione [52]proposed modified invariants representing the 

along-fiber stretch and cross-fiber shear. Blemker et al. [18, 53] also employed the 

decoupled energy density function for the muscle matrix. While an expression of the 

energy density function of fiber stretch was given for the muscle fiber part,
fiber

fiber

W
 







and fiber was normalized fiber force measured in experiments. Teran et al. [16] employed 

this hyperelastic model in the framework of finite volume method to simulate muscle.  

Gielen et al. [33, 19] also used hyperelastic model in the continuum level to express 

the behavior of passive phase of muscle. Johansson [54] used finite element method, but a 

different active stress proposed by van Leeuwen [55] was used, active iso t l vf f f  ,where

iso  was the maximum isometric stress, tf  was the activation function, vf  was the 

velocity dependent function and lf  was the length dependent function. Yucesoy [56] 

developed different energy density function for the matrix part and the total stress on the 

cross section of muscle fiber also included both contractile and passive stress. In [56], 

elements for the muscle matrix and muscle fiber were developed respectively and a linked 

matrix-fiber FEM model was constructed to study the force transmission. 

In anatomy, the skeletal muscle tissue is always closely related to connective tissue, 

e.g. the force generated by muscle is finally transmitted to the bone through the tendon and 

muscle tissue is also always wrapped by a thin layer of aponeurosis. Both tendon and 
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aponeurosis are actually connective tissue, which are made of collagen fibers. During 

simulation, it’s also necessary to have a material model for these connective tissues. 

Blemker et al. [14] used a transversely isotropic hyperelastic model and Chi et al. [15] used 

an isotropic hyperelastic model to simulate the connective tissue, which is compliant within 

low stretch region and becomes stiffer within high stretch region [3]. 

           

(a)                                               (b) 

Figure 2-5 (a) A sample slice of MRI image of human lower leg.  (b) 3D view of a 
stack of medical images showing the human lower leg.  

 

The geometry of human lower leg is shown in Figure 2-5. Figure 2-5(a) shows the 

MRI image of the cross-section, where multiple components in human lower leg, including 

fat saturation, connective tissue and skeletal muscle tissue, are closely coupled. Figure 

2-5(b) is the 3D view of a series of images stacked together, which shows the abrupt 

changes of topology across slices. These features of skeletal muscle poses challenges to 

constructing a qualified model using conventional meshes.  

Due to the difficulties in constructing mesh based model as is previously mentioned, 

researchers usually use simplified model to represent its geometry in continuum simulation 

of skeletal muscle. It’s common to use unipennate or bipennate muscle structure, as is used 
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by Chi et al. [15]. J. L. van Leeuwenet al. [57] introduced curved tendon/aponeurosis in 

the bipennate muscle. Blemker et al. [18] made a few simple assumptions for the muscle 

geometry and the muscle fiber direction was interpolated using spline functions. However, 

these models don’t take into account the details of muscle structure.  Because the geometry 

is often provided by medical images, the concept of image based muscle modeling was 

proposed by Blemker et al. [58], in which image segmentation methods were used to 

introduce the variations between subjects and the age effect. Magnetic resonance imaging 

(MRI) technique was used to extract the muscle surface and then meshing tools were used 

to construct volumetric meshes that were used as input in FEM modeling. However, the 

meshing process is very cumbersome and time-consuming. Bihan [59]first developed the 

diffusion tensor imaging (DTI) technique. U. Sinha et al. [60]applied this technique to 

human calf muscle to study the possibility of using DTI in clinical scanners, and later S. 

Sinha et al. [61]used the information from DTI data to track fiber direction. They found 

that the fiber orientations determined by DTI agreed very well with another well accepted 

spectroscopic method [62]. This discovery enables using the eigenvector corresponding to 

the maximum eigenvalue of DTI tensor as fiber direction to avoid using approximated 

values.  

2.5 Reproducing kernel based methods 

Gingold and Monaghan [63] first introduced the concept of meshfree modeling by 

smoothed particle hydrodynamics (SPH) method, in which a smoothed density function as 

the convolution of particle density and kernel function was proposed. This method 

performs very well in the absence of domain boundaries but has some difficulties in getting 



21 
 

 

accurate results on the boundaries [64, 65, 66]. Liu et al. [64, 65] introduced the 

reproducing kernel particle method (RKPM), in which a correction function to the 

smoothing process was employed to impose the consistency condition to a desired order. 

Chen et.al. [67] extended RKPM to large deformation analysis, in which both elasto-plastic 

and hyperelastic materials were considered and applied RKPM to rubber material [66, 68]. 

Li et al. [69, 70, 71] used 3D RKPM to simulate thin shell problem, strain localization 

problem and shear band propagation problem, which demonstrated the capability of RKPM. 

Since many meshfree approximation functions lack Kronecker Delta property, the 

Dirichlet boundary condition cannot be substituted into the discretized governing equations 

like FEM. As a result, researchers have proposed many methods in order to impose 

Dirichlet boundary condition for meshfree type methods. Lagrange multiplier was first 

used by Belytschko [72] and applied in element free Galerkin method (EFGM). Lu [73] 

replaced the Lagrange multiplier by the outset of their physical meaning, so that the 

additional degree of freedom for the Lagrange multiplier was removed. Huerta and his 

coworkers [74] compared Lagrange multiplier method, penalty method and Nitsche’s 

method to impose essential boundary condition. Chen et al. [67] proposed transformation 

method to restore Kronecker Delta property for the shape functions on the boundary, which 

evolved into mixed transformation method later [75] to reduce the cost of computation. 

Chen et al. [75] also constructed singular kernel approximation function, which was first 

introduced by Kaljevic [76], to RKPM. Reproducing kernel shape functions with nodal 

interpolation property based on the coupling of primitive function and enrichment function 

was proposed by Chen et al. [77], in which the primitive function was used to introduce 

Kronecker Delta properties and the enrichment function was used to enforce the n-th order 
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reproducing conditions. Zhu et al. [78] proposed a modified collocation method to enforce 

the Dirichlet boundary condition. 

As the biological material is nearly incompressible, if it's not treated well in 

computational mechanics, volumetric locking will appear. Multi-field mixed finite element 

formulation was first discussed by Fraeijs de Veubeke [79] and Herrmann [80], who 

developed a reduced form of Hellinger-Reissner variation principle and successfully 

applied to problems of incompressible and nearly incompressible elasticity. The concept 

of selective integration was first introduced by Doherty, Wilson and Taylor [81], in which 

the material property matrix was decoupled into volumetric and deviatoric parts and 

reduced integration was performed to the volumetric term to mitigate locking. Malkus and 

Hughes [82] proved that in certain cases the reduced and selective integration procedures 

were equivalent to mixed formulations. Since the selective integration is limited to 

isotropic material, Hughes [83] introduced B-Bar method as an extension. Belytschko et. 

al. [84, 85] proposed hourglass control to enhance the stability of reduced integration, in 

which both the deviatoric and volumetric terms are integrated using reduced quadrature 

rule so that the computational cost is smaller than reduced and selective integration. Chen 

et al. [86, 87, 88] proposed pressure projection method to relieve volumetric locking and 

later applied this method to meshfree computing. 

Gaussian integration was first employed in meshfree methods, such as RKPM [67] 

and EFGM [72], where a background mesh is required to do numerical integration 

rendering the meshfree methods not 'purely meshfree' and more time consuming since 

constitutive evaluations are performed on all stress points. In the case of solving 

incompressible or nearly incompressible problem, reduced numerical integration is also 
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preferred, because it can mitigate volumetric locking. However, on the other hand, stability 

will be a primary concern if a pure nodal integration method is used. Beissel et al. [89] 

added one stabilization term consisting of the square of the residual of the governing 

equation to the potential energy. Chen et al. [90] proposed stabilized conforming nodal 

integration (SCNI) method, in which smoothed strain was introduced in numerical 

integration to achieve linear consistency and thus reduced instability. Puso et al. [91, 92] 

improved the stability of SCNI by considering nodal averaging of the integration subcell 

strains. The nodal integration was also improved by using a gradient based stabilization 

term [92] instead of the residual term in [89]. The extension of SCNI to nonlinear problems, 

such as nonlinear elasticity and elasto-plasticity, is performed by Chen et al. [93]. Elmer et 

al. [94]applied the smoothed strain to FEM to solve nearly incompressible problems and 

got satisfying results by averaging pressure in the B-Bar approach. 

2.6 Homogenization methods 

The objective of homogenization algorithm is to obtain the macroscopic material 

property for multi-phase heterogeneous mediums according to the microstructure of the 

medium. One approach for obtaining the homogenized macroscopic properties is based on 

mathematical homogenization theory, which can be found in [95, 96]. Kikuchi et.al. [97] 

utilized asymptotic expansion method to obtain the homogenized tangent modulus for 

linear elasticity. It’s assumed that the microstructure of micro cell is spatially repeated in 

the macroscopic composite material and its dimension is much smaller compared with the 

macroscopic dimension. The method is later extended to fluid-solid mixture problems [98]. 

Chen et al. [99, 100] introduced asymptotic expansion into grain growth problems. The 
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asymptotic expansion is also used by Ren et al. [101] to extract damage evolution 

information from the micro-crack propagation in the microstructures. Without using 

asymptotic expansion, Terada and Kikuchi proposed a general multi-scale framework 

based on generalized Hu-Washizu variational principle [102]. Chen et al. also proposed 

wavelet based multi-scale framework [103] . The small deformation plasticity problems, 

the mathematical homogenization theory was established by Suquet [104]. Fish et al. [105] 

starts from the 2 scale asymptotic expansion method and generalizes the homogenization 

theory for heterogeneous medium to account for eigenstrains for small strain plastic 

problem. Ghosh et al. [106]  introduced Voronoi cell finite element method to solve the 

equations in asymptotic expansion based homogenization theory. 

Another approach for homogenization problems is based on micromechanics and a 

number of analytical micromechanical models have been developed within the framework 

of small deformation linear elastic theory, e.g. the variational approach by Hashin and 

Strikman [107, 108] and the self-consistent schemes by Christensen and Lo [109]. To treat 

arbitrary microstructural morphology, unit cell models based on representative volume 

element (RVE) and using computational methods became popular, e.g. the work by 

Tvergaard [110]. The micromechanics based homogenization methods are extended to 

nonlinear problems [111, 112], where a perturbation is introduced into the macroscopic 

deformation gradient to obtain the tangential relationship between deformation gradient 

and homogenized [103] stress. Wang et al. [113] utilized the framework and introduced 

eigen-strain to represent the magnetostrictive effect in the simulation of magnetostrictive 

particle-filled polymers. Computationally, Wang et al. [113] introduced interface enriched 

reproducing kernel particle method for solving the large deformation analysis for magneto 
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particle filled element microstructure. Michel et al. [114] employed Finite Element method 

and Fast Fourier transformation to study the composite with periodic microstructure 

composed of linear or nonlinear constituents. 
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Chapter 3 Mathematical models at different scales for skeletal muscle 

 
Figure 3-1 Computational flow for the multi-scale simulation of skeletal muscle (Is: 

the electrical stimulation from central nerve system, V: the action potential in neural 
system, χ(t): pulse stimulation applied by the action potential wave propagation to 

calcium dynamics, [Ca]: calcium concentration in the myofibrillar space, α(t): activation 
factor, v: the relative shortening velocity between actin and myosin, ffiber : fiber force, F: 

deformation gradient, D : homogenized material properties of skeletal muscle) 
 

 The excitation and contraction of skeletal muscle involves multiple physics at 

multiple length scales. The muscle system (Figure 3-1: M) is composed of both the neural 

system and muscle tissue, which are mutually isolated. The interplay between different 

physical models at different length scales, which serves as the basis of the proposed multi-

scale multi-physics computational framework is shown in Figure 3-1.  



27 
 

 

For the activation dynamics, the exterior stimulation Is induces an (series of) action 

potential wave V that propagates through the tree like neural system (Figure 3-1: A1, refer 

to section 3.1). Each end point of the neural branch is connected with a bundle of muscle 

fibers through neuromuscular conjunction point, and the neural signal continues to 

propagate into the muscle fibers when it reaches the neural cell ending points (Figure 3-1: 

A2, refer to section 3.1). When the fibers detects the arrival of action potential wave at time 

ti, an impulse ˆ ( )it t   in equation (3.13) contributes to the calcium releasing rate [Ca]in 

and the calcium concentration [Ca] in the myofibrillar space is updated (Figure 3-1: A3, 

refer to section 3.1.4).  Consequently, the activation level ( )t  is determined from [Ca]. 

Due to the non-uniform distribution of neural system and propagation of neural 

signals in the neural system and muscle tissue, the muscle fibers are activated non-

uniformly and asynchronously. The calculated activation ( )t  can be used either in the 

transversely isotropic hyperelastic muscle model in continuum mechanics, which employs 

the static force-length behavior of muscle fibers,  or in the Huxley’s two-state equation to 

get the dynamic fiber force at the sub-cellular scale.  

For the contraction dynamics, an anisotropic hyperelastic model is widely used in 

the component scale (Figure 3-1: C1, refer to section 3.2), which can directly employ the 

force length curve of muscle fibers measured experimentally as is given in equation (3.57) 

for the case of isometric contraction. The material response tensor D   of muscle material 

can also be obtained through homogenization method from the microstructure at the 

cellular scale (Figure 3-1: C2, refer to Chapter 6). The fiber  force ffiber employed in the 

hyperelastic model can also be obtained from the contraction dynamics of muscle fibers in 
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sub-cellular scale from Huxley’s cross-bridging model (Figure 3-1: C3, refer to section 

3.1.5).  

3.1 Activation dynamics 

Muscle is controlled by central nervous system, which sends electrical signals to 

muscle cells to activate the intracellular calcium kinetics and finally results in muscle 

contraction. For simplicity, it’s assumed that the activation dynamics and contraction 

dynamics are decoupled but related, as is shown in Figure 3-2. The muscle contraction 

dynamics will be described in section 3.1.5 and this section will describe muscle activation 

dynamics.  

 

Figure 3-2 Muscle tissue dynamics, adapted from [3] 
 

3.1.1 Characteristics of motor units 

Motor unit is defined as a group of muscle fibers, each is innervated by a given 

motor neuron. In electro-mechanical models of skeletal muscle, motor unit is the smallest 

functional unit to generate force. Each motor unit is activated by an action potential that 

travels down the axis of the fiber. While all fibers within one motor unit are activated 

simultaneously, they spread throughout the muscle components and are insulated from 

neighboring fibers.  

According to [12], each motor unit is composed of different types of muscle fibers, 

e.g. fast twitch or slow twitch fibers. Different motor units also contain different number 
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of muscle fibers. Many of them contain small number of muscle fibers and generate small 

forces, while few of them contain large number of fibers and generate large forces.  The 

number of fibers contained in each motor unit can be represented by an exponential 

distribution, 

 [ln( )/ ] ( 1)R n i
iy ae                                             (3.1) 

where iy  denotes the number of muscle fibers of the i-th motor unit. a is the number of 

muscle fibers within the smallest unit (unit 1) , n is the number of motor units, and R is the 

ratio of muscle fibers of the largest to smallest unit (R=yn/y1).  The total number of muscle 

fibers is denoted as yt,  
1

n
t

i
i

y y


 .   

Remark: The knowledge about the actual distribution of motor units and how the 

muscle fibers are grouped into motor units depends on the anatomy and which is hard to 

obtain. In this work, it’s assumed that the neural fibers and muscle fibers are naturally 

connected at the neural ending point.  

3.1.2 Cable model for the propagation of action potential 

Hodgkin and Huxley [47] first described a nerve cell as a leaky cable (Figure 3-3). 

This analogy was used to describe the propagation of an action potential along the length 

of a nerve axon, as well as the propagation down a muscle fiber.  As can be seen from 

Figure 3-3, the extracellular space is represented by a chain of resistors iR  and the 

extracellular space is represented by resistors eR  in series. The membrane (between the 

grey dashed lines) is represented by resistance mR  and capacity mC  in parallel. If we 



30 
 

 

consider a length of muscle fiber l, with intracellular cross section area iA  and a finite 

extracellular space with cross section area eA , then the resistivity of these two spaces are 

respectively,  

 ,i i e e
i e

R A R Ar r
l l

                                            (3.2) 

 

Figure 3-3 The equivalent circuit representation used to derive the cable equation, 
adapted from [39]. 

 

According to Ohm’s law, the electric potential of the intracellular field i  satisfies, 

 i
i i

d I r
dx


                                                     (3.3) 

Similarly, the electric potential of the extracellular field e satisfies, 

e
e e

d I r
dx


                                                   (3.4) 

Here, iI  and eI  are electric currents flowing along the axis of the muscle fiber in 

intracellular and extracellular space respectively and x is the coordinate along the muscle 

fiber.  It’s known that the extracellular and intracellular potentials are rarely equal in a 

physiology setting. The difference between them is defined as action potential, which also 

provides the driving force for a leakage current across the membrane (Figure 3-4). 
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According to Kirchhoff’s first law, the change of currents in intracellular space and 

extracellular space are related with the leakage current by, 

 ,i e
m m

dI dII I
dx dx

                                     (3.5) 

 

Figure 3-4 Difference between extracellular and intracellular potential causes a 
leakage flow mI  

 

Note that mI  has unit of current per unit volume but iI  and eI  have units of current 

per unit area. By combining equations(3.3), (3.4), (3.5) and assuming ir   and er  are 

constants along the muscle fiber, the equations can be rephrased into, 

 
2 2

2 2,i e
i m e m

d drI r I
dx dx
 
                                       (3.6) 

The action potential is defined as i eV    . From equation(3.6), we can get, 

 
2

2

1
m

i e

VI
r r x




 
                                            (3.7) 

According to Figure 3-3, the current flowing through the membrane is composed 

of the current flow through the capacitor m
VC
t




 and through the resistor 
m

V
R

, which is 

carried by ions. 
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 m
m

V VI C
t R


 


                (3.8) 

Assume the ratio of the membrane surface to the volume of the muscle fiber is mA , 

then, 

 m m m
m

V VI A C
t R

 
   

                                    (3.9) 

Combining equations (3.7) and (3.9) gives the equation prescribed by cable theory 

for a passive membrane, 

 
2

2

1
m m

i e m

V V VA C
r r x t R

  
     

                                         (3.10) 

This is essentially a reaction diffusion equation describing the action potential 

propagating along the muscle fiber with a voltage dependent reaction term /m mAV R  

flowing through the membrane. Rephrasing the equation (3.10), the standard form of 

reaction diffusion equation is, 

 
2

1 22 i
V VC C I
x t
 

 
 

                                               (3.11) 

where C1 and C2  are parameters and Ii= /m mAV R   is the ionic current flowing through the 

resistors in membrane.  

 Remark 1: The derivation in this section shows why the governing equation for the 

propagation of action potential is a reaction diffusion equation, but in physiology the ionic 

current through the cell membrane is far more complicated than the term in equation(3.11). 

In practice, the Hodgkin-Huxley’s equation (HH) and Fitzhugh-Nagumo eqution (FHN) 

are widely used and their details are given in sections 4.2 and 4.3.  
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 Remark 2: The same set of reaction-diffusion equation is used to describe the 

propagation of action potential in neural cells and muscle cells. The cable model was 

initially used to model the propagation of action potential in cardiac muscle fibers and 

Fernandez et al. [50] extensively applied this model to skeletal muscle fibers.  

3.1.3 Summary of electro-physiology model 

The process of activation dynamics is summarized as follows, 

1. A stimulus current is injected into the proximal nerve to generate an action potential 

wave which travels along the nerve tree. 

2. When the action potential wave reached the ending point of the neural branches, 

the action potential will continue to propagate into the muscle fibers through the neuro-

muscular conjunction point. The action potential continues to travel along the muscle fibers. 

3. Upon the arrival of action potential at some specific point of the muscle fiber, the 

calcium dynamics is triggered and the activation level is obtained (section 3.1.4). 

 Remark: The tree like neural system and muscle fibers cover the same space in the 

muscle components, but they’re mutually insulated in terms of the propagation of action 

potential.  
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3.1.4 Calcium dynamics: chemical effect 

 

(a)                                                          (b) 

Figure 3-5 (a) shows the neuromuscular junction point and the distribution of 
sarcoplasmic reticulum inside muscle cells (internet). (b) is schematic diagram of the 

major element in calcium dynamics, adapted from [32]  
 

Figure 3-5 shows the physiological process after the action potential propagated 

into muscle fibers. The sarcoplasmic reticulum is calcium container distributed across the 

length of muscle fibers. When the sarcoplasmic reticulum detects the propagation of action 

potential, it’ll release calcium ions into the myofibrillar space. The governing equation for 

calcium dynamics is, 

 [ ] [ ] [ ]in up
d Ca Ca Ca
dt

                                     (3.12) 

where [Ca] is the calcium concentration in the myofibrillar space and, 
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                              (3.13) 

Here, ,m mV K  are Michaelis-Menten parameters of reaction and [ ]upCa  represents the 

rate of uptaking calcium into the sarcoplasmic reticulum (SR) by membrane-bound 

pumping proteins. [ ]inCa  is the rate of releasing calcium from the SR into myofibrillar space, 

in which *[ ]Ca  is the mean calcium concentration in the muscle, 0R  is the increase in total 

calcium concentration due to the stimulation by one action potential wave. The activation 

function ( )t  is defined as the summation of a series of pulses imposed by the action 

potential waves, 1 2/ /
1 2ˆ ˆ( ) ( ),  ( ) ( ) / ( )t t

i
i

t t t t e e           , where ti  are the times the 

action potential wave passes by and 1 2,   are characteristic parameters of the pulse function 

ˆ ( )t . Once the calcium concentration is known, the activation factor can be computed, 

 
2

2 2

[ ]([ ])
[ ] [ ]

CaCa
Ca Ca


 


 

                                     (3.14) 

where    is a parameter related with the forward and backward rate constants in calcium 

binding and release steps. 

 Remarks: The calcium concentration and the activation level is a space variable 

and they are defined at all points in the muscle fibers. The activation level can be used as 

input in the Huxley’s cross-bridge model (section 3.1.5, equation (3.20) and (3.21)) and 

the transversely isotropic hyperelastic model (section 3.2, equation (3.56)).  
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3.1.5 Huxley's cross-bridge model for muscle fiber contraction 

According to the sliding filament theory, which shows that the force is generated 

by the relative movement between actin and myosin filaments, Huxley [28, 11] proposed 

the 2-state cross-bridge mathematical model to express the underlying physiology 

quantitatively. In the theory, he assumed that each cross bridge has two states: attached 

state and detached state. In the attached state, the force generation is proportional to the 

bonding length . A distribution function of the bonding length and time t is assumed

( , )n t , which is governed by a first order kinetic equation, 

 ( ) ( )(1 ) ( )n nv t f n g n
t

 


 
   

 
                                (3.15) 

Here, ( )f   is the rate of attachment and ( )g  is the rate of detachment and v is 

the velocity representing the speed of shortening of a half sarcomere. Once ( )n   is 

determined, some macroscopic quantities are also known by calculating moments of ( )n  . 

If the cross bridges assume linear force-length relationship, the Cauchy stress can be 

computed from the first moment of the distribution function, 

 1 ( )PS C n d
A

   



                                              (3.16) 

The integral in (3.16) can be interpreted as the average bonding length,  is the 

activation factor and 1 2
msKC

L
  are parameters related with the microstructure 

characteristics of the sarcomere, where m  is the number of cross-bridges per unit volume, 

s is the sarcomere length, L is the distance between successive actin binding sites, and K  

is the spring constant of the cross-bridges. Other macroscopic quantities can be similarly 
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computed. For example, the instantaneous stiffness of the contractile muscle tissue is 

proportional to the 0-th order moment, 

 1 ( )k C n d  



                                 (3.17) 

By assuming some simple forms for the attachment rate function ( )f   and 

detachment rate function ( )g  , Huxley was able to produce results that agreed very well 

with A.V. Hill's experimental results. A simple form of f  and g used in Huxley's 1957 

paper are given in equations (3.18). 

1

2

1

0 0

( ) 0

0

0
( )

0

( )

( )

x
xf x f x h
h

h x

g x
g x xg x

h

  
  


  
  

 
  

                              (3.18) 

where h is a characteristic length of sarcomere, representing the range of   over which 

there's significant probability of actin-myosin bonding and 1 1 2, ,f g g  are parameters to be 

determined.  

Hill extended the theory by postulating two separate reaction paths between these 

states [115]. The governing equation of the distribution function is,  

 ( ) [ ( ) ( )](1 ) [ ( ) ( )]n nv t f g n f g n
t

   


        
 

               (3.19) 

where , 'f f are respectively the rate parameters for attachment and detachment along the 

first reaction path, and , 'g g are the rate parameters along the second reaction path. 

Zahalak [32] introduced activation level and overlapping factor into the equation in order 
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to be coupled with underlying calcium dynamics. For strong coupling, the Huxley's 2-state 

equation is: 

 ( ) ( )( ) ( )n nv t f g p n f g
t




        
 

                      (3.20) 

and for loose coupling, 

 ( ) ( )( ) ( )n nv t f g p n f g n
t




        
 

                    (3.21) 

where   is the activation factor obtained through calcium dynamics and p is overlapping 

factor, representing the percentage of bonded cross-bridges and it's a function of the 

sarcomere length [116], 

 
21 6.25( 1) 1

( )
1 1.25( 1) 1

l l
p l

l l
  

 
  

                                              (3.22) 

/s optl l l and sl  is the current sarcomere length, optl  is the optimal sarcomere length.  

 Remark: The Huxley’s two-state equation was proposed to match the force-

velocity curve, which describes the dynamic behavior of muscle fibers. It has some 

limitation representing the static behavior (see discussions in section 4.1), which is mainly 

considered in this work and thus is not integrated in the multi-scale simulation.  

3.2 Hyperelastic model for muscle-tendon complex 

3.2.1 Preliminaries 

The space tR  occupied by a solid is called the configuration of the solid at time t . 

It's convenient to take the configuration 0R  as reference configuration. Suppose referred to 

a suitably chosen coordinate system and the coordinates of a particle is X  in the reference 
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configuration and the corresponding point is x  in the current configuration, then the 

process of deformation can be expressed as, 

 ( , ) ( , )t t  x x X X u X                                              (3.23) 

where u  is the displacement of particle X. The deformation gradient is defined as, 

 



xF
X

                                                      (3.24) 

As can be seen from the definition of F, 

 d dx F X  (3.25) 

i.e. tensor F defines the deformation of a short line segment dX. The Jacobian of F is related 

with the volume change of a small element around point X, 

 | | dvJ
dV

 F  (3.26) 

where, dV is the volume of arbitrary parallelepiped element around point Xin reference 

configuration, and dv is the volume of the deformed element. The Green deformation tensor 

C and Green-Lagrangian strain E are respectively defined as,  

 1 ( )
2

T

 

C F F

E C I
 (3.27) 

where I is the identity tensor. The components of C and E can be related with the 

deformation in the neighborhood of the material particles of the solid. For example, 

suppose | |dL d X and | |dl d x , and N is a unit vector along the same direction with dX , 

then, 

 T T T T Tdl d d d d d d dL   x x X F F X X C X N CN  (3.28) 

As a result, 
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 Tdl
dL

 N CN  (3.29) 

For a hyperelastic material, an energy density function is usually given as a function 

of the invariants of the Green deformation tensor. The three invariants are defined as, 

 

1

2

3

1 ( )
2

| |

KK
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I C
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 C

 (3.30) 

To introduce anisotropy, two additional invariants 4I  and 5I  are introduced. They 

are defined as, 

 4
2

5

· ·

· ·

I
I





N C N
N C N

 (3.31) 

If a general energy density function 1 2 3 4 5( , , , , )W I I I I I  is given, then the first Piola-

Kirchhoff stress (P), second order Piola-Kirchhoff stress (S) and Cauchy stress (σ ) can be 

calculated, 

 2

1 T

W

W W

J




 

 
 



P
F

S
E C

σ FSF

 (3.32) 

The material response tensor is defined as, 
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2W


 E E

  (3.33) 

As skeletal muscle is nearly incompressible material, it's beneficial to decouple the 

volumetric deformation and deviatoric deformation. A multiplicative split is performed on 

the deformation gradient, 

 1/ 3J F F  (3.34) 

so that F only denotes the deviatoric deformation. The new Green deformation tensor is 

related with the original one by, 

 2/3T
J C F F C (3.35) 

And the reduced invariants are related with the original invariants by, 

 
2/3 4/3

1 1 2 2
2 /3 4 /3

4 4 5 5

 ,  

  ,

 

 

I J I I J I
I J I I J I

 

 

 

 
              (3.36) 

Once the specific forms of the energy density functions for muscle matrix, muscle 

fiber and tendon, standard procedures can be performed to obtain the first and second 

Piola-Kirchhoff stresses, the tangential constitutive matrix (see equation(3.37)), which will 

be used in numerical analysis. 
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 (3.37) 

Assume the general form of the energy density function for anisotropic material is, 
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 1 2 4 5( , , , ) ( )W W I I I I W J              (3.38) 

and W  represents the strain energy density due to deviatoric deformation, W  is the strain 

energy density due tovolumetricdeformation.The following equalities will be useful in the 

derivations. 
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                  (3.39) 

Denote n
n

WW
I





and 
Wp
J






, then the second order Piola-Kirchhoff stress can 

be expressed as, 

 2 2 2W W W  
    

  
S S S

C C C


                             (3.40) 

where by using equalities in(3.39), 
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             (3.41) 

After getting the second order Piola-Kirchhoff stress, the first Piola-Kirchhoff 

stress and Cauchy stress can be calculated, 
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                     (3.42) 

The material response tensor can be similarly derived. 

 
2 2 2 2

4 4 4W W W W   
     
       E E C C C C C C


                       (3.43) 

where   and   are respectively deviatoric and volumetric part of the second elasticity 

tensor. Before the exploitation, we introduce definition, 

 
1

1 1


 
 


C C C
C

                                (3.44) 

where the   in used to denote the tensor product according to rule, 
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C C                  (3.45) 

With the notation of (3.44), properties in (3.39) and the chain rule of differentiation, 

it's straight forward to yield, 

 

  1

1
1

1 1 1 1

( )2 2

2 ( ) 2

2 2

Jp

J pp J Jp

p Jp






   

 
 

 
  

   
  

  

S C
C C

CC
C C C

C C C C



 

                       (3.46) 

where p  is introduced for convenience, 

 dpp p J
dJ

                                                  (3.47) 

The deviatoric part of the second elasticity tensor is, 
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where 
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If we denote 
2

ij
i j

WW
I I



 

, then 

 1 2 1 2 4 5( ) ( )W W W I W W W
        


I C N N N C N N C N

C
   (3.50) 

 

2
2

11 12 1 2 22 1 12 22 1

22 2 14 24 1

24 44

5 5 5 5
15 25 1 25

5 5 5
55 45

( 2 ) ( )( )

( )( )

( )

( )( ) ( )

( ) (

W W W I W W I W W I

W W W W I

W W
I I I IW W I W

I I IW W


         

 
         

         

   
        

   
  

     
  

I I I C C I
C C

C C I N N N N I

C N N N N C N N N N

I I C C
C C C C

N N
C C C



2
5 5

5)I IW 
  

  
N N

C C C

 (3.51) 

with 

  (3.52) 
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3.2.2 Hyperelastic model for muscle 

In this model, a transversely isotropic strain energy density function is considered 

to account for the anisotropy introduced by muscle fibers. In equation(3.53), iI  are reduced 

invariants of the deformation tensor and   is the reduced stretch ratio along the muscle 

fiber, i.e. 4I  . In the definition of the energy density function, isoW  represents the 

isotropic response and aniW  represents the anisotropic response induced by the presence 

of fibers. 

 1 2( , , ) ( )iso amu l nsc ieW W I I J W                                      (3.53) 

The energy density function for the isotropic part assumes a quadratic polynomial 

function of the reduced invariants. In equation (3.54), ijC  and K  are coefficients to be 

determined. In the simulation of skeletal muscle, values from Table 3-1 are used. K is the 

parameter to control the incompressibility of the material. For the case 10 016( )K C C , the 

material can be considered incompressible. 
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                            (3.54) 

Table 3-1 Material constants for muscle matrix, unit: 2/N cm , from [15] 
C10 C01 C20 C11 C02 K 

6.43 -3.80 0.94 -0.43×10-2 0.5×10-3 5.0×103 

 

The energy density function for the anisotropic part isn't given explicitly, but 

satisfies the relationship in equation (3.55), which is given by Blemker et. al. [14]. fiber

is the component of Cauchy stress along the fiber direction and can be measured in 
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experiments. It's a function of activation factor   ( 0 1  ) and reduced stretch ratio . 

In [14], the Cauchy stress takes the form of (3.56), where 230 /max N cm   is the stress 

measured at optimal length in isometric contraction, totalf  is the normalized fiber force and 

0 1.4   is the reduced stretch ratio at optimal length. 

 ani
fiber

W
 







              (3.55) 

and, 
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                  (3.56) 

The normalized fiber force is composed of active force activef  and passive force

passivef . They are given in papers [14, 15], see equation (3.57). * is the normalized stretch 

ratio against the optimal stretch ratio and *
0/   . The parameters are 1 0.05  and 

2 6.6  . 

   (3.57) 
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 Remark: In the case of dynamic simulation when the Huxley’s equation can be 

used to calculate the active fiber force, the calculated fiber force can be directly used in 

equation (3.56). 

3.2.3 Material model for tendon 

An isotropic cubic hyperelastic model is employed and the energy density function 

is given as, 

 2 3 2
10 1 20 1 30 1( 3) ( 3) ( 3) ( 1)

2tendon
KW C I C I C I J         (3.58) 

This cubic model is capable to handle the force-length behavior of the tendon, 

which is compliant at low-force levels and stiff at high-force levels [3]. The material 

coefficients from Table 3-2 are used in the macroscale simulation of muscle-tendon 

complex. 

 

Table 3-2 Material constants for tendon, unit: 2/N cm , from [15] 
C10 C20 C30 K 

3.0×10 8.0×10 8.0×102 5×105 
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Chapter 4 Numerical solutions of sub-cellular models 

. The Huxley’s two-state model describes the kinetics of the bonding and debonding 

processes of the cross bridges in the sarcomere. The finite difference scheme and a semi-

analytical numerical scheme employing the characteristic line are proposed to solve the 

model. The cable model describes the propagation of action potential along the neural and 

muscle fibers, which governs the excitation dynamics of skeletal muscle. In this chapter, 

more practical cable models, e.g. the Hodgkin-Huxley’s equation and Fitzhugh-Nagumo 

equation are introduced and solved using finite difference methods. The numerical schemes 

are tested and a bounding value for the time stability condition is provided for the explicit 

scheme. 

4.1 Numerical solution of Huxley’s cross-bridging model 

It was discovered that when a muscle fiber is fully activated by tetanic stimulation, 

it will shorten at a speed which is definite function of the load applied to it (Figure 1-5 (b)).  

Here, the tetanic stimulation means that the muscle fiber stays at the fully activated state 

after stimulation. A. V. Hill [29] observed that the force-velocity relationship is part of a 

rectangular hyperbola. By properly choosing the parameters in Hill's relationship 

(Eqn.(4.1)), it fits well into the experimental results. 

 0

0 max max

(1 ) / (1 )PP V V
P V a V
                                          (4.1) 

where P is the fiber force and V is fiber shortening velocity. 

Huxley's cross bridge model is based on the continuous sliding filament theory. 

Several assumptions are made in Huxley's two-state cross bridge theory:  1, Each cross 
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bridge, i.e. the chemical bond between myosin head and actin bonding site, is one 

independent force generator;  2, There are two states for each cross bridge: attached and 

detached; 3, At each time instant, one myosin head can interact with only one actin bonding 

site with significant probability; 4, The cross bridge is assumed to be linearly elastic and 

the generated force is proportional to the bonding length of the cross bridge.  

The model describes the kinetics of cross bridges bonding and debonding with 

certain rates in sarcomeres. Denoting that bonding length (or displacement from 

equilibrium position) of the cross bridges is x, the probability density of cross bridges at 

length x is n(x,t) and the activation factor is α(t). As is given in the previous chapter, the 

governing equation for Huxley's two-state cross bridge model is,  

 ( ) ( ) ( )(1 ) ( )n nv t t f x n g x n
t x


 

   
 

                         (4.2) 

where v(t) is the sarcomere shortening velocity, the function f(x) is the rate of attachment 

and g(x) is the rate of detachment. The rate equations first designed by A. F. Huxley [28] 

and later modified by G.I. Zahalak et.al. [32] are given below.  

 1

0, 0
( ) , 0

0,

x
f x f x x r

r x

  
  
   

                              (4.3) 

 
2

1

3

, 0
( ) , 0

,

g x
g x g x x r

g x r x

  
  
   

                                (4.4) 

The parameter r is the range of x where cross bridges bonding forms with 

significant probability.  In this work, r is normalized, so that r=1.0. The parameters used 

in this simulation are from Zahalak et al. [32] f1=43.3, g1=4.0, g2=85, g3=10 and the rate 
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functions are illustrated in Figure 4-1. As is shown in the figure, the cross bridges show 

significant bonding rate, for 0<x<r. But the debonding rate is huge outside the region.  

 

Figure 4-1 Illustration of the rate functions in Huxley’s two-state equation 
 

4.1.1 Numerical Scheme for solving Huxley’s equation 

Two numerical methods are proposed to solve the equation in this work. Consider 

the following problem with problem domain [-5, 5] and constant shortening velocity 

v=10.0. The time span is [0, 0.2]t  and the activation factor is constant ( ) 1.0t  , so 

that the sarcomere is fully activated. Since shortening velocity v>0, boundary condition is 

only imposed on the right end n(5, t)=0.0. The initial value for the unknown is

( , 0) 0, [ 5, 5]n x x   .   

The space-time grid used for finite difference method is defined as  

{( , ) | ,0 ; ,0 }m n m nx t x m m M t nx t n N        with Δx=0.02 being the nodal spacing 

and Δx being the time step. Since the shortening velocity v>0, the governing equation is 

discretized using forward time forward space (FTFS) scheme,  
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                 (4.5) 

where the superscript denotes time step and subscript denotes the nodal position on the grid. 

The critical time step based on CFL condition is 0.02 0.002
10critk

v
x




  .The discretized 

equation is solved on all interior grid points and boundary condition is applied on boundary 

points. The numerical results using the previous method to perform the time integration 

with time step Δt =0.001 are shown in Figure 4-2. As is shown in the results, the numerical 

solution of the distribution function n(x,t) quickly converges to a steady solution. However, 

when the time step equals the reference time step critk , the results are shown in Figure 4-3, 

which shows that the numerical solution is unstable.  Obviously, the reference time step 

kcrit provides a necessary stability condition and the stability condition of FTFS scheme for 

the Huxley’s equation requires further investigation. 

 
Figure 4-2 Numerical results of forward time and forward space scheme for solving 

Huxley’s two state equation using time step 0.001t  .  
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Figure 4-3 Numerical results of forward time and forward space scheme for solving 
Huxley’s two state equation using time step 0.002t  . 

 

A semi-analytical method employing the characteristic line is also proposed. By 

assuming Z(x0, s)=n(x0-vs, s), the following modified governing equation is obtained,  

 
0 0

( )

          ( )(1 ( )) ( ) ( )

DZ s n nv
Ds t x

f x vs Z s g x vs Z s

 
 
 

    
                  (4.6) 

where s denotes the coordinate on the characteristic line. By introducing the unknown on 

the characteristic line, the governing equation is transformed into an ordinary differential 

equation.  

 ( , ) ( , )n x t Z x vt t                                        (4.7) 

Then standard forward Euler method is used to solve equation (4.6) and the 

discretized form is shown in equation (4.8).  
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                (4.8) 

Figure 4-4 shows how the distribution function evolves with time and it can be seen that 

the distribution function quickly reaches the steady state too.  

The stability condition is satisfied by letting the absolute value of the amplification 

factor no bigger than 1, 

 
0 0

0 0

0 0

1 ( ) ( ) 1
0 ( ( ) ( )) 2

2 0.024
max{ ( ) ( )}

tf x vs tg x vs
t f x vs g x vs

t
f x vs g x vs

      

     

  
  

                         (4.9) 

The numerical results using different time steps are shown in Figure 4-5, which show that 

the estimated critical time step seems to be reasonable. As is shown in the figure, if the 

time step is slightly bigger than the critical value, i.e. 0.03, the solution is unstable, see 

Figure 4-5(c). If the time step is slightly smaller than 0.024, i.e. 0.02, the solution is very 

inaccurate, but it’s still stable, see Figure 4-5(b). It can also be seen that the critical time 

step of the characteristic line method is much bigger than that of the forward time forward 

space scheme, which can save the computational time.  

Once the solution of Huxley’s two-state equation is obtained, the different orders 

of moment of the distribution function defined as ( , ) , 0i
iQ x n x t dx i




  can be 

calculated and they’re shown in Figure 4-6. According to the assumptions, the force 

generation is proportional to the 1st order moment of the distribution equation 
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   1 F t k Q t , where k is  the stiffness of the cross-bridges. This shows that by solving 

the Huxley's two-state equation, the response history of muscle fibers can be obtained.  

 

Figure 4-4 Numerical solution of Huxley’s two-state equation using the proposed 
characteristic line method, Δt=0.001. 
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(a) 

(b) 

(c) 

Figure 4-5 Numerical solution of Huxley’s two-state equation using the proposed 
characteristic line method and different time step (a) Δt=0.01, (b) Δt=0.02 and (c) Δt=0.03 
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(a) 

(b) 

Figure 4-6 Different orders of the moment of the numerical solution using semi-
numerical method. (a) and (b) are respectively the zero-th and first order moments of 

n(x,t). 
 

4.1.2 Verification of the numerical results 

For the case of constant full activation, we can obtain the analytical steady state 

solution of Huxley's equation by setting 0n
t





. When v>0, i.e. the muscle fiber is 

shortening, and the analytical solution is, 
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                  (4.10) 

where 1 1( )
2

f g r 
 . The comparison between numerical solution after convergence to 

steady state and analytical solution is shown in Figure 4-7 and good agreement is observed. 

Here, the result at the last time step, i.e. when t=0.2, is used for the numerical solution.  

 

Figure 4-7 Comparison of steady state solution between numerical and the analytical 
solutions 

 

The first order moment ns(x) can also be calculated from the analytical solution, 



58 
 

 

 21 1 1
1

1 1 2

{1 (1 exp( ))(1 0.5( ) )}
f f gv vQ

f g v g


 


    


                 (4.11) 

As is shown in equation (4.11), Q1 is a function of shortening velocity v and 

consequently the fiber force F=kQ1 is also a function of v. A. F. Huxley showed that by 

properly choosing the parameters, f1, g1 and g2, the results of  Huxley's 2 states cross 

bridging model predict the force-velocity relationship in isotonic contraction very well (see 

Figure 4-8). 

 

Figure 4-8 Verification of force-velocity relationship [117]. The circles are 
experimental data and the curve is solution of Huxley's model.  
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4.1.3 Discussions 

We can see that the overall length of sarcomere (muscle fiber) isn't involved in the 

model explicitly. If the muscle fiber stays fully activated, for constant shortening velocity 

v, we can imagine that the fiber will shorten as time goes on. From the numerical results in 

Figure 4-4 and Figure 4-6, the first moment will stay constant after the activation, which 

implies that the force won't change with shortening length.  

The isometric contraction can be realized by setting v=0, so that the muscle fiber 

won't shorten or lengthen. For constant activation ( ) 1.0t  , the analytical solution for 

this case can also be obtained,  

 ( , ) ( ,0) exp( ( ) )f fn x t n x f g t
f g f g

 
       

               (4.12) 

Let t , then ( , ) fn x
f g

 


, which isn’t related with muscle fiber length. 

Consequently, moment Q1 and hence the fiber force output in isometric contraction is 

unrelated with muscle fiber length either. This shows the limitation of Huxley’s model in 

simulating the length dependent behavior of sarcomeres or muscle fibers.  

4.2 Numerical solution of Hodgkin-Huxley’s equation 

There’re two mathematical models that are widely used to simulate the propagation 

of action potential along neural system, i.e. the Hodgkin-Huxley’s model (HH), which was 

proposed to reproduce the propagation of action potential in squid giant axon and the 

Fitzhugh-Nagumo (FHN) model which has been shown to have similar behavior to the HH 

model. 



60 
 

 

In HH model, the ionic current through the resistances in the membrane consists of 

the contribution from sodium, potassium (INa and IK) and a small leakage current (Il) carried 

by chloride and other ions. The ionic current is represented by, 

 i Na K lI I I I                       (4.13) 

where  

 

( )
 ( )

  ( )

Na Na Na

K K K

l l l

I g V V
I g V V
I g V V

 
 
 

                      (4.14) 

The ,  and K Na lg g g are the ionic conductance of different ions and they are measured in 

experiments and are expressed in the following forms,  

 4 3,  ,  K K Na Na l lg g n g g m h g g                              (4.15) 

where ,  and K Na lg g g are constants, and n, m, h are governed by,  
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                        (4.17) 

And V is the action potential. 

The complete equation is given as the following, 
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                              (4.18) 

where a is the radius of the fiber and R is the specific resistance of the axon. The HH 

equation is the classical reaction diffusion equation, where Ii represents a highly nonlinear 

reaction term. The excitation current is input into the system through boundary conditions, 

 
2

( )(0, ) ( , ),          0sRI tV t V L t
x a x

 
  

 
                                 (4.19) 

where Is(t) is the excitation current injected into the nerve. 

Due to the coupling between the action potential and recovery variables, a 

backward Euler integration scheme using iterative strategy, which is first proposed by 

Mascagni [45], is employed in this work. The equations (4.13), (4.14), (4.15) and (4.18) 

can be combined and rephrased into,  
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 (4.20) 

Denote 
3 4

Na K Lp g m h g n g   and 
3 4

Na Na K K L Lq g m hV g n V g V   , then 

the equation becomes,  

 
2

2=
2

V a VC pV q
t R x

 
 

 
                                   (4.21) 

A space-time grid {( , ) | , 0 ; , 0 }i j i jx t x i x i M t j t j N        is considered for 

the finite difference method, where j represents the time step. Using backward Euler 

method in time and central difference in space, the equation (4.21) is discretized into,  
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                  (4.22) 

Or in equivalent form,  
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 (4.23) 

The boundary condition is discretized by central difference,  

 1 1 1 1
2

( ) ,   0
2 2

s M MRI tV V V V
x a x
   

  
 

 (4.24) 

Thus, 

 1 1 1 12

2 ( ) ,  s
M M

xRI tV V V V
a  


                          (4.25) 

Substitute the boundary condition into the governing equation (4.22) at the 

boundary point, 

 1 1
0 1 02 2

( )
(1 ) s jj j j I t ta t t a t tp V V V q

RC x C RC x C a x C
     

     
  

   (4.26) 

 1 1
12 2(1 )j j j

M M M
a t a t t tV p V V q
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                    (4.27) 

Equations(4.23), (4.26) and (4.27) together form the discretized form of equation 

(4.21)using backward Euler method. Then the governing equations for the conductance 

parameters (4.16) also need to be discretized,  
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                               (4.28) 

Or in equivalent form,  
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                                         (4.29) 

During the numerical simulation, equations (4.23), (4.26) and (4.27) are first used 

to update the value of the action potential V. Then the updated values of V are substituted 

into the parameters , , , , ,n n m m h h      to obtain the updated conductance parameters n, m 

and h. The new values of n, m and h are used to update the p and q in equations (4.23), 

(4.26) and (4.27) and then the action potential is updated again. This procedure is repeated 

until the solution converges, i.e. 1 tol   V V , where  is the iteration step ,V is the 

numerical solution and tol is the tolerance. 

In the following simulation, the parameters in the equation are,  

C=1.0μF/cm2, ENa=115mV,  EK=-12mV,  EL=10.5898mV 

a=0.2cm,  R=10.2 ohm cm 

2 2 2120mmho/cm ,  36mmho/cm ,  0.3mmho/cmNa K Lg g g    

The action potentials are initially 0.0, and the conductance parameters are initially 

at the equilibrium state, i.e.  



64 
 

 

 , ,eq eq eqn m h
i i i

n n m m h h

n m h  
     

  
  

                           (4.30) 

Excitation from outside is Is=10μA, and the duration for the excitation is Ts=0.2ms. 

By using the method shown previously with time step size 0.01t  , the solution can be 

obtained and they’re shown in Figure 4-9 and Figure 4-10. The results clearly show that 

the solution is a traveling wave.  

 

Figure 4-9 The spatial distribution of the solution of HH equation at different time 
instant (msec). 
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Figure 4-10 The time history of the solution at selected point, i.e. x=0.0 cm, 0.5cm, 
and 1.0cm. 

 

 Remark: Due to the presence of multiple variables and the high nonlinearity, it’s 

hard to analyze the stability condition for the HH equation. Thus a simpler set of equations 

FHN, which demonstrates similar behaviors as the HH equation is employed in the later 

study.  

4.3 Numerical solution of Fitzhugh-Nagumo (FHN) equation 

The original Fitzhugh-Nagumo equation is, 
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                               (4.31) 
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with a=0.7, b=0.8 and 1 2 3 4 51.0,  12.5c c c c c      [118]. In this equation, the 

variable V is action potential, W functions as a recovery variable and sI  is the current 

stimulation from outside. The resting state can be calculated by setting 0sI   and, 

 
( , ) 0

0
f V W
V a bW


   

                             (4.32) 

the solution of which is approximately 1.2, 0.625R RV W   . 

The solution to the equations (4.31) is a traveling wave. The V variable initially 

stays at resting state V=1.2 and will return to the resting value after some disturbance, as 

can be seen in Figure 4-11. 

 

Figure 4-11 Wave shape of Fitzhugh-Nagumo equation, propagating with recovery 
 

If the second variable is constant, then the solution becomes a traveling wave front 

without recovery and the analytical solution can be obtained. Suppose RW W , then 

equation (4.31) becomes, 
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V V f V W
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                            (4.33) 

( , )Rf V W  will be denoted as ( )f V  in the following text. The resting state of V can be 

achieved by setting 0sI   and ( ) 0f V  , which has three roots. They are approximately

1 2 32.0, 0.8, 1.2V V V   , then the velocity of propagation can be obtained analytically  [118], 

 2 1 3
6 (2 ) 0.962

6
c V V V                                       (4.34) 

It was shown by Aronson et al. [119] that the resting value 2 0.8V   is unstable, 

and the solution of equation (4.33) is a traveling wave front joining two stable resting states 

1 2.0V   and 3 1.2V  , as is shown in Figure 4-12. The shape of the propagation wave is 

given by Fitzhugh [118]. 

 

Figure 4-12 Shape of the solution of Fitzhugh-Nagumo equation, i.e. a propagating 
front without recovery 
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The equations (4.31) and (4.33) are nonlinear partial differential equations due to 

the presence of the nonlinear reaction term. In this section, several finite difference 

methods will be used to solve the nonlinear diffusion-reaction equation (4.33) and their 

performance is studied numerically. The key question here is how to set the time step in 

different schemes.  

Consider the problem in spatial domain [0, L] and temporal domain [0, T], which 

is discretized into grid {( , ) | ,0 ; ,0 }m n m nx t x m x m M t n t n N       with Δt denoting 

time step and Δx denoting nodal spacing. An initial value problem with boundary condition 

0 ,| 0x L
V
x 





and initial condition defined in equation (4.35) is solved in this section.  In 

the following simulations, spatial domain [ 0 , 5 0 ]x  with Δx =0.1 and time domain

[ 0 , 1 0 ]t   are considered. 

 0

2.0 0 10
( )

1.2 10 50
x

V x
x

 
 



                                      (4.35) 

In this section, three schemes are tested, i.e. the forward time central space scheme, 

explicit predictor and semi-implicit corrector scheme and standard backward time central 

space scheme. In all these schemes, the boundary conditions are discretized by using 

central difference scheme 1 1 1 10,   0
2 2

M MV V V V
x x
   

 
 

.  

4.3.1 Forward time and central space scheme 

The explicit scheme using forward time and central space is first considered. The 

discretized form is, 
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                     (4.36) 

Due to the presence of reaction term, which is a nonlinear function of the unknown, 

the critical time step for the scheme is unknown. According to Strikwerda [120], the critical 

time step of forward time central space scheme for standard heat conduction equation 

(
2

2

V Vb
t x

 


 
)  

2

2ck
b
x


 is used as reference value. This will be used as reference value 

for the following numerical tests. If x =0.1 then the reference time step is 0.005ck  . In 

Figure 4-13, the time step t =0.0045 is slightly smaller than the reference value, and the 

estimated velocity is (18 .0 15 .84) / 2 .25 0 .96  , which agrees well with theoretical 

prediction. In Figure 4-14, the time step t =0.0055 is a little bigger than the critical time 

step and the numerical result starts to oscillate severely at t=0.055.  Thus according to the 

numerical results, kc is a good approximation of the critical time step for the forward time 

central space scheme. However, the numerical solution for t =4.9710-3 which is smaller 

than the reference time step, as is shown in Figure 4-15, is also unstable. This indicates that 

the reference time step needs to be refined. 
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Figure 4-13 Numerical solution of explicit scheme using ckt  , t =0.0045. 
Different curves represent the results at different time: t=0, 2.25, 4.5, 6.75, 9.0 

 

 

Figure 4-14 Numerical solution of explicit scheme using ckt  , t =0.0055 
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Figure 4-15 Numerical solution of explicit scheme using t =4.9710-3 

 

To study the stability condition, the scheme is rephrased into matrix form, 

 1 exp ( )n n n nt   V K V F V                                  (4.37) 

where if 2/t x   , 
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                  (4.38) 

Since Fn 
 is a nonlinear function of the unknown variable Vn, the matrix equation is 

linearized and the tangent matrix of the linearized equation is the amplification matrix in 

the stability condition,  
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                                   (4.39) 

This condition means that if there’s a small error perturbation in Vn, the error won’t 

propagate and increase with time. The amplification matrix 'K  will change as time 

advances, but it’s beneficial to study its spectrum at the initial time step. It has been shown 

that the spectrum of the amplification matrix for different boundary conditions converge 

to the same values as the mesh is refined. Thus to simplify the problem, a reaction-diffusion 

equation with homogeneous boundary condition is considered for the stability condition, 

and the matrix Kexp becomes,  

 exp

( 1) ( 1)

1 2
1 2

1 2
1 2 M M

 
  

  
 

  

 
  
 
  
  

K                       (4.40) 

The eigenvalues of the matrix is, 

 1 2 2 cos ,   1, , 1
2j

j j M
M
          

                               (4.41) 

It can be easily derived that the upper bound and lower bound of the eigenvalues of 

Kexp are 1 and 1-4μ. Suppose Kexp can be decomposed into Kexp =VDVT, where V is a 

proper orthogonal matrix containing all the eigenvectors and D is a diagonal matrix 

containing all eigenvalues, then the final amplification matrix becomes,  



73 
 

 

 

1 '

'
0

'

'

'
0

'

( )

( )

( )
     =

( )

n n

n

T T

n
M

n

T

n
M

d d

f V
t

f V

f V
t

f V

 

 
     
  

  
     
    

V K V

K VDV V V

V D V





                       (4.42) 

The stability condition is rephrased into,  

 

'
0

''

'

''

( )

( )

( ) 1

n

n
M

f V
t

f V



 
     
  



K D

K


                                 (4.43) 

A necessary condition of the stability condition is equation (4.44), 
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                                     (4.44) 

By using the information from the solution, i.e. 3 ' 1f   , for the case x =0.1, 

equation (4.44) becomes 34.96 10t    . The solution with time step smaller than the 

derived critical value is shown in Figure 4-16, which shows that equation (4.44) serves as 

a much better critical time step. 
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Figure 4-16 Numerical solutions for nodal spacing x =0.1 and t =4.9610-3   
 

4.3.2 Predictor-corrector scheme 

For the predictor with corrector method, explicit scheme is first used as a predictor 

(Eqn.(4.36)), then an semi-implicit iteration process (Eqn. (4.45)) is used as corrector. This 

scheme, which was first proposed to solve the Hodgkin-Huxley (HH) equation [41, 42, 40], 

follows the idea by Cooley and Dodge [47].  The scheme of the corrector is given by, 
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                          (4.45) 

If the corrector is rephrased in matrix form, it becomes, 

 1 ( )im p n n n nt   K V V F V                                  (4.46) 

where if we denote 2/t x   , 
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Similarly the stability condition is as the following,  
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The spectrum of the inverse amplification matrix is shown in Figure 4-17. As is 

shown in the figures, most of the eigenvalues of the inverse amplification matrix is bigger 

than 1.0. The minimum eigen values for the cases when t =0.005, 0.02, 0.05, 0.1, 0.25, 

0.5, 1.0  are respectively 1.0022, 1.0088, 1.0221, 1.0441, 1.1104, 1.2207, 1.4415, which 

are all bigger than 1.0. As a result, the corrector seems to be unconditionally stable. This 

has also been verified that the solution is always stable when only the corrector is used. 

But when the corrector is combined with the explicit predictor, the behavior still requires 

further study. The numerical solution when t =0.02, x =0.1 is shown in Figure 4-18 and 

the estimated velocity is (19.05 17.07) / 2.0 0.975  . But when the time step is further 

increased, there's difficulty in reaching convergence for the corrector.  
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(a)                                            (b) 

Figure 4-17 Distribution of spectrum of the inverse amplification matrix at initial 
state for the corrector.  

 

 

Figure 4-18 Numerical solution of predictor-corrector method, t =0.02, t=0:1.0:10 
  

4.3.3 Backward time central space scheme 

Finally the standard backward Euler method is used to solve the governing equation. 

The method has been well studied for linear equations, but its behavior hasn’t been proved 

for nonlinear equations. The discretized form is, 
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In matrix form, equation (4.49) is equivalent to, 
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where Kimp is the same as in equation (4.47) and, 

 0 2[ , , , ]n n n n T
MV V VV                                          (4.51) 

Since f(V) is a nonlinear function of V, the equation (4.50) is solved by Newton's 

method. Let  be the current iteration step, then the incremental form using Newton's 

method is, 
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The stability condition is, 
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The distribution of the eigenvalues of the inverse amplification matrix at initial state 

is shown in Figure 4-19. The scheme also seems to be unconditionally stable and the 

dissipation effect becomes more serious when the time step increases. 

 

Figure 4-19 The distribution of the eigenvalues of the inverse amplification matrix. 
Minimum eigenvalue for the 4 cases are respectively 1.0441, 1.1104, 1.2207, 1.4415. 

 

The numerical solution when t =0.5 and x =0.1 is shown in Figure 4-20. The 

approximated velocity of propagation is (20.17 17.42) / 2.5 1.1  , which is slightly bigger 

than the predicted value. When the time step is reduced to t =0.1, the result is shown in 
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Figure 4-21. According to this figure, the estimated velocity is (19.26 17.29) / 2.0 0.985  , 

which is rather accurate considering that the time step is much bigger than previous two 

methods. 

 

Figure 4-20 Numerical solution of standard backward Euler method, t =0.5, 
t=0:2.5:10 

 

 

Figure 4-21 Numerical solution of standard backward Euler method, t =0.1, 
t=0:2.0:10 
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4.4 Study on the reaction term 

In this section, the reaction term is studied independently and the threshold 

phenomenon is revealed, which helps explaining the numerical results. By removing the 

diffusion term, the FHN equation becomes, 
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                      (4.54) 

The parameters in the equations are a=0.7, b=0.8 andc1=c2=c3=c4=c5=3.0. The 

steady state is obtained by setting Is =0 and, 

 0;  0V W
t t

 
 

 
                    (4.55) 

Denote the solution to be u=[V, W], then the steady state is u=[1.2, -0.625] by using 

equation (4.55). The behavior of the system can be studied on the phase plane, i.e. the V-

W plane, since the velocity du/dt is defined on all points on the phase plane and the path of 

u(t) is a trajectory on the phase plane. Suppose the system is at the steady state initially, i.e. 

u(0)=(1.2, -0.625). The stimulation ( 0 )s sI I  , where ( )t is the Dirac-Delta 

function. Since Is only functions on the first variable V, its effect is to move the initial value 

of V by some distance proportional to the value of the stimulation
sI . 
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Figure 4-22 Velocity field of the FHN equation denoted by arrows, and two 
trajectories (blue) starting at point a=(0.6, -0.625), and b=(0.7, -0.625). 

 

Without the diffusion term, the equations become a multi-variable ordinary 

differential equation and standard Runge-Kutta method can be used to perform the time 

integral. As can be seen from the results in Figure 4-22, two cases with slightly different 

stimulation show extremely different behavior. The intersection of the red curve and green 

line is the steady point u(0). The case where the stimulation moves the initial value to point 

a shows a rapid decrease in the value of V before it goes back to the steady point, while the 

value of V in the case where the stimulation moves the initial value to point b quickly goes 

back to the steady point. The time history of the action potential V and recovery variable 

W are respectively shown in Figure 4-23 and Figure 4-24, which clearly show the 
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difference. It’s said the action potential V is triggered or ‘fired’ in the first case a and this 

occurs only when the stimulation is big enough. 

 

Figure 4-23 Comparison of the solution of V for the two different cases in Figure 
4-22. 

 

 

Figure 4-24 Comparison of the solution of W for the two different cases in Figure 
4-22. 
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The previous results explain the threshold phenomenon, i.e. the neural fiber is only 

fired when the magnitude of stimulation is above certain level. An intuitive explanation for 

the behavior of FHN equation is given as below. If the stimulation at the end point Isis 

greater than the threshold value, then the point is fired. Due to the effect of the diffusion 

term, some energy is transported to the neighbouring points, say x1. If the action potential 

V(x1) is over the threshold, local reaction at x1  is fired again. In this way, the diffusion 

effect keeps the wave moving on and a traveling wave solution forms. In reality, if the 

stimulation persists, then there’ll be a series of traveling waves occurring.  

 The predictor-corrector method previously mentioned is used to solve the FHN 

equation. The following parameters are used, a=0.7, b=0.8, c1=c2=c3=c4=1.0 and c5=12.5. 

The nodal spacing h=0.05 and time step k=0.02. The duration of stimulation is Ts=0.1 and 

the results for stimulation magnitude Is=-800 are given in Figure 4-25.  But if the 

stimulation magnitude is changed to Is=-500, the results are shown in Figure 4-26. It’s 

clearly shown by the two examples that the combined effects of magnitude and duration of 

the stimulation determines if the fiber is fired. If the stimulation isn’t big enough, the 

potential wave quickly goes back to steady state and there will be no traveling wave 

solution.  
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Figure 4-25 Numerical solution of FHN equation using predictor-corrector method 
when Is=-800.  

 

 

Figure 4-26 Numerical solution of FHN equation using predictor-corrector method 
when Is=-500.  
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Chapter 5 Reproducing kernel (RK) particle method    

Since the reproducing kernel particle method is the major algorithm used in the 

following part of this work and hyperelastic material is widely used to simulate biological 

material, its approximation and formulation applied to hyperelastic material are briefly 

introduced in this chapter. A few numerical examples are also used to show its efficiency 

and accuracy when solving continuum mechanics problems. 

5.1 Reproducing kernel approximation 

 
(a)                                      (b)                                        (c) 

Figure 5-1 (a) Meshfree discretization of a 2D object represented by  . (b) Cubic B-
spline function is widely used as kernel function. (c) Sample reproducing kernel 

approximation function centered at x=5.0 and with support size a =1.5×(nodal spacing) 
 

Reproducing kernel approximation is based on scattered points. Consider a closed 

domain       and a set of pN  points G  within  , 

 { | , 1, , }I I pI N  G x x                                              (5.1) 

Then for each point x , the reproducing kernel approximation of unknown field 

function u(x) is expressed as: 
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 x x                                (5.2) 

The points in G  are named source points, each associated with source value Iu  and ( )I x  

is the approximation function associated with source point Ix and evaluated at point x . The 

approximation function is proposed by Liu et al. [64], which is a corrected version of the 

kernel function, 

 ( ) ( , ) ( )I I a IC    x x x x x x                                      (5.3) 

where ( )a I x x is the kernel function centered at Ix  that defines the localization of the 

approximation with a compact support measured by 'a'. ( , )IC xx x  is the correction 

function, which is introduced to enforce the n -th order reproducing conditions. 

  
1

0, ,,
pN

I I
I

n


   α αx x x                                  (5.4) 

Here, multi-dimensional notation of exponential is used. For a m  dimensional 

problem, 1[ , , ]m α   and 1[ , , ]mx xx  , then 1
1

m
mx xαx  , where all , 1, ,i i m    

are nonnegative scalars and 
1

| |
m

m
i




α .To satisfy n-th order reproducing condition, a 

linear combination of complete monomials with orders no bigger than n  is adopted as the 

correction functions [64], 
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( )IHx x  is the vector form of basis functions and ( )b x  is the vector form of coefficients on 

the basis. For example, to achieve second order completeness in 2D case, the basis function 

takes the form, 

 
2 2

1 1 2 2 1 1 1 1 2 2 2 2( ) [1, , , ( ) , ( )( ), ( ) ]T
I I I I I I Ix x x x x x x x x x x x       H x x                                            

                           (5.6) 

It's straightforward to prove that, the reproducing condition (5.4) is equivalent to 

the following equation, 

    | |0
1

 | | 0, ,,
pN

I I
I

n 


    αx x x                           (5.7) 

with i j  the Kronecker delta symbol. Substituting the shape function into the reproducing 

conditions (5.7) yields, 

 ( ) ( ) ( )M x b x H 0                          (5.8) 

where M is moment matrix for calculating shape function, 

 1
( ) ( ) ( )

pN
T

I I a I
I




   M H x x H x x x x                         (5.9) 

Combining equations (5.3), (5.5), (5.8), (5.9), the shape function is finally 

expressed as, 

 1( ) ( ) ( ) ( ) ( )T
I I a I   x H 0 M x H x x x x               (5.10) 

The kernel function ( )I I x x  defines the smoothness of the approximation. Two 

types of kernel functions are commonly used: cubic spline function, 



88 
 

 

 

2 3

2 3

2 14 4 ,0
3 2
4 4 1( ) 4 4 , 1
3 3 2
0 ,1

z z z

z z z z z

z



   

    










                         (5.11) 

and quintic spline function, 
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For multi-dimensional kernel function, one can use 1( ) ( )I
I I a a

  
 

x xx x ‖ ‖  or 

the multiplication of kernel function in each dimension 
1

| |1( ) ( )
m

i Ii
I I

i i i

x x
a a

 



 x x , 

with ia  the support size in the i -th direction. In the second case, the support size can be 

different in different directions, which allows for flexibility in discretization. Note that in 

order for ( )M x  to be nonsingular, a necessary condition is that there has to be enough 

source points covering point x  under their support so that the reproducing conditions can 

be satisfied at point x . This is referred to as the kernel stability and is dependent on the 

order of consistency imposed. Also, the shape function has no Kronecker Delta property, 

i.e. ( )I J IJ x  and ( )h
I Iu ux . Therefore special treatment is required to impose the 

Dirichlet boundary conditions when solving PDE using Galerkin method with mesh-free 

approximation functions. 
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Following the definition of the shape function (5.10), it's straightforward to get the 

derivatives of the shape function. 

1 1 1
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where 
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5.2 Galerkin formulations of RKPM 

Usually hyperelastic material is commonly accepted for simulation of biological 

material and the total Lagrangian formulation is more suitable when hyperelastic material 

is used. In this section, a 3D RKPM code using total Lagrangian formulation is developed, 

in which penalty method is used to impose the Dirichlet boundary conditions and stabilized 

conforming nodal integration (SCNI) is employed to do the numerical integration. 

Consider a problem domain in the undeformed configuration X  with traction boundary 

h
X and displacement boundary g

X . Since penalty method is used to impose the 

dispalcement boundary condition, the modified energy functional is, 
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where W(u) is the strain energy density function,   is the penalty number, b is body force 

per volume, h is force per area on the traction surface. Taking the variation of equation 

(5.16) gives, 
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gh

X X X X
iI iI i i i i i i iU F P d u b d u h d u u g d     

   
             (5.17) 

The stationary condition is achieved by, 
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              (5.18) 

Due to the nonlinear stress strain relationship (nonlinear geometry) and the 

nonlinear constitutive law (material nonlinearity), Newton's method is used to solve the 

nonlinear equations, and linearization of (5.18) is required. Let n  and   denote the current 

load step counter and iteration step counter, the prescribed traction on the Neumann 

boundary and the prescribed displacement for the essential boundary for the ( 1)n  -th 

load step are given. The linearized equation is, 
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where the first elasticity tensor is defined as, 

 
2 2

iJkL iP kQ ik JL
iJ PJ QkL L

W WF F S
F F E E

 
  
   

                      (5.20) 

The incremental displacement, variation of displacement and the incremental 

deformation gradient can be approximated using reproducing kernel shape function, 
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More details of using reproducing kernel approximation to simulate large 

deformation behavior of rubberlike hyperelastic material can be found in [67, 68, 90]. 

5.3 Numerical examples 

Three examples will be first introduced to show the capability and reliability of the 

code. For the problems of uniaxial tension and simple shear, a hyperelastic material of 

reduce polynomial type is used and the material parameters are 10 0.373C  , 20 0.031C  , 

30 0.005C   and 31 0K  . Since K  is much larger than 10 20 30, ,C C C , the material is nearly 

incompressible. 

5.3.1 Uniaxial tension 

Figure 5-2 shows the 2D diagram of the initial configuration of the specimen to be 

stretched in x  direction. The size of the bar is [0, 4] [0,1] [0,1]   and it's uniformly 

discretized into 9 3 3   nodes. A dilation parameter 1.5d   is used in all simulations, 

where /d r s  with r being the support size and s being the nodal spacing. To generate 

uniaxial tension deformation in plain strain, the normal displacements of the planes 0x  , 

0y  , 1y  and 0z   are constrained while the in-plane displacements within these three 

planes are free, as is illustrated in Figure 5-2. The right end of the bar is stretched by 8 in 

x  direction to generate 200% engineering normal strain. 
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Figure 5-2 Boundary conditions of the specimen to be stretched under uniaxial 
tension in plain strain 

 

The analytical solution of plain strain problem for incompressible material was 

given by Rivlin [121], which is stated here for convenience, 

 2 2
1

1 2

2( )( )W Wt
I I

  
  

 
                                    (5.22) 

where 1t  is the normal Cauchy stress along the longitudinal direction and  is the stretch 

ratio along the longitudinal direction. The comparison between analytical solution and 

numerical results can be found in Figure 5-3. We can see that the numerical result agrees 

very well with the analytical solution. 

 

Figure 5-3 Comparison of numerical result and analytical solution for uniaxial tension 
problem under plain strain 
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5.3.2 Simple shear 

As is shown in Figure 5-4, the space covered by the specimen under pure shear is 

[0,1] [0, 0.25] [0, 0.25]   and it's uniformly discretized into 9 3 3   nodes. The same 

size dilation as in uniaxial tension example is used. The plane of 0z   is totally fixed in 

x y  plane and the plane 0.25z   moved by 0.5 toward positive x direction to generate 

200% engineering shear strain. To generate plane strain deformation, the two planes 0y   

and 0.25y   are fixed in y direction but free in x z  plane. 

 

Figure 5-4 2D diagram of specimen under simple shear 
 

The analytical solution for this problem can be found in Rivlin [122], which is 

stated here, 

 
1 2

2 W Wt
I I


  

    
                                               (5.23) 

where  is shear strain. The stress-strain relationship and its comparison with analytical 

solution are shown in Figure 5-5. The numerical results agree very well with analytical 

solution. 
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Figure 5-5 Comparison of analytical solution and numerical result for simple shear 

 

5.3.3 Beam under transverse force 

Figure 5-6 shows the 2D diagram of the problem. A plain strain beam is fixed in all 

directions on the left end and its right end is subjected to a vertical force without changing 

direction during the loading process. Hence, the deformation of the beam is the result of 

the combination of shear effect and bending effect. The size of the specimen is 

[0, 20] [0, 0.125] [0,1]   and the prescribed load on the right end is 0.1P  . To simulate a 

plane strain problem, the two planes 0y   and 0.125y   are fixed in the y direction but 

they are free to move in the x z  plane. 

 

 

Figure 5-6 Diagram of beam under transverse force 
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In this simulation, a Mooney-Rivlin type hyperelastic material is used and the 

material parameters are 10 01 10C C  , 26.7K  . The dilation is chosen as 1.65d  . 

Since no analytical solution for this problem is reported in the literatures, the numerical 

result is compared with converged finite element result, as is shown in Figure 5-7. For the 

RKPM result, the domain is discretized into 161 2 9   nodes and for the FEM result, a 2D 

plain strain simulation with much finer discretization (1000 50  elements) is performed. 

In this figure, the normalized tip displacements /u L and /v L  are plotted as a function as 

normalized tip force 2 /PL EI , where u, v are the displacements of beam tip in x  and z  

directions, 10 016( )E C C   and 3 / 12I H . As can be seen from Figure 5-7, the prediction 

of RKPM method agrees very well with converged FEM result. The final configuration of 

the beam and the contour of stress component xx are given in Figure 5-8. 

 

Figure 5-7 Comparison between RKPM and FEM results 
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Figure 5-8 Final configuration of the beam problem 
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Chapter 6 Study of muscle tissue force generation based on cellular 

scale 

As is shown in the introduction chapter, the muscle tissue can be viewed as 

hierarchical composite material, in both fascicle level and fiber level. It’s believed that the 

mechanical properties of the different phases in the micro-scales affect the macroscopic 

performance of muscle tissue. In this chapter, the author tries to explain from a multi-scale 

point of view the phenomenon observed in ageing process and experiments to test the 

anisotropic property of muscle tissue. By making a few propositions about the mechanical 

properties of different phases in the micro-scales, the observed mechanical responses in 

macro scale are reproduced in numerical simulations. 

6.1 Meshfree model construction from images 

In this section, the meshfree model of the honeycomb-like microstructure of 

skeletal muscle tissue is constructed by using a region based level-set algorithm [123], 

which is used to group the pixel points belonging to the same type of material from a 

representative image of the cross section of muscle tissue [8]. Here, two phases in the 

microstructure are considered, i.e. the passive phase (connective tissue, or endomysium) 

and active phase (muscle fiber). The pixel points are then used as meshfree nodes in 

discretization. Finally the 2D model is extruded along the vertical direction (e3 direction) 

to generate the 3D model.  Figure 6-1(a) is excerpted from [8] and shows a representative 

unit cell of muscle  
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(a)                                                   (b) 

    
                                          (c)                                                  (d) 

Figure 6-1 The procedure of constructing 3D model from 2D images of the cross 
section of skeletal muscle tissue. (a) Image of representative unit cell of the 

microstructure of muscle tissue. (b) Thick lines are used to enhance the contrast of the 
two phases. (c) 2D model produced by level set algorithm and (d) 3D model by extruding 

the 2D model along e3 direction. Blue points are muscle fiber phase and red points are 
connective tissue phase. 

 

tissue in the fiber level, where the muscle fibers are separated by the connective tissue, i.e. 

the endomysium. The interfaces between cells are enhanced manually with thick black 

lines in Figure 6-1(b) so that the level-set algorithm can better recognize the regions of the 

two phases. Figure 6-1(c) shows the result of level-set method, where the coordinates of 

the nodes are pixel coordinates. In Figure 6-1(d), the size of the model is normalized to 

1×1×1 and the model is ready for meshfree simulation. The pixel points are directly used 

as nodes in meshfree discretization and all information, e.g. material property and 
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displacement field etc, are stored on them. This saves the trouble of creating mesh for 

approximating the unknown field as is required by conventional finite element method. 

In the following sections, a displacement based meshfree method together with 

stabilized conforming nodal integration (SCNI) [93], as is described in the chapter Chapter 

5, is used to solve the equation of motions. The material models described in section 3.2 

are used for the two phases in the honeycomb like microstructure. The transversely 

isotropic hyperelastic model is used for the muscle fiber phase and the cubic polynomial 

hyperelastic model is used for the connective tissue phase. Biological material is commonly 

considered as nearly incompressible material [13], which usually requires special treatment 

to handle the incompressibility in numerical simulation, e.g. in finite element method the 

volumetric locking issue are handled by either selective integration or single node Gaussian 

integration with hourglass control [83, 86, 85]. It has been shown that the meshfree method 

in conjunction with SCNI handles incompressibility very well [93].  

6.2 Study on force generation in fiber level 

6.2.1 Introduction 

It’s well known that the active force generation capability of skeletal muscle 

deteriorates with ageing. The reasons behind the loss of force generation with ageing could 

be [124, 125], loss of mass in the contractile components, alterations in fiber types, changes 

in the specific fiber tension, loss of motor units (neural-excitation), altered passive 

elasticity and the effect of contractile velocity etc. One discovery made by [126, 127]  

shows that the reduction of force due to ageing exhibits significant difference between 

eccentric and concentric contraction, see Figure 6-2. The loss of force generation in 
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concentric contraction is much bigger than that in eccentric contraction. Similar results are 

also reported in [128, 129]. Sometimes the force production during eccentric contraction 

during ageing process is maintained very well and no decrease is observed. However, few 

quantitative studies on the relationship between the previously mentioned possible reasons 

and the fact that muscle tends to maintain force generation with ageing in eccentric 

contraction have been conducted. In this work, this problem is viewed from a multi-scale 

point of view and the factors that might affect the muscle force generation are studied using 

numerical tools. It’s believed in this work that the passive elasticity should be the key factor 

that could explain the difference between concentric and eccentric contraction during 

ageing.  

 

Figure 6-2 The change of force generation with respect to age, which shows the 
difference between eccentric and concentric contraction [130].  

 

The muscle tissue, if viewed from muscle fiber scale, is a honeycomb-like 

composite material with two phases: connective tissue phase (endomysium) and muscle 

fiber phase [8, 131, 132], both of which contribute to the macroscopic mechanical response 

of the skeletal muscle tissue. In fact, Gao et al. observed much bigger Young’s modulus of 

connective tissue (CT, epimysium) in skeletal muscle tissue when people grow older [133, 
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134, 135].  Also, the volume ratio or thickness of connective tissue has been observed to 

increase with ageing [136]. By conducting numerical simulation of a representative model 

in this level, the effect of the Young’s modulus and volume ratio of connective tissue on 

the active force generation capability could be studied. 

Although the honeycomb-like microstructure has been observed for a very long 

time, it’s rarely used in numerical studies due to the numerical difficulties involved in 

model construction. The traditional way of simulating skeletal muscle is to use a 

homogenized model combining the effect of extracellular matrix and muscle fibers [18, 

15]. However, it’s hard to consider the effect of volume ratio of different component in this 

model. Yucesoy et al employed the linked fiber-matrix mesh model [56] and Markus et al 

used 3D truss model to simulate muscle fiber [137]. Bahar et al. utilized the microstructure 

in both fiber and fascicle level in their study on the anisotropic property of skeletal muscle 

[22] and introduced the honeycomb-like structure into numerical simulation. By simulating 

the muscle tissue in fiber level, the ‘intrinsic’ force generation capability of skeletal muscle 

tissue is examined. The proposed honeycomb-like microstructure in the fiber level 

simulated by the pixel based meshfree method [93] is shown in section 6.1. The numerical 

investigation reveals that the increased passive stiffness of muscle tissue reduces the force 

generation capability in concentric contraction while increases the force generation 

capability in eccentric contraction. The proposed model provides a way to investigate into 

the micro-scales of skeletal muscle, and can also be easily extended to study other 

physiological changes due to ageing or diseases. 
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(a)                                                         (b) 

Figure 6-3 Comparison between active material and passive material. (a) is the 
normalized mechanical response of active muscle fiber and (b) is the stretch-stress curve 

for a passive cubic polynomial hyerelastic material in uniaxial deformation. 
 

As is mentioned before, the skeletal muscle can be viewed as a composite with an 

active phase (muscle fiber) and a passive phase (connective tissue). The difference between 

active muscle fiber material and common passive material is that the active material can 

generate positive stress even when it’s in undeformed state, but the passive  material can 

only resist deformation applied from outside. That is, for example, common passive soft 

tissue material, represented by cubic polynomial hyperelastic material here (Figure 6-3(b)), 

generates negative normal stress when it’s compressed and positive normal stress when it’s 

stretched. But the stress state would be zero if the material is undeformed (corresponding 

to 1.0  ).  While for active skeletal muscle fiber material [3], it can still generate positive 

force (tensile) when it’s at its undeformed length or even shortened up to ~0.5 of the 

original length, see Figure 6-3(a). The operation region of skeletal muscle in this work is 

shaded in Figure 6-3(a), where λ<1.0 represents concentric contraction and λ>1.0 

represents eccentric contraction.  
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6.2.2 Methods 

The objective of this work is to obtain the mechanical behavior of the active skeletal 

muscle tissue and study the factors that influence its behavior. Since the problem is 

independent of loading history, a two-step modeling is employed for numerical 

convenience, although the two steps are usually mixed with each other during contraction 

in reality. In the first step, the model is constrained at both ends (planes of z = 0 and z = 1 

in Figure 6-4) and the muscle activation number is increased to 1. Thus the muscle fibers 

are fully activated without deformation. Then in the second step, a uniaxial compression 

or tension is applied to the model so that the model shortens or lengthens to some ratio 

of the original length and the reaction force on the loading surface is calculated as the force 

generation of active muscle tissue at different stretch ratios. By using this two-step loading 

method, it’s easier to get convergent numerical results.  

The circles in Figure 6-4 represent roller boundary, which means the boundary can 

slide in in-plane directions but is constrained in the out-of-plane direction. In this work, the 

deformed length of muscle fibers ranges from minimum 0.9 to maximum 1.25 of the 

original length, as is shown in Figure 6-3(a),and in this way, the material stays in the 

hardening zone to avoid the stability issue. The loading method is designed to mimic the 

loading procedure that’s widely used in experiments [138], where a small block of muscle 

tissue material is dissected and tested. In actual experiment, only passive skeletal muscle 

material under testing is reported, since it’s hard to activate multiple muscle fibers in the 

material simultaneously during loading. The numerical simulation avoids such restrictions 

and the material can be activated arbitrarily.  
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Figure 6-4 Schematic 2D diagram of the model under loading (lateral view). The 
shaded area is connective tissue material and the white area is muscle fiber material. 

Boundary conditions for the representative model under uniaxial deformation is shown. 
The arrows pointing downward show the directions of displacement of top surface during 

concentric contraction (opposite for eccentric contraction).  
  

6.2.3 Results and discussions 

One factor that affects the passive stiffness is the stiffness of the connective tissue 

phase. To study its effect on the macroscopic force generation of the skeletal muscle tissue, 

three sets of hypothetical parameters with different Young’s modulus are used for the 

connective tissue phase, as is given in Table 6-1. Here, it’s assumed that the stiffness of 

connective tissue stiffens under both tension and compression during ageing. The 

parameters for the isotropic part of the active phase are given in Table 6-2 and the 

parameters for anisotropic part Wani can be found in the previous section 3.2.2 for material 

models and the fiber direction is N=[0, 0, 1]. The comparison of the response curves of 

these materials under uniaxial deformation (Figure 6-5) clearly shows the difference 

between the materials.  
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Table 6-1 Material parameters for connective tissue with different stiffness 
N/cm2 C10 C20 C30 K 

Soft CT  7.5 20 200 1.25×104 

Medium CT 15 40 400 2.5×104 

Stiff CT 30 80 800 5.0×104 

 

Table 6-2 Material parameters for isotropic part of muscle fiber material 
N/cm2 C10 C01 C20 C11 C02 K 

Parameters: 6.43 -3.8 0.94 -0.0043 0.0005 1.0×103 

 

 
Figure 6-5 Comparison of the mechanical response of different materials under 

uniaxial deformation. The stretch ratio is along the direction the material is stretched or 
compressed. 

 

The final configurations and their stress distribution of muscle tissue during 

concentric contraction are shown in Figure 6-6, which shows that for all three cases the 

active phase generates tensile stress (positive) and the passive phase generates compressive 

stress (negative). The total force generation is the summation of the forces from both phases 
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and they are given in Figure 6-7(a). It can be seen that for the same value of stretch ratio, 

the force generation for the case with stiffer connective tissue is smaller than that with 

softer connective tissue in concentric contraction, except at the point 1  where the 

muscle is still undeformed. At the point 1 , the connective tissue has no contribution to 

the force generation yet, since it’s passive and in undeformed state and thus it’s expected 

that the force generation is the same for all cases at this particular point.  

Figure 6-7(b) shows the results when the muscle tissue performs eccentric 

contraction and clearly the case with stiffer connective tissue generates bigger force, which 

means that the material with stiffer connective tissue tends to enhance the force generation 

capability in eccentric contraction. Figure 6-7(a) and (b) together show that the effect of 

the stiffness of connective tissue on force generation, which explains why muscle tissue 

tends to maintain force generation capability during eccentric contraction with ageing. 

Another study on the specific muscle fiber force is also performed and the results are given 

in Figure 6-8. As can be seen from the figure, this type of changes will reduce the force 

generation in both concentric and eccentric contraction and couldn’t explain the difference 

between them, as is shown in Figure 6-2. 
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(a)                                      (b)                                      (c) 

Figure 6-6 Cauchy stress zz distribution at final configurations in the case of 
concentric contraction. Figures (a), (b) and (c) are respectively the results of soft CT, 

medium CT and stiff CT, as are denoted in Table 6-1. 
 

 

(a)                                                                 (b) 
Figure 6-7 Numerical results showing the force generation at different stretch ratios 

(a) when the muscle tissue shortens and (b) when the muscle tissue lengthens. The force 
is the reaction force calculated on the top or bottom boundary.  
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Figure 6-8 Force generation for tissues with different maximum muscle fiber stress. 

The material parameter in medium CT of Table 6-1 is used for connective tissue phase. 
The maximum muscle fiber stress for ‘low max ’ case is 20N/cm2,  30N/cm2 for ‘medium 

max ’, and 40N/cm2 for ‘high max ’  
 

Some studies also report that the volume ratio of passive material increases with 

ageing [136]. It’s intuitive that, the increased volume ratio also alters the passive elasticity 

of the muscle tissue, since connective tissue is much stiffer than the passive muscle fiber 

material. Thus a second study is performed to see its effect. To change the volume ratio of 

connective tissue, thicker lines are drew along the interfaces between muscle fibers (Figure 

6-9(a)), which will be segmented by level set algorithm as connective tissue (Figure 6-9(b)). 

Compared with Figure 6-1(c) and (d), the volume ratio of connective tissue in Figure 6-9 

is much bigger. Figure 6-10 shows the influence of the volume of passive material 

(connective tissue) on force generation. The results show slightly different trend as when 

the stiffness of connective tissue is altered. Under compression, the tissue with bigger 

volume ratio of connective tissue always generates less force. While under tension the case 

with thicker connective tissue only generates bigger force when the tissue is stretched 
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beyond certain point, where the contribution of connective tissue exceeds that of muscle 

fibers.  

The muscle fiber phase and the surrounding connective tissues phase work together 

to generate force. The activated muscle fibers shorten and the connective tissue follows 

synchronously. This is due to the fact that the muscle fibers and surrounding connective 

tissues are strictly bonded, which has been verified by experiments [7, 6]. Then the 

shortening connective tissue, as passive material, will generate compressive forces to resist 

deformation. The total force generated by the skeletal muscle tissue is the summation of 

the tensile force (active) from muscle fibers and the compressive force (passive) from 

connective tissue. Assume the force generating capability of the muscle fibers stays 

constant, then during concentric contraction, bigger resistive forces will be generated by 

stiffer connective tissue, which further reduces the force generation capability. In contrast, 

if the connective tissue is softer, then less force generated by the muscle fibers will be 

offset by the connective tissue, and thus the force output would be bigger than the case 

with stiffer connective tissue. It’s opposite for eccentric contraction, since stiffer 

connective tissue will generate bigger positive force increasing the force generation.  

 
(a)                                        (b)                                         (c) 

Figure 6-9 Honeycomb-like model of skeletal muscle tissue with different volume 
ratio for connective tissue (pixel coordinate). The 3 cases are respectively denoted by 

‘Thin CT’, ’Medium thickness CT’ and ‘Thick CT’. In the figures, the red nodes 
represent connective tissue material and blue nodes represent muscle fiber material 
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Figure 6-10 Results for tissues with different volume ratio of connective tissue. The 
material parameters in medium CT of Table 6-1 is used for connective tissue phase.  
 

In reality, it’s rarely observed that the force generation will increase with ageing, 

since the force generation capability during ageing is governed by multiple factors. Some 

of them, e.g. the reduction of specific muscle fiber (Figure 6-8) or loss of motor units etc, 

will reduce the force generation in general. A more advanced model that consider all the 

factors, e.g. passive elasticity, reduction in specific tension, loss of motor units etc together 

is required to generate a more realistic force generation curve with ageing [1]. The ageing 

process is designed (Table 6-3) in such a way that the maximum muscle fiber stress 

decreases, but the stiffness and volume ratio of connective tissue increase with ageing. The 

results shown in Figure 6-11 exactly reproduces the trend in experimental results, i.e. the 

muscle tends to maintain force generation capability during eccentric contraction with 

ageing and the decrease in force production is less for concentric contraction than isometric 

contraction.  
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Table 6-3 Material property setting for ageing process. The stiffness of CT 
corresponds to Table 6-1 and the volume ratio of CT corresponds to Figure 6-9.  

Age Young Medium Old 

max  30N/cm2 25N/cm2 20N/cm2 

Stiffness of CT Soft CT Medium CT Stiff CT 

Volume ratio of CT Thin CT Medium thickness CT Thick CT 

 

 
Figure 6-11 The effect of combined factors on ageing. 

 

6.2.4 Conclusions 

By viewing the muscle tissue as a composite of muscle fibers and connective tissue, 

the ‘intrinsic’ force generation capability is examined and many phenomenon regarding 

force generation can be explained.  The previous discussions conclude that the muscle 

tissue with stiffer connective tissue phase generates less force during concentric contraction, 

as the connective tissue is in compressive state and offsets the total force generation. On 

the contrary during eccentric contraction, the muscle tissue with stiffer connective tissue 

generates more force, as the connective tissue is in tension state tending to enhance force 
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generation. But the reduction in specific muscle fiber force will reduce force generation in 

both concentric and eccentric contraction. The volume ratio of connective tissue shows 

similar effect on force generation, but isn’t as obvious and immediate as the effect of its 

stiffness.  

Although the model used in this work is simply constructed from 2D cross sectional 

images, the numerical results offer deep insight into the mechanism how the skeletal 

muscle tissue works and how the connective tissue and muscle fiber phases cooperate and 

contribute to the overall active force generation. In fact, it’s very hard to extract the 

connective tissue (endomysium) from the muscle tissue and measure its mechanical 

property. The multiscale simulation framework provided in this work offers one way to 

study its effect on force generation and avoids the difficulties in experiments. The methods 

used in this work also demonstrates the capability of meshfree methods (reproducing kernel 

particle method) to simulate image based models, where no hassle is involved with the 

construction of particle model. While for conventional finite element method, the 

procedure of constructing mesh model would be much more complicated.  

6.3 Asymmetric material property of connective tissue 

6.3.1 Introduction 

Intramuscular connective tissue plays an important role in the mechanical behavior 

of muscle tissue. Observations have shown that they are made of numerous collagen fibers 

and these fibers tend to align parallel to the muscle fibers when the tissue is stretched in 

the fiber direction. Thus many researchers assume that the intramuscular tissue cannot 

resist compression or is much softer under compression than in tension as they believe the 



113 
 

 

collagen fibers will buckle under compression. Numerous literature studies its mechanical 

property during tension, however rigorous studies on intramuscular connective tissue under 

compression are rare. This work introduces micro-mechanical model to represent the 

microstructure of muscle tissue via which the mechanical properties of intramuscular 

connective tissue under compression are studied. It’s shown that the assumption leads to 

numerical results, whose trend is consistent with experimental results. If the assumption is 

violated, the numerical results will also contradict experimental results. In this way, the 

previous assumption is verified. This also shows the potential of micro-mechanical models 

to investigate the mechanical property in microscopic scales, which is otherwise hard to 

examine  by experimental techniques. 

The hierarchical architecture of skeletal muscle is well known. When the muscle 

tissue is examined under microscope down to the fiber level, a honeycomb like micro-

structure made of multiple materials is observed [131, 139]. It shows that the muscle fibers 

are surrounded by a layer of connective tissue, i.e. the endomysium. Hereafter, muscle 

tissue will simply refer to muscle fiber and connective tissue complex in the fiber level. 

Experiments have shown that these two materials possess different mechanical property 

[133, 140]. If the muscle tissue is viewed from the continuum level, e.g. when a piece of 

muscle tissue is tested, both material constituents will contribute to its macroscopic 

mechanical response. Changes in each of the constituent materials, e.g. stiffness [133], or 

the microstructure, e.g. shape of the structure, volume fraction of each material [141], will 

alternate its macroscopic property. In this paper, a micro-mechanical material model is 

introduced to represent the muscle tissue, through which homogenized material parameter 

is obtained and thus the mechanical properties of the constituent materials is studied.  
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In conventional modeling of skeletal muscle, a transversely isotropic hyperelastic 

material model is widely accepted [15, 14, 51]. However, for different muscle materials, 

the underlying micro-structure and the mechanical properties of its constituent materials 

may change. For example, the volume fraction of connective tissue is different in healthy 

and diseased muscle tissues [141] and the properties of muscle fibers will also change with 

aging [124]. Consequently the material parameters need to be calibrated according to the 

experimental data to achieve better accuracy in numerical simulation. Since muscle 

material is anisotropic due to the presence of muscle fibers, the energy density function 

also needs to be carefully designed to account for the anisotropy [51, 142]. In this paper, it 

is shown that the introduced material model for skeletal muscle tissue is capable of 

automatically considering the anisotropy induced by the micro-structure without additional 

effort. By using the introduced material model, the muscle material in continuum scale 

exhibits anisotropy even when all the constituent materials are completely isotropic. The 

numerical results are consistent with the experimental data given in [138], which shows 

that the muscle material in passive state exhibits asymmetry under compression.  

Numerous literature have studied the mechanical property of connective tissue in 

fiber level or more generally the extracellular matrix (ECM) in tension [8, 133], which are 

made of collagen fibers. However, the studies when it’s under compression are rare. 

Researchers made assumption that connective tissues cannot resist compression or are very 

soft under compression [143]. This assumption is made based on the observation [139] that 

the collagen fibers of connective tissue tend to align parallel to the muscle fibers when the 

tissue is stretched in the fiber direction. Thus it’s intuitive that the collagen fibers will 

buckle when the tissue is compressed in the fiber direction. This will result in asymmetric 
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mechanical behavior when the tissue is compressed and stretched in the fiber direction. 

The experimental data in [138] also suggests asymmetry in the mechanical behavior of the 

connective tissue material and the stiffness of connective tissue under compression should 

be much smaller than that in tension. This assumption is verified in the numerical 

simulation by using the introduced micro-mechanical model. This also shows that the 

micro-mechanical model offers the capability of investigating the mechanical response of 

constituent materials. 

6.3.2 Methods 

(a) Micro-mechanical material model of composites.  

In static numerical simulation, the tangent modulus  which describes the 

incremental relationship between stress and strain is one key parameter.  In large 

deformation theory, the deformation field is usually measured by the deformation gradient, 

which is defined as : d d F u X I . Here u is the displacement field, X is the material 

coordinate in the undeformed configuration and I is the identity of second order tensor. 

Thus the first tangent modulus defined as : d d P F   is widely used, where P is the first 

Piola-Kirchhoff stress. It’s usually obtained from experiments and the stress strain curve 

as well as the tangent are measured.  
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Figure 6-12 Illustration of micro-mechanics: (a) Problem domain in macroscopic 

scale. (b) Initial configuration of RVE model in microscopic scale. (c) Final configuration 
of RVE model  

 

Assume for each point with deformation gradient F0 in the macroscopic scale, 

there’s one micro-structure associated with it, namely the representative volume element 

(RVE). It can be shown that for the RVE cell in Figure 6-12, if the whole boundary is 

prescribed essential boundary,  

 0( )

  u F I X                   (6.1) 

and there’s no discontinuities in the displacement field, then the averaged deformation 

gradient over the RVE cell would be exactly the macroscopic deformation gradient F0 

[144]regardless of the displacement field in the interior domain of the RVE cell.  

 01: dV
V





 F F F                 (6.2) 

Here, F denotes the deformation gradient field inside the RVE cell and V is the volume of 

the cell. The overline    means the average over the RVE domain. The assumption that the 

displacement is continuous means that there should be no voids or cracks in the micro-

structure. Thus, equation (6.2) is applicable to the muscle fiber and connective tissue 
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complex. Similarly if the RVE cell is prescribed pure Neumann boundary 0

 t P N , 

where P0 is the first order Piola-Kirchhoff stress in the macroscopic scale and N is the outer 

normal direction on the boundary of the cell, then it can be shown that,  

 01: dV
V





 P P P                          (6.3) 

where P is the Piola stress field in the RVE cell. This illustrates that the relationship 

between the averaged stress and strain over the RVE cell is one reasonable measure of the 

stress-strain curve obtained in macro-scale experiments. To obtain the relationship between 

the averaged stress and strain, a local mechanical problem defined on the RVE cell is solved 

[111, 112],  

 0 1( ) : dV 


  P F F F 0                                 (6.4) 

together with boundary condition (6.1). In this governing equation, it’s assumed that the 

displacement field in the RVE cell is assumed to be 0 1( )    u F I x u  , where u1 is the 

unknown microscopic displacement to be solved, 1 1 F u  and F0 is the known 

deformation gradient in macroscopic scale. It’s also assumed that the problem is static and 

there’s no body force present.  

After getting the microscopic displacement field u1, the produced stress is obtained 

according to equation (6.3) and the tangent modulus is calculated by giving a perturbation 

0F  to macroscopic deformation field. Since equation (6.4) is the governing equation and 

should always be satisfied, this will induce that the microscopic deformation is perturbated 

by 1F  [111] and these two variables ( 0F and 1F ) satisfy the following equation,  
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 1 0: : : :dV dV    
 

    F F F F                      (6.5) 

where : d d   P F  is the first tangent modulus in the RVE cell and 0 1:  F F F is the 

heterogeneous deformation gradient. Assuming that 1 0χ:  F F , where χis a fourth-

order tensor and can be solved from equation (6.5), then the homogenized tangent modulus 

will be calculated,  

 
0 1

0

1 ( ) 1: : ( )h d d dV dV
d V d V




 


    

P P F F χ
F F

                      (6.6) 

where  is the fourth order identity tensor.  

In this work, the reproducing kernel particle method (RKPM) [67, 64], which is 

one type of meshfree methods, is employed to solve equations (6.4) and (6.5). Meshfree 

methods offer a few advantages over the more conventional finite element method (FEM). 

For example, since meshfree methods usually offer better continuity in the approximated 

fields, e.g. displacement and strain fields, the accuracy of the solution is usually better than 

FEM [145]. Since the reproducing kernel (RK) approximation functions possess no 

Kronecker Delta property, special methods are required to impose the essential boundary 

conditions. In this work penalty method [146] is used to enforce the essential boundary 

conditions. 

(b) Model geometry and material models 

Literatures show that the connective tissue in the muscle fiber level which is mainly 

endomysium or the extracellular matrix forms microstructure that looks like honeycomb 

[131, 8]. Within each tube is inserted one muscle fiber and the muscle fiber and connective 

tissue are closely bonded with each other. It’s believed that this structure plays an important 
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role in the mechanical response of muscle tissue. With this in mind, a microscopic structure 

of fiber-level muscle tissue is constructed from the photos of tissue cross sections.  In this 

work, the photo of muscle tissue cross section is picked from [131]. The method described 

in section 6.1 is used to construct the 3D microstructure model.   

 
(a)                                                       (b) 

Figure 6-13 Meshfree discretization of representative structure of muscle tissue. (a) 
2D model (b) 3D model constructed by extruding the 2D model. The red nodes are 

connective tissue material and the blue nodes are muscle fiber material. 
 

The microstructure of muscle tissue consists of two types of constituent material, 

i.e. the muscle fiber material and the connective tissue material.  The anisotropic 

hyperelastic material model proposed in [15] and described in section 3.2.2 is used to 

represent muscle fiber material in this paper. It’s worth noting that the material model is 

generally anisotropic, but it’s isotropic if it’s in passive state and under compression. The 

parameters for the muscle material are A10=6.43, A01=-3.8, A20=0.94, A11=-0.0043, 

A02=0.0005, K=5.0×102 (N/cm2). The muscle fibers as shown in Figure 6-13(b) are parallel 

to the path of extrusion, i.e. z-axis, thus the fiber direction is given as N= (0, 0, 1).  
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For the connective tissue material, a cubic polynomial hyperelastic material model 

is used, which is isotropic in both tension and compression.  The strain energy density 

function is given as,  

 2 3 2
10 1 20 1 30 1ct ( 3) ( 3) ( 3) ( 1)

2
W KA I A I A I J                           (6.7) 

with material parameters being A10=10, A20=20, A30=200, K=1.0×103 (N/cm2), so that the 

connective tissue material is much stiffer than the muscle material (Figure 6-14). Here 

2
1

/ 3
1I J I  is the reduced first invariant of the Cauchy-Green strain tensor C and

1 / 2
1 ( ) ,  d e t ( ) ,  TI tr J  C C C F F . The stretch-stress relationship is shown as solid line in 

Figure 6-14. As can be seen from the curve, the behavior of material is approximately 

central symmetric about 1   and the stiffness of the material under compression is very 

close to that in tension.  

 

 
Figure 6-14 Stretch-stress relationship for the connective tissue and passive muscle 

fiber material under uniaxial tension.  
 

(c) Modified material model for connective tissue 
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In order to design a material model for connective tissue that shows significant 

rigidity when it’s under tension but is much softer under compression, the stretch ratio 

along the direction of muscle fibers 4I   N C  is introduced into the material model, 

where C is the Cauchy-Green strain tensor and N is the direction of muscle fibers. The 

modified energy density function [147] is expressed as, 

 ct-mod 1 4 2( 1)W W I W                              (6.8) 

where  is Heaviside function and both W1 and W2 take the form of equation (6.7), but 

their material parameters are significantly different. In this work, the material parameters 

are A10=4.0, A20=0, A30=0, K=1.0×103 (N/cm2) for W1 ,and for W2 the parameters are 

A10=6.0, A20=20, A30=200, K=0.0(N/cm2).  The stretch stress relationship in uniaxial 

tension and compression is shown as the dashed line in Figure 6-14, which shows that 

compared with the material model in equation (6.7) only the branch when the material 

under compression is modified and it’s much softer than when it’s in tension. It’s worth 

noting that the material is still isotropic, no matter it’s under tension or compression in the 

fiber direction. 

6.3.3 Results 

(a) Verification of the code 

The code takes a deformation gradient from the macroscopic scale F0 as input and 

outputs the homogenized Piola stress and tangent modulus according to equations (6.3) and 

(6.6) respectively. Equation (6.9) illustrates a method to verify the code, since the 

homogenized tangent modulus can also be computed using finite difference method,  
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0 0( ) ( )

2
ij kl ij klfd

ijkl

P F h P F h
C

h
  

                                         (6.9) 

where h is a small perturbation. According to the theory of finite difference method, 

2

, , ,
max ( )h fd

ijkl ijkli j k l
err C C o h    as central difference scheme is used. In the verification 

of the convergence behavior of the homogenization algorithm, the following macroscopic 

deformation gradient is used,  

 0

1.049 0.037 0.0056
0.028 1.056 0.033
0.027 0.097 1.040

 
   
  

F                                       (6.10) 

It’s calculated by adding the identity matrix and a randomly generated matrix with 

all components between 0.0 and 0.1. The microstructure used here is the same as the one 

in Figure 6-13and the convergence rate is shown in Figure 6-15, from which it can be seen 

that when h>10-4, the convergence rate is very close to the value predicted by the theory of 

finite difference method. But when h is smaller than 10-4, the error stays at about the same 

magnitude, which can be possibly attributed to the integration error. In this example, the 

homogenized Piola stress and tangent modulus are calculated using stabilized conforming 

nodal integration (SCNI) which only has linear exactness. In the computation, the sizes of 

the integration cells are constant during simulation, which means that the intrinsic error 

due to numerical integration will be of constant scale. This error will dominate err when h 

is too small and thus the curve stays level and even slightly increases as h approaches blow 

10-4. Despite the problem in the convergence rate , the result in Figure 6-15 shows that the 

accuracy of the homogenized tangent modulus is acceptable. 
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Figure 6-15 Convergence behavior of the homogenization algorithm 

 

(b) Study on the mechanical property of connective tissue under compression 

 
Figure 6-16 Schematic diagram of the deformation of the specimen in the two cases. 
The shaded area represents connective tissue and the arrows denote directions of 

compression. 
 

To study the material property of connective tissue under compression, two cases 

of numerical simulation are performed. The deformation gradients in macroscopic scale 

for the two cases are,  

e1

e3

Case 1 Case 2

F

F

F F
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F F                   (6.11) 

where λ ranges from 1.0 to 0.85.  In both cases, the two surfaces perpendicular to e2 

direction is constrained and the muscle fiber material is in passive state. In the first case, 

the specimen is compressed in e3 direction and due to the incompressible condition of the 

material it’s stretched in e1 direction. In this case, the connective tissue as well as muscle 

fibers are compressed, since the muscle fiber aligns parallel with respect to the z-axis as 

shown in Figure 6-13. In the second case, the specimen is compressed in e1 direction and 

the e3 direction is stretched to conserve the volume. The connective tissue is stretched in 

this case. The deformation patterns for the two cases are illustrated in Figure 6-16. 

                         
(a)                                                                        (b) 

Figure 6-17 Initial (a) and final (b) configurations of case 1, the unit of stress is 
N/cm2 
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(a)                                                                           (b) 

Figure 6-18 Initial (a) and final (b) configurations of case 2, the unit of stress is 
N/cm2 

 

 

(a)                                                                   (b) 
Figure 6-19 Homogenized stress as a function of the stretch ratio λ in equation (6.11). 

(a) is the result of case 1 and (b) is the result of case 2. 
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Figure 6-20 Comparison between case 1 and case 2. 
 

For the first set of numerical simulation, the original material models described in 

previous section are used and the numerical results are shown in Figure 6-17, Figure 6-18 

and Figure 6-19. Figure 6-20 shows the comparison between the normal Piola stress in the 

direction of compression and thus the curve for case 1 represents P33 and the curve for case 

2 represents P11. The results in Figure 6-20 show that the mechanical property of the micro-

structure is anisotropic, i.e. the response of the material is different in different directions. 

As the muscle fiber material is isotropic when it’s passive and under compression as well 

as the connective tissue material, the anisotropy results from the asymmetry of the 

microstructure and the homogenized stress accounts for the effects of both material 

properties and the microstructure of the RVE cell.  

However, the numerical results in Figure 6-20 contradict the experimental results 

reported in [138], which show that the stiffness in case 2 is much bigger than that in case 

1. The original material model for connective tissue exhibits similar stiffness when it’s in 

tension and compression and in fact the material is slightly stiffer when it’s in compression 



127 
 

 

than when it’s in tension (Figure 6-14). The connective tissue in case 1 is subjected to 

compression while the connective tissue in case 2 is in tension. This explains why the 

stiffness in case 1 is bigger in the numerical result (Figure 6-20). Thus to reproduce the 

experimental result, the connective tissue is modified according to the assumption 

discussed earlier so that it’s much softer in compression than in tension. Since the 

connective tissue is in tension in case 2, this modification to the material won’t change the 

response curves of case 2. Thus only the updated results of case 1 with modified material 

are shown in the following. The initial and final configurations of the specimen are given 

in Figure 6-21 and the revised comparison between the two cases is shown in Figure 6-22. 

From the results, we can see that the modified material model produces much softer 

response in case 1, i.e. when the connective tissue is under compression. The trend agrees 

well with the experimental results in [138]. This verifies the assumption that the connective 

tissue is much softer under compression than when it’s in tension.   

            
(a)                                                          (b) 

Figure 6-21 Initial (a) and final (b) configuration of the muscle tissue specimen in 
case 1, when modified material model for connective tissue is used. The unit of stress is 

N/cm2 
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(a)                                                                  (b) 

Figure 6-22 Numerical results when the modified material model for connective 
tissue is employed. (a) shows the curve of Piola stress as function of stretch ratio in case 
1 and (b) shows the comparison between case 1, case 1 using modified material  and case 

2.  
 

6.3.4 Conclusions 

The muscle tissue is a natural composite and it consists of muscle fiber material 

and connective tissue (extracellular matrix). This paper introduces the micro-mechanical 

model to obtain its mechanical property in the macroscopic scale. The macroscopic strain-

stress response are homogenized based on the variables in lower scales. The 

homogenization process involves integral performed on the RVE cell. In this way both the 

material properties of the constituent material and topology of the microstructure are 

considered. If the constituent materials are isotropic but the microstructure is asymmetric, 

the homogenized response will also exhibit anisotropy as is shown in the previous section. 

Since the variables in lower scales to be homogenized are actually solution to a nonlinear 

elasticity problem on the RVE cell, nonlinear effects are also considered in the micro-

mechanical model.  



129 
 

 

The model is then used to study the mechanical property of constituent materials in 

lower scales, i.e. the property of connective tissue. Based on the observation of the 

morphology of connective tissue, which consists of numerous collagen fibers, researchers 

have made assumptions that either the connective tissue is much softer when it’s 

compressed than when it’s stretched or it couldn’t resist compression. If the material model 

for connective tissue isn’t modified, i.e. it exhibits similar stiffness when it’s compressed 

and stretched, this will violate the previous assumptions. Then the numerical results also 

contradict the experimental results. After modifying the material such that it’s much softer 

when it’s compressed than when it’s stretched, then the numerical results are consistent 

with experimental results. In this regard, the numerical simulation verifies the asymmetric 

property of connective tissue under compression and tension. This example shows the 

capability of micro-mechanics based model together with image based meshfree method 

to investigate into the material property of the constituent materials in lower scales. Other 

factors in the microscopic scale will be studied in the future, e.g. the influence of stiffness 

of connective tissue on the capability of force generation, the effect of volume fraction of 

extracellular matrix on the macroscopic mechanical property.  
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Chapter 7 Continuum scale modeling of skeletal muscle 

7.1 Image based muscle modeling 

Finite Element Method (FEM) is widely used in modeling skeletal muscle. 

However, reconstructing the mesh conforming with complex muscle geometry based on 

medical images for finite element modeling is not a trivial task. Poorly constructed meshes 

easily lead to failure of modeling. In FEM, the general procedure of constructing the 

muscle model from MRI images is described below: 

1. Manual segmentation of the muscle components from user-defined region 

of interests. This will generate the surfaces of muscle and bones. 

2. 3D volume elements are constructed from the surface generated in step (1). 

This is a very tedious process, since badly constructed meshes easily lead to failure in 

modeling. 

3. Numerical integration in FEM is usually performed within elements and 

fiber direction information needs to be provided for all integration points. In FEM, 

this is achieved by constructing ‘template fiber’ geometries and linearly interpolating 

the fiber directions through spline functions. 

As can be seen from the description of constructing muscle geometry, there are two 

drawbacks when FEM is used. One is the tedious process of constructing 3D volume 

elements which often leads to mesh distortion due to poor quality mesh and the other is 

that the muscle fiber direction is just a ‘man made’ mathematical approximation of the 

actual fiber directions. To overcome these disadvantages, image based meshfree modeling 
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of skeletal muscle is proposed. As is indicated by the name, no meshes are needed in 

meshfree methods. As the discretization of meshfree method is essentially different from 

finite element method, this avoids the trouble of constructing meshes and mesh distortion 

in modeling. 

In image based muscle modeling, the pixel points are directly used as nodes in 

modeling and as integration points in nodal integration. Material information and fiber 

direction for each node are provided accordingly. The pixel points for different materials 

have been grouped together in the process of segmentation, which makes it easy to assign 

different material property to different nodes. Figure 7-1 shows one sample slice of 40 MRI 

images of human lower leg and the segmented model is shown in Figure 7-2. Figure 7-3 

shows the full 3D model, which is the result of stacking all 40 slices together. Material 

constants in Table 3-1and Table 3-2 are used here for muscle matrix and tendon separately. 

 

Figure 7-1 Major components of skeletal muscle in a sample medical image 
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Figure 7-2 Pixel model after segmentation of Figure 7-1. Blue '.' is muscle and red '+' 
is tendon node 

 

Figure 7-3 Full 3D pixel model of skeletal muscle 
 

As is shown in literature [61], the maximum eigenvector of diffusion tensor 

obtained from Diffusion Tensor Imaging (DTI) agrees well with the fiber direction. They 

are used as input into the constitutive model of muscle in meshfree modeling. Since the 

intramuscular connective tissue (IMCT) and fat saturation (FS) contains no fiber, there's 

no DTI information on these nodes. The DTI information of sample slices is shown in 

Figure 7-4 and Figure 7-5. 
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Figure 7-4 Fiber direction projected onto the transverse plane 

 

Figure 7-5 Fiber direction projected onto the sagittal plane 
 

Due to the fact that the spacing between pixel points is constant, regular Voronoi 

cells are used as integration zones. The two bone boundaries are treated as roller boundary, 

i.e. the nodes on bone boundaries can only move in z  direction and the degree of freedoms 

in x  and y directions are constrained. To simulate the isometric contraction, the top slice 

and bottom slice, as is shown in Figure 7-3, are fixed in all directions. The activation factor 

is increased linearly from 0.0 to 1.0 in simulation. Figure 7-6 shows the contour of stress 
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component zz  at the final configuration. Due to the lack of experimental results, the 

current modeling result is very preliminary and needs to be verified and validated in future 

research. 

 

Figure 7-6 Distribution of Cauchy stress component zz  
 

7.2 Comparison of meshfree and finite element modeling of tendon  

To show the accuracy of the RKPM method, a manually segmented tendon model 

whose structure is relatively regular and thus FEM discretization is possible, is modeled 

using both the RKPM and finite element methods. The discretization of the model using 

finite element and meshfree nodes are shown in Figure 7-7(a) and Figure 7-7(b), 

respectively. The length of the tendon is about 19 cm. The bottom end of the tendon is 

fixed in all directions and the top end is stretched by 2 cm in the direction along the axial 

direction of the tendon, as is shown in Figure 7-7(a). The tendon is modeled using the cubic 

hyperelastic model described in equation (3.58) for which the material parameters are 

given in Table 3-2. The comparison of the reaction forces generated at the fixed end using 
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meshfree and finite element methods are shown in Figure 7-7(c), which show very good 

agreement. 

 

(a)                                        (b)                                                (c) 

Figure 7-7 3D model of tendon (a) Finite element discretization (b) Meshfree 
discretization (c) Comparison of reaction force generated at the fixed end, using Finite 

Element (FE) and meshfree (RK) methods 
 

7.3 Convergence Study: Numerical analysis of isometric contraction of the 

lower leg using RKPM 

In this example, isometric contraction of the 3D muscle model of the lower leg 

shown in Figure 7-8 is simulated using the RKPM formulation. To achieve better efficiency, 

a coarsened model with 73659 nodes is employed. Isometric contraction is achieved by 

fixing the top and bottom boundaries and increase the activation level. For the points near 

the interior bone boundaries, the displacements in the cross-sectional plane are fixed but 

are free to move along the longitudinal direction of the muscle. The activation factor  of 

the muscle material is linearly increased from 0 to 0.95. In our simulation, all muscle points 

are activated simultaneously. The generated force due to muscle contraction is calculated 

at the fixed end. The reaction force generated at different levels of muscle activation is 

shown in Figure 7-9.  
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A convergence study is performed to ensure that the discretization resolution of 

muscle model is sufficient for desired accuracy. The fine RKPM model with 294584 nodes 

is also generated from finer cross-sectional image as shown in Figure 7-8. The spacing in 

the longitudinal direction (vertical z-direction) is not refined due to the limitation in the 

image acquisition. This is also justified due to the fact that the spatial variations in the stress 

and strain fields in the longitudinal direction are much smaller than those in the transverse 

direction. The force generation results obtained from coarse and refined models are shown 

in Figure 7-9, which confirm convergence of RKPM solution. 

             

Figure 7-8  The configuration of the fine model with 294584 nodes constructed from 
25 MRI images. The red, green and blue dots are connective tissue, muscle material and 

fat tissue. 
 



137 
 

 

 

Figure 7-9 Reaction force generated at different levels of muscle activation predicted 
by coarse and refined models.  

 

7.4 Study on the stiffness of aponeurosis on force generation 

The aponeurosis is a thin layer of connective tissue wrapping the muscle 

components. It can be viewed as extension of tendon into the main muscle volume, see 

Figure 1-3. As can be seen from the figure, the tendon is directly connected to bone and it 

becomes thinner and thinner when it extends toward the muscle bulk. By observation on 

the morphology of tendon, it’s believed that aponeurosis plays an important role in force 

transmission. In this example the material properties of the aponeurosis are varied to see 

the effect in force output.  

As shown in Figure 7-10, the aponeurosis (connective tissue) forms a layer around 

the muscle which is fixed at the top and bottom planes to simulate isometric contraction. 

The material properties of the aponeurosis (which is taken to be same as IMCT) are scaled 

by 0.1, 1 (original case), 10 and 100 times to represent 4 different cases for simulation 
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respectively. The cubic polynomial hyperelastic material is also employed for the fat 

material, whose parameters are scaled by 0.1 since fat is much softer than connective tissue. 

The results for force versus activation for these 4 cases are shown in Figure 7-11. In this 

figure E = x Eorig represents the case where the material property is scaled by ‘x’ times. It 

can be observed from the result that, as the Young’s modulus of the aponeurosis is 

increased, the reaction force increases. Also for the cases of 10E and 100E the force 

generated is very close, which shows that it tends to reach a limiting value. The median, 

mean, range (25-75% values), and standard deviation of the stretch ratios at final 

configuration of all the muscle points are plotted in Figure 7-12. It can be seen that, as the 

Young’s modulus of the aponeurosis increases, the stretch ratio increases, due to which the 

force production in the muscle increases accordingly following the force-stretch 

characteristics of the muscle as shown in Figure 1-5.  

      

Figure 7-10 The meshfree model of human medial gastrocnemius muscle. The yellow 
dots are muscle points, the blue dots are connective tissue points, and the red dots are fat 

tissue.    
 



139 
 

 

 

Figure 7-11 Force versus activation plots for different Young’s modulus values of the 
aponeurosis 

 
Figure 7-12 Statistical data for the stretch ratios at the nodes belonging to muscle 

component.  
 

Chapter 7, in part, has been published in Computer Methods in Biomechanics and 

Biomedical Engineering: Image & Visualization, 2015, J.S. Chen, R. Basava,  Y. Zhang, 

Robert Csapo, Vadim malis, Usha Sinha, John Hodgson, Shantanu Sinha, Pixel-based 

meshfree modelling of skeletal muscles. The dissertation author was the author of the paper.  
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Chapter 8 Multi-Scale Computational Framework for Muscle 

Simulation 

In previous chapters the physical models in different scales, including the electro-

chemical contraction of muscle fibers, the combined effects of the active fiber contraction 

and passive ECM mechanical deformation, and contraction of muscle components have 

been studied separately. In this chapter, the physical models on different scales are 

integrated together to construct coupled electro-chemical-mechanical simulation of 

skeletal muscle, so that the effect of lower scale changes on macro-scale behaviors can be 

studied via the multi-scale computational framework.  

8.1 Simulation of neural signal in branched neural system in a simple model 

To obtain the non-uniform distribution of activation at all meshfree nodes, the 

neural tree is constructed and the neural signal propagation in the neural tree system is 

simulated. In Chapter 4, the governing equation for propagation of neural signal on single 

branch has been introduced,  
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with boundary condition on the branch end,  
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Figure 8-1 An example of neural tree constructed using Monte-Carlo algorithm to 
serve a group of points. 

 

In this work, meshfree model is used to represent the muscle tissue material and a 

Monte-Carlo based method is used to construct the branching system [49] that serves the 

group of points, see Figure 8-1, where muscle points are uniformly distributed pixel points. 

The equation that governs the behavior at the branching point is inspired by that for HH 

equation [148, 46],  
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                                     (8.3) 

Here, A is the cross section area of the node,  denotes the direction of the axial 

current that needs to be taken into account. Take a simple branch (Figure 8-2) as an 

example, the action potential will propagation from A – O, and then from O – B and from 

O – C respectively. Thus point O is the branching node in this example. The action potential 
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in branch A – O ‘flows’ into node O and the action potential in branches O – B and O – C 

‘flows’ out of node O. Correspondingly, the sign for O – B and O – C is ‘+’ and it’s ‘-’ for 

A – O.  The superscript ‘b’ in equation (8.3) denotes the ID of branches that’s connected 

to this branching node and   denotes the local coordinate system and the positive direction 

aligns in the direction of action potential propagation.  

 

Figure 8-2 A simple branched neural tree. 
 

 

Figure 8-3 Diagram of the discretization for the structure in Figure 8-2 
 

Here, forward time central space scheme is used to discretize equations (8.1) on 

each branch of the tree-like neural system and central space scheme is used for equation 

(8.2). The equation for branching node (8.3) is discretized using forward time forward 

space scheme. Take the neural tree in Figure 8-2 as an example and the structure is 
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discretized in Figure 8-3. At the branching point O, 
AOV





is discretized as 1
AO AO

n n
AO

V V
x




 

and similarly 
OBV





is discretized as 1 0
O B O B

O B

V V
x



. Segment O – C can be discretized in the 

same way as O – B.  

The parameters for the governing equation are a=0.7, b=0.8, 

1 2 3 4 51.0, 12.5c c c c c      and stimulation is applied at the root of the nerve tree. The 

magnitude and duration of stimulation are Is= -100 and Ts= 0.5 and the nodal area is A = 

0.1. The action potential V and reaction variable W are initially at the steady state for the 

whole tree structure, i.e. V = 1.2 and W = -0.625. All the segments in the tree structure are 

discretized with nodal spacing Δx=0.1 and time step is Δt = 0.004 following the suggestion 

in Chapter 4. The numerical solution for the branched neural system in Figure 8-1 is shown 

in Figure 8-4. Clearly, the numerical solution shows that the action potential propagates in 

the branched system in wave form.  
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Figure 8-4 Numerical solution of FHN equation on branched system. The 6 figures 
are taken at t=1.6, 6.4, 11.2, 16.0, 20.8 and 25.6. The color denotes the magnitude of the 

action potential.  
 

8.2 Anisotropic propagation of action potential in muscle tissue using a 

simple model  

To simulate the propagation of action potential in muscle tissue, it’s conventional 

to represent the muscle fibers explicitly, which is feasible for simple geometry of muscle. 
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However, there’re thousands of muscle fibers in each muscle component and to avoid the 

trouble associated with representing all muscle fibers explicitly, the FHN equation is 

extended to multiple dimensions [149]  and anisotropic conductivity is introduced to realize 

the effect that the propagation speed of action potential along muscle fibers are much bigger 

than that perpendicular to the fibers.  
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where D is the conductivity tensor and the anisotropy is introduced through D, which is a 

normalized parameter denoting the relative ratio of propagation speed in different 

directions.  According to [149] in 3 dimensional case, if the muscle fiber is parallel to the 

x axis of the coordinate system, the conductivity is, 
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D                                               (8.5) 

D11 is the conductivity along fiber direction and D22, D33 is the relative conductivity in 

transverse direction. n is the normal direction on the boundary of the domain. The 

stimulation magnitude is @s sI x   and duration is Ts. Here xs is the location where 

stimulation is applied.   

For regular domain problems, the natural boundary aligns in parallel with the axis, 

which significantly simplifies the finite difference formulation. For an irregular domain, 

the boundary normal will be involved in the computations. As only homogeneous natural 

boundary is involved in this problem, the natural boundary conditions can be removed by 
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using Galerkin method. Here a 1D problem in domain [1, L] is used to demonstrate the 

accuracy of Galerkin method and the governing equation is,  
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                           (8.6) 

with boundary conditions, , 0@  0,xV x L  . The equivalent weak form for (8.6) is 

easily derived as, 

1 1
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By introducing the reproducing kernel approximation function 

( ) ( ) ,  ( ) ( )h h
I I I I

I I

w x x w V x x V      , as is shown in Chapter 5, the weak form (8.7) 

can be discretized as,  

 M V + KV = F                     (8.8) 

where 
0

L

IJ I JM dx   ,  , ,
0

L

IJ I x J xK D dx    , and 
0

L

I IF fdx  . In this work, Gaussian 

integration is employed to perform the integral in the mass and stiffness matrices. As the 

stimulation Is in the source term f is only non-zero at the stimulation point, it’s hard to 

count for the stimulation if there’s no integration point on the stimulation point. Here, 

stimulation zone is used instead of the stimulation point, i.e. Is = -1000 in a small 

neighboring domain { | ( ) }sx norm x x    , where  is a very small number. A forward 

time scheme is used to solve the semi-discretized equation (8.8),  

 
t

n +1 n
n nV - VM + KV = F                                    (8.9) 

where the superscript n denotes time step. 
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To verify the numerical results of Galerkin method, it’s compared with finite 

difference method which has been studied previously. A domain [0, 20] is considered, and 

the nodal spacing is Δx=0.5, time step Δt=0.004 for both methods. The comparison is 

shown in Figure 8-5 and good agreement is observed. Although the example shown here 

is a 1D problem, the Galerkin formulation can be easily extended to multiple dimensions, 

which is shown in section 8.5. 

Figure 8-5 Comparison of Galerkin method with finite difference method. The four 
figures are the numerical solution at different time instants. 

 

8.3 Neuromuscular conjunction point in a simple model 

At the neuromuscular conjunction point, the electrical signal in neural fibers is 

transmitted to action potential in the muscle fibers through a very complicated 

physiological process. However, it has been shown that the propagation of action potential 
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along both neural fibers and muscle fibers are governed by the same set of equations, i.e. 

the Hodgkin-Huxley’s equation (HH), where the FHN equations instead for simplicity. 

According to previous study on its behavior, the propagation of action potential is triggered 

by an electric current input, which is bigger than a threshold value. As long as the current 

input is bigger than the threshold value, a wave will be generated in the system and the 

wave shapes of the action potentials when different stimulations of different magnitude 

(same duration) are applied are very similar. The solution for 1D FHN equation for domain 

[0.0, 20.0] are solved and the stimulation is applied at point x=0.0. In Figure 8-6, two 

stimulations with different magnitude and same duration are applied and the time history 

at point x=10.0 are plotted. The results of the two cases are almost the same, showing that 

the solution of FHN equation isn’t sensitive with the magnitude of the stimulation.  

In this work, a threshold strategy is employed to account for the neuromuscular 

conjunction point. At the end of the neural branches, the muscle domain will be applied a 

pulse once the magnitude of action potential in the neural system is beyond certain 

threshold value.  
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Figure 8-6 Solution of FHN equation when stimulation of different magnitude are 
applied. 

 

8.4 Numerical solution of calcium dynamics and activation level in a simple 

model 

From the previous steps, the action potential as a function of time is known at all 

spatial points in the muscle tissue domain. Then the action potential history is related to 

the activation level that can be used in muscle simulation through calcium dynamics. The 

condition the calcium dynamics is triggered follows the same threshold criteria, as is used 

for neuromuscular conjunction point.  

As is introduced in Chapter 3, the governing equation of calcium kinetics is, 

 [ ] [ ] [ ]in up
d Ca Ca Ca
dt

                                  (8.10) 

with the intake and uptake rate of calcium being,  
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The ( )t  is the activation applied from the propagation of action potential. [Ca] is 

the calcium concentration in the myofibrillar space. R0 is the amount of increase in total 

calcium concentration due to one action potential and [Ca]* is the mean calcium 

concentration. The activation function is defined as a summation of a series of pulses, 

1 2/ /
1 2ˆ ˆ( ) ( ),  ( ) ( ) / ( )t t

i
i

t t t t e e           , where ti  are the times the action 

potential wave passes by the particular point, as is determined by the same threshold criteria 

used for neuromuscular conjunction point and 1 2,   are characteristic parameters of the 

pulse function ˆ ( )t , shown below in Figure 8-7. 

 

Figure 8-7 One example of pulse function for 1 20.005 , 0.001s s    . 
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The values for 1 20.005 , 0.001s s   are found from [32]. For rats, the parameters 

for Michaelis-Menten kinetics are Km = 12.0μmol/mg/min=0.2μmol/mg/s and Vm = 

2.8μmol/mg/min=0.047μmol/mg/s taken from [150]. The average calcium concentration 

[Ca]* and amount of release of calcium per pulse R0 are both estimated as 0.2μmol/mg. 

Here ‘mg’ is the measure of the amount of sarcotubular vesicles.  

The governing equation is solved using forward Euler method. To obtain a 

reasonable estimate of the time step, stability analysis of the equation is performed. For 

simplicity, [Ca] is denoted by x in the following derivations. Thus 0x  and 

* 0.2μmol/mgx   . Assume Δt is the time step, the discretized form is, 
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The stability condition requires that, 
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On the other hand,  
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is always true.  A conservative estimation for the critical time step is,  
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Since ˆmax{ ( )} 133.75t   and 
 2 0.24m m m
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. The critical time step is 

approximately,  

 2 0.015
133.75 0.24ct  


                                   (8.16) 

 In the following numerical examples, the time step is t c=0.01 to ensure stability 

condition is satisfied. The initial calcium concentration is [Ca]0=0.2 μmol/mg. The 

numerical results with different stimulation frequencies applied are given in Figure 8-8. As 

can be seen from the results, the temporal frequency of stimulation not only affects the 

frequency of calcium concentration, but also affects its magnitude. Higher frequency of 

stimulation induces higher calcium concentration in the myofibrillar space.  

 An empirical equation is used to relate the calcium concentration to activation level, 

which can be used either in the Huxley’s equation or anisotropic hyperelastic model for 

skeletal muscle.  
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                                              (8.17) 

The parameter μ comes from the reaction rate between different phases of calcium 

in the myofibrillar space. The parameter is adjusted to μ=0.1 so that average calcium 

concentration corresponds to intermediate activation. It’s also worth noting that, the 

calcium kinetics is assumed to be decoupled from the cross-bridging kinetics in this work 

and the [Ca] denotes the concentration of total calcium in myofibrillar space.   
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(a)

(b)

(c) 

Figure 8-8 The numerical solution of calcium kinetics. Different frequencies of neural 
stimulation are used for the 3 figures and the periods of stimulation are respectively, 0.5s, 

1.5s and 2.5s. The unit for [Ca] is μmol/mg and it’s s for time t. 
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Figure 8-9 Empirical relationship between the calcium concentration (μmol/mg) and 
activation (dimensionless).  

 

8.5 Multiscale simulation of skeletal muscle 

In this section, the steps described previously are integrated into the continuum 

scale modeling. The anisotropic Fitzhugh-Nagumo equation is solved on a muscle 

component, i.e. the medial gastrocnemius, in human lower leg. A 3D model of the muscle 

component is constructed from MRI images, see Figure 8-10 (a). The size of the muscle 

component is roughly 6cm×5cm×14cm and the nodal spacing is roughly 

0.3cm×0.3cm×0.5cm. The time step for the simulation of action potential propagation is 

0.003ms.  
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(a)                                                 (b) 

Figure 8-10 Geometry of medial gastrocnemius in human lower leg (a) and the fiber 
directions (b) displayed at each muscle point. 

 

The Fitzhugh-Nagumo equation is solved using the Galerkin method proposed in 

section 8.2. The regular cells surrounding the meshfree nodes are used as Gaussian 

integration cell, and third order Gauss quadrature rule is employed. The fiber direction is 

also introduced in the propagation of action potential by transforming the conductivity 

matrix D using corresponding transform matrix. The transformation matrix is defined as,

1 2 3[ , , ]R e e e , where e1 is a column vector denoting the direction of fiber and e2 and e3 are 

the perpendicular directions with 2 3e e , so e1, e2 and e3 form a local orthogonal coordinate 

system. This transformation matrix is defined on all integration points, since the fiber 

directions are different from point to point. Then the transformed conductivity matrix is 

calculated following the tensor transformation rule.  
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The neural ending points in the neural tree shown in Figure 8-4 is transformed to 

plane y=12cm in the muscle model shown in Figure 8-10 and they’re used as stimulation 

points in the muscle tissue. The solution of the action potential, calcium concentration are 

shown in pictures Figure 8-11, Figure 8-12. The distribution of activation is very similar 

to that of calcium concentration and is thus skipped.  

The parameters for FHN model and calcium kinetics are modified so that the results 

can show the trend how the frequency of stimulation affect the ultimate force generation. 

For the anisotropic FHN equation, the modified parameters are, 

1 2 3 4 50.7, 0.8, 10.0, 1.25a b c c c c c        

For each stimulation the magnitude of current stimulation is Is=-2.0mV and the 

duration of each stimulation is Ts=1.0ms. Two cases for the stimulation intervals are tested 

in this work, they are respectively 5ms and 10ms. The total running time is 60ms, thus in 

Figure 8-13 and Figure 8-14 the time interval between each output step is 0.3ms. The 

muscle component is stimulated from the beginning and the stimulation stopped at 40ms. 

The parameters for calcium kinetics are also modified such that, 

0
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0.05 / / , 0.2 / /
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m m
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Certain points are selected to show their time history of calcium concentration and 

activation, as are shown in Figure 8-13 and Figure 8-14. It’s clear that with stimulation of  

higher frequency, the calcium concentration level and activation level are generally higher 

than the results with lower frequency, see Figure 8-15, which is consistent with 
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experimental observation [151], as is shown in Figure 8-17. The effect of the frequency of 

stimulation on force generation is termed rate coding.  

In the continuum level, the top and bottom planes of the muscle component are 

fixed in all directions and the activation level obtained from the previous steps are used as 

input in this level. The force generation corresponding to stimulation intervals 5, 10 and 15 

are shown in Figure 8-16, which clearly shows the trend that stimulations with higher 

frequency generally induces higher force generation.  

 

 
Figure 8-11 The numerical solution of action potential (V) distribution at different 

time instants: 0.3ms, 1.2ms, 1.5ms, 1.8ms, 2.1ms and 3.0ms.   
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Figure 8-12 Numerical solution of the calcium concentration at the same time instants 

as Figure 8-11. 
 

 

Figure 8-13 The history of calcium concentration and activation at point (12.03, 5.21, 
14.0) when the stimulation interval is 5 ms 

 



159 
 

 

 

Figure 8-14 The history of calcium concentration and activation of point (12.03, 5.21, 
14.00) when the stimulation interval is 10 ms 

 

 

Figure 8-15 Comparison of activation level and calcium concentration at one 
particular point for different frequencies. 
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Figure 8-16 The comparison of force generation when different stimulation interval is 
used. 

 

 

 

Figure 8-17 The experimental results of the effect of rate coding on force generation 
[151].  
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Chapter 9 Conclusions and suggestions for future work 

The dissertation aims to construct a coupled electro-chemical-mechanical multi-

scale computational framework for the simulation of skeletal muscles. The objective is 

motivated by the fact that the causes of ageing and many diseases are traced down to the 

changes in the cellular and sub-cellular scale mechanisms. These changes include 

morphological changes or the changes in the activation system, i.e. the propagation of 

action potential in neural and muscle fibers that drives muscle fibers contraction. The 

dissertation explores the physical models in different scales, the numerical methods to 

solve them and integration of the multiple physical models into a multi-scale framework. 

9.1 Summary 

In sub-cellular scales, the Huxley’s two-state cross bridging model, which accounts 

for the dynamic behavior of muscle fibers, is solved numerically and a characteristic line 

method employing the characteristic line is also proposed, which reduced the computation 

time. The Hodgkin-Huxley’s model and Fitzhugh-Nagumo model which are used to 

represent the behavior of action potential propagation are also solved using finite difference 

method. Due to the presence of the nonlinear reaction term, a more restrict bound for the 

time step is provided by performing stability analysis to the numerical scheme considering 

the nonlinear reaction term.  

A multi-dimensional Fitzhugh-Nagumo equation in conjunction with anisotropic 

conductivity tensor is introduced in this work to simplify the simulation of the propagation 

of action potential in muscle tissue. The conventional way of achieving this goal is to 
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discretize the muscle fibers explicitly and perform 1D simulation of Fitzhugh-Nagumo 

equation on all muscle fibers. However, there’re thousands of muscle fibers in each muscle 

component, which renders this approach very cumbersome and expensive, and this is 

avoided in the proposed approach. The ‘homogenized’ conductivity tensor is transformed 

following the fiber direction on each pixel point so that the action potential propagates 

along the fiber direction. This approach is much more efficient compared with the 

conventional approach. 

A weak form based Galerkin method is proposed to solve the multi-dimensional 

FHN equation for arbitrary geometries. The muscle components are usually irregular and 

thus the natural boundary condition will induce some trouble if the FHN equations are 

solved using finite difference method, since the normal directions on the natural boundary 

need to be considered. On the other hand the homogeneous natural boundary condition will 

naturally disappear when formulating the weak form. 

 An image based computational framework is developed for the simulation of 

skeletal muscle in component and cellular scales. The models employed in these scales are 

constructed from medical images and all material information, e.g. the material type, fiber 

direction etc, is stored on each pixel points, which are directly used as discretization points 

in meshfree method. This approach saves the trouble associated with finite element mesh 

generation in the model construction process. The performance of the code for image based 

simulation, i.e. the accuracy and convergence behavior are studied.  

The combined effect of active muscle fiber and passive ECM deformation on the 

macroscopic force deformation is investigated. Experimental results show that the passive 

muscle tissue, which is a complex of muscle fiber and connective tissue, shows different 
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stretch-stress behavior when the tissue is compressed in the fiber direction or transverse 

direction. This suggests that the connective tissue should have different stretch-stress 

properties when it’s compressed and stretched. A modified material model for connective 

tissue is proposed to account for this behavior and numerical results verify the trend of the 

muscle tissue in the experiments. The other factors that affect the tissue performance in the 

ageing process, e.g. the stiffness and volume ratio of connective tissue, and the maximum 

muscle fiber force are also studied. By properly designing the factors representing the 

ageing process, the numerical results of force generation reproduce the trend of force 

generation due to ageing.   

 A coupled electro-chemical-mechanical computational framework is developed 

and the non-uniform muscle contraction and the effect of rate coding on force generation 

are reproduced through the proposed multi-scale computational framework. Upon the 

arrival of the action potential at each node, the calcium kinetics is triggered and the calcium 

concentration is related to activation level, which is used by the material models in the 

continuum level. Stimulations of different frequency are tested in this dissertation and the 

numerical results show that higher frequency stimulation generally induces higher force 

output, which is consistent with experimental observation on rate coding.  

9.2 Suggestions for future research 

We conclude this research with suggesting the future directions for the coupled 

electro-chemical-mechanical multi-scale simulation of skeletal muscle,  

(1) Multi-scale study of the connective tissue in cellular level 
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In the cellular model, the connective tissue is composed of different types of 

collagen fibers, which isn’t not considered in this study. Observations show that the 

orientations of the collagen fibers will change according to the stretch ratio of the 

connective tissue in tissue level. Biopsy tests also provide the types and concentrations of 

different collagens in the connective tissue. This might be the underlying reason why the 

connective tissue have different property when it’s stretched and compressed, i.e. the 

collagen fibers can buckle when the connective tissue is compressed. This can also be 

further studied from the multi-scale point of view. 

(2) Applications of the proposed multi-scale computational framework 

The objective of this research is to provide a computational framework for the 

multi-scale simulation of skeletal muscle, so that the sub-cellular changes can be 

considered when evaluating the performance of muscle components in macro scale. More 

applications, e.g. the effect of muscle fiber recruitment on force generation and the 

relationship between the neural stimulation and EMG data can be studied once the correct 

neural tree structure is available. 
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