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Abstract

Algorithms and Spectral Gaps for Quantum Problems

by

Zachary Stier

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Nikhil Srivastava, Chair

This dissertation is concerned with a variety of problems in quantum computing and
the spectral theory of quantum-mechanical channels and Hamiltonians.

We begin with the problem of quantum gate synthesis. The challenge is to find a fixed,
finite set S of quantum gates such that, given a quantum circuit component * acting
on = qubits and target precision �, there is a short, efficiently computable composition
of gates from S that approximates * to precision �. This problem has already led
to a rich literature in the case = = 1 with deep connections to modern number the-
ory. In this dissertation we present the state-of-the-art algorithm for a single qubit,
achieving length 7

3 log
1
�3
. The techniques used include the lattice structure of certain

dense subgroups of PU(2) and Lenstra’s algorithm for integer programming in convex
domains.

The next topic considered is scientific computing algorithms intended to run on a quan-
tum computer. Specifically, we study a framework for computing functions of normal
matrices using a quantum computer, with the objective of controlling the ancilla over-
head, probability of success, and end precision. This arises as a special case of the
multivariate quantum eigenvalue transform, for computing function of multiple com-
muting Hermitian matrices. The techniques applied include approximation of regular
functions by low-degree polynomials and modern quantum primitives like quantum
signal processing and linear combinations of unitaries.

The third component is a spectral gap comparison result for Davies generators, a class
of Lindbladians used for Gibbs state preparation andwhich are a well-studied example
of quantum Markov dynamics, and which contain a canonical classical Markov chain.
The main result shows that if the spectrum of the Hamiltonian driving the dynamics
is free of long arithmetic progressions, then the spectral gaps of the quantum and clas-
sical Markov chains are comparable. Thus, classical techniques may be leveraged to
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control the behavior of the quantum dynamics. The proof is based on transferring any
“off-diagonal” eigenvector of the Davies generator to an observable which commutes
with the Hamiltonian and has a comparable Lindbladian Rayleigh quotient.

Finally, we study the infimum of the spectrum, or ground state energy, of a discrete
Schrödinger operator on �Z= parameterized by a potential + : R= → R¾0 and a small
frequency parameter �. We relate this ground state energy to that of a corresponding
continuous semiclassical Schrödinger operator on R= with parameter �, arising from
the same choice of potential, and show that these quantities are equal up to vanishing
factors depending on the regularity of +. The proofs are elementary and rely on sam-
pling and interpolation to map low-energy functions for the discrete operator on �Z=

to low-energy functions for the continuous operator on R=, and vice versa.

Coauthors on these works were J. Basso, T. R. Blackman, Y. Borns-Weil, I. Detherage,
S. Ganguly, N. Srivastava, T. Saffat, A. Sinclair, and T.-D. Vuong.
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Chapter 1

Introduction

This thesis is primarily based on the content of the following four papers [BS’23;
BSS’23; B+’25; DSS’24]. Collectively, these works focus on various facets of the the-
ory of quantum computing: classical algorithms to inform hardware design choices,
quantum algorithms for scientific computing, and spectral analysis of quantum me-
chanical channels and Hamiltonians. In this introductory chapter, I proceed through
the chapters in an order moving up the computing hierarchy, and lay the groundwork
for the later results aimed at a general mathematical audience. Then, I will provide
some specialized technical background.

1.1 Background and context
Quantum computing is an exciting, fast-evolving paradigm of computation with

the potential to both extend the capabilities of classical computers and more faithfully
capture and manipulate the nature of the universe in which we reside. There are
continuing developments in quantum computing, both at the theoretical and concep-
tual levels, and at the stage of physical implementation to begin to realize the poten-
tial gains to solving computational problems by harnessing the intrinsic advantages
of the model and technology. In particular, over the last four decades, the theoreti-
cal study of quantum computers has blossomed substantially. Quantum computing
was initially conceived in the early 1980s. Yuri Manin [M’80] and Paul Benioff [B’80]
made important early proposals, but none was more influential than that of Richard
Feynman [F’82; ACM’24], who in a 1981 lecture propounded quantum computing as
a sensible objective for simulating physical processes. Feynman’s argument centered
on the insufficiency of classical computing, since computing with quantum objects re-
quires exponential complexity, and since by Bell’s inequality [B’64], there cannot be
“local hidden variables.”1 However, at the more visceral level, Feynman argues that
the problem must be solved

1Feynman actually also provides a new derivation of Bell’s inequality.
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because nature isn’t classical, dammit, and if youwant tomake a simulation of
nature, you’d better make it quantummechanical, and by golly it’s a wonderful
problem, because it doesn’t look so easy.

Feynman did not conceive of quantum computers for strictly algorithmic purposes.
This insight can be attributed to Benioff [B’80] and David Deutsch [D’85], who de-
fined the quantum Turing machine. Turing machines are the foundational model of
(classical) computers and envision computing as a tape head with the ability to write
or erase bits onto an infinite tape, printing and moving depending on the machine’s
state at the moment, one of a preconfigured finite set. Deutsch’s insights include set-
ting up the quantum tape as a sequence of qudits1 and recognizing the challenge of
determining whether the quantum computation has even finished — unlike in clas-
sical computing, where one can simply store a separate variable done? which is true
if the calculation has finished and false otherwise, one of the quirks and challenges
of quantum computing is its nondeterminism, and reading part of the quantum tape
prematurely could cause unintended changes to its state. Accordingly, Deutsch sets
aside a “signal” qubit which can safely be measured.

Let us now trace a very brief history of the development of quantum algorithms,
touching on aspects that are relevant to this dissertation but certainly missing vast
swaths of beautiful modern science and mathematics. The first quantum algorithms
primarily solved toy problems. The very first was in fact from the same paper of
Deutsch [D’85], which decides whether a function 5 : {0, 1} → {0, 1} is constant or
not. Classically, this requires two queries to 5 to disambiguate: knowing that (say)
5 (0) = 0 says nothing about whether 5 (1) is also 0 or not. However, Deutsch, with an
appropriate implementation of 5 for quantum circuitry, is able to decide it in a single
query to 5 .2 Not long after, the seminal quantum algorithms of Lov Grover [G’96]
and Peter Shor [S’94] provided examples of striking speedups to problems of broad
interest: searching unstructured data and integer factorization. Grover’s algorithm
provides a quadratic speedup: what would require as many as 2= − 1 search queries
on a list of size 2= would require merely on the order of

√
2= quantum search queries.

Shor’s algorithm would go further, providing an exponential speedup over the present
state of the art for integer factorization.3

1The more familiar term qubit refers specifically to quantum states allowed to realize to only the
quantum bits |0〉 or |1〉, whereas qudits can realize to a larger set of digits, typically expressed as
|0〉, . . . , |3 − 1〉 for some 3 ∈ N.

2Deutsch and Richard Jozsa [DJ’92] generalized Deutsch’s algorithm to boolean functions 5 :
{0, 1}= → {0, 1} which take in = bits and are guaranteed to either be constant, or to return 0 exactly
half the time and 1 half the time. Classically, one would need as many as 2=−1 + 1 function queries,
an exponential demand, in the event of querying the 2=−1 inputs which happen to return (say) 0; on a
quantum computer, still a single query suffices.

3The problem of the most efficient classical factorization algorithm is still open. Presently, the best
algorithm runs in quasipolynomial time, but there are experts [C’16; SR’18] who believe that it will
eventually fall into the polynomial regime.
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In the 2010s, a new variety of algorithm was developed for near-term use: varia-
tional quantumalgorithms (VQAs) leverage the respective capabilities of present-state
classical and quantum computers (cf. [C+’21], [D+’25, §20]). Specifically, since the cur-
rent state-of-the-art quantum computers lack enough logical qubits to solve very hard
problems, but can efficiently evaluate quantum circuits, optimization problems are of-
floaded to more reliable classical solvers. Notable examples of VQAs are variational
quantum eigensolvers [P+’14], useful in quantum chemistry,1 and quantum approxi-
mate optimization algorithms [FGG’14], used for solving combinatorial problems by
encoding the problem as another continuous minimization problem.

However, despite the limited state of physical quantum computers at present, there
has been enormous progress in recent years. The bellwether result was the 2019 an-
nouncement from Google [A+’19] that their flagship quantum computer could simu-
late problems (such as sampling from the output distribution of a randomly-generated
quantum circuit) that were nigh-impossible classically. While this was met with swift
counterarguments from competitors and the community at large (cf. [P+’19]), it still
marked a first instance of quantum computers doing something fundamentally quan-
tum at any moderate scale, and developments towards this end continue through the
present [K+’25].

Before proceeding, I shall comment on some somewhat technical core ideas, prop-
erties, and terminology of the quantum circuit model that is considered in this disser-
tation. We can write a quantum state on a single qubit as

��#〉
= 
|0〉 + �|1〉, obeying

|
|2 +
�����2 = 1. This normalization automatically tells us about the valid linear trans-

formations (gates) that we may apply to a qubit: since they must preserve the length
of the vector (
, �) ∈ C2, they must be unitary operators. One example2 of such a gate
is the Hadamard matrix

8√
2

(
1 1
1 −1

)
.

This unitarity property is true of systems on any number of qubits, and we can
move to multi-qubit systems by taking tensor products. This is in accordance with
basis sizes: an =-qubit system should concern length-= bitstrings, each a separate
basis element, so the dimension would be 2=, the same as the dimension of (C2)⊗=. For
instance, when = = 2, the standard basis is |0〉⊗ |0〉, |0〉⊗ |1〉, |1〉⊗ |0〉, and |1〉⊗ |1〉, which
are typically abbreviated as |00〉, |01〉, |10〉, and |11〉. Tensor products of gates similarly
carry to each tensor factor; * ⊗+ acts on |�〉 ⊗

��)〉
as (* |�〉) ⊗ (+

��)〉
). This unitarity is

also essential to the no-cloning theorem, which says that there is no quantum gate *
on 2= qubits such that, for any

��)〉
, it is the case that*

(��)〉
⊗ |0〉⊗=

)
=

��)〉
⊗
��)〉

[WZ’82;
D’82]. Indeed, in general, quantum gates will act reversibly.

If we wish to extract data about a state from the quantum computer, then we may
measure a qubit or qubits. Instead of simply reporting the pair (
, �),

��#〉
probabilisti-

1In particular, in estimating the ground state energy of central concern in Chapter 5.
2For details on a number of other standard gates, see Section 1.4.3.
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cally collapses, proportionately with the implicit !2 probability measure on the basis
states: it will return 0 and be in the |0〉 state with probability |
|2, and return 1 and
be in the |1〉 state with probability

�����2. Moreover, note that the qubit is global phase
invariant: if we multiply the whole qubit by $ ∈ C where |$| = 1, then we get the
same probabilities: |$
|2 = |
|2 and

��$�
��2 =

�����2. (It is then apparent that the space
of gates on = qubits is in effect the quotient of the full unitary group by the center
(scalars $), namely U(2=)/U(1) � PU(2=).) The behavior of measuring with probability
the square of the coefficient is known as the Born rule and is exactly analogous for
any number of qubits, and further is true of any measurement basis: if we instead
choose to think of

��#〉
= 
|0〉 + �|1〉 in the plus/minus basis |+〉 = 1√

2
(|0〉 + |1〉) = �|0〉

and |−〉 = 1√
2
(|0〉 − |1〉) = �|1〉, then we have

��#〉
=


+�√
2
|+〉 + 
−�√

2
|−〉; the probability of

measuring the plus state is
���
+�√

2

���2 while the probability of measuring the minus state

is
���
−�√

2

���2.1 Moreover, measurement can be done only partially: if we have the 2-qubit

entangled system
��#〉

=
2
√
2

3 |00〉 + 1
3 |11〉 and measure on the second qubit, with proba-

bility 8
9 we return 0 and are left in the state |0〉, while with probability 1

9 we return 1
and are left in the state |1〉 (this determinacy in the outcome of the remaining qubit is
why we think of the two qubits as “entangled”).

What if we just “forget about” or “discard”2 the second qubit? We do not end in��#′〉 =
2
√
2

3 |0〉 + 1
3 |1〉. Rather, we need a classical probabilistic mixture of the two out-

comes, which we capture using outer products: 8
9 |0〉〈0|+ 1

9 |1〉〈1|. This is a density matrix,

written in the standard (computational) basis as
(
8
9 0
0 1

9

)
. Note that the purported re-

sult
��#′〉 has density matrix

��#′〉〈#′�� = (
8
9

2
√
2

9
2
√
2

9
1
9

)
— a decidedly different matrix! This

“forgetting” operation is more commonly known as tracing out the qubit,3 and gives
rise to quantum states with density matrices that cannot be factored as

��#′〉〈#′��; such
unfactorizable states are known as mixed states, in contrast to pure states like |0〉, |1〉,��#〉

, and
��#′〉.

Whenworking withmultiqubit systems, we sometimes classify and group qubits. A
register is, for our purposes, just a designated subset of our qubits (or “wires”) that we
give a collective name. An ancilla qubit or register arrives pre-initialized and can be
used for “scratchwork” or for some other auxiliary reason in the quantum computation.

1One may readily check that these probabilities sum to 1, as |
|2 +
�����2 = 1. The rewriting of

��#〉
into

|±〉 can be seen from the relations
√
2|0〉 = |+〉 + |−〉 and

√
2|1〉 = |+〉 − |−〉.

2One conceptualization of discarding is to completely lose access to the qubit by throwing it into a
black hole.

3For more details about tracing out, see Section 1.4.4.
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|0〉 � • �

|0〉 � �

|0〉 � • �

|0〉 � / / / �

Figure 1.1: A Deutsch–Jozsa circuit.

As an example, consider Figure 1.1, an instance of the Deutsch–Jozsa algorithm for
a specific function; the top three wires are one register, while the fourth wire is the
ancilla register; the boxes farthest right indicate that at the end of the algorithm we
take a measurement.

Theoretical and engineering challenges for quantum speedups remain even in the
wake of Grover’s and Shor’s algorithms and subsequent developments in the 21st cen-
tury. There is of course the absence at present of sufficiently large quantum com-
puters: the largest have on the order of thousands of qubits in total, but due to the
tendency of external noise1 to corrupt quantum state fidelity, quantum error correc-
tion is needed. This in turn can reduce the effective number of qubits available for
a proper computational task (known as the number of logical qubits). Further, there
is a need for increasingly specialized circuit components. In some instances, such as
Grover’s algorithm, there is no circumventing the need for an oracle specific to the
problem instance, by which I mean a specialized circuit component depending on the
details of the algorithmic challenge; for instance, if the unstructured search is looking
for the fifth element in the list, the Grover oracle will be different than if the target
is actually the twelfth element. In others, there are certain fixed gates which must
be implemented. Indeed, consider Shor’s algorithm for integer factorization. It re-
lies on a period-finding method; that is: given a sequence 01, 02, . . . guaranteed to re-
peat 01, 02, . . . , 0< , 01, 02, . . . , find <. Shor’s solution is quite spiritually similar to the
Fourier transform from real and harmonic analysis and the discrete Fourier transform
used in applications of Fourier analysis to digital data. However, Shor’s circuit cru-
cially uses quantum gates called controlled rotations, which in effect perform certain
rotations of increasingly minuscule angles about certain axes, and these gates must
be somehow manufactured.

This manufacturing (or synthesis) problem is at the center of some very exciting
recent work in quantum hardware design and quantum error-correcting codes. The

1Many modern architectures tend to be held below 1 Kelvin, so noise can take the form of external
sources of heat.
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* +

Figure 1.2: The gates * and then + applied to
��#〉

correspond to
just applying +*.

situation is as follows. When assembling quantum circuits to solve specific problems,
we will need specific gates, which are parameterized by the problem we are trying to
solve (a good example of this is the angles of controlled rotations for Shor’s quantum
Fourier transform, which get exponentially small in the number of qubits). As such,
it is not necessarily a sensible use of resources to mass-fabricate those specific gates
if they will only have limited applicability. Instead, a very close approximation to the
right quantum gate will suffice, and it is possible to assemble this approximation from
mass-fabricated gates. Composition of gates is multiplicative: if a certain register is
subject to the action of the gate* and then the gate+, this is the same as the action of
the single gate +* (see Figure 1.2). Thus, gates form a multiplicative group modeled
as a matrix group, and the unitary nature of state transformations as well as phase
invariance imply that this group can be modeled as a projective unitary group on =

qubits. Recall that the underlying vector space representing the possibilities for the =
qubits has dimension 2= (each length-= bitstring corresponds to a computational basis
vector), so the group in particular is PU(2=). This group is endowed with a unique
metric d which is bi-invariant: distance does not change when both inputs are moved
in the same way. In symbols, for any G, H, 6, ℎ ∈ PU(2=), we have that

d(6Gℎ, 6Hℎ) = d(G, H).

Additionally, there are two reasons to look to use few gates. Not only do we wish to use
as few of our mass-fabricated gates as possible simply for cost reasons, but the deeper
the circuit, the greater the opportunity for noise to creep in. Thus, the problem we
seek to solve is:

Problem (gate synthesis): Let = be a constant. Find a subset S ⊂ PU(2=)
such that for any 6 ∈ PU(2=) and � > 0, there exists a sequence B1, . . . , B< ∈ S
such that < is at most a fixed-degree polynomial in log 1

� and d(6, B1 · · · B<) < �.
Then, given 6 and �, efficiently find such a sequence B1, . . . , B<.

By “efficient” we mean here that the algorithm should run on a classical computer
and use a number of elementary operations which is polynomial in log 1

� . Note that we
have the poly log 1

� requirement both on the runtime of the approximate-factorization
6 ≈ B1 · · · B< as well as for < itself. The runtime constraint is mainly the natural
formalization of a “polynomial-time algorithm” in this setting, since log 1

� is the number
of input bits required for the precision parameter; it also represents the logarithm of
the cost of a brute-force strategy.
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Why should we expect the factorization-length bound to be satisfiable at all? First,
there is a heuristic argument. Suppose thewords of length ℓ had the idealistic property
that the union of �-radius balls about each word exactly covered the group. This would
mean that every element of the group is within � of some word of length ℓ . Then, we
would have

�2
2=−1(#S)ℓ ≈ 1,

or ℓ ≈ 22=−1 log#S
1
� ,1 where we have used the dimension of the manifold to approxi-

mate the volume of the �-ball, and we say that the manifold’s total volume is 1. More
compelling than a heuristic is the Solovay–Kitaev theorem [K’97; DN’06], originally
from the 1990s, which addresses the problem of polylogarithmic-length approxima-
tions, and has remarkably few assumptions for a result of its strength. The theorem
says that for any set S which generates a dense subgroup,2 given 6 ∈ PU(2=) and � > 0,
there is an approximation using elements of S which has length at most � log3 1

� for
some constant � [KSV’02, Corollary 8.5.1].3 (Not only is this true of any such gate
set, but any pair of gates gives rise to a dense subgroup, as the alternative forms a
measure-0 subset of the manifold.)

However, despite these results working in great generality, there are improvements
to be had, and much can be said with more amenable choices of S. There is a line
of work for the case = = 1 (a single qubit) which begins with Vadym Kliuchnikov,
Dmitri Maslov, and Michele Mosca [KMM’12] that considers number-theoretic gate
sets, namely the standard Clifford+) gates. In this setting, the exponent of log 1

� is
actually 1 and the cost model treats the gates generating a finite group (the Clifford
gates) as being free and the involution) giving access to the full group as having cost 1.
Subsequently, Ori Parzanchevski and Peter Sarnak [PS’18] showed that an algorithm
with the same cost structure which produces approximations of length any smaller
than log#S

1
� is computationally infeasible.4

Moreover, [PS’18] generalizes work of Neil Ross and Peter Selinger [RS’16], show-
ing that for Clifford+) the target length is typically5 at most 3 log2 1

�3
, to any so-called

golden gate set. A golden gate set is one with optimal covering properties, introduced
in Sarnak’s 2015 letter to Scott Aaronson and Andy Pollington [S’15b], and this letter
forms the basis for the extension to more general sets, in particular ones with access to
larger logarithm bases. The roots of the ideas come from the papers of Alex Lubotzky,

1Here it is of note that an exponential-in-= term appears in the logarithm’s prefactor, and thus it is
important that = be a constant, which in turn is reasonable because of locality constraints on quantum
hardware.

2By dense subgroup here we simply mean the stated condition: that the words B1 · · · B< can be used
to approximate any 6 to precision �.

3ChristopherM. Dawson andMichael A. Nielsen [DN’06] give an explicit algorithmwith length hav-
ing exponent 3.97, which is worse than the existence result found in [KSV’02]. In 2023, Greg Kuperberg
substantially sharpened the exponent to log! 2 ≈ 1.44 [K’23].

4In that this problem is NP-complete.
5In particular, on all but a set of negligible volume.
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Ralph Phillips, and Sarnak [LPS’86a; LPS’86b; LPS’87; LPS’88] where the first infi-
nite families of graphs were constructed which have maximal spectral gaps of their
graph Laplacians, in the sense that they match the Alon–Boppana bound [N’91]. The
random walk in these graphs spreads out optimally evenly and quickly, analogous to
how the golden gates spread out in PU(2), and in Sarnak’s letter [S’15b], he subse-
quently connects the coverage property in PU(2) to the spectral gaps of so-called Hecke
operators from number theory.

The icosahedral golden gates are an example of the super golden gates introduced in
[PS’18] which have optimal covering properties of the unitary group and have minimal
redundancy; the icosahedral gates have access to the largest finite group component of
any super golden gate set, and so gain the most from the logarithm base. Compare the
bound 3 log2

1
�3

from Clifford+) to 3 log59
1
�3
; they differ by a factor of log2 59 ≈ 5.9. How-

ever, it is possible to do even better. Leveraging ideas appearing in [S’21], Chapter 2
is dedicated to proving the following:

Theorem 1. Let S ∪ {�} be the set of icosahedral golden gates, where S is a group and
� is the identified involution. For � > 0 and a typical element 6 ∈ PU(2), there exist
B1, . . . , B< ∈ S ∪ {�} such that d(6, B1 · · · B<) < � and at most 7

3 log59
1
�3

of the icosahedral
gates equal �. These gates can be computed (classically) in time polynomial in log 1

� .

This result is restated in Theorem 2.2.1 and represents an additional improvement
of 9

7 over the general result given in [PS’18], and is the state of the art for this problem.
In order to prove this result, we exploit deep structural properties of the group

generated by S ∪ {�} and recognize that factorization reduces to a lattice search in
Z[8 , !] = {0 + 81 + !2 + 8!3 : 0, 1, 2, 3 ∈ Z}.1 The condition of being �-close to the target
6 is reframed as a specific factorization which initially appeared in a discrete setting in
work by Eduardo Carvalho Pinto and Christophe Petit [CP’18] and was made effective
in the continuous setting by earlier work [S’21]. Solving the lattice search problems is
achieved by A. Paz’s sharpening [P’83] of Hendrik Lenstra’s algorithm [L’83].

There is also exciting work developing subsequent methods for multiple qubits.
Shai Evra andParzanchevski [EP’22] established the golden gate equivalent for qutrits
(where the group is PU(3)), and Rahul Dalal, Evra, and Parzanchevski [DEP’25] have
done the same for 2 and 3 qubits.

Above, we considered a model free of noise or other corruption; we comment here
briefly on the need for quantum error-correction [S’95; S’96]. While we wish to act by
(say) the icosahedral gates on the logical qubits, we still need to encode this action onto
the full set of physical qubits via some encoding scheme in order to be fault-tolerant
against corruption (faults) from external error sources. There has been recent work
on the so-called “exotic” setting which includes the icosahedral golden gates [KT’23].

We nowmove from classical algorithms for hardware problems to scientific comput-
ing tasks to be done on a quantum computer. A core question to address before consid-

1Here, 8 is the imaginary unit obeying 82 = −1 and ! is the golden ratio 1+
√
5

2 .
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ering any nontrivial scientific computing is how to even store and transform data with
a quantum computer. At face value, the setting is extremely restrictive, since all gates
must be unitary and can only multiply, and states must be normalized and nondeter-
ministically lose a good deal of structure as soon as they are measured. Nonetheless,
for matricial data there is a technique for embedding into quantum circuitry which is
amenable to desired manipulations, known as block-encoding. A block-encoding of a
matrix � consists of finding a constant 
 > 0 and a larger unitary matrix * for < > =

such that the action of* on a state, with the extra qubits measuring to |0〉, is precisely
that of �


 . Equivalently, * is a unitary matrix whose top-left block is �

 :

* =

(
�

 ★
★ ★

)
.

The parameter 
 is known as the subnormalization factor and accounts for the fact
that while ‖*‖ = 1 we might still wish to work with matrices � having ‖�‖ > 1. This
adaptability is not free, however. First, the extra qubits in * are provided by ancilla
qubits, which requires additional logical and hence physical qubits. Further, large
subnormalization factors compound and can decrease the likelihood of correctly mea-
suring on the ancilla qubits. While the ancilla cost is not directly connected to 
, lower
values of 
 are possible with more qubits, so there is a meaningful resource tradeoff
due to possibly needing to rerun the circuit due to the failure probability.

Since obtaining the correct measurement on the block-encoding ancilla register
is not guaranteed, we typically assume when working with block-encodings that we
might have to compile the circuit many times, and that we have many copies of the
block-encoding as well as of the prepare oracle (i.e., a blackbox circuit) for the input
vector or state that we wish to evaluate. We assume also that these are our primary
costs, so we are interested in using as few instances of the block-encoding oracle as
possible, while maximizing the success probability.

Within this model there is a very general goal.
Problem: Devise algorithms to evaluate matrix functions of square input ma-
trices provided as block-encodings.

The nature of “matrix functions” here can be broadly construed. One early instance
is matrix inversion: 5 (�) = �−1; the algorithm for executing this on a quantum com-
puter is due to Aram Harrow, Avinatan Hassidim, and Seth Lloyd [HHL’08]. Another
sensible starting point, given the multiplicative nature of the quantum circuit model,
is the matrix product, i.e., to implement 5 (�, �) = ��. Unfortunately, if *� and *�

are block-encodings of � and � using the same number of ancillae, then simply evalu-
ating *�*� is not a block-encoding of ��. However, there is a simple combination due
to András Gilyén, Yuan Su, Guang Hao Low, and Nathan Wiebe, which entails using
different ancilla registers, so that the number of ancillae adds [G+’19] (see Proposi-
tion 3.1.1 and Figure 3.4). With some more effort, (weighted) sums 5 (�, �) = 0� + 1�
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for 0, 1 ∈ C are accessible through the technique known as linear combinations of uni-
taries (LCU), first appearing in work of Andrew M. Childs and Wiebe [CW’12]. In
principle, this gives immediate access to arbitrary polynomials, say of a single matrix:
5 (�) = 0<�

< + · · · + 01� + 00, simply by composing [G+’19]’s multiplication circuit and
[CW’12]’s addition circuit, and an idea for an optimized approach could followHorner’s
method: 5 (�) = 00 +�(01 + · · · +�(0<−1 +�0<)). However, there are better approaches
that use less ancilla overhead. Themain ones are known as quantum signal processing
(QSP), due to Low and Isaac Chuang [LC’16], and the quantum singular value trans-
form (QSVT), also from Gilyén, Su, Low, and Wiebe’s work [G+’19]. Both construct
very carefully-chosen sequences of phases interleaved with block-encoding instances,
and solving the thorny systems which give rise to the correct phases is a question of
active interest [H’19]. QSP and QSVT fit into a broader classification of quantum al-
gorithms, the grand unification, due to John M. Martyn, Zane M. Rossi, Andrew K.
Tan, and Chuang [M+’21].1

The above discussion mainly concerns matrix functions which carry over directly to
the singular values or eigenvalues. Consider the matrix inverse problem for invertible
Hermitian matrices, so 5 (�) = �−1. � ∈ R#×# can be written as +Λ+† where + is
unitary and Λ ∈ R# is diagonal, so 5 (�) = +Λ−1+† = + 5 (Λ)+†; that is, we have
directly applied 5 to �’s eigenvalues. We call this an eigenvalue transform, and the
same can be done for non-Hermitian matrices via the singular value decomposition: if
� = *Σ+† and 5 : R→ R then the singular value transform of � by 5 can be conceived
as * 5 (Σ)+†. But what about more complicated functions than the inverse? It is clear
that the same phenomenon will occur with polynomials, but howwould onematricially
implement, say, a filter which preserves the eigenvalues falling in the interval [0, 1]
and zeroes out all other eigenvalues? The general problem is:

Problem (Quantum Eigenvalue Transformation (QET)): Let � be a di-
agonalizable complex #×# matrix with eigenvalues {�:} ⊂ D and correspond-
ing eigenvectors {v:}. Given a function 5 : C→ C, a state |v〉 = ∑

2: |v:〉, and
� > 0, output a normalization of the state 5 (�)|v〉 := ∑

2: 5 (� 9)|v:〉 to precision
�.

Approachesmainly consider constructing very close approximations of 5 using a branch
of complex analysis known as approximation theory and implementing the polynomial

1When ‖�‖ ¶ 1, block-encoding is known as dilation, and there is a rich theory of results about
polynomial transformations in this setting. The first result is known as Szőkefalvi-Nagy’s theorem and
states that there exists a dilation * such that *= is a dilation of �= for any = ∈ N [P’03]. Szőkefalvi-
Nagy’s theorem proves von Neumann’s theorem: for any polynomial 5 ,



 5 ())

 ¶ sup
I∈D

�� 5 (I)��. Ando’s theo-

rem is a generalization to two dilations: for �1 and �2 which commute, there exist dilations *1 and *2

for which *=1
1 *=2

2 is a dilation of �=11 �
=2
2 , and there is a corresponding von Neumann–type inequality.

However, this structure breaks down for three dilations, and it is an open research direction [H’25] as to
how badly the corresponding von Neumann–type inequality fails; i.e., how large can the ratio between

 5 (�1 , �2 , �3)



 and sup
I1 ,I2 ,I3∈D

�� 5 (I1 , I2 , I3)�� get?
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using QSP. There is also a generalization, introduced in [BSS’23]:
Problem (Multivariate Quantum Eigenvalue Transformation (MQET)):
Let G = {�ℓ}0¶ℓ¶A be a family of A + 1 pairwise commuting diagonalizable
complex # × # matrices. Let {v:} be a mutual eigenbasis of G and let ,: =

(�ℓ ,:)0¶ℓ¶A ∈ DA+1 denote the vector of eigenvalues for the mutual eigenvector
v:. Given a function 5 : CA+1 → C, a state |v〉 = ∑

2: |v:〉, and � > 0, output a
normalization of the state 5 (G)|v〉 := ∑

2: 5 (,:)|v:〉 to precision �.
A normal matrix is one which commutes with its adjoint: " is normal if""† = "†".
Normal matrices obey the decomposition " = � + 8�, where � and � are commut-
ing Hermitian matrices. While self-adjoint operators are by far the most commonly-
encountered in quantum mechanics and quantum computing, there are systems that
may be driven by normal, non-self-adjoint operators in settings such as decaying sub-
systems [B’07] and non-Hermitian optics [FEG’17]. Notice that if 5 is a (monovariate)
function of a normal matrix ", then there is 6 which is a bivariate function of �
and �. One key application is in a setting such as [B’07; FEG’17] to consider 4−8�"C ,
known as time-evolution and motivated more for the final chapter. The main result of
Chapter 3 is an algorithm for MQET, with an application to normal matrices and with
exponentiation being of particular interest.

Theorem 2. Consider A pairwise commuting Hermitian matrices with their block-
encodings each requiring < ancillae and a function 5 with a A-variate polynomial
approximation 6 agreeing to within � on all of [−1, 1]A . Then, there is an algorithm
requiring on the order of A(deg 6)A block-encoding instances, A(< + log deg 6) additional
ancillae, and (deg 6 + 2)A subnormalization factor,1 which solves the MQET problem
with precision �. When A = 2, this solves QET with a normal input matrix.

To make these algorithms work, we will exploit that polynomials admit relatively
cheap decompositions, from the perspective of block-encoding parameters and phase
factors. We rely heavily on decomposition into the Chebyshev polynomials, a common
and elegant choice of “base” (orthogonal) polynomial, which are trivial to implement
with QSP. Other polynomials used in the approximation are not necessarily Cheby-
shev, and their QSP phase factors must be classically computed. Then, that the poly-
nomials are in commuting variables is essential for plugging in the matrix outputs.
When devising the initial polynomial approximation 6, we also exploit the Chebyshev
basis for A − 1 of the input variables to write the dependence in the final variable not
as an integral as would be required in the general setting, but rather as an exact sum.

1We anticipate that instantiations of this algorithm would perform with better parameters than the
stated guarantees, as they derive from lossy inequalities in the analysis. The framework of Rossi, Jack
L. Ceroni, and Chuang [RCC’25] achieves some better parameter guarantees (often linear) by avoiding
LCU entirely, but requires far more phase factor computations.
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Similar work by Rossi and Chuang [RC’22] and extended with Ceroni [RCC’25],
known as multivariable QSP or M-QSP, achieves many of the deliverables, although
based on a separate approximation-theoretic conjecture andwith a different costmodel.

We now return to Feynman’s original vision for quantum computing: greater access
to the laws of nature by leveraging quantum mechanics on a quantum machine. The
problemwe focus on here is known asGibbs state preparation, based on theGibbsmea-
sure. The measure is over possible molecular configurations � (say, for particle spins)
subject to a given temperature ) and an energy function � (called the Hamiltonian)
of �. Each configuration should be weighted as1

��(�) ∝ 4−��(�),

where it is customary to work in terms of the inverse temperature � = 1
) , which arises

much more commonly in this context. Explicitly, the Gibbs measure on states is there-
fore

��(�) =
4−��(�)∑

�′
4−��(�′)

,

where the denominator is the partition function.
While the Gibbs measure is a classical probability measure, there is a natural cor-

responding quantum object. The Hamiltonian can more generally be realized as an
operator (in classicalmechanics, an operator acting on position andmomentum in each
spatial dimension), and quantum Hamiltonian mechanics are similarly driven by an
operator �, still known as the Hamiltonian, which is self-adjoint. We work instead
with the Gibbs state

�� :=
4−��

tr 4−��
.

Notice that, if we view � ’s eigenvalues as the energies �(�), then the Gibbs state’s
eigenvalues are precisely the quantum eigenvalue transform (with the same inverse-
temperature parameter �) which yields the Gibbs measure, and the partition function
tr 4−�� plays the same role.

1Let’s consider a brief motivational sketch [W’24; W’25; G’02; E’25]. Recall the Gibbs free energy
from thermodynamics: at fixed temperature and pressure, the Gibbs free energy is a linear combina-
tion of the enthalpy and the temperature times the entropy. In statistical mechanics we are focused
more on macroscopic statistics and phenomena that arise from specific arrangements of molecules in
space, which themselves are generally not predictable to any fine-grained detail; thus, we must express
some uncertainty on which particular arrangement is present at any given moment. We can therefore
imagine working with some probability distribution over possible particle arrangements and replace
the enthalpy by �; when we move to the expectation over the states given by our measure of choice,
we then have the enthalpy term replaced by the expected energy, and the entropy term replaced by the
entropy of the probability measure on states. In this way the Gibbs free energy can now be viewed as a
function � from probability measures on a set of discrete states to R. In chemistry, nature automatically
maximizes the Gibbs free energy, and thus in turn we should seek the probability distribution which
maximizes �. After a brief calculation [W’24], we recover the stated proportionality relation.
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In classical probability theory and Markov chain theory, the problem of Gibbs sam-
pling is of special interest. It asks: given a Hamiltonian and an inverse temperature
�, can one sample from the Gibbs measure ��? i.e., is there an efficient algorithm that
returns � with probability ��(�)? Approximate algorithms are acceptable, i.e., return-
ing � with probability P[�] where

��P[�] − ��(�)
�� < �, so long as the algorithm does not

depend badly on the inverse approximation parameter 1
� . Arguably the most influen-

tial algorithm for this problem is known as the Metropolis–Hastings algorithm, based
on work by Nicholas Metropolis, Arianna W. Rosenbluth, Marshall N. Rosenbluth,
Augusta H. Teller, Edward Teller [M+’53], and W. K. Hastings [H’70]. The approach
proceeds by walking in the graph of states and at each stage considering making a
move, but rejecting the move with a certain probability, with each part balanced to
respect the target Gibbs measure. Naturally, there is a similar quantum problem:

Problem (Gibbs state preparation): Given a Hamiltonian and an inverse
temperature �, can one prepare the Gibbs state on a quantum register with
reasonable resource costs?

The Gibbs state in particular is typically not a pure state, so this preparation al-
gorithm will require measuring or tracing out some ancillae along the way. This has
been an area of great interest in the quantum computing community in recent years.
As noted above, since the Gibbs state is a quantum eigenvalue transformation of the
Hamiltonian, some of the scientific computing approaches from above could be con-
sidered, as was done in works by Joran van Apeldoorn, Anirban Narayan Chowdhury,
Chuang, Gilyén, Sander Gribling, Low, Rolando D. Somma, Su, Wiebe, Ronald de
Wolf, and Theodore J. Yoder [CS’17; V+’17; VG’18; G+’19; YLC’14], but the resource
costs have proved prohibitive [D+’25, §15].

Instead, a motivating picture is that the starting state can be arbitrary, but we
wish to transform it to one at temperature ), so the natural thing to do is to “leave
the system in a refrigerator (heat bath) of temperature ).” How can this be done? A
refrigerator consists of air kept at a fixed temperature which barrages the food left
inside, until the temperature reaches equilibrium. So-called Monte-Carlo or Lindbla-
dian approaches simulate this effect by iteratively applying certain carefully-chosen
gates with ancillae which get traced out before the next application [L’76]; after many
rounds the state converges to the Gibbs state. We call the Lindbladian operatorℒ and
consider the sequence of transitions

� ↦−→ ℒ(�) ↦−→ ℒ2(�) ↦−→ . . .
limit?↦−→ �� .

We consider a specific style of Lindbladian known as aDavies generator [D’76] which is
subject to the same structural constraints as the general Lindbladian (as established
by Vittorio Gorini, Andrzej Kossakowski, and E. C. G. Sudarshan [GKS’76]) and obeys
an additional self-adjointness property, guaranteeing thatℒ’s eigenvalues are all real
[RFŻ’10]. In particular, we are concerned with the least nontrivial eigenvalue of ℒ,



CHAPTER 1. INTRODUCTION 14

which controls the mixing time, i.e., the iteration at which the above sequence of ap-
plications of ℒ approaches ��.

The role of this eigenvalue can be cleanly seen for random walks on graphs. Con-
sider a connected network on = nodes where you are positioned at a fixed node but
would like to end up at a uniformly random node in the network in as few steps as pos-
sible, with some imprecision � allowed in the end distribution.1 For simplicity, suppose
every node has the same number of neighbors. The network has an associated matrix
known as the graph Laplacian ! which depends on the vertex structure; ! has least
eigenvalue 0 and least nontrivial eigenvalue �. Then, by simply choosing to walk to
a neighbor chosen uniformly at random at each step, the task will be completed after
C(�) steps, obeying (

1

�
− 1

)
log

1

2�
¶ C(�) ¶ 1

�
log

=

�
.

(This result can be found in the book of David A. Levin, Yuval Peres, and Elizabeth L.
Wilmer [LPW’17, Chapter 12].) So, the behavior of this iterative random walk algo-
rithm is well-controlled by 1

� . The same is true of many other algorithms that can be
represented similarly by a matrix.

This quantity was influentially studied forℒ byKristan Temme [T’13]. Hemade an
interesting connection between the quantum realm (of the Davies generator itself as a
quantumMarkov chain) to the classical realm (relating the least nontrivial eigenvalue
of a certain, smaller, classical Markov chain, which is in principle accessible through
entirely classical means) with a pessimistic outlook revealed by some worst-case be-
havior. The main result of Chapter 4 is to show that generically, the situation is not
nearly so dire:

Theorem 3. Suppose theHamiltonian� has no 3-termarithmetic progression amongst
its eigenvalues: for all � < � < � eigenvalues of �, � − � ≠ � − �. Then, letting �ℒ be
the least nontrivial eigenvalue ofℒ and � be the least nontrivial eigenvalue of a certain
corresponding classical chain, we have that �ℒ lies between 1

2� and �. If instead the
longest arithmetic progression is length �, then �ℒ lies between 1

2�� and �.

(This result is restated in Theorem 4.0.11.) Moreover, the condition that � is void of
3-term arithmetic progressions is verified for small perturbations of many commonly-
encountered quantum Hamiltonian families. The proof of this result works with the
Bohr spectrum, consisting of the differences of the Hamiltonian’s eigenvalues. The
first step is to reduce to considering only Hermitian inputs. Then, for a fixed Bohr
difference $, the eigenvalues of the Gibbs state are related to an average of consecutive
eigenvalues at difference $; the number of terms being averaged is at most the longest
arithmetic progression among � ’s eigenvalues.

1This imprecision is known as the total variation distance; its definition is not directly relevant to
the discussion at hand.
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We now turn to a problem lying just outside of quantum computing and back to
Feynman’s vision of simulation of quantum systems. It concerns more connections
between the eigenvalues of quantum-mechanical operators and classical analogues.
Specifically, we begin by considering the Schrödinger equation. The Schrödinger equa-
tion simply says that the evolution in time of a quantum state as determined by a
Hamiltonian is governed by

8ℏ%C
��#(C , x)〉 = �

��#(C , x)〉,
where #(C) is the state, changing as C increases from 0, the initial time; 8 is the imagi-
nary unit and ℏ ≈ 1.05× 10−34 �B is the (reduced) Planck constant; and � is the Hamil-
tonian (the Schrödinger operator), corresponding to the energy.1 While in principle
� could be any operator, physically we are interested in the � capturing the energies
that are most commonly encountered: kinetic and potential energy of one particle (a
single-body system). The kinetic energy is captured in this setting by a rescaling of the
second derivative2 or Laplacian, which in one-dimensional space for a particle having
mass < looks like3

− ℏ2

2<
%2G .

The potential energy is more abstractly captured by some potential function+ from R=

to R. (In Newtonian mechanics, the most familiar potential function is <6ℎ, where <
is themass, 6 is local gravitational acceleration, and ℎ is the input parameter of height
over some baseline.) We will focus on periodic potentials: for each of the = standard
basis directions v 8, for all x ∈ R=,+(x) = +(x+v 8). (In one dimension, this is just to say
that +(G) = +(G + 1).) All told, it is common to work with the self-adjoint Hamiltonian

� 5 (x) := − ℏ2

2<
Δ 5 (x) ++(x) 5 (x).

It is important to note that even though the prescribed particle is situated in only =
dimensions, � itself is an infinite-dimensional operator.

We may also move past the highly specific value taken on by ℏ; we replace it with
a positive parameter � which we drive to 0. The study of such operators is known as
semiclassical analysis [Z’12], and the regime of interest is precisely the limit � ↓ 0.
Thus, we are interested in

�� 5 (x) = −
�2

2<
Δ 5 (x) ++(x) 5 (x).

1It is important to note that #(C , x) is also a function from all of R= 3 x to C when the particle is in
=-dimensional space, which will become more relevant momentarily.

2Kinetic energy comes from momentum or velocity, which are themselves merely first deriva-
tives. The presence of the second derivative can be seen in one dimension from taking inner prod-
ucts of %G

��#(C , G)〉 against itself: since %G is self-adjoint, this inner product is
〈
#(C , G)

��%∗G%G ��#(C , G)〉 =〈
#(C , G)

��%2G ��#(C , G)〉.
3In higher dimensions, %2G is often written as Δ.



CHAPTER 1. INTRODUCTION 16

In analogy with the Gibbs state preparation Lindbladian, the behavior is driven
by something like the least nontrivial eigenvalue. However, it is important to note
that in the setting of infinite-dimensional operators, it is common to have no “true”
eigenvalues in the sense of solving an eigenvalue equation �x = �x. Instead, we
work with the generalized idea of the spectrum: �(�) consists of all � ∈ C for which
� − � is not invertible, and it is always the case that for � ∈ �(�) and � > 0, there
exists a “pseudoeigenfunction” x such that ‖(� − �)x‖ < �. In finite dimensions, these
definitions coincide, and it remains the case in finite or infinite dimensions that it can
be difficult to access precise information about the spectrum of large and complicated
operators or systems. Therefore, one may try to work with or simulate on a computer
a simplified system which is discretized. Consider a mesh located only at the integer
points, scaled by the semiclassical parameter �, i.e. �Z= ⊂ R=. We can simulate the
action of �. + is trivial to imagine extending to the lattice mesh — just take the
same value. For the derivatives, the path is by finite differences. For a function 5 of a
single real variable G and a small parameter �, we can estimate 5 ′(G) = 5 (G+�)− 5 (G)

� , and
subsequently 5 ′′(G) = 5 (G+2�)−2 5 (G+�)+ 5 (G)

�2
. As such, after recentering so that 5 ′′(G) =

5 (G+�)−2 5 (G)+ 5 (G−�)
�2

, the discretization of �� is precisely

�̃�6(�k) := ©­«2=6(�k) −
∑
j∼k

6(�j)ª®¬ ++(�k)6(�k)
where j ∼ k refers to those lattice points in Z= differing from k by exactly 1 in a single
entry. Here, notice that �2 has cancelled out, and that for simplicity we treat < = 1

2 .
Problem: Are the spectral infima of �� and �̃� the same in the limit � ↓ 0?

Since �̃� is intended to replicate the behavior to some order of ��, one would expect
the answer to be yes. The main result of Chapter 5 is to verify this in explicit terms
for generic choices of periodic potential + and semiclassical parameter �. Let �� be
the spectral infimum of ��, and �̃� be the spectral infimum of �̃�.

Theorem 4. For any periodic potential + and any � irrational,

�̃� ¶ �� .

Additionally, for any sufficiently regular periodic potential + and any � sufficiently
small, there are functions �1 and �2 obeying lim

�↓0
�1(�) = lim

�↓0
�2(�) = 0 such that

(1 + �1(�))�̃� ¾ �� − �2(�).

Further, for a wider class of sufficiently regular potentials + (not necessarily periodic),
there exists a constant 2= depending only on = and + ’s regularity for which

2=�̃� ¾ �� .
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The exact forms of �1 and �2 are stated in Theorem 5.3.1, and the exact form of
2= is stated in Theorem 5.0.11. Using techniques from semiclassical analysis, similar
results with sharper asymptotic �1 and �2 but no control over the precise constants in
these functions were obtained by Simon Becker, Jens Wittsten, and Maciej Zworski
[BWZ’26]. Previously, this problem had been studied for very specific choices of +,
such as the almost-Mathieu operator +(G) ∝ 1− cos(2�G) [AJ’09] in one dimension; the
best results are due to Florin Boca and Alexandru Zaharescu [BZ’05] but require very
specialized and delicate trigonometric calculations.

Our results follow by far more generalizable considerations of test functions: func-
tions which exhibit the stretching behavior characteristic of eigenvalues at least as
extreme as the elements of the spectrum. The first stated result above follows by con-
sidering a continuous pseudoeigenfunction of the (continuous) semiclassical operator,
and describes a discrete function that can be extracted which gives rise to the behavior
captured by the inequality. One difficulty which must be overcome is that continuous
functions are only defined up to “sets of measure zero,” which in practice means that
they may be changed at isolated points without changing the overall behavior or struc-
ture of the function. In particular, this means that simply sampling the test function
on the discrete lattice is insufficient. The other two results correspond to the other
direction: starting with a discrete test function, we construct a test function on each
hypercube in R= with vertices in �Z=, defined via a natural expected value. The re-
sult is a function that agrees with the given values on the lattice and is multiaffine in
each input variable within each hypercube; moreover, the result is in fact continuous,
because the “attachments” at the hypercube faces depend only on the lattice points
forming that face. Subsequently, we heavily use techniques from an area known as
Fourier analysis of Boolean functions — the analogue to traditional Fourier analysis,
but for affine transformations of functions of the form {0, 1}= → {0, 1} [O’14].

It is worth noting that the motivation for the problem presented here followed the
reasoning from semiclassical to discrete. In the original paper of Nikhil Srivastava,
Isabel Detherage, and myself [DSS’24], we actually present the reverse perspective:
beginning with the discrete operators, and their applications in geometric group the-
ory, how can one learn more given information about the corresponding semiclassical
operator? This perspective is preserved in Chapter 5.

1.2 Themes
There are some themes that play out across several components of this dissertation.

Spectral gaps. Prominently, spectral gaps are at the core of Chapter 4 and Chap-
ter 5 — both concern connecting the least nontrivial eigenvalue of a quantum opera-
tor with the least nontrivial eigenvalue of a naturally-arising classical analogue. In
particular, Theorem 4.0.11 relates the spectral gap of a quantum operator and a corre-
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sponding classical operator to within a factor of 2 when the underlying Hamiltonian’s
spectrum has no arithmetic progressions. Theorem 5.0.6, Theorem 5.0.9, and Theo-
rem 5.0.11 also connect the spectral gaps of related quantum and classical operators,
giving equality in the limit of the parameter � ↓ 0 with effective bounds on the �-
dependence. There is also the spectral gap connection for Chapter 2, where the idea
to construct the (super) golden gate sets is deeply related to spectral problems and
spectral graph theory.

Rayleigh quotients. Relatedly, the ability to even access these spectral gaps in
Chapter 4 and Chapter 5 is due to the Rayleigh quotient. For a self-adjoint finite-
dimensional operator � acting on a space ℋ and nonzero test function x ∈ ℋ , the
Rayleigh quotient is defined as x>�x

x>x . For x a �-eigenvector, this will precisely equal �,
but the Courant–Fischer minmax theorem says, in part, that if �’s least eigenvalues
are �0 < �1, with eigenvectors x0 and x1, then1

�0 = inf
x∈ℋ
x≠0

x>�x
x>x

,

�1 = inf
x∈ℋ
x≠0
x⊥x0

x>�x
x>x

.

Therefore, exhibiting, for instance, x for which the Rayleigh quotient is at most �
implies that �0 ¶ �. This idea is exploited heavily and fruitfully in both of those chap-
ters, where the numerator of the Rayleigh quotient is split as in the proof of Propo-
sition 4.1.10 and in Claim 5.2.6 and Claim 5.2.7; the proof of Proposition 4.1.10 also
splits the Rayleigh quotient’s denominator.

Low-degree polynomial approximation is crucial in Chapter 3 and Chapter 5.
In the former, access to low-degree polynomial approximations gives access to useful
scientific computing primitives like quantum signal processing, which is well-studied
and optimized for the situation of polynomial eigenvalue transforms. In particular,
the degree of the approximation is the main parameter driving the cost of the algo-
rithm provided in Theorem 3.0.1. In the latter, the multiaffine approximation to local
hypercube behavior is essential to granting detailed information about the Rayleigh
quotients of such test functions — more complicated structure would have made for
possibly impassable analysis, but the multiaffineness is the “sweet spot” of conceptual
simplicity and meaningful first-order approximation to actual test functions. Con-
cretely, it enables the boolean Fourier decompositions which are used in the lower
bound portion through results like Proposition 5.3.5.

1The expression for �0 is also true when � is infinite-dimensional.
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Efficient classical computation enabling improved quantum techniques is seen
throughout. In Chapter 2, the entire algorithm happens on a classical computer, and
the purpose is to enable shorter quantum circuit depth. In Chapter 3, the QSP phase
factors must be computed classically and allow for the visible improvement in ancilla
overhead, as well as the integrals-turned-sums due to the involvement of the Cheby-
shev basis. Finally, accessing improved analysis of quantum systems via sharp anal-
ysis of classical operators is one way to motivate Chapter 5.

1.3 Publication history
Chapter 2 has previously appeared in Quantum Information and Computation as

[BS’23] and was coauthored with Terrence Richard Blackman. Chapter 3 has previ-
ously appeared as [BSS’23] and was coauthored with Yonah Borns-Weil and Tahsin
Saffat. Chapter 4 has previously appeared in Quantum Information and Processing
as [B+’25] and was coauthored with João Basso, Shirshendu Ganguly, Alistair Sin-
clair, Nikhil Srivastava, and June Vuong. Chapter 5 has previously appeared in Pure
and Applied Analysis as [DSS’24] and was coauthored with Izzy Detherage and Nikhil
Srivastava. I am grateful to each of my coauthors for their collaboration throughout
my PhD experience!

1.4 Selected preliminaries
Here I will introduce some of the somewhat specialized background content that

appears in multiple chapters of this dissertation. Concepts and notation appearing in
only a single chapter have been left in situ.

1.4.1 Notation
Sets. Take = ∈ N. We use [=] to refer to the set {1, . . . , =}. We use [[=]] to refer to
{0, . . . , = − 1}.

Probability. WeuseE to denote the expectation of a randomvariable, andEG
[
5 (G, H)

]
to denote the partial expectation of an expression with respect to the random variable
G only, treating the other variables as constants.

The Iverson bracket. For a proposition %, we use the Iverson bracket [%] to resolve
to 1 if % is true and 0 otherwise. For instance, [� ∈ R] = 1 while [8 ∈ R] = 0.
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1.4.2 Linear algebra
Rayleigh quotient. For a linear operator), we let its domain be�()). We introduce
the Rayleigh quotient for any operator ) and function 5 ∈ �()):

ℛ)( 5 ) =
〈
5 , ) 5

〉〈
5 , 5

〉 .
Norms. Weuse ‖·‖ to denote the ℓ2 and !2 norms of functions, and the operator norms
of operators. We use ‖·‖? to denote the ℓ? and !? norms more generally. We use ‖·‖F to
denote the Frobenius norm of an operator.

Gibbs states. We reiterate the Gibbs state at inverse temperature � for a Hamilto-
nian �:

�� := ��(�) :=
exp(−��)
tr exp(−��) .

1.4.3 Single-qubit gates
Pauli gates. We introduce the Pauli gate set, each of which is a 2×2 unitary matrix:

- :=

(
1

1

)
, . :=

(
−8

8

)
, / :=

(
1
−1

)
, � :=

(
1

1

)
.

Additionally, these matrices form a real basis for the 2 × 2 Hermitian matrices.

The Clifford group. Let

� :=
8√
2

(
1 1
1 −1

)
and ) :=

(
4
8�/8

4
−8�/8

)
.

Define the Clifford group to be the group �24 =
〈
�,)2

〉
� (4, the symmetric group on

four symbols which is also the group of symmetries of the cube and octahedron.

Single-site gates. Let % ∈ C2×2 be any single-qubit operator (such as one of the
Pauli matrices). Then the operator %8, acting on the 8th qubit of an =-qubit system, is
defined as:

%8 := �⊗(8−1) ⊗ % ⊗ �⊗(=−8).

1.4.4 Quantum circuits
Registers. We can sometimes rewrite circuits with shorthand to indicate acting on
entire registers at once. In Figure 1.3, note the shorthand indicating that the top wire
is actually a register of three qubits.
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|0〉⊗3 /3 �⊗3

*
�⊗3

|0〉 � �

Figure 1.3: Figure 1.1, rewritten more compactly, with* the bal-
anced function oracle. ��#〉

×
��#′〉��#′〉 ×
��#〉

Figure 1.4: A SWAP gate

The SWAP gate. We define the two-qubit gate

SWAP :
��#〉
⊗

��#′〉 ↦→ ��#′〉��#〉
,

denoted in circuity as shown in Figure 1.4. SWAP has the matricial form

©­­­«
1

1
1

1

ª®®®¬
in the computational basis.

Tracing out. When we trace out a register, we denote this with the circuit compo-
nent . In a bipartite system on registers A and B, if we have (mixed) state �

and trace out A then we write the result as the state

trB � =

∑
��#〉
∈A

(〈
#
��
A
⊗ idB

)
�
(��#〉

A
⊗ idB

)
where A is any basis for the qubits in register A (often taken to just be the compu-
tational basis). This represents a classical probability distribution on the possible
outcomes on register B after measuring A, and is invariant under the choice ofA.
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Chapter 2

Fast navigation with icosahedral
golden gates

Lubotzky, Phillips, and Sarnak, in a series of papers [LPS’86a; LPS’86b; LPS’87;
LPS’88], explicitly constructed topological generators with optimal covering properties
for the compact Lie group PU(2). Such generators for projective unitary groups find an
interesting application in quantum computing where a fundamental design challenge
is to determine an optimal, fault-tolerant decomposition of a quantum gate. For clas-
sical computing a single bit state is an element of {0, 1}. A classical gate implements
functions on binary inputs. The only nontrivial single bit logic operation is NOT, which
takes 0 to 1 and 1 to 0 (though it is also possible for the codomain to contain more than
one bit). In the quantum setting, we recall that qubits are points D = (D1, D2) ∈ C2 up
to a mutual phase 42�8� in each component, such that |D|2 = |D1|2 + |D2|2 = 1. A gate
here cannot output more than one qubit, and thus must be a 2 × 2 projective unitary.

A universal gate set is a finite set of gates, ( := {B1, B2, . . . , B: : Bℓ ∈ PU(2)}, that can
approximate, in the bi-invariant metric on the compact Lie group, anymatrix arbitrar-
ily well. That is, the group generated by ( must be topologically dense in PU(2). The
Solovay–Kitaev theorem [NC’10] guarantees that universal gate sets can efficiently
approximate quantum operations for unitaries on a constant number of qubits. Uni-
versal gate sets typically consists of a finite group � ¶ PU(2) together with an extra
element �, which we will take to be an involution, so that the subgroup generated by
� and � covers PU(2) with minimal �-count, and simultaneously navigates PU(2) effi-
ciently. That is, given some gate in PU(2) and desired precision �, there is an efficient
algorithm (polynomial-time in the input size) that with high probability finds a short
word in ( to that precision, typically of length $(log(1/�)). The deep insight of Sarnak
[S’15b] is that the construction and optimality of universal single-qubit quantum gate
sets can be understood in terms of the arithmetic of quaternion algebras. Specifically,
identifying � with a subgroup of the group of units in a definite quaternion algebra
over a totally real number field provides a coherent framework within which one can
systematically address the question of optimality of topological generators for PU(2).
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The question we address within this context is that of finding the “best” topolog-
ical generators of PU(2) among those universal gate sets, the super golden gates of
Parzanchevski and Sarnak [PS’18], which are known to possess optimal covering prop-
erties and efficient navigation. In particular, there are only finitely many super golden
gates [PS’18, pp. 870–871] and the respective finite subgroups � can be realized as the
group of symmetries of of the Platonic solids: for the tetrahedron, �4; for the cube and
the octahedron, (4; and for the dodecahedron and icosahedron, �5.

We demonstrate that the icosahedral super golden gates admit a factorization di-
rectly analogous to the one obtained by Stier [S’21], and that this gives the best-known
preconstant to the first-power logarithm in the approximation length. The exact fac-
tor of the improvement is log2 59 ≈ 5.9. This improvement is due to the fact that the
icosahedral super golden gates have a growth rate that is on the order of 59:, while
gate set studied in [S’21], the Clifford+) gates, have growth rate of order 2:. We note
also that the icosahedral super-golden-gates represent the greatest number of distinct
gates with bounded �-count.

The commonly used Clifford+) gate set provides a set of elementary gates that
is universal and consists only of a small number of gates, all of which are very well
compatible with many established error correction schemes and can be physically im-
plemented in all quantum technologies that seem promising for large-scale quantum
computations [NWD’20]. In this case the finite group � is the Clifford group �24 of
order 24 in PU(2). At least one non-Clifford gate must be added to the basic gate set in
order to achieve universality. A common choice for this additional gate is the )-gate
(or �

8 -gate). The )-gate is not the only possible extension of the Clifford group but it is
considered to be the most practical one. This is due to the availability of fault-tolerant
implementations of the )-gate. For this reason, the Clifford+) gate set is considered
the most promising candidate for practical quantum computing. We recall, for the con-
venience of the reader, some of the salient details of the single qubit Clifford+) gate
set. We take ( := {�,)} [S’15b; S’21; RS’16]. The Clifford+) universal gate set is an
example of a golden gate set [S’15b; PS’18]. The remarkable observation of [S’15b] is
that the � and ) gates of the Clifford+) gate set come from the definite quaternion
algebra

A :=

(
−1,−1
Q(
√
2)

)
.

Kliuchnikov, Maslov, and Mosca [KMM’12] characterized the group 〈(〉 and demon-
strated an efficient algorithm to factor exactly, by carefully studying the powers of

√
2

in the denominators of matrix entries. Ross and Selinger [RS’16] then focused on di-
agonal matrices near to 〈(〉, with the goal of finding �-close factorizations of length
2 log2(1/�3); the base of 2 is intrinsic to the structure of the Clifford+) gates. By study-
ing upright sets in the plane, which function analogously to the simplices of Lenstra’s
algorithm [L’83; P’83], they achieved the leading coefficient of 1+>(1) (in that restricted
case). Parzanchevski and Sarnak [PS’18] generalized Ross and Selinger’s approach to
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any golden gate set (with the base of the logarithm correspondingly changing per the
gate set), and by considering Euler angles reached the coefficient of 3+ >(1) for approx-
imations to generic elements. Working with the (finite) LPS Ramanujan graphs (see
Section 2.1.1 and [LPS’88]), Carvalho Pinto and Petit [CP’18] factorize in the equiv-
alent of 7/3 + >(1). This approach is adapted by Stier [S’21] for the same coefficient
with Clifford+) gates. We combine aspects of the techniques of [CP’18; S’21], in the
proposed icosahedral setting, to reduce this bound to 7

3 log59(1/�3).

2.1 Super golden gates
We recall here essential ideas related to the arithmetic of quaternion algebras

[V’80; V’21], (-arithmetic groups [M’01, §C], and Ramanujan graphs [LP’20] which
lead to the icosahedral super golden gates [PS’18].

2.1.1 Quaternion algebras
A quaternion algebraA over a field F is a central simple algebra of dimension four

over F (cf. [M’06, §5.2] or [J’97, p. 15]). It follows from Wedderburn’s structure theo-
rem on simple algebras [D’47] that every quaternion algebra over any field F is either
isomorphic to M2(F) or a division algebra with center F [L’06]. If the characteristic of
F is not 2 then it is always possible to find a basis {1, 8 , 9 , :} forA over F such that

82 = 
, 92 = �, : = 8 9 = −98

where 
, � ∈ F×. We designate such an algebra by

A =

(

, �

F

)
.

Evidently @ ∈ A is of the form

@ = G0 + G18 + G2 9 + G3:, (2.1.1)

where Gℓ ∈ F. In this notation, Hamilton’s quaternions arise as

H =

(−1,−1
R

)
.

The conjugate of @ as in (2.1.1), denoted by @̄, is equal to G0 − G18 − G2 9 − G3:. For
each @ ∈ A we define the (reduced) norm map N :A → F by

N(@) := @@̄ = G20 − 
G21 − �G22 + 
�G23

and the (reduced) trace map tr :A → F by

tr(@) := @ + @̄ = 2G0.



CHAPTER 2. FAST NAVIGATION WITH ICOSAHEDRAL GOLDEN GATES 25

We note that every element @ ∈ A satisfies the quadratic equation

@2 − tr(@)@ + N(@) = 0.

It is possible to make everything completely explicit by embeddingA inM2

(
�
(√



) )

by,
for example,

8 ↦→
(√



−
√



)
and 9 ↦→

(
�

1

)
.

Evidently, if 
 is a square in F, thenA � M2(F). A necessary and sufficient condition
forA � M2(F) is that 
 is the norm of an element in F(

√
�) with respect to F [V’21]. Of

course, one may interchange 
 and � in this remark.
Specializing to quaternion algebras over the rational field Q, or over one of the

completions Q? or R (the completion Q∞), letA be a quaternion algebra over Q and let
? be a prime (or ∞). We define

A? :=A ⊗
Q
Q? .

EitherA? � M2(Q?) orA? is a division algebra over Q?. In this case we will have that
A? � H? and say that A is ramified at ?. When A? � M2(Q?) we will say that A is
unramified or split at ?. IfA is ramified at∞ it is called a definite rational quaternion
algebra—that is, ifA is definite then

A∞ =A ⊗
Q
R � H.

If A is split at ∞, it is called an indefinite rational quaternion algebra—that is, if A
is indefinite then

A∞ =A ⊗
Q
R � M2(R).

Definite quaternion algebras over totally real number fields

We now turn to the quaternion algebras that are the objects of interest in this chap-
ter, definite quaternion algebras over totally real number fields. LetA be a quaternion
algebra over a number field F, � be a place of F, and F� be the completion of F at �.
Recall that a totally real number field is a finite algebraic extension of Q all of whose
complex embeddings lie entirely in R. For example, the field Q(

√
3) is totally real for

positive, integral 3. If every infinite place of � is ramified in A, we say that A is a
totally definite quaternion algebra. Consequently, ifA is a totally definite quaternion
algebra over a number field F, then F is necessarily totally real. Moreover, if F is a
quadratic field, the number of finite places which are ramified inA is even.
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Unit groups in orders in definite quaternion algebras over totally real
number fields

Let A be quaternion algebra over a field F and let $F be the ring of integers in F.
An element @ ∈ A is integral if N(@), tr(@) ∈ $F. An order O ⊆ A is a $F-algebra of
integral elements such that [S’00, p. 2]

O ⊗
$F

F � A.

Observe that as an example of an order we always have

O := $F ⊕ $F8 ⊕ $F 9 ⊕ $F:. (2.1.2)

If O is an $F-order in a definite quaternion algebraA over the totally real field F then
the group of units of reduced norm 1, i.e.

O1 := {
 ∈ O : N(
) = 1} (2.1.3)

is a finite group [V’21, p. 289]. These finite groups will correspond to the groups of
rotational symmetries of the platonic solids [V’21, pp. 172–173].

Ramanujan graphs

Two key ideas are needed for the construction of golden gate and super golden
gate sets: a (-arithmetic unit quaternion group and a Ramanujan graph. We outline
the essential ideas of Lubotzky, Phillips, and Sarnak’s [LPS’88] “LPS” construction of
these objects.

Ramanujan graphs are graphs whose spectrum is bounded optimally. Let - be a
finite connected :-regular graph and � its adjacency matrix.

Definition 2.1.4. The graph - is called a Ramanujan graph if every eigenvalue � of
� satisfies either |�| = : or |�| ¶ 2

√
: − 1.

LPS Ramanujan graphs [DSV’03] arise as Cayley graphs of PSL(2, F@) (for F@ the
finite field on @ elements). When considering these graphs we interchangeably re-
fer to their elements by their group-theoretic properties as matrices and their graph-
theoretic relations as vertices. [LPS’88] establishes that for any prime ? ≡ 1 (mod 4)
there are infinitely many (? + 1)-regular Ramanujan graphs. We use the notation -?,@

where ? and @ are distinct primes congruent to 1 modulo 4 to represent such graphs.
The construction comes from number theory by way of the generalized Ramanujan
conjecture [PS’18, p. 873] [H+’21]. The symmetric space PGL(2,Q?)/PGL(2,Z?) can
be identified with a (? + 1)-regular infinite tree. PGL(2,Z[1/?]) acts from the left on
PGL(2,Q?)/PGL(2,Z?). The generalized Ramanujan conjecture, a theorem in this
case, implies that the quotient of PGL(2,Q?)/PGL(2,Z?) by any congruence subgroup
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of PGL(2,Z[1/?]), a (? + 1)-regular graph, is a Ramanujan graph. By considering an
appropriate congruence subgroup of PGL(2,Z[1/?]) we can identify the quotient of this
symmetric space with a Cayley graph associated to PSL(2, F@) or PGL(2, F@), depending
on the value of the Legendre symbol

(
?

@

)
[S’15a; BCC’19].

p-arithmetic unit quaternion groups

Golden gate and super golden gate sets for PU(2) require the construction of a ?-
arithmetic group (a special case of (-arithmetic groups, where ( is a collection of places
of Z). Let � ¶ GL(=) be an algebraic group defined over Z[1/?] with �(R) compact. A
?-arithmetic group Λ is a subgroup of �(Z[1/?]) ¶ �(R) × �(Q?), and has congruence
subgroup Λ(#) := {6 ∈ Λ : 6 ≡ � (mod #)}. (For a broader perspective, see e.g. [H’26;
L’26].) That is, in our compact Lie group PU(2) we take only rational numbers whose
denominators are powers of a fixed prime ? as coefficients in the matrices.

One can also make the same construction over the ring of integers $F of a totally
real number field F strictly containing Q, at which point the role of ? is played by p a
prime ideal of $F, so that the inverted elements (those allowed in denominators) are
now all of p ∩ F×.

2.1.2 Golden gates
Golden gates are special unit groups in quaternion algebras over totally real num-

ber fields derived from the ?-arithmetic groups [S’15b]. They give variants of optimal
generators for PU(2) and connect the arithmetic of quaternion algebras to quantum
computation on a single qubit. The “golden” characterization is to be understood by
way of an interesting link between ?-arithmetic unit groups coming from unit quater-
nion groups and the Ramanujan graphs -?,@, which we explicate below.

Recall once more that in classical computation, one decomposes any function into
basic logical gates such as XOR, AND, and NOR, and that in quantum computation, the
classical bits are replaced by qubits, which are vectors in projective Hilbert space C%=,
and that the logical gates are all the elements of the projective unitary group PU(2).
Let ( be a subgroup of PU(2) and denote by ((ℓ ) the set of ℓ -fold products of elements
in (. If 〈(〉 = ⋃

ℓ¾0
((ℓ ) is dense in PU(2) (with respect to the standard bi-invariant metric

d2(�, �) := 1− | tr(�
∗�)|

2 ) then ( is universal. That is, any gate can be approximated with
arbitrary precision as a product of elements of (.

The notion of of a golden gate set is much stronger, requiring [LP’20]:

1. Optimal covering of PU(2) by 〈(〉: for every ℓ the set ((ℓ ) distributes in PU(2) as
a perfect sphere packing (or randomly placed points) would, up to a negligible
factor.
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2. Approximation: given � ∈ PU(2) and � > 0, there is an efficient algorithm to find
some �′ ∈ ��(�) (the �-ball around �) such that �′ ∈ ((ℓ ) with ℓ (almost) minimal.

3. Compiling: given � ∈ 〈(〉 as a matrix, there is an efficient algorithm to write �
as a word in ( of the smallest possible length.

These requirements ensure that any gate can be approximated and compiled as an
efficient circuit using the gates in (.

2.1.3 Super golden gates
Each super golden gate set is composed of a finite group � and an involution �,

which lie in a p-arithmetic group for p a prime ideal of the integers $F of a totally
definite quaternion algebraA, over a totally real number field F. We require that:

1. � acts simply transitively on the neighbors of any given vertex in -?, the (? + 1)-
regular tree, for ? the norm of p.

2. � is an involution which takes a vertex to one of its neighbors.

p-arithmetic unit quaternion group act transitively on the vertices of the corre-
sponding -?. The p-arithmetic groups which act transitively on the vertices of -? are
called the golden gates and the p-arithmetic groups which act transitively on both the
vertices and edges of -? are called the super golden gates.

2.2 Icosahedral super golden gates
Recall that there are only finitelymany such super golden gate sets and in each case

the finite group � is identified with the group of rotational symmetries of a platonic
solid: for the tetrahedron, �4; for the cube and the octahedron, (4; and for the dodec-
ahedron and icosahedron, �5. Each of these finite groups can be precisely identified
with a p-arithmetic unit quaternion group coming from one of the following quaternion
algebras [S’15b]:

• tetrahedral gates: A =

(
−1,−1
Q

)
;

• octahedral gates: A =

(
−1,−1
Q(
√
2)

)
; and

• icosahedral gates: A =

(
−1,−1
Q(
√
5)

)
.

We consider the quaternion algebra A over the golden field Q(
√
5) [PS’18, p.895]. A

maximal order O in A :=
(
−1,−1
Q(
√
5)

)
is given by the ring of icosians. The unit group O1
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is the platonic icosahedral group, generated by
〈
1+8+9+:

2 ,
1+!−1 9+!:

2

〉
, where ! := 1+

√
5

2 is
the golden ratio, and O1 � �5 In PU(2), this corresponds to

�60 =

〈(
1 1
8 −8

)
,

(
1 ! − 8/!

! + 8/! −1

)〉
=:

〈
�, �

〉
.

We take as our involution

� = �60 :=

(
2 + ! 1 − 8
1 + 8 −2 − !

)
.

For the prime ideal p =
(
7 + 5!

)
one has Fp � Q59, and the generated group Γ =

〈�60, �60〉 is the full (7 + 5!)-arithmetic group of O. As such, we establish:

Theorem 2.2.1. Subject to standard number-theoretic heuristic conjectures, there ex-
ists a factorization of any 6 ∈ PU(2) to precision � using �-count atmost (7/3+>(1)) log59(1/�3).

In particular, if 6 is near to a diagonal matrix then we just apply the approach in
Section 2.4 (for additive error) to get a path of length at most (1 + >(1)) log59(1/�3), and
otherwise run the approach in Section 2.5.

My “standard number-theoretic heuristic conjectures,” we refer to two sorts of as-
sumptions about the solvability of integer problems. One concerns convex (in fact, lin-
ear) constraints: once the domain of consideration is large enough, generically there
will be an integer lattice point in the interior. The other concerns sum of square prob-
lems in the number ring; Cramér’s conjecture may be interpreted as a claim about
representability by certain quadratic forms on Z [S’19], and Sardari’s conjecture (∗)
has a similar flavor for somewhat more complicated domains. In this work we insist
on such a heuristic for number rings extending Z: presented with many elements of
the number ring, one of them ought to be representable as a sum of two squares.

Notice that no other choice of golden gates is both super and has a greater loga-
rithm base, so that these are the “best” generators of PU(2) given the present state of
knowledge, as an interesting application of number theory in that geometric setting.
However, wemake no claim in this work as to the relevance of icosahedral golden gates
to fault-tolerant quantum computing, as such relationships are not yet established;
given the present stage of research into quantum computers, we offer the results of
this chapter merely to advance understanding of a gate set with specific known ad-
vantages, and many more unknown qualities.

2.3 Nearby elements in PU(2), and factoring in �

In this section, we establish a key technical lemma regarding approximations in
the matrix group, and the method for exact synthesis for elements of the relevant
subgroup.
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For 
, � ∈ C satisfying |
|2 +
�����2 = 1 we write

D(
, �) :=
(

 �
−�̄ 
̄

)
,

and for � ∈ R we write
D(�) := D(4 8� , 0) =

(
4 8�

4−8�

)
.

We restate below [S’21, Lemma 5] which holds independent of our choice of univer-
sal gate set.

Lemma 2.3.1. Select absolute constants �, �0 > 0 and put � =

√
1
2 + 1

2

(
2+�
�0

)2
. Take �1

and �2 in either SU(2) or PU(2) and write them as �1 = D(
1, �1) and �2 = D(
2, �2). If
||
1| − |
2|| < � for some � < � and min{|
1|, |
2|} <

√
1 − �20 then for

�1 =
1

2
(arg 
1 − arg 
2 + arg �1 − arg �2), �1 = D(�1)

�2 =
1

2
(arg 
1 − arg 
2 − arg �1 + arg �2), �2 = D(�2)

we have the approximation �1�2�2 to �1, satisfying

d(�1, �1�2�2) < ��.

Loosely, this result can be thought of as a sufficient condition to transform one 2×2
unitary into (approximately) another based only on a weak condition and by “tuning”
with diagonal (rotation) matrices on either side. The condition is merely that the
“starting” and “target” matrices have top-left entries nearby in absolute value, and
that neither is very near to 1.

We now move to factorizing. Put � = 7 + 5! for the sequel. Observe that is is a
positive real number, and the generator of p above. For our purposes, wewill encounter
elements of Γ =

〈
�, �, �

〉
¶ PU(2) only as Z[!]-quaternions with norm a power of

�, envisioned as elements of the Cayley graph for
〈
�, �, �

〉
¶ Q(!)U2(Z[!]), which

[PS’18] shows acts transitively with respect to the distance measure of �-count, which
can be detected by counting the power of � in the quaternion norm, after quotienting
out Z[!]-scalars. This leads to the following factoring algorithm.

Algorithm 2.3.2. Let � be a set of representatives of
〈
�, �

〉
¶ PU(2) lifted toQ(!)U2(Z[!]).

Given 
 a lift of some element of Γ with �-count :, it can be factored by determining
which (unique) 2 ∈ � gives rise to 
2� of �-count : − 1, which in turn requires no
more than 60 multiplications of three matrices. 2 is found if and only if 
2� has all
coefficients divisble by � in Z[!].
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This algorithm has the base case of simply comparing 
 against all 60 elements of
�, another trivial computational task. The idea of the general case is that 
 has the
representation

20

∏
8∈[=]

�28

where 28 is not the identity for 8 ≠ 0, =. Then 2 will be projectively equal to 2−1= , giving
rise to


2� = 20

∏
8∈[=−1]

�28�2=2� = I?20

∏
8∈[=−1]

�28

for I = det(2=2) (coprime to �).

2.4 Algorithm for short paths to diagonal elements
2.4.1 Algorithm

We proceed by, for given diagonal element � = D(�) and �, seeking � ∈ Γ with
d(�, �) < �. Knowing that � is projectively equal to an element(

G0 + G18 G2 + G38
−G2 + G38 G0 − G18

)
for G0, G1, G2, G3 ∈ Z[!] satisfying

G20 + G21 + G22 + G23 = �< (2.4.1)

for some < ∈ N, we also have that it is sufficient to satisfy

G0 cos� + G1 sin� ¾ �</2(1 − 2�2) (2.4.2)

(note that this is precisely [RS’16, (13) and Problem 7.4] (see there for the derivation)),
following the readily computable observation that ‖� − �‖ ¾

√
23(�, �) and setting the

goal ‖� − �‖ ¶
√
2�, since [RS’16] operates with respect to the operator norm. Observe,

unfortunately, that (2.4.1) is a quadratic constraint and (2.4.2) is a linear constraint.
We now explain how to transform them into a practicable sequence of integer pro-
grams.1

Fix <. We seek Gℓ ∈ Z[!] satisfying (2.4.1) and (2.4.2). Define Hℓ = Gℓ/�</2. Artifi-
cially add the constraint

1 − �2 − H1 sin� ¾ 0. (2.4.3)
1Fundamentally, this is the same idea as in [RS’16], as their study of upright ellipses accomplishes

the same task as Lenstra’s algorithm.



CHAPTER 2. FAST NAVIGATION WITH ICOSAHEDRAL GOLDEN GATES 32

Observe from (2.4.1) that H20 ¶ 1 − H21. Then, we have the sequence of implications
(mainly by algebraic manipulation)

H0 cos� ¾ 1 − �2 − H1 sin� ¾ 0

H20 cos
2 � ¾ (1 − �2)2 + H21 sin2 � − 2(1 − �2)H1 sin�

cos2 � ¾ (H1 − (1 − �2) sin�)2 − (1 − �2)2 sin2 � + (1 − �2)2

cos2 �(2�2 − �4) ¾ (H1 − (1 − �2) sin�)2��H1 − (1 − �2) sin�
�� ¶ |cos�|√2 − �2� (2.4.4)

and so we have reduced our consideration to just one of the four variables. As [Q(!) :
Q] = 2, we explicitly work with the Galois group elements

�+ : 1 ↦−→ 1

! ↦−→ !,

�− : 1 ↦−→ 1

! ↦−→ !•,

where !• is !’s Galois conjugate 1−
√
5

2 = 1 − !, both of which are real embeddings,
yielding the additional constraints ���±H1�� ¶ 1. (2.4.5)

Now, putting G1 = 2 + 3! for some 2, 3 ∈ Z, (2.4.3), (2.4.4), and (2.4.5) transform into

Problem 2.4.6. Given <, find (2, 3) ∈ Z2 satisfying the five linear constraints

(2 + 3!) sin� ¶ �</2(1 − �2),��2 + 3�±!�� ¶ (�±�)</2,��2 + 3! − �</2(1 − �2) sin�
�� ¶ �</2|cos�|

√
2 − �2�.

The existence of such a pair is determinable in $(poly<) time, by Lenstra’s algo-
rithm [L’83; P’83].

Putting G0 = 0 + 1! for some 0, 1 ∈ Z, for a particular solution to Problem 2.4.6,
(2.4.1) and (2.4.2) transform into

Problem 2.4.7. Given < and G1 = 2 + 3!, find (0, 1) ∈ Z2 satisfying the four linear
constraints ��0 + 1�±!�� ¶ (�±�)</2√1 − (�±G1)2,

(0 + 1!) cos� ¶ �</2(1 − G1 sin�),
(0 + 1!) cos� ¾ �</2(1 − �2 − G1 sin�).
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Again, the existence of such a pair is determinable in $(poly<) time, by Lenstra’s
algorithm.

Finally, if we have solutions to Problem 2.4.7 and Problem 2.4.6, we seek to solve

Problem 2.4.8. Given <, G0 = 0 + 1!, and G1 = 2 + 3!, find (G2, G3) ∈ Z[!]2 satisfying
(2.4.1).

Here we change techniques. The objective is to write �<−G20−G21 as a sum of squares
in Z[!]. Assuming efficient factorization in Z (or Z[!], also a PID), Problem 2.4.8 is
efficiently solvable via Theorem A.5 (the general approach being basically identical to
the classical algorithms for Z[8] or Z[4 8�/8], cf. [RS’16, §C] for the latter).

We have succeeded in the core of the algorithm. To handle given �, begin by fixing
< = 0. For given <, attempt to solve Problem 2.4.6; for each solution, attempt to solve
Problem 2.4.7; for each solution, attempt to solve Problem 2.4.8. If this results in a
tuple (G0, G1, G2, G3) satisfying all three problems, halt and return

1

�</2

(
G0 + G18 G2 + G38
−G2 + G38 G0 − G1

)
.

Otherwise, if all possibilities have been exhausted, increment <.

2.4.2 Analysis
We refer the reader to [PS’18, §2.3]’s analysis of timing and correctness for Ross

and Selinger’s algorithm generalized to any golden gate set, where the conclusion is
that for desired precision �, the factorization length becomes (1 + >(1)) log59(1/�3) with
required computational time remaining $(poly log(1/�)).

2.5 Algorithm for short paths
Here we largely adopt the structure and wording from [S’21, §4 and §5], as the core

concepts and heuristics that make the algorithm work are the same in the icosahedral
setting.

2.5.1 Algorithm
Select absolute constants �̃, �0 > 0. Take any 6 = D(
, �) ∈ PU(2) where |
| <√

1 − �20, and pick � < �̃. We wish to approximate 6 in d using � ∈ Γ of the form

� =
1

�:/2

(
G0 + G18 G2 + G38
−G2 + G38 G0 − G18

)
(2.5.1)



CHAPTER 2. FAST NAVIGATION WITH ICOSAHEDRAL GOLDEN GATES 34

having :, the factorization length, minimized, and so we begin with : = 0. (We also
have G0, G1, G2, G3 ∈ Z[!].) In particular, the objective is to approximate 6 as �1��2
where �1, �2 ∈ Γ approximate well-chosen diagonals computable using Section 2.4,
and � ∈ Γ has factorization computable using Algorithm 2.3.2. We will see that � is
designed to have factorization typically shorter than that of �1 and �2, giving rise to
the desired improvement.

In order to apply Lemma 2.3.1 we need to have
��� G0+G1 8

�:/2

��� = √
G20+G21
�:

near |
| (that is,

within �). Because
��� G0+G1 8

�:/2

��� + |
| ¾ |
| which is fixed, it suffices to find candidate values

for G0, G1 ∈ Z[!] with
������� G0+G1 8�:/2

���2 − |
|2���� < �|
|, rewritten to��G20 + G21 − |
|2�: �� < �|
|�: . (2.5.2)

Viewing � as an element of SU(2), we also have det � = 1, i.e. G20 + G21 + G22 + G23 = �:. As
Gℓ ∈ Z[!] ⊂ Q(!) ⊂ R, it follows that �±(G20 + G21) + �±(G22 + G23) = �±(�:), and so

�±(G20 + G21) ¶ (�±�): . (2.5.3)

Now, let < = G20 + G21 ∈ Z[!]. Considering Z[!] as an integer lattice, we adapt (2.5.2)
and (2.5.3) and seek to solve ��< − |
|2�: �� < �|
|�: (2.5.4)

< ¶ �: (2.5.5)
<• ¶ (�•): (2.5.6)

<, <• ¾ 0 (2.5.7)

which are convex constraints on <’s lattice components. Since this is an integer pro-
gramming problem in two dimensions, we apply Lenstra’s algorithm [L’83; P’83] to
efficiently list all such lattice points <. For each <, using Theorem A.5, we attempt to
write < as a sum of two squares; if possible, say < = G20 + G21, we then attempt to write
<̃ = �: −< as a sum of two squares. If possible, say <̃ = G22 + G23, so we simply halt and
return � corresponding to (2.5.1). However, if <̃ may not be represented as a sum of
two squares, we simply move on to the next value of < and try this process again. If
this fails for all < arising from :, we increment : and run Lenstra’s algorithm for the
new inequalities.

Supposing we have halted and constructed �, we compute �1 and �2 guaranteed by
Lemma 2.3.1. These are efficiently approximable by Section 2.4 to �1 and �2, respec-
tively. Chaining together the three approximations as �1��2 gives the final desired
approximation to 6.
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2.5.2 Analysis
We begin the analysis by establishing the �-count and tightness of the approxi-

mation. In particular, d(�1, �1) < � and d(�2, �2) < � with factorization lengths of
�ℓ each up to (1 + >(1)) log59(1/�3). By Lemma 2.3.1, d(�, �1��2) < ��. Therefore,
d(6, �1��2) < (� + 2)� (by the triangle inequality) and since � has a factorization of
�-count up to

(
1
3 + >(1)

)
log59(1/�3), this constitutes a factorization of an element in 6’s

neighborhood of �-count up to
(
7
3 + >(1)

)
log59(1/�3).

The efficiency of this algorithm—that is, that it runs in time $(poly log(1/�))—is be-
cause we expect to halt when 59:� ∈ $(1) (so only : ≈ 1

3 log59(1/�3) calls are expected),
and only call polynomially-many polynomial-time subroutines. The dominant subrou-
tines are calls to Lenstra’s algorithmwhich as shown in [L’83] runs in time polynomial
in the size of the constraints for any fixed dimension =. Indeed, here we have only = = 2
dimensions, < = 6 linear constraints (two per absolute value), and the largest value 0
in the constraints is �:, so the runtime is polynomial in =< log 0 ∈ Θ(:).

The reason we expect to halt when 59:� ∈ $(1) is that heuristically, we expect
to halt when the area enclosed by (2.5.4)–(2.5.7) is $(poly log(1/�)). Conveniently, the
region is a rectangle since the vectors 〈1, !〉 and 〈1, !•〉 are orthogonal, so assuming in
the limit that �� min

{
|
|, 1−|
|

2

|
|

}
(so that (2.5.5) and the “bottom” inequality of (2.5.4)

are redundant), we compute length-times-width of

2�|
|�:√
1 + !2

· (�•):√
1 + (1 − !)2

=
2|
|√
5
· 59:� ∈ $(poly log(1/�))

whence we find : ∈ (1 + >(1)) log59(1/�) as expected.
When attempting to write elements of O as a sum of two squares, we primarily rest

on a belief, in the style of Cramér’s conjecture and a conjecture of Sardari [S’19, (∗)]
that sums of squares are dense in N. Seeking to analogize [S’19, (∗)] in particular, we
note that the operative aspect is that a dense cluster of lattice points will represent at
least one sum of two squares, and that such a point thus will be found quickly through
Lenstra’s algorithm.

The significance of this result is to accomplish a factorization in PU(2) in analogue
to [S’21], but using a gate set with additional desirable properties beyond those enjoyed
by the Clifford+) gates.

2.6 Examples
The algorithm is implemented in Python and was used to produce the following

examples of more “classical” single-qubit quantum gate generators. Recall � and )
from the Clifford+) gate set and pick precision � = 1/1010. We yield

) ≈ �0��1��2��3��4��5��6��7��8��9��10��11��12��13��14��15��16��17��18��19
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= (�����)�(������)�(�����)�(������)�(����
�������)�(����������)�(�)�(����������)
�(�)�(���������)�(�������)�(��������)
�(������)�(����������)�(��������)�(��
���)�(�����������)�(����������)�(���)

where �8 ∈
〈
�, �

〉
correspond to the parenthesized terms following; this achieves preci-

sion in d of 1.28/1010. The �-count is 19; compare this with the predicted log59(1/�3) ≈ 16.9.
We remark that the discrepancy can be attributed to computational limitations: at
key steps in the algorithm, we must run the Tonelli–Shanks algorithm for finding
quadratic residues modulo some prime @, which has worst-case behavior Θ(@). There-
fore it is only practical to abandon on instances where some prime factor is at least 106,
something that occurred more than 328 times before the above-stated approximation
was found.

For the second example of �, the central element is determined to be the following:

� = �0��1��2��3��4��5��6��7��8��9
= (�����������)�(����������)�(������)�
(���������)�(����)�(�������)�(�������
��)�(������������)�(�������)�(������)

(�8 serves the same function as above). It has �-count 9; compare this with the pre-
dicted 1

3 log59(1/�3) ≈ 5.6. As before, the discrepancy can be attributed to non-vanishing
of >(1) factors for explicit � and to having to abandon possibilities with very large prime
factors. The outer diagonal elements are determined to be the following:

�1 ≈ �̃0��̃1��̃2��̃3��̃4��̃5��̃6��̃7��̃8��̃9��̃10��̃11��̃12��̃13��̃14��̃15��̃16��̃17��̃18
= (����)�(������������)�(������)�(�����
������)�(������)�(����)�(����)�(������)
�(��������)�(���������)�(�������)�(��
����)�(����)�(�������)�(��)�(���������)
�(��������)�(����������)�(���������)

�2 ≈ �̂0��̂1��̂2��̂3��̂4��̂5��̂6��̂7��̂8��̂9��̂10��̂11��̂12��̂13��̂14��̂15��̂16��̂17��̂18
= (�������)�(��������)�(���������)�(���
����)�(������)�(�����)�(�������)�(����
������)�(��������)�(�����)�(��������
��)�(����)�(���������)�(�����)�(������
����)�(����������)�(���������)�(��)�(�)
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(�̃8, �̂8 serves the same function as above). They both have �-counts of 18, with 75
collective abandoned cases; compare this with the predicted log59(1/�3) ≈ 16.9. Multi-
plying out �1��2 gives distance in d of 1.28/1010 (that this difference equals the previous
one is a coincidence; they disagree at the third decimal place).

2.7 Upper-bounding fault-tolerant resources
We are grateful to one of the anonymous referees from Quantum Information and

Computation for the remark which comprises this section, reproduced here for the
reader’s benefit with only light editing.

Note that it is possible to use existing results to implement super golden gates on
common fault-tolerant quantum computers, as well as any gate specified by a matrix
with entries in some number field. Therefore, it is theoretically possible to upper-
bound the cost of icosahedral golden gates.

Consider a gate * with entries in some number field  . This gate can be synthe-
sized in three steps using three well-known results.

First, reduce it to implementing an =-qubit unitary *′ with entries in one of the
fields Q(�8), Q(8), or Q, by employing the Catalytic Embedding idea presented in [G’22;
A+’23].

Second, synthesize *′ using an (= + 2)-qubit unitary *′′ with entries in the rings
Z[�8, 1/2], Z[8 , 1/2], or Z[1/2], utilizing [BRS’15, Theorem 18].

Third, employ exact synthesis techniques for unitaries [GS’13; AGR’20] with en-
tries in Z[�8, 1/2], Z[8 , 1/2], or Z[1/2] to find a Clifford+) circuit for the unitary *′′. Ad-
ditionally, synthesize the catalyst state up to the required accuracy using existing ap-
proximate synthesis techniques. The cost of the catalyst state can be neglected since
it is reused.

Furthermore, the results presented in [B+’20] can be utilized to numerically es-
tablish lower bounds on the )-cost of synthesizing *′′. This approach allows us to
determine if icosahedral golden gates can become practical if multi-qubit synthesis
algorithms are improved.
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Chapter 3

A quantum algorithm for functions
of multiple commuting Hermitian
matrices

One fundamental matrix problem is the computation of matrix-valued functions.
Specifically, recall the QET:

Problem (Quantum Eigenvalue Transformation (QET)): Let � be a di-
agonalizable complex #×# matrix with eigenvalues {�:} ⊂ D and correspond-
ing eigenvectors {v:}. Given a function 5 : C→ C, a state |v〉 = ∑

2: |v:〉, and
� > 0, output (a scaling of) the state 5 (�)|v〉 := ∑

2: 5 (� 9)|v:〉 to precision �.
(Here, D is the closed unit disk in C.) QET may be implemented using the quan-

tum signal processing algorithm (QSP) for a degree-� polynomial 5 and a Hermitian
matrix � with constant ancilla overhead and $(�) instances of a quantum circuit
implementation of �, for instance as a block-encoding, which comes with some pre-
scribed additional ancillae and an intrinsic constant known as the subnormalization
factor (see Section 3.1.2); 5 can be provided as a classical blackbox,1 and |v〉 can be
given via some prepare oracle* of which we have only one copy.2 As we will need |v〉’s
prepare oracle exactly once and 5 ’s blackbox is only accessed on the classical side, we
are more concerned with minimizing the number of instances of �’s block-encoding.
The QSP method requires that 5 is !∞-bounded.

QET is not well-understood for other classes of matrices. We propose the following
generalization of QET that makes sense for several commuting matrices. One generic
setting in which this would be of use is in the case of multiple commuting observ-

1i.e., a blackbox from which we may query one input at a time. In principle 5 could take time
polynomial in the problem parameters to evaluate, but since this is all done on the classical side we
treat it as a constant-time blackbox.

2i.e., we initialize all registers to a tensor of |0〉s and on* ’s register apply it to obtain the input state
|v〉, while * acts on other states unpredictably.
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ables; it may be the case that one wishes to compute some function of several such
observables, without having to compute individual measurements.

We point out that commuting matrices have a simultaneous eigenbasis, in par-
ticular commuting Hermitians have a simultaneous orthonormal eigenbasis. Recall
MQET:

Problem (Multivariate Quantum Eigenvalue Transformation (MQET)):
Let G = {�ℓ}0¶ℓ¶A be a family of A + 1 pairwise commuting diagonalizable
complex # × # matrices. Let {v:} be a mutual eigenbasis of G and let ,: =

(�ℓ ,:)0¶ℓ¶A ∈ DA+1 denote the vector of eigenvalues for the mutual eigenvector
v:. Given a function 5 : CA+1 → C, a state |v〉 = ∑

2: |v:〉, and � > 0, output (a
scaling of) the state 5 (G)|v〉 := ∑

2: 5 (,:)|v:〉 to precision �.
The matrices �ℓ can be provided as block-encodings, the function 5 : CA+1→ C can

be provided as a blackbox, and the state |v〉 can be provided by a single prepare oracle,
all as in QET.

To motivate our method for MQET, first consider the problem of QET for normal
matrices. Suppose we want to compute QET for a normal matrix " and function
5 : C → C that is !∞-bounded on the unit square. We retain the boundedness as-
sumption from the case where " is Hermitian because it occurs as a special case of
the problem we are currently considering. Let us also make the additional assump-
tion that 5 is a polynomial. This is a mild assumption as any !∞-bounded function
on the unit square can be approximated by !∞-bounded polynomials. Now, make the
critical observation that any normal matrix " decomposes as � + 8�, where � and �
are commuting Hermitian matrices. We look for a decompostion

5 (� + 8�) ≈
∑
:

%:(�)&:(�)

for some polynomials %: , &:. Then, we could implement %:(�) and &:(�) using QSP
and combine the products using the linear combination of unitaries primitive. The
number of block-encoding instances required grows with the number of terms in the
sum, and the subnormalization factor grows with the !∞ norms of the polynomials
%: , &: appearing in the decomposition. A reasonable idea would be to let %:(G) = G:.
Then, the number of terms in the sum is 1 + deg 5 , but the !∞ norm of &: blows up
rapidly. However, by letting %:(G) = ):(G), the Chebyshev polynomial of degree :, we
can obtain a decomposition where the number of terms in the sum is still 1 + deg 5 ,
but &: remains !∞-bounded. It is not clear in general how to compute the optimal
decomposition of the polynomial 5 .

The method just outlined for QET of normal matrices inspires our method for
MQET of commuting Hermitian matrices. Observe that 5 (� + 8�) = 6(�, �) where
6 : [−1, 1]2 → C is a bivariate !∞-bounded polynomial. In general, we may compute
MQET for a family G = {�ℓ}0¶ℓ¶A of pairwise commuting Hermitian matrices and
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5 : [−1, 1]A+1→ C as follows. Compute a decomposition

5 (G) ≈
∑
k

%
(0)
k (�0)%(1)k (�1) . . . %(A)k (�A)

where k is indexed by tuples (08)0¶8<A and %
(8)
k = )08 for 0 ¶ 8 < A. The number of

terms scales with the degree vector of 5 and the the polynomials appearing in the
decomposition remain !∞-bounded.

We believe that this framework is promising and will have many applications be-
yond those provided in this work.

Let 1 + deg 5 = � = 23. We present the following:

Theorem 3.0.1. Consider any pairwise commuting Hermitians G = {�ℓ}0¶ℓ¶A . Given
block-encodings *�ℓ ∈ BE
,<(�ℓ ; �), target precision �′ > 0, and an (A + 1)-variate poly-
nomial 6 approximating a given continuous !∞-bounded function 5 : [−1, 1]A+1→ C as

 5 − 6



!∞[−1,1]A+1 ∈ $(�
′), there is an algorithm (Algorithm 1) for implementing a block-

encoding of 5 (G) using $(A�A+1) instances of the unitaries *�ℓ , $(A(< + 3)) additional
ancillae, and $((� + 2)A) subnormalization factor. Applying this matrix to |v〉 solves
the given MQET instance with precision �′.

As a consequence, we may specialize to the case of bivariate functions to obtain the
following result about QET for normal matrices:

Theorem 3.0.2. Consider any normalmatrix". Given block-encoding*" ∈ BE
,<("; �),
target precision �′ > 0, and a bivariate polynomial 6 approximating a given !∞-bounded
function 5 : C→ C as



 5 − 6


!∞([−1,1]+8[−1,1]) ∈ $(�

′), there is an algorithm (Algorithm
2) for implementing a block-encoding of 5 (") using $(�2) instances of the unitary*" ,
$(< + 3) additional ancillae, and $(�) subnormalization factor. Applying this matrix
to |v〉 solves the given QET instance with precision �′.

A further application is to perform a sort of ‘Hamiltonian’ simulation, where the
‘Hamiltonian’ operator is actually just any normal matrix (not necessarily Hermitian).

This framework fits into the recent development of quantummatrix functions, with
hallmarks such as Grover’s search algorithm [G’96] and its generalization amplitude
amplification, matrix inversion (Harrow, Hassidim, and Lloyd [HHL’08]), the linear
combination of unitaries algorithm (Childs and Wiebe [CW’12], which we use as a
subroutine), and quantum singular value transformation (Gilyén, Su, Low, and Wiebe
[G+’19]). Our results even more deeply rely on QSP of Low and Chuang [LC’16], and
furnish approximate versions for both the specialized setting of normal operators as
well as families of commuting operators, albeit with potentially steep costs and with-
out so general a framework as offered by QSP and QSVT (see the grand unification of
Martyn, Rossi, Tan, and Chuang [M+’21]). This is similar in spirit to the recent work
of Rossi and Chuang [RC’22] on multivariable quantum signal processing (M-QSP);
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many of the deliverables obtained in this chapter also appear, possibly with different
associated costs, in [RC’22].

We briefly describe some differences between this work and [RC’22]. M-QSP achieves
extremely short block-encodings, using linearly-many instances of the block-encodings
of the input matrices, but relying on a separate conjecture about the Fejér–Riesz
theorem, on a relatively restricted class of functions, and requiring that the block-
encodings commute—not just that the underlying, block-encoded matrices themselves
commute. In dropping constraints on functions (and their polynomial approximations)
and the structure of the block-encodings, we incur greater cost in block-encoding pa-
rameters and total instances used.

Our application here to normal matrices recalls the aims of the recent work of
Takahira, Ohashi, Sogabe, andUsuda [T+’20; T+’21] which uses quadrature andCauchy’s
integral formula to implementmatrix functions, though [T+’20; T+’21]’s and Section 3.2’s
approaches are ultimately fundamentally incomparable. The idea in [T+’21] is for any
holomorphic function and any diagonalizable matrix to approximate the integral via
Cauchy’s integral formula using an appropriately-chosen contour containing the ma-
trix’s eigenvalues. In order to compare resulting block-encoding parameters, one must
somehow contrast the parameters chosen for a given quadrature against a polynomial
approximation. As the philosophies of the algorithms are simply incompatible, any
comparison cannot hold, and indeed there are instances where the quadrature ap-
proach is advantageous (such as when the eigenvalues in D are well-understood and
lie in a convenient contour’s interior), while there are also instances where the poly-
nomial decomposition approach is advantageous (such as when the function is nearly
an indicator function in D, which admits poor !∞ holomorphic approximation).

Lastly, the work of Guo, Mitarai, and Fujii [GMF’21] concerns a quantum operation
distinct from matrix functions, instead known as nonlinear transformation of complex
amplitudes (NTCA), in which the individual amplitudes of a state (with respect to
a canonical basis) are transformed by a polynomial. Our approach gives rise to a
solution to this problem for a less constrained class of functions than those considered
in [GMF’21].

The paper is organized as follows. In Section 3.1 we describe present methods for
implementing QET. This includes the framework of block-encoding and QSP for Her-
mitianmatrices, as well as some newer literature on QET algorithms for other families
of matrices. In Section 3.2 we describe the proposed method for normal matrices, re-
vealed to be a special case of the algorithm for MQET (Section 3.4). Section 3.3 details
an application of the algorithm for normal matrices to NTCA.
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Figure 3.1: 0- and 1-controlled *-gates.

• •
•
• •
• •

�

� * ,

� /4 |15〉 |13〉

� * ,

Figure 3.2: An example of the new notation for multiply-
controlled gates.

3.1 Preliminaries
3.1.1 Mathematics notation

Here, D is the closed unit disk in C. Also, in this chapter, when we take a ?-norm
‖·‖?, we specifically restrict the domain to [−1, 1], regardless of whether the function
may be extended to more of R or C. We use the shorthand “ 5 : ( → C is !∞-bounded”
(for any domain () to say that



 5 


!∞( ∈ $(1), independently of other ambient param-

eters (such as the number of qubits in the relevant circuit). Finally, ): is the :th
Chebyshev polynomial.

3.1.2 Circuit notation
When we provide examples of quantum circuits, we will predominantly use stan-

dard notation, and will introduce two new notations intended for visual ease.
The first is a compact notation for controls on ancilla registers. We say (consistent

with the standard notation) that a single-wire control as in Figure 3.1 is 0-controlled
on the left and 1-controlled on the right. Suppose we have a <-ancilla register �,
indexed from the top as 0, 1, . . . , < − 1, and that * acts on the register � with a 0- or
1-control from each wire of �. We will compactly identify this with a number written
in binary: the 9-indexed wire is the 9th place value, and it is 0 if the corresponding
control is 0-controlled, and 1 if 1-controlled. If the resulting binary value is 1, then
this will be indicated by grouping all < wires and putting |1〉 in a rounded control box.
For instance, we have the equivalent circuits depicted in Figure 3.2.

We also introduce notation for multi-wire gates that do not act on some wires that
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� × ×
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Figure 3.3: An example of the new notation for gates that don’t
incorporate a specific register.

they are “on top of.” For instance, if there are three registers �, �, and �, which for
broader clarity must be provided in that order, but a specific gate* only acts on � and
�, then we will depict a “break” in the wire(s) for �. See for an example Figure 3.3,
which also depicts a formulation via SWAP gates which circumvents this notation,
assuming that (say) � and � comprise the same number of qubits. Another example
is Figure 3.4.

3.1.3 Block-encodings
Computationswith generalmatrices aremost easily performed in the block-encoding

model, which we summarize here.
Intuitively, a block-encoding of a not necessarily unitary matrix � is a large unitary

matrix
*� =

(
1

� ★
★ ★

)
where the ★’s represent arbitrary matrices (not necessarily all square). More specif-
ically, given a =-qubit matrix �, we say that a (= + 0)-qubit matrix *� is an (
, 0, �)-
block-encoding of � if

‖� − 
(〈00 | ⊗ �=)*0(|00〉 ⊗ �=)‖ < �.

This is also written as *� ∈ BE
,0(�; �). 
 is known as the subnormalization factor
and is related to the number of repetitions needed to obtain the correct state after
applying a block-encoding (since one wishes to measure the first register to be |00〉).

To highlight its applicability, we note that if each matrix entry may be efficiently
computed then so too can a block-encoding, by the universality of the Toffoli gate in
classical circuitry and the Toffoli+� gates in quantum circuitry [S’02; A’03]. Further,
((, =+1, 0)-block-encodings are implementable using specialized oracles which identify
the locations of nonzero entries in �, in the event that � has at most ( nonzero entries
in each row and in each column, and in the case that (e.g.) � has exactly ( bands the
same oracles give ((, log ( + 1, 0)-block-encodings [L’22, §6.3]. However, for our pur-
poses, we will fully blackbox the implementation details of our given block-encodings,
asmatrix-specific considerations quite often inform the choice of block-encodingmodel.

Various functions are relatively easy (but not free) to compute with block-encoded
matrices. We highlight two, which we will use later on.
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1 /0

*�2 /1

3 /=

*�

Figure 3.4: [G+’19]’s multiplication circuit.

Proposition 3.1.1 (block-encoding of product [G+’19, Lemma 53]). Given =-qubit ma-
trices�, � and*� ∈ BE
,0(�; ��),*� ∈ BE�,1(�; ��), then (�1⊗*�)(�0⊗*�) ∈ BE
�,0+1(��; 
��+
���), where �0 , �1 act on the ancilla registers of �, � respectively.1

See also Figure 3.4 for a depiction of this circuit.

Proposition 3.1.2 (block-encoding linear combinations of unitaries (LCU)). Given ac-
cess to a prepare oracle + satisfying

+ |0=〉 = 1

‖a‖1

∑
0¶ 9< 

√
0 9

��9〉
for  = 2:, and *0, . . . , * −1 ∈ U(#) arranged in a select oracle

* :=
∑

0¶ 9< 

��9〉〈 9�� ⊗* 9 ,

then we have that

(+† ⊗ �=)*(+ ⊗ �=) ∈ BE‖a‖1 ,:
©­«

∑
0¶ 9< 

0 9* 9; 0
ª®¬.

If* and + are implemented so that actually (+† ⊗ �=)*(+ ⊗ �=) ∈ BE‖a‖1 ,:

( ∑
0¶ 9< 

0 9* 9; �

)
then we will write LCU�

(
(*8)0¶8< , a

)
for the circuit.

Using quantum signal processing (QSP) (for Hermitian matrices) or quantum sin-
gular value transform many other matrix functions can be implemented using polyno-
mial approximations and block-encodings, cf. [L’22, Chapters 7–8]. See in particular
the algorithm named QET for Hermitian matrices [L’22, §7.5].

1That is, suppose the work register is labeled 3, and we have an 0-qubit register 1 and a 1-qubit
register 2. Then we arrange *� to be acting on 1 and 3, and *� to be acting on 2 and 3.
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3.2 QET for normal matrices
Recall the notion of block-encoding non-unitarymatrices into larger, unitarymatri-

ces whichmay then be implemented as quantum circuit primitives. If*� ∈ BE
,<(�; �)
is such a block-encoding and 5 : C#×# → C#×# is a matrix function, one seeks to im-
plement a circuit for * 5 (�) ∈ BE
′ ,<′( 5 (�); �′) using only the standard quantum primi-
tives as well as*� (and*†

�
), with as few calls to*� and*†

�
as possible, <′ as small as

possible (minimal number of ancillae), and 
′ as small as possible (maximal success
probability). For � Hermitian, this problem is discussed extensively in [L’22, Chap-
ter 7]. This analysis crucually depends on the �-block being Hermitian in order to
construct an alternating sequence of C-spaces, leaving the question of block-encoding
matrix functions for normal matrices unresolved by these techniques. In this section
we put forth an algorithm to implement quantum circuits for a given matrix function
5 of a given normal matrix ". We assume that it is feasible to produce an arbitrar-
ily good approximation to 5 by a complex polynomial 6(I) = �(G, H) where I = G + 8H
(see Section B.1), into which we may plug in I = ".1 Classically computing phase
factors for QSP is a feasible task, which has been studied in Haah [H’19] and Dong,
Meng, Whaley, and Lin [D+’21]. However, at no point do we assume that computing
"’s eigenvalues is tractable.

For clarity, we recall that a normal matrix is one which commutes with its Hermi-
tian adjoint, and normal matrices are precisely those which are unitarily diagonaliz-
able.

We defer a treatment of the most general case to Section 3.4.

3.2.1 Algorithm
We describe an algorithm for obtaining a block-encoding of 5 (") given a block-

encoding *" ∈ BE
,<(�; �) of a normal matrix " and a function 5 : D → D. We let
5 be (�, :)-extensible (Property B.1.7) for �, : ∈ $(1). This is a technical condition,
defined in Section B.1, which just ensures that 5 is well-approximable. Let us assume
that 5 is well-approximated on D by a polynomial 6.

Consider the decomposition
" = � + 8� (3.2.1)

where � and � are commuting Hermitians with the same dimensions as ". It is
not hard to obtain block-encodings of � and �. In fact, all three are simultaneously
diagonalizable, where if " = *D*† then � = *(reD)*† and � = *(imD)*†. (It is
this observation that powers Section B.2.) In light of this, we immediately see how to

1The technical formulation of this condition is that 5 on D satisfies Property B.1.7, (�, :)-
extensibility for (say) �, : ∈ $(1).
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/3 +† |0〉 |1〉 . . . |� − 1〉 |0〉 |1〉 . . . |� − 1〉 +

/<+3

*%̃0(�) *%̃1(�)

. . .

*%̃�−1(�)/<+3 . . .

/= . . .

*&̃0(�) *&̃1(�)

. . .

*&̃�−1(�)

Figure 3.5: Circuit for block-encoding of 5 ("). See Section 3.4.1
for the algorithm, and Algorithm 1 for a pseudocode description.
+ comes from LCU (Proposition 3.1.2), and the remaining nota-
tion on the top wire is introduced in Section 3.1.2. We may let %:
be ):, as discussed in Section 3.2.3.

implement block-encodings of � and �:

*� = LCU�

((
*" , *

†
"

)
, (1/2, 1/2)

)
, *� ∈ BE
,<+1(�; �)

*� = LCU�

((
*" , *

†
"

)
, (−8/2, 8/2)

)
, *� ∈ BE
,<+1(�; �).

As suggested in at the beginning of this chapter, we can expand 6(G + 8H) = �(G, H) in
terms of polynomials in G and H so that

6(") = �(�, �) =
∑

0¶:<�

%:(�)&:(�) (3.2.2)

for some %: , &: ∈ C[I] of degree less than � (where 6 is also of degree less than �;
suppose for convenience that � is a power of 2). In the following, we describe how to
use this decomposition, along with QSP, to obtain a block-encoding of 6("), and how
the parameters of the block-encoding depend on the decomposition we use. The imple-
mentation is also summarized in Figure 3.5. We will find that the subnormalization
factor of the block-encoding of 6(") is proportional to



#


1
, where # ∈ R�¾0 is defined

by �: := ‖%:‖∞‖&:‖∞. Our method for optimizing


#



1
is to let %: = ): and

&:(H) =
21−�:,0

�

∫ 1

−1
6(G + 8H)):(G)

dG√
1 − G2

,

so that
6(G + 8H) =

∑
0¶:<�

):(G)&:(H) (3.2.3)
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In Proposition 3.2.4, we show that this guarantees


#



1
¶ 2�. Our entire algorithm is

summarized in Algorithm 1.
Elaborating on how to use the decomposition in (3.2.2) to implement a block-encoding

of 6("), first, normalize to %̃: = %:
‖%:‖∞ and &̃: =

&:

‖&:‖∞ . Figure 3.5 describes how to ob-
tain 6(") as quantum circuitry, we (classically) compute the phase factors Φ: ,Ψ: for
the polynomials G ↦→ %̃:(G), &̃:(G) (respectively), e.g. via [D+’21].1 Then, we use QSP
to compute *%̃:(�) ∈ BE
,<+2(%̃:(�); �) and *&̃:(�) ∈ BE
,<+2(&̃:(�); �), and compute via
[G+’19, Lemma 53] the block-encoding of the product*%̃:(�)&̃:(�) ∈ BE
2 ,2<+4(%̃:(�)&̃:(�); 2
�).
Finally,

*6(") = LCU2
�

( (
%̃:(�)&̃:(�)

)
0¶:<� , #

)
, *6(") ∈ BE
2



#


1
,2<+4+3(6("); 2
�).

Algorithm 1 block-encoding of 5 (")
Input: *" ∈ BE
,<("; �) for" ∈ C#×# normal; 6 ∈ C[I, I] of degree less than � such

that


 5 − 6

∞ is small for 5 : D→ D

Output: * 5 (") ∈ BE
′ ,<′( 5 ("); �′)
1: *� ← LCU

((
*" , *

†
"

)
, (1/2, 1/2)

)
⊲ *� ∈ BE
,<+1(�; �)

2: *� ← LCU
((
*" , *

†
"

)
, (−8/2, 8/2)

)
⊲ *� ∈ BE
,<+1(�; �)

3: for 0 ¶ : < � do
4: %: ← ): ⊲ A Chebyshev polynomial
5: &:(H) ← 21−�:,0

�

∫ 1

−1 6(G + 8H)):(G)
dG√
1−G2

⊲ These satisfy (3.2.3)
6: �: ← ‖%:‖∞‖&:‖∞
7: (%̃: , &̃:) ← (%:/‖%:‖∞, &:/‖&:‖∞)
8: Compute *%̃:(�) ∈ BE
,<+2(%̃:(�); �) ⊲ Using QSP
9: Compute *&̃:(�) ∈ BE
,<+2(&̃:(�); �) ⊲ Using QSP

10: Compute (: ∈ BE
2 ,2<+4(%̃:&̃: ; 2
�)
11: end for
12: return LCU

(
((:)0¶:<� , #

)
3.2.2 Analysis of the algorithm

In the previous section, we kept a running tally of the ancilla count; the final count
was 2<+4+3. We also track precision—2
�—and subnormalization factor—
2



#


1
—above.

1For clarity, we assume that one’s implementation of phase factor computation is exact. However,
error here is relatively insignificant: if each phase factor ofΦ: is off by �′ additively then wemay crudely
bound that the block-encoding of %̃:(�) is off by ��′, but since this computation is done classically it is
sensible to assert that its error vanishes relative to the error on the quantum computer.
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We can track the number of applications of *" (and its adjoint) as follows. *�,
*†
�
, *�, and *†� each requires two such gates; applying QSP for a degree less-than-�

polynomial multiplies the number of instances by at most 2�. Computing products
adds this cost. Running LCU adds these costs; the final LCU call is on � unitaries.
Thus there are at most 4(� − 1)� ∈ $(�2). Within the framework of decomposing a
function by a polynomial of degree less than � as in (3.2.2) for which each monomial of
the form G:H�−1−: has nonzero coefficient (as is generically the case), the decomposition
described using integration against the Chebyshevs uses as few *"s as possible; see
Section B.3.

Observe that all nontrivial costs are incurred precisely whenwe deal with themany
polynomials arising from the decomposition (3.2.1), by computing their paired products
and then add using LCU (all of these inducing possibly large multiples of the base cost
for each polynomial coming from QSP).

3.2.3 Subnormalization factor
Proposition 3.2.4. If�(G, H) is degree less than� in both G and H and satisfies ‖�‖!∞[−1,1]2 ¶
1, then there are efficiently-computable degree-less-than-� polynomials %: and &: for
0 ¶ : < � such that �(G, H) = ∑

0¶:<�
%:(G)&:(H) with ‖%:‖∞ ¶ 1 and ‖&:‖∞ ¶ 2.

Proof. Let %: := ): and

&̃:(H) :=
∫ 1

−1
�(G, H)):(G)

dG√
1 − G2

. (3.2.5)

Let &0 = 1
� &̃0 and &: =

2
� &̃: for : > 0. It is well-known that Chebyshev polynomials

satisfy ‖):‖∞ = 1. Also, for H ∈ [−1, 1],

|&:(H)| ¶
2

�

∫ 1

−1
|�(G, H)||):(G)|

dG√
1 − G2

¶
2

�

∫ 1

−1

dG√
1 − G2

= 2.

Chebyshev polynomials form an orthogonal set with respect to themeasure (1−G2)−1 dG.
Further, ): has norm � for : = 0 and �/2 otherwise. It follows that by construction
�(G, H) = ∑

0¶:<�
%:(G)&:(H).

To compute &̃:, we use the techniques of Section B.1 and Section B.4: first write �
in the form (B.1.2). and evaluate (3.2.5) as a sum using Proposition B.4.4. �

The algorithm described in Section 3.2.1 implements a block-encoding of 5 (")with
subnormalization factor bounded by 2
� assuming that

�� 5 (G + 8H)�� ¶ 1 for G, H ∈
[−1, 1]. Because of the !∞ constraint on 5 it is nontrivial to implement QET for several
interesting functions. However, the approximation 5̃ is not required to he holomor-
phic. This allows for a certain freedom. For example, if we wish to implement QET
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for the function 5 (I) = I=, assuming that the eigenvalues are contained on the unit
disk, then we actually need to choose a polynomial approximation 5̃ with the following
properties:

•
��� 5̃ (I)��� ¶ 1 for re I, im I ∈ [−1, 1]

•
��� 5 (I) − 5̃ (I)��� < & for |I| ¶ 1, for some approximation parameter &

Because the function 5 (I) blows up outside of the unit disk, it seems these two
conditions are in contention. Perhaps it is possible then that these two conditions can
be simultaneously satisfied by a bivariate polynomial with reasonable degree. There
are similar questions, for example, for functions such as 5 (I) = �/I on the domain
|I| > �.

3.3 On nonlinear transformation of complex
amplitudes

Wenow demonstrate that themethods of Section 3.2 naturally provide an extension
to the nonlinear transformation of complex amplitudes as developed in [GMF’21].

Problem (Nonlinear Transformation of Complex Amplitudes (NTCA)):
Let � : D→ C be any function. Given a state |v〉 = ∑

2: |:〉 in the computational
basis and � > 0, output (a scaling of) the state

∑
�(2:)|:〉 to precision �.

In the setting of [GMF’21], we have access to a (unitary) state preparation oracle
*, as well as its adjoint and controlled versions, such that * |0〉⊗= = |v〉. [GMF’21]
addresses this problem with � = 0 for

�(I) = �1(I) = %(re I) +&(im I) (3.3.1)

for arbitrary continuous functions %, & : [−1, 1] → C. Specifically, if % and & can
be approximated up to error �

4# by degree-� polynomials %̃ and &̃, respectively, such
that �̃1(I) := %̃(re I)+&̃(im I) approximates �1, and � = sup

G∈[−1,1]
max{|%(G)|, |&(G)|}, then1

1√
2

∑
0¶:<#

�1(2:)|:〉 can be approximated to !2 error �/#, using in expectation

$

©­­­«��

√√√√ #∑
0¶:<#

���̃1(2:)��2
ª®®®¬

1Suppose the normalization factor is 2 :=
∑

0¶:<#
|�(2:)|2.
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controlled * and *† gates.
The algorithm in [GMF’21] uses the technique of block-encoding of amplitudes. In

particular, let � =
(
� ⊗,†

)
�̃(�⊗,) and � =

(
� ⊗,†

)
�̃′(�⊗,), where, , �̃, and �̃′ are

defined as in [GMF’21, Figures 1–3]; for completeness, we also include their definitions
and a brief explanation in Section B.5. Then � and � are block-encodings of matrices
which map |:〉 to (re 2:)|:〉 and (im 2:)|:〉, respectively, that is, they are block-encodings
of diagonal matrices containing the data of the original amplitudes.

Applying the algorithm from Section 3.2.1 to � and �, we may obtain a block-
encoding of a matrix that maps |:〉 to �2(2:)|:〉, for all �2 which are (�, :)-extensible,
which is defined in Property B.1.7—allowing for an additional kind of function as those
specified in (3.3.1). Thus, this resolves NTCA with expected

$
©­­«�2�

√√√ #∑
0¶:<#

|�2(2:)|2
ª®®¬

controlled * and *† operations. A concrete instance of a newly-attainable function is

5 (I) = 5

1024
(I + I)6(I − I)4 + 17

512
(I + I)(I − I)8,

or 5 (G + 8H) = 5G6H4 + 17GH8.

3.4 MQET for several commuting Hermitian
matrices

We generalize the ideas in Section 3.2 following the observation that QET of normal
matrices is a special case of MQET of two commuting Hermitian matrices.

Consider a continuous function 5 : [−1, 1]A+1→ D for which we select a polynomial
approximation 6, perhaps via the techniques of Section B.1. Suppose the maximum
total degree of any monomial in 6 is less than �.

Generalizing the method from Section 3.2, we write down an expansion of 6 analo-
gous to (3.2.2). Suppose we find polynomials %(:)s , &s ∈ C[I] for s ranging in [[�]]A and
: ranging from 0 to A − 1 satisfying

6(x) =
∑

s∈[[�]]A
&s(GA)

∏
0¶:<A

%
(:)
s (G:). (3.4.1)

Remark 3.4.2. This sum has a factor of� fewer terms than the number of monomials.
This is crucial because we avoid applying LCU to each of the monomials, which causes
the subnormalization factor to needlessly increase.
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/A3 +† |0〉 |0〉 . . . |0〉 . . . |B〉 |B〉 . . . |B〉 . . . +

/<+3 . . . . . . . . . . . .

/<+3 . . . . . . . . . . . .

...
...

/<+3 . . . . . . . . . . . .


A + 1

/=

*
%
(0)
0 (�0) *

%
(1)
0 (�1)

. . .

*&0(�A)

. . .

*
%
(0)
s (�0) *

%
(1)
s (�1)

. . .

*&s(�A)

. . .

Figure 3.6: Circuit for block-encoding of 5 (�0, . . . , �A). Here we
let 0 ¶ B < �A denote the integer given in base � by s. See Sec-
tion 3.4.1 for the algorithm, and Algorithm 2 for a pseudocode
description. + comes from LCU (Proposition 3.1.2), and the re-
maining notation on the top wire is introduced in Section 3.1.2.
We may let %(:)s be )B: , as discussed in Section 3.4.3.

In the following subsection, we describe in detail how to use this decomposition,
along with QSP, to obtain a block-encoding of 6(G), and how the parameters of the
block-encoding depend on the decomposition we use. The implementation is summa-
rized in Figure 3.6. We will find that the subnormalization factor of the block-encoding
is proportional to



#


1
, where # ∈ R[[�+1]]

A

¾0 is defined by �s := ‖&s‖∞
∏

0¶:<A




%(:)s





∞
. We

optimize


#



1
by letting %(:)s = )B: (the B:th Chebyshev polynomial) and defining &s by

an orthogonal projection formula proposed in Section 3.4.3; we show that this ensures

#


1
¶ 2�A . Our entire algorithm is summarized in Algorithm 2.

3.4.1 Algorithm
Wedescribe an algorithm for obtaining a block-encoding of 6(G) given block-encodings

[ ∈ ∏
0¶:¶A

BE
: ,<:
(�: ; �:), as well a decomposition of 6 as in (3.4.1).

For convenience, we introduce some notation. Let

)(s ,G) := &s(�A)
∏

0¶:<A

%
(:)
s (�:),
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so that 6(G) = ∑
s∈[[�]]A

)(s ,G). Let also


 :=
∏

0¶:¶A


: , < :=
∑

0¶:¶A

<: , � :=
∑

0¶:¶A


:�: . (3.4.3)

Let # ∈ R[[�+1]]
A

¾0 be the vector where �s = ‖&s‖∞
∏

0¶:<A




%(:)s





∞
. Normalize to %̃(:)s :=

%
(:)
s


%(:)s





∞

and &̃s :=
&s
‖&s‖∞ . To obtain 6(G) as quantum circuitry, we (classically) compute

the phase factors Φ(:)s ,Ψs for the polynomials G ↦→ %̃
(:)
s (G), &̃s(G) (respectively), e.g. via

[D+’21]. Then, we use QSP to compute *
%̃
(:)
s (�:)

∈ BE
: ,<+2
(
%̃
(:)
s (�:); �:

)
and *&̃s(�:) ∈

BE
: ,<+2
(
&̃s(�A); �A

)
, and compute via [G+’19, Lemma 53] the block-encoding of the

product *)(s ,G) ∈ BE
,<+4()(s ,G); �) (called *s ,G in Algorithm 2). Finally,

*6(G) = LCU�

(
()(s ,G))s∈[[�]]A , #

)
∈ BE




#


1
,<+4+3

(
6(G); �

)
.

3.4.2 Analysis of the algorithm
Recall that 
, <, and � are defined in (3.4.3). In the previous section, we kept

a running tally of the ancilla count; the final tally was 2< + 4 + 3. We also track
precision—�—and subnormalization factor—




#

—above.
We can track the number of applications of *�ℓ and *†�ℓ . Applying QSP for degree

at-most-� polynomials multiplies this quantity by by at most 2�. Computing products
and running LCU adds; the final LCU call is on �A unitaries. Thus there are at most
2(� − 1)A�A ∈ $(A�A+1) instances.

3.4.3 Subnormalization factor
By enforcing %(:)s := )B: (the B:th Chebyshev polynomial) and, as in Proposition 3.2.4,

&s(GA) :=
∏

1¶:¶A

2 − �B: ,0
�

∫ 1

−1
6(x)

∏
1¶:¶A

)B: (G:)
dG:√
1 − G2

:

,

we see that



%(:)s





∞

= 1 and ‖&s‖∞ ¶ 2. This leaves us with �s ¶ 2. (Also as before,
again using Proposition B.4.4 we can efficiently compute &s given 6.) Thus,



#

 =∑
s∈[[�]]A

2I(s) where I(s) is the number of zeroes appearing in the vector s. This rewrites

to
∑

0¶ℓ¶A
2ℓ

(
A
ℓ

)
�A−ℓ = (� + 2)A , the subnormalization factor asserted in the beginning.
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Algorithm 2 MQET for several commuting Hermitian matrices
Input: �: ∈ C#×# Hermitian and *: ∈ BE
: ,<(�: ; �:) for 0 ¶ : ¶ A;

[
�:1 , �:2

]
= 0 for

all 0 ¶ :1, :2 ¶ A; 5 : [−1, 1]A+1→ D; 6 ∈ C[G0, . . . , GA] with degree less than � such
that



 5 − 6

∞ is small
Output: * 5 (G) ∈ BE
′ ,<′( 5 (G), �′)
1: for s ∈ [[�]]A do
2: (B0, . . . , BA−1) ← s
3: %

(:)
s ← )B: ⊲ for 0 ¶ : < A

4: &s(GA) ←
∏

0¶:<A

2−�B: ,0
�

∫ 1

−1 6(x)
∏

0¶:<A
)B: (G:)

dG:√
1−G2

:

5: ⊲ These satisfy 6(x) = ∑
s∈[[�]]A

&s(GA)
∏

0¶:<A
%:(G:)

6: �s ← ‖&s‖∞
∏

0¶:<A




%(:)s





∞

7: %̃
(:)
s ← %

(:)
s


%(:)s





∞

⊲ for 0 ¶ : < A

8: &̃s ← &s
‖&s‖∞

9: Compute *
%̃
(:)
s (�:)

∈ BE
: ,<+2
(
%̃
(:)
s (�:); �:

)
⊲ for 0 ¶ : < A, using QSP

10: Compute *&̃s(�A) ∈ BE
A ,<+2
(
&̃s(�A); �A

)
⊲ Using QSP

11: Compute *s ,G ∈ BE
,<+4

(
&s(�A)

∏
0¶:<A

%
(:)
s (�:); �

)
12: end for
13: return LCU�

(
(*s ,G)s∈[[�]]A , #

)
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Chapter 4

On quantum to classical comparison
for Davies generators

For a Hamiltonian � and inverse temperature parameter � ¾ 0, the goal of quan-
tum Gibbs sampling is to prepare the quantum Gibbs state ��. One of the leading
approaches for quantum Gibbs sampling is based on quantum Markov processes, with
the Davies Lindbladian generator being a prominent model (see Definition 4.0.1). De-
spite significant recent progress, our understanding of the Davies generator remains
incomplete. Existing works are able to prove mixing for commuting Hamiltonians
[T’14; KB’16; K+’24], in the high temperature regime [RFA’25], or under strong as-
sumptions on either the Hamiltonian or the Davies generator [B+’21; RW’24; CB’21;
C+’24]. Yet, there is a lack of tools for proving mixing outside these settings. This
stands in stark contrast to the classical setting, where recent advances have yielded
sharp convergence bounds across the full range of temperatures for several important
models [ALO’20; CLV’21; A+’22; CE’22; C+’22].

A natural question arises: to what extent can techniques from classical Markov
chains be leveraged to understand their quantum counterparts? In [T’13], it is ob-
served that when � has simple spectrum, the Davies Lindbladian contains a canoni-
cal embedded classical Markov chain. Specifically, its action on observables that are
diagonal in theHamiltonian eigenbasis is isomorphic to that of a classical Markov gen-
erator called the Pauli master equation. This implies that the spectral gap �& of the
quantum process is upper-bounded by the spectral gap �cl of the embedded classical
one, i.e., �& ¶ �cl.

Temme asked the insightful question: when does the opposite comparison�& ¦? �cl

hold? He gave two kinds of answers to this question. First, he constructed a single-
body Hamiltonian with simple spectrum and �& = $(1/#)�cl, where # is the Hilbert
space dimension, showing that an efficient comparison is impossible in general. Sec-
ond, he outlined an approach to proving bounds on �& on a case-by-case basis by con-
sidering the matrix entries of the Davies generator (in a basis induced by the Hamil-
tonian eigenbasis) and applying matrix-analytic tools such as Gershgorin’s theorem
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to control the off-diagonal part (i.e., its action orthogonal to the diagonal). Since then,
this approach was used in several works (e.g. [CB’21; RW’24; C+’24]) to separately
control the diagonal and off-diagonal parts of a Davies generator, and conclude that
in those cases �& is not much smaller than �cl. Temme concluded his paper by asking
whether his approach could be extended to Hamiltonians with degenerate spectrum,
which many interesting examples such as classical Ising models, toric code Hamilto-
nians, and Heisenberg models exhibit.

In this chapter, we address Temme’s question by identifying a condition on the spec-
trum of � which we call the short arithmetic progression property, which implies that
the quantum and classical convergence rates of the Davies generator are comparable.
Our main result (Theorem 4.0.11) shows that if the length of the longest arithmetic
progression in spec(�) is �, then �& ¾ Ω(1/�)�cl. This is consistent with Temme’s
work, as his example was a Hamiltonian whose spectrum contained a long arithmetic
progression of length # ; our result thus shows that long arithmetic progressions are
the only obstacle to such a comparison. Notably, the short arithmetic progression
property we introduce is considerably weaker than having simple spectrum and sim-
ple Bohr spectrum1 (see Remark 4.0.18), and includes many natural examples which
have degeneracy, including the ones mentioned above (see Remark 4.0.19).

Secondarily, we show that several families of generic Hamiltonians — notably, any
many-body Hamiltonian with a random local external field (Theorem 4.0.16) — obey
the short arithmetic progression property with � = 2, implying that for such models
the convergence rates of the quantum and classical processes are within a constant
factor of each other. As an interesting consequence (Corollary 4.0.15), by applying
the classical Cheeger inequality we conclude that for short arithmetic progression
Hamiltonians the Davies Lindbladian spectral gap is approximately witnessed by a
projection which commutes with the Hamiltonian.

Before stating our results in detail, we recall the definition of the Davies generator
and record some preliminary facts.

Definition 4.0.1 (Davies generator). Let = be the number of qubits and # = 2= be the
dimension of the corresponding Hilbert space. Given a Hamiltonian � ∈ C#×# , an
inverse temperature � ¾ 0, 2 a set of jump operators S , and a transition rate function
� : R→ R, the Davies generator3 is a linear operatorℒ onC#×# defined for observable

1The simple Bohr spectrum condition means that for any eigenvalues � 9 ≠ �: and � 9′ ≠ �:′ of �, the
corresponding energy differences are distinct; that is, � 9 − �: ≠ � 9′ − �:′ .

2Our results hold for all � ∈ R, but we assume � ¾ 0 to align with standard convention.
3The general formulation of the Davies generator includes a coherent term, writing the generator

as
ℒ̃( 5 ) = 8[�, 5 ] + ℒ( 5 ),

where ℒ is as Definition 4.0.1. This is important for detailed balance [CKG’23] and hypocoercivity
arguments [FLT’25], but the inclusion of the coherent term 8[�, 5 ] does not change the spectral gap so
we will omit it in this paper.
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5 as
ℒ( 5 ) :=

∑
$,(∈S

ℒ$,(( 5 ),

where for Bohr frequency $ and jump operator ( ∈ S ,

ℒ$,(( 5 ) := �($)((($)† 5 (($) − 1

2
{(($)†(($), 5 })

=
�($)
2

(
(($)†[ 5 , (($)] + [(($)†, 5 ](($)

)
,

where [�, �] = �� − �� denotes the commutator, {�, �} = �� + �� denotes the anti-
commutator, and

(($) :=
∑

�1 ,�2:�1−�2=$

Π�1(Π�2 ,

where Π� is the projector to the eigenspace of � of eigenvalue �.

Throughout the chapter, we make the standard assumption that:

• the jump operator set is self-adjoint,

S† = {(† : ( ∈ S} = S ,

• and the transition rate function satisfies the detailed balance condition: �($) =
�(−$)4−�$ .

Under these assumptions,ℒ satisfies the followingKubo–Martin–Schwinger (KMS)
reversibility condition (see [BCL’24, Fact 3.1]), which can be viewed as an analog of
the time-reversibility condition of classical Markov chains:〈

ℒ( 5 ), 6
〉
�
=

〈
5 ,ℒ(6)

〉
�
, (4.0.2)

where recall that � ≡ �� =
exp(−��)

tr
(
exp(−��)

) is the Gibbs state, and the inner product 〈·, ·〉� is
the KMS inner product, i.e. 〈�, �〉� := tr(�1/2��1/2�†).

For an observable 5 , define its

• Variance: Var( 5 ) :=
〈
5 , 5

〉
�
− tr

(
� 5

)
tr

(
� 5 †

)
;

• Dirichlet form: ℰℒ( 5 ) := −
〈
ℒ( 5 ), 5

〉
�
; and

• Rayleigh quotient of 5 : �ℒ( 5 ) := ℰℒ( 5 )
Var( 5 ) .

1

1with the convention that �ℒ( 5 ) = +∞ if Var( 5 ) = 0.
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We define the spectral gap of ℒ by

�ℒ := min
5

�ℒ( 5 ). (4.0.3)

The spectral gap of ℒ controls the convergence rate of the Lindbladian dynamics
4 Cℒ, specifically its "2 mixing time (see [KT’12]). We will restrict our attention ex-
clusively to the spectral gap in this chapter, and will not discuss other approaches to
establishing mixing. An important role is played by the following invariant subspaces
of the Davies generator.

Definition 4.0.4 (+$ subspaces). For a Hamiltonian � and Bohr frequency $, let +$

be the image of the map

5 ↦→ 5 ($) :=
∑

�1 ,�2:�1−�2=$

Π�1 5Π�2 .

where Π� is the projector to eigenspace of � of eigenvalue �.

We note that+0 is precisely the set of observables that commute with � (see Propo-
sition 4.1.8).

As shown in [T’13], each +$ is an invariant subspace under ℒ, that is, ℒ(+$) ⊆ +$.
Define the spectral gap in +$ as

�ℒ,$ = min
5 ∈+$

�ℒ( 5 ). (4.0.5)

Then
�ℒ = min

$
�ℒ,$ . (4.0.6)

We also define the spectral gap with respect to Hermitian observables:

�H
ℒ := min

5 : 5 = 5 †
�ℒ( 5 ) and �H

ℒ,0 := min
5 ∈+0: 5 = 5 †

�ℒ( 5 ). (4.0.7)

In Propositions 4.1.10 and 4.1.12, we show that �H
ℒ = �ℒ and �H

ℒ,0 = �ℒ,0.When the
Hamiltonian � has simple spectrum, [T’13] relates the spectral gap �H

ℒ,0 of Hermitian
observables in +0 to the spectral gap of a certain classical Markov generator.

Definition 4.0.8 (classical Markov generator, [T’13]). Consider a Hamiltonian � with
an orthonormal eigenbasis * = {D8}#8=1. Given a Davies generator ℒ associated with
�, inverse temperature � ¾ 0, transition rate function � : R→ R, and jump operator
set S, we define a corresponding classical Markov generator with state space*, using
the following construction.

Let � = �� :=
exp(−��)

tr
(
exp(−��)

) , and define the corresponding stationary distribution
� : * → R¾0 by

�(D8) :=
〈
D8 |�|D8

〉
.
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The transition rate of the classical Markov generator from state D8 to D9 (for 8 ≠ 9) is
given by

%ℒ,*[D8 → D9] =
〈
ℒ

(��D9〉〈D9 ��) , |D8〉〈D8 |〉 = �(� 9 − �8)
∑
(∈S
|
〈
D8 |(|D9

〉
|2 ¾ 0,

where �8 = 〈D8 |�|D8〉 is the eigenvalue of � corresponding to D8 .
Given a test function � : * → R, the Dirichlet form of � is defined as

ℰℒ,*,cl(�) =
1

2

∑
8 , 9

(�(D8) − �(D9))2 �(D8)%*[D8 → D9].

The classical spectral gap associated with ℒ and the basis * is then given by

�ℒ,*,cl := min
�:*→R

ℰℒ,*,cl(�)
Var�(�)

, 1

where Var�(�) := E�[�2] − E�[�]2 denotes the variance of � with respect to the distri-
bution �.

The reversibility condition of the Lindbladian ℒ with respect to the KMS inner
product 〈·, ·〉� implies that the associated classical Markov generators are reversible
with respect to �.

Proposition 4.0.9 ([T’13]). For a Hamiltonian � that has simple spectrum and a
Davies generator ℒ associated with �, let the classical spectral gap of ℒ, denoted by
�ℒ,cl, be the spectral gap of the classical Markov generator associated with ℒ and the
unique orthonormal eigenbasis of � (see Definition 4.0.8). Then,

�H
ℒ,0 = �ℒ,cl.

4.0.1 Our results
Comparison under the short arithmetic progression property. Ourmain the-
orem is a comparison between the spectral gap of the Davies generator ℒ and the
spectral gap of observables in +0. Before stating the result, we introduce the following
definition.

Definition 4.0.10 (arithmetic progression). A multiset ( is said to contain an arith-
metic progression of length � (or a �-arithmetic progression) if there exist 0, 1 such
that

{0, 0 + 1, 0 + 21, . . . , 0 + (� − 1)1} ⊆ (.
If 1 ≠ 0, we say that ( contains a proper �-arithmetic progression.

1with the convention that ℰℒ,*,cl(�)
Var�(�) = +∞ if Var�(�) = 0.
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Theorem 4.0.11 (general spectral gap comparison theorem). If the spectrum of aHamil-
tonian� does not contain any proper (�+1)-arithmetic progression, then for any Davies
generator ℒ associated with �,

�ℒ,0 ¾ �ℒ ¾
1

2�
�ℒ,0.

Theorem 4.0.11 is the consequence of (4.0.6) and the following theorem, which com-
pares the spectral gap in +$ for $ ≠ 0 with the spectral gap in +0.

Theorem 4.0.12. Consider a Hamiltonian � and a Bohr frequency $ ≠ 0. If the spec-
trum of� does not contain a (�+1)-arithmetic progression where the difference between
consecutive terms is $, then for any Davies generator ℒ associated with �,

�ℒ,$ ¾
1

2
max

( 1
�
, 1 − 4−|�$|

)
�ℒ,0.

When � has simple spectrum, observables in +0 are referred to as diagonal ob-
servables, since they are diagonal in the unique eigenbasis of �, while observables in⋃

$≠0+$ are called non-diagonal observables. In this case, the quantity min$≠0 �ℒ,$
characterizes the decay rate of non-diagonal observables, and is known as the quan-
tum decoherence rate. Theorem 4.0.12 provides a comparison between the quantum
decoherence rate and the decay rate of diagonal observables.

We also obtain the following generalization of [T’13], which relates the spectral
gap in +0 to the spectral gap of a certain classical Markov generator, even when � has
repeated eigenvalues. The key observation is that any Hermitian observables in +0 is
diagonal in some orthonormal eigenbasis of �.

Proposition 4.0.13. For any Hamiltonian � and any Davies generator ℒ associated
with �, there exists an orthonormal eigenbasis *̂ of � such that the spectral gap of
(Hermitian or arbitrary) observables in +0 is equal to the spectral gap of the classical
Markov operator associated with ℒ and *̂, i.e.,

�ℒ,0 = �H
ℒ,0 = �ℒ,*̂ ,cl.

Moreover, *̂ minimizes the associated classical spectral gap over all orthonormal eigen-
bases of �, i.e.,

*̂ = argmin
*

�ℒ,*,cl.

The following is a direct corollary of Theorem 4.0.11 and Proposition 4.0.13.

Theorem 4.0.14. If the spectrum of a Hamiltonian � does not contain a proper (�+1)-
arithmetic progression, then for any Davies generator ℒ, there exists an orthonormal
eigenbasis *̂ of � such that the spectral gap of ℒ can be compared to the spectral gap
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�ℒ,*̂ ,cl of the classical Markov operator associated withℒ and *̂ via the following sand-
wiching inequality:

�ℒ,*̂ ,cl ¾ �ℒ ¾
1

2�
�ℒ,*̂ ,cl.

Moreover, *̂ minimizes the classical spectral gap over all orthonormal eigenbases of �,
i.e.,

*̂ = argmin
*

�ℒ,*,cl.

If additionally, the Hamiltonian � has a simple spectrum, then � has a unique or-
thonormal eigenbasis, and the quantum spectral gap �ℒ can be compared to the spec-
tral gap of the Markov generator associated with this unique eigenbasis, that is, the
classical spectral gap �ℒ,cl of ℒ, via

�ℒ,cl ¾ �ℒ ¾
1

2�
�ℒ,cl.

Another corollary of Theorem 4.0.11 and Proposition 4.0.13 is that for short arith-
metic progression Hamiltonians, the spectral gap of a Davies Lindbladian is approxi-
mately witnessed by a projection which commutes with the Hamiltonian. The proof is
to apply the classical Cheeger inequality to the classical Markov generator associated
with ℒ and *̂.

Corollary 4.0.15. Suppose the spectrum of � does not contain a proper arithmetic
progression of length � + 1. Let ℒ be a Davies generator associated with �, inverse
temperature � ¾ 0, transition rate function � : R→ R, and jump operator set S. Then,
there is a projection % (i.e. %2 = %) such that [%, �] = 0 and

ℰℒ(%) ¶ 4
√
�"�ℒ · Var�(%),

where

" = ‖�‖∞ ·





∑
(∈S

((†






,
and ‖ · ‖ denotes the matrix spectral norm and ‖�‖∞ := sup$ |�($)|.

The factor " comes from maxD
∑
E≠D %ℒ,*̂[D → E], i.e., the maximum total tran-

sition rate out of any state of the associated classical Markov operator. For common
choices of �, such as �($) = 1

1+exp(�$) and �($) = min
(
1, exp(−�$

2 )
)
, which corresponds

to the transition rates Glauber dynamics and Metropolis-Hasting dynamics respec-
tively, we have ‖�‖∞ ¶ 1, and with jump operators normalized so that

∑
(∈S ((

† ¶ �, it
follows that " ¶ 1.
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Short arithmetic progression property for generic Hamiltonians. Next, we
show that the absence of 3-term arithmetic progressions is a generic property under
various models of perturbation. For instance, we prove that adding a generic external
field to any fixed Hamiltonian typically yields a new Hamiltonian whose spectrum
contains neither 3-term arithmetic progressions nor repeated eigenvalues.1

Theorem 4.0.16. For a fixed Hamiltonian �0 ∈ C#×# and Hermitian % ∈ C2×2 where
% is not a multiple of the identity, let %8 := �⊗(8−1)⊗%⊗ �⊗(=−8), and let � := �0+

∑=
8=1 ℎ8%8

where h = (ℎ8)=8=1 ∈ R=. Then the set of h such that � has a 3-arithmetic progression or
repeated eigenvalues has Lebesgue measure 0.

Our technique also applies to other types of perturbations (see Section 4.4). A
direct consequence of our main comparison theorems (Theorems 4.0.11 and 4.0.14),
together with the absence of long proper arithmetic progressions in the spectra of
generic Hamiltonians (Theorem 4.0.16 and Propositions 4.4.1, 4.4.2 and 4.4.5), is that
for such Hamiltonians, the quantum spectral gap is within a constant factor of the
spectral gap of a corresponding classical Markov generator. In particular, we obtain
the following:

Corollary 4.0.17. For a fixed Hamiltonian �0 ∈ C#×# and Hermitian % ∈ C2×2 where
% is not a multiple of the identity, let %8 := �⊗(8−1)⊗%⊗ �⊗(=−8), and let � := �0+

∑=
8=1 ℎ8%8

where h = (ℎ8)=8=1 ∈ R=. Then, for Lebesgue almost every h, the Hamiltonian � has
simple spectrum and for every Davies generator ℒ associated with �: �ℒ = Θ(1)�ℒ,cl.

Remark 4.0.18. The assumption that the spectrum of� contains no long proper arith-
metic progressions is related to, but significantly weaker than, the condition that �
has simple spectrum and simple Bohr spectrum–also known as the non-degenerate
energy gaps condition (see, e.g., [HH’25, Definition 7]).

Clearly, when � has simple spectrum and simple Bohr spectrum, Theorem 4.0.11
applies with� = 2.Moreover, under this assumption, each subspace+$ with $ ≠ 0 has
dimension 1. In that case, it is easy to see that �ℒ ¾ 1

2�ℒ,cl (see Proposition 4.0.20).
On the other hand, the assumption that� does not contain long (proper) arithmetic

progressions allows for amuch richer structure. In particular, it permits the subspaces
+$ (for $ ≠ 0) to have dimension as large as Ω(2=).

As an example, consider � =
∑=
8=1 ℎ8/8, or the 1D XY+Z model with periodic bound-

ary conditions (see e.g. [KLW’15]):

� = �

=∑
8=1

-8.8+1 + ℎ
=∑
8=1

/8 where .=+1 = .1.

1A special case was considered in [MBS’08], focusing on the restricted setting � = �0+
∑
8 ℎ8/8 with

�0 =
∑
8, 9 �8 9/8/ 9 ; our result appliesmore generally to arbitrary�0 and to broader classes of perturbation

(see Theorem 4.0.16 and Section 4.4).
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The spectra of these Hamiltonians generically do not contain 3-term arithmetic pro-
gressions or repeated eigenvalues (see the proofs of Theorem4.0.16 andProposition 4.4.5).
The eigenvalues of � in these cases take the form

�z =

=∑
8=1

I8<8 , with z ∈ {±1}= ,

where the <8 are fixed parameters.
Take $ = 2<=. Then for any pair of configurations z, z′ satisfying I8 = I′

8
for all

8 ∈ [= − 1] and I= = −I′=, we have:

�z − �z′ = $.

There are 2=−1 such pairs, implying that the dimension of +$ is at least 2=−1. This
illustrates that the assumption of avoiding long arithmetic progressions still allows
+$ with $ ≠ 0 to have exponentially large dimension and complex structure.

Remark 4.0.19. It is important to distinguish between proper and non-proper arith-
metic progressions when applying Theorem 4.0.11.

For instance, consider the Hamiltonian � =
∑
8, 9 /8/ 9. This Hamiltonian has only

$(=) distinct eigenvalues, so by the pigeonhole principle, at least one eigenvalue must
have multiplicity 2=−>(1). As a result, the spectrum of � contains a non-proper arith-
metic progression of length 2=−>(1), where all terms are equal.

However, the longest proper arithmetic progression in the spectrumhas length only
$(=). Thus, despite the presence of a long non-proper progression due to the existence
of an eigenvalue with high multiplicity, the structure relevant to Theorem 4.0.11, the
proper arithmetic progressions, remains short.

4.0.2 Related work and significance
Besides [T’13], several works considered the question of comparing quantum and

classical spectral gaps [CB’21; RS’24; C+’24], albeit under strong assumptions on the
Hamiltonians and/or the Lindbladian dynamics. In particular, [CB’21; RS’24; C+’24]
study Lindbladian dynamics defined by random jumps. While [C+’24] studies the
Davies generator, [CB’21; RS’24] study a physically-motivated variant of the Davies
generator known as the CKG generator [CKG’23]. The analysis in [CB’21; RS’24] re-
lies on bounding the spectral gap for the expected CKG generator over all random
jumps; under their assumptions, the expected CKG generator coincides with the ex-
pected Davies generator up to a rescaling of the transition rate. For any eigenbasis
* of �, the expected Davies generator studied in [CB’21; RS’24; C+’24] preserves the
subspace of observables that are diagonal in *, while factoring the non-diagonal ob-
servables into invariant subspaces of dimension 1, i.e. ℒ

(��D8〉〈D9 ��) ⊆ span
(��D8〉〈D9 ��) for
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any distinct eigenvectors D8 , D9 in *.1 In each case, these non-diagonal invariant sub-
spaces are then analyzed directly via adaptations of Temme’s argument and shown to
be comparable to the associated classical spectral gap. In hindsight this comparison
follows more conceptually from the following straightforward extension of Temme’s
result (specifically [T’13, Theorem 11] combined with a standard bottleneck argument
applied to the classical Markov generator). Although the argument is elementary, it
appears to have gone unnoticed in the literature. We include a proof in Chapter C.

Proposition 4.0.20 (extension of [T’13]). Consider a Hamiltonian �, orthonormal
eigenbasis* = {D8} of � and a Davies generator ℒ associated with �. Suppose that for
all 8 ≠ 9, ℒ

(��D8〉〈D9 ��) ⊆ span
(��D8〉〈D9 ��) . Then, �ℒ ¾ 1

2�ℒ,*,cl. In particular, when � has
simple spectrum and simple Bohr spectrum, �ℒ ¾ 1

2�ℒ,cl.

In this context, the algorithmic significance of our work is threefold. First, one can
imagine scenarios where the expected Lindbladian in the above scheme is a Davies
generator corresponding to a Hamiltonian with degenerate Bohr spectrum, but satis-
fying the short arithmetic progression property. Second, Davies generators of commut-
ing Hamiltonians are local and efficiently implementable, and can be directly used as
algorithms; the short arithmetic progression property may be easy to verify and useful
in their analysis. Finally, the ability to restrict attention to observables in +0 may be
useful in developing further proof techniques to understand the mixing of Davies and
related generators.

In the context of physics, there is a physical intuition which suggests that in this
context “dephasing” (corresponding to off-diagonal decay) should happen at time scales
shorter than mixing [Z’02; Z’03; S’07]. Theorem 4.0.11 shows that this is true up to
a small factor for Davies generators of short arithmetic progression Hamiltonians,
clarifying the mechanism of thermalization for such generators. Equivalently, the
failure of rapid dephasing can always be blamed on a long arithmetic progression in
the spectrum of the Hamiltonian.

While it is easy to construct artificial local Hamiltonians with long arithmetic pro-
gressions (e.g. � =

∑
8¶= 2

−8/8), we are not aware of any natural physical =-qubit local
Hamiltonians whose spectra contain arithmetic progressions of length longer than
$(=), with this bound being met by the Toric code [K’03].2 A natural research direc-
tion is to show that some large class of physical Hamiltonians— such as the transverse
field Ising model on arbitrary graphs — satisfy the short arithmetic progression prop-

1[RW’24] presents several results, of which the above assertion applies to all except the cyclic graph
and hypercube Hamiltonians. In the cyclic graph case, the expected CKG generator coincides with the
expected Davies generator, allowing our comparison result for Davies generators to streamline their
analysis. The hypercube case, however, relies on a different approach tailored to their specific choice of
jump operators.

2Since the toric codeHamiltonian consists of pairwise commuting termswhere each has eigenvalues
±1, it is easy to explicitly compute the Hamiltonian spectrum.
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erty with � = poly(=), which would yield a useful quantum to classical comparison for
this class.

4.0.3 Techniques
Proof of main comparison theorem (Theorem 4.0.12 and Theorem 4.0.11)

We outline the strategy for proving Theorem 4.0.12. Given an observable 5 ∈ +$

where $ ≠ 0, we construct two observables:

6 = 4
�$
4 ( 5 5 †)1/2, and ℎ = 4−

�$
4 ( 5 † 5 )1/2.

Both 6 and ℎ are Hermitian and belong to +0. Our strategy is to

1. lower bound the Dirichlet form of 5 by the Dirichlet forms of 6 and ℎ, then

2. relate the Dirichlet forms of 6 and ℎ to their variances, and

3. lower bound the variance of 6 and ℎ by the variance of 5 .

For (1), we rewrite the Dirichlet form of 5 , 6, and ℎ as weighted commutator norms
‖�1/4[(($̃), 5 ]�1/4‖2

F
then apply a novel trace inequality whose proof utilizes the spec-

tral decomposition of 5 , 6, ℎ. (2) is simply due to 6 and ℎ being observables in +0 and
the definition of �ℒ,0. For (3), we again use a spectral decomposition of 5 , 6, and ℎ and
further note that the vectors appearing in this decomposition are eigenvectors of the
Hamiltonian �, and use the relationship between their eigenvalues to lower bound
the variances of 6 and ℎ.

Specifically, 6 = 4
�$
4

∑
�8 |D8〉〈D8 |, 5 =

∑
�8 |D8〉〈E8 |, and ℎ = 4−

�$
4

∑
�8 |E8〉〈E8 |, with D8 , E8

being eigenvectors of both � and � and the corresponding eigenvalues of � satisfy
�(E8) = �(D8) − $.

Intuitively, lower-bounding the variances of 6 and ℎ is equivalent to showing that
6 and ℎ are far from (multiples of) the identity. More concretely, using the above
decomposition and Hölder’s inequality, and letting �(E8), �(D8) be the corresponding
eigenvalues of �, we get:

Var(6) ¾
(
1 −

∑
�(D8)

)
Var( 5 ), Var(ℎ) ¾

(
1 −

∑
�(E8)

)
Var( 5 )

and since 1 ¾
∑

�(E8) = 4�$
∑

�(D8) and 1 ¾
∑

�(D8) = 4−�$
∑

�(E8), we conclude:

max(Var(6),Var(ℎ)) ¾ (1 − 4−|�$|)Var( 5 ).

Next, we provide some intuition on why max(Var(6),Var(ℎ)) ¾ 1
� Var( 5 ) where �

is the length of the longest arithmetic progression with common difference $ in the
spectrum of �. Take a sequence of eigenvectors D81 , . . . , D8: , where �(D8 9+1) = �(D8 9 )−$
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for all 9; then �(E8: ) = �(D8: ) − $ is also in spec(�). By assuming that this chain
is maximal, we conclude that E8: is not in the spectral decomposition of 6. We can
assume WLOG that �$ ¾ 0, in which case we can argue that �(E8: ) ¾ 1

:

∑:
9=1 �(D8 9 ).

Additionally, note that the : + 1 ¶ � since �(D81), . . . , �(D8: ), �(E8: ) forms a (: + 1)-
arithmetic progression with common difference $ in spec(�); these observations are
enough to conclude that 1 −∑

�(D8) ¾ 1/� and thus Var(6) ¾ 1
� Var( 5 ).

Proof that generic Hamiltonians do not have long arithmetic progressions

Finally, we sketch the proof of Theorem 4.0.16, following the approach in [HH’25].
Let �1, . . . ,�# be the eigenvalues of a Hamiltonian �. Observe that � has no 3-term
arithmetic progression in its spectrum if and only if

� :=
∏

8, 9 ,: distinct
(�8 + � 9 − 2�:)

is nonzero.
Since � is symmetric in the eigenvalues, it can be viewed as a polynomial in the

entries of �. Thus, the set of Hamiltonians for which � = 0 has measure zero, unless
� ≡ 0 identically. To rule this out, it suffices to exhibit a single instance where � ≠ 0;
such an example can be constructed for each type of perturbation we consider.

We remark that this approach generalizes to the case of longer �-term arithmetic
progressions. In that case, the role of the factor (�8 +� 9 −2�:) is replaced by a suitable
expression such as

�−2∑
9=1

(
(�8 9 − �8 9+1) − (�8 9+1 − �8 9+2)

)2
,

which similarly vanishes when a �-term arithmetic progression is present. We can
also prove that � does not have repeated eigenvalues using a similar strategy, where
we replace � with � =

∏
8≠9(�8 − � 9).

4.0.4 Organization
In Section 4.2, we prove Theorem 4.0.12 and Theorem 4.0.11. In Section 4.3, we

prove Proposition 4.0.13, Theorem 4.0.14, and Corollary 4.0.15. In Section 4.4, we
prove Theorem 4.0.16 and related results.

4.1 Preliminaries
4.1.1 Notation

Let = be the number of qubits, and let # = 2= denote the dimension of the Hilbert
space. We write � for the quantum Gibbs state, use 〈·, ·〉� to denote the KMS inner
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product, and define the associated norm by

‖�‖2� := 〈�, �〉� = ‖�1/4��1/4‖2F.

4.1.2 Linear algebra
Proposition 4.1.1. Let �, � be arbitrary matrices. Then the nonzero spectrum of ��
and �� are the same, i.e., spec(��) ∩ R≠0 = spec(��) ∩ R≠0. In other words, if � ≠ 0
is an eigenvalue of �� with multiplicity <, then it is also an eigenvalue of �� with
multiplicity <, thus tr(��) = tr(��).
Proof. It’s enough to check that, if E1, . . . , E< are linearly independent eigenvectors of
�� corresponding to an eigenvalue � ≠ 0, then �E1, . . . , �E< are linearly independent
eigenvectors of �� corresponding to the eigenvalue �. First, observe that, for each E8 ,
��(�E8) = �(��E8) = �(�E8). Suppose {�E8}8 are not linearly independent; then there
exist nontrivial coefficients {28}8 such that

∑
8 28(�E8) = 0, but this means �

∑
8 28E8 =

��
∑
28E8 = �(�∑

28E8) = 0, thus
∑
28E8 = 0, contradicting the assumption that {E8}<8=1

are linearly independent. �

4.1.3 Dirichlet form and spectral gap of the Davies generator
We begin by reviewing some basic properties of the subspace of observables +$

(as defined in Definition 4.0.4), and then establish the relationship between the Lind-
bladian spectral gap �ℒ and the spectral gap �ℒ,$ in +$, as stated in (4.0.6). These
properties have been observed in [T’13], but we include the proofs for the sake of com-
pleteness.

Proposition 4.1.2. If 5 ∈ +$ and 6 ∈ + ′$ then 5 6 ∈ +$+$′ .

Proof. Note that 5 =
∑

�Π�+$ 5Π� and 6 =
∑

�′ Π�′+$′ 6Π�′ and Π�Π�′ = Π���=�′, then

5 6 =

(∑
�

Π�+$ 5Π�

) (∑
�′

Π�′+$′ 6Π�′

)
=

∑
�

Π�+$ 5Π�6Π�−$′ ∈ +$+$′ . �

Proposition 4.1.3. If ℎ ∈ +$ with $ ≠ 0 then tr(ℎ) = 0. Consequently, 5 ∈ +$ and
6 ∈ +$′ with $ − $′ ≠ 0 then

〈
5 , 6

〉
�
= 0.

Proof. For any ℎ ∈ +$̃ with $̃ ≠ 0,we canwrite ℎ =
∑

�Π�+$̃ℎΠ� and sinceΠ�Π�+$̃ = 0,

tr(ℎ) =
∑
�

tr(Π�+$̃ℎΠ�) =
∑
�

tr(Π�Π�+$̃ℎ) = 0.

By Proposition 4.1.2, 5 �1/26†�1/2 ∈ +$−$′ , and $−$′ ≠ 0 so
〈
5 , 6

〉
�
= tr

(
5 �1/26†�1/2

)
=

0. �
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Proposition 4.1.4. Consider a Hamiltonian � and a Davies generator ℒ associated
with �. Then, +$ is an invariant subspace of ℒ; i.e., ℒ(+$) ⊆ +$ .

Proof. Fix 5 ∈ +$ .We only need to show that for any Bohr frequency $′,ℒ$′ ,(( 5 ) ∈ +$ ,

which is true by Proposition 4.1.2 and the fact that (($′) ∈ +$′ , (($′)† ∈ +−$′ . �

The following relate the spectral gap of the Lindbladian to the spectral gap on the
invariant subspaces +$.

Proposition 4.1.5. Let �ℒ,$ be as defined in (4.0.5). Then,

�ℒ = min
$

�ℒ,$ .

To prove Proposition 4.1.5, we need the following proposition.

Proposition 4.1.6. For any arbitrary observable 5 ∈ C#×# , we have

5 =
∑
$

5 ($)

where the sum is over Bohr frequencies $ and 5 ($) is as defined in Definition 4.0.4.
Moreover,

ℰℒ( 5 ) =
∑
$

ℰℒ( 5 ($)) 0=3 Var( 5 ) =
∑
$

Var( 5 ($)).

Proof. For the first statement, since � =
∑

�Π� , we can write

5 =

(∑
�1

Π�1

)
5

(∑
�2

Π�2

)
=

∑
�1 ,�2

Π�1 5Π�2 =

∑
$

∑
�1 ,�2:�1−�2=$

Π�1 5Π�2 =

∑
$

5 ($)

By Propositions 4.1.3 and 4.1.4,

ℰℒ( 5 ) = −
〈∑

$

5 ($),
∑
$

ℒ( 5 ($))
〉
�

= −
∑
$

〈
5 ($),ℒ( 5 ($))

〉
�
=

∑
$

ℰℒ( 5 ($)).

Note that by Proposition 4.1.3, tr
(
� 5

)
= tr

(
� 5 (0)

)
since tr

(
� 5 ($)

)
= 0 for all $ ≠ 0, and〈

5 ($), 5 ($′)
〉
�
= 0 if $ ≠ $′. We thus obtain:

Var( 5 ) =
〈
5 , 5

〉
�
− tr

(
� 5

)
tr

(
� 5 †

)
=

〈
5 , 5

〉
�
− tr

(
� 5 (0)

)
tr

(
�( 5 (0))†

)
=

∑
$

〈
5 ($), 5 ($)

〉
�
− tr

(
� 5 (0)

)
tr

(
�( 5 (0))†

)
=

∑
$

Var( 5 ($)). �
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Proof of Proposition 4.1.5. Obviously, for all $,

�ℒ,$ = min
5 ∈+$

�( 5 ) ¾ min
5

�( 5 ) = �ℒ , thus min
$

�ℒ,$ ¾ �ℒ .

Let 5 be such that �( 5 ) = ℰℒ( 5 )
Var( 5 ) = �ℒ . Using Proposition 4.1.6, write 5 =

∑
$ 5 ($) with

5 ($) ∈ +$ . Then

�ℒ =

∑
$ ℰℒ( 5 ($))∑
$ Var( 5 ($)) ¾ min

$
�ℒ( 5 ($)) ¾ min

$
�ℒ,$ . �

Proposition 4.1.7. Recalling that � ≡ �� =
exp(−��)

tr(exp(−��)) , for any observable 5 ∈ +$ and
< ∈ R,

�< 5 = 5 �< exp(−�<$).

Proof. For 5 ∈ +$, we have 5 = 5 ($) = ∑
�Π�+$ 5Π� , so that

4−�<� 5 =
∑
�

4−�<�Π�+$ 5Π� =

∑
�

4−�<(�+$)Π�+$ 5Π�

= 4−�<$
∑
�

Π�+$ 5Π�4
−�<� = 4−�<$

∑
�

Π�+$ 5Π�4
−�<� = 4−�<$ 5 4−�<� ;

thus
�< 5 = 4−�<$ 5 �< . �

Proposition 4.1.8. 5 ∈ +0 if and only if 5 commutes with �.

Proof. Consider 5 ∈ +0, then 5 =
∑

�Π� 5Π� and �Π� = �Π� = Π�� thus

5 � =

∑
�

Π� 5Π�� =

∑
�

�Π� 5Π� =

∑
�

�Π� 5Π� = � 5 .

Consider 5 that commutes with �. Easy to see that 5 † also commutes with �, since
5 †� = (� 5 )† = ( 5 �)† = � 5 †. Thus, 5 + 5 †

2 and 8( 5 − 5 †)
2 also commute with �. Since 5 + 5 †

2

is Hermitian and commutes with �, 5 + 5
†

2 and � are simultaneously diagonalizable by
some eigenbasis {D9} of �, so

5 + 5 †
2

=

∑
9

�9
��D9〉〈D9 ��.
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Similarly, for some eigenbasis {D′
8
} of �,

8( 5 − 5 †)
2

=

∑
9

�′9

���D′9〉〈D′9 ���,
thus 5 =

∑
9 �9

��D9〉〈D9 �� − 8∑9 �
′
9

���D′9〉〈D′9 ��� so 5 ∈ +0. �

We note that the Dirichlet form can be written as a sum of norms of commutators.
Previously, [CM’18, Proposition 2.5] showed a similar result for the special case �($) =
exp(−�$

2 ). Related identities for other specific choices of the transition rate function �
can be found in [RFA’25; CR’25]. For completeness, we include a proof in Chapter C.

Proposition 4.1.9 (Dirichlet in divergence form). For any Hamiltonian �, and Davies
generatorℒ as defined in Equation (4.0.1), the Dirichlet form ℰℒ( 5 ) = −

〈
ℒ( 5 ), 5

〉
�
can

be rewritten as
ℰℒ( 5 ) =

1

2

∑
(∈S ,$

�̃($)‖[(($), 5 ]‖2� ,

where �̃($) = �($)4
�$
2 .

We can now show that the spectral gap is unchanged if restricted to Hermitian
observables.

Proposition 4.1.10. Let�ℒ,0,�H
ℒ,0 be as defined in (4.0.5) and (4.0.7) respectively. Then

�ℒ,0 = �H
ℒ,0.

We need the following proposition.

Proposition 4.1.11. With the same setup as Proposition 4.1.9,

ℰℒ( 5 ) = ℰℒ( 5 †) and Var( 5 ) = Var( 5 †).

Proof. Since (†(−$) = (($)†, we have

[(†(−$), 5 †] = −[(($), 5 ]†

and thus for � := �1/4[(($), 5 ]�1/4,

‖[(($), 5 ]‖2� = ‖�‖2F = ‖�†‖2F = ‖[(†(−$), 5 †]‖2�.

Combining this with �̃($) = �̃(−$), we have

ℰℒ( 5 ) =
1

2

∑
(∈S ,$

�̃($)‖[(($), 5 ]‖2� =
1

2

∑
(∈S ,$

�̃(−$)‖[(†(−$), 5 †]‖2� = ℰℒ( 5 †).
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Next,

Var( 5 ) = tr
(
5 �1/2 5 †�1/2

)
− tr

(
� 5

)
tr

(
� 5 †

)
= tr

(
5 †�1/2 5 �1/2

)
− tr

(
� 5 †

)
tr

(
� 5

)
= Var( 5 †).

�

Proof of Proposition 4.1.10. Obviously �H
ℒ,0 ¾ �ℒ,0. We prove �ℒ,0 ¾ �H

ℒ,0. Fix 5 ∈ +0

such that ℰℒ( 5 )Var( 5 ) = �ℒ,0. We show that

ℰℒ( 5 ) = ℰℒ
(
5 + 5 †
2

)
+ ℰℒ

(
8( 5 − 5 †)

2

)
.

Indeed, by Propositions 4.1.9 and 4.1.11, the LHS can be rewritten as

ℰℒ( 5 ) =
ℰℒ( 5 ) + ℰℒ( 5 †)

2
=

1

2

∑
(∈S ,$

�̃($)
‖[(($), 5 ]‖2� + ‖[(($), 5 †]‖2�

2

=(1)
1

2

∑
(∈S ,$

�̃($)
(



[(($), 5 + 5 †2

]



2
�

+




[(($), 8( 5 − 5 †)2

]



2
�

)
= ℰℒ

(
5 + 5 †
2

)
+ ℰℒ

(
8( 5 − 5 †)

2

)
where (1) is due to the identity tr

(
��†

)
+tr

(
��†

)
= 1

2(tr
(
(� + �)(� + �)†

)
+tr

(
(� − �)(� − �)†

)
),

where � = �1/4[(($), 5 ]�1/4 and � = �1/4[(($), 5 †]�1/4.
Next, we show

Var

(
5 + 5 †
2

)
+ Var

(
8( 5 − 5 †)

2

)
= Var( 5 )

and using the fact that 5 + 5 †
2 ,

8( 5 − 5 †)
2 are Hermitian and in +0, conclude that

ℰℒ( 5 ) = ℰℒ
(
5 + 5 †
2

)
+ ℰℒ

(
8( 5 − 5 †)

2

)
¾ �H

0

(
Var

(
5 + 5 †
2

)
+ Var

(
8( 5 − 5 †)

2

))
= �H
ℒ,0Var( 5 ),

which implies �ℒ,0 ¾ �H
ℒ,0 due to the choice of 5 .

Indeed,

Var

(
5 + 5 †
2

)
+ Var

(
8( 5 − 5 †)

2

)
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=
1

4

(〈
5 + 5 †, 5 + 5 †

〉
�
− tr

(
�( 5 + 5 †)

)2
+

〈
5 − 5 †, 5 − 5 †

〉
�
− tr

(
�( 5 − 5 †)

)
tr

(
�( 5 † − 5 )

))
=

1

2
(
〈
5 , 5

〉
� +

〈
5 †, 5 †

〉
�) − tr

(
� 5

)
tr

(
� 5 †

)
= Var( 5 ). �

With a similar proof,1 we obtain the following.

Proposition 4.1.12. Let �ℒ, �H
ℒ be as defined in (4.0.3) and (4.0.7) respectively. Then

�ℒ = �H
ℒ .

Remark 4.1.13. An alternative proof of Propositions 4.1.10 and 4.1.12 is by viewing
�ℒ as the second smallest eigenvalue ofℒ, and �ℒ,0 as the second smallest eigenvalue
of the linear operator obtained by restricted ℒ to the invariant subspace +0. If 5 is an
eigenvector of ℒ with eigenvalue �ℒ , then so is 5 † by Proposition 4.1.11 and the min-
imax principle. The linear combination 5 + 5 †

2 is Hermitian, and is also an eigenvector
ℒ with eigenvalue �ℒ , yielding that �ℒ = �H

ℒ . Similarly, if 5 ∈ +0 is an eigenvector
of ℒ with eigenvalue �ℒ,0, then the Hermitian observable 5 + 5 †

2 ∈ +0 is also an an
eigenvector ℒ with eigenvalue �ℒ,0, implying that �ℒ,0 = �H

ℒ,0.

Some formulations of the Davies generator include the coherent Hamiltonian evo-
lution explicitly, writing the generator as

ℒ̃( 5 ) = 8[�, 5 ] + ℒ( 5 ),

where ℒ is as Definition 4.0.1. The following proposition clarifies that the inclusion of
the coherent term 8[�, 5 ] has no effect on the Dirichlet form, and thus does not affect
the spectral gap.

Proposition 4.1.14. Let ℒ̃( 5 ) = 8[�, 5 ] + ℒ( 5 ), where ℒ is the Davies generator as
defined in Definition 4.0.1, and let � be the stationary state. Then:

1. For all observables 5 , the real part of the Dirichlet form is unaffected by the co-
herent term:

Re(
〈
5 , ℒ̃( 5 )

〉
�
) =

〈
5 ,ℒ( 5 )

〉
�
.

2. In particular, for any Hermitian observable 5 = 5 †, the Dirichlet forms of ℒ̃ and
ℒ coincide: 〈

5 , ℒ̃( 5 )
〉
�
=

〈
5 ,ℒ( 5 )

〉
�
.

1Take arbitrary 5 such that �( 5 ) = �ℒ instead of 5 ∈ +0 such that �( 5 ) = �ℒ,0.
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Proof. We only need to check that〈
[�, 5 ], 5

〉
�
∈ R and for all 5 such that 5 = 5 †,

〈
[�, 5 ], 5

〉
�
= 0.

Let 5̃ = �1/4 5 �1/4. Since � commutes with �, we can rewrite〈
[�, 5 ], 5

〉
�
= tr

(
�1/4� 5 �1/2 5 †�1/4

)
− tr

(
�1/4 5 ��1/2 5 †�1/4

)
= tr

(
5̃ †� 5̃

)
− tr

(
5̃ � 5̃ †

)
= tr

(
5̃ †� 5̃ − 5̃ � 5̃ †

)
∈ R

since 5̃ †� 5̃ − 5̃ � 5̃ † is Hermitian, thus has real trace. If 5 = 5 † then 5̃ = 5̃ †, so the
above yields 〈

[�, 5 ], 5
〉
�
= 0. �

4.2 Proof of main comparison theorems
In this section, we prove Theorems 4.0.11 and 4.0.12.
For a Bohr frequency $, and an operator 5 ∈ +$ , we let

6 := 4
�$
4 ( 5 5 †)1/2 and ℎ := 4−

�$
4 ( 5 † 5 )1/2 (4.2.1)

Theorem 4.2.2 (comparing Dirichlet forms). For any 5 ∈ +$ , and 6, ℎ as defined in
(4.2.1). For any Davies generator ℒ,

2ℰℒ( 5 ) ¾ ℰℒ(6) + ℰℒ(ℎ).

To prove Theorem 4.2.2, we need the following propositions.

Proposition 4.2.3. Fix an arbitrary observable ). Let )̃ := �1/2)�1/2. Then for any
Bohr frequency $̃,

‖[(($̃), )]‖2� = 4−
�$̃
2 tr

(
(($̃))̃)̃†(($̃)†

)
+ 4

�$̃
2 tr((($̃)†)̃†)̃(($̃))

− tr
(
(($̃))̃(($̃)†)̃†

)
− tr

(
(($̃))̃†(($̃)†)̃

)
.

Proof. We begin by writing

‖[(($̃), 5 ]‖2� = tr
(
�1/4((($̃)) − )(($̃))�1/2()†(($̃)† − (($̃)†)†)�1/4

)
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= tr
(
�1/4(($̃))�1/2)†(($̃)†�1/4

)
+ tr

(
�1/4)(($̃)�1/2(($̃)†)†�1/4

)
− tr

(
�1/4(($̃))�1/2(($̃)†)†�1/4

)
− tr

(
�1/4)(($̃)�1/2)†(($̃)†�1/4

)
.

(4.2.4)

Using Proposition 4.1.7 for (($̃) ∈ +$̃ and (($̃)† ∈ +−$̃ and the fact that tr(��) =
tr(��) from Proposition 4.1.1, we have

tr
(
�1/4(($̃))�1/2)†(($̃)†�1/4

)
= 4−

�$̃
2 tr

(
(($̃)�1/4)�1/2)†�1/4(($̃)†

)
= 4−

�$̃
2 tr

(
(($̃))̃)̃†(($̃)†

)
,

tr
(
�1/4)(($̃)�1/2(($̃)†)†�1/4

)
= 4

�$̃
2 tr

(
�1/4)�1/4(($̃)(($̃)†�1/4)†�1/4

)
= 4

�$̃
2 tr

(
(($̃)†)̃†)̃(($̃)

)
,

tr
(
�1/4(($̃))�1/2(($̃)†)†�1/4

)
= tr

(
(($̃)�1/4)�1/4(($̃)†�1/4)†�1/4

)
= tr

(
(($̃))̃(($̃)†)̃†

)
,

tr
(
�1/4)(($̃)�1/2)†(($̃)†�1/4

)
= tr

(
�1/4)�1/4(($̃)�1/4)†�1/4(($̃)†

)
= tr

(
)̃(($̃))̃†(($̃)†

)
= tr

(
(($̃))̃†(($̃)†)̃

)
.

Plugging each of the four equalities above into (4.2.4) gives the result. �

Proposition 4.2.5. Let �, � be arbitrary matrices. Let 5 be an arbitrary matrix, and
let 6 := ( 5 5 †)1/2 and ℎ := ( 5 † 5 )1/2. Then, tr(�6�†6) + tr(�ℎ�†ℎ) ¾ tr(� 5 �† 5 †) +
tr(� 5 †�† 5 ).

Proof. Pick an orthonormal eigenbasis D1, . . . , D< of 5 5 † = 62 with corresponding
eigenvalues �1 ¾ �2 ¾ . . . ¾ �: > 0 = �:+1 = · · · = �< = 0. Then,

6 =

:∑
8=1

√
�8D8D

†
8 .

Let E8 = 5 †D8. If 8 ¾ : + 1, then 5 †D8 = 0 since ‖ 5 †D8‖22 = D†8 5 5 †D8 = 0. Thus

5 =

<∑
8=1

D8D
†
8 5 =

:∑
8=1

D8E
†
8
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and since {D8}<8=1 is an orthonormal eigenbasis,
∑<
8=1 D8D

†
8
= � and

5 † 5 = 5 †
(
<∑
8=1

D8D
†
8

)
5 =

:∑
8=1

E8E
†
8 .

For 8 ∈ [:], ‖E8‖22 = D†8 5 5 †D8 = �8 > 0, so we can rewrite 5 † 5 =
∑:
8=1 �8 ·

E8√
�8
· E
†
8√
�8

and thus

ℎ = ( 5 † 5 )1/2 =
:∑
8=1

√
�8 ·

E8√
�8
·
E†
8√
�8
.

Hence, for 8 ∈ [:], letting Ẽ8 = E8√
�8
:

6 =

:∑
8=1

√
�8D8D

†
8 , 5 =

:∑
8=1

√
�8D8 Ẽ

†
8 , ℎ =

:∑
8=1

√
�8 Ẽ8 Ẽ

†
8 . (4.2.6)

Note also that the Ẽ8 have unit norm and are pairwise orthogonal, since E†
8
E 9 = D

†
8
5 5 †D9 =

0 if 8 ≠ 9. We can rewrite

tr(�6�†6) + tr(�ℎ�†ℎ) − tr(� 5 �† 5 †) − tr(� 5 †�† 5 )
=

∑
8 , 9

√
�8� 9D

†
8 �D9D

†
9 �
†D8 +

∑
8 , 9

√
�8� 9 Ẽ

†
8 �Ẽ 9 Ẽ

†
9 �
†Ẽ8

−
∑
8 , 9

√
�8� 9D

†
8 �D9 Ẽ

†
9 �
†Ẽ8 −

∑
8 , 9

√
�8� 9 Ẽ

†
8 �Ẽ 9D

†
9 �
†D8

=

∑
8 , 9

√
�8� 9 |D†8 �D9 − Ẽ†8 �Ẽ 9 |2 ¾ 0. �

Proof of Theorem 4.2.2. We write the Dirichlet forms of 5 , 6, ℎ as sum of commutators
as in Proposition 4.1.9. For each Bohr frequency $̃, introduce

)($̃) := ‖[(($̃), 5 ]‖2� + ‖[(†(−$̃), 5 ]‖2�
− 1

2
(‖[(($̃), 6]‖2� + ‖[(†(−$̃), 6]‖2� + ‖[(($̃), ℎ]‖2� + ‖[(†(−$̃), ℎ]‖2�).

Using Proposition 4.1.9 and the fact that �̃($̃) = �($̃)4
�$̃
2 = �̃(−$̃), we can rewrite

2ℰℒ( 5 ) =
∑
(∈S ,$̃

�̃($̃)‖[(($̃), 5 ]‖2�
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=
1

2

©­«
∑
(∈S ,$̃

�̃($̃)‖[(($̃), 5 ]‖2� +
∑

(†∈S† ,−$̃
�̃($̃)‖[(†(−$̃), 5 ]‖2�

ª®¬
hence

2ℰℒ( 5 ) − (ℰℒ(6) + ℰℒ(ℎ)) =
1

2

∑̃
$

�̃($̃))($̃)

We will show that )($̃) ¾ 0 and then conclude that

2ℰℒ( 5 ) − (ℰℒ(6) + ℰℒ(ℎ)) ¾ 0

Let 5̃ = �1/4 5 �1/4, 6̃ = �1/46�1/4, ℎ̃ = �1/4ℎ�1/4 as in Proposition 4.2.3. By Proposi-
tion 4.1.7, since 5 ∈ +$ and 6, ℎ ∈ +0 and are Hermitian,

6̃2 = 6̃ 6̃† = �1/46�1/26†�1/4 = �1/262�1/2 = 4−
�$
2 �1/2 5 5 †�1/2 = �1/4 5 �1/2 5 †�1/2 = 5̃ 5̃ †,

ℎ̃2 = ℎ̃ ℎ̃† = �1/4ℎ�1/2ℎ†�1/4 = �1/2ℎ2�1/2 = 4
�$
2 �1/2 5 † 5 �1/2 = �1/4 5 †�1/2 5 �1/2 = 5̃ † 5̃ .

Using Proposition 4.2.3, and noting that (†(−$̃) = (($̃)†, we can rewrite

‖[(($̃), 5 ]‖2� = 4−
�$̃
2 tr

(
(($̃) 5̃ 5̃ †(($̃)†

)
+ 4

�$̃
2 tr

(
(($̃)† 5̃ † 5̃ (($̃)

)
− tr

(
(($̃) 5̃ (($̃)† 5̃ †

)
− tr

(
(($̃) 5̃ †(($̃)† 5̃

)
.

‖[(†(−$̃), 5 ]‖2� = 4
�$̃
2 tr

(
(($̃)† 5̃ 5̃ †(($̃)

)
+ 4−

�$̃
2 tr

(
(($̃) 5̃ † 5̃ (($̃)†

)
− tr

(
(($̃)† 5̃ (($̃) 5̃ †

)
− tr

(
(($̃)† 5̃ †(($̃) 5̃

)
.

‖[(($̃), 6]‖2� = 4−
�$̃
2 tr

(
(($̃)6̃ 6̃†(($̃)†

)
+ 4

�$̃
2 tr

(
(($̃)† 6̃† 6̃(($̃)

)
− tr

(
(($̃)6̃(($̃)† 6̃†

)
− tr

(
(($̃)6̃†(($̃)† 6̃

)
= 4−

�$̃
2 tr

(
(($̃) 5̃ 5̃ †(($̃)†

)
+ 4

�$̃
2 tr

(
(($̃)† 5̃ 5̃ †(($̃)

)
− tr

(
(($̃)6̃(($̃)† 6̃

)
− tr

(
(($̃)6̃(($̃)† 6̃

)
= 4−

�$̃
2 tr

(
(($̃) 5̃ 5̃ †(($̃)†

)
+ 4

�$̃
2 tr

(
(($̃)† 5̃ 5̃ †(($̃)

)
− 2 tr

(
(($̃)6̃(($̃)† 6̃

)
where we use 6̃ = 6̃† and 6̃2 = 5̃ 5̃ †. Similarly,

‖[(†(−$̃), 6]‖2� = 4
�$̃
2 tr

(
(($̃)† 6̃ 6̃†(($̃)

)
+ 4−

�$̃
2 tr

(
(($̃)6̃† 6̃(($̃)†

)
− tr

(
(($̃)† 6̃(($̃)6̃†

)
− tr

(
(($̃)† 6̃†(($̃)6̃

)
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= 4
�$̃
2 tr

(
(($̃)† 5̃ 5̃ †(($̃)

)
+ 4−

�$̃
2 tr

(
(($̃) 5̃ 5̃ †(($̃)†

)
− 2 tr

(
(($̃)6̃(($̃)† 6̃

)
since by Proposition 4.1.1, tr

(
((($̃)6̃)((($̃)† 6̃)

)
= tr

(
((($̃)† 6̃)((($̃)6̃)

)
. Analogously, us-

ing ℎ̃ = ℎ̃† and ℎ̃2 = 5̃ † 5̃ , we obtain:

‖[(($̃), ℎ]‖2� = 4−
�$̃
2 tr

(
(($̃) 5̃ † 5̃ (($̃)†

)
+ 4

�$̃
2 tr

(
(($̃)† 5̃ † 5̃ (($̃)

)
− 2 tr

(
(($̃)ℎ̃(($̃)† ℎ̃

)
‖[(†(−$̃), ℎ]‖2� = 4

�$̃
2 tr

(
(($̃)† 5̃ † 5̃ (($̃)

)
+ 4−

�$̃
2 tr

(
(($̃) 5̃ † 5̃ (($̃)†

)
− 2 tr

(
(($̃)ℎ̃(($̃)† ℎ̃

)
Let

"1 : = 4−
�$̃
2 tr

(
(($̃) 5̃ 5̃ †(($̃)†

)
+ 4

�$̃
2 tr

(
(($̃)† 5̃ 5̃ †(($̃)

)
"2 : = 4

�$̃
2 tr

(
(($̃)† 5̃ † 5̃ (($̃)

)
+ 4−

�$̃
2 tr

(
(($̃) 5̃ † 5̃ (($̃)†

)
Observe that by Proposition 4.1.1,

tr
(
(($̃) 5̃ (($̃)† 5̃ †

)
= tr

(
((($̃) 5̃ )((($̃)† 5̃ †)

)
= tr

(
((($̃)† 5̃ †)((($̃) 5̃ )

)
= tr

(
(($̃)† 5̃ †(($̃) 5̃

)
,

and similarly, tr
(
(($̃) 5̃ †(($̃)† 5̃

)
= tr

(
(($̃)† 5̃ (($̃) 5̃ †

)
, so we can rewrite

‖[(($̃), 5 ]‖2� + ‖[(†(−$̃), 5 ]‖2� = "1 +"2 − 2 tr
(
(($̃) 5̃ (($̃)† 5̃ †

)
− 2 tr

(
(($̃) 5̃ †(($̃)† 5̃

)
‖[(($̃), 6]‖2� + ‖[(†(−$̃), 6]‖2� = 2"1 − 4 tr

(
(($̃)6̃(($̃)† 6̃

)
‖[(($̃), ℎ]‖2� + ‖[(†(−$̃), ℎ]‖2� = 2"2 − 4 tr

(
(($̃)ℎ̃(($̃)† ℎ̃

)
thus

)($̃) = 2(tr
(
(($̃)6̃(($̃)† 6̃

)
+ tr

(
(($̃)ℎ̃(($̃)† ℎ̃

)
− tr

(
(($̃) 5̃ (($̃)† 5̃ †

)
− tr

(
(($̃) 5̃ †(($̃)† 5̃

)
) ¾ 0

where the inequality is due to Proposition 4.2.5, and the fact that 6̃ = 2 and ℎ̃ =

( 5̃ † 5̃ )1/2. �

Theorem 4.2.7 (comparing variances). Take $ ≠ 0 and let � ≡ ��,$ be the length of
the longest difference-$ arithmetic sequence in the spectrum of the Hamiltonian �. For
any 5 ∈ +$, and 6, ℎ as defined in (4.2.1). Then,

Var(6) + Var(ℎ) ¾ 1

�
Var( 5 ).
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Proof. Note that 6 ∈ +0 and thus 6 commutes with� (see Proposition 4.1.8) and is Her-
mitian, so using the same argument as in (4.2.6) in the proof of Proposition 4.2.5, there
exists an orthonormal eigenbasis {D8} of � with corresponding eigenvalues �(D8) =
〈D8 |�|D8〉 such that

6 = 4
�$
4

:∑
8=1

�8 |D8〉〈D8 |, 5 =

:∑
8=1

�8 |D8〉〈E8 |, ℎ = 4−
�$
4

:∑
8=1

�8 |E8〉〈E8 | (4.2.8)

where �8 ∈ R>0 for each 8 ∈ [:] and |E8〉 = 5 †|D8〉
�8

. Observe that the vectors E8 are pairwise
orthogonal, since E†

8
E 9 = (�8� 9)−1 · D†8 5 5 †D9 = (�8� 9)−1D†8 62D†9 = 0 if 8 ≠ 9. In addition, for

each 8 ∈ [:], the vector E8 has unit norm. Note also that E8 is an eigenvector of � with
eigenvalues �(E8) = 〈E8 |�|E8〉 = �(D8)−$, since 5 = 5 ($) = ∑

�1 ,�2:�1−�2=$ Π�1 5Π�2 and
Π�1 |D8〉 = 0 unless �1 = �(D8), we have

|E8〉 = �−18 5 †|D8〉 = �−18 Π�(D8)−$ 5
†Π�(D8)|D8〉 = Π�(D8)−$ |E8〉

so
�|E8〉 = (�(D8) − $)|E8〉.

Let �(D8) = 〈D8 |�|D8〉 and �(E8) = 〈E8 |�|E8〉 be the eigenvalue of � corresponding to
eigenvectors D8 and E8. Then, �(E8) = �(D8)4�$ . We write

Var( 5 ) =
:∑
8=1

√
�(D8)�(E8)�2

8 = 4
�$
2

:∑
8=1

�(D8)�2
8 = 4−

�$
2

:∑
8=1

�(E8)�2
8 (4.2.9)

Var(6) = 4
�$
2
©­«

:∑
8=1

�(D8)�2
8 −

(
:∑
8=1

�(D8)�8

)2ª®¬
¾

(
1 −

:∑
8=1

�(D8)
) (
4

�$
2

:∑
8=1

�(D8)�2
8

)
=

(
1 −

:∑
8=1

�(D8)
)
Var( 5 ) (4.2.10)

where the inequality is due to Hölder’s inequality. Similarly, we have

Var(ℎ) = 4−
�$
2
©­«

:∑
8=1

�(E8)�2
8 −

(
:∑
8=1

�(E8)�8

)2ª®¬ ¾
(
1 −

:∑
8=1

�(E8)
)
Var( 5 ). (4.2.11)

We first consider the case �$ ¾ 0. We show that

1 −
:∑
8=1

�(D8) ¾
1

�
(4.2.12)
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which together with (4.2.10) gives the desired conclusion that Var(6) ¾ 1
� Var( 5 ).

Let the distinct values appearing in the sequence (�(D8)):8=1 be 
1, . . . , 
@ . Parti-
tion the set & := {
1, . . . , 
@} into a family ℐ of (disjoint) maximally long arithmetic
sequences where in each sequence, the difference between two consecutive terms is
$. Such a decomposition can be obtained by iteratively removing the maximally long
arithmetic progression from the set &.

We rewrite
& =

⋃
8∈ℐ
{
8,1, . . . , 
8 ,38}

where for each 8 ∈ ℐ , 
8 ,1, . . . , 
8 ,38 satisfies 
8 , 9 = 
8 ,1 − $(9 − 1) for all 9 ∈ [38]. Note
that 
8 ,38+1 := 
8 ,38 − $ is also an eigenvalue of �, since if D 9̂ is an eigenvector of �
with eigenvalue 
8 ,38 that appears in (4.2.8), then 5 †D 9̂ is an eigenvector of � with
eigenvalue 
8 ,38 − $. Thus the spectrum of � contains the length-(38 + 1) arithmetic
progression 
8 ,1, . . . , 
8,38+1 with difference between consecutive terms being $. Note
also that 
8 ,38+1 ∉ &, otherwise this contradicts the maximality of 
8 ,1, . . . , 
8 ,38 .

For an eigenvalue 
 of �, let 
̂ :=
exp(−�
)

tr
(
exp(−��)

) ¾ 0 be the corresponding eigenvalue
of �, <(
) be its multiplicity in the spectrum of �, and A(
) be its multiplicity in the
sequence (�(D8)):8=1. Obviously, A(
) ¶ <(
).

We show, for each 8 ∈ ℐ ,

<(
8 ,38+1)
̂8 ,38+1 +
38∑
9=1

(<(
8 , 9) − A(
8 , 9))
̂8 , 9 ¾
1

38 + 1

38+1∑
9=1

<(
8 , 9)
̂8 , 9 ¾
1

�

38+1∑
9=1

<(
8 , 9)
̂8 , 9

(4.2.13)
where the last inequality is because 38 + 1 ¶ �, due to the assumption on the spec-
trum of � and the fact that � contains the length-(38 + 1) arithmetic progression

8 ,1, . . . , 
8 ,38+1 with difference between consecutive terms being $.

Before showing (4.2.13), we check that it implies the desired inequality (4.2.12).

1 −
:∑
9=1

�(D9) =(1)
∑



<(
)
̂ −
∑

8∈ℐ , 9∈[38]
A(
8 , 9)
̂8 , 9

=

∑
8∈ℐ

38+1∑
9=1

<(
8 , 9)
̂8 , 9 +
∑


∉{
8 , 9 :8∈ℐ , 9∈[38+1]}
<(
)
̂ −

∑
8∈ℐ

38∑
9=1

A(
8 , 9)
̂8 , 9

=

∑
8∈ℐ

©­«<(
8 ,38+1)
̂8 ,38+1 +
38∑
9=1

(<(
8 , 9) − A(
8 , 9))
̂8 , 9ª®¬ +
∑


∉{
8 , 9 :8∈ℐ , 9∈[38+1]}
<(
)
̂

¾(2)
1

�

∑



<(
)
̂
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=
1

�

where (1) and the final equality is by 1 = tr
(
�
)
=

∑

 <(
)
̂, and (2) is by (4.2.13).

Now, we show (4.2.13). Recall that for all 9 ∈ [38], A(
8 , 9) ¶ <(
8 , 9). Furthermore, for
all 9 ∈ [38], A(
8 , 9) ¶ <(
8 , 9+1). Indeed, fix one such 9. Let Dℎ1 , . . . , DℎA be the eigenvectors
of � from (4.2.8) with eigenvalue 
8 , 9. Then 5 †Dℎ1 , . . . , 5

†DℎA are pairwise orthogonal
(and thus linearly independent) eigenvectors of � with eigenvalue 
8 , 9 − $ = 
8 , 9+1,
hence A(
8 , 9) ¶ <(
8 , 9+1).

For 9∗ = argmax9∈[38+1]<(
8, 9)
̂8 , 9 , we have

<(
8 ,38+1)
̂8 ,38+1 +
38∑
9=1

(<(
8 , 9) − A(
8 , 9))
̂8 , 9

=

9∗−1∑
9=1

(<(
8 , 9) − A(
8, 9))
̂8 , 9 + <(
8 , 9∗)
̂8 , 9∗ +
38∑
9=9∗
(<(
8 , 9+1)
̂8 , 9+1 − A(
8 , 9)
̂8, 9)

¾ <(
8 , 9∗)
̂8 , 9∗

where the inequality is due to (<(
8 , 9) − A(
8 , 9))
̂8, 9 ¾ 0, and

<(
8 , 9+1)
̂8 , 9+1 − A(
8 , 9)
̂8 , 9 = 
̂8 , 9(4�$<(
8 , 9+1) − A(
8, 9)) ¾ 
̂8 , 9(<(
8 , 9+1) − A(
8 , 9)) ¾ 0,

where we use the assumption �$ ¾ 0 and the fact that <(
8 , 9+1) ¾ A(
8 , 9). Thus we
have obtained

<(
8 ,38+1)
̂8 ,38+1 +
38∑
9=1

(<(
8 , 9) − A(
8 , 9))
̂8 , 9 ¾ <(
8 , 9∗)
̂8, 9∗ ¾
1

38 + 1

38+1∑
9=1

<(
8, 9)
̂8 , 9 .

and conclude that Var(6) ¾ 1
� Var( 5 ), which implies Var(6) + Var(ℎ) ¾ 1

� Var( 5 ).
The case �$ ¶ 0 follows similarly, where we prove Var(ℎ) ¾ 1

� Var( 5 ). Thus, in
either case, we have

Var(6) + Var(ℎ) ¾ 1

�
Var( 5 ). �

We have the following alternative comparison between the variances.

Lemma 4.2.14. For any 5 ∈ +$, and 6, ℎ as defined in (4.2.1),

Var(6) + Var(ℎ) ¾ (1 − 4−|�$|)Var( 5 ).
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Proof. From the proof of Theorem 4.2.7, we have

Var(6) ¾
(
1 −

:∑
8=1

�(D8)
)
Var( 5 ) and Var(ℎ) ¾

(
1 −

:∑
8=1

�(E8)
)
Var( 5 )

where for 8 ∈ [:], D8 , E8 are eigenvectors of the stationary state � with correspond-
ing eigenvalues �(D8), �(E8) respectively, and �(E8) = �(D8)4�$ .Moreover, {D8}:8=1 are lin-
early independent and {E8}:8=1 are linearly independent, somax{∑:

8=1 �(D8),
∑:
8=1 �(E8)} ¶

tr
(
�
)
= 1. If �$ ¾ 0 then

4�$
:∑
8=1

�(D8) =
:∑
8=1

�(E8) ¶ 1

so

Var(6) =
(
1 −

:∑
8=1

�(D8)
)
Var( 5 ) ¾

(
1 − 4−|�$|

)
Var( 5 ).

Similarly, if �$ ¶ 0 then

4−�$
:∑
8=1

�(E8) =
:∑
8=1

�(D8) ¶ 1⇒ Var(ℎ) =
(
1 −

:∑
8=1

�(E8)
)
Var( 5 ) ¾

(
1 − 4−|�$|

)
Var( 5 ). �

Proof of Theorem 4.0.12. Fix an arbitrary $ ≠ 0 and an arbitrary 5 ∈ +$ . Let 6, ℎ be
as defined in Theorem 4.2.2; then, 6, ℎ ∈ +0. We have

2ℰ( 5 ) ¾(1) ℰ(6) + ℰ(ℎ) ¾(2) �ℒ,0(Var(6) + Var(ℎ)) ¾(3) �ℒ,0max( 1
�
, 1 − 4−|�$|)Var( 5 )

where (1) is by Theorem 4.2.2, (2) by definition of �ℒ,0, and (3) by Theorem 4.2.7
and Lemma 4.2.14. Thus

�ℒ,$ = min
5 ∈+$

ℰ( 5 )
Var( 5 ) ¾

1

2
max( 1

�
, 1 − 4−|�$|)�ℒ,0. �

Proof of Theorem 4.0.11. By Proposition 4.1.5,

�ℒ,0 ¾ �ℒ = min
$

�ℒ,$ ¾
1

2�
�ℒ,0

where the last inequality follows from: for all $ ≠ 0, �ℒ,$ ¾ 1
2��ℒ,0, by Theorem 4.0.12.

�
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4.3 Relating quantum to classical spectral gap
In this section, we prove Proposition 4.0.13 and Theorem 4.0.14, which relate the

quantum spectral gap to the spectral gap of certain classical Markov generators.
First, we prove Proposition 4.0.13. By Proposition 4.1.10, �ℒ,0 = �H

ℒ,0, so we only
need to show the following.

Proposition 4.3.1. For any Hamiltonian � and Davies generator ℒ,

�H
ℒ,0 = min

*
�ℒ,*,cl (4.3.2)

where the minimum is taken over the orthonormal eigenbasis * of the Hamiltonian
�, and �ℒ,*,cl is the classical spectral gap associated with ℒ and the orthonormal
eigenbasis *, as defined in Definition 4.0.8.

Proof. Consider an arbitrary Hermitian 5 ∈ +0. Note that 5 commutes with � and is
Hermitian, so 5 and � are simultaneously diagonalizable by a certain orthonormal
eigenbasis * of �. Let D8 be the 8-th eigenvector in *, �(D8) = 〈D8 |�|D8〉 and write 5 =∑
58D8D

†
8
with 58 ∈ R.Define � : * → Rwhere �(D8) = 58 .Wewill show that the Dirichlet

form of 5 with respect to ℒ (respectively, the variance of 5 ) is equal to the Dirichlet
form of � (respectively, the variance of �) with respect to the classical chain %* defined
in Definition 4.0.8. Concretely,

ℰℒ( 5 ) = ℰℒ,*,cl(�) and Var�( 5 ) = Var�(�).

Hence,

�H
ℒ,0 = min

*
min

5 =
∑
8 58D8D

†
8
, 58∈R∀8

ℰℒ( 5 )
Var�( 5 )

= min
*

min
�:*→R

ℰℒ,*,cl(�)
Var�(�)

= min
*

�ℒ,*,cl

where the outside minimum is taken over orthonormal eigenbases * of �.
Note that {

��D8〉〈D9 ��}8 , 9∈[#] forms an orthonormal basis of C#×# with respect to the in-
ner product 〈�, �〉 = tr

(
��†

)
.Note that this is distinct from the KMS-product 〈�, �〉� =

tr
(
�1/2��1/2�†

)
. Since ℒ is a linear map, we can write

ℒ( 5 ) =
∑
8 , 9 ,:

58
〈
ℒ(|D8〉〈D8 |),

��D9〉〈D: ��〉��D9〉〈D: ��.
We can also directly compute that for 8 ≠ 9 , and �8 := 〈D8 |�|D8〉, � 9 :=

〈
D9

�����D9〉,〈
ℒ

(��D9〉〈D9 ��) , |D8〉〈D8 |〉 = �(� 9 − �8)
∑
(∈S

(
〈D8 |(

��D9〉)2 = %ℒ,*[D8 → D9]
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and

−〈ℒ(|D8〉〈D8 |), |D8〉〈D8 |〉 =
∑
9:9≠8

〈
ℒ(

��D9〉〈D9 ��), |D8〉〈D8 |〉 =

∑
9:9≠8

%ℒ,*[D8 → D9]. (4.3.3)

−ℰℒ( 5 ) =
〈
ℒ( 5 ), 5

〉
�
=

〈∑
8 , 9 ,:

58
〈
ℒ(|D8〉〈D8 |),

��D9〉〈D: ��〉��D9〉〈D: ��,∑
A

5A |DA〉〈DA |
〉
�

=

∑
8 , 9 ,:,A

58 5A
〈
ℒ(|D8〉〈D8 |),

��D9〉〈D: ��〉〈��D9〉〈D: ��, |DA〉〈DA |〉� (4.3.4)

The reversibility condition of the classical Markov generator follows from the re-
versibility of ℒ (see (4.0.2)). Indeed,

�(D8)
〈
ℒ

(��D9〉〈D9 ��) , |D8〉〈D8 |〉 =
〈
ℒ

(��D9〉〈D9 ��) , |D8〉〈D8 |〉�
=

〈
ℒ(|D8〉〈D8 |),

��D9〉〈D9 ��〉�
= �(D9)

〈
ℒ(|D8〉〈D8 |),

��D9〉〈D9 ��〉. (4.3.5)

Since DA is an eigenvector of � with corresponding eigenvalue �(DA) = 〈DA |�|DA〉 = �(DA),
we obtain:〈��D9〉〈D: ��, |DA〉〈DA |〉� = tr

(��D9〉〈D: ���1/2|DA〉〈DA |�1/2) = tr
(��D9〉〈D: ��(�(DA)1/2|DA〉〈DA |�(DA)1/2))

= �(DA) tr
(��D9〉〈D: ��|DA〉〈DA |) = �(DA)〈D: |DA〉

〈
DA |D9

〉
= �(DA)�:=A� 9=A

Substituting into (4.3.4) gives

ℰℒ( 5 ) = −
∑
8 , 9

58 59�(D9)
〈
ℒ(|D8〉〈D8 |),

��D9〉〈D9 ��〉
=

∑
8

5 28 �(D8)
∑
9:9≠8

%ℒ,*[D8 → D9] −
∑
8≠9

58 59�(D8)%ℒ,*[D8 → D9]

=
1

2

∑
8≠9

( 5 28 + 5 29 − 2 58 59)�(D8)%ℒ,*[D8 → D9]

=
1

2

∑
8≠9

( 58 − 59)2�(D8)%ℒ,*[D8 → D9] = ℰℒ,*,cl(�)

where in the second equality we use (4.3.3) and in the third we use the reversibility of
the classical Markov generator. Next,

Var�( 5 ) = tr
(
�1/2 5 �1/2 5 †

)
− tr

(
� 5

)2
=

∑
8

5 28 〈D8 |�|D8〉 −
(∑

8

58〈D8 |�|D8〉
)2
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=

∑
8

�(D8)2�(D8) −
(∑

8

�(D8)�(D8)
)2

= Var�(�). �

Proof of Theorem 4.0.14. Let *̂ be an orthonormal eigenbasis of � satisfying *̂ =

argmin* �ℒ,*,cl. Then, by Proposition 4.0.13,

�ℒ,0 = �H
ℒ,0 = �ℒ,*̂ ,cl,

and by Theorem 4.0.11
�ℒ,*̂ ,cl ¾ �ℒ ¾

1

2�
�ℒ,*̂ ,cl. �

To prove Corollary 4.0.15, we use a generalized version of Cheeger’s inequality that
applies to general Markov generators. Although the proof is essentially the same as
in the standard case, we include it in Chapter C for completeness.

Proposition 4.3.6. Consider a classical Markov generator on a state space -, with
transition rates %[G → H] ¾ 0 for all G ≠ H ∈ -. Assume that the generator is reversible
with respect to a probability distribution � on -;1 that is, for all G ≠ H,

�(G)%[G → H] = �(H)%[H → G].

Recall that the Dirichlet form is given by ℰ( 5 ) = 1
2

∑
G≠H( 5 (G)− 5 (H))2�(G)%[G → H], and

the spectral gap is � = inf 5 :-→R
ℰ( 5 )

Var�( 5 ) .
Define the bottleneck ratio Φ := min(⊆-, �(()¶1/2

&((,(2)
�(() , where

&((, (2) =
∑

G∈(, H∉(
�(G)%[G → H].

Let Λ := supG∈-
∑
H≠G %[G → H] denote the maximum total transition rate out of any

state. Then the following inequality holds:

Φ2 ¶ 2Λ�.

Proof of Corollary 4.0.15. By Theorem 4.0.14, for a certain orthonormal eigenbasis
*̂ = {D8}8 of �,

�ℒ,*̂ ,cl ¶ 2��ℒ . (4.3.7)
1� is not assumed to be the unique stationary distribution of the process.
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We adopt the same notation as in Definition 4.0.8 and Proposition 4.0.13.
Let Λ := maxD8∈*̂

∑
D9 :9≠8 %ℒ,*̂[D8 → D9]. We prove that

Λ ¶ " = ‖�‖∞ · ‖
∑
(∈S

((†‖. (4.3.8)

Indeed, ∑
D9 :9≠8

%ℒ,*̂[D8 → D9] =
∑
D9 :9≠8

(
�(� 9 − �8)

∑
(∈S
〈D8 |(

��D9〉〈D9 ��(†|D8〉)
¶ ‖�‖∞

∑
D9

∑
(∈S
〈D8 |(

��D9〉〈D9 ��(†|D8〉
= ‖�‖∞〈D8 |©­«

∑
(∈S

(
©­«
∑
D9

��D9〉〈D9 ��ª®¬(†ª®¬|D8〉
= ‖�‖∞〈D8 |

(∑
(∈S

((†
)
|D8〉

¶ ‖�‖∞ ·





∑
(∈S

((†







As argued in Proposition 4.0.13, the classical Markov generator %ℒ,*̂ is reversible wrt
�. By Cheeger’s inequality (see Proposition 4.3.6), there exists a set ( ⊆ *̂ such that:

�(() ¶ 1/2 and
∑

D8∈(,D9∉(
�(D8)%ℒ,*̂[D8 → D9] ¶ �(()

√
2Λ�ℒ,*̂ ,cl. (4.3.9)

Let � : *̂ → R be defined by �(D8) = [D8 ∈ (] and let 5 =
∑
�(D8)|D8〉〈D8 |. Observe that 5

is a Hermitian projector that commutes with � i.e. 5 = 5 †, [ 5 , �] = 0 and 5 2 = 5 . By
the same argument as in the proof of Proposition 4.0.13 and a direct calculation, we
have:
ℰℒ( 5 ) = ℰℒ,*,cl(�) =

∑
D8∈(,D9∉(

�(D8)%ℒ,*̂[D8 → D9] and Var�( 5 ) = Var�(�) = (1−�(())�(().

Combining (4.3.7), (4.3.9), and (4.3.8), we get

ℰℒ( 5 ) ¶
√
2Λ�ℒ,*̂ ,cl · �(() ¶ 2

√
2"�ℒ,*̂ ,cl · �(()(1 − �(())

= 2
√
2"�ℒ,*̂ ,cl · Var�( 5 )

¶ 4
√
�"�ℒ · Var�( 5 ). �
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4.4 Absence of long proper arithmetic progressions
In this section, we prove Theorem 4.0.16, i.e., perturbing any fixed Hamiltonian by

a generic external field results in a new Hamiltonian whose spectrum contains no 3-
arithmetic progressions or repeated eigenvalues. We can also show similar results for
other types of perturbations. For example, we show that perturbing any fixed Hamil-
tonian by a generic degree-: perturbation yields a new Hamiltonian whose spectrum
contains no 3-arithmetic progression.

Proposition 4.4.1. For any Hamiltonian �0 and : ∈ N, the spectrum of the Hamil-
tonian � := �0 +

∑
(∈([=]

:
) �(

∏
8∈( -8 almost surely (with respect to the randomness of

� = (�()(∈([=]
:
) ∈ R(

[=]
:
)) does not have any 3-arithmetic progressions, in the sense that

the set of � ∈ R(
[=]
:
) such that � has a 3-arithmetic progressions has Lebesgue measure

0.

For quadratic perturbation, we can also restrict the domain of the interactions to
be supported on an arbitrary connected graph.

Proposition 4.4.2. For any given Hamiltonian �0 and (simple) connected graph � =

�([=], �), the spectrum of the Hamiltonian � := �0 +
∑
{8 , 9}∈�(�) �8 9-8-9 almost surely

(with respect to the randomness of � = (�8 9){8 , 9}∈�(�) ∈ R�(�)) does not have any 3-
arithmetic progressions, in the sense that the set of � ∈ R�(�) such that � has a 3-
arithmetic progressions has Lebesgue measure 0.

As corollaries, we obtain the following results regarding the spectrum of the trans-
verse field Ising model.

Corollary 4.4.3. For any simple connected graph � = �([=], �) and fixed external
field �, the spectrum of the Hamiltonian � =

∑
{8 , 9}∈�(�) �8 9/8/ 9 + ℎ

∑
8 -8 almost surely

(with respect to the randomness of � = (�8 9){8 , 9}∈�(�)) does not have any 3-arithmetic
progressions, in the sense that the set of � ∈ R�(�) such that the spectrum of � has a
3-arithmetic progressions has Lebesgue measure 0.

Corollary 4.4.4. For any interaction matrix � = (�8 9)8 , 9 , the spectrum of the Hamil-
tonian � =

∑
8, 9 �8 9/8/ 9 +

∑
8 ℎ8-8 almost surely (with respect to the randomness of

h = (ℎ8)=8=1 ∈ R=) does not have any 3-arithmetic progressions or repeated eigenval-
ues, the sense that the set of h ∈ R= such that the spectrum of � has any 3-arithmetic
progressions or repeated eigenvalues has Lebesgue measure 0.

The above shows that the spectrum of Hamiltonians with varying interactions or
external fields generically does not contain a long arithmetic progression. We can also
to show that this property holds for some Hamiltonians with uniform interaction and
external field.



CHAPTER 4. ON QUANTUM TO CLASSICAL COMPARISON FOR DAVIES
GENERATORS 86

Proposition 4.4.5. Let � be the 1D XY+Z Hamiltonian with periodic boundary con-
dition, i.e.,

� = �

=∑
8=1

-8.8+1 + ℎ
=∑
8=1

/8 where .=+1 = .1.

For an odd prime =, the spectrum of � almost surely (with respect to the randomness of
� and ℎ) does not contain any 3-arithmetic progressions or repeated eigenvalues, in the
sense that the set of (� , ℎ) ∈ R2 such that the spectrum of � has 3-arithmetic progression
or repeated eigenvalues or repeated eigenvalues has Lebesgue measure 0.1

We can also show that perturbing any fixedHamiltonian�0 by the 1DXY+ZHamil-
tonian yields a Hamiltonian whose spectrum does not contain any 3-arithmetic pro-
gression or repeated eigenvalues. This class includes several translationally invariant
1D models studied in the literature (see [KLW’15]).

Proposition 4.4.6. For any given Hamiltonian �0, the spectrum of the Hamiltonian

� := �0 + �
=∑
8=1

-8.8+1 + ℎ
=∑
8=1

/8 where .=+1 = .1

almost surely (with respect to the randomness of � and ℎ) does not contain any 3-
arithmetic progression or repeated eigenvalues, in the sense that the set of (� , ℎ) ∈ R2

such that the spectrum � has any 3-arithmetic progressions or repeated eigenvalues
has Lebesgue measure 0.

We first prove Theorem 4.0.16, which will be a model for the other proofs in this
section.

Proof of Theorem 4.0.16. We use a similar strategy as in [HH’25]. Let the eigenvalues
of � be �1,�2, . . . ,�# . Let

�(ℎ1, . . . , ℎ=) :=
∏

8 , 9 ,: distinct
(�8 + � 9 − 2�:), �(ℎ1, . . . , ℎ=) :=

∏
8 , 9:8≠9

(�8 − � 9).

Note that the spectrum of � has a 3-term arithmetic progression if and only if � =

0, and similarly, the spectrum � has eigenvalues with multiplicities if and only if
� = 0. Since � and � are symmetric under permutation of the eigenvalues of �, they
are symmetric polynomials in the eigenvalues �1, . . . ,�# , and thus by the fundamen-
tal theorem of symmetric polynomials, can be written as a polynomial in terms of∑#
8=1 �

:
8
= tr(� :) for : ∈ [#]. Since tr(� :) are polynomials in ℎ1, . . . , ℎ= (treating the

entries of �0 as fixed constants), � and � are polynomials in ℎ1, . . . , ℎ= . Since the zeros
1For odd primes =, � almost surely does not have repeated eigenvalues; this was proved in [KLW’15,

Lemma 1].
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of a multivariate polynomial are of measure zero unless the polynomial is identically
zero, it suffices to find a particular h = (ℎ8)=8=1 such that �(h) and �(h) are nonzero.
Pick ' > 0, and let ℎ̃8 := '−1ℎ8 and �̃h̃ := '−1�0 +

∑=
8=1 ℎ̃8%8. Then, the eigenvalues of

�̃h̃ are �̃8 := '−1�8 for 8 ∈ [#]. We can rewrite

�(h) = '#(#−1)(#−2)
∏

8 , 9 ,: distinct
(�̃8 + �̃ 9 − 2�̃:),

�(h) = '#(#−1)
∏
8 , 9:8≠9

(�̃8 − �̃ 9).

Let the eigenvalues of the Hermitian matrix % ∈ C2×2 be 21, 22 ∈ R, where 21 ≠ 22, since
% is not a multiple of the identity.

Note that the eigenvalues of
∑=
8=1 ℎ̃8%8 are �∗

9
=

21−22
2

∑=
8=1(2G8 − 1)ℎ̃8 + � where

G1 . . . G= ∈ {0, 1}= is the binary representation of 9 , and � =
�1+�2

2

∑
8 ℎ̃8 . Keeping h̃ fixed

while taking '→ +∞,∏8 , 9 ,: distinct(�̃8 + �̃ 9 −2�̃:) (and
∏

8 , 9:8≠9(�̃8 − �̃ 9), respectively) con-
verges to

∏
8 , 9 ,: distinct(�∗8 +�∗9−2�∗:) (

∏
8 , 9:8≠9(�∗8 −�∗9) respectively), so it suffices to exhibit

a particular h̃ such that
∏

8 , 9 ,: distinct(�∗8 + �∗
9
− 2�∗

:
) ≠ 0 and

∏
8 , 9:8≠9(�∗8 − �∗

9
) ≠ 0, which

is equivalent to
∑=
8=1 ℎ̃8%8 not having any 3-term arithmetic progressions or repeated

eigenvalues in its spectrum. The existence of such an h̃ is guaranteed by the following
proposition. �

Proposition 4.4.7. If ℎ̃1, . . . , ℎ̃= are linearly independent over Z, then
∑=
8=1 ℎ̃8%8 does

not have any 3-term arithmetic progressions or repeated eigenvalues in its spectrum.

Proof. The eigenvalues of
∑=
8=1 ℎ̃8%8 are

21−22
2

∑=
8=1 I8 ℎ̃8+� for I ∈ {±1}= and � =

21+22
2

∑
8 ℎ̃8 ,

where 21, 22 ∈ R are the eigenvalues of %, and note that 21 ≠ 22 since % is not a multiple
of the identity.

Suppose for contradiction that
∑=
8=1 %8 ℎ̃8 has repeated eigenvalues. Then there exist

distinct E, I ∈ {±1}= such that

0 =

=∑
8=1

E8 ℎ̃8 −
=∑
8=1

I8 ℎ̃8 =

=∑
8=1

(E8 − I8)ℎ̃8 .

Since E, I in are distinct vectors in {±1}=, (E8 − I8)=8=1 ∈ {0,±2}= ⊆ Z= and is not the zero
vector, so (ℎ̃8)=8=1 are not linearly independent over Z, a contradiction.

Suppose for contradiction that there exists a 3-term arithmetic progression, i.e.,
there exist (pairwise) distinct E, F, I ∈ {±1}= such that

0 =

=∑
8=1

E8 ℎ̃8 +
=∑
8=1

F8 ℎ̃8 − 2
=∑
8=1

I8 ℎ̃8 =

=∑
8=1

(E8 + F8 − 2I8)ℎ̃8 .
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Since E and F are distinct, there exists 8 such that E8 ≠ F8 , and thus E8 + F8 − 2I8 =
1 + (−1) − 2I8 = −2I8 ≠ 0. So (E8 + F8 − 2I8)=8=1 ∈ {0,±2,±4}= ⊆ Z= and is not the zero
vector, contradicting that (ℎ̃8)=8=1 are linearly independent over Z. �

Proof of Proposition 4.4.2. By the same argument as in proof of Theorem 4.0.16, the
statement reduces to the following proposition. �

Proposition 4.4.8. If � is connected and (�8 9){8 , 9}∈�(�) are linearly independent over Z,
then the spectrum of

∑
{8 , 9}∈�(�) �8 9-8-9 does not have any 3-term arithmetic progression.

Proof. Note that
∑
{8 , 9}∈�(�) �8 9-8-9 is equivalent to

∑
{8 , 9}∈�(�) �8 9/8/ 9 by a unitary trans-

formation, so we only need to work with
∑
{8 , 9}∈�(�) �8 9/8/ 9 .

The computational basis forms an eigenbasis of
∑
{8 , 9}∈�(�) �8 9/8/ 9 where the eigen-

value corresponding to H ∈ {0, 1}= is
∑
{8 , 9}∈�(�) �8 9(2H8 − 1)(2H 9 − 1). The eigenvalues

of
∑
{8 , 9}∈�(�) �8 9/8/ 9 are thus

∑
{8 , 9}∈�(�) �8 9I8I 9 for I ∈ {±1}= . Suppose for contradiction

that there exists a 3-term arithmetic progression, i.e. there exist pairwise distinct
E, F, I ∈ {±1}= such that

0 =

∑
{8 , 9}∈�(�)

E8E 9�8 9 +
∑

{8 , 9}∈�(�)
F8F 9�8 9 −2

∑
{8 , 9}∈�(�)

I8I 9�8 9 =
∑

{8 , 9}∈�(�)
(E8E 9 +F8F 9 −2I8I 9)�8 9 .

It is easy to see that E8E 9 + F8F 9 − 2I8I 9 ∈ {0,±2,±4}, so for linearly independent (�8 9),
the above is true iff E8E 9 + F8F 9 − 2I8I 9 = 0 for all {8 , 9} ∈ �(�). This implies that
E8E 9 = F8F 9 = I8I 9 for all {8 , 9} ∈ �(�).

Indeed, suppose there exists {8 , 9} ∈ �(�) such that E8E 9 ≠ F8F 9 then since E8E 9 , F8F 9 ∈
{±1}, E8E 9 + F8F 9 − 2I8I 9 = 0 − 2I8I 9 ≠ 0, a contradiction. Thus for all {8 , 9} ∈ �(�) :
E8E 9 = F8F 9 , which then implies E8E 9 = F8F 9 = I8I 9 since E8E 9 + F8F 9 − 2I8I 9 = 0.

Fix an arbitrary 8 ∈ [=]. By the pigeonhole principle, since E8 , F8 , I8 ∈ {±1}, either
E8 = F8 or E8 = I8 . Wlog assume E8 = F8 . Then for any 9 such that {8 , 9} ∈ �(�), E 9 = F 9

(since E8E 9 = F8F 9). By this same argument, any 9 such that there is a path in � from
8 to 9 has E 9 = F 9 , and this includes all vertices in � since � is connected. Thus E is
identical to F, contradicting that E and F are distinct vectors in {±1}= . �

Proof of Proposition 4.4.1. By the same argument as in proof of Theorem 4.0.16, the
statement reduces to the following proposition. �

Proposition 4.4.9. If (�()(∈([=]
:
) are linearly independent over Z, then the spectrum of∑

(∈([=]
:
)
�(

∏
8∈(

-8

does not have any 3-term arithmetic progression.
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Proof. Note that
∑
(∈([=]

:
) �(

∏
8∈( -8 is unitarily equivalent to

∑
(∈([=]

:
) �(

∏
8∈( /8, so it

suffices to work with the latter. The computational basis forms an eigenbasis for∑
(∈([=]

:
) �(

∏
8∈( /8, with eigenvalues indexed by H ∈ {0, 1}= given by

∑
(∈([=]

:
) �(

∏
8∈((2H8−

1). Equivalently, the eigenvalues are
∑
(∈([=]

:
) �(

∏
8∈( I8 for I ∈ {±1}=.

Suppose for contradiction that there exists a 3-term arithmetic progression, i.e.
then by the same argument as in the proof of Proposition 4.4.2, there exists pairwise
distinct E, F, I ∈ {±1}= such that for all ( ∈

([=]
:

)
,
∏

8∈( E8 =
∏

8∈( F8 =
∏

8∈( I8 . We prove
the following claim by induction on : ¾ 1, and concludes that the above implies either
E = F or E = I, contradicting that E, F, I are pairwise distinct.

Claim 4.4.10. Let E, F ∈ {±1}= such that for all ( ∈
([=]
:

)
,
∏

8∈( E8 =
∏

8∈( F8 . If : is odd
then E8 = F8 for all 8 ∈ [=]. If : is even then either E = F or E = −F.

The base case : = 1 is trivially true. Consider : ¾ 2, and suppose we have proved
the claim for all :′ ¶ : − 1. There are two cases, : is odd and : is even.

Suppose : is odd. If E8 ≠ F8 for all 8 ∈ [=], then since E8 , F8 ∈ {±1}, it must be
that E8 = −F8 for all 8 ∈ [=], but this implies

∏
8∈( E8 = (−1):

∏
8∈( F8 = −

∏
8∈( F8 ≠∏

8∈( F8 , a contradiction. Hence, there exists 8∗ such that E8∗ = F8∗ . This means for
any ) ⊆

([=]\{8∗}
:−1

)
, by factoring out E8∗ = F8∗ from

∏
8∈)∪{8∗} E8 =

∏
8∈)∪{8∗} F8 , we have∏

8∈) E8 =
∏

8∈) F8 . Apply the induction hypothesis for : − 1, and note that : − 1 is even,
we have that either E8 = F8 for all 8 ∈ [=] or E8 = −F8 for all 8 ∈ [=] \ {8∗}. In the second
case, for any ( ⊆

([=]\{8∗}
:

)
,
∏

8∈( E8 = −
∏

8∈( F8 ≠
∏

8∈( F8 (a contradiction). So the first
case i.e. E8 = F8 for all 8 ∈ [=] holds.

Suppose : is even. Fix an arbitrary index 8∗, then there are two cases: either E8∗ =
F8∗ or E8∗ = −F8∗ . If E8∗ = F8∗ then by the same argument as above,

∏
8∈) E8 =

∏
8∈) F8 for

any ) ∈
([=]\{8∗}
:−1

)
, which, by the inductive hypothesis, implies that E8 = F8 for all 8 ∈ [=].

For the second case, E8∗ = −F8∗ . Let Ẽ8 = −E8 for all 8 , then Ẽ8∗ = F8∗ and
∏

8∈) Ẽ8 =
∏

8∈) F8
for any ) ∈

([=]\{8∗}
:−1

)
, thus Ẽ8 = F8 for all 8 ∈ [=] by the induction hypothesis. �

Proof of Proposition 4.4.5. We normalize the Hamiltonian so that ℎ = 1. By [KLW’15],
the eigenvalues of � are �I(�) =

∑=
:=1 I:<:(�) where <:(�) = ��: −

√
�2�2

:
+ 1 and �: =

sin
(
2�:
=

)
, for I ∈ {±1}= . Let = be an odd prime.

The set of � ∈ R for which � contains a 3-term arithmetic progression is⋃
E,F,I∈{±1}=

distinct

{� ∈ R : �E(�) + �F(�) − 2�I(�) = 0}.

Thus, it suffices to show that for each distinct triple E, F, I ∈ {±1}=, the set

{� ∈ R : �E(�) + �F(�) − 2�I(�) = 0}
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has measure zero. Since �E(�) + �F(�) − 2�I(�) is a real-analytic function of �, its zero
set has measure zero unless the function is identically zero.

Suppose that �E(�)+�I(�)−2�F(�) is identically 0; then for 3: = E:+F:−I:
2 ∈ {0,±1,±2},

we have, for all �, that
=∑
:=1

3:<:(�) = 0. (4.4.11)

We will show the following claim:
Claim 4.4.12. If (4.4.11) holds for some 31, . . . , 3= ∈ Z then 31 = · · · = 3= = 0.

Given this claim, we conclude that 0 = 23: = E: + F: − I: for all : ∈ [=]. But,
since E, F are distinct, there exists : ∈ [=] such that E: ≠ F: , in which case 23: =

E: + F: − 2I: = −2I: ≠ 0, a contradiction.
Now, we verify the claim.
First, observe that for odd prime =, �1, . . . , �(=−1)/2 are linearly independent over Z.

Suppose for contradiction that there exists 01, . . . , 0(=−1)/2 ∈ Z such that 0 =
∑(=−1)/2
9=1

0 9�9 .

Since each �9 can be rewritten as �9 = $ 9−$−9
28 where $ = 428�/= , this would imply that

{$ 9}=−19=1
is linearly dependent over Z, a contradiction (see [L’79, Lemma 2.11]).

For small � , the Taylor series around � = 0 for (4.4.11) gives

0 = −2
∑
:

3: + 2�
∑
:

�:3: − �2
∑
:

�2
:3: + $(�

3).

This implies:

0 =

=∑
:=1

�:3:

Using the facts that

�= = sin(2�) = 0 and for all : ∈ [= − 1], �: = sin

(
2�:
=

)
= − sin

(
2�(= − :)

=

)
= −�=−: ,

we can rewrite

0 =

=∑
:=1

�:3: =
(=−1)/2∑
:=1

�:(3: − 3=−:)

Since the set {�:}(=−1)/2:=1
is linearly independent over Z, this implies

3: = 3=−: = 0

: ∈ {1, . . . , (= − 1)/2}. Substituting this into (4.4.11), and using <=(�) = −1 and �: =

−�=−: , we get:

0 =

=∑
:=1

3:<:(�)
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= −3= +
=−1∑
:=1

��:3: −
=−1∑
:=1

3:

√
�2�2

:
+ 1

= −3= + �
(=−1)/2∑
:=1

3:(�: + �=−:) − 2
(=−1)/2∑
:=1

3:

√
�2�2

:
+ 1

= −3= − 2
(=−1)/2∑
:=1

3:

√
�2�2

:
+ 1.

This equation holds for all �. Dividing both sides by � yields:

0 = −3=
�
− 2
(=−1)/2∑
:=1

3:

√
�2
:
+ (1/�)2.

Taking the limit � → +∞, and using the fact that �: = sin
(
2�:
=

)
¾ 0 for all : ∈ {1, . . . , (=−

1)/2}, we obtain:

0 = −2
(=−1)/2∑
:=1

3:�: .

Again, using the linear independence of {�:}(=−1)/2:=1
over Z, we conclude 3: = 0 for all

: ∈ {1, . . . , (= − 1)/2}. Since 3: = 3=−:, this implies 3: = 0. Finally, substituting into
(4.4.11) and using <=(�) = −1 yields 3= = 0, which finishes the claim.

Now, we prove that the set of � s.t. � contains repeated eigenvalues hasmeasure 0.1
By the same argument above, we only need to verify that for E, F ∈ {±1}= , if �E(�)−�F(�)
is identically 0 then E = F. Indeed, letting 3′

:
=

E:−F:
2 ∈ {0,±1} ⊆ Z, if

�E(�) − �F(�) = 2

=∑
:=1

3′:<:(�)

is identically 0 then the above claim implies 3′
:
= 0 for all : ∈ [=] and thus E = F. �

Proof of Proposition 4.4.6. By the same argument as in proof of Theorem 4.0.16, the
statement reduces to Proposition 4.4.5. �

1This was shown in [KLW’15], but we include a proof for the sake of completeness.
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Chapter 5

On the ground state energies of
discrete and semiclassical
Schrödinger operators

Let+ : R3 → R¾0 be a smooth Z3-periodic potential and let � ∈ (0, 1) be a parameter.
We study the family of discrete Schrödinger operators �� : ℓ2(�Z3) → ℓ2(�Z3) defined
by

�� 5 (:�) := ©­«23 5 (:�) −
∑
9∼:

5 (9�)ª®¬ ++(:�) 5 (:�) = (! ++) 5 (:�), for : ∈ Z3 (5.0.1)

where 9 ∼ : indicates that 9 , : ∈ Z3 differ in exactly one coordinate and ! is the dis-
crete Laplacian of the corresponding graph on �Z3. This family includes several well-
studied operators, such as the almost-Mathieu operator which corresponds to the spe-
cial case

+(G) := �(2 − 2 cos(2�G)), for � > 0 (5.0.2)

in 3 = 1. The operator �� is bounded and self-adjoint with spec(��) ⊆ [0, 43 + ‖+‖∞].
We refer to the infimum of its spectrum as its ground state energy, denoted �(��),
which admits the well-known variational characterization

�(��) = inf
5 ∈ℓ2(�Z3)

 5 

=1

〈 5 , �� 5 〉 = inf
5 ∈ℓ2(�Z3)

 5 

=1

©­«
∑
9∼:∈Z3

( 5 (:�) − 5 (9�))2 +
∑
:∈Z3

+(:�) 5 (:�)2ª®¬. (5.0.3)

Motivated by questions in geometric group theory, there has been interest [BVZ’97;
BZ’05; B+’17a; B+’17b; O’22] in proving good upper and lower bounds on �(��), � ∈[
0, 12

]
for the special case (5.0.2) — roughly speaking, this quantity arises naturally
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in the representation theory of the Heisenberg group and controls the spectral gap
of the random walk on that group. More recently, a line of work initiated by Ozawa
[O’16; KNO’19; KKN’21] introduced a method for producing semidefinite program-
ming proofs of Kazhdan’s Property (T) for various groups including (!=(Z), in which
effective bounds on certain �(��) play a role. The best known bounds on �(��) for the
almost-Mathieu operator due to [BZ’05] rely on delicate trigonometric calculations,
and as far as we are aware there is no systematic method for proving such bounds in
general.

In contrast, in many cases the ground state energy of a corresponding periodic
Schrödinger operator on R3 can be estimated using well-established tools of spectral
theory — see e.g. [K’52; GGS’92] for examples of such bounds in 1 dimension, and
Proposition 5.0.10 for coarse bounds in any dimension. In this context, consider the
3-dimensional Schrödinger operator with potential + and semiclassical parameter �,
�� : �2(R3) → !2(R3), defined as

�� 5 (G) := −�2
3∑
8=1

32

3G2
8

5 (G) ++(G) 5 (G) = (−�2Δ ++) 5 (G). (5.0.4)

�� is an unbounded selfadjoint nonnegative operator. Let �(��) denote the ground
state energy of ��. We then have the variational characterization (see e.g. [RS’81,
Chapter VIII])

�(��) = inf
6∈�2(R3)

6

=1

〈6, ��6〉 = inf
6∈�2(R3)

6

=1

∫
R3

�2


∇6(G)

2 ++(G)6(G)2 dG. (5.0.5)

The purpose of this chapter is to establish a relationship between �(��) and �(��)
for a wide class of +, allowing bounds in one setting to be transferred to the other.
To our knowledge, this is the first work to relate the two quantities. Our results are
general, in that they apply for a wide class of potentials, and effective, in that they
provide concrete bounds for fixed � as is required in the applications to group theory
mentioned above.

We prove the following three results which articulate that while the spectra of ��

and �� are clearly different, their ground state energies are in many cases comparable.
With the exception of Theorem 5.0.6, we do not expect the bounds obtained here to be
sharp in terms of their dependence on �.

Upper bound on -(G)) for continuous periodic \ , irrational ).

Theorem 5.0.6. Let + : R3 → R¾0 be continuous and Z3-periodic. For � irrational,

�(��) ¶ �(��).
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The irrationality assumption above cannot be removed in general— seeRemark 5.2.11
for a discussion. However the above result can be extended to all � by instead consid-
ering the infimum of the union spectrum of �� (see Definition 5.2.8) instead of �(��).
The proof of Theorem 5.0.6 appears in Section 5.2.

Lower bound on -(G)) for smooth periodic \ , small ). Under stronger assump-
tions on +, we establish the reverse inequality �(��) ¾ �(��)(1 − >(1)) as � → 0. To
state our result we introduce the following definitions.

Definition 5.0.7 (critical point). For a multi-index 
 = (
1, . . . , 
3) ∈ N3, let �
 :=(
%

%G1

)
1

. . .
(

%
%G3

)
3
. A point < ∈ R3 is a critical point of order ? of + if �
+(<) = 0 for

all 
 satisfying ‖
‖1 ¶ ? − 1, and �
+(<) ≠ 0 for some 
 satisfying ‖
‖1 = ?.

Definition 5.0.8 (coercive). A potential + is %-coercive with parameters (C0,  , %),  ¾
1, if for every C ¶ C0 and H ∈ R3, +(H) ¶ C + inf+ implies that there exists a critical
point < of order ? with 2 ¶ ? ¶ % such that



H − <

 ¶  C
1
? . We say that + is uniformly

?-coercive if it is ?-coercive and all of its critical points have order exactly ?.

Coercivity guarantees that if a function is close to itsminimumvalue, then its input
must be polynomially close to a critical point. Note that any real analytic periodic
potential with finitely many local minima satisfies this property. The bound below
depends on the parameters of coercivity as well as + ’s smoothness.

Theorem 5.0.9. Let+ : R3 → R¾0 be smooth, Z3-periodic, and %-coercive with bounded
directional derivative in every sequence of % directions— i.e., for each G ∈ R3 and 
 ∈ N3

with ‖
‖1 ¶ %, there is an upper bound on �
+(G) independent of 
 and G. Then for �
sufficiently small, (

1 + $
(
�

1
2(%+1)

))
�(��) ¾ �(��) − $

(
�2− 3%+1

2%(%+1)
)
.

The proof of Theorem 5.0.9 appears in Section 5.3, where a more precise version
(Theorem 5.3.1) specifying the constants in the asymptotic notation is provided. The
estimate above is nontrivial at least for + with isolated critical points: for such poten-
tials, it can be shown that the additive $(�2− 3%+1

2%(%+1) ) term on the right hand side is of
smaller order than �(��) as � → 0. In particular we prove the following estimates in
Chapter D using simple arguments which we suspect are known but could not find in
the literature.

Proposition 5.0.10. Suppose + : R3 → R¾0 is a smooth Z3-periodic potential which
is uniformly ?-coercive for some ? ¾ 2 and has only isolated critical points. Then as
�→ 0 we have

(a) �(��) = Ω

(
�

2?
?+1

)
if 3 = 1, 2,



CHAPTER 5. ON THE GROUND STATE ENERGIES OF DISCRETE AND
SEMICLASSICAL SCHRÖDINGER OPERATORS 95

(b) �(��) = Ω

(
�

2?
?+2

)
if 3 ¾ 3, and

(c) �(��) = $
(
�

2?
?+2

)
for all 3 ¾ 1,

where the implicit constants depend on +.

Lower bound on -(G)) for bounded \ and any ). For H ∈ �Z3, let �(H) := H +
{0, �}3 and �(H) := H + [0, �]3. We then have the following comparison between �(��)
and �(��) under the less restrictive assumptions that + is bounded, nonnegative, and
its local averages on the cubes �(H) and �(H) are comparable for all H ∈ �Z3.
Theorem 5.0.11. Let + : R3 → R¾0, not necessarily periodic with ‖+‖∞ ¶ 1, and let
� ∈ (0, 1). Suppose that there exists 0 = 0(�) > 0 such that for all H ∈ �Z3,

1

�3

∫
�(H)

+(G) dG ¶ 0 · 1
23

∑
:∈�(H)

+(:). (5.0.12)

Then,
23�(��) ¾ �(��)

where 23 = max
{
33

23
+ 5 · 33 , 4 · 33

23
· 0

}
.

Combined with Theorem 5.0.6 this establishes that for + satisfying the conditions
of both theorems and � irrational, �(��) and �(��) agree up to a multiplicative factor.
The quantity 23 arises as the worst-case relationship between local Rayleigh quotients
on individual cubes �(H) and �(H). The requirement that 0 > 0 in particular rules
out the possibility that +(H) = 0 for all H ∈ �Z3 while having + ≠ 0 elsewhere, in
which case we could have 0 = �(��) < �(��). The proof of Theorem 5.0.11 appears in
Section 5.4.

Example. As an example, consider the almost-Mathieu operator. The potential (5.0.2)
is coercive with parameters

(
4�, 1

2�
√
�
, 2

)
, its Lipschitz constant is 4��, and its second

derivative is bounded by 8�2�. Therefore we find from Theorem 5.3.1 that

�(��) ¶ �(��) +
1

1 − �(��)

(
8�
√
��1+@/2 +

(
�(��) +

8���1−@

1 − 4���1−@

)
�(��)

)
for all 0 < @ < 1. This choice of+ also obeys the conditions of Proposition 5.0.10, so from
the choice @ = 5

6 and the constant in (D.1) being 4
√
8�
√
�, we obtain the multiplicative

upper bound

�(��)
�(��)

¶ 1 + 1

1 − 4
√
8�
√
��2

(
8�
√
��

1
12 + 4
√
8�
√
��2 + 8���

1
6

1 − 4��� 1
6

)
.
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The lower bound of 1 follows from Theorem 5.0.6. We note that the large error bound
of $

(
�

1
12

)
(in comparison to [BWZ’26]’s (5.0.13); see the following section for further

discussion) is a lossy consequence of applying a Lipschitz bound for the potential on
its entire domain.

In the setting of Theorems 5.0.11/5.4.1, when � < 1
2 , + has 0 ¶ 2

3 ; note that if � = 1
2

such an 0 does not exist. Thus 21 as in the Theorem statement is 33
2 (we note that this

can be improved to 21 = 9 with modified choices of parameters in the proof which are
preferable in 3 = 1).

Related work
The question of quantitative bounds on �(��) in the case of the almost-Mathieu op-

erator (5.0.2) was first investigated by Béguin, Valette, and Zuk [BVZ’97] in the context
of provingmixing time bounds for randomwalks on the Heisenberg group; they proved
�(��) = Ω(1) for � in a neighborhood of 1

2 and conjectured a constant lower bound for
� ∈

[
1
4 ,

1
2

]
. This was significantly improved by Boca and Zaharescu [BZ’05] who proved

nonasymptotic bounds in the full range � ∈
[
0, 12

]
via an elementary trigonometric

calculation (see also Ozawa [O’22] for a simplified proof of a slightly weaker result).
Bump, Diaconis, Hicks, Miclo, and Widom [B+’17a; B+’17b] gave alternative proofs of
similar bounds based on an uncertainty principle for circulant matrices and by a com-
parison to the harmonic oscillator spectrum via a limiting argument.1 Our results
do not improve the best known bound of [BZ’05], but provide an alternate and more
conceptual route to proving such bounds.

There has been an extensive study of the fine structure of the spectrum of discrete
Schrödinger operators in the mathematical physics community, but surprisingly few
works giving quantitative bounds on the edge of the spectrum. Davies [D’99] studied
the numerical problem of estimating �(��) and observed that it is related to subtle
dynamical phenomena. Akkouche [A’10] gave a necessary and sufficient condition for
the ground state energy of a discrete Schrödinger operator −!+�+ on Z3 to be positive
for a large (not necessarily periodic or nonnegative) class of potentials +, for small �:
+ merely needs to have mean bounded away from 0 on all sufficiently large intervals.
This is related to the condition (5.0.12) but holds only on some fixed macroscopic scale,
whereas 0(�) is posited to exist for a chosen scale �. Milatovic [M’13] generalized this
result to other bounded degree graphs.

We will not attempt to survey the vast literature on the spectrum of Schrödinger
operators on R3; most relevant for this chapter are the works by Kato [K’52], Gesztesy,
Graf, and Simon [GGS’92], and Arendt and Barry [AB’96; AB’97], who proved bounds
on �(��) in 3 = 1 for various classes of potentials. More broadly, there appear to
be no results in the literature relating spectral bounds for discrete and continuous

1This latter argument only gave asymptotic bounds as �→ 0.
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Schrödinger operators. Establishing such bounds, as is done here, could provide a
fruitful bridge between the two areas.

Motivated by this work, Becker, Wittsten, and Zworski [BWZ’26] used semiclassical
methods to significantly improve some aspects of Theorem 5.0.9. They establish

�(��)
�(��)

= 1 + $3(�) as �→ 0 (5.0.13)

for all periodic smooth confining potentials + : R3 → R¾0, with a full asymptotic
expansion in � when + satisfies further nondegeneracy assumptions. Their result
is stronger than Theorem 5.0.9 in that it obtains a smaller ratio as a function of �,
but weaker in that it does not provide explicit estimates for fixed �. The classes of
potentials considered in the two theorems are incomparable: [BWZ’26] requires + to
be confining, whereas Theorem 5.0.9 requires + to be coercive with critical points of
finite order. Theorem 5.0.11 proves a much weaker bound than (5.0.13), but requires
fewer assumptions on +, and Theorem 5.0.6 proves a stronger upper bound of 1 for
irrational �.

5.1 Preliminaries
9-pseudo-ground-states. For 5 ∈ �()), we say that 5 is a �-pseudo-ground-state
or �-p.g.s. if ℛ)( 5 ) ¶ �()) + �. When ) is either �� or �� and 5 is an �-p.g.s. of ), we
may assume that 5 is non-negative by considering

�� 5 ��, which is easily seen to have a
smaller Rayleigh quotient than 5 . We will sometimes want to assume 5 is positive; in
this case we add a small everywhere-positive perturbation from �()) which increases
the Rayleigh quotient by an arbitrarily small amount.

Fourier coefficients on a hypercube. We will often consider functions restricted
to �(H) for some choice of H ∈ �Z3; it will be useful to view these as functions defined
on a hypercube. To that end, we recall some facts from Fourier analysis on a hyper-
cube: consider a function � defined on the 3-dimensional hypercube {−1, 1}3 with the
standard edge set. The functions "((G) :=

∏
8∈(
G8 for ( ⊆ [3] form an orthogonal basis

for the space of functions on {−1, 1}3 with respect to the inner product〈
5 , 6

〉
:=

∑
G∈{−1,1}3

5 (G)6(G).

We can then write �(G) = ∑
(⊆[3]

�̂(()"((G). From [O’14] we have

E
[
�(G)2

]
=

∑
(⊆[3]

�̂(()2, and E[�(G) · !�(G)] = 2
∑
(⊆[3]
|(|�̂(()2
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so 〈�, !�〉 = 23+1
∑
(⊆[3]
|(|�̂(()2 (5.1.1)

where the expectation is taken over G drawn uniformly at random from {−1, 1}3 and !
is the unnormalized graph Laplacian: ! 5 (G) := 23 5 (G) − ∑

H∼G
5 (H).

5.2 Constructing a discrete p.g.s. via sampling
In this section we prove Theorem 5.0.6. Our strategy is: for any 6 : R3 → R¾0, we

exhibit 5 : �Z3 → R¾0 such that ℛ��( 5 ) ¶ ℛ��(6). The naive construction is to let
5 take 6’s values on �Z3. The observation is that for � irrational, ergodicity implies
there is a priori no reason to prefer �Z3 ⊂ R3 over any other shift �Z3 + � ⊂ R3, and
we show by averaging over all such translations that there exists a translation giving
rise to a satisfactory 5 .

Proof of Theorem 5.0.6. Let 6 : R3 → R¾0. Let � ∈ [0, �]3, drawn uniformly at random
with each coordinate independent. We define the test function 5� as 5�(:�) := 6(:�+�).

Since we sample 6 at �Z3 + � to construct 5�, it is natural to sample + on the same
lattice. To this end define ��,�, a discrete operator on functions defined on �Z3, via

��,� 5 (:�) := 23 5 (:�) −
∑
9 ,:∈Z3
9∼:

5 (9�) +
∑
:∈Z3

+(:� + �) 5 (:�).

We aim to show that there exists an � soℛ��,�( 5�) ¶ ℛ��(6). First we have the following
lemma, relating �(��,�) and �(��), which is known (appearing in e.g. [J’21] for the
almost-Mathieu operator), but we include a proof in Chapter D for completeness.
Lemma 5.2.1. If + : R3 → R¾0 is continuous and periodic and � is irrational, then
�(��,�) is independent of �.

It is thus sufficient to relate �(��,�) and �(��). We will look at

E
[〈
5� , ��,� 5�

〉]
E
[

 5�

2] . (5.2.2)

Note that if - and . are non-negative random variables with E[|- |] < ∞ and - ≠ 0
almost surely, then with nonzero probability

.

-
¶

E[.]
E[-] . (5.2.3)
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�
�
:,1

�
�
:′ ,1

�
�
:,2

�
�
:′ ,2

(0, 0)

Figure 5.1: In 3 = 2: ��
:,1

(purple, dashed), ��
:′ ,1 (purple, dotted),

�
�
:,2

(blue, solid), and �
�
:′ ,2 (blue, dotted) for : = (0, 1) and � =(

1
3�,

7
10�

)
.

�
�
:′ ,1

(0, 0)

Figure 5.2: In 3 = 2, ��
:′ ,1 (purple, dotted) and

⊔
0¶$2<� �

$
:′ ,1 (ma-

genta hatching) for :′ = :2 = 1. Note that this union is indepen-
dent of � =

(
1
3�,

7
10�

)
.

By Section 5.1, we can assume that 5 > 0, so


 5�

2 > 0 almost surely and it will suffice

to bound the ratio of expectations in (5.2.2).
The following segmentation will be useful in our analysis when we want to vary

only one coordinate: for : ∈ Z3 , 1 ¶ 8 ¶ 3, � ∈ [0, �)3, let

�
�
:,8

:=
{
G : G 9 = (:� + �)9 ∀9 ≠ 8 , :8� + �8 ¶ G8 < (:8 + 1)� + �8

}
.

Letting {48}38=1 be the coordinate basis of R3, we can also express these sets as ��
:,8

=

(:� + �) + [0, �)48 .
Given : and 8, let :¬8 := (:1, . . . , :8−1, :8+1, . . . , :3) ∈ Z3−1. For :′ ∈ Z3−1 define

�
�
:′ ,8 :=

⋃
:∈Z3
:¬8=:′

�
�
:,8
.

Immediately from this we have⊔
0¶�9<�
9≠8

�
�
:′ ,8 =

⋃
:∈Z3
:¬8=:′

�(�:), therefore
⊔

:′∈Z3−1

⊔
0¶�9<�
9≠8

�
�
:′ ,8 = R3 . (5.2.4)
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Note ��
:′ ,8 is independent of �8 but is dependent on each � 9, 9 ≠ 8. See Figure 5.1 for

examples of ��
:,8

and ��
:′ ,8 and Figure 5.2 for an illustration of (5.2.4).

We evaluate each quantity involved for the main result.

Claim 5.2.5. The norms of 5� and 6 satisfy E�

[

 5�

2] = 1
�3



6

2.
Proof. This follows from directly evaluating this expectation:

E�

[

 5�

2] = E�

[∑
:∈Z3

5�(:�)2
]
=

∑
:∈Z3

E�

[
6(:� + �)2

]
=

∑
:∈Z3

E�1

[
. . .E�3

[
6(:� + �)2

]
. . .

]
=

1

�3



6

2. �

Claim 5.2.6. The quadratic forms of 5� and 6 with the respective Laplacian operators
satisfy

E�

[〈
5� , ! 5�

〉]
¶

1

�3−2


∇6

2.

Proof. First we evaluate
〈
5� , ! 5�

〉
:

〈
5� , ! 5�

〉
=

∑
:∈Z3

3∑
8=1

(
5�((: + 48)�) − 5�(:�)

)2
=

3∑
8=1

∑
:∈Z3

(
6((: + 48)� + �) − 6(:� + �)

)2 construction of 5�

=

3∑
8=1

∑
:∈Z3

(∫
�
�
:,8

%

%G8
6(G) dG

)2
¶

3∑
8=1

∑
:∈Z3

�

∫
�
�
:,8

(
%

%G8
6(G)

)2
dG Cauchy–Schwarz.

Then,

E�

[〈
5� , ! 5�

〉]
¶ �

3∑
8=1

∑
:′∈Z3−1

E�

[∫
�
�
:′ ,8

(
%

%G8
6(G)

)2
dG

]
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= �
3∑
8=1

E�

[ ∑
:′∈Z3−1

∫
�
�
:′ ,8

(
%

%G8
6(G)

)2
dG

]
Tonelli

= �
3∑
8=1

E(
�1 ,...,�8−1 ,�8+1 ,...,�3

) [ ∑
:′∈Z3−1

∫
�
�
:′ ,8

(
%

%G8
6(G)

)2
dG

]
invariance of ��

:′ ,8 w.r.t. �8

=
�

�3−1

3∑
8=1

∫
R3

(
%

%G8
6(G)

)2
dG from (5.2.4)

=
1

�3−2


∇6

2.

�

Claim 5.2.7. The quadratic forms of 5� and 6 with the respective potential operators
satisfy

E�

[〈
5� , + 5�

〉]
=

1

�3
〈
6, +6

〉
.

Proof. Again, we directly evaluate this expectation

E
[〈
5� , + 5�

〉]
= E�

[∑
:∈Z3

+(:� + �) 5�(:�)2
]
=

∑
:∈Z3

E�

[
+(:� + �)6(:� + �)2

]
=

1

�3
〈
6, +6

〉
.

�

Altogether then we see

E�

[〈
5� , ��,� 5�

〉]
E�

[〈
5� , 5�

〉] ¶
( 1

�3−2


∇6

2 + 1

�3
〈
6, +6

〉) �3

6

2 =
�2



∇6

2 + 〈
6, +6

〉

6

2 .

Minimizing over choices of 6, by (5.2.3) there is � such that �(��,�) ¶ �(��) for
irrational �. Finally by Lemma 5.2.1, �(��) ¶ �(��). �

The above proof considers the infimum of the spectrum of the operator ��. How-
ever, we can instead consider its union spectrum, which is more natural in some con-
texts.

Definition 5.2.8 (union spectrum, cf. [MJ’17]). The union spectrum of �� is (+(��) :=⋃
�
�(��,�).

Note that if � is irrational, then by Lemma 5.2.1, inf (+(��) = �(��). By considering
the infimum of the union spectrum, we can extend Theorem 5.0.6 to all �:
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Corollary 5.2.9. For all � > 0, inf (+(��) ¶ �(��).

Proof. By the above proof we know that there exists � such that

�(��,�) ¶
〈
5� , ��,� 5�

〉〈
5� , 5�

〉 ¶

〈
6, ��6

〉〈
6, 6

〉 .

Minimizing over 6 and recalling the definition of (+(��), the claim is shown. �

For choices of+ such that �(��) is continuous with respect to �, this result extends
immediately to rational � by continuity.

Corollary 5.2.10. For+ such that �(��) is continuous with respect to �, �(��) ¶ �(��)
for all �.

Remark 5.2.11. Choices of + satisfying Corollary 5.2.10 are not immediately ap-
parent. A notable counterexample is the almost-Mathieu operator. Let +�(G) = 2 −
2 cos(2�G + �) and + = +0. Then for � = 1 and any �, we have +�(:�) = +(�) for all :,
so �(��,�) = +(�). Now consider �′ = 1 − � where � is a small positive irrational (so
�′ is irrational). Then for � = 0, we have +(:�′) = +(:(1 − �)) = +(−:�) = +(:�), so
�(�1−�) = �(��). By Proposition 5.0.10 and Theorem 5.0.6, �(��) ¶ $(�), so as � → 0
along a sequence of irrationals, �(��′) → 0. Since �′ is irrational, �(��′ ,�) → 0 for
all �, so we see �(��,�) is not continuous in � at � = 1 for any � such that +(�) > 0
(as �(�1,�) = +(�)). By considering e.g. 2 − 2 cos(2�:G) for integers : ¾ 1, one can also
create discontinuities at � = 1

: .

5.3 Constructing a continuous p.g.s. via multilinear
interpolation

In this section we prove Theorem 5.0.9. Whereas the previous direction of the
proof used the probabilistic method to find a pseudo-ground-state for �� from one for
��, here we will deterministically construct a pseudo-ground-state for �� from one
for �� by multilinear interpolation. In 3 = 1 this amounts just to “connecting” the
function values by line segments. In higher dimensions, on each hypercube in �Z3,
the interpolating function is the unique multilinear function in each variable which
equals the given function on the corners of the hypercube. The techniques brought
to bear are first Boolean Fourier-analytic, in terms of understanding both local and
global behavior of the functions, and then a careful consideration of the potential’s
polynomial behavior near its minimizers.

The precise result that we prove, an explicit form of Theorem 5.0.9, is:
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Theorem 5.3.1. Let + : R3 → R¾0 be Z3-periodic, sufficiently smooth, and (C0,  , %)
coercive. Let ! be the Lipschitz constant of + and let �:

E�D+

:! ¶ "% for any unit vectors
D, E, and : ¶ % − 1 where �E is the directional derivative with respect to E. For any
@ ∈ (0, 1) and and � small enough that �@ ¶ C0,(

1 + 1

1 − �(��)

(
�(��) +

2!�1−@

1 − !�1−@

))
�(��) ¾ �(��) −

1

1 − �(��)
(
2"% 

√
3�1+@(%−1)/%

)
.

5.3.1 Defining the test function
First we set up some notation and basic facts. For H ∈ �Z3, �(H) identifies naturally

with the vertices of the hypercube {−1, 1}3, and we let �(�(H)) be the edge set of the
corresponding graph.

Let 5 be a positive bounded function on �Z3. Let 6 be the piecewise multilinear
extension of 5 , defined on R3 as

6(G1, . . . , G3) := EG1 ,...,G3
[
5 (:G1�, . . . , :G3�)

]
(5.3.2)

where each :G8 is independent with the following distribution for :8� ¶ G8 ¶ (:8 + 1)�:

P(:G8 = :8) =
(:8 + 1)� − G8

�
,

P(:G8 = :8 + 1) =
G8 − :8�

�
= 1 − P(:G8 = :8).

The function 6 obtained in this way is continuous on each closed hypercube, and
is continuous on all of R3 since 6 is defined uniquely on the intersection of any two
adjacent cubes: if G8 = :8� then P(:G8 = :8−1) = P(:G8 = :8+1) = 0 and so the expectation
is taken over the same set of lattice points, namely those forming the codimension 1
hypercube of the intersection.

It will be convenient to express 6 in terms of the Boolean Fourier coefficients of
5 on each hypercube �(H). To that end, given H ∈ �Z3, let EH be a vector such that
G ↦→ �

2 G − EH sends �(H) → {−1, 1}3 and H ↦→ −1. Define the following functions:

�(G) := 5

(
�
2
G

)
, a dilation of 5 , and �H(G) := 5

(
�
2
G − EH

)
, a dilation and translation of 5 .

Note that � is independent of H, and �H is simply a shifted version of �. We will only
ever consider �H(G) for G ∈ {−1, 1}3, so we restrict it to this domain. As introduced in
Section 5.1 we can write �H as

�H(G) =
∑
(⊆[3]

�̂H(()"((G).
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Similarly, we define �(G) := 6
(
�
2 G

)
and �H := 6

(
�
2 G − EH

)
. Since there is a unique

multilinear function agreeing with �H on {−1, 1}3, we have the expansion

�H(G) =
∑
(⊆[3]

�̂H(()"((G)

for G ∈ [−1, 1]3.
It will be convenient to relate E

[
�H(G)2

]
(where the expectation is taken over G

drawnuniformly at random from [−1, 1]3) and 〈�,−Δ�〉 to
{
�̂H(()

}
. This simply amounts

to integrating the characters with respect to the Lebesgue measure and differentiat-
ing. For any "(, we have∫

[−1,1]3
("((G))2 dG =

∫
[−1,1]3

∏
8∈(

G28 dG = 23−|(|
∏
8∈(

∫ 1

−1
G28 dG8 = 23−|(|

(2
3

) |(|
= 23

(1
3

) |(|
.

We then have for every H ∈ �Z3:

E
[
�H(G)2

]
=

∑
(⊆[3]

(1
3

) |(|
�̂H(()2, and (5.3.3)

E

[(
%

%G8
�H(G)

)2]
=

∑
(:8∈(

(1
3

) |(|−1
�̂H(()2 so

〈
�H ,−Δ�H

〉
= 23

∑
(⊆[3]

(1
3

) |(|−1
|(|�̂H(()2.

(5.3.4)

To prove Theorem 5.3.1, wewill analyze the contributions from the Laplacian terms
and the potential terms to the Rayleigh quotient separately.

5.3.2 Laplacian term analysis
We want to find expressions for



 5 

2, 

6

2, 〈 5 , ! 5 〉, and 〈
6,−Δ6

〉
with respect to �̂H

for H ∈ �Z3. Since we won’t be looking at a single cube in these settings, we define

<: =

∑
(:|(|=:

∑
H∈Z3

�̂H(()2.

Proposition 5.3.5. For 5 , 6 as above,



 5 

2 = 3∑
:=0

<: ,
〈
5 , ! 5

〉
= 4

3∑
:=0

:<: ,


6

2 = �3

3∑
:=0

(1
3

) :
<: ,

〈
6,−Δ6

〉
= 4�3−2

3∑
:=0

(1
3

) :−1
:<: .

(5.3.6)
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Proof. Recall from (5.1.1) that for every H ∈ �Z3,

E
[
�H(G)2

]
=

∑
(⊆[3]

�̂H(()2 and
〈
�H , !�H

〉
= 23+1

∑
(⊆[3]
|(|�̂H(()2.

We relate the norm and Laplacian terms on a single cube to those on the whole space:

 5 

2 = 1

23

∑
H



�H

2 and
〈
5 , ! 5

〉
=

1

23−1

∑
H

〈
�H , !�H

〉
.

Combining these we have

 5 

2 = 3∑
:=0

<: and
〈
5 , ! 5

〉
= 4

3∑
:=0

:<: ,

as desired. Recall from (5.3.3) and (5.3.4) that

E
[
�H(G)2

]
=

∑
(⊆[3]

(1
3

) |(|
�̂H(()2 and E

[(
%

%G8
�(G)

)2]
=

∑
(:8∈(

(1
3

) |(|−1
�̂(()2.

Taking into account the dilation and the change of variables, we see that

6

2 = (
�
2

)3 ∑
H



�H



2 and
〈
6,−Δ6

〉
=

22

�2

(
�
2

)3
〈�,−Δ�〉.

Combining these we have

6

2 = �3
3∑
:=0

(1
3

) :
<: and

〈
6,−Δ6

〉
= 4�3−2

3∑
:=0

(1
3

) :−1
:<: ,

as desired. �

Given (5.3.6), we now prove the following.

Lemma 5.3.7. Let 5 be an �-pseudo-ground-state for �� and let 6 be its multilinear
extension. Then

ℛ−�2Δ(6)
ℛ!( 5 )

¶
1

1 − �(��) − �
.

Proof. In the following, keep in mind that <: is dependent on �. Assume without loss

of generality that


 5 

2 = 3∑

:=0
<: = 1. From (5.3.6) we have

ℛ−�2Δ(6) = −�2

〈
6,Δ6

〉

6

2 =
4
∑3
:=0

(
1
3

) :−1
:<:∑3

:=0

(
1
3

) :
<:

and 4

3∑
:=0

(1
3

) :−1
:<: ¶ 4

3∑
:=0

:<: =
〈
5 , ! 5

〉
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so that

ℛ−�2Δ(6) ¶
〈
5 , ! 5

〉∑3
:=0

(
1
3

) :
<:

=
ℛ!( 5 )∑3
:=0

(
1
3

) :
<:

.

We also note that if 3 = 1, this becomes an equality.

Now we want to lower bound
3∑
:=0

(
1
3

) :
<:. It will suffice to just lower bound <0. Since

3∑
:=0

<: = 1, we can view
〈
5 , ! 5

〉
as a weighted average of elements of [3] (times 4).

Since 5 is an �-p.g.s., we know ℛ��( 5 ) ¶ �(��)+�. From this and (5.3.6) we must have
<0 ¾ 1 − (�(��) + �) = 1 − �(��) − �, so

3∑
:=0

(1
3

) :
<: = <0 +

1

3
<1 + . . . ¾ 1 − �(��) − �.

Altogether we have
ℛ−�2Δ(6)
ℛ!( 5 )

¶
1∑3

:=0

(
1
3

) :
<:

¶
1

1 − �(��) − �

as desired. �

5.3.3 Potential term analysis
Nowall that remains is to analyze the potential terms. Wewill analyze theRayleigh

quotient of the potential terms restricted to each �(H) (or �(H) for the continuous case).
We define the following quantities:

6

2

�(H) :=

∫
�(H)

6(G)2 dG,
〈
6, +6

〉
�(H) :=

∫
�(H)

+(G)6(G)2 dG,

 5 

2
�(H) :=

∑
G∈�(H)

5 (G)2,
〈
5 , + 5

〉
�(H) :=

∑
G∈�(H)

+(G) 5 (G)2.

If we do a “cube by cube” analysis, we then need some way to relate this to the
whole Rayleigh quotient. Observe that we can relate the “local” Rayleigh quotients to
the “global” Rayleigh quotients via〈

6, +6
〉

6

2 =

∑
H∈�Z3



6

2
�(H)

6

2

〈
6, +6

〉
�(H)

6

2

�(H)

and
〈
5 , + 5

〉

 5 

2 =

∑
H∈�Z3



 5 

2
�(H)

23


 5 

2

〈
5 , + 5

〉
�(H)

 5 

2

�(H)
(5.3.8)
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where the 23 factor corrects for overcounting, since each vertex G is contained in 23

cubes. It is natural to define the following probability measures on �Z3:

�6(H) :=



6

2
�(H)

6

2 and � 5 (H) :=



 5 

2
�(H)

23


 5 

2 =

E:∈�(H) 5 (:)2

 5 

2 . (5.3.9)

Lemma 5.3.10. For 5 and 6 as above, for all H ∈ �Z3,

�6(H) ¶
1

1 − �(��) − �
� 5 (H).

Proof. Assume


 5 

2 = 3∑

:=0
<: = 1. Recall from (5.1.1) and (5.3.6) that



6

2 = �3
3∑
:=0

(1
3

) :
<: and



6

2
�(H) = �3

∑
(⊆[3]

(1
3

) |(|
�̂H(()2.

Then we have

�6(H) =
∑
(⊆[3]

(
1
3

) |(|
�̂H(()2∑3

:=0

(
1
3

) :
<:

.

From Lemma 5.3.7 we must have <0 ¾ 1 − �(��) − �. We see
∑3
:=0

(
1
3

) :
<: ¾ <0 ¾

1 − �(��) − �, so

�6(H) ¶
1

1 − �(��) − �
©­«
∑
(⊆[3]

(1
3

) |(|
�̂H(()2ª®¬.

From (5.1.1), we can write � 5 (H) as

� 5 (H) =
∑
(⊆[3]

�̂H(()2.

Clearly
∑

(⊆[3]

(
1
3

) |(|
�̂H(()2 ¶

∑
(⊆[3]

�̂H(()2, so the claim is shown. �

Now we arrive at the main estimate.

Lemma 5.3.11. Let + : R3 → R¾0 be smooth, Z3-periodic and (C0,  , %)-coercive. Let !
be the Lipschitz constant of+ and let �

:
E�D+

:! ¶ "% for any unit vectors D, E, and : ¶ %−1.
For any @ ∈ (0, 1) and � small enough that �@ ¶ C0,��ℛ+(6) − ℛ+( 5 )�� ¶ 1

1 − �(��) − �

(
2"% 

√
3�1+@(%−1)/% + 2!�1−@

1 − !�1−@ℛ+( 5 )
)
.
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Proof. Suppose H ∈ �Z3. Let @ ∈ (0, 1) and � small enough that �@ ¶ C0.
Case 1. +(H) ¾ �@. Then, for G ∈ �(H),

1 − !�1−@ ¶
+(G)
+(H) ¶ 1 + !�1−@ ,

so that we have

ℛ
+,�(H)(6) ¶ +(H)

(
1 + !�1−@ ) ,

ℛ+,�(H)( 5 ) ¾ +(H)
(
1 − !�1−@ ) ,

ℛ
+,�(H)(6)
ℛ+,�(H)( 5 )

¶
1 + !�1−@

1 − !�1−@ ,���ℛ+,�(H)(6) − ℛ+,�(H)( 5 )��� ¶ 2!�1−@

1 − !�1−@ℛ+,�(H)( 5 ).

Case 2. +(H) ¶ �@.
Consider the difference

���ℛ+,�(H)(6) − ℛ+,�(H)( 5 )���. Being the difference of two random
variables supported in �(H), it is at most

sup
G∈�(H)

+(G) − inf
G∈�(H)

+(G) ¶ 2 sup
G∈�(H)

��+(G) −+(H)��.
By the fundamental theorem of calculus,

sup
G∈�(H)

��+(G) −+(H)�� ¶ √3� · sup
I∈�(H)
D∈Y3−1

�D+(I).

Let I and Dmaximize this expression. By coercivity, < is a critical point of order ? ¶ %.
We know �:

I−<�D+(<) = 0 for any : < ? − 1. By Taylor’s remainder theorem we can
bound

�D+(I) ¶ sup
‖�−<‖∞<

√
3�

�
?−1
I−<�D+(�) ·

‖I − <‖?−12

(? − 1)! .

By coercivity, we know that ‖I − <‖?−12 ¶  �@(?−1)/?. Using the uniform bound "%

we have

max
G∈�(H)

��+(G) −+(H)�� ¶ "% 
√
3� · �@(?−1)/? = "% 

√
3�1+@(?−1)/? ¶ "% 

√
3�1+@(%−1)/% .

(5.3.12)
To relate the global Rayleigh quotients we recall (5.3.8). By Lemma 5.3.10, �6 ¶
1

1−�(��)−�� 5 , so by (5.3.12) we have in both cases:��ℛ+(6) − ℛ+( 5 )�� ¶ 1

1 − �(��) − �

(
2"% 

√
3�1+@(%−1)/% + 2!�1−@

1 − !�1−@ℛ+( 5 )
)
. � (5.3.13)
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5.3.4 Proof of Theorem 5.3.1
Proof of Theorem 5.3.1. We first verify that the 6 constructed in (5.3.2) is a valid test
function for (5.0.5). Note that 6 is continuous and equal to a polynomial of degree
at most 3 on each cube �(H). Since 5 ∈ !∞(R3), 6 has all derivatives %86 uniformly
bounded on R3 =

⋃
H∈�Z3

int(�(H)). Thus, 6 is Lipschitz. By e.g. [E’22, pp. 279], we see

that 6 ∈ ,1,∞(R3). By Jensen’s inequality we further have


6

2

�(H) ¶ $
(

 5 

2

�(H)

)
for

every H, so 6 ∈ �1(R3), as desired.
We now aim to bound the difference between

ℛ��(6) = ℛ−�2Δ(6) + ℛ+(6) and ℛ��( 5 ) = ℛ!( 5 ) + ℛ+( 5 ).

From Lemma 5.3.7, multiplying through and rearranging yields the following relation
on the Laplacian terms:��ℛ−�2Δ(6) − ℛ!( 5 )

�� ¶ �(��) + �

1 − �(��) − �
ℛ!( 5 ).

Combining this with (5.3.13) we have��ℛ��(6) − ℛ��( 5 )
�� ¶ 1

1 − �(��) − �

(
2"% 

√
3�1+@(%−1)/% +

(
�(��) + � + 2!�1−@

1 − !�1−@

)
ℛ��( 5 )

)
.

(5.3.14)
Minimizing over all 5 we have the following bound on �(��):

�(��) ¶ �(��) +
1

1 − �(��)

(
2"% 

√
3�1+@(%−1)/% +

(
�(��) +

2!�1−@

1 − !�1−@

)
�(��)

)
.

� (5.3.15)

Remark 5.3.16. It is clear from the proof that Theorem 5.0.9 holds for any periodic
+ ∈ �%, not necessarily �∞.

5.4 A bound for any potential
We give an upper bound on �(��) with respect to �(��) with few constraints on

our potential +. The result we prove is the following, a slightly sharper version of
Theorem 5.0.11.

Theorem 5.4.1. Let + : R3 → R¾0, not necessarily periodic with ‖+‖∞ ¶ 1, and let
� ∈ (0, 1). Suppose that there exists 0 ∈ R such that for all H ∈ �Z3,

1

�3

∫
�(H)

+(G)2 dG ¶ 0 · 1
23

∑
:∈�(H)

+(:)2.
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Then,
23�(��) ¾ �(��)

where 23 = max
{
33

23
+ 5 · 33 , 33

23
0
A

}
and A is a dimension-dependent constant between 1

4

and 1.

Proof. Let 5 be a positive function on �Z3. We again consider themultilinear extension
6 as an expectation as defined in (5.3.2). We relate each term in the Rayleigh quotients.
The following bound achieves a better constant than Proposition 5.3.5.

Lemma 5.4.2. The norms of 5 and 6 satisfy


6

2 ¾ (

2
3

)3
�3



 5 

2.
Proof. We prove this via induction on 3. For 3 = 1 we have∫

R
6(G)2 dG =

∑
:∈Z

∫ (:+1)�

:�

1

�2

(
(G − :�) 5 (:�) + ((: + 1)� − G) 5 ((: + 1)�)

)2
dG

¾
∑
:∈Z

1

�2

∫ (:+1)�

:�
(G − :�)2 5 (:�)2 + ((: + 1)� − G)2 5 ((: + 1)�)2 dG

=
�
3

∑
:∈Z
( 5 (:�)2 + 5 ((: + 1)�)2)

=
2�
3



 5 

2.
Assume that for any function 5 defined on �Z3, its multilinear extension 6 satisfies

6

2 ¾ (

2
3

)3
�3



 5 

2.
Consider 5 defined on �Z3+1 and its multilinear extension 6. For any G1 ∈ R with

:� ¶ G1 ¶ (: + 1)� and for any H ∈ �Z3, define

5G1(H) :=
G1 − :�

�
5 (:�, H) + (: + 1)� − G1

�
5 ((: + 1)�, H).

Let 6G1 be the multilinear extension of 5G1 and observe that by definition 6G1(H) =
6(G1, H). Now we evaluate the norm∫
R3+1

6(G)2 dG =

∫
R

∫
R3
6(G1, H)2 dH dG1 =

∫
R

∫
R3
6G1(H)2 dH dG1

¾
∫
R

(
2�
3

)3

 5G1

2 dG1 ind. hyp.

=

(
2�
3

)3 ∫
R

∑
H∈�Z3

5G1(H)2 dG1
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=

(
2�
3

)3 ∑
H∈�Z3

∑
:∈Z

∫ (:+1)�

:�

1

�2

(
(G1 − :�) 5 (:�, H) + ((: + 1)� − G1) 5 ((: + 1)�, H)

)2
dG1

¾
(
2�
3

)3 ∑
H∈�Z3

∑
:∈Z

1

�2

∫ (:+1)�

:�
(G1 − :�)2 5 (:�, H)2 + ((: + 1)� − G1)2 5 ((: + 1)�, H)2 dG1

=

(
2�
3

)3
· �
3

∑
H∈�Z3

∑
:∈Z

5 (:�, H)2 + 5 ((: + 1)�, H)2

=

(
2�
3

)3+1

 5 

2,
where the fourth line follows by Tonelli’s theorem and the fifth by positivity. �

Lemma 5.4.3. The quadratic forms of 5 and 6 with the respective Laplacian operators
satisfy 〈

6,−Δ6
〉
¶ �3−2

〈
5 , ! 5

〉
.

Proof. From (5.3.6),〈
5 , ! 5

〉
= 4

3∑
:=0

:<: and
〈
6,−Δ6

〉
= 4�3−2

3∑
:=0

(1
3

) :−1
:<: .

Immediately we see 〈
6,−Δ6

〉
¶ �3−2

〈
5 , ! 5

〉
. �

Lemma 5.4.4. Let + : R3 → R¾0, not necessarily periodic with ‖+‖∞ ¶ 1, and let
� ∈ (0, 1). Suppose that there exists 0 ∈ R such that for all H ∈ �Z3,

1

�3

∫
�(H)

+(G)2 dG ¶ 0 · 1
23

∑
:∈�(H)

+(:)2.

The quadratic forms of 5 and 6 with the respective potential operators satisfy〈
6, +6

〉
¶ �3

(
10 · 23−1

〈
5 , ! 5

〉
+ 0
A

〈
5 , + 5

〉)
where A is a 3-dependent constant between 1

4 and 1.

Proof. We will consider cases based on the size of the local Laplacian Rayleigh quo-
tients. Let 
(3) be a function of 3 to be determined later. Let H ∈ �Z3 and let〈
5 , ! 5

〉
�(H) :=

∑
(D,E)∈�(�(H))

(
5 (D) − 5 (E)

)2.
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Case 1.

〈
5 , ! 5

〉
�(H)

 5 

2

�(H)

¾ 
(3).

We use the naive bound〈
6, +6

〉
�(H)

6

2

�(H)

¶ 1 so

〈
6, +6

〉
�(H)

6

2

�(H)

¶
1


(3)

〈
5 , ! 5

〉
�(H)

 5 

2

�(H)

.

Note that


6

2

�(H) = �3
∑

(⊂[3]

(
1
3

) |(|
�̂H(()2 and



 5 

2
�(H) = 23

∑
(⊂[3]

�̂H(()2, so we immediately
see 

6

2

�(H)

 5 

2
�(H)

¶
�3

23
.

Using this and rearranging gives that

〈
6, +6

〉
�(H) ¶



6

2
�(H)

 5 

2
�(H)

1


(3)
〈
5 , ! 5

〉
�(H) ¶

�3

23
1


(3)
〈
5 , ! 5

〉
�(H). (5.4.5)

Case 2.

〈
5 , ! 5

〉
�(H)

 5 

2

�(H)

¶ 
(3).

Assume


 5 

2

�(H) = 1. Let � :=

〈
5 ,1

〉
23

. By the Poincaré inequality,

 5 − �1

2
�(H) ¶

〈
5 , ! 5

〉
¶ 
(3).

Let


 5 − �1

2

�(H),∞ be the infinity norm of 5 − �1 on �(H). Then

 5 − �1

2
�(H),∞ ¶



 5 − �1

2
�(H) ¶ 
(3).

By its definition, � =

√
E
[
5 2

]
− Var( 5 ) ¾

√
1
23
− 
(3)

23
. We see that for all G ∈ �(H),√

1

23
(1 − 
(3)) −

√

(3) ¶ 5 (G) ¶

√
1

23
+

√

(3).

Now we relate the minimum and maximum values of 5 on �(H). Define A by

√
A =

√
1 − 
(3) −

√
23
(3)

1 +
√
23
(3)

.
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Then we have min
:∈�(H)

5 (:)2 ¾ A max
:∈�(H)

5 (:)2.
Combining the above,〈
5 , + 5

〉
�(H) ¾ min

:∈�(H)
5 (:)2

∑
:∈�(H)

+(:) ¾ 23

�3
A

0
max
:∈�(H)

5 (:)2
∫
�(H)

+(G) dG ¾
23

�3
A

0

〈
6, +6

〉
�(H).

(5.4.6)
From (5.4.5) and (5.4.6), for any H ∈ �Z3〈

6, +6
〉
�(H) ¶

�3

23
0

A

〈
5 , + 5

〉
�(H) +

�3

23
1


(3)
〈
5 , ! 5

〉
�(H).

Now we sum over all H ∈ �Z3. Observe that in summing
〈
5 , + 5

〉
�(H) over H, each

vertex is counted 23 times; similarly, in summing
〈
5 , ! 5

〉
�(H), each edge is counted 23−1

times. Thus,〈
6, +6

〉
=

∑
H∈�Z3

〈
6, +6

〉
�(H) ¶

�3

23
0

A

∑
H∈�Z3

〈
5 , + 5

〉
�(H) +

�3

23
1


(3)
∑
H∈�Z3

〈
5 , ! 5

〉
�(H)

=
�3

23
0

A
23

〈
5 , + 5

〉
+ �3

23
1


(3)2
3−1〈 5 , ! 5 〉

= �3
(
0

A

〈
5 , + 5

〉
+ 1

2
(3)
〈
5 , ! 5

〉)
.

Letting 
(3) = 1
10·23 we have A ¾ 1

4 and we achieve the desired result. �

From Lemma 5.4.2, Lemma 5.4.3, and Lemma 5.4.4 we have

〈
6, ��6

〉

6

2
2

¶
33

23�3


 5 

2 (

�3
(
1 + 10 · 23−1

) 〈
5 , ! 5

〉
+ 0
A
�3

〈
5 , + 5

〉)
=

1

 5 

2
((

33

23
+ 5 · 33

) 〈
5 , ! 5

〉
+ 33

23
0

A

〈
5 , + 5

〉)
.

This proves our claim with

23 = max

{
33

23
+ 5 · 33 , 3

3

23
0

A

}
. �
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Appendix A

Appendix to Chapter 2 (elements in
the number ring)

Here, we study irreducible elements and sums of two squares in Z[!]. As in [RS’16,
§C], here we shall summarize results about classifying irreducible elements in Z[!]
and an efficient algorithm for writing certain elements of Z[!] as a sum of two squares.
For this section, let # = #Q(!)/Q. We readily compute #(0 + 1!) = 02 + 01 − 12. Recall
that Z[!] is a Euclidean domain with respect to |# |, and that Z[!]× =

〈
±!

〉
(cf. [PS’18,

§4.1.4]). Also recall that !• is !’s Galois conjugate, which happens to equal 1 − !.
Extend • Q-linearly to all of Q(!).

Proposition A.1. Let ? be irreducible in Z. If ? ≡ ±2 (mod 5) then ? is irreducible in
Z[!]. If ? ≡ ±1 (mod 5) then there is an algorithm (running in time $(poly log ?)) to
compute a Z[!]-irreducible element dividing ?.

Proof. If ? is reducible in Z[!] then there exist non-units D, E ∈ Z[!] with DE = ? and
accordingly #(D) | #(?) = ?2; that is, #(D) = ?.

• Observe that 02 + 01 − 12 ≡ (0 − 21)2 (mod 5) and that neither of ±2 are quadratic
residues modulo 5. This proves the first part of the proposition, as if D = 0 + 1!
then #(D) can never equal ?.

• To prove the second part, we first show that if ? ≡ 1 (mod 5) then there exists
G ∈ Z satisfying G2−G−1 ≡ 0 (mod ?). Indeed, rewrite the equation to (G−2−1)2 ≡
1 + 4−1. Now,(

1 + 4−1
?

)
=

(
1 + 4−1
?

) (
4

?

)
=

(
5

?

)
=

( ?
5

)
(−1)?−1 =

( ?
5

)
= 1

with the third equality following by quadratic reciprocity. Let H ∈ Z be any
modulo-? square root of 1 + 4−1. Then G = H + 2−1 suffices. Set I = G − ! ∈ Z[!].
Then ? | G2 − G − 1 = II• but ? does not divide I as I’s !-part is not divisible by
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?, so ? is not irreducible. Thus D = gcd(?, I) will be a non-unit divisor of ?, as de-
sired. (D cannot be a unit because otherwise gcd(?•, I•) = gcd(?, I•) will also be a
unit, but then there are no prime divisors of II• also dividing ?, a contradiction.)
The timing of the above method is due to the extended Euclidean algorithm
for modular inverses, and the standard Euclidean algorithm for GCDs in a Eu-
clidean domain, which have respective runtimes $(log2 ?) and $(log ?).

The only case not covered in the above is ? = 5, which trivially factors as (−1+2!)2.
Algorithm A.2. Assume that there is an efficient blackbox algorithm to factor = ∈
Z in time $(poly log =). Then there is an algorithm which factors = ∈ Z[!] in time
$(poly log|#(=)|).

Proof. Factor #(=) as
<∏
ℓ=1

?
4ℓ
ℓ
. Each prime ?ℓ is factorizable in time $(poly log ?ℓ ) ⊂

$(poly log#(=)), by Proposition A.1. There are $(log#(=)) such primes.
To each irreducible D ∈ Z[!], let its associated prime be the least (positive) prime

factor of #(D); that is,
√
#(D) when D is a Z-irreducible times a unit, and #(D) other-

wise.1

Lemma A.3. For any D ∈ Z[!]\{0}, it is not the case that both D and D! can be written
as a sum of two squares.

Proof. Suppose not, so write D = F2 + G2 and D! = H2 + I2. Then we may take the
product

D•D! = #(D)! = (F•H + G•I)2 + (F•I − G•H)2 = (0 + 1!)2 + (2 + 3!)2

for some 0, 1, 2, 3 ∈ Z. The right-hand side expands out with 1-part2 equal to 02 + 12 +
22 + 32, but #(D)! has 1-part equal to 0, so 0 = 1 = 2 = 3 = 0, and therefore #(D) = 0,
a contradiction.
Proposition A.4. Let D ∈ Z[!] be irreducible, with associated prime ?. If ? ≡ 1, 3, 7, 9, 13, 17
(mod 20) then there is an efficient algorithm in time $(poly log ?) to write either D or D!
as a sum of two squares.

Observe that )(20) = 8 () here signifying Euler’s totient function), so by Cheb-
otarev’s density theorem the above-asserted algorithm manages to write 3/4 of primes
as sums of two squares.

1Let us quickly establish why the associated prime is well-defined. Suppose ? ≠ @ are Z-primes
with ?, @ | #(D) = DD•. Let ?′ , @′ ∈ Z[!] be irreducibles such that

��#(?′)�� = ? if ? ≡ ±1 (mod 5) or ? = 5,
and ?′ = ? otherwise; and define @′ similarly. Then ?′ , @′ | DD•, so as irreducibles we have ?′ dividing
either D or D•, and similarly for @′, hence ? = @ since D and D• are themselves irreducible. Thus, #(D)
is divisible by at most one prime at most twice.

2Viewing Q(!) �
〈
1, !

〉
Q � Q2 so that the “1-part” and “!-part” are the corresponding components

in the canonical isomorphism.
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Proof. Before beginning in earnest, first remark that 2 factors in Z[8 , !] as (1+ 8)(1− 8),
and that 1 ± 8 are irreducible because #Q(8 ,!)/Q(!)(1 ± 8) = 2, a Z[!]-irreducible.

• Suppose ? ≡ 1 (mod 4) (i.e. ? ≡ 1, 9, 13, 17 (mod 20)). Then there exists even G ∈ Z
satisfying G2 + 1 ≡ 0 (mod ?), that is, D | ? | G2 + 1. Let 6 = gcd(D, G + 8), computed
in Z[8 , !], and set B = re(6) and C = im(6). We claim that either D or D! equals a
squared unit times B2+ C2. Indeed, suppose @ ∈ Z[8 , !] is an irreducible divisor of
D. We wish to show that @ divides exactly one of G ± 8. (Clearly it divides at least
one of them, by @ | D | G2 + 1.)

– Say 1± 8 ≠ @ ∈ Z[8 , !] is an irreducible dividing D and both G ± 8. Then @ | 28.
By our choice of @ this is impossible.

– Suppose nowwe let @ be one of 1± 8. Then in order to have 1±1 8 | G±2 8 (where
±1 and ±2 are independent signs) we must have (1±1 8)(0+ 18) = G±2 8 where
0, 1 ∈ Z[!]. Solving for 0 and 1 by looking at real and imaginary parts, we
have

0 ∓1 1 = G

1 ±1 0 = ±21
and solving yields 20 = G ±1 ±21, so in order for 0 to exist we must have G is
odd. This is a contradiction to our assumption that G is even, regardless of
the choice of ±1 and ±2, thus in fact we have neither of 1 ± 8 dividing either
of G ± 8.

Thus, if @ divides D with multiplicity <@ (so that D factors in Z[8 , !] as D =

!<
∏
@|D
@<@ ), we must have that @ divides G ± 8 with multiplicity at least < and

G ∓ 8 with multiplicity 0; and so1 6 =
∏

@|D,G+8
@<@ while 6̄ = gcd(D, G − 8) = ∏

@|D,G−8
@<@ .

Thus D = !<6 6̄ = !<(re(6)2+ im(6)2). If 2 | < then D = (!</2 re(6))2+(!</2 im(6))2.

• Suppose ? ≡ 3 (mod 4),±2 (mod 5) (i.e. ? ≡ 3, 7 (mod 20)). Then compute(
−5
?

)
=

(
−1
?

) (
5

?

)
= −

( ?
5

)
(−1)?−1 = 1

so that there exists even G ∈ Z which is not a multiple of 5 satisfying G2 + 5 ≡ 0
(mod ?), that is, D = ? | G2 + 5. Let 6 = gcd(6, G + 8(−1+ 2!)), computed in Z[8 , !],
and set B = re(6) and C = im(6). We claim that ? = B2 + C2. Indeed, suppose
@ ∈ Z[8 , !] is an irreducible divisor of ? (in Z[8 , !]). We wish to show that @
divides exactly one of G ± 8(−1 + 2!). (Clearly it divides at least one of them, by
@ | ? | G2 + 5.)

1Depending on choice of GCD algorithm, there may be a unit factor in front, but we assume not
without loss of generality.
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– Say −1+2!, 1± 8 ≠ @ ∈ Z[8 , !] is an irreducible dividing D and both G± 8(−1+
2!). Then @ | 2(−1 + 2!)8. By our choice of @ this is impossible.

– Suppose we let @ = −1 + 2! =
√
5. Then as 5 does not divide G, we have

G ± 8(−1 + 2!)
@

=
G

5
(−1 + 2!) ± 8 ∈ Q(8 , !)\Z[8 , !]

and so in fact @ divides neither of G ± 8(−1 + 2!).
– Suppose nowwe let @ be one of 1±8. Then in order to have 1±1 8 | G±2 8(−1+2!)

(where ±1 and ±2 are independent signs) we must have (1 ±1 8)(0 + 18) =
G ±2 8(−1 + 2!) where 0, 1 ∈ Z[!]. Solving for 0 and 1 by looking at real and
imaginary parts, we have

0 ∓1 1 = G

1 ±1 0 = ±2(−1 + 2!)

and solving yields 20 = G±1±2(−1+2!), so in order for 0 to exist wemust have
G is odd. This is a contradiction to our assumption that G is even, regardless
of the choice of ±1 and ±2, thus in fact we have neither of 1± 8 dividing either
of G ± 8.

It is here that we require that Z[8 , !] is norm-Euclidean, as this ensures that GCDs
are efficiently computable, using an Euclidean algorithmwith respect to the Euclidean
function (the norm). This is a result of Lemmermeyer [L’11, Theorem 2]; the journal
version [BS’23] contains a less general proof of the same fact, and I am grateful to
Thomas Browning for alerting me to this reference. As before, the bottlenecks are in
the extended and standard Euclidean algorithms, which are both of runtime$(log2 ?).

Observe that we can also include the Z-irreducibles 2 = 12+12 and 5 = (−1+2!)2+02.
Theorem A.5. For G ∈ Z[!], factor it as

G =

=∏
ℓ=1

D
<ℓ
ℓ

where Dℓ ∈ Z[!] are all irreducible, with associated primes ?ℓ , and <ℓ ∈ N. Then either
G or G! may be written as the sum of two squares if, for all ℓ ∈ [=], one of the following
holds:

• ?ℓ = 2;

• ?ℓ ≡ 1, 3, 7, 9, 13, 17 (mod 20);

• 2 | <ℓ ;
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and, for arbitrary G not a priori satisfying all three criteria, this whole procedure (i.e.,
either determining a sum of two squares, or rejecting on the basis of some ℓ failing all
three conditions) runs in time $(poly log|#(G)|).

Proof. For each ℓ ∈ [=], consider Bℓ and Cℓ defined as follows:

• If ?ℓ = 2 then Bℓ = Cℓ = 1.

• If ?ℓ ≡ 1, 3, 7, 9, 13, 17 (mod 20) then Bℓ and Cℓ are as computed using Proposi-
tion A.4.

• If 2 | <ℓ then Bℓ = D
<ℓ/2
ℓ

and Cℓ = 0.

Now, we do the standard (inductive) trick where (B2
ℓ
+C2

ℓ
)(B2

ℓ ′+C2ℓ ′) = (Bℓ Bℓ ′+Cℓ Cℓ ′)2+(Bℓ Cℓ ′−
Cℓ Bℓ ′)2. Since we have that B2

ℓ
+ C2

ℓ
equals either Dℓ or Dℓ!, the resulting product from

performing the trick = times gives a sum of two squares B2 + C2 equal to G!=′ where
0 ¶ =′ ¶ =. If 2 | =′ then we return the pair (B!−=′/2, C!−=′/2), and otherwise we return
(B!(1−=′)/2, C!(1−=′)/2).

For the runtime analysis, simply factor G using Algorithm A.2 and then for each
resulting factor, apply Proposition A.4 after checking that one of the three criteria
holds (immediately halting and rejecting if any factor fails).
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Appendix B

Appendix to Chapter 3

B.1 Selecting polynomial approximations
Consider the task of computing a low-degree uniform-precision-� polynomial ap-

proximation ? to a given continuous function 5 : Y→ C on the square Y := Y2 = [−1, 1]2,
a special case of the 3-hypercube Y3 := [−1, 1]3.

First, some definitions. Let P= be the complex polynomials of degree at most =. Let
dist[0,1]( 5 ,P=) := inf

?∈P=



 5 − ?


!∞[0,1], for 5 any function taking values on [0, 1]. We say

that the =th Chebyshev points on [0, 1] are Z= =

(
C
(=)
0 , . . . , C

(=)
=

)
∈ [0, 1]=+1 which attain

min
Cℓ∈[0,1]

max
G∈[0,1]

∏
0¶ℓ<=

|G − Cℓ |. For 0 ¶ : < = and Z = (C1, . . . , C=), define the interpolating

polynomials
!
(:)
= (G,Z) :=

∏
0¶ℓ<=
ℓ≠:

G − Cℓ
C: − Cℓ

.

Let $( 5 , �, �) := sup
G,H∈���G,H��<�

�� 5 (G) − 5 (H)��, for any compact set � ⊂ R3 and any continuous

5 : �→ R.
Consider the following result.

Theorem B.1.1 (Pleśniak [P’94, Lemma 2.2]). Consider the domain % :=
3∏
ℓ=1
[0ℓ , 1ℓ ] ⊂

R3 and any continuous function 5 : % → R. Select positive integers =ℓ for 1 ¶ ℓ ¶ 3 and
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compute Z=ℓ .1 Define

?(x) :=
∑

k∈ ∏
1¶ℓ¶3

[[=ℓ ]]
5
(
C
(=1)
:1

, . . . , C
(=3)
:3

) ∏
1¶ℓ¶3

!
:ℓ
=ℓ (Gℓ ,Z=ℓ ). (B.1.2)

Then, we have that2

sup
x∈%

�� 5 (x) − ?(x)�� ¶ sup
x∈%

∑
1¶ℓ¶3

∑
j∈ ∏

1¶:<ℓ
[[=:]]
(log =ℓ+2) dist[0ℓ ,1ℓ ]

(
5
(
C
(=1)
91

, . . . , C
(=ℓ−1)
9ℓ−1

, ·, Gℓ+1, . . . , G3
)
,P=ℓ

)
.

Notice that deg ? =
∑

1¶ℓ¶3
=ℓ . We are interested in the case of 3 = 2 and 01 = 02 = −1,

11 = 12 = 1, and deg ? = =1 + =2. It just so happens that:

Proposition B.1.3 (classical). The =th Chebyshev points on [−1, 1] are C(=)
ℓ

= cos
(
2�ℓ
=

)
.

Thus, our task is greatly simplified, as the bound from Theorem B.1.1 reduces to∑
0¶ 9<=1

(log =2 + 2) dist[−1,1]
(
5
(
C
(=1)
9

, ·
)
,P=2

)
which is in turn boundable via:
Theorem B.1.4 (Jackson’s inequality, cf. [R’69, Theorem 1.4]). Let 5 ∈ C[−1, 1] be
continuous. Then,

dist[−1,1]( 5 ,P=) ¶ 6$
(
5 , [−1, 1], 1

=

)
.

and its explicit, more general version
Theorem B.1.5 (Jackson’s inequality, cf. [P’94, Theorem 2.1]). Let 5 ∈ C :[0, 1] and
0 ¶ : < =. Then,

dist[0,1]( 5 ,P=) ¶
(
�
4 (1 − 0)

) :
:!

(
=+1
:

) 

 5 (:)


!∞[0,1].

Notice that the denominator grows as =: for = � :, so if


 5 (:)



!∞[0,1] � =: then the
bound is interesting.

Therefore we can apply the bound to re 5 and im 5 , supposing that each has the
appropriate differentiability along each “slice.” Define the quantity

]"r,:( 5 ) := sup
C∈[−1,1]



%:2(re 5 )(C , ·)

!∞[−1,1]
1The published statement of this theorem elects to work with Fekete (Legendre) points, but Cheby-

shev points feature an exponentially better Lebesgue constants and so are advantageous in this setting.
The proof is unchanged.

2The published statement of this theorem erroneously omits the supremum on the right-hand side.
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and similarly "i,:( 5 ) for the imaginary part. Let ":( 5 ) := max{"r,:( 5 ), "i,:( 5 )}.
We thus have in full:

Theorem B.1.6. For all =1, =2 ∈ N, let 5 ∈ C[−1, 1]2 satisfy re 5 (C , ·), im 5 (C , ·) ∈ C :[−1, 1]
for all C ∈ [−1, 1] and some 0 ¶ : ¶ =1, =2. Then ? as in (B.1.2) satisfies

sup
x∈[−1,1]2

�� 5 (x) − ?(x)�� ¶ (�/2):":( 5 )
:!

=1 log =2(=2+1
:

) ∈ $̃ (
=1−:

)
for =1, =2 ≈ =/2.

Of course, this is worst-case behavior, so in practice 5 will converge to its best
polynomial approximant even faster.

While it is often the case that we focus on functions defined only on D ⊂ Y ⊂ C,
in our setting we assume that any such function of focus extends continuously to all
of Y in such a way that allows us to apply Theorem B.1.6, i.e. that it extends with
:-times-differentiable real and imaginary parts. We name this the following:
Property B.1.7 ((�, :)-extensibility). A function 5 : D→ C is said to be (�, :)-extensible
if there exists an extension 5̃ : Y → C satisfying 5̃ = 5 on D,




 5̃ 



!∞Y

¶ �, and

re 5̃ , im 5̃ ∈ C :[−1, 1].
Theorem B.1.6 has a natural version for Y3. For 5 ∈ CY3, let

"r,:( 5 ) := max
2¶ℓ¶3

sup
t∈Y3−1



%:ℓ (re 5 )(C1, . . . , Cℓ−1, ·, Cℓ , . . . , C3−1)

!∞[−1,1],
"i,:( 5 ) := max

2¶ℓ¶3
sup

t∈Y3−1



%:ℓ (im 5 )(C1, . . . , Cℓ−1, ·, Cℓ , . . . , C3−1)



!∞[−1,1],

and ":( 5 ) := max
{
"r,: , "i,:

}
. The same reasoning as before gets:

Theorem B.1.8. For all =1, . . . , =3 ∈ N, let 5 ∈ C[−1, 1]2 satisfy

re 5 (C1, . . . , Cℓ−1, ·, Cℓ , . . . , C3−1), im 5 (C1, . . . , Cℓ−1, ·, Cℓ , . . . , C3−1) ∈ C :[−1, 1]

for all t ∈ Y3−1 and 2 ¶ ℓ ¶ 3 and some 0 ¶ : ¶ min
2¶ℓ¶3

=ℓ . Then ? as in (B.1.2) satisfies

sup
x∈Y3

�� 5 (x) − ?(x)�� ¶ (�/2):":( 5 )
:!

∑
2¶ℓ¶3

log =ℓ(=ℓ+1
:

) ∏
1¶ 9<ℓ

= 9 .
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B.2 Exponentiation of normal matrices
The core observation—that normal " decomposes into two attainable communit-

ing Hermitians—can be used also for ‘Hamiltonian’ simulation, where the goal is to
obtain access to a block-encoding of 4"C for C ∈ R, though as " is not actually Her-
mitian the resulting exponential is itself not unitary. Nonetheless, it is plausible to
desire such a matrix function, and the form (3.2.1) readily resolves this task:

4"C = 4�C4 8�C (B.2.1)

precisely because � and � (or really, �C and 8�C) commute. 4�C is unitary and achiev-
able by standard methods (e.g. Trotterization, cf. [L’22, Chapter 5]). 4 8�C is not unitary
but is approximable using a block-encoding of � and then either QET as in [L’22, §7.5],
by choosing a polynomial approximation to G ↦→ 4 8GC , or as in [T+’21], by choosing a
quadrature. It is then a matter of taking the product, adding the ancilla counts, and
updating precisions accordingly (Proposition 3.1.1).

B.3 Optimizing the number of block-encoding
instances

QSP for block-encodings of Hermitian matrices entails using linear-in-polynomial-
degree-many instances of the block-encoding, while our method is quadratic. We use
relatively little in our method specific to normalcy, after using the existence of (com-
muting) � = re" and � = im". One might hope to find a modification where this
count is >(�2) without sacrificing too many ancillae. Unfortunately, this turns out to
not be possible with any similar scheme:
Proposition B.3.1. Let� ∈ C[G, H] have degree exactly�−1 and say 6(G+8H) := �(G, H).
Suppose Θ(�) of �’s “maximal monomials,” i.e. those of the form Gℓ H<, ℓ + < = � − 1,
have nonzero coefficients. Then � has no decomposition as

6(G + 8H) = �(G, H) =
∑

1¶:¶�

%:(G)&:(H) (B.3.2)

where %: , &: ∈ C[I] for 1 ¶ : ¶ �, and � ∈ >(�).
For clarity, we assume that in fact all � of �’s maximal monomials have nonzero

coefficient; however, the result certainly holds for any constant fraction of �.
Notice that this result holds no matter how large the degrees of %: and &: are

allowed to be.

Proof. Write
�(G, H) =

∑
ℓ ,<¾0
ℓ+<<�

2ℓ ,<G
ℓ H<
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and suppose that such %:(G) =
∑

0¶ 9<�′
0:,9G

9 and &:(H) =
∑

0¶ 9<�′
1:,9H

9 as in (B.3.2) exist,

with deg %: , deg&: < �′ (any �′ ∈ N is possible here) for all 1 ¶ : ¶ �. The Gℓ H<
coefficient of (B.3.2)’s right-hand side is∑

1¶:¶�

0:,ℓ1:,< = 2 9 ,ℓ . (B.3.3)

This is just a dot product! So we are inspired to consider the following matrices:

A :=
(
0:,9

)
1¶:¶�
0¶ 9<�′

=

©­­­«
01,0 02,0 . . . 0�,0
01,1 02,1 . . . 0�,1
...

...
. . .

...

01,�′ 02,�′ . . . 0�,�′

ª®®®¬
ℬ :=

(
1:,9

)
1¶:¶�
0¶ 9<�′

=

©­­­«
11,0 12,0 . . . 1�,0
11,1 12,1 . . . 1�,1
...

...
. . .

...

11,�′ 12,�′ . . . 1�,�′

ª®®®¬
C := (2ℓ ,<) 0¶ℓ<�

0¶<<�
=

©­­­­«
20,0 20,1 . . . 20,�−1

21,0
...

...
...

...

2�−1,0

ª®®®®¬
where in C , the unspecified entries are all 0. Then, by (B.3.3), Aℬ> = C . We have
that � � � so rankA, rankℬ ¶ �, thus rank(Aℬ>) ¶ � � �.

However, detC = (−1)b=/2c ∏
0¶:<�

2:,�−1−: ≠ 0 by hypothesis. Therefore C is full-rank,

i.e. rankC = � − 1. This stands in contradiction to rankC = rank(Aℬ>) ∈ >(�). �

We interpret this as follows. The sum
∑

0¶:¶�
(deg %: + deg&:) is, up to a small con-

stant factor, the number of calls to the block-encoding of the given normal matrix
for implementing the decomposition (B.3.2) using the QSP/LCU approach described
herein. If we choose to approximate 5 by ?(I, I) ∈ C[I, I], then ? is characterized by
$(�2) complex numbers (one for each term Iℓ I

< for ℓ + < < �), so we end up using
about �-many polynomials, many or possibly all of which have degree Θ(�).
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B.4 Chebyshev expansion of Chebyshev
interpolants

In Section 3.2.3 and Section 3.4.3 it becomes necessary to evaluate expressions of
the form ∫ 1

−1
)9(G)!(<)= (G)

dG√
1 − G2

.

Here, we turn this integral into a sum of = − 1 terms.
First, we compute the Chebyshev coefficients for monomials:

Lemma B.4.1. Take integers <, 9 ¾ 0. Suppose < ¾ 9 and < and 9 share the same
parity. Then, ∫ 1

−1
)9(G)G<

dG√
1 − G2

=
�
2<

(
<
<−9
2

)
.

Otherwise, the integral evaluates to 0.

Proof. The “otherwise” case is trivial by parity considerations and since the Chebyshev
polynomials span R[G].

For convenience, define )−= := )= for = > 0 (in contrast to the convention )= ≡ 0
sometimes used). The result then follows by iteratively multiplying )= by 2G: 2G)=(G) =
)=+1(G) + )=−1(G), which holds regardless of =’s sign. In particular,

(2G)0)1(G) =
∑

0¶2<0

(
0

2

)
)0+1−22(G). �

Remark B.4.2. It is a standard fact that

)=(G) =
=

2

b=/2c∑
:=0

(−1): 2
=−2:

= − :

(
= − :
:

)
G=−2: . (B.4.3)

Proposition B.4.4. For the Chebyshev polynomial )=, if : shares =’s parity then let
0=,: :=

=
2 (−1)

=−:
2 2:=
=+:

( =+:
2
=−:
2

)
, otherwise let 0=,: := 0. Put 59(H) :=

∑
0¶ℓ< 9

0ℓ H
9−ℓ (which satisfies

59(H) = H 59−1(H) + 0 9 for 9 > 0). Then,∫ 1

−1
):(G)!(8)= (G)

dG√
1 − G2

= �
∑
:¶ 9<=
2|(9−:)

59(C=,8)
29

(
9

9−:
2

)
.

The advantage of this formulation is that it gives the integral in terms of a finite
sum, in particular requiring $(=) computations (since 5:(C=,8) and

(
:
0

)
= 1 can be com-

puted initially as the base case for recursion).
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/= • /= •

/= * *† /= * *†

� • • � � • • ( �

Figure B.1: The circuits for the gate , (left) and , ′ (right)
[GMF’21, Figure 1].

Proof. From (B.4.3) we perform polynomial long division of G− C=,8 into )=(G), and then
use Lemma B.4.1. �

B.5 Nonlinear transformation of complex
amplitudes primitives

In the interest of self-containedness, we present here the definitions of the gates
, , �̃, and �̃′ as used in Section 3.3.

In Figure B.1, * is the prepare oracle for the starting state, i.e.

* |0〉⊗= =

∑
0¶:<=

2: |:〉,

and ( and � are the standard 1-qubit gates (in PU(2))

( =

(
1

8

)
, � =

(
1 1
1 −1

)
.

(The function of the ( in, ′ but not, is to distinguish between the real and imaginary
parts of the amplitudes.) The effect of, is to establish

, |:〉|0〉⊗= |0〉 = |:〉(|v〉|+〉 + |:〉|−〉)

(using the single-qubit states |±〉 = 1√
2
(|0〉 ± |1〉)).

In Figure B.2, / refers to the standard 1-qubit gate (in PU(2))

/ =

(
1
−1

)
and (0 is reflection about the all-zeros state of the bottom two registers |0〉⊗= |0〉. The
effect of �’s construction is to find an operator whose eigenstates include the explicitly-
known eigenpairs(

− re 2: ± 8
√
1 − (re 2:)2,

1√
2
|:〉

(
1


:
(|v〉 + |:〉)|0〉 ± 1

�:
(|v〉 − |:〉)|1〉

))



APPENDIX B. APPENDIX TO CHAPTER 3 126

/=

,† ,

/=

(, ′)† , ′/=
(0

/=
(0

/ /

Figure B.2: The circuits for the gate � (left) and �′ (right)
[GMF’21, Figure 2].

� - • - • � � - • - • �

/=

� �†

/=

�′ (�′)†/= /=

Figure B.3: The circuit for the gate �̃ (left) and �̃′ (right)
[GMF’21, Figure 3].

(for 
: , �: > 0 appropriate normalizing factors).
Finally, in Figure B.3, - is the standard 1-qubit gate (in PU(2))

- =

(
1

1

)
;

the circuit functions to give a LCU of � and �† (or �′ and (�′)†), to eliminate any
remaining imaginary parts.
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Appendix C

Appendix to Chapter 4 (deferred
proofs)

Proof of Proposition 4.0.20. Sinceℒ(
��D8〉〈D9 ��) ⊆ span(

��D8〉〈D9 ��),we canwriteℒ(
��D8〉〈D9 ��) =

28 , 9
��D8〉〈D9 �� for some 28, 9 ∈ C.
We use the same notations as in Definition 4.0.8. Since for 8 ≠ 9 , each span(

��D8〉〈D9 ��)
forms an invariant subspace under ℒ, we only need to lower bound the spectral gap
in this subspace. Note that for any observable 5 in this subspace, we can write 5 =

2
��D8〉〈D9 �� with 2 ∈ C, ℰℒ( 5 ) = −

√
�(D8)�(D9)|2|228 9 and Var( 5 ) =

√
�(D8)�(D9)|2|2, so if

�(8)�(9) = 0 then �( 5 ) = +∞ and we are done. From now on, assume �(D8),�(D9) ≠ 0.
In this case, the spectral gap in this subspace is −28 9 .

Let �8 be the eigenvalue corresponding to eigenvector D8 . One can directly calculate
(see also [T’13, Theorem 11]):

−28 9 = −
〈��D8〉〈D9 ��,ℒ(��D8〉〈D9 ��)〉

=

∑
(

−
(
�(0)〈D8 |(†|D8〉

〈
D9

��(��D9〉 − 1

2
(
∑
:

�(�: − � 9)|
〈
D9

��(|D:〉|2 +∑
:

�(�: − �8)|〈D8 |(|D:〉|2
)

=
1

2
�(0)

∑
(

|〈D8 |(|D8〉 −
〈
D9

��(��D9〉|2
+ 1

2

©­«
∑
:≠9

�(�: − � 9)
∑
(

|
〈
D9

��(|D:〉|2 +∑
:≠8

�(�: − �8)
∑
(

|〈D8 |(|D:〉|2ª®¬
=

1

2
�(0)

∑
(

|〈D8 |(|D8〉 −
〈
D9

��(��D9〉|2 + 1

2
(
∑
:≠9

%ℒ,*[D9 → D:] +
∑
:≠8

%ℒ,*[D8 → D:])

¾
1

2
(
∑
:≠9

%ℒ,*[D9 → D:] +
∑
:≠8

%ℒ,*[D8 → D:])
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¾
1

2
�ℒ,*,cl,

which finishes the claim.
To prove the last inequality, consider the test function � : * → R where �(D:) =

[: = 8], and noting that the classical Markov generator is reversible (see proof of Propo-
sition 4.0.13), then

ℰℒ,*,cl(�) =
1

2
(
∑
:≠8

�(D8)%ℒ,*(D8 → D:)+
∑
:≠8

�(D:)%ℒ,*(D: → D8)) = �(D8)
∑
:≠8

%ℒ,*(D8 → D:)

and
Var�(�) = �(D8)(1 − �(D8));

thus ∑
:≠8

%ℒ,*(D8 → D:) ¾ (1 − �(D8))�ℒ,*,cl.

Similarly, ∑
:≠9

%ℒ,*[D9 → D:] ¾ (1 − �(D9))�ℒ,*,cl,

so ∑
:≠9

%ℒ,*[D9 → D:] +
∑
:≠8

%ℒ,*[D8 → D:] ¾ (2 − �(D8) − �(D9))�ℒ,*,cl ¾ �ℒ,*,cl.

When � has simple spectrum and simple Bohr spectrum, each subspace +$ has
dimension 1, so the precondition holds and � has a unique orthonormal eigenbasis,
so �ℒ ¾ 1

2�ℒ,cl. �

Proof of Proposition 4.1.9. Note that S is self-adjoint, and (†(−$) = (($)†, so we can
write

2
〈
ℒ$,(( 5 ) + ℒ−$,(†( 5 ), 5

〉
�

= �($)
〈
(($)†[ 5 , (($)] + [(($)†, 5 ](($), 5

〉
�

+ �(−$)
〈
(†(−$)†[ 5 , (†(−$)] + [(†(−$)†, 5 ](†(−$), 5

〉
�

= �($)
(
tr

(
(($)†[ 5 , (($)]�1/2 5 †�1/2

)
+ tr

(
[(($)†, 5 ](($)�1/2 5 †�1/2

))
+ �(−$)

(
tr

(
(($)[ 5 , (($)†]�1/2 5 †�1/2

)
+ tr

(
[(($), 5 ](($)†�1/2 5 †�1/2

))
=(1) �($)4�$/2

(
tr

(
[ 5 , (($)]�1/2 5 †(($)†�1/2

)
+ tr

(
[(($)†, 5 ]�1/2(($) 5 †�1/2

))
+ �(−$)4−�$/2

(
tr

(
[ 5 , (($)†]�1/2 5 †(($)�1/2

)
+ tr

(
[(($), 5 ]�1/2(($)† 5 †�1/2

))
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= �̃($)
(
tr

(
[ 5 , (($)]�1/2 5 †(($)†�1/2

)
+ tr

(
[(($), 5 ]�1/2(($)† 5 †�1/2

))
+ �̃(−$)

(
tr

(
[(($)†, 5 ]�1/2(($) 5 †�1/2

)
+ tr

(
[ 5 , (($)†]�1/2 5 †(($)�1/2

))
=(2) −�̃($) tr

(
[(($), 5 ]�1/2[(($), 5 ]†�1/2

)
− �̃(−$) tr

(
[(($)†, 5 ]�1/2[(($)†, 5 ]†�1/2

)
=(3) −�̃($)‖[(($), 5 ]‖2� − �̃(−$)‖[(†(−$), 5 ]‖2� ,

where (1) is due to applying Proposition 4.1.7 to (($) ∈ +$ and (($)† ∈ +−$, (2) is by
rearranging terms and the fact that �̃($) = �($)4

�$
2 = �̃(−$), and (3) is by definition

of ‖ · ‖� and (($)† = (†(−$). Hence, we obtain the desired equality

ℰℒ( 5 ) = −
〈 ∑
(∈S ,$

ℒ$,(( 5 ), 5
〉
�

= −1
2

∑
(∈S ,$

〈
ℒ$,(( 5 ) + ℒ−$,(†( 5 ), 5

〉
�

=
1

4

∑
(∈S ,$

(�̃($)‖[(($), 5 ]‖2� + �̃(−$)‖[(†(−$), 5 ]‖2�) =
1

2

∑
(,$

�̃($)‖[(($), 5 ]‖2�. �

Proof of Proposition 4.3.6. For G ≠ H, let &(G, H) = �(G)%[G → H]. We adapt the stan-
dard proof of Cheeger’s inequality from [LPW’17]. We first show the following claim:
Claim C.1. Given a function # : - → R¾0, order - so that # is non-increasing. If
�(# > 0) ¶ 1/2 then

E�[#] ¶ Φ−1
∑
G,H∈-
G<H

(#(G) − #(H))&(G, H)

Proof. Let ( = {G : #(G) > C} with C > 0. Since �(() ¶ �(# > 0) ¶ 1/2, we use the
definition of the bottleneck ratio Φ to obtain:

Φ ¶
&((, (2)
�(() =

∑
G,H∈- &(G, H)[#(G) > C ¾ #(H)]

�(# > C)

Rearranging and noting that #(G) > #(H) only for G < H, we get:

�(# > C) ¶ Φ−1
∑
G,H∈-

&(G, H)[#(G) > C ¾ #(H)]

Integrating over C, noting that∫ ∞

0
[#(G) > C ¾ #(H)] 3C = #(G) − #(H),
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and that E�[#] =
∫ ∞
0

�(# > C), we obtain:

E�[#] ¶ Φ−1
∑
G<H

(#(G) − #(H))&(G, H). �

Define the inner product 〈·, ·〉� on the space of real-valued functions 5 : - → R by〈
5 , 6

〉
�
:=

∑
G∈-

�(G) 5 (G)6(G).

Weview % as amatrixwith entries %[G, H] = %[G → H], and set %[G → G] := −∑
H≠G %[G →

H], so that each row sums to zero. Note that the Dirichlet form can be written as
ℰ( 5 ) =

〈
−% 5 , 5

〉
�
.

Since % is self-adjoint with respect to 〈·, ·〉�, the operator −% has real, nonnegative
eigenvalues. Its smallest eigenvalue is 0, and the spectral gap � is the second smallest
eigenvalue. Let 52 : - → R be an eigenfunction corresponding to �, so that −% 52 = � 52.
Without loss of generality, assume �( 52 > 0) ¶ 1/2; otherwise, we may replace 52 with
− 52. Define a nonnegative function 5 : - → R¾0 by

5 (G) := max( 52(G), 0),

and let 6 := −% 5 .
We show that, for all G,

6(G) ¶ � 5 (G) (C.2)
There are two cases, 5 (G) = 0 and 5 (G) > 0.

If 5 (G) = 0 : 6(G) = −∑
H:H≠G %[G → H] 5 (H) ¶ 0 = 5 (G).

If 5 (G) > 0 : In this case, 5 (G) = 52(G) and since 5 (H) ¾ 52(H) for all H, we have

6(G) = −%[G → G] 5 (G) −
∑
H:H≠G

%[G → H] 5 (H) = −%[G → G] 52(G) −
∑
H:H≠G

%[G → H] 5 (H)

¶ −%[G → G] 52(G) −
∑
H:H≠G

%[G → H] 52(H) = (−% 52)(G) = � 52(G) = � 5 (G).

Since 5 (G) ¾ 0 for all G, (C.2) yields

ℰ( 5 ) =
〈
−% 5 , 5

〉
�
=

∑
G

�(G))6(G) 5 (G) ¶ �
∑
G

�(G) 5 (G)2 = �
〈
5 , 5

〉
�
. (C.3)

Applying Claim C.1 for the function # = 5 2, and use the ordering of - induced #, we
get: 〈

5 , 5
〉
�
= E�[#] ¶ Φ−1

∑
G<H

( 5 2(G) − 5 2(H))&(G, H)
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Since both sides are nonnegative, we may square the inequality and then apply the
Cauchy–Schwarz inequality to get:

〈
5 , 5

〉2
�
¶ Φ−2

(∑
G<H

( 5 2(G) − 5 2(H))&(G, H)
)2

¶ Φ−2
(∑
G<H

( 5 (G) − 5 (H))2&(G, H)
) (∑

G<H

( 5 (G) + 5 (H))2&(G, H)
)

Using the identities ( 5 (G) + 5 (H))2 = 2( 5 (G)2 + 5 (H)2) − ( 5 (G) − 5 (H))2, ∑
G<H( 5 (G) −

5 (H))2&(G, H) = ℰ( 5 ), and &(G, H) = &(H, G), we can rewrite∑
G<H

( 5 (G) + 5 (H))2&(G, H) = 2
∑
G<H

( 5 (G)2 + 5 (H)2)�(G)%[G → H] −
∑
G<H

( 5 (G) − 5 (H))2&(G, H)

= 2
∑
G∈-

(
�(G) 5 (G)2

∑
H≠G

%[G → H]
)
− ℰ( 5 )

¶ 2Λ
〈
5 , 5

〉
�
− ℰ( 5 )

thus 〈
5 , 5

〉2
�
¶ Φ−2ℰ( 5 )(2Λ

〈
5 , 5

〉
�
− ℰ( 5 )) ¶ 2ΛΦ−2ℰ( 5 )

〈
5 , 5

〉
�

Dividing both sides by
〈
5 , 5

〉
�
¾ 0 and applying (C.3), we obtain

Φ2 ¶ 2Λ�. �
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Appendix D

Appendix to Chapter 5 (deferred
proofs)

Proof of Proposition 5.0.10. Assume 5 : R3 → R¾0 with


 5 

2 = 1 satisfies

�2


∇ 5 

2 + ∫

R3
+(G) 5 (G)2 dG ¶ �A ,

for A a constant depending on ? and 3 to be chosen later. Let

, := {G : +(G) ¶ 2�A}
and notice by Markov’s inequality [A+’24] (applied to the probability distribution de-
fined by the mass of 5 ) that∑

�



 5 |�

2 

 5 |,∩�

2

 5 |�

2 =


 5 |

,



2 ¶ 1

2
,

where the sum is over unit volume cubes in R3. Let ( be the set of cubes � satisfying

 5 |
,∩�



2

 5 |�

2 ¶
3

4
,

and notice by Markov’s inequality that∑
�∈(



 5 |�

2 ¾ 2

for a constant 2. Let @ > 2. For each cube � ∈ ( we have


 5 |,∩�

2 ¾ 

 5 |�

2

4 as well as

 5 |,∩�

2@

 5 |,∩�

2 ¾ vol(, ∩ �)
2
@−1,
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which together yield

 5 

2
@
¾

∑
�∈(



 5 |,∩�

2@ ¾ 1

4

∑
�∈(

vol(, ∩ �)
2
@−1



 5 |�

2.
Since 5 has isolated critical points and is uniformly ?-coercive, we have the uniform
estimate

vol(, ∩ �) = $
(
�

A3
?

)
for each cube �. Substituting, we have

 5 

2

@
¾ Ω(1) · �

A3
?

(
2
@−1

) ∑
�∈(



 5�

2 = Ω(1) · �
A3
?

(
2
@−1

)
.

(b) If 3 ¾ 3 set @ = 23
3−2 and apply the Sobolev inequality to obtain

∇ 5 

2 = Ω(1) · �−

2A
? ,

whence �2


∇ 5 

2 = Ω

(
�2− 2A

?

)
. Choosing A = 2 − 2A

? =
2?
?+2 yields the claim.

(a) If 3 = 1, 2 we instead use the Sobolev inequalities

∇ 5 

2 + 

 5 

2 ¾ �@


 5 

2

@
,

for @ = ∞ and @ large, respectively. Since


 5 

2 = 1 and the right hand side is

unbounded as �→ 0, this term can be ignored and we have


 5 

2

@
¾ Ω(1) · �−

A
? for

3 = 1 and


 5 

2

@
¾ Ω(1) · �−

2A
? +>(1) for 3 = 2. Choosing A = 2− A

? and A = 2− 2A
? + >(1)

yields A = 2?
?+1 and A = 2?

?+2 + >(1), as advertised.

Now, we set out to prove the upper bound (c) through a different approach. By
boundedness, there is a constant � such that +(G) ¶ �‖G‖? =:,(G) where we assume
that +(0) = 0 and that 0 is a critical point of order ?. For all test functions 6, ℛ��(6) ¶
ℛ−�2Δ+, (6). Let

6�(G) = exp

(
−‖G‖

2

2�2

)
.

Then, 〈
6� ,, 6�

〉
= �

∫
R3
‖G‖?6�(G) dG

= �(3−1

∫
R¾0

A?+3−1 exp

(
− A2

2�2

)
dA
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= �(3−12
?+3−2

2

(
? + 3 − 2

2

)
!�?+3 .

where (3−1 = 2
√
�
3(

3−2
2

)
!
is the surface area of Y3−1. We also compute directly that

〈
6� ,

(
−�2Δ + �

)
6�

〉
=

1

2

(
3
�2

�2
+ tr��2

)


6�

2 = (√

��
)3

so that all told,

〈
6� ,

(
−�2Δ +,

)
6�

〉
=

1

2
3
�2

�2
+ 2

?+3
2 �

(
?+3−2

2

)
!(

3−2
2

)
!
�? .

By weighted AM–GM this is minimized by

23

?

?
2+1

√√√√
?

3
2
3−2
2 �

(
?+3−2

2

)
!(

3−2
2

)
!
�

2?
?+2 (D.1)

where the exponent of � matches the claim. �

Proof of Lemma 5.2.1. Observe that


��,0 − ��,�



 ¶ sup
=∈Z3

��+(=� + �) −+(=�)�� ¶ $(�)

where $(·) is the modulus of continuity of +, so �(��,�) is continuous in �.
Let � > 0 and � ∈ R3. Since � is irrational, ergodicity in each coordinate of =� + �

implies that there is some �′ ∈ R3 and =0 ∈ Z3 such that
���′ − ��� ¶ � and =0� ≡ �′

(mod 1) (solve for an appropriate entry of =0 separately for each component). Observe
that ��,�′ = ��,0 since the Laplacian part of �� is translation-invariant and we have
+(=0� + =�) = +(=� + �′). By continuity we now have

���(�0) − �(��)
�� ¶ �. Letting

�→ 0 yields the result. �
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