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Abstract. We provide a superalgebraic analogue of Markov numbers, which are defined as
the Grassmann integer solutions to the equation x2+y?+ 2%+ (zy+yz+x2)e = 3(1+€)zyz,
as well as applications to the decorated super Teichmiiller spaces associated to the once-
punctured torus and certain annuli. We conclude with further directions for study.

Keywords. Markov numbers, Super Teichmiiller space, snake graphs, double dimer covers

Mathematics Subject Classifications. 13F60, 17A70, 30F60, 11D25, 05C70

1. Introduction

Previous work by the author, completed jointly with N. Ovenhouse and S. Zhang [ ,
, ] studied non-commutative deformations of formulas arising from hyperbolic
geometry and low dimensional topology, focusing on the cases of triangulated polygons. More
precisely, we presented a combinatorial formula for super A-lengths of arcs in a decorated super
Teichmiiller space, as defined by R. Penner and A. Zeitlin [ ], for the case associated to a
marked disk in terms of double dimer covers of snake graphs on the one hand, and in terms of
associated holonomy matrices in the supergroup OSp(1|2) on the other. (In [ ], L Ip, R.
Penner, and A. Zeitlin generalize the constructions of [ ] to higher rank and provide further
details on spin structures.) This research also led to the construction of super Fibonacci numbers
associated to arcs in certain annuli, which we now extend in two different directions.

On the one hand, the sequence of every-other Fibonacci number is an instance of a Markov
number, one of the three coordinates (x,y, z) comprising an integer solution to the Markov
equation 22 + y* + 2% = 3xyz. We consider a Z,-graded analogue of this equation, i.e. a
super version, and its solutions which includes the super Fibonacci numbers. Such solutions,
in analogy with the classical Markov numbers, can also be interpreted as super A-lengths for

*Partially supported by Simons Travel Support for Mathematicians - MPS-TSM.
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arcs of rational slope on a once-punctured torus, and we use holonomy matrices to extend our
previous constructions for combinatorial formulas to obtain results for super Markov numbers.
We note that to include more general cases, we no longer have exclusively manifestly positive
expansion formulas but instead express our formulas as signed sums of double dimer covers of
snake graphs.

In a second direction, we extend our results on super Fibonacci numbers, which used annuli
with one marked point on each boundary, to introduce a family of super-integrable systems
obtained from the decorated super Teichmiiller space associated to a more general marked annuli
which analogously admits combinatorial formulas in terms of signed double dimer covers.

Our original work providing combinatorial formulas [ , ] was constrained in
the case of polygons or in cases where there was a consistent way to assign a canonically de-
fined default orientation to a triangulation, a positive ordering of the associated odd variables
(p-invariants), and a flip sequence so that we continue to have the default orientation and posi-
tive ordering of odd variables for intermediate triangulations as one applies flips, thus allowing
inductive arguments. However, using the holonomy matrix formulas from [ ] allows us
to consider super A-lengths on more general triangulated surfaces even when we are not guaran-
teed a choice of spin structure or ordering of odd variables that would allow us to obtain positive
coeflicients on each term in our expansions. It is with such matrices that we began our investiga-
tion of super A-lengths associated to a triangulation of a once-punctured torus. In the ordinary
case, the resulting A-lengths correspond to Markov numbers, as we detail in Section 3, and thus
we refer to the resulting super A-lengths resulting from this analysis as super Markov numbers.
After describing novel combinatorial formulas for super Markov numbers (Theorem 3.11), and
proving our main result in Section 4, we present several open questions for future research in
Section 5.

In Section 6, we provide another application to the approach of holonomy matrices by consid-
ering super \-lengths of bridging arcs on marked annuli. This case also directly generalizes the
author’s previous work on Super Fibonacci numbers, but unlike that case (which corresponded
to annuli with one marked point on each boundary), when there are more marked points in-
volved, we need to work with more odd variables, and mutations induce recurrences involving
more complicated square roots. After obtaining initial computational results using holonomy
matrices, we prove some associated combinatorial formulas for such super A-lengths using dou-
ble dimer covers, and leaving other cases as conjectural. We similarly conclude Section 6 with
further directions.

We begin in Section 2 by recapping the set-up from the author’s previous work on combi-
natorial formulas for decorated super Teichmiiller space from [ , , ] and
the general approach provided by holonomy matrices. This will then allow us to give the more
specialized combinatorial formulas in context as we focus on the cases of the once-punctured
torus and marked annuli in Sections 3 and 6, respectively.
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2. Preliminaries

We begin by considering marked surfaces (possibly with boundary) where there is a well-defined
“default orientation”, as defined in [ ], which is pictured in Figure 2.1. This includes the
case of marked disks with marked points exclusively on its boundary. For such a surface, as well
as a choice of a triangulation 7" with no interior triangles, the maximal groupings of consecutive
triangles which share a common vertex (indicated by different colors) are called “fan segments”,
and the common vertex they share is called the “fan center” (vertices labelled c;). The default
orientation is defined so that the edges connecting fan centers are oriented ¢c; — co — ¢c3 — - - -,
and the remaining edges are oriented away from the fan centers.

Co >

Cy Cs

Figure 2.1: The default orientation of a generic triangulation where each fan segment is colored
differently.

The decorated super Teichmiiller space of P is a superalgebra with the following generators:
for each edge in T with endpoints ¢ and j, an even generator \;; (called a “A-length”)", and for
each triangle in 7" with vertices i, 7, k, an odd generator (called a “p-invariant™).

When two triangulations are related by a flip, as in Figure 2.2, we define new elements of
the algebra by the following “super Ptolemy relations’:

ef = ac+ bd + Vabed o0 2.1)

J,:a\/w—e\/&:a\/@—e\/a—c .
Vac+ bd vef '

9,:0M+a\/&:0@+a\/@ 23)

Vac+ bd vef

Note that in Equation (2.1), the order of multiplying the two odd variables ¢ and 6 is deter-
mined by the orientation of the edge being flipped (see the arrow in Figure 2.2).

In Figure 2.2 (Left), the orientations of the four boundary edges are omitted, but the super
Ptolemy transformation does change the orientation of the edge labeled b (the edges a, c, d keep
their same orientation).

I'The algebra is actually generated by the square roots of the A-lengths.
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0 f - -
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O- —
d ¢ d ¢
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Figure 2.2: (Left): Super Ptolemy Transformation. (Right): Equivalence Relation.

For larger triangulations, we specify a standard order to multiply together odd variables based
on the orientation of interior edges. We follow [ , Remark 5.7] and define the positive
ordering as follows. We let v be the longest diagonal in 7', i.e. the arc that crosses every interior
edge of T" and goes from ¢y to cy 1.

Definition 2.1. If we label the p-invariants as 64, 6,,...,0, in order according to the cross-
ings by arc -, then starting from the end we apply the following procedure. Suppose that 61,
Oki2, - .., 0, are already ordered. Then if the edge separating 6, and 6., is oriented so that ¢, is
to the right, then we declare 6, > 6; for all £ + 1 < i < n. On the other hand, if ;. is to the left
of 61, then we declare 6, < 6, for all k + 1 < ¢ < n. Applying this first to the case k = n — 1
and following by descent until £ = 1 yields an ordering on all n p-invariants.

In previous work [ , Theorem 6.2(a)], we provided a combinatorial formula for expan-
sions of super A-lengths of arcs cutting through triangulations of polygons using double dimer
covers of snake graphs. We defer the definition of snake graphs to Section 3.2 where we discuss
them in detail with the specific application of super Markov numbers in mind. However, we note
that given a graph of vertices and edges (each edge is a pair of distinct vertices), a double dimer
cover is a distinguished collection of edges (possibly with multiplicities) so that every vertex is
covered exactly twice.

Every double dimer cover is a disjoint union of doubled edges and cycles (a configurations
of edges used singly that is homotopic to a circle). Thus following [ , Definition 4.4], it
makes sense to define the weight of a double dimer cover M as

[Jwte) JI wt©)

ecM Cycle C of M

where wt(e) is the square-root of the label of edge e, and wt(C') = p;p; where p; and (1, are
two p-invariants whose definition is deferred until Section 3.2 after we have defined our special
case of snake graphs.

Following [ , ], in [ ] we defined elementary steps on marked surfaces,
and associated certain matrices from Definition 2.5 to them. We begin with the special case
where our marked surfaces is simply a polygon, i.e. a genus 0 surface with a single boundary.
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Fix (S, M) a marked disk where M is the set of marked points on the boundary and 7" a
triangulation of it.

Definition 2.2. From the triangulation 7" of the marked disk (S, M), we will define a planar
graph I'7. Inside each triangle of 7', there is a hexagonal face of I'; with three sides parallel to
the sides of the triangle. When two triangles share a side, the two vertices of I'; on opposite
sides of this edge are connected (see Figure 2.3).

Figure 2.3: The graph I'r, with 7" in dashed lines.

Remark 2.3. The graph I'7 has 3 kinds of edges and 2 kinds of faces. The three types of edges
of I'r are:

* The edges parallel to arcs 7 of the triangulation 7". (If 7 € T is a boundary edge, then
there is only one such edge of I'y, and if 7 is an internal diagonal, then there are two such
parallel edges in I'7.)

* The edges within a triangle that are not parallel to arcs 7 of T". (These naturally correspond
to the angles of the triangles.)

* The edges which cross the arcs 7 of 7.

The two types of faces are as follows:

* Within each triangle of 7', there is a hexagonal face of I'7.

* Surrounding each internal diagonal of 7', there is a quadrilateral face of I'7.

Definition 2.4. For a graph embedded on a surface, a graph connection is an assignment of a
matrix to each oriented edge, such that opposite orientations of the same edge are assigned in-
verse matrices. For a path in the graph, the holonomy is the corresponding composition/product
of matrices along the path. If the path is a loop, then the holonomy is also called monodromy. A
connection is called flat if the monodromy around each contractible face is the identity matrix.
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The group OSp(1|2) is defined as the set of 2|1 x 2|1 supermatrices g with?> Ber(g) = 1, and
satisfying ¢ Jg = J.

0 1 a by
Here J is the matrix | —1 0 . Writinggas | ¢ d|J |,thesupertranspose of g
0 0 a [Be€

0
0
1
is defined as g% = ) , and the above constraints can be written down explicitly

in the following system of equations.

e=1+ap 2.4)
e’ ! =ad— be (2.5)
a=cy—ad (2.6)
B =dvy—bd 2.7
v =af — ba (2.8)
0 = cf — da. (2.9)

We will now define a flat Osp(1]2)-connection on the graph I'r.

Definition 2.5 (elementary steps). Given (S5, M) and T', we define the following holonomy ma-
trices for the edges described in Remark 2.3. They are pictured in Figure 2.4.

1. Inside triangle 77k, the counter-clockwise orientation of the edge at angle ¢ is assigned the
1 0 0
matrix A(h%[0) = ~h 1| Vho | where h = I = /\’\]J)f‘k
—vho 0| 1

2. Inside triangle 77k, the counter-clockwise orientation of the edge ¢7 is assigned the ma-

0 —\;|0
trix E()\Z]) = )\z_]l 0 0
0 0 1

2Here Ber(g) denotes the supersymmetric analogue of the determinant of a matrix known as the Berezinian and
J is the super analaogue of the representation of the standard symplectic form.
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3. For each internal diagonal ¢, there are two edges of I'r which cross 7. Supposing that
the spin structure has orientation ¢ — j, the edge closer to ¢ is assigned the identity
matrix /dy;, and the edge closer to j is assigned the fermionic reflection matrix, which is

-1 010
givenbyp=1 0 —-1|0
0 0|1
k k
. . —1 .
Type (i) A (i) A (R10)
7 J 1 J
k k
Type (i) E(\;) ™ E(X\ij)
7 J [ J
Type (iid) | .—>%_'j P Z, -ﬂ—>—-j id

Figure 2.4: The three types of holonomy matrices.

Proposition 2.6. [ , Prop. 3.6 | The holonomy matrices from Definition 2.5 define a
flat Osp(1|2)-connection on I'r.

Remark 2.7. Since the connection is flat, the holonomy between two vertices of I'; does not
depend on the choice of path, and since the graph is planar, any two paths are homotopic (thought
of as paths on the ambient surface).

Definition 2.8. If vertex ¢ of a polygon is incident to m triangles in 7", then there are 2m vertices
of I'r corresponding to the angles of these triangles at m. We will say that any of these 2m
vertices of 'y are “near” the vertex m.

Theorem 2.9. [ , Theorem 3.10] Suppose we have a triangulation T' of a polygon en-
dowed with an orientation. Let i and j be two vertices of the polygon, and i’ and j' any vertices
of U'r that are near i and j, and let H be the holonomy from i’ to j'. Then the (1,2)-entry of H
is equal to £\;;.

Lemma 2.10. / , Lemma 3.11] The result of Theorem 2.9 does not depend on the par-
ticular choices of i" and j'.

In fact, we have geometric interpretations of all nine entries of the holonomy matrix .
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Let T be a generic triangulation with default orientation, and with fan centers labelled as ¢;
for 1 <i < N. Let (a, b) be the longest diagonal in 7" and denote a = c¢p and b = cy 1.

Definition 2.11. Let [, denote the holonomy following a path from a vertex near a = ¢, (on
the side closer to c;) to a vertex near b = cy,1 (on the side closer to cy). We say that the
holonomy is of type €,¢, where

{O if (co, c1, c2) are oriented clockwise,
€a =

1 otherwise.

0 if (ex_1,cn,cyy1) are oriented clockwise,
€p = .
1  otherwise.

In the following, we will use the notation V§ ;. to denote , / % , recalling that is

the p-invariant corresponding to the triangle on vertices ¢, j, and k.

Theorem 2.12. | , Theorem 4.3] Let T be a generic triangulation endowed with an arbi-
trary orientation (based on its spin structure), and with fan centers labelled as c; for 1 <1 < N
and a = ¢y, b = cy+1. The holonomy matrix H,, of type €,¢, is given by

)‘01»CN+1 € CN+1
- Aeo.cr <_1) a>\007CN+1 Vo1
A Aen e
- _ 1\ 2cneN  (_1\eater—1_2coen | (_1\e—1__ 1 < —ewn
Ha,b - ( 1) Acgrer Aey ey 11 ( 1) Acy Nt ( 1) Xy seni VC0701
1 c1 _1)ea—1co
Acgrer Y ENSEN+1 ( 1) chacN—H ‘ 1 +*

Here the formula for the (3, 3)-entry (i.e. 1+ x) can be given two equivalent ways, which
follows from applications of combining Equations (2.4) and (2.5) to get ad — bc = 1 — af and
then cross multiplying Equations (2.6) and (2.8) or Equations (2.7) and (2.9) to get o = 0.
Using these we write

€aq— 1 C Cf € — 1
Ltk = 1 (ST 5 Ul s, Viensy = L (F)77 e W V-
C€0,C1 CN,CN4+1
As discussed in Section 6 of [ ], even though Theorem 2.12 is stated only for poly-

gons, the result can be extending to other marked surfaces. In particular, we can lift a given
triangulation 7" of an arbitrary marked surface to its universal cover and then for any arc 7y cross-
ing T', there is a polygon in the universal cover comprised of the triangles crossed by 7. We
then appropriately identify odd elements as well as even elements and use Theorem 2.12 to get
the relevant matrix elements accordingly. However, for a general marked surface, the lift of the
orientation on 7' to the universal cover will not typically be a manifestation of the default ori-
entation (even modulo the orientation of arcs appearing on the boundary of this lifted polygon).
In particular, spin structures are equivalence classes of orientations up to negating u-invariants
and reversing the orientation on incident edges, as in Figure 2.2 (Right). Since Theorem 2.12
describes the entries even in the presence of an arbitrary orientation, we can continue to apply
our previous results in such cases.
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3. Application to super Markov numbers

The decorated super Teichmiiller space of a once-punctured torus was systematically studied
in [ ]. In particular, an ideal triangulation of a once-punctured torus consists of two trian-
gles, which is most easily seen when a torus is presented as a square with its two horizontal edges
identified and its two vertical edges identified. The four corners of the square are thereby iden-
tified together as the unique puncture on the surface. Lifting the torus to its universal cover, i.e.
the Euclidean plane, we use the standard initial triangulation consisting of lines of slope %, %,
and _Tl as in Figure 3.1 (Left). Then, other arcs on the torus correspond to lines of rational
slope, plus the vertical line of slope %, and all such arcs are reachable from the standard initial
triangulation by a sequence of diagonal flips.

Up to renaming the three initial arcs, we may assume without loss of generality that our
sequence begins with a flip of the initial arc of slope ’Tl to get an arc of slope %, followed by
a flip of the initial arc of slope % to get an arc of slope % see Figure 3.1 (Middle) and (Right),
respectively. From the triple of arcs of slopes %, %, %} we continue with further flips, as long
as we never backtrack, via the rule

a c e a ate e cte c e
{m’f}ﬁ{z?m?} " %{m’w}'

For example, {1, 1,3} — {%, 3,5} or — {3, 1, 3} depending on whether we flip the arc of
slope % or the arc of slope %, respectively. For any such sequence of flips (without backtracking),
we obtain a rational fraction § such that p and ¢ are relatively prime and such that 0 < g < L
(Note that if we had started our sequence with other flips, we would instead reach fractions that
were negative or greater than 1.) Furthermore, every such fraction 0 < § < 1is reachable by a
sequence of flips.

In the ordinary geometry associated to the once-punctured torus, if we endow it with a met-
ric so that the first three initial arcs have A-lengths each equal to 1, and we let {z, y, z} denote
the A-lengths of any other triangulation of the once-punctured torus under the same metric,
then {z,y, z} is known in number theory as a Markov triple, and have the property that they
are the triples that can be reached from {1, 1,1} by a sequence of flips known as Vieta jump-
ing: {z,y,2} = {3yz —z,y,z} or — {x,3zz —y,z} or — {x,y,3zy — z}.

All such triples involve positive integers, and are in fact the nontrivial solutions to the Dio-
phantine equation, known as the Markov equation:

2+ + 22 = 3wy

Remark 3.1. Due to the Markov equation, the transformations for Vieta jumping can also be
. . 24,2 2, .2 24,2
rewritten equivalently as {z,y,2} — {*1=,y,z} or — {z, %= z}or — {z,y, %},
which makes the relationship to the cluster algebra associated to the once-punctured torus clearer
since, in this form, Vieta jumping agrees with the Ptolemy exchange relation applied to a trian-
gulated quadrilateral in a torus. See [ ] for a combinatorial analysis based on this latter

perspective.

In the case of decorated super Teichmiiller space of a once-punctured torus, with a triangula-
tion cyclically oriented as illustrated in Figure 3.1 (Left), flipping any of the three edges results



10 Gregg Musiker

VN

VN

T T

Figure 3.1: (Left): Triangulation of a once-punctured torus with its two triangles oriented cycli-
cally. (Middle): Result after flipping z to get z’. (Right): Then flipping y to get yy”. The trian-
gulation continues to be oriented cyclically.

in isomorphic triangulation that is also cyclically oriented. Consequently, the super A-lengths
satisfy a super analogue of the Markov equation [ , Equation 26]:

2? + P+ 22+ (zy + yz + 22)00 = 3(1 4 ob)xyz.

Note that we can let € = o6 and then €2 = 0 and we can write solutions as the form M + Me.
Mimicking the classical theory, and starting with an initial triangulation where all three A-lengths
equal 1, we will refer to the super A-lengths associated to arcs of slope 0 < 2 < 1 on the
once-punctured torus as super Markov numbers. Furthermore, by using the Super Ptolemy
exchange relation in the formulas for Vieta jumping, we can get from one triple of super
Markov numbers to another by {z,y,2} — {(¥* + w200 + 2l y, 2}
or {z,y,2} = {z,(z* + 2200 + 22y~ z}or{x,y,2} = {x,y,(2® + zyob + y*)z"1}.

For the set of ordinary Markov numbers, there is a unique sequence of Vieta jumps that
transforms the initial Markov triple corresponding to rational slopes % %, and _Tl to a Markov
triple of Markov numbers corresponding to three compatible rational slopes. Here, compatible
means the arcs of those three slopes do not cross each other on the torus. (The one hundred
year-old Uniqueness Conjecture [ ] goes even further and asserts that for any non-initial
Markov number, there is a unique sequence of Vieta jumps that reaches a triple containing that
number.) We lift this indexing by rational slopes to our aforementioned super analogues by
letting the super Markov triple {SM,,, SM./q, SM,/s} correspond to the triple obtained by the
same sequence of Vieta jumps that takes the initial ordinary Markov triple to that corresponding
to the Markov triple for rational slopes {a /b, ¢/d, e/ f }. Using this, the first several super Markov
numbers arise as triples as:

{SMoyj1, SMyj1,SMy 0} = {1, 2400, 5+ 600},
{SMojr, SMyyp, SMy3} = {1, 5+ 606, 13+ 2606},
{SMi)1,SMi2, SMy3} = {2+ 00, 5+ 606, 29+ Tdob},
{SMyj1, SMyy3, SM3,4} = {2406, 29+ 7406, 169 + 668050},
{SMyjo, SMy 3, SMyys} = {5+ 600, 13+ 26060, 194+ 80106},
{SM /3, SMay3, SM3s5} = {5+600, 29+ 7400, 433+ 203200}.
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3.1. Matrix approach to super Markov numbers

As a first approach to computing further super Markov numbers, we utilize the Holonomy matrix
formulas provided by Theorem 2.12. To do this, we need to first introduce some notation from

the Combinatorics on Words, as in [ , ].
Given 0 < § < 1 with ged(p,q) = 1, we draw ~ of slope p/q on the universal cover
of the torus. As described in [ , Section 1.2], one can use the sequence of

residues a,, = ng mod (p+q) for0 < n < p+q to determine the upper Christoffel word, equiv-
alently a lattice path of north and east steps that lies just above line «y. In particular, we construct
the corresponding upper Christoffel word of length (p + ¢) as wyws - - - w,, via the characteris-
tic function w,, = x(a,—1 < a,). This determines a lattice path from (0, 0) to (p, ¢) so that the
nth step is a north step N whenever a,,_; < a, and is an east step £/ whenever a,,_1 > a,.

To see why this construction works, for each lattice point (4, j), we associate the rational
number jqf"p. Notice that (¢, j) lies strictly above the line -y of slope § if and only if the corre-
sponding rational number jqf"p =7j— z'§ > 0. Thus under this association, and assuming that
the point (4, ) lies on the lattice path just above the line -y of slope =, then the point (i+1, j ) also
lies above the line ~ if and only if the quantity jq — (i + 1)p is still positive. Thus the ensuing
step of the lattice path will be £ only when we can subtract p from (jg — ip) and still result in
a positive number. Otherwise, the ensuing step is NV and we add ¢ to this quantity. Since the
difference between successive values is either —p or +¢, these quantities, i.e. the numerators of
the resulting fractions, are exactly the values of a,, = ng mod (p + ¢q).

Example 3.2. If p/q = 3/5, we get (agp,a1,...,as) = (0,5,2,7,4,1,6,3,0) and hence the
upper Christoffel word is 10100100, corresponding to the lattice path givenby NENEENFEFE,
which lies just above the arc y of slope 3/5, and goes through the sequence of points (0, 0), (0, 1),
(1,1),(1,2),(2,2),(3,2),(3,3), (4,3), (5, 3) which are associated to the fractions 2, 2, 2, I 2
L 63 0 subtracting % when possible, and adding g otherwise.

5> 50 57 5’

Definition 3.3. Given the upper Christoffel word w associated to fraction p/q, let w denote the
truncated Christoffel word obtained by removing initial 1 and final 0 from w. Equivalently,
we have removed the initial NV step and final £’ step from the corresponding lattice path.

Remark 3.4. As explained in [ , Proposition 4.2], if we instead truncate the lower Chris-
toffel word, equivalently a lattice path of north and east steps that lies just below line v, then we
recover the same truncated Christoffel word, hence why we do not need the descriptor “upper”
or “lower” in Definition 3.3. In particular, if the upper lattice path is Nw E and the lower lattice
path is Ew’N, then we get w = w'.
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Proposition 3.5. If w is the truncated Christoffel word associated to the line ~y of slope p/q on
the once-punctured torus, then the Holonomy matrix associated to the path given by line v is
given as the matrix product Mgy, My q_o - - - Mo My where for 1 < i@ < p + g, we have

K —z 0
.132 222 z z €T . ~
M, = |2 %—i—x?zyae (/& —VZ)o+./:0] ifw, =0, or
_O W/ Z-VvF) otz /20 1
: y Vi
M;, = 4 TPy Vop ¥ [T /TG if @ =1, and
—1VE0 —\/Zo—y\ /Lo 1— 200

L EE el /Tt T

My, = _Z _y 1 /9=
fin T 1?0

x2 x
1
LB oy B0 1ty
Proof. Following the elementary steps corresponding to the canonical path associated to v, we
may write out [ as the matrix product My;, My, 4o --- Mo M; where

O') ]d2|1 A_l (ﬁ 9) pA_l (i
yz Tz

M, :pA<ie) Idyy A(£ a) E(y) A(i o) if @ = 1,
Tz Yz Ty

9) Idy, A(% a) E(y) A(xiy 0)

as in Figures 3.2 and 3.3. In particular, suppose we begin our canonically defined path in the
triangle labeled as o at the angle bordered by sides x and y but at the point closer to side x.
We proceed via a sequence of elementary steps so that at the end of each such sequence, we
are back in the same relative position. We multiply together from right-to-left the matrices
corresponding to each sequence of elementary steps. Finally, for any such canonical path, we
end with a sequence of steps that ends in the triangle labeled as # (again at the angle bordered by
sides x and y but at the point closer to side x). Since the places where the line  crosses the arc =
then z (as opposed to y then z) is encoded by the truncated Christoffel word, we use grouping
of elementary steps of one type or the other. We cross triangles and thus include j-invariants o
and 6 as well as the fermionic reflection p accordingly as well. 0

z

M; = A—l(
Ty

a) E~Yx) if w; =0, or

and Mg, = E(x) A(i
xz
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Figure 3.2: Paths for M; where w; = 0 (on the left) or 1 (on the right).

Remark 3.6. If we let + = y = z = 1, as is our convention for defining super Markov num-
bers SM,,,, in contrast to the super A-lengths, the matrices simplify to

0 -1 0 1 1 —0
M;= 1|1 34200 0| ifw;=0, or M;=|1 2400 —oc+0| ifw,=1,
0 0 1 - —0c—-0 1—o00

1 2400 —0+86
and My, = [ -1 -1 o
—0 —0—0 1—o00
We then read off SM,,, as the (1,2)-entry of the holonomy matrix H corresponding to the
line y of slope p/q.

Example 3.7. If p/q = 1/1, the upper Christoffel word is 10 and hence the truncated Christoffel
word is empty. The corresponding Holonomy matrix is simply Mp;, and the (1,2)-entry is
indeed 2 + o) = SM /; as desired.

If p/q = 1/2, the upper Christoffel word is 100 and hence the truncated Christoffel word
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Yy y
x
Figure 3.3: Path for M;,.
is 0. The corresponding Holonomy matrix is
1 2400 —o+6]| |0 —1 0 2400 54600 —o+ 30
-1 -1 o 1 34200 0| = —1 —2—060 o—40
—0 —o—0 1—00] |0 0 1 —0—60 —30—-60 1—200

and the (1, 2)-entry is indeed 5 + 606 = S M /, as desired.
If p/q = 2/3, the upper Christoffel word is 10100 and hence the truncated Christoffel word
is 010. The corresponding Holonomy matrix is

1 2+00 —oc+6| 10 -1 0 1 1 —0 0 -1 0
—1 -1 o 1 342060 6 1 2400 —0c+0| |1 3+200 0| =
—0 —0c—60 1—o00 0 0 1 —0 —0c—0 1—o06 0 0 1

1242200 29+ 7400 —80 + 200
—5—600 —12—2200 40— 80
—80 —40 —200—-80 1— 1600

and the (1, 2)-entry is indeed 29 4 74060 = SMj/3 as desired.
For our running example of p/q = 3/5, we get truncated Christoffel word 010010 and holon-
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omy matrix
179 + 70600 433 + 2032060 —1120 4 3030

—74 — 23700 —179 — 70600 470 — 1250
—1250 — 470 —3030 — 1120 1 —24106

The (1, 2)-entry is SM3/5 = 433 + 203209.

3.2. Combinatorial approach to super Markov numbers

Our main result regarding super Markov numbers is a combinatorial interpretation that extends
the previously known snake graph formula for classical Markov numbers. We use the construc-
tions of Christoffel words and associated lattice paths as in Section 3.1. To such an upper lattice
path, we may associate a snake graph G, by the following procedure.

We first build a word we called the snake word which records the sequence of edges in the
standard initial triangulation of the the once-punctured torus crossed by v of slope p/q. This
word can be obtained directly from the Christoffel word by applying the following substitutions.
See Section 4 for the explanation of why these two descriptions match.

Step 1: To account for the initial step (which must always be a N step), begin the snake word
with a z.

Step 2: For the remaining steps in our upper lattice path (except for the final step), for each NV
step in the upper lattice path, append an x 2 to the snake word, and for each E step in the truncated
lattice path, append a yz.

Step 3: For the final step of the upper lattice path (which must always be an F step), we leave
the snake word alone. Thus, our final snake word has length 2(p + ¢) — 3.

Step 4: Snake graphs are comprised of tiles, i.e. quadrilaterals or 4-cycles, that are labeled
as X, Y, or Z, where the label determines the corresponding edge weighting and is also used
elsewhere in the expansion formulas.

If a tile is labeled X, its two horizontal edges have weights of y and its two vertical edges
have weights of z.

If a tile is labeled Y, its two horizontal edges have weights of z and its two vertical edges
have weights of x.

If a tile is labeled Z, its two horizontal edges have weights of y and its two vertical edges
have weights of .

Step 5: Beginning with a single tile with label Z for the first letter of the snake word, add
tiles to the NV or £ of the previously placed tile iteratively as follows. If the ensuing letter is ,
place a tile labeled X to the N. If the ensuing letter is y, place a tile labeled Y to the £. And
if the ensuing letter is 2, place a tile labeled Z continuing the same direction as its predecessor.
The resulting snake graph consists of 2(p + ¢) — 3 tiles.

Step 6: Each of these can also be triangulated by drawing an additional diagonal arrow on
the NW-SE axis and for usage later, we note that every tile with a label of Z also includes labels
by p-invariants such that o appears in the lower-left triangle and # appears in the upper right.
For the tiles with labels of X or Y, their two triangles get labels by p-invariants matching the
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Figure 3.4: Arc y of slope 3/5 (in red) crossing the triangulation of a once-punctured torus lifted
to its universal cover, with upper lattice path N EN EE N E F illustrated (in black) For each copy
of the fundamental domain, we use a different subscript to label the two associated p-invariants.

adjacent triangles in the tiles with a label of Z. This labelling follows from the unfolding map
of [ , Sec. 4.5].

This procedure constructs the snake graph G/, corresponding to arc ~y of slope p/q, as
described in [ Jor|[ ], since tile X arises whenever v would cross a horizontal arc
in the fundamental domain, tile Y arises whenever v would cross a vertical arc in the fundamental
domain, and tile Z arises whenever v would cross a diagonal arc in the fundamental domain.

Example 3.8. In our continuing example of p/q = 3/5, corresponding to the upper lattice
path N(ENEENE)E (with truncated lattice path EN EEN E), the associated snake word
is 2 yz xz yz yz xz yz. These are illustrated in Figures 3.4 and 3.5.

Remark 3.9. For our present application of expansion formulas for super A-lengths, we build a
snake graph G, /, as above, but instead of utilizing only the two p-invariants o and 6 throughout
the entire graph, we consider the alphabet of p-invariants o1, 09, ..., 0prq—1, 61,02,...,0,14-1
so that reading from left-to-right, the ith iteration of the tile with label Z uses p-invariants o;
and 0;. We will later identify all o;’s as equivalent and all 6;’s as equivalent, so that in partic-
ular 0;0; = 0 and 0,0; = 0 for all choices of 7 and j. However, this notation distinguishing
between p-invariants will be useful during our exposition.
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Figure 3.5: Snake Graph corresponding to the arc 7 of slope 3/5 with tiles corresponding to
crossings of « with the lifted triangulation as in Figure 3.4.

Since the once-punctured torus has no boundary, we also have less freedom in choosing
an orientation that corresponds to our spin structure. We pick an orientation that is cyclically
oriented on the two triangles in our standard triangulation, as we previously illustrated in Fig-
ure 3.1. In particular, we orient triangles clockwise on the lower left triangle (corresponding to
p-invariant o) and orient triangles counter-clockwise on the upper right triangle (corresponding
to p-invariant ¢). An equivalent way of describing this orientation is upward on vertical arcs,
leftward on horizontal arcs, and southeastern on diagonal arcs, and this orientation is consistent
when identifying opposite sides of the torus to each other.

We recall from [ ] that the classical Markov number M,,, counts the number of perfect
matching (a.k.a. dimer covers) of the snake graph G, constructed from p/q as above. (See
also the construction of the snake graph G, /, from [ ] where it is built by placing tiles to
the right in positions corresponding to 0’s in the Christoffel word and placing tiles on the top in
position corresponding to 1’s in the Christoffel word.) Note also that each tile of )/, can be
associated with either initial arc x, y, or 2, determined by the order in which arcs of the initial
triangulation are crossed by the arc of slope g.

We now extend this definition to instead enumerate double dimer covers (which are multi-
sets of edges such that every vertex is incident to exactly two distinguished edges) of the snake
graph G, ,. Every ordinary perfect matching of G/, corresponds to a double dimer cover by
simply doubling every utilized edge. We additionally get other double dimer covers which con-
tain cycles (where each edge along the cycle is utilized once) as well as (possibly) doubled edges.
With snake graphs now defined, we can complete our definition of double dimer cover weights,
as based on [ , Definition 4.4]. Given double dimer cover M, we note that a cycle C' as a
component of M always encircles a number of triangles in the snake graph as embedded inside
the universal cover. Thus, there is a triangle in the lower-left of such a cycle C and a triangle in
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the upper-right of such as cycle C. We thus define wt(C') = p;1u; where y; is the p-invariant of
the lower left and y; is the p-invariant of the upper right. Then

wt(M) = H wt(e) H wt(C).

eeM Cycle C of M

We lastly note that the product Hcyde o of 1 WE(C') is re-ordered so that it is expressed according
to the positive ordering defined in Section 2.

As a consequence of the way that odd elements (i.e. p-invariants) are defined for the once-
punctured torus, not all possible double dimer covers contribute to our enumeration. Any double
dimer cover containing two or more cycles contributes zero to this enumeration and double
dimers containing a single cycle are weighted as described in Definition 3.10.

Definition 3.10. The value of Mp /q is the signed enumeration of double dimer covers on G/,
containing a single cycle of odd length as follows:
(# containing a single cycle whose leftmost tile is X and whose rightmost tile is also X)
+ (# containing a single cycle whose leftmost tile is Y and whose rightmost tile is also Y")
+ (# containing a single cycle whose leftmost tile is Z and whose rightmost tile is also Z)
- (# containing a single cycle whose leftmost tile is X but whose rightmost tile is Y")
- (# containing a single cycle whose leftmost tile is Y but whose rightmost tile is X).

We deduce the follow combinatorial interpretation, in terms of double dimer covers, of super
Markov numbers accordingly.

Theorem 3.11. Let vy,,, be an arc of slope g, such that 0 < g < 1, on the once-punctured
torus, where we have chosen the standard initial triangulation corresponding to %, %, ’Tl} and
set the (super) \-lengths of these three initial arcs all equal to 1. Then the super \-length of 7, /,
is given by the super Markov number SM,;, = M,,, + Mp/qae where M, , is the classical

Markov number associated to the arc of slope § and M,y is the signed enumeration given in
Definition 3.10.

We prove this result in Section 4 breaking it down into a series of lemmas.

4. Proof of Theorem 3.11

We begin by describing how the snake words constructed in Steps 1 - 3 of Section 3.2 allow us to
identify a polygon and cut it out of the universal cover of the triangulated once-punctured torus.

Lemma 4.1. Given the upper lattice path defined by fraction p/q (where 0 < p/q < 1), the
snake word defined by N — xz and E — yz (with special rules of z for the first step of N and
no letter for the final step of E) describes the sequence of initial arcs crossed by ,,, the line of
slope p/q in the universal cover of the triangulated once-punctured torus.

Proof. Letag, ay, ..., apq denote the points incident to adjacent steps of the upper lattice paths,
as described in the beginning of Section 3.1. We then define points by, b1, . . ., b,1, on the line
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segment v, , by setting by = ag, by4 = a4 and foreach 1 <7 < p + ¢ — 1, we set b; to be
a point in the interior of the upper right triangle of the triangulated fundamental domain of the
once-punctured torus incident to a;. See Figure 4.1.

Since the slope of v, , is assumed to be positive, the initial arc first crossed by -/, is nec-
essarily z. If the slope is 1, this is in fact the only arc crossed by v and we verify that the snake
word of z indeed corresponds to the upper lattice path of NV F. Next, in addition to assuming that
the slope of v, is positive, we assume that it is bounded between 0 and 1. As a consequence,
the second and third of the initial arcs crossed by ~y are necessarily y then z (in that order) and
the first two steps of the upper lattice path must be N E. We observe that after following along
line segment +,,, so that we have crossed z and y, we are now at the point b,. We see that the
prefix of such snake words is zyz, which matches the construction from an upper lattice path
with prefix N FE.

Following v,/ to the point b3, the next arcs crossed by ~y are then either zx or zy (in that order)
depending on whether the upper lattice path’s next step is N or F, respectively. We continue
applying this rule iteratively until we reach the point b,,_;. Each time, the steps of the upper
lattice path exactly matches the next two letters of the constructed snake word. Since by, 41
already lies in the interior of the upper right triangle of the fundamental domain, following v,
from by, 41 to b, the endpoint of +, , does not contribute any further crossed arcs or elements
to the snake word. At the same time, the final step of the upper lattice path from a4 4—1 t0 a,,
must be an £ step. [

As a consequence of Lemma 4.1, we let 7', denote the polygon (cut out of the universal cover
of the triangulated once-punctured torus) inscribing the sequence of arcs crossed by v = 7, /4.
This polygon, T’,, can equivalently be defined as the boundary between the upper lattice path
and the lower lattice path. The cyclic orientation of the two triangles making up the fundamental
domain of the triangulated once-punctured torus, as in Figure 3.1 (Left) induces an orientation
of T’, so that every arc labeled x is oriented to the left, every arc labeled y is oriented upwards,
and every arc labeled z is oriented southeastern. To transform this orientation into the default
orientation on the interior of 7', i.e. not including boundary edges, we negate p-invariants as
described in the next result.

Lemma 4.2. If the upper Christoffel word for the line v of slope p/q has 1’s in posi-
tions i1 = 1,iy,...,1, then on the interior edges of T, the default orientation differs from
the lift of the cyclic orientation by negating c;,, 0y, . . ., 0j,.
Proof. Since the polygon 7', is triangulated based on the fundamental domain as in
Figure 3.1 (Left), we get a configuration where each fan segment is either a single triangle or a
quadrilateral, depending on the upper Christoffel word. In particular, every entry of the upper
Christoffel word, besides the final entry, corresponds to either two triangular fan segments or a
single quadrilateral fan segment. If an entry is the prefix or suffix of an instance of the two-letter
subword 01, it corresponds to a quadrilateral fan segment. All other entries correspond to two
triangular fan segments.

Of these fan segments, only the quadrilateral fan segments corresponding to entry 1 (in posi-
tion 7) lead to edge orientations in the default orientation that differ from the cyclic orientation,
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Figure 4.1: Points by, by, by, . .., bg on arc v35.

and the difference corresponds to the orientation on the interior edges = and z, which borders o;
exactly as stated. 0

The last piece of theory we need before proving our main theorem is the positive ordering
determined by the default orientation on 7.

If we label the p-invariants as 6y, 6,, ..., 0, in order according to the crossings by arc -,
then starting from the end we apply the following procedure. Suppose that 0y 1,0k12,...,0,
are already ordered. Then if the edge separating 6, and 6., is oriented so that 6y, is to the right,
then we declare 6, > 6, for all k + 1 < ¢ < n. On the other hand, if 6, is to the left of 6;4,
then we declare 0, < 6; for all £ + 1 < ¢ < n. Applying this first to the case K = n — 1 and
following by descent until £ = 1 yields an ordering on all n p-invariants.

Lemma 4.3. Given the same hypotheses as in Lemma 4.2, the positive ordering associated to
the associated cyclic orientation (after negating o;’s for i’s indexing positions of non-initial 1’s
in the upper Christoffel word) is given by the following two step process.

Step 1: Initialize the ordering as o1 > 09 > ---0, >0, > 0,1 > --- > 0.

Step 2: For every instance of 01 in the upper Christoffel word, where i denotes the position
of this non-initial 1, switch the placements of o; with 0;_, and negate ;.

Proof. Following Definition 2.1, the cyclic orientation of 7', induces the positive ordering

01> 09> 0, >0,>0,_1> >0,
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which leads to well-defined formulas when we project down to the original torus with only two
p-invariants (by letting oy = 0y = -+ =0, =ocand 0; = 0y = --- = 0, = 0) since 0; > 0,
for all 7 and k.

However, after negating the values of ¢;’s based on the positions of non-initial 1’s in the
upper Christoffel word, the positive ordering associated to the resulting default orientation may
have the sequences of +£0;’s and 6,’s interweaved.

In particular, starting from the last quadrilateral, we begin determining our ordering by
looking at the edge between the j-invariants 6,,,_; and £0,,,_; and using Definition 2.1 to
determine if 0,,,1 > £0piq-1 OF Oy g1 < F0piq—1. We then move along v backwards,
assuming we have previously constructed a positive ordering to the set of p-inva-
riants {:i:o-k+1, t0ki2, -, EOpig—1,Oprg—1, Oprqg—2s - - -, Okg2, O, Hk}. We will denote this
ordered block as Bj. We observe that if no 1 appears to right of position k, then the ordering
of By would be 11 > 040 > --- >0, >0, >0, 1> --- > 0, which matches the ordering
expected from the cyclic orientation.

The first occurrence of an edge which is oriented differently is the edge z between o; and 6;
such that the ith position of the upper Christoffel word is 1. Consequently, instead of o; being
greater than every p-invariant coming after it in the triangulation (which is the case in the cyclic
triangulation), we instead get that (—o;) is less than every p-invariant coming afterwards.

We next see the edge = between 0, _; and o; is oriented oppositely. Thus instead of 6;
being minimal among all p-invariants coming afterwards, we get that #;_; is maximal. Thus if
we originally had

o; > B; > 91‘_1

and we have replaced this with
91‘,1 > B, > <_Uz)

We continue inserting 6; and o},’s in order as in the cyclic triangulation case until the next time
we see an occurrence of 01 earlier in the upper Christoffel word.

Iterating this process, we get the positive ordering defined by the two step process as desired.
O

Example 4.4. For arc 7 = 735, the default orientation of T’, is determined by the fan cen-
ters ¢y, c1, ..., c11 as in Figure 4.2. The upper Christoffel word for this example is 10100100,
which has non-initial 1’s in positions 3 and 6. (The quadrilateral fan segments correspond to the
subwords 01 in the 2nd and 3rd entries as well as the 5th and 6th entries.) Negating o3 and og in
the cyclic orientation of Figure 3.4 results in this default orientation by reversing the direction of
the red arrows incident to ¢4 and cg, respectively. The positive ordering associated to this default
orientation is

0'1>0'2>02>O’4>0’5>95>O’7>€7>€6>(—0'6)>94>93>(-0‘3)>01.

As a consequence of Lemma 4.3, we get the following result.



22 Gregg Musiker

i T

C11
A
07
x x
Cs
C10
x
A z
03
y V'S y P N y y
x (—o3) = 04 o5
C1 C3 .
| 4
Cq Ce
91 02 x X
z %
Yy A Y Yy
01 02
Co C2
T x

Figure 4.2: Default Orientation for the polygon 77, cut out by the arc +y of slope 3/5; with labels
of fan centers cy, ¢y, . .., c1; and shading of fan segments.

Corollary 4.5. Given polygon T, and using negations to get from the cyclic orientation to the
default orientation and then the positive ordering, we recover the following multiplications in-
volving pairs of p-invariants.

Firstly, 0,0, = ojo, = 0 for any indices j and k since after we identify all 0;’s to each other
and all o}.’s to each other, the resulting multiplicative expressions square to zero.

Secondly, define ¥, (resp. ©,) to be the set of indices i (resp. (i — 1)) such that i is the
position of a non-initial occurrence of 1 in the upper Christoffel word. Let 3, and ©,, denote
the complements (X,)° = {1,2,...,p+q—1}\ X, and (0,)°={1,2,...,p+q—1}\ O,,
respectively.

Thenfor1 < j,k < p+q— 1, the product o0y, is positive in this ordering if and only if one
of the following hold:

1)je¥yandk € ©,.

2)jeX, keO,andj < k.

3)jeX,and k € O,.

4)je ¥, keOyandj < k.

Otherwise, this product contributes a negative sign. In particular, we have negative signs
foroOiforje X, kecO,andj>korjecd, kecOyandj> k.

Proof. Using Lemma 4.3 and letting III denote a shuffle or interspersing of two subsets, the
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positive ordering can be summarized as (X, I11 ©,) > (0, III — X,).

In more detail, the first portion of the positive ordering associated to the default orientation
is the union of >, and ©,, with each subset written with respect to subscripts in increasing order
and so that the elements of O, fit into the gaps left due to the elements of ¥, = (X,)°. Note in
particular that there is a bijection between ¥, and ©, by i« — (i — 1). The second portion of
the positive ordering is then the union of ©, and —X, with respect to subscripts in decreasing
order, analogously interspersed, and with negative signs multiplying elements of >,,.

Consequently, any element of X, precedes any element of ©,, and any element of ©, pre-
cedes an element of —Y,. However, the latter comes with a negative sign and so we reverse
the order to account for this. We thus have properties (1) and (3) as above. We similarly obtain
properties (2) and (4) but due to the nature of the shuffles, as indicated by III, noting that the
relative order of subscripts j and £ matter in these two cases. U

Remark 4.6. Using the notation of Corollary 4.5, for2 < j < p-+q— 1,75 € X, (resp. X,) if
and only if o} is the upper right entry of a tile of the snake graph whose diagonal is labeled as X
(resp. Y'). Furthermore, for 1 <k <p+q—2k € O, (resp. ©,) if and only if §; is the lower
left entry of a tile of the snake graph whose diagonal is labeled as X (resp. Y).

By convention, we say that 1 € ¥, and (p + ¢ — 1) € O, although since 1 = j < k forall k
(and j < k = p + ¢q — 1 for all j), we are guaranteed that o;0;, projects down to +o6 in such
cases regardless of whether we say 1 € ¥, or in ¥, (and analogous if we say (p+¢ — 1) € O,
orin O,.

Finally, the remaining tiles have diagonals labeled with Z’s and o; in the lower left and 6; in
the upper right, where ¢ runs from 1 to (p + ¢ — 1) as we run through the snake graph in order
from beginning to end.

Example 4.7. Continuing with our running example where arc v = 735 with default orientation
01> 09 >0y > 04 >05>05>07>0;>05>(—0g) > 04> 05> (—03) > 04,

we have ¥, = {3,6}, ¥, = {1,2,4,5,7}, ©, = {2,5}, and ©, = {1,3,4,6,7}. We
get positive products 016, for 1 < k < 7, 090, for1 < k < 7, 030, for 2 < k < 7,
040y for k € {1,3,4,5,6,7}, o50; for k € {1,3,4,5,6,7}, 060 for k € {2,5,6,7}, 076y
for k € {1, 3, 4, 67 7} HCHCC, 0'391, 0'492, 0'592, 0'691, 0'693, 0'694, 0'792, 0'795 all equate to —of
instead.

See the snake graph of Figure 3.5 for comparison.

We now put all of this together to prove our main theorem.

Proof of Theorem 3.11. We use [ , Theorem 5.2] which complements Theorems 2.9
and 2.12 from above to give a combinatorial formula (in terms of double dimer covers) for the
super A-length of v = ~,, relative to the default orientation of the polygon 7’,. Lemma 4.1
ensures that the snake graph associated to 7', indeed has the same pattern of tiles as in the ordi-
nary Markov case of [ ], and Lemma 4.2 describes how to insert negative signs into certain
p-invariants of 7', to stay in the equivalence class of the cyclic orientation on the triangulated
once-punctured torus in the fundamental domain. Lemma 4.3 and Corollary 4.5 then records
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which products of the form ;0 project down to o6 versus its negation —o6 with respect to the
positive ordering.

We use Remark 4.6 to conclude that the only cycles that survive this enumeration as +o#6 are
those corresponding to cycles from tile X to tile X, tile Y to tile Y, or tile Z to tile Z. Similarly,
the only cycles that survive as —o# are those from tile X to tile Y or from tile Y to tile X.

In particular, going from tile Z to tile Z has o to 0;, where j < k. Going from X to X has 0,
to o; where k < jbutk € ©, and j € X,. Thus we negate twice to see 0,0, projects down
to —o = +o6. Similarly, going from Y to Y has 6, to o; where kK < jbutk € ©,and j € X,
yielding +o6 after two negations again.

If we instead go from X to Y, we obtain 0,0, where k < jand k € ©, but j € 3. We thus
can only negate once in this case and project down to +6o = —o# in this case. Analogously,
going from Y to X yields 6,0; where k < j, k € ©, and j € X,, and we project down
to +0o = —of.

Finally, going from tile Z to X or Y, or the reverse, will yield ojo;, = 0 or 0;0;, = 0,
respectively.

Any double dimer cover that includes either more than one cycle or a cycle of even length will
lead to a 02 = 0 or #? = 0 and hence does not contribute either. Also the double dimer covers
with no cycles are in bijection with ordinary perfect matchings with doubled edges used, and
hence were already included in the enumeration counted by the ordinary Markov number M, ,.

]

Example 4.8. See Figures 4.3, 4.4, and 4.5 for double dimer covers counted by M2 /3, i.e. the
soul of SMy/3 = My/3 + M2/30'9 =29+ 7400 = 29 + (78 — 4)0f. In Figures 4.3 and 4.4, the
numbers next to each representative signify the number of double dimer covers containing this
particular cycle of odd length in the snake graph, while Figure 4.5 shows all four double dimer
covers corresponding to the —406.

Double dimer covers consisting entirely of doubled edges biject with ordinary perfect match-
ings (or dimer covers) of the snake graph G'/3 which is counted by the ordinary Markov num-
ber 29. Cycles of single edges are indicated in orange and contribute 06 accordingly.

Remark 4.9. If we let the A-lengths of the three arcs x, y, and z in the initial triangulation be
variables instead of setting them to be 1, the argument still goes through in the same way and
we get formulas in Z[z*1/2, y=1/2 2*1/2](50) instead.

5. Open questions related to super Markov numbers

Despite the signed generating functions appearing in the proof and the provided formulas for
super Markov numbers, as well as their weighted version, in practice, all examples we have com-
puted resulted in expressions with positive signs only. This leads us to the following conjecture
and question.

Conjecture 5.1. Assuming the spin-structure on the once-punctured torus induced from the
cyclic orientation of the two triangles in the fundamental domain (clockwise on one of them,
counter-clockwise on the other), the formulas for super A-lengths of arcs in the associated dec-
orated super Teichmiiller space can all be expressed using only positive coeflicients.
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03 oy 04 03 oy 04

o3 |03 - |oa O3 |03 |04

o1 0, o9 o 0, 09

05| o4l b, 0 4| O

o3 |03 o 03 |05 |04

o1 0, o2 01 0 02

O o4 O, 0 4| O

o 93 o4 O3 03 04

b P ] 0 Oa| By
Z. Y. Z. Z Y. Z

o1 91 o o1 91 02

Figure 4.4: Continuation of Figure 4.3. In particular, the enumeration of 7806 decomposes
as (124+5+104+4+104+5+1245+44+5+2+1+2+1)0b.
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Os| - oal - by 03 ouf - by
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03 93 04 g3 93 04

e
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01 01

0, o9
Z Y

01 91

Figure 4.5: The four double dimer covers contributing negatively to SMy/3 = M3+ M, 1300 =
29 4 74060 = 29 + (78 — 4)00.

Question 5.2. Assuming the correctness of Conjecture 5.1, is there an adaptation of the above
combinatorial interpretation, Definition 3.10, which uses a signed enumeration of double dimer
covers, requiring only a positive expansion formula? In particular, can one further restrict which
double dimer covers contribute to the partition function (similar to how Lindstrom—Gessel—-
Viennot often allows one to use the signed expansion formula of a matrix determinant as the
positive generating function for non-intersecting lattice paths) therefore manifesting a solely
positive enumeration with no cancellations of signed terms needed?

As another direction, we note that V. Osienko [ ] considers a shadow sequence
related to Markov numbers. However, his values differ from the ones we obtain as coefficients
of the e = 0o in SM,,’s.

Question 5.3. What is the relationship between our family of super Markov numbers and the
shadow sequences, and shadow Markov equation, that Ovsienko obtains by deforming the rele-
vant difference equations, see Table 5.1?

We note that in the case of Super Fibonacci numbers, which coincide with super Markov
numbers of the form SV, /,, Ovsienko similarly studied a related, but different, shadow sequence
of Fibonacci numbers. However, in this case, the relationship between his work and ours has
been clarified, as we indicated in [ , Footnote 8].
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Ovsienko Shadow Markov Number ~ Super Markov Number

2+ 4de SMij =2+ 00
5+ 13¢ SMyj, =5+ 600
13 + 40e SMy3 =13 + 2600
34 + 120e SMyy = 34+ 9700
89 + 354¢ SM, 5 = 89 + 33200
29 4+ 117¢ SMy3 =29 + 7400
194 + 976¢ SMsys = 194 4 80100
169 + 921e SMs,, = 169 4 68800
433 + 2592¢ SMsys = 433 + 203200

Table 5.1: Ovsienko’s Shadow Markov Numbers versus Super Markov Numbers.

plg 2 3 4 5 6 7 8 9 10 11 12 13
1 6 26 97 332 1076 3361 10226 30510 89665 260376 748776 2136001
2 74 801 7714 63718 581249 4743966
3 668 2032 18192 53724 454436 1306168 10567054
4 5284 44257 364778 2971498 23705633
5 38914 110138 310113 868730 6837825 19232192 53829172
6 274126 16076512 122875168

Table 5.2: Coefficients of 6o in SM,,,, for small and relatively prime values of p and ¢, where
columns are ¢ and rows are p.

Continuing from Table 5.1, coefficients of 6o in additional super Markov numbers grow as
in Table 5.2. This data motivates the following question which the author thanks E. Banaian for
bringing to his attention:

Question 5.4. Is the analogue of Aigner’s mononicity conjecture [ ] true for the Mp /q’S,1.€.
the souls of super Markov numbers? In other words, if we let p1, pa < ¢1, g2, with ged(p;, ¢;) = 1
in all cases, do we have the three inequalities

My e < Mg if pi < po? (5.1)
My, gy < Myg, it g1 < @7 (5.2)
My, jqr < My, if pr+aq =p2=qandq < g? (5.3)

Note that Rabideau—Schiffler [ ] proved the second of these inequalities for ordinary
Markov numbers using cluster algebras and snake graphs, and McShane [ ] used convexity
to prove all three of these inequalities for ordinary Markov numbers.
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1

03 g3

Figure 6.1: (Left): Triangulation of an annulus when ¢ = 2. (Right): its universal cover.

6. Applications to super annuli

As a generalization of the case of Super Fibonacci numbers studied in [ , Sec. 11]
and [ , Sec. 6], instead of considering the decorated super Teichmiiller space associated
to an annulus with one marked point on each boundary, we can instead consider the decorated
super Teichmiiller space associated to an annulus with p marked points on one boundary and ¢
marked points on the other.

We begin by focusing our investigation on marked annuli where p = 1 (without loss of
generality assume this is the inner boundary) and such that the initial triangulation is assumed
to consist entirely of bridging arcs with one arc emanating from (¢ — 1) of the marked points on
the outer boundary and two arcs emanating from the gth marked point on the outer boundary.
We label the arcs from 1 to (¢ + 1) in clockwise order (with respect to the inner boundary)
beginning with one of the two arcs bridging the unique marked point on the inner boundary
to the gth marked point, and ending with the other arc bridging the unique marked point on
the inner boundary to the gth marked point. Let z1, 9, ..., 2441 denote the super A-lengths
of these initial arcs accordingly. For 1 < ¢ < ¢, let 6; denote the p-invariant defined by the
triangle defined by the arcs z;, x;11, as well as part of the outer boundary, and let o, ; denote
the p-invariant defined by the triangle defined by the arcs ., 1, and the inner boundary. We
also choose a spin structure so that arc 1 is oriented towards the inner boundary point while the
arcs, 2, 3, . . ., g are oriented away from the marked point on the inner boundary. This orientation
ensures that when we mutate arc 1, then ¢, lies to its left and o, lies to its right, mimicking
the configuration of Figure 2.2 (Left). See Figure 6.1 for an example when ¢ = 2.

Mutating 1,2,3,..., (¢ + 1) induces a Dehn twist of the annulus and repeatedly applying
this mutating sequence yields a one-parameter sequence of super A-lengths .2, 2443, .... Al-
lowing mutations along the reverse of this sequence, i.e. (¢ + 1),q,...,2,1,..., analogously
yields xg,z_1, ..., and thus we obtain super A-lengths x,,, for all integers n, associated to all
bridging arcs in this annulus. We also construct p-invariants o, for all integers n by increasing
(resp. decreasing) indices by one as we apply mutation (resp. backwards mutation), and invari-
ants 6, for all integers n by increasing (resp. decreasing) indices by ¢ as we apply mutation
(resp. backwards mutation).

Due to the reversal of orientation, see Figure 2.2 (Left), observe that mutating arc 1 leads to
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) 0, 05 0o 05
To I3 Tyq T2 I3 Lyq X2
B 4 A 4 v ...
04 04

q=72 p=1 p=1 p=1

Figure 6.2: Mutation of the triangulation of the annulus from Figure 6.1.

the reversal of orientation of arc 2. Additionally, the newly created arc (¢ + 2) is oriented away
from the inner boundary. Consequently, by adding one to every index, we recover the same local
configuration as the original triangulation (up to winding or shearing). Iterating this process,
the local oriented triangulation is also preserved under Dehn twists.

Applying the Super Ptolemy Relation yields the defining recurrences for this super-integrable
system:

TnTn—g-1 — Tpn-1Tp—q +1+ vV xn—lxn—qan—len—q—l (6.1)
Opn = (O-nflvxnflxnfq - enqul) /\/ Tp—g—1Tn (62)
917,—1 = (en—q—l\/ Tp—1Tn—q + gn—l) /\/ Tp—g—1Tn (63)

If we then multiply Equations (6.2) and (6.3) together, we get

Tp—1Tp—g + 1

O-nen—l - O'n—len—q—lu

TnTn—q-1
which we can use (0,,_16,,_,_1)? = 0 to obtain the expression

Lp—-1Tn—q +1+ \/xn—lxn—qo-n—len—q—l

Tpln—g-1

Ungn—l = Un—len—q—l = Un—len—q—l-

In particular, the product of p-invariants corresponding to the quadrilateral where we mutated
is a constant of this mutation.

Example 6.1. For ¢ = 1 and if we initialize z; = 2o = 1 and 6; = 0, 05 = o, then we
recover 0,6, 1 = 0,16, for all n. Letting o6 denote this constant value for ¢,6,,_; (even
as n varies), we thereby recover

2
TpTp—o =T, 1+ 1+ x,_100

for all n and get the Super Fibonacci numbers as studied in [ ,Sec 11].
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Additionally, similar to the use of modified p-invariants in [ , Appendix A] or

the A%;’s as defined in [

, Definition 1.2], we define normalized p-invariants by mul-

tiplying each p-invariant by /- when the p-invariant is associated to the angle of the trian-
gle (a,b, c) opposite of the side of weight ¢. Using the angles opposite boundary edges (of
weight 1), we get the following normalized p-invariants for all n € Z:

6-\7; - On/\/ TnTn—q and ‘gn—l = 071—1/\/ TnTpn—1-

Using the notation of normalized p-invariants, Equations (6.1)-(6.3) can be rewritten as the

recurrences

Tnln—qg-1

Tp-1Tn—q +1+ xn—lxn—qxn—q—lo/-:len—q—l (64)
Tp—-1Tn—q (1 + xn—q—lo/-;z\—/len—q—l) + 1
n—1 —— 1 —_—
- la-nfl - _enqul (65)
Tn Tp
qenqul + m_o'nfl (66)

Example 6.2. If ¢ = 2 and we initalize 1 = x5 = x3 = 1, then 51 =0, 0; = 0y, 03 = 03, and

we obtain

Ty =
rg =
Tg =
Tio =
I =

T2 =

2 + o036,
th + 03
— 6 + 03
3 + 696, + 0301 + 036,
— 0,+20, 4+ 03— 03050,
— 0 —0, + o3
7 + 606, + To30; + 3030,
20, — 0y + 403+ 203056,
— 300 — 20, + 03— 03020,
11 + 76,6, + 90361 + 90304
26 + 10020, + 40036, + 250505
41 + 38696, + 560360 + 56030,
97  + 64650, + 204036, + 148030,
153 + 186620;  + 296056, + 296030,
362 + 342050, 4+ 969030, + 760050,
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as the first several resulting expressions from applying this recurrence. We will provide a com-
binatorial interpretation for the weighted versions of the super A-lengths x,, in terms of signed
double dimer covers as our next result.

Proposition 6.3. Given an annulus with p = 1 marked point on boundary and q = 2 marked
points on the other, the super lambda-lengths x,, as defined above have the following combina-
torial interpretation as a signed enumeration: _

Consider the affine cluster algebra of type A o, which has an initial seed given by the quiver

17 9 %3,

~—~F —

Let G,,(1,2) denote the snake graph associated to the ordinary \-length (equiv. cluster variable)
T, for this cluster algebra, with tiles labeled as 1, 2, or 3, following the construction of [ J
See Figure 6.3. Then x,, is the signed enumeration of double dimer covers on G,,(1, 2) as follows:

Weight of all double dimer covers consisting entirely of doubled edges

+ (Weight of double dimer covers containing a single cycle whose leftmost tile is 1 and whose
rightmost tile is also 1

+ Weight of double dimer covers containing a single cycle whose leftmost tile is 2 and whose
rightmost tile is 3 ) o361

+ (Weight of double dimer covers containing a single cycle whose leftmost tile is 2 and whose
rightmost tile is also 2

- Weight of double dimer covers containing a single cycle whose leftmost tile is 3 and whose
rightmost tile is 1 ) 0,60,

+ (Weight of double dimer covers containing a single cycle whose leftmost tile is 3 and whose
rightmost tile is also 3

+ Weight of double dimer covers containing a single cycle whose leftmost tile is 1 and whose
rightmost tile is 2 ) 036

Proof. We observe that for each arc n > 3, if we lift to the universal cover and then restrict
to the subtriangulation of triangles crossed by arc n, the orientation of Figure 6.1 is a default
orientation. However, if we then apply the procedure of Definition 2.1 to construct a positive
ordering of the associated p-invariants, we obtain the inconsistent ordering

"'O'3>0'3>"'0'3>91>62>Q1>€2>...>Ql

Or ++-03>03>--03>03>0,>0;>--->0

depending on the parity of n. See Figure 6.4 for examples of how this affects the ordering of
p-invariants as they arise on tiles of the associated snake graphs, depending on whether n is odd
or even. In particular, comparing with Figure 6.3, the p-invariants coming first in the positive
ordering are labeled with higher numbers (in parentheses) and those coming later are labeled
with smaller numbers.

Any double dimer cover including a cycle whose leftmost triangle is o3 in Tile 1 therefore
has a rightmost triangle that comes later in this positive ordering. (Further, if the last tile of
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s 0,
3 1
0, 03
G, 0, 0, 0, 0y
o5 03 0, 03 0,
3 1
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03 0, 0y 03 0 02

0, 05 01 02
1 2 1 2

o5 (91 03 01

Figure 6.3: Snake Graphs G,(1, 2) for small n.

this cycle is Tile 1, we get a contribution of o303 = 0. We thus exclude such cycles of length
divisible by 3.) We thus get contributions of +0c36; for cycles stretching from Tile 1 to Tile 1
and +o36 for cycles stretching from Tile 1 to Tile 2.

On the other hand, a cycle whose leftmost triangle is ¢, in Tile 2 will end with a right-
most triangle that comes earlier in this positive ordering. We also again exclude such cycles
of length divisible by 3 to avoid contributions of 60, = 0. Consequently, a cycle stretching
from Tile 2 to Tile 2 contributes —6,0, = +6-6, while a cycle stretching from Tile 2 to Tile 3
contributes —6,03 = +036;.

Analogously, a cycle whose leftmost triangle is 65 in Tile 3 will end with a rightmost tri-
angle that comes earlier in this positive ordering. As above, we exclude such cycles of length
divisible by 3 to avoid contributions of 6205 = 0. Thus, a cycle stretching from Tile 3 to Tile 1
contributes —f560, while a cycle stretching from Tile 3 to Tile 3 contributes —0y03 = +036s.

Notice that in particular, we get positive coefficients on o361, 036, and 656, (with the prod-
ucts in this order) except for the one case of a cycle from Tile 3 to Tile 1, as desired.

Lastly, any double dimer cover containing more than one cycle will contains a degree four
product of odd invariants. But since we only have three odd invariants possible in this example,
two of these must coincide and thus such terms vanish. 0

Remark 6.4. If we consider combinatorial interpretations for super A-lengths z, for cases
when ¢ > 3, we would have four or more p-invariants. While most of the proof could be adapted
in such cases, the last line would not apply, and we thus would need to include contributions from
double dimer covers with two or more cycles.

Remark 6.5. We note that the number of odd elements (u-invariants) appearing in the coordinate
ring for decorated super Teichmiiller space is determined by the number of triangles in such a
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Figure 6.4: Positive Ordering on Snake Graphs G~(1,2) and Gs(1, 2) where (i) > (j) signifies i
comes before j, i.e. y;p; is the order with the positive sign. Compare with Figure 6.3.

marked surface and whenever such a coordinate ring admits at least four distinct p-invariants,
we may have terms of degree > 4 expressed in terms of p-invariants. Otherwise, if only 2
or 3 p-invariants are admitted, we only have terms in the body (no p-invariants) or terms in
the soul that are degree 2 in terms of p-invariants. The main examples mentioned or studied
in this paper previously: Super Fibonacci Numbers (corresponding to annuli with two marked
points) and super Markov numbers (corresponding to the once-punctured torus) both admit
only 2 p-invariants.

Thanks to the work of [ ], Penner and Zeitlin imply that the super-dimension of decorated
super Teichmiiller space is (6g — 6+ 3s+c|4g — 4+ 2s+¢) where g is the genus of the surface, s
is the number of boundary components and punctures (combined) and c is the number of marked
points on boundary components.

Thus the only surfaces with an odd dimension of 2, i.e. o6/ = ¢, are the thrice-punctured
sphere, quadrilateral, once-punctured digon, annulus with one marked point on each boundary,
and the once-punctured torus.

The only surfaces with an odd dimension of 3, and thus the last case of 06 = €, oV = ¢,
and 0 = €3 such that ¢;¢; = 0 for any 7 and j are the pentagon, once-punctured triangle, annulus
with one marked point on one boundary two on the boundary, or the torus with one boundary
and one marked point.

Consequently, between the author’s previous work with N. Ovenhouse and S. Zhang [ ,

] focusing on all polygons (including the quadrilateral and pentagon) as well as the above
work of this current paper on the once-punctured torus and annuli with two or three marked
points in total, exhausts almost all such examples of decorated super Teichmiiller space with
odd dimension of two or three.

Remark 6.6. The remaining cases include the three-punctured sphere, which we exclude for
technical reasons®, as well as once-punctured polygons. This last remaining case mentioned
here of an unpunctured torus with one boundary and one marked point admits only a single
quiver in its mutation class as well, so would be another interesting case for further study as

31f one draws the quiver associated to triangulation of the three-punctured sphere, one gets a three-vertex quiver
with 2-cycles between each pair of vertices or equivalently an empty quiver.
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explored in the ordinary case in [ ]. This triangulation corresponds to solutions to the
d-variate Diophantine equation

vwz? + v2yz + xyZz +wirz + va2 + w2yz +vwz? +virz + Izyz = Qvwzy.

6.1. Other Diophantine equations or integrable systems

Note that the super analogue of the Markov equation and super analogues of integrable systems
constructed from Dehn twists of annuli are only two of many possible Z,-graded analogues of
Diophantine equations or of discrete integrable systems. For example, Y. Gyoda and K. Mat-

sushita [ ] provide a number of other commutative generalizations of this equation. P.
Lampe also provides additional Diophantine equations that are related to ordinary cluster alge-
bras [ ]. These include equations of the form

2® + 4 22 4 by + koyz + kswz = (34 ky + kg + k3)ayz

for choices of nonnegative integers k1, k2, and ks, a one-parameter family of Diophantine equa-
tions

oyt 4 2t kPR 4 2wy 2027 = (T4 k)ay?2?
defined for any nonnegative integer k, as well as the aforementioned 5-variate equation coming
from the surface model of the torus cutting out a disk with a single marked point. L. Bao and
F. Li [ ] provide a more thorough treatment of Diophantine equations related to cluster
theory and answering some of P. Lampe’s conjectures.

Question 6.7. What are super analogues of the Diophantine equations arising in [ , ,
], and how can one construct algebraic formulas using the combinatorics of double dimer
covers or otherwise, for their solutions?

6.2. Super infinite friezes and additional open questions for general annuli

As another possible future direction, we consider super analogues of infinite friezes. For exam-
ple, given an annulus with one marked point on each boundary, one gets an infinite Super Frieze
that includes Super Fibonacci numbers, corresponding to bridging arcs, as well as odd variables
(multiplied by appropriate square-roots) corresponding to the triangles of the annulus as more
and more winding or shearing occurs. See Figure 6.5. The author thanks Sophie Morier-Genoud
for the question inspiring this example.

If instead of mutating along the periodic sequence inducing Dehn twists, we mutate leading
to peripheral arcs instead, then there are only ever a finite number of (non-self-intersecting)
peripheral arcs for a given annulus. With one marked point on the inner boundary and ¢ on
the outer boundary, there are ¢g> — ¢ such peripheral arcs on the outer boundary. However,
by including self-intersecting peripheral arcs as well, one gets an infinite frieze in the spirit
of ] and [ ].

Question 6.8. For annuli with 1 marked point on one boundary and ¢ marked points on the
other, can we derive interesting infinite super frieze patterns based on the peripheral arcs for
such triangulations?
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Zs Zy
NAVAS o' 773 0" 737, 0"\ Z,Zs 00\ Z5Zs
7 Zs Zs
NIV 0'\/ ZyZs o' 7237y 0"\ Z1Zs o\ Z5 7
Zo Zy
NAVAS RV 0"\ 737, 0"\ Z4Zs 00\ Z5Zs
A Z3 Zs
AV 0'\/ ZyZs o' 7374 0"\ 7175 o\ Z5 7
Zs Zy
NIAVA o' 72273 0" 737, 0"\ Z4Zs 00/ 75 Zs
Z Z3 Zs

Figure 6.5: An Infinite Super Frieze consisting of Super Fibonacci Numbers { Z,, }. See [ ,
Sec 11] for notation.

Question 6.9. Can we obtain combinatorial formulas for super A-lengths or the p-invariants
associated to triangles in annuli with p marked points on one boundary and ¢ on the other? Or
for other initial triangulations even when p still equals 1?

Question 6.10. Can we obtain combinatorial formulas for super A-lengths of closed curves on
an annulus, as well as a Z,-graded analogue of the bangles or bracelets bases? Do these manifest
as conserved quantities of the super-integrable system defined by equations (6.1) - (6.3) or as
double dimer covers of band graphs (following the work of [ ]) associated to such closed
curves?
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