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Quark-hadron phase transition in the early Universe:
Isothermal baryon-number fluctuations and primordial nucleosynthesis

G. M. Fuller, G. J. Mathews, and C. R. Alcock
Institute of Geophysics and Planetary Physics, Uniuersity of California, Lawrence Livermore Nationa! Laboratory,

Liuermore, California 94550
(Received 11 September 1987)

We study the quark-hadron transition in the early Universe and compute the amplitude of iso-
thermal baryon-number fluctuations that emerge from this transition along with their effects on a
primordial nucleosynthesis. We find that such fluctuations are a natural consequence of a first-

order phase transition occurring in the strongly interacting system. Fluctuation-generating mecha-
nisms are discussed. We estimate the nucleation rate and derive the mean separation between fluc-

tuations. It is shown that the amplitude of the fluctuations depends sensitively on the phase coex-
istence temperature T, and on the baryon transmission probability Xz at the phase boundary. For
realistic values of XI, and T, the fluctuations are large and have a significant effect on primordial nu-

cleosynthesis yields. With these fluctuations the limit on the baryonic contribution to Q depends
primarily on what is taken to be the primordial Li abundance: 0=1 in baryons would require
large 'Li and 'H destruction factors during the evolution of the Galaxy.

I. INTRODUCTION

A transition from quark-gluon plasma to confined ha-
dronic matter must have occurred at some point in the
evolution of the early Universe. There may be a first-
order phase transition at this epoch associated with either
the color-confinement transition' or the chiral-
symmetry-breaking transition. Even a simple model of
deconfined quark-gluon plasma with asymptotic freedom
shows that if the Universe were ever at a temperature in
excess of —100 MeV then a color-deconfined plasma
should be the most stable phase. For this reason alone, it
is certainly of interest to explore whether there might be
a relic signature of the quark-hadron transition in pri-
mordial light-element abundances or elsewhere. The pur-
pose of this paper is to address these issues.

There have been several recent papers based on the
possibility that the quark-hadron phase transition in the
early Universe may have led to the formation of iso-
thermal baryon-number fluctuations. The basis for the
production of isothermal baryon-number fluctuations
from a phase transition in the early Universe lies in the
separation of cosmic phases scenario first discussed by
Witten and later by Applegate and Hogan.

The separation of cosmic phases scenario runs as fol-
lows. At a high enough temperature in the early
Universe (T & l GeV) the color charges, carried by
quarks and gluons, are unconfined, and a plasma of rela-
tivistic quarks and gluons obtains. As the Universe ex-
pands, the temperature drops through T„the coexistence
temperature where, in principle, the quark-gluon plasma
could exist in pressure and chemical equilibrium with a
dense and hot gas of hadronic states (pions, neutrons,
protons, deltas, etc. ) where color charges are confined.
This new phase is not nucleated immediately at T„since
a generic feature of quantum or thermal nucleation is

that the nucleation rate does not become large until the
temperature has dropped below the coexistence tempera-
ture. In other words, supercooling occurs until the
probability to nucleate bubbles of hadronic phase is high.

Once the first generation of nucleated bubbles of had-
ron phase appears, the release of latent heat from the
QCD vacuum energy reheats the Universe to T„so that
further nucleation of hadronic phase is inhibited. The
quark-gluon plasma phase and the confined, hadronic
phase now coexist in pressure equilibrium. As the
Universe expands the temperature is held at T, by the li-
beration of latent heat as the confined phase grows at the
expense of the unconfined phase. This nearly isothermal
evolution may continue until all of the Universe has been
converted to confined phase. This scenario has been dis-
cussed in some detail by Kajantie and Kurki-Suonio.

We will show that isothermal baryon density fluctua-
tions could arise during this cosmic separation of phases
scenario. We will discuss the microphysics of the fluctua-
tion generation mechanisms and we identify two
scenarios. In the limit of chemical equilibrium between
the two phases in coexistence there will be a dift'erent

baryon concentration in each phase. In the limit where
the exchange of baryon number across the boundary be-
tween the two phases is not rapid enough to achieve
chemical equilibrium, the fluctuations generated are al-

ways larger than in the equilibrium case, since nucleated
confined vacuum contains no net initial baryon number.

These scenarios for the generation of fluctuations de-
pend on the phase transition being first order so that la-
tent heat is released. Lattice gauge QCD with dynamical
fermions suggests that a phase transition associated with
either the quark-hadron transition or the chiral-
symmetry transition is at least weakly first order, but this
has not yet been conclusively demonstrated. '

The isothermal density fluctuations from the quark-
hadron phase transition could be further modified at a
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later epoch by a diffusive separation of neutrons and pro-
tons, as pointed out by Applegate, Hogan, and Scherrer,
resulting in low-density neutron-rich regions and high-
density proton-rich regions at the time of nucleosyn-
thesis. The primordial nucleosynthesis resulting from a
universe which is inhomogeneous in density and
neutron-to-proton ratio is very different from that in the
standard big bang and, in fact, may give acceptable
light-element abundances even with 6=1 in baryons.
For 0=1 in baryons, He, 2H, and possibly He can be
within observational constraints independent of the size
of the fluctuations once the fluctuations are suSciently
large. However, Li appears to be overproduced in both
the neutron- and proton-rich phases. This over produc-
tion may be acceptable (given the uncertainties of the Li
abundance) if there has been significant stellar destruc-
tion of Li and H.

The fact that primordial nucleosynthesis in this
scenario allows for 0=1 in baryons may resolve the
discrepancy between the predictions of inflationary
cosmology and standard big-bang nucleosynthesis. The
inflationary model of the Universe gives a compelling
solution to the horizon and flatness problems in cosmolo-
gy' ' and predicts that the geometry of the Universe
should be flat to high accuracy. In the case of zero
cosmological constant, inflation predicts that the ratio of
the mass energy density to the closure density, 0, should
be unity. ' ' Estimates of the amount of mass energy
present in the Universe from observations of luminous
matter fall short of closure (fI= 1), yet there are observa-
tional indications of nonluminous "dark matter" in galac-
tic halos and clusters of galaxies which may make up the
shortfall and produce Q= 1 (Ref. 15) and galaxy number
counts now also seem to indicate that 0=1 (Ref. 16).

It is believed that this dark-matter component cannot
be or have been baryonic in nature, because standard
big-bang nucleosynthesis with 0= 1 in baryons gives pri-
mordial abundances which are inconsistent with observa-
tion; in particular, not enough deuterium is pro-
duced. ' ' It is not known what the dark-matter com-
ponent is. There are many candidate particles but either
they have not been experimentally detected, or their
masses have not been unambiguously determined. ' Stan-
dard big-bang nucleosynthesis is not lightly discarded,
however, because with a minimum of assumptions it can
reproduce observed light-element abundances' ' and
put limits on neutrino masses and numbers of lepton gen-
erations that are in fair agreement with independent ex-
perimental determinations. ' ' Nevertheless, the dark-
matter component remains unknown and this, in turn, in-

vites speculation.
Our primary objectives in this work are thus to calcu-

late the amplitude of the isothermal baryon-number fluc-
tuations arising from the quark-hadron transition, identi-
fy the key pieces of strong-interaction physics which
determine this amplitude, estimate the density of nu-
cleation sites, and compute in detail the efFect of these
isothermal baryon-number fluctuations on primordial nu-
cleosynthesis. %e will emphasize that baryon-number
fluctuations are a natural consequence of a first-order
phase transition in the early Universe and require no

fine-tuning of parameters. In fact, we will show that
these fluctuations arise in a manner akin to the well-
known impurity concentrating techniques in metallurgy,
such as zone refining of semiconductors. This paper is an
extension of our previous work in that we explore in
considerably more detail several possible mechanisms for
producing the fluctuations and look at the nucleation
process in more depth. We also utilize primordial nu-
cleosynthesis to identify both constraints on the nature of
the quark-hadron phase transition from light-element
abundances and the conditions necessary for 0=1 in
baryonic matter.

an
BV

r

an
v aj

= —Q/v, (2a)

(2b)

S=- M
BT v

E = —pv+sT+pnv,

(2c)

(2d)

where P, n, S, and E are, respectively, the pressure, parti-
cle number density, entropy, and energy.

A first-order phase change occurs when there are two
(or more) physically distinct organizations of the statisti-
cal degrees of freedom which can occur for the same
( T,p). The more stable phase has the lower 0 (higher P),
and the two phases coexist when P~ =Pi, (where

q =quark phase, h =hadron phase), which yields a coex-
istence curve T =T, (p, ) In the early . Universe p « T.
The latent heat per unit volume in the phase change is

L =T, (P Pi, )=T,(s —sq)—,
a

(2e)

where the derivative is evaluated at constant p and at
T =T„and s and sl, are entropy densities in the quark-
gluon and hadron phases, respectively.

The equilibrium baryon-number densities in the two
phases are given by (2b). Since the two thermodynamic
potentials have very different dependencies on p, there
will be a significant baryon-number density contrast

II. THERMODYNAMICS OF THE QUARK-HADRON
PHASE TRANSITION

It will be most convenient for our purposes to compute
the thermodynamic potential 0 for both the quark-gluon
plasma phase and the hadron phase. %e caution that we

have used the symbol 0 for both the thermodynamic po-
tential and the critical parameter for the Universe. It
should be clear from the context which Q we intend. Our
definition of 0 conforms with that in Landau and
Lifshitz, so that

fI = —T ln(z),

where Z is the grand partition function. 0 is a function
of temperature (T), chemical potential (p), and volume
( V). In this definition the thermodynamic variables cor-
responding to 0 are

r
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across the phase boundary. This and other effects will
lead to isothermal baryon-number fluctuations.

It is straightforward to compute the grand partition
function, and thus 0, if we assume that the particles are
noninteracting except for an overall QCD vacuum energy
in the unconfined phase. The background relativistic
particles which are not strongly interacting and are in
thermal equilibrium with both the confined and
unconfined phases contribute (for p =0)

0= —V(g„+—gf } T7T 4

90
(3a)

where gb and gf are the statistical weights of bosons and
fermions, respectively. At the epoch of the quark-hadron
phase transition photons (gb ——2), electrons (gf ——4),
muons (gf ——4), and neutrinos (gf ——6), yield

g =gb+ —', gf ——14.25 so that the pressure contribution
from these particles common to both phases is

P =1.56T (3b)

2

Ng VT +BV, (4a)

7T2

Qqg ——37 VT +BV .
90

Here N, is the number of colors (three), Nf is the number
of relativistic quark fiavors (two at lower temperatures
corresponding to the u and d quarks, and three at higher
temperatures where the strange quark becomes relativis-
tic}, and 8 is the QCD vacuum energy, or bag constant.
The number of gluons is N~ =8. The quark chemical po-
tential is pq

———,'p&, where pb is the baryon chemical po-
tential.

For the early Universe (p,„lT)-10,so that for two
relativistic quark flavors the contribution to the pressure
in the unconfined phase from quarks and gluons is

P=4.06T —B . (4c)

The total pressure in the early Universe in the unconfined
phase includes the contributions from Eqs. (3b) and (4c).

Note that the QCD vacuum energy contributes nega-
tively to the pressure. The value of this vacuum energy,
or bag constant, is not known and in what we have done
it serves to parametrize the temperature at which the
confined and unconfined phases coexist. We emphasize
that in what follows it will be this coexistence tempera-
ture, T„'which will be the fundamental quantity of in-
terest. The vacuum-energy (bag-model) approach is sim-

ply an easy and concise way to calculate the essential
thermodynamics of the unconfined phase in a consistent
manner.

We treat the unconfined quark-gluon plasma as a gas
of noninteracting relativistic particles plus an overall vac-
uum energy. In the limit of vanishing quark masses,
there is a simple expression for fL which is valid for any
temperature and chemical potential:

'2
—7 2

7m 2 T 7'' T

VT4 oo0=
z g ~ K~(nm /T),

7l ~ i fl
(sa)

where m is the mass of the meson, and g is the spin plus
isospin degeneracy factor, g =(2J+1)(2I+1). The Kz
is related to the modified Bessel function of the second
order (Kz ), as in Fowler and Hoyle, '

2

Kz(x) = Kq(x) .
2

Note that

(5b)

lim Kz(x }= 1,x~0

and for x ~&1,

(5c)

We caution that for two reasons it is difficult to con-
nect the value of the bag constant used in various models
of hadrons with the relevant value of 8 in Eqs. (4a) and
(4b). First, most current research on modeling hadronic
properties with the bag must address the problem of
treating the bag surface. Surface effects can be ap-
preciable for individual hadrons. However, as will be
shown below, we expect the regions of unconfined quark-
gluon plasma which are in coexistence with confined ha-
dronic matter to be of macroscopic size, so that surface
effects are minimal. Second, it is dangerous to use a value
of 8 in Eqs. (4a) and (4b) that is derived from a particular
model of hadrons because we are interested in the high-
temperature QCD vacuum energy. This vacuum energy
probably comes down with increasing temperature. For
example, the finite-temperature corrections from gluon
exchange can cause the effective value of the QCD vacu-

um energy to drop.
In short, for our purposes in modeling the bulk ther-

modynamics of the quark-gluon plasma we must treat the
QCD vacuum energy and corresponding coexistence tem-
perature as unknown quantities. The coexistence temper-
ature can be a crucial determinant of the size of iso-
thermal baryon-number fluctuations in the early
Universe. We will take a range in 8 between (50 MeV)
and (300 MeV) corresponding to coexistence tempera-
tures between 40 and 250 MeV (cf. Fig. 3 below). This
range will include all currently discussed values of the
QCD vacuum energy, from the low value of 8 =(145
MeV) in the MIT bag ' model to the rather large
values, 8 =(278 MeV), used in most early Universe stud-
ies. Because of the above caveats we put no stock in any
of these values for B as such, and emphasize that only the
coexistence temperature is fundamental to our analysis.

For the confined, or hadronic, phase we will not use
the bag model but rather the spectrum of known masses
for baryons and mesons. This is not inconsistent with the
bag-model treatment of the quark-gluon phase because
the isothermal baryon-number fluctuations we are in-
terested in are largest at low coexistence temperature
where the neutron, proton, pion, and other light hadron
masses (which do not depend on 8) dominate the hadron-
ic level density. At higher temperatures there may be an
inconsistency and we discuss this limit below.

Computing 0 for mesons first (note that @=0 for the
mesons), we find for each meson that
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' 1/2
Kx

Ez(x) =
8

15 105+ + + e ~ ~

128x
(5d)

while for the hadron phase the corresponding quantities
are

In the high-temperature limit ( T ))m),
2

gVT
90

(&e)

Ph = 3ghQT
4

Eh =gh QT 4

h 3gh QT 3

(9a)

(9b)

(9c)

In the conditions we are interested in (T-100—200
MeV) the pions will make the dominant contribution to
the pressure in the hadronic phase, so that Eq. (Se) with

g =3 yields a useful approximation to the thermodynam-
ic potential for the hadrons. However, in the numerical
calculations presented below we have summed the contri-
butions to II in Eq. (Sa) over all of the known mesons and
calculated a11 K2 numerically. Masses, spins, and iso-
spins of these particles are taken from the Particle Data
Group summary.

For baryons in the small chemical potential limit
( ~Pb i

(m),

2gT V—"
( —1)"+'0=

7T

nPb
cosh I(.'2 (nm /T) .

2g T "
( —1)"+'

nb ——

7T n 1 n

nPb
sinh Kz(nm /T) . (6b)

T

Note that nb is the number density of baryons minus that
of the antibaryons. As above, we obtain the total 0 by
summing over the spectrum of known baryonic masses.

It is possible to make a simple analytic model of the
essential statistical mechanics of the quark-hadron sys-
tern and compare this to our numerical results. We
define a =—~ /30 and the statistical weight for the pho-
tons, neutrinos, electrons, and muons common to both
phases as g z

——14.25. W'e then define the intrinsic sta-
tistical weight for the quark-gluon plasma as g& and that
for the hadron soup as gH. The total statistical weight
for each phase in coexistence is then defined as

(6a)

The net baryon-number density corresponding to this A
1s

%'e define the ratio of statistical weights in the two
phases to be

x = =—~2.971 at T, —100 MeV .gq sq

gh Sh
(10)

Note that x in this paper is the same as r in Ref. 9. In-
clusion of the hadronic resonances makes gh, and hence

x, a function of temperature. Likewise, since the number
densities of hadrons are large at high temperature [Eqs.
(5a)—(6a)] interaction corrections to gb and x may be ap-
preciable. In Fig. 1 we present x as a function of temper-
ature for the known mass spectrum of hadrons and
different numbers of relativistic quark flavors. At lower
temperature, when baryon-number fluctuations are ex-
pected to be largest, temperature and interaction correc-
tions to x will be small.

The latent heat given in Eq. (2e) can be expressed as

1L=Ts 1 ——=48,c q

where the latter approximation follows for constant
x =2.971. Figure 2 gives the latent heat as a function of
temperature. Note the rapid change in L, at high temper-
ature, T) 200 MeV due to the increased pressure from
higher-lying hadronic resonances.

Pressure equilibrium, or coexistence, between the
phases Ph ——P, occurs for a temperature

gq—=ga+g r

gh =gH +gvy

(7a)

(7b)

3, 0—

In the model of the quark-gluon plasma discussed
above g&

——37 and thus g =51.25. At T, —100 MeV the
pions dominate the contribution to 0 in the sum of Eqs.
(Sa) and (6a), so that very roughly gH =3 and gb =17.25.
The essential thermodynamics is contained in this
difference in statistical weight between the phases.

From Eqs. (2a) —(6a) the pressure P~, energy density
E, and entropy density s, in the quark-gluon phase are
given as

j7 0

1.0—

0. 1

40. eo.
I

120.

T,. (Mei')

160.
(

200
(

"10

Pq 3 gq Q T 8
E =g QT+8,
Sq = 3gqQT

(8b)

(8c)

FIG. 1. The ratio of the effective statistical weights of the
unconfined phase to the confined phase x as a function of coex-
istence temperature T, . The contribution of all known kadronic
resonances is included in the computation of the pressure equi-
librium.
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10

109

istence temperature is too high for fluctuations to have an
appreciable amplitude.

Finally, even if the QCD vacuum energy is high,
B-300 MeV, it might be possible that the quark-gluon
plasma phase is able to supercool well below T, before
nucleation of the hadronic phase begins. In this extreme
case the QCD vacuum energy will come to dominate the
pressure of the Universe and a short de Sitter exponential
expansion of the Universe can ensue. This mini-inflation,
however, could result in only a 15% increase in the scale
factor.

III. NUCLEATION

10 40. eo. 120.

T, (MeV)

160. 200. 240

FIG. 2. The latent heat I. as a function of coexistence tem-

perature T, . This calculation includes a sum over a11 hadronic
resonances.

1/4

T =(g —g )
' — B' -0 72B'3

c q h a
(12)

where the latter approximations assumes x =2.971. Fig-
ure 3 gives a plot of B ' vs T, obtained by including the
sum over hadronic resonances in the computation of
pressure equilibrium. Values of B & (300 MeV) lead to a
coexistence temperature T, & 250 MeV, in which the sep-
aration of phases scenario outlined above could produce
isothermal baryon-number fluctuations of appreciable
amplitude. If the QCD vacuum energy is B & (300
MeV), then no coexistence of phases would be possible in
the simple model presented here. However, hadronic in-
teractions should lead to a phase transition at some point,
but this case is not interesting to us because the coex-

When a thermodynamic system is cooled (or heated)
through the coexistence temperature at which a first-
order phase transition occurs, the new phase does not ap-
pear immediately. Significant reorganization of funda-
mental degrees of freedom is needed for the creation of
the new phase, and the thermodynamic fluctuations
which can produce such reorganization have low proba-
bility. Furthermore, it is energetically unfavorable to
create small volumes of new phase because of the free en-
ergy associated with the surface separating the two
phases. These effects ensure that some supercooling
below the coexistence temperature occurs before stable
nuclei of the new phase are produced. These nuclei grow
rapidly, since the old phase is metastable, releasing latent
heat and thus reheating the system back to the coex-
istence temperature.

The physics of nucleation in the quark-hadron phase
transition is even less well understood than the bulk ther-
modynamics. However, there are three plausible mecha-
nisms for this process. We call these mechanisms homo-
geneous nucleation, heterogeneous isothermal nucleation,
and heterogeneous nonisothermal nucleation.

A. Homogeneous nucleation

300,

250. —

200. —

150. —

If the Universe is pure and isothermal, then the new

phase originates through spontaneous fluctuations in the
metastable phase, a process known as homogeneous nu-
cleation. We will quantify the meanings of "pure" and
"isothermal" in Secs. III B and III C, respectively.

The nucleation rate is determined by the probability
that a spontaneous fluctuation in the metastale (quark)
phase will produce a "critical nucleus" of the stable (had-
ron) phase. This critical nucleus has a radius r, deter-
mined by

100. — 20
PA —P

C

(13)

0. 40.
I

80. 120.

T, (MeV}

160. 200. 240.

FIG. 3. The QCD vacuum energy B '~ as a function of coex-
istence temperature T, for two and three relativistic quark
flavors.

where o. is the free energy per unit surface area associat-
ed with the boundary of the nucleus, which is assumed to
be spherical.

New nuclei with radii less than r, will collapse and
disappear, while nuclei of radii larger than r, will expand
until a macroscopic amount of new phase is produced.
The probability of a fluctuation of radius r, is

exp( —W/T) where
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W = r, (Pq P—z )+4m o r, .
3 c (14)

'3

f (t)=exp —f f (t')p(T')dt' Vi
C

The first term in (14) is the difference between the ther-
modynamic potentials of the two phases and is negative.
The second term is the surface free energy of the bound-
ary between the phases.

The rate p(T) at which nuclei form per unit volume
per unit time is given by

x(r —t')'

The total number density of nucleation sites is

N„= tp Tdt .
C

(18)

(19)

p (T)=CT, exp( —W/T), (15)

where C is a coeScient of order unity, which turns out
(see below) to have no quantitative significance when we
calculate the number density of nucleation sites. Note
that if the nucleation rate were extremely fast, then the
number of nucleated bubbles would be so large that it
would look like the vacuum changed phase around the
quarks and gluons present. We now argue that the nu-
cleation rate is probably not this fast.

It will turn out that the amount of supercooling is very
small. Accordingly, it is convenient to expand about the
coexistence temperature T, . From Eq. (2e) we define

In these equations t is time, t, is the time at which the
Universe first cools through T =T„Tis the temperature
at time t, and T' the temperature at time t'. The solution
of Einstein s relativistic field equation yields a relation be-
tween the age of Universe, t, and the temperature,

' 1/2

t= 1

T2 ' (20)

where G is Newton's constant, and the energy density
due to the quarks has been included.

Given the very rapid rise of nucleation rate p with
time, a reasonable approximation to Eq. (18) is

I'I, —I' =Lg, (16a}
t'p T' V,

' t —t' ',f (&)=
0, t&tf, (21}

(16b)

where L is the latent heat per unit volume of the phase
transition and q is the "supercooling parameter. " It fol-
lows that

where tf is the time when the entire Universe has been
reheated. Note that f(t) resembles a step function so
that we can approximate Eq. (19) as

N„= p tdt, (22)

p (i) ) = CT, exp
16m o.

T,L g
(17)

The important characteristics of Eq. (17) are that
p(T)~0 as T~T„and that for small supercooling
(i) && 1) the argument of the exponential is large and neg-
ative, yielding a very strong increase of p with g. This
means that almost all nucleation occurs at the lowest
temperature achieved during the supercooling phase (i.e. ,
just prior to reheating). Furthermore, metastable regions
are reheated by the release of latent heat around individu-
al nucleation sites, and no appreciable nucleation occurs
in the reheated regions.

The important parameter for the purpose of primordial
nucleosynthesis will be the mean comoving distance be-
tween nucleation sites. We estimate this distance from
Eq. (17) for a given nucleation rate, using an analysis
similar to that of Kajantie and Kurki-Suonio. In this
analysis, each expanding volume of hadronic phase acts
as a piston driving a weak shock wave which expands
into the quark phase at just above the sound speed
V, =3 ' . These shocks reheat the quark material. No
further nucleation will occur once a region has been
crossed by one or more shocks. Then it follows that the
fraction of the Universe which is unafFected by nucleation
during this period is

r

Inp(T}=lnp(T&)+ (i rf),d lnp dT

~I I
(23a}

1.e.,

p (t) =p (t& )exp[ a(t& —t)], — (23b)

where p is now expressed as an explicit function of time,
and

~3T432'll
(41 G )iy2 c

9 L2(T, Tf)3—(24)

The expansions (23) and (24) may be used in (21) to evalu-
ate the integral and to find tf, Tf, and gf with the result

16m cr
Qf p 3

C If

3s C&s V

212412~9 ~12 G 2 (25)

An approximate solution of (25) is

where we have written the nucleation rate as a function
of time using Eq. (20}.

Further progress in determining the extent of super-
cooling may be made by expanding about t =tf, or
T=Tf, as
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3/2

gf =1.4
T, L

(26)
TABLE I. The average distance per nucleation site I is

presented for values of the coexistence temperature T„ the la-
tent heat L, and the surface free energy parameter o.

when o. is near its upper limit.
The right-hand side of Eq. (25) is very large because G

is very small. This ensures that gf is small; the degree of
supercooling is small because the Universe expands very
slowly compared to the natural time scales in QCD. The
degree of supercooling is determined by cr, L, T„and 6
and depends only weakly on C.

It is also possible to evaluate the number density of nu-
cleation sites given by Eq. (22) using Eqs. (20) and
(22)—(24), with the result

T, (MeV)

150

L (MeV )

1.5x10'

7.0x10'

o. (MeV )

3.0y10'
1.0)& 10
2.5X104
8.0X10'
3.0X 10'
1.0X 10
2.5X10
8.0&(10

I (m)

30
6
0.7
0.1

2
0.4
0.05
0.009

3
'3

N„t =m' 2 8

V, T,L gf
(27)

B. Heterogeneous isothermal nucleation

An important quantity for nucleosynthesis is the mean
separation 1 per nucleation site. Combining Eqs. (27) and
(26) yields

3/2t
N '-"=-03.

T1/2L

~3/2
1=(5.43X10 rn)

T13/2

=(2X10 m)(cr/MeV ) (T, /MeV)

(28a)

(28b)

where the second equation follows from the thermo-
dynamic model of the preceding section. This length
scale should be greater than the comoving proton
diffusion length in order that the fluctuations not damp
out entirely before the onset. of nucleosynthesis (see the
discussion in Sec. VII below). In addition, should this
length turn out to be greater than the comoving neutron
diffusion length, then the approximate treatment of
diffusion and nucleosynthesis that is described in Sec. VII
is inadequate; however, there will still be significant
modification of the nucleosynthesis yield and our broad
conclusion will be qualitatively correct.

This length scale depends on two bulk properties of the
phase transition (T, and L) that may be calculated in
terms of our model equations. In addition, this length
scale depends on the surface tension cr for which we have
no model calculation. Following Farhi and Jaffe and
Alcock and Farhi, we expect the "intrinsic" contribu-
tion to cr to be small (i.e., oz «B' ) and the "dynami-
cal" contribution to cr to be o.

D & (70 MeV) . If o is near
this upper limit, the length scale (see Table I) is compara-
ble to the comoving neutron diffusion length, which is
-30 m (Ref. 3).

More important for our analysis would be a lower
bound to o. since this would establish whether or not pro-
ton diffusion is important. The only strict lower bound is
o. & 0, since o. (0 would not result in separated phases. It
is unlikely that cr is very small compared to the relative
contributions of the bulk free energies of the phases, but
this possibility cannot be excluded. A characteristic set
of possibilities is shown in Table I. Note that the smallest
values of I are shorter than the comoving proton diffusion
length, which is -0.5 m (Ref. 3).

The analysis of homogeneous nucleation assumes that
spontaneous fluctuations in the pure metastable phase
lead to the appearance of the stable phase. This is rarely
the mechanism by which new phases appear in everyday
experience or in the laboratory. The appearance of new
phases is usually facilitated by impurities (such as dust
motes) and by container walls, which serve to reduce the
amount of surface free energy needed to produce critical
nuclei, or by disturbances (such as cosmic-ray trails in
cloud chambers) which produce suprathermal fiuctua-
tions. These processes may be called heterogeneous iso-
thermal nucleation.

At the very high temperatures under discussion there
are few candidates for the impurities needed for the
heterogeneous nucleation. There may be relic adiabatic
fluctuations from the electroweak or other phase transi-
tions, though whether such relics would enhance nu-
cleation in the quark-hadron phases transition is unclear.
Most theories indicate that such fluctuations are small on
the scale of the particle horizon at the quark-hadron
phase transition. More promising in this regard are the
various forms of topological singularity: e.g., magnetic
monopoles, black holes, and cosmic strings.

Two requirements must be met in order for hetero-
geneous isothermal nucleation to be important. First,
there must be some plausible mechanism by which the
nucleation is facilitated. This requirement is probably
satisfied by all three candidates. These relic impurities
will drive turbulent sound waves into the medium in their
vicinity. Temperature fluctuations of amplitude

~

6 T
~
/T & gf will cause a new phase preferentially to

appear near these impurities.
The second requirement is that there be enough impur-

ities that heterogeneous nucleation produces more sites
than homogeneous nucleation. For the pointlike objects
(monopoles, black holes) this means that the number den-
sity of impurities must exceed N„[cf. Eq. (27)). This is
not expected to be the case for either monopoles or black
holes.

However, in some of the models of cosmic-string net-
works, there may indeed be enough loops of string to ini-
tiate a significant amount of heterogeneous nucleation. It
is easy to show, in these models, that the smallest loops
dominate the nucleation. The mean separation between
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these loops is (Gp)' t where p is the mass per unit
length, and Gp is thought to be in the range 10 —10
Thus, depending on the magnitude of o, cosmic strings
might be the primary agents of nucleation. The scale
length, even in this circumstance, is comfortably large
compared to the proton diffusion length, so that the fluc-
tuations will persist until the epoch of nucleosynthesis.

C. Heterogeneous nonisothermal nucleation

Should there be significant nonisothermal perturba-
tions at this epoch with

~

hT
~

& rlFT„ then the spatial
scale of nucleation could be set by the spatial scale of
these perturbations. We do not, however, have an ab ini-
tio theory for the generation of such fluctuations.

' 1/2

=(143 ps)
C

100 MeV
(30)

Energy-momentum conservation gives another constraint
on the expanding Universe:

PA '=—[A '(E+P)],
dt

(31a)

—
I A'[f„s, +(1 f„) s—]]=0 . (31b)

where P is the time derivative of the total pressure. To
very good approximation P=0 during the constant-T,
epoch we consider here, so that the total entropy is con-
stant:

IV. DYNAMICS OF THE UNIVERSE
DURING THE CONSTANT- TEMPERATURE

COEXISTENCE EPOCH

The preceding section described the supercooling/
nucleation scenario in which the quark-gluon plasma
phase is separated from the hadron phase. The duration
of this nucleation epoch is short compared to the Hubble
time since the fractional supercooling is small (ri-10 ).
Again, because the duration of this epoch is short, the en-
tropy generation associated with reheating to T, is ex-
pected to be small compared to the initial entropy. At
the end of this nucleation epoch the Universe is left with
bubbles of hadron phase surrounded by quark-gluon plas-
ma, all in pressure equilibrium at T, . Since the hadron
bubbles were nucleated through random thermal or quan-
tum processes they contain, on average, no net baryon
number; all of the net baryon number resides in the
quark-gluon plasma phase.

The subsequent evolution of this configuration of
phases takes place at constant temperature T, (Refs.
6-9). The hadron bubbles grow with time and the frac-
tion of the total volume of the Universe which is in
quark-gluon plasma, f„, decreases from f„=1.0 to 0 at
the end of the phase transition. The Universe remains at
constant temperature by trading volume from the
unconfined vacuum to the confined vacuum, and thus
releasing the latent heat I., depicted in Fig. 2. The de-
tailed dynamics of this constant-T, epoch have been dis-
cussed by Kajantie and Kurki-Suonio. We summarize
the dynamics and specialize our discussion to baryon-
number transport in what follows.

If we denote the scale factor in the Robertson-Walker
metric by A, then the Einstein equation gives

' 1/2

Equation (3 lb) gives another expression for the expansion
rate:

f„(x—1)—

A 3f, (x —1)+3 (31c)

1+arccos
2x '" (32a)

where the beginning of the constant-temperature epoch
(end of the nucleation epoch) is taken at time t;, corre-
sponding to a scale factor A (t; ) = A;. This agrees with
Eq. (3.9) in Ref. 9, despite the use of cosines and
arccosines here. Similarly it can be shown that

1f tan arctan(4x —1 )
'

4( —1)

3X(r; —r)
+ —3

2(x —1)'~
(32b)

where we have assumed that f, = 1 at the end of the nu-
cleation phase. This approximation will be adequate for
our purpose of following the baryon-number transport
properties. Figure 4 shows f„as a function of time dur-
ing the constant-temperature coexistence epoch for
several values of T, .

Finally we note that on the completion of the phase
transition, where f, =0, the constant-temperature epoch
lasts for a period of time tf —t,. -Hubble time and the ra-
tio of the scale factors is

where f„ is the fractional rate at which the volume of the
Universe is changed from the unconfined to the confined
vacuum and is clearly negative.

Equations (29) and (31c)can be solved to yieldt), 3X(t ti )= (4x )'i cos
2(x —1)'i

2/3

=X 4f, + 3
(29) Af

(x )1/3 (32c)

where A is the time derivative of A, f, is the fraction of
the volume of the Universe which is in the quark-gluon
plasma phase, and where we have followed Ref. 9 and
defined a characteristic QCD expansion rate:

which could have been derived directly by the entropy-
conservation condition in Eq. (31b). Note that for
x =2.971 the scale factor increases by about 40% during
the constant-temperature epoch.
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FIG. 4. The quark-gluon plasma volume fraction f„as a
function of the time since the end of the nucleation epoch.
Curves for three different values of coexistence temperature,
T, = 100, 150, and 200 MeV are shown.

The total proper surface area = of the boundary which
separates the confined and unconfined phases is

:-=4mr N„VO, (33a)

(33b)

where f, is defined by

1 f„ if f, &0.5, —

f, if f, (0.5. (33c)

Figure 5 shows the relation between f„and r for the
constant-temperature epoch. The average bubble radius
as a function of time r(t) can be found by substituting
Eqs. (32a) and (32b) in Eqs. (33b) and (33c).

The approximations presented above for the solution of

where N„( —10 cm ) is the number of nucleated sites

per unit volume frotn Eq. (27), Vo is the proper volume of
the Universe (horizon volume) at the end of the nu-
cleation epoch, and r is taken to be a typical radius of a
hadron bubble. Since we have approximated f„=1 at the
beginning of the constant-temperature epoch we must
take r =0. As f„drops from 1.0 to 0.5 the radius of a
typical hadron bubble increases from 0 to some max-
imum value r,„At this p.oint, f„=0.5, the bubbles of
hadron phase percolate with the quark-gluon plasma
(turn "inside out"). As f„drops from 0.5 to 0 we inter-
pret r as the radius of a shrinking bubble of quark-gluon
plasma. The assumption of spherical bubbles is strictly
correct only near the beginning and the end of the phase
transition where the bubble surface energy dominates the
volume energy. Nevertheless, the typical bubble radius
remains a useful parametrization of the total surface area
in the boundary separating the phases, even if the actual
surface area is larger than that given in Eq. (33a) because
of bubble nonsphericity. During the phase transition the
proper bubble radius is

FIG. 5. The quark-gluon plasma volume fraction f„ is plot-
ted against proper bubble radius r. The parameter is interpreted
as the radius of a growing bubble of hadron phase for f„&0.5

and the radius of a shrinking bubble of quark-gluon plasma for
f„&0.5.

the phases during the constant-temperature epoch are, at
best, a rough approximation but they provide an ade-
quate framework in which to discuss baryon-number
transport. Note that, strictly speaking, the entropy can-
not remain absolutely constant through the phase transi-
tion since a small temperature difference between the
phases is required to drive the phase boundary from the
hadron phase toward the quark-gluon phase. Solving the
hydrodynamic equations for this front results in the
phase boundary becoming a condensation discontinuity.
Such solutions require a very small temperature
difference between the phases and, thus, would yield a
small entropy generation during the transition. '

The constancy of comoving entropy density represent-
ed in Eq. (31b) implies that there will be an entropy flux
from the quark-gluon plasma phase to the hadron phase
as f„decreases in the constant-temperature epoch. The
hydrodynamic models envision this entropy (or enthalpy)
Aux as being carried by bulk hydrodynamic Sow or by
neutrinos. We note that the latent heat associated
with the transition is due to converting Uolume from the
unconfined to the confined phase. These different vacu-
um states have different vacuum energies and the lower
vacuum energy in the confined phase results in increased
thermal energy through the creation of particles and
particle-antiparticle pairs. The mechanism of heat trans-
port itself will be discussed briefly below as regards Auc-

tuation size. We note however, that hydrodynamic heat
transport is favored when the supercooling is small.

The neutrino mean free path is of the order —1 m, so
that a neutrino can random walk —1 km, or 10% of the
horizon distance, in a Hubble time. On the other hand,
the nucleon mean free path is —10 " cm [where the
density of mesonic and baryonic states has been estimated
using Eqs. (5a) —(6a)] so that a nucleon moves only
—10 cm in a Hubble time. In the simple model of
noninteracting quarks and gluons presented here we ex-
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pect the quark mean free path to be long compared to the
baryon mean free path in the hadron gas.

V. BARYON-NUMBER TRANSPORT
ACROSS THE PHASE BOUNDARY
AND CHEMICAL EQUILIBRIUM

In this section we will consider the transport of baryon
number across the boundary which separates the
unconfined and confined phases. We will consider the ap-
proach to baryon chemical equilibrium in which the
baryon chemical potential pb is the same in each phase.
The preceding section gave a simple model for the con-
stant coexistence temperature epoch, wherein the evolu-
tion of a typical bubble of hadrons or quark-gluon plasma
was described. Initially all of the baryon number resides
in the quark-gluon plasma and in this section we isolate
key features of the physics at the phase boundary which
will allow an estimate of the rate at which baryon number
leaks from the unconfined phase to the confined phase.

The coexistence of the two phases across a boundary is
shown schematically in Fig. 6. Note that the latent heat
transport is by the motion of the boundary wall, convert-
ing volume from one vacuum to another. This vacuum
energy difference can drive particle creation. Neutrinos
or photons could carry heat or entropy across the phase
boundary, but baryon number is not thermally created in
the hadron phase, and thus must actually How across the
boundary if the hadron phase is to have any net baryon
number at all. Any transport of baryon number across
the phase boundary must be due to strong-interaction
processes. We therefore consider two limits to the
efficiency of baryon-number transport; The first is that
the baryon number is rapidly and efficiently transported
across the front to achieve chemical equilibrium; and the
second involves an inefficient transport process in which
chemical equilibrium is not necessarily achieved on the

time scale of the phase-coexistence evolution. We will
show that in both of these limits isothermal baryon-
number fluctuations will result. It must be emphasized
that fluctuations in the distribution impurities are a natu-
ral consequence of first-order phase transitions in nature
and are exploited in such industrial processes as zone
refining of metals and semiconductors. The discussion of
the microphysips of the quark-hadron transition to follow
serves to illustrate how this transition can behave in a
manner akin to the familiar impurity distilling phase
transitions despite its exotic setting.

In the limit of chemical equilibrium across the front,
the baryon chemical potentials pb are equal for the
quark-gluon plasma and the hadron gas. Taking the
small (iu&!T=10 ) limit of the expression for the net
baryon-number density of the hadron phase in Eq. (6b}
we find

h
nb

8

773

' 1/2
Pb

T

' 3/2
—m/Te (34}

where m is the baryon mass. Note that for a quark-gluon
plasma with the same temperature and baryon chemical
potential pb, the net baryon-number concentration is,
from Eqs. (2b) and (4a},

q & 3 Ib
nb = —„N,N), T (35)

We discussed in our previous paper how this difference in
baryon-number density might lead to an isothermal
baryon-number fluctuation. We suggested that if the
comoving velocity of the phase boundary falls to zero,
the bubbles of quark-gluon plasma drop out of thermal
equilibrium, cool and nucleate their higher baryon-
number concentration given in Eq. (34). We will discuss
another fiuctuation-generating mechanism in detail in the
next section. If we define

R =(nb /ni", ) (36)

Hadron
gas

1„=3 (Hadron

Quark~luon
plasma

q Q~ =37
(37)

where the ratio of baryon-number densities is to be taken
immediately after decoupling of the bubbles of quark-
gluon plasma, or in the manner described in Sec. IV, then
R is a measure of the amplitude of the isothermal
baryon-number fluctuations. For the chemical equilibri-
um limit discussed above, fluctuations with amplitudes

2 3
' 1/2

c m/T
e

9 8 m

FIG. 6. A schematic illustration of a phase boundary
separating the confined vacuum on the left from the unconfined
vacuum on the right. The approximate intrinsic statistical
weight of relativistic degrees of freedom is shown for each
phase. Entropy can be readily carried across the wall by pho-
tons, neutrinos, and other light leptons. Baryon number is
transported across the boundary only by strong-interaction pro-
cesses. The indicated processes are reversible.

are produced. Inclusion of other baryonic resonances ex-
pected to be in equilibrium in the hadron soup tends to
decrease the value R by providing a higher statistical
weight for baryon number in the hadron phase. This
effect is smallest at low temperature where, as we see
from Eq. (37), R will be largest. Figure 7 gives this equi
librium amplitude R as a function of T„ including the
hadronic resonances. As we showed in our previous pa-
per, when T, ~ 125 MeV and R )20 these fluctuations
will have a significant influence on nucleosynthesis. The
difference in baryon-number concentration in the two
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right color and flavor in 1 fm in 10 s, it must depend
on the cube of the quark number density. We derive, for
this probability,

Xg
——(1.38&(10 )X

T
100 MeV

(40)

where X is the dimensionless transmission probability
through the phase boundary, such that X&

——1 corre-
sponds to unit probability for recombination. We will

use detailed balance below to argue what the appropriate
value of X should be in terms of a similarly defined Xh,
the baryon phase-boundary transmission probability.
The total baryon recombination rate per unit area of the
boundary is then

12

T, (MeV) A=3.3X10 (cm s ') T
100 MeV

(41)

FIG. 7. The equilibrium baryon-number density ratio R as a
function of coexistence temperature T, . Curves are given for
two and three relativistic quark flavors.

n =0.278gaT (38)

phases results from the difference in the mass of the parti-
cles which carry baryon number: nonrelativistic neu-
trons, protons, and other baryons on the one hand, and
relativistic quarks on the other. We will discuss below
the case where the particles which carry baryon number
in the high-temperature phase (or quark phase) are non-
relativistic.

The amplitudes of isothermal baryon-number fluctua-
tions generated in the chemical equilibrium limit are
lower limits to the values obtained when the actual
baryon-number transport processes are considered. The
baryon content of the Universe is initially in the shrink-
ing bubbles of the high-temperature phase, so that unless
the baryon transport rate is eScient, chemical equilibri-
um will never be reached. The amplitude of the resulting
fluctuations at phase decoupling will again be given by
the ratio of Eqs. (35) and (34), but where now the two
phases will each have different pb.

Consider the following phase-space argument for the
baryon-number transport rate across a front separating a
deconfined quark-gluon plasma from a gas of hadrons at
the same temperature. We first consider transport from
the unconfined to the confined phase. From Eq. (6b) the
number density of quarks is

The net baryon-number transport rate across the front is

Aq
—Ag, (42a)

where g is the net number of quarks over antiquarks di-
vided by the total number of quarks of all kinds,

N —N -0.61pb /T (42b)

so that

A&(cm s ') =(2.0X 10 )X~
T

100 MeV

12

Pb
X (42c)

The net number of baryons encountered by the front
per unit area, in time ht, as it moves from the hadron gas
into the quark-gluon plasma will be

Nb(cm ) =(2.62X10 )( Vf )
10 s

'3
T Pb

100 MeV T
(43)

where Vf is the speed of the front in units of the speed of
light. From Eq. (42c) the net baryon number recombined
at the front, per unit area, in time ht is

12

where g is the statistical weight, so that for quarks of a
given flavor and color, g =1, and for all colors and
flavors g =2nfn, . The recombination rate per unit area
at the front including both baryons and antibaryons is
defined as

Pb
X

dt
10 s

ENb(cm }=A 4t =(2.0X10 )X
100 MeV

(44}

A=fXg, (39)

where f is the net flux of quarks and X& is the probability
of combining three quarks at the front into a color sing-
let, either a baryon or antibaryon. Clearly since X is re-
lated to the probability of finding three quarks of the

so that we can define a filter factor F as the ratio of the
net baryon number passed by the front to the total
baryon number encountered by the front:

ENb

b 100 meV



37 QUARK-HADRON PHASE TRANSITION IN THE EARLY. . . 1391

or unity, whichever is smaller. If we take Vf -0.1 and
X =1 then we note that F=1 for T=330 MeV. Howev-

q

er, when the temperature is favorable for the generation
of large-amplitude isothermal baryon-number Auctua-
tions via the chemical equilibrium process, T, & 125
MeV, then F &&1. In this case baryon number is not
readily transported through the front.

%e now consider the reverse process of baryon-number
transport from the confined phase to the unconfined
phase. Using the low-(pb/T) expression in Eq. (34) for
nb, the Aux of baryon number directed at the wall from
the hadron phase side is

8f =1/3nb Vb =
303

' 1/2

T2rn e
—m IT (46)

Pb

T

exp( —938 MeV /T)Xb .
Pb

T

The maximum value of the baryon transmission probabil-
ity through the phase boundary is unity, corresponding
to freely streaming baryons. Clearly the value of Xh de-
pends on the detailed physics of the boundary; we will
discuss a model for Xh below.

Detailed balance can be used to get the ratio of X /X„.
In equilibrium the baryon chemical potentials in the two
phases on either side of the boundary wall are equal and
the net baryon-number transfer rate across the wall must
vanish, so that Ab ——A . Using Eqs. (42c) and (47) these
equilibrium conditions give

—10

where Vb is the mean speed of a nucleon and where, ex-
plicitly, c is the speed. If the probability that a baryon
gets through the phase boundary is Xh then the rate of
baryon-number transfer per unit area from the hadron
phase to the quark-gluon plasma phase is

I 2

Ab =(1.079)&10 cm s '}
100 MeV

~ h
Pl b=

fv
1 f—v

—nba, b +nPq+, nb —nb
v

(50b)

where ri&~ and rib are the time rates of change baryon-
number density in each phase, A,

~
and A, h are characteris-

tic baryon-number transfer rates from quark-gluon plas-
ma to hadron phase and the reverse, respectively. The
last terms in Eqs. (50a}and (50b) are volume red-shift fac-
tors:

V 3A
V

(50c)

where the volume element is V = Vo( A /Ao) and A /A
can be found from Eqs. (29) and (32a). The total baryon
number per comoving volume V = Vo( A /Ao) is con-
stant at No.

No
=nbqf„+nb(1 f„) . — (51)

A, =(1.115X10' s ')
C

—938 MeV
+exp

C

crn
h (52b)

where we have made use of an approximation for f„is

The total baryon number swept up by the wall in the
quark-gluon phase, and pushed through to the hadron
phase, divided by the total volume in the quark phase is

Vo
nP, q

=4qrr N„VfF, (52a)

where r is the typical bubble radius, N„ is as in Eq. (33a},
and Vo is the horizon volume at the end of the nucleation
epoch. Using the value of the filter factor F from Eq. (49)
it can be shown that

X, =(5.4X10') T
100 MeV

4 3 Vof„=—,m.r N„
V

(53)

&(exp
—938 MeV

(48)
when f„&0.5.

By reasoning similar to that employed above it can be
shown that

Using this value of X in Eq. (45}gives the filter factor

F= (1239)Xb
MeV

T exp
—938 MeV

T
Vf (49)

ri )= nP, +nbAb ng— . —V fv
fv

(50a)

where Vf is the speed of the phase boundary wall in units
of c.

The baryon-number density in each phase can be fol-
lowed in time as the baryon number moves across the
phase boundary. If nb and n&~ ark the net baryon-number
densities in the hadron and quark-gluon plasma phases,
respectively, then

nbA. „=l
nb Vb

h l h
4n.r N„VO

f, V
Xh, (54a)

C
A.„=(1.70X 10 s ')

MeV
cm

h (54b)

The first-order differential equations for nb and nb

[Eqs. (49a) and (49b)] and the constraint [Eq. (51)] are
easily integrated. In the limit of a static universe,
V/V=O, which corresponds to a static phase boundary,
after a sufficiently long time t &&A.&

' we obtain the equi-
librium baryon-number density ratio,

where Vb is a typical thermal velocity for a nucleon,

Vb =(3T/m )', from which we derive
1/2
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tend to infinity. Such schematic models for the nucleon
surface have been considered in the soliton bag model,
for instance.

Consider a nucleon approaching the phase boundary.
Away from the boundary the mass of the nucleon is
essentially the kinetic energy of the quarks inside. When
the nucleon touches the phase boundary a massless quark
inside the nucleon may move through the wall into the
unconfined quark-gluon plasma, leaving behind a colored
object in the hadron phase with a divergent mass. If the
two remaining quarks move through the wall, the energy
of the configuration decreases to the original kinetic ener-

gy of the quarks. If a quark moves from the unconfined
vacuum back into the "nucleon, " to form a color singlet,
then the energy is again reduced to its original value if
the nucleon now rebounds from the wall back into the
hadron phase.

In this picture the energy of the nucleon at the phase
boundary can be modeled as 5-function potential,
V(x)—=aV&5(x), where a has the dimensions of length
and x =0 corresponds to the position of the bubble wall.

The calculation of Xi, is then reduced to the calculation
of the nucleon tunneling probability through V(x).

The parameters a and Vo can be estimated from the
surface energy in the soliton bag model: E, 47TR o'0,

where R is the radius of a nucleon and cro is the charac-
teristic mass of the confining field (the vacuum expecta-
tion value of the Higgs field associated with the confining
potential). This characteristic mass is ao-30 GeV (Ref.
36). Integrating the energy per unit volume, Voa 5(x),
over the nuclear volume and identifying the surface term
then yields a Vo-1 or

a Vo = ( l.2 X 10 MeV fm )a (56)

If a is taken to be twice the nucleon surface "thickness"
0.0 ', then aV0=1.6)&10 McVfm. The probability of a
nonrelativistic nucleon of wave number k tunneling

through the barrier is

Xi, ——[1+(maVO/k) ] (57)

where m is the mass of the nucleon. Taking a thermal
average over a nonrelativistic distribution of nucleon ve-

locities yields

m

277T.

' 1/2

f

�co
1+(m a Vo/v„)

(58a)

1

2(a Vo) m
=10 at T, =100 MeV, (58b)

where v„ is the velocity of the nucleon toward the wall.
Note that the nucleon transmission probability depends
only linearly on temperature but quadratically on the
rather uncertain barrier parameters a and Vo. The value
of (X„) may be orders of magnitude larger or smaller
than indicated by this rough estimate. We emphasize
that the schematic bag-model approach to treating the

phase boundary may be inappropriate and, hence, we

treat Xz as a free parameter.

VI. GENERATION OF ISOTHERMAL
BARYON-NUMBER FLUCTUATIONS

The basis for isothermal baryon-number fluctuation
generation lies in the difference in baryon-number con-
centration between the unconfined and confined phases;
R =n&~/nb. The preceding section showed that R can be
much larger than unity, even in the. limit of baryon chem-
ical equilibrium; if equilibrium is not established across
the phase boundary then R is larger than the equilibrium
value.

If at any point during the shrinking of the bubbles of
quark-gluon plasma the release of latent heat is not rapid
enough to compensate for the universal expansion then
the temperature of the bubbles will fall below T, and nu-

cleation of the concentrated baryon number will follow.
This cooling process has been considered by Applegate
and Hogan. The amplitude of the resulting isothermal
baryon-number fluctuations has been considered in our
previous paper.

We now demonstrate that isothermal baryon-number
fluctuations are produced so long as R p 1, even in the
limit where the phase transition goes to completion dur-
ing the constant-temperature epoch. The integration of
the baryon-number transport Eqs. (49a) and (49b) shows
that the local baryon-number densities on either side of
the phase boundary rapidly approach a nearly constant
ratio R: either the equilibrium R or one somewhat larger
due to the filtering e6'ect of the wall, as shown in Figs.
8(a)-8(d). This ratio is approached on a time scale short
compared to the duration of the constant-temperature
epoch due, essentially, to the large coeScients of the rates

and A,„ in Eqs. (52b) and (54b), respectively.
The mean free path of a nucleon in the hadron phase

was discussed in Sec. III, where it was shown that in a
Hubble time a nucleon, or any hadronic state carrying
baryon number, would move only 10 cm. This dis-
tance is small compared to the proper distance through
which a typical bubble wa11 moves during the constant-
temperature epoch, —5000 cm. Even if one-gluon-
exchange effects are taken into account the baryon
(quark) mean free path in the unconfined phase will be
large compared to that in the confined phase.

These considerations suggest a simple model for a
shrinking bubble of quark-gluon plasma which is similar
to that of Applegate and Hogan. First, since the neutri-
no mean free path is large, we argue that the latent heat
liberated by the spherical shell of volume converted from
unconfined to confined vacuum by the movement of the
phase boundary will be rapidly communicated
throughout the volume of the shrinking bubble, keeping
the unconfined medium near T, and guaranteeing that
the bubble does not nucleate and shrinks away to noth-
ing. A second point is that this spherical shell of new
vacuum contains no initial baryon number. Baryon nurn-

ber must either leak in from a previous shell converted to
the confined phase or be transported across the phase
boundary from the unconfined phase. The former pro-
cess must be slow because of the small baryon mean free
path; on the other hand, we have argued above that the
latter process is rapid and that baryon-number density on



1394 G. M. FULLER, G. J. MATHEWS, AND C. R. ALCOCK 37

either side of the front will be driven rapidly to the ratio
R. As the bubble of quark-gluon plasma shrinks the
baryon-number, concentration inside, ng, increases and
hence the baryon-number density in the hadron shell sur-
rounding the bubble,

nb =nb/R,h q (59)

increases as well. After the bubble of quark-gluon plasma
has shrunk away it leaves a fossil isothermal baryon-
number fluctuation: each successive "shell" of hadronic
material left by the bubble has larger baryon-number den-
sity.

If V is a representative volume of the Universe then
ngf, V is the total baryon number in the unconfined
phase. As the bubble shrinks it loses a shell of volume
d (f, V) to the confined phase and hence it loses baryon
number,

d (ngf, V) =(ng/R )d (f„V), (60)

to the hadron shell. The time evolution of the baryon
density in the quark-gluon plasma bubble is then given by

dnb f„
dt f„ V

ng(1——1/R ) +—

where the notation is as in earlier sections and

V
1/R —1

nbt( t) =nb~(0) f,
0

(61a)

(61b)

where t =0 is the end of the nucleation epoch, ng(0) is
the initial baryon-number concentration, and where the
initial volume in question is Vo. The equivalent baryon-
number density in the hadron phase is given by Eq. (59)
at any time t Since f„.and V/Vc=(A/A;) are known
functions of time, Eq. (61b) can be used to find the
baryon-number distribution in the fossil fluctuation:

dltb 4
df„3

—ng(0)

xR f„
(62a)

where x is the statistical weight ratio as previously
defined. This distribution can also be written in terms of
the proper radius ~ of the fluctuation:

dnb ng(0)—
=4m

dr xR r (62b)

This is similar to the result in Ref. 7. Note that a large
baryon-number ratio R has the effect of narrowing the
isothermal baryon-number fluctuation peak.

The above discussion of the shape of the fluctuations
depends on three assumptions. The first is that the
baryon-number distribution in the quark-gluon plasma is
uniform and that baryon number does not "pile up" at
the phase boundary. This assumption is equivalent to the
statement that the mean free path of a quark in the
unconfined medium is large. This is clearly a model-
dependent result. The second assumption is that the
baryon number in the hadron phase does not significantly
diffuse on the time scale of the duration of the constant-

temperature coexistence epoch. Arguments based on the
nucleon mean free path were used to justify this assump-
tion. Finally, we have assumed that there are no large-
scale streaming effects which might smear out the fluc-
tuation shape. Fluid velocities in the limit where all
enthalpy transport is by hydrodynamic flows have been
estimated. The smearing introduced would be of the
same order as by proton diffusion after weak decoupling.

Finally, the fluctuation shape is modified after weak
decoupling by the differential diffusion of neutrons and
protons. The effect of these modified fluctuations on
big-bang nucleosynthesis is discussed below.

VII. BARYON DENSITY FLUCTUATIONS
AND PRIMORDIAL NUCLEOSYNTHESIS

The isothermal baryon-number density fluctuations
discussed in this paper can have interesting effects on pri-
mordial nucleosynthesis. There are two influences which
must be considered. One is the fact that more than one
baryon to photon ratio must be averaged to produce the
final nucleosynthetic yield. Such an averaging by itself
can significantly alter the yields from primordial nu-
cleosynthesis. The second intriguing effect is that the
neutron and proton components of these density fluctua-
tions will diffuse differently after the weak reactions fall
out of equilibrium. Essentially, the neutron collision
mean free path is much larger (by more than an order of
magnitude) than the proton mean free path since the neu-
tron only interacts with the background plasma via nu-
cleon scattering or via the small neutron dipole moment.
The diffusion of protons, on the other hand, is slowed by
the more dominant proton-electron scattering. This
diffusion of neutrons leads to a filling of the low-density
voids between the high-density fluctuations with
neutron-rich material. The high-density regions are cor-
respondingly proton-rich relative to standard big-bang
nucleosynthesis. '

In the work of Applegate, Hogan, and Scherrer, the
nucleosynthesis in the low-density neutron-rich regions
was explored as a function of the fraction of neutrons
which diffuse into the low-density regions, and the
volume fraction occupied by these neutrons. In our pre-
vious work we considered nucleosynthesis in both the
proton- and neutron-rich phases as a function of their rel-
ative volume fractions for a single fixed ratio of baryon
densities between the two regions, normalized such that
Ab ——1. We discovered that significant nucleosynthesis
also occurs in the proton-rich phase, particularly for Li.
This leads to an overproduction of Li when the two re-
gions are averaged, although the other abundances were
reasonably well reproduced in a universe with Ob ——1. It
was also discovered that the production of heavy ele-
ments with A ) 12 was not as eScient as first proposed.
In this work we extend our study to consider the effects
of these baryon inhomogeneties in a Universe with 0+1,
and as a function of the ratio of the baryon densities in
the two phases. (This latter parameter is related to the
coexistence temperature during the phase transition. )
Our aim is to delimit the parameter space of this model
which is consistent with the constraints from light-
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fLR

f, (R —1)+1
(63a)

Q( ——Q(, /R . (63b)

We assume that the neutron diffusion occurs between the
freeze-out of the weak reactions (at T= 1.3X 10 K, 0.11
MeV) and the onset of nucleosynthesis (at T=0.9X10
K) about 100 s later. Note that by weak "freeze-out" we

mean that temperature at which free neutron decay dom-

inates all other n~p reactions. The weak interaction
drops out of equilibrium at a much higher temperature,
T (1 MeV, when typical weak rates become small com-

pared to the universal expansion rate. The assumption of
neutron diffusion equilibrium near T=1.3X10 K de-
pends upon what one takes to be the mean separation be-
tween nucleation sites. If the density of nucleation sites is
high, the physical size of the fluctuations will be small
compared to the neutron diffusion length. Therefore, the
neutron density will equilibrate at a temperature closer to
the temperature at which weak reactions fall out of equil-
brium (=10' K) when the neutron mass fraction is
higher. However, if the size of the fluctuations is small
during nucelosynthesis, neutrons can quickly diffuse back
into the high-density zones as they are depleted in those
regions by nuclear reactions. This would result in nu-
cleosynthetic yields similar to those of the standard big
bang. The most favorable case for inhomogeneous nu-
cleosynthesis occurs for fluctuation sizes sufficiently large
that neutron equilibrium is not achieved until just before
nucleosynthesis and the effect of the flow of neutrons

element abundances.
For the purposes of this parameter study we utilize the

two-zone complete diffusion scenario discussed in Ref. 5
which reduces the parameter space to three quantities,
the total average baryon density Qb, the ratio of densities
in the two regions R, and the volume fraction f„, in the
high-density regions just before nucleosynthesis. We will

also utilize the fluctuation profile computed in the previ-
ous section.

The effects of nucleon diffusion in this model are in-
cluded by assuming (1) that the nucleation rate is
suSciently great that the mean separation between fluc-
tuations is significantly less than a neutron diffusion
length at the time of nucleosynthesis, and (2) that the
proton diffusion can be ignored. These assumptions are a
fair approximation to the results of our nucleation rate
studies discussed above and to the diffusion rates of Ref.
3.

To implement these assumptions we have utilized the
big-bang nucleosynthesis code of Wagoner' with three
neutron flavors, a neutron half-life of 10.6 min, and a
number of nuclear reactions updated from the original
version. We note that the conversion from baryon-to-
photon ratio to Qb in what follows is based upon as-
sumed values for the present cosmic background radia-
tion temperature of 2.7 K and the Hubble constant of 50
km sec ' Mpc'. We begin the nucleosynthesis calcula-
tions with relative baryon densities in the high- and low-
density regions (Q), or Q&) as a function of f, and aver-
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back into the high-density zones is diminished. We will
discuss the details of the coupling between neutron
diffusion and nucleosynthesis in a forthcoming paper.
Since one of our purposes in this work is to establish
upper limits upon the phase transition physics from the
nucleosynthesis, we utilize this most optimistic model for
neutron diffusion and nucleosynthesis.

As nucleosynthesis begins after neutron diffusion, the
Universe consists of a high baryon density proton-rich re-
gion, (1) with

n"'=x„n+ n„(1—x„), (64)

X„'"=X„/0' ", (6&)

where X„ is the neutron mass fraction before nucleon
diffusion at T=1.3&(10 K, and a low baryon density
neutron-rich region and (2) with

Q' )=X„Q+Q((1—X„),
X„"'=X„r'n"' .

(66)

(67)

The final averaged mass fractions for each nuclide are
then

f X(1)Q(1)+(1 f )X(2)Q(2)
U I U I

f Q'"+(1—f )Q"' (6S)

Figures 9(a) and 9(b) show a history of nucleosynthesis
in the standard big-bang compared with the neutron-rich
regions in a Universe with average Ob ——1 and R =50.
These figures illustrate the dramatic effect of the baryon
diffusion on primordial nucleosynthesis. In the standard

10' 10' 10' 10' 10' 10'
t (sec)

FIG. 9. Big-bang nucleosynthesis yields as a function of time
in an Qb ——1.0 universe for (a) the standard big bang and (b) the
neutron-rich low-density regions is an inhomogeneous universe

with fluctuation amplitude, R =50, and in which half of the
volume is in the low-density regions.
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FIG. 10. Primordial nucleosynthesis for the high- and low-density regions and their average yields as a function of volume fraction

f„ for a fixed fluctuation amplitude, R =50, and with (a) Qq ——0. 1, (b) Q~ = 1.0. Note that the average yields for 'H are relatively in-

sensitive to Qb. Note also that the yields do not depend much on f„ for most of the range 0.2 (f, &0.8.

big bang, at high baryon densities, essentially all of the
available neutrons are quickly converted into He at
t —100 s. In the low-density regions, the neutron mass
fraction is set to close to unity when the baryon diffusion
is turned on at t -50 s. It is then the proton mass frac-
tion which is absorbed to make He. Further He pro-
duction must await the decay of neutrons into protons.
Thus, there is a significant neutron mass fraction until
much later times. H is therefore produced at lower den-
sities and survives further nuclear reactions. Since H,
He, and He are large, there is also significant produc-

tion of Li in these regions.

In Figs. 10(a) and 10(b) we show averaged nucleosyn-
thesis yields and nucleosynthesis in the proton- and
neutron-rich regions for A=0. 1 and 1.0 when R =50.
This corresponds to the ratio of baryon densities for
chemical equilibrium when the coexistence temperature
is 110 MeV with three relativistic quark flavors, or when
T, ~ 110MeV and X& ~ 1. The intriguing feature of these
results is that, for Qb ——1, over a broad range for the pa-
rameter f„,the main abundance constraints from primor-
dial nucleosynthesis (i.e., He and H) can be satisfied.
There-is, however, a slight underproduction of He and a
larger overproduction of Li. This overproduction of Li
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FIG. 12. Regions of the R-0 plane which are consistent with

the Li and H abundances. The solid lines denote regions al-

lowed by the Li abundance corresponding to upper limits taken

from (a) Li/H & 1.8)& 10 ' (Pop II halo abundance); (b)
'Li/H &SX10 ' (Pop I disk abundance); (c) 'Li/H &2.6X10
(CCI meteoritic abundances); (d) 'Li/H & 8 X 10; (e)

Li/H & 8&10 (astration factor =10&(Pop I abundance).
The dashed lines are from the lower limit to the H abundance;
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increasing R is basically due to the fact that the relative
baryon density in the low-density neutron-rich region de-
creases with R. For Qb ——1, one can see the effect of the
minimum in Li production as a function of baryon densi-
ty due to the increased Li destruction before Be produc-
tion from the He(a, y ) Be reaction.

To illustrate the effect of a distribution of baryon densi-
ties rather than the two-zone model considered above, we
have also calculated abundances in a Universe with the
continuous distribution of baryon densities given by Eq.
(62a), dnb/df, ~1/f„, with R normalized such that
0= 1. This calculation yields He/H =0.275, H/H
=7.2&(10, He=6. 1)&10 6, and 7Li=3.5 y10
with A & 12 nuclei & 5 X 10 ". These results are outside
the range of acceptable light-element abundances, which
suggest that the constraints on isothermal baryon-density
fluctuations from the quark-hadron phase transition may
even be more severe when a realistic distribution of
baryon densities is taken into account. Nevertheless, this
result is inconclusive since the 1/f, distribution is over
simplistic for the reasons given above. %'e will consider
more realistic fluctuation spectra coupled with hydro-
dynamic flows and baryon diffusion in a subsequent pa-
per.

In Fig. 12 we delimit the regions of the R-Qb plane
which are consistent with the constraints from light-
element abundances in the two-zone model. Contours
are drawn on this figure which show the values of R and
Qb which satisfy the constraint noted in the figure cap-
tions. Curves are drawn corresponding to both deuteri-
um production and Li production. Because of the large
uncertainties in the primordial Li abundance, contours
are shown for a number of different upper limits to pri-
mordial Li ranging from the lowest values from Pop II
halo stars to the highest values corresponding to a large

FIG. 13. Constraint on values of R and Qb based on an ap-

parent upper limit to the 'Li/ H ratio of 3& 10,which to erst
order may be independent of astration.

fraction of the primordial abundance having been des-
troyed in stars. Two different H constraints are shown
to illustrate the sensitivity to the deuterium abundance
constraint.

From this figure several interesting conclusions can be
drawn. One is that the deuterium constraint can only be
satisfied in an 0= 1 universe if the fluctuation amplitude,
R )20. Perhaps more useful is the observation that if the
smallest upper limits to the Li abundance are correct
then this constraint can only be satisfied in a universe
with R (2, which essentially would correspond to stan-
dard big-bang nucleosynthesis without fluctuations.
Thus, if the Pop II or even Pop I disk Li abundances are
ever accepted as firm upper limits to the primordial lithi-
um, then one could use this constraint to set an upper
limit to the magnitude of baryon density fluctuations to
emerge from the quark-hadron phase transition. On the
other hand, if the primordial Li abundance is at least
3—5 times the meteoritic value, then this constraint could
be satisfied for R ) 15. This suggests that if Li destruc-
tion in stars (astration) has been significant over the histo-
ry of the Galaxy, then the light-element abundances
could be consistent with 0= 1 in baryons.

If Li has been significantly astrated then it follows
that H must also have been astrated since the nuclide is
less tightly bound than Li. It is therefore encouraging
that deuterium is overproduced along with Li in models
with R )50. It is useful to consider the constraint based
upon the ratio of Li/ H in which the effects of astration
cancel out to first order. By choosing the highest
present-day Li abundance, and the lowest deuterium
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abundance a firm upper limit to this ratio can be derived
( Li/ H&3X10 ). The R-II parameter space allowed
by this ratio is depicted in Fig. 13. For sufficiently large
values of R it is possible to have 0& very close to unity
and still satisfy this constraint.

We also note that the upper limit to the Li/ H ratio
could be even higher than that used for Fig. 13. The H
abundance is measured in the interstellar medium. If
some fraction P of the interstellar gas has never been pro-
cessed in stars, then the maximum possible modification
of the abundance is by this factor P. In contrast, the Li
abundance is measured in the atmosphere of stars with
only lower limits measured in the interstellar medium.
Since individual stars may significantly modify their Li
abundances, these abundances may have been reduced by
factors much larger than P. For this reason we are less
concerned about Li than the other light elements.

VIII. SUMMARY AND CONCLUSION

We have shown in this paper that isothermal baryon-
number density fluctuations are a plausible and perhaps
unavoidable consequence of the transition from quark-
gluon plasma to confined hadronic matter. At least two
mechanisms for the production of such fluctuations can
be identified. We identify the coexistence temperature T,
and the nucleon domain-wall transmission probability X&

as the main determinants of fluctuation size. We have
studied the nucleation properties of these fluctuations
and find that it is also plausible that these fluctuations are
spaced in such a way as to allow for a separation of neu-
tron and proton fluids by diffusion before the epoch of
nucleosynthesis. Finally, we have studied the conse-
quence of the fluctuations and baryon diffusion on pri-
mordial nucleosynthesis. The light-element abundances
for 0= 1 can be reasonably well reproduced if the fluc-
tuations are suSciently large. There may be, however, an
overproduction of Li. If the smallest upper limits to the
primordial Li abundance are correct, then one would

conclude that the effects of isothermal baryon-number
fluctuations and diffusion on the early Universe must be
small. On the other hand, if Li and H have been
significantly astrated over the history of the Galaxy, and
if such astration does not lead to unacceptably low abun-
dances for other fragile light nuclei (such as Li, ' "B,
and Be), then it is possible to satisfy all of the constraints
from primordial nucleosynthesis and have Q = 1 in
baryons.

We have shown that the light-element abundance
yields from big-bang nucleosynthesis in a high baryon
content universe could reproduce accepted primordial
abundances, in a relatively parameter-independent way,
with the exception of Li. The point is that the limit on
Qb from primordial nucleosynthesis now rises or falls on
the basis of what is taken to be the primordial Li abun-
dance. The measurements of the Li abundances and the
Li/ Li isotopic ratios, when coupled with self-consistent

models of galactic chemical evolution, now seem to point
to a low primordial Li abundance. If one takes the view
that the measured Li abundance is primordial then the
present study puts severe constraints on the physics of
the QCD transition as explained. If one remains skepti-
cal of the actual primordial Li abundance then it is
premature to exclude the study of closed, baryonic
universes.
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