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Inter- and lotra-atomic Correlstion Bnergies

'a.nd Theory of "Core-Polarization”

| . Oktay Stnemoflu

Department of cnmswy end Lewrence Radiation Laboratory
University of Californis, Berkeley '

A genersliged second order perturbation treatment based on the use

| .éf all Slater detemminents that can be fameé from & complete one electe
ron bsais set ie given for & meny electron system vhose zero order

wave function is & single determinant of «Bartréef»%ck (B.7.) erbitals.
The cormLatioﬁ energy of the system is broken down into the energies
of pairs of electrons including exchange. Also some pon-pairwise
addib&ve terms arise wvhich represent the effect of the other electrons
on the energy of e correlating pau on agcount of the Paull exclusion
principle. All e@:w components are written in epproximate dut cloged
forms involving only the initially oceupled H.F. orbitals. Then each
term acquires & simple physical intsrprstetion and becomes edoptable
for Mmirﬁéal usage. The treatment is a:pplﬁea in detail to two
particular problems: a) The correlaticn energy-'bamm an outer elect-
ron in av.ny}witsﬂ state and the core electrons, eeg. in the i atom,

is iegrésamtea by & potentiel acting on the outer one. This potentisl
ean be méu:!de&"aa the mean square flugtuation of the Hartree-Fock
potential of the core, and Qpﬁma even vhen the outer slectron peng-
trates into thg core. ?he wignitudes of some of the correlation effects
sre calculated for Li. b) Sterting rmm e complete one electron baeie
set of GOF m'é, iho; eim"g:r of & moleaﬁle is separsted into those of



- ABSTRACT
~ { continued)

groups of electrons and g._g_t:_gfﬁplaéuw Glapersion forces acting between
these groups. The abmwptiom that ére usaally' m&e in diecussing |
| mmion forces at sush short distances are then vemoved and generally
a‘ppiicaklé formilae sre given. In the mt section some three or more-
electron correlstion -éftgcts , and limttations inherent in the use of
"W electron group functions™ for overlapping systems ave discussed.



- 3;‘

. hd Intra-gtonte Oorzeletion Enorgles

S pepwet ot Chentstry and Wt‘eﬂcfe mmmn Leboratery
o xmma&w at Galitﬂmia». Berkem h, caumm

L x Inmductign N |
- Althoug e W W o » mﬂv alectron sysmn $a well spproximsted

o ‘by m {:f,pm fx . ? mm,i’ tm main.tng error, i.e. the difference

’, ﬂaa. iabion Of Atemic Structures,

L 1 M mlm' m& Ba R*

m Ghawl Ph;fswa, Vol. Inwaezenca

! ; Al mwtm Wit&é@. Fhis erzer, mlesa
, R otliars me iwmea, ﬂil be taken hore s ‘the mcim daﬂnitim of
e _ wrrclstzm mm 1 memt yearg aomdarable effm has been

taining move aeeumte Wmmns W &he ude of "configuration-

mﬁmﬁien, i.g. ex;amsmn of a my aléthron m funection in tems of

: I

M Lawrence Rediation Lak

ry mt«awml fellow 1959-1960.



a baaia get of one elaeemn funetiam 2

Computers uow allow much progress
for simpler ayahm (e.s. mxeeules from. the m-au rov of the periodic table)
in smt.e af slow wmrermn%; mrtneless it is desiradle and often
,maessary ta m thze tﬁ:ml atructm ét‘ quantm mechanics to develop

‘8chemes thet are mnable to simple yhysiaﬂ mterpreta%im and geaaralizatian

aide 'nmll éeﬁned mbenpﬁric&l methods for complia&te& systems.

88 well aa t ;

@m mmh sahm for tmaung certain cormlaﬁien effects that is of
interest frow K
under the pmme of “core mustmn,"l 1z alkali-like configurations

61 papeats bas arisen &a ’aha meory» of atomic spectya

| moat o;pts.eal tmsitim geeur b,y thc emitatmn of & serias electron
‘outeide an inper ecre ‘giving @ W@n«—l;ke sym:tnm. Although H.F.
ecy metma -‘hakes the aﬁm emw of the wﬁer orbital on the core into
acmmt, tha c\orrelauon bam«an m inatantamms position of the series
eleatron an& the em'e u not mclwkd Ae we ghall see below, it has

long bedn %&mmht that t}us m&i&t&w emgy ¢an be represented by an

' vmuanal effeatave pomn%ial seting oh thé cuter electron. Such an

approach otfers several advantages from the seni<smpiricel point of view.
1: this yotm:.al ,ee.n be determined from the first few obssrved J.evels,
then borrelation” correstions to highet levels can be cbtained’ by taking

3. A. 8. Douglag, Proc. Gambridge Phil. ,éoe'., zg, 687 (1856).

eppropriate . ex*;&e.ctatian values. ﬁm-tmql'h hes suxmerized the various

. k. D. R. Bartree, Repts. on Progr. ia Physics XI, 115 (1946).
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 sttempte that have beon made ot ebtainiog such o potentiel cend-
mi‘rieallya '!&w fom oat thﬁ.s Mm’aisl 8% lerge separetions 13 given

w &/r » #1th 4 prepmmm t'.o tha pouﬁzsmnty of the inner core,

mé r the aiataaca @‘f tha geries aleetmn fm the nucleus, aa can be

| geen from o elasaical wment Sweml Q\mnttm mclmnical d@ﬂvationa
,.hm beén given rar thig, pﬂtmﬁ&l (nee ﬁa&%&m II) , but these all

/ ;retaum the eater elmm to be far fm ‘the eore, in highb, “non- |

| -penstrating” orbits, sod osit various axmga effects. The need for

B the cmramamn w? @m ﬁm ma fmihmmy of & potential for penetrating

‘ wmtale m heen mam bar wtma 1k ‘&,zi-s mea ‘becomes mbst; scute

. in emmetﬁ.on wi\%zh awthzar amlie&tmz in molecules wheye the inner eom

| ;,;L'm be &samﬁd w 'be @um wpckanged %by the binding, 'hhe correlation energy
,- . bemén the ems a&xﬁ the Mma ehfztrm gan be obtained with ‘the uge
: ef ‘the petcnti&l ém*im fm atamie &peﬁm sueh o2 application is also
bA mﬁaﬁ in fih_b ”ﬁ«ﬂlﬁm ppproXs

tioré in organiec moldcules.

s m@ and; Perr, 4. Ohew. Phys. 21, 466 (1953).

A very much relabed problen e@ncems ﬁm corvelation energy wmen
ea.ectm groups which ey be oemima to be centéred arcund aii’famt
: nuclei:,. M A.arge suparaﬁiam, thie norml;atmn etiergy leads to tkw

familiar, Londoa m;m'aaen :mmmé'? between tvo atame in their

6. ¥. mm;;g;; Physik. Chem., B3, 222 (1950).
7. ﬁ-mm: Reve. Mod. M‘uz }_.}_-.; 1 {1939).
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Wﬂ atatns.‘ (In this em, tM'abe;m' Mﬂn&tien af “eérre).atien energy’
N ie smeﬁms altemﬂ, but atill e:p;glie& ii’ tha electrons of one syetenm are
@m&ﬂema m move 1:1 tha mlfucmsutant rzem of the a‘t;her.) The
_-miwtm ci' W—m«mw um from mquirina the atous to be non~
Géwl&m:ls Mn&fgﬂ :xxéé bf’ & yultigole expension end taking only the
éipaln-éiwaa %m inﬂo wcmm neeesaitates the gtoms to be emall
Wﬁ ‘be) tm&r int&mhar &iamae, R. The i&}por’came of London
nm Torees not: only at h.me sepnuﬁ@ns, m Wan within the various

K

mamw at thaa am mleeuie has alse. mg mwmaed ana heve been used
w es’embe the "corrélation amargies bmem tzw lanawr elemrona

ﬁ.a thc m).agen aeriee 6 mla&n we un g binding emm variation

| m&m from F %o 2? aad to mwuns b txm imrizatien energies a:
' - 8

Exaetly the pame m:?aeu.ltiea thet are involved in the

:  : ' Nﬁ t 84 mtm, - in @hwﬁ,ca‘}. msies, Yol. g, Interscience
" Pu%lizhm‘; uw istk, 1959, e 59 £,
Peprent: m of WW shell correlstions by effective potentiais
"Wmmemmtmwmm-wammmmw
- ‘-mnew due 101 w) Use of mmipcm m;m et short distances;
. 1) Baglect of exshatge; o) Fegleot of the “sxclusion” of oertatn virtual
S | tréusisions of ttm aommm ekwbms te levels amaay ocoupled by
__~am:’~ elwtmm ; L d) Use of different m;m sets fat different electrons.
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'fsm ang of these as.m::um,es have sireedy ‘im?f msmaenea 24 by Goulson.” The

9. €. A. cemlm, in s_ gan, Bo
| ?ersmn ?was, ﬂw Iw‘k (1959); y- 3#9

4.

wme@’bim betmmn the wo pra’o&m m«ma& abeve hecomes more apparent
. lwm the aerreutwn maergy ‘betwaen m wparateé atoms is written
ssmmr to an erm:twa patemml Vi‘thoat mking matipole sxpsnsions,

a.s will be shown in the 186% sgotion ai? "’ﬁhiﬂ article or by viewing the
cortelation eaargy be%ween cb-eeatric shells s @ Van der waals “

| 1ike -éiayersann energy. - m mm vm hss reeenuy been taken by
&meerw who based his tmtmeat on anti.-symatrizad pwo&ucta of meny

'e;tec-tm group functions smu‘y&ng gemmimed orthogonality emnditiona.l@

0. R mw, Frm. Rey. (), gggg_, aka (1959)

Aa it will ’be diam&eﬂ ‘below, however, tﬁhese. conditions are %0¢ restrictive
end do not uimmﬁ mme m’ the diffi@ultiea slready listed.

%o treat the’ two well kam m@&m prégented above and similar
eorrelation effaets m 8 ﬂ.ﬁiﬁed point of viw, in the nex‘h section of .
this a:rticle \n ahad.l give o generalmed aa.emd order perturbation thaory
of a many electmn systen whoge zerd ordey M mnctien is & pingle Blater
deteminant of Mm-?ock orbitals. The yefburbation method will be

based on the use of all "ordered wnfignr&tions" that can be formed from a
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| umle&e one eleetmn basis set. - Bye sarstematic classiﬁcatim @f all
,tha virtaal tranaitims regreaenteﬂ by these crdered cmﬁ.am‘atians »

e ) tm comlstum energy oﬁ' & systen wil.l be ‘bfaanen doun in%e. electren pair

| 'wmwamna imluding exclm:nge xmé mnnpaimi.m addimve exclu&ion ’

nen wm Mmiticm of mm mtatm anergma for each pair vill aliow.

-‘ e‘he approaeimm;e eva.laation of be‘t;}i t&m pa.ir encrgies ang exclusma
amm uams csnly tha awﬂpiaﬁ o:pm—m:ltals Tne epproash m many

- applicatiémﬂ im& ma prmaea s Link with the resent my-boﬁy methods

ll- For [ brief intmamticn seez

r"!."”' o T

e

2

D ter Haa.r, Mthtiezx to, the vhgg_ca of Many-body ﬁms

(Interscience .gubu-shera., Ine., N Y., 1958).

developed in different fialéa Aa;‘f ,pnysfics'; A large portion of this srticle
vill Be devo’céﬂ to tha "wm-gaom;'mtibn"' probian, not only because it i
ef 1ntem&*’& in it»wif, bw; also becme & system with & eeries electron

o 4

' is wore general %han a system of closed s'_‘ Bl

is and’ the excited as %ll‘as

tha grcunﬁ atate or the a‘bmer can be tmeted 8s well. Detalled derivatiens
'will be given fesr cenmience w:mx speeifie rez.’ereau to the lithium azm
aitmgh gemr.almtim w any cmr ap;;ropriate a’com or molecule is strad.ght-
fomrd In section H, 8 comlatian potmt.ial will be &erived. endl shown

o be tha ‘mean aqumm fluc%uaﬁion of the Hartrea-—l?ock potmntial actﬁ.ng

" on en eleetm section III will give the "axclusion” effect of sn outer

ermzax, e.g. in 14, on the torvelstion anergy of the core (Li } 1teelf



-

“In Seetioa IV, numerical magnitudes of some of these effects ﬁill'bg calculated
‘for L1 and the "cofe~pelariaation" potential compared with earlier bnes.
In Bection V mﬁlecules are dlscussed in sﬁneral and both the use of intra-
mol&@ular dispersion energies end corewpalarization Justified
elimin&ting the.usugl_agproximations mantiqned above by a%&tting'frﬁm'a‘
equiete one éleetrom:babis set of mel@cﬁl&r érbitals, 8CF ¥0's. In fhe ,
last section, some higher order correlation effects are mentxoaed,

- . including such effects, but
"disgersion snergy fbrﬁuua/for use only with asymptotic intezmolecular
forces is &eﬁ$#eﬂ—and»the use of | generali;eﬁ antisymmetriged products"

of many electron group functionslo is d&aeuﬂse&,



II. %@vg ef *Pomsaum

mw comla‘tion mr@r bemea o alaetr@ns one of which is firmly
beuné w a thwlmm and the char is in an whf,m with hi@ quantum
| -mmham, ﬁ,s A t:ha mim sta\ua of Ra, m be mwasentaé by m;

. eﬁraauw p@tentm amxmined by the i.nner, L€, eare elactmn apd

wewg mx the mwer one tf one mromm the exact m alectmn wave
Mc‘bim by '

&k (£ v5) = u, (’1“'2) nv (rp) (1)

: *where gi; E.gm” t m soordinates of 'imeé and outer electrons

) reeyecti’vely, ak's‘ 8re the 'v&ﬁ.ous states of the outer electron and

o (r ;z‘ ) aesmm the eﬂr& olee‘bm and depends only persmetrically

‘c‘m Epe ﬁis "aaiabatm appmxi‘ma’em is very similar to the Born-

' :ngenheimr sepamtian of nucleeyr and slectronic motions 1n molecules.
Bince thé outer electron is guch 1685 tightly bound than the inner one,

vy virtel theoren 1t can be considered to move slovly compered to the

lstter. Then,; the .m;’gr’ay'of the ecre osn be determined for verious fixed
; wvalues of 2% thus Wing on. iﬁt-'mamettically and it in twrn acts

e ‘&.'mnﬁgi enei'gy for the mﬁtm of the auter selee?&is.én. his 'am:mah

B I am Mide%eﬁ %o Mrassm* W ‘I‘. Bﬁ.@aoh for & atimulating Qgcusaion
ishis approwh



has been applied to highly excited atates of & by Mhew treating the

12. H. A. Bethe, m'm\@_m Physik {Baworda Brothers, Ann Arber, 15h3),
Vol. 24/1, pp. 339 £f.; sce 8leo: Bethe end Salpeter, Encyclopedis
of Puystes, Vol. 33, (8yringer<Verlag, Berlin 1957) pp. 223 £1.

stationary chirge a'& ‘_@ 85 8 perburbatian on (r )y the free “core”

Mi@n. The seme. appmah has been axtenﬁed ﬁo m, Re and K atoms 1n

13

o tbair groupd statea by CaMaar mglecmm the penetmtsia.n- and the nearness

5. J. callaway, Phys. Rev., 106, 868 (1957).

of the valence electrons to the cores. Veselov and Eezraukerm have also

%, G. Veselov end I. B. Bersuker, Vestnik feningred Univ. Ser. Fiz. Khim.,
Ro. 16, 55 (1957);
1. B. Bersuker, Optika i Spektrosk., 3, No. 2, 97 (1957).

considered the alkall, but cbtained u (r,jr,) varistionfily. The adisbstic
appréaeh sulfers from the difficulties that were cutlined in the imtroduction.
Eéﬁeeiaa.ly far tha ground st‘a%es of the alkeli the valemco electron |
penetmtea int@ the core cmsiéamblar, and near the nucleus 6r the other
eleetz-m it can no longer be eonaidm‘ed mving slowly. Moreover, since

the basic concept of the spproachk 1s fundamentally opposed to the



oelle

mwmmamy of the ﬁiasctm, some exchenge effects can be
prought’? in only mxﬁesany sud otnes “exclusion® effects which we

)

15, G m;,ﬁglvf- Frystes Aata, T, 273 (1936).

‘ shan aiama mm be aifxieult to intmauae

uhmh ahws the cowtian betwean inter-atamic

hanm "&msim forses 2ud the cbrzmm amzw betwaen core and

\A
AL

, *"Meaue elw&ms mre aws.y hsa ’ﬁeen talten by Mayer and Hayer 6 and

163 E. asd B. G- mer, Piye. Bev., ,ﬁ; 605 :(1.953)_.

 Van Vieck mwnmm” They uped emmmwm second-order parturbation

“¥f. 3. B. Ven Vleck aod N. G. Whitelsw, Phys. Bev., W, 551 (1953).

_ theory with hylrogen-like orbitels for the outer electron &nd considered

only "'mﬁhép%m‘ trating orbits” where agatn Ep is essumed to be alvays larger

than 3‘:3. Exahmse effects sre escluded M the dipole temm in the multipole

'mtmim inwwﬁ 'bna pb ability of the "point-core.” Thus none
of the treumnta Sust outlined give a m!‘ﬂcient basie for the mprement

'-~"'-"‘A,.mg gmmm for "sertes” elsctrons by the use of




‘ eﬁm&w potentials eayeeiaﬁlly nesr the core.”’

1,4
Por use in o wore gmaem theory of "core-polarization” as well
a.a in meny étlwr ﬁppl&ca’eions to be &iseu-ssed in subsequent sections

| o; this articls, m shall nmr proceed 40 a g@nemliaea psrturbatien
.trestment of & my elcctm systen whose wave function in zero order

.. '-een‘ be -méntéd'bﬁ a sin@la Bmﬁer dete‘miﬁi&b-' Btructures contmihing

“ 'ﬁhher all eme& shella or closed shells plus an outer alectron are auoh

.P‘_ )

M.l exehaage effects vill be 1ne1uded and in second order, the

’ mmlatm energy of the system i1l be bmken down into correlation
-énergies of yaira end noa-pmm:sa additive Pexcliusion” tems. The

fammlm‘y of exymsaing ﬂu cemlatian enerw tnmlving an eut:er

r alwﬁm by an effecmve potential tar eny etai:e wiil be emmmed and
" guch pabentials will be derived quite genex“ally.

‘Ihs ‘bastu thwm2 .0f the mtma of superposition of ecmngurationa

IR < *b’&_mt -;;r {nk(z) } form a complete orthonormsl basis set for the space
| of a single electron (?;‘. including Both spatiael end spin coordinstes),
‘then any ant-i-aymetric | -elmnga function can be axpsnded as :

V(% B .a‘.g . Z o wgtgl Tpr o 2g) @

where Qk mmsmﬁs thu normalized 8leter Memimtss

» % '(ﬁ?.&’ 5,3 (x: ) "2 g { e “kg' “knf (3)
and X rung mr. W&:‘y miieua gelection of the one elestron indices

kl "2 <o v 0 kg, - all ;\,omreﬁ configuretions. "2 In this




Jues are the solutions of the secular

'_rezpmmtatim th& emry elge ;
s l-o W
with :Hlf.-.{ ﬁxl Hl% \» {<K,H L ﬁ‘r and I the unit

| metrix. I any ome of the nﬁnﬁdﬂ@emmw % in 5. (2), say, ¥, 16 chosen
- 'ﬂﬁ the "fm*é appiron ‘%m to ﬁ’, then § can be Vritimn rigorously s the

fwmtmn of

4, *w T %, [ o

lmwm m matrd,x H Ms ’bm M&tione& into fbu.r suhmatrices. A great
v :;}"meey bt iaemnmtim mm e be ﬁmvedm fyom BY. (5) bb' W‘XE

| | ﬁieﬁmfeld anﬂ!b " wntm Pays. Rev., 104, 492 (1996)

" . mm ia the exact maindef aft.et tmking :H ae the
| oy mpqrtum&“ énerw *ﬂhus ﬂ the aff-‘&xagpnal elements of Ebb are
M&em am E myla&ed w e & Schrliainger t.ype generalized perturﬁation

o eﬁﬁuﬁiﬁn 1& 9 f s ?nis equatien was. ﬁrs‘t 31%:1 by E;wteimw

[ ) :-':

19, P. 8. Epstein, PEys. Rev., @8, 693 (i996); ses alsc: Pauling and Wilson,

Introdfietidn -t Quantun Méchanics, (McGraw Hill Beok:Co. ;.N.-X., 1935)




» Hm} Eé) , (6)

5% Yl
e % fu

 Hove smong a1l the disgensl elements of E, E. is seswed to be the
alosest to the exact sigenvalue B . In the sumstion, K covers the
entire Orthonormal mny 'éleétm@ bagis Bet s?achaa ﬁ_.,n BEg. (2), except
| 20,21

¢ .. Bauation .{6) 4s particulariy eénveﬁient to use”

it vhen the one

20. R. K. Hesbet, Proc. Roy. Soe. (Londan), A230, 312 (1955).
21. ﬁ‘e"fﬂ*enée, 2, pps B85 - 285, ‘ |

e;ée'ﬁwh basis set consists .o“f Kartm»ﬁ'eck futictions, because then all
B in wWhieh K aiffers from % by @xﬁy on¢ spin-orbital vanish. Also
' )ﬁe-.cause-'of the -ort_h@normliw of {uk} only double excitations contribute
to the sum in Bq. (6). ’ | |

~ How eaneiaar 4 Byatem of' cloged sh%ellvs and an outer slectren which
ﬂigcox?emtéo, the features of closed shells that we wish to exemine (see
8egotion IY7) in addition to the effective poteatial problem. For purposes
of the latter we define the following one electron basis set: The firat
"(g:-a.) .sﬁin-arhitals ul,ug,...ﬁw”l) are @btaineq, from & complete »H.F. scy
' golution of the cloaed shell part (g«l electrons) of the system after
stripping the outer electron. If x.re are interested in sgy n +1 states

of the cuter electz'"én,'- then the next o + 1 erbitals Vgs UgyyeooBg will

ozt
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_be taken asvtae sdlutions of the H. P. equation for an electron in the
field of the already determined fixed "core”. The rest of the basis set
ney be mlemal in some vay by, e.g., a Schmidt orthogonalization
proaeas. The ca&plet@ basis get of spin-orbitals thus obtained will now
be dzao%ed by { uk(x).} -{ } =1, 2, 3 ... all odd integers
mﬁaning spim*orbitala with spin g, and all even integers those with spin B.
For e&ncretenesg and’eenvenieﬁce we nov eontinue the treatment on the
atmglsﬁt ‘cage, the Li atam, although extension to larger systems is
str&ight«fbrwarﬁ Fbr any state (1/(3! )1/2) det (ls lag uha) or det (12k)
of 1d, tha first few spin-orbitals by our choice satisfy the equations:

ST
P

e Mrh( f |10 <,\2H Mp 4T ) e (g) e e lelm) (D)

i |
haff " h (r,) + 2(] I (z,) 1° d 1) wilr) - (1 (r oz, )r s s
uk uk e 2! Y'\% o s~l
" %k (5&1)

for Yy, @ k >3 . The second Qréer ecrraiatian energy is given by Eq. (6)
in-cﬁndunatien with £q. (2) and the one electron.basis set Just dafined.
»Tb aepuxs$¢ this energy iunto parts, ell the ordared configurations that
uon&d give non-venishing metrix elements in Bg. (6) cen be classified
ascording to which one or tvo spin-orbitels of the initial state det (12k)
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IQW been z'eplmad te ‘give the. pnrticular configuration. Consider first

h'the mmd stu‘ﬁe 3'55 (183), 1.e. -Iq’- dot {18, lsﬁ 2s). ¥rom this s‘satle*,,'
b

5 mping in mmd th@t t}m indices kl, I kB which make up K 11 Eq. (2)

o mua% catiery *t.he wnﬁtion kg > ky >k (k = 1 to e ), the -foliowing

t'ypes of vix'mal excitatmna are posaible.
Sinsle excﬁ.tat!.@ns:

: ;‘._l') 2: 3 — 15_2-:',2'» : 3 >3 (9)
R R k>3
— w2, 3 m >3

Bauble exeitatimsz

1,8,5—---—s> 1, k, &8 E>%x>3 (i0)
2> n; 2, 4 2._>m_}.§
> my K, 3 k>m>3

‘all higher exéfftations $> k > m >3 giving Ky = 0. We hsve labeled tne
indices diffmntly depending on which initial orbitals remein unchenged.
’Ew first thing ‘te‘- z;btiee is that with our choice of the orbitels all

_gm for the single virtml axcitetions of the outer as*lmzt»xf%:on't vanish by

?Bwﬁuse gf ctmpiate anti sme@ry im cannm: refez- to a. dafinite electron.
mxat we aaean by omter elentm is any one of m elaetrans ocecupying
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‘the generalized " Brillouin theorem; i.e.

: B e < 3E (128), K -@'(lﬁ,&) > e <4.; hgga 3 '>. = &y <L, 3> .05 _(3 * 3).

" "On the other hand single excitetions from the core and doubls excitatious

‘-lead%m

< &% (m), B m (lkB) > % < Eé" (23), &2 &t (ki) > ..
e z,;-g (mf;, # m ,(:maﬁ)--*» s < 36t (13), zmm (m3) >

vhare Bq. (7) hes been used; and |

< Gt (123), a'é’éf“ (1ki) > = < T (23), 61 &= (u) > ()
and simdlerly tbr tna re&t ef Eg {10} Kera 512 & r 1p end 3t = (A6 )aet
on. the left and ey -(xjafa);//tne right of Egs. (m) an,é (13). Hotice
, - properties
: -that the mnwanismm /of Boa. (12) smmh will pwve wuseful is due to the
choice of the core Mitala :g and 2 ap E. F. 80F solutions of 11* rather
‘ t.han Li. We ahem}.cl ‘vemark however thet mtua.n.y with alksli atoms the -
| jse‘lf-eméw't -ﬂe}.d of the outer eleé,tmn h&s ‘upually very little effect
" on the BCF weve functions of the core aleatmnc and therefore the set

o of arbitals ‘Wwe have chosen are frequaatly emylm& in Hartree-Fock

Vauswulaﬂ;wns an alkali»lika mﬁmﬂm 15 83

22, — Bfeg mr eaza"unplge:
'D. R. Hartree and ¥. Hartree, Proc. Grubridge Phil. Soc., 34, 550 (1938).



-18-

‘ (153 6liow £he aeparatwn of the second erder

Equattons {9) theou
- enevg m Eq. (59 tnto Wﬁre’ka&itm mmgi,ea of pairs of eleetrons. OF.
| 'me it*. ia a msm mmﬂx *bhat an ortbenomal fumtmns are

erfeeta are naglactea, second order energies

. am m overlup sud o g
' ama oms wmwi&:e aﬂd&‘a&v&w u in inﬁemmculea' “dteparsion” forces.

. | ;'M bﬁdy mﬂ MM aémlatim appm in higher orders of perturbats,cn‘
o . 'Mmt!, va slmll see nhmw ﬁh&t ‘here, Pauli Byuclusion Principle alreaﬁy
Co WMum Boms wwm cotrelationy ama in m eecand—ord&r. The
zzm &rﬂer energy in Rq. (6) ean ’&a m’cten as the energy of the lon

&i‘e in ﬁaa mm of ﬁha bare amlena ﬁmd. t.he energy of the outer aleetmn
:&n the BOY ﬁel@ of W 1oh ma‘,_ ¥or _fm_e

By, = < & Q2), Z h@- isia det (123) >
-‘ - e .
| & Ge (12) + < 3 haﬂ 3y _— : ( 1}* )

| wxm é:g”(lﬁ) B a < 13,111"13 >4 <ld e g, 16 10>

j mth tha ayﬁteumie alwﬁifieuﬁm ef 'oha ﬁmml trensitions ip qu. (9) '
I (w)s (g)iﬁﬂ% (ﬁeﬁkmmmmmmammegmm
T “Wias oo méh inim amm are dnvolved:

Em%} = Em (m) + nm (23) + &(a) (15) ’ | (15)
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""""" | wheré again mbers fm Wntheses 1abel the arbitala ’ smd not the
@J.whmns; snd ' '

(a) (m;'” Z | %W (19), 6, T (a ¥) >°

(168)

k>m>3

2 w9,

a (1, a’*,E«»m, X, 3) '

8)p %t (83) >

, «E (2) (25) . z

A (1,
k>5 :

2, 5—> 1, k, 3)

Q1)

1 (60>

A (1,

A >k>3

<Gt (15),

2, 5—>1, k £)

""E(mﬁ);:»

a (1,

: n o “  ~_
..'sg ) (.13;)»# | Z :

>3

<3€€ (13), &

2, 5 ““‘“‘" m, 2, 3) (185)

m(mz)>

_8.;:4:,.}3

5 (1,

@a 5“"""9’133 2, )

‘,’Ehe A's 4n the dmmimt@rz are the energies of the reapective virtusl

tm&ﬁm and are given tm Eq (6)

a1, 8, 3%&, ¥, £) & « Qet

byt

(ﬁkﬂ!)p 8 m (IBXZ) >
(19)

B T8t (123) > .
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© In particular, vhed m 1s odd snd k is wven:

8 (1,2,3 = m,k,3) = a® (1 ~> 1) + -Ah_" (2 —> k) + (3~ 355)

(81,2, —> L,5)3) = 2% (2 ~> k) + (3, - *’31). t gy -3y ()

AL Lk ) s &% (2 k) ¢ (3 —>2) 4 (3, - Ty)  (17e)

* 3y < Tpg) + (T - Ky - (T - KDy

and similarly for Eq. (1%). J's and gv'v‘s are the usual coulomb aad
Jﬁ"‘(fé; Slars>}Kr$“<rs, gp8T>
and -A'h@ (x —~p g) = <5, e < r, n° r >». The numerical evaluation
62‘ E(g) for any one case i¢ a lengthy procedure becsuse large contributions
to such sums are to be emcte&a from the continuum {or from vhat would
take the place of the pegtﬁ.nmm) part of the bagis set {x } + Our
ohject here instead is %o jnvestigate semi«»quanut“a‘tively various physical
espects of Bgs. (16a) to (18a) end their variation with the different

gotual excited states of the "series” electron.



The first part, Eq. (162) corresponds to the correlation energy of
the ion-core, (ladls@) 88 it existe in the neutral etom. The effect of
the "outer’ ele‘;ctr-_oﬁ on this electron thmug,h the exclusion principle
will be takem up leter in Section IXI. Equations (1Ta) am' (18a) give
the correlaticn énergy between an eleetron occupying 3, i.e. 28, and those
in 1 (i.e., 1)) and 2 (1.e. ls,) respectively. The first temms on the
right hand éi&es of Egs. (178) and (18a) represent the inner electrons
in 1 and 2 making transitions in the average field of the orbital 3.

The second terms of these equatiéns give the correlation energy resulting

| fyom one core electron st e time meking transitions simultaneously with

the outer electron. At this point it should be emphisized that ebove

we mwe‘ referred to the entire core-"series” electron (or sigma-pi in
erganic¢ molecules) correlation et‘feeis, ‘1.8., the totality of the Egs. (17a)
ar (1Ba), by the historical name of “core polerisation,” & neme which has
i‘bﬁ origin in the adisbatic ﬁethoé, Eg. (1), end describes the polarization
of the core by the inatautaneaua position of the electronic cherge. The

term "polarizetion” however is also uged with reference to the virtual

e:éci_tatim ceused in the core by the average electric field of the

outer orbital, i.e. the first terms of Eqs. (17a), (18s).2%%> me

A . A .

23. 0. Sinenoglu and K. 8. Pitzer, J. Chem. Phys. (in press), (April 1960).

"polarimtmn" effect in this more restricted sense is small, e.g. in Li,
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Ty
R
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due to the spherical synmetry of (28). In this more precise terminology

the .chble excitations constitute the “dispersion” energy as in the ‘

- , m‘aemlecular m

10

‘l‘he suni? in Bgs . (mn) to (18a) cen be put into appmximts But :
e&oseﬁ foras wich are pmieally intmst&na ’by taking out the energy
'denminatm sa "mm &mitats,en mrgiea m sach case. This type of
; appmx:ima‘himn i.s usthlly maﬂa i’m‘ instance in the theory of 1ntemolecular
- forces 6,8

of excitations of single core electrons at e time, sad hence ere of the

’33 In the ﬁzrai; parte of Egqs. (17@) and (18a), a's consist

er&er of the ionization potentisl of m", (Im-&), i.e.

e nrveamtnnes J ettt m
a (l,,'i',ﬁ — l,k:§) ' z o (1}2:5 i m,ﬂ%,ﬁ) - gc z I(m‘O') (19)

%ther‘e bays danote avamgaé‘. 'i‘ha mond '"dia*penioa” parts of Egs. (17a)
" 4nd (lﬂa) lavolve & similer sm@le core excitation, but in sddition
‘viz"cual tmsiﬁions of the outer eleetron in thﬁ fisld of the already

!, exeited core (Bee Eq. (17c)). Thus to define a “mesn excitation ensrgy"

for the cuter slectron, an aversging over both k end 5 in Bg. (17c) is

 necessary: | | |

D R — » -

_ . L .‘ . L , . . .
A (1,2;5 —2 1,%,4) ~ %2 -> k) + @y, - 95)

"(3@)

¥, 4

vl (30 + =Ky - (- Ry + (G = Ip)
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A (1,2,3 —> 1,k,8) ~ A (1,2,3 —> m,2,2)

5]

gc + gv(B)
(21)
.f: Yty * )

8 . : ) .
‘where BV(B)'refars to the "mean excitation energy” of the velence, i.e.

“ser;es" electrdn'initially occupying orbital 3. For our purposes only
- very rough ideas of the megnitudes of B's &re necessary. Their use as

semi-empirical parsmeters will be dlscussed later on. SV represents a small

-fraction of & ; mareover, the single excitation terms in Egs. (175) and {17b)

G,
are-small &8 mentioned earlier. Thus neglecting the absence of av in
‘Eg. (19) (compare Eq. (20)) all the energy dencminators may be equated
and Bgs. (178) and (18a) cowbimd into one "series"” electron-core correlation

energy. For the ground state of Li:

(@ ' . |
(3 = -5 (o) - P03 R

(8, + s,‘,(3))"_1 ( Z - < TE (23), gy, Tt (k2) > L < TWE (13), g det(ns)>")
L>k>»3 ) : _ L>m>3

For cqnvenienée, So far we have considered only the ground state (det(123))
of the Li atom end in Bgs. (9) and (10) enalyzed the various types of
virtusl transitions that are i:es,sime from this state. Since however one
02 our objectives is to examine the validity of deriving an effective
potential for the outer electron, before giving closed expressions for the
sums in Eq. (22), 1t is necessary to consider the excited states of Li,

(d@et(12n)) where now the "series"” electron occupies the orbital (n).
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With & different state of Li the second order mim in Eq. (6) sgain
‘:anal#es the same cvomple‘t:e. set of "or&ered configurations,” except thet
vhereas before, 35% (123) hed been excluded and singled out s the zero
order wave function, now the sum ineludes tehis- determinant but instead
ex¢ludes det (12n), the new zero order vévé fux;c"sion, E(?) in Eq. (6),

or in Opqratér form .

K> (23)
N MEN
where H denatesﬁé? (12n), 'ear; be put also in the form of an expectation

value over the “series’ electron orbital B. Denoting
N = 35 (12n) = & { B u, _(1.2)} '

where u, (12) @ 4-:-21-;- ’dé’b_ (12)

and A is tha"agaémmr antiwsymetrieing R» with the two core electrons, we
obtain:

L]

.- Eéa) = <n { ue(lE), AH 2—‘ M> (Huﬂ - %)ml M, 0 u (12) 7: n>
- < n, tg) n'.>_ | (2%)

fhe curly parentheses in the second term have been placed to indicate
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that intégrauom over the coordinates in n are t0 be performed last.
As it s@m the formal eOmQ”series*" electron intersction operator
( ) is far from being e potentisl energy for s. Piyet, the sumsation
over ¥ inelu&as all double virtusal excitations of the core orbitals,
-(12)} thus the pert corrssponding to Bq. (lﬁﬁ)», the correlation energy
of the core itself, has not yet been separated. As vwe have mentiocned
| earlier, this part actually depends on n, due to the "exelusion”
piinciple and it will vbe taken up later. In addition if an arbitrary

one elecma basis agt were 1o be used t(e)

would depend on which §

. had been excluﬂed from the sum in Eq. (95) or (ah) On the other hand
_fi_?ith an SCF a.?.« basis or the baais k}- we heve chosen aboﬁ'e,'-this

| type of aepeédenee i e;iﬁimted, "neea:xse the "serles” electron orbitale

. satisfy Bg. (11). Thus in Eég) singie virtual excitations from det (123),
i.@. the first of the Eqa.v (9), vould include: - ‘

1,2,5 —> 1L,2,n

_ whemas in Séa), the same type of excitations from det (J.an) wvould exclude

1,2,n but inelude:
1,2, ~——> 1,2,53
“But both of these virtual transitions have zero matrix elements by

Bq, (11) ‘and hence are without effact on t(g) The rest of Egs. (9) and |
(10) can be generaliged to emy state of L1, ®%t (12n), keeping in mind



"“atmnﬁgummm mxa. (9) byk)ﬂ:»m(mnlwm)

Sma ﬁramiﬁi&ma tha% nre &ingbe e@re tramitions for one atate beceme
S - as
 Pegrie™ -8 @ouhm tmaitim m amthar state m vice versa,/for em&pl,e

11313 """""3‘ 1’533 '
1,2n “"“‘"’3’ 1:5}5 ~ , ,(vn £ 3,5 ;

| ’bmﬂiw ’bﬁﬁ itx Qf bhe vartual mnni%ions inmlvias eimer B single
: f'.f' cm-e ar’oﬁ.m or a single eom oz‘him anﬂ the wter one, B are uncxmnaed
| _ %hua aﬁar ﬂaking the smne a.p;amxmﬁmns in the enargy deminators,

the aom-vaé.eme elmtmn eomlatm ensrgy 1n Eg (32) ean be mtaen

ftsr any m&es state ef Lt as:

o (g) (n) o xg’ (%) ) Béa) (12) r:

{ 3’ + 5 (n) ]'1 (X < B (20), 51@ m (k1) »* Z< s¥(1n), €, 3¢ W (ue)>® )

z>k»5 j - _-" 2>m >3

"‘vhen 7> @.' %hae inda@eadcneq ot the inéices Ln the shove sums, fm B,

y ‘-_,vis the higgase &avaataga of the way tlm h&sia m {k& was chosen previously.
o (see xgs (12) ana (7) ) 2f the er'bita.ls 1,@,5 had been taken o the
cw@le%ely Bcy sblutima ef Li, the Mt tmw m Bgs. (l’fa) and {18a)

¥ould have vamshea snd both the core orbitals 1,2 and the swming indices

in Bg. (_35) would have besn u&ﬂﬁ; to asyemon the particular outer orbitel.
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'.,we can now mﬁiﬁipate Mtang the gutns’ appem'ins m Bq. (24) inte closed
j eéma am hope t‘cfa Wm ’ehe dasimd peteutial (mdapenﬂmt of n) were it
,-mt for the: appmame cf 3‘ (n) in the &ammatar. v(n) as in Eqs (al)
_aud (22) represents the m yirs mmmm mrgy of the outer
;ba:tn. Mnbi, tnsm tama mehaa

P R TS

» ) -af the aquwtm mmsmn&ins to Eqs (1?&) xnﬂ (lBa), n 3> 5 would
_»’Mt;ualiy be Y ”M&tanwn and mkt & nege.tim -contribution to 8, (n)

| 'xm%r, there ave only 6 few such t.em for low lying 8, ané the might

; - ei‘ any one m ta tha aum, e.g. in Egq. (1‘?&) is m&l. As menta;one@ K

e "Amliar, §,(n)  represents & small fraatmu of B, , s0 $hat 1t can either

be nagleam ia eempmaan with E or replaced by & reasonable average 7

_‘-aa , for the few states W (1£n) of interest. Since B,(n) ia small,

:'j,.tha errera mafe by replaea.na it by & 29 will be even smaller. Asgsuming

‘.for the mnt that the sums could be put in tie witabie form, the
. ‘.muirm’w (&v(n)ﬁe) < 1 1s necessary if any . eore—pelarizatm
e ;mﬁ@tial daﬂvad from Eq. (85) is to be mdam&em of n. Hotice that
. '_ | ﬁhia ﬂmﬁtmnﬁ is smwha% similay to the mamsity et‘ having the outer
B ),: 'el\actma move slowly ztemparea to the core alactrﬁna in the sdisbetic
c a;gymxmatimz, exospt that bere 14 does not enter i & fandament&l way .

- , ‘!‘he smtiona ia Bq. {25) cab nmr he cwieﬁ out. Bince the core
‘ R ,_(La 13 ) 46 a. al@m shell it is n&eesam to discuss anly those n that
.' hazm esithcr sll g or all B smxn., ‘l‘ake a.‘il a to be odd, 1.e. with spin@,

‘azw. in &q. (25) amim fmm the paiy 1nmz.vms mpposite ‘spins, i.e.
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&t (). mnens -
Z S <§- (213), 812 m (RJ) > - < aet (an), 312 det (2n) > (26)

vfﬁykgﬁ

}j < E’E’ (zn), gw %’ (2&) > Z < 3% (20), _gm'a’z‘e (12)>2
L | | 8> 1 -
k | B k=1

Phie follows frum a maﬁrix'mlmpliéatioxi relation of the type:
ZV?!‘, AL><L, BE>= <N, (48)H> (27)

Lel

‘ where A and, B ard opemtors acting on the gpace for which the set of
| | :arthomml veetora { 1 - 1,2 5, . @ f@m 2 complete basils.
In EQ- (26). the eet ot a.ll normalized m eleetmn determinants e@rmsponding
to the ordered configurations L>»k31, a8 in Eq. (2), form a complete
orthomorunl basis for the space of two electron coordinates (including spin)
on which Bip acts. The gpins af 2end n being»cpmsed, ‘the determinantel
o m‘trix elements on the right hand side of .zq.‘,_(aéa reduce 50 the direct
iatésrals otily; e.’.g. for the ground state of L_i: |
1s 23 > , (e8)

. <38'€(953,gm&”§€(?3)> - <1s2s, &,



..l sm;mv '-

Z < W (ﬁn)a 833 @ (25) > - Z < &n, 85 2 52 (29)

kve L A2
B (4 = o88)

m W0 eonserve . apm £ unigt !mva epin g 1.e. be odd. ‘I‘he las‘c sun can
v "'-jw mlmm tao by ,
over. one/ ot the electron ccordinates énd Yt obtaining & function “a o

DE eutz the in%mum in each mtr‘ix element

'or m ‘other ez.eatm wordﬁ.nam ouly; i.e._

gan, s‘m_@ £5% & <n, ¥ 2,2t > -G

: vihere 712 2 f ! is (1) | rlé a 7

;‘ﬁien, making use. of Eq. (21) ve gt v (51
Z (234512@)‘ Z @,waal.b = < n, (‘]22) 0> - @,w22
‘ >8. - . Bw 2

(,Za o2d) 7 (Leodd) i, o, Lo (7

"éﬁm:jl‘* 1555; 6&1 eer @ form & cémplate one ‘electron basis set

Sl and ﬂf . ot 5@ (30) 18 8 ﬁmetion of the cwrdinetes of a aingle electron.
- In ‘&he st vva.y, m Eq, (26)




LY T (), g, W0 ) <omg, 11>
' > T R P |
‘ . | ("Q'Mn)_

"‘-"*. Z <2, 'ﬁn'11> - 4?5—(“,'3,‘_1)

(.."z = gven)

2> (32

TSR P
Ea

s:tme BV to emnﬁérve axﬂnz must be even (apin (B)) andz s 2k, 6, v\ GVEN...00

fam B mplebe ‘basis set far ﬁmc%ims af the apatial coordinates of one
: elee%um h _ -

|  ' © 7 gimilerly for the pamlm& spiﬁ pm' (l.n) in Eq. (25) the use of Q.
Lo (27) lemds’to EEES et '

Z _<m(m), &e‘i(mg}f?<§§i€(ln}{sim(ln)>
4>m33 R ()

) < i g, T @)F -] < (), 0, B )

e>2 £>1
Rmrhethaf’she spin or’bitals lan&nbave apin a, #0 that

<‘ EE’% (mh g .EE- (1n) > = < in, &, 1> - <1, 852 Bl > (34)

Also, since 2 hes spin 8:



a51~ )

Y < "‘%:(m), %M @10 (35)
AR 2 5 ' o |
m last torm awq (53):

e ek ‘ _
o z ‘5% (ln)a &la (1 «5) 3’ o f, 2‘) - { <, 8o 1 4 > < ln.Emllz >

. .f“ Z A H J. v z R 24 < Wy (i 0
aeﬂning ’ehie ong. elee‘hm functi@m e - in Eq ( 50) Then using Eq. ( 27) :

4

A.m ea@htmofthe iﬁst axmaian,
Z<m(m), gmm(ll)b -=<u, (w ) n>+<1(w 1213»‘
4, .
')z;a.l ' AR o
v | —2«:;;, (tv?l l)(w 1) 1> (37)

= aad, fm@q (55) o

«c'“'?(m), gwﬁﬁtmm;» c<3.n, %M:«» < lay gmnl> |
. J»mpfa L o (38)

R-3 2

- n, (‘wié»%:,),} n> =<l (W,,1)" 2 >+2< n,{wl, R (Wn, RERS

- o Batore gﬁiag im !;ha correlation erergy th eore iteelf and: .
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deriving amebagme mr it s&nilm' w thaae given shove, let us exsmine
" the meaning af the various terms in the rasults for ﬁ(a)(n), Bq. (35)
.'I‘he m&er poxt of the eore~valance electm earm&ation energy is due )
to pair with opposing spiun, i.e. Egz) (én), ince %he other o |

~ peir electrons ere alresdy kept' aphrt b‘y the muh emlwion princnple.

- By Bqs. (26) and (29) througn (59), the wa pm.z" energy for some stete

aet (12::) of m ﬁ.a given by:

" ,_;gtga) () X ( By en, )_"L‘-z <o,y m> < () 0>
- | e (39)
4 < 'n’.* (o, ,2'3'1 > i < g, W, 172 2>,3, .

| .o:r tor the grmma asafbe of Li m.th D= 5, wplaamg 1w (la)s, 2= (}_s)a'

m3 (aa)

- x(® ,<‘~<zs>3 () ) & (B +05)™ (< (@), By, (20) > - Ry g )

(40}

‘waete we have Gefined

. < (28), ?(15) (23) >.=,. < (2")(19): &(33)(13) > ‘425); w(leé(ls)(as)> ' (kla) “,

Ry, R e



emlg “( M) mprewnw & tm Wtential @cting + on the outer elacﬁm,
m &epenéz aﬁlaly eu fbm core ormm (is), *11; 13 given by

iihere {@ md m m ynsitim mx’ﬁ&ms in (Es) and (18) respeetively,
‘ ami tha @oten‘bm actiﬁg at g;a is abﬁ&im 'by ﬁateyation over all
”,193 ({e? in m (4?) m be amzmw mw@n 8ot |

S <1s;i-%~(1s)>133 (16) >, =

BN . o ;_':‘_‘-‘ o 3'12 i

«(&s), { -—-—«'-= <(u), -“‘j""(lﬁ) > 3 (w >y
m 13

é“m frz *')_

V vhere <. >1 mazw mt a1l iatmatﬁem in ﬁq (ki) are over tha aame
| '..';"‘mr&:{.aates d s mm. (he) In m last temme have denoted the
q;xmmw meumnical awmges af *:he murce w&at r ovey (la) with bars.
It vill be mtima ﬁhat (gm - E&;" ) simply represents the "matanmeeus
-(in the virt:ual sanas) dwiaﬂm of the elactmsta‘bio potential, produced

;;.‘at the point 53 by ,‘t-he -‘ea.eetmiq. ehme at. ~l" from the orbital average



) {1.e. %;he azyséta%&an value over 1s (5 ) ) pm:ential of the electron

r(,ﬁ} mw n‘b m as we hed dmae in %he theory of Van der- Waals

) ,mmmaans %man melmmlae a.na solid surfwas,g ?(13) (z5) / 3
'. w cm.le@*&xe "fluctuation”. pomn‘tial, since ”(15) (g,&) is smmy the
g o "“i‘:nm fluctw;mu 62 the aeulmbic Mtza.l of the orbital (3.5)
; é:t the p@ix;t ; |
| In Eq. (hc), them a‘aili eziats B minder term a(u)ﬁ(as) whach
' qm@t ’@e ;mt in ths fm nr an’ e;tpeetatmn vs.lue of a potential. A close

L g rw.m Gf m Eqa. (%) through (53) 1eaa1na 0 Eq. (40) shovs that

Pk H{ 1), (28)_ Whﬁ beeause ‘the cmseé 1zmer ghell (13, 1s5) of L1

pmem:s the auter electmn ceoupying Qs from weking virtm trmsitmns

- - to Mwse alresdy cccupiea :mner l.mla. ﬁaia 1s'bne of the exclusicm

K ,emam that were wentiened in the- introduction ami represents the "nons

L. . petetrating” erbd.tnls

v_ paim” wmgm effadt o! (le ) on the pair (1&5 28, ). (Igﬁ)(n)m
been mgleet.ea in ﬁm previous tredtments of "eope-polarization” for "non-

13, lk 1‘6’ 1 However enpeﬁally for the ground state

ita mmtuda requires ummwm (8ee &wtian Iv).

| Liiwiﬁ.sa, e eomwbion energy of the @ G pair (ls 2s ) of the

- ﬁ,wnmletate of L1 14 Eq. (es) 13 given from Eqs. (38), (ko)- sad (41) by:

: .-«E(g) (lu 28 )?( +B ) {4(35), a'(l (as)>~<(2s), ’::) {(2s) > - R

(bh)
vmmr . :
: e8X.
- < (25), ’(1:) (as) > = <28 la, 312 1s 28 > - <as, (";Ls :m)(w:Ls 28) is >

(h58)
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L ex.
'Riaaasa ® <ls, (Wy, 1s

¥ 1e>-< 33, (wls ls)(wls og) 18 > (u45b)

- 60@911501: of the Eqa. (58) and (44) with (39) end (50) shows that
(3) (ls 2s.), 1n addition to the fluctuation potential of E( ) (1s Esa)

c&mta.ins !‘?L

| ) / { g@ + 6’8 ) or  what nay ve called the "exchenge
- fluetuation potential.” Note that the'igtter is a "potential only in
_ &mﬁly theb amv'-senae‘a aa ths exchange p&!’t of the Hartree-Fock fleld
(5ee Eq. ( 8 )) is. ‘I’h@ " exclusion” term in Eq. (45b) is similar to thé.b
4n By. (41b). Combining Bgs. (6), (7), (14),(15), (0) and (Mb) tne total

energy of Li in anoy state ¥ = 4ot (12n) ie obteined:

‘(é) o

By (1én)’$ Hop + By €pore (12) + <n,heff

n>+E§Q) (12) +<n, Upn>+Q

(v6)

= Es(eore) + <x, (hcore +U)n>+qQ

‘- Vhére' ex. ex

_ R + R
: ' 1s :
v, e Zas) " Tae) ma @ - B 1%
£ 5 * &S 8.+ 0

A

E (cere) contains the H. F energy (Eq. (ih)) of the fres ion Li+, tut
in &Mitien the cerrelatimn ensrey ‘.( ) (12) (mven for the ground stete

by Bg. (16a)) whieh refers not to free L; but to the core as it exists
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| v 1n the state N of ii. éﬁhe dependence of:_ E;Q ) {12) on the outer orbital
n thremgh the "exclusion” prineciple will be discussed in Bwetion III.
Q,; &:s. the rest of the "exclusion” effects. Itda;p’ézi&;s on the exchange
charge density of n with (1s) so that 1t vill be small for exeited

) sia;‘cgsz_‘ of Li, i.s. ”nannmeﬁfating” n. tlf is the desirsd eorrelation
H‘(’f-l_uét;xatiozi)‘ potantia.l.- mth.& larger atom similar results can essily

- be ﬁﬁ.tten down, ' In general there will be & contribution frem each

eleetmn of the- eom to Uf and @ . M‘ter aatimating the "exclusion"

e_ffgets, U, 'ca_n be d_e_teminea aemi—-mpiricall_y”(see @.g. I)ougl.ta.ss3 )

| foz? ina‘t«anee by laairihg (76 +8.) es a persmeter. Aside from the
exaluaion ef?acts, Eq. (46) has the variatiml fom for the outer
eleetron with an effeetive corevﬂamiltonian. It is importent to realize

hwever that in t.h:ls form n cannot be varied to improve the emergy even

 when G, ~ 0 and B¢ ('eere‘) ~ eonstant,_beegum the result vas derived

for & gpeeific cholce of orbitels for n, namely those satisfying the

K.: ;F.v fcohdition, BEg. (li). -With any othexf choice, the single virtual

7 trensitions of n &s .inv Bg. (9) would lead to Aon-mishin& matrix elements
and make & new contribution to Eq. (46). This point bﬁng;s out the

A=cox‘meetion between the present treatment and the recent nuclear many-

body *t;het;vry.u‘ah In fact Bq. (46) corresponds to a starting approximation

24%. Brueckner, Levinson end Maimond, Phys. Rev., 95, 217 (1954); for
later mferenees gee c.g.? '~ H. Yoshizuﬁi ’ in  Advances

in Chem. Phys., Vol. Il., Interscience Publishers, New York, 1959; pp. 323 ff.




of that theory with neglect of higher orger correletions ( Section V)

as can be sesn for ingtence from the work of Bethe® and Bndberg.%

. 25. H. A. Bethe, Phys. Bev. 103, 1353 (1956).
- L 8. Rodberg, Ann. Phys. 2, 199 (1957:{)..

Improved ehsices Tor g can be made snd perhaps restrictions s in Bq. (11)
removed. by gsixxg m higher ord&rs of parturbatmn, but such genemlimtions
ws.n be deferred to & future date. '



IIT. “Exclusion” Effect of an Outer Siectron on the Core Energy

| f‘-i-‘h? dependende of the core correlation energy E§2) (12) in BEq. (46)
cm “‘;i;he ou'her ermm n in Ii cen be maixwd by & careful classification
- of 311 the "ordered configuretions” entering Eq. (6) and generalization
bf Kq'.‘ (‘16&) to enw n. In Bq. (19) same of the cohfignmtion‘s that .
mmspema to double virtual transiticns from the cove (18, 1sg ) when
B was 3 (i-e. 28, ) become triple trensitions from another initial state

pesd ( 120} with n > 5, snd vice versa. Including all such eonﬁgurations‘

’vm B(a) one abta.im the expected result that:

( | < 3% (12), g, 38 (mk) > 2

. a)"_,"_" ,, : ; ' \ 47)
=l Qg) k>;)5 a (1,2,n —> m,k,0) ; o
(i’komv_fﬂ)

- 1.e. all the double core transitions 1,8 —> m,k are missing vhen m or
'k 1s the alresdy occupied orbitsl n. This may be compared with the
i éecnd ér‘tm'r e‘mrg’ of the free ion core Li' using the seme one electyon

‘basis set 1&{ that wes defined previously for 1i:

{a) e < T8 (22), &0 T (mk) >°
- ELi+ (3,2) & Z -

‘ k>m>2 |
The ’energy denominator in Bq. (47) differs from thet in Eq. (48) by the

(48)

A (1,8 —> i)k )

‘presence of n (8ee Eq. {19)). Nevertheless & semi-quentitative estimate.
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» of the variation of Ena) (12) with fi end its differeace from the energy

qf.m ¢an ba obtained by replacing both fé's by one average,
A ém ~ (Im»t- + Imﬂ). Then comparing Bqs. (47) and (48):

{

e
. >
g)wm (n) e 3(2) (13) (?‘l (12) + Eﬂ— | Z < det (12), Siam(:nk) >?
_ : core L .3 '
o - | (49)
. or using Eq. (27) & tn 2. (32D
5 (12) ~ x(el = (< (1), (F(10),00)" (1) > S (s00)
. a . core ' B S . .
.
- < (18)(2"), 510 (u)(m) > ] - Em+ + 220
. . Acore
" 'vﬁh n'a a, m rma Eq. (46): ('503)

| '_Enieom) ¥ Eu* + f——— [ < (1), Wy n,) (18) > - < (18)n', 5 (ls)(ls) >
| core ,

. %@ lagt temm 18 ﬁm dea:lred "exelusion” effec‘c oi‘ n' on the core.’ W;lt.h '

e _' any Larger system, he eva,luation of an such "exclusion” effects 1is

simnarly pesszble from a classu’ieaticm of erdered configurations and

uge of Bq. (27) for swmmations.



-4@-

Iv &pﬁpdes for the Ground State of Lithium

In Section IT , Eq. (1:,6) we hava obtained an expression for the total
energy of Li atom in eny one of 1te A"‘series" stetes. That derivation
'sb;ma that eside from ;the “gxeluaiqn* gi’f;eeta, U, is the desired
"oore-polarization” potentisl including exchange and it msy be regarded
as the man square fluctustion of the Hartree-Fock potential of the core
per unit of ""maém excitation energy.” gf 18 not dependent ot & multipole
expansien of g4 In the previous treatmén;sl.a'l? of ‘“core-po;ax"izatien"
._ a) the '"-exe}:ua’iqé" effects, b) the exthange part of U, (Fi’;'/ﬁ'c + 53)

_ hes been neaiected ('age hoivéver Ludwig)lsand ¢) after making & mul‘tipole

' expansion of 80 as

2
8p = F}—- a;-.]i-q- -pSE__(cos«p)a-‘—-'Zf.m (3 cos> -1) + ... (51)
i 12 > ry” , 2r>5

mainly the dipole term (with estimates of quadrupole terms) hes been considered
, ve.név_the fivst part xz;l dropped. In Eq. (51) r, denotes the greater |

of the two distances r, end £y, end @ is the engle between the redius

: v..e:étors of ihe two el‘_ectmns.v For highly excited states, i.e. with larger

g,' assumg%iexis a Ita e ap;)roach velidity. ;Fer ingtance as the _poﬁrtion of

" the euw orbital i:hgt. is 1n§1&e the core becomes negligible, we get

r = r, only, @0 that r;l part of 312 no longer ceatributes to Uf

(Bee Egs. (41) ana (345'}). For "penetrating” orbitals however such is not
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the case. To get an idea of the various neglected magnitudes we shall
@@nsiaer the ground state of Li for which the effects should be largest.

Ve teke for 34 the orthogonelized Slater orbital

a¢° w 1.0148 (525735)1/? T exp (~82r) - o.iTue (513/u)l/2 exp (~Slr) | ~ (528)

" with ‘51 = ‘2.-65 and 52

 Hartree-Fock (R2s) orbitel of Fock and Petrashen,

= 0,65, which safﬁeieﬁﬁly approximates the

2k and for 3.3;

ah. V. Fock end M. J. Peﬁrashen,‘ Physik 2. Sowjetunion, 8, 547 (15%5).

15e (8 5/,: /2 exp (-2, . ()
wiﬁh 6, « 2.63. The exclu,aion terms in Eqa. (51v), (45b) and (50b)

1
involve g, in the ¥ integrals. These ere like the usual atomic integrals’

‘upon substitution of Eq. (51) for 812 N only the r)l term contributes due to tpe

and

?5; Gamioa and shortley, ‘l’he Theory af &tomic Spectra, {Cambridge University

Prssa, 1957); p. 1Th

spherical 'symmetry of 1s and 28. The first
' o ex: ' o
. . . e IV -
pa?'»ts of _If(ls) and E( 1s) in U, on the other hend, contain &, 8nd such
 integrals can be more aot'Weniently'obte.ined by an expansion in terms of

Gegenbauver polynemiala ( 1) (cos @)1

. m .
63 = - ;}Z Lt e (cos w) (53)
12 > =0

26 Fur & quite detailed account of these polynomisls, see e.g.: I. Prigogine,

gt al., Molecular Theory of Solutions (Horth-Eolland Publishing Co., Amsterdsm

195T) p. 265.

* O ———————
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These polynomials ere snalogous to the Legendre polynomials and have
similar addition theorems. The first term af Eg. (93) is X, -‘ﬂ, neglected
praviouélyla’l7 correspanding %o assumption (c), its comtribution to

Bq, (46) will be caloulated here.

’  With the.orbitalg‘mg. (52), the desired integrations can be .
_performed ahalyﬁieally‘and‘yielé: | | (54)

. ' W2 p ‘ - / ) )
< .28, (wls"la) 28° » = < ?sé, (f |1s (rl) {E ot a 11)2 26° > = o.1§1hh (a.u.)?

< s, (4 )2 18 > ® 0. 018557 (a.u. )

as ;18
< 1ls 28, 812 ig 18 >2_n < ls 2‘3, r, -1 ls is )2 = 0.013855 (&.u.’)e

<28, (v )ls>w6029%6 (a.u)2

18,15 ("ag 1s
<& 23 ls, r -2 28 s > = 0. 17585 (a.u.) )2
< 28 la, rif"ls 28 > = 0.053256 (a.u.)2

.ﬁhere 1 (g.g.) = @7.208 8v. ahd e.g.

%;j".ls(;r_l)le N AT f | 18(x)1® 2% ar +jlls(r )P ar;  (55)
- substiwmng thege result;s in Egs. (41b), (45b) and (50b) and teking as
001'@

: N ' . o
estimates 5 o+ 53 ~ 5 (a.u.) and 3 ~‘4IL1+ + I m 7.24 (a.u.)

we obtain:
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(8, +8_) B, 28 = 0.042k5 ev. (56a)

_ Ba '
ek N | | '
(B, re) Reorefas = §.0176 ev. | (56¢)

and using only the first termms of g, and gia from Egs. (51) and (53) in
€X
(ho) (kh) and denoting the corresyonding parte of ?(ls) and F(ls)

_byi
| 8 - = -2 0 0 :
 ~<23, ?r>23> < 28 1s, T, 23 ls>5<as, (w ls, 13) 28 > (5T
. W=t a2 . .
< 28, Fﬁi-a% >E <28 1s, . 1 28> - < 28, (VW ls)( 1s,28) 12>
ve et
(§+a)l <2, F, ﬁ»a@lwsm (588)
| r, |
(B, + 6_8)'1 <28, FY¥ 28 > » 0.2126 ev. | (560)

>

lﬁssantialiy_tha same valﬁes ar# obtained by the use of bl = 2;f@ ingtesad
of 32.-65 iﬁ‘ 23 and le so ttzat t’he, resulte &re not very sensitive to the
"Vspeeitic uhaiee of the orbitale in Eqs. (52).
| , Most of th@ penetratien effects of €s are 1ncluded in Egs. (56),
(5?) and (58) a.s can be seen for instance from the fact that only r>
13

~ contributes to the "exeludion” terms. Calleway ~ hss obtained a "core-
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'pal&riz&&iog” pét&ntiél in Li using only the dipole part of g ,, equivalent
to teking the second term of Eq. (53) in F(ls)'and neglecting ?‘(’is). He
finds a contribution of 0.1 sv. to < 2s, Ue 28 > . Actuslly the results of
Luﬁﬁiglﬁ'sugge@%_that the exchange term in the dipole part'may»be
negligible. ’@hus by"cdm;ar;sbn geveral interesting conclusions fo;low from
fhe Egs. (56), (57) andf(sﬁ). First, the "exclusion” effect of the outer
orbital on the core corrél&tion Energy is only 0.0176 ev., hence qﬁite '
.negligihle eveﬁ'for gﬁ? Fhen in Eq. (50) we can take ER {core) ~»EL1¥.

."ﬁécOnﬁly, the total aontributién to the correlation energy of the lsaasa

twg;
2 > lsB qu

_ 0«1125_& 0.0525‘3,6.0762 ev. and is ocomparable to the total dipole contribution

‘pair from the terms 1s (5, + 85)™ (<28, ¥ 28> - R ) or

15

0.1 ev. from both of the core electrons. The average or "polerization”

(in the restricted‘aenselo’23

of the word) effect of the orbital 2s, also
‘appears only in the 5»‘1 part of g, due to spherical eymsetry. This
effect, as it was mentioned earlier is not strictly a "correlstion” effect
,:sineevit resulis in’caﬁverting the L‘i+ H.F. BCF orbitals ﬁe the completely
.Bf?. 8CF orbitals in Li. Th? texm, Zr>’ ﬁe have calculated above however,
@e:reepeﬁﬁs to the ffluctuaﬁion" of £>f;, i.e. <=£>-2 - <A£)‘l )i >
hence to the inelusion of the "dispersion” effect. It is much iarger than
the étricﬁly “polariéatien"venefgy.. Thirdly, combining all the r_ or
"pepetratiaﬁ" tetms fpr the Eéaﬁﬁa pair ve find that
X
8

(8, + 8,) (<22, 7 28 > - <28, ij‘ 28 > - Rs 5. ) = 0.00208 ev.

> > e«

&n entirely negligible value. Thug the "Fermi hole” 1is very effective
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An keeping the electrons of the a o pair epert and noﬁ necessitating
a "Coulomd hole.” Hence to obtein the over-all ,"cema;pelariaation"

potentisl ve need to add the 1) * terms only for the lsg2s, peir. Then
,neglaating exchxmge in dipole and higher order terms, Uf in Li may be |

.tal:an as_

~ (58 + 68)'1 { y}) + Z(F(ls) - 1‘}}) } .(59)



¢ V. HMolecules |

| ' e trestment thlaﬁ‘wb!.‘a given in previous sections and demonstreted in
detail for the case éf— L:L éf,em, can i’;e applied t.oa.ny N-elﬁétrdn aym;em
whose zero-order wave function 18 a single Slater dsterminant of H. F.
arbi-tnls. Thus %ha second-order eaarw of meat molscules can be aeparated

| in‘he "pair éorrelatinns and ma-pairwﬁ.se adﬂiﬁi\re axcl\wion effects by
taking the B, F. 8CF molecular orbitels (MD) &8s the one electron basis
set {~ } ‘-ﬁmm cf:r’bwalp are for instance obtainable by Roothean's

‘- mceaurew Againmh enargy component can be obtained in closed form,

27. C. C. J. Roothasn, Revs. Mod. Phya., 23, 69 (1951).

by teking cut tlm aenmiﬁawm B8 "mafs‘n exeitation énergias” for eech

. eléctron pair. Althmz@h rather arud.e , this pmeedure hes the adventage
; thﬁt t.he vari.gﬂaa enerzy cqmponents are t:hen oht&ina.’ble using only the same
H. ¥ mitals. 9?3 119. the initial single éeteminam:. - Coantrary to the
. yse of an avv?age ener&y. denominator for the oveé-all sacond order 4
emrgyg - here eim_;h “m&n excitation 'en_,-ermr" hes a more phﬁicé); besis |
aﬁ& mhe estiﬁatéa or left 88 a seml-empirical parameter especielly
fgr those glectzén groups that are relstively unchanged in going from

an atom or molecwle ta erivther. More direetly, two specific applicetions

28. P. Kessler, Compt . Readu 242, 350 (1955).
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are suggested by this approaech as mentioned in the introduction. Both
of them may bé dﬁmﬂnstréteﬂ,with reference to the'Lie molecule for
| téenyenience‘ In this molecule the first four MO's of the one electron
~ basis {;_:_} are (qg}_g_ )2 (o, _13)2. When the atomic orbitals (a0)
thet make ué such innér shella do not overlsp appreciably as in L12,
‘_ ﬁé>can perf@rmra unitery transformation an:tnep(ge, }g)a(gulggjg part
 of the basis only and comvert the MO detemminant FE ( (g, ﬁ)a (g, 18)% ]
into thg'ien coré»degc?ﬁption §§§ [ (i;ga)2 (&Qb)? 1, i.e-‘Kth,'vhere [
. anﬁ_g,refef o the two nuclei, assuming that aﬂmikture of other AO's is
negligible. ?hsh taking‘(gftga (ggé)gi eénivalently, as the first four
.ﬂpiﬂﬁ§r§it8$3 of {;5.} ‘with the rest of the MO's unchanged, 2 clﬁssifieation
»af all ?6rdmr§¢ coﬁfi;uramione“ as in Eqs. (9) and (10) into various types
pf.virtuai'ﬁransitions leeds to a separation of the correlation energy
88 in Eqs. (16) to (18). We get the total energy of the molecule
sgparuﬁéa.és ia Eq. (46) 1nto the energy of two free 11t (including their
iﬁdivianslim(a)'é), the energy of the wwc H. F. MO valence electrons

(ag %)2, each in the field of both cores including the core "fluctuation

potentials” (the effective "core-hamiltonien” from one Li' is (h:ge
the energy of the ﬁwnlvalenee electrons (as in K@), Eéz)as)a’ and fin&lly'

+ Ef)a)l

the correlatich énergy between the two cores Ea-and;ga- There are also
the "exclusion” ternts sdsocisted with each of these components.
The first application concerns the - 'core polarization” energy between

& valence €lectron and the ion-cores. When these cores caen be assumed
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quite unchanged, the ‘expee,ta_stion value of the potential, U, determined
from e.g. Bq. {59) in c‘enjﬁncﬁion with the "series” levels of the atom,

' my bev éﬁ_.leule.té& over tixg ground or an excited state vealence MO in the
molecule. 'E‘!ms for instance the calculation of the contribution of "core
wolm;imtibn“ té the alresdy small binding enex;g& of a diatomic alkali
moleculs 13 pqasible. t!a.l:!.wmlwl3 hes made such celculetions on alkali
metals and found apprecisble values even with Jﬁat the dipdle part (see
In this type of epplication the change in the

‘Bection IV) of g,.

f’__‘exélnﬂi@n" energy '(‘58 + &g‘) Rlﬁiana .(Eq. 56a) also needs to be estimated.
'_ - The éaacmﬁ apglication, aimuéh & emall effect in the case of Li,,

| , eaacm the correletion enei-gﬁy bétvmn the two cores, ga and Eb themselves.

i ?his energy '-mieh can be written in the “flustuation” form similer to

Bq. (41) and’ inclﬁding the exchange part, is just the "dispersion”

(plus "wlar,iraatian“‘)v energy which on meking & multipole expansion (or

move qmsnieﬁﬁy "Ge_genﬁauer“ expans}ien% as in Bg. (5_‘5) but now for

two centers) ﬁai- g‘ie and tsé.king the second term would s.mplz} lead to

Lbndon's fomulaé Aside from not requiring such an expansgion, the

- spproach prosented here zaﬁw‘ ‘1nclwd___es_ the exchange terms as well es the

“eﬁelxiaian" .ef:eeﬁ s@ilaé'_ to that in Bg. (50), but with Vthe appropriate

orbitels. It 1s particulsrly importent te recoguize that the discussion

‘gven here does not reguire the tﬁogores to occupy completely isolated

spaces sach with 168 own distinct basis set as in the case of Léndon

z‘arcea.eg Starting from & complete set of MD's it has been pecessary

29. See alsor H. C. Longuet-Higgins, Proc. Roy, Scc. (Lond.) A2 5, 537 (1956)
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ta assume the non-overlapping of AO's only for the first four mis s
(,bs 13)2' (oﬁ‘ 1s )2_1, to get into the KX, description. In general such
an eassugption is much more plausible than iequiring essentially the
complete localizatm v‘of i:he core eleetrons eround different centers,
each group with its own dlstinet eigenfunctions.

.. Finally we observe- that the second order method which hes been
pﬁ#aented in detail in Section II, not only provides an approximate
but very convenient way of calculating the energy of & many eleetron
system, but also allowe one to discuss many of the cbrrelation effects

in simple physical terms as shown above.



VI. Higher Orfer _ﬁggg'eléﬁ-‘i@é Effocts
| -?& simplicity the trastment presen‘-beé in this article has been

| gso far; cenﬁnad to second erder. In aeceﬁd order) correlations smong
more than twe particles at & time are mtrodw:ed oniy by the exclusicn
"terma‘ For threa'anﬁ more body “coulomb’ correlstions it is necesssyy
30

to go to higher orders of perturbstion.”” In the system of a single

3. Acmlly at least for the light atoms the empirical work of Arai
and Qnishi suggests the palrvise additivity of correlstion eff-ec‘bs..

. Beer | o | |

?. Avet and ®. Onishi, J. Chem. Phye. 26, 70 (1957).

aléctron outsiée Jclbﬁ’eﬁ shells ’ Bom‘é @hiﬁ order correlé.tian effects
influencing the " cere»-pele.rization euergy (e.g. in HNa) can. be introduced
into g a.s &an additional poteatial by methmis similar to those in
Beetitm iz, or by letting the. mean excitation energy, §~c ebsorb

the higher crder effects smi»-wpiri*ally A similer situation occurs in
L:ndon fcrcess e3 vhere the comspenﬁing zean enargies are i’ound to be
about -ﬁwiee maviarg‘e &8 the‘ ifonization pa,ten‘s&als of 1nteraetmg systeus
with. mox?e than two electrons. |

An interesting case whare highar order eorrelatioas aesarve further

examination ig a non-ﬂngenemte system ef two alectrons outside large



closed sh&lls as-ih Ce. Here aside from the "exclusion” effects there

wulébeat}

fm the core seting on e&ch °fk§§e ks electrons, and a
"‘1’ \8e) o
«~(r )* )/ 3 (es in Eq. (41))

" adtling betweqn 't;"bg m (bg) elwtrons (similar to the correlation of

—f’
"fluetuation ‘potentiq.l (rm

(18)% in He). aavevar the presence of & large polarizable core inside
inwdes additional effe¢tive interactions betieen the two outer
el-‘!eetm in higher orders ss can be seen by a ¢rude but suggestive
alassicad. armeat- Consider the core as & charge sphere with polarizability
@ and sssume the two outer electrons to be momentarily at rest (see Eq. (1))
at G.s.stzmces rl fm& from the mieleus with en aagle 912 between them.
ﬁmn each electwn indnces & dipole moment of G _/ rZ &t the core with
which it interacté to yield an energy - _j% or the limit of U, in

(1;6 as r Iy a.ppromnes infinity. But in aadﬁ-.mn, the dipola induced

. by the electron at r, acts on ttm gleetron st r giving [‘c,(5 ) n -« & Ccos 012/

=1
Tt i,a, vinterea’smg t0 note the similarity of this additional intsrection
’.’Weﬁen the (ha)a, to the new third order inter&ctienaa introduced between
 two mleeulee by the presence of an w&sarbing :mert s501id surface modifying
their usual aenan& order “dispersion” attraetmn. ‘

| 'E’here iz ope cise whers many elgatron correlations can be .eas:{ly
introduced snd this is when two electron groups 4 end B may be cémia.ered

6,8 In

| totally separaté as in the usuel theory of van der Wasls' forces.
, ﬁhié case we oan useé second order S;cn?‘gdiager perturbation theory with the

exact meny electron ei;igenfwwtions‘ %k, wB", » of the unperturbed independent
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aysteﬁs ‘men ‘the nnpertsurhed Hemiltonian H H + %, the basis set

*kx A
end B given by

\f! \#B ‘ a.m! the pexturba.tian is the total intersction between A

| v-AB @ Gyp + ffw (60) |
1 1 ¢
where UAB Z A - B = “;m‘*"" ¢
, WINPT 1,9 U ?
‘ /
and
%3 e )

: &AB refers to the in‘ter.actian between the nuclei in A and the nuclei in B.

U,p 18 the clectroststic potential betwsen pairs of electrons one in A
LAy L . B. S "
(at ;2;1) and the other in B (EJ ). ‘A lané. t#g} are the set of exact

eigenfunctions of the 1solated systems A and B and include the coordinetes

" oef all the electrons ami even the zwclei localized at Aor B reapectively 3

-
-,e.'"

spersion energy is given by

Then the inter—group

| 2
(2) f:h_f‘”‘ A #5 A ;*:B“> --.<co, kz>
Edisp (AB) . 2_ 5 ok . Qj * E Z c‘
k#O A *o k£ O
L AQ #

| ' -ok',,'k- o k,.-k,"k . .
where e.g. 5A = EA - EA and - #A B Eﬁ_ N Replacing the denominator
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by "mean excitgﬁien energies’ and using Eq. {27) we get:

£ e % A g2 2
Eatep. (1) X (B, +8,)" (<00, Vi 00>-<o0, W, ° >
Ce g o; ng o>+ < 00, th 00 >?')
where e.g. | 7
L2 o 2 0 .
<o ¥ o< ut () 4>
- and - | | | (63)
¢ "y . O 2 -
i @) e [ 1y @) 17 ug

e ttnn ail WA ang _

w;th 2o gﬁ_degcﬁing a;l xi and.gg. Iif é and B ere neutrsl gystems,

. the last three terms of Zg. (62) may be negligible since they depend on
the static charge distributions of A end B. Then BEq. (62) takes on the

. form of the “fluctuation potentisl!! of one aistem acting on the other; i.e.
o , »2 . v
< oo, V.. oo
52 () 2 e

.- (6%)
Taisp. | 5, +5,

?hus thsi“disﬁersicn" energy between two isclated groups 1s similar to the

core~polarization energy (neglecting exchange end overlap) when By <B,.

88&6 treatment of course applies to the scatter&ng of electrons by atoms
31

as well.

31. ‘ﬂ. wn, Phys- _RQV- 19_1) look (1957)



' imatriees of=A snd B.

e

Constder now only the Uy part of Vo (Bq. (60)) and in Eq. (64)

' writé 8? in datailéd form:

(

5-;3%":5 i.‘} rs

'ﬁﬁare i end ¥ are electrcna in A and j end g are electrons in B. fThe

(r j) te&mﬂ 1n Eq. (65) involve the coordinates of only one electron at a

time fxm each gremp and their cantribution to Eqg. (6k) can be written in

terma of the first order density matrices of A end B. Two electrous iand r

frdm.A enter along. wi%h one or two electrons (J end s) from B into the

;-%? r‘:’g) m and their ccntribution is in terms of the second order density
23’32 Thus since v& and *B are exact many electron

.v‘;ungtanna; tha\ef?ﬁets of the internal coirelatiqns of each group on

2. J. Bardeen, Phye. Rev. 38, 727 (1940). |

.Eg) (AB) hes been brought in. . -
sp feasible
In the seme way it may be thought{to use many electron functions to

discuss %ha interaetiena hetween everlayping groups, such sa the shells
of tha,ﬁg atom, to iatroénce higher order correlations. But now, since

the groups can't really be separated, it becomes necessary 1o use

"generslized orthogonality eenditicns.”lo’3§ Theee conditions are too

3%. P. 6. Lykos and R. G. Parr, J. Chen. éhys. 2k, 1166 (1956).

Z ( SERC)
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-

- réﬁtri_c':'tive since they imply the swbdivision 8 one electron basis set inte
mtually exeliaaixfe' subgets, one subset for each group. The degree of such
8 mgtribtim becomes particmlariy apperent when e.g. Be is considered

" dostesd of the g~ g problem. Thus & separation of electron groups based

on o complatg Aaibgle electron basis set 88 in Bection I1, seems more

?p-im&ble‘..
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