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ABSTRACT OF THE DISSERTATION

Self-Similar Imploding Solutions
of the Compressible Euler Equations
with a Far Field Cutoff

by

Jack Quoc-Viet Luong
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2026

Professor Andrea L. Bertozzi, Chair

We study the problem of finite time singularities in the isentropic compressible Euler equa-
tions in with radial symmetry. We focus on implosions, where a flow directed towards the
origin experiences finite time blowup in density. Smooth and self-similar imploding solutions
to the isentropic, compressible Euler equations with radial symmetry, inspired by the work
of Guderley, have garnered recent mathematical interest. However, these smooth imploding
solutions are shown to be numerically unstable and difficult to compute in practice. On the
other hand, the imploding solution of Kidder has a closed form solution and is numerically
computable. But, it is unbounded in the far field. We consider the Kidder implosion with a

continuous constant density cutoff, referred to as the cutoff implosion solution, in this work.

From studying the characteristics, we predict an expanding wave to emerge from the cut-
off position. The expanding wave has its boundary described by the characteristics, which
depend on the local speed of sound. The behavior of the cutoff implosion solution dramat-
ically changes from one dimension to higher dimensions. In one dimension, a non-centered
rarefaction emerges from the cutoff and suppresses the implosion. In higher dimensions, the

expanding wave is not a classical rarefaction. However, the expanding wave still swallows
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up the inner Kidder solution and the implosion still occurs. This composite blowup has
an asymptotic self-similar form that has an interpretation in terms of Guderley-type self-
similarity structure. Consistent with prior rigorous results for these equations, the blowup
does not involve mass concentration and exhibits a critical L” space for the concentration of

the density, depending on the dimension of space.

The theoretical predictions made are supported by direct numerical simulations of the
compressible Euler equations. The Lagrangian leapfrog numerical scheme is used to perform
these computations. This scheme is chosen in particular to avoid numerical diffusion. In
higher dimensions, adaptive mesh refinement is employed to resolve the implosion with high

fidelity.
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CHAPTER 1

Introduction

Hyperbolic conservation laws are well known for finite time blowup - the phenomenon where
the solutions of hyperbolic conservation laws lose regularity in finite time. This normally
takes the form of a shock, as the gradient of solution variables becomes discontinuous. How-
ever, solutions to hyperbolic conservation laws may also blowup in finite time in the solution
variables themselves. One such example are implosions in fluid dynamics, where a flow
directed towards the origin collapses into itself. Implosions occur in processes such as cav-
itation [Hun60], sonoluminescence [BHLO02|, gas cloud accretion of galaxies [WooT70|, star
formation [Hun69], and inertial confinement fusion (ICF) [Kid74]. There has also been great
recent interest in the mathematics community on constructing implosions for gas dynamics,

see [TT20, MRR22al MRR22E, [BCG25, SWW25, [0GS25, [CSV25).

This work considers the explicit construction, analysis, and computation of continuous
implosion solutions to the isentropic, compressible Euler equations with radial symmetry.
Our solutions are formed by modifying the implosion solution of with a continu-
ous cutoff in the far field. Properties of the cutoff implosion solutions are derived. The
cutoff implosion solutions are numerically computed using the Lagrangian leapfrog method
introduced by and adaptive mesh refinement in higher dimensions. The resulting

numerical simulations corroborate our theoretical predictions.

This thesis is organized as follows. Chapter |2/ introduces the compressible Euler equa-



tions in generality. Simplifying assumptions and their physical interpretation are discussed,
resulting in the isentropic, compressible Euler equations with radial symmetry studied for
the remainder of the thesis. Another perspective on the isentropic, compressible Euler equa-
tions - potential flow - is introduced and used to understand implosions. The linear velocity
solution, also referred to as the Kidder solution, is introduced as well. The linear velocity
solutions are a class of fluid mechanics solutions originally developed by and used
by to construct an explicit imploding solution for compressible gas dynamics. A
generalized version of the linear velocity solution for generic dimension and adiabatic con-
stant is derived. The initial densities of these solutions are continuously cutoff and studied

in Chapter [3 and [4]

Chapter |3| studies the 1D case, in which the cutoff suppresses the Kidder solution, pre-
venting an implosion. A rarefaction emerges from the cutoff point and can be expressed
analytically, thereby giving a complete closed form to the cutoff implosion solution up until
shock formation. The subsequent shock problem and solution is derived. The cutoff im-
plosion problem in 1D is numerically simulated. We find excellent agreement between the
numerical and predicted solution. Additionally, the self-similar structure of the analytical

solution is also shown in the computed solution.

On the other hand, the constant cutoff does not suppress the implosion of the Kidder
solution in higher dimensions. Chapter 4| begins by deriving the region of influence originating
from the cutoff point. The resulting ordinary differential equation (ODE) has a closed form
solution and is employed to derive the region of influence along with the density and velocity
at the inner ring of the region of influence. Predicting the cutoff implosion solution should
approach a self-similar limit close to implosion time, a similarity variable is defined based on
the inner radius of the region of influence is defined. The resulting ODE system for the self-
similar profiles is derived in non-autonomous and autonomous form. Numerical solutions to
the ODE systems are computed and the corresponding phase portraits are analyzed. After
the implosion of the cutoff implosion solution has been established, questions about mass
concentration and density blowup in L} are raised and answered. The chapter concludes
by displaying the results of numerical simulations of the cutoff implosion solution in higher

2



dimensions. The numerical results support the theoretical predictions made previously in

the chapter.

The numerical method used in both 1D and higher dimension simulations is described in
Chapter 5 The implementation of the Lagrangian leapfrog numerical scheme and adaptive
mesh refinement (for higher dimension simulations) is written out. Chapter 6| discusses the
uniqueness of the cutoff implosion solution by the method of Weak-Strong Uniqueness. In
1D, Weak-Strong Uniqueness is applied directly to conclude the cutoff implosion solution is
the unique weak solution from the initial data. However, the method does not generalize
to higher dimensions nicely. Instead, Weak-Strong Uniqueness is applied heuristically to
suggest the uniqueness of the cutoff implosion solution. We finish with concluding remarks

and potential future avenues of study in Chapter [7].



CHAPTER 2

Background on the Compressible

Euler Equations

2.1 Compressible Euler Equations

We first state the partial differential equations (PDEs) of the compressible Euler equations
in R? in generality. Assume the fluid is compressible but inviscid and does not conduct heat.
The conservation of mass is

pr+ V- (pv) =0. (2.1)
where p is the fluid density and ¢ is the fluid velocity. The conservation of momentum for a
smooth flow is

(G + T V) = —VP (2.2)

where P is the pressure. The conservation of internal energy energy is

P
e+ Ve=——V-5 (2.3)
p

where e is the specific internal energy. The total energy F, is also conserved and given by

1
E = §p|?7|2 + pe. (2.4)

In order to fully describe the motion and thermodynamics of the compressible fluid, we

4



specify equation of state that describes how the pressure depends on the other state variables.

In general, the pressure P is a function of the density and specific internal energy.

A physically relevant quantity is the local speed of sound, defined by

oP
c= \/6:,0 (2.5)

2.2 Further Assumptions

We are interested in studying the compressible Euler equations under further assumptions

and discuss each assumption and their physical interpretations in this section.

2.2.1 Irrotational

We assume the fluid is irrotational, that is, V x ¢ = 0. This implies the vorticity w = V x v =
0 throughout the fluid and its evolution. Since the velocity field has no curl, we may define a
scalar function ¢ such that V¢ = ¢. By integrating the conservation of momentum equation

(2.2) in space, we obtain the equation for the potential:

1 s @
ot 5lIvol == [ (2.6

recalling Vo-V¢ = ||V@||>. This equation is also known as Bernoulli’s equation for unsteady,

compressible, potential flow.

Equation (2.6) may be interpreted as a Hamilton-Jacobi equation that describes the
movement of the level sets of ¢ with velocity %ng. The level sets move in the direction of
their gradient. So, they move in the direction that locally increases the value of ¢ the most.

As the level sets move around, their values change at a rate of the local density, described

by right hand side of (2.6)).



2.2.2 Isentropic

The entropy of a fluid in a state of thermodynamic equilibrium is given as

52—81201/111])—3—0\/11’1% (27)
P2 P1

where Cy and C), are the heat capacities of a fluid at constant volume and constant pressure
respectively, and v = g—é is the specific heat capacity ratio or adiabatic index/exponent. The
heat capacities Cy and Cp indicate how much heat is required to increase the temperature
of a material held at constant volume and pressure respectively. The entropy of a fluid is
physically defined as comparisons between two states denoted with subscripts 1 and 2. In
practice we can take the reference state as the initial state and set S; = Cy In %, defining
the entropy as

s=Cy In L (2.8)

IO'Y
For smooth flows, the entropy along characteristics is conserved and thus satisfies the equation

Si+T-Vs=0. (2.9)

If the entropy is constant in the domain at the initial time, then the entropy remains constant
throughout the domain for all later times as long as the flow remains smooth. In the applied
mathematics literature, such a flow is called isentropic. A flow loses its smoothness when
shocks occur, in which case the entropy is no longer conserved along characteristics. Instead,
the entropy on a characteristic increases when the characteristic crosses the shock. For our
study of potential flow, we consider smooth flows up until the time shocks emerge so our

isentropic assumption is valid.

The speed of sound in an isentropic flow is

op
2 [ ——
C 8/)

This allows us to rewrite the source term of Equation (2.6) as

(2.10)
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2.2.3 Vorticity and Crocco’s Theorem

Although we assume in potential flow that the velocity has no initial vorticity, it is not
clear vorticity cannot develop later in time. In the isentropic case, this cannot occur due to

Crocco’s theorem:

Theorem 2.2.1 (Crocco’s theorem [Cro37]). For a smooth, compressible flow governed by
the Fuler equations, the state variables on a streamline satisfy

%+V(%+h):ﬁxw+Tvs (2.11)

where h is the specific enthalpy, defined as h = e + %.

Since the velocity satisfies the conservation of momentum (2.2), the development of
vorticity is given by

U X w=-=TVs. (2.12)

So, if the entropy is constant throughout the fluid initially, then for a smooth flow Vs = 0

for all future times as well, and so w must remain 0.

2.2.4 Ideal Gas

Now, we define the equation of state that describes how the pressure depends on the state

variables. We assume we are working with an ideal gas which has the equation of state
P =(v—1)pe. (2.13)

The pressure may be written in terms of the state variables density and entropy instead; in

which case, the equation of state is
P = ple/C. (2.14)

However, if the entropy is constant in the domain initially and the flow remains smooth,
then s is constant throughout space and time, and e%/“ is also a constant. This yields the
isentropic pressure relationship
P=Cp (2.15)
7



where C' = e*/“» > 0 is a constant. Thus, under these assumptions, we have successfully
eliminated the dependence of Equations (2.2) and Equations (2.6 on thermodynamic vari-
ables as the pressure as depends only on density. We can further simplify the source term of

Equation (2.6)) now that we have the closed form expression for pressure in terms of density,

—/@:—C’ v pv—l.
P y—1

Thus, the full set of equations describing the compressible, inviscid, irrotational, isentropic

obtaining

Euler equations or potential flow with an ideal equation of state for pressure, is
pr+V-(pVep) =0 (2.16)

and
bt 5|V =~ (217)
L9 v—1 '
where equation (2.16)) is obtained by writing (2.1) in terms of the potential and (2.17) is
obtained by simplifying (2.6) with the above expression for pressure. Note assuming an
isentropic flow along with an ideal gas allows us to fully close (2.16]) and (2.17) without
having to specify an equation tracking the energy evolution. We refer to the non-isentropic

case as the Full Fuler equations to differentiate from the isentropic Fuler case considered in

this work. For potential flow, the speed of sound reduces to

c=+/Cyp'T. (2.18)

2.2.5 Radial Symmetry

Finally, we assume radial symmetry in the compressible Euler equations, which is a subset

of irrotational flows. Equations (2.1)) and (2.2)) become
0ln O0ln ov  nv
p Il n

o " Tor Tar T T 0 (2.19)
v v dp

'7_2_ p—y
ot + Cow + Cvyp o 0. (2.20)

where the spatial index n = d — 1 where d is the dimension. Important values of n are 0 for

planar geometry, 1 for cylindrical geometry, and 2 for spherical geometry. In this work, we

consider imploding solutions to (2.19)) and (2.20)).
8



2.3 Background on Shocks and Implosions

We review the relevant background on finite time blowup for the compressible Euler equations
- both Full and isentropic - in this subsection. First, we discuss classical results for shocks
and general finite time blowup. Afterwards, the imploding solution of Guderley and
subsequent work is summarized. Most relevant to this current work are the linear velocity

solutions introduced by Sedov [Sedh9] and applied in :

2.3.1 Shocks

The majority of the literature around finite time blowup centers around shocks, and we
mention here a few key results. In his seminal work, Lax used Riemann invariants
to show shock formation for small initial data of 2 x 2 systems of hyperbolic conservation
laws. Shock formation is described in more detail for the 1D isentropic Euler equations in

Leb92|. For large data, the authors of [CPZ17| extend the use of Riemann invariants for

the isentropic Euler equations and attribute singularity formation to initial compression.

For higher dimensions, Sideris gave the first result on finite time blowup for the
Full and isentropic Euler equations. Assuming far field initial conditions, Sideris studied
the evolution of an energy to determine finite time blowup. However, this argument cannot
reveal whether the blowup is a shock or an implosion. The author of proved this
finite time singularity can be a shock under the additional assumption of spherical symmetry.
For potential flow, builds on the work of by giving a blowup criteria which
does not depend on the initial density. With the assumption of potential flow, Christodoulou
and Miao proved initial compression leads to shocks for potential flow with constant
far field initial data. In a similar setting of constant far field initial density, Chen and
Wang show global existence of weak solutions to the isentropic Euler equations

with spherical symmetry in higher dimensions by vanishing viscosity. They note the global

p

loc» Which permits the existence of implosion solutions. Furthermore,

existence is given in L
they show these solutions cannot concentrate mass. If instead a vanishing far field density is
considered, shows potential flow with L' density and energy must have singularity

9



formation in finite time.

In the case of 2D specifically, Buckmaster et al. [BSV22| construct smooth initial data to
the isentropic Euler equations that form a shock driven by vorticity. The authors also show

smooth solutions with azimuthal symmetry forms a pre-shock and cusp [BDS22].

2.3.2 Implosions - Guderley

While implosions are not as well-studied as shocks, there is still a significant amount of
literature related to implosions, especially in recent years. The first study of implosions
for compressible fluids is the work of Guderley [Gud42]. By casting the problem into a
system of ODEs in the self-similar variables, Guderley uses the corresponding phase portrait
to construct the imploding solution. The solution features a shock converging to the origin
which drives blowup in velocity and pressure, although density remains bounded. Guderley’s
approach has formed the backbone for substantial subsequent work in imploding solutions.
For recent and direct continuations to Guderley’s work, Jang et al. [JLS25] give a rigorous
construction of the Guderley solution while Cialdea et al. [CSV25] show the Guderley solution
can arise from non-shocked initial data. In an attempt to generalize the Guderley solution
for non-ideal gases, the authors of [BRB17] discuss the necessary form of the adiabatic bulk

modulus to produce self-similar solutions to the Guderley problem.

Since the Guderley solution begins with shocked initial data, it remains unclear whether
an implosion can arise from continuous or even smooth initial data. Many recent results have
answered this question for the isentropic Euler equations with self-similar solutions. Jennsen
and Tsikkou [JT20] construct self-similar, radially symmetric, and continuous imploding
solutions with strictly positive pressure, in contrast to the vanishing pressure of the Guderley
solutions. Their solution has unbounded energy, but they argue they can form a finite mass

and energy variant of the solution with a finite speed of propagation argument.

Smoothness of imploding solutions was further developed in the celebrated work of Merle
et al. [MRR22a). In their work, they rigorously show the existence of smooth imploding self-

similar solutions to the isentropic, radially symmetric Euler equations with careful phase

10



portrait analysis. These solutions are used to construct imploding solutions to the Navier-
Stokes equations in [MRR22bh]. Merle et al. show this could be done for almost every choice
of heat capacity ratio v > 1. However, one of the omitted v is v = % which has physical
significance as it is the heat capacity ratio of a monatomic gas. Buckmaster et al. improve

the result by expanding the range of permissible v to all v > 1. They use a computer-

5
3

interval arithmetic. Shao et al. [SWW25| give a construction specifically designed to handle

assisted proof to handle the special case of v = 2 and rigorously handle error bounds with
the degenerate case of v = g for the purpose of constructing smooth implosions for the

Navier-Stokes equations.

Implosions in a non-radial symmetric setting is discussed in [CGS25] where the authors
show the radially symmetric implosion profiles of Merle et al. are stable for certain non-
radial perturbations. A different approach of generalizing the result of Merle et al. is to
“lift” the radially symmetric imploding profile to the axisymmetric Euler equations in higher
dimensions leading to vorticity blowup, done for 2D in and 3D in [Che25]. In the
setting of the Full Euler equations with spherical symmetry, Chen et al. construct smooth
self-similar implosions [CSV26]. These implosions are fully non-isentropic as the density
reaches infinity in finite time while the pressure may remain finite. The shocked solution

emerging from the implosion is considered in their follow-up work |[CCS26).

Despite the recent developments on implosions for the isentropic Euler equations, some
practical concerns remain. The imploding solutions presented in [MRR22a] and built upon
in further work are not explicitly constructed. Moreover, attempts to understand these
simulations computationally are stymied by the inherent instability of the solutions [Bia21].
Given the instability of these profiles, it is unclear how to interpret them physically and

numerically.

2.3.3 Implosions - Kidder

Given these drawbacks, we instead turn to the class of self-similar imploding solutions in-

spired by the work of Sedov and popularized in the seminal work of Kidder [Kid74].

11



Sedov considered solutions to the Euler equations where the velocity is affine in the spatial
variable. An example of an imploding solution to the Full Euler equations satisfying this
principle with a Gaussian density profile can be found in [Hor69]. A characterization of
imploding profiles with the ansatz of Sedov is described in [LW06]. A recent survey of these

solutions is discussed in [Jen26|.

Motivated by the application of ICF [Kid74], Kidder constructs an explicit self-similar
imploding solution to the 3D, isentropic, radially symmetric Euler equations with v = g by
considering homogeneous isentropic compression - compression where each volume element is
compressed identically. We note the concept of homogeneous compression is expressed math-
ematically as the linear velocity ansatz attributed to Sedov. Kidder expands his solution
to the compression of a hollow shell in [Kid76]. Both solutions have formed the corner-
stone of self-similar imploding solutions in ICF modeling (see [AV04]). The Guderley and
Kidder solutions can be considered under the same viewpoint, along with other classic self-
similar solutions to the compressible Euler equations, by studying the underlying self-similar

dynamical system as done in .

The downside of Kidder’s solution, and more generally solutions with linear velocity, is
the unboundedness of initial data or solution as the flow progresses. In the case of Kid-
der’s solution, the initial density is shown to be radially unbounded. Moreover, the density
approaches infinity almost everywhere in the domain. For solutions with linear velocity in
general, the linear growth in velocity implies unbounded velocity in the far field. Both of

these properties render the physical implementation of Kidder’s solution impractical.

Despite concerns about unboundedness, the explicit form and apparent numerical sta-
bility of the Kidder solution are desirable enough to try to find workarounds. One attempt
at ameliorating the nonphysical initial data is to continuously cutoff the initial density by a
constant at some finite spatial point. The nonphysical, radially unbounded initial density is

replaced with the milder condition of enforcing a constant density outside a finite ball. This

setting is similar to that of and [CM14].

12



2.4 A Potential Flow Perspective on Implosions

We note in general implosions are difficult to come by in the isentropic Euler equations. The
prototypical example of an implosion is the unbounded accumulation of mass at a point as
exhibited via the imploding Gaussian solution for the full Euler equations demonstrated in

Hor69] and [RamI1]. However, for the isentropic Euler equations, local maxima in density

are discouraged from imploding. We can understand this by studying the potential flow
equations (2.16) and (2.17) in one dimension.

Suppose we have a stationary implosion at a local maximum for density located at x* in
finite time. So, there exists a time t* and implosion time 7" such that lim; 7 p(z*,t) = oo
with u(z*,t) = 0 and p(z*,t) is a local maximum for p for all times ¢t* <t < 7. Studying

equation (2.16)) at z* for times t > t* yields

with solution
t
p(x* t) = p(:v*,t*)exp/ — (", 8)ds. (2.22)
t*

Now, in potential flow, gas flows in the direction of maxima of the potential. So, ¢ also
has a local maximum at z* and the Laplacian of ¢ at x* is negative. Thus, the density can
only continue to grow as long as ¢,, remains negative. For the density to implode in finite

time, ¢, itself must blow up in finite time.

The dynamics of ¢,, are obtained by taking the Laplacian of (2.17). We have

8t¢wz + gbig; + ¢x¢a}xw - _C%axxpv_l

which evaluated at x* is
Outona(a” ) = =2, (" 1) = C—=uu(pla” 7). (2.23)
’7 j—

Examining the terms of the right hand side of equation (2.23)), the Laplacian of (p(z*,¢)7™!)
remains negative since z* is a local maximum of p and v > 1. In contrast, we know the

term —@2 (z*,t) causes finite time blowup left on its own. The growth of ¢, (z*t) is
13



balanced by the competing factors of —¢2 (z*,t) and —0,.(p(z*,t)*"!) with the pressure

term counterbalancing the imploding term.

For this reason, in practice it is difficult to observe these types of implosions. Consider

the following initial data in 1D for equations (2.19)) and (2.20)):
p(x,0) = eexp (—z?), v(z,0) = arctan(—z) (2.24)

where € is a positive scalar. As ¢ — 0, equations and approach Burgers’
equation. From numerical simulations, these solutions do not implode. For a short period of
time, density starts to accumulate at the origin as desired, but after some critical time, the
density starts to expand outwards from the origin and eventually collides with the density
being directed towards the origin - forming a shock. Figure[2.1|shows the normalized density
and velocity profiles for various choices of € right before shock time. For any € > 0, two shocks
form away at the origin representing the contact between gas expanding away from the origin
and gas being compressed towards the origin. The shock position decreases as e decreases.
In general, as € approaches 0, the solutions approach the solutions of Burgers’ equation.
Additionally, the velocity profile begins to resemble the solution for Burgers’ equation while

the density approaches a delta function.

With the Gaussian density and arctangent velocity profile, we tried to induce an implosion
by accumulating gas at the origin. The density has a local maximum at this accumulation
point. However, the gas fails to implode, and a shock forms, indicating the gas expands away
from the origin. Physically, the pressure of the gas at the origin grows until it grows too large
and expands outwards. An example of this for e = 1 can be seen in Figure 2.2l The non-
implosion occurs regardless of how much mass we start with. This numerical experiment, as
well as the preceding discussion, showcases how constructing a simple imploding solution is
difficult and naive approaches will not work. As far as the authors are aware, the literature
studying this effect is lacking although numerical simulations are straightforward to perform.
The challenges of forming an implosion via accumulation of mass at a stationary point along
with the reported numerical instabilities by Biasi for the smooth imploding solutions of Merle

et al. and Buckmaster et al. encourage further investigation of imploding solutions, such as
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the solution of Kidder. Kidder’s solution avoids these pitfalls as the solution features an

attractive global minimum in density rather than an attractive maximum.

Unfortunately, a major drawback to Kidder’s solution is the solution is radially un-
bounded. Although it has an explicit form, the radial unboundedness makes it nonphysical.
Since Kidder’s imploding solution still has many desirable properties such as its explicit
form and apparent numerical stability, we seek to modify the solution to make it more phys-
ically feasible while also preserving its desirable features. We propose continuously cutting
off the initial data by a constant past some point in the domain. By doing so, we replace
the nonphysical property of radial unboundedness with the milder physical requirement of
enforcing constant density past a certain spatial point. Note this is the same setting studied
in and [CM14]. The effect the constant cutoff has on the solution is governed by a
finite speed of propagation. It is unclear how the cutoff will affect the imploding solution as
it approaches implosion time and whether the implosion will still occur. This work seeks to

answer such questions.

Normalized Density Profiles Normalized Velocity Profiles
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Figure 2.1: Normalized density and velocity for various choices of € in initial data (2.24)) at

their respective shock times.
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Figure 2.2: Density and Velocity past the shock time for e = 1. After the shock occurs, the

gas expands outwards into the compressing gas in the far field.

2.5 Construction of the Linear Velocity Solution

A part of this chapter is adapted from [LRB27]. Here we review the linear velocity solutions in
and [Ram1I] with the concept of linear velocity solutions originating from [Sed59).
In doing so, we obtain the homogeneous isentropic implosion solution introduced in [Kid74].

When deriving the linear velocity solutions, we will deviate from the derivation done in

and [RamII], giving a new derivation of this solution.

We introduce the linear velocity ansatz:

R(t)

70 (2.25)

v(r,t) =r

where R(t) is the scale radius, to be determined. This velocity is a homogeneous compression
as introduced in [Kid74]. The scale radius represents the Lagrangian position of a particle
SedbY|.

We assume that p depends on the similarity variable £ = r/R(t). Conservation of mass
(in all of space if p is globally integrable or locally inside a ball of radius M R(t) otherwise)

implies that p has the general form

HEt) = s (2.26)
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where R(€) is an arbitrary function of £. Since we consider the isentropic case, the pressure

is C'p7. We substitute the ansatzes (2.25)) and (2.26) into (2.20]) to obtain

R(t) (1) = —%R’(@)R@“ (2.27)

where n = (n + 1)(1 — 7). By separation of variables, both sides of equation (2.27)) evaluate
to constants. The left hand side of equation (2.27)) implies

% (i) =0 (2.28)

We select the initial conditions R(0) = Ry, R(0) = 0, and R(0) = R, and justify them
as follows. The first initial condition R(0) = Ry simply states Lagrangian particles all must
start at some position. The third initial condition R(0) = R, indicates whether the particles
initially accelerate or decelerate. The second initial condition R(0) = 0 determines whether

the particles are at rest at time t = 0.

We are interested in the case when Ry < 0, corresponding to the imploding case. Without
loss of generality, we pick Ry = 1 and Ry = —1. With the selection of initial conditions for
R(t), both sides of equation equate to —1. The right hand side of equation ([2.27)
simplifies to

dR

_ =220
£E=CyR d (2.29)

R(E) = (377_1 (%&2 + Po) > . (2.30)

where B = £. With both R(t) and R(€) defined, the density and pressure are

1

—1 r2 ~y—1
(1) (575 (iiiz + )
T =

p ’ R<t)n+1

which has solution

(2.31)

and
.

B (Sam + )

P(r,t)=C Rty 0D

(2.32)

respectively. This is a generalization to arbitrary heat capacity ratio and dimension of the

isentropic implosion solutions described in and [RamI1].
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In the special case when n = —2, we can solve equation (2.28) analytically to obtain

1

R(t)=(1-1¢%)? (2.33)

leading to the velocity profile

Tt

t) = . 2.34
v(r,t) P (2.34)
Note the case of n = —2 represents a monatomic gas in various dimensions. One example
isn =2and v = g: a monatomic gas in three dimensions. The case of n = —2 also

corresponds to Kidder’s solution. Once R(t) is known, the Lagrangian position of particles

X(t,x0), where xy represents the initial location of particles, is given by
X(t, $0) =TV 1—¢2 (235)
So, all particles arrive at the origin by time ¢ = 1.

We can understand how the implosion of solutions (2.31)) and (2.32)) occur through the
potential when R(t) is given by (2.33). The potential ¢(r,t) in this case is
rt

o(r,t) = —m.

(2.36)

When t > 0, the potential at the origin remains zero while at all other points in the domain,
the potential decreases over time. This means the origin is the local (and also global)
maximum of the potential. In contrast, the origin is the local (and also global) minimum
of the density. From equation , the density will tend towards local maxima of the
potential, which is located at the origin. However, the potential decreases in value everywhere
in the domain except for the origin, which means the origin will always remain the global
maximum of the potential. So, the flow will always be directed towards the origin up until
implosion time. We emphasize how the origin remains attractive for all time because it
continues to be the global minimum in density. This is in contrast to the scenario described

for attractive local maxima where the pressure term discourages unbounded accumulation.

Regardless of n and +, these solutions have the property that p(r,t) goes to co as r — oo.
This feature is physically undesirable. Although the initial velocity is zero, the initial density
is radially unbounded. Phrased differently, the total initial energy of these solutions is radi-

ally unbounded because the initial potential energy is radially unbounded. This motivates
18



our investigation of “cutoff” solutions - solutions emanating from the Kidder solution initial
data on some finite spatial interval [0, 7*| and is continuously connected to a constant outside

the interval.

For the remainder of this work, we will consider the imploding solution in the specific

case of
n+3
= 2.37
7 n+1 ( )
in order to ensure n = —2, leading to the convenient formula for R(t) prescribed in equation

(2.33). We also set the constants py, B, C' described previously as pg = 0 and B = C' = 1.

This gives initial data

1 (n+1)/2
p(r,0) = (n " 3) "t w(r,0) =0, (2.38)

with solution

(n+1)/2 n+1
1 r rt
t) = )= ———— 2.39
plr:1) (n+3) (1—t2> vt == (2:39)
assuming C' = 1 and the density at the origin vanishes. We refer to this initial data and
corresponding solution as the Kidder initial data and solution. The Kidder solution achieves

implosion at time ¢ = 1 with all particles arriving at the origin simultaneously. However,

the initially density, and subsequently total initial energy, is radially unbounded.

For n > 0, the Kidder solution begins subsonic and becomes supersonic everywhere
except the origin before imploding. By comparing the velocity to the speed of sound using

(2.39), the Kidder solution remains subsonic up until time

1 1/2
= <n " 1) (2.40)

and remains supersonic afterwards. The time the solution becomes supersonic occurs is

strictly less than 1 for all n > 0. For n = 0, the Kidder solution remains subsonic for all

time up to t = 1.
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CHAPTER 3

Cutoff Implosion in One Dimension

This chapter is adapted from [LRB27]. In this chapter, we construct the solution to the
imploding initial data with a constant cutoff in one dimension described in the previous

chapter and discuss some pertinent features of the solution.

3.1 Introduction of Cutoff Initial Data

In one dimension p is symmetric and v is anti-symmetric about the origin x = 0. As
previously mentioned, we are interested in seeing whether the imploding behavior persists
even when the initial data in p is cut off in the far field. Continuously cutting off the initial

data of (2.38)) with a constant yields

\/?31: for |z| < z*
p(z,0) = , v(xz,0)=0 (3.1)

%x* for |x| > a*

where x* is a positive real number. We call this problem and the corresponding solution
the cutoff implosion problem and solution. This initial density is equal to the Kidder initial
density for |z| < z* and is a constant outside of this interval. As the solution evolves,
new behavior emanates from the cutoff point z*. We analyze this behavior in the following

section.
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3.2 Hyperbolic Conservation Law Theory

We first review the necessary hyperbolic conservation law theory as described in [Lax73],
[Leva], and to construct our cutoff implosion solution. We rewrite the one dimen-
sional isentropic Euler equations ((2.19)) and (2.20)) in conservation form as
1

pe+ (pv)e =0, v+ 5(3p2 +02), =0 (3.2)
defining the fluxes as
1
2

We can also write the potential flow equations in matrix form:

flp,v) =vp, glp,v) =5 (3p" +0?). (3.3)

+ =0. (3.4)
Vg 3p v| |V

T T
Let @ = [p v} and A be the coefficient matrix in front of [Px U;z] . The eigenvalues and

corresponding normalized eigenvectors of A are
A=v=E \/gp, rL = 5 [1 :l:\/g} . (3.5)
The system is strictly hyperbolic as long as p # 0. Note v/3p is the sound speed from
equation (2.18)).
We verify that the system is genuinely nonlinear by determining whether
Vs 7 #0, (3.6)

which for the system in equation (3.4), evaluates to +24/3. So the system is genuinely
nonlinear. Knowledge of the eigenvalues and the system’s genuine nonlinearity is key to

construct a rarefaction solution, which we do in the following section.

3.3 Rarefaction Theory
We first give a brief heuristic for why we expect a rarefaction to emerge. The conservation
of momentum equation (3.4)) can be written as

U+ 0V, = —3pps-
21



which is Burgers’ equation with a source term. Although the velocity is initially zero,
the source term on the right instantaneously initializes the velocity. But due to the non-
differentiability of the cutoff, the source term is initially discontinuous with the source term
being negative for all < 2* and zero for all x > x*. This discontinuity in source term would
lead to a discontinuity in velocity as well, causing a rarefaction to emerge from x*. Another
way of arriving at this conclusion is by considering the Lagrangian particle positions. For
r < xp, the initial data is the same as the Kidder problem initial data. The Lagrangian
position of particles for the Kidder solution is given by equation (2.35). If all particles
originating from x < xy follow this trajectory, they would all arrive at the origin at time
t = 1. However, since the solution is stationary to the right of x(, the Lagrangian position
of those particles remain stationary. The contrasting characteristic behavior on different
sides of x* leads to a gap in the characteristic diagram, indicating a rarefaction should fill
in the empty space in the characteristic diagram. A sketch of this characteristic diagram is
shown in Figure [3.1. We are thus motivated to look for rarefaction solutions to the original

problem.

To construct a rarefaction solution, suppose the system admits the similarity variable
y = 7. The similarity variable may be shifted in space and time arbitrarily due to the
time and position shift invariance of systems of hyperbolic conservation laws in 1D planar
geometry. Also suppose on the rarefaction region y; < y < yo the solution is of the form
w(y) = [p(HLa) U(Hia)} ' where 91, y2 is to be determined. The similarity solution « must
satisfy the ODE

-/ _ T+ (y)
W) = TR ww) ) (3.7)

The denominator of (3.7) will always be nonzero as long as genuine nonlinearity, condition

(3.6), is satisfied.
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Figure 3.1: Predicted characteristics stemming from the cutoff implosion initial data. The
characteristics left of the cutoff position xy (dashed lines) are expected to follow the La-
grangian position described in equation . The characteristics right of the cutoff po-
sition zy (solid lines) are expected to remain vertical since the initial velocity and density
is constant in this region. A rarefaction is expected to emerge from xg to fill in the empty

space of the characteristic diagram, indicated by the region shaded in gray.

3.4 Construction of the Cutoff Implosion Solution

We solve the ODE system in (3.7) with our eigenvalues and eigenvectors (3.5 to obtain

AOIENES
v'(y) 20 1 |’

which have the solutions

1v3 1
ply) = 4—“5?9 +po, v(y) = 5Y + . (3.8)

with the sign dependent on whether we consider A, or A_.

We now address admissibility. First, since we have genuine nonlinearity, Ay is monotone

increasing along the integral curve. This means that two states w; and u, can always be
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connected by a rarefaction wave given
Ax(ur) < Ax(uy). (3.9)

From the previous discussion, we expect to see a rarefaction solution emerging from the
cutoff position z*. Arguing via finite speed of propagation for the strictly hyperbolic system,
we posit for all times ¢ < t where £ is yet to be determined and may be infinite, there exists
an interval [0, Z(t)) for positive real valued function Z(¢) such that the solution is the Kidder

solution on this interval.

We wish to determine when the admissibility criteria (3.9) holds with left state @, =
T

T
[\/Tg > —Z| (representing the Kidder solution) and right state @, = [\/Tg x* 0} (rep-

resenting the constant state). By checking the values of (z,t) such that A (@) < A\ ()

holds with the choices of left and right state, we obtain the inequality

x
t+1

*

<z .

The 2-eigenvalue A, is used since this rarefaction corresponds to the 2-rarefaction. Applying
the same methodology with the 1-rarefaction emerging from —x* yields equivalent results.
From the above analysis, the upper bound of the rarefaction region is given by x*(1 + t).
More provocatively, this implies the similarity variable is y = 5, which is a valid form for

the similarity variable given the previous comments about the similarity variable permitting

time shifts.

Continuing with the construction of the rarefaction analysis, the rarefaction solution
must continuously agree with the right state at y = x*. Applying that initial condition into

equation (3.8) in the original coordinates (x,t) yields

1vV3 =z V3 1 =z 1
plot)=s5 gt vt =g 757 (3.10)

on the rarefaction region.

So far, we have determined the form of the rarefaction and the upper bound on the
rarefaction region, but such analysis has not indicated the lower bound of the rarefaction

region. To obtain this, we argue the rarefaction solution must connect continuously to the
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Kidder solution at the previously defined position Z(t) for all times the implosion solution
exists. Thus, we search for #(t) such that the density and velocity match in the Kidder
solution and in the rarefaction solution:

V3 (1) ;ﬁ(f(t) H*)

3 1+¢

#(t)t

d —
all 1_2

P 1.
1

1
214t 2

to find Z(¢) = z*(t — 1). We now have completed our description of the rarefaction and can

explicitly state the solution of the cutoff implosion problem. The density is given by

(?31@2 if 2| < 2*(1—1)

pla,t) = L3 (1'—+'t n x) it (1= 1) < |z| < 2°(1 4+ 1) » (3.11)
\\/?gx* if 2*(14+1) < ||

and the velocity is given by

”
— if |z| < 2*(1—1t)

v(z,t) = : (1i+t —a*sgnz)  ifa*(1—1t) <|z] <2t (1+1¢)- (3.12)
0 if (1 +1) < [a]

3.5 Analysis of the Cutoff Implosion Solution

We now discuss some of the salient features of our constructed cutoff implosion solution.
The most pressing question is whether the cutoff implosion solution still implodes. We have
determined the lower bound of the rarefaction region is z*(1 — ¢). The rarefaction reaches
the origin by time ¢ = 1, which remarkably is also the original implosion time. On the other
hand, the region where the Kidder solution exists on vanishes at time ¢ = 1, regardless of

where the cutoff is.

This does not necessarily imply the cutoff implosion solution does not implode. It may
be true that as ¢t — 1, the density around the origin still grows without bound. We will show
this cannot be the case via asymptotics. Let t — 1 and set t = 1 — € for small ¢ > 0. We

check the value of the density and velocity at the lower bound of the rarefaction region, so
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at position z = 2*(1 — t) = ez*. For density, we find

V3 x*

* 1 _ -
which approaches %‘/?3:1:* as € — 0, or equivalently ¢ — 1. For velocity, we find
—1
viex*;1 —e€) = s
—€

—z*

5~ as € — 0. From our asymptotic analysis, we see the rarefaction

which approaches
suppresses the Kidder solution and the cutoff imploding solution does not implode. Again,
this is true no matter where the original cutoff is, but we can increase the density near the

origin as large as desired by increasing the cutoff position x*.

We comment more on the rarefaction itself. The rarefaction variable y = 5 is an unusual

modification of the standard rarefaction 7. Although unusual, the time shifted rarefaction
variable occurs due to having a non constant left state. This setup is similar to the generalized
Riemann problem, where both initial states are allowed to be non constant (see for
more details). In particular, the time shift of 1 in the rarefaction variable is notable as
t = 1 is the original imploding time of the Kidder solution. We find it remarkable that
the rarefaction variable encodes the original imploding time although the cutoff implosion

solution no longer implodes.

The rarefaction region can be viewed as the region of influence originating from the cutoff
position. We expect the left and right endpoints of the rarefaction region travels at speed
A_ and A, respectively, and we verify this. Since the solution is a rarefaction and connects
continuously to the Kidder solution to the left and constant cutoff to the right, the density
and velocity at the left and right endpoints of the rarefaction region are the density and
velocity of the Kidder solution and constant cutoff respectively, which we know explicitly.

Looking on the positive real axis, the motion of the left endpoint satisfies

. x "
i = M_(pi,v) :—1_lt, 2,(0) = = (3.13)
and the right endpoint satisfies
T = A (pr,0r) = 2%, x,.(0) = 2™ (3.14)



We can solve ODEs (3.13) and (3.14) to obtain the positions for the left endpoint and right

endpoint of the rarefaction region as

r(t)=x"(1—1t), z.(t)=x"(1+1)
which are the rarefaction region endpoints obtained previously. This supports our intuition
on how the region of influence of the cutoff point appears in the cutoff implosion solution.

We end by discussing the speed of sound in the cutoff implosion solution. Noticeably,
the solution remains subsonic for all times up to ¢ = 1. The speed of sound is obtained
by substituting the density in equation into the speed of sound formula of equation
(2.18)):

- if 0 <|z| <a*(1—1t)
le(z, )] = 3 (& +27)  ifar(l—1t) < |z <a*(1+1)- (3.15)
x* if x*(14+t) < |z

\

We compare the magnitude of the velocity to the local speed of sound on every region.
Without loss of generality, we consider only the positive real axis. On the Kidder solution

region,
xt < T
1—t2| = 1—1¢2

as long as 0 <t < 1, so the imploding solution is subsonic. On the rarefaction region,

( t)—l . T <1 “ T < oo t)
v(x, =3 T e T 1 < c(z,t).

Finally, in the constant region the flow is stationary. So, for all time ¢t < 1, the flow is

subsonic. Recall the Kidder solution becomes supersonic at some time before 1 for any
higher dimension. In the following chapter, we will see the cutoff implosion solution still
implodes, and we postulate whether an interpretation regarding the speed of sound can

inform intuition on the different behaviors.

3.6 Continuation Past t =1

As the cutoff implosion solution does not implode at ¢ = 1, we can try to extend the

solution past t = 1. The previously performed asymptotic analysis describes the behavior of
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the density and velocity at the origin. At ¢t = 1, the density at the origin is continuous but
jumps up to %\/Tgx* after being zero for all times beforehand. On the other hand, the velocity
at the origin is discontinuous at ¢ = 1 taking the value of % from the left and —% from
the right. We can define the initial condition naturally arising from continuing the cutoff

implosion solution past t =1 as

zyd (%%—x*) if 0 <|z| <22*
ol 1) = (3.16)
‘/Tgx* if 22* < |z
and
3 (£ —a*sgnz) if 0 < |z| < 22

v(x,1) = (3.17)

0 if 22* < |z
To continue the solution for ¢t > 1, we construct a solution to the generalized Riemann prob-
lem with initial data given by equations and . Existence theory showing how
the solution of the generalized Riemann problems takes the form of its associated Riemann
problem is established in [Li94]. Asymptotic expansions in the similarity variable are con-
sidered in and constructed explicitly for first order in the case of gas dynamics in
[BLR&9|. The authors of considered generalized Riemann problems with linear initial
data to construct higher order numerical schemes, and an extension for arbitrary polynomial

initial data is discussed in [Tor(09).

As seen in the velocity initial condition (3.17)), the characteristics at the origin at time
t = 1 collide, forming a shock. Due to the symmetry of the solution, we predict a double
shock solution to form. If a shock forms and moves to the right from the origin, it must also
form and move to the left from the origin, creating a double shock. The properties of these
shocks, such as their position and speed, are reflected as well. To determine the double shock
structure and intermediate state emanating from the origin, we treat the initial condition as

a Riemann problem locally around the origin at time ¢t = 1.

Turning to the theory of Riemann problems, a shock is admissible between two given
T T
states w; = | py(z,1) Uz(x,t)] and U, = |p.(z,t) vr(x,t)] if it satisfies the Rankine-
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Hugoniot condition

S(t) _ f(pravr) - f(/)z,vz) _ g(loravr) - g(plavl) (318)

Pr — P1 Uy —U;

with the fluxes f, g as defined in equation (3.3)), s(¢) denoting the shock position, $(¢) denoting
the shock speed, and the understanding that the left and right states vary in space and time.
We note our choice of continuing to use the fluxes in equation is for continuity and
mathematical tractability of this work rather than physical accuracy. In general, we do not
expect the Rankine-Hugoniot condition to be satisfied in general between any generic pair
of left and right states. So, we search for an intermediate state u* = (p*,v*) such that the

Rankine-Hugoniot condition is satisfied between wu; and u*,

St 0) = flpnw) _ 9(e',v) = glpnv) (3.19)

P = pi vt —

and v* and wu,.,

f(,Or,UT) B ffp*7v*) _ g(ﬂra”r) — ng*,U*) (320)
Pr—p Ur =0

However, not all shock connections satisfying equations (3.19) and (3.20) are physically

admissible, so we also enforce the entropy condition

We may form a local Riemann problem by defining the left and right constant states to

be @° = lim, ,o- [p(:c,l) v(x,l)} = B*/Tgx* %x*] and the right constant to be @0 =

lim,_,o+ [p(x’ 1) v(z, 1)] = [%\/?gx* —%q;*:| The solution satisfying the entropy condi-
T
tion (3.21) has a double shock structure with intermediate state u*? = [p*,o v*’o] =

T
[\/ngg* 0} . The local Riemann solution acts as the leading order behavior of the solution
to the generalized Riemann problem as described in [Li94], [LRSS], [BE84], and and

we refer to it as the associated Riemann problem.

Now for the generalized Riemann problem, the left and right states are no longer constant,
and a priori neither is the intermediate state. Let s(¢) be the position of the shock on the

positive axis with —s(¢) being the position of the shock on the negative axis. For the
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continuation problem, the left state is
t t T
ii(=s(t),0) = [32 (39 +a) 1 (=58 +00)] (3.22)
and the right state is
t t r
a0 = 28 (38 4 a) 3 (38 -] (3.23)

The left and right states are understood to be the continuation of the rarefaction in equations
(3.11)) and . For brevity, we notate the right density and velocity as p and v and the left
density and velocity as p and —v using the symmetry. Similarly, denote p* = p*(s) = p*(—s)
and v* = v*(s) = —v*(—s). Applying the left and right states to equations and
with the fluxes defined in equation yield

_p*’U* —i—pU _ 13(p*)2+ (’U*)2 _3p2 _,U2 (3 24)
or—p 2 —v* v '

and
pU — p*v* _ 1 3p2 + ,U2 _ 3(p*)2 _ (’U*)2
p— p* 2 v — ¥
where p* and v* are understood to be functions of s. Equations (3.24) and (3.25) represent

(3.25)

the same value with opposite sign because each represents the shock speed to the left and
right respectively. Without loss of generality, we solve the Rankine-Hugoniot condition (i3.25))

for v* yielding the polynomial
0= (p+p")(v*) = 2(p+ p" )" = 3(p")° + 3p(p")* + (v* +3p*)p" = 3p> +v?p  (3.26)

which has roots

v =v£V3(p* - p) (3.27)

using the fact p = p* is a root in p of the constant term in v*. To determine which of (3.27)
is permissible, the entropy condition (3.21)) is employed to check A, (u*) > A, (4,), finding

v* = v+ V/3(p* — p) is the entropy satisfying intermediate state.

In general, the intermediate state on the region between the shocks is not constant,
although the constant intermediate state for the associated Riemann problem does satisfy

constraint (3.27). We will now argue the constant state u* is also the intermediate state
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for the generalized Riemann problem. First, we consider a power series expansion in time

around z = 0,¢ = 1 for the solution (x,t) as done in which takes the form

S (t— 1"
ipn(t) =u™ + > ofi(0,17) o

k=1

(3.28)

for some time ¢ > 1.

To compute dFi(0, 1), and propose studying the evolution of the spatial
derivatives and transforming them into OF@(0,17). In our case, we can directly use the
explicit form of the solution in equations (3.11)) and (3.12) to obtain the time derivatives,

computing 9Fw(0,1%) to be zero. The power series representation is subsequently

ﬁLR(t) = U*’O,

implying at the origin the solution is the constant intermediate state of the associated Rie-
mann problem for some time interval. Note following the procedure of and
yields the same result. By evaluating the PDEs at x = 0 and using the facts p;(0,t) =
v:(0,t) = 0 and v*° = 0 on this time interval, it can be shown p,(0,t) = v,(0,¢) = 0.
Performing the same procedure on PDEs after taking further time derivatives shows
Ok p(0,t) = OFv(0,t) = 0 as well. If p and v are assumed to be analytic in space at x = 0 on
this time interval, then p and v are constants on the intermediate region. Although analytic-
ity is not guaranteed for solutions of hyperbolic conservation laws, we take the intermediate
state for the generalized Riemann problem to be the constant u* = u*? = [% x* ()} ' as an
assumption to continue constructing the shock solution.

Thus, the solution takes the form

(

Mg if || < s(t)
plx,t) = 1Y (1% + :U*) if s(t) < |z| < a*(1+1¢) (3.29)
o if 2*(1+1) < |z|
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and
)

0 if || < s(t)
v(z,t) = 5(35 —atsgnax) if s(t) < |z < a*(141¢) (3.30)
KO if 2*(14+1) < |z|

All that is left is to determine the position and speed of the shock s(t) emanating from the
origin. We apply the Rankine-Hugoniot condition for the right moving shock with left state

T T
= [‘/Tgx* O] and u;, = [%\/Tg (i(—ﬁ —i—x*) ,% <i(—J2 — x*)] to obtain

i(t) = % (1 i -+ x) (3.31)

which is an ODE in s(¢). The ODE of equation (3.31)) is equipped with the initial condition

s(1) = 0, signifying the shock originates at the origin at time ¢t = 1 and has solution
s(t) =" ((1+1) = 20 +1)}). (3.32)

The shock cannot catch up to the rarefaction as the right endpoint position of the rarefaction

region is given by x*(1 4 t). Thus, the solution to the cutoff implosion problem past ¢ = 1
is given by equations (3.29)) and (3.30) with shock position given by equation (3.32).

3.7 Numerical Results

We complement our analysis with numerical simulations of the potential flow equations in
equations with the cutoff implosion initial data in equation . Our goal is to verify
the analytical solution by comparing it to a numerically computed solution. We also would
like to determine whether various predicted features - such as the similarity variable y - are

also present in the numerical solution.

To perform the numerical simulation, we use a standard Lagrangian leapfrog scheme
as introduced in and further developed by [Noh87]. In this Lagrangian scheme, the
spatial domain is interspersed with nodes, where the kinematic variables such as velocity and
position are defined. In between the nodes are the fluid elements, where variables such as the

density and pressure are defined. Lagrangian schemes are characterized by how they allow
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the nodes themselves to move in time. The most prominent feature of the scheme presented
in [NR50] and is the introduction of artificial viscosity in the pressure terms to better
resolve shocks. However, since we do not expect or see shocks in our numerical simulations,
we set artificial viscosity terms to zero in our calculations. More discussion of the numerical

method is found in Chapter [5|

For the numerical simulations, we use a numerical domain of [0, 5] with 1501 nodes and
1500 zones. Initially, the nodes are equally spaced, but their positions change over time via
the dynamics of the Lagrangian numerical scheme. We use dynamic time stepping to ensure
our time steps always meet a Courant—Friedrichs—Lewy (CFL) condition up to ending time
T = 0.999 with Courant number C' = 0.1. We set the leftmost node boundary condition
as v = 0 at x = 0 and the rightmost node boundary condition as v = 0 at x = 5. This
is justified as the velocity of the Kidder solution remains 0 at x = 0 up until the original
implosion time. For the right boundary condition, as long as the density remains constant
at © = 5, the velocity will also remain 0 as well. We select the cutoff position in our initial

data to be z* = 2.5.

The initial data we use for our numerical simulations as presented in equation is
shown in Figure 3.2l In our numerical simulations, we overlay the analytical solution for
density and velocity found in equations and for comparison. We also overlay
the local sound speed in the velocity plots. Figure |3.3| shows the evolution of the density at
time snapshots of approximately t = 0.25, t = 0.5, t = 0.75, and t = 1. Figure does the
same for the velocity. In order to verify the proposed similarity variable of y = 71, We plot
the computed density and velocity against y for various times in Figure [3.5 Similarly, we

plot the computed density and velocity against a different similarity variable n = %25 to

determine the location of the rarefaction region in Figure [3.6.

To quantitatively compare the numerical results to the analytical solution, we also com-

pute the L' error norm between the two solutions, given by (4.35)).
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Density vs. Position at time t = 0.000 (s)
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Figure 3.2: Initial data for the cutoff implosion problem.
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15 Density vs. Position at time t = 0.250 (s) 15 Density vs. Position at time t = 0.500 (s)
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Figure 3.3: Analytical solution and selected representatives of the computed solution for

density at approximate times ¢ = 0.25,0.5,0.75 and t = 1.
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_Velocity vs. Position at time t = 0.250 (s)

Velocity vs. Position at time t = 0.500 (s)
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Figure 3.4: Analytical solution and selected representatives of the computed solution for

velocity as well as the local speed of sound at approximate times ¢ = 0.25,0.5,0.75 and

t=1.

3.8 Discussion

In this section, we will discuss the results of the numerical simulations shown in Figures 3.3

3.4, and [3.5] and Table [3.1]
First, comparing the analytical solution in equations (3.11]) and (3.12) to the computed
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t p v

0.25 | 2.28-107° | 2.36 - 10°

0.50 | 3.37-107° | 3.81-107°

0.75 | 4.01-107° | 5.03-107°

0.99 | 4.08-107° | 6.00-107°

Table 3.1: Calculated L' error between the analytical and computed solutions for density

and velocity at various times.

density in Figure 3.3 and Figure 3.4, we find excellent visual agreement between the an-
alytical and computed solutions. In particular, the computed solution captures the sharp
corners corresponding to discontinuous gradient well. Diffusive numerical schemes such as
Lax-Friedrichs will smoothen out such sharp edges. Sampled data points from the computed
solution seem to align exactly with the analytical solution. This visual agreement is corrob-
orated with the small computed L' error displayed in Table . Both the qualitative and
quantitative agreement instills confidence that our proposed analytical solution is correct,
coupled with the discussion about unique solutions in Chapter [6. We next determine various

features we expect to see in the numerical simulation.

The computed density and velocity are split into three distinct regions. In the first region,
the computed solution follows the Kidder solution. In the third region, the computed solution
remains constant. In between, the computed solution connects the Kidder solution on the
left to the constant solution on the right. This follows the predictions made by our derived
analytical solution.

In our analytical solution, we posited the middle region is a rarefaction with similarity

_z_

71 To verity this, we plot the computed solution at various times against this

variable y =
proposed similarity variable in Figure[3.5l We see the solutions all follow a similar structure.
They originate at the origin and grow linearly until collapsing onto the same curve. This

continues until a later value of y in which the solution becomes constant.

We can explain this behavior in relation to the original structure of the computed solution.

The first region represents the solutions obeying the Kidder solution. Plotted against the
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15 Density v. Similarity Variable y = x/(t+1) 0 Velocity v. Similarity Variable y = x/(t+1)
’ 1
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o

Density
Velocity

-1.5

y y
(a) Density (b) Velocity
Figure 3.5: Computed density and velocity plotted as a function of the similarity variable
Yy = 7 at increasing times in the direction of the arrow, as predicted in the analytical
expressions for the density and velocity in equations and . The approximate
times are t = 0, 0.20, 0.33, 0.46, 0.60, 0.73, 0.87 and 0.97. At each time snapshot, the

solution collapses onto the same middle region as highlighted in red.

similarity variable, the solution follows different curves for different times. As the solution
enters the rarefaction region, the solution collapses onto the same curve for every time
instance. This verifies the solution is self-similar with our proposed similarity variable y =

77+ The third region simply indicates the solution becomes constant past a certain value.

Further verifying the rarefaction, we can check the endpoints of the rarefaction region

by plotting the computed solution against a different similarity variable, n = ”’tx*, where

in our case x* = 2.5. From observing the initial data, we may hypothesize the rarefaction
variable should be n as we expect a rarefaction to emerge from spatial point z* at time
t = 0. As a stark difference from plotting the computed solutions against y = 5, the
solutions do not collapse onto the same curve in the rarefaction region, which supports the
fact that the rarefaction similarity variable is y and not 7. In contrast, we do see the domain
of the rarefaction is constant with respect to this variable. In particular, we see in Figure
the left endpoint of the rarefaction region corresponds to n = —2.5 = —z* and the right
endpoint corresponds to n = 2.5 = x*. This implies the left endpoint and right endpoint of
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0\]elocity v. Similarity Variablen = (x - 2.5)/t

\ |
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Figure 3.6: Density and Velocity plotted as a function of the similarity variable n = x7t2,5

at increasing times in the direction of the arrow. The approximate times are ¢t = 0, 0.20,
0.33, 0.46, 0.60, 0.73, 0.87 and 0.97. Note the solutions at various time snapshots does not
collapse onto the same curve, indicating the solution is not self-similar in 7. However, the

left and right boundaries of the middle region are invariant with respect to 7.

the rarefaction region are located at z = x*(1 —t) and x = z*(1 4 t) as we predicted.

The last feature we discuss is the comparison between the computed velocity and the
computed sound speed. Indeed, by substituting our computed density into the formula for
the local sound speed in equation ([2.18]), we observe throughout the evolution of the velocity

the flow remains subsonic for all of the computation time as seen in Figure |3.4]
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CHAPTER 4

Cutoff Implosion in Higher

Dimensions

In this chapter, we study the cutoff implosion problem in higher dimensions. By continuously
cutting off the initial data of (2.38)) at some point 7*, we obtain the cutoff implosion initial
data

(#3)(”“)/2 rntl for r < r*

p(r,0) = e , v(r,0)=0. (4.1)
()R e

4.1 Region of Influence of the Cutoff Position

Analysis in higher dimensions is complicated by the presence of the source term “2% in

(2.19). Because of the source term, we do not expect a traditional rarefaction to emerge
from the cutoff point unlike in 1D. Asymptotic expansions, as presented in [LR88, BLR89)],
can be used to approximate the solution for small times. The rarefaction solution of the
Riemann problem without the source term is used as the leading order term. As a result, the
rarefaction solution can be used as an approximate solution for the equations with source
term for small time, a feature leveraged by numerical methods based on the asymptotic

expansions described in [BF84l [Tor09]. Global asymptotic expansions exist when the source
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term depends only on the state [LT91]. However, we are interested in the behavior of the

solution for larger times and our source term depends on the spatial variable.

The interval the “rarefaction” solution is supported on is the region of influence stemming
from the cutoff point r*. In higher dimensions, this region is an annulus. The outer and
inner radii of this annulus travel at the speed equivalent to the eigenvalues of the isentropic
Euler equations, Ay = v+ c respectively where c is given by . As a nonlinear system, the
eigenvalues are not constant but depend on the state at the boundary. Since the eigenvalues

represent the speed of the radii, the inner radius r; and outer radius r, satisfy the ODEs
fr=A_(r), 7 =A(r), m(0)=r.(0)=r" (4.2)

We argue that due to the diverging structure of the characteristics from r*, we should expect
the solution to be continuous. This implies the solution should connect continuously to the
Kidder solution at the inner radius and to the constant state at the outer radius. Both
of these states are explicitly known. Note the speed of sound ¢ from (2.5) can be written
in terms of n given the assumed relationship between v and n used to derive the Kidder

solution:

n+3\" n
c= (n+1) Pt/ (D), (4.3)

The outer radius r, satisfies the ODE

which has the solution

) =1 (1), (45)

The inner radius () satisfies the more complicated ODE

=~ (M> o0y =, (4.6)

1—t2

which has solution

Lt (nt1)~1/2 1<n+1>—1/2) (4.7)

r(t) =r" ((1—15) 2 (1+1) 2
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Both formulas (4.7) and (4.5) reduce to the left and right endpoint formulas derived in
[LRB27] when n = 0. The outer radius moves linearly, regardless of n. On the other hand,

the inner radius always arrives at the origin at time ¢t = 1, also regardless of n.

As r(t) descends to the origin, every v characteristic from (0,7*) will eventually be
influenced by the v — ¢ characteristic stemming from r*. Suppose a Lagrangian particle
initially starts at rq € (0,r*). By equating its Lagrangian position ascribed in ({2.35)) with
the formula for the inner radius in , the two paths collide at time

t

(4.8)

1—7 <r0 ) 2vn+l
147 r*
with ¢ € (0,1) since 7 < 1. So, every particle originating on (0,7*) is eventually affected by

the left moving characteristic emanating from r*.

We can track the density and velocity at the inner radius by evaluating the Kidder
solution at 7;(¢). From the construction of r;(t), the cutoff implosion solution is the same as
the Kidder solution on the interval [0, 7,(¢)]. The density and velocity of the cutoff implosion

solution evaluated at r;(t) is

1/2

(n+1)"/“=(n+1)
2

—(n+1 1/2— n+1
p(ri(t),t) = (n+ 3)—(n+1)/2 (r)" (1 — ¢) (1+ t)% (4.9)

and

“14(nt41)—1/2 “1-(n41)—1/2
2

v(r(t),t) = —r*t(1 — )T (1 4+ 1) (4.10)

Whether an implosion can occur is determined by the exponent of the (1 — t) term. When
n > 0, the exponent is negative implying the density at 7,(¢) goes to positive infinity and
the velocity at 7;(t) goes to negative infinity as t approaches 1. Note n = 0 is a special case,
as the (1 — ¢) term drops out entirely leading to finite limits for the density and velocity
instead. This behavior matches the limiting behavior observed in [LRB27]. So, implosion

occurs in all dimensions higher than 1.

Note p(r(t),t) is not a monotone increasing function in ¢ on [0,1) while v(r;(¢),t) is a
monotone decreasing function. Although p(r;(t),t) eventually goes to co as t — 1, there
will be a time interval when the density decreases instead. In contrast, v(r(t),t) will always

decrease to —oo. Since on the interval [0, r;(t)] the velocity is the same as the Kidder solution
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and v(r,t) = 0 for r > r.(t), we expect v(r(t),t) to be a global minima for velocity at any

given time.

4.2 Self-Similar Blowup Limit

In our analysis thus far, we have concluded an implosion occurs by tracking the state of
the inner radius r;(t). However, such analysis does not give insight on the structure of the
solution in a neighborhood around r;(¢). While to the left of r;(¢) lies the Kidder solution, it
is not clear how the solution to the right of r;(¢) behaves. Given the blowup of the solution
at 7,(t), we search for self-similar solutions of the first kind that will serve as the asymptotic
limit of the cutoff implosion solution. For self-similar solutions of the first kind, the similarity
variable and exponents can be determined from dimensional analysis and invariant scalings
of the problem. The self-similar solutions we will subsequently present are exact solutions in
their similarity variables. However, we will observe that they also serve as asymptotic limits

to the PDE solution close to implosion time.

This is in contrast to the 1D case, where there is an exact self-similar solution. We
appeal to numerical simulations to justify why we do not expect a self-similar solution of
the first kind be present in higher dimensions. Suppose to the contrary there exists an exact
similarity solution with density p with similarity variable y on the interval [r;(t),r.(t)] for
0 <t < 1. Since 7(t) is monotone decreasing and r,(t) is monotone increasing, the interval
[r1(t1), 7-(t1)] is contained in the interval [r;(t2),7,(t2)] when 0 < t; < to < 1. If the exact
similarity solution p is continuous, then p ([r;(t1),7(t1)]) C p([ri(t2), 7 (t2)]). However, in
Figure 4.1 there exist values in the range of p on [r;(t),r.(t)] that appear in earlier times but
not later times. In Subfigure [4.1a] the minimum of p on [ry(¢1), 7, (t1)] is less than 1. But,
in Subfigure the minimum of p on [r;(t2), 7, (t2)] is greater than 1. This contradicts
the property that the image of p on a subinterval should be contained in the image of p on
a larger interval. So, we do not seek self-similar solutions of the first kind to explain the

solution on [ry(t), r.(t)].

To derive the self-similar solution, we will first state the functional form in general and
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Density vs. Position at time t = 0.681 Density vs. Position at time t = 0.964

1.5¢ . 1.5¢
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(a) Density at an earlier time ¢; (b) Density at a later time to
where min,.¢y,(1;),r. (1)) P(75 1) < 1. where min,. iy, (1), (t2)] (75 t2) > 1.

Figure 4.1: Snapshots of solutions to equations (2.19) and (2.20]) from the cutoff implo-
sion initial data (4.1)) with parameters n = 1 and r* = 2.5. The solution on the interval
[r1(t), r-(t)] cannot be an exact similarity solution since the image of the density on a subin-

terval must be contained in the image of any larger interval.

derive the corresponding system of ODEs. The system of ODEs can be further simplified

using knowledge of the density and velocity at the inner radius derived in the previous section.

Suppose we have a self-similar solution with similarity variable y = TZT(’t) and self-similar forms

for the density and velocity
ply.t) =T()ply), vly,t) = —7(t)"0(y) (4.11)

where 7(t) is a function of time that goes to infinity as ¢ — 1 and [ is a to be determined
exponent. The motivation behind considering the similarity variable y is the time dependent
length scale, r,(t), is derived from the left moving characteristic at r* at time ¢ = 0 and acts
as a principal length scale in the implosion. Additionally, r;(¢) is asymptotically equivalent

to the time scaling of the Kidder solution similarity variable close to implosion time.
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The Kidder solution is invariant under this transformation, so it can be rewritten as
ply,t) =T(®)p(y), ply) = p(1)y"™,
vy, t) = =7(1)"0(y), B(y) = o(L)y, (4.12)

() = (12)%1'

Substituting the ansatzes in (4.11)) into the potential flow equations (2.19) and (2.20) yields

R Bl gy AL BH155

P Tfl’l"lpl TTl pl T'I‘z v nTy"‘l ~ 07 (4 13)
1A JEPN 2B Ay a Y=L Apamy—

B o+ T L 4 T+ TR =0,

4.3 A Priori Reductions

To further simplify the ODE system in , we will use the knowledge of the implosion
dynamics to explicitly determine the unknown terms. In doing so, we consider the implosion
dynamics in the limit to implosion time and evaluate time-dependent, non (1 — ¢) terms at
t = 1. This is justified since we wish to find the self-similar profile the solution to the PDE
asymptotically approaches when ¢ is very close to ¢ = 1. The resulting solution is a genuine

self-similar solution with respect to the new variables and serves as an asymptotic limit.

4.3.1 Derivation of 7,3, p(1),0(1)

From the definition of y, the spatial point r = 7;(¢) maps to y = 1. The exponent of (1 — )
in 7;(t) can be expressed as Si* where s* = W Evaluating (4.12)) at y = 1,

(nt1)Y/2 _(nt1)

A1) = (1= (4 3) T A

“1-(nt1)—1/2

where all of the non (1 — t) terms in (4.9) are evaluated at t = 1 and k = r*2 P

similar derivation in v yields

14 (nt1)"1/2
2

—(t)’0(1) = =(1 1)
Thus, 7(t) encodes the implosion dynamics and is

() = (1 —1t)

(n+ )2 (n41)
2

= 7y (t) "D (4.14)
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with 8 = (n 4+ 1)~!. The initial condition at y = 1 for p and ¢ is also identified as

p(1) = (n+3)" V2t 5(1) = k. (4.15)

4.3.2 Relation of 7/(t) to 7(t)

Recall r,(t) satisfies the ODE (4.2)). Substituting the ansatzes (4.11)) into ODE (4.2), we
obtain

iut) =~ (@(1) + (ij);ﬁ(l)"ll) -

(4.16)
Equivalently, 7/(t) = —A7?, where A is
A=k (1 +(n+ 1)—%) (4.17)
after substituting in the initial conditions . Note A is a positive constant.
4.3.3 Relation of 7,(t) to 79+ (t)/r/(t)
By using the explicit forms of 7(¢) and r;(t), we see 7(t) satisfies the ODE
T (t) = ATij(lt()t), (4.18)
where A is the constant
A=k((n+1)—(n+1)1?). (4.19)
Note A is a positive constant.

4.4 Autonomous Transformation of the Self-Similar System

By using the a priori knowledge collected in the previous subsections, the ODE system (4.13))
simplifies to

Ay—o  —p ||| M- 120
m 5 o — Ayl | BAD



As done by Guderley [Gud42] (see [VS82, [MRR22a for more details), consider

the Emden transformation

(4.21)

In this change of variables, o is interpreted as the speed of sound. Under the Emden trans-

formation, system (4.20]) becomes

A—w - o’ —2% _ Ag + 2wo
( ) n+1 — n+1 ’ (422>
n+1)o (w—A)| v BAw + Aw — w? — (n + 1)0?

and can be formally written as

/ — A 1
T (02—(A—w)2)_1 (w ) i «
w' —(n+ 1o (A—w)
(4.23)
;—i‘{ — Ao + 2wo

BAw + Aw — w?* — (n + 1)o?

System (4.23)) is recognized as the celebrated autonomous self-similar system featured in
and with our choice of parameters. The denominator A = (6% — (A — w)?)
is the sonic line and is the determinant of the matrix M (o, w) of the left hand side of (4.22)).

We seek solutions to system (4.23) moving forward from initial conditions
1/2 r
o(0) = (n+ 1)k, w(0) =k, P*=o(0) w(o)] - (4.24)

obtained by applying the Emden transformation to . We refer to P* as a sonic point
as it is a fixed point lying on the sonic line. However, the initial condition lies on the
sonic line, implying singularity of system . Moreover, the Kidder solution, as written
in the self-similar form (4.12)), is mapped by the Emden transformation to the constant
solution residing at . It is not obvious whether an additional solution to exists.

The following section presents an explanation on how additional solutions are constructed.
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4.5 Non-Uniqueness of Solutions to the Self-Similar System

Denote b(o, w) as the right hand side vector of (4.22) and take M (o, w) as the mass matrix
defined earlier. Noting the anti-involutive structure of M (o, w) for any choice of (o, w)

and the non-invertibility of M (c(0),w(0)), we discuss the eigenvalues and eigenvectors of

M(o(0), w(0)).

Lemma 4.5.1. Suppose a 2 X 2 real matriz N has the entries

a b
N:

c —a

and det N = 0. Then, N has eigenvalue X = 0 with only one associated eigenvector v =
T
o o

Proof. Suppose N has det N = 0, so a®? + bc = 0. The eigenvalues A\ of N satisfy the
characteristic equation

A —a®>—bec=0,

but given det N = 0, the only eigenvalue is A = 0. Computing the eigenvectors for A = 0

T
shows there is only one eigenvector, v = [a c} . O]

Since M (c(0),w(0)) satisfies the conditions in Lemma [4.5.1 M (c(0),w(0)) has only an
eigenvalue at A = 0 and only one corresponding eigenvector. When considering as a
matrix equation evaluated at (4.24), the vector on the right hand side b(c(0), w(0)) is the zero
vector. Thus, valid initial slopes [0'/ 0) w' (0)} ' are rescaled eigenvectors of M (o (0),w(0)),

which take the form
a'(0) . A —w(0) | (4.25)
w'(0) (n+1)o(0)
where « is a scalar and the expression for the eigenvector is taken from Lemma 4.5.1.
We have thus established non-uniqueness of solutions to system with initial con-
dition by also requiring an initial slope, which is not unique. For example, a = 0

corresponds to the constant solution, which is also the Kidder solution in these variables.
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We search for solutions with a < 0 - solutions that decrease in magnitude with increasing r
in the original variables since we assume the density and velocity have extrema at r;(t) close
to implosion time. Although condition implies a one parameter family of solutions
indexed by «, in practice, we observe only one numerical solution for « sufficiently less than

zero as the numerical ODE solver adapts its time stepping to the magnitude of «.

4.6 Phase Portraits

We present phase portraits for the non-autonomous system and autonomous system in Figure
and Figure respectively. The sonic line is also plotted in the phase portraits. In the
non-autonomous system, the sonic line varies in y and is plotted for various y. In the
autonomous system, the sonic line is fixed. A region of the phase portrait is carved out by

the sonic lines, denoted as the sonic cone. The nullclines are also plotted.

Phase Plot Colored by Time
(Non-Autonomous)

6 2
1.8
11.6
e
11.4
—— Asymptotic |
/ — Trajectories
~ . . 1.2
1F . — =Sonic Lines | -
B » Sonic Point
0 I L I |- e I 1
0 1 2 3 4 5 6
P

Figure 4.2: Phase portrait of non-autonomous system (4.20) for n = 2 and r* = 2.5. The
sonic line for various y are displayed as dashed lines. Vectors indicating permissible initial

slopes at the sonic point are drawn.
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Phase Portrait of the Autonomous System
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Figure 4.3: Phase portrait of autonomous system for n = 2 and r* = 2.5. The fixed
points, nullclines, and sonic line are displayed. At the sonic point, the eigenvector (4.25))
is shown indicating the only valid direction to leave the sonic point in the direction of the
origin. The green curve represents the limiting self-similar profile to the right of r;(¢) for the

cutoff implosion solution near implosion time.

We first discuss features of the autonomous phase portrait of Subfigure [4.3] The fixed
points are points such that ¢’ and w’ are zero, which correlate with the o, w such that the
right hand side of is the zero vector. In the physically relevant regime of p > 0, there
are three fixed points: the origin, P*, and the point P, = [0 2]<;]T. The origin and P, are
both attractive fixed points which lie outside the sonic cone. On the other hand, P* lies on
the sonic line itself. Trajectories starting inside the sonic cone cannot cross the sonic line,

so they either must converge to P* or escape to infinity. From the phase portrait, we see
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trajectories within the sonic cone approach P*. Now for trajectories outside of the sonic
cone near P*, they move away from P* and converge to the attractive fixed point at the
origin. We observe P* exhibits half-stability as it is attractive to trajectories in the sonic
cone while it is repulsive to trajectories outside the sonic cone. Note both the origin and P,
are true fixed points such that the only permissible slope passing through both fixed points
are the zero vector, in contrast to P*. Note despite both nullclines intersecting the sonic

T
line at [() A} in Figure , this is not a fixed point. When system (4.22)) is evaluated at
T
[0 A} , the left hand side of (4.22) is the zero vector while the right hand side of (4.22) is
T
[0 BA A} , which is not the zero vector.

In the non-autonomous system, the sonic line is still a separatrix in the phase plane,
but the sonic line varies with y. Trajectories beginning below the sonic line still approach
the origin, like in the autonomous case. However, trajectories starting above the sonic line
exhibit different behavior. Some approach infinity in p and © monotonically. The Kidder
solution in non-autonomous coordinates does this. On the other hand, some trajectories
begin to converge to the origin but deflects off the moving sonic line. After the deflection, the
trajectory moves towards infinity. Another group of trajectories move towards p = 0,0 = oo,

corresponding to the fixed point P; in autonomous coordinates.

The non-autonomous system (4.20)) is shown to be the same as the one derived in |[Gud42
and [MRR22al] up to rescaling in the specific case where n and v are given by the relation

—2 = (n+ 1)(1 — 7). Subsequently, the autonomous system given in (4.22) and (4.23)) is
a special case of the dynamical system and further explored by authors such as

[VS82], [MRR22a], [SWW25]. Details on the equivalence is given in Appendix [Al

The dynamical system in can be written in the form w' = 2—; and o’ = % where
A is the sonic line. Trajectories connecting endpoints on opposite sides of the sonic line must
pass through the sonic line, but can only do so smoothly at sonic points where A = A; = As.
The only sonic points with non-vanishing density are P, and Ps. It is through sonic point P

which Merle. et al construct their smooth imploding profile [MRR22a)]. They seek a solution

that begins to the right of the sonic lines and terminates at the origin, which is to the left
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of the sonic lines. Another important point is the fixed point that does not lie on the sonic

line, Ps.

In the work of Merle et al. and subsequent work such as Shao et al. [SWW25],
they construct a sequence of smooth imploding solutions with blowup speeds s, < s*, where
their similarity variable is defined as y = r(T —t)'/%. Note the limiting value s* corresponds
to the previously defined value of s* as the reciprocal (1 — t) exponent of r,(t) in (4.7)).
However, Merle et al. note their construction fails when n = 2 and v = g because as s — s*,
the three points P, P, P5 all coincide with each other. The work of Shao et al. specifically
handles this degeneracy. For our system, the initial condition P* corresponds to this special
coincidence. Solutions to that arrive at the origin may be able to be viewed as the

limiting profile to the sequence of smooth imploding solutions constructed in [SWW25].

4.7 Numerical Solutions of the ODE System

We directly compute numerical solutions of non-autonomous system (4.20) to determine the
limiting self-similar profiles p and ©. Lemma can be applied to (4.20)) at initial condition
(4.15) to show initial slopes belong to the affine space

V= : + a a€eR
0 BAD(1) (4.26)

po=k""(n+3)7"% ((n +1)—(n+1)

N|=
N—

We use numerical method ODE23T in MATLAB to solve at initial condition (4.15))
and initial slope (4.26) with « = —3 for n = 1 and a = —2 for n = 2. The choice of « is
determined heuristically to ensure the solutions decay to zero. We directly solve the system as
an ODE with a mass matrix to avoid unnecessary matrix inversions and for ease of providing
the initial slope. These solutions for 2D and 3D are shown in Figure[4.4, From the numerical

solutions, we see p and v are monotone decreasing in y. Additionally, 0 (and equivalently o)

are positive for y > 1, which is behavior established for the profiles of [SWW25].
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Figure 4.4: Solutions to ODE system (4.20)) with initial condition for 2D and 3D. The
initial slope is chosen to be « = —3 for n = 1 and o = —2 for n = 2 in (4.26). The linear
behavior of the numerical solutions in the log-log scale of Subfigure indicate power law
behavior of solutions in the far field. The computed slopes of the numerical solutions in

log-log scale are displayed in Table [4.1]

4.8 Far Field Behavior of the Similarity Solution

From Subfigure [4.4b, we observe p and ¢ appear linear in log-log scaling for large values of
y, corresponding to the far field dynamics of p and ©. This implies a negative power law
relationship between y and p and ¢ in this regime. By substituting an ansatz of the form
y~% and y =% for the density and velocity respectively into , the terms originating
from time derivatives dominate the terms originating from spatial derivatives and the source
term. The exponents describing the far field power law behavior can be computed as

/A ey A oVl

The slopes of the numerical solutions of log(p) and log(v) for y > 100 are compared to the
theoretical values in (4.27)) in Table , showing excellent agreement between expected far

field behavior and the numerical solution.
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Case Numerical | Theoretical
Density (2D) | —0.3431 —0.3431
Density (3D) | —0.8052 —0.8038
Velocity (2D) | —0.1717 —0.1716
Velocity (3D) | —0.2683 —0.2679

Table 4.1: Comparison between the slope of logy to numerically computed log p and log v,
shown in Subfigure 4.4b| to the theoretical power law scaling given in (4.27). The slope is

numerically computed for y > 100.

4.9 Mass Concentration and L} . boundedness of the Similarity

Solution

To better understand the physical properties of the proposed implosion, we want to determine
whether the mass concentrates and forms a measure at implosion time. The result of

states that given initial data with a constant farfield density and finite initial energy with

g

1o @and mass concentration

respect to the constant farfield, the solution will be bounded in L

p

o as the constant farfield density prevents

does not occur. The existence is given for L
existence in LP for all of space and to allow for implosions where a state variable approaches
infinity. Because the result is stated in terms of finite relative energy, an exact p is not stated
but is implied to be at least v - stemming from the relative internal energy term. We show

mass concentration does not occur for the cutoff implosion solution and give the maximal p

such that the density is bounded in L?

loc into the implosion time.

We study the LP mass on the interval [0, R] where R << r.(t) as t — 1. Given a radial

density distribution, the LP norm or LP mass of p on an interval [a, b] is given by

lo(r, )] o) = ( / b s(n)r"p(r, t)pdr>; , (4.28)

where s(n) is a the surface area of the n 4 1-dimensional unit ball. To evaluate the L? norm

on the interval [0, R|, the interval may be split into two sub-intervals: [0, r;(¢)] and [r(t), R].
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On the interval [0, 7;(¢)], given the density is the Kidder solution, the L” norm is

1 \@2 - v
" ) . _ *\ 2N+
lp(r )l e ooy 500(n+3) )

i /2 4.29
(t)p1) | (DY 2041) (1), (4.29)

x (1—1)

x (1+1)

n n 1/2
(e pst) (D20 41y

To determine whether the LP norm blows up as ¢ — 1, the exponent of (1 — t) must be

nonnegative, which occurs when

n+1)Y2+1
pSmng )

i 4.30
n+1)72-1 (4:30)

when n > 0. Note pei may be expressed as other quantities as well as pui = (n+1)(A/\) =
((n+1)(s* —1))~". It is always true 1 < v < pey for n > 0, establishing the bound of p(r, t)
in the L7

e Dorm. Note lim, o perit = 1, implying as the spatial dimension increases, the

1

maximal L existence of p(r,t) decreases. However, for any finite n, the L},

norm is always

finite.

The mass in the region [0, 7,(¢)] (corresponding to p = 1) is

1 ) (n+1)/2 1

* 2n+2><
n—+3 (")

T, )\ Lo, = sn
lpCrs )l 2 om o)) = 5 >( 2 + 2 (4.31)

(1= )02 (1 4 )~ (D2,

To evaluate the integral on the remaining sub-interval, we change variables to y = HL(t) and
also write p(r,t) in terms of the self-similar form (4.11]). We further subdivide the interval
to [1,a] and [a, H—Ié)], where [1, a] represents the non-power law behavior of p(y) while p(y)

is taken to be the power law described in (4.27)) on [a, n—lé)], motivated by Subfigure |4.4bl

The integral decomposes into

syt (e / o)y dy (4.32)

and

_R_
s(n)rl(t)”HT(t)p/”() Cy~"a y"dy. (4.33)



The integral of is finite as we observe p is monotone decreasing and p(1) is finite.
Blowup depends only on the 7;(¢)"*17(¢)? term. Recalling 7;(t) — 0 and 7(t) — co ast — 1,
we find blowup does not occur as long as p < pey - the same condition for the Kidder
solution. The integral of evaluates to
s(n) MNP ((oni1-pd o>
P (rom®3) (R = i)

after substituting the power law given in (4.27)). Potential blowup is independent of p, and
recognizing that é = ﬁc—ﬂ, the time dependent term cancels out. Assuming p < peis, only the

integral (4.33)) contributes to the Lfo 7 norm of p. Additionally, the power law dependence

of |[p(r,t)||Lr(jo,r)) on R as t — 1 is given by

ntl

R

>

(4.34)

From this calculation, we find the maximal p such that p(r,t) is bounded in L _into the
implosion, given by peic. Blowup of the LP norm depends only on the blowup of the LP norm
of the Kidder solution on [0, 7;(¢)] and not the self-similar solution past r;(t). Since pei > 1,

mass concentration cannot form around the origin as predicted by the result of [CW22].

4.10 Numerical Evidence of Self-Similar Blowup for the PDE

We support the analysis done in the previous sections with numerical simulations. Our goal
is to verify the formulas for the inner and outer radii along with the imploding density and
velocity at the inner radius. Once the simulation progresses close to implosion time, we
determine whether the solution approaches a self-similar asymptotic limit. Additionally, we
verify the numerical solution satisfies the predicted time-scaling behavior. Finally, the L?

norm of density for various p is computed from the numerical solutions.
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Density vs. Position at time t = 0.498

Density vs. Position at time t = 0.249
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Figure 4.5: Computed density to the potential flow equations (2.19)) and ({2.20) with cutoff

implosion initial data (4.1)) and r* = 2.5. Approximate times ¢ = 0.25, 0.5, 0.75 and ¢ = 0.95
in 2D (solid) and 3D (dashed) illustrating the evolution of the solution are displayed.
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Velocity vs. Position at time t = 0.249 Velocity vs. Position at time t = 0.498
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Figure 4.6: Computed velocity to the potential flow equations (2.19) and (2.20)) with cutoff

implosion initial data (4.1)) and r* = 2.5. Approximate times ¢ = 0.25, 0.5, 0.75 and ¢ = 0.95
in 2D (solid) and 3D (dashed) illustrating the evolution of the solution are displayed.

4.10.1 Lagrangian Leapfrog

The numerical simulation of the potential flow equations (2.19) and (2.20)) is performed
with a Lagrangian leapfrog scheme as introduced in and further refined in :
In this Lagrangian scheme, cells are defined on the intervals between nodes. The nodes

are interspersed throughout the spatial domain and kinematic variables like position and
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velocity are defined on these nodes. The numerical scheme tracks the evolution of the cells
by advecting the nodes. Thermodynamic variables such as the density and pressure are
defined to each cell. Historically, this scheme was introduced to better resolve shocks via
artificial viscosity as elaborated in [NR50] and [Noh87]. We do not predict any shocks in our

analysis, so we set the artificial viscosity to zero.

4.10.2 Adaptive Mesh Refinement

As the simulation approaches implosion time, we perform an adaptive mesh refinement near
the implosion point () to capture the self-similar profile without losing resolution. Without
adaptive mesh refinement, the interval [0, 7;(¢)] will shrink in time, and the number of cells
within this region will decrease as well. We use a simple criteria and procedure: whenever
r(t) decreases by a set factor, we increase the amount of nodes in between the origin and
ri(t).

Adaptive mesh refinement allows for high resolution of the implosion with only logarith-
mic scaling in the number of nodes. When adaptive mesh refinement occurs, only the interval
the Kidder solution is supported on receives additional resolution. Although our goal is to
resolve the structure to the right of r;(¢), increasing resolution between the origin and r(t)
still accomplishes this because every particle originating in (0, 7*) will eventually fall to the

right of r;(t) at the time prescribed in (4.8]).

By choosing to add nodes on the interval (0, r;(¢)) corresponding to the Kidder solution,
we assign density and velocity values to all nodes on this interval such that they match the
Kidder solution. We choose this to leverage the fact we have knowledge of the closed form
solution on this region. Ultimately, the goal of the adaptive mesh refinement is to provide
better resolution to understand the details of the numerical simulation to the right of r(t).
We do not directly alter this region of the solution with a priori knowledge, justifying the
approach.

Adaptive mesh refinement begins after p(r;(t),t) starts to increase in time. Given v(r(t),t)

is expected to be a global minimum for velocity in space, we track r;(t) in the numerical
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simulation as r;(t) = argmin, v(r,t). It is vital to design a way of identifying r(¢) without
using simulation time as the accumulated small errors in time steps become large deviations
in time very close to implosion time. A detailed description of the implementation of the La-

grangian leapfrog numerical scheme and adaptive mesh refinement can be found in Chapter

5

4.10.3 Simulation Parameters

We simulate the potential flow equations and with initial condition for
both n = 1 and n = 2, corresponding to cylindrical and spherical symmetric geometry
respectively. The numerical domain is [0, 5] with initially 3001 nodes and 3000 cells. Instead
of halting the simulation at a set time, we end the simulation once the maximum density
has achieved a set value: 10° for n = 1 and 10'° for n = 2. The boundary condition of
our simulations are v = 0 at » = 0 and v = 0 at » = 5, with the right boundary condition
justified as the gas has constant density and zero velocity in this region left unperturbed. We
select the cutoff position in the initial data to be r* = 2.5. Adaptive mesh refinement begins
when p(r;(t),t) starts to increase in time. Empirically, we find this to be around ¢t = 0.9
and start adaptive mesh refinement after t = 0.9. Successive refinement occurs whenever
r,(t) decreases by a factor of three, and the mesh is refined by splitting every cell in between

[0,7,(¢)] into two new cells.

Figures and show the evolution of the density and velocity respectively at various
times up until £ = 0.95 to give a general sense of how the solution evolves at times far from
t = 1. The percent error between predicted values at r;(t) and computed values at times
leading up to t = 0.9, before adaptive mesh refinement occurs, is displayed in Table [4.2 To
better understand the solution behavior near t = 1, Figures and show the density
and velocity profiles in the similarity variable y near the blowup in 2D and 3D respectively.

The time-scaling between 7;(¢) and extrema of the density and velocity is shown in Figure

4.10, The L? norm on [0, 7] for various choices of p are displayed in Figures 4.11} |4.12} |4.14]
and [4.13]
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4.10.4 Early Time Dynamics

Feature Min Max Mean
r(t) (2D) —0.24% | 0.50% | 0.08%
r(t) (3D) —0.24% | 0.10% | —0.05%

p(ri(t),t) (2D) | —0.47% | 0.05% | —0.13%
p(ri(t),t) (3D) | —0.89% | —0.16% | —0.41%
v(r(t),t) (2D) | —0.46% | —0.06% | —0.28%
v(r(t),t) (3D) | —0.62% | —0.06% | —0.35%
m(0,r,(t)) (2D) | —0.94% | 2.2% 0.39%
m(0,r,(t)) (3D) | —1.40% | 0.84% | —0.19%

Table 4.2: Percent error between the analytical and computed 7(t), p(r,(t), ), v(r,(t),t) and
m(0,7(t)) from ¢t € (0,0.9]. The percent error formula is % Error, = 100 x w where

Teomp 18 the computed value and @preq is the predicted value. The minimum, maximum, and

mean percent errors are displayed.

We compare our analytical expressions for ry(t) (4.7), p(ri(t),t) (4.9), v(ry(t),?) (4.10),
and {|p(7, )| L1 o,m () to numerical data on times far away from the implosion time.
These comparisons are made before adaptive mesh refinement is done in order to verify
our predictions before assumptions on the solution are made in the numerical scheme. The
percent errors on all of these quantities, displayed in Table 4.2, are low and bounded in a
2.5% range. The notable outlier is the mass in the implosion region, which has a slightly
higher percent error range than the other quantities. We interpret this as the result of the
mass in the imploding region being a quantity that is computed from the directly simulated
variables of p and 7(t). The directly simulated variables p, v, and r;(t) all enjoy much lower
percent error, being bounded by 1% error. The low percent error indicates the expressions

for r(t), p(ri(t),t),v(ri(t),t), and m(0,r,(t)) are correct.

Additionally, we compute the percent L! error, in space between the Kidder solution and
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Figure 4.7: Percent L! error between the Kidder solution (2.39) computed by (4.35) and the
computed solution, taken on the interval [0, 7;(¢)] for 0 <t < 0.9.

the computed solution on the interval [0, r;(¢)]. The percent L' error is computed as
c
I
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where the A and C superscripts represent the analytical and computed solutions respectively,

% Error = 100 x : (4.35)

N is the number of nodes or volumes, z; is the location of the ith node or volume, V; is the
cell volume, and V is the sum of the cell volumes. In Figure 4.7, the L; error between
the Kidder solution and computed solution is displayed for density and velocity in 2D and
3D. We observe from Figure the L, error monotonically increases as time progresses.
It is expected for errors to accumulate in time as the simulation progresses. Despite the
increasing time, the percent L; errors are bounded by 0.5%. Both the low percent error of
features presented in Table and the low percent L, error between the Kidder solution
and computed solution justify the hypothesis the solution remains the Kidder solution on
the interval [0,7;(¢)]. As such, this justifies our adaptive mesh refinement as the simulation

progresses to implosion time.

The adaptive mesh refinement allows the numerical scheme to simulate times close to
t = 1 corresponding to large values of p(r;(t)). In the close to implosion regime, we predict
the solution should adhere to the dynamics of the ODE system in (4.20). By plotting the
numerical data with respect to the similarity variable and normalizing the quantities, we see
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in Figures 4.8 and [4.9] for 2D and 3D respectively. Note the plotted velocity is normalized
by min, v(y) < 0 to be positive. In all of the comparison plots, the data coincides with each
other on the interval y = [0, 1] and in the log-log scale as the numerical solution is the Kidder

solution on this interval. The displayed times are computed from the maximum density in

the simulation and (4.9).
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for density in subfigures |4.8a] and for velocity in [4.8c and in a log-log scale in subfigures [4.8b

for density and for velocity. The profiles are compared to p and v solving ODE system

(4.20). The selected times represent the solution at max p(r,t) = 10, 10%, 103, 10*, and 10°

respectively.
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Normalized Density v. Similarity Variable y
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Figure 4.9: Blowup profiles in 3D with respect to the similarity variable y = nL(t) near t =1
for density in subfigures [4.9a and for velocity in [4.9¢ and in a log-log scale in subfigures
and 4.9d. The profiles are compared to p and ¥ solving ODE system (4.20)). The selected

times represent the solution at max p(r,t) = 10,103, 10°, 107, and 10 respectively.

Subfigures and show how the data coincides with p when plotted against y for
density and similarly for ¢ in and [4.9d The agreement is quantified in Table 4.3 where
the percent L' error between computed and normalized density and velocity are compared to
p and ¢ which solve ODE system (4.20). The percent L' error is less than a percent for both

density and velocity for all times. Furthermore, as time gets closer to implosion time, the
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n | max p(r,t) | % Density Error | % Velocity Error
1 10! 0.43% 0.17%
1 102 0.35% 0.11%
1 103 0.30% 0.09%
1 10% 0.27% 0.07%
1 10° 0.26% 0.06%
2 10! 0.98% 0.31%
2 103 0.12% 0.18%
2 10° 0.08% 0.13%
2 107 0.06% 0.11%
2 10° 0.05% 0.12%

Table 4.3: Percent L' error (4.35) between computed p and v near implosion time to self-
similar profiles p and 0. The self-similar profiles p and ¢ are solutions to (4.20) and are
shown in Figure 4.4l Percent error is computed with respect to the similarity variable y.

The interval of consideration is r;(t) < r < 5ry(t) or equivalently 1 <y < 5.

percent L' error decreases indicating convergence of numerical data to the p and o profiles.
The higher percent L' errors in density and velocity in the case of n = 2, max p(r,t) = 10
relative to the other errors indicate the solution is still far away from the asymptotic limit.
Given the profiles p and v only explain the solution dynamics near r(t), we do not expect
the numerically computed solutions to adhere to p and o for all y and especially for y
corresponding to r = r,.(t). This also justifies the choice of interval to compute the percent

L' error to be a small neighborhood around r;(t): [ry(t), 5r(¢)].

The adherence and departure from p and v is further seen in the log-log plots for density

in subfigures 4.8b| and |4.9b| and velocity in subfigures 4.8d| and 4.9d. In the log-log plots,

the data adheres to p and ¢ up until some y, at which it peels off from the profile. The
departure from the profile indicates the data entering the region sufficiently far away from
r =1(t). The accurate prediction p and © provide compared to numerical simulations close

to the predicted implosion time gives numerical evidence that p and ¢ are the asymptotic
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limit of the solution up to implosion time.

Log-Log plot of Max Density v. r,at Various Times

Log-Log Negative Min Velocity v. r at Various Times
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Figure 4.10: Log-log plots of maximum density and negative minimum velocity with respect
to 7(t) at various times. The expected power law relationship (4.14]) between r; and density

and velocity is plotted and represented as a line. The data points fit exactly onto the line,

verifying the expected power law relationship.

To verify whether the numerical simulation accurately captures the time-scaling behavior,
we check whether the numerical simulation correctly evolves 7(t) near implosion time. We
check this by determining the evolution of the maximum and negative minimum of density
and velocity respectively against r;(t) using the relationship between 7(¢) and r;(t) given in
. The extrema values of the density and velocity serve as a representation of 7(t) from
the data. We compute 7(t) from the data by 7(t) = argmin, v(r,t). Log-log plots of the
extrema versus r;(t) are given in Figure , with density in Subfigure and velocity
in Subfigure [4.10b, The expected power law behavior between r;(t) and 7(¢) from (4.14)
is also plotted. We see for both the density and velocity in 2D and 3D the extrema value
match directly onto the theoretical power law, verifying the numerical simulation accurately

captures the scaling dynamics between r;(t) and 7(t).

67



4.10.5 Blowup in L? Norms
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Figure 4.11: The L' norm of p on [0, r] for 2D and 3D. Subfigures 4.11a| and |4.11b|show the

radial dependence on mass while subfigures |4.11c¢/and [4.11d|are in log-log scale. The selected

times are the same as in Figures|4.8land[4.9. A power law curve is plotted in Subfigures
and [4.11b| whose exponent is given by (4.34]). The constant is fitted from the numerical data.

Black dots are plotted in Subfigures |4.11c and |4.11d| representing r;(¢) at various times.
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Dimension | p | Numerical | Theoretical
2 1.6651 1.6569
2 0 0.6654 0.6569
3 2.2070 2.1962
3 0 1.0087 0.9962

Table 4.4: Comparison between the slope of numerically computed log ||p(r, t)|| r(j0,-]) against

log r, shown in Subfigures [4.11c}, [4.11d, |4.12al and [4.12b| for various p < peit, to the theoret-

ical power law scaling given in (4.34]). The slope is numerically computed for 2r;(t) < r < 1.
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Figure 4.12: The log-log plot of the LP norm of p on [0,7] in 2D (Subfigure [4.12a)) and 3D
(Subfigure 4.12b)) for p = 7. Black dots represent r;(t) at various times.

We conclude by computing the LP norm of density over [0, 1] for various choices of p to
investigate the theoretical work done in Subsection . The L! norm, or the mass, is
shown in Figure [4.11l From Subfigures and [4.11b, we observe no evidence of mass
concentration as the mass seems to depend on r as a power law, shown by the adherence

of data points to a power law curve with exponent (4.34). This is further supported by the

log-log plots of Subfigures 4.11c|and |4.11d| where the data collapses onto the same line past

r(t). Moreover, the slope of this line is approximately the exponent predicted in (4.34),

displayed in Table 4.4, The black dots in Subfigures [4.11¢/ and [4.11d| indicate the location
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of r(t) for each instance of time. For each data curve, we find the logarithm of the mass
collapses to the same line when r > 7;(t). The derivation of assumes the power law
behavior of p(y) is valid when y is sufficiently greater than 1 - or equivalently when r is
sufficiently greater than r;(¢). On the intermediate region slightly greater than r;(¢), p is not
a power law which explains why the adherence of data to a common line occurs slightly past

r(t) and not exactly at r;(t).

Similar behavior is found in Figure 4.12, which shows the log-log plot of the L” norm over

0, r] for solutions to the cutoff implosion problem in 2D and 3D. We see the same adherence

to a common curve as in Subfigures 4.11c| and 4.11d}, showing no blow up in L?, as implied

by the global existence result in [CW22]. The slope of this common line is tabulated in Table
and matches the predicted value in (4.34).
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Figure 4.13: Log-log plot of L” norm of p on [0,7] in 3D for p = 1.25puit, given by (4.30)).

Black dots represent 7(t) at various times.

In contrast, an example of L? blowup is shown in Figure where p is set to 1.25p..i; and
Pait 1s given by (4.30) for n = 2. The LP norm behaves drastically different when p > peyi.
The LP norm dramatically increases with time (note Figure is in log-log scale) and does
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not collapse to any common curve in log-log scale. Figure 4.14 shows an example of how the
L? norm behaves when p is exactly pei;. The LP norm increases for very small r and then
tapers off for larger r instead of collapsing onto a power law curve. As time progresses, the
L? norm also increases at a given r, which could imply concentration formation. The growth

of the L norm in time is less dramatic than the p = 1.25p.; example however.

In the derivation of , we found L blowup occurs only because of the Kidder solution
and non-power law behavior of p near r;(t). We see from Subfigures and most
of the growth is on the interval [0,7;(¢)]. In contrast, the L? norm does not grow much for
r much greater than r(t) - supporting the observation the farfield power law behavior of p

does not contribute to L? blowup.
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Figure 4.14: The L? norm of p on [0,7] in 2D (Subfigure 4.14a)) and 3D (Subfigure 4.14b))
for p = peit, given by (4.30). Subfigures 4.14c| and |4.14d| are in log-log scale. Black dots in

subfigures |4.14c and 4.14d| represent 7(t) at various times.
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CHAPTER 5

Lagrangian Leapfrog and Adaptive
Mesh Refinement

In this chapter, we describe the Lagrangian Leapfrog numerical method used to simulate the

compressible Euler equations (2.19)) and (2.20]) in 1D and higher dimensions. Adaptive mesh

refinement is used in higher dimensions.

It is critical to choose a suitable numerical scheme for computing finite time singularities
at a small scale. We justify using the Lagrangian leapfrog scheme over other methods as this
scheme is not diffusive. In general, Eulerian schemes introduce numerical diffusion which can
be quantified by modified equation analysis. Numerical diffusion is a major drawback when
solving a purely hyperbolic problem since it artificially dampens relative maxima and sharp
interfaces. More discussion on the numerical diffusion of Eulerian methods in hydrodynamics

can be found in the introduction of [RKGI(Q].

On the other hand, the Lagrangian leapfrog method of is dispersive, which means
nonphysical oscillations appear in its numerical solution when trying to resolve shocks. Since
shocks are not predicted to appear in the solution, we do not expect numerical solutions
generated by the Lagrangian leapfrog scheme to suffer from nonphysical oscillations. Thus,
we choose the non-diffusive scheme of to best preserve the fine details of the solution

near implosion time.
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To begin, the initial data (4.1)) is discretized. Nodes are assigned to the numerical domain
of [0,2r*] with N + 1 nodes such that

*

1 1 1
O0=r; <ry <. ryg =217,

where 7} is the position of the kth node at time ¢". The right boundary of the numerical

domain is chosen to be 2r* so r,.(t) given in equation (4.5)) does not reach the right boundary

/2

by t = 1. The initial velocity v,i is also defined at each node. Note the velocity is defined on

a staggered time grid from the other variables. In between each node lies a cell, in which the
density at time " between nodes ri and ry/,, is defined as pj ., ,. To assign the initial data,

n n
Ttk
2

we associate the spatial point TZH/Q = to each cell and take p,lﬁl/2 =p (r,iH/Q, 0),
where p(r,0) is defined in (4.1)). After the initial density is assigned, the mass my4q/2 can
be assigned to each cell and is set to be constant in time. The mass at each node for k > 1
is defined as my; = % (mk+1 2+ my_y /2). Initial geometric quantities, such as the surface
area of spheres with radii prescribed the nodes and the volume of the cells, are computed.
The initial time step is defined such that sound cannot cross a cell in a single cycle, which
requires

Y

At" = y¢ min
'
ISkSN - €y

where ¢} is the speed of sound (2.5)) and yo = 0.5 is selected to be the Courant Number.

The Lagrangian leapfrog method begins by advancing the velocity of each node. The
update is formed by discretizing the Lagrangian formulation of (2.20)),

Do
— = -VP, 5.2
T (5.2)
where % = % + vd% is the material derivative. The discretization of (/5.2)) becomes
An
n+1/2 n—1/2 n n n
Uk / :Uk / —At m_l;;(Pk—O—l/Q_Pk—l/Q)’

where A} is the surface area of the corresponding dimensional sphere with radius 7} and
P Jo I8 the pressure. In the isentropic case, pressure is related to density via (2.15) and is

n

g
discretized as P, o = <PZ 1 /2> . Next, each node advects with the new velocity by

n+l _ n n_ n+1/2
re =1+ Aty
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tn+1

3 /20 VO - - tn+1/2

Pk—1/2 Pk+1/2
@ t"
Tk—1 Tk T'k+1

Figure 5.1: The stencil for the Lagrangian leapfrog method. At integer time levels, the
position is defined at the nodes (filled circles) while the density is defined on the cells in
between the nodes. The velocities are defined on nodes at fractional time levels and are
represented as arrows. In Lagrangian numerical methods, the nodes move with the computed

velocity.

Geometric quantities are recomputed using the new node positions. To compute the new

density, we use the fact that the mass is assumed to be conserved for each cell and define

n+l ME+t1/2
Prt1j2 = Jntl
k+1/2
where 1/,3::1/2 is the volume of the annulus bounded by spheres with outer radius T‘ZLI and

inner radius TZH

. Finally, the time step is recalculated by equation (/5.1)) at time index n+1.
A stencil describing the location of variables in relation to the nodes and cells is shown in

Figure |5.1

Adaptive mesh refinement first occurs when p(r;(t),t) starts to become a relative max-

imum. Once this occurs, r; is identified numerically and saved as r; = 7’1“1/ 2, where
i = argmingc,oyiq UZH/ 2 At every subsequent timestep after the Lagrangian leapfrog

steps are finished but before the next time step is computed, r; is calculated. If the current
r; is a user set fraction of the previously saved r;, then adaptive mesh refinement occurs
and the new r; is saved. When adaptive mesh refinement occurs, all of the cells up to node

1 are halved such that a new node is placed at the midpoint of every old node, given by

5



tn—i—l

t’n

Figure 5.2: A schematic showing how adaptive mesh refinement is performed. Nodes - the
filled circles - advect from time " to t"*!. The dashed line shows the movement of ry(t).
When adaptive mesh refinement occurs, all of the cells in between 0 and r;(t) are split. A

new node - indicated by the unfilled circles - is added as the midpoint of the old nodes.

o = 2(rgM 4+ M) ) where “new” refers to the nodes after mesh refinement and “old” refers
to the nodes before mesh refinement. Figure 5.2 shows an example of the mesh refinement
process. Data is assigned to all of the new nodes by assuming the Kidder solution (2.39)

applies at these nodes. The velocity on the new mesh is defined as
VRV = pPldpRew (5.3)

and then density on the new mesh is defined as
new n+l
new old 7’]‘3"‘1/2
Pr+1/2 = Pi—12 | —o@ : (5.4)
Tit1)2
The reassignments in (5.3) and (5.4) are constructed directly from the data without using
the time. This is done to avoid any propagation of errors associated with computing the time
especially close to implosion time. After the new mesh is defined, the mass is recomputed

on the new cells, along with geometric quantities.
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CHAPTER 6

Uniqueness of the Cutoff Implosion

Solution

We discuss uniqueness of the cutoff implosion solutions in this section by appealing to the
Weak-Strong Uniqueness results introduced by and [DiP79] and exposited in [Dafl6].
In 1D, we can directly apply Weak-Strong Uniqueness to show uniqueness of the cutoff im-
plosion solution by selecting a special entropy and entropy flux pair. For higher dimensions,
we cannot do so and instead give a heuristic argument for why the cutoff implosion solution

should be the unique solution.

For a system of m conservation laws in R"
OU + " 0uGalu(z,t)) =0, (6.1)
a=1

where x € R” and u(z,t) € R™, the functions ®, ¥ are an entropy and entropy fluz pair
respectively if they map from R™ — R, & is convex, and the pair satisfies the entropy

inequality
O(u)+ V- ¥(u) <0. (6.2)
Satisfying the entropy inequality is equivalent to satisfying DV, (u) = D®(u)DG,(u) for

a = 1,---,m. Inequality (6.2)) is an equality when u is a sufficiently smooth solution of

(6.1).
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The entropy inequality also restricts which shock solutions are admissible, analogous
to the second law of thermodynamics enforcing entropy to be non decreasing. The entropy
stemming from hyperbolic conservation law theory is related to thermodynamic entropy as in
many physical systems, the entropy of hyperbolic conservation law theory is taken to be the
negative of thermodynamic entropy. For the isentropic Euler equations, the most commonly
used entropy is the total energy F = %p\UP + %p” with entropy flux Ev+ Cp?v. Note the
total energy is not strictly convex as it loses convexity at vacuum, p = 0. However, in the

3

specific case of n = 0, v = 3, we employ the entropy ®(p,v) = %1)2 + 5,02 and corresponding

entropy flux ¥(p,v) = 3v* 4 3p*v which is strictly convex everywhere.

Returning to Weak-Strong Uniqueness, the theorem of and [DiP79] is paraphrased
as follows from [Daf16]:

Theorem 6.0.1. Assume the system of conservation laws is endowed with an entropy-
entropy fluz pair (®, V) where D*®(U) is positive definite on O. Suppose U is a classical
solution (locally Lipschitz continuous and solves (6.1)) of on [0,T), taking values in a
convex compact subset D of O, with initial data Uy. Then, U is the unique admissible weak

solution on [0, T) of (6.1) with initial values Uy and values in D.

In the 1D case, by using the previously described entropy pair (®,¥) and given the
constructed solution in equations (3.11]) and (3.12)) is bounded and locally Lipschitz on all of
R for ¢t € [0,1), we conclude the constructed rarefaction solution is the unique weak solution

on this time interval.

In higher dimensions, equations (2.19) and (2.20) can be written in the form of (6.1):

pr+ V- (pﬁ) =0, (63)

(p0)+ V- (pt@ U+ Cp'I) = 0.
Even if we assume our solution is piecewise differentiable and thus locally Lipschitz, we
cannot directly apply the result due to the unboundedness of the solution as ¢ — 1 and
the total energy not being strictly convex on the whole domain. In particular, the total
energy loses strict convexity at the origin where the density remains zero for all ¢ < 1. We
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work around this issue by applying the result to a neighborhood around the cutoff point.
Specifically, for any fixed time 7" < 1, on the shell [a, b] where 0 < a < r* < b, the density
is bounded from below by a constant depending on 7" but strictly greater than zero. This
avoids any issues with loss of strict convexity of the associated entropy, and we may directly
apply the theorem thereby stating the constructed solution is the unique weak solution up
to T < 1 on [a,b]. While this discussion is not a rigorous treatment of uniqueness, it does
suggest our constructed solution to the cutoff implosion problem in higher dimensions is the

unique solution stemming from the cutoff implosion initial data.

79



CHAPTER 7

Conclusion

In this thesis, we studied implosions to the isentropic, compressible Euler equations with
radial symmetry. Our cutoff implosion initial data is formed by continuously cutting off the
Kidder solution constructed in Chapter The qualiative behavior of the cutoff implosion
solution differs dramatically based on dimension. Chapter [3| studies the 1D case where the
implosion is suprssed by a rarefaction growing from the cutoff position. A complete analyti-
cal solution can be found in 1D up until the time when the rarefaction arrives at the origin.
On the other hand, Chapter |4/ shows for any dimension higher than 1 the “rarefaction”
emerging does not supress the implosion. A region of influence argument is applied to show
this and we also show the implosion approaches a self-similar limit close to implosion time.
The theoretical predictions of Chapters|3/and |4} are supported by numerical simulations done
by the Lagrangian leapfrog numerical scheme. Adaptive mesh refinement is used for higher
dimension simulations to provide high resolution into the blowup regime. Chapter |5| de-
scribes the numerical implementation of Lagrangian leapfrog and adaptive mesh refinement.
Uniqueness of the cutoff implosion solutions is addressed in Chapter [6] rigorously for 1D and

heuristically for higher dimensions.

In 1D, we discover that the effect of the cutoff leads to a growing rarefaction wave that
emerges from the cutoff position and eventually dominates the imploding part of the solution.

This is an interesting phenomenon on its own. The rarefaction similarity variable arising
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in the cutoff implosion solution is nonstandard. Our rarefaction variable also encodes the
original implosion time within itself. In the derivation of the rarefaction, this arises as a
byproduct of taking the left state to be the time varying Kidder solution. The emergence
of the unusual rarefaction variable in a fairly simple problem is interesting and warrants
further exploration. We began the investigation by hypothesizing whether the finite speed
of propagation of the cutoff will reach the origin and disturb the Kidder solution. However,

regardless of where the cutoff is positioned, the Kidder solution vanishes.

In higher dimensions, implosion still occurs and we showed the bifurcation between im-
plosion and non-implosion of the cutoff implosion solution is sharp in dimension. The bifur-
cation indicates a feature inherit in the geometry of higher dimensions causes the implosion.
Although non-integer dimension is physically uninterpretable, the radially symmetric, com-
pressible Euler equations formally admits non-integer n in . The sharp difference in
behavior from 1D to any higher dimension indicates the cause may be focusing at the origin
in higher dimensions. We comment we see no restrictions on how large n can be from our
analysis. Exploratory numerical investigation shows the predictions made in this paper holds
for non-integer n and large n. It may be interesting to consider the ramifications of this work

in the limit as n approaches infinity:.

The motivation behind continuously cutting off the Kidder initial data is to determine
whether it is necessary to have unbounded density in the farfield and still maintain implo-
sion. In the Kidder solution, all Lagrangian particles arrive at the origin at implosion time
regardless of their initial position. These farfield behaviors render the Kidder solution diffi-
cult to directly apply for physical implementation. The analysis done in higher dimensions
shows the farfield can be replaced with a much milder farfield condition of constant density.
This reveals the mechanics of the Kidder implosion does not rely on an infinite stream of
fluid to the origin from the whole domain and can be achieved with a finite amount of fluid

on a finite region.

We show close to implosion time the solution asymptotically approaches a self-similar
profile. We emphasize these numerically found solutions which are asymptotic limits to

the cutoff implosion solution are ezact self-similar solutions for y > 1. To complete the
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description of the self-similar profiles, one must understand the profiles for 0 < y < 1,
corresponding to radial coordinates near r = 0. Recall in [SWW25] the authors construct
smooth self-similar solutions for a sequence of blowup exponents s,, — s*, where s* is exactly
the blowup exponent considered in this work. A complete description of the self-similar
profile could provide insight since it may act as the limiting profile to the sequence of smooth
self-similar solutions of [SWW25]. Additionally, one may use the full self-similar profile as

initial data for hydrodynamic simulations.

Numerical simulations support the predictions made in this work. The fact the cutoff
implosion solution and its landmark features can be accurately computed in both 1D and
higher dimensions may make it a candidate to be a numerical test problem. Aditionally, the
fact the cutoff implosion problem can be numerically computed promising indicator of the
numerical stability of the cutoff implosion solution. In contrast, the solution of is
numerically unstable as shown by [Bia21]. One of the marked differences between the cutoff
implosion solution and the implosions of is the implosion point
in the cutoff implosion solution is non-stationary. A heuristic explanation given in terms of
potential flow in Chapter |2 argues why stationary implosions may struggle with instability.
Given the cutoff implosion solution seems to enjoy numerical stability properties, searching
for imploding solutions where the implosion occurs at a traveling point may be a fruitful

strategy.

One example of further numerical investigation is to generalize the cutoff imploding
solution to arbitrary . A generalized version of the Kidder solution for arbitrary v and
n can be found in [Ramll]. However, their functional forms are given by the inverse of
the incomplete beta function. We predict many of the arguments relying on derivations
involving explicit forms done in this work may not be possible, encouraging the use of

numerical simulation for exploration.

After the left characteristic wave emerging from the cutoff reaches the origin, it is natural
to ask whether it is possible to continue the solution. For 1D, this takes the form of a double
shock structure. For the higher dimension case, this corresponds physically to an explosion

and works such as [Gud42] and [CCS26] consider such explosions originating from implosions.
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The explosion solutions have shocks emerging from the origin. Mathematically, the result
of [CW22] guarantees the global existence of weak solutions to the cutoff implosion initial
data. Studying the explosion that emerges from the implosion considered in this work could

give greater insight into the physical interpretation of the solution.

Another direction is to consider smoother cutoffs, after it has been established the Kidder
implosion does not require unbounded initial data in the far field. The solution presented
in this work is a weak solution in the sense it is not continuously differentiable. A smoother
way of connecting the Kidder solution to a constant or bounded density in the far field could
possibly incur implosion as well. We give explicit constructions of differentiably connected
initial data in the n = 1 case. Consider the “reflected parabola” initial data

(

o if0<r<2

p(r,0) =< —Lr—4242 if2<r<4 (7.1)

1
4

2 if4<r

\

or the “hyperbolic tangent” initial data

r? i0<r<2
p(r,0) = (7.2)
tanh(r —2)+1 if2<r
starting from rest. Both examples are C! but not C?. The reflected parabola initial data
connects to a constant for » > 4, while the hyperbolic tangent initial data is instead bounded.

Numerical simulations using these initial densities are displayed in Figure [7.1], giving numer-

ical evidence for possible implosions using the smoother initial conditions.
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2.5

Figure 7.1: Numerical simulations of Isentropic Euler using the initial density (7.1)) (dashed)

Density vs. Position at time t = 0.999 (s)
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and (7.2)) (dotted) suggest possible implosion as ¢ approaches 1.
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APPENDIX A

Equivalence of Self Similar Systems

In this appendix, we show the non-autonomous system (4.20) is the same as the non-
autonomous system instantiated in [Gud42] and elaborated in [MRR22a] by comparing sys-
tem (4.20) to the notation and derivation presented in [Bia

First, rescale system (4.20]) by dividing the top equation by A"*? and the bottom equation
by A? where A is defined in (4.17)). We also rescale p and © by setting p = A%H and v = —%
(the negative rescaling is to match the definition of the self-similar ansatz for velocity in
MRR22a]). In doing so, the initial conditions for p and v in (4.15) no longer depend on r*.

After the rescaling, system (4.20) becomes

A . .. npo

Sh ey + () + 2 =0,

A v (A1)
ﬁ)\A 1 A Ay—2 Al
a1 +yv" + 00 +yp"p = 0.

Note we have defined pressure with constant C' = 1 while C' = 2=% in [MRR22

)

Let s* denote the inverse of the (1 — t) exponent in 7(t), so

. 2
T T It () (A4.2)

The exponent s* is denoted as r in [MRR22a] and [Bia2I]. Note the value of (A.2)) is the
upper bound of the blowup exponents in [MRR22a] and [SWW25]. Recall g = #1 which

is equal to % = 7;—1 The final step to show equivalence between the systems is to show the
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coefficients % and % in front of p in the top equation and v in the bottom equation of (A.1)
are {(s*—1) and s* — 1 respectively. Recalling the value of % from (4.27]), we compute s* — 1

and see

«_q 1—+vn+1
sF—1=—-—
14+vn+1

confirming 4 = ¢(s* — 1) and % = s* — 1. Thus, we have established the equivalence of the
non-autonomous systems and presented here and in the literature. The autonomous systems

are subsequently equivalent by applying the same Emden transform to both.
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