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ABSTRACT 

A model is discussed in which a fissioning nucleus is represented 

by an idealized charged liquid drop whose shape is constrained to the 

family of shapes generated by two overlapping or separated spheroids. 

On the basis of this model, one can calculate, among other things, the 

distribution of total translational kinetic energy of fission fragments. 

The dynamics of the separation of two completely symmetrical drops was 

studied using an IBM 7090 computer to integrate the classical equations 

of motion. For this restricted case it was found that the final transla-

tional kinetic energy is approximately related in a very simple way to 

the initial conditions at.the saddle point. The distribution of initial 

conditions at the saddle is determined by transforming to normal.coordi-

nates and assuming statistical equilibrium. This results in a Gaussi8.n 

probability distribution for each coordinate and conjugate momentum, 

with a temperature-dependent width. From this and t4e above-mentioned 

relationship between kinetic energy and initial conditions, the distri-

bution of f~nal kinetic energy is determined. For a range of nuclei, 

the experimentally observed most probable kinetic energy is compared with 
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that predicted by the model. Also, the predicted variation of the 

width of the kinetic-energy distribution with nuclear temperature 

. is compared with preliminary experimental data. 
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I. INTRODUCTION 

I will discuss a model first suggested by Swiatecki in which 

a fissioriing nucleus is represented by an idealized charged drop whose 

shape is constrained to the family of shapes generated by two overlapping 
.1 

or separated spheroids (ellipsoids of revolution). The mOdel is 

described here from the ,Point of view of calculating the distribution 

of total translational kinetic ·energy (KE) of fission fragments. 

Various other distributions associated with the fission process, such 

.as the distributions of excitation energy and rotational energy of the 

fragments, are also being calculated on the basis of the model. 

Previous discussions of the liquid-drop model have been largely 

concerned with the static properties of char~ed drops; i.e., the 

calculation of their potential energy (FE) as a function of deformation ... 

However, the properties of the division of a drop are not determined by · 

the PE alone; a complete theory must include dynamics as well as 

2 
statics. 

In the model discussed here, dynamic~ is included by calculating 

the KE of the system and solving the corresponding equations of motion. 

Statistical mechanics is employed to determine the initial conditions 
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for thE~ solutions to the equations of motion. It should be emphasized 

from the beginning that the present formulation of the theory is 

essentially classical, with quantum mechanics being introduced only to 

determine the initial conditions. 

II. I{)TENTIAL ENERGY OF THE SYSTEM 

The model is actually a sub-model within the framework of 

existing liquid-drop theory; the nucleus is consequently assumed to 

be uniformly charged and to possess a sharp surface, with hydrodynamic 

flow that is incompressible, nonviscous, and irrotational. The PE is 

then simply the sum of a surface energy and a Coulomb energy. For the 

restricted case of complete symmetry considered here, the system 

(wh<?se shape, recall, is generated by two overlapping or separated 

spheroids) is completely specified by two coordinates. 3 The separation 

coordinate is the distance between the centers of the-two spheroids, 

while ~. , the semi-major axis of either of the spheroid.s, measures 

fragment distortion. (The semi-minor axi~ of either spheroid is deter-

mined by volume conservation.) Figure 1 illustrates the configuration 

of the system cor:r:-esponding to various values of the coordinates• {The 

unit of length is RO , · the radius of the original sphere. Here 

R0 = r
0 

Al/3, where A. is the number of nucleons and r 0 :: 1.216 em. 
4) 

The surface energy is easy to calculate, being expressible in a closed 

form.for all values of and ~· In order to calculate the Coulomb 

·.energy, on the other hand, a double multipqle · summation is required for 

the seJiarated region, 1 while a double integral must be evaluatednumeri

cally for the o~erlapping region. 
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Figure 2 shows the PE surface corresponding to a selected 

value of the fissionability parameter x , given b; 

X :;: 
' 

(1) 

.where Z 2 4 
is the number of protons and· (z /A)crit ::_ 50.13 • (The 

unit of energy is Es(o), 

where Es (o) =as A2/3 , 

the surface energy of the original sphere, 

with 4 
as~ 17.80 MeV. ) Note· the presence of 

the cusp at the scission line q1 = 2% . • This results froni the discon-
. 

tinuous rate of change of the surface energy as the system passes from 

the configuration 9f overlapping to separated spheroids. Note also that 

.for this case the saddle point (SP) lies on the scission .line 

_q
1 

= 2~ , possessing the shape of two tangent spheroids. ~is is a 

characteristic feature of all PE surfaces in this model for x S 0.80; 

as · x decreases 'from 0.80, the SP moves downward along the scission 

line until the configuration of' two tangent spheres is reached at 

x = · 0 ~ For values of x ~ o.8o, the SP breaks away from the scis.sion 

line and occurs for some value of q1 < 2~ ; i.e., the SP shape is 

the COnfiguration Of tWO OVerlapping spheroids. Af;3 X approaches 1.0 1 

the SP moves toward the spherical configuration. · · 

This behavior of tne SP_ · spapes ag~~~s g;ua.J..JJ,tat.iy~iY with that · 
~ ' . ' . . . . . . . ' . 

observed by Cohen arid Swiatecki .in a calcuJ..ati'on employing a large nUil1ber 
. 6 . 

of degrees of freedom. They found that for x ~ 0.67 the SP shapes 

are essentially dumbbell-like (approximated by two tangent sph~roids), 
. . 

whereas fo:r. x ~ 0.67 .they are cylinder-like (approximated by two 

overlapping spheroidf?). ··Although the qualitative behavior of the model's 



UCR.L-10695 

-4-

SP shapes is correct, the tr11e transition region occur;3 at x ::::. 0.67, 

wherc:.w in the two-Gpheroid model it is at x :::. 0.80. Thus, for describing 
' 

phenornena ass9cia tecl -with SP shapes, the tva-spheroid model is not 

valid for 0.67 :5 x :5 0.80. Nevertheless, the model is stHl usefu~ 

for this range of x for di:3cuscing phenomena not related to the SP , 

such as the separation of the. fragments after scission. > r For ·x ""' O.uo, 

the model again yields SP shapes that are qualitatively correct. The 

two-spheroid mod.el cannot, of course, be used to describe ternary fission, 

which in actual nuclei may become important at high x. 

III. SOLUTION OF EQUATIONS OF MOTION 

The total KE of the system· j_s given by an integral over the 

nuclear volume o:f one-half the r:l<:1-:::;s d.ensity times the square of the 

local fluid velocity. For incompress:l.ble, nonviscous, irrotational 

floi-r, the integration may be performed approximately by using Wheeler's 

method. 7 This yields a closed expression for the KE. as a function 

of the coordinates, CJ.l and and their time derivatives, 

~ • Ih the region of separated spheroids, Wheeler's method gives the 

exact hydrodynamic result. The total I<E in this region is then simply 

t'he KE of separation of the centers of mass of the spheroi<ls (trans

lational KE) plus the ·KE of oscillation of ~ach spheroid about its 

own cente::::- of mass (vibrational KE). 

From the equations for the potential and kinetic energies the 

8 
classical equations of motion are determined in a straightforward way •. 

Using a Hamiltonian formulation, one obtains'four first-order differential 

equations, which are solved numerically on an IBM 7090 computer. Thus, 
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for a given set of initial conditione, a uni~ue solution to the e~uations 

of motion is obtained. 

The solution for x = 0.70 corresponding to starting from rest 

at the SP is indicated in Figs. 1 and 2, where the points along the 

path are e~ually spaced in time at intervals of 5 X 
-23 10 sec • 

The.motion of the system is a fairly rapid oscillation of the fragments, 

superimposed on a separation of their centers. Carrying the solution 

out to infinity, one finds what part of the initial interaction energy 

goes into translational KE and what part into vibrational KE • We 

will see later that under .certain assumptions the most probable set of 

initial conditions is the one from rest at the SP ; the translational 

KE resulting from this path will be clos~ to the most probable KE • 

If the initial conditions specified starting from rest on the scission 

.line at a point above the SP , then the path would oscillate with greater 

amplitude, resulting in greater vibrational KE and less translational 

KE • Conversely, starting from rest from a point on the scission line 

below the SP leads to less oscillation and therefore greater transla-

tional KE • Initialconditions corresponding to starting from the scis-

sion line with nonzero velocities· ~l .and ~ lead to paths that are 

~ualitatively similar, but yet modified somewhat by the additional 

velocities. 

A consideration of the solutions corresponding to a large 

number of combinations of initial conditions indicates that, when the 

SP is on the scission line, the final translational KE is approxi-

mately related in a very simple way to the ini~ conditions. For a 
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given value of x , this relationship is 

' 
(2) 

where E is the final translational KE of both fragments, E0 is its 

most probable value, a is a constant; ~ is the reduced mass of the 

two spheroids, q1 is the initial value of the translational velocity, 

and is the initial value of the distance from the SP measured 

along the scission line (see Fig. 1). To a very good approximation, 

E is independent of the initial vibrational velocity ~ Note the· 

reasonableness of this expression; E 
.. 

is just the final translational 

KE that would result from .two effective po:i:nt charges initially 

separated a· certain distance and moving with relative velocity q1 .• 

The considerations thus far have been limited to the case of 

nonviscous .irrotational flow. Although it is difficult to discuss the 

dynamics of a fluid with arbitraryviscosity, the o-ther limiting case 

of infinite viscosity is very simple. Infinitely viscous fragments 

would simply separate to infinity along a line of constant without 

oscillating. The final translational KE would then equal .the initial 

interaction energy of the tangent spheroids. This limiting case would 

be approached physically if the fragments were sufficiently viscous 

such that their period of oscillation was large in comparison with the 

time .. of separation. to a few nuclear diameters. 

These two limiting situations are co!jlpared in Fig. 3, which 

. shows for each case the dependence on x of the most probable trans-

lational KE. Note that the translational KE· that would result i:f the 
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fragments are extremely viscous· (top curve) is larger than the KE 

corresponding to nonviscous fragments with irrotational flow (solid 

curve). The difference between these two curves represents the 

portion of origir~l interaction energy which, for the nonviscous 

irrotational case, is converted into vibrational KE rather than 

translational KE • .The short-dashed curve is the re$ult obtained 

using the very simple approximation that the KE is equal to the 

product of the charges· of the spheroids divided by the initial_distance 

· between their centers. Of course, this is equivalent to replacing the 

oscillating spheroidsby two rigid spheres whose centers initially 

coincided with the spheroid centers. That this procedure shouldgive 

a re$ult which is close to the nonviscous irrotational limit is 

physically very reasonable, since the fairly rapid·oscillations of 

the fragments tend to cancel the opposing effects of the prolate and 

oblate shapes. For comparison, the recent experimental points of 

Viola and Sikkeland are also shown.9 

. . . 

IV. DISTRIBUTIONs· OF INITIAL.CONDITI0NS 
c • • ·,. ,, ',. •• • 

..... . · 

We pave app:ro~imately solv,ed ~lw .E:lq~:t;ion.s: Qf moti<;>n in. term$. 
. . .. ' ' .. , .··· ,: 

. . 

of given init;i.a::).. conditipns at. the sP.-:. ~he ques.t:).'on:: J;lOW arises of 

what initial conditions to use. The conditions at the SP will in 

general depend upon the past history of the system in a way that 

cannot be predicted from SP considerations alone; it would then be 

necessary to consider .the pre-SP motion Of the system. Studies along 

these lines were performed by Hill, 2 and have also been considered in 
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the two-spheroid model. A simplifying limiting case that eliminates 

the need for discussing the pre-SP motion is the assumption of 

statistical e<luilibrium at the SP • Without committing ourselves as 

to the validity of this assumpti.on, ·We will trace out its conse<Iuences 

with regard to KE distributions. 

A normal coordinate transformation is performed at the SP 

which defin~s a new set of coordinates and in terms of 

and ~· The relationship is indicated in Fig. 1; is the 

coordinate in the "fission direction" (approximately an overall 

q 
1 

separation of the fragments), with s 
2 

corresponding to vibrations 

about the SP in which the spheroids remain tangent. In terms of .the 

. normal coordinates and their time derivatives and 

PE , and the KE are simultaneously diagonalized (i.e., the cross .terms 

and do not appear) at the SP. The Hamiltonian .for the 

system thus separates into a sum of two terms, one involving only s
1 . 

and s1 , with the other being a function of only arid 

Physically, the motion of the system at the saddle separates into two 

independent modes which may be discussed separately: motion in the 

fission direction and vibrational motion in the direction 

The time has been chosen to be zero when the fission coordinate 

is zero. This leaves the distribution of initial values of s· 1 , 

s2 , and· s
2 

to .be determined. If we assume statistical e<luilibrium 

at the saddle, the classical probaMlity distribution of. s1 is proper-
1 . • 2 . 

tional to exp(- 2 .~ s1 /6) , where · .~ is the effective mass for . . 

motion in the s
1 

direction, and e is the nuclear t~mperature at 

the SP (measured in units of energy) • 
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Recall that the entire discussion up' to this point has been 

purely classical. Quantum mechanics is. now introduced to determine 

the distributions of initial conditions for the vibrational coordinate 

and velocity and 10 
s2 • We thus consider the ~uantum-mechanical 

solution of the vibrational motion at the SP • To lowest order in 

s2 , the term in the Hamiltonian corresponding to the s
2 

motion is 

= ' 
(3) 

where K2 is the second derivative of the PE with respect to s2 

evaluated at the SP , and M2 is the effective mass for motion in 

the direction. Of course, this is just the Hamiltonian fora 

simple harmonic oscillator. The solution of this part of the problem 

thus yields the harmonic-oscillator wave functions ~n(s2 ) with 

corresponding energy levels E = 
n 

1 (n + 2 )h w2 , where ":t'l is Planck's 

constant divided by 2:rc , and ru2 is the angular fre~uency, given by 

(K2/~)l/2 

The ~uantum-mechanical probability that the system initially 

is at position s
2 

is then given by. 

= 
00 

.E 
n=O 

p 
n 

(4) 

where P is the probability that the oscillator is in the quantum
n 

mechanical state 
11 

n • The factor gives the probability 

. that an oscillator known to be in the state n has position coordinate . 

s2 • The assumption of statistical e~uilibriurn at the SP implies 
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. that p 
n 

is proportional to exp(- E je) . If we substitute this for 
n 

Pn and use properties of the harmonic-oscillator wave functions \jln , 

the infinite summation (4) yieldsl2,l3 

} (5) 

where the temperature-dependent constant C is given by 

ii (.l)2 f 26/JS ' e >> 1'1~ 
c = coth('fl w2 /28) --i> 

K2 J11 w2/~ ' 
e· << -n w2 • 

~ 

(6) 

Note that for high temperatures P(s2 ) reduces to the classical 

1 2 ' 
probability distribution proportional to . exp(- 2 K2 s2 /9); in the 

low-temperature limit, it reduces to the distribution for the quantum-

mechanical zero-point motion of a harmonic oscillator, proportional to 

r 
l 1 2/(1""' )l exp - 2 K2 s2 2 'Il w2 l 

.l 

An analogous probability dfstribution for s2 is obtained by 

solving Schrodinger 1 s equation for the 

representation. The result is12 

motion in the momentum 

where 

I 

C' 

= ( 
I ) -l/2 n c 

• 2 .,_ 
exp(- s2 /C · ) · , 

with corresponding J:?,igh- and low--temperature .limits. 

(7) 

(8) 
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V. DISTRIBUTION OF TRANSLATIONAL KINETIC ENERGY 

We have now determined two things: (1) an approximate formula 

for the final translational KE in terms of the initial conditions at 

the SP [Eq. (2 )]~ and (2) the probability distributions for these initial 

conditions. The distribution of translational KE is then given by 

an appropriate multiple integral over the distributions of initial 

conditions. Through a ·change of variables, the expression is reduced 

to a single integration, which must be evaluated numerically. 

Before examining distributions calculated with this complicated 

result, let us derive a simple expression for the KE distribution in 

· which only the lowest-order contribution is considered. If we neglect 

the dependence of E on the initial velocity ca1 entirely, a Taylor 

expansion about the :position of the SP gives 

E ( ddE ).0 s2 
.s2 

(9) 

The :probability distribution for the final total translational KE is 

.then independent of P(~1 ). an~ ,:1?(~2 ) , beinW det.ermined solely by 
·, . : ' '. .• 

P(~2 ) One obtains, u:pon s;uosti tuting for . s
2 

·· in (5) , .· 

P(E) = 1 

!
-...... dE 2J: 1/2 " C( -· . ) . ds2 0 

:. ex:p [- (E E< l 
c( dE ) J ds

2 
0 

Thus, t~ lowest order, the KE distribution is a Gaussian centered 

about the most :probable value E0 , with a ,full width at half maximum 

(FWHM) proportional to c1/ 2 (dE/ds2 )0 

The temperature dependence of the constant C reflects itself 

(10) 
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in a FloJIIM of the KE distribution that is also temperature-dependent. 

' As the temperature approaches zero, the FWRM approaches a finite value 

determined by the quantum-mechanical zero-point vibrations of the · 

oscillator in the s2 direction. Although the magnitude of the zero

point FltliM follows directly from our equations} the physical reason 

for its largeness can be more easily seen from Fig. 4. The solid c1rrve 

indicates the dependence of the KE on the initial value of s2 

(for q
1 

= 0) , while the dot~dashed curve is the lowest-order approx

imation to the PE of the system (along the scission line s
1 

= 0). 

Note the relative flatness of the PE ; this results from the 

near cancellation of the opposing effects·of the surface and Coulomb 

energies near the SP • The value of the PE at which the probability 

of initially finding the system falls to one-half its maximum value is 

shown by the dotted- line. (This value of · PE is an increase of 

from the minimum. The calculated 

vibrational frequency ·n ro
2 

is "' 0.8 MeV • ) The relative steepness 

.of the KE curve means that this very small uncertainty "' 0.3 MeV 

in the PE is "amplified" into a rather large zero-point FWHM "'12 MeV 

in the KE.l4 As the n;uclear temperature increas·e~ the uncertainty in 

PE increases} resulting in a larger FWHM. 

Shapes of KE distributions calculated using the original 

expression (2) .for E and taking into account. ali :three distributions 

of initial .. conditions are shown in Fig. 5. .These curves are very 

·similar to curves calculated using the simple expression (10), indicating 

that the.lowest-order approximation is fairly gobd. Note the increase 
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in width as the nuclear temperature increases. 

The predicted variation of the FWEM of the KE distribution 

with nuclear temperature is compared with preliminary experimental 

data in Fig. 6.15 

compound nucleus 

16 

The solid circles are the data of Plasil16 fo·r the 

82Pb
198 , formed by the heavy-ion bombardment of 74wl82 

by 8o • Data for the compound nucleus At213 formed from the 
85 ' 

. 4 .209 17 
reaction 2He + 83B1. , are indicated by the open circle (Burnett) 

18 
and the open square (Unik, et al.). The value of the ·fissionability 

parameter x for both compound nuclei is 0.677. 

The reported experimental values have been corrected for the 

effects of dispersion due to neutron emission. For the higher temp-

eratures, where several neu-trons 13.re emitted from each fragment, this 

correction is rather large (~ 8 MeV). The nuclear temperature is 

determined in terms of the excitation energy at the SP from the 

semi-empirical nuclear equation of state19 

(11) 

The excitation energy at the SP is in turn given by the total bombarding 

energy in the center-of~mass system, plus the binding energy of the 

projectile to the target, minus the liquid-drop fission-threshold· 

energy. The effect of angular momentum on the threshold energy has 

b . t k . t . t f th h . ' d d t. 20 Th een a en J..n-o accoun or e eavy-1.on-1.n uce reac 1.ons. e 

error bars reflec:t, in addition to experimental errors, uncertainties 

in the conversion from bombarding energy to nuclear temperature and in 

the correction for neutron-emission effects~ 
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Experimental points at lower and at higher excitation energies 

would be extremely valuable. If the "flattening" of the curve to a 

constant value at low temperatures and the linearity of the curve at 
'c 

high temperatures could be verified- experimentally, two of the theory's 

major :predictions would be confirmed. At extremely low excitation 

energies, fission cross section~ of course, become so small that experi.,. 

mental difficulties are encountered. 

VI. DISCUSSION AND SUMMARY 

We have discussed a very simple sub-model of the li~uid-diop 

model in connection with the calculation of fission-fragment KE 

distributions. A step beyond the usual li~uid-drop "static" 

discussion of PE surfaces has been takenby considering the dynamics 

of the separation of the fragments. From results of this study, we 

have calcul.;:J.ted- the most probable KE and also;, for the limiting case 

of statistical e~uilibrium at the SP , widths of KE distributions. 

The preliminary comparisons of calculations with experiment suggest the-

following conclusions. The order of magnitude ofthe experimental 

most probable kinetic energies and widths are reproduced by the ca_lcu-

lations. This is perhaps the most significant result, since there are. 

Q£ adjustable parameters in the theory. (The constants of the Bethe-

Weizsacker semi-empirical mass formula have been taken from Green's 

. 4) analysis. The experimental trend of the most probable KE with 

fissionability parameter in Fig. 3 also seems to be approximately 

' 
reproduce~, but there are indications of systematic deviations outside· 

the experimental errors. Although the experimental increase in widths 
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with nuclear temperature in Fig. 6 is roughly in accord with theory, 

the trend is not sufficiently well defined to make the approximate 

agreement very signif'icant.21 

On the whole, preliminary comparison with experiment suggests 

that the limitations of the liquid-drop model- in its simplified two

spheroid approxirr.ation- are not yet in evidence to a serious degree. 

The kinetic-energy·distribution discussed in this paper is only one of 

some half-dozen distributions of fission properties that may be 

deduced from the two-spheroid model (in its more general asymmetric 

noncollinear form). It is hoped that by comparing the predictions of 

·several different types of fission distributions with experiment, some 

idea of the relevance of the liquid-drop model for discussing f~ssion 

phenomena can be obtained. It is also hoped that some conclusions can 

be reached regarding such questions as the viscosity of nuclear matter 

and the establishment of statistical equilibrium at the SP • 
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initial condition:: with solutions to classical eq_uations of motion 
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FIGURE LEG ENDS 

Fig. 1. Symmetric two-spheroid configurations for selected coordinates 

(marked by + ) . The solution of the equations of motion for 

x = 0.70 corresponding to starting from rest at the saddle point 

is indicateu by the points. The normal coordinates at the saddle 

for this value pf x are designated by s
1 

and s
2 

. 

Fig. 2. Map of the potential energy for x = 0.70 • The solution of 

the equations of motion corresponding to starting from rest at 

the saddle point is indicated by the points. 

Fig. 3. Most probable fission-fragment translational kinetic energy 

as a function of x.. The three curves shown are for infinitely 

viscous fragments (top curve), fragments with nonviscous irrota-

tional flow (solid curve), and a simple approximation to the 

latter (short-dashed curve). The data are those of Viola and 

Sikkeland. 9 

Fig. 4. Illustration of the effect of zero-point vibrations on the width 

of the KE. distribution. The relative flatness of the PE (dot-

·dashed. curve, right ordinate) means that an extremely small uncer-

tainty in PE "'o .. 3 MeV is amplified into a rather large zero-

point FWHM "' 12 MeV. in the KE (solid curve, left ordinate). 

.The normal coordinate 

= 

at the initial sphere. 

s
2 

is given al~ng the scission line by 

(-{5/2 )(q1 - ql SP). The zero of PE is 
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Fig. 5. Calculated fis :.1-fragment translational kinetic-energy 

distributions for ·ious nu~lear temperatures. 

Fig. 6. Full width at ha.lf· maximum of fission-fragment translational 

kinetic-energy distributions as a function of nuclear temperature. 

The data are for the compound nuclei: 82 Pb198 (solid circles, 

Plasil
16) and 85At213 (open circle, :Surnett17; open square, 

Unik, et al.
18 ). The abscissa is scaled linearly with respect 

to the square root of the temperature. 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com• 
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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