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ABSTRACT OF THE DISSERTATION

Solving Consistency Problems in Multiple Hypotheses Testing with Consonant Likelihood
Ratio Test

by

Bushi Wang

Doctor of Philosophy, Graduate Program in Applied Statistics
University of California, Riverside, March 2011

Dr. Xinping Cui, Chairperson

In the past century, several multiple testing procedures have been developed based on

the closure principle. Procedures following the closure principle are called closed test and they

find individual tests for intersection hypotheses in the family and collates the results to control

the familywise error rate. Almost all popular closed tests use the union-intersection method for

their intersection hypotheses. However, due to computational issue, likelihood ratio test has not

yet received much attention in closed testing. Moreover, not being a union-intersection method,

the likelihood ratio test will not satisfy the logical consistency requirement of consonance.

In this dissertation, a general solution (consonance adjustment) to the consistency

problem in multiple hypotheses testing is proposed under the framework of closure principle

and partitioning principle. Simulation examples are used to show its advantages.

Besides a general framework, also provided in this dissertation is a special form of the

consonant test in the context of multiple comparisons with acontrol. Using likelihood ratio test

with the closure principle and a consonance adjustment step, the consonant closed likelihood

ratio test is introduced. The rejection region, shortcut and steps in critical constants calculation

are discussed. Extensive simulation studies and pre-clinical trial example are provided.

More recently, testing for efficacy in multiple endpoints has emerged as a challenging
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statistical problem in clinical trials. Current approaches to this problem are based on closed

testing or partition testing, which test the efficacy in certain dose-endpoint combinations and

collate the results. Partition testing is in general a more powerful approach since it tests fewer

hypotheses to avoid unnecessary power loss. However, all current approaches are still based

on various union-intersection tests. In my dissertation, Igeneralize the decision path principle

proposed by Liu and Hsu (2009) to the cases with multiple primary endpoints. Then propose

a new partition testing approach based on consonance adjusted likelihood ratio test. The new

procedure provides consistent inferences and yet it is still conservative and does not rely on the

estimation of endpoint correlations or independence assumption which might be challenged by

the regulatory agencies.
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Chapter 1

Multiple Testing Procedures: A Review

1.1 Introduction

1.1.1 Multiple Hypotheses Testing

Simultaneously testing several hypotheses is a common practice in statistical infer-

ences. For instance, in clinical trials, the efficacy of a treatment drug is evaluated by comparing

several dose levels of the drug to a placebo or an active control. In microarray experiments of

pharmacogenomics, tens of thousands of genes are often compared simultaneously. If not prop-

erly adjusted, the multiplicity issue will inflate the type Ierror rate of the hypothesis testing. In

general, the more hypotheses we test, the larger chance we might erroneously reject some true

null hypotheses.

By making the multiplicity adjustment, a multiple testing procedure usually controls

the familywise error rate (FWER). FWER is the probability offalsely rejecting any null hypoth-

esis in multiple testing, which can be controlled in theweak senseor in thestrong sense. Weak

control of the FWER is defined as controlling the probabilityof falsely rejecting any hypothesis

when all the hypotheses are actually true. Strong control ofthe FWER is defined as controlling
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the probability of falsely rejecting any hypothesis regardless of the number of true hypotheses.

Suppose there is a family of hypothesesH = {Hi ⊂ Θ : i ∈ I}, whereΘ is the

parameter space containing all null hypotheses (Θ = ∪i∈IHi) andI is the finite or infinite index

set. We use the same notationHi for the hypothesis and its parameter space. The hypothesisHi

is true ifθ ∈ Hi. The strong contorl of the FWER requires

sup
θ∈Θ

Pθ{at least one incorrect assertion} 6 α.

While the weak control requires

sup
θ∈∩i∈IHi

Pθ{at least one incorrect assertion} 6 α,

which really controls the FWER in a specific smaller set. Mostof the applications in the liter-

ature require strong control of the FWER, as it controls the error rate under any true and false

hypotheses combinations. In this dissertation, by controlling of FWER, we will always mean

strong control unless specified otherwise.

One popular technique to control the FWER strongly is the Bonferroni method. IfEi

is the event that theith assertion is incorrect,i ∈ I, then using the Bonferroni inequality we

obtain

FWER= P
(

⋃

i∈I

Ei

)

6
∑

i∈I

P (Ei).

As a result, if each individual hypothesisHi is tested at levelα/|I| (|I| is the cardinality of the

index setI), then
∑

i∈I P (Ei) 6 α and the FWER is strongly controlled at levelα. This idea

is also called Bonferroni approximation.

1.1.2 Closure Principle

Closure method developed by Marcus et al. (1976) is a generalprinciple for con-

structing multiple testing procedures. Multiple testing procedures based on closure princi-

ple are called closed test procedures. For testing a finite family of k null hypothesesH =
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{Hi : i = 1, . . . , k}, a closed test first generate a closure family by including all intersections

HI = ∩i∈IHi, I ⊆ {1, . . . , k}. Then it rejects the null hypothesisHi if all the intersection

hypothesesHJ with J ∋ i are rejected at individual levelα.

The proof is simple, supposeR is the index set of all the true null hypotheses. We will

commit a type I error if there exists at least one indexi ∈ R thatHi is rejected. This event, we

denote asA, will happen if and only if the intersection hypothesisHR is rejected. We denote

the rejection ofHR asB. Then

P (A ∩B) = P (A|B)P (B) 6 α,

sinceHR is rejected by a levelα test. Also sinceA ∩B = A, we haveP (A) 6 α.

Different choice of levelα test for the intersection hypothesisHI will result in dif-

ferent closed test procedures. A common practice applied byseveral closed test procedures is

the union-intersection (UI) method proposed by Roy (1953).For any intersection hypothesis

HI = ∩i∈IHi, suppose that tests are available for testing eachHi for i ∈ I. Then the UI test

rejectsHI if at least one of the component hypothesesHi is rejected.

Now the question is how to choose tests for component hypothesesHi and the level

of each test. In the next section, several well-known and powerful closed test procedures that

utilize different techniques to test each component hypothesesHi are reviewed.

1.2 Closed Test

In this section, several closed test procedures are reviewed and compared. They differ

mainly in the selection of test for component hypotheses when applying the UI method. Some

of the procedures allow step-down shortcuts and some of themhave step-up shortcuts depending

on the test statistics used in the procedure.

Another difference among these closed tests is that some of them assume normality
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in the distributional setting and the others use Bonferroniapproximation under the nonpara-

metric framework without specifying the distribution or correlation among the hypotheses. For

example, the procedures proposed by Holm, Hochberg and Hommel all use p-value as their

test statistics without distributional assumptions. Hochberg and Hommel’s procedure assume

independence among the p-values while Holm’s procedure does not. The step-down Dunnett

test and Dunnett-Tamhane step-up test are proposed under the normal assumption with known

correlation among test statistics. These procedures will be reviewed in the order as mentioned

above.

1.2.1 Holm’s step-down test

The first procedure introduced here is Holm’s step-down test(Holm, 1979), which use

the Bonferroni procedure to test each intersection hypothesisHI = ∩i∈IHi for I ⊆ {1, . . . , k}.

It takes a sequentially rejective form beginning by testingthe most significant hypothesisH(k),

where the hypotheses are ordered according to their p-values: p(1) > p(2) > · · · > p(k) with

H(k) being the hypothesis with the smallest p-value and(k) being the corresponding index. We

call a stepwise procedure starts from the most significant hypothesis “step-down” test.

Holm’s step-down test proceeds as follows:

1. Order the p-valuespi: p(1) > p(2) > · · · > p(k). LetH(1), . . . ,H(k) be the corresponding

null hypotheses.

2. RejectH(k) if p(k) < α/k and go to the next step. Otherwise retain all hypotheses and

stop.

3. RejectH(k−1) if p(k−1) < α/(k−1) and go to the next step. Otherwise retainH(k−1), . . . ,H(1)

and stop, etc.

Obviously, hypothesisH(i) is rejected if and only ifp(j) < α/j for all j = k, k −

4



1, . . . , i. Less obviously, this condition indicates that for any index setI ∋ (i), minl∈I pl <

α/|I|. This is because for any index setI, if (i) ∈ I,minl∈I pl 6 p(i). Supposeminl∈I pl = p(t)

for some specifict ∈ {k, k − 1, . . . , i}. Since for allj = k, k − 1, . . . , i, p(j) < α/j, we have

minl∈I pl = p(t) < α/t. Also notice that ifminl∈I pl = p(t), then the index(t+1), . . . , (k) are

not included in the index setI and the cardinality|I| 6 t, thusminl∈I pl = p(t) < α/t 6 α/|I|.

This result shows that hypothesisH(i) is rejected if and only if for any index setI ∋

(i), minl∈I pl < α/|I|. The step-down procedure origins from a closed test procedure which

reject each intersection hypothesisHI if minl∈I pl < α/|I|, which is a Bonferroni procedure.

It can be also considered as a UI method sinceHI is rejected if at least one of the component

hypotheses has a p-value less thanα/|I|.

1.2.2 Hochberg’s step-up test

On the contrary, Hochberg’s step-up test (Hochberg, 1988) starts from the least sig-

nificant hypothesisH(1) with the largest p-valuep(1). The procedure works as follows:

1. Order the p-valuespi: p(1) > p(2) > · · · > p(k). LetH(1), . . . ,H(k) be the corresponding

null hypotheses.

2. RetainH(1) if p(1) > α and go to the next step. Otherwise reject all hypotheses and stop.

3. RetainH(2) if p(2) > α/2 and go to the next step. Otherwise rejectH(2), . . . ,H(k) and

stop, etc.

In general, hypothesisH(i) is retained if and only ifp(j) > α/j for j = 1, 2, . . . , i.

Equivalently, hypothesisH(i) will be rejected if and only if for somej ∈ {1, 2, . . . , i}, p(j) <

α/j. Less obviously, this is also equivalent to rejectH(i) if for any index setI ∋ (i), the

following condition is met:

p(1)I < α or p(2)I < α/2 or . . . or p(|I|)I < α/|I|. (1.1)

5



The p-valuesp(1)I > p(2)I > . . . > p(|I|)I are ordered within the index setI. This is true

because there exist at least onej ∈ {1, 2, . . . , i} such thatp(j) < α/j. This index(j) has a new

rank in the subsetI ⊂ {1, 2, . . . , k}, and the new rankt can not exceedj since there are fewer

indices in the setI than{1, 2, . . . , k}. As α/j 6 α/t, p(t)I = p(j) < α/j 6 α/t and (1.1) is

satisfied.

This concludes that Hochberg’s step-up test origins from a closed test procedure which

test each intersection hypothesisHI if at least one of the inequalities in (1.1) is satisfied. This

procedure can be also viewed as a UI method sinceHI is rejected if at least one of the component

hypotheses is rejected by comparing its p-value to some specific constants.

1.2.3 Hommel’s test

Another variation of the closed test is proposed by Hommel (Hommel, 1988), which

does not allow a stepwise shortcut. The procedure also orders the p-values asp(1) > p(2) >

· · · > p(k) and finds the largest value ofm (1 6 m 6 k) such that

p(j) > (m− j + 1)α/m, j = 1, 2, . . . ,m.

6



If there is no suchm then it rejects all hypotheses; else it rejects thoseHi with pi < α/m.

Suppose suchm exists, then the following inequalities are satisfied:

p(1) > α

p(2) >
m− 1

m
α >

m− 2

m− 1
α > · · · >

1

2
α

...

p(m) >
1

m
α

p(m+1) 6
1

m+ 1
α <

1

m
α

...

p(k) 6
1

k
α < · · · <

1

m
α.

(1.2)

The hypothesesH(1), . . . ,H(m) are to be retained and the rest will be rejected. It has been

pointed out by Huang and Hsu (2007) that Hommel’s test is essentially a closed test which

rejects each intersection hypothesisHI if

p(i)I < (|I| − i+ 1)α/|I|, for somei, (1.3)

with p(i)I being the ordered p-value among the null hypotheses involved in HI . It is also a UI

method which rejects the intersection hypothesisHI if at least one of the component hypotheses

is rejected by comparing its p-value to a pre-specified constant.

The above statement can be verified if we consider two scenarios separately,i 6 m

andm < i 6 k. In the first scenario, consider hypothesisH(i) with i 6 m. Simply pick any

index setI ∋ (i) and |I| 6 m, which only contains indices in{(1), . . . , (m)}. Then all the

p-valuesp(j)I > (|I| − j + 1)α/|I| according to (1.2) andHI will be retained according to

(1.3). As a result, the hypothesisH(i) will also be retained.

In the second scenario, consider hypothesisH(i) with m < i 6 k. For any index set

I ∋ (i), there are two possibilities,|I| 6 i or |I| > i. In the case|I| 6 i, suppose the p-value
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of H(i) has a new orderj in the setI. Thenp(i) = p(j)I < α/i according to (1.2). Due to

the fact thatj 6 |I| 6 i, we havep(i) = p(j)I < α/i 6 |I|−j+1
|I| α. According to (1.3), the

intersection hypothesisHI should be rejected. In the case|I| > i > m, the smallest p-value in

the set isp(l) = p(|I|)I wherel > |I|. Thus according to (1.2),p(l) = p(|I|)I < α/l 6 α/|I| and

the hypothesisHI should be rejected based on (1.3). ThereforeH(i) should be rejected in the

second scenario.

Now we see the procedure based on (1.3) gets the same result toretain hypotheses

H(1), . . . ,H(m) and reject hypothesesH(m+1), . . . ,H(k). Thus Hommel’s test is a closed test

using UI test for each intersection hypothesis.

1.2.4 Step-down Dunnett test

The rest two subsections introduce two parametric procedures assuming normality for

inter-treatment comparisons. Consider the following distributional setting. Fori = 1, 2, . . . , k,

let theθi be the parameters of interest in a general linear model and let θ̂i be their least squares

estimators. We assume thatθ̂i are jointly normally distributed with meansθi, varianceτ2i σ
2

and correlation coefficient Corr(θ̂i, θ̂j) = ρij . The τ2i and ρij are known design-dependent

constants andσ2 is an unknown scalar. Simultaneous inferences are desired on theθi’s. We also

assume thatS2 is an unbiased mean square error estimator ofσ2 with ν degrees of freedom and

νS2/σ2 ∼ χ2
ν independent of thêθi’s.

A very common application in pharmaceutical statistics is to compare several treat-

ments with a control. Label the treatments by0, 1, 2, . . . , k where0 is the control. Denote bȳYi

the sample mean based onni observations, then̄Yi are assumed to be independentN(µi, σ
2/ni)

random variables. The parameters of interest areθi = µi−µ0 for i = 1, 2, . . . , k with estimator
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beingȲi − Ȳ0. The unbiased mean squared error estimator ofσ2 is

S2 =

∑k
i=0

∑ni

j=1(Yij − Ȳi)
2

∑k
i=0(ni − 1)

(1.4)

with ν =
∑k

i=0(ni − 1) degrees of freedom andνS2/σ2 ∼ χ2
ν independent of̄Yi. It is easy to

show that

ρij = Corr(Ȳi − Ȳ0, Ȳj − Ȳ0) = λiλj , whereλi =

√

ni
ni + n0

, i 6= j ∈ {1, . . . , k}.

And τ2i = 1/ni + 1/n0 for i = 1, 2, . . . , k. To test the hypothesesHi : θi = 0 vs.Ai : θi > 0,

the test statistics are

Ti =
Ȳi − Ȳ0
τiS

, i = 1, . . . , k. (1.5)

For each intersection hypothesisHI = ∩i∈IHi, Marcus et al. (1976) applied the

union-intersection method and testHI with Dunnett’s single step test, which rejectsHI if at

least one ofHi with i ∈ I has a large test statistic.

max
i∈I

Ti > tI , i ∈ I (1.6)

andtI is the solution int of the equation:

∫ ∞

0

∫ ∞

−∞

∏

i∈I

Φ





λiz + tu
√

1− λ2i



 dΦ(z)dFν(u) = 1− α, (1.7)

whereΦ(·) is the standard normal cdf andFν(·) is the cdf of a
√

χ2
ν/ν random variable. Note

thattI depends on the index setI as well asα, ν and{ρij}.

Notice that this procedure is similar to Holm’s step-down test except using a maximum

t statistic instead of minimum p-values. It also takes a particularly simple step-down form when

n1 = n2 = . . . = nk = n, in which caseλi ≡ λ =
√

n/(n+ n0) and ρij ≡ ρ for all

i 6= j ∈ {1, . . . , k}. The critical constantstI are simplified tot|I| which depends onI only

through its cardinality|I|. The steps of the step-down Dunnett (SD) test are as follows:
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1. Order the test statisticsTi: T(1) 6 . . . 6 T(k). LetH(1), . . . ,H(k) be the corresponding

null hypotheses.

2. RejectH(k) if T(k) > tk and go to next step. Otherwise retain all hypotheses and stop.

3. RejectH(k−1) if T(k−1) > tk−1 and go to next step. Otherwise retainH(k−1), . . . ,H(1)

and stop, etc.

Obviously t1 equals to the upperα quantile of the t distribution withν degrees of

freedom andt1 < t2 < . . . < tk since the integrand in (1.7) is decreasing in|I|. An extension

of this step-down test for the case of unequal sample size when comparing treatments with a

control is given by Dunnett and Tamhane (1991). Holm’s step-down test can be viewed as

Bonferroni approximation to SD test.

1.2.5 Dunnett-Tamhane step-up test

Dunnett and Tamhane (1992) proposed a step-up (SU) multipletesting procedure anal-

ogous to Hochberg’s step-up test for the case of equal samplesize. It is also a closed test proce-

dure in essence (Liu, 1996). Instead of using the maximum t statistics in (1.6), their procedure

tests the intersection hypothesisHI = ∩i∈IHi using all ordered t statistics and a common set

of critical values. SupposeT(1)I 6 . . . 6 T(|I|)I are the ordered t statistics of index setI, the

procedure rejectsHI = ∩i∈IHi if

T(1)I > c1 or T(2)I > c2 or . . . or T(|I|)I > c|I|, (1.8)

where the critical constantc1 6 . . . 6 ck are solutions to the recursive equations:

P{T(1) 6 c1, . . . , T(m) 6 cm} = 1− α, m = 1, . . . , k (1.9)

andT(1) 6 . . . 6 T(m) are the order statistics ofT1, . . . , Tm.

This procedure can be simplified to the following step-up version:

10



1. Order the test statisticsTi: T(1) 6 . . . 6 T(k). LetH(1), . . . ,H(k) be the corresponding

null hypotheses. Compute critical constantsc1 6 . . . 6 ck as indicated above.

2. RetainH(1) if T(1) 6 c1 and go to next step. Otherwise reject all hypotheses and stop.

3. RetainH(2) if T(2) 6 c2 and go to next step. Otherwise rejectH(2), . . . ,H(k) and stop,

etc.

Dunnett and Tamhane (1995) also give an extension of this procedure for the case

of unequal sample size. However, there is no analytical proof that it controls FWER strongly,

which is the major drawback of SU test.

1.3 Partitioning Principle

Partitioning principle was first proposed by Stefansson et al. (1988). With all else

being equal, partition testing is as least as powerful as closed testing. The advantage of parti-

tioning principle is that the parameter space is partitioned into disjoint pieces and no multiplicity

adjustment is needed thereafter.

1.3.1 Stefansson’s partition testing

Consider testing a finite family ofk hypothesesH = {Hi : i = 1, . . . , k}. To

control the FWER strongly, the partitioning principle firstpartitions the entire parameter space

∪k
i=1Hi into disjointH⋆

I for I ⊆ {1, 2, . . . , k} as follows. For eachI ⊆ {1, 2, . . . , k}, let

H⋆
I =

(

∩i∈IHi

)

⋂

(

∩j /∈IH
c
j

)

,

with Hc
j being the complement ofHj. Then{H⋆

I : I} includingH⋆
∅ = ∩k

i=1H
c
i partition the

parameter space. In fact, each partitionH⋆
I can be interpreted as the parameter space that exactly

Hi for i ∈ I are true and the rest hypotheses are false.
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Since allH⋆
I are disjoint, at most one of them contains the true parameter(s). Test each

one of the partitions at levelα and the probability of rejecting at least one true null hypothesis

is at mostα without any multiplicity adjustment.

The partition testing reject any original null hypothesisHi if all the partitionH⋆
I with

I ∋ i are rejected.

Partition testing procedures have been applied in the literature in the areas such as

bioequivalence test (Berger and Hsu, 1996), dose-responsestudies (Hsu and Berger, 1999) and

genetic linkage analysis (Lin et al., 2001).

1.3.2 Weak and strong partitioning principle

Finner and Strassburger (2002) further refined the partitioning principle and proposed

the weak and strong partitioning principle by putting restrictions on where to look for the least

favorable configurations.

Theorem 1 (Weak Partitioning Principle, WPP) Let H = {Hi : i ∈ K} be a finite family

of k hypotheses whereK = {1, 2, . . . , k}. LetH ⋆ = {H⋆
I : I ⊆ K} denote the partition of

the parameter space∪k
i=1Hi. For eachI ⊆ K choose testϕI for testingHI such that

sup
θ∈H⋆

I

Pθ(ϕI = 1) 6 α

Defineφ = (φi : i ∈ K) by

φi = min
I⊆K:I∋i

ϕI , ∀i ∈ K

Thenφ controls the FWER strongly.

In contrast to the closed testing procedure, the levelα testϕI for testingHI are

chosen such that the type I error are only controlled overH⋆
I ⊂ HI . That is, the procedure

looks for the least favorable configuration overH⋆
I instead ofHI as one would do applying the
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closure principle. As a result this may lead to a test with a smaller acceptance region, hence a

more powerful test forHI . The WPP is at least as powerful as the closure principle. However,

whether the WPP indeed yields a more powerful test procedurethan the closure principle heavily

depends on the structure ofH and the structure of the acceptance regions.

A more advanced and sometimes more powerful method is the strong partitioning

principle.

Theorem 2 (Strong Partitioning Principle, SPP) Let H = {Hi : i ∈ K} be a finite family

of k hypotheses whereK = {1, 2, . . . , k}. LetH ⋆ = {H⋆
I : I ⊆ K} denote the partition of

the parameter space∪k
i=1Hi. For eachI ⊆ K choose testϕI for testingHI such that

∀I ⊆ K : ϕI = min
J⊆K:J⊆I

ϕJ (1.10)

and

∀I ⊆ K : sup
θ∈H⋆

I

Pθ(ϕI = 1) 6 α

Then{ϕi : i ∈ K} is a multiple testing procedure strongly controls the FWER at α.

The difference between SPP and WPP is the additional requirement (1.10) for the local

level α testsϕI for HI which ensures the consistency condition discussed in the next chapter.

To sum up, weather the SPP leads to an improved multiple decision procedure compared with

WPP also depends on the hypotheses of interest.

After reviewing all the popular multiple testing procedures, we see that a very impor-

tant decision for both closed test and partitioning principle is the selection of individual levelα

test for intersection hypothesisHI (H⋆
I in partitioning principle). All the reviewed closed testing

procedures choose to use some form of an union-intersectiontest. However, we have noticed

in the introduction to partitioning principle that we are not confined to use union-intersection
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test. A very common non-union-intersection test is the likelihood ratio test. We will see in the

following chapters that in lieu of the union-intersection test, we need to be careful with some

consistency issues among multiple inferences.

In Chapter 2, a general solution to construct logically consistent multiple testing pro-

cedures under the partitioning principle framework is proposed. As we know, partitioning prin-

ciple is a more general method than closure principle and sometimes may yield more powerful

multiple testing procedures, the consistent multiple testing procedure can also work under the

closed testing framework. In Chapter 3, a specific consistent procedure using the likelihood ra-

tio test is proposed under the closed testing framework for multiple comparisons with a control

problem. In Chapter 4, we extend the consistent testing procedure to the problem of dose-

response clinical trials with multiple endpoints. The method is implemented with the partition

testing framework.
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Chapter 2

General Solutions to Consistency

Problems in Multiple Hypothesis

Testing

Consider simultaneously testing several different but possibly related null hypotheses,

Hi, i ∈ I. In general, it is relatively easy to construct a powerful test at levelα for each

individual hypothesisHi. However, combining these individual tests into a multipletesting

procedure (MTP) with desired familywise error rate can be challenging as the MTP has to be

powerful and make no contradictory conclusions.

A variety of multiple testing procedures have been proposedin the past fifty years.

Among them, closure principle has been first shown as a powerful tool to construct multiple

level-α tests. It has been shown (see for example Finner and Strassburger (2002), Theorem 2.2)

that coherence is a minimal requirement for multiple tests to avoid contradictory conclusions.

An MTP is coherent if not rejecting hypothesisHi will result in not rejecting anyHj which is

implied byHi (Hj is implied byHi meansHi ⊆ Hj). Any MTPs based on closure principle are
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coherent. Partitioning principle provides another powerful tool for constructing MTPs. MTPs

constructed under partitioning principle are also coherent.

It should be emphasized that ensuring an MTP to beconsonantis also important

from both interpretive and mathematical statistics viewpoint (Bittman et al., 2009). However,

consonance has not yet received as much attention and discussion as coherence.A multiple

testing procedure is consonant if rejecting hypothesisHi will result in rejecting at least one of

Hj which is implied byHi. As pointed out by Bittman et al. (2009), a nonconsonant or dissonant

testing procedure can leave the statistician in a difficult situation when explaining the results of

a study. For example, in comparing two treatment effects with a control, it is hard to make

interpretation if the ANOVA shows significant treatment effect but none of the contrast test is

significant to declare pairwise difference. Lack of consonance makes interpretation awkward.

Bittman et al. (2009) also argued from a mathematical statistics viewpoint that dissonance is

undesirable in that it results in decreased ability to reject false null hypotheses.

Following the discussion in the previous chapter, if union-intersection tests are applied

to the intersection hypotheses in closed testing procedures or partition testing procedures, the

consonance requirement will be satisfied. However, if non-union-intersection methods are used,

the likelihood ratio test for example, will result in dissonant testing procedures.

Sonnemann (2008) [the translated version of Sonnemann (1982)] presented a simple

method, which will not rejectHi if none of its supersets are rejected, to adjust dissonant proce-

dure to be consonant. Obviously, this method is not powerful. Bittman et al. (2009) proposed a

maximin test{ϕi, i ∈ I}, which is consonant, for testing{Hi, i ∈ I}. However, they did not

provide a general framework for the construction of MTPs that are both consonant and coherent.

Moreover, issues of constructing strongly consonant (Sonnemann, 2008) and strongly coherent

(Finner, 1994) MTPs were not considered in their work.

In this chapter, building upon the partitioning principle in Finner and Strassburger

16



(2002), we propose a general framework, which consists of several adjustment methods, for

constructing consonant (strongly consonant) and stronglycoherent MTPs. We show that the

new methods are more powerful than the method proposed in Sonnemann (2008).

In section 2.1, the concepts of coherence, strong coherence, consonance and strong

consonance are reviewed first, followed by the methods to construct consonant tests and strongly

consonant tests through partitioning principle. In section 2.2, the closure principle, partitioning

principle and the proposed consonant partitioning principle are illustrated and compared in sev-

eral examples with some discussion.

2.1 Coherence, Consonance and Partitioning Principle

2.1.1 Coherence and consonance

SupposeP = {Pθ : θ ∈ Θ} is a family of probability measures defined on a common

sample space(X ,B). Let H = {Hi : i ∈ I} be a family of (null) hypotheses with∅ 6= Hi ⊂

Θ, whereI is any index set andΘ is a parameter space. The alternative hypotheses are defined

byKi = Θ\Hi. The index setI(θ) = {i ∈ I : θ ∈ Hi} denotes the set of all indices of true null

hypotheses ifθ is the true parameter. The familyH is said to be∩-closed if for all∅ 6= J ⊆ I

either
⋂

j∈J Hj ∈ H or
⋂

j∈J Hj = ∅.

A (non-randomized) multiple testϕ = (ϕi : X → {0, 1}, i ∈ I) for H is said to be

a multiple levelα test if

∀θ ∈ Θ : Pθ

(

⋃

i∈I(θ)

{ϕi = 1}

)

6 α,

and is denoted byϕ ∈ Φα(H ). A multiple testϕ ∈ Φα(H ) is said to be

1. coherent, if

∀i, j ∈ I : [Hi ⊂ Hj ⇒ ϕi > ϕj ];
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2. consonant, if

∀i ∈ I,∀x ∈ X : [ϕi(x) = 1 and∃Hj ⊃ Hi ⇒ max
r:Hr⊃Hi

ϕr(x) = 1];

3. strongly consonant, if

∀i ∈ I,∀x ∈ X ,∀J ∈ J (i) = {∅ 6= L ⊂ I\{i} :
⋂

j∈L

Hj = Hi} :

[ϕi(x) = 1 ⇒ max
j∈J

ϕj(x) = 1].

Gabriel (1969) provided the first two definitions and the strong consonance is defined by Sonne-

mann (2008). To show the difference between consonance and strong consonance, we borrow

the example from Sonnemann (2008). Consider the problem of comparing three means in a

pairwise and global manner in an analysis of variance:

H1 : θ1 = θ2, H2 : θ1 = θ3, H3 : θ2 = θ3, H4 : θ1 = θ2 = θ3.

Multiple testϕ = (ϕ1 = 1, ϕ2 = 0, ϕ3 = 0, ϕ4 = 1) is consonant since one ofH1,H2,H3 is

rejected along withH4. However it is not strongly consonant sinceH2 ∩H3 = H4 but neither

H2 norH3 is rejected whileϕ4 = 1. Strong consonance actually requires at least two rejections

amongH1,H2,H3, thus represents a stronger constraint over a multiple test. To incorporate this

constraint in the construction of a more powerful multiple test, we need to distinguish between

the following two index sets:

C(i) = {j ∈ I : Hj ⊃ Hi, ∄ (do not exist)Hl ∈ H s.t.Hi ⊂ Hl ⊂ Hj},

E(i) = {j ∈ I : Hj ⊃ Hi, andHj is an elementary hypothesis},

(2.1)

where according to Sonnemann (2008), a hypothesisHi ∈ H is calledmaximalor elementary

hypothesis if do not exitHj ∈ H with Hj ⊃ Hi. ThusC(i) is the index set of all closest

supersets ofHi. E(i) is the index set of all elementary supersets ofHi.

The following fundamental lemma shows how to construct a consonant or strongly

consonant test from any multiple levelα test.
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Lemma 3 Letϕ ∈ Φα(H ) andφ = {φi : i ∈ I}, φ = {φi : i ∈ I} with

φi =















ϕi, if C(i) = ∅;

min( max
j∈C(i)

φj , ϕi), otherwise.
∀i ∈ I.

φi =















ϕi, if C(i) = ∅ (J (i) = ∅);

min( min
J∈J (i)

max
j∈J

ϕj , ϕi), otherwise.
∀i ∈ I.

whereJ (i) = {∅ 6= L ⊂ I\{i} :
⋂

j∈LHj = Hi}. Thenφ ∈ Φα(H ) and is consonant,

φ ∈ Φα(H ) and is strongly consonant.

Proof of Lemma 3. Note thatφ 6 ϕ, φ 6 ϕ andϕ ∈ Φα(H ). Soφ, φ ∈ Φα(H )

follows easily.

Since∀i ∈ I with C(i) 6= ∅ andφi 6 maxj∈C(i) φj 6 maxr:Hr⊃Hi
φr, φ is conso-

nant.

To showφ is strongly consonant, it is equivalent to show that∀i ∈ I, ∀J ∈ J (i) 6= ∅,

if φi = 1, thenmaxj∈J φj = 1.

ForJ (i) 6= ∅,φi = min(minJ∈J (i)maxj∈J ϕj , ϕi) = 1. Next we showmaxj∈J φj =

1, ∀J ∈ J (i). If there existJ0 ∈ J (i) such thatmaxj∈J0 φj = 0, then

max
j∈J0

min( min
K∈J (j)

max
k∈K

ϕk, ϕj) = 0.

We splitJ0 into two disjoint parts:J0 = J01 ∪ J02, whereϕj = 1 if j ∈ J01 andϕj = 0 if

j ∈ J02. Since

max
j∈J01

min( min
K∈J (j)

max
k∈K

ϕk, ϕj) 6 max
j∈J0

min( min
K∈J (j)

max
k∈K

ϕk, ϕj) = 0,

there existKj ∈ J (j) such thatmaxk∈Kj
ϕk = 0 for anyj ∈ J01. Note that

⋂

j∈J0
Hj = Hi

and
⋂

k∈Kj
Hk = Hj. ThenHi = {

⋂

j∈J01

⋂

k∈Kj
Hk}

⋂

{
⋂

j∈J02
Hj}. Thus if we denote

{
⋃

j∈J01
Kj}

⋃

J02 by J1, thenJ1 ∈ J (i). Obviously,maxj∈J1 ϕj = 0 following the prop-
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erty ofKj andJ02. This contradicts withmin(minJ∈J (i)maxj∈J ϕj, ϕi) = 1 and we have

maxj∈J φj = 1.

Remark. For elementary hypothesesHi with E(i) = ∅ (C(i) = ∅), ϕi = φi =

φi, thus there is no cost to adopt consonant test as to the elementary hypotheses (usually the

hypotheses of most interest). As for the whole multiple testing procedure, the consonant test

retains those null hypotheses, of which rejection can causeinconsistency. As a result, there

exists some expendable cost to the consonance. We will see inthe following theorems that by

excluding those inconsistent rejections, we can reject more false null hypotheses while control

the familywise error rate at the same level.

2.1.2 Extension of partitioning principle

Finner and Strassburger (2002) showed that the applicationof partitioning principle

can sometimes lead to more powerful multiple testing procedures that are strongly coherent. A

strongly coherentmultiple testϕ is defined in Finner (1994) as

∀x ∈ X andi ∈ I : [Hi ⊆
⋃

j:ϕj(x)=1

Hj ⇒ ϕi(x) = 1].

The following definition ofnatural partitiongiven by Finner and Strassburger (2002)

will be needed in constructing new consonant test. Suppose that H = {Hi : i ∈ I} is

∩−closed. LetΘi = Hi ∩ (∪j:Hj⊂Hi
Hj)

c for i ∈ I and letJp = {i ∈ I : Θi 6= ∅}.

ThenΘ(Jp) = {Θi : i ∈ Jp} is called the natural partition of∪i∈IHi.

Finner and Strassburger (2002) used the coherence condition along with the natural

partition of∪i∈IHi to obtain a strongly coherent multiple test. The proceduresare named weak

and strong partitioning principle according to the calculation of critical values. Following the

similar idea, we use consonance condition along with partitioning principle to construct a mul-

tiple test that is not only strongly coherent, but also (strongly) consonant, as outlined in the
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following three theorems.

Theorem 4 (General Consonant Partitioning Principle) Suppose thatH = {Hi : i ∈ I} is

∩-closed. LetΘ(Jp) = {Θi : i ∈ Jp} be the natural partition of∪i∈IHi. For eachi ∈ Jp

choose testϕi for testingHi versusKi such that

sup
θ∈Θi

Pθ(ϕi = 1) 6 α.

Set

ϕi = min
j∈Jp:Θj⊆Hi

ϕj ∀i ∈ I,

φi =















ϕi, if C(i) = ∅;

min(max
l∈C(i)

φl, ϕi), otherwise.
∀i ∈ I.

Thenφ ∈ Φα(H ) and it is strongly coherent and consonant.

Proof of Theorem 4. Most part of Theorem 2.3 follows directly from Lemma 2.1.

We only need to show thatφ is strongly coherent. If we can showφi = minj∈Jp:Θj⊆Hi
φj, then

φ is strongly coherent by Theorem 3.2 in Finner and Strassburger (2002). Obviously, we only

need to showφi 6 minj∈Jp:Θj⊆Hi
φj .

By the closure ofH and the definition of natural partition,∅ 6= Θj ⊆ Hi implies

Hj ⊆ Hi. WhenHj ⊂ Hi, we can always find a series of closest superset hypothesesHj ⊂

Hj1 ⊂ . . . ⊂ Hjq ⊂ Hi connectingHj andHi. Thus without loss of generality, we can make

the assumption thatHi is the closest superset ofHj , or in other words,i ∈ C(j). Supposeφi =

1, then by the definition ofφi, we have1 = ϕi = minl∈Jp:Θl⊆Hi
ϕl 6 minl∈Jp:Θl⊆Hj⊂Hi

ϕl =

ϕj . Also sincei ∈ C(j), maxl∈C(j) φl > φi = 1. Combine the arguments together with the

definition ofφj = min(maxl∈C(j) φl, ϕj), we haveφj = 1 for j ∈ Jp : Θj ⊆ Hi. And φ is

strongly coherent.

21



Theorem 4 can be viewed as applying the consonance adjustment to Finner and Strass-

burger (2002)’s weak partitioning principle. The criticalvalues of local tests remain the same.

This procedure is more powerful than the multiple consonanttest in Sonnemann (2008) when

the partitioning principle leads to more powerful local tests.

In analogy to the strong partitioning principle, we put consonance constraint instead

of coherence constraint on the local testϕ to find the test boundaries as follows:

Theorem 5 (Consonant Partitioning Principle) Suppose thatH = {Hi : i ∈ I} is∩-closed.

LetΘ(Jp) = {Θi : i ∈ Jp} be the natural partition of∪i∈IHi. For eachi ∈ Jp choose testϕi

for testingHi (or Θi) versusKi such that

ϕi = min

(

max
l∈Jp∩C(i)

ϕl, ϕi

)

∀i ∈ Jp

and

sup
θ∈Θi

Pθ(ϕi = 1) 6 α ∀i ∈ Jp.

Set

ϕi = min
j∈Jp:Θj⊆Hi

ϕj ∀i ∈ I,

φi =















ϕi, if C(i) = ∅;

min(max
l∈C(i)

φl, ϕi), otherwise.
∀i ∈ I.

Thenφ ∈ Φα(H ) and is strongly coherent and consonant.

The proof of Theorem 5 follows directly from Theorem 4. In Theorem 5, the boundary

of each individual testϕ is calculated with the consonance constraint. The coherence adjustment

and partitioning principle is then applied toϕ to obtainϕ. The final step of another consonance

adjustment is needed because the previous coherence adjustment may cause the loss of conso-

nance. Unfortunately, it is generally not possible to have coherence and consonance constraint

satisfied simultaneously in boundary calculation as we willdiscuss later.
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Similar to Theorem 5, we can put strongly consonance constraint to the local test and

come up with a strong consonant partitioning principle in analogy to the strong partitioning

principle. However, due to the complexity of requiring strong coherence and strong consonance

simultaneously, the next theorem is more complicated in appearance and calculation.

Theorem 6 (Strong Consonant Partitioning Principle) Suppose thatH = {Hi : i ∈ I} is

∩-closed. LetΘ(Jp) = {Θi : i ∈ Jp} be the natural partition of∪i∈IHi. For eachi ∈ Jp

choose testϕi for testingHi (or Θi) versusKi such that

ϕi = min

(

min
J∈J (i)

max
l∈J

ϕl, ϕi

)

∀i ∈ Jp

and

sup
θ∈Θi

Pθ(ϕi = 1) 6 α ∀i ∈ Jp.

Setφ = ϕ and then adjust for coherence and consonance such that

φi = min( min
J∈J (i)

max
l∈J

φl, φi) if J (i) 6= ∅, ∀i ∈ I,

φi = min
j∈Jp:Θj⊆Hi

φj, ∀i ∈ I.

(2.2)

Thenφ ∈ Φα(H) and is strongly coherent and strongly consonant.

The proof of Theorem 6 follows directly from Theorem 3.2 of Finner and Strassburger

(2002) and the definition of strong consonance. To findφ meeting the conditions in (2.2), we

can set, at step one,

φ
(1, a)
i = min( min

J∈J (i)
max
l∈J

φ
(1, a)
l , φ

(1, a)
i ) if J (i) 6= ∅, ∀i ∈ I,

φ
(1, b)
i = min

j∈Jp:Θj⊆Hi

φ
(1, a)
j ∀i ∈ I.

Then at steps, set(φ
(s, a)

, φ
(s, b)

) as:

φ
(s, a)
i = min( min

J∈J (i)
max
l∈J

φ
(s−1, b)
l , φ

(s−1, b)
i ) if J (i) 6= ∅ ∀i ∈ I,

φ
(s, b)
i = min

j∈Jp:Θj⊆Hi

φ
(s, a)
j ∀i ∈ I.
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The procedure stops untilφ meets the conditions in (2.2). If the number of hypotheses inH

is finite, we can get a strongly coherent and strongly consonant testφ by the steps described

above; otherwise, a general method to findφ still needs further research.

Remark. Bittman et al. (2009) developed a consonant multiple testing procedure in

the closure principle framework and illustrated it with an example using local sum test to test

two normal means greater than 0. Despite the nature of partitioning principle more powerful

than closure principle, Bittman et al. (2009)’s procedure guarantees a consistency stronger than

consonance and weaker than strong consonance. The rationale of their procedure is to reject

an intersection hypothesis if at least one of the implied elementary hypotheses is rejected along

with all the subset hypotheses in the closure of such elementary hypotheses. The critical values

of their local tests are determined such that

sup
θ∈Hi

Pθ(min( max
j∈E(i)

min
h∈I:Hi⊂Hh⊆Hj

ϕh, ϕi) = 1) 6 α ∀i ∈ I.

Obviously their procedure is consonant and the extra constraint on the subset hypotheses in the

closure of elementary hypotheses makes it better than just consonant. However, their method

can not always guarantee strong consonance. A simple example is the pairwise comparison

discussed earlier, for which Bittman’s procedure can not always reject at least two ofH1,H2,H3

whenH4 is rejected.

In summary, our proposed methods have more advantages over Bittman et al. (2009)’s

procedure in three ways: (1) Our procedures are combined with partitioning principle; (2) Our

procedures distinguish consonance and strong consonance with different constraints; (3) Our

procedures are developed in a general form without specifying the hypotheses and tests.

Remark. An ideal partitioning principle considers the coherence and consonance

constraint simultaneously such that

ϕi = min

(

min
j∈Jp:Θj⊆Hi

ϕj , min
J∈J (i)

max
l∈J

ϕl

)

∀i ∈ I,
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and

sup
θ∈Θi

Pθ(ϕi = 1) 6 α, ∀i ∈ I.

However, solutions to the equations above may not exist evenin the simple case with two ele-

mentary hypotheses.

2.2 Example Illustration and Simulation Study

The first example serves as a detailed illustration on how to construct the consonant

partitioning test. Then the second example is devoted to a simulation study which shows the

actual power improvement of the proposed procedure over theclosure principle.

2.2.1 Construct consonant partitioning test

Suppose we are interested in three null hypothesesH1, H2 andH3. The closure of

this family of hypotheses isH = {H1,H2,H3,H4 = H1 ∩ H2,H5 = H1 ∩ H3,H6 =

H2 ∩ H3,H7 = H1 ∩H2 ∩H3} (suppose the seven hypotheses are distinct from each other).

Their natural partition is defined asΘi = Hi ∩ (∪j:Hj⊂Hi
Hj)

c for i ∈ {1, 2, · · · , 7}. The index

sets defined in (2.1) can be specified as:

C(1) = E(1) = ∅, C(2) = E(2) = ∅, C(3) = E(3) = ∅,

C(4) = E(4) = {1, 2}, C(5) = E(5) = {1, 3}, C(6) = E(6) = {2, 3},

C(7) = {4, 5, 6}, E(7) = {1, 2, 3}.

Following Theorem 4, first find local level-α testϕ(1)
i for each null hypothesis inH

such that

sup
θ∈Θi

Pθ(ϕ
(1)
i = 1) 6 α for i = {1, 2, · · · , 7}.
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Notice the supremum is obtained from the natural partitionΘi instead ofHi. Thenϕ(1) is

defined as

ϕ
(1)
1 = min(ϕ

(1)
1 , ϕ

(1)
4 , ϕ

(1)
5 , ϕ

(1)
7 ),

ϕ
(1)
2 = min(ϕ

(1)
2 , ϕ

(1)
4 , ϕ

(1)
6 , ϕ

(1)
7 ),

ϕ
(1)
3 = min(ϕ

(1)
3 , ϕ

(1)
5 , ϕ

(1)
6 , ϕ

(1)
7 ),

ϕ
(1)
4 = min(ϕ

(1)
4 , ϕ

(1)
7 ),

ϕ
(1)
5 = min(ϕ

(1)
5 , ϕ

(1)
7 ),

ϕ
(1)
6 = min(ϕ

(1)
6 , ϕ

(1)
7 ),

ϕ
(1)
7 = ϕ

(1)
7 .

Usingϕ(1), we can constructφ(1) as follows:

φ
(1)
1 = ϕ

(1)
1 = min(ϕ

(1)
1 , ϕ

(1)
4 , ϕ

(1)
5 , ϕ

(1)
7 ),

φ
(1)
2 = ϕ

(1)
2 = min(ϕ

(1)
2 , ϕ

(1)
4 , ϕ

(1)
6 , ϕ

(1)
7 ),

φ
(1)
3 = ϕ

(1)
3 = min(ϕ

(1)
3 , ϕ

(1)
5 , ϕ

(1)
6 , ϕ

(1)
7 ),

φ
(1)
4 = min(ϕ

(1)
4 ,max(φ

(1)
1 , φ

(1)
2 )) = min

(

ϕ
(1)
4 , ϕ

(1)
7 ,max

(

min(ϕ
(1)
1 , ϕ

(1)
5 ),min(ϕ

(1)
2 , ϕ

(1)
6 )

)

)

,

φ
(1)
5 = min(ϕ

(1)
5 ,max(φ

(1)
1 , φ

(1)
3 )) = min

(

ϕ
(1)
5 , ϕ

(1)
7 ,max

(

min(ϕ
(1)
1 , ϕ

(1)
4 ),min(ϕ

(1)
3 , ϕ

(1)
6 )

)

)

,

φ
(1)
6 = min(ϕ

(1)
6 ,max(φ

(1)
2 , φ

(1)
3 )) = min

(

ϕ
(1)
6 , ϕ

(1)
7 ,max

(

min(ϕ
(1)
2 , ϕ

(1)
4 ),min(ϕ

(1)
3 , ϕ

(1)
5 )

)

)

,

φ
(1)
7 = min(ϕ

(1)
7 ,max(φ

(1)
4 , φ

(1)
5 , φ

(1)
6 ))

= min

(

ϕ
(1)
7 ,max

(

min(ϕ
(1)
1 , ϕ

(1)
4 , ϕ

(1)
5 ),min(ϕ

(1)
2 , ϕ

(1)
4 , ϕ

(1)
6 ),min(ϕ

(1)
3 , ϕ

(1)
5 , ϕ

(1)
6 )

)

)

,

(2.3)

Following Theorem 5, the local testϕ(2)
i for each individual hypothesis is obtained
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such that

sup
θ∈Θ1

Pθ(ϕ
(2)
1 = 1) 6 α,

sup
θ∈Θ2

Pθ(ϕ
(2)
2 = 1) 6 α,

sup
θ∈Θ3

Pθ(ϕ
(2)
3 = 1) 6 α,

sup
θ∈Θ4

Pθ

(

ϕ
(2)
4 = 1 andmax(ϕ

(2)
1 , ϕ

(2)
2 ) = 1

)

6 α,

sup
θ∈Θ5

Pθ

(

ϕ
(2)
5 = 1 andmax(ϕ

(2)
1 , ϕ

(2)
3 ) = 1

)

6 α,

sup
θ∈Θ6

Pθ

(

ϕ
(2)
6 = 1 andmax(ϕ

(2)
2 , ϕ

(2)
3 ) = 1

)

6 α,

sup
θ∈Θ7

Pθ

(

ϕ
(2)
7 = 1 andmax(ϕ

(2)
4 , ϕ

(2)
5 , ϕ

(2)
6 ) = 1

)

6 α.

(2.4)

Again the supremum is obtained under the natural partition.It is more powerful thanϕ(1) in

Theorem 4 due to the consonance constraint inϕ
(2)
4 , ϕ

(2)
5 , ϕ

(2)
6 andϕ(2)

7 . Then the consonant

partitioning testφ(2) can be constructed similarly as (2.3) with local testϕ(1) substituted by

ϕ(2).

Applying Theorem 6, the local test is obtained such that

sup
θ∈Θ1

Pθ(ϕ
(3)
1 = 1) 6 α,

sup
θ∈Θ2

Pθ(ϕ
(3)
2 = 1) 6 α,

sup
θ∈Θ3

Pθ(ϕ
(3)
3 = 1) 6 α,

sup
θ∈Θ4

Pθ

(

ϕ
(3)
4 = 1 andmax(ϕ

(3)
1 , ϕ

(3)
2 ) = 1

)

6 α,

sup
θ∈Θ5

Pθ

(

ϕ
(3)
5 = 1 andmax(ϕ

(3)
1 , ϕ

(3)
3 ) = 1

)

6 α,

sup
θ∈Θ6

Pθ

(

ϕ
(3)
6 = 1 andmax(ϕ

(3)
2 , ϕ

(3)
3 ) = 1

)

6 α,

sup
θ∈Θ7

Pθ

(

ϕ
(3)
7 = 1 andmax(ϕ

(3)
4 , ϕ

(3)
5 ) = 1 andmax(ϕ

(3)
4 , ϕ

(3)
6 ) = 1 andmax(ϕ

(3)
5 , ϕ

(3)
6 ) = 1

andmax(ϕ
(3)
1 , ϕ

(3)
6 ) = 1 andmax(ϕ

(3)
2 , ϕ

(3)
5 ) = 1 andmax(ϕ

(3)
3 , ϕ

(3)
4 ) = 1

andmax(ϕ
(3)
1 , ϕ

(3)
2 , ϕ

(3)
3 ) = 1

)

6 α.

The strongly consonant partitioning test is at least as powerful as the consonant partitioning
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test in (2.4) since there are more constraint on the local tests. The multiple testφ
(3)

can be

constructed following the conditions in (2.2) of Theorem 6 with local testϕ(3).

2.2.2 Simulation Study

We consider the example of pairwise comparison in Sonnemann(2008). LetXi =

(Xi1, · · · ,Xin) denote independent normal random variables with meanθi and common known

varianceσ2 = 1, for i = 1, 2, 3. DenoteX i as the sample means fori = 1, 2, 3 andX as the

pooled sample mean. The∩-closed family of null hypotheses is

H1 : θ1 = θ2, H2 : θ1 = θ3, H3 : θ2 = θ3, H4 : θ1 = θ2 = θ3

In the regular closed test, the local levelα test rejectsH1 if
√

n/2|X1 −X2| > zα/2,

wherezα/2 is the1 − α/2 quantile of the standard normal distribution. Similar tests exist for

H2 andH3. The intersection hypothesisH4 is rejected if
∑3

i=1

∑n
j=1(Xij −X)2 > χ2

3n−1,α,

whereχ2
3n−1,α is the1− α quantile of Chi-square distribution with degrees of freedom 3n− 1.

Finally, the multiple test rejectsHi if the local test rejectsHi andH4 for i = 1, 2, 3.

Following Theorem 5, we use the same local levelα test forH1,H2,H3, but the local

test forH4 rejects if
∑3

i=1

∑n
j=1(Xij −X)2 greater than some critical value and at leastoneof

H1,H2,H3 are rejected by local tests. The critical value is calculated such that the rejection of

H4 has a probability less thanα when the true means are all equal. It is smaller than the critical

valueχ2
3n−1,α used by the closed test, thus the consonant partitioning test has a better chance to

detect the significance ofH4. The multiple levelα test then rejectsHi (i = 1, 2, 3) if Hi and

H4 are rejected by the local tests.

Following Theorem 6, we use the same local levelα test forH1,H2,H3, but the local

test forH4 rejects if
∑3

i=1

∑n
j=1(Xij − X)2 greater than some critical value and at leasttwo

of H1,H2,H3 are rejected by local tests. The critical value is calculated such that the rejection
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of H4 has a probability less thanα when the true means are all equal. It is even smaller than

the critical value used in Theorem 5, thus makes the strong consonant partitioning test most

powerful amongst the procedures discussed here. The multiple level α test then rejectsHi

(i = 1, 2, 3) if Hi andH4 are rejected by the local tests.

In the first simulation study, we artificially designθ1 = −0.4, θ2 = 0, θ3 = 0.6

such thatθ1, θ3 have the largest difference andθ1, θ2 have the minimum difference. We expect

thatH2 andH4 are easier to be rejected thanH1 andH3. An inconsistent conclusion occurs

whenH4 is rejected alone. IfH4 is rejected with one ofH1,H2,H3, it is consonant but not

strongly consonant and thus is avoided by the strong consonant partitioning test for the sake of

complete consistency. With suchθ configuration and the lack of protection from consonance

adjustment, the closed test is very easy to fall into the trapof inconsistency and rejectH4 only.

A strong consonant conclusion includes the case thatH4 is rejected with another two or three

hypotheses fromH1,H2,H3. The ideal case is that all four hypotheses are rejected. The(strong)

consonance partitioning test is expected to have better performance and eliminates inconsistent

conclusions. Finally, a failure happens when none of the hypotheses is rejected. We repeat the

simulation for100 000 times and the counts of each cases for the three aforementioned testing

procedures are compared in Table 2.1.

As we can see from Table 2.1, inconsistent conclusions are completely eliminated

by the (strong) consonant partitioning test due to the consonance adjustment step in the test

procedure (Theorem 5 and 6). Moreover, by excluding the inconsistent rejections, the (strong)

consonant partitioning test can reject more false null hypotheses, thus results in a lower failure

rate. With sample sizen = 30, the strong consonant partitioning test has a failure rate of only

16.9%, while the consonant partitioning test obtains a failure rate of 30.6%. Both procedures

outperform the closed test with failure rate as high as70.5%. In terms of consistency, the strong
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Inconsistent

Consonant Strong Strong

FailureConsonant Consonant

Partial Success More Success Full Success

(ϕ1, ϕ2, ϕ3, ϕ4) = (0, 0, 0, 1)

(1, 0, 0, 1)

(0, 1, 0, 1)

(0, 0, 1, 1)

(1, 1, 0, 1)

(1, 0, 1, 1)

(0, 1, 1, 1)

(1, 1, 1, 1) (0, 0, 0, 0)

Closed Test
121 1698 20102 7618 70461

(1662) (4113) (10138) (645) (83442)

Consonant Partitioning Test
0 7020 49396 12988 30596

(0) (14063) (22709) (813) (62415)

Strong Consonant Partitioning Test
0 0 68588 14541 16871

(0) (0) (33591) (833) (65576)

Table 2.1: The counts of several consistent or inconsistentrejection events for three testing pro-

cedures in the first simulation study. No other cases are possible since the procedures compared

here are all coherent tests. The computation is based on100 000 simulations withθ1 = −0.4,

θ2 = 0, θ3 = 0.6 andσ2 = 1. All procedures control the local test at levelα = 0.05. Sample

sizen = 30 andn = 10 (results showed in parentheses) are considered for each population.

consonant partitioning test results in83.1% strongly consonant conclusions (more success and

full success), while the consonant partitioning test has only 62.4% inferences strongly conso-

nant and7% consonant but not strongly consonant. As a result, the strong consonance shows

advantage in improving consistency as well as power. When sample size is small (n = 10),

the failure rates of all three procedures raise to some undesired level. However, both new pro-

cedures can still avoid the inconsistent conclusions. The strong consonant partitioning test can

still guarantee strong consonance. As a conclusion, the twoproposed procedures are superior in

keeping the consistency regardless of the sample size. On the other hand, to attain the required
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power, it is important to determine appropriate sample sizein the experimental design stage.

In a second simulation, we letθ1 = θ2 = 0 andθ3 = 0.8 such thatH2, H3 andH4

are false null hypotheses. It differs from the first simulation in the sense that there is a true

null hypothesis and the test procedures might make false rejection. If a multiple test procedure

rejectsH1, it makes a familywise error (FWE). An inconsistent conclusion can be formed ifH4

is rejected alone. IfH4 is rejected with one ofH2,H3, it is consonant but not strongly consonant.

The ideal (strongly consonant) case is that all three false null hypotheses are rejected and a

failure happens when none of the hypotheses is rejected. We repeat the simulation for100 000

times and the counts of each cases for the three aforementioned testing procedures are compared

in Table 2.2.

The result in Table 2.2 shows that all three procedures successfully control the FWER

at levelα = 0.05, and the closed test has the most conservative FWER amongst the three

procedures. The (strong) consonant partitioning test eliminates the possibility of inconsistency.

With sample sizen = 30, the (strong) consonant partitioning test has a clear advantage in the

rate of success. With small sample sizen = 10, the failure rates for all three procedures raise.

Again we demonstrate in this simulation, the consonance andstrong consonance property of the

two new procedures remain intact regardless of sample size.

Certainly, theθ configurations in the two simulation studies are carefully designed to

show how awkward the closed test procedure might be. The closed test is much more conserva-

tive relative to the two new procedures due to the fact that itdoes not consider the consonance

adjustment to sharpen the critical values, thus has the largest failure rate (fail to reject any

null hypotheses). We have already known that a failure occurs if the procedure fails to reject

H4 : θ1 = θ2 = θ3. From the discussion above we know that (strong) consonant partitioning

test treatsH4 differently and have a better chance to detect significance than the closed test.
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This advantage comes from the consonance (strong consonance) adjustment.

2.2.3 Discussion

In this chapter, the general consonant partitioning principle (Theorem 4) is proposed

in analogy to Finner and Strassburger (2002)’s weak partitioning principle. The consonant par-

titioning principle and strong consonant partitioning principle (Theorem 5, 6) are in analogy

to the strong partitioning principle. As they have showed that the WPP and SPP can lead to

more powerful procedures than the closure principle, the proposed procedures have similar ad-

vantage. However, as SPP may sometimes provide no improvement over WPP, the consonant

partitioning principle and strong consonant partitioningprinciple can not always lead to a more

powerful test than the general consonant partitioning principle or the WPP. In fact, consonance

adjustment makes sense only for the class of non-consonant test procedures. Therefore the paper

is motivated in the case when non-union-intersection localtest is of interest, for example likeli-

hood ratio test (Marcus et al., 1976; Tang and Lin, 1997). Comparing to Finner and Strassburger

(2002)’s weak partitioning principle and strong partitioning principle, the new procedures not

only ensure strong coherence, but also consonance (strong consonance). Any dissonant (but

coherent) multiple levelα test can be improved by a consonant one without any cost in terms of

inferences on elementary hypotheses.

The three theorems outlined in this chapter provides a fairly general framework for

constructing coherent and consonant multiple tests. If a multiple test procedure is already

consonant, for example Dunnett’s test (Dunnett, 1955), theconsonant partitioning principle is

equivalent to the WPP. Since any closure principle can be replaced by the partitioning principle

without extra cost, the consonant partitioning principle proposed in this work is at least as good

as the consonance adjustment using closure principle.

Strongly consonant procedures show advantages in terms of power and consistency
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compared with consonant procedures. However, such procedures require more complicated

adjustment steps and thus are more computationally expensive (Theorem 6). A proper method

should be chosen according to the requirement of the research. A more specific discussion on

consistent MTP in the context of multiple comparison with a control problem is discussed in

the next chapter where normality is assumed for inter-treatment comparisons and the likelihood

ratio test is applied as local test.
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Consonant Strong

FWE Inconsistent Partial Consonant Failure

Success Full Success

(ϕ1, ϕ2, ϕ3, ϕ4) =

(1, 0, 0, 1)

(1, 1, 0, 1)

(1, 0, 1, 1)

(1, 1, 1, 1)

(0, 0, 0, 1)
(0, 1, 0, 1)

(0, 0, 1, 1)

(0, 1, 1, 1) (0, 0, 0, 0)

Closed Test
1649 257 1364 20800 75930

(1399) (1980) (3361) (7373) (85887)

Consonant Partitioning Test
3701 0 6216 53126 36957

(3109) (0) (12376) (17394) (67121)

Strong Consonant Partitioning Test
4897 0 0 76615 18488

(4314) (0) (0) (26389) (69297)

Table 2.2: The counts of several consistent or inconsistentrejection events for three testing

procedures in the second simulation study. No other cases are possible since the procedures

compared here are all coherent tests. The computation is based on100 000 simulations with

θ1 = θ2 = 0, θ3 = 0.8 andσ2 = 1. All procedures control the local test at levelα = 0.05.

Sample sizen = 30 and n = 10 (results showed in parentheses) are considered for each

population.
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Chapter 3

Consonant Closed Likelihood Ratio

Test Procedures with Application to

Dose-Response Study

3.1 Introduction

In the previous chapter, the consonant test is introduced under the partition testing

framework. The theorems proposed in that chapter do not haveany distributional assumptions

and specific forms for local tests. It is a fairly general approach to construct consonant (strongly

consonant) multiple testing procedures. In this chapter, aspecific type of problem is considered

and the multiple testing procedures proposed in this chapter takes specific forms. In this case,

the consonant test can be constructed with a closed form and we can study its properties by

comparing with existing multiple testing procedures. Since closure principle can be viewed as

a special case of partitioning principle which takes simpleform, we propose the first consonant

likelihood ratio test under the closed testing framework.
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Specifically, we consider the common application in clinical trials of multiple com-

parisons with a control as defined in 1.2.4. Label the treatments by0, 1, 2, . . . , k where0 is

the control treatment. The hypothesesHi : θi = 0, i ∈ K = {1, 2, . . . , k} form a family of

hypothesesH. Use the same definitions for̄Yi, S2 andTi as in (1.4) and (1.5). A closed test pro-

cedure first constructs a closure family by including all intersection hypothesesHI = ∩i∈IHi

for I ⊆ K. Then it rejects null hypothesisHi if all the intersection hypothesesHI (I ∋ i) are

rejected at individual levelα. Closed test procedures satisfy the logical requirement ofcoher-

enceintroduced in Chapter 2, which says, ifH1 is retained andH1 ⊂ H2, thenH2 can not be

rejected.

Different choice of individual levelα tests for the intersection hypothesesHI results

in various closed test procedures. Using the normality assumption as described above, the step-

down Dunnett test (SD) and Dunnett-Tamhane step-up test (SU) are powerful choices, which

have been introduced in Section 1.2.4 and 1.2.5. Without using the normality assumptions,

Bonferroni procedures such as Holm test, Hochberg test and Hommel test can be good alterna-

tives. Notice that both Hochberg test and Hommel test rely onthe assumption of independent

test statistics and are at least as powerful as Holm’s step-down test, which does not need such

assumptions. For more detailed introduction and comparisons of aforementioned closed test

procedures, one can refer to Tamhane (1996); Huang and Hsu (2007); Dunnett and Tamhane

(1993) and Hsu (1996).

It has been shown in Chapter 1 that the closed testing procedures in the literature

are all based on the union-intersection method. An alternative to the UI method is to test the

intersection hypotheses by likelihood ratio test. Likelihood ratio test is not widely used in closed

testing procedures since it does not allow step-wise shortcut, thus the procedure is slightly more

complex and may require more computation time. However, themodern computer technology

has dramatically shortened the difference in computation time. Both step-wise and non-step-
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wise testing procedures can be done in mere seconds. As a result, the power advantage of

likelihood ratio test in certain cases is of more interest.

To construct a powerful closed test procedure based on likelihood ratio test, we need to

emphasize the logical constraint of consonance, which requires that if any hypothesis is rejected

then at least one hypothesis implied by it must also be rejected. Specifically, if an intersection

hypothesisHI = ∩i∈IHi is rejected, then at least one of the component hypothesesHi must be

rejected.

A common agreement is that closed test procedures are coherent by definition but not

necessarily consonant. We would like to find out how to changea dissonant closed test into a

consonant one and whether such adjustment is helpful. In this chapter, we first show that two

powerful closed test procedures (SD test and SU test) are consonant. Then we will show that

likelihood ratio based closed tests are not consonant and how to add consonance adjustment to

them. As we have shown in Section 2.2.2, adding consonance adjustment to dissonant tests can

improve the test power by excluding inconsistent rejections. Hence a consonant closed test is

more powerful than its dissonant counterpart. Moreover, being both coherent and consonant,

the consonant closed likelihood ratio test becomes a powerful competitor to the SD and SU test.

The advantage comes from the optimality of likelihood ratiotest.

Bittman et al. (2009) constructed a consonant closed test procedure using sum test

for the comparisons with a control problem assuming known variance. They also showed that

such consonant closed tests are optimal maximin test. We focus on the comparisons with a

control problem with unknown variance and propose consonant closed test procedures based

on likelihood ratio test. This procedure can be viewed as a special case of Theorem 4 with

closed form and shortcut. We will show by simulation and dose-response study examples that

the consonant closed likelihood ratio tests have optimal performance credited to the shape of

their rejection region. We also show that the consonant closed likelihood ratio tests do not rely
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on the assumption of independent or equally correlated teststatistics, thus is preferable to SU,

Hochberg and Hommel test.

In Section 3.2, The step-down Dunnett test (SD) and Dunnett-Tamhane step-up test

(SU) are illustrated as benchmarks to compare with the proposed consonant closed likelihood

ratio tests. In Section 3.3, We introduce consonance adjustment in the simple case where the

likelihood ratio test is equivalent to F test. The rejectionregion and performance of the conso-

nant closed test is compared with SD test and SU test. In Section 3.4, We extend the discussion

to one-sided alternative problem which involves order restricted test statistics. Applications to

dose-response data are presented in Section 3.5. In Section3.6.1, We extend the consonant

closed likelihood ratio test to multivariate analysis where longitudinal data presented in the

model. The computation issue is discussed in Section 3.6.2.

3.2 Step-down Dunnett (SD) Test and Dunnett-Tamhane Step-up

(SU) Test as Benchmarks

The procedure of SD and SU tests have been reviewed in Section1.2.4 and 1.2.5.

For the SD test, it is easy to show that the critical constantst1, t2, . . . , tk are monotonically

increasing. This monotonicity suggests that the SD test is consonant.

Using the same notations as Section 1.2.4, for any intersection hypothesisHI , suppose

HI = ∩i∈IHi ⊂ HJ = ∩j∈JHj,

whereJ is any subset ofI. Consonance requires that ifHI is rejected then at least one ofHJ is

also rejected. Suppose the sample sizes are equal among the treatments.

The SD test will rejectHI if

max
i∈I

Ti > t|I|,
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in the case of equal sample size in analogous to (1.6). Obviously there exists a subsetJ ⊂ I

such thatmaxj∈J Tj = maxi∈I Ti > t|I| > t|J | as implied by the monotonicity of critical

constants. Therefore the SD test rejects at least someHJ for J ⊂ I and it is consonant.

In the case ofk = 2, n1 = n2 = 30 andn0 = 40, we can calculate the criti-

cal constants ast1 = 1.661 and t2 = 1.948 for α = 0.05. At the first step, the SD test

rejects the hypothesisH(2) if max(T1, T2) > 1.948 and go to the second step. Otherwise, if

max(T1, T2) 6 1.948, that is bothT1 andT2 not larger than1.948, both hypotheses are retained.

At the second step, the SD test rejectsH(1) if T(1) > 1.661, otherwise retainH(1).

The step-wise procedure can be viewed from another perspective. As the condition

max(T1, T2) > 1.948 must be satisfied in order to reject any hypothesis.H1 should be re-

jected if T1 > 1.661 andmax(T1, T2) > 1.948. H2 should be rejected ifT2 > 1.661 and

max(T1, T2) > 1.948. The resulting rejection region is displayed in Figure 3.1.The area la-

beled ‘1’ is the region that both null hypothesesH1 : θ1 = 0 andH2 : θ2 = 0 are to be rejected.

The area labeled ‘2’ is the region that only one of the two hypotheses will be rejected. The area

labeled ‘3’ is the region to retain both hypotheses.

The SU test has been reviewed in Section 1.2.5, which compares the ordered t statistics

with critical constants satisfying the equations in (1.9).However, no analytical proof is available

so far to show that solutionsc1, . . . , cm satisfying the monotonicity conditions exist for arbitrary

m whenTi’s are correlated (through the common variance estimator and the control treatment

sample mean). Suppose this conjecture is true, the SU test isconsonant as well. The proof is

provided here.

For any intersection hypothesisHI , the SU test will rejectHI if (1.8) is satisfied.

Specifically, there exists at least one indexd ∈ I with rank r among the t statistics inI, such

thatTd = T(r) > cr is satisfied. For any subsetJ ⊂ I andJ ∋ d, denoteT(1)J 6 T(2)J 6 . . . 6
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Figure 3.1: The rejection region for SD test. ‘1’ is the region to reject both hypotheses; ‘2’ is

the region to reject one but not both hypotheses; ‘3’ is the region to retain both hypotheses.

T(|J |)J as the ordered t statistics amongJ . It is obvious that the new rank ofTd is at mostr, that

is Td 6 T(r)J . Due to the monotonicity of critical constants,Td > cr > . . . > c1. Therefore the

SU test reject at least someHJ for J ⊂ I and it is consonant.

In the case ofk = 2, n1 = n2 = 30 andn0 = 40, we use the algorithm introduced

by Kwong and Liu (2000) to calculate the critical constants as c1 = 1.661 and c2 = 1.963

for α = 0.05. At the first step, the SU test retains the hypothesisH(1) if min(T1, T2) 6

1.661 and go to the second step. Otherwise, ifmin(T1, T2) > 1.661, that is bothT1 andT2

larger than1.661, both hypotheses are rejected. At the second step, the SU test retainsH(2) if

max(T1, T2) 6 1.963, that is bothT1 andT2 less than1.963. Otherwise rejectsH(2).

In another perspective, reject both hypotheses ifT1 > 1.661 andT2 > 1.661. Reject

one of the two hypotheses ifT(1) 6 1.661 andT(2) > 1.963 and retain both hypotheses if
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T(1) 6 1.661 andT(2) 6 1.963. The resulting rejection region is displayed in Figure 3.2.
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Figure 3.2: The rejection region for SU test. ‘1’ is the region to reject both hypotheses; ‘2’ is

the region to reject one but not both hypotheses; ‘3’ is the region to retain both hypotheses.

Compare the rejection regions in Figure 3.1 and 3.2, we see that neither of the two test

procedures dominates the other. This conclusion is proved in Dunnett and Tamhane (1992) by

showingci > ti for i > 2. However, if most hypotheses are false then the SU test is moderately

more powerful than the SD test Dunnett and Tamhane (1993).

These two step-wise procedures are compared later with the new consonant closed

likelihood ratio test as benchmarks. As they all use the normality assumption and are more

powerful than the Bonferroni version of step-wise tests introduced in Chapter 1.
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3.3 Consonant closed F test against two-sided alternatives

3.3.1 A consonant closed F test in the simple case

Now we explore the alternative choice of applying likelihood ratio test to intersection

hypotheses in closed test procedures. To keep things simpleat the beginning, we first consider

a dose-response study comparing2 doses of an experimental drug (labeled ‘1’ and ‘2’) to a

control drug (placebo or an active control, labeled ‘0’) with two-sided alternative hypothesis,

Hi : θi = 0 vs. Ai : θi 6= 0 (i = 1, 2). The test statistics forH1 andH2 are |T1| and

|T2| as the absolute value of the t statistics defined in (1.5). Theintersection hypothesis is

H12 : θ1 = θ2 = 0 against the alternative that at least one ofθ1 andθ2 is not0. The likelihood

ratio test statistic

F =

∑2
i=0 ni(Ȳi − Ȳ )2/2

S2
(3.1)

follows an F distribution, wherēY =
∑2

i=0 niȲi/
∑2

i=0 ni is the pooled mean estimator andS2

is the unbiased mean squared error estimator ofσ2.

The closed test procedure rejectsHi (i = 1, 2) if |Ti| > tν,α/2 andF > F2,ν,α, where

tν,α/2 is the upperα/2 quantile of t distribution withν = n0 + n1 +n2 − 3 degrees of freedom

andF2,ν,α is the upperα quantile of F distribution with degrees of freedom2 andν. It is not a

consonant test since the rejection ofH12 does not imply the rejection ofH1 orH2.

We propose to add a consonance adjustment step to the F test ofthe intersection

hypothesis, such thatH12 is rejected if the statisticF in (3.1) exceeds some critical constant

f and at least one ofHi is rejected by|Ti| > tν,α/2 to guarantee consonance. Such critical

constantf can be found by solving the following equation:

P
(

F > f and|Ti| > tν,α/2 for i = 1 or 2
)

= α.

Then the resulting consonant closed F test rejectsHi if |Ti| > tν,α/2 andF > f , for i = 1, 2.
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Since a closed form off does not exist, we solve it by Monte-Carlo simulation as the upperα

quantile of a truncated F distribution. The truncation works as follows: First, generatem sets of

normal random samples following the overall null hypothesisH12; Then calculateF and|Ti|’s

for each set of generated samples; If|Ti| 6 tν,α/2 for both i = 1 and2, setF = 0; Repeat

the truncation for each of them simulated samples and estimate the upperα quantile using one

of the quantile estimation methods discussed in Hyndman andFan (1996). It is obvious thatf

is less than or equal toF2,ν,α due to the truncation. As a result, the consonant closed F test is

uniformly more powerful than the unadjusted test with the family-wise error rate controlled at

the same level.

The p-value approach follows similar steps. Suppose{y0ij : i = 0, 1, 2; j = 1, . . . , ni}

is the observed responses from all subjects in 2 treatment groups and the control group. Denote

the observed test statistics byf0, |t01| and|t02|. The p-value is calculated by Monte-Carlo inte-

gration which generatesm sets of normal random samples following the overall null hypothesis.

CalculateF and|Ti|’s for each set of generated samples; If|Ti| 6 tν,α/2 for both i = 1 and2,

setF = 0. If both |t01| and |t02| are less thantν,α/2, set p-value= α and fail to reject the null

hypothesisH12. Otherwise, estimate p-value by the proportion ofm samples that hasF > f0.

More discussion about the accuracy of calculating the critical constants and p-values can be

found in Section 3.6.2.

3.3.2 Compare with SD test and SU test

We compare the consonant closed F (CCF) test with the SD and SUtest in the case

of 2 treatments and a control. Suppose the sample sizes are30 for the treatment groups and40

for the control group. For significant levelα = 0.05, the critical constants of the CCF test is

calculated astν,α/2 = 1.985 andf = 2.911 with ν = 97. The critical constants for SD and

SU test are calculated following the algorithms reviewed inSection 3.2 in a two-sided fashion,
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which are|t1| = |c1| = 1.985, |t2| = 2.252 and |c2| = 2.263. For a fixed variance estimate

S2 = 1, the rejection regions of CCF, SU and SD tests are visualizedin Figure 3.3 in terms of

the t statistics(T1, T2). Each testing procedure cut the plane into9 pieces. If the test statistics

(T1, T2) fall into areas labeled ‘1’, both null hypothesesH1 andH2 will be rejected, indicating

both treatments are different from the control. If the test statistics fall into areas labeled ‘2’,

then one treatment is significantly different from the control but the other treatment does not

show significant difference. If the test statistics fall into the area labeled ‘3’, both treatments

are not significantly different from the control. To compare, we refer to those areas as ‘CCF-L’,

‘SD-L’ and ‘SU-L’ with ‘L’ indicating the label (L = 1, 2, 3). In the first and third quadrant, we

have SU-1≈ CCF-1> SD-1. Also notice that the difference between SU-1 and CCF-1is much

smaller than their differences to SD-1. Thus both CCF and SU tests are more powerful than SD

test when most of the null hypotheses are false. In the secondand fourth quadrant, CCF-1=

SU-1> SD-1 and CCF-2≫ SD-2> SU-2. Hence CCF is more powerful than SU and SD test in

the second and fourth quadrant. CCF-3 is smaller than both SD-3 and SU-3. To conclude, none

of the procedure is uniformly more powerful than the others in all four quadrants. However,

CCF test is more powerful than SD test most of the time except on four very narrow areas in the

first and third quadrant. CCF test also dominates SU test morefrequently than being dominated

by SU test.

We also compare the procedures in the following simulation study. The observations

are generated with true meanθ1 6= 0, θ2 6= 0 and common varianceσ2 = 1. We expect the

test to reject both null hypotheses. The power in this simulation study is defined as the number

of rejections among alls simulated sets of observations divided by2s, which is essentially the

average power of correctly rejecting a false null hypothesis. The result is displayed in Figure

3.4. Several different(θ1, θ2) combinations are evaluated withs = 105 simulations for each
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Figure 3.3: The rejection region for CCF test, SD test (upperhalf plane only) and SU test (lower

half plane only). ‘1’ is the region to reject both hypotheses; ‘2’ is the region to reject one but

not both hypotheses; ‘3’ is the region to retain both hypotheses.

combination. Bothθ1 and θ2 varies from−1 to 1 which will result in a t statistic covered

roughly in the rejection region in Figure 3.3 (1/
√

1/30 + 1/40 = 4.14). As the rejection region

is symmetric with respect to the origin, we displayed the power gain of CCF test over SD test

on the upper half plane (1st and 2nd quadrant), and the power gain of CCF test over SU test on

the lower half plane (3rd and 4th quadrant). Since the samplevarianceS2 is random instead of

being fixed at1, the contour plot does not follow exactly as the rejection region. The peak values

of the contour plot appear in the 2nd and 4th quadrant where CCF test has largest rejection

region (CCF-1 and CCF-2 are the largest amongst the others inthe left panel). The ‘hottest’

areas are around(−0.4, 0.4) and(0.4,−0.4), which correspond to the values(−1.66, 1.66) and

(1.66,−1.66) in the left panel (multiplied by the common factor1/
√

1/30 + 1/40 according to
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equation (1.5)). Overall, in most areas of the contour plot (including areas beyond the display),

all three tests perform similarly. In some small areas (mostly in the first and third quadrant),

SU/SD tests have a power advantage over CCF test of less than1%. On the other hand, in some

larger areas in the second and fourth quadrant, CCF test has apower advantage over SU and SD

tests for4 ∼ 7%. The advantage of CCF test is much stronger than its disadvantage, thus it is

considered to be the optimal procedure.
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Figure 3.4: The power difference between CCF test and SD test(upper half plane) and SU

test (lower half plane) for different(θ1, θ2) combinations. A positive value indicates the power

advantage of CCF test. The result is based on105 simulations.
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3.3.3 A consonant closed F test comparingk doses with a control

Now we extend the CCF test tok doses. Again, suppose we are interested in testing the

null hypotheses of no treatment effect against two-sided alternatives,Hi : θi = 0 vsAi : θi 6= 0

for i = 1, . . . , k. For any index setI ⊆ K = {1, . . . , k} and|I| > 1, the intersection hypothesis

HI = ∩i∈IHi can be tested using F statistic

FI =

∑

i∈I∪{0} ni(Ȳi − ȲI)
2/|I|

S2
,

whereȲi is the sample mean and̄YI is the pooled sample mean of treatmenti ∈ I and the

control. As usual,S2 is the unbiased mean squared error estimator of the common variance

with ν degrees of freedom.

Denote{ψI : I ⊆ K, |I| > 1} as the set of local levelα tests for all intersection

hypotheses. The consonance adjustment is made by rejectingHI (ψI = 1) if FI > fI and at

least one ofHJ is rejected (ψJ = 1), whereJ ⊂ I and|J | = |I| − 1. The critical constantfI

satisfies

P
(

FI > fI , max
J⊂I,|J |=|I|−1

ψJ = 1
)

= α, (3.2)

which can be solved by Monte-Carlo integration recursively.

This consonance adjustment guarantees that if anyk-term intersection hypothesis is

rejected, then at least one of the(k − 1)-term intersection hypotheses implied by it is also re-

jected. Since the adjustment is applied stepwise, it also implies that at least one rejection occurs

among(k − 2)-term intersection hypotheses,(k − 3)-term intersection hypotheses, etc. This

adjustment also guarantees that the procedure is consonantat each step. Bittman et al. (2009)

proposed a procedure assuming known variance and demonstrated it in the case of comparing

k = 2 treatments with a control. The generalization of their procedure to the unknown variance

case andk > 2 treatments can be potentially more powerful than the CCF test but no computing

algorithm is provided so far.
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Incorporate all consonance adjustment steps, the resulting CCF test rejectsHi if all

theHI ’s with I ∋ i are rejected byFI > fI and at least one rejection amongHJ , whereJ ⊂ I

and|J | = |I| − 1. A shortcut exists which rejects the hypothesisHi : θi = 0 if |Ti| > tν,α/2

and for all the index setI ⊆ K, |I| > 1 andI ∋ i, FI > fI . The validity of this shortcut is

proved as follows.

Suppose{ψI : I ⊆ K, |I| > 1} is the set of local levelα tests for all intersection

hypotheses. We denote the event of{ψI = 1} byRI and the event of{FI > fI} byBI . Then

it is obvious that

RI = BI ∩
(

∪J⊂I,|J |+1=|I|RJ

)

.

If we further notice that ifI contains only one element, namelyI = {i}, thenBI andRI

denote the same event of{|Ti| > tν,α/2}. Thus for any two subsetsJ andK, i ∈ J ⊂ K and

|J |+ 1 = |K|,

RK ∩RJ =
[

BK ∩
(

⋃

L⊂K
|L|+1=|K|

RL

)

]

∩RJ = BK ∩
[

⋃

L⊂K
|L|+1=|K|

(

RL ∩RJ

)

]

= BK ∩RJ .

Applying this equality repeatedly, we have∩I∋iRI = ∩I∋iBI . Thus the shortcut CCF test

rejectsHi if all theHI ’s with I ∋ i are rejected withFI > fI .

We see that there is no assumptions for equal sample sizes among treatment groups.

The CCF test controls the FWER strongly in the case with unequally correlated test statistics.

This property makes the CCF test preferable to the SU test which is proved to control FWER

strongly only in the equal correlation case. When the samplesizes of all treatment groups are

equal (ni = n for all i = 1, . . . , k), the correlations among t statistics are all equal to

ρ =
n

n+ n0
.

For selectedρ and degrees of freedom, the critical constants of CCF test isreported in Table 3.1
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ρ

k=2 k=3 k=4

df f1(= t1) f2 df f1 f2 f3 df f1 f2 f3 f4

0.1

19 2.093 3.452 20 2.086 3.430 3.075 21 2.080 3.399 3.047 2.823

52 2.007 3.105 56 2.003 3.087 2.737 60 2.000 3.085 2.727 2.508

85 1.988 3.032 92 1.986 3.022 2.667 99 1.984 3.013 2.654 2.439

107 1.982 3.009 116 1.981 2.995 2.646 125 1.979 3.006 2.649 2.427

129 1.979 2.991 140 1.977 2.992 2.634 151 1.976 2.977 2.623 2.406

∞ 1.960 2.786 ∞ 1.960 2.786 2.408 ∞ 1.960 2.786 2.408 2.210

0.3

23 2.069 3.293 28 2.048 3.204 2.839 33 2.035 3.158 2.796 2.590

62 1.999 3.032 76 1.992 2.991 2.625 90 1.987 2.972 2.608 2.404

101 1.984 2.979 124 1.979 2.951 2.582 147 1.976 2.932 2.569 2.367

127 1.979 2.957 156 1.975 2.939 2.572 185 1.973 2.922 2.557 2.344

153 1.976 2.939 188 1.973 2.925 2.560 223 1.971 2.916 2.548 2.343

∞ 1.960 2.789 ∞ 1.960 2.789 2.413 ∞ 1.960 2.789 2.413 2.211

0.5

27 2.052 3.120 36 2.028 3.024 2.654 45 2.014 2.969 2.599 2.407

72 1.993 2.898 96 1.985 2.878 2.496 120 1.980 2.852 2.476 2.281

117 1.980 2.861 156 1.975 2.850 2.465 195 1.972 2.840 2.455 2.254

147 1.976 2.843 196 1.972 2.823 2.448 245 1.970 2.824 2.444 2.245

177 1.973 2.827 236 1.970 2.818 2.440 295 1.968 2.820 2.440 2.238

∞ 1.960 2.783 ∞ 1.960 2.783 2.398 ∞ 1.960 2.783 2.398 2.204

Table 3.1: Critical constants of CCF test for selected correlation ρ and degrees of freedom,

α = 0.05.
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for up tok = 4 treatment groups. The degrees of freedom are selected such that the correspond-

ing sample sizes are integers.

3.4 Consonant closed order restricted test against one-sided alter-

natives

3.4.1 Consonant closed order restricted test

In Section 3.3, we deal with dose-response hypotheses of no treatment effect against

two-sided alternatives, namely,

Hi : θi = 0 vs. Ai : θi 6= 0, i = 1, 2, . . . , k.

Their intersection hypotheses and alternatives are of the form

HI : θi1 = θi2 = · · · = 0 vs. AI : at least one ofθij 6= 0 for ij ∈ I.

However, people are sometimes more interested in testing the null hypotheses against

the one-sided alternatives in dose-response studies. In particular, hypotheses of the type

Hi : θi 6 0 vs. Ai : θi > 0,

with Hi ∪Ai cover all possible real values ofθi, i = 1, . . . , k. The intersection hypotheses and

alternatives are of the form

HI : θj 6 0 for all j ∈ I vs. AI : θj > 0 for at lease one ofj ∈ I.

In this case, the likelihood ratio test statistic forHI is

SI =

∑

i∈I∪{0} ni(Ȳi − Ỹ I
i )

2/|I|

S2
,

where for anyi ∈ I ∪ {0}, Ȳi is the sample mean ofith treatment response (i = 0 for control

group) andỸ I
i is the constrained maximum likelihood estimator ofµi under the null hypothesis
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HI : θj = µj − µ0 6 0 for all j ∈ I. This type of likelihood ratio test is order restricted. A

comprehensive introduction on order restricted inferences including algorithms to calculate the

constrained MLE ofµi underHI can be found in Robertson et al. (1988).

Denote{ψI : I ⊆ K, |I| > 1} as the set of local levelα tests for all intersection

hypotheses. The consonant closed order restricted test (CCOR test) rejectsHI (ψI = 1) if

SI > sI and at least one ofHJ is rejected (ψJ = 1), whereJ ⊂ I and |J | = |I| − 1. The

critical constantsI satisfies the following equation

P
(

SI > sI , max
J⊂I,|J |=|I|−1

ψJ = 1
)

= α. (3.3)

SinceỸ I
i is a function of{Ȳi : i ∈ I or i = 0} Robertson et al. (1988), the critical

constants and p-values can be calculated recursively following the same Monte-Carlo method

discussed in Section 3.3.1. Apply a similar shortcut, the CCOR test rejectsHi if ti > tν,α and

for all the index setsI ⊆ K, |I| > 1 andI ∋ i, SI > sI .

Again the CCOR test does not depend on the assumption of equally correlated test

statistics, thus is superior to SU test. In the case of equal correlations, the critical constantsI of

CCOR test is reported in Table 3.2 for selected degrees of freedom.

3.4.2 Compare with SD test and SU test

First we compare the CCOR test with SD and SU test in the case of2 treatments and a

control. Suppose the sample sizes are30 for the treatment groups and40 for the control group.

For significant levelα = 0.05, the critical constants of the CCOR test ares1 = tν,α = 1.661

ands2 = 1.988 with ν = 97. The critical constants for SD and SU tests aret1 = c1 = 1.661,

t2 = 1.948 andc2 = 1.963. For a fixed variance estimateS2 = 1, the likelihood ratio statistic

S{1,2} is determined by t statistics(T1, T2) and the rejection regions for CCOR, SU and SD

tests are visualized in Figure 3.5. If(T1, T2) fall into areas labeled ‘1’, both null hypotheses
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ρ

k=2 k=3 k=4

df s1(= t1) s2 df s1 s2 s3 df s1 s2 s3 s4

0.1

19 1.729 2.341 20 1.725 2.329 1.993 21 1.721 2.320 1.989 1.773

52 1.675 2.161 56 1.673 2.157 1.833 60 1.671 2.145 1.829 1.620

85 1.663 2.125 92 1.662 2.125 1.802 99 1.660 2.112 1.793 1.590

107 1.659 2.115 116 1.658 2.102 1.789 125 1.657 2.103 1.785 1.579

129 1.657 2.109 140 1.656 2.103 1.781 151 1.655 2.097 1.777 1.572

∞ 1.645 1.904 ∞ 1.645 1.904 1.512 ∞ 1.645 1.904 1.512 1.268

0.3

23 1.714 2.225 28 1.701 2.174 1.791 33 1.692 2.146 1.766 1.525

62 1.670 2.069 76 1.665 2.059 1.688 90 1.662 2.051 1.680 1.447

101 1.660 2.038 124 1.657 2.041 1.671 147 1.655 2.027 1.661 1.426

127 1.657 2.033 156 1.655 2.028 1.665 185 1.653 2.027 1.658 1.427

153 1.655 2.034 188 1.653 2.019 1.658 223 1.652 2.020 1.654 1.421

∞ 1.645 1.908 ∞ 1.645 1.908 1.510 ∞ 1.645 1.908 1.510 1.269

0.5

27 1.703 2.074 36 1.688 2.026 1.613 45 1.679 2.004 1.596 1.343

72 1.666 1.966 96 1.661 1.952 1.551 120 1.658 1.945 1.543 1.298

117 1.658 1.947 156 1.655 1.936 1.538 195 1.653 1.927 1.533 1.287

147 1.655 1.938 196 1.653 1.932 1.533 245 1.651 1.929 1.534 1.285

177 1.654 1.928 236 1.651 1.928 1.530 295 1.650 1.926 1.529 1.283

∞ 1.645 1.907 ∞ 1.645 1.907 1.516 ∞ 1.645 1.907 1.516 1.275

Table 3.2: Critical constants of CCOR test for selected correlationρ and degrees of freedom,

α = 0.05.
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H1 andH2 will be rejected, indicating both treatments are superior to the control. If the test

statistics fall into areas labeled ‘2’, then one treatment is significantly superior to the control

but the other treatment is not. If the test statistics fall into the area labeled ‘3’, both treatments

are not significantly superior to the control. Following similar notations as Section 3.3.2, SU-

1 ≈ CCOR-1> SD-1 and they all share part of the straight boundary1.661. CCOR-3 has a

smooth shape and are relatively smaller in size. Though SD-3and SU-3 have slight advantage

on the edge of1.948 and1.963, they have larger disadvantage in the corner of the rectangle

shaped region. The same result is obtained if we focus on regions labeled ‘2’. The following

two simulation studies further demonstrate that the CCOR test works as good as the SD/SU test

most of the time and outperform them in certain cases.

1.0 1.2 1.4 1.6 1.8 2.0

1.
0

1.
2

1.
4

1.
6

1.
8

2.
0

T1

T 2

1.9481.963

1.661

1

2

2

3

CCOR
SD
SU

Figure 3.5: The rejection region for CCOR, SD and SU test. ‘1’is the region to reject both

hypotheses; ‘2’ is the region to reject one but not both hypotheses; ‘3’ is the region to retain

both hypotheses.
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In the first simulation study, the observations are generated with true meansθ1 > 0,

θ2 > 0 and common varianceσ2 = 1. We expect to reject both null hypotheses. The power

in this simulation study is defined as the number of rejections among alls simulated sets of

observations divided by2s. The result is displayed in Figure 3.6 and 3.7 fors = 105. Figure

3.6 shows the power difference between CCOR test and SD test and a positive value indicates

the power advantage of CCOR test. 3.7 shows the power difference between CCOR test and

SU test. Both graphs exploit(θ1, θ2) combinations vary from0 to 1 which are roughly the same

region covered in Figure 3.5. The contour plots differ from the rejection regions in Figure 3.5

since the sample varianceS2 varies for each simulation (instead of being fixed at1). The power

advantage of CCOR test over SD test peaks roughly atθ1 = θ2 = 0.45 (t statistics around

0.45/
√

1/30 + 1/40 = 1.86 in Figure 3.5) which is inside the rejection region of CCOR test

but not SD test. In most areas of 3.6, CCOR test and SD test perform similarly. In some small

area SD test has a power advantage of about0.5%, while the power of CCOR test can exceed

that of SD test by1.7% in a larger area. To compare with SU test, we see that most of the time

their difference is within±0.2%. In the middle of the right panel, the power of CCOR test is

0.6% higher than SU test. Although the power gain of CCOR test is marginal in this simulation

since SD and SU tests are already very powerful, we still prefer CCOR test since it works at

least as good as SD/SU tests for any parameter configurations. Also bear in mind that CCOR

does not depend on the equal correlation assumption as the SUtest.

To consider different aspects of power, a more thorough evaluation is presented in

Table 3.3. The performance of CCOR, SD and SU tests are evaluated at selectedθ combinations

where both null hypotheses are false. We measure the power bylooking at proportions that a

test procedure rejects both null hypotheses or one particular hypothesis. We see that in all cases,

CCOR test is better than SD test. CCOR test have similar poweras the SU test in claiming
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Figure 3.6: The power comparison among CCOR test and SD test in various(θ1, θ2) combina-

tions from105 simulations.

significance for both null hypotheses, but it has higher power in identifying significance for at

least one hypothesis. The result confirms the conclusion that the CCOR test works well in all

possible parameter configurations.

In a second simulation study, we comparek = 4 treatments with a control, with

sample size30 for each treatment and40 for control. The performance of CCOR test, SD and

SU tests are reported in Table 3.4 for selectedθ combinations. The proportion of rejecting each

hypothesis and simultaneously rejectingl of the 4 hypotheses are compared (l = 1, . . . , 4).

The last column ‘Avg’ gives the average number of correct rejections. All results are based on

s = 106 simulations. CCOR test is most efficient when all hypothesesare false as in the case

θ = (0.7, 0.7, 0.7, 0.7). CCOR test has the highest power for each individual null hypothesis.
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Figure 3.7: The power comparison among CCOR test and SU test in various(θ1, θ2) combina-

tions from105 simulations.

Its power to reject all four hypotheses is similar to SU test and higher than SD test in column

4/4. In column3/4, CCOR has a power1.4% higher than the other two tests. The average

number of correct rejections of CCOR test is larger than SD and SU test by about0.09 and

0.04, respectively. If most hypotheses are false, CCOR test alsohas better performance than

SD/SU test as in the case ofθ = (0.55, 0.6, 0.65, 0). CCOR test has the highest power for each

individual hypothesis. Although the power of rejecting allthree false null hypotheses are slightly

lower than SD/SU test (column3/4), its overall power catches up with an outstanding advantage

of 2.1 ∼ 2.4% in column2/4. Thus the average number of correct rejections of CCOR test is

higher than both SD and SU tests by about0.02. If most hypotheses are true, CCOR test might

fail to outperform SD/SU test as in the cases ofθ = (1, 1.2, 0, 0) andθ = (0.7, 0, 0, 0). This

is expected as indicated by the comparison of their rejection regions in Figure 3.5. However,
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θ1 = 0.5, θ2 = 0.5 θ1 = 0.7, θ2 = 0.8 θ1 = 0.4, θ2 = 0.5

both onlyH1 onlyH2 both onlyH1 onlyH2 both onlyH1 onlyH2

CCOR 0.4972 0.1253 0.1250 0.8588 0.0271 0.0826 0.3948 0.0746 0.2052

SD 0.4838 0.1218 0.1214 0.8546 0.0259 0.0814 0.3819 0.0710 0.2032

SU 0.4974 0.1196 0.1193 0.8589 0.0256 0.0808 0.3950 0.0693 0.2000

Table 3.3: Performance of CCOR, SD and SU tests evaluated at selectedθ combinations from

s = 106 simulations,α = 0.05.

the advantages of SD/SU tests in these cases are not as significant as that of CCOR test in the

previous two cases.

To conclude, we see from the rejection region plot in Figure 3.5 that none of the

CCOR, SD and SU tests is uniformly more powerful than the others. Nevertheless, CCOR test

has the optimal performance for arbitraryθ configurations. It is particularly more powerful than

the SD and SU tests when most hypotheses are false. Most importantly, CCOR test does not

rely on the assumption of equal correlations to have strong control over the FWER as the SU

test. As we will discuss in Section 3.6.2, CCOR test requiressimilar moderate computation

as SU test. Whenever SU or SD test is affordable to be used, we recommend CCOR test as a

better alternative. If computing effort is of major concernand conventional tests such as Holm’s

step-down test, Hochberg’s step-up test or Hommel’s test isused, one should proceed with

caution since both Hochberg and Hommel procedures rest on the assumption of independent

test statistics, which does not hold in the comparison with acontrol problem. Although Holm’s

procedure does not rely on such assumption, it is consideredthe most conservative one amongst

all.
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θ = (0.7, 0.7, 0.7, 0.7) θ = (0.7, 0, 0, 0)

H1 H2 H3 H4 4/4 3/4 2/4 1/4 Avg H1 H2 H3 H4 1/4 Avg

CCOR 0.8648 0.8642 0.8649 0.8646 0.7132 0.1370 0.0741 0.0465 3.4585 0.7227 0.0212 0.0212 0.0211 0.7227 0.7227

SD 0.8428 0.8421 0.8426 0.8424 0.6932 0.1225 0.0842 0.0615 3.3700 0.7575 0.0206 0.0205 0.0205 0.7575 0.7575

SU 0.8562 0.8555 0.8559 0.8558 0.7135 0.1230 0.0732 0.0540 3.4235 0.7565 0.0214 0.0213 0.0212 0.7565 0.7565

θ = (0.55, 0.6, 0.65, 0) θ = (1, 1.2, 0, 0)

H1 H2 H3 H4 3/4 2/4 1/4 Avg H1 H2 H3 H4 2/4 1/4 Avg

CCOR 0.6020 0.6707 0.7343 0.0481 0.4395 0.2562 0.1762 2.00700.9747 0.9972 0.0304 0.0302 0.9726 0.0266 1.9719

SD 0.5958 0.6646 0.7282 0.0454 0.4473 0.2319 0.1828 1.98860.9792 0.9977 0.0295 0.0293 0.9776 0.0217 1.9769

SU 0.5990 0.6676 0.7313 0.0475 0.4494 0.2351 0.1795 1.99790.9789 0.9977 0.0303 0.0301 0.9773 0.0220 1.9766

Table 3.4: Performance of CCOR, SD and SU tests in the case of 4treatments, evaluated at selectedθ combinations froms = 106 simulations,α = 0.05.

Columnl/4 gives the rate of successfully rejectingl false null hypotheses. Column marked ‘Avg’ gives the average number of correct rejections.
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3.5 Dose-response examples

To illustrate that the consonant closed likelihood ratio test, especially the CCOR test,

is a powerful tool in dose-response studies, we first consider the data in Table 3.5 taken from

Ruberg (1995). This pre-clinical dose-response study compares nine active doses with a zero-

dose control. Six animals were investigated for each of the ten dose groups.

Group
Dosage Sample Mean SD mCCOR CCOR SD/SU

(mg/kg) size response response (∆ =) 6 5 0 6 5 0 6 5 0

0 0.0 6 25.5 2.6

1 0.5 6 23.9 4.0

2 1.0 6 27.7 3.3

3 1.5 6 33.4 2.3 X

4 2.0 6 40.5 10.5 X X X X X X

5 2.5 6 57.9 9.9 X X X X X X X X X

6 3.0 6 74.4 14.6 X X X X X X X X X

7 3.5 6 73.4 7.6 X X X X X X X X X

8 4.0 6 73.5 4.5 X X X X X X X X X

9 4.5 6 76.2 7.9 X X X X X X X X X

Table 3.5: Sample dose-response data from Ruberg (1995) andperformance of closed test pro-

cedures for selected∆ values. Significant treatment effects are marked with “X”.

Usually in dose-response studies, people are interested infinding the effective doses

which have mean responses greater than the control by a predefined value∆. Since a location

shift will not affect the sample variance, we can simply add∆ to all the responses in the control

group and then apply the closed test procedures. In particular, the hypotheses of interests are

Hi : θi 6 ∆ vs. Ai : θi > ∆; i = 1, 2, . . . , k. (3.4)
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When∆ is set to be5, SD and SU tests both identify doses4, . . . , 9 are effective while

the CCOR test can only detect doses5, . . . , 9. This result is caused by the fact that CCOR test

is sensitive to the violation of equal variance assumption.As showed in Table 3.5, the sample

standard deviations range from2.3 of group 3 to14.6 of group 6.

One possible modification to the CCOR test is to assume unequal variance and use

individual sample variance as estimates. As a result, the decision on a particular intersection

hypothesis will not be affected by the variance of unrelatedtreatment groups. This feature

makes our test more robust to the heterogeneity of variance while still control the FWER atα.

Specifically, the modified CCOR test (mCCOR) statistics derived from the likelihood ratio is

defined as

S′
I =

∏

i∈I∪{0}[(ni − 1)s2i + ni(Ȳi − Ỹ I
i )

2]ni

∏

i∈I∪{0}[(ni − 1)s2i ]
ni

,

wheres2i is the sample variance estimate of theith group withni − 1 degrees of freedom.

In Ruberg’s data, the mCCOR test outperforms the original CCOR test and SD/SU tests for

selected∆ values as showed in Table 3.5.

Hsu and Berger (1999) introduced a step-down method with pre-determined steps

which takes advantage of suspected monotonicity in the response. Their procedure makes in-

ferences in the form of “all doses greater than dosei are effective” and works well on Ruberg’s

data. More discussion and examples on this procedure can also be found in Bretz et al. (2008).

However, this procedure is not designed to detect effectivedoses in the middle of an inverted-U

(umbrella) response as presented in the following clinicaltrial example.

Dmitrienko et al. (2007a) provides an example of a Phase II clinical trial in 108 pa-

tients with mild to moderate asthma. The trial was conductedto compare three doses of an

experimental drug to placebo. The drug was administered daily at doses50, 250 and 1000

mg/day. The efficacy of the experimental drug was studied using spirometry measurements.
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The primary efficacy endpoint was the forced expiratory volume in one second (FEV1). Table

3.6 displays the summary statistics of the experiment result and the graph shows the relationship

between the mean FEV1 improvement and daily dose administered. The observation suggests

an inverted-U shape dose-response relationship.

Group
Dose Sample Mean SD

(mg/day) size response response

0 0 28 0.049 0.37

1 50 27 0.244 0.43

2 250 26 0.282 0.43

3 1000 27 0.195 0.42

Table 3.6: FEV1 improvement in asthma trial example

Since this is not an equal sample size example, there is no analytical proof that SU

procedure controls the familywise error rate strongly and the calculation of its critical constants

is complicated. For the sake of simplicity, we use Hochberg’s test as a replacement since it is

considered as a Bonferroni approximation to SU test and provides similar power. For∆ = 0

andα = 0.05, only the CCOR test can identify the positive efficacy of the250mg daily dosage.

Both SD test and Hochberg’s test result in retaining all hypotheses atα = 0.05 and∆ = 0.

3.6 Discussion

3.6.1 Consonant closed F test in mixed model with repeated measurements

Since most dose-response clinical trial nowadays have longitudinal data, we extend

our consonant closed likelihood ratio test to linear mixed models with repeated measurements.
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Consider a split-plot clinical trial design, where subjects are randomized to different treatment

groups and followed across time. Withi = 0, 1, . . . , k treatment groups (i = 0 as the control),

j = 1, . . . , n subjects in treatmenti andt = 1, . . . , T timepoints, we can write the model as

yijt = µ+ τi + βj(i) + γt + (τγ)it + ε(ijt),

where

µ = the overall mean;

τi = effect of treatmenti (
∑

i

τi = 0);

βj(i) = individual difference component for subjectj nested in treatmenti, ∼ N(0, σ2β);

γt = effect of timet (
∑

t

γt = 0);

(τγ)it = interaction of treatmenti and timet (
∑

i

(τγ)it =
∑

t

(τγ)it = 0);

ε(ijt) = random error for subjectj in treatmenti at timet, ∼ N(0, σ2).

If the null hypothesis of no treatment by time interaction isrejected, then treatment

and time effects are confounded with the interaction and cannot be tested separately. Otherwise,

we can test the existence of treatment effect byH : τ0 = τ1 = . . . = τk = 0 using

F =

∑k
i=0 n(Ȳi·· − Ȳ···)

2/k
∑k

i=0

∑n
j=1(Ȳij· − Ȳi··)2/(k + 1)(n − 1)

∼ Fk,(k+1)(n−1).

However, knowing the existence of treatment effect may not be enough, sometimes

we are also interested in identifying which treatment groupis different from the control. As a

result, thek contrast tests ofHi : τi = τ0 = 0 (i = 1, . . . , k) should be performed. The con-

sonant closed likelihood ratio test procedure can be applied in this context and the intersection

hypothesesHI : τi = τ0 = 0, for all i ∈ I ⊂ K = {1, . . . , k} can be tested by the F type

statistics

FI =

∑

i∈I∪{0} n(Ȳi·· − Ȳ···)
2 × k+1

k|I|
∑k

i=0

∑n
j=1(Ȳij· − Ȳi··)2/(k + 1)(n − 1)

.
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The consonance adjustment in this case is to rejectHI if FI > fI and at least one of the

hypothesesHJ , whereJ ⊂ I and |J | = |I| − 1, is rejected. Then the critical constantsfI

can be computed recursively using Monte-Carlo method similar to Section 3.3. The closed test

procedure rejects a specificHi (i = 1, . . . , k) if all HI with I ∋ i are rejected. The consonant

closed likelihood ratio test guarantees that if a significant treatment effect exists, at least one of

the treatments will be identified as significantly differentfrom the control.

As a common drawback of fitting mixed model, the test procedure in this case is

inexact. The reasons of the inexactness is partly because that we need to treat the estimated

variances-covariance as if they were fixed and known in the computation of critical constants

of consonant closed likelihood ratio test (when generatingsimulation samples). However, the

logic of our consonant closed test does not depends on the structure of the variance-covariance

matrix, which requires that the rejection of an intersection hypothesis be accompanied by at

least one rejection among its component hypotheses. As a result, as long as there exists a

reasonable estimate for the variance-covariance matrix, our consonant closed likelihood ratio

test can be applied to any general mixed model. For more details about multiple comparison in

mixed model, please refer to Westfall et al. (1999); Westfall and Young (1993) and the reference

therein.

Also note that in Phase II clinical trials a strict type I error rate control of dose-

response study is often not mandatory and modeling approaches are reasonable alternatives.

Bretz et al. (2008) gave a review of modeling approaches and hybrid approaches combining

multiple comparisons and modeling techniques. For interested readers, we refer to Bretz et al.

(2008, 2005) and the references therein for details.
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3.6.2 Computational Issue

The critical constants and p-values of consonant closed likelihood ratio test are com-

puted using Monte-Carlo method. The accuracy of such computation depends on the number

of Monte-Carlo simulationm and the number of treatmentsk. In general, the critical constant

approach is recommended over the p-value approach. Since the critical constants of CCF and

CCOR tests are computed recursively as in (3.2) and (3.3), the p-value computation of intersec-

tion hypothesisHI relies on the knowledge of all critical constants in lower level intersection

hypothesesHJ (J ⊂ I). In other words, to compute the p-values for each intersection hypothe-

sis, the critical constants need to be calculated first.

Supposem sets of Monte-Carlo samples are generated, we can calculated all the like-

lihood ratio test statistics (F or S, for CCF and CCOR test respectively) for each set of the

sample. The critical constant is then the estimated quantile of the underlying distribution. Sev-

eral algorithms are reviewed and compared in Hyndman and Fan(1996). We applied the default

method in R and S-PLUS. Usually a quantile estimator has a slow convergence rateO(n−1/2).

To evaluate the accuracy of our critical constant computation, a bootstrap variance estimation

is used. From thism Monte-Carlo samples, bootstrap replicates of sizem are sampled with

replacement. The sample quantile is estimated again using each bootstrap sample. A total of

b = 1000 bootstrap samples are collected and the variance is computed.

In computing the critical values used in examples of Section3.3 and 3.4,m = 107

is used. The bootstrap standard deviation of those estimates are in the neighborhood of0.001.

Table 3.1 and 3.2 is constructed withm = 106, the bootstrap standard deviation of those critical

constants are less than0.01. All computations are performed on the high-performance comput-

ing infrastructure at the UCR Institute for Integrative Genome Biology. On a2.5GHz core, the

computation of CCOR test critical constants takes225 seconds and1183 seconds fork = 2 and
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k = 4 treatments withm = 106. We write our own R program for SU test critical constants

following algorithm in Kwong and Liu (2000) and it takes149 seconds and1020 seconds for

k = 2 andk = 4 treatments withm = 105. We believe the computing effort of CCOR test is

moderate and at least similar to (if not less than) the SU test.
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Chapter 4

A New Partition Testing Strategy for

Multiple Primary and Secondary

Endpoints in Regulatory Applications

4.1 Introduction to multiple endpoints problem in clinical trials

Many clinical trials involve multiple endpoints and dose-to-control comparisons. The

endpoints can be generally classified as primary and secondary. A primary endpoint describes

how the most important aspects of the disease are affected bythe intervention. An intervention’s

effect on the secondary endpoint can further help prescribing physicians in identifying suitable

treatments for their patients (Offen et al., 2007). However, a significant improvement in a sec-

ondary endpoint alone is not considered as substantial evidence of clinical benefit. Based on

this understanding, multiple hypotheses testing strategies are proposed following the common
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rules that,

1. the efficacy in the secondary endpoints is considered only ifefficacy

in the primary endpoints has been shown;

2. inference made in primary endpoints is not affected by the inference

made in secondary endpoints.

(4.1)

Hung and Wang (2009) suggest that these rules should be enforced only within each

given dose level. Specifically, they illustrate the idea through an example: If there is sufficient

evidence to conclude that the high dose is effective with respect to the primary endpoint, then

the secondary endpoint testing for the high dose should not be subjected to proving that the

low dose is also effective with respect to the primary endpoint. These rules play a key role in

developing testing procedures for multiple endpoints. Several extensions of the rules exist when

the structure of multiple endpoints becomes more complex.

Currently, the sequential gatekeeping procedure (Dmitrienko et al., 2003; Chen et al.,

2005; Dmitrienko et al., 2006b, 2007b) is widely used in clinical trials with multiple endpoints.

This procedure is based on the closed testing principle (Gabriel, 1969) which tests all inter-

section hypotheses in the family and rejects a hypothesis only if all intersection hypotheses

implying it are rejected. For each intersection hypothesis, the weighted Bonferroni test is ap-

plied and the two rules are implemented by assigning different weight to each component of

the intersection. Several variations of the gatekeeping procedure exist, such as serial, parallel

and tree-structured gatekeepings. They are characterizedby the different weight selection algo-

rithms. The two major drawbacks of gatekeeping method are the complexity of weight selection

algorithm and the limited power due to Bonferroni approximation.

In the direction to simplify the steps in gatekeeping procedure, Bretz et al. (2009)

recently proposed a graphical approach for the sequentially rejective multiple test procedures
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in which gatekeeping procedures are special cases. Their approach are represented by directed,

weighted graphs where each node corresponds to an elementary hypothesis that a certain dose-

endpoint combination lacks efficacy. This approach provides shortcut to the Bonferroni-type

closed test, thus making extensive computer programming unnecessary. It is also a great tool to

communicate with clinical team. However, this procedure islimited to Bonferroni tests only.

Yet another variation of the gatekeeping method tests each intersection hypothesis

through the single-step Dunnett test instead of Bonferronitest (Dmitrienko et al., 2006a). This

procedure assumes that the joint distribution of the test statistics from different endpoints can be

approximated by a multivariate t-distribution and the correlation between endpoints can be well

estimated. It provides a power advantage over the Bonferroni gatekeeping procedure. However,

the assumptions made by this procedure are liberal, which will result in the lost of strong control

over the familywise error rate (FWER). A Dunnett-Bonferroni-based gatekeeping procedure

is proposed as an improvement (Xu et al., 2009) which appliesDunnett test within endpoint

and Bonferroni inequality across endpoints. This procedure does not rely on the unrealistic

assumptions which might be challenged by regulatory agencies but provides almost the same

performance.

More recently, Liu and Hsu (2009) proposed a partition testing approach which re-

duces the number of intersection hypotheses by partitioning the null space for each dose. They

follow the rules in (4.1) within each given dose level, whichthey referred to as Decision Path.

The resulting procedure tests(m + 1)k − 1 intersection hypotheses in clinical study withm

hierarchically ordered endpoints andk doses. The number of intersection hypotheses tested in

a typical gatekeeping procedure for the same experiment is2mk − 1. The partition testing for-

mulates fewer hypotheses to start with. For each intersection hypothesis, the joint distribution

within endpoint is used along with independence assumptionor Bonferroni inequality across

endpoints.
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Despite the different appearance of the above procedures, they all share the common

union-intersection setting, in which an intersection hypothesis is rejected if at least one of the

component hypotheses is rejected. Specifically, the Bonferroni-based gatekeeping procedure

rejects an intersection hypothesis if at least one of the component hypotheses is rejected by

the Bonferroni test with specified weight. The graphical approach admits a shortcut, which is

also derived from the underlying weighted Bonferroni test for each intersection hypothesis. The

Dunnett-based gatekeeping procedure and the partition testing rejects an intersection hypothesis

if at least one of the component t statistics are significantly large.

In this chapter, We propose a new partition testing approachwhich focuses on testing

each intersection hypothesis with likelihood ratio test. As discussed in Chapter 3, when using

likelihood ratio test, the logical consistency of consonance may be lost. We propose a conso-

nance adjustment technique to retain the consistency in analog to the UI method. The resulting

new partition testing procedure provides power advantage over gatekeeping procedure (GK) and

the original decision path partition testing (DP).

This chapter is organized as follows. Section 4.2 reviews the partitioning decision

paths proposed by Liu and Hsu (2009) and extend it to alternative primary endpoints and co-

primary endpoints problems. Section 4.3 introduces the likelihood ratio test and the consonance

adjustment. The adjustment procedure is illustrated therewith a simple example. Section 4.4

demonstrates the new procedure in two advanced cases, with simulation study comparing to

existing methods. Section 4.5 draw some concluding remarks.
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4.2 The Partitioning Decision Path Principle

4.2.1 Hierarchical endpoints

Supposek doses of an experiment drug are compared to a control on a single primary

endpoint and a single secondary endpoint. LetµEi denote the mean response of groupi for

endpointE, i = 0, 1, · · · , k, E = P, S (for primary and secondary endpoint), wherei = 0

denotes the control group. Define the difference in mean efficacy measurement between each

dose groupi and the control group for endpointE asθEi = µEi − µE0 , E = P, S. Then the

original elementary hypotheses of interest are

HP
i : θPi ≤ δP vs AP

i : θPi > δP

HS
i : θSi ≤ δS vs AS

i : θSi > δS
(4.2)

for any i = 1, · · · , k, if a larger response indicates better treatment. To be general, θEi is

compared to a clinically meaningful differenceδE for endpointE. Without confusion, we use

capital letterH (orA) to denote both a hypothesis and its corresponding parameter space.

A sequence of potential inferences is termed as apath in Liu and Hsu (2009). In the

hierarchical endpoints problem, such path does not make inference for lower ordered endpoint

before efficacy is established for all the higher ordered endpoints FOR A GIVEN DOSE. Given

the decision paths for each dose, the parameter space is partitioned in two stages, namely, path

partition and disjointness partition Liu and Hsu (2009).

Path partition is within each dosei, starting with the primary endpoint null hypothesis

HP
i : θPi ≤ δP . If HP

i is rejected, then efficacy in the primary endpoint is established for dose

i. Following the path to the secondary endpoint,H⋆S
i = HS

i \H
P
i : θSi ≤ δS andθPi > δP

is tested instead ofHS
i . If both HP

i andH⋆S
i are rejected, then efficacy in both primary and

secondary endpoints are established. However, ifHP
i is retained, then even ifH⋆S

i is rejected,

no inference should be made. SinceHP
i andH⋆S

i are disjoint, the FWER is strongly controlled
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if each is tested at levelα. The path partition can be visualized in Figure 4.1. BesidesHP
i and

H⋆S
i , the remaining part of parameter space isθPi > δP andθSi > δS , which does not need to

be tested and is denoted byHA
i .

H1
P

H1
S∩H1

P

Figure 4.1: The path partition of the partition testing in the case of one primary endpoint and

one secondary endpoint.

Between paths, the partitioned hypotheses are not disjointand their intersections are

considered. This is done through the disjointness partition. In the simple case withk = 2, the

family of hypotheses for dosei is Hi = {HP
i ,H

⋆S
i ,HA

i }. The intersections between the two

familiesH1 andH2 (for 2 doses) partition the parameter space into9 parts, with the intersection

HA
1 ∩ HA

2 need not be tested. The result of disjointness partition canbe visualized in Figure

4.2. Since each intersection concerns selecting one partition from each of the two familiesH1
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11

12

21

13

31

22

23

32

Figure 4.2: The disjointness partition of the partition testing in the case of two doses with one

primary endpoint and one secondary endpoint. The labeling of disjointness partition follows

that described in (4.3).

andH2, they can be labeled conveniently asΘe1e2 = ∩2
i=1Θ

ei
i where

Θei
i =











































ΘP
i = {θPi ≤ δP } if ei = 1

Θ⋆S
i = {θPi > δP andθSi ≤ δS} if ei = 2

ΘA
i = {θPi > δP andθSi > δS} if ei = 3

, i = 1, 2. (4.3)

Thus the notationΘe1e2 represents the lack of efficacy for certain dose-endpoint combinations.

The sub-indices can be extended toe1, . . . , ek in the case ofk > 2 doses. Proved as Theorem

1 in Liu and Hsu (2009), for a clinical trial withm (hierarchically) ordered endpoints andk

(unordered) doses, partition testing following the Decision Path Principle leads to testing(m+
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1)k − 1 hypotheses that partition the parameter space. The final inference is to rejectHP
i if

all of the partition hypothesesΘe1e2 with ei = 1 are rejected. In addition, if all the partition

hypothesesΘe1e2 with ei = 2 are rejected, then we can rejectHS
i as well. The inference

automatically respects the prespecified paths and controlsFWER strongly at levelα, providing

each partition hypothesis is tested at levelα.

4.2.2 Alternative primary endpoints

When a treatment is deemed efficacious if it improves at leastone of the multiple

primary endpoints, each primary endpoint is an alternativeto other primary endpoints in deter-

mining the efficacy of the treatment. It is thus calledalternative primary endpoints.

For simplicity, we focus on the case with two alternative primary endpoints and one

secondary endpoint. Denote the primary endpoints as P1 and P2, the secondary endpoint as S.

Then the hypotheses in (4.4) are the original elementary null hypotheses,

HP1
i : θP1

i ≤ δP1

HP2
i : θP2

i ≤ δP2, i = 1, 2, · · · , k

HS
i : θSi ≤ δS

(4.4)

For each dosei, the decision path of Liu and Hsu (2009) suggests to considerthe

hypothesesHP1
i , HP2

i andH⋆S
i = HS

i \(H
P1
i ∩ HP2

i ) in turn. The efficacy in primary end-

point P1 (P2) can be claimed ifHP1
i (HP2

i ) is rejected. The efficacy in the secondary end-

point is established ifH⋆S
i and at least one ofHP1

i andHP2
i are rejected. It guarantees that

the secondary endpoint efficacy can be claimed only if at least one of the primary endpoint

has been proved efficacious. However, the three hypothesesHP1
i , HP2

i andH⋆S
i are not dis-

joint in this case, thus not a partition of the parameter space of dosei. To extend the decision

path principle, we consider a natural partition based on thethree hypotheses. First consider

the∩-closed family of hypotheses for dosei, Hi = {HP1
i ,HP2

i ,HP1
i ∩ HP2

i ,H⋆S
i ,HP1

i ∩

73



H⋆S
i ,HP2

i ∩ H⋆S
i ,HA

i }, whereHA
i = {θP1

i > δP1 andθP2
i > δP2 andθSi > δS}. Then

consider the natural partition ofHi as defined in Finner and Strassburger (2002), denoted as

Θi = {ΘP1
i ,ΘP2

i ,ΘP1P2
i ,ΘS

i ,Θ
P1S
i ,ΘP2S

i ,ΘA
i }, where

ΘP1
i = {θP1

i ≤ δP1 andθP2
i > δP2 andθSi > δS},

ΘP2
i = {θP1

i > δP1 andθP2
i ≤ δP2 andθSi > δS},

ΘP1P2
i = {θP1

i ≤ δP1 andθP2
i ≤ δP2},

ΘS
i = {θP1

i > δP1 andθP2
i > δP2 andθSi ≤ δS},

ΘP1S
i = {θP1

i ≤ δP1 andθP2
i > δP2 andθSi ≤ δS},

ΘP2S
i = {θP1

i > δP1 andθP2
i ≤ δP2 andθSi ≤ δS},

ΘA
i = {θP1

i > δP1 andθP2
i > δP2 andθSi > δS}.

(4.5)

Θi partitions the parameter space of dosei into 7 disjoint pieces.

Then apply the disjointness partition, the entire parameter space is partitioned into7k

pieces fork doses, with the one∩k
i=1Θ

A
i need not be tested. Notice the number of intersection

hypotheses to be tested is7k − 1, which is still less than the amount in gatekeeping procedure

(23k − 1 = 8k − 1). Consider the hypotheses of interest,HP1
i , HP2

i andHS
i . They can be

expressed as unions of certain partition hypotheses in (4.5). The final inference is based on

collating the result testing each partition hypothesis.

4.2.3 Co-primary endpoints

There are many disorders for which the regulatory agencies have required a treatment

to demonstrate significant effect on all multiple endpoints, before accepting the treatment’s clin-

ical benefit. This is usually referred to as aco-primary endpointsproblem or reverse multiplicity

problem, which according to the intersection-union (IU) test does not need multiplicity adjust-

ment of any kind. Such requirement could lead to substantialreduction in the study’s power
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to conclude the efficacy of a treatment. Several publications discussed this issue and proposed

possible solutions. To name a few, Offen et al. (2007); Hung and Wang (2009); Chuang-Stein

et al. (2007) and Eaton and Muirhead (2007).

We extend the partition testing to the case with two co-primary endpoints and a sec-

ondary endpoint. The hypothesisHS
i in the secondary endpoint will not be tested unless both

HP1
i andHP2

i are rejected (denoted the co-primary endpoints as P1 and P2). The hypothe-

ses are defined the same way as in (4.4). The decision path considers the hypothesesHP1
i ,

HP2
i andH⋆S

i = HS
i \(H

P1
i ∪ HP2

i ) in turn. Notice thatH⋆S
i defined in co-primary end-

point problems are different from that of alternative primary endpoint problems. The efficacy

in primary endpoint P1 (P2) can be claimed ifHP1
i (HP2

i ) is rejected. The efficacy in the

secondary endpoint is established ifH⋆S
i , HP1

i andHP2
i are all rejected. Again, the three hy-

potheses are not disjoint. We construct the natural partition as follows. First determine the

∩-closed family of hypotheses for dosei, Hi = {HP1
i ,HP2

i ,HP1
i ∩ HP2

i ,H⋆S
i ,HA

i }, where

HA
i is the hypothesis that all endpoints in dosei are efficacious. Then the natural partition is

Θi = {ΘP1
i ,ΘP2

i ,ΘP1P2
i ,Θ⋆S

i ,ΘA
i }, where

ΘP1
i = {θP1

i ≤ δP1 andθP2
i > δP2},

ΘP2
i = {θP1

i > δP1 andθP2
i ≤ δP2},

ΘP1P2
i = {θP1

i ≤ δP1 andθP2
i ≤ δP2},

ΘS
i = {θP1

i > δP1 andθP2
i > δP2 andθSi ≤ δS},

ΘA
i = {θP1

i > δP1 andθP2
i > δP2 andθSi > δS}.

(4.6)

Θi partitions the parameter space of dosei into 5 disjoint pieces. Apply the disjointness parti-

tion, the entire parameter space is partitioned into5k pieces fork doses. Thus there are5k − 1

intersection hypotheses to be tested. Compare the natural partitions in (4.6) and (4.5), the re-

quirements of alternative primary endpoints and co-primary endpoints make a clear difference.
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The final inference collates the results testing each partition hypothesis in (4.6).

In this section, We generalized the decision path principleof Liu and Hsu (2009) to the

cases with alternative primary endpoints and co-primary endpoints. This extension is required

mainly because the∩-closed family of hypothesesHi in those cases is not a partition of the

parameter space of dosei. Thus a natural partition step is taken andΘi instead ofHi is used in

the following disjointness partition step. For the sake of notation consistency, we will useΘi to

denote the disjoint partitions of the parameter space of dose i in all cases. Thus in the case of

hierarchically ordered multiple endpoints,Hi = Θi are equivalent.

The corresponding techniques used in gatekeeping procedure for alternative and co-

primary endpoints are referred to as parallel and serial gatekeeping, respectively. Section 4.2.2

and 4.2.3 are presented with two primary endpoints, for scenarios with more than two primary

endpoints and combination with hierarchical endpoints, the decision path principle can be ex-

tended easily as we discussed.

4.3 Likelihood Ratio Test and Consonance Adjustment: Funda-

mentals

In this section, we focus our discussion on the scenario witha primary endpoint and

a secondary endpoint fork = 2 doses. The testing procedure can be easily extended to more

general scenarios. Some extensions are discussed in Section 4.4.

4.3.1 Likelihood Ratio Test

Suppose two hierarchically ordered endpoints (primary andsecondary) are considered

in a confirmatory clinical trial. Following the notations defined in Section 4.2.1 withk = 2

doses, the decision path partition results in3k − 1 = 8 null hypotheses of interest in (4.3).
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The partition testing of Liu and Hsu (2009) rejects an intersection hypothesisΘe1e2

if at least one of the t statistics of the component hypotheses is significantly large. Instead of

using the union-intersection setting, we propose to apply the likelihood ratio test for each inter-

section hypothesis. Throughout the years, likelihood ratio tests are regarded as computationally

intractable (Tang et al., 1989; Wassmera et al., 1999). However, after decades of development in

computer technology, the amount of computation required bylikelihood ratio tests are no longer

a hassle. Our consonant likelihood ratio test shows a significant power advantage in the center

direction when most null hypotheses are false.

The likelihood ratio statistic is the ratio of likelihood functions maximized under the

null hypothesis and the global hypothesis. For each partition Θe1e2, the null and alternative

hypotheses can be written as

H0 : Θe1e2 vs Ha : Ω\Θe1e2 ,

whereΩ is the global hypothesis with no constraint on any parameter.

Specifically, the8 null hypotheses of interest are summarized in Table 4.1. Theideal

situation that both high and low doses are efficacious in bothendpoints,Θ33 does not need to

be tested.

For each partition hypothesis, it is a common partition testing practice to test only the

part of null hypothesis statesθEi ≤ δE . For example, instead of testing the hypothesisΘ12 that

states

θP1 ≤ δP andθP2 > δP andθS2 ≤ δS ,

the hypothesisH12 that states

θP1 ≤ δP andθS2 ≤ δS

is tested. A level-α test forH12 is also a level-α test forΘ12. The null hypotheses actually
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Hypotheses
θP1 θS1 θP2 θS2

Hypotheses
θP1 θS1 θP2 θS2

of interest tested

Θ11 ≤ δP - ≤ δP - H11 ≤ δP - ≤ δP -

Θ12 ≤ δP - > δP ≤ δS H12 ≤ δP - - ≤ δS

Θ21 > δP ≤ δS ≤ δP - H21 - ≤ δS ≤ δP -

Θ13 ≤ δP - > δP > δS H13 ≤ δP - - -

Θ31 > δP > δS ≤ δP - H31 - - ≤ δP -

Θ22 > δP ≤ δS > δP ≤ δS H22 - ≤ δS - ≤ δS

Θ23 > δP ≤ δS > δP > δS H23 - ≤ δS - -

Θ32 > δP > δS > δP ≤ δS H32 - - - ≤ δS

Table 4.1: The null hypotheses of interest and null hypotheses actually tested featuring2 doses

and primary-secondary endpoints. A short dash ‘−’ indicates no constraint on that parameter.

tested are also listed in Table 4.1.

Assume the samples from dose groupi have the following bivariate normal distribu-

tion

Yij =









Y P
ij

Y S
ij









i.i.d.
∼ N

















µPi

µSi









,









σ2P ρσPσS

ρσPσS σ2S

















(4.7)

wherei = 0, 1, 2 andj = 1, . . . , ni are index for theni subjects in dose groupi. The variance of

primary and secondary endpoints,σ2P andσ2S are assumed unknown. In general, there are three

approaches to deal with the unknown correlation coefficientρ between the endpoints. (1) Find

a consistent estimate ofρ and use it as if it is the true value; (2) Apply Bonferroni inequality

which does not depend onρ; (3) Assume independence (ρ = 0). Sinceρ can not always be

well estimated given the observed data, the second and thirdoptions are of more interest in

practice. Bonferroni-based gatekeeping procedures applythe second option across endpoints
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and dose levels, it is conservative and controls the FWER strongly. Liu et al. (2007) proved that

assuming independence among the t statistics results in conservative testing procedures when

the true correlation is positive. When there is no strong belief of positive association among

endpoints, Liu and Hsu (2009) suggests using Bonferroni inequality in their partition testing

procedure across endpoints. Since likelihood ratio test focus on ellipsoidal acceptance regions

instead of rectangles, we are able to show that

Theorem 7 Under the independence assumption(ρ = 0), the likelihood ratio test is conserva-

tive and controls the FWER strongly.

To prove Theorem 7, we need the following notations.

Denote the likelihood function of{Yij : i = 0, 1, 2; j = 1, . . . , ni} asL(y,µ,σ).

UseȲ P
i , Ȳ S

i , σ̂P andσ̂S to denote the MLEs ofµPi , µSi , σP andσS under the global hypothesis

Ω. UseỸ P
i , Ỹ S

i , σ̃P and σ̃S to denote the constraint MLEs under the null hypothesisHe1e2 .

The distributions and computation techniques of constraint MLEs are extensively studied in

Robertson et al. (1988). Then the test statistic forHe1e2 is

λe1e2 =
supθ∈He1e2

L

supθ∈Ω L
=

(

σ̃2P σ̃
2
S

σ̂2P σ̂
2
S

)−
∑

ni
2

=

(

∑

ij(y
P
ij − ỹPi )

2
∑

ij(y
S
ij − ỹSi )

2

∑

ij(y
P
ij − ȳPi )

2
∑

ij(y
S
ij − ȳSi )

2

)−
∑

ni
2

.

(4.8)

Proof of Theorem 7. Without lose of generality, we prove Theorem 7 in the context

of primary-secondary endpoints with2 doses. Use the notation in (4.8), to testΘe1e2 , it is

sufficient to prove for anyθ ∈ Θe1e2,

Pθ,ρ

(

σ̂2P σ̂
2
S

σ̃2P σ̃
2
S

≥ c

)

≥ Pθ,ρ=0

(

σ̂2P σ̂
2
S

σ̃2P σ̃
2
S

≥ c

)

.

Since the left hand side is equal to
∫

Pθ,ρ(
σ̂2
P

σ̃2
P

≥ c/t,
σ̂2
S

σ̃2
S

= t)dt and the right hand

side is equal to
∫

Pθ(
σ̂2
P

σ̃2
P

≥ c/t)Pθ(
σ̂2
S

σ̃2
S

= t)dt. We only need to show the inequality of

Pθ,ρ

(

σ̂2P
σ̃2P

≥ c/t,
σ̂2S
σ̃2S

= t

)

≥ Pθ

(

σ̂2P
σ̃2P

≥ c/t

)

Pθ

(

σ̂2S
σ̃2S

= t

)

. (4.9)
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This is a special case of the Gaussian correlation conjecture which states that for

any two symmetric convex setsA andB in a separable Banach spaceE and for any centered

Gaussian measureµ onE,

µ(A ∩B) ≥ µ(A)µ(B). (4.10)

For a history of this conjecture, we refer to Das Gupta et al. (1972) and Li and Shao (2001).

Schechtman et al. (1998) showed that the conjecture is true whenever the sets are symmetric

and ellipsoid. Hargé (1998) proved that (4.10) holds if oneset is symmetric ellipsoid and the

other is simply symmetric convex. Notice that

σ̂2P
σ̃2P

=

∑

ij(y
P
ij − ȳPi )

2

∑

ij(y
P
ij − ỹPi )

2
,

σ̂2S
σ̃2S

=

∑

ij(y
S
ij − ȳSi )

2

∑

ij(y
S
ij − ỹSi )

2

are symmetric tōyP andȳS respectively, wherēyE = (ȳE0 , . . . , ȳ
E
0 , . . . , ȳ

E
2 , . . . , ȳ

E
2 ) with the

component̄yEi repeats itself forni times, i = 0, 1, 2 andE = P, S. This can be proved by

the fact that the constraint MLEs̄yPi , ỹPi (ȳSi , ỹSi ) are fixed for each set of(ȳP0 , ȳ
P
1 , ȳ

P
2 ) and

(ȳS0 , ȳ
S
1 , ȳ

S
2 ) values. In other words, for various values{yEij : i = 0, 1, 2; j = 1, . . . , ni}, as

long as the mean{ȳP0 , ȳ
P
1 , ȳ

P
2 , ȳ

S
0 , ȳ

S
1 , ȳ

S
2 } is fixed, the constraint MLEs are fixed as well. The

acceptance region in (4.9) is general ellipsoid. We completes the proof of Theorem 7.

Then the intersection hypothesisHe1e2 is rejected ifλe1e2 < ce1e2 where the critical

valuece1e2 is determined by the equation following Theorem 7:

inf
θ∈He1e2

Pθ,ρ(λe1e2 ≥ ce1e2) = Pθ=δ,ρ(λe1e2 ≥ ce1e2) ≥ Pθ=δ,ρ=0(λe1e2 ≥ ce1e2) = 1− α.

The least favorable configuration forλe1e2 is θ = δ, which is proved as follows.

Proof of Least Favorable Configuration. Without lose of generality, we consider

the simple case withδ = 0. According to (4.8), the null hypothesisHe1e2 is rejected for small
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values ofλe1e2 or

(λe1e2)
2/

∑
ni =

∑

ij(y
P
ij − ȳPi )

2
∑

ij(y
S
ij − ȳSi )

2

∑

ij(y
P
ij − ỹPi )

2
∑

ij(y
S
ij − ỹSi )

2

=

∑

ij(y
P
ij − ȳPi )

2

∑

ij(y
P
ij − ȳPi )

2 +
∑

i ni(ȳ
P
i − ỹPi )

2
·

∑

ij(y
S
ij − ȳSi )

2

∑

ij(y
S
ij − ȳSi )

2 +
∑

i ni(ȳ
S
i − ỹSi )

2

It is equivalent to rejectHe1e2 for large values of

∑

i ni(ȳ
P
i − ỹPi )

2

∑

ij(y
P
ij − ȳPi )

2
·

∑

i ni(ȳ
S
i − ỹSi )

2

∑

ij(y
S
ij − ȳSi )

2

As
∑

ij(y
E
ij−ȳ

E
i )

2/σ2E follows chi-square distribution and is independent of
∑

i ni(ȳ
E
i −

ỹEi )
2 for E = P or S, respectively, the least favorable configuration does not depend on it.

Let (ηP ,ηS) = (ηP0 , η
P
1 , η

P
2 , η

S
0 , η

S
1 , η

S
2 ) ∈ He1e2 be any configuration in the null

space and let








WP
i

W S
i









i.i.d.
∼ N

















0

0









,









σ2P /ni ρσPσS/ni

ρσPσS/ni σ2S/ni

















for i = 0, 1, 2.

Thus according to (4.7),








Ȳ P
i

Ȳ S
i









d
=









WP
i

W S
i









+









µPi

µSi









Forµ = η,

∑

i

ni(ȳ
P
i − ỹPi )

2 ·
∑

i

ni(ȳ
S
i − ỹSi )

2

d
=
∑

i

ni[W
P
i + ηPi − (WP + ηP )∗i ]

2 ·
∑

i

ni[W
S
i + ηSi − (WS + ηS)∗i ]

2

and forµ = 0,

∑

i

ni(ȳ
P
i − ỹPi )

2 ·
∑

i

ni(ȳ
S
i − ỹSi )

2 d
=

∑

i

ni(W
P
i −WP∗

i )2 ·
∑

i

ni(W
S
i −W S∗

i )2

with (WE + ηE)∗i andWE∗
i the ith component of the isotonic regression ofWE + ηE and

WE with weightni, for E = P or S, respectively. For more detailed discussion on isotonic

regression, we refer to Robertson et al. (1988).
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BecauseW∗ + η ∈ He1e2 and the definition of isotonic regression, we have the

following inequality,

∑

i

ni[W
P
i + ηPi − (WP + ηP )∗i ]

2 ·
∑

i

ni[W
S
i + ηSi − (WS + ηS)∗i ]

2

≤
∑

i

ni[W
P
i + ηPi − (WP∗

i + ηPi )]
2 ·

∑

i

ni[W
S
i + ηSi − (W S∗

i + ηSi )]
2

=
∑

i

ni(W
P
i −WP∗

i )2 ·
∑

i

ni(W
S
i −W S∗

i )2

Henceµ = 0 ∈ He1e2 is least favorable for
∑

i ni(ȳ
P
i − ỹPi )

2 ·
∑

i ni(ȳ
S
i − ỹSi )

2. The least

favorable configuration for a generalδ is simplyθ = δ.

Whenρ = 0, the distribution ofλe1e2 can be generated by Monte-Carlo simulation of

random variables

Y
(t)
ij

i.i.d.
∼ N

















δP

δS









,









1 0

0 1

















, t = 1, 2, . . . , r.

Sinceλe1e2 is the ratio of variance estimates, the unknown values ofσP andσS do not contribute

to the distribution. If a total number ofr Monte-Carlo samples are generated, then the critical

valuece1e2 can be simply estimated by the lowerαth quantile of the sample statistics{λ(t)e1e2 :

t = 1, . . . , r}.

4.3.2 Consonance Adjustment

As likelihood ratio test does not rely on the union-intersection method, the procedure

may not satisfy the logical consistency requirement of consonance. The formal definition of

consonance and a general solution to the consistency problem in multiple hypotheses testing

has been discussed in Chapter 2. If an intersection hypothesis was rejected by a consonant test,

at least one of the component hypotheses should have been rejected as well. Unfortunately,

likelihood ratio test does not have such property.
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To overcome this kind of inconsistency, we provided in Chapter 3 a consonant like-

lihood ratio type closed test for the problem of multiple comparisons with a control in dose-

response study. When multiple doses are combined with multiple endpoints, the test procedure

becomes more complicated. In this chapter, we propose a consonance adjustment procedure for

partition testing with multiple endpoints. With this consonance adjustment steps, the likelihood

ratio test becomes a powerful tool to evaluate the efficacy oftreatment effects.

Notice that in Table 4.1, null hypothesisHe1e2 can be expressed as intersectionsHe1
1 ∩

He2
2 with

Hei
i =











































{θPi ≤ δP } if ei = 1

{θSi ≤ δS} if ei = 2

{−∞ < θPi <∞ and −∞ < θSi <∞} if ei = 3

, i = 1, 2. (4.11)

If none ofe1 or e2 equals3, we rejectHe1e2 when the likelihood ratio statisticλe1e2 ≤

c′e1e2 and at least one of the component hypothesesHe1
1 andHe2

2 is rejected. OtherwiseHe1e2

is not an intersection hypothesis and no adjustment is necessary. The critical constantc′e1e2 can

be calculated by Monte-Carlo method as well. The final inference is reached by collating the

results following the steps introduced in Section 4.2.1.

4.4 Likelihood Ratio Test and Consonance Adjustment: Advanced

Case

4.4.1 Primary-Secondary Endpoints with 3 Doses and a Control

Consider a single primary endpoint P and a single secondary endpoint S withk = 3

doses. The response of thejth patient in dose groupi is denoted byYij, which follows the same

model as (4.7). Usei = 0 to denote the control group andρ, σP , σS are unknown constants.
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The only assumption forρ is thatρ ∈ (−1/(m− 1), 1) such that the variance covariance matrix

is positive definite, wherem = 2 is the number of endpoints in this example.

Following the path partition of Section 4.2.1, for each dosei, the parameter space is

partitioned intoΘ1
i = HP

i , Θ2
i = H⋆S

i = HS
i \H

P
i andΘ3

i = {θPi > 0 andθSi > 0} as (4.3).

The disjointness partition results in33− 1 = 26 null hypotheses denoted asΘe1e2e3 = ∩3
i=1Θ

ei
i

and listed in Table 4.2. Again, only the part of null hypothesis statesθEi ≤ δE are tested. The

null hypotheses actually tested are listed in Table 4.2 as well. The likelihood ratio statistics are

defined similarly to (4.8). Each null hypothesisHe1e2e3 is an intersectionHe1
1 ∩ He2

2 ∩ He3
3 ,

whereHei
i is defined in (4.11). In the consonance adjustment, we viewHe1e2e3 as an intersection

of three component hypothesesHe1
1 ∩He2

2 ,He1
1 ∩He3

3 andHe2
2 ∩He3

3 . Details on calculating

the critical constants in the procedure is illustrated in Section 4.4.2.

Finally, the efficacy of dosei in primary endpoint is established ifHP
i is rejected,

which means all the natural partitionsΘe1e2e3 (He1e2e3) with ei = 1 are rejected. For example,

HP
2 will be rejected if all the natural partitionsΘe11e3 for anye1, e3 values are rejected. In order

to show the efficacy of dosei in secondary endpoint, bothHP
i andH⋆S

i should be rejected,

which means all the natural partitionsΘe1e2e3 with ei ≤ 2 need to be rejected. In the example

of i = 2 (second dose), all the natural partitionsΘe11e3 andΘe12e3 for anye1, e3 values should

be rejected to show efficacy of the second dose in secondary endpoint. By collating the result,

we have a consistent multiple testing procedure to evaluatethe efficacy of the three doses in the

primary and secondary endpoints.

4.4.2 Notes for critical constants calculation

We illustrate the calculation of critical constants in the example of 3 doses with pri-

mary and secondary endpoints. SupposeHe1e2e3 is an intersection hypothesis as defined in
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Hypotheses
θP
1

θS
1

θP
2

θS
2

θP
3

θS
3

Hypotheses
θP
1

θS
1

θP
2

θS
2

θP
3

θS
3

of interest tested

Θ111 ≤ δP - ≤ δP - ≤ δP - H111 ≤ δP - ≤ δP - ≤ δP -

Θ112 ≤ δP - ≤ δP - > δP ≤ δS H112 ≤ δP - ≤ δP - - ≤ δS

Θ121 ≤ δP - > δP ≤ δS ≤ δP - H121 ≤ δP - - ≤ δS ≤ δP -

Θ211 > δP ≤ δS ≤ δP - ≤ δP - H211 - ≤ δS ≤ δP - ≤ δP -

Θ113 ≤ δP - ≤ δP - > δP > δS H113 ≤ δP - ≤ δP - - -

Θ131 ≤ δP - > δP > δS ≤ δP - H131 ≤ δP - - - ≤ δP -

Θ311 > δP > δS ≤ δP - ≤ δP - H311 - - ≤ δP - ≤ δP -

Θ122 ≤ δP - > δP ≤ δS > δP ≤ δS H122 ≤ δP - - ≤ δS - ≤ δS

Θ212 > δP ≤ δS ≤ δP - > δP ≤ δS H212 - ≤ δS ≤ δP - - ≤ δS

Θ221 > δP ≤ δS > δP ≤ δS ≤ δP - H221 - ≤ δS - ≤ δS ≤ δP -

Θ123 ≤ δP - > δP ≤ δS > δP > δS H123 ≤ δP - - ≤ δS - -

Θ132 ≤ δP - > δP > δS > δP ≤ δS H132 ≤ δP - - - - ≤ δS

Θ213 > δP ≤ δS ≤ δP - > δP > δS H213 - ≤ δS ≤ δP - - -

Θ312 > δP > δS ≤ δP - > δP ≤ δS H312 - - ≤ δP - - ≤ δS

Θ231 > δP ≤ δS > δP > δS ≤ δP - H231 - ≤ δS - - ≤ δP -

Θ321 > δP > δS > δP ≤ δS ≤ δP - H321 - - - ≤ δS ≤ δP -

Θ133 ≤ δP - > δP > δS > δP > δS H133 ≤ δP - - - - -

Θ313 > δP > δS ≤ δP - > δP > δS H313 - - ≤ δP - - -

Θ331 > δP > δS > δP > δS ≤ δP - H331 - - - - ≤ δP -

Θ222 > δP ≤ δS > δP ≤ δS > δP ≤ δS H222 - ≤ δS - ≤ δS - ≤ δS

Θ223 > δP ≤ δS > δP ≤ δS > δP > δS H223 - ≤ δS - ≤ δS - -

Θ232 > δP ≤ δS > δP > δS > δP ≤ δS H232 - ≤ δS - - - ≤ δS

Θ322 > δP > δS > δP ≤ δS > δP ≤ δS H322 - - - ≤ δS - ≤ δS

Θ233 > δP ≤ δS > δP > δS > δP > δS H233 - ≤ δS - - - -

Θ323 > δP > δS > δP ≤ δS > δP > δS H323 - - - ≤ δS - -

Θ332 > δP > δS > δP > δS > δP ≤ δS H332 - - - - - ≤ δS

Table 4.2: The natural partition of primary-secondary endpoints with 3 doses and a control.

Table 4.2 withe1, e2, e3 ≤ 2. It is obvious thatHe1e2e3 = He1
1 ∩He2

2 ∩He3
3 is a “three-way”

intersection hypothesis. Similarly, we can define “two-way” intersection hypotheses such as

He1
1 ∩He2

2 ,He1
1 ∩He3

3 andHe2
2 ∩He3

3 . The “three-way” intersection hypothesisHe1e2e3 is the

intersection of any two “two-way” intersection hypotheses. We also notice that the “two-way”

intersection hypotheses can be labeled asHe1e23, He13e3 andH3e2e3 which appears in Table

4.2. The elementary components of these hypotheses, namely, He1
1 , He2

2 andHe3
3 are called

elementary hypotheses. They can be labeled asHe133,H3e23 andH33e3, respectively.

The consonance adjustment works in a step-wise fashion. A “three-way” intersec-
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tion hypothesis is rejected providing that at least two “two-way” intersection hypotheses are

rejected (at most one “two-way” intersection hypotheses isretained). A “two-way” intersection

hypothesis can be rejected only if at least one of the elementary hypotheses is rejected.

The computation of critical constants follows reversed steps. For simplicity, we denote

the likelihood ratio statistics and critical constants of ahypothesis asλ andc, respectively, with

the same index as the hypothesis. Supposer Monte-Carlo samples are generated following the

null distribution. The likelihood ratio statistics for each intersection hypothesis in Table 4.2

are calculated for allr samples. First consider all the elementary hypothesesH133,H233,H313,

H323,H331 andH332. The critical constants for these hypotheses are just the lowerα quantile of

the likelihood ratio statisticsλ (amongr Monte-Carlo samples). In the second step we consider

“two-way” intersection hypotheses, for example,H132. We adjust its likelihood ratio statistic

λ
(t)
132 in thet-th Monte-Carlo sample such that if both elementary hypothesesH133 andH332 are

retained byλ(t)133 ≥ c133 andλ(t)332 ≥ c332, we setλ(t)132 = ∞ since we should not rejectH132

in this case. After the adjustment is completed fort = 1, . . . , r samples, the critical constant

c132 is calculated as the lowerα quantile of the truncated sample likelihood ratio statistics.

This step is executed for all the “two-way” intersection hypotheses. Proceed to the next step,

we make adjustment for “three-way” intersection hypotheses. TakeH121 for example, it is the

intersection of three “two-way” intersectionsH123∩H131∩H321. Consider the likelihood ratio

statisticλ(t)121 in the t-th Monte-Carlo sample. It will be set to∞ if two or more of the “two-

way” intersections are retained, namely,λ
(t)
123 ≥ c123, λ(t)131 ≥ c131 or λ(t)321 ≥ c321. Notice that

if λ(t)123 < c123, it indicates thatλ(t)123 has not been set to∞ in the previous step, thus at least

one of the elementary hypothesesH133 andH323 has already been rejected. Same conclusion

applies toλ(t)131 andλ(t)321. When the adjustment is completed for all ther samples, the critical

constantc121 is calculated as the lowerα quantile of the sample likelihood ratio statisticsλ(t)121

for t = 1, . . . , r.
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4.4.3 Simulation study and clinical trial example

The performance of the consonant likelihood ratio test (CLRT) is compared with two

existing procedures, namely, the decision path partition testing of Liu and Hsu (2009) (DP) with

critical value calculation based on joint distribution within endpoint and Bonferroni inequality

across endpoints, and the tree-gatekeeping procedure of Dmitrienko et al. (2007b) (GK). The

simulation study is carried out comparing three dose groupsto a placebo group with50 patients

in each group. The correlationρ between the primary and secondary endpoint is assumed un-

known. Four different scenarios of true mean matrix are considered as presented in Table 4.3 to

represent different dose-response relationships with respect to primary and secondary endpoints.

A higher value indicates stronger effect. Two values ofρ are studied to evaluate the effect of

true correlation among endpoints.

Scenario 1 Scenario 2 Scenario 3 Scenario 4

Dose 1 2 3 1 2 3 1 2 3 1 2 3

P 0.65 0.65 0.65 0.5 0.65 0.8 0.5 0.65 0.8 0 0.65 0.65

S 0.65 0.65 0.65 0.5 0.65 0.8 0.8 0.65 0.5 0.65 0 0.65

Table 4.3: Scenarios of mean matrices for power comparison

The simulation result is shown in Table 4.4 based on1, 000, 000 runs with FWER

controlled strongly at0.025. We see that the CLRT procedure has a significant power advantage

in the “central direction” when all the null hypotheses are false (all dose levels are efficacious

in both endpoints). However, if most of the null hypotheses are in fact true, then the t test based

DP procedures are preferred.

We also notice that the performance comparison among the procedure is not affected

by the correlationρ among endpoints. CLRT procedure has the highest power in Scenarios 1, 2
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and 3 for all the correlation values experimented. Besides,the type I errors in Scenario 4 drops

asρ changes to negative values.

correlationρ = 0.3

Scenario 1 Scenario 2 Scenario 3 Scenario 4

Dose→ 1 2 3 1 2 3 1 2 3 1 2 3

CLRT P 0.869 0.869 0.868 0.677 0.856 0.954 0.670 0.855 0.955 0.014 0.814 0.755

S 0.772 0.771 0.771 0.499 0.752 0.915 0.653 0.752 0.653 0.014 0.014 0.606

DP P 0.850 0.850 0.850 0.662 0.846 0.951 0.632 0.836 0.953 0.015 0.823 0.806

S 0.745 0.745 0.745 0.489 0.734 0.906 0.617 0.722 0.609 0.014 0.012 0.661

GK P 0.792 0.792 0.790 0.534 0.792 0.939 0.533 0.792 0.939 0.009 0.793 0.793

S 0.695 0.695 0.692 0.400 0.690 0.895 0.518 0.684 0.611 0.009 0.016 0.654

correlationρ = −0.3

Scenario 1 Scenario 2 Scenario 3 Scenario 4

Dose→ 1 2 3 1 2 3 1 2 3 1 2 3

CLRT P 0.869 0.869 0.869 0.678 0.857 0.955 0.671 0.857 0.955 0.012 0.814 0.758

S 0.746 0.747 0.746 0.425 0.724 0.910 0.634 0.724 0.634 0.007 0.007 0.553

DP P 0.850 0.850 0.850 0.662 0.845 0.951 0.632 0.839 0.952 0.014 0.823 0.805

S 0.713 0.713 0.713 0.413 0.700 0.901 0.595 0.689 0.588 0.008 0.007 0.614

GK P 0.794 0.793 0.794 0.535 0.790 0.938 0.535 0.793 0.938 0.009 0.793 0.788

S 0.656 0.655 0.656 0.316 0.649 0.886 0.497 0.643 0.584 0.005 0.009 0.601

Table 4.4: Power comparison for four scenarios with true difference specified in Table 4.3.

The performance of the three procedures is also displayed inFigure 4.3 for the case

ρ = 0.3. Since the relative performance remains unchanged for differentρ values, we will not

show the graphs for otherρ values.

A clinical trial example was studied in Dmitrienko et al. (2003) and Liu and Hsu

(2009) which evaluate the effect of a hypertension drug. Three doses are compared to a placebo

in two endpoints. The primary endpoint is the reduction in systolic blood pressure (SBP) and the

secondary endpoint is the reduction in diastolic blood pressure (DBP). The mean and standard
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Figure 4.3: The performance comparison when the correlation between primary endpoint and

secondary endpoint is0.3.

deviation for each dose and endpoint combination are listedin Table 4.5.

Since both endpoints measure the reductions, a lower level indicates better treatment.

If the FWER is controlled strongly at the0.05 level, the gatekeeping procedure identifies the

median dose and high dose as effective in the primary endpoint and only the median dose is

efficacious in the secondary endpoint. Both the decision path partition testing procedure and the

consonant likelihood ratio test procedure reject all null hypotheses and establish efficacy for all

dose-endpoints combinations.
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Treatment group n Change in SBP (mmHg) Change in DBP (mmHg)

Mean Standard Deviation Mean Standard Deviation

Placebo 29 4.02 7.85 2.31 5.88

Low dose 23 -2.16 8.71 -0.67 5.51

Median dose 24 -5.03 11.01 -3.18 6.89

High dose 24 -2.60 8.96 -1.44 6.15

Table 4.5: Results of a dose-finding study in patients with hypertension.

4.4.4 Co-Primary Endpoints with 2 Doses and a Control

The consonance adjustment procedure discussed above can beeasily extended to cases

besides the hierarchical ordered endpoints. Incorporate with the extended partitioning principles

introduced in Section 4.2.2 and 4.2.3, we can apply the consonant likelihood ratio test in alter-

native primary and co-primary endpoint cases. Taking the co-primary endpoint for example,

suppose there are two co-primary endpoints P1, P2 and a single secondary endpoint S fork = 2

doses. The response of thejth patient in dose groupi follows the model

Yij
i.i.d.
∼ N
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, i = 0, 1, 2, j = 1, 2, · · · , ni;

whereρ, σP1, σP2 andσS are unknown constants. The conditionρ ∈ (−1/2, 1) is imposed

here to make the variance-covariance matrix positive definite.

Following the path partition of Section 4.2.3, for each dosei, the parameter space is

partitioned intoΘi = {ΘP1
i ,ΘP2

i ,ΘP1P2
i ,Θ⋆S

i ,ΘA
i } as defined in (4.6). They can be ordered

and relabeled as

Θ1
i = ΘP1P2

i , Θ2
i = ΘP1

i , Θ3
i = ΘP2

i , Θ4
i = Θ⋆S

i , Θ5
i = ΘA

i .
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The disjointness partition results in52−1 = 24 disjoint null hypotheses. We conveniently label

them asΘe1e2 = ∩2
i=1Θ

ei
i . The complete list of the24 null hypotheses of interest can be found

in Table 4.6. Also included in Table 4.6 are the hypotheses actually tested eliminating the parts

statingθEi > δE .

Hypotheses
θP1

1
θP2

1
θS
1

θP1

2
θP2

2
θS
2

Hypotheses
θP1

1
θP2

1
θS
1

θP1

2
θP2

2
θS
2

of interest tested

Θ11 ≤ δP1 ≤ δP2 - ≤ δP1 ≤ δP2 - H11 ≤ δP1 ≤ δP2 - ≤ δP1 ≤ δP2 -

Θ12 ≤ δP1 ≤ δP2 - ≤ δP1 > δP2 - H12 ≤ δP1 ≤ δP2 - ≤ δP1 - -

Θ13 ≤ δP1 ≤ δP2 - > δP1 ≤ δP2 - H13 ≤ δP1 ≤ δP2 - - ≤ δP2 -

Θ21 ≤ δP1 > δP2 - ≤ δP1 ≤ δP2 - H21 ≤ δP1 - - ≤ δP1 ≤ δP2 -

Θ31 > δP1 ≤ δP2 - ≤ δP1 ≤ δP2 - H31 - ≤ δP2 - ≤ δP1 ≤ δP2 -

Θ14 ≤ δP1 ≤ δP2 - > δP1 > δP2 ≤ δS H14 ≤ δP1 ≤ δP2 - - - ≤ δS

Θ41 > δP1 > δP2 ≤ δS ≤ δP1 ≤ δP2 - H41 - - ≤ δS ≤ δP1 ≤ δP2 -

Θ15 ≤ δP1 ≤ δP2 - > δP1 > δP2 > δS H15 ≤ δP1 ≤ δP2 - - - -

Θ51 > δP1 > δP2 > δS ≤ δP1 ≤ δP2 - H51 - - - ≤ δP1 ≤ δP2 -

Θ22 ≤ δP1 > δP2 - ≤ δP1 > δP2 - H22 ≤ δP1 - - ≤ δP1 - -

Θ23 ≤ δP1 > δP2 - > δP1 ≤ δP2 - H23 ≤ δP1 - - - ≤ δP2 -

Θ32 > δP1 ≤ δP2 - ≤ δP1 > δP2 - H32 - ≤ δP2 - ≤ δP1 - -

Θ33 > δP1 ≤ δP2 - > δP1 ≤ δP2 - H33 - ≤ δP2 - - ≤ δP2 -

Θ24 ≤ δP1 > δP2 - > δP1 > δP2 ≤ δS H24 ≤ δP1 - - - - ≤ δS

Θ42 > δP1 > δP2 ≤ δS ≤ δP1 > δP2 - H42 - - ≤ δS ≤ δP1 - -

Θ34 > δP1 ≤ δP2 - > δP1 > δP2 ≤ δS H34 - ≤ δP2 - - - ≤ δS

Θ43 > δP1 > δP2 ≤ δS > δP1 ≤ δP2 - H43 - - ≤ δS - ≤ δP2 -

Θ44 > δP1 > δP2 ≤ δS > δP1 > δP2 ≤ δS H44 - - ≤ δS - - ≤ δS

Θ25 ≤ δP1 > δP2 - > δP1 > δP2 > δS H25 ≤ δP1 - - - - -

Θ52 > δP1 > δP2 > δS ≤ δP1 > δP2 - H52 - - - ≤ δP1 - -

Θ35 > δP1 ≤ δP2 - > δP1 > δP2 > δS H35 - ≤ δP2 - - - -

Θ53 > δP1 > δP2 > δS > δP1 ≤ δP2 - H53 - - - - ≤ δP2 -

Θ45 > δP1 > δP2 ≤ δS > δP1 > δP2 > δS H45 - - ≤ δS - - -

Θ54 > δP1 > δP2 > δS > δP1 > δP2 ≤ δS H54 - - - - - ≤ δS

Table 4.6: The natural partition of co-primary endpoints with 2 doses and a control.

In collating the test result of each hypothesisHe1e2 , we claim dosei is efficacious in

primary endpoint P1 if the elementary hypothesisHP1
i is rejected, which includes the rejections

of all natural partitionsHe1e2 with ei = 1 or 2. Dosei is claimed to be efficacious in primary

endpoint P2 ifHP2
i is rejected, which includes the rejections of all natural partitionsHe1e2 with
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ei = 1 or 3. To claim dosei is efficacious in the secondary endpoint S needs the rejection of

bothHP1
i andHP2

i as well asH⋆S
i , which includes the rejections of all natural partitionsHe1e2

with ei ≤ 4.

The consonance likelihood ratio test serves as intermediate steps to test each inter-

section hypothesisHe1e2 using likelihood ratio statistics and adjusted for consistency. Specif-

ically, if partition hypothesisHe1e2 (defined in Table 4.6) has indicese1, e2 ∈ {2, 3, 4}, then

He1e2 = He1
1 ∩He2

2 and the rejection ofHe1e2 requires the rejection of at least one of the ele-

mentary hypothesisHe1
1 or He2

2 , which is in factHe15 andH5e2. For example,H24 should be

rejected only if at least one ofH25 orH54 is rejected.

If e1, e2 are 1 and 5, for example,H15. It is rejected if at least one ofH25 orH35 is

rejected.

If one of e1, e2 is 1 and the other is not 5. For example,H14 should be rejected if

there is at most one acceptance amongH25,H35 andH54 sinceH1e2 = H25 ∩H35 ∩H5e2.

If both e1 = e2 = 1, H11 is rejected if at most one acceptance amongH25,H35,H52

andH53.

If one of e1, e2 is 5 and the other is not 1, the partition is an elementary hypothesis

and no consonance adjustment is needed. The hypothesisH55 does not need to be tested.

The critical values of the consonant likelihood ratio test is calculated in a reversed

order. Supposer Monte-Carlo samples are generated following the null distribution that there

is no treatment effect for any dose on any endpoint. The likelihood ratio statistics for each

intersection hypothesis in Table 4.6 are calculated. Firstconsider all the elementary hypotheses

H25,H35,H45,H52,H53 andH54. The critical constants for these hypotheses are just the lower

α quantile of the likelihood ratio statistics amongr Monte-Carlo samples.

In the second step we consider hypotheses in the right panel of Table 4.6 which has

two components. They areH15, H51 and allHe1e2 with e1, e2 ∈ {2, 3, 4}. The likelihood
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ratio statistics of those hypotheses are set to∞ if both component elementary hypotheses are

retained by previous step. Critical constants are lowerα quantiles of the adjusted Monte-Carlo

likelihood ratio statistics.

Next, the intersection of three elementary hypotheses are considered. Namely,H1e2

andHe11 for e1, e2 ∈ {2, 3, 4}. The critical constant forH1e2 is the lowerα quantiles of the

adjusted likelihood ratio statistics, which has been set to∞ if more than one acceptance among

the componentsH15,H2e2 andH3e2 (orH51,He12 andHe13 for He11).

Finally, H11 is considered. The critical constant is found after Monte-Carlo sample

likelihood ratio statistics has be set to∞ for those samples with more than one acceptance

amongH12, H13, H21 andH31, which are intersection hypotheses with three components.

Notice thatH11 is the intersection of any two hypotheses amongH12,H13,H21 andH31.

Remark. The covariance matrix is assumed to have a compound symmetry structure

in the co-primary endpoint problems. However, this is not a necessary condition such that

Theorem 1 holds. In fact, as long as the covariance matrix is positive definite, likelihood ratio

based test is conservative with independence assumption.

4.5 Discussion and Future Research

In this chapter we propose a new partition testing procedurefor multiple endpoint

problems, which provides a significant power advantage overthe gatekeeping procedure. This

advantage is partly due to the generalized decision path partitioning and mostly comes from the

asymptotic optimality of likelihood ratio test applied to each disjoint partition hypothesis. When

likelihood ratio test is used in multiple hypotheses testing, the logical consistency requirement

consonance will be lost. A consonance adjustment for multiple endpoints is proposed in this

paper to retain the consistency and reserve the power of likelihood ratio test.
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In the framework of partition testing, there are still otheroptions in testing the inter-

section hypotheses. For example, Liu and Hsu (2009) hints that strong partition (Finner and

Strassburger, 2002) can be used to obtain more powerful tests. However, we discovered in our

research that the strong partitioning principle (SPP) willnot increase the power unless a re-

stricted null space or similar assumptions are used. Even though, the power improvement is

marginal.

To illustrate the idea, we will consider the example used in Section 4.3 with two doses

and two endpoints. First, the parameter space is partitioned into 9 pieces as displayed in Table

4.1. The strong partitioning principle requires the local levelα testψe1e2 for Θe1e2 satisfies the

conditionψe1e2 = minΘab⊆He1e2
ψab. The partition testing with SPP applied toΘ is supposed

to have a different set of critical values than Table 2 in Liu and Hsu (2009), which is showed in

Table 4.7. The critical values can be solved recursively.

Partition SPP test Rejection Region

Θ11 ψ11 {TP
1 > cS1 or TP

2 > cS1 }

Θ12 ψ12 {TP
1 > cS1 or TS

2 > cS2 }

Θ21 ψ21 {TP
2 > cS1 or TS

1 > cS2 }

Θ13 ψ13 = min(ψ11, ψ12, ψ13) {TP
1 > cS3 } and{TP

1 > cS1 or TS
2 > cS2 } and{TP

1 > cS1 or TP
2 > cS1 }

Θ31 ψ31 = min(ψ11, ψ21, ψ31) {TP
2 > cS3 } and{TP

2 > cS1 or TS
1 > cS2 } and{TP

1 > cS1 or TP
2 > cS1 }

Θ22 ψ22 {TS
1 > cS1 or TS

2 > cS1 }

Θ23 ψ23 = min(ψ21, ψ22, ψ23) {TS
1 > cS3 } and{TS

1 > cS1 or TS
2 > cS1 } and{TP

2 > cS1 or TS
1 > cS2 }

Θ32 ψ32 = min(ψ12, ψ22, ψ32) {TS
2 > cS3 } and{TS

1 > cS1 or TS
2 > cS1 } and{TP

1 > cS1 or TS
2 > cS2 }

Table 4.7: The strong partitioning principle applied to decision path partitioning.

However, after obtaining the least favorable configuration, we can see that the strong

partitioning principle results in the same critical constant as the weak partitioning principle used
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in Liu and Hsu (2009). TakeΘ13 = {θP1 ≤ δP andθP2 > δP andθS2 > δS} for example, SPP

controls the type-I-error

sup
θ∈Θ13

Pθ

(

{TP
1 > c3} and{TP

1 > c1 or T S
2 > c2} and{TP

1 > c1 or TP
2 > c1}

)

=PθP

1
=δP ,θP

2
=θS

2
=∞

(

{TP
1 > c3} and{TP

1 > c1 or T S
2 > c2} and{TP

1 > c1 or TP
2 > c1}

)

=PθP

1
=δP ,θP

2
=θS

2
=∞

(

{TP
1 > c3}

)

= sup
θ∈Θ13

Pθ

(

{TP
1 > c3}

)

which is the same as WPP method.

One possible modification is the restricted null space is assumption (Chuang-Stein

et al., 2007). The idea of null space restriction considersΘ′
13 = {θP1 ≤ δP andMP > θP2 >

δP andMS > θS2 > δS} as the null parameter space forψ13 (ψ⋆
13) so that the response of

treatment is restricted at a predefined level. It is reasonable since no treatment is expected

to have arbitrarily substantial difference to the control.In fact, it is equivalent to change the

original hypotheses of interest in (4.2) to

HP
i : θPi ≤ δP vs AP

i : δP < θPi < MP

HS
i : θSi ≤ δS vs AS

i : δS < θSi < MS

With the restricted null space assumption, the least favorable configuration for SPP

method onΘ13 will occur atθP1 = δP , θP2 = MP andθS2 =MS . The critical constant for SPP

will be different from that of WPP.
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Chapter 5

Conclusions

Multiple hypotheses testing has been a very active researchtopic in statistical in-

ferences. The early development on multiple hypotheses testing mainly focus on the closure

principle and step-wise closed test procedures with union-intersection setting. During my lit-

erature review of multiple hypotheses testing, I noticed that likelihood ratio test has not yet

receive much attention in multiple testing procedures. Thepurpose of this dissertation has been

to develop a novel multiple testing procedure based on the likelihood ratio test.

In Chapter 1, I provide a detailed review of several very popular multiple testing

procedures. The main focus of Chapter 1 is to show the similarities among those procedures

and illustrate that they are all closed test procedures withdifferent choices to test intersection

hypotheses. Also included in Chapter 1 is the introduction on partitioning principle which is

more advanced than closure principle and has been in the spotlight in recent research. At the

end of Chapter 1, a natural question is raised as using likelihood ratio test with closure principle

or partitioning principle.

In Chapter 2, the difficulty of applying likelihood ratio test with closure principle

or partitioning principle is revealed. Several logical consistency requirements are introduced
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in this chapter such that a general solution is available to construct consistent multiple testing

procedures. This general solution provide us a guideline onhow to avoid inconsistency in the

closed testing or partition testing settings. Following the guideline, applying likelihood ratio

test in those settings is just a special case.

Following Chapter 2, we focus our discussion in Chapter 3 on avery special but

popular situation where multiple comparisons with a control problem is of interest. As most

of the multiple testing procedures reviewed in Chapter 1 aredeveloped in context of multiple

comparisons with a control, it is fairly easy to illustrate the idea of a novel procedure using

likelihood ratio test and compare it with existing procedures discussed in Chapter 1. It is the

first time in the literature that the closed testing procedure is combined with the likelihood ratio

test and a very specific forms of the testing procedure is introduced. Certainly, the key step in

the new procedure is to ensure the consistency requirement in multiple testing and a consonance

adjustment is introduced. Extensive simulation studies has been provided in this chapter to show

the advantage of the new procedure. Also discussed in this chapter is the computation issue for

likelihood ratio based test and some remarks are made.

Encouraged by the success of consonance closed likelihood ratio test introduced in

Chapter 3, we decided to extend the framework of consonant closed test to other scenarios

with greater challenge. For example, the multiple endpoints problem in clinical trials is a very

active research topic currently and a powerful multiple testing procedure is demanded by the

fast development in pharmaceutical statistics. In Chapter4, we first try to introduce the multiple

endpoints problem and current developments. Then we apply the consonant adjusted likelihood

ratio test to the partition testing procedure developed by Liu and Hsu (2009). The new procedure

is again very successful as showed in the simulation studies.
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