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Abstract
Enhancing Stochastic Simulation with Machine Learning and Artificial Intelligence
by
Haoting Zhang
Doctor of Philosophy in Engineering - Industrial Engineering and Operations Research
University of California, Berkeley
Associate Professor Zeyu Zheng, Co-Chair

Professor Rhonda Righter, Co-Chair

Stochastic simulation serves as a vital tool for approximating and analyzing complex systems
under uncertainty across domains such as healthcare, finance, and supply chain management.
However, when systems involve high-dimensional information and require large numbers of
simulated samples, classical simulation methods may encounter challenges related to model
specification and computational complexity. These limitations can impede timely decision-
making and effective system optimization in today’s data-intensive environments.

Recent advances in machine learning (ML) and artificial intelligence (AI) offer promising
solutions to these challenges. By capturing highly nonlinear relationships and patterns within
stochastic simulation models, ML and Al techniques have the potential to enhance both
approximation accuracy and computational efficiency. At the same time, while ML and
AT significantly enhance the capabilities of stochastic simulation, simulation methods also
contribute to ML and Al by providing cost-effective and sample-efficient techniques—thereby
helping democratize access to advanced Al tools.

In line with this mutually beneficial relationship between stochastic simulation and ML /AI,
this dissertation introduces: (1) a new surrogate model that integrates neural networks and
Gaussian processes to approximate complex stochastic systems; and (2) a simulation opti-
mization procedure that efficiently facilitates language model prompt selection to enhance
language model performance.
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Chapter 1

Introduction

Stochastic simulation serves as a vital tool for approximating and analyzing complex systems
under uncertainty across domains such as healthcare, finance, and supply chain management
[191, 189]. It enables decision-makers to evaluate system performance, assess risk, and
optimize strategies in situations where analytical solutions are infeasible [190]. However, as
systems become increasingly data-rich and high-dimensional, classical simulation methods
face growing challenges. Accurate model specification becomes increasingly difficult as it
often requires extensive prior knowledge, and the computational burden of generating large
numbers of simulated samples can be substantial. These challenges are further exacerbated
by storage constraints and the need for rapid turnaround in real-time or near-real-time
applications. As a result, classical stochastic simulation methods may struggle to keep pace
with the demands of contemporary decision-making environments, limiting their effectiveness
in supporting timely and data-driven applications.

Recent advances in machine learning (ML) and artificial intelligence (Al) offer promising
solutions to the challenges faced by classical stochastic simulation methods. In particular,
ML models—especially deep neural networks—are capable of capturing complex, highly non-
linear relationships and patterns that classical models often struggle to represent [194, 201],
thereby improving the fidelity of simulation-based approximations. These techniques can
also reduce computational burdens by serving as surrogate models or emulators, enabling
faster evaluation of complex systems without the need for repeated, expensive simulations.
Moreover, ML algorithms can adapt to high-dimensional input spaces and uncover latent
structures in data, enhancing the scalability and flexibility of simulation analyses.

On the other hand, the “black-box” nature of some ML/AI models limits the inter-
pretability of system outputs, which is crucial in applications that require transparency.
Therefore, instead of fully relying on ML /Al models, we integrate them with classical stochas-
tic models to (1) enhance model flexibility, approximation accuracy, and computational ef-
ficiency, while (2) retaining the interpretable structure of stochastic models and enabling
explicit quantification of approximation uncertainty [199, 193, 192, 198].

At the same time, the relationship between simulation and ML/AT is not one-directional.
Simulation methods—particularly those designed for uncertainty quantification and sample
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efficiency—also play a critical role in supporting and advancing ML and AI applications,
which is especially beneficial for small businesses and individuals with limited resources.
Specifically, we leverage simulation optimization methods to facilitate the training and ap-
plication of language models [195, 196], providing cost-effective approaches that contribute
to the democratization of Al by making advanced tools more accessible and applicable across
a broader range of domains and organizations.

In line with the mutual relationship between stochastic simulation and ML/AL, we pro-
vide a summary of the next two chapters of this dissertation: (1) employing ML techniques
to improve model flexibility and approximation accuracy of stochastic simulation models
(Chapter 2); and (2) applying sample-efficient and cost-effective simulation methods to Al
applications (Chapter 3).

e Chapter 2: Contextual decision-making problems, in which sequential decisions are
made taking into account the current contextual information, have witnessed exten-
sive applications in various fields such as online content recommendation, personalized
healthcare, and autonomous vehicles, where a core practical challenge is to select a
suitable surrogate model for capturing unknown complicated reward functions. It is
often the case that both high approximation accuracy and explicit uncertainty quan-
tification are desired. In this work, we propose a neural network-accompanied Gaus-
sian process (NN-AGP) model, which leverages neural networks to approximate the
unknown and potentially complicated reward function regarding the contextual vari-
able, and maintains a Gaussian process surrogate model with respect to the decision
variable. Our model is shown to outperform existing approaches by offering better
approximation accuracy thanks to the use of neural networks and possessing explicit
uncertainty quantification from the Gaussian process. We also analyze the maximum
information gain of the NN-AGP model and prove regret bounds for the correspond-
ing algorithms. Moreover, we conduct experiments on both synthetic and practical
problems, illustrating the effectiveness of our approach.

This chapter is based on

[193] Haoting Zhang, Jinghai He, Rhonda Righter, Zuo-Jun (Max) Shen, Zeyu
Zheng. “Contextual Gaussian Process Bandits with Neural Networks.” Advances
in Neural Information Processing Systems 36 (2023).

e Chapter 3: With the advancement in generative language models, the selection of
prompts has gained significant attention in recent years. A prompt is an instruction or
description provided by the user, serving as a guide for the generative language model
in content generation. Despite existing methods for prompt selection that are based on
human labor, we consider facilitating this selection through simulation optimization,
aiming to maximize a pre-defined score for the selected prompt. Specifically, we propose
a two-stage framework. In the first stage, we determine a feasible set of prompts in suf-
ficient numbers, where each prompt is represented by a moderate-dimensional vector.
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In the subsequent stage for evaluation and selection, we construct a surrogate model
of the score regarding the moderate-dimensional vectors that represent the prompts.
We propose sequentially selecting the prompt for evaluation based on this constructed
surrogate model. We prove the consistency of the sequential evaluation procedure in
our framework. We also conduct numerical experiments to demonstrate the efficacy of
our proposed framework, providing practical instructions for implementation.

This chapter is based on
[196] Haoting Zhang, Jinghai He, Rhonda Righter, Zeyu Zheng. “Language Model

Prompt Selection via Simulation Optimization.” Under Major Revision at Man-
agement Science.



Chapter 2

Contextual Gaussian Process Bandits
with Neural Networks

2.1 Introduction

Various applications, including online content recommendation [1], healthcare [62, 26], and
autonomous vehicles [15], demand the sequential selection of a decision variable, conditional
on the observed contextual variable representing the state of the environment in each round.
These applications can generally be framed as contextual bandit problems [11, 114, 118, 3],
especially when the reward function associated with each pair of decision and contextual
variables is unknown. When both the decision and contextual variables are drawn from
continuous sets, a significant challenge is selecting an appropriate surrogate model to ap-
proximate the reward function, considering both approximation accuracy and uncertainty
quantification. A common approach to alleviate this issue is to employ a Gaussian process
(GP) to model the reward function, yielding the GP bandit method [156, 158]. Indeed, GP
has proven to be an effective surrogate model to address the exploration-exploitation trade-
off in estimating the unknown function while optimizing over it; see [174, 146, 180, 76, 96].
On the other hand, most of the existing GP bandit literature does not take the exogenous
contextual variable into consideration, despite its critical role in capturing effects beyond
the decision variable that influence the reward — effects that are integral to many of the
applications previously mentioned [94, 116]. When the contextual variable is included in GP
bandit problems, previous work largely adopts a GP to jointly model the reward function
with both contextual and decision variables, employing a composite kernel that is either the
sum or product of two separate kernels; see [111, 18].

While GP-based bandit methods have proven effective in various applications [6, 16, 182,
183, 169, 14|, they may fall short in scenarios where the reward function exhibits intricate
dependence on complex contextual variables, for example, time-varying rewards [24, 53] and
graph-structured contextual variables [135]. Specifically, it is a challenge to pre-define an
appropriate composite kernel function for the joint GP, which is critical for the performance
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of the corresponding bandit algorithms, as documented by [35, 159]. Neural networks (NN),
on the other hand, have been utilized elsewhere as surrogate models for the reward function in
bandit problems [27, 105, 106], thanks to their flexibility and strong approximation power.
However, they bring their own set of challenges. The “black-box” nature of the neural
network hinders explicit uncertainty quantification and complicates theoretical analysis of
the associated algorithms. In particular, the acquisition functions guiding point selection
in these algorithms necessitate an approximation of uncertainty [202, 105]. Although this
approximation tends to be accurate when the NN’s width is large, this can also lead to
overparameterization.

Contribution. This chapter proposes a neural network-accompanied Gaussian process
(NN-AGP) model for solving contextual bandit problems, especially when the reward func-
tions have intricate dependence on complex contextual variables. The proposed model is
an inner product of a neural network and a multi-output GP, where the neural network
captures the dependence of the reward function on the contextual variables, and the GP is
employed to model the mapping from the decision variable to the reward. Our model gener-
ates a joint GP with both contextual and decision variables, which outperforms the existing
GP-based bandit methods by specifying the data-driven kernel function through the lens
of neural networks, thereby leading to an accurate approximation for the reward function.
Moreover, compared with entirely relying on NN’s, our model stands out due to the explicit
GP expression with respect to the decision variable. This feature enables bandit algorithms
with NN-AGP to be implemented efficiently with existing GP-based acquisition functions
and provides a theoretical guarantee of the regret bounds. Our main contributions can be
summarized as follows:

1. We propose an NN-AGP model and its upper confidence bound (UCB) algorithm
for contextual bandit problems, referred to as NN-AGP-UCB. Our algorithm offers a
data-driven procedure to specify the kernel functions of the joint GP, thereby achieving
superior accuracy and model flexibility. We also prove the upper bound for both the
maximum information gain of the NN-AGP model and the regret of the NN-AGP-UCB
algorithm.

2. We conduct the experiments to evaluate our approach for complex reward functions,
including those with time-varying dependence on sequenced and graph-structured con-
textual variables. Experimental results demonstrate the superiority of our approach
over existing approaches that entirely rely on either GP or NN.

Related Work

Since the seminal work by Srinivas et al. [156], the Gaussian process (GP) bandit problem
has been extensively studied, where the bandit feedback is modeled as a GP regarding the
decision variable (arms to be pulled). Some recent work includes [59, 55, 24, 23, 22, 31,
121]. In addition, GP bandits are also related to Bayesian optimization (BO) problems [67,
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33, 184, 66, 56, 49, 167, 100], where both problems consider optimizing black-box functions
and therefore require surrogate models (GP in particular). When the number of decision
variables is finite, the black-box optimization problem is also known as Ranking & Selection
(R&S) [79, 139, 133, 7, 170], where GP models are widely employed as well; see [32, 112,
151, 119]. Our NN-AGP model can also be employed in (contextual) BO or R&S, but the
discussion is beyond the scope of this chapter.

Here we specifically take the exogenous contextual variables into consideration. Previous
work employs multiplicative and additive kernels to incorporate continuous context spaces
into the scalar GP; see [111]. Other work considers safe contextual Bayesian optimization,
employing a similar strategy to construct composite kernels; see [73, 18]. Another line
of research explores distributionally robust BO [110, 161], where the contextual variable
distribution is selected from an ambiguity set. The methodology of representing the objective
function using a joint GP has also been widely used in contextual policy search; see [136,
35, 71].

The connection between GP and NN has been explored in [115, 127], documenting that
NN’s with infinite width approach a GP model when the weight parameters are assigned with
Gaussian priors. In addition, deep GP’s have been proposed to enhance the model flexibility
of neural networks where variational inference is employed; see [47, 181]. GP models in
which the parameters are represented by neural networks are studied in [199, 197].

2.2 Main Procedure

We consider a problem of sequentially selecting a system’s input variable (decision variable)
for T' (not necessarily known a priori) rounds. In each round, we receive a contextual variable
0, € © ¢ R from a set ©, and select a decision variable x;, € X C R¢ from a set X of
decisions. We then receive an observation

yr = f(xe;0:) + €,

where f(x;8) is the reward (objective) function and ¢, N (0,0?) denotes the noise that
is independent of both the contextual variables and decision variables. We consider the
scenarios when both © and X are continuous and 6,’s are fully exogenous. That is, the
selection of the decision variable in each round does not influence the future contextual
variables. Although we focus on unconstrained problems in this work, our proposed model
can be employed to approximate the constraints in optimization problems as well; see [18].
We also note that, for the description and discussion of our approach, the contextual variable
is represented by a vector. However, we show through experiments in Section 2.4 that our
approach is applicable to contextual variables with other structures.

Since f(x,0) is unknown, we will not generally be able to choose the optimal action, and
will thus incur regret r; = supycy f (x',0;) — f (x¢,0;), indicating the difference between
the optimal reward and the reward we actually receive in each round. After T rounds, the
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cumulative regret is Ry = Zthl ry. Our goal is to develop an algorithm that achieves sub-
linear contextual regret, i.e., Ry/T — 0 for T — oo, which requires a statistical model of
the reward function with respect to both context variables and decision variables.

We specifically consider a reward function in the form

f(x;6) = g(0) p(x), (2.1)

where g(0) and p(x) are both m-dimensional vector-valued (unknown) functions, and m € N
is a user-selected quantity to indicate the complexity of the function. There are two main
reasons for considering this reward function. First, this formulation is a generalization of
linear contextual bandits, where the reward function is the inner product of the contextual
variables and the unknown parameters. Here, we assume that the inner product is taken with
two vector-valued functions with respect to decision variables and the contextual variable,
which is similar in spirit to [42, 186, 74, 204]. Second, this reward function is consistent with
the tensor-product approximation of a general function; see [50, 52, 87]. Therefore, further
analysis on model mis-specification of the reward function can be supported by existing
results of tensor-product approximation.

Here we specifically assume that g(0) is a vector-valued deterministic mapping from R?
to R™, represented by a neural network with a given structure and some weight parameter
W. In addition, p(x) is a multi-output Gaussian process (MGP) defined on X C R¢. The
MGP model is a generalization of the scalar-valued GP, where the output p(x) at each x
is an m-dimensional vector. The MGP model captures not only the dependence between
two outputs but also the dependence between different entries of each output. Thus, the
covariance of an MGP p(x) is represented by a matrix-valued covariance function, denoted
by K (x,x’), and the vector of parameters involved in the MGP is denoted by ®. We
postpone the detailed description of the NN-AGP model to Section 2.3 and conclude our
brief introduction of NN-AGP with an associated proposition, which follows easily from the
fact that the normal distribution is preserved under linear transformations.

Proposition 2.1. The reward function f(x;0) is a scalar-valued mean-zero Gaussian process
with respect to x and @. The kernel function of this Gaussian process is

K ((X> 0) ) (X/’ 0/)) = g(a)TK (X7 X/) g<0/)v
where K (x,x') is the covariance of the MGP.

Next, we provide a bandit algorithm with the NN-AGP model, during which the sur-
rogate model is sequentially learned from data. We name the algorithm neural network-
accompanied Gaussian process upper confidence bound (NN-AGP-UCB). Suppose we are
now in round ¢t and observe the contextual variable 8;. In addition, we also have the
historic data D, 1 = {(61,%x1,v1),(02,X2,y2) ..., (0:_1,X;_1,¥1)} in hand. Denote by
Vi1 = (Y1,92,...,y1) the vector of observations. The selection of the next decision vari-
able x; depends on the posterior distribution of the reward function, which isf(x; ;) | D;—1 ~
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N (-1 (x;6;) , 0% | (x;6;)) . Here

~ - -1
e—1 (X, Ot) :K&;gt) [}CDt,l + 0-52-[t—1i| Yi-1,
(2.2)

. - ~1 .
03—1 (x; 0:) :g(et)TK (x,x)g(0:) — ’C(Tx;ot) [KDH + af[t,l K00,

where K (y.0,) denotes the covariance vector between f (x; 8;) and { f (x,;8,)}._. In addition,
for the (£ — 1) x (t — 1)-dimensional covariance matrix for historical data Kp, ,, the (i, j)-th
entry is g(0;)"K (x;,x;) g(6,) as in Proposition 2.1. The required parameters in (2.2),
including the weight parameters W of the neural network g(@), the parameters ® involved
in the MGP p(x) and the variance o2 of the noise ¢, are all learned and updated with the
observations through (2.5), which we will discuss in Section 2.3.

In terms of the acquisition function (the function that decides the decision variable in
the following iteration), we employ the contextual Gaussian process-upper confidence bound
(CGP-UCB) introduced in [111]. That is, we decide x; as

X, = argmax {ut_l (x;0;) + 5,51/2075_1 (x; 0,5)} , (2.3)

where p;_1 (x;0,) and 0,1 (x; ;) are the posterior mean and standard deviation of f (x;8,)
as calculated in (2.2). The optimization problem (2.3) can be solved efficiently by global
search heuristics, as suggested in [30]. In addition, f; is a user-selected hyper-parameter in
each round, addressing the exploration-exploitation trade-off; see discussions in Section 2.3.
The procedure for NN-AGP-UCB is summarized in Algorithm 2.1. We note that other
commonly selected acquisition functions for GP bandit problems or Bayesian optimization
can be employed with NN-AGP as well, including knowledge gradient [147, 179, 58] and
Thompson sampling [44, 145]. We postpone the discussion of these acquisition functions to
the supplements.

Algorithm 2.1 NN-AGP-UCB
Input: Initial values of (W, ®, o?);
fort=1,2,....,T do
Observe the contextual variable 6,;

Choose x; = arg maxycy {ut_l (x;60;) + 6,51/20,5_1 (x; Ot)} :
Sample y; at (0, %;);
Update (VAVt,Cf)t,UZt) as in (2.5) ;

end for
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2.3 Statistical Properties

Specification of NN-AGP

We describe the NN-AGP model here, which is employed as the surrogate for the reward
function. Recall that the reward function with the pair of contextual and decision variables
(0,x) is f(x;0) = g(0) p(x), where g(0) is a vector-valued neural network (with weight
parameters W) from R? to R™ and p(x) is an m-dimensional output Gaussian process
defined on X C R%. To be more specific, the m outputs p = (py,. .. ,pm)T are assumed to
follow a multi-output Gaussian process (MGP) as

p(x) ~ MGP (0,K (x,x')).

Here, K (x,x’) denotes the covariance matrix of p(x) and p (x'), defined as K (x,x') =
Ky (x,x') - Ky (x,%)
: : which is positive and semi-definite. The (I, 1')-th entry
K (x,x) Ky (x,%)
Ky (x,x") represents the covariance (similarity) between outputs p;(x) and py (x’). The NN-
AGP model results in a scalar-valued Gaussian process with both the contextual and decision
variables and therefore facilitates explicit acquisition functions and theoretical analysis. This
GP representation arises from the linear structure between the MGP and the mapping g(8).
To specify the covariance matrix, we adopt the collaborative multi-output Gaussian pro-
cess model [132] as a representative, which generalizes the commonly-used linear model of
coregionalization (LMC) and the intrinsic coregionalization model (ICM); see [123]. That is,
the MGP is determined by the linear transformation of multiple independent scalar-valued
Gaussian processes as

Q
Zazquq ) + ui(x). (2.4)

q=1

Here, p;(x) is the I-th element of p(x), @ is the number of involved GP’s, {uq(x)}q}Q:1
and {v; (x)},", are independent scalar-valued GP’s, and the a;,’s are coefficient parame-
ters. In this way, the correlation between different entries in the MGP p(x) is captured
by {uq(x)}?:1 through the a;,’s. Morever, v, (x) represents specific independent features
of py(x) itself, for I = 1,2,...,m. Suppose the kernel functions of the u,(x)’s and v;(x)’s
are k, (x,%')’s and k; (x,x')’s and all these kernel functions are less than or equal to one,
as is regularly assumed [156, 158, 111]. Then the matrix-valued kernel function of p(x) is
K(x,x') = Zqul Ak, (x,x") 4+ Diag {1%1 (x,%), ... ko (x, x')} . Here, A, denotes the semi-
definite matrix in which the (/,1')-th entry is a;4ar 4. In some applications, the parameters
involved in the kernel functions k, (x,x’) and k; (x,x’), and the coeflicients a;,’s are not
known in advance. We denote these unknown parameters and coefficients in the MGP as .
In addition to the model (2.4), other types of MGP’s can be employed in our methodology as
well [25], while the selection of model (2.4) enables the theoretical analysis of our approach.
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In terms of the mapping g(@), since we have no prior knowledge, we select the neu-
ral network as the surrogate model, due to 1) its strong approximation power for intri-
cate dependence on complex variables; 2) its flexibility of adaptation to different applica-
tion scenarios (e.g. time-series or graph-structured contextual variables) and 3) the avail-
ability of fruitful methods and tools for the training procedure. Given the data D, =
{(01,%1,11), (02,%X2,92) , ..., (6, %4, 44)} , the learning of unknown parameters in the MGP
and the weight parameters in the neural network (as well as the noise variance) is through
maximum likelihood estimation (MLE). That is

(Wt,i)t,azt> = arg max
Ned

2
i L (W,®,07), (2.5)

5 1
] —ytT [Kpt + az[t} y:. Here, y; =

(y1,Y2, - -, y:) is the vector of observations and Kp, is the covariance matrix of the data
D;. The parameters W and ® are contained in this covariance matrix. That is, instead of
pre-defining a kernel function of the GP, the kernel function of NN-AGP is specified through
learning the neural network from the data, yielding better approximation accuracy. We
include a discussion of the consistency of training NN-AGP in the supplements.

where the likelihood function is L; = —1In Hkpt + 021,

Cumulative Regret

Recall that the cumulative regret is defined as Ry = S {supcy f (X, 0,) — f (x1,6,)}.
Here we provide an upper bound of Ry with NN-AGP-UCB.

Theorem 2.1. Suppose § € (0,1) and the following.

1. The decision variable z € X C [0,7]% and X is conver and compact. The contextual
variable @ € © C RY and © is convex and compact; 9(0) is a known continuous
mapping of @ € ©; p(x) is sampled from a known MGP prior as in (2.4) and the
variance of the noise o2 is known. That is, these parameters do not need learning and
updating from data.

2. For MGP, there exist constants {a,}*_, , {b, 3%, , {ai} ", {Z;l}

q:l ’ q:l ’
P {Sup
reX

V0L >0and¥j=1,2,....d, g=1,2,...,Q and l=1,2,... m.

satisfying
=1
oy (x)

uy(z) !
0xj

8xj

reX

> Ll} < ae B (2.6)

3. We choose as a hyper-parameter in (2.3)

B, = 2log (12272/(36)) + 2dlog (Mtzdbr\/log(élda/é)) ,
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where d and r are the dimension and the upper bound of the decision variable. Addi-
tionally, a = Zqul ag+ >y, b= Zqul b+ > b, and

M = sup 0)a
0co {;gz( Jarg

where g, denotes the l-th entry of g(@).

Q
} SACH

Then the cumulative regret is bounded with high probability as

8CT Bryr w2
PLRr < —,VI'>21,>1-—0.
{ T \/log (14 Co22) * 6

Here C = <<Z§:1 Yoy azq) + 1) Supgeo [|9(0)|13. In addition, yr is the mazimum infor-
mation gain associated with the NN-AGP f(x;0), defined by (2.7).

We postpone the discussion of the maximum information gain vy to Section 2.3, with
some specific kernels employed in the MGP component of the NN-AGP model. We note
that GP’s with commonly-selected kernel functions, including the Matérn kernel and the
radial basis function kernel, satisfy the condition (2.6) and further discussions can be found
in Theorem 5 in [81]. A detailed proof of Theorem 2.1 is contained in the supplements.
Note that Theorem 2.1 assumes that g(0) is exactly known so does not consider the error
of approximating g(@) with the neural networks. In the supplements, we include a detailed
discussion of the algorithm that considers the neural network approximation error, as well
as the corresponding regret bounds.

At the end of this section, we compare our regret bound with existing work. Specifically,
NN-AGP-UCB has the same bound of O (vTyr) as CGP-UCB, but is superior when the
contextual variable dimension is high; see details in the supplements. In terms of the al-
gorithms which entirely rely on NN, we note that NeuralUCB [202], Neural T'S [199], and
Neural LinUCB [185] all consider the scenarios when the decision variable x is selected from
a finite set. In comparison, we consider that x is selected from a continuous set. When per-
formed on a finite feasible set X', our NN-AGP-UCB also has a regret bound of O (\/ T’yT),
where the maximum information gain vy further depends on the kernel function of the GP
component used in NN-AGP. When the kernel function has an exponential eigendecay (see

Definition 2.1), NN-AGP-UCB has a regret bound of O (ﬁ ), matching the regret bound
of NeuralUCB, Neural TS and Neural LinUCB as well.

Maximum Information Gain

In this section, we discuss the information gain 7 of the proposed NN-AGP model. The
maximum information gain is defined as

{(6:,x¢)}_,COxX
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where fr is the reward function evaluated at {(Ot,xt)}thl; yr denotes the observations;
I(yr; fr) = H (yr) — H (yr | fr) is the mutual information between yr and fr; H(-) =
E[—logp(-)] is the entropy of a random element, where p is the probability density function.
For ease of notation, here we consider the scenario when () = 1 and there is no {v;(x)}
in the MGP defined in (2.4), i.e., pi(x) = qu(x). We also impose more variability so that
A = A, is a semi-definite positive matrix and not necessarily a rank-one matrix, analogous
o [25]. We provide a more general discussion of the maximum information gain of the
NN-AGP in the supplements. We first provide a proposition on the kernel function.

Proposition 2.2. When QQ = 1 and there is no {v,(x)} in the MGP, the kernel func-
tion of the NN-AGP is a product of two kernel functions. That is K ((x,8),(x,0")) =
k(0,0)k(x,x), where k(6,0 = g(0)TAg(0) is a finite rank kernel with respect to 0. Fur-
thermore, suppose that both © and X are compact, g(0) is a continuous mapping and k (x,x")
is a semi-definite kernel function. Then the kernel function K ((x,0),(x,0")) possesses a
Mercer decomposition.:

((Xa x,0')) ZZN Ajoi (0 (x) ¢ (0) ¥y (x') .

7j=1 =1

Here, {(pi, ¢:)}io, and {(N;, @Z)J)}Tzl are the Mercer decompositions for k (0,0') and k (x,x').
That is, k(0,0') = S 1:6:(0)¢; (0') , k (x,x') = > ey Ay (%) ¥y (%), where the eigen-
values are iy = flo = ... 2 by =0 and \y = Ao = ... 2 0.

With the Mercer decomposition of the NN-AGP kernel function, we provide the bound
of the maximum information gain. Specifically, we consider two scenarios for the employed
kernel in the MGP, analogous to [36, 165].

Definition 2.1. Consider the eigenvalues {)\j};il of the kernel function k (x,x") in decreas-
ing order.

e For some C, > 0,0, > 1,k is said to have a (Cy, o) polynomial eigendecay, if for all
J €N, we have \; < Cpj=. An example is the Matérn kernel.

o For some Ceq,Cea, 0 > 0,k is said to have a (Ce1,Cea, ) exponential eigendecay,
if for all j € N, we have \; < Ce1exp(—Cepj*). An example is the radial basis
function kernel.

Theorem 2.2. Suppose that 1) K ((x,8), (x',8')) satisfies the conditions in Proposition
2.2; 2) Vx,x' € X, |k (x,xX)| < k for some k >0 and 3) Vj € N,Vx € X, [1;(x)| < 1, for
some ¢ > 0. If k (x,x") has a (Cp, a,) polynomial eigendecay, then

_ 1 _
ip*2C, T KET\ \ " kkT
Yr < m (Mbd}—Qplog1 <1+ 2)) +1 | log (1—1— 2).
0’ mo? mo?
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If k(x,x') has a (Ceq,Ce2, ) exponential eigendecay, then

2 2 kkT
<
7T ~ m ((Ce’Q (log(T) + Cae)) + 1) log (1 + mo_g) )

= 42,72
bg(w) if o =1

U?CG,Q
20, 1mjid*)? 1 2 1
log w +{——1) (log — -1 -1 otherwise.
U?aeCeQ Qe Ce,2 Qe

Here, i = =37 j1; denotes the mean of the eigenvalues of the kernel function k(6,0);

where

Co. =

k= SUPg grco ‘l;: (0,0/)‘ and ¢ = Supgee |0(0)|. Moreover, the mazimum information gain

of the NN-AGP is O (myx,r), where vy is the mazimum information of k (x,x’).

A more detailed discussion of the Mercer decomposition of NN-AGP is contained in the
supplements, as well as the proofs of Proposition 2.2 and Theorem 2.2. At the end of this
section, we compare our results on maximum information gain with [111]. For the composite
kernel that is a product of two kernels, the upper bound is (d + d') vx.r+ (d + d') logT. Here,
Yxr 1s the maximum information gain of the kernel function with the decision variable, and
d" and d are the dimensions of the contextual variable and the decision variable. That is,
the information gain (as well as the cumulative regret) increases as the dimension of the
contextual variable increases. In comparison, the maximum information in Theorem 2.2
does not depend on d. Thus, the NN-AGP model has lower cumulative regret than the
classical strategy in [111] when the dimension of the contextual variable is relatively high.

2.4 Experiments

In this section, we conduct experiments to show the practicality of our neural network-
accompanied Gaussian process upper bound confidence (NN-AGP-UCB) approach. We ap-
ply different neural networks to different problems, including the fully-connected neural
network (FCN) [148] to a synthetic reward function, the long short-term memory (LSTM)
[91] neural network to a queuing problem with time sequence contextual variables, and the
graph convolutional neural network (GCN) [149] to a pricing problem with diffusion net-

works. We add a noise ¢ N (0,0.01) to the ground-truth value of the reward in the
first set of experiments. For the latter two sets of experiments, the reward is generated
by stochastic simulation (and therefore is “black-box” with contextual/decision variables)
and we postpone the description of the full dynamic to the supplements. We also provide
additional experiments in the supplements, including 1) sensitivity on the structure of re-
ward functions; 2) comparison with contextual variables possessing different dimensions; 3)
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regression tasks on complex functions and 4) finite decision/contextual variables with real
data.

The baseline approaches includes CGP-UCB [111], NeuralUCB [202] and NN-UCB [105].
The experiment results provided are mean performances based on repeating the experiments
15 times. Standard deviations (represented by a shadow associated with the mean-value
line) are also included. In each iteration, the exogenous contextual variable 8, is randomly
selected from © with equal probability. In terms of the initialization, we randomly select
decision variables independently of observed contextual variables for each approach in the
first 20 iterations to attain surrogates. The specific description of the employed surrogate
model in each approach is postponed to the supplements.

Synthetic Reward Function

In this section, we consider two synthetic reward functions

Ri(x,0) = —/|sin (|[x]|) 6% exp (cos (|Ix]| + [1])];
Ry(x,0) = —/|sin(|[x[))x? exp(||x[| + cos([|6]))].

These two explicit functions are both optimized at x = 0 for a tractable evaluation. For NN-
AGP-UCB, we consider m = 2, 3,5 to study the effects of model selection on the algorithm
performance. For CGP-UCB, we consider both additive kernels and multiplicative kernels.
Because both NeuralUCB and NN-UCB are designed for contextual bandits with finite arms,
we adapt them to the problem we consider in Section 2.2 and postpone the details to the
supplements. The experimental results of the average regret Ry /T are illustrated in Figure
2.1 and Figure 2.2, which provide the following insights.

1. Comparison with baseline approaches. For both reward functions, NN-AGP-
UCB outperforms both the CGP-UCB and NN-based approaches. The advantage
comes from 1) strong approximation power regarding 6 due to NN and 2) explicit
inference regarding x due to GP.

2. Effects of the dimension m. Generally, when m increases, the model flexibility
increases, and the regret might be smaller, although this improvement might not be
significant in some scenarios. Furthermore, a relatively large m might result in overpa-
rameterization especially when there are not enough iterations. A suggested selection
of mis [d/3 + d'/10] + 3 considering both the algorithm performance and training
complexity of models.

3. Breaking the linear assumption. Recall that we assume that the reward function
is of the form of R (x;60) = g(0)"p (x). However, the reward functions here break this
linear assumption and yet our NN-AGP-UCB is still applicable and outperforms the
baseline approaches.
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3-81 —— NN-AGP-UCB (m=2)
36 —— NN-AGP-UCB (m=3)
—— NN-AGP-UCB (m=5)
3.4 1 —— CGP-UCB (with additive kernel)
@ —— CGP-UCB (with multiplicative kernel)
S 3.2 —— NeuralUCB
& NN-UCB
g 3.0
Q
g
I 2.8
2.6
2.4 A
0 50 100 150 200 250 300
Rounds

Figure 2.1: Average regret of using R, (x;0) with X = [-1,1)? and © = [-1, 1.

Moreover, additional experiments show that NN-AGP 1) is not sensitive on the structure of
the reward functions; 2) has a greater advantage with higher-dimensional contextual variables
and 3) achieves better approximation accuracy for complex functions, compared with a joint
GP with composite kernels; see the supplements for details. In addition, when the dimension
of the input increases, the uncertainty of the regret will increase as well; see Figures 2.1
& 2.2 for comparison. We also include the recorded computational time of these bandit
algorithms in the supplements.

Queuing Problem with Time Sequence Contextual Variables

In this section, we show through experiments that the NN-AGP model is applicable to
contextual GP bandits when the objective function depends on the sequence of the contextual
variables. That is, the reward function at time ¢ can be approximated by

fi(x,01,0,,...,0,)~g,(0,,0,,...,0) p(x).
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12 A —— NN-AGP-UCB (m=2)
—— NN-AGP-UCB (m=3)
—— NN-AGP-UCB (m=5)
101 —— CGP-UCB (with additive kernel)
—— CGP-UCB (with multiplicative kernel)
g 4 NeuralUCB
0 |
4@' { NN-UCB
()]
(U]
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(@]
©
(O]
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2 .
0 —
(IJ 260 4(I)0 6(I)O 8(I)0 10I00 12I00
Rounds

Figure 2.2: Average regret of using Ry(x; 6) with X = [—1,1]° and © = [-1,1]".

Here, g; (01, 0,, ..., 0,) is modeled by an LSTM neural network. We consider a discrete-time
queuing problem. In each time epoch, a contextual variable is first revealed. For example,
the contextual variable might includes traffic and weather conditions that affect the arrival
process of the queuing system. The number of customers arriving at this epoch depends on
the entire sequence of the revealed contextual variables up to now. The agent decides the
service rate of the server and the service price for customers (decision variables). The reward
function (might be negative) is the expected net income (the income brought by serving
customers minus the service cost and penalty for losing customers). We let X = [0,5]?
and sample 0; from multivariate normal distributions. We present the cumulative rewards
in Figure 2.3 and Figure 2.4 of NN-AGP-UCB with LSTM. The baseline CGP-UCB
adopts both additive and multiplicative kernels with the current contextual variable. We
also apply kernel functions specifically designed for time series [21] to construct the composite
kernel. Experimental results indicate that 1) employing a specific time series kernel enhances
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30004 — NN-AGP-UCB (m=2)
—— NN-AGP-UCB (m=3)
" —— CGP-UCB (with additive kernel)
2 2000 4 —— CGP-UCB (with multiplicative kernel)
E, —— CGP-UCB (with additive time-serial kernel)
2 1500 A
&
e |
g 1000 A
(8]
(8]
<
500 - /
O .
0 50 100 150 200 250 300
Rounds

Figure 2.3: Cumulative rewards for a queuing problem with 6, N (0, I3).

the performance of CGP-UCB and 2) NN-AGP-UCB with LSTM outperforms the classical
CGP-UCB approaches with different composite kernels.

Pricing with Diffusion Network

In this section, we show the NN-AGP model is applicable to contextual GP bandits with
graph-structured contextual variables. That is, the contextual variable is summarized by a
network structure

0, = (Vi, E4)

where V; denotes the set of nodes and F; denotes the set of directed/undirected edges of a
network. To approximate g(@) with a graph-structured contextual variable, we apply the
GCN model. We consider a pricing problem with a diffusion network, where each node
represents a user who decides to adopt a service or not and the edge between two nodes
indicates whether the choices of these two users influence each other. In each iteration,
the network structure 6, is first presented, and then the agent decides the price of the
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Figure 2.4: Cumulative rewards for a queuing problem with 6, N (0, I1p).

service. The reward function is the expected income for the service adoption from the
users. The detailed description can be found in [122]. We let X = [0, 30] and 6, represents
an undirected graph with 5 and 10 nodes where each edge exists with probability 1/2.
We present the cumulative rewards in Figure 2.5 and Figure 2.6 of NN-AGP-UCB with
GCN. The baseline CGP-UCB adopts both additive and multiplicative kernels and in terms
of the contextual variable, we consider 1) vectorizing the adjacency matrix that summarizes
the network structure and 2) applying kernel functions that are specifically designed for
graphs [92]. Experimental results indicate that NN-AGP-UCB with GCN outperforms the
classical CGP-UCB approach adopting different kernels, and the advantages become greater
for networks with more nodes.
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—— NN-AGP-UCB (with GCN)
600 1 —— CGP-UCB (graph,multiplicative)
—— CGP-UCB (graph,additve)
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@ CGP-UCB (vector,multiplicative)
$ 400
@
(O]
=
w 300
=
E
3 200 -
(@]
<<
100 A
O -

0 25 50 75 100 125 150 175 200
Rounds

Figure 2.5: Cumulative rewards with a 5-node network diffusion problem.

2.5 Conclusion & Impact

We propose a neural network accompanied Gaussian process (NN-AGP) model to address
contextual GP bandit problems. The advantages of our approach include 1) flexibility of
employing different neural networks appropriate for applications with diverse structures of
contextual information; 2) approximation accuracy for the reward function and better per-
formance on cumulative rewards/regrets; 3) tractability of a GP representation regarding the
decision variable, thus supporting explicit uncertainty quantification and theoretical analysis.
Our approach has potential application to healthcare, where doctors need to develop therapy
plans based on patient information to achieve optimal treatment effects. When complex and
sparse genetic information is employed, it necessitates the use of neural networks. Another
potential application is for Automated Guided Vehicles (AGVs) to enhance workplace safety
and reduce carbon emissions, where environmental information is provided to the AGV, and
the AGV takes actions accordingly.

In terms of limitations, since NN-AGP retains a GP structure, it suffers from computa-
tional complexity with large data sets. To alleviate the computational burden, we consider



CHAPTER 2. CONTEXTUAL GAUSSIAN PROCESS BANDITS WITH NEURAL
NETWORKS 20

—— NN-AGP-UCB (with GCN)

—— CGP-UCB (graph,multiplicative)
400071 CGP-UCB (graph,additive)
—— CGP-UCB (vector,additive)

]
= CGP-UCB (vector,multiplicative) /
= 3000 A //
Q
o 4
()
2
)
S 2000 4
>
£
-]
O
<

1000 A

0 1 ——
0 50 100 150 200 250 300 350 400
Rounds

Figure 2.6: Cumulative rewards with a 10-node network diffusion problem.

sparse NN-AGP for future work; see a discussion in the supplements. In addition, incorporat-
ing NN into bandit problems generally requires sufficient data to approximate the unknown
reward function, thereby bringing the cold-start issue to NN-AGP. To address the challenge,
we also include a discussion on employing transfer learning technologies in the supplements.
Other potential future work includes 1) adapting NN-AGP to multi-objective/constrained
optimization problems and 2) employing NN-AGP in a federated contextual bandit problem
with multiple decentralized users.
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Chapter 3

Language Model Prompt Selection via
Simulation Optimization

3.1 Introduction

In recent years, the proliferation of the so-called “language models”, such as the GPT (Gen-
erative Pre-trained Transformer) series from [134], has marked a significant advancement
in technology and industry [43]. Some of most influential language models, such as GPT,
are pre-trained so that users can directly use the language models without further train-
ing. In this work, when we use the term language models, we refer to the language models
that have been already pre-trained and made available to the public, either closed-source or
open-source, rather than referring to the training procedures of the language models.
These language models, largely developed by large technological companies, once made
publicly available, can serve as an important tool for smaller businesses and non-profit or-
ganizations. Studies have shown that small businesses leverage language models for cost-
effective customer service solutions, automating responses, and increasing efficiency with
limited resources [51]. Non-profit organizations, as highlighted in recent case studies [153],
have successfully used generative language models to enhance donor engagement and ana-
lyze social impact data, leading to more targeted and effective efforts [104]. These examples
illustrate the growing relevance and potential of generative language models for smaller-scale
operations, highlighting the need for effective use of language models for these organizations.
One of the cornerstones for effectively leveraging generative language models in smaller
enterprises and non-profit organizations emerges in the selection of prompts, which are user-
input instructions to guide the generation of outputs from generative language models [82].
As an example in Figure 3.1, the prompt input by the user describes the requirement
for the language model to generate the output. The way a prompt is phrased significantly
influences the relevance of the context output by the generative language model. Studies
[98] have shown that well-crafted prompts can even outperform models specifically fine-tuned
for applications. Since smaller enterprises and non-profit organizations can suffer from the
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/ Promet \
o You o You
Provide three choices of food for late night snacks Provide three choices of food for late night snacks without affecting
sleep
® ChatGPT
Late-night snacks are the best! Here are three tasty options: ® ChatGPT

Smart choice! Here are three late-night snack options that won't mess
1. Popcorn: It's light, crunchy, and you can season it however you like. with your sleep:

2. Hummus and Veggie Sticks: Healthy and satisfying, plus you get a

dose of veggies. 1. Greek Yogurt with Berries: High in protein and low in sugar, plus

3. Grilled Cheese Sandwich: Simple to make and oh-so-comforting. the berries add a touch of sweetness.

2. Whole Grain Crackers with Cheese: The combo of protein and

complex carbs can help keep you satisfied without causing sleep
/ disruptions.
GPT output 3. Banana with Almond Butter: A healthy balance of carbs and fats,

plus the banana contains magnesium, which can promote relaxation.

Figure 3.1: An illustration of different prompts leading to different outputs on a common
subject.

prohibitive cost of collecting datasets and extensive computational resources of training the
generative language model, prompt selection emerges as a promising alternative approach
for these organizations with constrained generative language model development capabilities,
which underscores the need for research and development in prompt selection.

In most current implementations, the selection and design of the prompts for genera-
tive language models heavily rely on human input and subjective guidance [188, 99]. These
approaches capitalize on the nuanced understanding and creativity inherent in human cog-
nition, allowing for the creation of prompts that tend to be relevant and useful. However,
the prompt selection based on human labor also faces room for improvement: 1) Firstly, re-
lying on human labor for prompt design can be a costly process, especially for projects that
demand high accuracy and specificity in prompt creation, as it requires extensive time and
resources to manually craft and refine prompts. 2) Secondly, manually selecting prompts
can limit the scalability and adaptability of generative language models. As the demand
for generative language model services grows, the necessity to rapidly generate and refine
prompts for varied tasks becomes more pressing. The manual approach, on the other hand,
struggles to keep pace with this demand.

Given the challenges posed by prompt selection based on humans, some more cost-efficient
and scalable approaches can be desirable to enhance the effectiveness of prompt selection.
In this work, we use the lens of simulation optimization [78] to study the prompt selection
problem and attempt to provide simulation-optimization based algorithms for prompt selec-
tion. In general, simulation optimization handles optimization problems where each sample
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is costly to obtain (either from an expensive computer simulation of complex systems or
from customers/patients in classical or modern clinical trials). Part of the goal of simulation
optimization’s algorithm design is to save the sampling costs to achieve a certain requirement
of accuracy. We next describe a summary of the prompt selection problem concerned in this
work, and how it may be viewed as a simulation optimization problem.

In this work, we describe the process of prompt selection as follows: Initially, a prompt is
input into the generative language model along with other relevant input contexts, leading to
the generation of an output context. Then a score of the prompt is revealed to quantify the
effectiveness of the selected prompt. The calculation of the score employs two components:
a pre-defined set of baseline output contexts tailored to the task, and a score function
that measures the similarity between two contexts. Regarding a specified task, paragraph
revision, for example, a baseline set comprises pairs of pre- and post-revision paragraphs.
These baseline sets can be collected from a variety of sources including academic publications’
draft and final versions, edit histories of collaborative writing platforms like Wikipedia, or
datasets of student essays with teachers’ feedback [163, 155]. The score function assesses the
similarity between the baseline output and the output generated by the language model [34].
A higher score indicates greater similarity between the baseline and the generated outputs.
The performance of the prompt is then determined by this score. Thus, when the prompt
selection is cast as a simulation optimization problem, 1) the decision variable is prompt
in text form, 2) the objective to maximize is the score of the prompt, and 3) each prompt
evaluation through the language model is regarding as simulating a sample from a stochastic
system.

Utilizing simulation optimization methods for prompt selection can encounter challenges.
First, the prompt selection does not adopt an explicit feasible set. Indeed, the feasible set
is contained in a space that includes any combinations of words and sentences serving as
potential prompts. To the best of our knowledge, there have not been simulation optimiza-
tion methods for such a feasible set. Second, even when the feasible set is restricted to a
finite number of prompts, the selection based on existing methods remains challenging. Con-
sidering the implicit dependence of the mean score on the prompt, simulation optimization
methods based on certain structures of the objective function, such as convexity and Lips-
chitz continuity [65], are not feasible. Surrogate models address the lack of transparency in
the objective function [184, 171] while existing surrogate models are largely for decision vari-
ables represented by vectors instead of the prompts in text form. In addition, there are also
simulation optimization methods designed for a finite feasible set without inherent structure,
and these methods in general require evaluating each decision variable a sufficient number of
times [93]. However, it is expensive to evaluate each prompt enough times, considering both
the computational time to generate contexts and the cost of invoking generative language
models.
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Introduction to Our Method and Results

In this work, we propose a framework to facilitate the prompt selection via simulation op-
timization methods. Our framework is composed of two stages, the search stage and the
evaluation and selection stage.

1. Search Stage: This stage determines a feasible set for the prompt selection problem
that includes a sufficient but finite number of prompts. The procedure begins by
utilizing a text autoencoder, a specialized machine learning model for natural language
processing, to transform a few initial example prompts into vectors. These vectors
serve as numerical representations of the original text prompts, which are generally
high-dimensional. Subsequently, these initial vectors are perturbed, leading to the
generation of a larger set of prompts, each uniquely represented by its high-dimensional
vector. The next step applies principal component analysis to these vectors to reduce
the dimensionality and acquire moderate-dimensional vectors, termed “soft prompts”.
The set of soft prompts serves as the feasible set for the prompt selection problem.

2. Evaluation and Selection Stage: This stage sequentially evaluates the soft prompt
decided in the previous search stage. Specifically, we propose constructing a surrogate
model of the mean score regarding the moderate-dimensional soft prompt using a
Bayesian parametric model. The surrogate model accounts for the uncertainty in the
observed scores for prompts, which are assumed to follow a Gaussian distribution. In
addition, the surrogate model provides not only the approximated mean score for each
soft prompt but also the approximation uncertainty quantification. We then propose
an acquisition function based on the surrogate model accounting for both exploitation
and exploration. In this way, the sequential evaluation of the prompt is decided by
maximizing the acquisition function. When the new observations of scores are collected,
the surrogate model and the acquisition function are updated.

Our results are summarized as follows:

1. We consider the prompt selection for generative language models to generate the de-
sired outputs, and formulate it as a simulation optimization problem. We propose a
framework that determines the feasible set for a category of simulation optimization
problems. In these problems, the feasible set is not initially provided in an explicit form
and therefore requires exploration. Our proposed framework first provides a practical
procedure to determine an initial feasible set. When there is sufficient collected data,
we also propose a procedure to refine the feasible set construction, which supports
further applications and analysis.

2. We propose a surrogate-based simulation optimization algorithm for a finite feasible
set, where the surrogate model selection is flexible. We design an acquisition function,
for which the trade-off between exploration and exploitation is explicitly addressed by
a user-specified hyperparameter. We prove the consistency of the sequential evaluation
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using a Bayesian parametric model and our proposed acquisition function. Addition-
ally, the optimization of the acquisition function involves approximating its value at
each decision variable within the feasible set using simulated samples. Despite the fea-
sible set being finite, this procedure becomes computationally expensive with a large
number of decision variables. Therefore, we also consider employing a probabilistic
reparameterization method. This method transforms the optimization of the acqui-
sition function from a discrete to a continuous optimization problem. Consequently,
the stochastic gradient ascent method is used for optimizing the acquisition function,
which is more efficient to implement when the number of decision variables is large.
We also prove that the probabilistic reparameterization to speed up the acquisition
function optimization does not alter the optimal solution.

3. We conduct numerical experiments to illustrate the efficacy of our proposed framework
for prompt selection. Specifically, we demonstrate the superiority of Bayesian neural
networks as surrogate models for approximating the mean score of prompts. Addi-
tionally, our experiments showcase the efficiency of the probabilistic reparametrization
in optimizing the acquisition function, especially when selecting from a large number
of prompts. Furthermore, we show that our proposed framework outperforms direct
searches in the high-dimensional latent space. Also, the refinement of the feasible set
construction improves the mean score of the selected prompts when there are additional
evaluations.

Our work may provide the following managerial relevance: First, our framework attempts
to offer an efficient method for selecting prompts for generative language models, enhancing
their performance without additional model training and refining (which can incur high costs
associated with data collection and extensive computational resources). Because of this, our
proposed prompt selection approach may be particularly beneficial for small businesses and
non-profit organizations aiming to better leverage generative language models. Secondly,
while our focus in this work is on prompt selection, the proposed framework may be adapted
to other management applications with the use of language models. For example, language
models have been utilized to serve low-income communities by providing accessible, instant
‘question and answer (Q&A)’ services that offer guidance on rights, healthcare information,
and social services. Our framework can be utilized to optimize the design of Q&A of the
language model to maximize social benefits. We also take a view that prompt selection and
prompt engineering have the potential to enhance the accessibility of operations technology
to a broader range of population.

Literature Review

Our work is relevant to prompt engineering, which is an emerging field within the domain of
generative language models. The concept involves crafting effective prompts, which serve as
the instructions and task descriptions fed into generative language models to acquire desired
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outputs. As documented in [82] and [98], it has been extensively observed that the prompt
fed into the language model significantly influences the model’s output in terms of relevance,
creativity, and accuracy. Pryzant et al. [140] consider employing gradient descent to optimize
the prompt, while these methods are largely restricted to open-source language models. In
addition, in-context learning algorithms have been utilized to transform real-valued vectors
to human-readable prompts to facilitate the prompt selection [37].

In this work, we employ the methodology of simulation to facilitate prompt selection.
Simulation experiments are widely used to evaluate the performance of complex systems,
and application scenarios include but are not limited to finance [85, 103], queue management
[101, 102, 9, 10], etc. In addition to evaluating system performance, simulation experiments
have also been employed to optimize the system performance with different inputs of the
simulation models, which is cast as simulation optimization; see [63, 64].

When the feasible set contains finite decision variables with no inherent structure defined,
the simulation optimization problem is generally cast as ranking and selection (R&S) [125,
61, 133, 93, 137, 177, 95, 120]. In the context of R&S, prominent methods include but
are not limited to indifference zone approaches [69, 70, 164] and optimal computing budget
allocation [88, 79].

Another stream of literature on simulation optimization focuses on addressing stochastic
optimization problems, where the objective function is the expectation of a random func-
tion. To estimate this objective function, simulation experiments are conducted to generate
samples of the random functions, as discussed in works by [178, 113], and [19]. In addition
to considering the objective function represented by the mean of a random function, simula-
tion optimization also takes into account the risk measures of random functions, such as the
quantile and the conditional value at risk, as seen in [54] and [89]. Additionally, simulation
experiments are widely employed to estimate the gradient of the objective function, with
detailed discussions found in [4, 203, 138], and [168].

Our work benefits from surrogate models in simulation [40, 60, 169], which are statistical
models employed to approximate the simulation output and alleviate the expensive execution
of simulation experiments. Owing to this advantage, surrogate models have wide applications
in simulation fields, including simulation input uncertainty analysis [16, 182] and simulation
optimization [112, 184, 151, 96, 171].

3.2 Problem Description

In this section, we describe the setting of the prompt selection. We consider a problem
context where a user-pre-specified task is given, e.g., aiming to select, from many potential
prompts, a good prompt that facilitates paragraph writing refinements. The set of prompts is
P = {prom,, prom,, ...}, where prom, denotes a human-readable prompt in text form (e.g.,
“Revise the following paragraph:”). The prompt and the input context (e.g., the paragraph
requiring refinements) are fed into the generative language model and the model generates
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the output as
y = A(z,prom). (3.1)

Here, x denotes the input context, A represents the generative language model, and g is
the output context generated by the generative language model. We note that, given a fixed
pair of input contexts and the prompt (x, prom), the output contexts g is a random object
that can exhibit variability in different trials.

To quantify the performance of a prompt, our framework incorporates two components.
Firstly, there is a baseline set, consisting of baseline contexts tailored to the task, providing a
standard for comparison. Secondly, a score function is employed to quantitatively assess the
quality of the output generated by the generative language model [34]. We define the baseline
set as B = {(z1,y1),(x2,Y2),...,(®r,yn)}. Each pair (x,,,ym) represents a baseline
input-output context. For example, regarding the task of paragraph revision, a; denotes the
initial paragraph before revision and y; denotes the revised paragraph. Such datasets can be
collected from academic publications’ draft and final versions, edit histories of collaborative
writing platforms like Wikipedia, or datasets of student essays with teachers’ feedback [163,
155]. To evaluate a prompt, say prom’, we input (x,,, prom’) into the language model A,
generating the output g,,. The score of the prompt prom’ is calculated by h (Y, Y ), where
h(-,-) € R is the employed score function comparing the generated output y,, with the
baseline y,,. A detailed description of this score function is in the supplements. A higher
score implies greater similarity between y,, and vy,,, indicating a ‘better’ performance of the
prompt. In this way, given a baseline set B and a score function h( -, - ), the performance of
a prompt is evaluated by

U (prom) = v(prom) + e(prom).

Here, v(prom) is the observed score, v(prom) = E(g,. . )op [R(A(Z), prom), y,,)] is the mean
score of the prompt, and e(prom) is the uncertainty when observing the score of prom. We
note that the uncertainty e(prom) comes from two aspects: 1) the random selection of a pair
of (®m,Ym) € B with equal probabilities, and 2) the phenomenon that language model A
generates different output contexts even when the input context and the prompt are fixed. In
this work, we assume the uncertainty €’s are Gaussian random variables that are independent
across different evaluations.

With the mean score of a prompt defined, the selection is formulated as an optimization
problem:

prom” € arg max_v(prom). (3.2)
promeP

That is, we aim to select the prompt that achieves the highest mean score with a fixed
baseline set B and a score function v (-). Considering the implicit dependence of the mean
score on the selected prompt, we cast the selection (3.2) as a simulation optimization problem,
regarding each evaluation of a prompt as simulating a sample from a stochastic system. On
the other hand, utilizing classical simulation optimization methods for selecting the prompt
encounters challenges:
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1. Implicit feasible set: Regarding the prompt selection problem (3.2), there is not
a specified set of prompts to be selected. The feasible set P of the optimization
problem (3.2) is defined in a space that contains any potential combination of words
and sentences. Existing simulation optimization methods in general consider feasible
sets that are that are either finite or defined within a vector space, which is not feasible
for prompt selection.

2. Non-structural objective function & expensive evaluations: The prompt se-
lection problem remains challenging even when the feasible set is restricted to be finite.
Firstly, given the complex mechanisms of the generative language model, the score as
a function at prompts does not exhibit structural properties, such as convexity or Lip-
schitz continuity. This poses challenges to simulation optimization methods that rely
on such structure [68, 65]. Secondly, while surrogate-based simulation optimization
methods are feasible to optimize objective functions lacking explicit structural prop-
erties [141, 184, 171], these surrogate models in general use vector-represented inputs
rather than text-based prompts. Lastly, in cases where the feasible set includes deci-
sion variables without inherent structure, the problem can be cast as a ranking and
selection (R&S) problem [93]. On the other hand, most R&S methods require sufficient
evaluation of each decision variable. In the context of prompt selection, such extensive
evaluation is expensive, considering the computational time and costs associated with
engaging the generative language model to generate contexts.

To address these challenges, we propose a framework for prompt selection. The framework
is composed of two sequential stages: 1. the search stage and 2. the sequential
evaluation and selection stage. In the initial search stage, we construct a set of candidate
prompts to be evaluated and represent these human-readable prompts with real-valued and
moderate-dimensional vectors. We first transform a few prompts in text form to high-
dimensional vectors in a latent space, using the text autoencoder, a specialized machine
learning model that numericalizes texts. We then perturb these vectors to attain a larger
set of prompts and apply principal component analysis to reduce the dimensionality of the
vectors representing prompts. Then, in the evaluation and selection stage, with a finite
set of prompts represented by these moderate-dimensional vectors, we propose a sequential
evaluation procedure for prompts based on a Bayesian parametric model. Specifically, we
construct a surrogate model using the observed scores regarding vector-represented prompts
to approximate the mean score of prompts and propose an acquisition function based on
the constructed surrogate model. In each round, we select the prompt to be evaluated
by maximizing the acquisition function, which accounts for both exploitation (evaluating
prompts that have evidence for high scores) and exploration (evaluating prompts with high
uncertainty). When the total budget of prompt evaluation is reached, the prompt that
yields the highest mean observed score is selected. We also propose a refinement procedure
following the sequential evaluation and selection stage. This involves constructing a surrogate
model and a projection mapping from the high-dimensional latent space in the initial search
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/—| Search Stage l—\

Example prompts in text form: {ptom(lo) , ptomgo), e ,ptomg\??}

ltext autoencoder

Latent vectors: {X{O),Xéo), ...,X](\?,)} CRD

perturbation & projection

Soft prompts: Z = {z1, 20,..., 25y} C RP |

|

Sequential Evaluation and Selection Stage

4 (iteration) )
1. Construct a Bayesian 2. Optimize the acquisition funct- 3. Find the prompt in text
surrogate model using ion M-UCB to attain the next prom (2(+1)) using the

observations soft prompt to evaluate z(*+1) decoder of the text autoencoder

6. Append the score h (Y, Ym) |, | 5. Input prom (2¢+1)) and x,, to 4. Randomly select baseline
to observations language model to generate ¥y, (®m,Ym) € B

- J

Refinement

Construct a projection mapping using collected observations to
1. refine the projection in search stage and
2. facilitate further search in the latent space

Figure 3.2: Our framework of prompt selection.

stage to a moderate-dimensional subspace. This surrogate model, along with the associated
projection mapping, is then used to search for prompts that achieve higher scores than
those represented by soft prompts. We present a summary illustration of our framework
in Figure 3.2. Section 3.3 presents the search stage in detail; Section 3.4 describes the
sequential evaluation and selection stage; and the refinement procedure is in Section 3.5.
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3.3 Search Stage

We describe the search stage of our proposed prompt selection framework. We propose a
procedure to construct a feasible set for the prompt selection problem (3.2), which transforms
a language space containing any potential combinations of words and sentences in text form
into a set of moderate-dimensional vectors. This numerical representation provides explicit
quantification of the relationships and patterns among prompts, which may be implicit
in their raw text form. We name these moderate-dimensional vectors soft prompts. In
Section 3.3, we describe the procedure to represent a prompt in text form with a high-
dimensional vector, which we name [atent vector. In Section 3.3, we describe the procedure
for constructing a set of soft prompts based on the latent vectors, serving as the feasible set
for the prompt selection problem.

Prompt Vector Representation

Our procedure begins with a few example prompts that have been recognized as plausible for
the specified task. For example, in terms of the paragraph revision task to be accomplished
by ChatGPT, these example prompts include: 1. “Please revise the paragraph:”, 2. “Can
you revise the paragraph to be more formal and in the third person? Here’s the original
paragraph:”; 3. “Could you please revise the paragraph to fix any grammatical errors and
enhance its style? The paragraph is as follows:”, etc. Instead of selecting from a limited
number of these example prompts, it is anticipated that other prompts could lead to higher
scores for the revision task. This anticipation is supported by existing prompt engineering
procedures accomplished by human efforts; see [188, 99]. They found that the performance
of prompts will be affected by adding descriptions and adverbials, changing word order,
etc. In our framework, the example prompts serve as initial reference points. The scope
of the feasible set P in the prompt selection problem (3.2), extends beyond these initial
examples. On the other hand, actions on the example prompts, such as adding descriptions
and adverbials, require human labor and are subjective and expensive in some scenarios.
Instead of exploring new prompts directly based on these example prompts, we consider
transforming these example prompts to vectors and conducting exploration sampling in the
vector space.

Denote the set of the initial example prompts by PO = {ptomgo), ptoméo), - ,ptomg\?g},

where ptomﬁlo) is an example prompt for the specified task and N’ denotes the number of the

example prompts. To transform an example prompt in text form into a vector, we employ
the text autoencoder model [117],

AE(text) = Dec (Enc (text)) = text'. (3.3)

Here AE (-) represents the autoencoder model, which is generally composed of two parts:
an encoder and a decoder. The encoder model Enc (-) is a nonlinear mapping that maps
a text into a real-valued vector. Then, the decoder model Dec () takes the vector as the
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input and outputs another text. Here we focus on the reconstruction of the input text, i.e.,
we aim to train the autoencoder model such that the output text in (3.3) text’ is the same
as the input text. A detailed description of the text autoencoder is in the supplements.
Note that the human-readable prompts are in text form, which is consistent with the
input form of the text autoencoder (3.3). That is, after appropriate training, the text

autoencoder described in (3.3) can transform each example prompt ptomglo) e PO into a

vector Enc (ptomgo)) and then transform this vector back into the original prompt ptomglo).
In this way, we attain 1) a mapping Dec (- ) that transforms a real-valued vector to a text

and 2) the vectors Enc (ptom%o))’s that represent the initial example prompts. We let

XY = Enc (ptom%0)> and name it the latent vector. In this manner, the latent vector set

is X0 = {X{O),XQ(O), e ,X](\?,)}, where X\” = Enc <pt0m£LO)> € R’j, and Dec (XT(LO)> =

ptomﬁf))

space. In most applications, the latent space is set as X = -1, 1]D by default.

. We denote X as the latent space, which is a subspace of the D-dimensional vector

Soft Prompt Set Construction

We now present the procedure of extending the latent vector set and then projecting these
vectors to a subspace with a moderate dimension. Recall that we have the set of latent

vectors X0 = {X}O),Xéo), e ,X](\(,),)}, where each X" € RP represents a human-readable

prompt Dec (XSP)) for the pre-specified task. Instead of directly exploring the language

space containing combinations of words and sentences, we search for other prompts by sam-
pling new vectors in the latent space. That is, VX* € R”, the decoder Dec (X*) will generate
a text output, which might serve as a potential prompt. To decide whether a latent vector
X* is associated with a prompt that will be suitable for the pre-specified task, we compare
Dec (X*) with a baseline prompt prom’. The comparison is supported by the score function
v (-, +), which quantifies the similarity between two texts, and we provide details in the sup-
plements. In this manner, we retain the latent vector when v (Dec (X*),prom’) € (r,79),
where 71, 7o are two user-selected thresholds. The selected thresholds are used to guarantee
that the new prompt Dec (X*) 1) exhibits sufficient difference from the baseline prompt so
that it leads to a different mean score, and 2) maintains certain similarity so that it also
works for the task. We sample new latent vectors based on the initial latent vectors. We
first set X = {X1, Xs,..., Xn}, where X, = XY, Then the latent vector set is sequentially
extended as follows:

1. Calculate a perturbation matrix 3, € RP*D hased on the current set
X ={X1,Xs,...,X1}.

In our method, we select the sample covariance matrix for perturbation. That is,
— — T —
¥, =13 (X, - X)(X,-X) ,where X =130 X,
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2. Randomly select a latent vector X; € X with probability p; = %j”), where n; denotes

the number of times X; has been selected and Cp, = S>%_ exp (=7,) is a normalizing
constant. Then generate from X; a new latent vector X' = X; + V.V ~ N (0, X,).

3. Accept the new latent vector X’ when 1) X’ € X = [0, 1] and 2) v (Dec (X') , prom’) €
(r1,72), where prom’ = Dec (X;). If the latent vector X’ is not accepted, go back to
Step 1. If the latent vector X’ is accepted, then append it to the latent vector set X
and go back to Step 1.

The procedure terminates when the number of elements in the latent vector set reaches a
pre-specified threshold, N, and we attain an extended set of vectors, X = { X1, Xo,..., Xn}.
As mentioned in Section 3.3, the dimensionality of the latent vectors, D, is generally high,
which poses challenges to the subsequent evaluation and selection stage, where we construct
a surrogate model of the mean value regarding prompt’s numerical representations. High-
dimensional vectors increase the sample size required for the surrogate model construction,
thus leading to excessive costs. Therefore, we apply a dimension reduction algorithm to the
latent vector set X, transforming each X, € X into a vector z, € R” with a moderate
dimension D, named as a soft prompt. Specifically, we employ the method of principal
component analysis (PCA); see [29]. We describe the detailed procedure of PCA in the
supplements.
Upon completion of dimensionality reduction, we attain a soft prompt set

Z={z,z2,...,28} CRP.

Each soft prompt z, is associated with the initial latent vector X,, which further links
to a human-readable prompt Dec (X)) by the lens of the decoder model in Section 3.3.
In this manner, we propose a procedure that constructs a feasible set Z for the prompt
selection problem from the language space that contains any combination of words and
sentences. The constructed feasible set Z consists of a finite but sufficient number of vectors,
providing explicit quantification of relationships and patterns among prompts and facilitating
the prompt selection procedure.

3.4 Evaluation and Selection Stage

In this section, we describe the procedure of evaluating and selecting the prompt for a
generative language model. The prompts to be evaluated and selected from are represented
by moderate-dimensional vectors, termed soft prompts, 2z, € Z = {z1,2s,...,2n} C RP,
where N is the number of soft prompts and D is the dimension of the vector-valued soft
prompt. Each soft prompt z, is derived from a latent vector X,, € X C R? by a dimension
reduction procedure as in Section 3.3. Thus, we have a one-to-one mapping from z, to X,
and the latent vector can be further mapped to a human-readable prompt in text form by
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applying the encoder Enc (X,,). In this way, each soft represents a human-readable prompt
denoted by prom (z,).

To observe a score of the soft prompt, our framework involves two components: 1) a
baseline set B = {(x1,y1), (€2,Y2), ..., (Tr,ynm)}, where each (x,,,¥y,,) denotes a pair of
baseline input-output contexts for comparison; and 2) a score function h (-, -) to quantify
the similarities between two contexts. In this way, given a soft prompt z,, we attain the
human-readable prompt prom (z,,) in text form. We then randomly select a pair of baseline
input-output contexts (@, Y, ) from the baseline set B with equal probabilities. After
feeding the human-readable prompt prom(z,) and the input context x,, to the language
model, we have the generated output 9, (z,) = f (Tm,prom(z,)) as in (3.1), where f
represents the generative language model. By comparing the generated output g,, (z,) and
baseline output context y,, by the score function, we then observe a score

Onm = B (Um (20) , Ym) = v (prom (2,,)) + €nm. (3.4)

Here, v (prom (z,)) = E [0,,,,]is the mean score of the prompt associated with the soft prompt
z,, which serves as the objective function to be maximized. Since the human-readable
prompt prom (z,) is fully dependent on the soft prompt z,, we let v (z,) = v (prom (z,)) for
notational simplicity. In addition, €, , i (0,02) represents the uncertainty contained in
the observed score, which is independent across different selections of z, and different trials
with a fixed z,.

To find the prompt with the highest mean score v (z,), we propose a sequential selection
procedure that employs a Bayesian parametric model as the surrogate model for the mean
score with respect to soft prompts. Specifically, the procedure first selects some soft prompts
to observe the scores during the warm-up step (Section 3.4). The observed scores are used
to construct a surrogate model (Section 3.4) and an associated acquisition function (Section
3.4). Then, during the sequential evaluation step, the next soft prompt to be evaluated is de-
termined by maximizing the acquisition function. After observing new scores, the surrogate
model and the acquisition function are updated and used to guide the selection of the next
prompt to be evaluated. The procedure terminates when the budget of evaluating prompts
T runs out.

Warm-up Step

In this section, we describe the warm-up step that observes scores for some soft prompts z,,’s
in preparation for the sequential evaluation step. Recall that we have the set of prompts
Z = {z1,2,...,2v}. In the warm-up stage, we select Ny (< N) soft prompts zy.,, € Z
and for each we observe R scores as in (3.4). The selection of zy.,’s is flexible and user-
specified. Here we provide a practical approach. As described in Section 3.3, each soft
prompt z, € Z is attained by transforming a latent vector X, € X with a dimension
reduction algorithm. Furthermore, this latent vector set X is expanded by an initial latent
vector set X' which contains the latent vectors Xflo)’s that are attained from the initial
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example prompts {ptom&o),ptomgo), e ,ptomg\??}. In other words, the soft prompts z,’s

(as well as the human-readable prompts prom (z,)’s) are attained by perturbing the initial
example prompts since the latent vectors are attained by perturbation on the initial latent
vectors as the sampling procedure in Section 3.3. Therefore, the soft prompts are generated
directly or indirectly from the soft prompts that represent the initial example prompts. Thus,
the soft prompts representing the initial example prompts are among the most representative
ones, and we therefore select these soft prompts in the warm-up stage to evaluate. That is,
we set Zy = {zw.a, 2w, -, 2wny b € 2, where Ny = N’ and each zy, is attained by
X0 e xo.

After deciding the set Zy,, we collect R = 5 observations for each zy ., € Zy. We then
approximate the variance of the observed scores o2 = Var [0, ] by

R
~ 1 - _
o2 = T ;1 (Opr — T)*,Vn € {n: 2, € Ziy},

where ©,, = %Zil On,r. With the set Dy = {(zw1,0%.1) - - - (2winw > Otyany, ) |- We con-

struct a predictive model g* (z,) € R, 2, € Z by ¢" € argmingeg ). = (9(2n) — 8721)2,
where G denotes a class of predictive models (e.g., a linear regression model with unknown
parameters) and the selection of the predictive model is flexible and user-specified. In our
experiments, we use the kriging method as suggested by [5]. After the predictive model g* is
attained, we then approximate o2 for Vz, € Z by ¢g* (2,,). In our work, we treat the variance
02 as a nuisance parameter, and the difference between the approximated variances g* (2,,)’s
and the ground-truth variances 02’s will be ignored. These approximated variances will be
incorporated into the surrogate model in the sequential evaluation step, which resembles

classical surrogate models construction [5, 40, 39].

Sequential Evaluation Step

In this section, we describe the sequential evaluation step, which consists of two actions: 1.
Approximation of Mean Score: We approximate the mean score of each soft prompt,
from historical data of observed scores by constituting a Bayesian parametric model. This
model also provides the explicit uncertainty quantification of the mean score approximation.
2. Optimization of Acquisition Function: Once the surrogate model is constructed, the
next step involves optimizing an acquisition function that accounts for both the approximated
mean scores of each soft prompt and the approximation uncertainty. The next soft prompt
to be evaluated is decided by maximizing the acquisition function.

Bayesian Parametric Surrogate Model

We assume that the mean performance v with respect to the soft prompt z is represented
by a parametric model v(z) = f(z; W), where the form of the model f(-; -) is known and
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W € RP is an unknown parameter. In this work, the selection of the parametric model
is flexible, and we propose a procedure to sequentially select the soft prompt z, to evalu-
ate using Bayesian inference. Specifically, we regard the unknown parameter as a random
vector with prior distribution 7(W'). Suppose we have evaluated the prompts for ¢ rounds
(including the observations in the warm-up step), and have collected the observed scores
Sy = {(zW, oW, ..., (z0,50) }. Here 20 € Z = {z,2,...,2,} denotes the selected
soft prompt in the 7-th round, and 97 is the observed score associated with z(™ as in
(3.4). We note that an equivalent representation of the dataset is S; = {(zn, Upm)} for
m e {1,2,...,r,(t)} and n € {1,2,..., N}. Here v,,, denotes the m-th observed score for
soft prompt z, as in (3.4), and r,(¢) denotes the number of evaluations at z, up to time ¢.
That is, 25:1 rn(t) = t. Conditional on the dataset S;, the posterior distribution of W is

updated by
p(S | W)m (W)

p(W[S)= 7 (S) xp(S | W)m(W), (3.5)
where ©
N rn(t ~ 2
(Un,m - f (Zn; W))
(S| W) }_[1}_[1 2702 P <_ 202 >

is the likelihood of the observed scores. In this way, inference for the mean score function is
based on f (zn; W> W ~p(W | S;). For parametric models in which the exact posterior

is intractable, Markov Chain Monte Carlo (MCMC) methods [8] or variational inference (VI)
[20] can be employed to approximate and generate samples from the posterior distribution.
We postpone the sampling methods of the posterior distribution to the supplements.

We now provide two examples of the parametric model that can be employed in our
approach.

Example 3.1 (Gaussian Process). The Gaussian process (GP) has been widely employed
in extensive applications including simulation input uncertainty analysis [182, 16] and sim-
ulation optimization [141, 171]. Specifically, the GP-based method assumes that f(z) ~
GP(0,K (z,2')), where K (z,2") is a pre-specified kernel function. The kernel function
quantifies the similarity of the surrogate model f between different inputs z’s. A com-

mon selection is the radial basis function (RBF) kernel Kgpr (z,2') = exp{—w},

where || || denotes the Euclidean norm of a vector and o is a user-specified hyperparam-
eter. Given the observed points, inference for the function value f at an arbitrary point
Z 1s based on the conditional distribution of a multivariate normal distribution. That is,
F(2) | S~ N (ugpe (2),0%p, (2)). Here, Sy = {(2W,yW) ..., (2W,y®)} denotes the
pairs of inputs and observations up to time t, where y(7) = f (Z(T)) + €7 denotes the noisy

observation, and €7 g N (0,0%) denotes the noise. The conditional mean and variance
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adopt explicit expressions

. -1
papy (2) = Ky (5)T <Kt + 021t> Y,

i - (3.6)

otpa (D) = K (52~ K () (Ki+0°L) K (3),
where g, = (yW, ... ,y(’t))T € R is the vector of observations; I, € R is the kernel matriz
with (7, 7")-th entry K (Z(T), 2(7/)); and

K, (3) = (K (3,:M) K (3,:?),... K (3,:9)) e R

15 the vector of kernel function values between Z and {z(T } 1
The GP model is generally regarded as a Bayesian nonparametric model. However, when

the selected kernel function has a finite rank, that is K (z,2') = ¢ (2)" ¢ (2) for (;5( ) € RP,

the GP model has an alternative parametric representation f(z; W) = ¢ (z ) W . Here,

W € RP denotes the unknown parameter with the prior distribution 7(W) ZN N(0,,1,), and

the posterior distribution of the unknown parameters is

-1

p(W15) 2N (9@ +0°L) " 0] g 0* (9] &+ 0°L,)

N———

where @, = [¢ (V) ,..., ¢ (z(t))]T € R™™_ In this way, inference for

o~

FEW) =0 W

with the posterior distribution W ~ p <W | 5}) matches the results in (3.6). That is, GP

15 equivalent to a Bayesian parametric model, parametrized by W when the kernel function
has a finite rank.

As documented in [152], and [57], the performance of GP-based algorithms depends
heavily on the appropriate selection of the kernel function K (z,2’). In some applications
when the unknown function to be approximated has highly non-structural dependence on the
inputs, it is challenging to pre-specify the employed kernel function. Furthermore, because of
calculating the inverse matrix, GP-based algorithms suffer from computational complexities
of the cubic order of the observed data. Thus, existing work also considers incorporating
Bayesian inference with deep learning models to enhance the model’s flexibility and inference
accuracy. Next we consider the neural network [138, 168] as an example, where the weight
parameters of the neural network are regarded as random and updated by data as in (3.5).

Example 3.2 (Bayesian Neural Network). Neural networks are computing systems that are
used to approximate unknown mappings. A neural network is composed of connected layers of
nodes, which are denoted as neurons. The layers of a neural network include the input layer,
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the output layer, and the hidden layers that connect the input layer and the output layer. For
each pair of adjacent layers, the input of the latter layer is the output of the former layer.
The connection between the neurons of adjacent layers is represented by the linear functions,
while the activation function in each layer imposes non-linearity to the neural network. To
be more specific, let f(z; W) be the neural network with L layers of hidden layers. The
innermost layer (the input layer) is represented as the initial layer, and suppose the l-th
layer contains my neurons. Thus, my = d™ and my, = d°“, consistent with the dimensions
of the inputs and outputs of the mapping to be approximated. In this way, the neural network
f(z; W) is represented as

fFEW)=Wr-oWr_1--o(Woz+bo) - +br_1) + by

Here, W, is the my.1 X my weight matriz, and b, is the m;,1-dimensional intercept. All
these weight matrices and intercepts compose the weight parameters W of a neural network.
The activation function @(-) is defined on each entry (neuron) respectively and imposes
non-linearity to the neural network. Common selections of activation functions include the
rectified linear unit (ReLU) function and the tanh function. When the weight parameters are
regarded as random variables and adopt a prior distribution, the neural network f(z; W) is
known as a Bayesian neural network.

Other models including Bayesian linear regression models [129], Bayesian hierarchical
models [143] and variational autoencoders (VAE) [108] can also be employed to approximate
the mean score function v(-). The selection of the surrogate model is flexible and depends
on the complexity of the problem and the sample size of the observations. For example,
when there are not sufficient observations, the parametric model with few parameters and
a relatively explicit form (e.g., Bayesian linear regression model) is preferred. On the other
hand, when a large number of observations have been acquired and the mean score is highly
non-structural with soft prompts, deep learning models are preferable. With the specified
Bayesian parametric model in hand, we next describe the acquisition function, which is used
to guide the selection of the soft prompt to be evaluated in the next round.

Acquisition Function & Optimization

In this section, we present the acquisition function in the sequential evaluation step, which is
used to guide the selection of the next soft prompt 21 to be evaluated. Based on the sur-

rogate model in each round f <z; W) , W ~ p (W | S;), we propose an acquisition function
named Modified Upper Confidence Bound (M-UCB), defined on z, € Z = {z1,22,...,2Nn},

g (zn) = pu (z0) + Bi (00 (2n) +7 (ra (1)) - (3.7)

— — 1/2
Here p; (z,) = E [f <zn; W) | St] and oy (z,) = {Var [f (zn; W) | St} } are the posterior
mean and standard deviation of the surrogate model at z,, and r,(t) denotes the number of
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evaluations at z, up to time ¢. In addition, {3, € R} _, 5.1 18 a user-selected non-decreasing
sequence, and y(-) € R is a pre-specified decreasing function defined on N = {0,1,2,...}
satisfying lim,, v (n) = 0. The selection of {3, € R} _,, , and () is discussed in the
supplements.

The soft prompt to be evaluated in the next round is selected by maximizing the ac-
quisition function. That is, 2™V € argmax,, cz o (2,), where 2V is the soft prompt
to be evaluated in the next round. After observing the score 9*t1), the surrogate model is
updated via updating the posterior distribution (3.5) with Sy = { (21, 0¢+D)}US,. The
sequential selection procedure iterates until the number of rounds ¢ meets the total budget
T. The procedure of the entire evaluation and selection stage is summarized in Algorithm
3.1.

Algorithm 3.1 General Procedure of the Evaluation and Selection Stage with M-UCB

Require: The feasible set of prompts Z = {z,..., 2y}, a parametric model f(-; W), a
prior distribution of unknown parameters (W), the total budget of evaluating prompts
T, and the number of evaluations at each soft prompt R in the warm-up stage.

Ensure: The selected soft prompt z*.

Warm-Up Step:

: Decide the set of prompts Zy to be evaluated in the warm-up step as in Section 3.4.

: for Vzw,, € Zw do
Evaluate 2y, for R times.
Record the sample variances 7.,

end for

Approximate o2 for n € {1,2,..., N}.

Set TW = ‘Zw| R.

Sequential FEvaluation Step:

Let t = Ty and S, = { (=00, 50) ..., (=, 50)}.

9: whilet < T do

10: Update the posterior distribution p (W | S;) as in (3.5).

11: Selecting the next soft prompt z*Y by maximizing the M-UCB function

AN R vy

*®

2D € argmax ay (2,,) -
Zn€

12: Observe 91 with 2+ as in (3.4).
13: Update the historical dataset S, = {(z(t“),@(t“))} US; and let ¢ + t + 1.
14: end while

T) ~
15: return n* = arg maXpei 2, N WIT) Zrm"il) Un,m and Z* = zp-.

The acquisition function M-UCB balances the exploitation-exploration trade-off. Specif-
ically, the posterior mean represents the model’s approximation of the mean scores of soft
prompts, guiding the exploitation of known high-performing areas. The exploration is led
by both the posterior standard deviation oy (z,) and the number of evaluations 7, (). We
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provide the selection of 8, and 7 () in our numerical experiments. We now present the
consistency of Algorithm 3.1. We make the following assumptions.

Assumption 3.1.

1. For each soft prompt, the mean score is identifiable with different W ’s and the squared
mean score is integrable with respect to the prior. That is, ¥z, € Z, f (z,; W) #
F (s W) when W £ W', and By [F2 (20 W)] < 00,

2. For the user-selected hyperparameter [y, lim;_,. By = 00.

Theorem 3.1. Let z* € argmax,, cz v (z,) be the prompt with the highest mean score and
Z* be the selected soft prompt by Algorithm 3.1. Under Assumption 3.1,
lim v (Z*) vty (z").
T—o00
Theorem 3.1 gives us the consistency of the sequential evaluation step of our framework.
The first condition in Assumption 3.1 appears to be a common assumption used in Bayesian

inference to regularize the model; see [166] for example. The second condition is commonly
employed in the literature related to the Gaussian process and neural network bandit algo-

rithms [157, 202]. As t — oo, the posterior variance at each f <zn; W) shrinks to zero. In

this way, the rescaled M-UCB function o (z,) = % + 0t (2n) + 7 (r (1)) approaches zero
if and only if r,, (t) — oo. The detailed proof is postponed to the supplements.

When the posterior distribution of the unknown parameters p (W | S;) does not adopt
a closed-form expression, it is challenging to obtain the closed-form expression of y; (2,)
and oy (2,) as well. In these scenarios, we simulate samples W, ~ p(W | S;) with a
selected sampling algorithm. Then, for each soft prompt z,, we have a set of samples
A, = {f (zn; 1/7[\/'1> I (zn; I//I\/2> . (zn; WK)} to infer the mean score v (z,). Thus,

when optimizing the acquisition function M-UCB (3.7), we instead consider
arg max {Q (2n) = fir (2n) + B; (@1 (20) +7 (ra (1))},

where

K K
N 1 — N 1 — N 2
f (2n) = 2= ; f <zn; Wk) and 0 (20) = | 7o ; (f (zn; Wk) — H (zn)> (3.8)
are the sample mean and standard deviation associated with the simulated samples A,,.
Recall that 21 € argmax, cz oy (2,).

Proposition 3.1. Suppose Wy, ..., Wy v p(W | S) and max,, czE[f?(2,; W) | S <

oo. Let zZ € argmax,, cz ay (2,). Then
1

. ~ %\ w-p.L.
A, 0 (3) T maxan (2).
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We refer to [8] for detailed discussions on practical implementations and theoretical sup-
port of algorithms for simulating samples I//‘\/'k, and provide two specific methods in the
supplements.

On the other hand, the number of soft prompts could be large in some scenarios. Thus,
it is time-consuming to acquire each 4, in each round. To alleviate the computational bur-
dens, we employ a probabilistic reparameterization method [48] to optimize the acquisition
function. That is, we assign a probability mass function to the feasible set of soft prompts
zn ~ p(z;0), where p(z;0) is a probability mass function defined on Z = {2z, 22, ...,2x5},
and parametrized by a continuous parameter § € ©. Specifically, we set © = [0, 1] and let
z = z; with probability %, where ) denotes the i-th entry of . We define

Pl
0; = arg Thax {at(0> = Epz0) [ (Z>]} )

which is a continuous optimization problem regarding § € ©, and can be facilitated efficiently
with gradient-based algorithms. After determining 6}, we generate 2(*!) ~ p (2;0;) and then
observe the score associated with 2(+1) as in (3.4).

We name the acquisition function a;(0) Probabilistic Reparameterized Modified Upper
Confidence Bound (PR-M-UCB), and provide the theoretical support of using PR-M-UCB.

Theorem 3.2. Let H = {z € argmax,cz a(2)} and J = {0 € argmaxgpeco ar(0)},Vt > 0.
Let

Hi={z:0¢€ J 2 € support (p(z;0))}.
Then, H; = H, Vit > 0.

Theorem 3.2 states that the maximizers of PR-M-UCB lead to a probability distribution
that generates the maximizers of M-UCB. Specifically, when the maximizer of M-UCB is
unique, the maximizers of PR-M-UCB lead to a point mass distribution supported only at
the unique maximizer of M-UCB.

The advantage of PR-M-UCB over M-UCB is that the maximization of PR-M-UCB is a
continuous optimization problem, which can be facilitated by gradient ascent efficiently and

effectively [142]. Indeed, the differentiability of PR-M-UCB is supported by the differentia-
bility of p(z;60) with 6, and is formalized into the following proposition.

Proposition 3.2. a(0) is differentiable with 6 € ©, and the gradient is
Voa (0) = Evypan) lon (2)]
Furthermore, we provide an unbiased estimator of the gradient with the following propo-
sition.
Proposition 3.3. An unbiased estimator of the gradient Voo (6) is

Vail6) = 13 (5) Volog (0 (3:.0)). (3.9

=1
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where 3, "X p(z;0) and p(Z;;60) > 0.

The acquisition function oy (2;) in (3.9) is approximated by (3.8). In this way, the stochas-
tic gradient ascent method can be performed to optimize PR-M-UCB with multiple starts.
The detailed procedure of the sequential evaluation step with PR-M-UCB is in Algorithm
3.2.

Algorithm 3.2 Detailed Procedure of Sequential Evaluation Step with PR-M-UCB
Require: The feasible set of prompts Z = {z,..., 2y}, a parametric model f(-; W), a
prior distribution of unknown parameters 7(W), the total budget of evaluating prompts
T, the collected observed scores after the warm-up stage St , the estimated evaluation
uncertainty o2,n € {1,2,..., N}, the number of iterations ¥ for gradient ascent, the
sequence of learning rates ¢, t € {1,2,..., %}, and the number of the starting points 9
for gradient ascent.
Ensure: The selected soft prompt z*.
1: Let t = TW
2: while t <'T do
3: Update the posterior distribution p (W | S;) as in (3.5).

4 Sample Wy ~p(W | S,) for k € {1,2,...,K}.

5: Let t = 0 and uniformly select 0% € © in random for m = {1,2,...,9m}.
6: while t < ¥ do

7: form={1,2,...,9} do

8: fori=1,2,...,1 do

9: Sample z; ~ p <z; 95,?).

10: Estimate agn; = & () with {f (Z:W1) . f (2:W2) .. f (5: W) |

as in (3.8).

11: end for
12: Calculate the estimated gradient n = ; 25:1 am,iVolog (p(z:;0)).
13: Let 08 = 00 + .
14: end for
15: Let t - t+ 1.
16: end while
17: Select m* = arg maxme(1,2,...m Zle ag mi-

18:  Let 0; = 03..

19:  Sample 2D ~ p (2;67).

20:  Observe 0D with 2+ as in (3.4).

21: Update the historical dataset S;yq = {(?Hl),i}\(t*l))} US;.
22: Lett = t+ 1.

23: end while

T) ~
24: return n* = arg maXpe1,2,...,N ﬁ Z;;L;) Un,m and Z* = zp-.
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3.5 Refinement

In this section, we provide a procedure to refine the proposed two-stage framework with the
observed scores after completing the evaluation and selection stage. Specifically, we first
refine the projection mapping from the latent space X C RP. Recall that each soft prompt
2, € Z C RP is attained by projecting a latent vector X,, in the latent vector set X to
z, = AX,, where A is the projection matrix attained through principal component analysis,
as described in Section 3.3. That is, without prior knowledge, we assume that the projection
is linear. We then refine the projection mapping based on the scores observed during the
evaluation and selection stage, introducing a non-linear mapping A* (-) : RP? — RP". This
enhances the flexibility of the projection from the latent space. The dimension of the space
after this refined projection, denoted as D*, is not necessarily equivalent to the dimension
of the soft prompt space D before the refinement.

We introduce a projection stochastic kriging (PSK) model to facilitate the construction
of the nonlinear projection mapping A* (X). We assume that the observed score regarding

the latent vector is .
U (X)=v(X)+e,(X), X X, (3.10)

where

v(X) ~ GP (o, A x)T A (X')) . (3.11)

Here, v,,(X) denotes a score that will be observed when evaluating the human-readable
prompt prom (X) = Dec(X). That is, given a vector in the latent space X € X, the
decoder model described in Section 3.3 will output a human-readable text, serving as a
prompt. In addition, v (X) is the mean score of prom (X); and €, (X) S N (0,02 (X)) is
the uncertainty of the scores to be observed when evaluating prom (X). Furthermore, the
mean score regarding the latent vector is a realization from a zero-mean Gaussian process,
and the kernel function K (X, X’) = A* (X)" A* (X’) is defined on the latent space X

We now describe the preparation for learning the projection mapping from the observed
scores. Recall that the set of observed scores upon completing the evaluation and selection
stage is Sr = {(2n, Unm)} for m € {1,2,....7,(T)} and n € {1,2,...,N}. Here 2z, € Z
denotes the soft prompt, v,,,, denotes the m-th observed score when evaluating the prompt
associated with z,, and r,(T) is the number of evaluations at z, when the total budget T is
reached. Without loss of generality, we assume that r,(7) > 1 for n € {1,2,..., N}. Each
soft prompt z, has an associated latent vector X, € X C X. In the remaining part, we
consider the set of the observed scores as Sy = {(X,,Unm)}. That is, the soft prompts are
replaced with the corresponding latent vectors. Regarding the observation uncertainty, we
attain the sample variance for each X,, and then construct a predictive model to estimate
02 (X),X € X, following the method described in Section 3.4.

Let us now consider the learning procedure of the projection mapping A* through the
lens of the PSK model. Note that the kernel function of PSK is the inner product between
the projections A* (X) and A* (X’). Suppose that the refined projection mapping A* (-)
is selected from a known class of mappings A, such as a neural network model with fixed
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layers of nodes and unknown weight parameters, and the learning of the refined projection
mapping is through
A* = argmax / (ST; A) ,
AcA
where

. 1 _ 1+ _ 1

: - = Nl == , 3.12

() = (8) ] [ (1) 3] o

is the normalized log-likelihood function of an N-dimensional Gaussian distribution. Here

Ky (fl) € RY*N is the kernel matrix, of which the (7, j)-th entry is A (X,-)T A (X,); Ben =

diag {2 (X1) /r1(T),...,0%(Xy) /rn(T)} denotes the observation uncertainty matrix; and
Vi = (1,...,0x) " is the mean vector of the observed scores, where o, = ﬁ Zrm"g) Un.m-

In this way, the refined projection matrix is learned by maximizing the log—likg ihood function

through the kernel matrix Ky (/1) We note that, instead of a pre-specified kernel function,

our PSK model learns a data-driven kernel function using observed scores, thereby enjoying a
higher approximation accuracy for the mean score v. Regarding the dimension of the refined
soft prompt space D*, we choose it using the cross-validation method [160]. That is, we
first determine a set of potential D*’s, denoted by D* = {Df, e ,D;}. For each D} € D,
we randomly select a proportion of the observations (X, Uy,m) € Sr, say 70%, to construct
a PSK model with dimension D;. We then use the remaining 30% of the observations to
evaluate the prediction accuracy for the constructed PSK model [17]. The selected D* is the
one that achieves the highest prediction accuracy among those in D*.

In addition to the refinement of the projection, the PSK model can also be used to
select latent vectors X € X when we have additional budgets to evaluate the prompt af-
ter the evaluation and selection stage. Without loss of generality, we assume that I >
0 additional evaluations have been observed associated with different latent vectors, say

~ ~ 1 ~
{<X1,f11> R, (XI,f)I)} . Here X; ¢ X is an additional latent vector different from

i=1

those in the latent vector set decided during the search stage in Section 3.3, and v; =
v ()E}) +€ (X}) is the observed score associated with X;. We denote the set of additional la-

tent vectors selected to evaluate during the refinement procedure as R = {f( 1 Xo, . ,X I}.

Based on (3.10) and (3.11), for any latent vector in the latent space VX € X', we have a
PSK predictor for the mean score v (X) as

n(X)= (KN X)), K, (X)T) ((I{{{]le INE’II) + ZE;N+I>1 (‘éj) : (3.13)

with the associated prediction uncertainty quantified by
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Here
Ky(X) € RY with [Ky(X)]; = A*(X)TA*(X;) for X; € &;
K;(X) € R with [K;(X)]; = A*(X)TA*(X;) for X; € R;
Ky € RV with [Ky);; = A*(X;)TA*(X;) for X, X; € X;
K; € R with [K;),; = A*(X; ; X
Ky € RV with [Ky ], = A*(X;)TA

Also, B..x4; = Diag {az (X)) /r(T),. .., 0% (Xy) Jra(T), o2 <X1> 02 <X1>} denotes
the observation uncertainty matrix; Vv = (01, . ,@N)T is the mean vector of the observed
scores as defined in (3.12); and V; = (4y,...,9;) denotes the observation vector of the

additional evaluations.

In this way, the refinement with the PSK model enables an explicit mean score predictor
and the prediction uncertainty ¥X € X extending beyond the finite set X determined in
the search stage. Consequently, classical simulation experimental designs and simulation
optimization methods, particularly those based on the Gaussian process model, can be di-
rectly applied to the latent space X C RP. For instance, with an explicit Gaussian process
representation for the latent vector X € X, Bayesian optimization algorithms or Gaussian
process search algorithms [171] can be employed. These methods aim to identify prompts
that may achieve higher mean scores than the current optimal prompt selected at the end of
the evaluation and selection stage. We note that this search process can extend beyond the
previously selected latent vector set X = {Xi,..., Xy}. Additionally, the proposed PSK
model can quantify the uncertainty of observed scores when the input latent vector X to the
PSK model is itself a random vector. For detailed procedures on employing the stochastic
kriging model for input uncertainty analysis, we refer to [182, 16]. In general, suppose we

select a set of R = {f(l, X, ... ,XI} as the additional latent vectors to evaluate with I > 2,
and X; # X ; for i # j. We consider the cumulative uncertainty

I
U,=Y o (X) , (3.15)

i=1
where o2 <)N(,> denotes the uncertainty (3.14) associated with the PSK predictor (3.13). To
provide the upper bound of the cumulative uncertainty, we make the following assumptions.

Assumption 3.2.

1. The norm of the refined projection mapping is finite, that is, sup y. Hfl* (X)H < 00

2. The uncertainty in observed scores satisfies 0% (X) € (06,0€> VX € X, where 0 <

2 52 < o0.

€ €

g
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Theorem 3.3. Under Assumption 3.2, the cumulative uncertainty of the PSK predictor

Here Uy is the cumulative uncertainty defined in (3.15); D* is the dimension of the refined
projected space; I denotes the number of additional evaluations in the refinement stage; and
C' is a constant that does not depend on D* or I.

Theorem 3.3 establishes that the cumulative uncertainty increases logarithmically in 1.
Specifically, the mean uncertainty, represented as U; = U /I, shrinks to zero as I approaches
infinity. Moreover, U; increases in the dimension of the refined projected space D* rather
than the dimension of the original latent space D. In essence, the projection mapping A* (+)
reduces the uncertainty in approximating the mean score v.

Given that the PSK model approximates the mean score from the latent space X, an
alternative strategy for the prompt selection problem is employing the PSK model as a
surrogate to facilitate sequential evaluation in selecting prompts within the latent space,
rather than using the soft prompt set. In Section 3.6, we conduct numerical experiments
to compare our proposed two-stage framework with the approach that evaluates and selects
the prompt using the PSK model. The experimental results demonstrate the superiority of
our two-stage framework over the approach that directly relies on the PSK model.

3.6 Experiments

In this section, we present the numerical experiments of our proposed framework for select-
ing prompts. Regarding the generative language models for evaluating the prompt selection
procedure, we select 1) GPT-3.5-turbo and 2) text-davinci-003; details about the background
of these two generative language models can be found at https://platform.openai.com/
docs/models. We implement our prompt selection procedure to select the prompt for lan-
guage models to accomplish following tasks: 1) Word sorting: Given a list of words as input,
output the sorted list in alphabetical order; 2) Rhymes: Given a word A and a list of words
as input, output the word from the list that rhymes with A; 3) First letter: Given a word as
input, output its first letter; 4) Largest animals: Given a list of animals as input, identify the
largest animal; 5) Nums to verbal: Given a numerical number as input, output its English
word form; 6) Count objectives: Given a list of objectives as input, output the number of
objectives in the list.

Recall that, in the first search stage of our proposed prompt selection procedure, the
prompt in text form is first transformed into a latent vector X,, € R” and then a soft
prompt z, € RP. In our experiments, the dimension of the latent vector is D = 3584, and
the dimension of the soft prompt is D = 50. Upon the completion of the search stage, we have
a soft prompt set Z = {21, 29, ..., 2y} which contains finite but sufficient vectors, serving as
the feasible set of the prompt selection problem. In the subsequent evaluation and selection
stage, we sequentially select prompts in the soft prompt set to evaluate. The sample size of
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the soft prompt set and the total budget for evaluation will be specified in each experiment.
Our experiments were conducted with Pytorch and Python 3.9 on a computer equipped with
two AMD Ryzen Threadripper 3970X 32-Core Processors, 256 GB memory, and two Nvidia
GeForce RTX 3090 GPUs with 24GB of RAM each. The experimental results presented here
are mean performances based on 15 repetitions, with standard deviations represented by a
shadow on the mean-value line.

We evaluate each step of the proposed prompt selection procedure in our experiments.
Specifically, in Section 3.4, we propose to use the Bayesian parametric model as the surrogate
model to approximate the dependence of the mean score on the soft prompt. We then select
three Bayesian parametric models and compare their approximation accuracy in Section 3.6.
In Section 3.4, we propose two acquisition functions 1) modified upper confidence bound
(M-UCB) and 2) probabilistic reparametrization modified upper confidence bound (PR-M-
UCB) to sequentially select the prompt to evaluate. We compare the optimization procedure
associated with the acquisition functions in Section 3.6. In Section 3.5, we also propose a
projection stochastic kriging (PSK) model to refine the proposed two-stage framework with
the observed scores after completing the evaluation and selection stage. Then in Section 3.6,
we compare our two-stage framework with the direct search using the PSK model.

Surrogate Model Comparison

In this section, we conduct numerical experiments to compare the approximation accuracy of
surrogate models on approximating the mean score with respect to soft prompts. Specifically,
we choose 1) a Bayesian linear regression model (BLR), 2) a Gaussian process (GP) with
a finite-rank kernel, 3) a Bayesian neural network (BNN), and 4) a variational autoencoder
(VAE) as the surrogate model. We postpone the detailed descriptions of these surrogate
models to the supplements. These selected surrogate models are all represented by a gen-
eral parametric form f (z; W), where z is the soft prompt and W C RP is the unknown
parameter of the surrogate model assigned with a prior distribution W ~ 7 (W). In this
set of experiments, the prior distribution for each surrogate model is set as the independent
standard normal distribution.

For each set of experiments, we first fix a soft prompt set Z = {z1, 29,...,2y}. We then
randomly select Ny, = 0.7N soft prompts from Z with equal probabilities, and denote the
set of selected soft prompts as Z,. For each z, € Z;,, we observe the scores as in (3.4) for
5 times. We denote the training set as S, = {(2n, Unm)} for m € {1,2,...,5} for 2, € Z,,
where Uy, ,,, denotes the m-th observation of the score evaluating with the soft prompt z,.
We let Ziosy = Z \ 2. For each z,, € Zis, we evaluate it and observe the scores for 7 = 50
times. We let Siest = {(2n, Un)} for 2z, € Ziesy and v, = % > 1 Un.m, the sample mean of the
observed score. In each set of experiments, we use the same training set S;, to calculate the
posterior distribution of the unknown parameter p (W | S;) as in (3.5). We then generate

{1/471, ‘//‘72, ce WK} from the posterior distribution p (W | &), where K = 100. Regarding

the comparison metric of the surrogate models’ performances, we consider 1) root mean
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squared error (RMSE) and 2) covering ratio (CR). That is

S 1B € (Lo, U]}

test
s 2n € Ztest

where [i (z,) = Zszl f <zn; Wk> and [L,,U,] is the 90%-sample quantile of

{r (W)},

We also consider the impact of the sample size on the surrogate models’ performances, with
N € {50, 100,200, 500}.
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Figure 3.3: Experimental results for approximating the mean score with the soft prompts
using different Bayesian parametric models. The task is word sorting and the generative
language model is text-davinci-003.

The experiment results in Figure 3.3 and Figure 3.4 provide the following insights on
the comparison among surrogate models. First, when there are not sufficient observations
to construct the surrogate model (N = 50), the difference in the performances of surrogate
models on MSE and CR is not significant. In general, these surrogate models all result
in relatively high approximation error (indicated by high MSE) and biased approximation
confidence (indicated by low CR). This illustrates that constructing a surrogate model for
appropriate use requires sufficient observations. Second, as the number of observed scores
increases, all the surrogate models achieve better approximation performances, indicated
by lower MSE and higher CR. On the other hand, the improvement in the BLR model’s
performance is not as significant as in other models. That is, BLR cannot capture the
dependence of the mean score on the soft prompt because of the lack of expressive power.
Lastly, among all experiments, BNN achieves the more preferable performance with the
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Figure 3.4: Experimental results for approximating the mean score with the soft prompts
using different Bayesian parametric models. The task is word sorting and the generative
language model is gpt-3.5-turbo.

lowest MSE and highest CR. This is due to BNN’s greater flexibility and expressiveness
compared to BLR and GP, and its strong approximation power to capture the highly non-
structural dependence of the mean score on the soft prompt. On the other hand, VAE, as
another deep learning model, does not perform as well as BNN in our experiments. This is
because VAE has a much more complex model structure and generally requires more data
(observations of scores in our experiments) to train. In our experiments, even when N = 500,
the observations are not sufficient to train a VAE model. For these reasons, we conclude
that BNN achieves the more preferable performance among the selected surrogate models
for approximating the mean score of the soft prompt, and we select BNN as the surrogate
model for approximating the mean score function in the following experiments.

Acquisition Function Optimization

In this section, we compare the two acquisition functions used in the sequential evaluation
step in our framework: M-UCB and PR-M-UCB in terms of their performances on 1) mean
score of the selected prompt and 2) implementation time. Recall that M-UCB is oy (z,) =
e (2n)+ 08 (04 (2) + v (1 (1)), where p (2,,) and oy (2,,) are the posterior mean and standard
deviation of the surrogate model at z,, and r,(t) denotes the number of evaluations at z,
up to time . In this set of experiments, we set 3; = 1/2log(t) and « (m) = 2m~2. Since
maximizing M-UCB requires evaluating each z, € Z, when the total number of soft prompts
N is large, it is time-consuming to select the next soft prompt to evaluate. We also consider
maximizing PR-M-UCB a.(0) = E,(.,..0) [ou (2,)], where p(z,) is a categorical distribution as
described in Section 3.4. Since it is a continuous optimization problem 6, we employ the
method of gradient ascent with multiple starting points. Specifically, the algorithm using
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the gradient descent method is represented by PR-M-UCB (9, %), where 901 is the number
of starting points and ¥ is the number of gradient ascent iterations.
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Figure 3.5: Experimental results for comparison between two acquisition functions: M-UCB
and PR-M-UCB (number of starting points, number of gradient ascent iterations). The task
is finding the largest animals given the names and the generative language model is gpt-3.5-
turbo.
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Figure 3.6: Experimental results for comparison between two acquisition functions: M-UCB
and PR-M-UCB (number of starting points, number of gradient ascent iterations). The task
is word sorting and the generative language model is text-davinci-003.

We consider different numbers of the soft prompts N € {200, 500, 800, 1000}. The total
budget is fixed as T = 500. We select BNN as the surrogate model and use variational

_— 100
inference (VI) to generate unknown parameters {Wk} . In each set of experiments, we
k=1
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randomly select Ny = 0.05N soft prompts with equal probabilities and observe the score
of each soft prompt 5 times in the warm-up step (Section 3.4). We then construct a BNN
model using these scores. The sequential evaluation step, the procedures associated with
M-UCB and PR-M-UCB employ the same BNN model constructed in the warm-up step.
Regarding the comparing metric, we record the mean score of the selected prompt when the
total budget is used up. The mean score of the selected prompt is approximated by addi-
tionally evaluating it for 50 times. We also record the implementation time of the methods
during the sequential evaluation step, which includes the time for updating the surrogate
model, generating unknown parameters from the posterior distribution, and optimizing the
acquisition function.

The experiment results presented in Figure 3.5 and Figure 3.6 provide following in-
sights. First, M-UCB achieves higher scores than PR-M-UCB across all sets of experiments,
since M-UCB evaluates all soft prompts in each iteration. Second, the performance of PR-
M-UCB improves as the number of iterations and starting points in the gradient ascent
algorithm increase. Third, the implementation time of M-UCB increases almost linearly
with the number of soft prompts. In contrast, the implementation time of PR-M-UCB is
determined by the settings of the gradient ascent algorithm, specifically the number of itera-
tions and starting points. As the number of soft prompts increases, the implementation time
of PR-M-UCB does not increase significantly. Considering both the mean score of the se-
lected prompt and implementation time, we recommend using M-UCB for a relatively small
number of soft prompts, and switching to PR-M-UCB when the number of soft prompts is
large.

Two-stage Framework v.s. Direct Search in Latent Space

Recall that a prompt in text form is transformed to a high-dimensional vector X in the
latent space X, and we propose in Section 3.5 a projection stochastic kriging (PSK) model
that provides an approximation from the latent vector to the mean score. In this section,
we conduct numerical experiments to compare our proposed two-stage framework with the
approach that directly evaluates and selects latent vectors for the prompt selection problem.

We here provide details of the direct search procedure in the latent space using PSK.
As one of Gaussian process models, the PSK model is compatible with classical simulation
optimization methods. In this set of experiments, we employ the acquisition function ex-
pected improvement (EI) (see [77]), and regard every observation of the score as deterministic
without noise. Specifically, in each iteration ¢, the latent vector to evaluate is selected by
maximizing

EL(X) = (7 (X) —v}) ® s
7 (X) 7 (X)

(3.16)

Here @ and ¢ are the cumulative distribution function and the probability density function
of the standard normal distribution; v} is the highest observed score up to time ¢; fi(X) and
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<;2(X ) denote the PSK predictor and the associated prediction uncertainty as described in
(3.13) and (3.14). We denote the direct search in the latent space using the PSK model and
the EI function as PSK-EI.

In comparison, we implement our proposed two-stage framework and employ the acqui-
sition function M-UCB. We consider different total budgets as 7" € {50, 200, 500, 1000}. In
terms of the search stage, we construct a set of N = 200 soft prompts for all sets of ex-
periments. In addition, we also consider the refinement procedure of our framework. That
is, after the total budget is used up, we construct a PSK model using the observations and
search within the latent space using the EI function (3.16) with 20 additional evaluations.
We denote this method as M-UCB-r in the experimental results. Regarding PSK-EI and
M-UCB, we record the mean score of the selected prompt when the total budget is used up.
For M-UCB-r, we record the mean score when the additional evaluations are used up as well.
The mean score of the selected prompt is approximated by additionally evaluating it more
50 times.
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Figure 3.7: Experimental results for comparison between the proposed two-stage framework
and the direct search in the latent space with PSK. The pair of task and generative language
model includes 1) counting the objectives with gpt-3.5-turbo (left) and 2) finding the rhymes
with text-davinci-003 (right).

The experimental results contained in Figure 3.7 provide following insights. First, in
all sets of experiments, our proposed two-stage framework achieves higher scores than direct
search in the high-dimensional latent space using PSK. This is because the PSK model re-
quires sufficient observations to construct an accurate surrogate model. During the sequential
evaluation and selection without sufficient observations, the constructed PSK model often
fails to provide a satisfactory approximation of the mean score for the latent vector, thereby
not always selecting the prompts that are worth evaluating. Second, as the total budget
increases, the improvement in direct search within the latent space is more significant than
that of our two-stage framework. This is due to the increasingly accurate approximation



CHAPTER 3. LANGUAGE MODEL PROMPT SELECTION VIA SIMULATION
OPTIMIZATION 52

counting objectives
first letter

— M-UCB
—_— PSK-EI

— M-UCB-r
—— Random Search

word sorting

nums to verbal largest animals

Figure 3.8: The mean score of the selected prompts in six tasks. The generative language
model used to implement the tasks is gpt-3.5-turbo. The total budget is T' = 500.

provided by PSK, which depends on the number of observations. In comparison, since our
two-stage framework is restricted to a finite set of constructed soft prompts, its improvement
is relatively limited. Lastly, our two-stage framework benefits from the refinement step with
additional evaluations. That is, the score of the selected soft prompt is enhanced after refine-
ment using PSK. Therefore, when we have sufficient budgets to evaluate the prompt, leave
some additional budget for a refinement procedure after the two-stage framework leads to a
higher-score prompt. The allocation of the total budget to 1) the budget for the two-stage
framework and 2) the budget for additional evaluations after the two-stage framework will
be discussed in future work.

At the end of this section, we provide a summary result of comparison between our
two-stage framework and direct search in the latent space in Figure 3.8, which includes
all six tasks implemented by the generative language model gpt-3.5-turbo. We also include
the mean score of the random search as a baseline procedure. In each iteration, the random
search procedure randomly selects a soft prompt from the constructed soft prompt set z,, € Z
to observe the score with equal probabilities. Both our proposed two-stage framework for
prompt selection and the direct search procedure outperform the random search procedure
with higher mean scores over six tasks. The experimental results also indicate the superiority
of the proposed two-stage framework over the direct search in the latent space, and the
selected prompts that achieve the highest mean score are included in the supplements.
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3.7 Conclusion

In this work, we facilitate the selection of language prompts for generative language mod-
els using simulation optimization methods. We conclude by pointing out limitations and
some future work of this work. In the initial search stage, the latent space of the prompts
is decided by the text autoencoder. Although the text autoencoder has achieved empirical
success in practice, it lacks theoretical guarantees due to its complex structure. This limita-
tion presents a challenge in proving theoretical results for the entire framework we propose.
Additionally, in our experiments, we observe that the proposed refinement procedure en-
hances the performance of our two-stage framework when additional budgets are available
for evaluating prompts. This raises the question of how to allocate the total budget between
the evaluation and selection stage, and the refinement procedure. We defer this discussion
to future work.
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Chapter 4

Conclusion & Future Work

4.1 Conclusion

In this dissertation, we explored the intersection between stochastic simulation and machine
learning (ML):

e In Chapter 2, we considered integrating the neural network (NN) and the Gaussian
process (GP) to facilitate sequential decision-making. In each iteration, a contextual
variable is observed, followed by the selection of a decision variable aimed at maximiz-
ing an unknown objective function that depends on both the contextual and decision
variables. To approximate this unknown objective function, we proposed the neu-
ral network-accompanied Gaussian process (NN-AGP) model. The NN-AGP model
uses NN to approximate the dependence of the unknown objective function on the
contextual variables observed in each iteration, while GP is employed to model the
mapping from the decision variables to the objective function. This integration allows
the model to leverage both: 1) the high approximation power of NN for the contex-
tual variables and 2) the uncertainty quantification of GP for the decision variables.
Therefore, NN-AGP offers improved flexibility and accuracy compared to standard GP-
based algorithms, particularly in scenarios where contextual variables exhibit intricate
structures, such as time series or graph-structured data. Moreover, the uncertainty
quantification from GP supports the construction of an acquisition function, which se-
lects the decision variable in each iteration by balancing exploration (selecting decision
variables with high approximation uncertainty) and exploitation (selecting points with
high values of the approximated objective function).

e In Chapter 3, we formulated prompt selection as a simulation optimization problem,
aiming to maximize a pre-defined score for the selected prompt. We introduced a
two-stage framework. In the first stage, we generate a feasible set of prompts, each
represented by a moderate-dimensional vector. In the second stage, we sequentially
select and evaluate prompts by constructing a Bayesian parametric model to approx-
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imate the score based on these vectors. We proved the consistency of our procedure
and provide numerical experiments demonstrating the effectiveness of our framework,
and offered practical guidance for implementation.

These two chapters illustrate the mutually beneficial relationship between stochastic
simulation and ML: (1) ML enhances the flexibility, approximation accuracy, and com-
putational efficiency of stochastic simulation model, while (2) stochastic simulation offers
sample-efficient and cost-effective implementations for ML applications.

4.2 Future Work

I envision two directions for my future research. The first is to enhance the computational ef-
ficiency of large-scale supply chain digital twins using machine learning technologies, and the
second is to continue to make language model applications accessible to small organizations
and individuals with limited resources.

Large-scale Supply Chain Digital Twin with Machine Learning

Digital twins are virtual models that replicate real-world systems using data, allowing for
simulation and optimization of the system’s performance. My interest in digital twins stems
from my internship at Amazon, where a large-scale simulation model of its supply chain
serves as a digital twin to predict metrics like inventory and shipments. Beyond business
applications, digital twins hold potential for sustainability by addressing the significant car-
bon emissions from supply chain operations. However, running simulations for large-scale
supply chains is computationally expensive, posing challenges for timely analysis of what-if
scenarios, such as changes in demand or lead time. Machine learning models like neural
networks offer a way to efficiently approximate supply chain outcomes based on simulated
data, though they struggle with capturing the physical relationships within supply chains
and providing explainable results.

To address these limitations, my future work will focus on integrating ML with domain-
specific knowledge of supply chain networks. By modeling the digital twin component by
component, such as customers, fulfillment centers, and vendors, some processes (e.g., vendor
shipments) can be represented by stochastic models, while more complex processes (e.g.,
fulfillment center orders) can be approximated using ML. This hybrid approach enhances
simulation efficiency while preserving the explanatory features of the supply chain network.
The integration of stochastic models and ML aligns with my previous work on combining
these methods for improved system performance approximation [193, 198].

Language Models with Limited Resources

Language models have wide applications in operations research but are often financially and
technically inaccessible to small organizations and individuals due to the high costs associated
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with 1) data collection, 2) model training, and 3) content generation. My future research
explores integrating stochastic methods to develop more efficient, scalable, and cost-effective
strategies.

Synthetic Data Generation. Synthetic data generation using well-established Al
models offers a promising solution to reduce the high costs of developing language models
by bypassing the need for extensive manual data collection, allowing developers to generate
diverse, complex datasets that enhance model generalization. However, challenges remain
in generating high-quality, diversified synthetic data and integrating it effectively with real
data during training. Techniques like importance sampling can focus synthetic data on rare,
informative scenarios, while multi-level Monte Carlo simulation can generate data at varying
granularity to balance quality and computational efficiency, which is in a similar spirit to
[195].

Learning Small Language Models. Small language models (SLMs) are becoming
increasingly popular for domain-specific applications due to their reduced computational
requirements compared to large language models (LLMs), making them more efficient and
accessible. Rather than learning from scratch, SLMs are often developed using techniques like
model distillation, where smaller models inherit knowledge from larger, pre-trained models.
This process is analogous to metamodeling in simulation, where simpler models approximate
more complex ones. Future research could leverage metamodeling approaches to develop
SLMs and frame the optimization of SLM structure and scale as a black-box optimization
problem, building our my previous work [193, 189, 196].

Efficient Content Generation. The application of pre-trained language models for
content generation requires substantial computational resources. I plan to focus on accelerat-
ing the content generation process through two approaches. The first approach is speculative
sampling, which aims to speed up generation by utilizing a smaller, faster draft model to
generate a preliminary sequence of tokens. These tokens are then verified by a target model.
If the draft tokens are acceptable, they are used; otherwise, corrections are made by the tar-
get model. This method accelerates generation by allowing multiple tokens to be processed
at once. However, open questions remain regarding the selection of the optimal draft model
and the adaptive determination of the draft sequence length to balance content generation
speed and accuracy.

The second approach is Retrieval-Augmented Generation (RAG), where a language model
supplements its internal knowledge with external data retrieval. When a query requires
additional information, relevant documents are fetched from external sources, improving
the quality of the generated content. This process can be framed as a queuing system,
where queries are either processed directly by the model or delayed for document retrieval.
By analyzing system performance through queuing models, such as single or multi-server
queues, we can enhance generation efficiency while maintaining content quality.
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Appendix A

Supplements for Chapter 2

A.1 Acquisition Functions

In the main text, we employ the upper confidence bound function as the acquisition function
in the contextual Bayesian optimization approach. Here, we provide two alternative choices:
Thompson sampling (T'S) and knowledge gradient (KG). We describe the two procedures of
the contextual GP bandit problems with NN-AGP, where the acquisition function is replaced
by TS or KG. Both of them utilize the posterior distribution of the NN-AGP model

/ (XS Ot) | Dy ~N (Mt—l (X; 9t) 701:2—1 (X§ et)) (A-l)
with
- - ) -1
pe-1 (X; 0¢) =K .0, [’CDt,l + o¢ It—l} Yi-1,
- - -1 _
o) (x:0) =g(0) K (x,%) 9(0)) = Koy |Kpey + 02 1| Koo,
NN-AGP-TS

Thompson sampling (TS) is a heuristic for choosing actions in the multi-armed bandit prob-
lem. It chooses the action that maximizes the expected reward with respect to a random
belief that is drawn for a posterior distribution. Besides the multi-armed bandit problems,
TS has also achieved both theoretical and practical success in BO and Gaussian process
regression. For more detailed discussions on TS, we refer to [144, 145].

Specifically, we propose a neural network-accompanied Gaussian process Thompson sam-
pling (NN-AGP-TS) approach to address contextual GP bandits. The approach works as
follows. In each iteration, NN-AGP-TS first fits an NN-AGP model with the historic data.
Then, given the current contextual variable, a realization of the Gaussian process with re-
spect to x € X is sampled from the posterior distribution conditional on the historic data!.

LAn efficient implementation of sampling Gaussian processes given the mean and covariance functions
can be found in https://www.r-bloggers.com/2019/07 /sampling-paths-from-a-gaussian-process/ .
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That is, )
F(%:00) ~ N (-1 (%;01) 07, (%;01)) ,x € X.

The realization f (x; ;) is a deterministic function and adopts a closed-form expression with
respect to x. Thus, efficient optimization approaches (e.g. global heuristic search) can be
applied to find the next point to sample x; by solving the optimization problem

X, = argmax f (x; 6;) .

The complete procedure of NN-AGP-TS is summarized as in Algorithm A.1.

Algorithm A.1 NN-AGP-TS

Input: A prior of (W, ®,0?);

fort=1,2,....T do
Observe the contextual variable 6;;
Sample a realization f (x;0;) ~ N (-1 (x;6;), 07, (x;6,)) ,x € X;
Select x; = arg maxycxy f (x;6;);
Sample y; at (0, %;);
Update (VAVt,Ci)t,oZt> ;

end for

Different from the upper confidence bound (UCB)-based algorithms, the TS method
considers a Bayesian cumulative regret

T
Ry = ZE [Sup f(x',6,) — f(x:,60:)],
=1

x'eX

where the expectation is taken over the prior distribution of f(x;8). We provide the upper
bound of the cumulative regret for the NN-AGP-TS as a sanity check. For simplicity, we
consider the scenario when |X| is finite. For a more general setting when X is continuous,
the strategy of discretization that is adopted in the proof of Theorem 2.1 can be applied
as well.

Theorem A.1. Suppose that g(0) is a known continuous mapping of @ € O; p(x) is sampled
from a known MGP prior and the variance of the noise o2 is known. In addition, |X| is
finite and © is a convexr and compact set. The Bayesian cumulative regret of NN-AGP-TS

18 bounded by
~ T 2 +1)|X
RT<O+2\/ CTr log(( + 1)l ’),

log (1+ Co2) V2r

where C' = ((Zqul Yoy al%q) + 1) supgeo |19(0)|15 is a constant.
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The proof is largely based on the methodology proposed in [144] (therefore we will not
present here considering the length of the supplements) and the upper bound of the posterior
variance o2(x; 6;). We postpone the discussion on the upper bound of posterior variance to
Section A.3, which is also used in the proof of Theorem 2.1.

NN-AGP-KG

In this section, we present the procedure of the neural network-accompanied knowledge
gradient (NN-AGP-KG) approach, where the acquisition function employed in each iteration
is contextual knowledge gradient (C-KG). The C-KG function at time t is defined as

C-KGy (x;6,) =By, [ (8:) — 1151 (6,) | x1 = x] , (A.2)

where uf ; (0;) = maxyxex pi—1 (x;0;) and pf (0;) = maxyex ¢ (x;0;). The difference be-
tween p; ; (6;) and uf (6,) is that, given the data-set Dy 1, u;_; (6;) is deterministic, while
iy (6;) depends on y; and therefore is random. Thus, the C-KG function requires taking
the expectation with the unrevealed observation y;. As is the regular KG acquisition func-
tion, simulated samples of y; as in (A.1) are required to approximate both the value of
C-KG; (x;6;) and the gradient V, C-KG; (x;6;,).

We present the procedure of selecting the decision variable x; in each iteration with the
C-KG and the NN-AGP model in Algorithm A.2. For more detailed discussions on the
knowledge gradient, including the statistical properties, we refer to [75, 150].

Algorithm A.2 Selection of x; based on C-KG

Input: Number of points for the multi-start global optimization approach 9i; Number of
iterations in the gradient descent for each starting point ¥; A rule to decide the step size
Qg;
fort=1,2,..., R do

Select X(()t) uniformly at random from X’;

fort=1,2,...,% do

Attain the stochastic gradient estimate of V, C-KGy (xgt); 0t> as in Algorithm

A.4, denoted as &;

Decide the step size ay;

x\¥ = x4+ o ®;

end for
Estimate C-KG; (xg); 9t> as in Algorithm A.3;
end for

Return x; = arg max_( C-KG, (xg); Gt).
T

At the end of this section, we note that some classical acquisition functions that are widely
adopted in Bayesian optimization might not be directly employed when the objective function
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Algorithm A.3 Estimation of C-KG
Input: The conditional mean p;_; (x; ;) and variance o2 | (x; 6;) as attained in (2.2);
Attain 17_, (6) = maseen p1 (5 6,);
forj=1,2,...,3do
Sample y, ~ N (ﬂtfl (x;6;) >Ut2—1 (x; Ht));
Update p; (x';0;),x' € X with D, U {(0;,x,%)};
Attain g (0;) = maxyey i (X';0,);
AD = i (0;) — iy (8r);
end for
Return C-KG, (x;6;) = 1 327 A0

J £~i=1

Algorithm A.4 Estimation of V, C-KG

Input: The conditional mean y;_; (x;0;) and variance o2 , (x;0;) as attained in (2.2);
Attain pf_, (60;) = maxxex -1 (X; 0;);
fori=1,2,...,7do
Sample y;, ~ N (,utfl (x;0:), 07y (x; 9t))3
Update put (x';0;) ,x" € X with D;—1 U{(0:,x, 1) };
Attain x* = arg maxy ey i1y (x5 60,);
B = Vs (%5 0;) |xmxr;
end for
Return V, C-KG, (x;6,) = 1 30 &0

involves contextual variables. An example is the expected improvement (EI) acquisition
function, which is formulated as

El(x) = E [max {f(x) — f*,0}],

where f* denotes the maximum values among the observations up to now, and the expecta-
tion is taken with the posterior distribution of the GP model f conditional on the observed
data. In other words, f* serves as a so-called incumbent that guides how to select the next
point. However, when the objective function involves contextual variables, it is very likely
that there are no observed data under the current value of the contextual variable. Thus,
we can not define an incumbent for the EI function with the current contextual variable.
A similar difficulty appears in the probability of improvement (PI) acquisition function as
well. The comparison between different acquisition functions with our NN-AGP model will
be contained in future work.

A.2 NN-AGP with Neural Network Error

In the main text, we provide an NN-AGP-UCB algorithm in Section 2.3 and provide the
upper bound of the regrets in Theorem 2.1, where the error of approximating the map-



APPENDIX A. SUPPLEMENTS FOR CHAPTER 2 76

ping g(@) using the neural networks is not taken into consideration. In this section, we
provide a detailed discussion on incorporating the neural network approximation error into
consideration. Specifically, we select the MGP model p(x) in (2.4) as well. That is,

Q m m
=2 (Z 91 (6) arqu, <x>) +2_ 9 @ul)

where u,’s and v;’s are independent scalar Gaussian processes with known kernel functions,
and a;,’s are also known in advance. We note that the prior knowledge of the Gaussian
process model is a regular assumption in Gaussian process bandits; see [111, 158]. Meanwhile,
in terms of g(0) = (g1(0),92(0),...,9m(0))", we use

3:(0) = (91:4(0), §2:4(0), . . ., G (0)) "

as the approximation, where g; denotes the learned neural network in round ¢ with the
historical data set D,_;. Here, we select the rectified linear unit (ReLU) function as the
activation function in the neural networks and assume that each entry of the deterministic
mapping g(0) is an a-Holder function. That is, given a Holder index a > 0, for any multi-

. d’ . o d . . s o 8|S|gl .
index s € N* with |s| = >, s; < |/, the derivative 0°g; = 577, 00T exists, where ;)

denotes the i-th entry of 8. Meanwhile, for any s satisfying |s| = |a|, we have

S 9 _ ASs 0/
up 1200) 00 @) _
oro |0 -0

for any 0,0’ in the interior of ©.

By the universal approximation theorem of neural networks [38], when the weight param-
eters are properly chosen, the difference between g;.;(6) and g;(@) can be arbitrarily small
(denoted by e;) when providing enough layers of neurons. Therefore, in our bandit algorithm,
we iteratively reduce the error bound e; and enlarge the used neural network structure by
adding more layers of nodes, since more observations are observed. We note that, since the
data (observations y;) come in stream, it is challenging to pre-specify a fixed, precise and
relatively small error bound when the data is not sufficient at the beginning. Meanwhile,
the training of the neural network may also suffer from overparameterization with a large
amounts of layers of nodes when there is no sufficient data. Thus, our strategy of iteratively
reducing the error bound and enlarging the neural network is reasonable. In practical im-
plementations, when the neural network is enlarged in some iteration, we can first fix the
trained components of the neural network and train the added components with the data.
We note that similar strategies have been widely used in transfer learning technology; see
(173, 205].

Next, we present the corresponding bandit algorithms of NN-AGP with the neural net-
work error. Specifically, the selection of the next point is based on the NN-AGP model with
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the approximated NN

Moreover, we denote

= = -1
fi—1 (x; 0) :IC(—;§9t)§t [’C(Dt—l);t + 062115—1} Yi-1,
= = -1 =
621 (% 01) =9u(0) K (x,%) g1(00) — Kiga [Kiprorya + 21| Kocona

Compared with the posterior mean and variance in (2.2), here we use g;(0) in stead of g(8).
Besides, we also note that, fi;_; (x; 8;) depends on the observations y; while 62 | (x; ;) does
not. In this way, we provide the acquisition function as

. ~ enty .
X, = arg max {,ut_l (x;0,) + ( t1/2 + f;/_> a1 (x; Ot)} . (A.3)

€

Here, 3, is an increasing sequence to address the exploitation-exploration trade-off, similar
as 3, in NN-AGP-UCB, and ¢, is a decreasing sequence that depends on the neural network
error bound e;. Both §; and & will be illustrated. We note that, by taking the neural
network error into consideration, the exploration term will be enlarged. In other words,
the bandit algorithm is performed more conservatively. In this way, we name the bandit
algorithm that uses the acquisition function (A.3) as NN-AGP-UCB+. In Section A.4, we
present the numerical experiments of NN-AGP-UCB+. We note that NN-AGP-UCB+ does
not always outperform NN-AGP-UCB in practical since the enlarged exploration terms is
overly conservative. At the end of this section, we provide the theoretical support of NN-
AGP-UCB+.

Theorem A.2. Suppose § € (0,1) and the following.

1. The decision variable v € X C [0,7]? and X is conver and compact. The contextual
variable @ € © C [0,1]7 and © is convex and compact; each entry of g(0) is an -
Hélder function (a0 > 1); p(x) is sampled from a known MGP prior as in (2.4) and
the variance of the noise o2 is known.

2. In terms of the neural network g; (8), we use the ReL U activation function. Meanwhile,
in the t-th iteration, weight parameters are properly chosen such that each entry satisfies

sup ’gl;t(e) - gl(e)‘ < €,
0co

where neural network error sequence is selected as e, = O (tuer) A > 0.
3. For MGP, there exist constants {a,}* {bq}qQ_l Aa”,, {i)l}
= 1

q=1"

0 , P
P{sup () > Lq} < aqe_(Lq/bq) ;P{Sup vy ()
cex | 0x; sup —axj

Vi, Li>0andVj=1,2,....d, g=1,2,...,Q and 1 =1,2,...,m.

satisfying
1

> El} < nge—(il/ZJl)2
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4. We choose as a hyper-parameter in (A.3)

B, = 2log (12272/(36)) + 2dlog (A?ﬁdbm/log(zlda/a)) ,

where d and v are the dimension and the upper bound of the decision variable, a =
ZQQZI ag+ Y o a4 and b= Zqul by + > 1oy bi. Meanwhile,

= sup
6co;t

Then the cumulative regret is bounded with high probability as
P{RTZO(\/TVTBT>+O( (v )i(BT) ) >1}>1—5.

Here C' = <<E§:1 Sy aiq> + 1) Supgee ||(0)|3. In addition, yr is the mazimum informa-

tion gain associated with the NN-AGP f(x;0), defined by (2.7). We also note that é; = Cye;
and the neural network in the t-th iteration g has (i) no more than Cy (1 —log (e;)) layers

/

and (ii) at most Cze, = (1 — log (e;)) neurons and weight parameters, where Cy,Cs,C3 are all
constants.

0)a,

Q
} {19(0) 124

Compared with the results in Theorem 2.1, the regret bound of NN-AGP-UCB+ in-
volves additional term O (T (yr)* <ﬁT> , which results from the neural network approx-

imation error. The proof of Theorem A.2 is contained in Section A.3.

A.3 Proofs

We present the detailed discussions on Theorem 2.1, Theorem 2.2 and Theorem A.2
in this section, as well as the consistency of training the NN-AGP model from the data.
We note that all these theoretical results are based on the assumption that p(x) is a linear
combination of independent GP realizations (u,’s and v;’s). It is a common assumption that
uy’s and v;’s are realizations from GP’s, while an alternative review is to assume that each
ug or v; is a deterministic function that lives in reproducing kernel Hilbert space (RKHS),
which is consistent with relevant literature [156]. The difference between modeling the
reward function as a GP sample or an element in an RKHS reflects the difference between
Bayesianists and frequentists, as discussed in [156]. In our work, we adopt a Bayesian view
since it helps us better understand the construction of the acquisition function. If the reward
function f(x; @) is assumed as a linear combination of deterministic functions u,’s and v;’s
that are from RKHS, martingale-based technologies introduced in [44] can be employed to
derive the regret bound as well. This technology leads to a slightly tighter bound with less
restrictive assumptions on X, while it is beyond the scope of this work.
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Proof of Theorem 2.1

In this section, we present the detailed proof of Theorem 2.2. The employed methodologies
borrow the ideas from [156] and [111].

Lemma A.1 ([156]). The information gain for the points selected can be expressed in terms
of the predictive variances. Specifically,

I (yr; fr) = Zlog (140207 (x4:6y)) -

Lemma A.2. When (3;’s are selected nondecreasing,

8C Bryr
log (1 + Co7?)’

24@% 1 (x4 6;) < NT > 1.

Here C = ((Zqul Sy al%q) + 1) SUPgeo |19(0)|5 is a constant.

Proof. Note that

M@

K ((x,0),(x,0) g(0)"A,g(0)k, (x,x —|—Zgl 0"k (x,x').

q=1

With the regular conditions that all the kernel functions of u,’s and v;’s are less than one,

((xt,6:) , (x¢,0:))

Nz

0,52_1 (Xt; Ot) X

<

[Me

g(6,)" A,g(6,) +Z 91 (6,))°
=1

1

Q m
(Z > a?q> ) sup [l9(6) [

q=1 1=1

q

_Q/—\

Indeed, since A, = : (a14 ... @mg), the only non-zero eigenvalue of A, is
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This is the reason why the last inequality holds.
Next, since 3;’s are nondecreasing as t increases,

ABio} | (x4;6,) < 4Pro? (o7 %07 (%43 6y))

< 8C
= Mog (1+ Co.?)

1
5 log (14 0,207 (x¢;0:)) .

The second inequality holds since s/log(1 + s) is an increasing function with s and
o %07 | (x4;0;) < Co 2.

Thus, summing up the inequalities with ¢ to T', we have

T
8C Bryr
4B,07 10;) < :
; ﬁto-tfl (Xt7 t) log(l—f—CU;Q)

Lemma A.3 ([156]). V6 € (0,1), choose 3, = 2log(m/8), where ., m ' = 1.

P {Vtv |f(Xt; et) - Mt—l(Xt; et)‘ < Btl/zat—l(xt; Ot)} >1-0.

Lemma A.4 ([156]). Suppose that candidate decision variables x; are finite in each round,
that is, |X,| is finite. V6 € (0,1), choose 8, = 2log(|X,| m,/6), where Y, m ' = 1.

P {‘v’t,‘v’x € X, |f(x;0;) — pp—1(x;6;)| < ﬁtl/QJt_l(x; 0,5)} >1-4.

The difference between Lemma A.3 and Lemma A.4 is that Lemma A.3 considers a
specific x; while Lemma A.4 considers a uniform bound on A;.

To connect the continuous decision variable space X’ to results with finite selections of x;,
we then discretize X based on the smoothness condition imposed in Theorem 2.1. Recall
that

Q m m
f(x;0)=>" < 9:(0) i quq (X)> +Y g (0)u(x),

where u,’s and v;’s are independent scalar Gaussian processes. Meanwhile, for smoothness,
we assume that for the components of the MGP, there exist constants

{0 fad, (b

m

=1

satisfying
duy(x) —(Lq/bq)?
P < sup > Lo < age "0
x€EX Z;
B B .o
TEX Ty
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VLq,L >0andVj=1,2,...,dforg=1,2,...,Qand I =1,2,....m
For any fixed &, we could select L, and L; such that,

Let L = M(Ly + ..

P {sup
xEX

L.,), we have

+
} P {sup {
xeX —1

where a =a; +... +ag +a + ... + Gp. That is,
P{v0,vx,x,|f(x;0) — f (x;0)| < L|x —x||;} = 1 —dae™*, (A4)

where L = MbVk,b="by + ... +bg + by + ...+ by
In this way, we discretize X as X, of size (7,)" in each round so that for all x € X, we
can find

% = [xJelly < rd/m,

where [x]; denotes a point in A; that is the closest to x. A sufficient discretization has each
coordinate in X with 7, uniformly spaced points.

Lemma A.5. V§ € (0,1), choose p; = 2log(2m;/d) + 2dlog <dt2r]\7[b,/log (%)), where
Zt>1 ot =1.

1
B {1 00 — (31001 < 81 "a(b 18+ 5 b > 1
Proof. For any 6 € (0,1), we let k = log (22¢) in (A.4). We have

P{1060) - (001 < f 215,

with

~ 2
7, = dt*rMby [log (%1)
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Choose f; = 2log <2 (Tt)dﬂ't/CS) = 2log (2m;/9) + 2d log (dtQT’Mb@ /log (%)), we have

P{176c0) - £ (L0 < 15,

Based on Lemma A.4, we have

P {9, 1 ([xi], 00 — (il 0] < B 0a(], 100} 21— 2.

for the reason that [3; here is larger than the required §; in Lemma A.4. Thus,

1
P {13 00 — a1 001 < 81 "a1a(b 18+ 5 b > 1

]

Lemma A.6. Choose ; = 2log (4m;/d) + 2d log (dt2r]\7[b, /log (%)), where Y, b= 1.

1
P {Vt, Tt g 253/20}/,1(Xt; Ht) + t_Q} 2 1-26.

Proof. Select /2 in Lemma A.3 and Lemma A.5. With probability at least 1 — §, we
have

Vi, |f (Xt; Ot) — Hi—1 (Xt; 9t)| < @l/zat—l (XtQ Ot)

and
1

VL |F (x5 0) — (7], 18] < B0 (i1, 00) + 5

since [3; here is larger than that required in Lemma A.3. Thus,
re = f(x;;0:) — f (x4 04)

1
< :utfqult]t ;6,) + 5;/20}*1([)(:]15 ;6;) + 2 (x¢; 6;)

1
< Btl/zdt—l (x¢;0;) + Im) + 1 (%45 0;) — f (x4 0;)
1
< 25,51/2%4 (x¢;0;) + 2

Based on these results, we provide the proof of Theorem 2.1 in the main text.

Proof. Recall that Ry = Zthl ry and

T
8CBryr
2 . <
;4@%—1 (x5 6) < log (1+ Co-2)
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Based on Lemma A.6, with probability at least 1 — §, we have

71_2

T
RT < Tzllﬁta,t{l (Xt, Ot) + 6

t=1

2
. \/ 8CHryrl

log(14+Co72) 6

. . . . o 27122
The first inequality holds because of the Cauchy—Schwarz inequality. Choose m; = <=~

attain the results in Theorem 2.1.

]

At the end of this section, we compare our result with that of [111]. First, we impose
the smoothness conditions on the separate components of the MGP (for further discussion
on this condition refer to Theorem 5 in [81]. [111] impose a similar condition directly on
the joint GP with composite kernels. Thus, we offer a more explicit condition to verify.
Second, we discretize the decision variable space, instead of the joint space of the decision
variable and the contextual variable. Therefore, the upper bound on the cumulative regret
R increases as the dimension of the decision variable space increases and is not related to the
size of the contextual variable space. In comparison, the cumulative regret bound derived in
[111] increases when the dimension of either the decision variable or the contextual variable
increases. Therefore, NN-AGP-UCB adopts the advantage of a smaller upper bound on the
cumulative regret when the dimension of the contextual variable is relatively high, which is
also supported by experiment results in Section A .4.

Proof of Theorem 2.2

The discussion of Theorem 2.2 is based on the Mercer decomposition and is inspired by
[165]. To begin with, we first present the Mercer Theorem.

Theorem A.3 (Mercer Theorem [72]). Suppose K(x,X') is a continuous symmetric non-
negative definite kernel defined on X x X. The kernel function K(x,%') is called positive
semi-definite (PSD) if any Gram-matriz generated by the kernel function is PSD. That is,

for any sequence {x; < X3 < ... < X, }, the matriz
K (x1,x1) -+ K(x1,%3)
: : = 0.
K (Xn7xl) e K (Xn7xn)

Furthermore, there exists an orthonormal basis {e;}, consisting of eigenfunctions such that
the corresponding sequence of eigenvalues {\;} is non-negative. The eigenfunctions corre-
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sponding to non-zero eigenvalues are continuous on X and K has the representation

= i )\iei(x)e X/
i=1

where the convergence is absolute and uniform. Specifically, the eigenfunctions and eigen-

values satisfy that
1, 1=y
e;(x)e;(x)dx =0, =< . 7
[ ateax=a,={y 1]

/Xei(X)K(x, x') dx = \e;(x').

Next, we present the Mercer decomposition for our NN-AGP model. Recall that the
MGP employed in the NN-AGP model is determined by the linear transformation of multiple
independent scalar Gaussian processes

Q
Zalquq )+ v (x).

q=1

Here, p;(x) is the [-th element of p(x), where {uq(x)}(?:1 and {v; (x)},", are independent
scalar-output Gaussian processes. In addition, a;,’s are coefficient parameters. In this
way, the correlation between different entries in the MGP p(x) is captured by {uq(x)}?zl
through a;,. Meanwhile, v; (x) represents specific independent features of p;(x) itself, for | =
1,2,...,m. Suppose the kernel function of u,(x)’s and v;(x)’s are k, (x,x')’s and & (x,x')’s,
the matrix-valued kernel function of p(x) is

Q
K(x,x") = ZAqkq (x,x") —i—Diag{fcl (x,x), ... km (X,X’)}.

q=1

Here, A, denotes the semi-definite matrix, of which the (I, {")-th entry is a; qay 4. In this way,
the kernel function for the NN-AGP is

K ((x,0),(x,0") Zg )TAL9(0)k, (x,%) +Zgl 0"k (x,x).

Thus, the kernel function of the NN-AGP model is decomposed into a summation, where
each term is a product of the two kernel functions.

Proposition A.1 ([111]). Suppose a kernel function K (x,X") can be represented by a sum-
mation of kernel functions. That is, K (x,x') =>"" | K; (x,x'). Then

K) <) (K
=1

Here vyp (K(.)) denotes the maximum information gain associated with kernel function K ..
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That is, the maximum information gain of K ((x,0), (x,@)) is bounded by the summa-
tion of maximum information gains of each term. Thus, for ease of notion, we focus on the
scenario when () = 1 and there are no v;’s. We also relax the restriction on A; so that
A, = A is a positive semi-definite matrix and not necessarily a rank-one matrix.

Proposition A.2 (Mercer decomposition of l;:) Given a positive semi-definite matriz A
and a continuous function g(0),0 € O,

k(0,0)=g(6) Ag (0

defines a positive semi-definite (PSD) kernel function. Furthermore, when © is compact, the
kernel function k (6,0") has a finite-rank Mercer decomposition

k(0,6 = Zm )¢ (0") .

Proof. Since A is a PSD matrix, it has a Cholesky decomposition as A = LL", where L is
a lower triangular matrix. Denote g(6) = L' g(0), we have k (0,0') = g(0)"g (0'). In this
way, the covariance matrix of any sequence {0, }._, is

k(6:,,0,) --- k(6:,6,) GO
: : = (g(6,) ... g(6,)) >0.
i (0,,0) - k(6,6 g6,

Thus, k(0,0 defines a PSD kernel function. With a slight abuse of notation, we let
k (@, 0’ ) = >, 91(0)g; (0') and will re-define g and g, in the following part. Since © is
bounded, we define

(g1, 9u) = / g1(0)g(6) d6
and

gl = V/{g1,a1)-
Next, we let g1(0) = g(0). For Il = 2,...,m, we sequentially let

-1
~ glagz ~

gz
Py ||gz||

Without loss of generality, we assume that ||g;(6)| = 1. In fact, {g;},~, composes a basis of
a reproducing kernel Hilbert space, and the above procedure is exactly the Gram-Schmidt
process of the basis. It can be easily verified that

<Qz7gl'> = / gl<0)gl’(9) de = oy,
o
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where 0 = 1 when [ = I’ and §;y = 0 otherwise. Since the aforementioned procedure is
entirely based on linear operations, we denote

g gi
9.2 v Q_Q
gm Im

In this way, we have that
k(6,0") =g(6)" M T Mg(6)

=g(0)'Q"AQg(0).

Here §(0) = (1(0),G2(0),...,3,(0))". QTAQ is the eigendecomposition of a PSD matrix
MTM. That is, A is a diagonal matrix and @ is an orthogonal matrix. Let y; the i-th entry
of A and ¢;(@ the i-th entry of Qg(@). It can be easily verified that {u;, ¢;};-, satisfies the
conditions in the Mercer theorem. That is, we get the Mercer decomposition of k(@, o) O

Next, we show that the kernel function of NN-AGP adopts a Mercer decomposition as
well.

Proposition A.3 (Mercer decomposition of NN-AGP). Suppose that the kernel function
with respect to decision variable k(x,x') is PSD, and therefore adopts a Mercer decomposition

x') =Y Nty () ¢y (X))
j=1
the kernel function of the NN-AGP then adopts a Mercer decomposition
R ((x,0), (1, 6)) = 325 pids (6) 05 (x) 61 (61) v (x).
7j=1 =1

if both © and X are compact, g(0) is a continuous mapping.

Proof. Recall that K ((x,0), (x',0")) = k (0,0') k (x,x') . Based on the previous proposition
and the Mercer decomposition of k(x,x’) (the convergence is uniform), we have

K((Xv 6), (le 0/)) = ZZ ngz (x) @i (0,) ¥j (x (x )

Meanwhile, it can be easily verified that { (1)}, ¢; (0)¢; (x))} for i = 1,2,...,m and j =
1,2,...,00, are eigenvalues and eigen-functions of K ((x,8), (x’,0")), which also completes
the proof of Proposition 2.2 in the main text. O
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Lemma A.7. The NN-AGP model adopts a representation

ZZ&N 0) ¢ (x),

=1 =1
where &j; s are 1.1.d. standard normal random variables.

Based on the Mercer decomposition of K ((x,8), (x',8")), we derive the maximum infor-
mation gain of the NN-AGP based on the technologies in [165]. Specifically, we select the
first D largest eigenvalues of the kernel function k(x,x’). Recall that in terms of the kernel
function 15(0,0’ ), there are at most m non-zero eigenvalues. In this way, we project the
NN-AGP onto the subspace and attain

D m
=3 GiN i 6i (0) v ()
7j=1 =1
and the residual part
Z Zfﬂ)‘Q 0) 1; (x).
j=D+1 =1

We then derive the bound of the maximum information gain by first considering the two
separate terms.

Lemma A.8. Suppose that 1) K ((x, ), (x',0")) satisfies the conditions in Proposition
2.2; 2) Vx,x' € X, |k (x,x)| < k for some k >0 and 3) Vj € N,Vx € X, [v;(x)| < 1, for
some ¢ > 0.

1 FET \  6,pT

< -mD1 1 . A5
TS QMmEIo8 ( i (7ng> 202 (A.5)
Here, dmp = Y02 iy Doy Ajpi)®@%; o is the variance of the noise €; i = L >77" ) ju; de-
k(6,0

notes the mean of the eigenvalues of the kernel function k (0,0'); and k= SUPg g/co
and ¢ = supgee |0(0)|.

This is a direct result from Theorem 3 in [165]. In terms of the right-hand side of
(A.5), the first term bounds the maximum information gain associated with the projected
GP while the second term bounds the remaining part of the GP. The NN-AGP can be
projected onto such a sub-space for the reason that the kernel function with respect to 0 is a
finite-rank kernel function. Otherwise, when both the kernel functions have infinite Mercer
decompositions, the truncation of a product of two infinite series and the quantification of
the residuals requires more cautious discussions.
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Consider now a scalar GP with the kernel function k(x,x’), denoted as p(x). The ob-
servations y, = p(x;) + €, where ¢ ~ N(0,02). That is, we do not consider the contextual
variable here. In this way, the maximum information gain of p(x) is bounded as

1 kT opT
T < =D1 1+ —— —,
T 2 og( J?D) 20?2

where 0p = > . Aj¥?. Compared with the result in (A.5), we have that

yr = O (M) -

Next, we specifically consider two types of the kernel function k(x,x’) as in Definition
2.1. Consider the eigenvalues {\;}72, of the kernel function k (x,x’) in decreasing order.

1. For some C, > 0,a, > 1,k is said to have a (C),, ov,) polynomial eigendecay, if for all
J € N, we have \; < C,j~“. Examples include the Matérn kernel.

2. For some C.1,C.2,a. > 0,k is said to have a (C, 1, Ce2, o) exponential eigendecay,
if for all j € N, we have \; < C. ;1 exp (—C.2j"). Examples include the radial basis
function kernel.

Based on the discussions above, we finally present the proof of Theorem 2.2.
Proof. Under the polynomial eigendecay (C,, ay,), we have
Sp < mﬂ¢2¢2 Z ij—ﬁp
Jj=D+1
< mfig*y? /00 sz_ﬁp dz
= muCpD1_2;Z2¢2.

We select y
o | e
log (1 + %) o?
so that =_
Omp T kkT
mP- < mDlog [ 1+ :
o? o?m

In this way, we have that

220, T RET\ \ ™7 LET
Yr<m (Mbd}—Qplog1 <1+ 2)) +1 | log (1—1— 2).
op mo? mo?
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Under the exponential eigendecay (Ce 1, Ce 2, ), we have

Omp <mAG*Y? > Ceyexp (—Coam™)

m=D+1
(e}
< mung@/JQ/ Ce1 exp (—Ce22%) dz.
z=D

When a, =1,

=D z=D

:Cl exp (—C.2D).

)
e,2

D — 1 lo Ce,lmﬂgﬁszT
B 06,2 s 052 Ce,2 7

In this way, we select

so that 6,,pT/0? < 1.

When a, # 1,
[e's) 1 S
/ exp (—Ce22%) dz = — zoe ! exp (—Cepz) dz
z=D Qe Jz=Doe
1 o
= — zaile_l exp (—CeQE> exp <—Cegz> dz
Qe Z:Dae ’ 2 7 2

1 [~ (2 /1 ! 1 2
<= 1 —(=- 0.2

ol () o (o y))mn(-cng)
2 (2 (n N (1 oD
— oo\ exp o exp e2—5 |-

In this way, we select

|/ 2 20, 1> 1 2 /1 ac
= (& (e ows (2 ) () (s (2 (5 -) )

so that 6,,pT/0? < 1. Thus, whether o, = 1 or not, the second term in the upper bound of
vr as in (A.5) is bounded by 1/2, a constant. Therefore,

kkT
vyr < mD log (1+ 2),
mo

€

when T' is sufficiently large. To summarize the results for the exponential eigendecay, we

have ) o,
2 ae kkT

< log(T) + C., 1) log [ 1 ,

yr m((oeg(og( )—l—Ce)) + )og( +maﬁ)
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where

= 4202
Cae _ log (Ce,lmu(b w )

0-520672

if a, = 1, and

B QCeylmﬁgsz 1 2 1
C’ae—log( a.C.s + o 1 log e \a 1 1

otherwise.

Proof of Theorem A.2

In this section, we present the detailed proof of Theorem A.2. For the following discussion,
we assume that the conditions described in Theorem A.2 are satisfied.

First, we begin with a lemma that indicates the neural network approximation error
19:(0) — g(0)|| can be arbitrarily small, providing enough layers of nodes. Here g;(0) is the
employed neural networks in the ¢-th round and g(0) is the ground-truth function, which is
assume to be an a-Hélder function as in Theorem A.2.

Lemma A.9. With properly chosen weight parameters, there exists a ReL U neural network,
such that

sup [g1:1(0) — gi(0)] < e, (A.6)
6o

with a given e, € (0,1). Here the neural network in the t-th iteration g; has (i) no more than

Cy (1 —log (e;)) layers and (ii) at most Cze, * (1 — log (e;)) neurons and weight parameters,
where Cy,C3 are both constants.

Lemma A.9 follows directly from Lemma 2 in [38]. For further discussions on neural
network generalization error, we refer to [187].

Based on Lemma A.9, we then provide that, with a high probability, the error between
the ground-truth NN-AGP f(x;0) and the NN-AGP with the approximated neural network
/1 (x;8) can be bounded

Lemma A.10. With probability at least 1 — §, we have that
Vx € Xve € @a ft<X,9) - f(X70) < C16t7

where Cy is a constant.
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Proof. Note that,

(&

q=1

fi (x:0) = £ (x:0)] =

(Z 914(0) — 9:(0)) @ guq (X)) + > (32(6) — 9i(8)) v (x)

=1

<i|alq||uq )+Z|vl )

Recall that, based on the condition (2.6), all u,’s and v;’s are Lipschitz with probability at
least 1 — ¢. This also implies that u,’s and v;’s are bounded as well, since X’ is compact.

Thus, we denote
Q m
G s (32 (Sl 1) + 3 )
pdS

q=1 =1

and é; = Cies, and accomplish the proof. n

Next, we focus on the misspecified NN-AGP f,(x;0) = §,(8) "p(x). Recall that, the
ground-truth observations satisfy that

yr = f(x¢;0:) + €.

We then construct “virtual” observations as
U = fi(xe;0:) + €.

Consequently, we have that

v — Gl = | F(x;0) — fulx:0)| < &

with high probability, based on Lemma A.10. Besides, suppose we are now in the ¢-th
round. Then the inference of the reward function uses the “virtual” observations. Specifically,
the posterior mean and covariance that is associated with the NN-AGP model in the t-th
round f, (x;0,) are denoted as

= -1
fie—1 (x; 0;) —K, (x:60,);t [’C Dyq)it T O 21, 1} Vi1,
=z -1 =z

71 (%:0:) =30(0,) TKC (x,%) 31(6) — Kp, [’C(Dt ot 021 | Kooy

Compared with the quantities used in the acquisition function (A.3) in NN-AGP-UCB+, the
difference lies in between the posterior means fi; 1 and fi;_1, where the real/“virtual” obser-
vations are incorporated. Actually, we have the following lemma to quantify the difference.
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Lemma A.11. It is satisfied that, Vt

en't .

€

|ﬂt (X; et) — i (X; 9t)| < O (X et)

if lye — 0| < &

The proof of Lemma A.11 is similar to Lemma 2 in [22]. In addition, since fi; 1 (x; 6;)
and 52| (x; 0,) denote the posterior mean and variance of f; (x; ;), we could still employ the
union bound and discretization technologies in Lemma A.5 and Lemma A.6, and reach
the following lemma.

Lemma A.12. Choose (3, = 2log (47,/8) + 2dlog (dt%]\?bwlog (%)), we have

< B (%) 00 +

Btl 25t 1 (Xmet)

fo(x5300) — i ([x]],:60)| <

fo(x5500) — i1 (x5560,)| <

Vt,

P >1-9,

Here, M = SUPgeoy {{|Z£1 gl;t(e)al,q|}§:1 : {|gl;t(0)|}§’;1} and [x]; denotes a point in X;
that is the closest to x.

The difference lies on that, in the previous proof, there is only one NN-AGP model
f(x;0) in all the iterations. However, when the approximation of the neural network is taken
into consideration, the kernel function (therefore, the NN-AGP) changes in every iteration.
Although the NN-AGP model changes every time, the union bound can be employed as well.
In addition, the GP’s u,’s and v;’s remain the same to be discretized. In this way, we reach
Lemma A.12.

Next, we discuss the difference between 67 (x;;8;) and o7 (x4; ;) . Specifically,

= -1 z

5t2 (x¢;0¢) — Ut2 (x4;6,) :f(t (%45 6:) 5 (x4 0:)) — ’C(xt 045t [I@ (Do)t T+ UQIt] K(xt;et);t
— K ((x:61), (x::6,)) +KWQJ&%+04 K00
<K ((x600) , (x4 00)) — K (x4 00) , (%15 61))

-1 _

+ /C (x¢:0) [KDt + O’?It] K(Xt;ﬂt)'

_ _ —1
In terms of the last term K&t;gt) [ICDt + afft] K (x.:6,), we have that

CVt

€

~ -1
’C(xf i0¢) |:ICDt + 052175} ]C(Xt;Gt) < Ot (Xt§ Ot) .



APPENDIX A. SUPPLEMENTS FOR CHAPTER 2 93

Here,

Q
C = ((ZZ%) + 1) sup lg(0)15

q=1 =1
denotes the upper bound of K ((x; ;) , (x;; 6;)). The proof of this inequality can be referred
to Theorem 2 in [44]. On the other, in terms of K; ((x¢; 6;) , (x;6;)) — K ((x1:6,) , (x4 0,)),
the difference comes from the bias using neural networks g, to approximate the mapping g.
That is,

In this way, by letting ((222:1 > aﬁq) + 1) me? = e}, we have

9 CVt

o7 (x4 0;) < oy (%45 0,) + 02 (x4, 0,) + €.

€

Lastly, we present the proof of Theorem A.2.

Proof. First, we notice that
T

Rr+2) &,

t=1

Rr

N

since | f (x;0) — f, (x;0)| < &. Here Ry = ZtTZI 7+ denotes the “virtual” cumulative regrets

based on the NN-AGP with neural network g; (@). That is, Ry and R are in the same
order of T, since Y~ & < c0.

Next, we focus on the “virtual” regret r;. Specifically, based on Lemma A.12, with
probability at least 1 — ¢

Ty = ft (x7;60;) — ft (x¢; 6,)
< -1 ([x7],50:) + <~t1/2 +

. . ~ et . N 1 A
< fig—1 (%75 6¢) + ( 151/24' ) Ot—1 (Xt;et)+t—2—ft (x¢; 6¢)

N A 1
<2( t1/2+0.i—) O¢_1 (Xt70t>+_

en/t

) s (Bl + 55 — i)

e t?
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Note that

E Op—1 Xtaet X TE Ut 1 Xtaet

2Cr CiT 27 -,
Syt (10g(1+(]0;2) * Oc \/108;(1‘1‘006_2) +;et>
=0 (\/T’VT) + @ (T (’YT)i) )

where Y 7, e, < co. In addition, since e; = O(tulra) and A > 0, &/t is bounded by some
constant, say B. Thus,

Rr =

]~

Tt
t

<2( 1/2+B)§T:a— (%66,

t=1

=0 (M) +0 (T (vr)

1

=
VS
sz
\_/
Nl=
N—

Proof of Consistency

In this section, we discuss the consistency of training the NN-AGP model from the data.
The consistency requires specific conditions on the sampling strategies of x; and 6;, which
might be difficult to verify during the contextual GP bandits. However, we still present it
as a sanity check here for two reasons. First, we note that the NN-AGP model can also be
employed in supervised learning tasks when the function to be approximated involves both
user-selected inputs x and observed contextual variables 8. Examples of these tasks can be
found in [94]. In these task, the NN-AGP model still adopts the advantage of explicit kernel
expression with respect to user-selected inputs x and approximation accuracy with respect
to observed contextual variables 8. Meanwhile, the required conditions for consistency can
be satisfied in these tasks. Second, existing theoretical results on GP bandits (as well as
Theorem 2.1 in our work) largely assume that the surrogate model is well-specified and
does not require updating from the observations. That is, the discussion on the consistency
of training NN-AGP from the data does not conflict with existing theoretical results on GP
bandits.

To begin with, we first set up the notation used in the proof. Recall that the training
objective of NN-AGP is to maximize the likelihood function, which is in the form of

1 - |
L (W, @,0%) = —n [(2m)"%] = ZIn HKDt + o2, } -5y [Kpt to It} ve.
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It is equivalent to considering the optimization problem

Wi, &y, 0%,) = in_(, (W, ®, 02
( ty t7Ue,t a‘rg(wl?qlgg) t( ) 705)7

where 4, (W, ®,02) = 1 (ln [ Kp, + 021,

- -1
} +yi [KDt + 062],5] yt). For ease of notation,

we let K; = f(pt + 0521} and K7 denotes the covariance matrix with the ground-truth param-
eter plug-in. In addition, for the parameters involved in the MGP &, we separate them as
Pk to denote the parameters in the kernel function and the weight parameters a = {a;},",.
We generally denote ® = (O, W,a,0?). In the proof, the ground truth parameters or the
quantities that are with ground truth parameters will be indicated by a superscript “x”. We
will also sometimes hide the subscript “t” that indicates the iteration for ease of notation.

Assumption A.1. We assume that

1. The set of parameters to be optimized P e Ss is a compact set. Especially, o2 € (02, 0})
and o2 > 0. The ground-truth parameters are contained in the set of parameters to be
optimized. That is, ®* € Sg.

2. The kernel function of u(x) is a stationary kernel function. That is, k(x,x') =
k(||x —x'||). In addition, it is also satisfied that

0° C
max  max sup |- —Fk (lx —x))| < ST e
S= Pt i) ]17--'7]5 ées(i) a¢j17. .. ’a¢js ]_ _l_ ||X_X ||

for some positive fized constants Ciny and Clyy.

3. The sampling strategy satisfies that , there exists a fived constant A

inf ||x;, —x.| = A
7,7 eN
T#T!

for the decision variable; g;(0;) = O(1/t) and a%jgl(e)

= O(1/t) for the contextual
variable with any W' involved with the neural network g(0).

4. The ground-truth parameters are well-separated from other potential values of param-
eters. That is, for Ve > 0

t
- : 1 ~ . s 9%\ )2
hgg(l)rgf (ilélgé - E (K (%7,07), (x77,0.)—K* ((xr,07) , (X7, 071) H0 770 (ae op )) > 0.

- T,7'=1
|| o—2

=€
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Theorem A.4 (Consistency of Learning NN-AGP). Under Assumption A.1, the training
of the NN-AGP through (2.5) is consistent. That is,

lim (VAVt,Ci)t,UEJ i (W*,@*,Jf*) :

t—o00

Here, (W*, o, 062*) denotes the ground-truth values of the parameters in the NN-AGP model

and the noise, and « 2y denotes the convergence in probability.

Proof. Note that, the ground-truth parameters minimize the mean value of the loss function
0y (W, ®,0?). That is,

(W*, 0%, 0%) = arg i, E {t,(W,®,02)}.

Therefore, in order to prove the consistency, we require the uniform convergence of the
likelihood function, that is

lim sup |6 (W, ®,07) —E{t (W,®,02)} 0. (A.7)

=00 (W,9,02)

To begin with, we first establish the point-wise convergence of the loss function.
1 _
Var {Et (W, D, 052)} =2 Var {ytTKt 1yt}
2 — * 77— *
=5 Tr {K'K;K'K['} .
For Vt, the maximum eigenvalue of the matrix K} is bounded as

N {7} < oy { Ky, | + 0%

< YWl
t
C ~ *
< max Sup K+ 0%,
[ t; 1+ HXT . XT/||d+Cmf

where K is the upper bound of ‘l;: (0.,0./)|. The second inequality comes from the Gershgorin

circle theorem [97]. Based on condition 2 and condition 3 in Assumption A.1, there exists
a constant A; such that Ay, {K}} < Aj; see aslo [12]. On the other hand, Ay, {Kt_l} =
g {EK:}) " < (02)7! = Ay, for Vi, ®. Thus, we have

a

242 A2
15

Var {& (W, D, 062)} <
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Thus, we have the point-wise convergence of £; (W, ®,0?) to its mean value. Next, we
show that the convergence is uniform. To prove the uniform convergence, we consider the
gradient of ft(i)). We let K p: = Kot © Kw,, where “©” denotes the Hadamard product of
two matrices. Kg, and Ky are the covariance matrix associated with k (x,x’) and k (6, 0").

In this way,
0t <¢> 1 K| 1 K
S L=ty K;la—f — —ytTKgla—nglyt.
8<I>j t 7 t J
In terms of the gradient, we specifically have
0K, 0Kg 5
= = 0K I
Dbrs 0B, O Rwy+o 1y
) T
b (200)
8VVZ = K@,t ©2 . (g<91>—ra> s 7g(9t)—|—&) + 052[15
(290))
oK g;(61)
aT-t =Kp; ©2 : <9(91>TG7 e ,g(@t)Ta) + ol
’ g;(6:)
0K,
87"62 - It.

We want to show that there exists a constant Az that bounds the singular value of the

gradient of K; such that
0K
su — < A , Vt
Psup (aq) > 3

J

Note that, given any two matrices K; and Ks, the singular values satisfy that

psup (Kl ®© K2) < psup (Kl) /Osup (K2)

and
Psup (Kl + K2> < Psup (Kl) + Psup (K2) )
see [126].

Specifically, psup{ OK;

9%
[12] with a similar argument of (A.8). psuy {Ke+} is bounded by a constant with a similar
argument as in (A.8) as well. In addition, Y >, [g(OT)Ta}z < 00,

g [(W%Q(HT))TCL] [g(6-)"a] < oo,

} is bounded by a constant, based on condition 2, as is proved in
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and -7 g,(6:) [g(0;)"a] < oo based on the condition that g(6;) = O(1/t) and aw —2-9,(0) =
O(1/t) in Assumption A.1, which further bounds the maximum singular value of matrices

(#9(00) «

KW7t7 (9(01)—'—0’7 cee 79(015)—'—@) and

(£9060) o

gj(ol)
(g(el)Taa s 79(925)Ta) :
gj<0t)

In this way, we have that pg, ( < As, Vt. Thus,

max sup =
J éGS&) (9@]

yiy
< AyAs + A2A; tt L= 0,(1) (A.9)

.
since % is a non-negative random variable with bounded expectation. With a similar

argument, we also have
(@)} o(1). (A.10)

max sup | ———=——"—| =
I des, 09,
Because of (A.9) and (A.10), along with the point-wise convergence, we attain the uniform
convergence of the loss function £,(®); see [131] for detailed discussions.
To guarantee consistency of the learning procedure, we also require that the ground-truth
parameters can be specified when minimizing the loss function. It can be verified that, there
exists a constant Ay

B{e(2)}-B{e ()]
A 37 (R (0, 0) (50, 02) = K (0,0, (60,07)) 4 07 (07— 02°))

T,7'=1

where the detailed proof can be found in [13]. In this way, based on condition 4 in Assump-
tion A.1, for Ve > 0,

liminf inf E {et (@) } _E {et (cp) } > A,
t—o0 ~<I>€~S&)
50T

for some constant As. Thus, along with the uniform consistency of the loss function (A.7),
we attain the consistency of the training procedure (2.5), which follows a regular argument
on consistency of M-estimation; see [166].

O
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A.4 Experimental Details & Additional Experiments

Experimental details

In this section, we describe the experiment settings in the main context in detail. In terms
of the training of NN-AGP through (2.5) and maximizing the likelihood function of a joint
GP, we apply the alternating direction method of multipliers (ADMM) with a learning
rate 107%; see [28]. All the experiments are based on running PyTorch and Python 3.8 on
Nvidia GeForce RTX 3090 (GPU) with 24GB of RAM. An implementation is provided at
https://github.com/Oceanjinghai/NN-AGP-UCB.

Synthetic Reward

In terms of the joint GP model, we consider both additive kernels and multiplicative kernels,
of which each separate kernel is the radial basis function (RBF) kernel. In terms of the NN-
AGP model, we select m = 2, 3,5. Besides, we select the ICM model with the RBF kernel as
the MGP component (@ = 1) and an FCN with 2 hidden layers with 64 and 32 nodes. The
parameters of the MGP (a;,’s ) are updated through learning the NN-AGP model in (2.5).

In addition, both NeuralUCB [202] and NN-UCB [105] are designed for contextual bandits
with K arms. To adapt them into the problem we consider in Section 2.2, we take z = (6, x)
as a joint input to the neural networks representing the arm. We discretize the joint space
O x X with 10 points in each dimension with equal distances. The best arm is selected with
some of the dimension fixed by 6;. In terms of NN’s used in both algorithms, we select an
FCN with 3 hidden layers of 64, 32, and 32 nodes.

Queuing Problem with Time Sequence Contextual Variables

We consider a discrete-time queuing problem, where decision-making in each time period
is required. In each epoch, a contextual variable 0, is first revealed to the agent. In some
application scenarios, the contextual variable might includes traffic conditions and weather
conditions that affect the arrival process of the queuing system. The number of customers
who will come to the queue, denoted as N; is drawn from a Poisson distribution Poisson(uy).
Here u; = exp (320_,a'0.), and a ~ N(1/4,11y) is the weight generated and fixed in
advance. In this way, the number of customers who will come to the queue in this round
depends on the entire sequence of contextual variables.

On the other hand, the decision variable is composed of two parts p;,; and ps., denoting
the service price and the service rate respectively. The service price indicates the reward
that completes serving a customer. On the other hand, a customer comes to queue, sees the
service price, and then determines to join the queue with the probability of p(p;.;), where
p(-) is a decreasing function with respect to p1,.. In addition, in each iteration, the number
of service completion N'(t) is a Poisson random variable with the mean of the service rate
pat, that is N'(t) ~ Poisson(pa;). The higher the service rate, the higher the service cost
will be. After each iteration, the customers who decide to join the queue and do not receive
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the service will leave as well, resulting in a penalty. In this way, the observed reward in each
iteration is

yr = pramax {N(t), N'(t)} — c1p2s — comax {N(t) — N'(¢t),0},

where on the right-hand side the first term is the reward of completing service, the second
term is the service cost and the last term denotes the penalty of not satisfying customers.
Such decision problems in a queuing system are also considered in [41]. For the NN-AGP
model, we select the long short-term memory (LSTM) [91] neural network to approximate
the mapping g;(601, . .., 0;). The training of LSTM (as well as MGP) is accomplished by max-
imizing the likelihood function. Since we do not have the ground-truth value of the expected
maximum reward, we instead record the cumulative rewards to compare the performance of
different methods.

Specifically, in terms of the experiment results contained in the main text, we set ¢; = 0.5
and ¢ = 0.3. In terms of the NN-AGP model, we select m = 2,3,5. Besides, we select the
ICM model with the RBF kernel as the MGP component and an LSTM with 1) sequence
length = 10; 2) hidden size = 64; 3) projection size = m; 4) batch size = 1. We utilize
the implementation from https://pytorch.org/docs/stable/generated /torch.nn. LSTM.html.
Besides, we select the ICM model with the RBF kernel as the MGP component (¢ = 1).
For CGP-UCB, we utilize the RBF kernel for the scenario when we only utilize the current
contextual variable. We also apply the Wasserstein subsequence kernel [21] that is specifically
designed for time series, of which the implementation can be found at

https://github.com/BorgwardtLab/WTK.

Pricing with a Diffusion Network

We consider a pricing problem with a diffusion network, which is explored in [122]. Specifi-
cally, we represent the network at time ¢ as a graph 6, = (V;, E;), where V; := {1,2...,|V,|}
is the set of all users (nodes) and F; := {1,2...,|E;|} is the set of all directed edges. A
directed edge (i,7) € E;, where 4,j € V, implies that user i is influenced by user j, and we
call j an in-neighbor of i. We use N;; to denote the set of all in-neighbors for agent i at
time ¢ and n;; := |N;.| to denote her in-degree (i.e., the number of in-neighbors).

In each iteration, the user ¢« € V will decide whether to adopt the service based on her
realized utility in period ¢ : Y;(t) := I{u;(t) > 0} € {0, 1}, where u,(t) is the utility of user i
to adopt the service in period ¢, and is defined as

Zje/\/};t YY(t - 1)

ni;t

ui(t) =v; —axy + 0+ + €(t).

Here x; is the service price (decision variable); v; denotes the user (node) preference while «
and [ are intrinsic network parameters; and ¢; is the i.i.d. Gaussian noise. In each iteration,
the graph structure 6, = (V;, F}) is presented to the agent to determine a price x;. In this
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experiment, we consider maximizing the total profit brought by users’ service adoption in
the network, and therefore the reward function is

> Yi(t:0)

where x; denotes the price of the service. An increase in prices is likely to have a negative
impact on the adoption rate of service.

For the NN-AGP model, we select the graph convolutional neural network (GCN) [149]
to approximate the mapping g(0). The training of GCN (as well as MGP) is accomplished
by maximizing the likelihood function. Since we do not have the ground-truth value of
the expected maximum reward, we instead record the cumulative rewards to compare the
performance of different methods.

In terms of the experiment results in the main text, we let X = [0, 30] and 6, represents an
undirected graph with 5 and 10 nodes where each edge exists with probability 1/2. Besides,
we set « = [ = 1 and v; = 3 for each node. In terms of the NN-AGP model, we select
m = 3. Besides, we select the ICM model with the RBF kernel as the MGP component and
a GCN with convolution size = 3. We utilize the implementation from https://pytorch-
geometric.readthedocs.io/en/latest /modules/nn.html. Besides, we select the ICM model
with the RBF kernel as the MGP component (@ = 1). For CGP-UCB, we utilize the
RBF kernel for the vectorized contextual variable. We also apply the Gaussian RBF kernel
between vertex histogram [92] that is specifically designed for graphs. The experimental
results indicate that our NN-AGP-UCB has a greater advantage than CGP-UCB when the
contextual variable exhibits more complexity (with more nodes).

f(x;0) =% x E

I

Additional Experiments
Computational Time

In this section, we record the computational time of the algorithms. We record 1) the training
time that constructs the surrogate model based on the historical data and 2) the execution
time that selects the decision variable after the contextual variable is revealed. We record
the time (seconds) for exactly one round in the 50-th, 100-th, and 300-th rounds. We take
the first set of experiments in Section 4.1 as an example and present the results in Table
A.l1.

We notice that CGP-UCB is the most efficient in training time since it employs a pre-
specified GP model which does not update during iterations. The training procedure of
CGP-UCB only requires matrix operations, which can be implemented efficiently. On the
other hand, all the algorithms that involve NN require learning NN from data and longer
training time than CGP-UCB. In terms of the execution time, NN-AGP-UCB requires similar
time as CGP-UCB, since the selection of the decision variable of NN-AGP-UCB is based
on GP as well. We also note that both NN-UCB and NeuralUCB are initially designed for
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50-th round | 100-th round | 300-th round

IFHT;‘S)GP‘UCB 0.07/0.25 | 0.10/0.81 | 0.27/1.31
NNAGPUCE 0117020 | 0.14/0.89 | 035/1.42
(m=5)
CGP-UCB

(additive kernl) | 001/0:26 | 0.02/0.77 0.04/1.24

NN-UCB 0.14/228 | 0.35/4.13 0.40/6.51
NeuralUCB 0.11/1.64 | 0.23/3.62 0.37/5.45

Table A.1: The mean of training time/ execution time of bandit algorithms associated with
the first set of experiments in Section 4.1.

finite selections of decision variables. Thus, the computational cost of the execution time is
largely due to searching for the optimal decision variable from the discretized feasible set.
In addition, we consider sparse NN-AGP to alleviate the computational burden for future
work; see also a discussion in Section A.5.

Sensitivity on Reward Function Structure

As suggested by [111], commonly selected composite kernel functions of the joint Gaussian
process in CGP-UCB are additive kernels and multiplicative kernels. In this section, we
show through experiments that the performance of CGP-UCB is sensitive on whether the
form of the composite kernel is consistent with the structure of the reward function, while
our NN-AGP-UCB achieves acceptable performance through the experiments.

Specifically, we consider two synthetic reward functions in the form of

Rs(x, ) = sin ([[x]|,) |cos (||0]],)];
Ra(x,8) = sin ([[x]|y) + cos (||0]],) -

That is, R3(R4) is a multiplicative(additive) function with contextual/decision variables.
We consider d = 2 and d’ = 3. We let X = [-v/2,v/2]? and © = [-1,1]>. In terms of
the joint GP model, we consider both additive kernels and multiplicative kernels, of which
each separate kernel is the radial basis function (RBF) kernel. In terms of the NN-AGP
model, we select m = 3. Besides, we select the ICM model with the RBF kernel as the MGP
component and an FCN with 2 hidden layers of 64 and 32 nodes.

The experiment results (mean performance of 15 times experiments) are contained in
Figure A.1 and Figure A.2, which provide the insights as follows. First, for both reward
functions, the NN-AGP-UCB approach does not outperform the classical CGP-UCB ap-
proach in initial iterations, since the neural networks require sufficient data to learn. Second,
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as the size of the data increases, NN-CGP-UCB outperforms CGP-UCB in both experiments,
owing to the strong approximation power of FCN. Last, the performance of the CGP-UCB is
sensitive to the form of the composite kernels and the structure of reward functions. That is,
for reward R3(x, 0) with a multiplicative structure, CGP-UCB with the multiplicative kernel
outperforms CGP-UCB with the additive kernel, while for reward R,(x, @) with an additive
structure, CGP-UCB with the additive kernel outperforms CGP-UCB with the multiplica-
tive kernel. On the other hand, the performance of the NN-AGP-UCB remains acceptable
and outperforms baseline approaches no matter the structure of the reward function.

0175 - — NN-AGP-LICE
MM-AGP-UCB+

0.150 - = CGP-UCB (with multiplicative kernel)
r| — CGP-UCB (with additive kemel)

0125 4

0,100

0075

0.050

0.025 1

Figure A.1: Average regrets of NN-AGP-UCB and CGP-UCB with multiplicative reward
function Rs(x;8).

Advantage with higher-dimensional contextual variables

In the previous section, we present the experimental results when d = 1 and d’ = 3. Here,
in terms of the additive reward function R,, we increase the dimension of the contextual
variable d' and present the results (mean performance of 15 times experiments) in Figure
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—  NN-AGP-LUCHB

NMN-AGP-UCB+
0.20 - —— CGP-UCB (with multiplicative kernel)
= CGP-UCH (with additive kemel)

015 1

010

0.05 1

Figure A.2: Average regrets of NN-AGP-UCB and CGP-UCB with additive reward function
R4(x;0) when d' = 3.

A.2, Figure A.3 and Figure A.4. Experimental results indicate that the superiority of
our NN-AGP-UCB becomes more significant as the dimension of the contextual variable
increases, considering the larger gaps (the scale of vertical axis in each figure is different)
between the average regrets.

Moreover, we also contain the results of NN-AGP-UCB+ in Figure A.1, Figure A.2,
Figure A.3 and Figure A.4. The experimental results indicate that NN-AGP-UCB+
does not generally outperform NN-AGP-UCB, since NN-AGP-UCB+ is overly-conservative.
On the other hand, NN-AGP-UCB+ still outperforms the baseline CGP-UCB with both
multiplicative/additive kernels.

In addition, we also conduct additional experiments with higher-dimensional contex-
tual variables, while the reward function exhibits a sparse structure. We consider that
the observed contextual variable @ are randomly selected with equal probability from © =
[—1/2,1/2]%°. That is d' = 50. Meanwhile, we select the reward function

R3(x,0) = 2sin ([[x[|2) |cos ([|Oexl]2)]
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0251 —— NN-AGP-UCB
NN-AGP-UCB+
0.20 —— CGP-UCB (with multiplicative kernel)
) —— CGP-UCB (with additive kernel)
0.15 -
0.10 A
0.05 A

0 25 50 75 100 125 150 175 200

Figure A.3: Average regrets of NN-AGP-UCB and CGP-UCB with additive reward function
R4(x;0) when d' = 6.

as a sparse version of the reward function R3(x,8). Here, x € [—\/5, \/5]2 and 0.4 denotes
the first 20 dimensions of . That is, the remaining 30 dimensions of 8 will not affect the
reward function while the user does not know. The experimental results are contained in
Figure A.5. The results on average regret indicate the superiority of our approach in high-
dimensional scenarios, even when the dimension of the NN-AGP model m < d’. That is to
say, by utilizing the neural network, the NN-AGP model effectively extracts the information
from the contextual variable and propagates it to the MGP component.

Regression Tasks with Complex Functions

As is discussed in the main context, the NN-AGP model inherits the strong approximation
power from neural networks, which leads to the better performance on contextual GP bandit
problems. To support this intuition, we conduct experiments to compare the prediction
performance of NN-AGP and a joint GP. That is, we select in advance all the points to be
samples and attain the observations. We then use these observations to train both NN-AGP
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—  NN-AGP-LUCHB
0.30 - NMN-AGP-UCB+
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Figure A.4: Average regrets of NN-AGP-UCB and CGP-UCB with additive reward function
R4(x;0) when d' = 9.

and a joint GP. For both models, the prediction value of the unknown function is the posterior
mean. Here, we select the Ackley function [2] as a representative to be approximated

d

Z Ccos (cx(i))> + a + exp(1).

f(x;0 =(a,b,c)) = —aexp

A plot of the Ackley function is contained in Figure A.6. We let X' = [—32.768, 32.768]2.
In terms of the contextual variable, we set a € [15,25],b € [0.15,0.25] and ¢ € [1.57, 2.57].
In terms of the joint GP model, we consider both additive kernels and multiplicative kernels,
of which each separate kernel is the radial basis function (RBF) kernel. In terms of the
NN-AGP model, we select m = 3. Besides, we select the ICM model with the RBF kernel
as the MGP component (@ = 1) and an FCN with 2 hidden layers with 64 and 32 nodes.
We present the experimental results in Figure A.7. The experiments are performed
15 times and the experimental results indicate that our NN-AGP model achieves a better
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3.0 1 —— CGP-UCB (additive kernel)
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Figure A.5: Average regrets of NN-AGP and baseline approaches with the high-dimensional
reward function R3(x;8).

performance on the approximation accuracy, which is quantified by rooted mean square error
(RMSE) as well as the corresponding standard deviation.

Since the NN-AGP model achieves a better performance in approximating the highly-
nonstructural function, we would expect that NN-AGP-UCB would also achieve a better
performance in contextual GP bandits when the reward function is highly-nonstructural as
well.

Air-quality Monitoring Sites

In this set of experiments, we consider sequentially selecting the site that will record the
worst air-quality, among multiple air-quality monitoring sites. That is, each x denotes an
air-quality monitoring site and |X’| denotes the number of sites. We use the data collected by
Beijing Municipal Environmental Monitoring Center?; see also [200]. The data set includes

2https://archive.ics.uci.edu/ml/datasets/Beijing-+Multi-Site+Air-Quality+Data.
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14
12

10

(A "x)4

Figure A.6:  An Ackley function f(z,y) = —20exp (—0.2 0.5 (z2 + y2)) —
exp(0.5(cos(2mz) 4 cos(2my))) + e + 20.

hourly air pollutants data from 12 nationally-controlled air-quality monitoring sites (|X| =
12). The time period is from March 1st, 2013 to February 28th, 2017. The recorded quantities
in each iteration include

e PM2.5: PM2.5 concentration (ug/m?)
e PM10: PM10 concentration (ug/m?)

e SO2: SO2 concentration (ug/m?)

NO2: NO2 concentration (ug/m?)
e CO: CO concentration (ug/mm?)

e 03: O3 concentration (ug/m?)
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Figure A.7: RMSE’s of NN-AGP and joint GP with Ackley function.

TEMP: temperature (degree Celsius)

PRES: pressure (hPa)

DEWP: dew point temperature (degree Celsius)

RAIN: precipitation (mm)
e wd: wind direction
e WSPM: wind speed (m/s).

In our experiment, we regard PM 2.5 as the unknown reward and the remaining quantities
as the observed contextual variables in each round, that is d = 11. That is, we would like to
select the site that records the largest PM 2.5. In terms of the decision variable, we simulate
an x ~ Unif(0,1) for i = 1,2, ...,|X|, and use this generated random number to represent
the site in all rounds. That is, X = {x), x® ... x(*D} Since PM 2.5 in all the sites is
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contained in the data set, the regret in each round is then the maximum PM 2.5 minus the
PM 2.5 recorded in the selected site.

The setting of the approaches (NN-AGP-UCB, CGP-UCB, NN-UCB and NeuralUCB)
is consistent with that in Section A.4. The experiment results are presented in Figure A.8.
The experiments are performed 15 times. Although we use a same data set, the uncertainty
comes from randomly selecting the decision variables for initialization. The experimental
results indicate that our approach is applicable to real-world applications when the selection
of the decision variable is finite, and outperforms existing approaches. We also note that,
all the compared approaches exhibit fluctuation at the same time since the air-quality is
influenced by human factors in certain period.

10
= MHN-AGP-UCE {m=2)
—— MNMN-AGP-UCB (m=3)
= MNH-AGP-UCB {m=5)
05 —— CGP-UCB (with additive kemel)
—— CGP-UCB (with multiplicative kernel)
NeuralJCB
NM-UCE
o 06
on
b
5]
on
m
]
Z 04
02
0o

0 200 400 500 B00 1000 1200
Rounds

Figure A.8: Average regrets of NN-AGP-UCB and baseline approaches with the real-data
collected from air-quality monitoring sites.

A.5 Limitations & Future work

In this section, we describe the limitations of NN-AGP, and propose potential future work
to address these limitations.
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Sparse NN-AGP

As is widely known, the Gaussian process model suffers from a computational complexity
of O (t*) (¢t denotes the sample size of data) and the NN-AGP model encounters the same
challenge as well, because of the GP expression with respect to the decision variable. In this
way, we briefly introduce the sparse NN-AGP model, which alleviates the computational
burdens of the NN-AGP. A more detailed discussion on this direction will be contained in
future work.

In terms of the MGP in the NN-AGP, we specifically consider the scenario when ) =1
and there is no v’s. Denote p = (p (x1),p (x2),...,p (xx)) . In addition,

u=(p(z1),p(2),...,p(zm))"

are inducing points of the MGP on pseudo-inputs Z = {zm}f\f:l. In this way,

(%)~ (o) (e wx ) o)

That is, the matrix ( E > is sampled from a matrix-variate normal distribution; see [86].

Here K. .y is the covariance matrix generated by the kernel function % (x,x’). Meanwhile,
A =aa', where a = (a1, aq,...,a,).

Remark A.1. A matriz-valued random element X ~ MN (M, U, V) is equivalent with that
vec{X} ~ N (vec{M},V @ U),

where vec{ - } is the “vectorize” operator. Both U and V serve as the covariance matriz,
where U captures the covariance among rows (samples) while V captures that among columns
(dimensions). Meanwhile, for the p.d.f. of X, we denote is as p(X) = MN (X | M, U, V).
This notation is also used for the multivariate Gaussian case.

Define vy, (x) = Kl ku(x), where ky(x) denotes the covariance vector between p(x) and
u. Meanwhile, let

P = (¢u(xl)a'@bu(X?)""ku(XN))'

We then have
p(plu)=MN(p| ¥ u,Kp, — ¥ K, P, A).

Supppose that a variational prior is imposed on the inducing points as
g, (u) = MN (u|B,LL",A).

The selection of B and L is postponed. Based on the conditional distribution p(p | u), we
have the joint variational distribution ¢,(p,u) = p(p | u) ¢,(u). By marginalizing, we have

Qv (p) = MN (p | \I’TBJ Kpp - \IIT (Kuu - LLT) lI’7 A) (A].l)
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With the variational distribution of ¢, (p), the inference of the MGP at any new point x*
with a given 0 is

Fox30)~N ((0) T (x) B, g(8)T (K (x',x") = u (") (Kuu — LLT) Yu(x)) Ag(9)).

In this way, the inference at a new point (€,x*) requires the computational complexity of
O (tM?) instead of O (¢3). Next, we describe the procedure of deciding the parameters of
the variational prior ¢,(u), that is (B, L), and the location of inducing points Z. The selec-
tion is through the variational inference approach, which minizes the kullback-leibler(KL)-
divergence between ¢, (p,u) and p (p,u|y) . Specifically

(P, u) }

KL [q,(p,u)|p(p,u | y)] = Eg,(pu [log
[qu(p, ) |p( | y)] gv(p,u) p(puly)

¢(p, 1) 1
p(p,u,y)
= logp(y) — ELBO(v, Z),

— log p(y) —+ Equ(p,U) |:10g

where the evidence lower bound (ELBO) is defined as

ELBO(v,Z) 2 E, (u [10 M}.
B A

Since log p(y) is fixed and not affected by the variational distribution, minimizing the KL-
divergence is then equivalent with maximizing ELBO, which is further decomposed as

ELBO(v, Z) = Eq,(p)[log p(y | )] — KL [g,(u)[[p(u)] .

Note that

log p(y | p) = logp(y | p) = — > log (2r0?) —— (y— ) (y — 1),

2 202

where
£ = (9(6)p (x1).9(62) P (x2) ... g(On) D (x)) |

is not a linear function with respect to p. Thus, we employ the Markov chain Monte Carlo
method to evaluate E, (p)[log p(y | p)]. In addition, the KL-divergence adopts a closed-form
expression as

.
KL [g,(u)|p(u)] —% <vec {B}" vec {KoeBA™ '} +mtr {KaLL' }—mIn ’E{L |‘ —Mm) :

In this way, the stochastic gradient descent method can be employed to maximize ELBO.
We note that the locations of the inducing points u can also be optimized as well. For more
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detailed discussions on the sparse Gaussian process, we refer to [162, 90]. In addition, we
compare sparse NN-AGP with sparse joint GP with contextual /decision variables. In terms
of NN-AGP, the sparsity is built on a GP where the input dimension is d. In comparison, for
the joint GP, the sparsity is built on a GP where the input dimension is d + d’. Intuitively,
sparse NN-AGP requires fewer inducing points to achieve a prescribed accuracy, which al-
leviates the computational complexity. We admit that further discussions are required in
future work.

Transfer Learning with NN-AGP

It is widely accepted that incorporating NN into bandit problems generally requires sufficient
data to approximate the unknown reward function. Thus, the cold-start issue is brought to,
in principle, all bandit algorithms that uses NN. Compared with the algorithms that fully
rely on NN (e.g., NeuralUCB and NN-UCB), our NN-AGP-UCB actually suffers less from
the cold-start issue, which is supported by numerical results in Section 4.1. The reason
is that, in existing NN-based bandit algorithms, NN is responsible for approximating the
entire reward function. In comparison, for the NN-AGP model, NN is focused to only be
used for approximating the mapping from the contextual variable to the reward function
and the approximation regarding the decision variable is supported by GP. It has been
widely accepted that GP generally requires less data than NN in practical applications, and
therefore NN-AGP helps to ease the cold-start issue.

Moreover, to further address the cold-start issue brought to NN-AGP, the transfer learn-
ing technology [173] can be incorporated into the bandit algorithm. We conduct numerical
experiments and present the results in Figure A.9. Specifically, we consider an unknown
reward function f7 and we also have access to functions fs,s = 1,2,...,5 that have a similar
structure with fr. We first sample each f, for 50 or 100 rounds and learn an NN-AGP model
with these samples. The NN component in NN-AGP helps to transfer the knowledge from
fs to fr. That is, during the initial rounds of NN-AGP-UCB with fr, we first fix the input
layer of the pretrained NN and update the remaining layers with the new data, which is a
widely-used transfer learning method named freezing.

Experimental results indicate that transfer learning from similar tasks helps to address
the cold-start issue, and NN-AGP-UCB with/without transfer learning will converge to the
similar regrets as the round increases. We also not that, to the best of our knowledge, there
has not been sufficient work on transfer learning with NN-based bandit algorithms. These
NN-based bandit algorithms largely rely on the neural tangent kernel (NTK) to address the
exploration-exploitation trade-off when selecting the decision variable. However, it remains
an open question on how to transfer the knowledge between different domains with NTK.
In comparison, the exploration-exploitation trade-off in NN-AGP-UCB is supported by GP,
and existing transfer learning technologies with NN can be easily adapted into our algorithm.
Other methodologies for addressing cold-start in learning NN in an online setting can also
be employed; see [172, 176].
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Figure A.9: Average regrets of fr(x;0) = exp{cos(||x],) +sin(||0],)} with X =
[—1,1]2 and © = [—1,1]3. In each similar task, samples are generated by fs(x;0) =
exp {cos (||x||,) + ks sin (||@]],)}, where & is randomly selected from {1,2,...,10} with equal
probability for s =1,2,...,5.
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Appendix B

Supplements for Chapter 3

B.1 Score Function

In this section, we describe the score functions that are used to compare the similarity
between the generated texts and the baseline text. The score function h (z,y) compares the
distance between two texts x and y. By regarding the text y as the baseline, a higher value of
h indicates a higher similarity between two texts and therefore a higher score for x. Here we
provide two examples of methods to compare similarities between texts: 1) cosine similarity
and 2) Word2Vec [45]. For a detailed overview of methods used to compare texts, we refer
to [34].

Cosine Similarity

Cosine similarity is a measure used to gauge the cosine of the angle between two non-
zero vectors in an inner product space. This metric is particularly useful in the field of
text analysis for comparing the similarity between documents or text data. The detailed
procedure involves these steps:

1. Vector Representation of Text: First, each text document is converted into a
vector. Each dimension of this vector represents a unique term (word) from the text.
If a term occurs in the text, its value in the vector is non-zero. Examples of the
representation include:

e Term Frequency (TF): The most commonly used representation for the non-
zero value is TF, which stands for the number of times a term appears in the
text;

e Term Frequency-Inverse Document Frequency (TF-IDF): TF is adjusted
by the inverse document frequency (IDF) to down-weight terms that appear fre-
quently across the texts. The TF-IDF value increases proportionally to the num-
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ber of times a word appears in the document but is offset by the frequency of the
word in the corpus.

In this way, the two texts to be compared are transformed into vectors with the same
dimensionality, say A, B € R".

2. Cosine Similarity between Vectors: After we attain the two vectors A and B, the
similarity between the two vectors is represented by the cosine similarity between two
vectors as

- A-B . Z?:l Az X Bz
LAIIIBI /377, A7 x /30, BY

where A;, B; denote the i-th entry of A, B, A - B is the dot product of vectors A and
B, and ||A|| and ||B|| are the Euclidean norms of the vectors.

cos(f)

Word2Vec

Word2Vec is a technique in natural language processing (NLP) used to learn word embed-
dings, which are vector representations of words. Unlike simpler bag-of-words models like TF
or TF-IDF, Word2Vec captures much richer semantic and syntactic relationships between
words. There are two main architectures in Word2Vec: Continuous Bag of Words (CBOW)
and Skip-Gram. CBOW aims to predict a target word from its context words (surrounding
words), and it takes multiple context words as input and tries to predict the word that is
most likely to appear in the center of these context words. Skip-Gram, on the other hand,
aims to predict context words from a target word. It takes a single word as input and tries
to predict its surrounding context words. Here is a general mathematical representation

1. Input Layer: Each word in the vocabulary is represented as a one-hot encoded vector.
In a vocabulary of size V, each word is a V-dimensional vector with one element set
to 1 and the rest set to 0.

2. Hidden Layer: The hidden layer is a fully connected layer with N neurons, where N
is the dimensionality of the word embeddings to learn. This layer serves as a lookup
table: the output is the N-dimensional word vector corresponding to the input word.

3. Output Layer:

e For CBOW, the output layer is a softmax layer with v neurons (one for each word
in the vocabulary). It outputs a probability distribution over the vocabulary,
representing the likelihood of each word being the target word.

e For Skip-Gram, the output layer predicts multiple context words. Each context
word prediction is a separate softmax operation over the vocabulary.

4. Training:
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e The model is trained using pairs of context words and target words derived from
sentences in the training corpus.

e The training objective is to maximize the probability of the correct target word
(in CBOW) or context words (in Skip-Gram) given the input words, using a loss
function like cross-entropy.

5. Word Embeddings: After training, the weights of the hidden layer become the word
embeddings. Each row in the weight matrix corresponds to the vector representation
of a particular word in the vocabulary.

After this procedure, Word2Vec then provides a numerical representation of the texts in
the form of vectors. The distance defined on the vector space can be used to calculate the
similarity between texts, and the selection of the vectors’ distance is flexible, and can depend
on the application.

B.2 Text Autoencoder

In this section, we provide details of the text autoencoder [117, 107], which is used in our
framework to find the latent vectors of the human-readable prompts as in Section 3.3. To
begin with, we first introduce the notion of “token”.

Definition B.1 (Token). In the context of text processing and natural language processing
(NLP), a “token” generally refers to an individual piece of a larger whole, usually a word,
but it can also include punctuation marks, numbers, or other elements depending on the
granularity of the tokenization process. In general, tokenization breaks down text into smaller
parts (tokens). For example, the sentence “Prompts are helpful” can be tokenized into the
tokens “Prompts,”, “are,” and “helpful.”

By decomposing the input text into a series of tokens z = {zy,9,...,2,}, where z
denotes the input text and x; denotes the i-th token, the text autoencoder then transforms
each token to a numerical vector (called as embedding), say e;. Transforming a token z; to
an embedding involves mapping the token to an integer identification (ID) and then using
this ID to look up a corresponding dense vector in an embedding matrix. This matrix is
part of the model and is adjusted during training to capture semantic relationships between
words. Here is a more detailed procedure:

1. Token Representation: Each unique token in the vocabulary is assigned a unique
integer ID. For example, in a simple case, we have a vocabulary where “cat” is 1, “dog”
is 2, etc. The token is then represented by its ID.

2. Embedding Layer: An embedding layer is essentially a lookup table that maps
integer ID’s to high-dimensional vectors. This table is represented as a matrix £ in
general, where each row denotes a vector representation of a token in the vocabulary.
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If the embedding size is d and the vocabulary size is V, then & € RV*¢ where each
row F; € R? denotes the embedding of the token with ID j.

3. Lookup Process: To find the embedding e; of the token x;, the model looks up the
row in F that is identical to the integer ID of z;. That is, if x; is represented by the
integer ID k, then the associated embedding is e; = Ej, the k-th row of E.

4. Learning: Before learning from the data, the embeddings contained in E are usually
initialized randomly. During the learning procedure (which we will describe later),
these embeddings are adjusted through backpropagation based on the specific task the
model is learning (e.g., classification, translation). The goal is to learn embeddings
where similar or related words have similar embeddings. For example, in an effective
text autoencoder model, the tokens “rabbit” and “bunny” will have different but similar
embeddings, and the similarity is indicated by the distance between their numerical
embeddings.

After transforming the tokens into embeddings, the input text is then represented by a
sequence of numerical vectors e = (e, es,...,e,), where e, € R? denotes the embedding
of the n-th token in the input. In this way, the text input is then transformed into inputs
that can be fed into a general autoencoder, which consists of two components: an encoder
model and a decoder model. Both the encoder model and the decoder model refer to the
functionality and are not restricted to specific types of models. The selection of encoders
and decoders depends on the forms of the input/output of the autoencoder model. Common
selections include the recurrent neural network (RNN), the convolutional neural network
(CNN), and the transformer. In some scenarios (specifically in NLP), both the inputs and
output are sequences of embeddings that represent the texts and therefore are in the form
of matrices. Here we generally denote them as vectors. Specifically, the encoder model
transforms the input to a vector (named the latent vector) with a dimension lower than
the input, and then the decoder model transforms the latent vector to a higher-dimensional
vector. Mathematically, this procedure is represented by

X = fene (e)

and
Y= fdec (X);

where e is the input to the autoencoder, X denotes the latent vector, and y represents of
the output of the autoencoder.

In the context of the text autoencoder, the output y, in the form of a numerical vector, is
further transformed to text form text (y) through a reverse process of the embedding process
described above. In this way, for each input text z, the output of the text autoencoder is
represented by text (y(x)) through the embedding process, the autoencoder model, and the
reverse process of the embedding process. Given the structure of a text autoencoder, the
learning process involves learning the parameters both contained in the embedding matrix
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and those in the encoder/decoder. Specifically, the learning procedure aims to choose the
parameters that minimize

Z Loss (text (y (%)), i)

where Loss is a selected loss function, (z;, §;) represents a pair of training data that contains
the input z; and the associated label g;, which are both in text form. In addition, for the
task of text reconstruction, ¢; = x;. That is, the text autoencoder is trained to generate the
input text itself. In addition, we note that training an effective text autoencoder requires
a large amount of data and computational resources. However, in our framework, we only
have a set of example prompts. Therefore, we employ a pre-trained text autoender [130] and
fine-tune it with the set of example prompts. After training, the latent vector then provides
a numerical representation of each human-readable prompt.

B.3 Principal Component Analysis

In the search stage, we construct soft prompts by reducing the dimensionality of the latent
vectors. We use principle component analysis (PCA). The procedure works as follows:

1. Calculate the sample covariance matrix C' = %Zﬁ;l (Xn - X ) (Xn - X )T, where
X = %25:1 X,. Since the latent vectors are contained in the latent space X =

[—1,1]P, here it is not necessary to standardize the latent vectors X,,’s as in a regular
procedure of PCA.

2. Decompose the eigenvalue of C' by solving the equation C'v = Av for eigenvalues A
and eigenvectors v and then sort the eigenvalues and their corresponding eigenvectors
in descending order as AV > AX® > ... > XP). This step identifies the directions for
the latent vectors that exhibit the most variability by finding the eigenvectors that are
associated with the largest values. These directions with the most variability have the
potential to be most informative.

3. Let AT = (V(l),...,V(D)) and calculate z, = AX, for each X,, € X. Here D is
the selected number of dimensions we would like to retain. In this way, we get the
transformed embedding in reduced dimensions and retain the dimensions with the
most variability.

This dimensionality reduction procedure also supports the previous procedure for ex-
tending the latent vector set. Specifically, the procedure of perturbing existing vectors with
the sample covariance matrix has two advantages over traditional methods that use a pre-
specified covariance matrix for perturbation. Firstly, it aligns perturbations with PCA,
ensuring that the perturbation is fully data-driven and preserves the intrinsic structure and
relationships. This contrasts with pre-specified covariance matrices, which lead to a di-
mension reduction process that reflects the perturbation matrix’s structure rather than the
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structure of the latent space of the prompts. Secondly, this adaptive method allows for the
inclusion of new samples that align with the existing prompts’ characteristics. In this way,
even when high-dimensional vectors are transformed to a moderate dimension, these vectors
remain informative, as the dimensionality reduction procedure selectively retains dimensions
that reveal important information during the procedure for extending the latent vector set.

B.4 Sampling Procedures

In the sequential evaluation step of our proposed framework, a Bayesian parametric model
is used to approximate the mean score of the soft prompt as in Section 2.3. Given the
historical observations of the score S;, the posterior distribution of the unknown parameters
is represented by p (W | S;). When the posterior distribution does not adopt an explicit

form, sampling algorithms are then required to generate samples {I//I\/l, ‘//1\/2, ceey WK} from

the posterior distribution p (W' | S;). Specifically, we select 1) the Hamilton Monte Carlo
(HMC) algorithm and 2) variational inference (VI) as representatives.

Hamilton Monte Carlo

Here we describe the Hamilton Monte Carlo (HMC) algorithm [83], starting with the defi-
nition of its Hamiltonian.

Definition B.2 (Hamiltonian). The Hamiltonian H (W ,m) of an HMC algorithm is defined
as
HW,m)=UW)+ K(m).

Here UMW) = —logp(S; | W) — log (n (W) is called potential energy, and K(m) =
%mTM*Im is called kinetic energy, where m € RY is the momentum vector and M is
a pre-specified mass matrix that is a positive definite and diagonal matriz. In general, M is
selected as an identity matriz if there is no prior knowledge.

The procedure of HMC is summarized as follows: 1. In each iteration, HMC samples a
new momentum from a normal distribution, then enters a loop where it performs leapfrog
steps to propose a new state in the parameter space. This involves making half a step in
updating the momentum, a full step updating the parameters, and then another half step
updating the momentum. 2. After leapfrogging, it computes a Metropolis acceptance proba-
bility to decide whether to accept or reject the new state. If accepted, the algorithm updates
the parameters to the new state; if rejected, it retains the old state. This procedure leverages
both the current position and momentum to explore the target distribution efficiently, lead-
ing to faster convergence compared to many other MCMC methods. The detailed procedure
is presented in Algorithm B.1.
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Algorithm B.1 Hamiltonian Monte Carlo algorithm for generating samples from p (W | &)

Require: The Hamiltonian H (W, m) regarding W and m; initial parameters Wy, a pos-
itive definite and diagonal mass matrix M, the number of required samples for the
posterior distribution K, the number of samples to be discarded in the burn-in stage K’,
a step size €, and the number of iterations of a leapfrog step L.

Ensure: The samples from the posterior distribution {I//‘\/l, ce WK}

1: Let £ =0.
2: while k£ < K’ + K do
3:  Sample momentum my ~ N(0, M).

Set WD) = W, and m*tY = m,.

for [=1to L do
Update m*™) = m*+D) — £¥, U (WED),

Update W+ = Wk+1) 4 e (1)
Update m* ) = m*+D) — £, U (WEHD),
end for
10: Compute Metropolis acceptance probability a,. = min <17

exp(—H(W D m(k+1))) )
exp(—H (Wy,my,))

11: Sample u ~ Uniform(0, 1)

12: if u < a.. then

13: Accept the new state: (Wi, myy1) = (WED mE+HD) and let k = k + 1.
14: if k> K’ then

15: Let Wi_gr = W,

16: end if

17: end if

18: end while —~ ~
19: return The samples from the posterior distribution {Wl, ceey WK}

Variational Inference

In this section, we provide the procedure of variational inference (VI) that is used to approx-
imate an unknown probability; see also [20]. Here we specifically focus on approximating the
posterior distribution p (W | S;), where W denotes the unknown parameter and S; is the set
of the observed data. VI aims to find an easy-to-simulate distribution family with an explicit
form, say ¢(W;X), A € A, and this distribution is used to approximate the posterior distri-
bution p (W | §;). The approximation is facilitated by optimizing the parameter A € A to
minimize the distance (e.g., Kullback—Leibler divergence) between ¢(W;A) and p (W | S;).
After determining the variational distribution ¢ (W';A*), samples of W ~ q (W;A*) are
efficiently generated for inference.

Furthermore, the Kullback-Leibler divergence between ¢ (w | A) and p (W | S;) is chal-
lenging to directly optimize in some scenarios. Instead, an equivalent procedure is maximiz-
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ing the Evidence Lower Bound (ELBO):
ELBO(A) = Eqw ) [logp (S;, W) —log g(W; A)] .

The maximization of ELBO is largely supported by the stochastic gradient ascent by generat-
ing samples from the variational distribution ¢(W'; A). This can be accomplished efficiently
since the variational distribution is selected to be easy to simulate. After deciding an optimal

A* that maximizes ELBO, samples {I//‘\/}, I//‘\/'g, . WK} are then generated from ¢(W; A*).
We summarize the procedure in Algorithm B.2.

Algorithm B.2 Variational inference for approximating posterior distribution p (W[S;)

Require: A family of variational distributions ¢(W|X), A € A, a selected stochastic gradient
ascent algorithm with IV iterations, and a learning rate n.
Ensure: The approximate posterior distribution ¢(W|X\*).
Initialize variational parameters .
foriec{1,2,...,N} do
Compute the gradient Vy ELBO(X).
Update the variational parameters: A <— XA +nVx ELBO(A).
end for

Set A* = .
return The approximate posterior distribution ¢(W|A*).

B.5 Proofs

In this section, we present the proof of theoretical results in the main text.

Proof of Theorem 1

To prove the consistency of Algorithm 2.1, we first assume that not all the soft prompts
will be evaluated an infinite number of times when the total budget 7" — oo. Since the
number of soft prompts is finite, as T' — oo, there will always be some soft prompts that are
evaluated an infinite number of times, and we denote by

Zo =132, | lim r,(T) =0 ¢,
T—o00

the set of such soft prompts. Recall that the posterior distribution of the unknown parame-
ters is

p(S | W)m (W)

PIWISI = 6

xp (S | W)m (W),
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where

N ""n(t ~ 2
w)=T[ 11 (Onm — f (z20; W))
P(Si| 2702 P <_ 202 >

n=1m=1

is the likelihood of the observed scores and S; denotes the set of the observed scores up to
time t. P
We note that, for any selected z,, € Z, f (zm; W> W ~ p(W | S;) serves as the

approximation of the mean score v (z,,), and the posterior variance
tlim Var [f (zm; W) | St] R (B.1)
—00

To see this, we first consider a simple case where we are forced to evaluate only one fixed
prompt z;. In this way, it will be evaluated an infinite number of times and we observe

St(l) = {V11,012,...,014}. Since Vz, € Z, f(z0; W) # f(2,; W) when W # W', and

V1m i N (f (z21; W) ,0%), by Doob’s consistency theorem [166, 128], for any integrable
function g, we have

e () 18] 2 o0

Thus, we have
tlgono Var [f (zl; f)[\/) | St(l)]
~ I E[f (20 W) |57] - i [£[7 (2:W) |87]] 20,

t—o00

where

<W|S ) ((1)|W>7T(W) |
I p(8(1)|W) (W) AW

Recall that soft prompts are classified into two categories, Z,, and Z \ Z,. Compared
with the special scenario in (B.2) where the observations are i.i.d., the general scenario we
want to show, as in (B.1), has two main differences: 1) there are soft prompts that only
provide a finite number of observations and 2) there might be multiple soft prompts that
are evaluated an infinite number of times. Thus, to prove the statement in (B.1), we must
show that these two differences will not change the convergence. Since the number of soft
prompts is finite, without loss of generality, we consider two simplified scenarios. In the first
scenario, there are two soft prompts to be evaluated, say z; and 25, and z; will be evaluated
an infinite number of times and 2, will only be evaluated ny, < oo times. In this way, we
consider the likelihood function when ¢ is sufficiently large is

t—nsg Ns
p (St(l)’gt(m | W) _ (H p @i | W)) (H P (Do | W)) .
m=1 m=1
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The posterior distribution is then

p (WS - (L2 2 B | W) Ty P (Bom | W) (W)
T (A2 p (Orm | W) (Hm 1p<v2m | W) m(W) dW
(L2 e @ | W) 7'(
fﬂﬁfmwmm|W0)<WﬁdW’

Here 7' (W) = (I[,p (Vam | W)) 7 (W) is fixed as t — oo since zp will only be evaluated
ns < oo times. In other words, the prior distribution 7 (W) is rescaled by 8,5(2). Thus,
by applying Doob’s consistency theorem and letting ¢ — oo, we attain an analogous result
o (B.2). Thus, the observed scores for the soft prompts in Z \ Z,, will not influence the
convergence described in (B.1).

Next, we see that for different soft prompts in z, € Z, although the increasing rates r,,(t)
might differ as ¢ — oo, the convergence remains. Without loss of generality, we consider two
soft prompts that are both evaluated an infinite number of times, say z; and z3. We then
denote two filtrations as

Sm=0 {(@\1,1,53,1) , (51,2, @\3,2) yee s (61,m763,m)} s
(’5m,k =0 {51,1, S 7@\1,m763,17 S 63,k} .

Thus, we have &, C Fmak, where m A k = max {m, k}. In addition, we note that

lim Var [f (zn; W) | Sm] R 0, Vz,€Z

m—r 00

by regarding (v, Usm) as i.i.d. samples from a joint distribution. Then we have

E[o (W) 18] —a W) = [E[E[s (W) 15ns] —0 W) | 6,01]]
- (B.3)
<B[[E[s (W) | Sna] 9 )] | 8]

for an integrable g. Note that Vz, € Z, both f (2,; W) and f? (z,; W) are integrable. By
replacing ¢ in (B.3) with f (2,; W) and f? (z,; W) respectively, we then have

lim Var[f (z,; W) | &,,] vl

m,k—o00

from the dominated convergence theorem, giving us (B.1). That is, for every soft prompt
z, € Z, the posterior variance of f (zn; /W) shrinks to zero as t — 0.

On the other hand, maximizing the acquisition function M-UCB is equivalent to maxi-
mizing a rescaled M-UCB

o) = P Gy (1),
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As limy_, B; = 0o, and lim,., ;)00 ¥ (7 (t)) = 0, we have

. /
Hm at (zn)

{: 0, Vz, € 2 (B.4)

>0, Vz, € Z\ 2

Since the soft prompt selected in each iteration is the soft prompt that maximizes the
(rescaled) acquisition function, which contradicts (B.4), the assumption that Z., C Z is
violated. Thus, every soft prompt will be evaluated an infinite number of times with proba-
bility one as the total budget T approaches infinity.

Because the evaluation uncertainty is Gaussian noise and is independently and identically
distributed, the strong law of large numbers holds [166], and for any z,, ¢ argmax,, v (zy,),
there will be a discrepancy, say 0. Thus, when T is sufficiently large, we have

_ d o

0 (2m) < v(zm)—|—§ <v(z") — 5 <o (2")
with probability one. In other words, when 7" — oo, the soft prompts that are not optimal
will not be selected.

Proof of Theorem 2

In this section, we prove the consistency of the probabilistic reparametrization of the acqui-
sition function and propositions in Section 3.4.
Regarding Proposition 1, because

E[f2 (zn; W) | St] <o Vz, €2Z,

we have ,
lim @ (zn) "% oy (2)
K—oo

from the strong law of large numbers [166]. Furthermore, since there are only a finite number
of z,’s in Z, this convergence is uniform. That is,

lim {5K = max {a; (z,) — o (zn)}} R

K—oo Zn€Z

Thus, we prove Proposition 1 because
@ () — au (z(tﬂ))‘ < Ok
Regarding Theorem 2, we consider a mapping
@ : 0,1V = Pz,

with
H()

Do (0) ({zi}) = W’
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which maps # € © = [0,1]" to a discrete probability distribution Pz defined on Z =
{21, 2,...,2nv}. Here 0% represents the i-th entry of §. We note that this function is
continuous in 6 by regarding (Pz, || - ||) as a metric space with any norm || - || defined on an
N-dimensional vector space.

Furthermore, for any 0* € J = {0 | 0 € arg maxgpee a; (#)} and z* € support (p (z,; 0%)),
we have z* € H;. To prove this, we assume that there exists z’ € support (p (z,;0*)) and
2" ¢ H;. Thus,

Pyor) ({#'}) > 0.

We consider a probability measure

0 if z=2'
P({#}) = { poor) {2*}) + o) ({2'})  if 2= 2*
Poo+)({2}) otherwise.

In this way, we have

Ep =) [t (20)] = ai (27) + peery) ({2'}) (@i (27) — ar (7)) > a (27).

On the other hand, since ¢ () is continuous, there will be a # € © such that ¢ (6") = 7/,
which contradicts the assumption that §* € J;*. Therefore, we have 2’ € ‘H; and

Hi C M. (B.5)
Next, we prove that if z* € H;, then
a (27) = max a; (0). (B.6)

To see this, for any z* € H;, we set 6* be the parameters such that p(z*;6*) = 1. In this
way, to prove (B.6), we assume that there exists 6’ such that ay (6") > a; (0*). On the other
hand, since z* € argmax., a;(2,), no convex combinations (expected values) of oy can be
larger. Thus, there is contradiction and (B.6) holds. Therefore,

H: CH
By taking (B.5) into consideration, we have that
H = H,.

Furthermore, we note that ¢ is differentiable in 6 for any given z,. Thus, PR-M-UCB is
a finite combination of differentiable p (z,;0) a; (z,)’s, and therefore is also differentiable.
Moreover, because

Vop (2| 0)

Vologp(z, | 0) = ———,
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we have
N
VB0 [0 (20)] =Y 0 (20) Viop (20;6)
—1

N

= Z Qy (Zn) Vg logp (Zn | 9) p (Zn§ 9)

n=1
= Ep(zn;O) [O‘t (Zn) Vglogp (Zn | 9)] .

Thus, we prove Proposition 3. The unbiased estimator

—_

I
VeOét 7 Z Zz Ve 10g (ZiS 9))

is also known as REINFORCE [175] and the likelihood ratio estimator [84].

In addition, we note that the maximization of PR-M-UCB is reformulated as a linear
programming problem when we impose the constraint Zf;l 6@ = 1. On the other hand, the
coefficients (ay (z1), 4 (22), ..., (2y)) in the objective function are unknown and require
estimation, which is time-consuming if NV is large. Therefore, we employ stochastic gradient
ascent to optimize PR-M-UCB. We refer to [124] for detailed discussions on stochastic linear
programming.

Proof of Theorem 3

In this section, we pr0V1de the upper bound of the cumulative uncertainty of the PSK pre-
dictor Uy = S0, o2 (XZ>, where o2 (-) is the prediction uncertainty of the PSK predictor.
First, we have

-~

2
7)< sup | 0 <

for some constant A,; > 0. Then, since W is a non-decreasing function with s > 0, we

1+s)
have

(%)< ; fﬂfx@) log (1+ 0,02 (X)) (B.7)

for each additional evaluation X; € R. Here 02252 = infy 50?2 (X).
We then employ the information gain [46] of the Gaussian process, which is

z(Vev;) =1 (V) -1 (V1)

. . AT
where V; = <@ (X1> ) <Xj)> is the vector of the observations, and

- (80 ()
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denotes the mean score vector. Also, H (‘7]) is the entropy of 17J and H (‘A/J | Vj> denotes

the conditional entropy of ‘//\} on V;. Note that, for a Gaussian random vector & ~ N (p, %),
H (&) = 1 log|2meX|, where e is Euler’s number. Thus

() = (5 (o (5) 17,
(7)o (7 (%) <+ (%))
(1) oo (24 (1))
Since 7 (\71; V1> —H (\71) ~H (?1 | VI>, we then have
7(Vivi) > Zlog( +o0r ().

Therefore, considering (B.7), the cumulative uncertainty is bounded by

! ~ ~ ~
Uy = ;0—2 <X> < - (1 iAjMae_Q)I (vI; v,) . (B.8)

Next, we provide the upper bound of Z (‘A/I, VI>. Specifically,
T (Vivi) =H (Vi) = # (Vi | V)
1 ~
=5 log )27re (KI + Diag {062 <X1> O

1 . _ )
—5log ‘27re : Diag{af <X1> 02 (XQ) o X,)H

™o
/N
51
N———
9
™o
N
<
~
N———
——
N———

log 2K]+U2/O'2I[’
where I; denotes the I-dimensional identity matrix, and K; denotes the kernel matrix
()
; (A (%), A (X)) e R
*(5)

Denote A; = (fl* (X'l) e AT (X})) € RP™! Thus K; = A] A;. Note that,

2ot + oA A =

D*
"2/ -2 —2
<JI(7/22 + o aw).
d=1

020t Ip + 02 AsA]
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where agq denotes the (d, d)-th entry of A;A] € RP™DP". Here the equality comes from that
A] A; and A;A] have the same non-zero eigenvalues, and the inequality comes from the
Hadamard inequality; see [80]. Since the norm of A* (X) is bounded, the largest eigenvalue
of A;A] is at most at order of I. Thus,

log |02/021; + 0. >A] A;| = O (D*log 1),

which provides the upper bound of the cumulative uncertainty U; considering both (B.8)
and (B.9).

B.6 Surrogate Models

In our work, we propose using Bayesian parametric models as the surrogate model for approx-
imating the mean score of soft prompts. The reason for selecting the Bayesian parametric
model is two-fold. 1. Why do we use a surrogate model? Although simulation optimization
methods for the finite feasible set have been extensively explored in existing literature, these
algorithms in general require either 1) a specific known structure of the objective function
(convexity, Lipschitz continuity, etc.) or 2) evaluating each decision variable a sufficient num-
ber of times. In the context of the prompt selection, it is not guaranteed that the mean score
of the prompts has such a structure. Also, it is also expensive to evaluate each prompt for
enough times, considering both the computational time to generate output contexts and the
cost of invoking proprietary generative language models. On the other hand, each prompt
to be evaluated is represented by a vector-valued soft prompt z,. The mean score of the soft
prompt has an implicit dependence on the vector z,, and we use a surrogate model to ap-
proximate the dependence. Thus, for a prompt that has never been evaluated, we also have
inference based on the surrogate model, which is constructed with observations associated
with other prompts. 2. Why do we employ Bayesian inference? In order to sequentially
evaluate the prompt in an efficient manner, the trade-off between exploitation and explo-
ration must be addressed appropriately. That is, we are supposed to evaluate the prompt
that has the evidence to achieve a high score (exploitation) while evaluating the prompt
that has more uncertainty to achieve a high score (exploration). Thus, in addition to the
approximated value of the mean score v (-), the uncertainty of the approximation is also
required. Bayesian inference provides an effective strategy to quantify the approximation
uncertainty, which is used to address the exploitation-exploration trade-off. In this section,
we provide details of the surrogate models used in our experiments to approximate the mean
score function with respect to the soft prompt. Specifically, we consider surrogate models
including 1) the Bayesian linear regression model, 2) the Gaussian process (GP) process
model, 3) the Bayesian neural network (BNN) model, and 4) the variational autoencoder
(VAE). In terms of GP and BNN, the descriptions are contained in Section 2.3 as examples.
Here we focus on the Bayesian linear regression model and VAE.
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Bayesian Linear Regression

Bayesian linear regression is a statistical method in which we use Bayes’ Theorem to esti-
mate the parameters of a linear regression model. In Bayesian linear regression, the model
parameters are treated as random variables and a prior probability distribution is imposed
on these parameters. This distribution is then updated by Bayes’ Theorem with the observed
data.

Specifically, the model is represented by

0(2) = W'z +e,

where v(z) is the predicted output, z is the input vector, W is the vector of unknown weights
or parameters, and € is the noise term, typically assumed to be Gaussian with zero mean
and variance o2.

In Bayesian linear regression, rather than finding single point estimates of W we calcu-

late the posterior distribution of W given the data. This is done using Bayes’ theorem:

P(V | Z,W)x (W)

PW | Z V)= PV 2)

where Z is the matrix of input data, V' is the vector of output data, = (W) is the prior
distribution of W, P(V | Z, W) is the likelihood of observing V' given Z and W, and
P(V | Z) is the marginal likelihood or evidence. Here we assume that the variance of the
noise o2 is known. In this way, a common selected prior of the unknown parameters is the
Gaussian distribution, that is, P(W) = N (W | po, Xg), where pg, Xg are user-specified.
We refer to [129] for a more detailed description.

Variational Autoencoder

Recall that in Section B.2, we describe the model of text autoencoder, in which tokens
are first transformed to numerical representations and then fed into an autoencoder model.
VAE, as a type of autoencoder model, is also composed of two components: 1) an encoder
model and 2) a decoder model, and encoder/decoder models are largely neural networks,
and depend on the applications. The difference between a regular autoencoder and VAE is
that the input (numerical representation) is transformed into a latent vector in the latent
space by the encoder of a regular autoencoder model. In the VAE model, each input, say z,
fed into the encoder is then mapped to a distribution in the latent space, say p (y | z, Wene)-
Here y denotes the latent vectors that are random, z is the input to VAE and W,,,. denotes
the unknown parameters in the encoder part. The latent vector, once generated, is then
mapped by the coder model to the output of VAE. In this way, given a fixed input of z,
VAE will generate different samples of latent vectors {y1,v2, ..., yx } and then provide a set
of outputs. This generative property allows VAEs to be powerful tools for both supervised
and unsupervised learning problems, particularly in tasks like image generation, anomaly
detection, and feature extraction.
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In a VAE model, the unknown parameters are implicitly contained in the encoder/decoder
models. That is, if the encoder and the decoder are both selected to be neural networks,
the unknown parameters of VAE are the weight parameters of the neural networks. As a
Bayesian parametric model, the unknown parameters can be updated by the Bayes’ Theorem
and the method of variational inference is widely employed to approximate the posterior
distribution of the unknown parameters. On the other hand, when the encoder and decoder
models are complex models (e.g., transformers), it is challenging to approximate the posterior
distribution, even for the method of variational inference. Instead, an alternative method to
train VAE is to minimize a combined loss function

»Ctotal = »Cregression + /6 X EKL)

where Liegression denotes the loss between the observed groud-truth data and the predicted
output generated by VAE, and Lk quantifies the distance (Kullback—Leibler divergence)
between the learned latent space representation and a predefined distribution (usually a stan-
dard normal distribution), providing a form of regularization. For more detailed discussions
of VAE, we refer to [108].

B.7 Hyperparameter Selection in Acquisition
Function

Recall that, the proposed acquisition function modified upper confidence bound (M-UCB) is

o (2) = e (2n) + Be (00 (20) + 7 (10 (1))

where p; (z,) and oy (2,,) are the posterior mean and standard deviation of the surrogate
model at z,, and r,(t) denotes the number of evaluations at z, up to time ¢. In addition,
B; is a sequence of hyperparameters and 7 (-) is a user-specified non-negative decreasing
function. In this section, we provide a practical procedure to decide the sequence of hy-
perparameters 3; and 7 (-). The procedure involves constructing a stochastic kriging (SK)
model to approximate the scores of the soft prompts [5], using the observations collected dur-
ing the warm-up stage (Section 3.4). This SK model, once constructed, serves as a synthetic
observation generative model. That is, when evaluating each selection of the hyperparameter
in the acquisition function before the sequential evaluation and selection step, we use the
synthetic observation generated by the SK model instead of the score observations collected
from the language model. Specifically, Vz, € Z, the constructed SK model generates

0 (2n) ~ N (psk (20) , 05k (20) + 9" (20))

where pgk (2,) and 03k (z,) are the predicted value and mean squared error of the SK
predictor, and ¢g* (z,) denotes the approximated observation variances as described in Section
3.4. Regarding the explicit form of ugsk (2,) and o2 (2,), we refer to [5]. The procedure
shares similar spirits with parametric bootstrap [109].
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To implement the procedure, we denote the set of the observations as Sy = {(z;, @1)}531,
where Iy is the number of the observations collected during the warm-up step. Furthermore,
we assume that the pair of sequence of hyperparameters f; and the function « (- ) are selected

from a pre-defined set € = { (@m, AW (- )> : <ﬁt(2), N )) e (@(Q), @ (. )) } With the
notation set up, the procedure works as follows:

1. Construct a SK model using the dataset Syy;
2. For each pair (,Bt(q),v(‘” (- )) ec

a) Perform the sequential evaluation and selection step (Section 3.4) using the syn-
thetic observations ¥ (z,,) generated by the constructed SK model instead of using
the language model to collect score observations;

(9)

b) Record the selected soft prompt z,% when the iteration ends;

3. Select the pair (ﬁt(q), A (. )) with the maximum value of pgk (zgi)).
In addition to a finite set of candidate hyperparameters €, the proposed procedure can also
be adapted to the scenarios where 8; and «y (-) are parametrized by continuous parameters.
For more methods of hyperparameter selection, we refer to [154].

B.8 Selected Prompts

In Table B.1, we present the selected prompts using the algorithm M-UCB-r (described
in Section 3.6) regarding all six tasks. The experimental setting is consistent with that in
Figure 3.8.



APPENDIX B. SUPPLEMENTS FOR CHAPTER 3

Table B.1: Selected prompts for six tasks using M-UCB-r.

133

Task turbo-3.5 davinci-003
WOI‘('i Sort the f ollowing word list in Sort the words in alphabet order.
sorting alphabetic order.

first letter

Return the first letter of the
selected word.

Select the initial letter in the
word.

counting Count the total number of Estimate the total quantity for
objectives | mentioned products. all products.
chvimes Choose the word with the closest | Select the word with most

Y pronunciation. similar pronunciation.
nums to Turn number list to word list. Turn number list to word list.
verbal
1 t h the 1 imal f . L
Arees Choose © JaIger animat ot Select the largest animals in size.
animals the following animals.
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