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ABSTRACT OF THE DISSERTATION

New Directions in Dark Sector Model Building: From Flat to Warped Spacetime

by

Ian William Peter Chaffey

Doctor of Philosophy, Graduate Program in Physics
University of California, Riverside, September 2022

Dr. Philip Tanedo, Chairperson

We present four dark sector models with novel phenomena beyond the weakly-

interacting massive particle paradigm. We present a model of spin-1 dark matter charged

under a U(1) gauge symmetry, resulting from the spontaneous symmetry breaking of an

SU(2) dark sector. The dark matter is subject thermal freeze out and direct detection

constraints while simultaneously meeting self-interaction targets for small scale structure

anomalies. We present a model of pseudo-Goldstone boson dark matter based of the same

symmetry structure. The pseudo-Goldstone boson dark matter satisfies thermal freeze out

and direct detection constraints while satisfying self-interaction targets as well. We expand

the self-interacting dark matter framework to the case of a continuum of mediators and

present a model of continuum-mediated self-interacting dark matter. The model is described

holographically by brane localized dark matter interacting with a bulk scalar in a slice of

5D anti-de Sitter space. The long-range scattering potential follows a non-integer power

law, resulting in a self-scattering cross section that depends on a non-integer power of the

dark matter relative velocity as well as Sommerfeld enhancement which exhibits a pattern

vi



of resonances determined by the non-integer power. The novel power laws introduced by the

continuum mediator present new possibilities self-interacting dark matter phenomenology.

We expand the dark photon framework to the case where the dark photon is a continuum of

states, modeled as a bulk spin-1 field interacting with brane-localized matter in a 5D slice of

anti-de Sitter space. We derive a simple formula for recasting existing dark photon bounds

for our model. We consider a model of brane-localized dark matter which freezes out by

annihilating into holographic dark photons, and present targets for the dark matter mass

and coupling to the holographic dark photon. We conclude that even though a definitive

signal for dark matter remains unseen, there are several possibilities for model building and

future study which may provide further insight into the microscopic nature of dark matter.
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Chapter 1

Introduction

Non-luminous dark matter has been observed to be the dominant contribution

to the the universe’s matter content. First inferred from observations of galactic rotation

curves, the existence of non-luminous dark matter has been strongly supported by obser-

vations [2, 3], despite the lack of a definitive experimental signature. As the sensitivity of

experiments has improved, combined with the lack of an experimental signal, established

paradigms such as the weakly-interacting massive particle (WIMP) have come under ten-

sion [286, 8, 9, 6, 185, 1, 35, 79]. As a result new classes of dark matter models, alternatives

to the WIMP paradigm, have been proposed.

One avenue considered in this manuscript is to postulate a dark sector comprised

two or more states, with one or several of which accounting for the observed abundance

of dark matter in the present universe [255, 256, 257, 121, 10, 31]. Dark matter does not

couple directly to visible matter in these models. Instead, dark matter couples to one or

more states which mediate interactions with the visible sector, alleviating some experimental
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constraints. This framework is easily realized by the dark photon portal in which a spin-1

vector boson couples to the Standard Model through kinetic mixing with the hypercharge

gauge bosons [183, 151], mediating interactions with the dark sector.

Dark sectors also allow for a richer spectrum of interactions, paving the way for

novel phenomena absent from previous studies. One such example is the case of self-

interacting dark matter (SIDM). Small-scale structure anomalies such as the core-cusp, too

big to fail, and missing satellites problems may be resolved if dark matter self-interacts

through a light mediator [293, 292].

I consider the further case where dark matter self-interactions are mediated by a

continuum of states instead of one or a few. Such models have been realized in the context

of conformal hidden sectors [158, 300] as well as unparticle models [285, 73, 145, 146].

The possibility of novel self-interactions was first identified in the context of a holographic

description of a warped dark sector [45]. The resulting dark matter self-interactions inherit

a nontrivial dependence on the dark matter relative velocity.

Beyond self-interactions, a continuum of mediators will affect several observables.

Frameworks such as the dark photon portal may be reconsidered in the context where the

dark photon is represented by a continuum of states, resulting in novel effects on established

phenomena.

In this manuscript I explore four possible dark sector models. While experimental

probes continue to increase in precision, much about dark matter is still unknown. Our

goal is to present novel constructions which contribute to the collective space of dark sector

models. I show that through clever model building, constructions which present novel
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and previously unexpected phenomena are possible. The models I present are excellent

foundations for future studies in new exciting directions.
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Chapter 2

Vector Self-Interacting Dark

Matter

2.1 Introduction and Context

Despite strong evidence for the existence of dark matter [2, 4], the lack of a defini-

tive signal in recent experiments puts pressure on the well-studied weakly-interacting mas-

sive particle (WIMP) paradigm [286, 8, 9, 6, 185, 1, 35, 79]. One approach beyond this

framework is to assume that dark matter belongs to a decoupled sector of particles fre-

quently referred to as dark or hidden sectors with low-mass particles that mediate interac-

tions [255, 256, 257, 121, 10, 31].

A simple realization of this is the dark photon portal in which a low-mass spin-

1 vector boson couples to the Standard Model through kinetic mixing with the hyper-

charge gauge bosons [183, 151]. Instead of annihilating directly into Standard Model par-
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ticles, dark matter annihilates into dark photons that subsequently decay into Standard

Model particles. Dark photons could be detected by a number of current and future ex-

periments [121, 10, 31]. An automatic feature of dark sector models is the existence of

long-range, velocity-dependent self-interactions between dark matter particles coming from

exchange of the low-mass mediator. These self-interactions between dark matter particles

can address several potential small scale structure tensions between simulations of cold dark

matter and astronomical observations [292].

This manuscript introduces a model of spin-1 dark matter that self-interacts through

low-mass, spin-1 mediators (dark photons). The dark sector is composed of a SU(2) gauge

group with a scalar sector that enacts two stages of symmetry breaking:

1. SU(2)→U(1) at a scale f , which sets the scale of the dark matter particles, and

2. SU(2)→ ∅ at a scale v ≪ f , which sets the scale of the dark radiation.

We appeal to the analogy of massive W± bosons interacting with a massive photon, a

structure that is similar to the ordinary electroweak sector. The stability of the dark

matter is ensured by a residual global U(1) in the theory. This is the first spin-1 dark sector

theory with a massive spin-1 mediator coming from the same multiplet as the dark matter.

Compared to fermionic or spin-0 candidates, vector bosons are a relatively unex-

plored dark matter candidate [276, 175, 129, 98, 165, 212, 21, 208, 40, 41, 117, 76]. The

first proposal of spin-1 dark matter was the Kaluza–Klein photon in the universal extra

dimension scenario. This is a spin-1 analog to the supersymmetric neutralino: it is a

weakly-interacting massive particle whose existence is related to a symmetry solution of

the Higgs hierarchy problem. 5D translation invariance ensures dark matter stability [276],
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though the scenario is constrained by collider searches because the visible matter fields also

extend into the extra dimension [104].

Non-universal extra dimensional scenarios may avoid collider bounds, but typically

require additional features to stabilize dark matter from decaying. Later models explored

non-Abelian spin-1 dark mater purely in a hidden sector; these dark sector constructions

differ from typical weakly-interacting massive particles in that they do not begin with the as-

sumption that the new particles are related to the naturalness of the Standard Model Higgs

sector [10]. Simple constructions with a SU(2) gauge group provide degenerate, massive spin-

1 particles that can be stable due to custodial symmetry [175, 98, 165]. Other models are

based on the spontaneous breaking of scale invariance [305, 23, 202, 207, 201, 206, 64, 176].

The scalar field that breaks the gauge symmetry may be used as a portal to the visible

sector by mixing with the Standard Model Higgs; the amount of mixing controls the signal

at direct detection experiments. A recent exploration with SU(3) gauge group may resolve

a tension in the Hubble constant measurement [212]. Our study focuses a scenario where

the triplet of SU(2) gauge bosons separate into hidden-charged dark matter (analogs of the

W±) and a massive dark photon (analog of the A), which may then kinetically mix with

the visible sector photon.

SU(2) sectors admit monopoles when there is an unbroken U(1) subgroup. This

leads to studies of dark sectors that contain both vector dark matter and dark ’t Hooft–

Polyakov monopoles [21, 208]. This phenomena becomes more subtle in the case we study

because the U(1) global symmetry is Higgsed so that the monopoles confine. We leave a

study of this case for future work. An orthogonal direction in the study of non-Abelian
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dark sectors is the case where the gauge theory confines. In this phase one has strongly-

interacting dark matter composed of glueball-like states [40, 41]. Our model differs from

this in that it is Higgsed rather than confined, allowing the dark matter states to be massive

spin-1 particles. Alternatively, Ref. [76] recently studied vector strongly interacting dark

matter. Our model differs in that it is a simple gauge group with a different scalar content

and standard dark sector annihilation modes.

2.2 Particles and Symmetries

An SU(2) gauge fieldW a
µ couples with strength g to a two scalar particles: a doublet

H i and an adjoint scalar Φ = ϕaT a. In this representation, the SU(2) transformation is

H(x) → UH(x) Φ(x) → UΦ(x)U † , (2.1)

where U = exp(iθaT a) is a 2 × 2 special unitary matrix and T a = 1
2σ

a are the generators

of SU(2) in the fundamental representation. In the limit of no interactions, the particles

respect a global “flavor” symmetry

SU(2)Φ × SU(2)H × U(1)H = SU(2)V × SU(2)A × U(1)H , (2.2)

under which the scalar fields transform as

SU(2)Φ : Φ → UΦΦU
†
Φ SU(2)H : H → UHH U(1)H : H → eiθHH . (2.3)

We gauge the diagonal (vector) subgroup SU(2)V of SU(2)Φ × SU(2)H composed of trans-

formations with UΦ = UH . The orthogonal combination is the axial symmetry SU(2)A, for

which UΦ = U †
H . The U(1)H “Higgs number” symmetry is analogous to hypercharge in the

Standard Model.
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2.2.1 General, Renormalizable Lagrangian

The general, renormalizable Lagrangian satisfying the global symmetries of the

particle content is

L = −1

4
F a
µνF

aµν + |DµH|2 +Tr |DµΦ|2 − V (2.4)

V =
λ

4!

(
2TrΦ2 − f20

)2
+
λ′

4!

(
2|H|2 − v20

)2
+ µH†ΦH + λ′′|H|2TrΦ2 . (2.5)

D and D are covariant derivatives for the fundamental and adjoint of SU(2), respectively. We

write the potential V to imply that the scalars Φ and H obtain vacuum expectation values

(vevs) that spontaneously break the symmetries of the theory. This breaking produces a

spectrum of Goldstone bosons, three of which are eaten by the massive gauge bosons. The

trilinear µ term explicitly breaks the global axial SU(2)A symmetry. This gives a mass to

the remaining the would-be Goldstone modes. The λ′′ term mixes the radial modes of the

H and Φ. We systematically examine the theory starting from the symmetry breaking λ

and λ′ terms and subsequently include the effects of the µ and λ′′ terms. Additional quartic

terms obeying the global symmetries reduce to the λ′′ term.1

One may also consider additional potential terms that use the pseudo-conjugate

field H̃ i ≡ ϵijH†
j , exploiting the pseudoreality of SU(2). Analogously to the Standard Model,

H̃ transforms like H with respect to SU(2)H but with opposite charge under U(1)H . Any

renormalizable potential terms written with H̃ either reduce to terms in (2.5) or explicitly

violate the U(1)H symmetry. We assume the case that this Higgs number symmetry is

respected at the Lagrangian level and so we do not include any such terms.

1For example: H†Φ2H =
1

2
H† {Φ,Φ}H =

1

2
H†

(
1

2
ϕaϕbδab12×2

)
H =

1

2
|H|2 TrΦ2 .
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2.2.2 Spectrum, Symmetry, Stability

A qualitative overview of the model is as follows. The vacuum of the scalar poten-

tial spontaneously breaks the global symmetry SU(2)Φ × SU(2)H × U(1)H → U(1)H′ , where

U(1)H′ is generated by

U(1)H′ : T 3
V +

1

2
TH , (2.6)

analogous to electric charge in the electroweak sector. In what follows, we refer to the

charge of a dark sector particle with respect to the U(1)V ⊂ SU(2)V gauge symmetry of the

mediator. The gauge bosons eat three of the five Goldstone modes. We suggestively name

the remaining two ‘pions,’ π±. We take the limit where the triplet vev is much larger than

the doublet vev,

⟨TrΦ2⟩ = f2

2
≫ ⟨|H|2⟩ = v2

2
. (2.7)

Then the particle content in the µ = λ′′ = 0 limit are:

1. Dark matter: W± gauge bosons with mass ∼ gf ; primarily eats the Goldstones in

the Φ.

2. Mediator: A gauge boson with mass ∼ gv, eats the neutral Goldstone in H.

3. Dark pions: π± charged scalars that are mostly the charged Goldstones in H.

We write W±, A, H, and π± to suggest parallels to the Standard Model electroweak gauge

fields, Higgs, and charged pions. However, our fields are completely distinct from their

visible sector counterparts. For example, there is no Z boson analog since only SU(2)V is

gauged.
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The key features of this model are:

• The W± and π± are labeled with respect to their charge with respect to A. However,

this charge is not conserved due to the doublet vev ⟨H⟩. It cannot be used to stabilize

the dark matter. This is a key difference from other SU(2) → U(1) models of vector

dark matter [21].

• The stability ofW± is enforced by (1) the unbroken U(1)H′ symmetry and (2) requiring

a spectrum where the pion, π±, is heavier than the W±.

• The µ-term in the scalar potential explicitly breaks the SU(2)A axial symmetry. This

gives a mass to the pion, which is a pseudo-Goldstone boson. This is analogous to

the pion masses in chiral perturbation theory and the Higgs mass in composite Higgs

models.

• Simultaneously requiring the pion to be heavy and the mediator light is a tuning of a

dimensionful, renormalizable parameter. We take this to be v20.

• The quartic terms set the mass of the radial modes with respect to the vevs. The

validity of perturbation theory requires λ, λ′, λ′′ ≲ 4π and sets a maximum mass for

these modes.

We sketch the spectrum in Fig. 2.1.
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Figure 2.1: Model spectrum. Mass eigenstates are black lines, charged (neutral) Goldstones

are blue (green) lines, radial Higgs modes are red lines. Mixing into mass eigenstates

indicated by thin lines.

2.3 Symmetry Breaking

A linear parameterization of the scalar fields is

H =

hu
hd

 Φ =
1

2

 ϕ3
√
2ϕ+

√
2ϕ− −ϕ3

 ϕ± ≡ ϕ1 ∓ iϕ2√
2

. (2.8)

We parameterize the vacuum expectation values of the fields by

⟨H⟩ =

 0

v/
√
2

 ⟨Φ⟩ = 1

2

f
−f

 = fT 3 . (2.9)

These vevs break the global symmetries SU(2)H → ∅ and SU(2)Φ → U(1), respectively.
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2.3.1 Would-be Goldstones

We parameterize the Goldstone fields as spacetime-dependent transformations of

the vacuum by the broken generators [61]:

H = e
i
φH ·T
v/2 ⟨H⟩ φH · T =

√
2φ+

HT
+ +

√
2φ−

HT
− + φ0

HT
3 (2.10)

Φ = e
i
φΦ·T

f ⟨Φ⟩ e−i
φΦ·T

f φΦ · T =
√
2φ+

ΦT
+ +

√
2φ−

ΦT
− , (2.11)

with respect to the SU(2)H,Φ generators T± = T 1 ± iT 2, T 3. The radial modes are

H|radial =
1√
2

0

h

 Φ|radial =
1

2

ϕ
−ϕ

 . (2.12)

2.3.2 Gauge Boson Masses

The gauged SU(2)V symmetry is the diagonal combination of SU(2)H × SU(2)Φ. In

our representation, the covariant derivatives on the scalar fields are

DµH = ∂µH − igW a
µT

aH DµΦ = ∂µΦ− igW a
µ [T a,Φ] . (2.13)

If the fields acquire vevs (2.9), then the kinetic terms yield the following mass terms for the

gauge bosons:

Lmass = m2
WW

+W− +
1

2
m2

AA
2 m2

W = g2f2 +
g2v2

4
m2

A =
g2v2

4
. (2.14)

We identify the massive dark matter W± = (W 1 ∓ iW 2)/
√
2 and mediator (dark photon)

A =W 3. The limit v2 ≪ f2 yields a spectrum where the dark photon is much lighter than

the dark matter. The covariant derivatives with respect to the spin-1 mass eigenstates are

DµH = ∂µH − i
g√
2

(
W+

µ T
+ +W−

µ T
−)H − igAµT

3H (2.15)

DµΦ = ∂µΦ− i
g√
2

(
W+

µ [T+,Φ] +W−
µ [T−,Φ]

)
− igAµ[T

3,Φ] . (2.16)
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2.3.3 Higgs Mechanism and Leftover Goldstones

Let φV be the linear combination of Goldstone bosons associated with SU(2)V .

Gauging the vector combination SU(2)V promotes this global symmetry to a local symmetry.

In unitary gauge one performs a local SU(2)V transformation to remove φV from the theory.

It appears solely as the longitudinal polarization of the massive gauge bosons. We express

φV in terms of the φH,Φ by identifying this mixing in the kinetic terms:

|DH|2 +Tr |DΦ|2 ⊃ −g
(v
2
∂φ+

H + f∂φ+
Φ

)
W− + h.c.− g

v

2
∂φ0

HA . (2.17)

Only ⟨H⟩ breaks the U(1) symmetry so that the photon A eats the only neutral Goldstone.

This is in contrast to the charged states for which there are two pairs of charged Goldstones

and only one pair of charged gauge bosons. From (2.17) we identify the normalized SU(2)V

Goldstone φV and the orthogonal state φA:

φ±
V =

fφ±
Φ + (v/2)φ±

H√
f2 + (v/2)2

φ±
A =

fφ±
H − (v/2)φ±

Φ√
f2 + (v/2)2

. (2.18)

Appendix A.1 presents an illustrative U(1) example motivating these linear combinations.

In unitary gauge, φ±
V only appears as the longitudinal mode ofW±. The ‘axial’ combination

φ±
A is an uneaten Goldstone boson that remains in the theory. We refer to these as pions

and relabel them π± in anticipation of including explicit symmetry breaking terms to make

them massive.

2.3.4 Symmetry Breaking with λ, λ′

The simplest form of this model takes only the first two terms in (2.5),

V |λ,λ′ =
λ

4!

(
2TrΦ2 − f20

)2
+
λ′

4!

(
2|H|2 − v20

)2
. (2.19)
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These terms separately break the SU(2)Φ and SU(2)H global symmetries. This, in turn,

breaks the gauged vector combination of the two and gives mass to the gauge bosons. The

vevs f and v are trivially related to the Lagrangian parameters f0 and v0,

f = f0 v = v0 . (2.20)

The radial modes modes h and ϕ do not mix. Their masses are

m2
ϕ =

λ′

3
f20 m2

h =
λ

3
v20 . (2.21)

2.3.5 Symmetry Breaking with λ, λ′, µ

Introducing the µ term in the potential explicitly breaks SU(2)Φ×SU(2)H → SU(2)V

and gives the π± a mass2 proportional to µ:

V |λ,λ′,µ =
λ

4!

(
2TrΦ2 − f20

)2
+
λ′

4!

(
2|H|2 − v20

)2
+ µH†ΦH . (2.22)

This shifts the minimum of the potential from (2.20) to the following condition:

f2 = f20 +
3µv2

2λf
v2 = v20 +

3µf

λ′
. (2.23)

The µ term causes the Φ vev to shift the H vev, and vice versa.

Tuning for phenomenological hierarchy

Phenomenologically we require that the mediator is light and that the pions are

heavier than the dark matter; this forces

g2v2 ≪ g2f2 ≲ µf . (2.24)

2In QCD, the quark masses explicitly break chiral symmetry to give mass to the pions.
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Assuming g ≲ O(1), we see that the the vev f2 is perturbed by a small amount relative

to its µ = 0 value f20 . On the other hand, the hierarchy f, µ ≫ v and perturbative limit

λ′ < 4π imply that v2 is shifted by a large amount relative to v20. Without loss of generality,

we assume µ > 0. We then require that v20 is negative and tuned to give a small v2 ≪ f2.

Radial mode mixing

The µ-term induces mixing between the radial ϕ and hfields. Expanding (2.22)

about the vacuum (2.23) yields a mass matrix MH ,

L ⊃ 1

2

(
h ϕ

)
M2

H

h
ϕ

 M2
H =


λ′v2

3
−µv

2

−µv
2

λf2

3
+
µv2

4f

 . (2.25)

The eigenvalues of the mass matrix are

m2
1,2 =

1

2
TrM2

H

(
1∓

√
1−

4DetM2
H(

TrM2
H

)2
)
. (2.26)

We focus on the v ≪ f ∼ µ regime where the eigenvalues are positive3 and have a large

mass splitting. The light and heavy eigenvalues are

m2
1 =

λ′v2

3
− 3µ2v2

4λf2
+O

(
v4

f4

)
m2

2 =
λf2

3
+
µv2

4f
+

3µ2v2

4λf2
+O

(
v4

f4

)
. (2.27)

These correspond to light and heavy radial modes that are a mixture of the ϕ and h states:H1

H2

 = Rα

h
ϕ

 Rα =

 cosα sinα

− sinα cosα

 . (2.28)

3The minimum of the potential has positive squared masses. In (2.26), the possibility of a negative eigenvalue

corresponds to the vev in (2.23) becoming a saddle point rather than a minimum. This occurs for large µ

and is outside the regime of phenomenological interest for this study.
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The radial mode mixing angle is related to the model parameters by

tan 2α =
µv

λf2/3 + µv2/4f − λ′v2/3
. (2.29)

Goldstone mixing

In addition to mixing the radial fields, the µ term mixes the charged Goldstones,

φ±
Φ and φ±

H . Expanding (2.22) yields a mass matrix

L ⊃
(
φ−
Φ φ−

H

)
M2

G

φ+
Φ

φ+
H

 M2
G =


µv2

4f
−µv

2

−µv
2

µf

 . (2.30)

There is a massless mode because DetM2
G = 0. This corresponds to the massless Gold-

stones, G±, eaten by charged gauge bosons W±. The massive pions, π±, have a mass-

squared given by the trace:

m2
G = 0 m2

π = µf

(
1 +

v2

4f2

)
. (2.31)

The mass eigenstates are related to the would-be Goldstones, φ±
Φ and φ±

H , by a rotationG±

π±

 = Rβ

φ±
Φ

φ±
H

 Rβ =

 cosβ sinβ

− sinβ cosβ

 . (2.32)

The Goldstone mixing angle, β, satisfies

tanβ =
v

2f
sinβ =

v/2√
f2 + v2/4

cosβ =
f√

f2 + v2/4
, (2.33)

where we assume 0 ≤ β ≤ π/2. Observe that in the absence of a µ term, the mass eigenstates

in (2.32) are identical to those defined by (2.18). This shows that the gauging of the vector

combination SU(2)V fixes a basis of eaten Goldstones, G±, and their orthogonal states, π±;

see Appendix A.1. The latter non-linearly realize SU(2)A and pick up an explicit mass when

we introduce the µ term.
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2.3.6 Symmetry Breaking with λ, λ′, λ′′, µ

The most general renormalizable potential (2.5) includes a mixed quartic term

λ′′|H|2TrΦ2. This term shifts the vevs and affects the radial mode mixing but does not

induce any further Goldstone interactions since it is manifestly SU(2)H × SU(2)Φ × U(1)H

invariant. The vevs in this scenario are shifted from (2.23):

f2 = f20 +
3v2

λ

(
µ

2f
− λ′′

)
v2 = v20 +

3f2

λ′

(
µ

f
− λ′′

)
. (2.34)

The λ′′ term introduces additional interactions and mixing between the radial modes. The

radial field mass matrix is

M2
H =


λ′v2

3
λ′′vf − µv

2

λ′′vf − µv

2

λf2

3
+
µv2

4f

 . (2.35)

The eigenvalues of (2.35) are given by (2.26) and yield

m2
1 =

λ′v2

3
− 3v2

4λf2
(
µ− 2fλ′′

)2
+O

(
v4

f4

)
(2.36)

m2
2 =

λf2

3
+
µv2

4f
+

3v2

4λf2
(
µ− 2fλ′′

)2
+O

(
v4

f4

)
. (2.37)

The rotation (2.28) that diagonalizes (2.35) is modified from (2.29) to

tan 2α =
µv − 2λ′′vf

λf2/3 + µv2/4f − λ′v2/3
. (2.38)

For the remainder of this manuscript we set λ′′ = 0 since its primary phenomenological

effects may be understood as a shift on µ.

2.3.7 Qualitative Behavior

The parameters of interest realize the spectrum in Fig. 2.1. The qualitative be-

havior of the theory is the limit where the longitundinal W modes are predominantly the

17



triplet Goldstones and

• α = 0 : the light Higgs is predominantly the doublet neutral Goldstone,

• β = 0 : the charged pions are predominantly the doublet charged Goldstones.

2.3.8 Vacuum Stability

The stability of the scalar vacuum requires that the eigenvalues of M2
H are both

positive. Alternatively, both the trace and determinant of M2
H must be positive. It is clear

from (2.35) that TrM2
H > 0. Therefore, it is sufficient to enforce that detM2

H > 0 to

guarantee that the vacuum is stable. This implies the inequality

λ′

9

(
λ+

3µ

f

v2

4f2

)
>

(
λ′′ − µ

2f

)2

. (2.39)

For a fixed v ≪ f hierarchy, this implies that the choice of the trilinear mass scale is

restricted to

g2

2
≲

µ

2f
≲

(
λλ′

9

)1/2

− λ′′ . (2.40)

The lower bound is the requirement that the pions are heavier than the dark matter while

the upper bound enforces the stability of the vacuum. If one chooses µ such that the upper

bound is violated, the vacuum with v ≪ f is a saddle point and the true vacuum of the

theory is one where the proposed hierarchy is not realized.

2.4 Feynman Rules for Light States

We summarize the dark sector Feynman rules for the dark matter and the low-

mass states. The dark matter and dark photon have interactions analogous to the Standard
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Model W and Z bosons and are thus given by

= −ig
[
gµν (p1 − p2)

λ + gνλ (p2 − p3)
µ + gλµ (p3 − p1)

ν
]

(2.41)

= −ig2
[
2gµνgλρ − gµλgνρ − gµρgνλ

]
. (2.42)

The Feynman rules for the dark matter interactions with the light radial mode are

= igmW g
µν (cosα sinβ + 2 sinα cosβ) (2.43)

=
ig2

4
(5− 3 cos 2α) gµν . (2.44)

With respect to the general renormalizable spin-1 dark matter Lagrangian parameterization

in [102, 67, 66], these rules correspond to b5 = g and b6 = ig, with other identifications

straightforward.

Symmetry also allows the low-mass states to interact with a dark pion and dark

matter particle with the opposite U(1)H′ charge. The Feynman rules are given by

=
g

2
mW sin 2β gµν (2.45)

= gqν (2 sinα sinβ − cosα cosβ) . (2.46)

These interactions allow the dark pions to decay at tree level.
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Figure 2.2: The W relic abundance from thermal freeze out as a function of the W mass

and fine structure constant. We plot lines where the W saturates the entire dark matter

density (solid/blue) or only a 10% (dash-dotted/green) or 1% fraction (dotted/red). We

take λ = λ′ = 4π, λ′′ = 0 and µ = f . The shaded region is excluded in order to prevent

dark matter decay.

2.5 Relic Abundance and Annihilation

Dark matter annihilation is dominated by s-wave processes that persist in the

zero-relative-velocity limit. We sketch the primary W+W− → AA diagrams in Fig. 2.3.

The largest s-wave channels are W+W− annihilating to AA and H1H1. The AH1 final

state vanishes in the mA/mW → 0 limit. Note that we asssume that the entropy produced

in dark matter annihilation is eventually dumped into the visible sector through the portal
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interactions in Section 2.8. The relevant annihilation cross sections are:

σvAA =
πα2

X

36m2
W

{
152 +

4m4
W(

m2
W +m2

π

)2 +
3
(
−4m2

W +m2
2 + 2m2

π

)2
4
(
m2

2 − 4m2
W

)2
+
2m2

W

(
−4m2

W +m2
2 + 2m2

π

)(
m2

W +m2
π

) (
4m2

W −m2
2

) } (2.47)

σvH1H1 =
πα2

X

144m2
W

{
3 +

12m4
π(

m2
2 − 4m2

W

)
2
−

16m2
πm

2
W(

m2
2 − 4m2

W

) (
m2

W +m2
π

) + 16m4
W(

m2
W +m2

π

)2
}

.

(2.48)

We define the dark fine structure constant

αX =
g2

4π
. (2.49)

In the decoupling limit where both mπ and m2 → ∞, (2.47) matches the calculation for

a spin-1 dark matter particle annihilating into massless dark photons in Ref. [21]. For

completeness, we list the s-wave annihilation cross sections going into final states with

the heavy Higgs, H2, though these are typically kinematically suppressed. The relevant

final states are H2H2 and AH2; these are only allowed when mW > m2 and mW > m2/2

respectively. The H1H2 mode vanishes in the mA/mW → 0 limit.

σvH2H2 =
2πα2

X

9m2
W

√
1− m2

2

m2
W

864m8
W + 31m8

2 − 248m6
2m

2
W + 820m4

2m
4
W − 1296m2

2m
6
W(

−6m2
2m

2
W + 8m4

W +m4
2

)2
(2.50)

σvAH2 =
8πα2

X

9m4
W

(
4m2

W −m2
2

)
. (2.51)
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Figure 2.3: Diagrams contributing to W+W− → AA annihilation. Not shown: crossed

(u-channel) diagrams and annihilation to scalars.

We assume that the relic abundance is set by non-relativistic freeze out. The

freeze-out temperature and final relic abundance is [214]

xf = ln

[
0.038

√
g

g∗
MPlmW ⟨σv⟩

]
− 1

2
ln2
[
0.038

√
g

g∗
MPlmW ⟨σv⟩

]
(2.52)

Ωh2 =2× 1.07× 109
xf GeV−1√
g∗(xf )MPl⟨σv⟩

, (2.53)

where we include an explicit factor of two in (2.53) to account for a given dark matter

particle, W±, only being able to annihilate with its anti-particle, W∓. This is compared to

Ωh2 = 0.12 [287, 283].

Fig. 2.2 shows the coupling αX = g2/4π that reproduces the observed dark matter

relic abundance assuming thermal freeze out for benchmark parameters. For fermionic dark

matter annihilating into much lighter dark photons, a numerical estimate for the target fine

structure constant is αth
X,fermion

∼= 0.035 (mX/TeV) (see e.g. [230]). Comparing the mA → 0

fermionic XX → AA cross section to (2.47):

⟨σXX→AAv⟩fermion ≈
πα2

X

m2
X

⟨σWW→AAv⟩ ≈
38

9

πα2
X

m2
X

. (2.54)

We thus estimate the target αX in our model by rescaling the fermionic target by (38/9)−1/2 ≈
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0.5:

αth
X

∼= 0.017
(mW

TeV

)
. (2.55)

This estimate ignores the contributions from H1 final states or possible H2 resonances (see

Fig. 2.4).

Implicit in our assumption is that the dark photon, A, is sufficiently in equilibrium

with the Standard Model. We thus assume

ΓA ≥ H(xf ∼= 20) (2.56)

where ΓA is the dark photon decay width and H(xf ) is the Hubble rate evaluated at freeze-

out. This places a lower bound on the kinetic mixing with the visible sector, ε in (2.65)

[257]:

ε2
( mA

10 MeV

)
≳ 10−11

( mW

50 GeV

)2
. (2.57)

This is not strictly necessary. One simple direction is to assume a dark sector with a com-

pletely different initial temperature at reheating [133]. More generally, the full ‘phase space’

of thermal histories for dark sectors with mediators is an exciting direction that only re-

cently been studied [77, 39, 36, 218, 122, 115]. Alternatively, one may pursue models where

UV dynamics produce asymmetric dark matter within our scenario [197, 294]. These pos-

sibilities are beyond the scope of the present work. Here we focus on the simple benchmark

scenario where the W abundance is produced through standard thermal freeze out by anni-

hilation into mediators. Explorations of the alternative scenarios are especially interesting

and we leave them for future work.
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2.5.1 Sommerfeld Enhancement

In principle, (2.47) – (2.51) receive an overall Sommerfeld enhancement factor [182,

190, 65]. This enhancement is only significant for non-relativistic freeze out for large masses

mW ≳ 100 GeV, which we do not consider here [293]. We leave an analysis of indirect

detection of non-relativistic annihilation in the present day for future work as this depends

on the details of the choice of portal interactions to the Standard Model.

2.5.2 Bound State Formation

The interactions of the W± mediated by the dark photon A and radial modes H1

and H2 yield Yukawa potentials that may admit bound state solutions when the mass of

the mediator mmed is less than the inverse Bohr radius [252],

mmed ≲
αimW

2
, (2.58)

where αi is the appropriate fine structure constant. The relic abundance may be depleted if

a significant fraction of the dark matter is forms bound states. The fine structure constant

for interactions mediated by A is αX . The corresponding fine structure constants for the

potentials those mediated by H1 and H2 are

αH1 = αX

(
sinα cosβ +

1

2
cosα sinβ

)2

αH2 = αX

(
cosα cosβ − 1

2
sinα sinβ

)2

. (2.59)

In the regime where v ≪ f , α, β ≪ 1 so that αH1 ≪ αH2 ∼ αX . W± cannot form bound

states from the exchange of H2 because m2 ≳ mW so that (2.58) does not hold.
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The case in which bound states form from the exchange of A or H1 is less clear.

The condition for a thermal relic to form a bound state is approximately

mmed

mW
≲ 0.0085

(mW

TeV

)
. (2.60)

Thus, lighter dark matter requires a smaller ratiommed/mW to form a bound state. Because

αH1 ≪ αX in the regime of interest, the dark matter cannot form bound states from the

exchange of H1. When mA ≲ mWαX/2, bound state formation is possible for sufficiently

low velocities. Following the analysis in Ref. [130], we estimate that only a negligible fraction

of the dark matter forms bound states ahead of freeze-out.

2.6 Relating Dark Matter and Dark Pion Masses

In the v ≪ f limit of phenomenological interest, the properties of the dark matter

W± and the pions π± are related to one another. Fig. 2.4 shows the allowed region for

mπ ≈
√
µf and αX = g2/4π for a sample of vevs, f . The dark matter mass is mW ≈

√
4παXf . The triangular regions are bounded by requiring

1. a relic abundance less than or equal to the total dark matter abundance (Section 2.5),

2. the W± is the lightest charged particle in the dark sector (Section 2.3.5), and

3. the tree-level stability of the vacuum (Section 2.3.8).

Observe the following features in Fig. 2.4:

• As the symmetry breaking scale f is increased, the W mass increases so that the

required coupling to saturate the dark matter relic abundance increases, the minimum
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Figure 2.4: Shaded regions correspond to values of the dark fine structure constant αX =

g2/4π and the pion mass mπ ≈ µf that (i) do not overclose the universe [solid lines],

(ii) have a stable W [dashed lines], and (iii) have a stable vacuum [dotted lines]. Colors

correspond to choices of f = 700 GeV (green, lower-left), f = 1400 GeV (teal, middle),

f = 2800 GeV (magenta, upper-right). We take λ′′ = 0 for simplicity. Left: λ = λ′ = 1.

Right: λ = λ′ = 4π.
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pion mass increases to maintain the particle spectrum increases, and the bound on

the stability of the scalar vevs (2.39) shifts to larger µ and hence larger mπ. Note

that the stability bound is modified if λ′′ > 0.

• In the left-hand plot (λ = λ′ = 1), for f = 2800 GeV, the relic abundance bound

exhibits a resonance in the annihilation diagram with an s-channel heavy Higgs, H2.

This is a useful reminder that the dynamics H2 may be dominant in certain annihila-

tion channels even though it will not affect the other observational probes discussed

in this manuscript.

• Comparing the left-hand (λ = λ′ = 1) and right-hand left-hand (λ = λ′ = 4π) plots,

the W stability lines are unchanged. The other two bounds shift according to the

λ(
′)-dependence of the radial mode masses, (2.36–2.37), and the dependence of the

annihilation rate and vacuum stability condition on these masses.

• In the unstable W region (mW > mπ), the relic abundance curves are flat and inde-

pendent of the pion mass. This corresponds to the leading terms in (2.48–2.47) that

are mπ-independent. Note that the left- and right-handed plots differ in this flat re-

gion since m1 depends on λ′ via (2.36) so that increasing λ′ decreases the phase space

forW+W− → H1H1, resulting a slightly larger αX required to annihilate enoughW s.

• In the stable W region (mW < mπ) the mπ dependence of the annihiliation cross

sections (2.47–2.48) manifests itself. In this regime, the left- and right-hand plots

differ in mπ dependence because of the λ-dependence through the heavy Higgs mass,

(2.37).
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2.7 Self-Interacting Dark Matter

The dark sector furnished by our framework automatically realizes the self-interacting

dark matter (SIDM) paradigm. Ref. [63] first proposed that dark matter may exist in a

separate sector with self-interactions. Refs. [280, 95] identified that the self-interactions

may affect the density profiles of dark matter halos and thus allow observational tests

of the dark matter self-interaction cross section. More recently, the seminal work in

Refs. [130, 131, 48, 293] connected particle physics models of dark sectors (dark matter

with low-mass mediators) to observed small scale structure anomalies tied to the dark mat-

ter density profiles of dwarf galaxies. We refer to Ref. [292] for a review.

The exchange of dark photons, A, generates a long range, velocity-dependent, self-

interaction between the W± dark matter particles. At low energies, these self-interactions

produce a Yukawa potential,

V (r) = ±αX

r
e−mAr . (2.61)

Since the force mediator is a vector boson, particle–antiparticle interactions produce an

attractive potential while particle-particle interactions produce a repulsive potential. The

self-interaction potential also receives contributions from the exchange of the radial modes,

H1 and H2, that are purely attractive. We assume that both of these contributions are

negligible:

≪ . (2.62)
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The heavy Higgs, H2, is typically much heavier so that the Yukawa suppression causes the

force to be short ranged. The light Higgs, H1, is assumed to be heavier than the dark

photon but may have a mass of the same order of magnitude. In this case, we note that

the H1 exchange diagram is suppressed by a factor of (mA/mW )2 relative to A exchange.

This suppression is clear in the Feynman rule (2.43) where we note that sinα ∼ sinβ ∼ v/f

from (2.29) and (2.33).

The long-ranged potential (2.61) is the same as that generated by more conven-

tional spin-1/2 or spin-0 models of self-interacting dark matter so that the phenomenology

is qualitatively similar. A benchmark model in the conventional scenario is a 15 GeV

dark matter with a 17 MeV mediator [200]. The target cross section for this scenario is

σ ∼ 1 cm2 (mX/g) for dwarf-scale velocities; this flattens the dark matter density in galactic

cores [298, 269, 307]. This potential manifests a velocity dependence depending on the value

of the transfer momentum compared to the mass of the mediator. This velocity-dependence

suppresses the effect of self-interactions for large systems such as colliding galaxy clusters,

where there is little evidence for self-interactions.

We compare the effects of the long-ranged dark matter self-interaction in our

model with respect to the standard SIDM benchmark. One difference in our scenario is

that we assume that dark matter is symmetric: it is composed of equal parts of W+ and

W−. Cosmological constraints on the matter power spectrum constrain the early-universe

annihilation of dark matter in the standard self-interacting dark matter scenario [187]4. As

such, the most viable SIDM models typically assume that the dark matter is asymmetric

4We leave an exploration of these constraints for future work; in this manuscript we focus on the presentation

of the core model with thermal freeze out.
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Model αX = g2/4π mA mW mmax
π (λ(

′) = 1) mmax
π (λ(

′) = 4π)

SIDM 1.35× 10−6 0.095 MeV 0.06 GeV 12 GeV 42 GeV
WIMP-like 10−3 6 MeV 60 GeV 440 GeV 1.6 TeV

Table 2.1: Benchmark models: a model realizing self-interacting dark matter targets (SIDM,

solid/red in Fig. 2.5) and a model that realizes thermal freeze out with a weak-scale dark

matter mass (WIMP-like, dash-dotted/green in Fig. 2.5). The SIDM benchmark corre-

sponds to g = 4.2 × 10−3, v = 46 MeV, f = 15 GeV. The WIMP-like benchmark cor-

responds to g = 0.11, v = 107 MeV, and f = 535 GeV. The maximum pion mass for

λ = λ′ = 1 and λ = λ′ = 4π are related to µ by (2.31) and the upper bound in (2.39).

to avoid these bounds. This assumption, in turn, implies that dark matter self-scatters are

purely repulsive and avoid resonances.

In this manuscript, we focus on benchmark models of symmetric vector self-

interacting dark matter with both attractive and repulsive interactions. We plot the

velocity-dependence of the self-interaction cross section, ⟨σv⟩, in Fig. 2.5. This reproduces

the data from Fig. 1 of Ref. [200] overlaid with curves based on our model. The methodology

for producing these cross section curves is based on Ref. [293]; we present a self-contained

summary in Appendix B.6. The two benchmark parameters models are presented here with

parameters in Table 2.1:

1. The solid/red curve is an estimated fit to the inferred self-interaction cross

sections for the astrophysical systems. The dark matter mass mW is chosen to

be 60 MeV in order to satisfy constraints on cluster scales [200, 187]. The coupling

is then fixed by (2.55). This model fits the SIDM targets and is able to explain the

dark matter abundance from thermal freeze out.

2. The dash-dotted/green curve is a model constrained to the observed dark
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matter relic density for a weak scale mass. The coupling and dark matter

mass are three orders of magnitude stronger than that of the SIDM fit. This case

is a reasonable fit for the inferred SIDM cross sections from dwarfs and low surface

brightness spiral galaxies, but falls orders of magnitude short of the inferred cross

section from galaxy cluster profiles.

In addition to these two benchmark models, we present two illustrative curves to highlight

important physics:

3. The dotted/blue curve shows a fit assuming only a repulsive potential. This

model reproduces the best fit curve from Ref. [200] with the same model parameters.

The spin of the dark matter candidate makes no appreciable difference since the long-

range self-interaction potential is identical. However, since we consider symmetric

dark matter, the assumption of a purely repulsive potential is unphysical.

4. The dashed/yellow curve shows the same model parameters as the dot-

ted/blue curve, but with both attractive and repulsive interactions. If one

simply turns on the attractive contribution to the dotted/blue curve, one can see the

effect of resonances. The cross section increases rapidly for low velocities and is a poor

fit for the data. Comparing to the dash-dotted/green curve, we see that a modest shift

in the model parameters is sufficient to move off of the resonance.

2.8 Portal Interactions

We discuss renormalizable portal interactions between the dark sector and the

Standard Model. In this context, our convention of naming particles by their Standard
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Dark Sector Standard Model

Description Symbol Name Symbol Name

Charged SU(2) gauge boson W± dark matter W± W -boson
Light neutral gauge boson A dark photon A photon
Heavy neutral gauge boson Z Z-boson
Light radial (Higgs) mode H1 dark Higgs h Higgs boson
Heavy radial (Higgs) mode H2 heavy Higgs
Charged pseudo-Goldstone π± dark pion Π± charged pion
Neutral pseudo-Goldstone Π0 neutral pion

Table 2.2: Conventions for dark sector and visible sector mass eigenstates.

Model analogs can be ambiguous. For consistency and clarity, we write the visible sector

fields in script font; see Table 2.2.

The dark sector doublet H and triplet Φ may have renormalizable interactions

with the Standard Model Higgs H through mixed quartics:

L ⊃ λHH|H|2|H|2 + λΦH
(
TrΦ2

)
|H|2 . (2.63)

This leads to Higgs portal interactions of the type described in [21]5. In this manuscript we

instead focus on the limit where the Higgs portal interactions are negligible6 compared to

the dimension-5 operator,

L ⊃ 2

Λ

(
ΦaF a

µν

)
Bµν , (2.64)

where Bµν is the Standard Model hypercharge field strength and Λ encodes the combination

of couplings and a UV scale at which this term is generated by additional dynamics, for

example heavy particles running in a loop. The vev ⟨Φ⟩ = fT a induces a kinetic mixing

5Our scenario differs slightly in that the low-mass dark Higgs is a mixture that is mostly composed of the

radial mode of a doublet rather than a triplet.
6In the limit where this interaction is taken to be zero, the H1 to AA is at loop level.
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between the dark photon and the visible photon [74]:

L ⊃ ε

2 cos θW
FµνBµν → ε

2
FµνFµν , (2.65)

where Fµν is the visible sector photon field strength. We have omitted a mixing term with

the Z-boson field strength which exists in principle but is negligible in the limit where

the dark photon is much lighter than the electroweak scale, mA ≪ mZ ; we refer to [191]

or the appendix of [132] for a detailed derivation. We ignore the limit where additional

symmetry breaking leads to dark Z phenomenology [97]. By focusing on this kinetic mix-

ing scenario [183, 152, 213], we study the hitherto unexplored case of vector dark matter

interacting through a low-mass vector mediator.

The dark photons in our scenario are identical to the standard set up in how they

interact with visible sector fields and, thus, how experiments may search for them [31, 10].

The effective Feynman rule to fermions f with electric charge Qf , for example, is

= iεeQfγ
µ . (2.66)

We thus refer to recent reviews to summarize those bounds [31, 10]. It is sufficient to

note that for the range of dark photon masses of interest there is always a sufficiently

small ε (large Λ) such that the basic phenomenology is valid. In the small mixing limit,

mediators are very long lived and may be targets for recently proposed indirect detection

techniques [270, 279, 210, 162]

To demonstrate the phenomenology of kinetic mixing, we examine the bounds on

our scenario coming from direct detection experiments. The W–nucleon (N) scattering
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amplitude, iMN , is

=
gεeQN

q2 −m2
A

εµ(p)ε
∗
ν(p

′)ū(k′)
[
gµν

(
/p+ /p′

)
− 2p′µγν − 2pνγµ

]
u(k) ,

(2.67)

where we recall that here g is the dark sector gauge coupling in (2.41–2.42). This interaction

maps simply to the non-relativistic O(NR)
1 (spin-independent) operator [127, 140, 78, 102,

66, 67]. In the notation of Refs. [102, 67], the interactions (2.41) and (2.66) map onto

effective couplings b5 = g and h3 = εeQq so that the non-relativistic effectivie coupling to

nucleons is

cN1 ≡ −b5h
N
3

m2
A

from which we define cp ≡ |cN1 | = εeg

m2
A

. (2.68)

We have used the fact that the dark photon coupling to nucleons, hN , is proportional to

the sum of the valence charges of the quarks due to the conservation of the electric current.

We compare the effective coupling cp to the most stringent bounds on spin-

independent dark matter–nucleon scattering: XENON 1T [13] and DarkSide 50 [5]. The

results are presented in Fig. 2.6. For a given mediator mass mA and dark gauge coupling g,

this sets an effective bound on the size of the kinetic mixing parameter ε or, alternatively, the

effective scale Λ of the dimension-5 operator, (2.64). For very small values of ε one may re-

alize unique thermal histories that are beyond the scope of this study [77, 39, 218, 122, 115].

We remark that in the event of a discovery of dark matter scattering at direct detection

experiments, Refs. [102, 67] show that vector dark matter interacting through a vector

mediator may be disentangled from other candidate models through its recoil spectrum.
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2.9 Conclusions

This manuscript presents the first model of a stable, vector dark matter with a

low-mass vector mediator. We present a full theory with the required scalar sector to enact

the necessary symmetry breaking pattern and explain the stabilization mechanism from

symmetry principles. This model can be understood as the Higgsed phase of a Yang–Mills

hidden sector, in contrast to the confined glueball-dark matter phase explored in Refs. [40,

41]. We present the basic phenomenology assuming that the dark matter abundance is

produced by thermal freeze out. We present benchmark parameters for self-interacting dark

matter solutions to small scale astrophysical anomalies where we observe a slight tension

between the parameters required for a thermal relic and those that can fit the inferred

self-interaction cross section across a range of systems from dwarfs to clusters. We leave

detailed self-interacting dark matter fits for small scale structure anomalies to future work

as this is likely to require additional model building to navigate cosmological bounds and

abundance [187]. We also present bounds from direct detection assuming that the vector

mediator is the primary portal to the Standard Model, in contrast to similar theories of

vector dark matter that assumed a Higgs portal.

Our model is a minimal framework for a spin-1 dark sector that can be mapped

on to standard dark sector phenomenology. This model offers many directions for further

exploration. Within the perturbative regime of this theory, we identified possibilities for

producing the dark matter abundance beyond the thermal freeze out assumption. This

connects to recent and ongoing work on the phase space of dark sectors whcih thermalize

through a portal interaction [133, 77, 39, 218, 122, 115]. Depending on the production
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mechanism, dark matter may be symmetric or asymmetric, which in turn feeds into the

self-interaction phenomenology by affecting the possibility of self-interaction resonances.

The model contains an additional light mediator (H1) and an additional charged particle

(π±) that we assumed to be negligible in this work. One can imagine an interplay of

the two mediators for t-channel processes such as self-interactions or direct detection, or

alternatively inelasticity coming from a small splitting between the π± and W±. One

may alternatively push mW > mπ so that the stable dark matter candidates are charged

scalars with derivative interactions to a dark photon. Finally, we remark that in the non-

perturbative regime the model also furnishes dark sector ’t Hooft–Polyakov monopoles [21,

208]. Our model simply realizes the regime where the Abelian force associated with the

monopoles is Higgsed, therefore the monopoles are expected to confine. This, in turn, may

new dynamics relevant for the dark sector [289, 288].
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Figure 2.5: Self-interaction cross section as a function of average velocity in our model

compared to inferred cross sections for a set of dwarf galaxies, low surface brightness (LSB)

spiral galaxies, and galaxy clusters from Ref. [200]. Benchmark models: the solid/red

curve are a fit to the inferred cross sections from astrophysical data. The W± are required

to have a sub-GeV mass in order to agree with the cluster scale observations [187]. The

dash-dotted/green curve corresponds to a fit to the low-velocity data points while maintain-

ing a GeV scale mass. Both benchmark models are subject to the requirement that αX is

large enough for the W± to saturate the dark matter relic abundance; see Fig. 2.2. Illus-

trative unphysical examples: the dotted/blue line assumes a purely repulsive potential

and reproduces the best fit curve from Ref. [200] using the same model parameters. The

dashed/yellow line corresponds to the same model parameters but including both attractive

and repulsive potentials.
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Figure 2.6: Constraints on the effective dark matter–proton coupling, c2p, from direct detec-

tion experiments XENON 1T [13] and DarkSide 50 [5].
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Chapter 3

Vector Portal Pseudo-Goldstone

Dark Matter

3.1 Introduction

The search for the microscopic description of dark matter is a highly active area

of research, situated at the crossroads of particle physics and cosmology. While a massive

non-luminous particle is required to resolve the large scale structure of the universe, many

of dark matter’s properties remain unknown [2, 3]. A fermionic weakly interacting massive

particle (WIMP) has long been a leading candidate for dark matter. As experimental

constraints tighten [286, 8, 9, 6, 185, 1, 35, 79], dark matter candidates beyond the WIMP

paradigm are considered. One such alternative is to consider additional states beyond the

dark matter itself, referred to as a “dark” or “hidden” sector [255, 256, 257, 121, 10, 31].

Typically, a dark sector consists of a stable dark matter candidate, as well as one or more
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states that mediate interactions with the visible sector. Often these additional particles are

low mass relative to the dark matter. A common framework is the so-called dark photon

model where the mediator is a light spin-1 boson. This dark photon may be observable at

current and upcoming experiments [121, 10, 31]. Such dark sectors with light mediators

automatically admit long-range, velocity-dependent interactions that may resolve several

small-scale structure anomalies [292].

Spin-0 particles have long been considered as a dark matter candidate. Models

of spin-0 dark matter which couple directly to the Standard Model through a Higgs [278,

239, 51, 81, 233, 184] or Z-boson portal [120] have been studied extensively. Dark sector

models consisting of spin-0 dark matter and a vector [52, 42] or scalar [24] mediator have

been considered. The case of pseudo-Goldstone boson dark matter (PGBDM) offers an

interesting alternative to these well understood theories. Previously, PGBDM has been

studied in the context of composite Higgs models [147]. However in contrast a massive

pseudo-Goldstone boson (pGB) from a softly broken U(1) symmetry has a vanishing direct

detection cross section at zero momentum transfer when scattering off nuclei through a Higgs

portal interaction [166, 80], circumventing experimental constraints from direct detection

experiments. The dark matter in such models remains stable due to a Z2 symmetry. These

properties have been shown to hold for the fundamental representation of SU(N) [203], and

have been studied in the context of B − L extensions of the Standard Model [249].

In this manuscript, we consider PGBDM resulting from the spontaneous breaking

of a global symmetry group SU(2) × SU(2) → SU(2). This symmetry breaking pattern is

analogous to chiral symmetry breaking of the flavor symmetry group in which SU(2)L ×
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SU(2)R = SU(2)V × SU(2)A is broken to the vector subgroup. Here we consider two scalar

fields in the fundamental and adjoint representations of a dark sector SU(2) which, when

charged under the vector subgroup, explicitly breaks the axial symmetry. The unbroken

SU(2) subgroup is gauged and spontaneously broken in two steps. First, SU(2) → U(1) at

a scale f . And second, U(1) → ∅ at a scale v ≪ f . The symmetry structure permits a

residual global U(1) which stabilizes the dark matter, preventing it’s decay into massless

states. The model detailed in this manuscript may also be understood as a phase of the

model we present in Ref. [69]. In that work, we developed the first model of spin-1 dark

matter with a massive spin-1 mediator which originates from a non-abelian gauge sector.

Small explicit breaking terms give a mass to the pseudo-Goldstone states which respect

the residual U(1) and remain in the spectrum. We consider the phase of the theory in

which these pseudo-Goldstones are the lightest particles in the spectrum which respect the

residual U(1). The resulting spectrum consists of two heavy gauge bosons with mass on

the scale f , a dark photon with mass on the scale v, the two radial modes responsible for

SSB, and the two pGB’s we consider as dark matter candidates. Unlike previous models

of PGBDM, the global symmetry in this model is not softly broken and thus the direct

detection cross section resulting from a Higgs portal interaction does not vanish at zero

momentum transfer. Instead, we consider the novel case in which the PGBDM interacts with

the Standard Model via the dark photon, which couples to the Standard Model hypercharge

gauge bosons through kinetic mixing [183, 151]. This scenario is analogous to charged pion

dark matter. While PGBDM which couples to the Standard Model though the Higgs portal

has been well studied, the case where PGBDM couples to the Standard Model via a spin-
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1 mediator charged under an approximate U(1) symmetry has been relatively unexplored.

Previous work has considered models of PGBDM in which the dark sector symmetry group

is a mirror of the QCD [291] or Standard Model [173, 174] symmetry groups. In the

former scenario, resonant scattering between dark matter particles may resolve small-scale

structure anomalies as well. In this work we consider a symmetry structure unique from

the Standard Model gauge group.

3.2 Symmetry Structure

The scalar sector of our theory consists of an SU(2) doublet H i and a triplet

Φ = ϕaT
a where T a = σa/2 are the generators of SU(2) and σa are the Pauli matrices. In

the limit of no interactions, the full symmetry group of the dark sector is

SU(2)Φ × SU(2)H × U(1)H = SU(2)V × SU(2)A × U(1)H (3.1)

with the field transformations for the dark sector given by

SU(2)Φ : Φ → UΦΦU
†
Φ SU(2)H : H → UHH U(1)H : H → eiθHH (3.2)

where UΦ,H = exp
(
iαa

Φ,HT
a
)

is a 2 × 2 special unitary matrix. By analogy to chiral

symmetry breaking, we have expressed the full symmetry group in terms of its so called

vector and axial subgroups. The vector subgroup corresponds to the transformations where

UΦ = UH while the axial subgroup corresponds to the transformations where UΦ = U †
H . We

gauge the vector subgroup SU(2)V , explicitly breaking SU(2)A. The global U(1)H symmetry

corresponds to an accidental “Higgs number” symmetry and behaves similar to Standard

Model hypercharge.
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3.2.1 Lagrangian and Symmetry Breaking Potential

The most general, renormalizable Lagrangian which respects SU(2)V × U(1)H is:

L = −1

4
F a
µνF

aµν + |DH|2 +Tr |DΦ|2 − V (H,Φ) (3.3)

where D and D are the covariant derivatives for SU(2) in the fundamental and adjoint rep-

resentations respectively. The potential V (H,Φ) is responsible for spontaneously breaking

SU(2)V ×U(1)H → U(1)H′ as well as explicitly breaking SU(2)A. The most general renormal-

izable potential invariant under SU(2)V × U(1)H can be written in the form

V =
λ

4!

(
2TrΦ2 − f20

)2
+
λ′

4!

(
2|H|2 − v20

)2
+ µH†ΦH + λ′′|H|2TrΦ2 . (3.4)

The first term spontaneously breaks SU(2)Φ → U(1)Φ, the second term spontaneously breaks

SU(2)H → ∅, and the trilinear term explicitly breaks SU(2)A. The quartic term propor-

tional to λ′′ introduces mixing between the doublet and the triplet. Additional quartic

terms can all be reduced to the term proportional to λ′′. We neglect terms involving the

pseudo-conjugate field H̃ i ≡ ϵijH†
j as they violate the U(1)H symmetry which we assume

is respected by the Lagrangian. In the following sections we study the symmetry breaking

pattern induced by the vacuum expectation values of the scalar fields H and Φ.

3.2.2 Spontaneous Symmetry Breaking

We assume the vacuum expectation values (vevs)

⟨Φ⟩ = fT 3 ⟨H⟩ = 1√
2

0

v

 (3.5)
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which break SU(2)Φ → U(1)Φ and SU(2)H → ∅ respectively. All three generators of SU(2)H

are broken by ⟨H⟩ while the SU(2)Φ generator parallel to ⟨Φ⟩ remains unbroken. The

resulting spectrum of states consists of two massive radial modes and five massless Goldstone

bosons: two corresponding to the broken generators of SU(2)Φ and three to the broken

generators of SU(2)H .

While the U(1)H symmetry is spontaneously broken by (3.5), the linear combina-

tion

TH′ = T 3 +
1

2
TH , (3.6)

where TH is the generator of U(1)H , remains unbroken. In this representation TH = ⊮2×2.

We denote the symmetry generated by TH′ as U(1)H′ . While only the vector subgroup,

U(1)V , spontaneously broken by ⟨H⟩ is gauged, the associated dark photon’s interactions

respect U(1)H′ as well. We therefore identify the global charge of a dark sector state with

respect to this symmetry. This residual symmetry ensures the stability of the lightest

charged state.

3.2.3 Explicit Symmetry Breaking

By explicitly breaking the global symmetry group, we can remove all of the mass-

less degrees of freedom from the theory. Our dark sector is constructed to contain two

sources of explicit global symmetry breaking:

1. Gauge bosons from the explicit gauging of the subgroup SU(2)V .

2. Trilinear mixing between the fundamental scalar H and adjoint scalar Φ.
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Gauging SU(2)V explicitly breaks SU(2)A since the covariant derivatives are constructed to

only respect the symmetry of the gauged subgroup. As a result three massless Goldstone

modes are eaten by vector bosons, becoming their longitudinal components. The remaining

two degrees of freedom become pseudo-Goldstone bosons (pGB) associated with SU(2)A. In

the absence of explicit symmetry breaking terms in the potential the pGBs are massless

at tree level. By introducing a trilinear mixing between H and Φ the pGBs pick up a

finite mass proportional to the root of the order of parameter responsible for the explicit

breaking µ. We can see such a term should be allowed by considering a product of irreducible

representations of SU(2):

2⊗ 2̄⊗ 3 = 5⊕ 3⊕ 3⊕ 1 , (3.7)

noting that the singlet corresponds to the operator H†ΦH. From (3.2) we can see this

operator is clearly invariant under transformations where UH = UΦ, corresponding to an

SU(2)V singlet. Since SU(2)A is not a proper subgroup of SU(2)Φ × SU(2)H , operators of

this form which break SU(2)Φ × SU(2)H may only be singlets under SU(2)V or break the

symmetry completely. By removing the massless degrees of freedom we have ensured the

lightest stable particle in our dark sector is indeed massive, and thus a viable dark matter

candidate.

3.2.4 Particle Spectrum

Our theory yields a rich spectrum of states. After symmetry breaking, the remain-

ing degrees of freedom consist of three massive gauge bosons, the two scalar radial modes,
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and two massive pGB. We take the limit where

⟨TrΦ2⟩ = f2

2
≫ ⟨|H|2⟩ = v2

2
(3.8)

setting the mass scale of the gauge boson associated with the broken U(1)V subgroup much

lower than the gauge bosons corresponding to the other two broken generators. Requiring

the mediator to be light and remaining gauge bosons to be heavier than the pGBs amounts

to the tuning of a dimensionful renormalizable parameter. The resulting particle content

can be summarized as follows:

1. Dark Matter: Pseudo-Goldstone bosons π± with mass ∼
√
µf .

2. Mediators: Dark photon A and light radial mode H1 with masses ∼ gv, and λ′v

respectively.

3. Heavy modes: W± gauge bosons and radial mode H2 with masses ∼ gf and λf

respectively.

Due to U(1)H′ being unbroken, the lightest charged state remains stable. Since bothW± and

π± are charged under U(1)H′ , we assume mπ < mW + min(m1,mA) ≃ mW . The opposite

case in which mW < mπ +min(m1,mA) has been studied in Ref. [69]. We label our fields,

wherever possible, in analogy to those of the Standard Model in order to highlight their

similar roles in the symmetry structure of our theory. We sketch the spectrum in Fig. 3.1.
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Figure 3.1: Model spectrum. Mass eigenstates are black lines, charged (neutral) Goldstones

are blue (green) lines, radial Higgs modes are red lines. Mixing into mass eigenstates

indicated by thin lines.

3.3 Particles and Mass Spectrum

Following the CCWZ construction [60] we parameterize the scalar fields as rota-

tions of the radial modes by the broken generators

Φ = e
i
φΦ·T

f (ϕ+ f)T 3e
−i

φΦ·T
f H = e

i
φH ·T
v/2

 0

(h+ v) /
√
2

 (3.9)

where we define the broken generators

φΦ · T =
1√
2
φ+
ΦT

+ +
1√
2
φ−
ΦT

− φH · T =
1√
2
φ+
HT

+ +
1√
2
φ−
HT

− + φ0
HT

3 (3.10)

with T± = T 1± iT 2. The radial modes ϕ and h have been expanded about their respective

vevs f and v. While the scalar fields do mix with the Standard Model Higgs in principle,

we consider this coupling to be negligible throughout this work.
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3.3.1 Gauge Boson Masses

The covariant derivatives for the scalar fields are

DµH = ∂µH − igT aAa
µH Dµ = ∂µΦ− igAa

µ [T
a,Φ] (3.11)

where g and Aa
µ are the SU(2)V coupling and gauge field respectively. Evaluating the kinetic

terms in the Lagrangian at the vevs gives

L ⊃ g2
(
f2 +

v2

4

)
W+

µ W
−
µ +

g2

8
v2AµA

µ (3.12)

where we have defined the mass eigenstates

W± =
1√
2

(
A1 ∓ iA2

)
A = A3 (3.13)

such that they are labeled according to their U(1)H′ charges. The gauge boson masses follow

directly from (3.12) to be

m2
W = g2

(
f2 +

v2

4

)
m2

A =
g2v2

4
. (3.14)

Even before we diagonalize the potential, the massive pseudo-Goldstone eigen-

states can be identified from the kinetic terms of the Lagrangian:

|DH|2 +Tr |DΦ|2 ⊃ −g
(v
2
∂φ+

H + f∂φ+
Φ

)
W− + h.c.− g

v

2
∂φ0

HA . (3.15)

A linear combination of φ±
H and φ±

Φ is eaten by W± since both ⟨Φ⟩ and ⟨H⟩ break SU(2)V

while φ0
H is only eaten by A since the U(1)V subgroup is only broken by ⟨H⟩. We define the

eaten Goldstone φV and the orthogonal state φA as

φ±
V =

fφ±
Φ + (v/2)φ±

H√
f2 + (v/2)2

φ±
A =

fφ±
H − (v/2)φ±

Φ√
f2 + (v/2)2

. (3.16)
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φA is the would-be Goldstone of the spontaneously broken axial symmetry .The Goldstone

mode φ±
V is eaten by W± contributing to it’s longitudinal polarization. When one ignores

the trilinear term in (3.4), the φ±
A is massless at tree level. However, due to the broken

axial symmetry, loops of the gauge bosons induce a radiative mass.

3.3.2 vevs and Scalar Boson Masses

Minimizing the potential (3.4), we find the vevs to be

f2 = f20 +
3v2

λ

(
µ

2f
− λ′′

)
v2 = v20 +

3f2

λ′

(
µ

f
− λ′′

)
. (3.17)

The radial modes h and ϕ mix in this vacuum. In the basis

(
h, ϕ

)
, their mass matrix is

given by

M2
H =


λ′v2

3
λ′′vf − µv

2

λ′′vf − µv

2

λf2

3
+
µv2

4f

 . (3.18)

The eigenvalues of (3.18) are

m2
1,2 =

1

2
TrM2

H ∓

∣∣∣∣∣
(
M2

H

)
12

sin 2α

∣∣∣∣∣ (3.19)

where α is the angle that parameterizes the orthogonal transformation Oα that diagonalizes

(3.18). We define the transformation:H1

H2

 = Oα

h
ϕ

 Oα =

 cosα sinα

− sinα cosα

 (3.20)

where the mixing angle α is related to the model parameters by

tan 2α =
µv − 2λ′′vf

λf2/3 + µv2/4f − λ′v2/3
. (3.21)
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We can expand (3.19) in the limit v ≪ f yielding the approximate eigenvalues

m2
1 =

λ′v2

3
− 3v2

4λf2
(
µ− 2fλ′′

)2
+O

(
v4

f4

)
(3.22)

m2
2 =

λf2

3
+
µv2

4f
+

3v2

4λf2
(
µ− 2fλ′′

)2
+O

(
v4

f4

)
. (3.23)

In this limit the masses of the radial modes form a hierarchy such that

m2
1 ∼ λ′v2 ≪ m2

2 ∼ λf2 . (3.24)

The trilinear term in (3.4) causes the Goldstone modes to mix as well. As we

did for the radial modes, we expand (3.4) about the vacuum. In the basis

(
φ±
Φ φ±

H

)
the

Goldstone mass matrix is,

M2
G =


µv2

4f
−µv

2

−µv
2

µf

 . (3.25)

It is easy to see that DetM2
G = 0, implying the existence of a zero eigenvalue corresponding

to the Goldstone eaten by W±. The other eigenvalue of (3.25) is simply TrM2
G. As we did

for the radial modes, we diagonalize M2
G with the orthogonal transformation:G±

π±

 = Oβ

φ±
Φ

φ±
H

 Oβ =

 cosβ sinβ

− sinβ cosβ

 (3.26)

where π± is a massive pGB and G± is the massless Goldstone eaten by W±. The masses

of these states are

m2
G = 0 m2

π = µf

(
1 +

v2

4f2

)
. (3.27)

By requiring Oβ diagonalize (3.25), the mixing angle β is found to be

tanβ =
v

2f
. (3.28)
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The mass eigenstates defined by (3.26) are identical to the vector and axial states given by

(3.16), confirming that SU(2)A is indeed broken by both the gauging of SU(2)V as well as

the trilinear term in (3.4). We identify φ±
V = G± and φ±

A = π±.

3.4 Feynman Rules for Dark Sector States

We outline the dark sector Feynman rules. Analogous to the interactions between

the QCD pion and Standard Model photon, the dark matter interactions with the dark

photon are

=
ig

4
(3− cos 2β) (p− k)µ (3.29)

= 2ig2 sin2 βgµν . (3.30)

The Feynman rules for the dark matter interactions with the light radial mode are

=
i (p · k)
4f

[sin (α− 2β) + 3 sin (α+ 2β)]

− i

f

(
p · k +m2

π

)
cscβ cos (α− β) (3.31)

=− i

8f2
(p · k)

[
cos 2α (3 cos 2β − 7) + 4 cos2 α csc2 β − 5 cos 2β + 1

]
− im2

π

2f2
cosα cotβ (cosα cotβ + 4 sinα) . (3.32)
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Similarly, the dark matter interactions with the heavy radial mode are

=
i (p · k)
4f

[cos (α− 2β) + 3 cos (α+ 2β)]

+
i

f

(
p · k +m2

π

)
cscβ sin (α− β) (3.33)

=− i sin2 β

2f2
(p · k)

(
sin2 α cot4 β + 4 cos2 α

)

− im2
π

2f2
sinα cotβ (sinα cotβ − 4 cosα) . (3.34)

The unbroken U(1)H′ allows for the dark matter π± to interact with a W± of the opposite

U(1)H′ charge and a dark photon or radial mode. The Feynman rules are

=
g

2
mW sin 2β gµν (3.35)

= gqν (2 sinα sinβ − cosα cosβ) (3.36)

= gqν (sinα cosβ + 2 cosα sinβ) . (3.37)

These interactions mediate the tree-level decay of the W±.
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Figure 3.2: Diagrams contributing to π+π− → AA annihilation. Not shown: crossed (u-

channel) diagrams and annihilation to scalars.

3.5 Relic Abundance

Dark matter annihilation is dominated by s-wave processes in the low relative

velocity limit. We consider the π+π− → AA, H1H1, and H2H2 channels with all other

possibilities being negligible at leading order in v/f . The diagrams contributing to the

π+π− → AA process are shown schematically in Fig. 3.2. To leading order in v/f the

annihilation cross sections are:

σvAA = σ0(m
2
A)

[
1

2
+

(
m2

1

4m2
A

− m2
π

2m2
W

m2
π + 5m2

W

m2
π +m2

W

+X

)2
]

(3.38)

σvH1H1 = σ0(m
2
1)

[
m2

1

2m2
A

+
m2

π

2m2
W

+
2m2

π

m2
π +m2

W

−X

]2
(3.39)

σvH2H2 = σ0(m
2
2)

[
m2

π

4m2
W

+
Y Z

4m2
W

− m2
π

m2
W

Y 2 − m4
π

m2
W

(3 + Y )2

(m2
2 − 4m2

π)
+

3m2
2

16m2
W

(
2m2

π − Z
)

(m2
2 − 4m2

π)

]2
(3.40)
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Figure 3.3: The π relic abundance as a function of the π mass and dark fine structure

constant/dark Higgs doublet coupling (Left/Right). The solid (purple/blue), dash-dotted

(teal/orange), and dotted (red/green) curves represent when the π saturate the dark matter

relic abundance for λ′ = 10−3/αX = 10−4, 10−2/10−3, and 10−1/10−2 respectively. The

corresponding solid (purple/blue), dash-dotted (teal/orange), and dotted (red/green) vertical

lines bound the regions in which the vacuum/π are unstable. The shaded triangular regions

denote where the π/vacuum is unstable.

where we have defined the functions

σ0(m
2) =

πα2
X

4m2
π

√
1− m2

m2
π

(3.41)

X =
m2

π

2m2
W

m2
π − 2f2λ′′

m2
2 − 4m2

π

[
1− 2

m2
2

(m2
π − 2f2λ′′)

]
(3.42)

Y =

(
1− m2

π − 2f2λ′′

m2
2

)
(3.43)

Z =
(
m2

π − 2f2λ′′
)

(3.44)

as well as the dark fine structure constant

αX =
g2

4π
. (3.45)

54



We assume that the dark matter relic abundance is due to freeze-out in the early

universe. The freeze-out temperature, xf = mπ/Tf , and relic abundance, Ωh2, are [214]

xf = ln
(
0.054g

−1/2
∗ MPlmπ⟨σv⟩

)
− 1

2
ln2
(
0.054g

−1/2
∗ MPlmπ⟨σv⟩

)
(3.46)

Ωh2 =2× 1.07× 109
xf GeV−1√
g∗(xf )MPl⟨σv⟩

(3.47)

where we have included an explicit factor of two in order to account for the fact that the dark

matter may only annihilate with its anti-particle. The observed dark matter abundance is

satisfied when Ωh2 = 0.12 [287, 283].

Fig. 3.3 shows the values of αX (left) and λ′ (right) which reproduce the observed

relic abundance for a set of benchmark parameters. The curve indicating the observed relic

abundance for a given λ′/αX (Left/Right) becomes vertical when terms in the annihilation

cross section independent of αX/λ
′ (Left/Right) dominate. This imposes an effective lower

bound on mπ for a given set of benchmark parameters.

In this scenario we have implicitly assumed that the dark photon, A, is in equilib-

rium with the Standard Model thermal bath. We thus require

ΓA ≥ H(xf ∼= 20) (3.48)

where ΓA is the dark photon decay width and H(xf ) is the Hubble rate evaluated at the

freeze-out temperature. The resulting constraint on the kinetic mixing parameter ε in (3.55)

is [257]:

ε2
( mA

10 MeV

)
≳ 10−11

( mπ

50 GeV

)2
. (3.49)

This assumption is not strictly necessary for a viable model. One may consider the case

in which the dark sector is completely secluded, forming a thermal bath separate from the
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visible sector with a distinct initial temperature following reheating [133]. The thermal

history of dark sectors with mediators has been studied more generally [77, 39, 36, 218,

122, 115]. Another possible scenario is that UV dynamics generate an asymmetry in the

π abundance [197, 294]. These situations are beyond the scope of this work and we leave

them for future study.

3.6 Self-Interactions

Our dark sector automatically yields self-interactions among the π. Dark matter

self-interactions were initially identified as a feature of dark sectors [63] and later observed to

affect density profiles of dwarf galaxies [280, 95]. More recently, several small-scale structure

anomalies have been connected to dark sector models with self-interactions [130, 131, 48,

293]. For a detailed review of the full parameter space of dark matter self-interactions see

Ref. [292].

The degree to which self-interactions affect dark matter halo densities depends on

the scattering rate, σv (ρDM/mDM). Because the dark matter relative velocity v and density

ρDM are known for the astrophysical systems of interest, the relevant quantity is the ratio of

the self-interaction cross section to the dark matter mass, σ/mDM. Dwarf spheroidal galaxies

with low relative velocities (v ∼ 10 km/s) suffer from small-scale structure anomalies which

may be alleviated in the presence of self-interactions [293, 200, 95]. Galaxy clusters, on the

other hand, typically have larger relative velocities (v ∼ 1500 km/s) and similarly suffer

from small-scale structure anomalies which may also be alleviated by self-interactions. The

benchmark values for the ratio of the dark matter self-interaction cross section to its mass
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are

(
σ

mDM

)
dwarf

∼ 1
cm2

g

(
σ

mDM

)
cluster

∼ 0.1
cm2

g
. (3.50)

These seemingly inconsistent target cross sections may be achieved in tandem given the

cross section has the appropriate velocity dependence.

The desired velocity dependence is achieved for non-relativistic scattering governed

by a Yukawa potential. The dominant contribution to π± self interactions results from the

exchange of dark photons, A, and yields a non-relativistic long-range scattering potential

V (r) = ±απ

r
e−mAr απ =

αX

4
(3.51)

where the positive sign corresponds to particle-particle scattering and the negative sign

to particle-antiparticle scattering. While the radial modes, H1 and H2, also contribute to

self-scattering, the π+π−H1 vertex, (3.31), is suppressed in the non-relativistic limit when

v ≪ f1. Therefore we may ignore self-interactions mediated by H1. On the other hand,

m2 ≫ mA implies H2 mediated self-interactions are sub-dominant compared to interactions

mediated by the dark photon, A, due to the exponential suppression in (3.51) and may be

ignored as well.

The benchmark model of SIDM consists of spin-1/2 dark matter with a mass

∼ 15 GeV and a spin-1 mediator of mass ∼ 17 MeV [200]. The self-interaction potential is

assumed to be purely repulsive, implying an asymmetry in the dark matter abundance. Cos-

mological constraints on dark matter annihilation in early universe typically favor models

1Although the cscβ term in (3.31) diverges for v ≪ f , for scattering p · k = −m2
π and the coefficient of the

divergent term vanishes exactly.
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Figure 3.4: Numerical results for the dark matter self-interaction cross section in our model

compared to cross sections for a set of dwarf galaxies, low surface brightness (LSB) spiral

galaxies, and galaxy clusters from Ref. [200]. The solid/dashed (blue/orange) curves cor-

responding to benchmarks with symmetric relic abundances, are compared to the dotted

(green) curve corresponding to the benchmark model from Ref. [200] with an asymmetric

relic abundance. The benchmarks we present are identical to those found for spin-1 dark

matter in Ref. [69] with the replacements mW → mπ and αX → απ.

of asymmetric SIDM, constraining SIDM models with symmetric dark matter abundances

to have sub-GeV scale masses [187]. These constraints may be relaxed if we consider clus-

ter scale density profile observations to be satisfied by some other mechanism, allowing for

heavier dark matter masses.

Figure 3.4 compares two symmetric benchmark models in the πSIDM framework

to the asymmetric case studied in Ref. [200]. We numerically compute the self-interaction

cross section following the methodology of Appendix B of Ref. [69], which is based on the

procedure originally presented in Ref.[293]. The solid (blue) curve only satisfies dwarf scale

observations and corresponds to dark matter with mass mπ = 60 GeV, mediator mass

mA = 6 MeV, and coupling απ = 10−3. On the other hand, the dashed (orange) curve
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simultaneously satisfies both dwarf and cluster scale targets, corresponding to dark matter

with mass mπ = 60 MeV, mediator mass mA = 95 keV, and coupling απ = 1.35 × 10−6.

We compare these benchmarks to the dotted (green) curve which reproduces the model

from Ref. [200] with mπ = 15 GeV, mA = 17 MeV, and απ = 1/137. Because we consider

contributions to the self-interaction cross section from both the repulsive and attractive

potentials, our benchmarks are not necessarily unique due to the fact that an attractive

potential displays resonant behavior [293]. In fact, these are the exact same benchmarks we

present in Ref. [69] with mW → mπ and αX → απ. In the standard freeze out scenario, our

benchmark models may be fit to the observed relic abundance by tuning the parameters λ,

λ′, and f . Ultimately, the cause of dark matter halo density profile observations may be the

result of contributions from baryonic feedback [49]. Therefore, we may interpret the data

in Figure 3.4 as upper bounds on the self-interaction cross section.

3.7 Portal Interactions

We consider a renormalizable vector portal interaction between our dark sector to

the visible sector. Generally, one may also consider a scalar portal where the dark scalars

H and Φ couple to the Standard Model scalar sector through quartic interactions

L ⊃ λHH|H|2|H|2 + λΦH
(
TrΦ2

)
|H|2 (3.52)

where H is the Standard Model Higgs doublet. Models of PGBDM which couple to the

visible sector through a Higgs portal have been studied in Refs. [166, 80, 203, 249]. In

these models, the direct detection signature vanishes at zero momentum transfer as a result
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of a softly broken global symmetry.2 Because the axial symmetry group of our model is

explicitly broken by a term trilinear in the fields, the direct detection cross section does not

contain this feature. We consider the limit where the scalar portal is negligible compared to

the vector portal in which the SU(2)V field strength Fµν = F a
µνT

a and the adjoint triplet Φ

may couple to the Standard model hypercharge field strength Bµν through the dimension-5

operator

2

Λ
Tr (ΦFµν)Bµν (3.53)

where Λ is the scale of the UV physics which generates this operator. The vev ⟨Φ⟩ = fT 3

induces kinetic mixing between dark photon and visible Standard model photon,

L ⊃ ε

2 cos θW
FµνBµν → ε

2
FµνFµν , (3.54)

where Fµν is the visible photon field strength. We do not consider mixing with the Z-boson

as its contributions are negligible when the dark photon mass is much below the scale of

electroweak symmetry breaking, mA ≪ mZ .

The kinetic mixing given by (3.54) induces a coupling between the dark photon

and the Standard Model electromagnetic current. This is consistent with the standard dark

photon scenario, and may present signatures at present and future experiments [10, 31].

The Feyman rule for the dark photon, A, and a fermion, f , with charge Qf is

= iεeQfγ
µ . (3.55)

For bounds on the coupling ε we refer to the reviews [10, 31], as our set up is identical to

the standard dark photon.

2In this context, softly broken refers to a symmetry group which is only broken by a mass term.
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To demonstrate the bounds on ε from direct detection nucleon scattering experi-

ments, we compute the scattering amplitude between dark matter, π, and a charged nucleon,

N ,

= ± i

4

gεeQN (3− cos 2β)

q2 −m2
A

ū(k′)
(
/p+ /p′

)
u(k) , (3.56)

which maps to a spin-independent operator O(NR)
1 in the non-relativistic limit [127, 140, 78,

102]. Matching the notation of Ref. [102], we identify

h3 = εeQq and g4 =
g

4
(3− cos 2β) . (3.57)

We define the effective coupling

cN1 = −2
g4h

N
3

m2
A

=⇒ cp ≡ |cN1 | = εeg

2m2
A

(3− cos 2β) ≃ εeg

m2
A

(3.58)

where we have assumed the limit tanβ = v/2f ≪ 1. Due to the conservation of the

electromagnetic charge, the effective coupling hN3 for a nucleon, N , is simply proportional

to the charge of the nucleon.

The effective coupling cp is constrained by spin-independent dark matter-nucleon

scattering from searches such as XENON 1T [13, 14] and DarkSide 50 [5]. We compare the

bounds from these searches to the effective coupling cp in Fig. 3.5. For a fixed mediator mass

mA and dark gauge coupling g, the spin-independent dark matter-nucleon cross section sets

an upper bound on the kinetic mixing parameter, ε. While beyond the scope of this study,

for values of ε so small that the dark sector is effectively decoupled from the visible sector,
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Figure 3.5: Constraints on the effective dark matter–proton coupling, c2p, from direct detec-

tion experiments XENON 1T [13, 14] and DarkSide 50 [5].

one may produce thermal histories distinct from the thermal freeze-out scenario [77, 39,

218, 122, 115].

3.8 Conclusion

We present a model of pseudo-Goldstone boson dark matter and dark photon

mediator. The dark matter mass is finite due to the explicit breaking of the axial subgroup of

an SU(2)×SU(2) symmetry. Spontaneous symmetry breaking sets the scale of the dark matter

and mediator masses, realizing a rich spectrum of states. A residual global U(1) stabilizes

the psuedo-Goldstone states which are assumed to be lightest in the spectrum charged under

this symmetry. We find that the pGB states may saturate the observed dark matter relic

abundance in the standard thermal freeze-out scenario. For certain benchmark models some

small-scale structure anomalies may be resolved by dark matter self-interactions, however

the requirement that the dark matter be a thermal relic makes fitting the self-interaction
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cross section to observations on dwarf galaxy and cluster scales simultaneously difficult.

We leave a precise fit of the self-interaction cross section to observed small-scale structure

anomalies for future work. We present direct detection bounds on our PGBDM which is

assumed to primarily interact with the visible sector through a vector portal. In general

a Higgs portal may be considered. However, such interactions introduce further mixing

between the radial modes and thus are beyond the scope of this study.

The model presented in this work offers several avenues for further study. One

may consider inelastic scattering off of nucleons, in which a π± up-scatters off of a nucleon

producing a W±. This model may be understood as the phase of the model of spin-1 self-

interacting dark matter we present in Ref. [69], where mW > mπ. Thus, a natural extension

of these scenarios is to consider multi-component dark matter in which the observed dark

matter abundance consists of a combination of π± and W±. Such models describe inelastic

dark matter which may admit novel phenomenology. Another exciting possibility is to re-

store the Higgs portal interaction with the visible sector. In this case the direct detection

cross section is proportional to the order parameter of explicit symmetry breaking µ, result-

ing in a dependence on the dark matter mass for the direct direction cross section distinct

from the vector portal case.
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Chapter 4

Continuum Mediated

Self-Interacting Dark Matter

4.1 Introduction

A dark sector is a set of fields that include dark matter and low-mass particles

that mediate interactions of the dark matter [255, 256, 257, 121, 10, 31]. If these mediators

interact with the Standard Model, their signatures may appear in a suite of laboratory based

experiments. Even if these Standard Model interactions are negligible, the mediators induce

long-range potentials between dark matter particles that may be tested astronomically [63,

280]. This self-interacting dark matter framework has been spurred by the observation that

it may address potential small-scale structure tensions between simulations of cold dark

matter and astronomical observations [293, 292].
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A single mediator typically produces a Yukawa potential between dark matter

particles, V (r) ∼ −e−mφr/r, where mφ is the mass of the mediator. This long-range

behavior can be dramatically altered when the single-mediator exchange picture breaks

down, for example when the mediator is represented by a continuum of states. Models

of continuum dark sectors have existed for at least a decade in the form of conformal

hidden sectors [158, 300] and closely related work on unparticle hidden sectors [285, 73,

145, 146]. The proposal that such models may lead to novel self-interactions was first

identified in Ref. [45] for a spin-0 mediator modeled in the holographic description of a

warped extra dimension. 1 This paper describes continuum-mediated self-interacting dark

matter phenomenology in that benchmark theory. The dynamics of the model generate a

long-range potential on the UV brane that scales as a non-integer power of separation,

V (r) ∼ 1

r

(
1

Λr

)non-integer

, (4.1)

where Λ is a cutoff scale.

The long-range forces between dark matter particles allow energy exchange in

dark matter halos and create a cored density profile compared to standard cold dark matter

N -body simulations. Observations of small-scale structure anomalies in dwarf spheroidal

galaxies are indicative of cored halo profiles and are thus a tantalizing possible signature

for dark matter dynamics [293]. Alternative proposals to address these anomalies include

1In this work we use continuum to refer to the discrete set of Kaluza–Klein modes. This could be also

referred to as a ‘discretuum,’ as opposed to the ‘continuous continuum’ regime in which the KK modes

merge [84] Because a potential is generated by t-channel diagrams, the mediator field carries spacelike four-

momentum. This makes it mostly insensitive to whether the spectral distribution is continuous or discrete

and no distinction between these scenarios is necessary.
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baryonic feedback on the dark matter halo. Future generations of N -body simulations may

be able to ultimately distinguish between the two scenarios, and it is plausible that nature

may even invoke a combination of the two mechanisms. We refer to Ref. [49] for a recent

review of the status of these anomalies. A key result of our study is that continuum-mediated

interactions leads to a non-integer velocity dependence on the dark matter self-scattering

cross section, a quantity that relates the fundamental particle physics parameters of the

dark sector to astronomical observations. Schematically,

σ(v) ∼ vnon-integer . (4.2)

We proceed as follows. In Section 4.2 we motivate a class of conformal models that

generate non-integer potentials of the form (4.1) and specifically highlight a 5D dual picture

with a mass gap. We give a precise definition of the gapped, continuum-mediated self-

interacting dark matter model in Section 4.3. We discuss experimental constraints beyond

self-interactions in Section 4.4; these constraints can be avoided for the types of parameters

needed to address small scale structure puzzles in astronomy. The long-range potential is

derived in Section 4.5 using spectral techniques. We present closed form expressions using

asymptotic limits that we validate numerically. In Section 4.6 we evaluate the figure of merit

for astronomical applications, the self scattering transfer cross section. In the so-called Born

and classical regimes of dark matter coupling and velocity, we demonstrate novel scaling in

the dark matter velocity compared to non-continuum self-interacting models. We confirm

the presence of a resonant regime and analyze all regimes numerically. Continuum-mediated

self-interactions can explain small-scale structure observations even when the slope of its

potential differs significantly from a standard Yukawa potential. In Section 4.7 we show that
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Sommerfeld enhancement produces a pattern of resonances that depend on the potential

slope and mass gap. We conclude in Section 4.8. The Appendices include a streamlined

review of AdS/CFT with a UV brane (Appendix B.1), a calculation of the approximate

transfer cross section in the non-perturbative classical regime (Appendix B.4), a proof that

there is no Sommerfeld enhancement for a 1/r2 potential (AppendixB.5), and a review of

the numerical method used to solve for the transfer cross section (Appendix B.6).

4.2 Preliminary Observations

The simplest assumption for dark matter self-interactions is that dark matter

currents, JDM, interact by exchanging spin-0 or spin-1 mediators at tree-level. In momentum

space, the matrix elements take schematically the form

= JDM(q)
1

q2 −m2
JDM(−q) . (4.3)

The corresponding potential between dark matter currents in position space is Yukawa-like,

V (r) ∼ e−mr/r, or Coulomb-like if m = 0. The mediator mass, m, cuts off the potential in

the infrared and is important for realizing required low-velocity scaling of the dark matter

self-scattering cross section for small scale structure anomalies.

The exchange of a single, non-derivatively coupled, weakly-interacting field in (4.3)

is the simplest dark matter self-interaction. The resulting r−1 potential is the longest ranged

potential allowed by the lower bound on the dimension of the exchanged operator set by

unitarity, ∆ ≥ 1. However, it is also plausible that the leading self-interaction is shorter

range than 1/r and thus there are a variety of possibilities that have yet to be thoroughly

investigated. An extreme example is a zero-range interaction, JDM(q)JDM(−q), which give
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contact-interactions in position space, V (r) ∼ δ(3)(r). This possibility is too extreme: the

contact interactions produce velocity-independent cross sections that are tightly constrained

by the upper bound on dark matter self-scattering at high velocities from observations of

galaxy cluster collisions like the Bullet Cluster.2

In this work we explore intermediate possibilities where the self-interaction poten-

tial has finite range that is shorter than the Yukawa/Coulomb limit. The simplest possibility

amounts to a matrix element

= JDM(q)
1(√

−q2
)4−2∆

JDM(−q) . (4.4)

The parameter ∆ satisfies ∆ ≥ 1, where ∆ = 1 recovers the Coulomb case. The position-

space potential scales as V (r) ∼ r−2∆+1 and becomes steeper near the origin for ∆ > 1 such

that the interaction has indeed shorter range than the Coulomb case. The interaction (4.4)

is understood to come from the exchange of a operator of dimension ∆. Highly non-integer

dimensions do not occur in weakly-coupled theories since quantum corrections to the classi-

cal scaling dimension are perturbative. However, if the dark sector has strongly-interacting

dynamics, then it is likely that the operators have highly non-integer dimension. We focus

on a nearly-conformal mediator sector described a conformal field theory (CFT); this sector

may be a gauge theory with large ’t Hooft coupling. Currents of elementary dark matter,

JDM, interact with CFT operators. Even though the mediator sector is strongly-interacting,

conformal symmetry constrains the CFT correlation functions and provides a well-controlled

framework for calculations. The CFT two-point function has a continuous spectral represen-

2Other short range possibilities include tree-level exchange of a pseudoscalar (see e.g. [123]) and loop-level

mediated processes [134, 85], which induce potentials going as ∝ 1/rn with n integer and ≥ 3.
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tation and so we refer to this scenario as continuum-mediated self-interacting dark matter.

An analogous description of dark matter–nucleon scattering is used in Ref. [205].

A purely conformal hidden sector does not have a mass gap. This prevents an

infrared cutoff that is usually set by the mediator mass. In order to restore the desired

exponential damping at long distances, we assume an infrared (IR) mass gap in a slightly

more evolved model that is most simply described holographically in five dimensional anti-

de Sitter (AdS) space. In this scenario, a 5D field Φ propagates in the bulk and interacts

with the brane-localized dark matter currents, JDM.

The AdS dual of the ungapped amplitude (4.4) is schematically:

= (4.5)

see Appendix B.1 for relevant details from the AdS/CFT correspondence. In the 5D descrip-

tion of continuum-mediated self-interacting dark matter, dark matter itself is a 4D degree

of freedom localized on the UV brane near the AdS boundary. This is identified with an

elementary degree of freedom that probes the CFT sector. The mediator continuum is a

bulk field coupled to the fields on the boundary. The mass gap in the AdS description is

encoded by an infrared (IR) brane localized further away from the AdS boundary:

= . (4.6)

In the 5D description, the mass gap follows from the bulk field having two boundary con-

ditions at finite distance. The exact CFT limit (4.5) is recovered when the IR brane is

decoupled by sending it to spatial infinity. The 5D model is shown in Figure 4.1 and is

described precisely in the following section.
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Figure 4.1: Schematic description of the continuum-mediated self-interacting dark matter

scenario.

4.3 Continuum-Mediated Self-Interactions from AdS

We detail a model in 5D AdS space that realizes the continuum-mediated self-

interacting dark matter scenario; the choices of parameters are discussed in the following

section. The model is based on the warped dark sector framework [45], which is itself closely

related to the Randall–Sundrum 2 model of a warped extra dimension [261].

4.3.1 Geometry and Action

Geometry. The metric for the AdS spacetime in conformal coordinates is

ds2 =

(
1

kz

)2 (
ηµνdx

µdxν − dz2
)

(4.7)

where k is AdS curvature. We restrict to a slice of this AdS space and place UV and IR

branes at the endpoints,
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zUV ≤ z ≤ zIR zUV =
1

k
zIR =

1

µ
. (4.8)

In our model, the scale µ characterizes the mass gap of the mediator sector; we take µ≪ k.

We assume that some stabilization mechanism prevents the two branes from falling

into one another; though we may remain agnostic about the specific choice as the details are

not crucial to our study. For concreteness, one may assume the Goldberger–Wise mecha-

nism [161]. We ignore gravitational backreaction effects near the IR brane and approximate

the metric to be exactly AdS over the entire space.

The action for the theory includes bulk and brane-localized quadratic terms for

the 5D real scalar mediator Φ, UV brane-localized quadratic terms for the dark matter χ,

and interactions between dark matter and mediator:

S =

∫ zIR

zUV

∫
d4x

√
gLΦ +

√
ḡ
(
Lχ + Lint + LUV

Φ

)
δ(z − zUV) +

√
ḡLIR

Φ δ(z − zIR) , (4.9)

where ḡ is the induced metric on the brane, with
√
ḡ = (kz)−4. Additional terms that do

not play a role in the self-interaction phenomenology are the 5D Einstein–Hilbert term,

the 4D Standard Model action localized to the UV brane, and possible Standard Model

interactions with the mediator. The dark matter Lagrangian terms encode a 4D mass mχ

and Yukawa coupling to the bulk mediator:

Lχ = χ̄γµ∂µχ−mχχ̄χ Lint =
λ√
k
Φχ̄χ . (4.10)

Writing 5D Lorentz indices M , the bulk mediator Lagrangian is

LΦ =
1

2

[
(∂MΦ)(∂MΦ)−M2

ΦΦ
2
]
, (4.11)
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where the bulk mass MΦ is tied to the dimension ∆ of the operator exchanged between

dark matter particles in the CFT picture. The brane-localized Lagrangian terms for the

bulk scalar encode mass and kinetic terms:

LUV
Φ =

1

2k
ΦBUV[∂

2]Φ LIR
Φ =

1

2k
ΦBIR[∂

2]Φ Bi[∂
2] = m2

i + ci∂
2 + . . . . (4.12)

The Bi[∂
2] are polynomials in the 4D Laplacian ∂2 = ∂µ∂

µ; the constant term is the brane-

localized masses m2
i . Higher order terms are typically small and irrelevant for our study.

We remark that the low-energy effective theory also contains a radion that is

identified with the dilaton in the 4D theory. This mode is light, but localized on the

IR brane and hence has negligible contributions to the dark matter dynamics on the UV

brane. We thus do not include it in our analysis as it would produce only a minor shift in

the long-range potential.

4.3.2 Effective Field Theory Consistency

5D interacting theories are non-renormalizable and are understood to be low-

energy effective field theory (EFT) valid up to a cutoff, Λ. The cutoff is tied to the strongest

5D interaction—either gravity or another interaction in the theory. 5D näıve dimensional

analysis (NDA) [235, 157, 154, 232, 192], in turn, relates the cutoff to the AdS curvature [84],

Λ ≳
ℓ5
ℓ4
k ∼ πk , (4.13)

where the 4D and 5D loop factors are ℓ4 = 16π2 and ℓ5 = 24π3, respectively.

72



In our dark sector model, the cutoff sets the dark matter–mediator Yukawa cou-

pling λ. Thus 5D NDA bounds the Yukawa coupling by

λ ≲

√
ℓ5k

Λ
≲ 4π , (4.14)

where we have used (4.13) in the second inequality.

While the 5D theory is valid below Λ, the AdS/CFT dictionary is valid only up

to a cutoff scale on the order of k < Λ. From the 4D perspective, a CFT coupled to gravity

has a cutoff parametrically smaller than MPl because of the large degrees of freedom of the

CFT. This cutoff turns out to be k, for example by using the species scale conjecture (see

e.g. [114]).

Our 5D EFT contains isolated degrees of freedom localized on a brane. In a

realistic theory with gravity, localized 4D fields are special modes from 5D bulk fields and

are necessarily accompanied by a spectrum of KK modes [136]. We assume an appropriate

limit where the observable effects of these modes are negligible.

4.3.3 Model Parameters

For the purposes of studying novel, continuum-mediated dark matter self-interactions,

we restrict the parameters presented in the 5D model in Section 4.3.1. The AdS curvature,

k, corresponds to the cutoff of the theory, as described in Section 4.3.2. To ensure that

the cutoff of the theory is beyond the experimental reach of the Large Hadron Collider to

detect, e.g., Kaluza–Klein gravitons, we set k to be

k = 10 TeV . (4.15)
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This sets the position of the UV brane zUV = k−1 and the upper bound on all other

dimensionful parameters in the theory. The AdS curvature is much smaller than the Planck

scale, in the spirit of ‘little Randall–Sundrum’ models [100].

The mediator mass, MΦ is related to the dimension ∆ of the continuum mediator

operator and is conveniently described by the dimensionless parameter α,

α2 ≡ 4 +
M2

Φ

k2
= (2−∆)2 . (4.16)

The range of α corresponds to the ∆− branch of AdS/CFT (see details in Appendix B.1)

and can be established as follows. Unitarity of CFT operators requires ∆ ≥ 1, implying

α ≤ 1. The Breitenlohner–Freedmann bound for the stability of AdS implies α2 ≥ 0 [46, 47],

and we restrict to α ≥ 0 without loss of generality. We thus obtain 0 ≤ α ≤ 1 .

Observe that the slope of the resulting long-range potential scales like V (r) ∼ r−1

for α = 1 and V (r) ∼ r−3 for α = 0. For potentials more singular than r−2, solving for

the phenomenology becomes computationally intractable and, furthermore, the theory is

unlikely to produce the effects relevant for small scale structure anomalies. We thus further

restrict the range to α ≥ 1/2 to avoid the regime where the long-range potential is steeper

than the centrifugal term.

Our theory includes brane-localized massesm2
iΦ(x, zi)

2 and kinetic terms ci[∂Φ(x, zi)]
2

for the mediator. It is convenient to parameterize the former into dimensionless variables,

bIR ≡
m2

IR

k2
+ (2− α) bUV ≡

m2
UV

k2
+ (2− α) . (4.17)

The IR parameters bIR and cIR generically have O(1) values so we set them all to one.

These only have a mild impact on the self-interaction phenomenology. Conversely, we tune
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Parameter Range What sets the range

Bulk mass 1/2 ≤ α ≤ 1 Calculability, unitarity

Mass gap MeV ≲ µ≪ k Early universe

Dark matter mass µ ≲ mχ ≲ k Nonlocal potential, EFT validity

Yukawa coupling λ ≤ 4π EFT perturbativity

Table 4.1: Range of parameters in our model. The AdS curvature is set to k = 10 TeV;

larger values generically suppress self-interaction effects. The dimensionless brane-localized

masses and kinetic terms defined in (4.12) and (4.17) are assumed to be O(1), with the

exception of bUV which is tuned to zero to reproduce the long-range behavior, (4.4). The

early universe bound on µ is described in Section 4.4.

bUV = 0 as required to reproduce the CFT behavior in (4.4) since bUV corresponds to a

double trace deformation in the conformal theory. The UV brane kinetic coefficient cUV is

assumed to be O(1), though it is only significant in the limiting case α = 1.

With these benchmark values in place, the theory is described by the parameters

in Table 4.1. The IR scale µ defines the mass gap of the theory by setting the scale of

the lightest Kaluza–Klein mode and its lower bound is set by dark radiation constraints,

described in Section 4.4.

4.3.4 Mediator Propagator and Spectrum

It is convenient to work in position space for the z-direction but momentum space

along 4D Minkowski slices. The mediator field is decomposed as

Φp(z) =

∫
d4x eip·x Φ(xµ, z) p · x = pµx

µ . (4.18)
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The norm p =
√
ηµνpµpν is real for timelike pµ and imaginary for spacelike pµ. In these

coordinates, the free scalar propagator is the two-point Green’s function, see e.g. [136],

Gp(z, z
′) = i

πk3(zz′)2

2

[
Ỹ UV
α Jα(pz<)− J̃UV

α Yα(pz<)
] [
Ỹ IR
α Jα(pz>)− J̃ IR

α Yα(pz>)
]

J̃UV
α Ỹ IR

α − Ỹ UV
α J̃ IR

α

,

(4.19)

where z<,> is the lesser/greater of the endpoints z and z′. The quantities J̃UV,IR are

J̃UV
α =

p

k
Jα−1

(p
k

)
+BUV(p

2) Jα

(p
k

)
J̃ IR
α =

p

µ
Jα−1

(
p

µ

)
+BIR(p

2) Jα

(
p

µ

)
, (4.20)

with similar definitions for Ỹ UV,IR. The boundary functions Bi(p
2) encode brane-localized

operators and are defined in (4.12). We refer to (4.19) as the canonical representation of

the propagator.

The propagator has an infinite series of isolated poles set by the zeros of J̃UV
α Ỹ IR

α −

Ỹ UV
α J̃ IR

α and referred to as Kaluza–Klein (KK) modes. The free propagator can thus equiv-

alently be written as a series

Gp(z, z
′) = i

∑
n

fn(z)fn(z
′)

p2 −m2
n + iϵ

, (4.21)

we refer to this particular momentum-space spectral representation as the KK representa-

tion of the propagator. Depending on the context, either the canonical or KK representation

may be more convenient. Assuming that the UV brane mass parameter is zero, bUV = 0,

and that the other brane parameters have O(1) coefficients, then the KK spectrum for

p≫ µ is

mn ≈
(
n− α

2
+

1

4

)
πµ n > 0 , (4.22)
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as can be seen from identifying the poles in the limiting form of the propagator in (4.33).

The mass of the lightest modem0 depends on the brane-localized parameters and is detailed

in Section 4.5.2.

4.3.5 Qualitative Description of 4D Near-Conformal Theory

The AdS/CFT correspondence describes the equivalence between a quantum field

theory on AdSd+1 space and a conformal gauge theory with large ’tHooft coupling and large-

N in flat d-dimensional space (for initial works see [234, 168, 302, 143, 229, 144, 106, 105],

for some reviews see [7, 306, 248, 198]). AdS bulk fields correspond to CFT operators in

a way that is exact (to the best of our knowledge) in the full AdS spacetime and in the

presence of a UV brane.

Fields localized on the UV brane are understood to be external fields probing the

CFT; these are equivalently called elementary states in contrast to CFT degrees of freedom.

In the context of our model, dark matter and Standard Model particles are elementary fields.

We require that dark matter couples to a scalar operator of the mediator CFT sector; this

scalar operator corresponds to the 5D bulk mediator field Φ. The mediator CFT two-point

correlation function gives the self-interaction amplitude in (4.5).

The understanding of the 4D dual theory is only qualitative in the presence of IR

brane cutting off large z values. The IR brane is interpreted as a spontaneous breaking of

the conformal symmetry analogous to confinement in a strongly-interacting gauge theory

[19, 87]. The theory is thus only approximately conformal at scales much larger than

µ, however we follow the common colloquiual practice of referring to the 4D theory as a

CFT. The scale µ = z−1
IR is naturally associated to the mass gap characterizing conformal
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symmetry breaking, similar to the QCD confinement scale. KK modes are identified with

composite states that are allowed when conformal invariance is broken. In the simplest

realization, the composite states are glueballs of adjoint gauge fields.

Either the AdS or CFT description of the theory may be more convenient depend-

ing on the context. We primarily focus on the 5D description where the model is concretely

defined. The qualitative behavior of this theory is general and captures what is expected

for a purely 4D near-conformal mediator; one may view the 5D construction as a simple

quantitative tool to describe such a theory.

4.4 Phenomenological Constraints

We briefly comment on implications of our model beyond the dark matter self-

interaction phenomenology that is our primary focus.

4.4.1 Cosmological Dark Radiation

Models of near-conformal dark sectors necessarily introduce large numbers of de-

grees of freedom. Many of these may be relativistic in the early universe and are thus con-

strained by big bang nucleosynthesis (BBN) and the cosmic microwave background (CMB).

There are at least three ways to avoid the tight constraints on the effective number of

relativistic degrees of freedom, Neff:

1. The theory may have a sufficiently large mass gap, O(MeV), so that all states are

non-relativistic at the relevant times. In this case there is no dark radiation.

2. The relativistic states decay quickly enough that they do not affect BBN or the
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CMB [205].

3. The dark sector may be much colder than the Standard Model so that the density of

states is suppressed compared to visible matter. This is a natural possibility and has

been studied in the context of gravitational interactions in AdS [180, 221, 220]. Dark

radiation from a bulk scalar will be studied in an upcoming work [83].

With these features in mind, we focus on µ ≳ O(MeV), but allow for µ the possibility of

lower scales subject to additional model building to accommodate Neff limits.

4.4.2 Fifth Force

Bulk graviton exchange leads to deviations from the Newtonian gravitational po-

tential of the form [261, 159]

VN(r) = −GN

r

[
1 +O

(
1

k2r2

)]
. (4.23)

Constraint from fifth force searches set k ≳ 5meV or k−1 ≲ 50µm and hence can be ignored;

see e.g. [224] for a recent measurement, [44] for a review of r−3 constraints.

4.4.3 Deviations from the Standard Model

Standard Model fields are assumed to be localized on the UV brane. For the

purposes of dark matter self interaction phenomenology, we neglect any direct UV-brane

interactions between the dark matter and Standard Model and assume that the mediator–

Standard Model couplings are negligible. These couplings are phenomenologically relevant,

for example in dark matter direct detection experiments [205] or in searches for novel forces
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between Standard Model particles [45, 85], but are not directly related to the small scale

structure anomalies that are the primary phenomenological focus of this paper.

In principle the brane-localized fields are limits of 5D fields with heavy KKmodes [136].

The most significant effects of these modes are deviations in the Standard Model gauge sec-

tor: gauge bosons can scatter off 5D gravitons and the gauge couplings pick up an anomalous

logarithmic running above the IR scale µ. Both of these effects are small enough to be un-

detected with current data in the limit where Λ is sufficiently close to k. Since we already

assume this in (4.13), the model is safe from these effects.

4.5 The Continuum-Mediated Potential

The potential V between two particles is obtained from the t-channel scattering

amplitude with the external legs taken to the appropriate non-relativistic limit,3

iM ≡ −4im2
χṼ (|q|) = −4

λ2

k
G|q| (zUV, zUV) , (4.24)

with t ≈ −|q|2 where q is the three-dimensional momentum transfer. On the right-hand

side we insert the expression from the exchange of a t-channel bulk mediator between dark

matter currents. The position-space potential is related by a Fourier transform

V (r) =

∫
d3q

(2π)3
Ṽ (|q|) eiq·r , (4.25)

with r = |r|. Even though our effective theory has a cutoff, one may integrate (4.25) to

infinite |q| under the assumption of a smooth cutoff, as shown in the Appendix B of Ref. [85].

3In principle u-channel diagrams contribute when the scattering particles are identical. This is an O(few)

effect [194, App. C]. We neglect the u-channel contribution for simplicity and ease of direct comparison to

Ref. [293].
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Simply inserting the exact propagator (4.19) is analytically challenging. We pro-

ceed by using a spectral representation where the discontinuity of the two-point function is

evaluated in the appropriate asymptotic limits from Section 4.5.2.

4.5.1 Spectral Representation

The spectral representation for the bulk propagator is [308]

Gp(z, z
′) =

1

2πi

∫ ∞

0
dρ

Discρ

[
G√

ρ(z, z
′)
]

ρ− p2
, (4.26)

where Discρ [g(ρ)] is the discontinuity of g(ρ) across the branch cut along the real line,

ρ ∈ R+:

Discρ[g(ρ)] = lim
ϵ→0

g(ρ+ iϵ)− g(ρ− iϵ) ϵ > 0 . (4.27)

We compute the non-relativistic potential using this spectral representation of the propaga-

tor. Performing the d3q integral yields a general representation of the long-range potential:

V (r) = − 1

8π2
λ2

k

∫ ∞

0
dρ Discρ

[
G√

ρ(zUV, zUV)
] e−

√
ρr

r
. (4.28)

Kaluza–Klein representation. One may use the KK representation of the free propaga-

tor (4.21) in the spectral representation of the potential (4.28); this amounts to identifying

the exchange of a 5D bulk scalar with the sum of t-channel diagrams with each KK mode:

= + + + · · · (4.29)

The spectral distribution is Discρ

[
G√

ρ(z, z
′)
]
=
∑

n fn(z)fn(z
′)2πδ(p2 −m2

n), so that the

potential is an infinite sum of Yukawa potentials from each KK mode:

V (r) = − 1

4π

λ2

k

∑
n

fn(z0)
2 e

−mnr

r
. (4.30)
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While this KK representation of V is exact, it requires knowledge of the entire spectrum of

KK masses and wavefunctions.

Canonical representation. One may alternatively use the canonical representation of

the propagator (4.19) in the spectral representation of the potential (4.28). In this case, one

may apply the closed-form asymptotic expressions derived in the following section. These

asymptotic expressions carry the same poles as the KK representation. The momentum

flowing through the propagator is necessarily spacelike in diagrams that contribute to the

potential. Thus we may readily use the asymptotic expressions for large |p| that are valid

away from the poles, (4.34) for α < 1 and (4.39) for α = 1. We numerically validate this

approximation in Section 4.5.5.

4.5.2 Propagator Asymptotics

We present the limits of the bulk propagator Gp for Minkowski momenta p much

smaller and larger than the mass gap, µ. We focus on propagation to and from the UV

brane where the dark matter currents are localized. These limits illuminate the properties

of the theory and yield simplifications for the self-interaction potential.

We treat the α < 1 and α = 1 cases separately; the asymptotic behavior of Bessel

functions with near integer order have an extra contribution that is neglected for non-integer

order.4 As a result, one typically cannot obtain the α = 1 asymptotic behavior as the α→ 1

4This is due to the expression for the Bessel function of the second kind with integer index α → n,

Yn(z) =
1

π

∂Jα(z)

∂α

∣∣∣∣
α=n

+
(−)n

π

∂Jα(z)

∂α

∣∣∣∣
α=−n

.
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limit of the α < 1 asymptotic behavior. The α = 1 case is a meaningful benchmark as it is

equivalent to the exchange of a single 4D mediator.

Propagator Asymptotics for 0 < α < 1

Small momentum asymptotic, |p| ≪ µ. For Minkowski momenta much less than the

mass gap we find a single 4D pole:

Gp(zUV, zUV) = i
2k(1− α) (2α+ bIR)

α(2 + bIR)p2 − 4α(1− α)bIRµ2

(µ
k

)2−2α
. (4.31)

All other poles are be heavier than O(µ). For bIR ≲ O(1), the light 4D mode mass is

m2
0 =

4(1− α)bIR
2 + bIR

µ2 . (4.32)

Large momentum asymptotic, |p| ≫ µ. For momenta much larger than the mass gap,

Gp(zUV, zUV) =
i

2k

Γ (α)

Γ (−α+ 1)

(
4k2

p2

)α

Sα(p) Sα(p) =
sin
(

p
µ − π

4 (1− 2α)
)

sin
(

p
µ − π

4 (1 + 2α)
) . (4.33)

The tower of KK poles are encoded in Sα(p). The propagator further simplifies when the

momentum has an imaginary part Im(p/µ) ≳ 1:

Gp(zUV, zUV) =
i

2k

Γ (α)

Γ (−α+ 1)

(
4k2

−p2

)α

, (4.34)

where we have used Sα ≈ (−1)α in this limit.5 This includes the case of spacelike momen-

tum. In this limit the conformal scaling appears: recalling that α = 2−∆, the propagator

reproduces the scaling of the amplitude (4.4). Observe that the UV brane kinetic term does

5Loops from bulk interactions cause heavy KK modes to acquire large widths and give an effective imaginary

part to timelike four-momentum in the bulk propagator [135, 84, 82]. This physical imaginary part is

important for timelike processes but is not for spacelike processes, hence it is irrelevant for the potential.

83



not appear in this expression. This reflects the fact that none of the modes are localized

near the UV brane.

Propagator Asymptotics for α = 1

Small momentum asymptotic, |p| ≪ µ. For Minkowski momenta much less than the

mass gap, we find

Gp (zUV, zUV) =
(2 + bIR)2ik

p2 [(2 + bIR)(2cUVk + log(k2/µ2))− bIR]− 4bIRµ2
. (4.35)

This carries a single 4D pole. The mass of this light mode is

m2
0 =

4bIRµ
2

(2 + bIR) [2cUVk + log(k2/µ2)]− bIR
. (4.36)

This mass is suppressed by cUV + log(k/µ), where cUV is the coefficient of the UV brane-

localized kinetic term and log(k/µ) describes the bulk volume. One may understand (4.36)

as a dressing of the zero mode with an IR brane-localized mass.

Large momentum asymptotic, |p| ≫ µ. For momenta much larger than the mass gap,

Gp (zUV, zUV) =
2ik

p2
[
2cUV − π cot

(
p
µ + π

4

)
− log

(
p2

4k2

)
− 2γ

] . (4.37)

When Im(p/µ) ≳ 1 the cotangent approaches −i and the propagator simplifies,

Gp (zUV, zUV) =
2ik

p2
[
2cUV − log

(
− p2

4k2

)
− 2γ

] . (4.38)

In contrast to the α < 1 case (4.34), the UV brane kinetic term is not negligible. This

propagator describes a 4D mode with a logarithmic running of its wavefunction. It is similar

to the well known case of a bulk gauge field in AdS. We can absorb a large logarithm by
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redefining the brane wavefunction coefficient cUV at a physical scale p0:

ĉUV = cUV + [log (k/p0)− γ] Gp (zUV, zUV) =
2ik

p2
[
2ĉUV − log

(
−p2

p20

)] . (4.39)

For the astrophysical applications of self-interacting dark matter, the energy transfer ranges

over only a few orders of magnitude and the logarithmic running is thus negligible. The

α = 1 case thus reproduces the standard single-mediator self-interacting dark matter model

and serves as a useful benchmark.

4.5.3 Potential, α < 1

For bulk masses in the range 0 < α < 1 and with generic IR brane mass parameter

bIR ∼ O(1), the lightest excitations have mass on the order of µ; see (4.32). Since there

is no light mode to contribute to non-analyticities of Gp for |p| < µ, we may apply the

|p| ≫ µ approximation of the propagator to the spectral integral (4.28). The lower limit of

the spectral integral is formally the mass of the lightest KK mode,

V (r) = − 1

8π2
λ2

k

∫ ∞

m2
1

dρ Discρ

[
G√

ρ(zUV, zUV)
] e−√

ρr

r
. (4.40)

However, becausem1 = O(µ), by using the ρ≫ µ2 approximation for the propagator (4.34),

we introduce some uncertainty in the lower bound of the spectral integral. We verify the

validity of this approximation in Section 4.5.5.

The discontinuity across the branch cut along ρ > 0 is

Discρ

[
∆√

ρ(z0, z0)
]
=

1

k

(
4k2

ρ

)α
Γ(α)

Γ(1− α)
sin(πα) , (4.41)

where we have used (4.34). This is valid for Im(p/µ) ≳ 1, which we assume because p

is spacelike. Evaluating the integral across the discontinuity using the Γ reflection and
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duplication formulas6 gives the main expression we use in our analysis:

V (r) = − λ2

2π3/2
Γ(3/2− α)

Γ(1− α)

1

r

(
1

kr

)2−2α

Q(2− 2α,m1r) , (4.42)

where Q (2− 2α,m1r) is the regularized incomplete Γ function,

Q (p, z) =
1

Γ (p)

∫ ∞

z
dx xp−1e−x . (4.43)

For r ≫ m−1
1 , the potential is exponentially suppressed at long distances,

V (r) ∝ −
(m1

k

)1−2α 1

kr2
e−m1r . (4.44)

We see that Q(2− 2α, r) takes the place of the e−mr Yukawa factor that encodes the mass

gap in the single-mediator scenario. In turn, this mass gap is a key ingredient for cutting

off unwanted long-range dark forces.

It is illustrative to check the behavior in the gapless limit µ → 0. The large,

spacelike momentum approximation of the propagator (4.38) is exact in this limit and

potential can be evaluated exactly. We recover the gapless limit in (4.42) the gapless limit

is recovered by taking m1 → 0, giving

Vgapless(r) = − λ2

2π3/2
Γ(3/2− α)

Γ(1− α)

1

r

(
1

kr

)2−2α

, (4.45)

which matches the result from [45]. The power law behavior obtained matches the proposed

scaling in (4.4) with the AdS/CFT identification ∆ = 2− α.

4.5.4 Potential, α = 1

For bulk mass parameter α = 1 and with generic IR brane mass parameter bIR ∼

O(1), there is a mode lighter than the scale µ. The suppression relative to µ is the kinetic

6Namely: Γ (1− z) Γ (z) = π/ sin (πz) and Γ (2z) = π−1/222z−1Γ (z) Γ (z + 1/2).
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factor (cUV + log(k/µ))1/2 in (4.36). This is in contrast to the α < 1 case. The spectral

integral over the discontinuity in G√
ρ must thus take into account this pole in the ρ ≪ µ2

regime in addition non-analyticities in the ρ ≫ µ2 regime. We separate the potential into

two pieces accordingly, V = Vlight + VKK.

Light mode contribution. The light mode contributes a simple Yukawa potential:

Vlight = − λ2

4πk
f0(zUV)

2 e
−m0r

r
(4.46)

where the profile evaluated on the UV brane is

f0(zUV)
2 =

(2 + bIR)2k

(2 + bIR)
[
2cUV + log

(
k2

µ2

)]
− bIR

≈ k

ĉUV + log
(
p0
µ

)
+ γ

. (4.47)

as can be derived from the pole of the small momentum transfer limit of the propagator

(4.35). On the right-hand side we use the assumption that bIR ∼ O(1), apply the µ ≪ k

limit, insert the renormalized brane kinetic term coefficient ĉUV defined at the scale p0 from

(4.39).

KK mode contribution. The KK mode contribution uses the |p| ≫ µ asymptotic of

the bulk α = 1 propagator (4.39) applied to the large-momentum spectral integral, (4.40).

To obtain an analytically tractable expression we take the limit ĉUV ≫ log(ρ/p20) over the

range ρ ∈ [m2
1, r

−2]; the upper bound comes from the exp
(
−√

ρr
)
factor in the spectral

integral. The resulting propagator is

Gp (zUV, zUV) =
ik

p2ĉUV

[
1 +

log(−p2/p20)
2ĉUV

+O
(

1

ĉ2UV

)]
. (4.48)

The discontinuity in the spectral intergal is

Discρ

[
G√

ρ(zUV, zUV)
]
=

2πk

ĉUV
δ(ρ) +

k

ĉ2UV

π

ρ
+O

(
1

ĉ3UV

)
. (4.49)
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The singular δ(ρ) term is outside the range of integration and does not contribute. The

leading contribution comes from the O
(
ĉ−2
UV

)
term and evaluates to

VKK(r) = − 1

4πr

λ2

ĉ2UV

Γ(0,m1r) . (4.50)

The α = 1 Potential and Limits. Since we have used the ĉUV ≫ log(ρ/p20) limit in the

KK potential, we may apply the same approximation to the light mode contribution. This

produces the full α = 1 potential

V (r) = − λ2

4πr

[
1

ĉUV

(
1− log(p0/µ) + γ

ĉUV

)
e−m0r +

Γ(0,m1r)

ĉ2UV

]
+O

(
1

ĉ3UV

)
. (4.51)

At long distances, r ≫ m−1
1 ,

Γ(0,m1r)

ĉ2UV

→ 1

ĉ2UV

e−m1r

m1r
. (4.52)

One can explicitly see the exponential suppression from both the light mode and KK mode

mass gaps. In the short distance r ≪ m−1
1 limit, the incomplete Γ function is Γ(0, x) ≈

−(log x+ γ) and one has e−m0r ∼ 1. Since m0r ≪ 1, we obtain

V (r) = − λ2

ĉUV

1

4πr

[
1− 1

ĉUV
log

(
r

r0

)]
+O

(
1

c3UV

)
, (4.53)

where we introduce the scale r0

log r0 = log p0 + 2γ + log

(
m1

µ

)
(4.54)

to absorb O(1) coefficients. The explicit µ dependence vanishes because the logµ from the

light mode and the logm1 = logµ+O(1) from the KK modes cancel.

While (4.53) could be understood as the µ → 0 limit of the α = 1 potential, the

ĉUV ≫ log(ρ/p20) assumption we used to evaluate the spatial potential formally does not

88



Figure 4.2: Absolute potential |V (r)| plotted to validate the continuum-mediated potential

with a mass gap (black) against a sum over nmax Kaluza–Klein modes (colored). The poten-

tial with nmax KK modes is valid for separations larger than r ≳ m−1
nmax

. The disagreement

at long separations between the blue and black lines represents our numerical error and

does not change the quantitative behavior of integrals over the potential. Also shown: the

non-integer power law limit (dashed gray) that is realized in the gap-less limit m1 → 0.

hold in this limit. Instead the full logn r series would need to be resummed. Nevertheless,

we verify that the Fourier transform of the propagator (4.48) matches the potential (4.53).

Interestingly, in this limit the contribution from the light mode is replaced by the δ(ρ)

contribution in the discontinuity across the propagator, (4.49), which is otherwise cut off

at finite µ. Details of this calculation are presented in Appendix B.2.

The expressions in this section show that the KK mode contribution tends to be

small with respect to the light mode for both large and small r. This logarithmic correction

is negligible in our self-interacting dark matter calculations and thus the α = 1 case matches

the standard single 4D mediator scenario. It can thus be used as a benchmark comparing

to α ̸= 1 phenomenology.
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4.5.5 Validation of Potential

In this study we use the asymptotic approximation of the gapped continuum-mediated

potential (4.42). In order to quantify its validity, we compare our approximation to an

explicit sum over Kaluza–Klein mediated Yukawa potentials (4.30). This is a meaningful

check since a sum over nmax KK modes is a valid approximation to the full sum on scales

longer than the inverse mass of the heaviest mode, r ≳ m−1
nmax

. We thus test for agreement

of the gapped continuum-mediated potential with the sum over a large number of KK in

the regime where the latter is valid.

We present our validation in Figure 4.2. The key comparison is between sum

over nmax = 104 KK modes (blue) and the continuum-mediated potential (black). For

values of α ≲ 0.95, the sum over nmax KK modes agrees with the continuum potential in

the regime where the finite KK sum is valid, r ≳ m−1
nmax

. However, at distances longer

than the inverse mass gap, r ≳ m−1
1 , the curves diverge slightly while maintaining the same

qualitative gapped behavior. This discrepancy is caused by the |p| ≫ µ limit assumed in the

derivation of the continuum-mediated potential (4.42). This discrepancy grows when α ≈ 1;

see Footnote 4. Practically, we restrict the continuum-mediated potential for α ≲ 0.95.

In this range, the large-α discrepancy does not change the qualitative behavior of the

continuum-mediated potential, nor the quantitative behavior of integrals of this potential.

For larger values of α, the potential reproduces the well-known case of a single 4D mediator,

as described in Section 4.5.4.

90



Figure 4.2 also demonstrates how a sum of Yukawa potentials can reproduce a

potential that goes like a non-integer power of the separation, (4.1). The lightest KK mass

sets a long-range length scale, m−1
1 . In the regime m−1

nmax
≲ r ≪ m1, the sum over Yukawa

potentials from nmax KK modes produces a total potential that matches the power law

of (4.45).

4.6 Astrophysical Phenomenology

We apply our continuum-mediated model to the phenomenology of self-interacting

dark matter for small-scale structure. The quantity that connects particle physics param-

eters to astronomy is the transfer cross section. We demonstrate the dependence of this

cross section on our model parameters and provide representative fits.

4.6.1 Review of Self-Interacting Dark Matter Cross Sections

We summarize key results of self-interacting dark matter phenomenology; see

Ref. [292] for a detailed review. Long-range dark matter self-interactions affect halo density

profiles by thermalizing the inner halo and reducing the central density. The effect of dark

matter self-interactions on halos depends on the scattering rate, σv(ρχ/mχ). Since the

dark matter density ρχ and the relative velocity v are known for the relevant astrophysical

systems, the figure of merit is the ratio of the cross section to the dark matter mass, σ/mχ.

Dwarf spheroidal galaxies have low relative velocities (v ∼ 10 km/s) and exhibit small-scale

structure anomalies that could be explained by sufficient self-interactions [200, 293, 95]. On

the other hand, galaxy clusters have large relative velocities (v ∼ 1500 km/s) and typically
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Figure 4.3: Regimes of self-interacting dark matter. The horizontal axis measures whether

the ladder of mediator exchanges can be approximated by a single mediator exchange. The

vertical axis is a measure of the velocity. The figures of merit are scaled by the ratio of the

dark matter mass to the mediator mass (or mass gap) so that the regimes are limits relative

to unity. The perturbative regime is described by the Born approximation over the range

of all velocities, whereas the non-perturbative regime is separated into a classical regime at

high velocities and a resonant regime at low velocities. Blue: asymptotic velocity scaling of

the transfer cross section σT in the continuum-mediated scenario. No simple scaling exists

in the resonant regime. The standard case of a single 4D mediator corresponds to α = 1.
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set upper bounds on these interactions:

(
σ

mχ

)
dwarf

∼ 1
cm2

g

(
σ

mχ

)
cluster

≲ 0.1
cm2

g
. (4.55)

The small-scale target and large-scale upper limit are simultaneously satisfied in self-interacting

dark matter models due to the velocity dependence of the cross section. In fact, a more rel-

evant quantity for fitting to astronomical observations is the transfer cross section, which is

weighted by the amount of transverse momentum transferred between dark matter particles:

σT =

∫
dΩ

dσ

dΩ
(1− cos θ) . (4.56)

This accounts for the fact that back-to-back scattering does not change the distribution of

energy between halo dark matter particles.7 The transfer cross section is the figure of merit

for determining the effect of self-interactions on the dark matter halo profile. The behavior

is classified according to regimes along two axes: perturbativity and relative velocity, see

Figure 4.3.

Perturbativity. The horizontal axis of Figure 4.3 distinguishes whether the transfer cross

section is accurately described by the exchange of a single mediator (perturbative) or other-

wise requires a sum over ladder diagrams (non-perturbative). In the former case, one may

use the Born approximation. For a 4D dark sector with a single mediator of mass mϕ and

corresponding potential V ∼ αχe
−mϕr/r, these regimes correspond to

Born:
αχmχ

mϕ
≪ 1 non-perturbative:

αχmχ

mϕ
≫ 1 . (4.57)

7A more symmetric treatment is to use the viscosity cross section, σV =
∫
dΩsin2 θdσ/dΩ . In order to map

to the standard self-interacting dark matter literature, we use σT which differs from σV by at most an O(1)

factor [292].
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The weighted coupling, αχmχ/mϕ, measures whether the Hamiltonian eigenstates are dis-

torted from the non-interacting case [272, (7.2.13)]. The sum over ladder diagrams in the

non-perturbative regime reproduces the distortions of the asymptotic states relative to the

non-interacting eigenstates.

Velocity. The horizontal axis of Figure 4.3 distinguishes whether the dark matter relative

velocity (kinetic energy) is large enough to ignore the effect of the mediator mass. When

the theory is perturbative, the Born approximation may be applied across the entire range

of velocities. On the other hand the velocity separates the non-perturbative case into two

regimes according to whether the de Broglie wavelength (inverse momentum) (mχv)
−1 is

comparable to the screening length (inverse mediator mass), m−1
ϕ :

resonant:
mχv

mϕ
≪ 1 classical:

mχv

mϕ
≫ 1 . (4.58)

The classical regime is the case where the zeroth-order WKB approximation is valid; this

corresponds to the ℏ → 0 limit. For a 4D dark sector with a single mediator of mass mϕ, the

classical regime is the case where the mediator mass is negligible and the theory reproduces

the case of Rutherford/Coulomb scattering. In contrast, in the resonant regime the Yukawa

factor deforms the potential away from the Coulomb limit enough to support quasi-bound

states. In this regime, one must numerically solve the Schrödinger equation in a partial

wave expansion to determine the transfer cross section [293].

Figure 4.3 shows that v < αχ is a necessary condition for the existence of reso-

nances over some range of v. Conversely, v > αχ is a sufficient condition for having no

resonance for any value of v.
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4.6.2 Analytical Behavior of a Continuum Mediator

The transfer cross section from a continuum-mediated potential can be mapped

onto the self-interacting dark matter regimes described above and pictured in Figure 4.3.

Effective coupling. The condition for perturbativity depends on the dark fine structure

constant, which is αχ = g2χ/4π for a single 4D mediator. We can identify an effective fine

structure constant αeff
χ for our continuum mediator. For bulk mass parameters 1/2 < α < 1,

αeff
χ =

λ2m1

4πk

∑
n

f2n(zUV)

mn
≈ λ2

4π

[
4

2α− 1

1

Γ(1− α)2

](m1

2k

)2−2α
. (4.59)

This follows from applying the Born approximation condition (4.57) to the sum of Kaluza–

Klein potentials (4.30). On the right-hand side we use the spectral representation (4.26) to

evaluate the sum. This calculation is detailed in Appendix B.3, where we also discuss the

limiting cases where the bulk masses satisfy α = 1/2 and α = 1. We note that the factor

of (m1/k)
2−2α ∼ (µ/k)2−2α in (4.59) suppresses the effective coupling compared to a näıve

estimate λ2/4π.

Transfer cross section regimes. The self-interaction regimes in Figure 4.3 are mapped

to the continuum-mediated scenario by identifying the mediator mass with the lightest KK

mode mass (the mass gap), mϕ → m1. We find that the effective coupling αeff
χ replaces αχ

in the demarcation of the perturbative (Born) and non-perturbative regimes,

Born:
αeff
χ mχ

m1
≪ 1 non-perturbative:

αeff
χ mχ

m1
≫ 1 . (4.60)

We can likewise divide the non-perturbative regime into the classical and resonant regimes:

Classical:
mχv

m1
≫ 1 Resonant:

mχv

m1
≪ 1 . (4.61)
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Figure 4.4: Velocity dependence of the transfer cross section in the Born regime. Com-

parison between the Born approximation and (blue/solid) and the numerical result from a

sum of partial waves (orange/dashed). The results asymptotically scale like v−4α at large

velocity (green).

Unlike the case of a Yukawa potential, there are no analytic expressions for the transfer

cross section in the entire non-perturbative classical regime.8 We show the scaling of the

transfer cross section for the classical regime in the small mass gap/high velocity limit and

give a closed form result in the low velocity regime below, see Appendix B.4.

Continuum-mediated Born regime. In the Born regime, the transfer cross section

computed perturbatively from the 1/2 < α < 1 continuum-mediated potential (4.42) is

(
dσ

dΩ

)Born

=

(
αeff
χ

)2
m2

χ

4m4
1

(2α− 1)2 2F1

(
1, α; 1 + α;−|q|2/m2

1

)2
, (4.62)

where 2F1

(
1, α; 1 + α;−|q|2/m2

1

)
is the hypergeometric function that encodes the mass

gap. The transferred three-momentum, q, satisfies |q|2 = 1
2m

2
χv

2(1 − cos θ) where θ is the

scattering angle in the center of mass frame. We compute the angular integral numerically.

We may examine (4.62) in the limits of large and small transferred three-momentum.

For a transfer momentum much larger than the mass gap, |q| ≫ m1, the transfer cross sec-

8See Ref. [75] for a discussion of scattering in the limit of no mass gap.
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tion is

σBorn
T ≈

λ4m2
χ

16πk4(1− α)

[
Γ(α)

Γ(1− α)

]2( 2k

mχv

)4α

|q| ≫ m1 . (4.63)

This matches the result from the gapless potential, (4.45). In the opposite limit, |q| ≪ m1,

the transfer cross section approaches a constant:

σBorn
T ≈

λ4m2
χ

64π2α2k4Γ(1− α)4

(
2k

m1

)4α

|q| ≫ m1 . (4.64)

Figure 4.4 compares these asymptotic behaviors to a numerical solution.

Early astrophysical simulations of self-interacting dark matter assumed a constant

σT and found that the cross sections required to address small-scale structure anomalies

were inconsistent with bounds from the upper limits set by galaxy cluster collisions. One of

the key insights of Ref. [293] was that suppression of the cross section at transfer momenta

relative to a light mediator would alleviate this tension. In the continuum-mediated scenario,

we see that the bulk mass parameter α controls the velocity-scaling in the high-velocity Born

limit. This parametric control is not possible for the exchange of a single mediator.

Continuum-mediated classical regime. Unlike in the Born regime, in the classical

regime closed form results for the transfer cross section do not follow from straightforward

calculation. While in the case of a Yukawa potential closed form expressions can be deter-

mined for the entire non-perturbative classical regime, see e.g. Ref. [293, eqn. (7)], analytic

expressions for the continuum mediated transfer cross section are harder to come by. In

the limit of a small mass gap/large velocity, one can determine its velocity dependence. In

the opposite low velocity limit, one finds a closed form expression. The calculations are

detailed in Appendix B.4.
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One can write the transfer cross section in this regime as an integral over the

impact parameter ρ. It is convenient to introduce the dimensionless quantities ξ = ρ/ρ0,

where ρ0 is a characteristic length scale defined from the potential (4.42),

σclassicalT = 2πρ20

∫ ∞

0
[1− cos θ(ξ,m1ρ0)] ξdξ ρ0 ≡

[
λ2

2π3/2mχv2k2−2α

Γ(3/2− α)

Γ(1− α)

] 1
3−2α

.

(4.65)

When m1ρ0 ≪ 1, corresponding to the small mass gap/high velocity limit, the scattering

angle θ is a function of the ratio ξ only [75]. In this case, the transfer cross section depends

on a non-integer power of the relative velocity, −4/(3 − 2α). A finite mass gap induces

corrections to this scaling.

While this scaling holds in the small mass gap/high velocity limit of the classical

regime, an approximate closed form solution for the transfer cross section can be computed

for lower velocities. Following the methodology of Ref. [209], we calculate the transfer cross

section in terms of the parameter

β =
2αeff

χ m1

v2mχ
(2α− 1) . (4.66)

In the limit β ≫ 1, the transfer cross section is found to approximately be

σclassicalT ≈ π

m2
1

1 + log

(
β

log β

)
− (2α− 1)

log β
+

(
2α− 3

2

)
log
(

β
log β

)
2

. (4.67)

See AppendixB.4.2 for details. Our analytical result is shown to be in good agreement with

the numerical solution to the Schrödinger equation, see Figure 4.5.
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Summary of Velocity Scaling We summarize the velocity scaling in the different

regimes:

σT ∼



v0 Born (low velocity)

v−4α Born (high velocity)

v−4/(3−2α) Classical

no simple scaling Resonant

(4.68)

The dependence on the bulk mass parameter α is a key difference from the standard 4D,

single mediator case. The 4D scenario corresponds to α = 1.

4.6.3 Numerical Methodology and Results

To make quantitative statements about the transfer cross section that extend to

the classical and resonant regimes, we numerically solve the Schrödinger equation using a

partial wave expansion,

σT =
4π

(mχv/2)
2

∑
ℓ

(ℓ+ 1) sin2 (δℓ+1 − δℓ) , (4.69)

where δℓ is the scattering phase shifts partial wave ℓ. We follow the methodology of Ref. [293]

with a more relaxed numerical algorithm described in Appendix B.6.

For bulk mass parameters α ≤ 1/2, the potential dominates over the repulsive

centrifugal barrier for r → 0. In this case one must place a short distance cutoff on r that

encodes data from the UV completion. Practically, the partial wave expansion converges

poorly and becomes numerically intractable for potentials more singular than r−2. As such,

we restrict the bulk mass parameter to the range 1/2 < α < 1, where the upper limit is the

theoretical upper limit established in Section 4.3.3.
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Realization of the transfer cross section regimes. The scattering rate density rele-

vant for thermalizing the cores of dark matter halos is the transfer cross section times the

dark matter number density, σTnχ ∼ σTρχ/mχ. The dark matter density ρχ is a measured

input, so a useful figure of merit is the ratio σT/mχ, for which the typical value required

for small-scale structure is σT/mχ ∼ O(1).

Figure 4.5: Comparison of the numerically calculated transfer cross section to the analytic

approximations introduced in Figure 4.3. The general behavior displays distinct regimes,

similar to that of a single mediator, see e.g. Ref. [293, Fig. 2]. The blue line is the numer-

ical solution. Orange (dashed)/green (dotted) lines correspond to analytic Born/classical

approximations valid in their respective regimes; (4.62) and (4.67) .

To demonstrate the self-interacting dark matter regimes discussed in this section,

Figure 4.5 scans the ratio σT/mχ over the mass gap µ ∼ m1 for different values of the
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bulk mass parameter α. These one-dimensional plots are slices of the transfer cross section

over the two-parameter space of regimes in Figure 4.3. For each of these plots, large values

of µ correspond to the low-velocity Born regime. Figure 4.5 confirms the agreement with

the Born approximation in this limit. As one decreases µ, one moves upward and to the

right in Figure 4.3, crosses the resonant regime with pronounced peaks in the cross section,

and finally enters the classical regime. Figure 4.5 confirms that our approximate analytical

results in the classical regime agree with the numerical solution to the Schrödinger equation.

For smaller values of α, our approximation for the transfer cross section in the classical

regime breaks down as expected.

Resonances and the bulk mass parameter. The resonance structure of transfer cross

section can be very sensitive to the bulk mass parameter α. This parameter has no analog

in 4D self-interacting dark matter models with a single mediator and represents a new

model degree of freedom to affect phenomenology. The bulk mass feeds into both the

overall effective coupling αeff
χ (4.59) and the slope of the potential at short distances (4.42).

We demonstrate the α-sensitivity of the transfer cross section with a set of benchmark

parameters in Figure 4.6. The two plots scan over both α and the relative velocity v to

highlight the interplay in the resonance structure.

We remark that Figure 4.6 plots σTm
2
χ to make it straightforward to use scaling

relations to connect results to different parameters. The partial wave expansion (4.69)

makes it clear that σT ∼ m−2
χ . The additional mχ dependence of the phase shifts δℓ depend

only on the ratios mχ/m1 and mχ/k; see Appendix A.2. Thus the plots are unchanged by
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Figure 4.6: Transfer cross section as a function of relative dark matter velocity v (left)

and bulk mass parameter α (right). The plots demonstrate the presence of resonances and

anti-resonances. Vertical markers identify parameters used in the opposite plot.

the following rescaling of parameters by η:

mχ → ηmχ k → ηk µ→ ηµ . (4.70)

This extends the scaling arguments in Ref. [293] to the case of a continuum mediator.

4.6.4 Comparison to Astrophysical Data

The scattering rate, σTv(ρχ/mχ), determines the energy transfer in dark matter

halos. Figure 4.7 plots the figure of merit σTv/mχ for a set of benchmark parameters

compared to the astronomical data points presented in Ref. [293]. The plot includes a

Yukawa potential to represent the 4D single mediator case. These benchmarks correspond to

a range of bulk mass parameters α. The other parameters are set to give fits of comparable

χ2 to the Yukawa potential. We remark that this is not a scan to minimize χ2 and is

only meant to demonstrate the range of parameter possibilities that can fit the data. The

ultimate cause for the dark matter halo density profile observations may partially (or wholly)

include contributions from baryonic feedback, see Ref. [49] for a recent status report. Thus
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Figure 4.7: Velocity dependence of the thermally averaged transfer cross section. The pa-

rameters are chosen to be reasonably fit astronomical data. A benchmark 4D self-interacting

dark matter model with a scalar mediator is shown for comparison. The data points for

velocities v ∼ 30−200 km/s are determined from the observed rotation curves of dwarf (red)

and low-surface brightness galaxies (blue) respectively; points for velocities v ≳ 103 km/s

correspond to galaxy clusters (green) and are determined from stellar line-of-sight velocity

dispersion data [200].

one may conservatively interpret the data in Figure 4.7 as upper limits on the transfer cross

section for a viable model.

The mass hierarchy between the dark matter and lightest KK mass is comparable

to that of the benchmark 4D self-interacting dark matter theory,mχ/mϕ ∼ O(103). While λ

can vary over a few orders of magnitude, the effective coupling αeff
χ remains approximately

constant for the benchmarks in Figure 4.7. In the extreme case α = 0.55, the effective

coupling αeff
χ is small compared to the other benchmarks. This is compensated by a small

dark matter mass. This interplay between α (i.e. the bulk mass) and the dark matter–

mediator coupling λ may be used, for example, to maintain the fit to data in Figure 4.7

while adjusting a mediator–Standard Model coupling λSM to realize other phenomenology.
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We remark that while we restrict to the range of bulk mass parameters 1/2 <

α < 1 for theoretical reasons, we also observe that the model phenomenology gives a mild

preference for values away from the lower limit. For small values of α ≈ 0.55, reproducing

the desired ⟨σTv⟩/mχ behavior requires sub-GeV dark matter and a Kaluza–Klein scale of

O(10 keV), which may cause tension with cosmological constraints [94]. On the other hand,

for large values of α → 1, one must take care to use the appropriate limiting form of the

bulk propagator, as discussed in Section 4.5.2. Since the α = 1 case essentially describes

a single 4D mediator, this limit approaches that of ordinary self-interacting dark matter

models.

Beyond simply describing the model parameters that reproduce astrophysical data,

it is also illustrative to plot a range of model parameters to see how they distort the

⟨σTv⟩/mχ behavior from the ideal case. Figure 4.8 presents such a scan over the mass gap

µ and mχ with other parameters fixed.

Varying the mass gap µ primarily affects the behavior at low velocities (low mo-

mentum transfer), though it leads to an overall rescaling because it is a multiplicative factor

in the effective coupling αeff
χ (4.59). Thus for a set of parameters that fit the cluster data

well, one can tune the mass gap to help fit the low-velocity data.

The dependence on the dark matter mass mχ, on the other hand, is highly non-

trivial. One can see this because the phase shifts in (4.69) depend on the dimensionless

combinations mχ/m1 and mχ/k, as described in Appendix A.2. Varying mχ thus affects

two independent quantities in the numerical solution of the partial waves.
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Figure 4.8: Velocity dependence of the thermally averaged transfer cross section, analogous

to Figure 4.7, for a range of µ and mχ choices to demonstrate the behavior with respect to

these parameters.

4.6.5 Comment on Annihilation and Relic Abundance

The purpose of this study is to demonstrate the distinctive self-interaction phe-

nomenology of our model and we have remained agnostic about whether or not dark matter

is a relic from thermal freeze out. Thus we have not restricted the dark matter mass mχ

and bulk coupling λ to fit that of a thermal relic, even though such a restriction would itself

be an interesting benchmark. Indeed, one of the constraints on typical 4D self-interacting

dark matter models is that the required self-interactions for small scale structure are gen-

erally too large for dark matter to be a thermal relic in the simplest cosmological scenarios.

Recent work has shown that in the presence of bulk self-interactions, the high KK-number

states of the 5D scalar are not valid asymptotic states due to the breakdown of the narrow

width approximation [84]. As a result, the production of KK modes is heavily suppressed

by phase space. This can lead to a tantalizing mechanism to suppress the annihilation rate:

by increasing the bulk scalar self-interaction—a new parameter in the theory—one may

control the total number of effectively allowed final states. We leave this topic for future

work.
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Figure 4.9: Sommerfeld enhancement of the ℓ = 0 partial wave for a range of α and the

ratio µ/mχ. Our approximation of the potential breaks down near α = 1 and hence this

region is removed.

4.7 Continuum-Mediated Sommerfeld Enhancement

The same dynamics that generate dark matter self-interactions also lead to Som-

merfeld enhancements. Sommerfeld enhancements encode the effect of the long-range force

on a short-distance process (annihilation) and so depend on the solution to the two-body

Schrödinger equation at the origin, Ψ(0) [182, 18, 222, 190, 189, 65, 177]. In contrast,

the dark matter self-interactions that are the main focus of this paper are intrinsically

long-ranged.
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Figure 4.10: Sommerfeld enhancement of the ℓ = 0 partial wave as a function of α.

Diagrammatically both processes involve a ladder of exchanged force mediators between

the dark matter initial states. When the potential has a mass gap, the potential supports

resonances at large enough coupling.

We investigate the Sommerfeld effect in our continuum-mediated model. The

continuum-mediated potentials we consider are shorter-ranged than the 1/r factor in Yukawa

potentials. Since the Sommerfeld enhancement is a long range effect, one may expect that

the continuum-mediated Sommerfeld effect is suppressed as compared to the Coulomb case.

However, the possibility of resonances may compensate for this and a detailed quantitative

analysis is required.

Analytical results for Sommerfeld enhancement are only available for Coulomb

potentials. More generally, one must use numerical methods to solve for the enhancement

from more general potentials, see e.g. Ref. [33]. This method is valid for potentials that

scale like r−1 to r−2, corresponding to bulk masses 1/2 ≤ α ≤ 1 in our continuum-mediated

model. Potentials that are strictly steeper than r−2 require a separate treatment because

the potential term dominates the centrifugal term at small distances. These potentials

require a short-distance cutoff as expected from a low-energy effective theory.
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We numerically explore the Sommerfeld enhancement over the range of bulk masses

1/2 ≤ α < 1 range for a continuum mediator with a mass gap. This is described by the

same potential used for self-interactions, (4.42). To avoid the breakdown of asymptotic

approximations described in Section 4.5, we restrict to α ≲ 0.9. Figure 4.9 shows the

Sommerfeld enhancement as a function of α and µ/mχ for a benchmark coupling λ = 10.

The key result is that Sommerfeld enhancement occur even when α < 1 where the potential

is shorter-ranged than a Yukawa potential. The enhancement increases for smaller mass

gap relative to the dark matter mass, µ/mχ. For example for µ/mχ = 10−4 we find S ∼ 10

for α ∼ 0.66.

Resonances appear in a nontrivial pattern in the α–µ plane. With the assumptions

in Figure 4.9, the theory exhibits resonant behavior occurring for bulk masses as low as

α ∼ 0.7. These resonances are expected to vanish at lower coupling; this is shown in

Figure 4.10 where the Sommerfeld enhancement is plotted for constant µ. The large coupling

case λ = 10 exhibits resonances, while a smaller coupling λ = 1 does not. In this case the

Sommerfeld effect is found to quickly decrease with α.

The Sommerfeld enhancement decreases quickly with α and eventually vanishes

near α = 1/2, corresponding to a r−2 potential. We remark that the enhancement for an

ungapped V (r) ∝ r−2 potential can be solved exactly. In this case, the centrifugal term has

the same scaling as the potential so that the ℓ = 0 solution is singular and dependent on

the EFT cutoff. To the best of our knowledge, Sommerfeld enhancement for this case has

not been discussed in the literature. We present details of this calculation in Appendix B.5.

We find S = 1 whenever the dark matter mass is much smaller than the EFT cutoff. In
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other words, the 1/r2 potential is too short-ranged to induce any Sommerfeld enhancement,

confirming the numerical result in Figure 4.9.

4.8 Conclusion

We propose a model where dark matter self-interacts through a continuum of 4D

mediators. This generalizes work on self-interacting dark matter that has otherwise focused

on the case of a single massive mediator producing a Yukawa potential. A continuum

mediator may arise in a strongly-coupled gauge sector. We assume that this mediator

sector is nearly conformal so that its features are dictated by symmetry. Applications of

the self-interacting dark matter paradigm to small-scale structure anomalies require a mass

gap to cut off the potential at long distances. A natural choice to realize this mass gap is

to assume that the strongly-coupled sector has a large number of colors so that the theory

is described holographically by a brane-localized dark matter interacting with a bulk field

in a slice of 5D AdS space.

We present a concrete realization where the 5D continuum mediator is a scalar. We

address aspects of effective field theory and constraints from experiments and cosmology.

The key parameter that characterizes the hallmark features of our model is α, which encodes

the scalar field’s bulk mass and maps onto the conformal dimension ∆ of the dual scalar

operator.

We evaluate the non-relativistic potential induced by a continuum mediator with

a mass gap using the spectral representation and asymptotic expressions for the 5D propa-

gator. We obtain simple closed-form expressions for the α < 1 and α = 1 cases and validate
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them numerically. The α = 1 case corresponds to a Yukawa potential. At long distances,

the potential scales like a non-integer power, V ∼ r2α−3. We focus on the range 1/2 < α ≤ 1

where calculations are tractable and the potential satisfies constraints from CFT unitarity.

The astronomical phenomenology of dark matter self-interactions depends on the

transfer cross section, σT. We calculate this quantity in the continuum-mediated sce-

nario and demarcate three types of qualitative behavior—the Born, resonant, and classical

regimes. These regimes are qualitatively similar to those of a single 4D mediator, but in

the continuum-mediated model the regimes depend on α in addition to to the strength of

the dark matter coupling and mass gap.

The velocity-dependence of the transfer cross section allows a self-interacting dark

matter model to explain small-scale structure anomalies while avoiding cluster-scale con-

straints. In contrast to the single 4D mediator, the transfer cross section in the continuum-

mediated model exhibits non-integer velocity scaling. For example, in the perturbative

Born regime, σT ∼ v−4α for large velocities. In the non-perturbative classical regime,

σT ∼ v−4/(3−2α) in the small mass gap limit. In contrast, a Yukawa potential in both of

these regimes has a transfer cross section scaling of σT ∼ v−4.

We present benchmark fits of the transfer cross section to astrophysical data. In

the extreme case of bulk mass parameters α ∼ 0.55, fits typically require sub-GeV dark

matter and sub-MeV mass gaps, which may be cosmologically challenging. Larger values of

α permit higher mass scales so long as the ratio of the dark matter mass to the mass gap

is mχ/µ ∼ 103. Larger bulk masses cause KK mode profiles to localize away from the UV

brane that contains dark matter.
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Thus larger bulk masses typically require larger dark matter–mediator couplings between

the dark matter and mediator.

Our model necessarily leads to continuum-mediated Sommerfeld enhancement. We

demonstrate the pattern of resonances that occur in the (µ, α) plane. The enhancements

vanish as α→ 1/2, consistent with our analytical results for a 1/r2 potential.

We conclude that models of dark matter with continuum mediators introduce

novel power-law scalings in self-interaction effects. The bulk mass parameter, α, has no

analog in standard 4D self-interacting dark matter models and is a new way to control the

phenomenology. Since the bulk mass controls the localization of the mediator, it naturally

plays a role in possible effective couplings to the Standard Model. These observations open

new possibilities for dark matter phenomenology.
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Chapter 5

Holographic Dark Photon

112



5.1 Introduction

Nature may contain hidden sectors beyond the Standard Model (SM): collections

of fields with only modest interactions with fields outside their sector [255, 256, 257, 121,

10, 31]. Dark matter may be part of such a hidden sector with additional fields that

mediate interactions with ordinary matter. A benchmark example of this type of dark

sector mediator is the dark photon: a hidden sector with a U(1) gauge symmetry that

kinetically mixes with hypercharge [183, 151].

Most dark sector models contain a small number of mediator fields. An alternative

limit is when the dark sector dynamics are described by not only a large number, but a

continuum of states. This can occur if the mediator is part of a nearly conformal sub-sector

or—by holographic duality—if the mediator is a higher-dimensional field in an appropriately

warped spacetime. The physics of this type of sector has been explored phenomenologically

under the framework of Randall–Sundrum-like models [240, 241], so-called unparticles [285,

73, 145, 146], or conformal hidden sectors [158, 300]. The specific proposal that these

dynamics could be connected to a dark sector mediator is presented in Reference [45]. We

use the phrase warped dark sector to describe this general class of continuum mediator

models and specialize to the description with respect to a warped extra dimension. In this

paper, we present the theory and phenomenology of a continuum dark photon: a continuum

spin-1 mediator that interacts with ordinary matter through kinetic mixing.

Quantum fields whose excitations include a continuous range of masses are gen-

eralized free fields [164]. They are characterized by their Källén–Lehmann spectral rep-

resentation [195, 226]. The modern manifestation of generalized free fields are bulk fields
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in an extra dimension that are holographically related to a large-N strongly coupled the-

ory; the fields are ‘free’ in the sense that the correlation functions factorize into products

two-point functions in the N → ∞ limit [113, 116]. In particle physics, Georgi named

these continua unparticles [156, 155], though earlier models embody some some salient fea-

tures [217, 296, 273]. One may introduce a gap so that the unparticle continuum begins at

finite mass [284, 141, 101], in which case we may identify these constructions with hidden

valley models [285]. The unhiggs proposal draws upon the AdS/CFT correspondence to

build a model of unparticle electroweak symmetry breaking [126, 281, 282, 125, 119, 118]

(see Ref. [216] for an earlier realization).

The use of warped extra dimensions as a perturbative model for generalized free

fields weakly interacting with ordinary particles is sometimes called the AdS/unparticle

correspondence [57, 145, 146]. Applications of this approach include models with a Higgs

particle plus continuum (quantum critical Higgs) [34], continuum partners in supersymme-

try [58, 59, 153], composite Higgs theories [91, 225], continuum dark matter [90, 89], and

continuum hidden-sector states [205, 68]. Some phenomenological aspects of continuum

mass fields were studied as the limit of densely packed Kaluza–Klein modes. This can occur

in little string theory models [12] and in limit of where the widths of Kaluza–Klein modes

becomes larger than the mode spacing [84].

A key element of the most recent constructions has been the Cabrer–Gersdorff–

Quiros model of a soft-wall background to engineer a gapped continuum spectrum [53, 243].
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Early soft-wall constructions focused on holographic realizations of QCD [204, 92], though

the technique was quickly realized as a tool models addressing the electroweak hierarchy

problem [124, 30, 29].

In this manuscript we model the continuum dark photon as a 5D bulk abelian

gauge field in AdS5 that interacts with 4D matter localized on a UV brane. Early studies of

5D bulk abelian gauge fields focus on Randall-Sundrum models with an infrared brane that

produce a discrete spectrum of Kaluza-Klein excitations of the SM gauge fields [96, 253].

Randall and Schwartz present a systematic derivation of position/momentum space bulk

gauge propagators in [258, 259]. This early literature only qualitatively mentions possibility

of a bulk Higgs, noting that a bulk vacuum expectation value (vev) is challenging from the

point of view of electroweak naturalness [71, 186]. Ref. [99] constructs an explicit model

with a bulk Higgs that points out the challenges of analytically solving for the spectrum of

the bulk gauge bosons due to the position-dependent vev; the authors of that work construct

an approximation based on a brane-localized vev.

An unbroken gauge field in AdS/CFT has been discussed in Refs. [57, 145, 146] as

well. In the context of the Randall-Sundrum I model, a bulk (IR-localized) scalar vev has

been considered in [99, 55, 15, 16]. Later work explores the more general phenomenology

of a hidden sector bulk abelian gauge field with parametrically small interactions with the

SM [26, 241, 240]; see Ref. [28] for the case of Yang–Mills gauge fields. These constructions

are limited to the cases where the abelian gauge symmetry is either unbroken or broken

by the Stückelberg mechanism. Gauge symmetry breaking in an extra dimension can be

realized via the implementation of appropriate boundary conditions on the brane(s). This
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possibility has for instance been used in [88, 93, 240, 241]. Dark sector models featuring

a dark photon in a warped extra dimension have been considered in Refs. [268, 267, 265,

266]. Our study goes beyond this by Higgsing the U(1) gauge symmetry with a non-trivial

bulk vev and taking the limit of an infinite extra dimension so that the bulk fields have a

continuum spectrum.

Our simple U(1) breaking model displays a nontrivial gauge spectrum with possi-

bilities of gapped continuum and discrete modes. Such nontrivial spectra are not unfamiliar,

they usually appear in soft-wall models where the metric-dilaton system gives a non-trivial,

non-AdS background, see e.g. [204, 171, 172, 29, 124, 53, 299, 243]. In our case, the possible

metric backreaction in the deep IR influences the spectrum only at high masses, above a

given mass threshold. Below this threshold the metric can be effectively considered as AdS.

The nontrivial features of the spectrum are solely the consequence of the presence of the

U(1)-breaking vev over the AdS background.

Spontaneously broken gauge symmetries in AdS open new possibilities for realistic

hidden sector model building. The AdS5 geometry with a Minkowski UV brane naturally

lends itself to warped dark sector models [45]. These models describe strongly interacting

hidden sectors with low-mass states and weak coupling to the SM

Beyond theoretical motivations, our study will lead to a model of a dark pho-

ton whose properties greatly differ from the much-studied standard particle dark photon.

Studying well-motivated scenarios other than the standard ones is important to avoid ex-

perimental bias and to uncover and motivate possibilities of searches for the dark sector.

The holographic continuum dark photon model that we will present can be taken as an
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incentive to consider non-standard, well-motivated dark sector candidates in experimental

searches.

5.1.1 Outline

Our study of a simple broken U(1) model in AdS spreads into various directions,

both theoretical and phenomenological. We thus end this introduction with a guide to the

various sections and their relationship.

Basics

The model is defined in section 5.2. Basic quantities such as equations of motions

and propagators are derived in sections 5.2 and 5.3. In section 5.2 we also evaluate in

which conditions and at which location a backreaction of the bulk metric due to the Higgs

vev occurs. Throughout this study we do not compute explicitly the backreaction to avoid

unnecessarily technical developments, when needed we rather assume the presence of a IR

brane that truncates the metric.

Holography and related developments

We give the general boundary action in section 5.3.3 and, as an aside, study the

notion of Goldstone equivalence theorem arising in the model in Section 5.8. We investigate

the explicit form of the boundary action over the parameter space in Section 5.4. This

is done either via exact solving or via an approximate WKB method. The knowledge of

the location of the backreaction obtained section 5.2 plays a role here. In Section 5.4.2

we present the results of a WKB method that computes the boundary action for a vev
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configuration close to the one respecting AdS isometries. We give details for this method

in Appendix C.2. This near-AdS WKB method is not the same as the one used to compute

the discrete spectrum in section 5.4. Finally, in section 5.9 we study the properties of the

dual CFT model in regions of the parameter space where AdS/CFT applies (at least in its

standard form). Table 5.1 provides a summary of the main theoretical results.

Continuum dark photon model

In section 5.5 we lay out a dark photon model based on the U(1) model in AdS5.

We compute basic quantities needed for phenomenology such as the spectral distribution

and squared matrix elements for two specific benchmark scenarios. Finite temperature

effects in our AdS5 model are studied in section 5.6. In particular we show that unwanted

cosmological dark radiation from the dark sector is naturally removed if there is a brane in

the far IR, leading effectively to a “ultracold freeze-out” of the hidden sector. A subsequent

cosmological scenario is presented. In section 5.7.3, we present bounds from an array of

experimental and astrophysical data. This partly relies on a technique we introduce to

accurately recast bounds on 4D models into bounds on continuum models. Finally, non-

standard signatures arising in our dark-photon model are briefly discussed.

5.1.2 Summary of Results

The basic setup is a U(1) gauge field in AdSd+1 in the presence of a bulk Higgs

with mass µ2 = (α2− d2

4 )R
−2, which develops a vev triggered from the boundary. R is AdS

length.

• Working in the general Rξ gauge in the bulk and on the boundary, we provide the most
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general brane-to-brane propagators of the vector sector, (5.57), and partly solve the

more intricate pseudoscalar sector (i.e. the Goldstone and Az degrees of freedom),

(5.55) and (5.56). We compute the most general boundary action for the set of

boundary conditions which allow vector and Goldstone fields on the boundary in

Section 5.3.3.

• In Section 5.8 we identify a Goldstone equivalence theorem (GET) for both AdS tran-

sition amplitudes and for boundary-localized degrees of freedom, for any α, expressed

in terms of Dirichlet modes of a specific combination of the Goldstone and Az fields for

the former, (5.158), and their respective boundary components for the latter, (5.160).

• Through a combination of exact solutions and WKB analysis, in Section 5.4 we show

that the spectrum may be continuous, continuous with a mass gap, or discrete, depend-

ing on the bulk mass parameter α. Linear Regge behaviour occurs for d = 4, α = 0.

The spectrum also contains a pole corresponding to a d-dimensional gauge mode which

receives mass due to symmetry breaking. A summary is shown in Tab. 5.1.

• The backreaction of the metric due to the bulk vev is found to occur for α < d
2 and

its location is estimated in Section 5.4.3. We show that the backreaction influences

the discrete spectrum only above a given mass threshold.

• We introduce a WKB method to find EOM solutions in the presence of near-AdS

background (i.e. for a Higgs vev with α near d
2) in Section 5.4.2 (full details are

given in appendix C.2), and find that the resulting boundary action gives rise to an

approximate CFT whose parameters evolve logarithmically with the energy scale.
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• Turning to CFT duals, in Section 5.9.2 we argue that for α ≫ d
2 the CFT sector of

the holographic theory is not affected by the U(1) breaking since the CFT current is

conserved. For α = d
2 we argue that the CFT sector of the holographic theory contains

an exactly marginal operator which develops a vev due to the mixing with the U(1)-

breaking elementary sector. As a result the U(1) CFT current is non-conserved and

we show that, like in AdS, the anomalous dimension is proportional to the square of

the U(1)-breaking vev, (5.174).

• In Section 5.5 we introduce a simple dark photon model where the U(1) bulk gauge

field kinematically mixes with the brane-localized visible photon. In Appendix C.3

we compute the effect of the dark photon exactly by dressing the visible photon

propagator and show explicitly that this is equivalent to a suitable field redefinition

of the brane component of the visible photon.

• We derive a simple formula for recasting existing dark photon bounds in the context

of our model given by (5.122), and apply it to a set of constraints assuming our dark

photon decays invisibly to bulk states in Section 5.7.3. We find that in general, bounds

usually associated with larger dark photon masses may extend to the low mass gap

regime due to contributions from heavier modes in the spectrum.

• In Section (5.6.5) we consider the case where brane-localized fermionic dark matter

freezes out through annihilation into continuum dark photons, and show constraints

on the dark matter coupling to the dark photon αχ and dark matter mass mχ such

that the dark matter is a thermal relic.

120



Back
React

ion

Figure 5.1: The set up for α > d/2 (Left) and α > d/2 (Right). The scalar vev profile as

well as the location of the UV brane are shown for both cases. For α < d/2, an backreaction

occurs in the IR due to the non-negligible scalar vev profile.

We find that in the absence of an isolated pole, the preferred value for the dark matter

coupling αχ is significantly larger than non-continuum models.

5.2 A Broken U(1) in AdSd+1

We lay down the theory of a U(1) gauge field AM propagating in an AdSd+1

background truncated by a d − 1-brane (i.e. a domain wall or defect) towards the AdS

boundary i.e. “in the UV”. The U(1) symmetry is broken by the vacuum expectation

value of a bulk scalar Φ, which is spontaneously induced by a potential localized to the UV

brane. This in turn, induces a non trivial bulk mass for the gauge field which modifies its

propagation. The bulk scalar is referred to as the “Higgs field”.
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5.2.1 Geometry

We consider the Poincaré patch of AdSd+1 spacetime described in conformal co-

ordinates by the metric

ds2 = gMNdx
NdxN =

(
R

z

)2 (
ηµνdx

µdxν − dz2
)
. (5.1)

where ηµν is the Minkowski metric in d dimensions: η = diag(1,−1,−1, . . . ,−1). We take

the UV brane located at z = R except for the cosmological evolution discussed in section

5.6. Spacetime is truncated to the domain z ≥ R.

Depending on the behaviour of the scalar vev in the bulk there can be a non-trivial

backreaction of the metric. In this work solving the 5D gravity-scalar is not our focus, we

will rather assume that an IR brane truncating the bulk towards the Poincaré horizon

(i.e. “in the IR”) is present whenever the backreaction becomes nonnegligible. Parametric

estimates for the backreaction and IR brane position are given in section 5.2.4.

5.2.2 Action and Gauge Fixing

In the coordinates of Eq. (5.1) the d+ 1 dimensional action for a U(1) gauge field

AM = (Aµ, Az) and complex scalar Φ can be written as

SU(1) =

∫
ddx

∫ ∞

R
dz
[√
gL+

√
ḡLUVδ(z −R)

]
(5.2)

where ḡ is the induced metric on the brane yielding
√
ḡ =

(
R
z

)d
. The bulk Lagrangian for

the gauge field and scalar is

L = − 1

4g2d+1

gMLgNPFMNFLP + gMN (DMΦ)† (DNΦ)− µ2Φ†Φ . (5.3)
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where the covarient derivative is defined as DM = ∂M − iAM . The scalar has bulk mass

µ, the gauge field bulk mass is forced to be zero by the gauge symmetry. We assume the

brane-localized Lagrangian

LUV = − rUV

4g2d+1

ηµρηνσFµνFρσ + cUVR|DµΦ|2 − VUV (5.4)

which contains a brane-localized kinetic term for both the gauge field and the scalar.

The coefficients of the brane-localized kinetic terms for the gauge field and scalar rUV

and cUV respectively, control the brane-localization of the of said fields. Taking the limit

rUV/R, cUV → ∞, results in the gauge field and scalar being completely localized to the

UV brane..

The brane-localized potential for the scalar is chosen as

VUV = −m2
UVR|Φ|2 + λUVR

d−2|Φ|4 , (5.5)

This potential spontaneously breaks the U(1) symmetry by inducing a finite vacuum ex-

pectation value for Φ. It is convenient to parametrize the scalar field as

Φ(x, z) =
1√
2
(h(x, z) + v(z)) exp

[
i
π(x, z)

v(z)

]
(5.6)

where h is the radial mode and π is the Goldstone mode such that the expectation value

(vev) is given by

⟨Φ(x, z)⟩ = v(z)√
2
. (5.7)

The vev’s dependence on z is a result of the warped geometry inducing a nontrivial zero-

mode for the bulk scalar. On the other hand since the brane is flat, the brane potential is

x-independent as well as the vev.
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Gauge Fixing

After the U(1) symmetry is spontaneously broken and integrating the action

by parts, both the bulk and brane-localized kinetic terms induce mixing between the d-

dimensional gauge field Aµ , the Az component and the Goldstone π. We cancel these

mixing terms using a Fadeev–Popov gauge fixing in the bulk and on the brane. The bulk

gauge fixing action is

SBulk
fix =− 1

g2d+1

∫
ddx

∫ ∞

R
dz

(
R

z

)d−3 1

2ξ

[
∂µA

µ − ξzd−3∂z

(
1

zd−3
Az

)
+ ξ

(
R

z

)2

g2d+1vπ

]2
(5.8)

and the brane-localized gauge fixing action

SUV
fix =− 1

g2d+1

∫
ddx

g2d+1

2ξUVRd−4

[
∂µA

µ + ξUVR
d−4

(
cUVRvπ − 1

g2d+1

R

z
Az

)]2∣∣∣∣∣∣
z=R

. (5.9)

The Full U(1) Action

The complete U(1) action including gauge fixing is

S = SU(1) + SBulk
fix + SUV

fix . (5.10)

At any point in the calculations the brane-localized limit rUV/R → ∞, cUV → ∞ can be

taken, reproducing a U(1) model in d-dimensional flat space.

Finally we emphasize that for d ≥ 3 the interactions with gravitons in the bulk

are non-renormalizable thus the model should be understood as a low-energy effective field

theory (EFT). The cutoff scale of the EFT is tied to the (d + 1)-dimensional Planck scale

M∗. Validity of the EFT implies some bounds on the parameters that can expressed in

terms of M∗, with for example g2d+1M
d−3
∗ ≳ 1, RM∗ ≳ 1.
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5.2.3 Spontaneous Symmetry Breaking

The brane-localized potential VUV introduced in Eq. (5.5) induces a finite vev for

the complex scalar Φ. The equation of motion (EOM) for Φ is[
−∂2 + zd−1∂z

(
1

zd−1
∂z

)
−
(
µR

z

)2
]
Φ(x, z) = 0 (5.11)

with the boundary condition

[
∂zΦ− cUVR∂

2Φ+m2
UVRΦ− 2λUVR

d−2|Φ|2Φ
]
z=R

= 0 . (5.12)

In the x-independent configuration corresponding to the VEV ⟨Φ(x, z)⟩ = v(z),

the vev bulk profile is determined by[
zd−1∂z

(
1

zd−1
∂z

)
−
(
µR

z

)2
]
v(z) = 0 (5.13)

with a boundary condition

∂zv(z)
∣∣∣
z=R

= −m2
UVRv(R) + λUVR

d−2v(R)3 . (5.14)

The EOM for the vev has the solution

v(z) = Nv

( z
R

)d
2−α

[
1 +A

( z
R

)2α]
(5.15)

where we have defined the bulk mass parameter

α2 =
d2

4
+ µ2R2 . (5.16)

In principle −∞ < α <∞, here we choose α > 0 such that α =
√

d2

4 + µ2R2. For simplicity
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we take A ≈ 0 in our analysis. 1 The normalization, determined by (5.14), is

Nv =
d
2 − α+m2

UVR
2

λUVRd−1
(5.17)

Thus the vev profile we use in this work is

v(z) = v0

( z
R

)d
2−α

(5.18)

with

v0 =

√
bUV

λUVRd−1
, bUV =

d

2
− α+m2

UVR
2 . (5.19)

Note that the symmetry breaking is encoded in the boundary condition Eq. (5.14). In the

absence of the brane-localized potential, (5.14) would force the normalization of the vev

profile to be zero thus preserving the U(1) symmetry.

Effective Potential On the UV Brane

From (5.18) we can see that for α > d
2 +m2

UVR
2, the vev becomes imaginary and

no longer corresponds to the minimum of the potential. In this case the U(1) symmetry is

restored and the corresponding solution for Nv is trivial. This is due to the fact that the

brane-localized potential receives contributions from bulk terms that have been integrated

by parts. We can see this by considering that the brane-localized action

SUV =

∫
ddx

[
Φ†∂zΦ+m2

UVRΦ
†Φ− λUVR

d−2
(
Φ†Φ

)2]∣∣∣∣
z=R

(5.20)

1For α > d
2
there is no backreaction, thus A = 0 is enforced by requiring v(z) → 0 at z → ∞. For 0 ≤ α ≤ d

2

we assume that v(z) is well behaved on the IR brane, such that A
(

z
R

)2α
is O(1). This implies that it is

negligible near the UV brane where the important physics will take place.
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where the derivative term is the result of integrating by parts when deriving the bulk

EOM. The z−dependence of the bulk scalar Φ is determined by the EOM (5.11). Fourier

transforming along the d Minkowski like directions and making the field decomposition,

Φ(p, z) = R
3−d
2 KΦ(z)Φ0(p) KΦ(z) =

fΦ(z)

fΦ(R)
(5.21)

we find for the bulk profile

f(p, z) = NΦz
d
2H(1)

α (pz) (5.22)

where p =
√
ηµνpµpν and we have imposed the Hartle-Hawking condition at z → ∞,

requiring a positive frequency solution. Therefore,

∂zΦ(p, z)
∣∣∣
z=R

= R
3−d
2

[
d
2 − α

R
+ p

H
(1)
α−1(pR)

H
(1)
α (pR)

]
Φ0(p) . (5.23)

The constant term contributes to the potential while the p dependent term contributes to

the brane-to-brane two point function. Fourier transforming back into position space, we

see that the brane-localized action becomes

SUV =

∫
ddx

1

Rd−4

[(
d
2 − α

R2
+m2

UV

)
Φ†
0Φ0 − λUV

(
Φ†
0Φ0

)2
+O

(
∂2
)]∣∣∣∣∣

z=R

(5.24)

and we can identify the effective potential

Veff = −

(
d
2 − α

R2
+m2

UV

)
Φ†
0Φ0 + λUV

(
Φ†
0Φ0

)2
. (5.25)

We can now see that for α > d
2 + m2

UVR
2 the vev is no longer finite, as the sign of the

quadratic term in the effective potential goes from positive to negative. Since m2
UV is a free

parameter, we may tune its value such that the symmetry remains broken for all α.
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5.2.4 On Backreaction and IR brane

In our simplified approach to the background, we place an IR brane whenever

a strong backreaction due to the vev, if any, would occur in the bulk. We explain in

section 5.4.3 why this approach is a good approximation. The existence and location of

the backreaction can be estimated by considering Einstein’s equation. The cosmological

constant of AdSd+1 is

Λ = −d(d− 1)

2R2
(5.26)

We compare gMNΛ to the matter termM1−d
∗ TMN whereM∗ is the d+1-dimensional Planck

mass. We have

TMN = −2
∂L

∂gMN
+ gMNL =

(
−ηMN

d

2

(
d

2
− α

)
− δzMδzN

(
d

2
− α

)2
)
v20
R2

( z
R

)d−2−2α

(5.27)

Focusing on the N = M ̸= z component, we get that the scalar becomes of order of the

cosmological constant contribution for

d(d− 1)

2R2
∼ d

2

(
d

2
− α

)
v20
R2

(zb
R

)d−2α
M1−d

∗ (5.28)

which translates as

zb ∼ R

(
(d− 1)Md−1

∗
(d2 − α)v20

) 1
d−2α

. (5.29)

for α < d
2 .

For α ≥ d
2 , the vev profile decreases fast enough so that no backreaction is induced

in the bulk for any z > R. For α < d
2 , a backreaction occurs. However we see that, even

when the vev takes values as large as v20 ∼ 1
Rd−1 , since M∗ ≫ 1

R , the backreaction becomes
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important far away from the brane and there is a finite region z ∈ [R, zb] over which the

metric is approximately AdS.

5.3 Propagators and Boundary Effective Action

Here we compute the propagators of the model. We then introduce the boundary

effective action, which, at leading order, is simply built from brane-to-brane propagators.

The boundary conditions of a U(1) field are constrained by gauge symmetry. The

set of boundary conditions relevant for our case is Neumann boundary conditions for the

Aµ component and the Φ field, and Dirichlet bounary conditions for Az (see e.g. [297]).

5.3.1 Vector Sector

Vector Equation of Motion

Starting from the full U(1) action Eq. (5.10), we isolate the component of the gauge

field transverse to the brane, Aµ. To quadratic order in the fields and upon integrating by

parts the action for the Aµ field is

S ⊃ 1

g2d+1

∫
ddx

∫ ∞

R
dz

1

2
AµOµνAν +

1

g2d+1

∫
ddx

1

2
Aµ (Bµν − ηµν∂z)Aν |z=R (5.30)

with

Oµν =

(
R

z

)d−3
[
ηµν∂2 −

(
1− 1

ξ

)
∂µ∂ν − ηµνzd−3∂z

(
1

zd−3
∂z

)
+

(
gd+1v(z)R

z

)2
]
.

(5.31)

and

Bµν = rUVη
µν∂2 −

(
rUV −

g2d+1

ξUVRd−4

)
∂µ∂ν + cUVRg

2
d+1v

2
0 . (5.32)
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In these notations the gauge field EOM is simply given by

OµνAν = 0 (5.33)

with boundary conditions given by

(Bµν − ηµν∂z)Aν |z=R = 0 . (5.34)

We Fourier transform along the Minkowski slices, Aµ(x, z) =
∫ ddp

(2π)d
eip·xAµ(p, z)

where p · x = ηµνp
µxν . We define p =

√
ηµνpµpν . We decompose the vector field into its

transverse and longitudinal parts as

Aµ(p, z) =

(
ηµν −

pµpν
p2

)
Aν

T (p, z) +

(
pµpν
p2

)
Aν

L(p, z) . (5.35)

We define the gauge fields bulk mass on the UV brane,

m2
A = g2d+1v

2
0 . (5.36)

The set of EOM and UV boundary conditions for the transverse and longitudinal

parts is found to be

OT (p
2)Aµ

T (p, z) = 0 OL(p
2)Aµ

L(p, z) = 0 (5.37)

where the operators are defined by

OT (p
2) =

(
R

z

)d−3 [
p2 + ∂2z −

d− 3

z
∂z −m2

A

( z
R

)d−2−2α
]
, OL(p

2) = OT (
p2

ξ
) (5.38)

and the corresponding boundary conditions are

(
∂z + BT (p

2)
)
Aµ

T (p, z)
∣∣
z=R

= 0
(
∂z + BL(p

2)
)
Aµ

L(p, z)
∣∣
z=R

= 0 , (5.39)

with

BT (p
2) = rUVp

2 − cUVRg
2
d+1v

2
0 BL(p

2) = BT (
p2

ξ
) . (5.40)
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Vector Propagator

We calculate the propagators for the components of Aµ. In d+ 1 dimensions, the

vector propagator is given by the solution to

Oµρ⟨Aρ(x, z)Aν(x
′, z′)⟩ = ig2d+1δ

µ
ν δ

(d)(x− x′)δ(z − z′) (5.41)

where Oµν is defined by (5.31) and satisfies the boundary condition Eq. (5.34). We Fourier

transform and decompose the propagator for the gauge field into its transverse and longi-

tudinal parts as

⟨Aµ(p,R)Aν(−p,R)⟩ = −i
(
ηµν − pµpν

p2

)
GT

p (z, z
′)− i

(
pµpν

p2

)
GL

p (z, z
′) (5.42)

where the transverse and longitudinal components of the propagator obey

OT (p
2)GT

p (z, z
′) = g2d+1δ(z − z′) OL(p

2)GL
p (z, z

′) = g2d+1δ(z − z′) (5.43)

with boundary conditions

(
∂z + BT (p

2)
)
GT

p

∣∣
z=R

= 0
(
∂z + BL(p

2)
)
GL

p

∣∣
z=R

= 0 . (5.44)

5.3.2 Scalar Sector

Scalar Equations of Motion

Here we focus on the piece of the U(1) action which contains the radial mode h,

the Goldstone π and the component of the gauge field which is normal to the brane, Az.

The pseudoscalars π and Az are mixed. We introduce the dimensionless Goldstone field

a(x, z) = π(x,z)
v(z) .
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The radial mode EOM is identical to the one for Φ,

(
R

z

)d−1
[
p2 + zd−1∂z

(
1

zd−1∂z

)
−
(
µR

z

)2
]
h = 0 , (5.45)

with boundary conditoins given by

[
∂zh+ cUVp

2Rh−m2
hRh− 3λUVR

d−2vh2 − λUVR
d−2h3

]
z=R

= 0 (5.46)

where we have defined the brane-localized mass for the radial mode as

m2
h =

2bUV

R2
. (5.47)

In the pseudoscalar sector, varying the action with respect to π and Az gives

respectively the EOM

−
(
R

z

)d−1

v2∂2a+∂z

[(
R

z

)d−1

v2 (∂za−Az)

]

+ ξv2
(
R

z

)d−1
[
zd−3∂z

(
Az

zd−3

)
− g2d+1

(
R

z

)2

v2a

]
= 0 , (5.48)

−
(
R

z

)d−3

∂2Az + g2d+1

(
R

z

)d−1

v2 (∂za−Az)

+ ξ

(
R

z

)d−3

∂z

[
zd−3∂z

(
Az

zd−3

)
− g2d+1

(
R

z

)2

v2a

]
= 0 . (5.49)

The boundary conditions obtained from varying in π and Az are{
(∂za−Az)− cUVR∂

2a+ cUVR
d−3 ξUV

g2d+1

(
Az − g2d+1cUVRv

2
0a
)}∣∣∣∣∣

z=R

= 0 (5.50){
ξ

[
∂z

((
R

z

)d−3

Az

)
− g2d+1v

2
0a

]
− ξUVR

d−4

g2d+1

(
Az − g2d+1cUVRv

2
0a
)}∣∣∣∣∣

z=R

= 0 (5.51)
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Solving the pseudoscalar system

The mixed EOM for Az and π can be solved by introducing the comninations

χ = ∂za−Az , Θ = zd−3∂z

(
Az

zd−3
− g2d+1

(
R

z

)2

v2a

)
. (5.52)

Combining the EOM for Az and π, we obtain

∂z

(
zd−1

v2
∂z

[
v2

zd−1
χ

])
− ∂2χ− g2d+1

(
R

z

)2

v2χ = 0 (5.53)

zd−3∂z

(
1

zd−3
∂zΘ

)
− 1

ξ
∂2Θ− g2d+1v

2

(
R

z

)2

Θ = 0 . (5.54)

For α = d
2 , the U(1) breaking vev is constant, v = v0. Both EOM can be solved

exactly. The solutions for χ are

z
d
2 Iν

(√
−p2z

)
, z

d
2Kν

(√
−p2z

)
(5.55)

with ν =

√(
d
2 − 1

)2
+m2

AR
2. The solutions for Θ are

z
d
2
−1Iν

(√
−p2z√
ξ

)
, z

d
2
−1Kν

(√
−p2z√
ξ

)
. (5.56)

5.3.3 Boundary Effective Action

Throughout this work we are interested in the 5D U(1) model as seen from a

brane observer. In field theoretical terms, we assume that a source or a dynamical mode

localized on the brane probes the 5D bulk fields. This implies that at the level of the

path integral the bulk degrees of freedom can be integrated out, giving rise to a boundary

quantum effective action Γ. The boundary effective action is relevant both theoretically

and for phenomenological applications.
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On the theoretical side, when AdS/CFT applies, the AdS boundary effective action

encodes amplitudes which map onto correlators of a dual “holographic” CFT. In particular,

an unbroken U(1) gauge field maps onto a conserved U(1) CFT current. We will later study

when does AdS/CFT apply and what is the fate of the CFT current in the presence of the

U(1)-breaking bulk vev.

As a phenomenological application we could identify the SM fields as the brane-

localized degrees of freedom and the bulk modes as a hidden sector beyond the SM (see e.g.

[45]). In cases where AdS/CFT applies, such effects are equivalently understood in terms

of a “conformal hidden sector” compound of a CFT mixed to elementary fields.

Throughout this work we are just interested in the tree-level quadratic piece of Γ.

Let us focus on the Aµ field. The brane-to-brane propagator for the Aµ components takes

in general the form

GT
p (R,R) =

g2d+1

BT (p2) + ΣT (p2)
, GL

p (R,R) =
g2d+1

BL(p2) + ΣL(p2)
(5.57)

with ΣL(p
2) = ΣT (

p2

ξ ) and BL(p
2) = BT (

p2

ξ ). Here B(p2) is the boundary operator defined

in Eq. (5.40). It is analytical in p. The Σ(p2) piece is the inverse of the brane-to-brane

propagator for B → 0. It is in general non-analytical in p.

We then introduce the boundary value of the field as Aµ
T0(p

2) = Aµ
T (p

2, z = R),

Aµ
L0(p

2) = Aµ
L(p

2, z = R). The effective boundary action is a function of the classical value

of these fields, ΓA[AT/L,0]. At leading order the effective boundary action simply amounts

134



to plugging the equation of motion into the fundamental action. 2 We find it takes the form

ΓA = − 1

g2d+1

∫
ddp

(2π)d
1

2

[
Aµ

T0(p)
(
BT (p

2) + ΣT (p
2)
)(

ηµν −
pµpν
p2

)
Aν

T0(−p)

+ Aµ
L0(p)

(
BL(p

2) + ΣL(p
2)
)(pµpν

p2

)
Aν

L0(−p)
]

(5.58)

We refer to the Σ function as the “holographic self-energy”. Notice that taking two func-

tional derivatives in A0 gives the inverse brane-to-brane propagator Eq. (5.57).

Σ can be expressed directly in terms of the solutions of the homogeneous EOM

Eq. (5.37). Denoting by fTp (z), f
L
p (z) the solutions which are regular in the bulk (see e.g.

[138] for details), the holographic self-energy is given by

Σ(p2) = ∂z log f(p, z)|z=R . (5.59)

To the brane observer, the holographic self-energy amounts to having a field with a

non trivial spectral distribution — which might be a continuum or a discretum as we will see

in next section. The example above is for the vector sector which is our main application.

We also compute the holographic self energy for the Goldstone boson in section 5.3.3.

2For more details see e.g. [302, 248] for AdS, [254] for warped background, [138] for generic manifolds with

boundary.

135



Boundary-Localized Limit

In the brane-localized limit rUV
R , cUV ≫ 1, the effective boundary action Eq. (5.58)

tends to the one of a d-dimensional flat space free U(1) model

ΓA| rUV
R

,cUV≫1 = − 1

g2d+1

∫
ddp

(2π)d
1

2

[
Aµ

T0(p)
(
rUVp

2 − cUVRm
2
A

)(
ηµν −

pµpν
p2

)
Aν

T0(−p)

+ Aµ
L0(p)

(
g2d+1

ξUVRd−4
p2 − cUVRm

2
A

)(
pµpν
p2

)
Aν

L0(−p)

]

(5.60)

Up to a re-scaling of the field and gauge fixing parameter ξUV, this action describes a

d−dimensional gauge field with squared mass
cUVRm2

A
rUV

.

Goldstone Boundary Action

We study the Goldstone sector in the p ≫ gd+1v0 limit. A convenient way to

implement this limit is to work perturbatively in g2d+1. As noted in [86], given the 1
g2

normalization used for the gauge field, the bulk value of Az has to be of order g2d+1 in

appropriate units of R. At leading order in g, the Goldstone bosn EOM becomes very

simple and can be solved for any α. The EOM is

−
(
R

z

)d−1

v2∂2a+ ∂z

[(
R

z

)d−1

v2∂za

]
= 0 . (5.61)

The solutions are

zαIα(
√
−p2z) , zαKα(

√
−p2z) (5.62)
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At small pz the asymptotic solutions behave as z2α and cst. Conversely, for π = av, the

asymptotic behaviors are z
d
2
±α. The holographic self-energy of a is found to be

Σa(p) = −
√
−p2Kα−1(

√
−p2R)

Kα(
√

−p2R)
(5.63)

≈ − p2R

(2− 2α)
− 2

R

Γ(1− α)

Γ(α)

(
−p2R2

4

)α

if |p|R≪ 1 (5.64)

for any α. We can see that no mass term is generated by the holographic self-energy, in

agreement with the shift symmetry of a. Finally the Goldstone boson boundary action

reads

SUV
Bound, a =

v20
2

∫
ddp

(2π)d

[
a0(p)

(
Ba(p

2) + Σa(p
2)
)
a0(−p)

]
(5.65)

with the boundary term

Ba(p
2) = cUVRp

2 − ξUVc
2
UVR

d−2v20 . (5.66)

5.4 The Landscape of Broken U(1) in AdS

U(1) Model in AdSd+1

Spectrum IR Back Reaction Holographic CFT

0 ≤ α < d/2− 1
Discrete

mn ∝ n
1− 2

d−2α
Yes X

α = d/2− 1
Gapped Continuum

mn > gd+1v0
d/2− 1 < α < d/2

Continuum
α = d/2

No
Non-Conserved Current

∂µJ
µ ∝ v20

α≫ d/2 Conserved Current

Table 5.1: Summary of the spectra for a spontaneously broken U(1) model in AdSd+1

resulting from different choices of α.
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In this section we solve the EOM of the Aµ = (Aµ
T , A

µ
L) component of the gauge

field, i.e. the component transverse to the brane, and determine the corresponding holo-

graphic self-energy. We work in Fourier space, the general equation we solve is Eq. (5.37).

Since the solutions for AT and AL are related by p → p√
ξ
we can focus on the solving of

the Aµ
T component. The solving is done either exactly or approximately over the complete

range of Higgs bulk masses, µ2 ∈ [−d2

4 ,∞], i.e. α ∈ [0,∞]. We also give the boundary

effective action for the Goldstone field for any α.

5.4.1 WKB Approximation

In general there is no analytical solution to the EOM Eq. (5.37), except in partic-

ular cases or approximations. An important approximation is the following.

At |p|z ≫ 1, for either timelike or spacelike momentum, we can always apply

a standard WKB analysis. This is best done by introducing the rescaled field Aµ =(
z
R

) d−3
2 Âµ. In any dimension, Âµ satisfies a Schrodinger-like problem (∂2z − V (z))Âµ =

−p2Âµ where

V (z) =

(
d
2 − 3

2

) (
d
2 − 1

2

)
z2

+ g2d+1

R2

z2
v2(z) . (5.67)

The solution at large pz can be approximated in an exponential WKB scheme,

exp

(
±
∫
z
dz
√
V (z)− p2

)
. (5.68)

This WKB approximation provides an approximation of the spectrum of the gauge field in

the Higgs background. We can already see that two regimes appear.
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α < d
2 − 1 case. The p2 term dominates in Eq. (5.68) at large pz. Hence the

solutions asymptotically behave as there is no Higgs background. The spectrum is therefore

continuous.

α > d
2 − 1 case. The Higgs vev term dominates in Eq.(5.68) at large pz. For

timelike momentum there is therefore a turning point at V (zc) = p2. This indicates that

the spectrum will develop a mass gap.

We proceed with a more detailed analysis of the solutions.

5.4.2 α ≥ d
2

α≫ d
2

For such values of α, the Higgs vev profile is steeper than all the other terms in

the EOM. As a result, the Higgs background affects the boundary condition but not the

bulk profile. The solutions to the bulk EOM are given by

z
d
2
−1I d

2
−1(
√
−p2z) , z

d
2
−1K d

2
−1(
√

−p2z) . (5.69)

The K solution is regular at large pz. The subsequent holographic self-energy of Aµ is

Σ(p2)
∣∣∣
α≫ d

2

= −
√

−p2
K d

2
−2(
√

−p2R)

K d
2
−1(
√

−p2R)
(5.70)

≈ − 2

R

Γ(2− d
2)

Γ(d2 − 1)

(
−p2R2

4

) d
2
−1

if |p|R≪ 1, d > 2 . (5.71)
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α = d
2

In this case the Higgs background contributes exactly as a bulk mass term in the

EOM. The solutions to the bulk EOM for spacelike momentum are given by

z
d
2
−1Iν(

√
−p2z) , z

d
2
−1Kν(

√
−p2z) (5.72)

with

ν =

√(
d

2
− 1

)2

+m2
AR

2 . (5.73)

The subsequent self-energy of Aµ is

Σ(p2)
∣∣∣
α= d

2

=
d− 2(1 + ν)

2R
−
√
−p2Kν−1(

√
−p2R)

Kν(
√
−p2R)

(5.74)

≈ p2R

2(ν − 1)
+
d− 2(1 + ν)

2R
− 2

R

Γ(1− ν)

Γ(ν)

(
−p2R2

4

)ν

if |p|R≪ 1 . (5.75)

α = d
2 + ϵ

For α = d
2 the Higgs vev amounts to a bulk mass term for the gauge field. We can

further study the solutions for α in the neighbouring of d
2 using a WKB expansion in the

slow variation of the bulk mass term. We define α = d
2 + ϵ where the correction terms are

controlled by ϵ. For α = d
2 the Higgs vev amounts to a bulk mass and thus respects the

AdS isometries. What we do is therefore a WKB approximation for near-AdS background.

We emphasize this is not the same WKB approximation as the one for |p|z ≫ 1 described

in section 5.4.1.

The details of the near-AdS WKB method calculation are given in App.C.2. We

determine the UV brane-to-brane and thus the effective boundary action, with

Σ(p2) =
p2R

2ν2
− ν − d/2 + 1

R
− 2

R

Γ(1− ν)

Γ(ν)

(
−p2R2

4

)ν−δ(p)(
pR

ν

)δ(p)

(5.76)
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where we have defined

δ(p) = ϵ
m2

AR
2

ν
log

(
ν

pR

)
. (5.77)

The coefficient δ(p) slowly varies in p, reflecting the soft breaking of the underlying conformal

symmetry. In terms of an approximately conformal dual theory, the correction amounts to

a shift in the anomalous dimension given by

∆γ = −δ(p)
2

. (5.78)

For ϵ = 0 (α = d/2) the shift to the anomalous dimension ∆γ = 0 and the holographic

self-energy matches (5.75).

5.4.3 α < d
2

For α < d
2 a backreaction of the metric is expected at some point far enough in the

bulk, see Sec. 5.2.4. However we will verify in section 5.4.3 that the effect of the backreaction

appears only above a certain mass threshold. Thus we can meaningfully solve the EOM

with undeformed AdS background as long as we assume that the value of p is below the

threshold.

For arbitrary α < d
2 there is no solution to the EOM. However for large |p|z we can

approximate the solution using the WKB method. The solutions are given in Eq. (5.68).

For α < d
2 the Higgs vev term dominates over the bulk mass term at large |p|z since

v(z) = v0
(
z
R

) d
2
−α

. In this regime we obtain

e±
∫
z dz

′
√

V (z′)−p2 ≈ exp

(
±
∫
z
dz′
√
g2d+1

R2

z′2
v2(z′)− p2

)
. (5.79)
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This approximation is relevant to determine the spectrum at large p but cannot be used

in the near boundary region, thus it cannot be used to obtain the boundary action. The

integral in Eq. (5.79) can be analytically evaluated but is not illuminating. Eq. (5.79) will

teach us about the spectrum of the gauge field over the Higgs background.

d
2 − 1 < α < d

2

In this regime the spectrum is a continuum. This is because v2(z)
z2

→ 0 for z → ∞,

such that there is no WKB turning point. Whenever the vev contribution is negligible with

respect to p, the solutions behave exponentially. 3

α = d
2 − 1

This particular case can be solved exactly. The solutions are

z
d
2
−1I d

2
−1

(√
m2

A − p2z

)
, z

d
2
−1K d

2
−1

(√
m2

A − p2z

)
. (5.80)

The holographic self-energy of Aµ takes the form

Σ(p2)
∣∣∣
α= d

2
−1

= −
√
m2

A − p2
K d

2
−2(
√
m2

A − p2R)

K d
2
−1(
√
m2

A − p2R)
(5.81)

≈ − 2

R

Γ(2− d
2)

Γ(d2 − 1)

(
(m2

A − p2)R2

4

) d
2
−1

if
∣∣(m2

A − p2)
∣∣R2 ≪ 1, d > 2

(5.82)

where in the expansion we have assumed d/2 is not an integer. When d/2 is an integer (for

example when d = 4), then a separate calculation must be done using the asymptotic forms

of the Bessel functions for integer order.

3Technically in this regime the field is conformally equivalent to a flat space massless field (see e.g. [82],

hence the wavefunction is exponential.
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For α = d
2 − 1 we can see that the spectrum is a gapped continuum starting at

p2 = m2
A.

α < d
2 − 1

For α < d
2 − 1 the Higgs background dominates the potential at large z. Thus for

timelike momentum there is a WKB turning point signaling that spectrum contains dis-

crete poles. These are the normalizable modes determined in the standard WKB matching

procedure. They are linear combinations of the WKB solutions in Eq. (5.68).

The spacing of the spectrum is given by

dm2
n

dn
= 2π

(∫ zc(p)

z0

dz
1√

V (z)−m2
n

)−1

(5.83)

where zc > z0 corresponds to the turning point, V (zc) = p2. 4 For |p| ≫ mA the integral is

dominated by the region near the turning point. We obtain

∫ zc(p)

z0

dz
1√

V (z)− p2
≈

√
πΓ(1 + 1

d−2α−2)

Γ(12 + 1
d−2α−2)

R

p

(
p2

m2
A

) 1
d−2α−2

. (5.84)

It follows that the WKB spectrum for mn ≫ gd+1v0 behaves as

mn ≈ cαn
1− 2

d−2αmA (mAR)
2

d−2α
−1 (5.85)

with

cα =

[(
1 +

2

d− 2α− 2

) √
πΓ(12 + 1

d−2α−2)

Γ(1 + 1
d−2α−2)

]1− 2
d−2α

. (5.86)

For example, for d = 4, α = 0, the spectrum behaves as m2
n|d=4,α=0 = 4nmA

R .

The spectrum thus has a Regge behaviour. As a cross check we recover this behaviour

analytically in next section.

4A factor of 2 seems to be missing in Eq. 18 of [204].
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α = 0

In the α = 0 case, there are exact solutions for certain values of d including d = 4.

The solutions are

e−
mA
2R

z2U

(
−p

2R

4v0
, 0,

mA

R
z2
)
, e−

mA
2R

z2L

(
p2R

4v0
,−1,

mA

R
z2
)

(5.87)

where U is the confluent hypergeometric function and L is the Laguerre polynomial. The

regular solution at large z is the former. For mAR≪ 1 the holographic self-energy of Aµ is

found to be

Σ(p2) = −mA − 1

2
Rp2

(
γE + log(mAR) +H

(
− p2R

4mA

))
(5.88)

where γE is the Euler-Mascheroni constant and H(x) is the analytically continued harmonic

number.

For spacelike momentum and |p2|R≫ mA, the harmonic number tends asymptot-

ically to a logarithmic which reproduces exactly the spacelike result with vanishing v0 (or

with α ≫ d
2). For timelike momentum, the harmonic number develops poles dictated by

H1−r = Hr+πcotan(πr)+finite. The poles occur at integer values for r > 1. It follows that

for |p2|R≫ mA the poles behave as

m2
n = 4n

mA

R
. (5.89)

This formula matches exactly the WKB estimate obtained from Eqs. (5.85), (5.86).

On Backreaction and Spectrum

For α < d
2 the metric has nonnegligible backreaction due to the growth of the

Higgs vev in the IR. As explained in section 5.2.4, to take into account this effect we place
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an IR brane at the location zb where the backreaction would become non neligible. The

location of the backreaction zb is estimated in Eq. (5.29). Here we study what is the effect

of the presence of the IR brane on the gauge field spectrum. In the following estimates we

ignore overall numerical factors for simplicity.

What is the effect of the IR brane on the spectrum? Using the WKB approxima-

tion, we can readily see that the effect of the IR brane appears when the turning point zc(p)

reaches zb. From the viewpoint of a Schroedinger problem, this amounts to cut the V (z)

potential with a hard wall at z = zb. There are thus two regimes.

For zc(p) > zb the modes know about the IR brane. We can thus expect the

spectrum in this regime to tend to the typical spectrum for a slice of AdS, mn ∝ n. In

contrast, for zc(p) < zb the modes do not know about the IR brane and are thus solely

controlled by the Higgs background as dictated by Eq. (5.85). In this regime the details of

the backreaction are irrelevant for the spectrum of the gauge field.

The the transition between the two behaviors occurs at a typical value of mass m∗

given by zc(m∗) = zb. We find

m∗ ∼ gd+1M
d−1
2

∗

(
v20

Md−1
∗

) 1
d−2α

. (5.90)

In terms of mode number, using Eq. (5.85) we find that the condition mn < m∗ is satisfied

for

n < (gd+1R)
2Md−1

∗ ≡ n∗ (5.91)

for any α ∈ [0, d2 − 1] and any d. That is, for n < n∗ the spectrum is controlled by the

Higgs potential and does not know about the IR brane. For example, for d = 4, α = 0, the
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transition is at

m∗|d=4,α=0 = Rg5M
3/2
∗ , n∗|d=4,α=0 = g25R

2M3
∗ . (5.92)

What are the allowed values for n∗? Since for d ≥ 3 we have an EFT we can

use that g2d+1M
d−3
∗ ≳ 1, RM∗ ≫ 1, therefore n∗ ≳ 1. This implies n∗ ≫ 1. Thus the

Higgs-controlled, backreaction-independent behavior is permitted by EFT on an arbitrarily

large interval of mass.

Interestingly, the same transition scale is obtained using a very different approach.

We can require the mode spacing induced by the IR brane, ∆mn|b = π
zb
, to be much

smaller than the spacing induced by the Higgs background, ∆mn|v, obtained from Eq. (5.91).

Translating ∆mn|v
∆mn|b < 1 as a constraint on n gives Eq. (5.91). Plugging into Eq. (5.85) then

gives (5.90).

In summary, here we have shown via quantitative WKB-based estimates that the

IR brane does not affect the bottom part of the spectrum for masses below the transition

value m∗ given by Eq. (5.90).

5.5 A Holographic Continuum Dark Photon

In this section we present a dark photon model in AdS5 based on the U(1) model

studied in the previous sections. Some essential developments needed for phenomenology are

performed. In the general analysis of section 5.4 we saw that a variety of phenomenologically

distinct possibilities arise from the U(1) model. Here we focus on two simple benchmark

models that arise in specific limits of the model, that we refer to as the conformal continuum

and the gapped continuum dark photon models.

146



U
V
BR

AN
E

J em

J em

Figure 5.2: The holographic continuum dark photon mediates interactions on the UV brane.

5.5.1 Definition

We assume for simplicity that the SM fields are purely brane-localized. 5 The

brane-localized visible photon field strength is noted Fµν while the dark photon is identified

as the bulk U(1) field Fµν . We assume a kinetic mixing between the visible photon and the

dark photon

Smix =

∫
d4x

∫ ∞

R
dz
ε

2

√
rUV

g25
FµνFµνδ(z −R) , (5.93)

The Feynman rule associated with this kinetic mixing is iε
√

rUV

g25

(
q2ηµν − qµqν

)
.

5Considering exactly localized fields is here a convenient approximation, however in a more realistic setup

the localized SM fields should arise as quasilocalized modes from bulk fields. This can have observable

consequences which are not the focus of the present study. [136]
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5.5.2 Dressing the Photon

The photon propagator is dressed by the kinetic mixing insertions. The insertions

can be resummed exactly, we find that the dressed photon propagator is

=
−i

q2 (1−ΠA(q2))

(
ηµν −

qµqν
q2

)
− iξ

q2

(
qµqν
q2

)
(5.94)

with

ΠA(q
2) = ε2rUVq

2Gq (R,R) . (5.95)

The detailed computation is given in App.C.3.

Alternatively, we may notice that the brane kinetic Lagrangian can be exactly

diagonalized by a field redefinition of the brane component of the photon field,

Â0 = A0 + ε

√
rUV

g25
A
∣∣
z=R

. (5.96)

In such a basis the visible photon is not dressed by the dark photon, instead the dark

photon acquires a ε-suppressed coupling to the electromagnetic current. The physical matrix

elements with 4D SM fields in external legs must be invariant under this field redefinition,

we show in App.C.3 that it is indeed the case. The field redefinition (5.96) results in the

shift to the photon’s coupling to the electromagnetic current. As a result, the holographic

continuum dark photon acquires the interaction

= iεeQf

√
rUV

g25
γµ , (5.97)

resulting in an ε suppressed coupling to the electromagnetic current.
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5.5.3 Benchmark Continuum Models

We limit our study to the α = 1 and α = 2 cases. The α = 1 case features a gapped

continuum. The α = 2 case features a continuous spectrum and admits a standard CFT

interpretation (see section 5.9). Because of the Ward identity, the longitudinal propagator

will never contribute to physical processes in this model. Therefore, we limit our focus to

the transverse polarization and denote GT
p ≡ Gp for convenience. Our results are easily

generalized to the longitudinal case.

The transverse brane-to-brane propagators these models are respectively given by

Gα=1
p (R,R) = g25

rUVp
2 − cUVm

2
AR−

√
m2

A − p2
K0(

√
m2

A − p2R)

K1(
√
m2

A − p2R)

−1

≃ g25

[
rUVp

2 − cUVm
2
AR− 1

2

(
p2 −m2

A

)
R

(
2γE + 2 log

(√
p2 −m2

A

R

2

)
− iπ

)]−1

(5.98)

and

Gα=2
p (R,R) = g25

[
rUVp

2 − cUVm
2
AR− ν − 1

R
−
√
−p2Kν−1(

√
−p2R)

Kν(
√

−p2R)

]−1

≃ g25

[(
rUV +

R

2(ν − 1)

)
p2 − cUVm

2
AR− ν − 1

R
− 2

R

Γ(1− ν)

Γ(ν)

(
−p2R2

4

)ν]−1

.

(5.99)

The second lines of Eqs. (5.99), (5.98) are obtained for pR≪ 1, consistent with the cutoff in

momentum on the UV brane. We can see that both propagators feature both a continuum

part given by the nonanalytical term and an isolated 4D-like pole. The mass of each pole
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denoted mα, is given by the solutions to the equations

rUVm
2
1 − cUVm

2
AR− Re

√m2
A −m2

1

K0(
√
m2

A −m2
1R)

K1(
√
m2

A −m2
1R)

 = 0 (5.100)

rUVm
2
2 − cUVm

2
AR− ν − 1

R
− Re

[√
−m2

2Re
Kν−1(

√
−m2

2R)

Kν(
√

−m2
2R)

]
= 0 (5.101)

for α = 1 and α = 2 respectively. Even after taking pR ≪ 1 (and mAR ≪ 1 for α = 1),

closed form solutions to (5.100) and (5.101) do not exist. While closed form solutions remain

elusive, we may observe that for α = 1, when rUV/R = cUV the pole is given exactly by

m1 = mA. In both cases if rUV/R ∼ cUV ∼ O(1), then the pole mass mα ∼ mA. Increasing

rUV/R (cUV) decreases (increases) the pole mass relative to mA.

Interpretation

Let us understand the physics encoded in these propagators. The non-analytical

piece reflects the presence of the AdS bulk modes. 6 We can see that near the resonance

pole, the resonance has a nonzero width even though we are tree-level. This width can be

understood as the resonance being able to decay (or “oscillate”) into the continuum of bulk

modes. This feature was first noted in [112]. The CFT interpretation, when it exists, is

similar: the resonance can decay into CFT stuff which effectively behaves as a noninteger

number of particles. Beyond tree level the propagator is dressed by brane-localized self-

energies, that compete with the tree-level imaginary part from the holographic self-energy.

6The Hilbert space of states in AdS is different from familiar flat 4D space. In AdS states are labelled by

their conformal dimension and there is no notion of decay analogous to 4D, instead all states are stable.

The dressing of the bulk propagator by bulk loops, rather than inducing unstable states as in 4D, induces

a mixing between states with different conformal dimensions (see [137]).
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The latter amounts to an invisible width. Therefore the physics of the resonances is similar

to a particle dark photon with invisible width.

Away from the pole, for p2 ≪ m2
A, the resonance is off-shell and can be integrated

out. The leading non-analytical piece of the propagator in this limit amounts to a direct

coupling to the continuum of AdS bulk states.

Brane-Localized Limit

The limit of brane-localized dark photon which reproduces exactly the physics of

a standard particle dark photon is obtained by letting rUV → ∞. In that limit we can

see that only the 4D pole remains in the propagators. A massive dark photon is similarly

obtained by simultaneously letting rUV, cUV → ∞.

We notice however that rUV, cUV are expected to be typically of order one or

smaller in units of R by näıve dimensional analysis. It follows that these holographic dark

photon models are qualitatively different from a particle dark photon model.

Unbroken U(1) limit

For mA → 0 the limit of unbroken U(1) is recovered (from either propagator),

giving

Gp (R,R) ≃
1

p2
g25

rUV −R
(
γE + log

(
pR
2

)
− iπ2

) . (5.102)

5.5.4 Spectral Density and Phase Space

The brane-to-brane propagators, like any 2pt function in 4D flat space, can be

written in a spectral representation. Focussing on the transverse brane-to-brane propagator
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we have

Gp (R,R) =

∫
dµ2

2π

ρT (µ
2)

p2 − µ2 + iϵ
(5.103)

where ρT (m
2) is the transverse spectral density. The inverse relation is

ρT (p
2) = −2Im [Gp (R,R)] . (5.104)

Analogous definitions hold for the longitudinal brane-to-brane propagator GL
p (R,R) and

longitudinal spectral density ρL(p
2) as well. In flat 4D space a free particle state with mass

M has spectral density ρ(p2) = 2πδ(p2 −M2), while in an interacting theory the spectral

density is continuous beyond the threshold for multiparticle state creation.

In contrast, in our 5D model, the spectral density is continuous even when neglect-

ing interactions of the continuum, reflecting the fact that the Hilbert space of AdS bulk

modes is different from the 4D one. Plugging (5.57) into (5.104), the spectral density can

be found quite generally to be

ρT (p
2) = g25

ImΣ(p2)

(BT (p2) + ReΣ(p2))2 + ImΣ(p2)2
. (5.105)

In the case of a gapped continuum, as for α = 1, it is possible for the pole to be located

below the gap scale. In that case an additional term proportional to 2πδ(p2 −m2
1) must be
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included in the spectral density. The spectral densities for α = 1, 2 assuming pR≪ 1 are

ρα=1
T (p2) = 2πg25δ

(
rUVp

2 − cUVm
2
AR− (p2 −m2

A)R log

(√
p2 −m2

A

R

2
eγE
))

Θ(m2
A − p2)

+
4πg25(p

2 −m2
A)R

4
(
rUVp2 − cUVm2

AR− (p2 −m2
A)R log

(√
p2 −m2

A
R
2 e

γE

))2
+ π2R2(p2 −m2

A)
2

(5.106)

ρα=2
T (p2) =

g25
2π

RΓ(ν)2

(
pR
2

)2ν
(
(rUV + R

2(ν−1))p
2 − cUVm2

AR− ν−1
R − 2π cot(πν)

RΓ(ν)2

(
pR
2

)2ν)2

+ 4π2

R2Γ(ν)4

(
pR
2

)4ν .
(5.107)
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Figure 5.3: Examples of the spectral density for α = 1. The location of the pole is shifted

away from the gap depending on the values of cUV and rUV/R.

For α = 1 the continuum is gapped and may have an isolated pole below the gap

scale given the solution for the pole mass m1 < mA. When rUV/R = cUV the propagator

has a pole exactly located at p2 = m2
A. As we have discussed previously, for rUV/R ∼

cUV ∼ O(1) the pole mass is approximately m1 ∼ mA. When rUV/R is increased such that
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the pole mass passes below the gap scale, the spectral density is an isolated pole below the

gap scale and a continuum above. When cUV is increased on the other hand, the pole mass

increases and the width of the resonance broadens. This behavior is shown in Fig. 5.3. The

AdS curvature R−1 does not greatly affect the shape of the spectral density in this case.

From (5.106) we can see that upto an overall factor, near the gap the continuous piece of

the spectral density is only logarithmically dependent on R and the ratio rUV/R which is

expected to be O(1) from NDA. Away from the gap when p2 ≫ m2
A, the spectral density

goes as ∼ g25/r
2
UVp

3 and is independent of R.
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Figure 5.4: Examples of the spectral density for α = 2. The width of the resonance is

determined by the value of mA relative to R−1.

For α = 2, the continuum is ungapped, it is supported for arbitrary values of p.

The position of the resonance depends on mA. The behaviour of the dark photon with

α = 2 can be divided into three characteristic regimes: narrow resonance, broad resonance

and continuum. For mA ≲ 1
R , the resonance is narrow, thus the holographic dark photon
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resembles a particle dark photon with an invisible decay width. For mA approaching 1
R ,

the resonance is broad but still has an effect on the observables. Lastly for mA ≳ 1
R the

broad resonance is above the cutoff. In that regime the holographic dark photon behaves

as a continuum. This behavior is shown in Fig. 5.4.

5.5.5 Simplified Continuum Models

There are five parameters in the holographic dark photon model we have defined,

ε, R, mA, cUV, rUV. The ε mixing coefficient controls the coupling to the SM, R sets

the overall scale, and the three remaining coefficients influences the shape of the spectral

distribution and position of the resonance. 7 The rUV = 0, cUV = 0 are typically expected to

be of O(1) or smaller in units of R. By expecting the propagators or the spectral densities

we can see that their impact on the phenomenology is mild. We can thus set them to zero,

rUV = 0, cUV = 0. Furthermore in the α = 2 model we focus on the continuum regime

mA ≳ 1
R for which the resonance is integrated out.

We refer to the dark photon models obtained in these conditions as simplified

continuum models. The corresponding spectral densities are

ρα=2
T (p2) =

g25
2πR
Γ(ν)2

(
pR
2

)2ν
(ν − 1)2

(Conformal continuum) (5.108)

ρα=1
T (p2) =

πg25(p
2 −m2

A)
−1R−1

log2
(√

p2 −m2
A

R
2 e

γE

)
+ π2/4

(Gapped continuum) (5.109)

7The 5D gauge coupling g5 is irrelevant in our study because it does not affect the processes were the

holographic dark photon only interacts with the SM. For these processes the g5 from Feynman rules and

spectral density will always cancel.
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5.5.6 Continuum Phase Space

By applying the optical theorem to Feynman diagrams with internal continuum

dark photon lines, we can deduce the correct phase space for final state dark photons. Using

the spectral representation of the propagator (5.103) and that ρT (p
2) is a positive definite

function for p2 > 0, we can see that each final state continuum dark photon a factor of∫
dm2

2π ρT (m
2) must be included when calculating cross sections. We present an explicit

example for the production of a continuum dark photon from a brane-localized current.

The matrix element for a s-channel scattering between two currents can be written

M = iλ2Jµ(p, p
′)⟨Aµ

0 (k)A
ν
0(−k)⟩J†

ν(p, p
′) (5.110)

where λ is some dimensionless coupling and k2 = (p + p′)2 = s. The imaginary part is

therefore

ImM = λ2tr
[
Jµ(p, p

′)J†
ν(p, p

′)
]
Im [i⟨Aµ

0 (k)A
ν
0(−k)⟩] . (5.111)

From the optical theorem we have

σ =
λ2

4s

(
1−

4m2
f

s

)−1/2∑
r

tr
[
Jr
µ(p, p

′)Jr†
ν (p, p′)

]
Im [i⟨Aµ

0 (k)A
ν
0(−k)⟩]

=

∫
dk2

λ2

4s

(
1−

4m2
f

s

)−1/2∑
r

tr
[
Jr
µ(p, p

′)Jr†
ν (p, p′)

]
Im [i⟨Aµ

0 (k)A
ν
0(−k)⟩] δ(k2 − s)

(5.112)
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where r is some general index for the current. When the current is conserved, the Ward

identity holds. The cross section becomes

σ =

∫
dk2

λ2

4s

(
1−

4m2
f

s

)−1/2∑
r

tr
[
Jrµ(p, p′)Jr†

µ (p, p′)
]
Im [Gk (R,R)] δ(k

2 − s) (5.113)

=

∫
dk2

2π
σ4D(k

2)Im [−2Gk (R,R)] (5.114)

=

∫
dk2

2π
σ4D(k

2)ρT (k
2) (5.115)

where the 4D cross section

σ4D(k
2) =

πλ2

s

(
1−

4m2
f

s

)−1/2∑
r

tr
[
−Jrµ(p, p′)Jr†

µ (p, p′)
]
δ(k2 − s) (5.116)

is exactly the cross section for production of particle dark photon with invariant mass k2.

Therefore we can deduce that for a general process involving a final state dark photon the

cross section for the entire continuum is given by

σ =

∫
dk2

2π
ρT (k

2)σ4D(k
2) (5.117)

where σ4D(k
2) is the cross section for a single continuum state. Similarly for two final state

dark photons we have

σ =

∫
dk21
2π

ρT (k
2
1)

∫
dk22
2π

ρT (k
2
2)σ4D(k

2
1, k

2
2) . (5.118)

5.5.7 A Recasting Formula for Continuum Models

We show here that the spectral distribution can be used, under mild conditions,

directly at the level of the experimental bounds on 4D particles. The method is expressed

in terms of dark photon quantities but can have straigthforward generalization to other

continuum models. Bounds on the particle dark photon parameter space (m, ε4D) are
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typically expressed as ε4D < ε4D,b(m) where ε4D,b(m) is the function defining the exclusion

region.

We denote a predicted observable as O(ε4D,m). We assume the observable takes

the form

O(ε4D,m) = ε24DR(m) . (5.119)

Assuming that the observed value of Oobs does not rely on assumptions on m, the ex-

perimental constraint takes the form Oobs = O(ε4D,b(m),m) , which defines the ε4D,b(m)

function. Specifically, using Eq. (5.119) we get

ε4D,b(m) =
Oobs

R(m)
. (5.120)

We turn to the continuum model. The predicted observable now depends only on

ε. How do we determine the bound on ε using the 4D data? In continuum models the

prediction analogous to Eq. (5.119) involves spectral integrals over R(m). Here we focus on

obersvables requiring a single spectral integral. Using appropriate conventions without loss

of generality we can write

O(ε) = ε2
∫
dm2

2π
ρ(m)R(m) . (5.121)

The experimental constraints takes the form Oobs = O(εb). Using this together with

Eq. (5.120), it follows that the bound on ε, denoted by εb, is given by

1

ε2b
=

∫
dm2

2π

ρ(m2)

ε24D,b(m)
. (5.122)

This method is exact and is rather general since it only requires that the experimental

observable does not depend on assumptions on m.
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The recasting formula Eq. (5.122) shows that it suffices to know the ε4D,b(m) func-

tion to obtain the corresponding bound on the continuum model with spectral density ρ(m).

We use this method in the following.

5.5.8 Cutoff scales

The interacting 5D theory is understood as a long distance EFT whose validity

breaks down at distances of order ∆X ∼ 1
Λ5

where Λ5 is the 5D cutoff. However the validity

of the AdS/CFT correspondence breaks down at a larger distance scale, ∆X ∼ R [7]. From

the viewpoint of boundary correlators, this amounts to pcutoff ∼ 1
R . This cutoff also applies

to temperature defined on the boundary. As a result, when studying cosmology in the

holographic CFT, the highest allowed temperature is TCFT,cutoff ∼ 1
R . In terms of the CFT

energy density, the cutoff is

ρCFT,cutoff ∼
M2

Pl

R2
, (5.123)

where one has used ρCFT ∼ cT 4 with the central charge c ∼ N2 ∼ (MPlR)
2. In terms of

brane cosmology, this cutoff scale also corresponds to the highest energy density allowing a

standard Friedmann equation. For energies higher than ρCFT,cutoff , the Friedmann equation

is dominated by a non-standard ρ2 term and becomes model-dependent [180]. Throughout

this work we adopt the viewpoint that the momentum cutoff of the theory is at ∼ 1
R .

5.6 Finite Temperature and a Cosmological Scenario

Our continuum dark photon model features light degrees of freedom in some sense

as dictated by the spectral density. This is important for cosmology since the existence of
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Figure 5.5: Respective geometries for thermal phase with the AdS black hole (Left) and the

gapped phase when the background is truncated by an IR brane (Right).

new light degrees of freedom is generically constrained by cosmological observations [238].

Can our model accommodate existing cosmological bounds?

The answer to this question requires a more detailed study of the spacetime back-

ground in the far IR. As well known from e.g. [169, 180, 221, 220, 87] and as reviewed below,

when the UV brane is at finite temperature the metric can become of AdS-Schwarzschild

(AdS-S) type [180].

The cosmological evolution of this background as seen from the UV brane is con-

veniently described by the motion of the UV brane z0(τ) in the bulk, with zh remaining

constant. This motion effectively acts as a scale factor with z0(τ) ∝ 1
a(τ) . In our model we

have z0 = R at present times, therefore 1
z0(τ)

= a(τ)
R . The effective temperature of the black

hole horizon as seen from the UV brane is given by Th(τ) =
1
πR

z0(τ)
zh

.

At finite temperature the only reason for the bulk black hole not to develop is

if the background is truncated by an IR brane or by a singularity (i.e. a soft-wall) at
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zs ≪ zh. These two possible backgrounds have to be understood as two different phases. 8

We consider these two possibilities as the only available ones in our analysis. Taking zs has

a temperature-independent reference we can say that the bulk has AdS-Schwarzschild for

Th ≫ 1
zs
, that we refer to as the thermal phase. For Th ≪ 1

zs
, temperature effects in the

bulk are negligible, thus the metric is the one with a IR brane (or a soft-wall) that we refer

to as the gapped phase.

We remind that in Section 5.2 we have obtained that for α > 2 the scalar vev does

not induce IR backreaction. Thus in this case, at finite temperature one has the AdS-S

metric at any temperature, at least as long as the temperature is low enough such that the

scalar vev is negligible at zh. In contrast for α < 2 an IR backreaction occurs because of

the scalar vev. We could but will not study the exact solution of the singularity induced

by the vev, here it is enough to assume that a IR brane truncates spacetime at zs. The

existence of the gapped phase — for α either smaller or larger than 2 — is an important

ingredient for cosmological bounds.

The dual picture of the thermal phase is the one of the SM at temperature T

coupled to a hidden CFT with temperature Th. The dual picture of the gapped phase is

the one of the SM coupled to a kind of approximate CFT with mass gap of order ∼ 1
zs
.

8This is analogous to the Hawking-Page phase transition. [179] The phase transition is believed to be of first

order and may feature supercooling [87, 260, 199, 247, 178, 215, 50, 111, 301, 242]. Our present analysis is

only qualitative in regard of the phase transition and its details.
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In the cosmology of our model (and more generally of warped braneworlds), the

overarching idea is that the presence of the bulk black hole can spoil cosmological bounds

because it effectively contributes to dark radiation. This is easily understood in the CFT

picture, since hot CFT behaves as radiation.

It follows that there are (at least) two solutions to evade cosmological bounds at

late times. Either the hidden sector (i.e. the bulk black hole/hidden CFT) remains much

colder than the SM thermal bath at late times, or the background transitions to the gapped

phase at some intermediate temperature so that the hidden radiation is removed in favor of

nonrelatvistic degrees of freedom. In the following we discuss cosmological scenarios along

these lines. An assumption taken throughout is that the temperature of the hidden sector

is zero or negligible at early times. We show the geometry for these solutions in Fig. 5.5.

The cosmology of the related minimal Randall-Sundrum II braneworld model,

including the evolution of the bulk black hole, was laid out in a series of increasingly refined

analyses in [169, 180, 221, 220]. Here we will use elements of these analises. In these

references also it is assumed that the black hole has negligible temperature at early times.

5.6.1 Feeding the Bulk Black Hole

Here we focus on the thermal phase. We explain how the black hole tempera-

ture/horizon is fixed by the other quantities of the model.

Let us consider pure AdS. The SM thermal bath is localized on the UV brane,

that leaks some amount of energy into the bulk via QFT processes. The produced bulk

excitations get strongly interacting in the bulk, at the very least due to AdS gravity. Far

enough in the IR a horizon must develop to censor strongly coupled gravity. This is described
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by the AdS-Schwarzchild metric. We can say that a bulk back hole forms due to the

sustained flux of radiation emitted from the brane.

The leading process for producing bulk modes from boundary-localized modes is a

simple 2 → 1 process. In the minimal version of this finite temperature braneworld scenario,

there are only gravitons in the bulk, thus the only process is SM+SM → graviton continuum.

In our model there is also the dark photon continuum, therefore there another process is

SM + SM → dark photon continuum. The cross section for the 2 → 1 production of the

dark photon continuum has been computed in Eq. (5.150).

The AdS-Schwarzchild metric has only one new parameter: the location of the

black hole horizon. This single parameter must encode all the combined effects of the fluxes

of energy leaked into the bulk. This was elegantly obtained in [220] in the formalism of the

Vadyia metric that describes spacetime around radiative bodies.

For both dark photons and gravitons continuum the process of radiation leaking

into the bulk is dominated at early times. Taking the initial SM temperature at the cutoff

Ti =
1
R and the corresponding energy density of the SM thermal bath as ρi =

π2

30T
4
i ,

The effective Friedmann equation on the moving brane contains the dark radiation

term

ρD(τ) = 3
M2

p

R2

(
z0(τ)

zh

)4

. (5.124)

This explicit expression in terms of zh is strictly speaking not necessarily to determine the

observable fraction of dark radiation, but will be needed to estimate whether a transition

to the gapped phase occurs and at which SM temperature. Notice this energy scales as the

one of a CFT sector, ∼ π2N2T 4
CFT. Here we perform the quantitative calculation from the
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AdS side.

ΩD,f =
ρD,f

ρSM,f
=

∫ τf

τi

dτ
⟨σvE⟩n2

ρ
. (5.125)

Taking the initial temperature at the cutoff of the theory Ti ∼ 1
R and taking the initial

energy density of the SM bath to be ρi ∼ g∗T
4
SM, the fraction of dark radiation created is

estimated to be

ΩD,f ∼
(
g∗f
g∗i

) 1
3

(coupling)2MPR (5.126)

by dimensional analysis, where the couplings are expressed in units of R. The MP factor

comes from the time factor, which is related by τ ∝ MP√
g∗T 2

SM
to the SM temperature. For the

QFT processes considered here the integral is dominated by early times so is independent of

τf for τf ≫ τi. For the graviton continuum, the square coupling goes as 1
(MPR)2

, such that

the contribution to ΩD is suppressed by 1
MPR

∼ 1
N ≪ 1. For the dark photon continuum,

the square coupling goes as ϵ2αe.m.. Therefore, to ensure small enough ΩD,f the ϵ coupling

has to be small enough so that it compensates the MPR ∼ N factor.

In summary we see that in the thermal phase the QFT fluxes have to be suppressed

to ensure that dark radiation at late times remains small. Another possibility to avoid dark

radiation is that a mass gap show up in the hidden sector, as shown in next subsection.

5.6.2 The Transition Time/Temperature

The transition occurs at time τt for which the horizon position is of same order

as the IR brane position. We assume that supercooling does not significantly change this

criterion. In the IR brane phase we take the UV brane at z0 = R, as in the rest of the
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paper. The condition is then

z0(τt)

zh
∼ R

zs
. (5.127)

Using the translation of zh in terms of temperature, this also amounts to the condition

Th(τt) ≡ Th,t ∼ 1
πzs

.

Putting the condition Eq. (5.127) into Eq. (5.124) gives the amount of dark radi-

ation at the transition time. Using this Eq. (5.125), where one integrates up to final time

τf = τt, gives the fraction of dark energy at the transition time ΩD,t generated by the 2 → 1

processes. For τt ≫ τi it is a constant and we deduce the SM temperature at which the

transition takes place,

TSM,t ∼

 1

(coupling)2MPR

g
1
3
∗i

g
1
3
∗f

 1
4

1

g
1
4
∗,f

(MPR)
1
2

zs
(5.128)

The time of transition τt easily follows. The first parenthesis is larger than 1 as required by

ΩD,f ≪ 1 in Eq. (5.125). The main enhancement, however, comes from the large
√
MPR ∼

√
N ≫ 1 factor at the numerator.

In the graviton case for example, in terms of N and Th we end up with the scaling

TSM,f

Th,t
∼ N

3
4 . (5.129)

9 For the dark photon case the behaviour is

TSM,f

Th,t
∼ N

1
4

ε
1
2

. (5.130)

The bottom line is that the hidden sector is much colder than the SM bath at the timescale

9We note this is an intermediate scaling between the rough estimates made in [169] that gave either ∼
√
N

or ∼ N .
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where the transition between thermal and gapped phases take place. Accordingly, the

corresponding mass gap scale 1
zs

is much lower than TSM,t.

5.6.3 Ultracold Hidden Sector Freeze-out Scenario

Given the above finite temperature results we can now outline a possible cosmo-

logical scenario. All the hypotheses made throughout are restated here. We can express

the scenarios either in terms of geometric quantities in AdS (brane, black hole, . . . ) or as

a hidden CFT sector with N2 degrees of freedom.

We trace the csomological evolution as a function of the temperature of the SM

bath, here denoted by TSM ≡ T .

• Ti ∼ 1
R

The SM energy density is taken to be ρi ∼ g∗T
4
i . The metric is assumed to be

pure AdS. Accordingly in the CFT picture, the CFT sector has zero or negligible

temperature, Th ∼ 0.

• Tt < T < Ti

The SM bath radiates energy into the hidden sector via QFT 2 → 1 processes. Radia-

tion back into the SM bath is neglected because the hidden sector is much colder than

the SM. The hidden sector strongly interacts with itself, it is in thermal equilibrium

with temperature Th > 0 much lower than TSM.

• T ∼ Tt

A transition between the thermal and gapped phase occurs, whose details are not

discussed here. This occurs when the temperature of the hidden sector is of order
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the mass gap of the hidden sector, Th,t ∼ 1
zs
. In the CFT picture, the CFT at finite

temperature transitions into a “gapped CFT” whose details are described in AdS.

• T0 < T < Tt

In the gapped phase — here assumed to be a slice of AdS — the continuum is dis-

cretized into narrow KK modes with spacing mKK ∼ π
zs

∼ π2Th,t. We assume that

the gapped phase has thermal equilibrium at least for T nearby Tt, so that the abun-

dances are determined by thermal distributions. Since Th <
1
zs

the temperature is

substantially lower than the masses, therefore all the modes are now non-relativistic.

While the temperature decreases, the abundances of KK modes tend to be Boltzman

suppressed and freezes out.

The scenario painted here can more generally be referred to as a ultracold freeze-

out. The mass gap characterizing the phase transition in the hidden sector can be very

small compared to the SM temperature. It could be interesting to investigate the generic

implications of this setup.

In our model the continuum gets discretized by the mass gap, but with very small

spacing 1
zs
. The resulting dark matter scenario emerging in the gapped phase seems roughly

similar to scenarios of dynamical dark matter (see [109, 110] and subsequent works) and

continuum dark matter [89], here in the case of a ultracold dark photon field. We do not

perform a detailed analysis of continuum dark photon abundances. We leave this as an

interesting open direction.
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Ultracold Relativistic Hidden Sector

Letting the mass gap scale go to zero, the gapped phase cannot emerge i.e. Tt → 0.

In that case we recover a more mimimal scenario with no phase transition, in which we are

still in the thermal AdS phase at present time. To avoid dark radiation bounds in this

scenario we need to make ΩD small enough to evade existing bounds. This is achieved by

making ε and 1
MPR

(i.e. 1
N ) small enough. In this scenario the hidden sector is relativistic

but is so cold that it avoids cosmological bounds anyways.

5.6.4 Dark Photon Radiation

We present a more detailed look at radiation from dark photons in our model. If

there is no initial population of dark photons, brane-localized SM fermions may populate

the hidden sector through the process ff̄ → A0. The S-matrix element for this process is

given by

|M|2 =
16παEMQ

2
frUV

g25
µ2 . (5.131)

The energy density of hidden sector light species in the early universe increases the effective

number of neutrino degrees of freedom, and thus is constrained by BBN and CMB obser-

vations [142]. On the other hand, energy injection due to the late decay of dark photons at

or after BBN (CMB) times places a lower bound on the kinetic mixing parameter ε [142].

For a particle dark photon, this typically results in bounded exclusion regions in parameter

space. In our model, light modes in the dark photon spectrum may be produced and decay

as well. We show that assuming no initial population of dark photons, production of our

continuum dark photon does not exceed the typical contribution a particle dark photon.
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The Boltzmann equation for the energy density on the UV brane including the

emission of dark photons is [180, 221, 220]

dρ

dt
+ 3H(ρ+ p) = −⟨σvE⟩n2 = −

∫
dµ2

2π
ρT (µ

2)

∫
d3pm
(2π)3

Cµ (5.132)

where the collision operator resulting from fermions annihilating into dark photons is

C[f ] =
1

2

∫
d3p1

2E1(2π)3
d3p2

2E2(2π)3
|M(s)|2f1f2(2π)4δ(4)(p1 + p2 − pµ) (5.133)

and the squared matrix element is given by (5.131). The thermal distributions fi for the

fermions are

fi =
1

eEi/T + 1
≃ e−Ei/T (5.134)

where we have assumed Maxwell-Boltzmann statistics. In the case where f = e−(f̄ = e+)

taking me → 0, the collision term is can be computed analytically giving

⟨σvE⟩n2 =
∫
dµ2

2π
ρT (µ

2)
rUV

g25

2αEMε
2Tµ4

π2
K2(µ/T ) (5.135)

Assuming ρd ≪ ρ, the relic abundance for dark radiation is approximately [180]

Ωd ≃
∫ ∞

0

dT

H(T )T

⟨σvE⟩n2

ρ
=

∫
dµ2

2π
ρT (µ

2)
rUV

g25

1350
√
10αEMε

2

π4g
3/2
∗

MPl

µ
(5.136)

In the case where there is a mass gap given by µ0 we can compare the ratio of the relic

abundance for the continuum dark photon with that of a typical particle dark photon with

a definite mass m = µ0. Their ratio is simply

Ωd

Ω4D
d

≃
∫
dµ2

2π
ρT (µ

2)
rUV

g25

µ0
µ
. (5.137)

In our model for both cases of α = 1, 2 we can verify numerically for a given rUV and

cUV that this ratio never exceeds unity signifying that the amount of dark radiation for a

continuum dark photon does not exceed that of a particle dark photon.
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5.6.5 UV Brane-Localized Dark Matter

An attractive scenario to consider is when the holographic dark photon mediates

interactions between dark matter localized to the UV brane and the SM. We consider a

simple model where the interaction between the dark matter, a Dirac fermion χ, and the

holographic dark photon is

SχA =

∫
d4x igχ

√
rUV

g25
χ̄γµχAµ

∣∣∣∣
z=R

. (5.138)

We assume the dark matter freezes out non-relativistically. The dominant process for dark

matter annihilation is χχ̄ → A(µ)A(µ′). The Boltzmann equation for this process is the

standard one,

∂nχ
∂t

+ 3Hnχ = −⟨σv⟩
[
n2χ − (neqχ )2

]
(5.139)

however the thermally averaged cross section is given by

⟨σv⟩ = 1

(neqχ )2

∫
dµ2

2π
ρ(µ2)

∫
dµ′2

2π
ρ(µ′2)

∫
d3pχ

2Eχ(2π)3
d3pχ̄

2Eχ̄(2π)3
d3pµ

2Eµ(2π)3
d3pµ′

2Eµ′(2π)3

× (2π)4δ(4)(pχ + pχ̄ − pµ − pµ′)
∑
spin

∣∣M(χχ̄→ A(µ)A(µ′))
∣∣2 e−(Eχ+Eχ̄)/T (5.140)

where we have assumed Boltzmann statistics for the dark matter. This is simply the ther-

mally averaged cross section for dark matter annihilating into dark photons of mass µ and

µ′, convoluted with the spectral distributions of the final states.

In Fig. 5.6 for the case α = 1, we show the values of αχ and mχ which saturate the

observed dark matter relic abundance, Ωχ = 0.12 [304, 283]. We take R = 10−3 TeV−1 and

mA = 100 MeV. The requirement on αχ depends on on whether or not the resonance in the

α = 1 brane to brane propagator lies above or below the mass gap mA. When the resonance
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Figure 5.6: Target values of αχ and mχ for non-relativistic freeze out in the case α = 1.

We consider a mass gap mA = 100 MeV and AdS curvature R−1 = 103 TeV.

is found to be greater than the mass gap, there is only a continuum and the spectral density

is given by (5.106). However if the resonance is found to be below the mass gap, then it

is an isolated pole and the holopgrahic dark photon behaves as a particle with a definite

mass given by the resonance. This can be seen in the blue and green curves in Fig. 5.6. In

both cases the resonance is found to be < 100 MeV providing support to the cross section

below the mass gap. For rUV = R and cUV = 0 the resonance is only slightly below the

mass gap and gives similiar constraints to the a typical dark photon with mass (dotted red

curve), mA = 100 MeV. On the other hand for rUV = 103R and cUV = 0 the resonance is

well below the gap and the behavior of the holographic dark photon is dominated by the

pole. Taking the limit rUV/R→ ∞ recovers the behavior of a dark photon with mass given

by cUVmAR/rUV (assuming cUVR/rUV is finite) or a massless dark photon for cUV = 0.

In contrast for the orange and purple curves, the resonance occurs above the mass gap. In

this case the cross section never receives support from the isolated pole and the maximum
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Figure 5.7: Target values of αχ and mχ for non-relativistic freeze out in the case α = 2.

We consider a bulk mass mA = 1 GeV and AdS curvature R−1 = 103 TeV.

constraint on αχ for which the dark matter abundance is saturated is relaxed compared to

the 4D limit (red dotted curve). Note that for each curve for the holographic dark photon,

the constraint on αχ begins to relax near the location of the resonance.

In Fig. 5.7 for the case α = 2 we again show the values of αχ andmχ which saturate

the observed dark matter relic abundance, Ωχ = 0.12 [304, 283]. As in the previous case

we take R = 10−3 TeV−1 however we now consider mA = 1 GeV. In contrast to the case

of α = 1, mA no longer represents a mass gap rather, it is the value of the bulk mass of

the holographic dark photon. Due to the fact that there is no mass gap and the continuum

extends all the way to the origin, the resonance present in the α = 2 propagator rather

simply determines the location of the resonance peak in the spectral density. This feature is

observed in the blue, purple, orange and green curves in Fig. 5.7. Once the mass of the dark

matter mχ passes below the resonance, the preferred value of αχ quickly increases similar to
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the behavior of the red curve representing a particle dark photon with mass, mA = 1 GeV,

in Fig. 5.7. However unlike a a particle dark photon with a definite mass or the α = 1

case where the continuum vanishes below the mass gap, the dark matter is still free to

annihilate into lighter modes and the cross section still has support for dark matter masses

below the resonance. We can see from the blue, purple, and orange curves in Fig. 5.7,

that annihilation into the continuum may result in a preference for coupling to dark several

orders of magnitude larger then that of a particle dark photon. Additionally, the resonance

increases with cUV resulting in heavier dark matter masses being preferred. On the other

hand for rUV/R = 103 represented by the green curve in Fig. 5.7, the spectrum approaches

a narrow peak resembling the distribution for a particle with definite mass. Thus above the

resonance the curve closely resembles the target for a massless dark photon.

Direct Detection

Due to the holgraphic dark photon’s interaction with the electromagnetic current

(5.97), the dark matter χ may scatter off SM nucleons. In the small momentum transfer

limit, interactions between the dark matter and the SM mediated by our dark photon map

onto the a spin-independent operator O(NR)
1 in the standard non-relativistic decomposi-

tion [127, 140, 78, 102]. The resulting bounds are identical to non-continuum dark photon

models making the replacement for the dark photon’s mass m2 → −g25r
−1
UVG0(R,R)

−1. For

dark matter masses mχ ≳ 1 GeV, we refer to the review Ref. [274].
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Self-Interactions

The holographic dark photon may also mediate dark matter self-interactions. Dark

matter self-interactions have been identified as a possible solution to several small scale

structure anomalies [293, 292]. The case of fermionic dark matter mediated by a 5D bulk

scalar has been studied previously and has been shown to yield a scattering cross section

with a non-integer dependence on the dark matter relative velocity [68].

The scattering potential is easy to derive using the spectral representation of the

brane-to-brane propagator, (5.103) and for general α is given by

V (r) = ±αχrUV

g25

∫ ∞

0

dµ2

2π
ρT (µ

2)
e−µr

r
. (5.141)

In the pR ≪ 1 limit the spectral integral may be computed analytically. For the case of

α = 1 and cUV ̸= rUV/R

V (r)|α=1 = αχ
2RrUV(mAr(mAr + 3) + 3)

m4
A(rUV − cUVR)2

e−mAr

r5
. (5.142)

For the case of α = 2 the scattering potential is

V (r)|α=2 = αχ
rUV

R

16Γ(2ν + 2)

Γ2(ν)

1(
ν − 1 + cUVm2

AR
2
)2 1r

(
R

2r

)2ν+2

. (5.143)

The potential for α = 1 has sufficient long range behavior to satisfy SIDM targets

however is singular for r → 0. For α = 1, since ν > 1, the potential is singular as

well. As discussed for the case of a bulk scalar mediator in Ref. [68], the self-interaction

phenomenology of singular potentials becomes numerically intractable and is unlikely to

produce effects relevant for small-scale structure anomalies.
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5.7 Phenomenological Comments and Cross Sections

We consider the phenomenology and relevant cross sections resulting from the

holographic dark photon model’s coupling to the SM electromagnetic current. The holo-

graphic dark photon may present a signature at various dark photon searches. We review

the possibility of decay into the electromagnetic spectrum and oscillation into bulk modes

as well as present results relevant for various dark photon searches. As discussed in Sec-

tion 5.6, we can safely ignore BBN and CMB bounds resulting from overabundance and

decay into the SM states.

5.7.1 Decay Width and Bulk Oscillations

One of the immediate results of the Feynman rule (5.97) is that for p2 > 4m2
f ,

the holographic dark photon may decay into fermion–anti-fermion pairs. As with other

dark photon models which couple to the electromagnetic current, energy injection into the

electromagnetic spectrum is a concern. The leading order cause of this effect is decay into

electron–positron pairs for p2 > 4m2
e and deacay into three photons at 1-loop for p2 < 4m2

e.

For a holographic dark photon with mass paramter µ, the decay width for these processes

are [262, 237]

Γe+e− =
αEMε

2µ

3

rUV

g25

√
1− 4

m2
e

µ2

(
1 + 2

m2
e

µ2

)
µ > 2me (5.144)

Γγγγ =
17α4

EMε
2

11664000π3
rUV

g25

µ9

m8
e

µ≪ me . (5.145)

The numerical solution for Γγγγ , valid for all µ < me, is presented in Ref. [237].
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Analogously, we may determine the associated width induced by the holographic

self energy Σ(p2). From the optical theorem the width for bulk oscillations is

Γbulk =
1

µ
ImM (A0 → A0) . (5.146)

From (5.58) we can identify the imaginary part of matrix element as

ImM (A0 → A0) =
1

g25
ImΣ(µ2) . (5.147)

which for gives a bulk decay width

Γα=1
bulk =

1

g25

π

2
µR

(
1−

m2
A

µ2

)
(5.148)

Γα=2
bulk =

1

g25
sinπν

Γ(1− ν)

Γ(ν)

(
pR

2

)2ν−1

(5.149)

Therefore when rUV ∼ R as expected, we can assume Γα=1,2
bulk > Γe+e− ,Γγγγ due suppression

from the kinetic mixing parameter ε which is typically ≪ 1. As a result we ignore bounds

resulting from overproduction and decay into the electromagnetic spectrum, as we assume

the dark photon will decay into bulk modes.

5.7.2 Holographic Dark Photon Processes

We review processes which include the holographic dark photon. We leave a de-

tailed discussion of cosmological effects until Section 5.6.

2 → 1 Production The simplest production mechanism is just the 2 → 1 process where

two fermions annihilate to produce the holographic dark photon spectrum. The cross section

for this process is

σv =
4παEMQ

2
frUV

g25
ρT (s) (5.150)
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where s is the squared center of mass energy. 2 → 1 production is the primary process by

which cosmological holographic dark photons may be produced from the SM. As previously

discussed, the dark photon decays invisibly into bulk modes before it can be constrained by

BBN and CMB constraints from either overabundance or energy injection into the electro-

magnetic spectrum.

Electron–Positron Annihilation The holographic dark photon may also present a sig-

nature from electron–positron annihilation at collider searches such as BaBar and Belle

II [163]. Searches for dark photons with invisible decays look for a mono-energetic photon

in addition to missing energy. When the spectral density has an isolated pole or the width

of the resonance corresponding to the pole mass mα is narrow, the holographic dark photon

will produce a signal similar to that of a dark photon with a definite mass. On the other

hand if the width of the resonance is broad or it is located beyond the experimental sensi-

tivity, all kinematically accessible states in the continuum may be produced. As a result the

visible photon will now have a distribution of energies according to the holographic dark

photons spectral density.

We present the tree level cross section for the process e+e− → γA0. In the limit

where the electron mass m2
e ≪ s, the cross section is given by

σ =

∫
dµ2

2π
ρT (µ

2)σ4D(µ
2) (5.151)

with

σ4D(µ
2) =

4παEMε
2rUV(s− µ2)

g25s
4

[
−s(s+ 2µ2) + (s2 + 2µ2s+ 2µ4) log

(
s

m2
e

)]
. (5.152)
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Deviation to Coulomb Potential The holographic dark photon may also mediate

interactions between electromagnetic currents, resulting in deviations to the Coulomb po-

tential in the non-relativistic limit. Using the spectral representation of the propagator

given by (5.103), the scattering potential is given generally by

V (r) = ±αEMε
2rUV

g25

∫ ∞

0

dµ2

2π
ρT (µ

2)
e−µr

r
. (5.153)

where we take the plus (minus) sign for particle–particle (anti-particle) scattering. Using

the expressions (5.106) and (5.107), we may calculate the scattering potential in the pR≪ 1

limit. For the case of α = 1

V (r)|α=1 = ε2Q2
fαEM

2RrUV(mAr(mAr + 3) + 3)

m4
A(rUV − cUVR)2

e−mAr

r5
. (5.154)

For the case of α = 2 the scattering potential is

V (r)|α=2 = ε2Q2
fαEM

rUV

R

16Γ(2ν + 2)

Γ2(ν)

1(
ν − 1 + cUVm2

AR
2
)2 1r

(
R

2r

)2ν+2

. (5.155)

Deviations to the Coulomb potential are studied in fifth force searches [25].

CMB Resonant Conversion Inter-conversion of photons and dark photons through ki-

netic mixing or semi-Compton absorption typically constrains low-mass dark photons [262,

238]. These processes are enhanced by matter effects which induce a mass for visible pho-

tons. The strongest constraints result from resonant conversion when the photon mass

ω ∼ mdark photon. For temperatures T ≲ O(MeV) but before recombination, resonant con-

version of CMB photons into dark photons may increase the number of light degrees of

freedom in the universe, resulting in a positive shift in the effective number of Neutri-

nos [238]. Since dark photons in our model decay invisibly into bulk modes, we assume

these constraints to be negligible.
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However for temperature T ≲ 500 eV, resonant production of low energy photons

may result in CMB spectral distortions as well [262, 238]. In our continuum model the

visible photon may always be in resonance with a state in the continuum given the mass

gap (if it exists) is small enough.

Stellar Emission Kinetic mixing between the visible photon and dark photon results in

solar emission of dark photons [263]. For low mass dark photons in the resonant case, when

mdark photon ≪ ω the emission rate is enhanced by a factor of ω2/m2
dark photon. In our model

resonant emission will occur when the mass gap mA ≪ ω for α = 1, or for all mA if α = 2.

5.7.3 Phenomenological Signatures and Plots

We present plots resulting from our recasting presented in Section 5.5.7. We

consider the cases α = 1 and α = 2 for multiple values of the AdS curvature R−1.

α = 1: For α = 1 the spectrum is that of a gapped continuum with the mass gap given by

the dark photon’s bulk mass on the UV brane, mA. Following our recasting formula (5.122)

we plot the relevant observables for case α = 1 in Fig. 5.8 and 5.9. We choose cUV = 103 and

rUV = R such that the pole mass m1 remains above the mass gap, in order to demonstrate

the constraints due to the continuum. For α = 1 the spectral density is peaked near the

gap and thus the main contribution to constraints is due to states clustered near the mass

gap mA. Confirming the spectral densities weak dependence on R in this case, we note that

bounds for R = 1 TeV−1 and R = 10−18 GeV−1 from Figures 5.9 and 5.8 are quite similar.
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Figure 5.8: We recast constraints on invisibly decaying dark photons according to our

formula for α = 1 and R = 10−18 GeV−1. There are bounds from BaBar and Belle

II projections at large masses [163]. The solid green curve corresponds to a projected

luminosity of 0.04%, the dashed green curve corresponds to 1% luminosity, the dotted green

curve to 10%, and the dash-dotted green curve to 100%. Note that projections greater than

0.04% are purely speculative and require a detailed analysis. There are bounds due to

stellar cooling from the Sun, HB stars, and RG stars [263]. At low masses there are bounds

from fifth force experiments searching for deviations to the Coulomb potential [25], as well

as from CMB spectral distortions[246]. We take rUV/R = 1 and cUV = 103 so that the pole

mass remains above the gap scale and does not contribute.

Because all states above the gap with µ2 ≥ m2
A contribute to observables, con-

straints on ε become stronger with a decreasing mass gap. We find that observables cor-

responding to heavier states generally extend to lower mass gaps, dominating over weaker

bounds that otherwise wouldn’t have overlapped. This can be seen in Fig. 5.8 and 5.9 by

noting that the stellar cooling constraints dominating over CMB resonant conversion and

fifth force experiments for a small mass gap.
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Figure 5.9: We recast constraints on invisibly decaying dark photons according to our

formula for α = 1 and R = 1 TeV−1. There are bounds from BaBar and Belle II projections

at large masses [163]. The solid green curve corresponds to a projected luminosity of 0.04%,

the dashed green curve corresponds to 1% luminosity, the dotted green curve to 10%, and

the dash-dotted green curve to 100%. Note that projections greater than 0.04% are purely

speculative and require a detailed analysis. There are bounds due to stellar cooling from

the Sun, HB stars, and RG stars [263]. At low masses there are bounds from fifth force

experiments searching for deviations to the Coulomb potential [25], as well as from CMB

spectral distortions[246]. We take rUV/R = 1 and cUV = 103 so that the pole mass remains

above the gap scale and does not contribute.

α = 2: For α = 2 the spectrum is a gapless continuum. In contrast to the α = 1 case, the

constraints are highly dependent on the AdS curvature R−1. The location and width of the

resonance is dependent on R as well as mA through the bulk mass parameter ν. Because

mA no longer plays the role of a mass gap in the α = 2 case, when mA passes beyond the

upper bound of an experiment’s sensitivity to the dark photon mass lighter states in the

continuum may still contribute. This results in the extension of bounds beyond their typical

upper mass threshold for a particle dark photon. This feature is most clearly demonstrated

by the stellar emission bounds in Figures 5.11 and 5.10.
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Figure 5.10: We recast constraints on invisibly decaying dark photons according to our

formula for α = 2 and R = 1 TeV−1. There are bounds from BaBar, LEP, and Belle

II projections at large masses [163]. The solid green curve corresponds to a projected

luminosity of 0.04%, the dashed green curve corresponds to 1% luminosity, the dotted green

curve to 10%, and the dash-dotted green curve to 100%. Note that projections greater than

0.04% are purely speculative and require a detailed analysis. There are bounds due to stellar

cooling from the Sun, HB stars, and RG stars [263]. At low masses there are bounds from

fifth force experiments searching for deviations to the Coulomb potential [25], as well as

from the resonant conversion of CMB photons into dark photons[246]. We take rUV/R = 1

and cUV = 0.

5.8 On the Goldstone Equivalence Theorem in AdS

In flat space the Goldstone equivalence theorem states that longitudinally polarized

gauge fields can be replaced by Goldstone bosons at large momentum in the external legs

of S-matrix elements. This is a consequence of unitarity of the S-matrix. How does the

Goldstone equivalence theorem emerge in our AdS U(1) model?

To understand how the Goldstone equivalence theorem may appear in our AdS

setup, we need to figure out to which kind of objects it applies. In our theory there is gauge
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Figure 5.11: We recast constraints on invisibly decaying dark photons according to our

formula for α = 2 and R = 1 TeV−1. There are bounds from BaBar and Belle II projections

at large masses [163]. The solid green curve corresponds to a projected luminosity of 0.04%,

the dashed green curve corresponds to 1% luminosity, the dotted green curve to 10%, and

the dash-dotted green curve to 100%. Note that projections greater than 0.04% are purely

speculative and require a detailed analysis. There are bounds due to stellar cooling from

the Sun, HB stars, and RG stars [263]. At low masses there are bounds from fifth force

experiments searching for deviations to the Coulomb potential [25], as well as from the

resonant conversion of CMB photons into dark photons[246]. We take rUV/R = 1 and

cUV = 0.

fixing on both boundary and bulk. We can therefore expect both a bulk and a boundary

Goldstone equivalence theorem, that may apply to different kind of amplitudes.

A convenient way to verify the equivalence theorem in flat space is to take Feynman-

t’Hooft gauge and perform a unitary cut on internal gauge and Goldstone lines [251].

Namely, in the Feynman-t’Hooft gauge the timelike contribution to the amplitude goes

as kµkν

m2
λ
. It must be cancelled by a corresponding line of the Goldstone π. One then per-

forms a Cutcosky cut on these lines. Unitarity of the full amplitude requires the cancellation

−| kµmλ
Γµ
A|2+ |Γπ|2 = 0. One then uses ϵµ(k) → kµ

m for k2 ≫ m2, which establishes the equiv-
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alence theorem. This is not a rigorous proof but is enough in the scope of this work. We

use a similar method in the following subsections.

5.8.1 A Bulk Equivalence Theorem

We first consider the bulk gauge fixing term Eq. (5.8). This term involves both π

and Az, hence both fields participate to the equivalence theorem. This seems a challenging

problem. However, we notice that π and Az enter as the Θ combination, Eq. (5.52). Thus

the bulk equivalence theorem will be express in terms of the Θ field.

To avoid any interplay with the boundary gauge fixing, we focus on cutting Dirich-

let internal lines. Dirichlet propagators in any warped background can always be represented

in a momentum spectral representation (see e.g. [138])

GD(p; z, z
′) = i

∫
dm2 fD,m(z)fD,m(z′)

p2 −m2 + iϵ
. (5.156)

Using the momentum representation Eq. (5.156), unitarity cuts in momentum

space are easily implemented in AdS. Taking the Feynman-t’Hooft gauge ξ = 1, the subse-

quent steps of the equivalence theorem proof follow similarly to flat space. The combination

of the timelike and Goldstone contributions

−
∣∣∣∣kµmfAL

D,mΓµ
A(k)

∣∣∣∣2 + ∣∣fΘD,mΓΘ(k)
∣∣2 (5.157)

appears. To verify whether this combination vanishes, we need to check that the modes of

Aµ
L,D and ΘD are identical. The EOM for Aµ

L,D is given in Eq. (5.38), the EOM for ΘD

is given in Eq. (5.52). We can see that, for any d, α, the wave operators in both EOM are

identical. Thus the solutions and the subsequent set of Dirichlet modes given are identical,
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fAL
D,m = fΘD,m for anym. This ensures that the combination vanishes as required by unitarity.

We then use that ϵµ(k) → kµ
m for k2 ≫ m2 which establishes

∣∣∣ϵµ(k)fAL
D,mΓµ

A(k)
∣∣∣2 ∣∣∣∣

p≫m

→
∣∣fΘD,mΓΘ(k)

∣∣2 . (5.158)

The bulk equivalence theorem presented here applies to external legs which are

Dirichlet modes fD,m. In pure AdS, Dirichlet modes amount to the AdS normalizable modes

and the Γ diagrams are referred to as AdS transition amplitudes (see e.g. [22]).

5.8.2 A Boundary Equivalence Theorem

We consider the boundary gauge fixing Eq. (5.9). This gauge fixing affects the

boundary degrees of freedom and appears in the boundary action. Let us compare the

boundary action for SUV
A and SUV

a . The fundamental boundary actions match up to an

overall factor, Ba = cUVR
d−3ξUVBG̃

. The holographic self-energies do not match, ΣAL
̸= Σa,

even for large p. The standard equivalence theorem, however, applies for S matrix elements,

there are no 1PI insertions on the external legs. Thus here in analogy we will consider

diagrams with AL,0 and a0 in external legs without the Σ insertions. This amounts to a

slightly different choice of field basis, analogous to the one introduced in [27] (see discussion

in [139]). Without the Σ insertions, the propagators of AL,0 and a0 take the same form as

in flat space.

We take the Feynman-t’Hooft gauge ξ = 1, ξUV =
g2d+1

rUVRd−4 , which implies B
G̃
=

BG. The propagators for Aµ
0 and a0 without the Σ insertions go respectively as −iηµνB−1

G

and iB−1
a . We then proceed with similar steps than the flat space proof. We perform a

unitarity cut on the internal gauge and Goldstone lines of a generic amplitude and isolate
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the vanishing combination of timelike and Goldstone contributions

−
∣∣∣∣ kµmB

Γµ
A(k)

∣∣∣∣2 + 1

cUVRd−3ξUV
|Γa(k)|2 = 0 . (5.159)

We have used the relation between BG and Ba and introduced the mass m2
B = cUV

rUV
Rg2d+1v

2
0

which appears in the polarization sum of Aµ
0 . Finally we identify as usual the polarization

vector ϵµ,0(k) ∝ kµ
mB

for k2 ≫ m2
B, here associated to the boundary component of the field.

If we normalize the polarization such that ϵµ(k) → kµ
v0

we obtain

∣∣ϵµ,0(k)Γµ
A(k)

∣∣2 ∣∣∣∣
p≫mB

→ |Γa(k)|2 . (5.160)

This is a “boundary” version of the equivalence theorem, applying to external legs corre-

sponding to the boundary component of the vector and Goldstone fields.

5.9 U(1) Breaking in the Holographic CFT

We now turn to the CFT dual. For α ≥ d
2 the Higgs background does not destabi-

lize the AdS metric. We can thus apply AdS/CFT and identify the holographic theory seen

by an observer localized on the UV brane i.e. on the regulated AdS boundary. AdS/CFT

applies for pR ≪ 1 [7]. Our goal here is to understand the features encoded in the AdS

two-point boundary correlator

⟨Aµ
0 (p)A

ν
0(−p)⟩ =

(
ηµν −

pµpν
p2

)
ig2d+1

BG(p) + Σ(p2)
(5.161)

with α ≥ d
2 and pR≪ 1 in terms of a d-dimensional CFT model with broken U(1).

We know that the d-dimensional theory is a CFT with bilinear coupling to sources.

In the presence of a UV brane the sources are understood as dynamical fields and form an
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“elementary” sector containing local operators. The CFT sector contains a scalar primary

O with unit U(1) charge and conformal dimension ∆O = d
2 +α and a U(1) current Jµ with

conformal dimension ∆J . CFT unitarity implies that a conserved current has ∆J = d
2 − 1

and a non-conserved current has dimension

∆J =
d

2
− 1 + γJ (5.162)

with γJ > 0 [245].

The elementary sector couples bilinearly to CFT operators. In our case the ele-

mentary fields are defined by Φ0 = 1√
R
φ, Aµ

0 = Bµ, with [φ] = d
2 − 1, [Bµ] = 1. The U(1)

gauge field has strength g. The Lagrangian of the d-dimensional holographic theory with

the above content takes the general form

L = L[φCFT] + L0[φ,B
µ] +

bJ

Λ∆J− d
2
−1
BµJµ +

bO

Λ∆O− d
2
−1

(φO∗ + h.c.) (5.163)

where Λ is the cutoff scale and bJ , bO are dimensionless coefficients. We assume bJ ,O =

O(1). The Λ cutoff can be identified with the AdS curvature 1
R .

5.9.1 U(1) breaking

In the holographic theory defined by Eq. (5.163), the U(1) breaking occurs via a

potential in the elementary Lagrangian L0, giving a nonzero vev for φ. This potential can

be identified with the holographic potential derived in Eq. (5.25).

The spontaneous U(1) breaking in the elementary sector induces a mass for the

Bµ field. By gauge invariance, the elementary U(1) gauge field must become massless when

⟨φ⟩ → 0 hence

mB ∝ g⟨φ⟩ . (5.164)
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It follows that the two-point correlator of Bµ takes the form

⟨Bµ(p)Bν(−p)⟩ =
(
ηµν −

pµpν
p2

)
ig2

ZBp2 −m2
B + κ(−p2)∆J− d

2

. (5.165)

This is an exact result obtained by dressing the free propagator of Bµ with bilinear insertions

of ⟨J µJ ν⟩. The κ parameter is proportional to
b2J

Λ2∆J −d−2 .

As a result of the mixing term φO∗ + h.c. in Eq. (5.163) the U(1) breaking is

transmitted to the CFT sector. In particular, O acquires a U(1)-breaking vev of order

⟨O⟩ ∼ Λ∆O− d
2
+1⟨φ⟩ . (5.166)

If ∆O ≫ d, the bilinear mixing is a highly irrelevant operator. Its effect can thus

be neglected at energies below the Λ cutoff. If ∆O = d, the bilinear mixing is a classicaly

marginal operator — receiving quantum corrections from the elementary sector. Moreover

in that case the CFT contains in general an exactly marginal deformation

SCFT + ω

∫
ddxO(x) + h.c. (5.167)

with ω ∈ R. 10 Building on the above features we then study the properties of the U(1)

current.

5.9.2 Properties of the U(1) Current

The total U(1) current is given by

J µ = J µ
el + J µ

CFT . (5.168)

10In the presence of various exactly marginal deformations, the values of the operators span the “conformal

manifold” [32]. Here the conformal manifold is simply R.
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Since there is spontaneous breaking in the elementary sector, we have ∂µJ µ
el = 0 upon using

the EOM of the Goldstone boson. In CFT, there is no notion of on-shellness — except for

a free field. Hence whenever the symmetry is broken we expect ∂µJ µ
CFT ̸= 0. See also [11]

for consideration on the Goldstone equivalence theorem along these lines.

Another way to think about this feature is that in AdS, whether the U(1) symmetry

is spontaneously or explicitly broken on the boundary is irrelevant for the bulk fields. The

bulk EOM and boundary conditions for Aµ are the same for either mechanism. As a result,

whether the U(1) breaking in the elementary sector is spontaneous or explicit should be

irrelevant for the corresponding CFT operator J µ
CFT.

We now proceed to study the ∆O ≫ d and ∆O = d cases.

∆O ≫ d

When α ≫ d
2 (i.e. ∆O ≫ d), the φO∗ + h.c. mixing operator is highly irrelevant.

Hence at energies much below the Λ cutoff, the vev of O is negligible and the CFT current

is approximately conserved,

∂µJ µ
CFT

∣∣∣∣
∆O≫d, p≪Λ

≈ 0 . (5.169)

Therefore the dimension of the CFT current is

∆J |∆O≫d = d− 1 . (5.170)

∆O = d

When α ≫ d
2 (i.e. ∆O ≫ d), O is a marginal operator. By dimensional analysis,

we expect ⟨J µ
CFT⟩ ∼ ∂µ∂−2⟨O⟩ . This is consistent with the fact that the divergence of the
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current is approximately a primary at large momentum [11]. Since the value of ⟨O⟩ is set

by the elementary sector as dictated by Eq. (5.166) we obtain

∂µ⟨J µ
CFT⟩

∣∣∣∣
∆O=d, p≪Λ

∼ g⟨φ⟩Λ
d
2
+1 . (5.171)

What is the anomalous dimension of the CFT current? To determine it we use

unitarity of the states created by J µ
CFT. Using the standard approch to derive unitarity

bounds at first level we obtain

|PµJ µ|0⟩|2 = ⟨0|J νKνPµJ µ|0⟩ = γJ ⟨0|JµJ µ|0⟩ (5.172)

where P , K are the raising and lowering CFT operators. Using Eq. (5.171) we know that

PµJ µ
CFT ∝ ∂µJ µ

CFT = g⟨φ⟩Λ
d
2
+1 ̸= 0. Plugging this result into Eq. (5.172), we learn that

the anomalous dimension is proportional to the square of the symmetry breaking vev,

γJ ∝ g2 |⟨φ⟩|2 Λ−d−2 (5.173)

where we have introduced appropriate powers of Λ to make the quantity on the r.h.s di-

mensionless.

5.9.3 Comparison to AdS

Finally we compare the ⟨BµBν⟩ correlator from Eq. (5.165), together with the

scaling properties derived along this section, to the AdS two-point point boundary correlator

Eq. (5.161). We will see that all the features obtained from the CFT model also emerge in

AdS.
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α≫ d
2 Case

The holographic self-energy is given by Eq. (5.71). The mass appearing in the

boundary action is
√
cUVgd+1v0, which is consistent with the scaling ofmB given in Eq. (5.164).

The AdS Higgs vev is highly localized towards the boundary and approximately does not

influence the EOM for Aµ. In the CFT this corresponds to the elementary-CFT mixing be-

ing a highly irrelevant operator. The holographic action is Σ(p2) ∝ (−p2)
d
2
−1. This scaling

is consistent with the dimension of the current obtained in Sec. 5.9.2.

α = d
2 Case

The holographic self-energy is given by Eq. (5.75). The mass appearing in the

boundary action is
√
cUV + 1

d−2 gd+1v0, consistent with Eq. (5.164). The AdS Higgs vev

provides an effective bulk mass term for Aµ. As a result we have the scaling Σ(p2) ∝ (−p2)ν

where ν is given by Eq. (5.73). For gd+1v0R ≪ 1 the anomalous dimension γAdS appears,

with

ν =
d

2
− 1 + γAdS γAdS =

(gd+1v0R)
2

d− 2
. (5.174)

We can see that γAdS is proportional to the square of the Higgs vev. Such a scaling is

consistent with the anomalous dimension γJ obtained in the holographic CFT, Eq. (5.173).

We can also see that this anomalous dimension is always positive, which is consistent with

CFT unitarity bounds.
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5.9.4 Summary

The main properties of the dual CFT model obtained here from both AdS and

CFT sides are the following. For ∆O ≫ d (i.e. α ≫ d
2 in AdS), the U(1) breaking in the

elementary sector does not affect the U(1) CFT current. The current is thus conserved i.e.

has dimension ∆J = d− 1. In contrast, for ∆O = d (i.e. α = d
2 in AdS) the U(1) breaking

in the elementary sector affects the CFT sector. The marginal operator develops a U(1)

breaking vev, which in turn shows up in the divergence of the U(1) CFT current. The

current is thereforenon-conserved, with dimension ∆J = d − 1 + γJ where γJ > 0. Using

properties of the CFT we can then verify that the anomalous dimension of the current is

proportional to the square of the U(1)-breaking vev, a fact which is also verified from the

AdS side.

5.10 Conclusions

In this manuscript we present a theory of a U(1) gauge field in AdS5. The U(1) is

spontaneously broken by a bulk Higgs resulting in the gauge field developing a vev depdedent

on the location in the extra dimension.

We find the general solution for the spin-1 brane-to-brane popagators in the Rξ

gauges and partially solve the pseudoscalar sector pertaining to the bulk Higgs’ Goldstone

and the d + 1 component of the gauge field Az. We compute the boundary action in

general for the boundary conditions which allow for the vector and Goldstone fields on the

brane and derive a Goldstone equivalence theorem for AdS transition amplitudes and for

boundary-localized degrees of freedom, for any α.
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We show that the spectrum is continuous for α > d/2 > 1 and discrete for 0 ≤

α < d
2 − 1. For the case α = d

2 − 1, the spectrum is continuous with a mass gap. We find

that the spectrum has a pole corresponding to a d-dimensional gauge mode resulting from

the spontaneous symmetry breaking of the U(1) symmetry. When there is a mass gap, this

pole may be isolated and dominate the phenomenology.

We estimate the location of the metric’s backreaction due to the bulk vev when

α < d
2 .

Via a WKB method we develop, we find the solutions to the EOM when α = d
2 + ϵ

for ϵ ≪ 1. We find that the result is an approximate CFT with logarithmically running

parameters.

In the context of CFT dual we argue that the CFT sector is unnafected by the

breaking of the U(1) symmetry when α≫ d
2 since the CFT current is conserved. In the case

where α = d
2 an exactly marginal operator in the CFT sector mixes with the elementary

U(1) breaking sector and develops a vev. The resulting CFT current is no longer conserved

and there is an anomalous dimension proportional to the vev squared.

We introduce a dark photon model we denote the holographic dark photon in the

case d = 4 where The U(1) gauge field kinetically mixes with the visible photon on UV

brane. We compute the exact visible photon propagator dressed with interactions with the

holographic dark photon and show that it is equivalent to a field redefinition for the visible

photon.

We derive a recasting formula for adapting existing dark photon bounds to our

model and show constraints for the cases of α = 1 and α = 2. We find that for small
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mass gap/bulk mass bounds on the continuum dark photon become independent of mA

due to contributions from heavier states in the continuum. This occurs even for mA below

experimental sensitivities. In the case α = 1 and rUV ∼ R we find constraints are only

logarithmically sensitive to the value of the AdS curvature R−1 which allows for bounds

even for R−1 = 1018 GeV. Even in the gapless limit, non-trivial behavior remains and the

spectral density ∼ 1/p2 log2(pR). For α = 2, R−1 is important for determining the shape

of the spectral distribution. In the case α = 2 we also find that bounds may extend to

mass gaps beyond the typical upper mass threshold of experiments since lighter states in

the continuum may still contribute. The most important bounds for both cases are due to

colliders such as BaBar and Belle II.

For nonrelativistic dark matter, we calculate the target values for the dark matter

coupling to the holographic dark photon αχ and dark matter mass mχ, which give the

correct present day relic abundance. We find that for α = 1 when there is isolated pole it

dominates the annihilation cross section. When the pole is larger than the gap scale or, for

α = 2 where there is no isolated pole, we find that the preferred coupling is significantly

larger than when the pole is isolated due to the cross section being suppressed by the spectral

integrals. In all cases the dark photon’s brane-localized bulk mass plays a role similar to

the mass of the dark photon in a 4D model. When the dark matter mass mχ < mA the

cross section loses support causing the preferred value of αχ to diverge. While similarly

imposing a lower cut off on the dark matter mass, the shape of the curve is distinct from

the 4D case.
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There are several possibilities for future directions. In principle, one should recal-

culate all dark photon bounds from scratch for the case of the holographic dark photon.

Similarly, we neglect to consider bounds from mixing with the Z − boson as they may be

significant when the mass scale µ ∼ mZ . We leave this for a future more detailed analysis.

Additionally, for thermal freeze out we consider a simple benchmark model of dark matter

interacting with the holographic dark photon. One may consider a more realistic model of

dark matter or further mechanisms by which the dark matter abundance may be set.
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Chapter 6

Conclusions

In this manuscript we present four concrete possibilities for dark sectors. Each

model presents novel behavior, pushing the boundaries of our understanding of dark sectors

and their possible signatures.

We show that it is possible to construct a UV complete model of stable spin-1

dark matter with a spin-1 mediator, resulting from the spontaneous symmetry breaking of

a single non-abelian gauge symmetry. Additionally, we show that this dark sector satisfies

current experimental constraints and may possibly resolve small-scale structure anomalies.

The spectrum of models resulting from the spontaneous symmetry breaking of a

non-abelian gauge symmetry is not limited to spin-1 dark matter. We show that it is also

possible to construct a model of stable pseudo-Goldstone boson dark matter, with a spin-1

mediator, from the spontaneous symmetry breaking of a single non-abelian gauge symmetry.

The pseudo-Goldstone dark matter similarly avoids current experimental constraints and

may play a role in resolving small-scale structure anomalies. Through both of these dark
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sector models we show that through a cleverly constructed symmetry group, one may realize

a variety of dark sectors with novel phenomena.

We expand the self-interacting dark matter framework to consider the possibility

that dark matter interactions are mediated by not one or a few states but rather a continuum

of states, discovering exciting new self-scattering phenomena. We verify that in the limit of

a large number of mediators, a sum of Yukawa potentials reproduces the non-integer power

law derived in our continuum model. The self-scattering cross section in our model carries

a velocity dependence unseen in previous models of self-interacting dark matter. By simply

relaxing the assumption that dark matter self-interactions are mediated by a small number

of states, we have shown a robust example of the possibilities of creative model building.

Further delving in to the physics of continuum fields, we present a framework for

a continuum dark photon. Utilizing a unique construction of a bulk scalar spontaneously

breaking a bulk U(1) symmetry due to a brane-localized potential, we lay out a model of

a continuum dark photon which couples to brane-localized matter. The continuum dark

photon introduces interesting tree-level effects not seen in particle dark photon models.

In this manuscript we employ clever and creative model building in order to demon-

strate four possible dark sectors, and shed light on the vast space of possible dark sector

models as well the types of phenomena to be expected. Additionally each model we present

may also serve as a foundation for future, more focused studies, in which several predicted

phenomena may be examined in finer detail.
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[42] Céline Boehm, Xiaoyong Chu, Jui-Lin Kuo, and Josef Pradler. Scalar dark matter
candidates revisited. Phys. Rev. D, 103(7):075005, 2021.

[43] Biswajoy Brahmachari and Amitava Raychaudhuri. Kinetic mixing and symmetry
breaking dependent interactions of the dark photon. Nucl. Phys., B887:441–455,
2014.

200



[44] Philippe Brax, Sylvain Fichet, and Guillaume Pignol. Bounding Quantum Dark
Forces. Phys. Rev. D, 97(11):115034, 2018.

[45] Philippe Brax, Sylvain Fichet, and Philip Tanedo. The Warped Dark Sector. Phys.
Lett. B, 798:135012, 2019.

[46] Peter Breitenlohner and Daniel Z. Freedman. Positive Energy in Anti-de Sitter Back-
grounds and Gauged Extended Supergravity. Phys. Lett. B, 115:197–201, 1982.

[47] Peter Breitenlohner and Daniel Z. Freedman. Stability in Gauged Extended Super-
gravity. Annals Phys., 144:249, 1982.

[48] Matthew R. Buckley and Patrick J. Fox. Dark Matter Self-Interactions and Light
Force Carriers. Phys. Rev., D81:083522, 2010.

[49] James S. Bullock and Michael Boylan-Kolchin. Small-Scale Challenges to the ΛCDM
Paradigm. Ann. Rev. Astron. Astrophys., 55:343–387, 2017.

[50] Don Bunk, Jay Hubisz, and Bithika Jain. A Perturbative RS I Cosmological Phase
Transition. Eur. Phys. J. C, 78(1):78, 2018.

[51] C.P. Burgess, Maxim Pospelov, and Tonnis ter Veldhuis. The minimal model of
nonbaryonic dark matter: a singlet scalar. Nuclear Physics B, 619(1-3):709–728, Dec
2001.

[52] C. Bœhm and P. Fayet. Scalar dark matter candidates. Nuclear Physics B, 683(1-
2):219–263, Apr 2004.

[53] Joan A. Cabrer, Gero von Gersdorff, and Mariano Quiros. Soft-Wall Stabilization.
New J. Phys., 12:075012, 2010.

[54] Joan A. Cabrer, Gero von Gersdorff, and Mariano Quiros. Suppressing Electroweak
Precision Observables in 5D Warped Models. JHEP, 05:083, 2011.

[55] Giacomo Cacciapaglia, Csaba Csaki, Guido Marandella, and John Terning. The
Gaugephobic Higgs. JHEP, 02:036, 2007.

[56] Giacomo Cacciapaglia, Guido Marandella, and John Terning. Colored Unparticles.
JHEP, 01:070, 2008.

[57] Giacomo Cacciapaglia, Guido Marandella, and John Terning. The
AdS/CFT/Unparticle Correspondence. JHEP, 02:049, 2009.

[58] Haiying Cai, Hsin-Chia Cheng, Anibal D. Medina, and John Terning. Continuum
Superpartners from Supersymmetric Unparticles. Phys. Rev. D, 80:115009, 2009.

[59] Haiying Cai, Hsin-Chia Cheng, Anibal D. Medina, and John Terning. SUSY Hidden
in the Continuum. Phys. Rev. D, 85:015019, 2012.

[60] Curtis G. Callan, Sidney Coleman, J. Wess, and Bruno Zumino. Structure of phe-
nomenological lagrangians. ii. Phys. Rev., 177:2247–2250, Jan 1969.

201



[61] Curtis G. Callan, Jr., Sidney R. Coleman, J. Wess, and Bruno Zumino. Structure of
Phenomenological Lagrangians. 2. Phys. Rev., 177:2247–2250, 1969.

[62] X. Calmet, N. G. Deshpande, X. G. He, and S. D. H. Hsu. Invisible Higgs Boson,
Continuous Mass Fields and Unhiggs Mechanism. Phys. Rev. D, 79:055021, 2009.

[63] Eric D. Carlson, Marie E. Machacek, and Lawrence J. Hall. Self-Interacting Dark
Matter. Astrophys. J., 398:43–52, 1992.

[64] Christopher D. Carone and Raymundo Ramos. Classical scale-invariance, the elec-
troweak scale and vector dark matter. Phys. Rev., D88:055020, 2013.

[65] S. Cassel. Sommerfeld factor for arbitrary partial wave processes. J. Phys.,
G37:105009, 2010.

[66] Riccardo Catena, K̊are Fridell, and Vanessa Zema. Direct detection of fermionic and
vector dark matter with polarised targets. JCAP, 1811(11):018, 2018.

[67] Riccardo Catena, K̊are Fridell, and Martin B. Krauss. Non-relativistic Effective In-
teractions of Spin 1 Dark Matter. JHEP, 08:030, 2019.

[68] Ian Chaffey, Sylvain Fichet, and Philip Tanedo. Continuum-Mediated Self-Interacting
Dark Matter. 2 2021.

[69] Ian Chaffey and Philip Tanedo. Vector self-interacting dark matter. Phys. Rev. D,
101(7):075005, 2020.

[70] Jae Hyeok Chang, Rouven Essig, and Samuel D. McDermott. Revisiting Supernova
1987A Constraints on Dark Photons. JHEP, 01:107, 2017.

[71] Sanghyeon Chang, Junji Hisano, Hiroaki Nakano, Nobuchika Okada, and Masahiro
Yamaguchi. Bulk Standard Model in the Randall-Sundrum Background. Phys. Rev.
D, 62:084025, 2000.

[72] Piotr H. Chankowski, Stefan Pokorski, and Jakub Wagner. Z-prime and the
Appelquist-Carrazzone decoupling. Eur. Phys. J., C47:187–205, 2006.

[73] Chuan-Hung Chen and C.S. Kim. Sommerfeld Enhancement from Unparticle Ex-
change for Dark Matter Annihilation. Phys. Lett. B, 687:232–235, 2010.

[74] Fang Chen, James M. Cline, and Andrew R. Frey. A New Twist on Excited
Dark Matter: Implications for Integral, Pamela/Atic/PPb-Bets, Dama. Phys. Rev.,
D79:063530, 2009.

[75] D Chiron and B Marcos. Classical particle scattering for power-law two-body poten-
tials. 1 2016.

[76] Soo-Min Choi, Hyun Min Lee, Yann Mambrini, and Mathias Pierre. Vector SIMP
dark matter with approximate custodial symmetry. JHEP, 07:049, 2019.

202



[77] Xiaoyong Chu, Thomas Hambye, and Michel H. G. Tytgat. The Four Basic Ways of
Creating Dark Matter Through a Portal. JCAP, 1205:034, 2012.

[78] Marco Cirelli, Eugenio Del Nobile, and Paolo Panci. Tools for Model-Independent
Bounds in Direct Dark Matter Searches. JCAP, 1310:019, 2013.

[79] Marco Cirelli and Gaelle Giesen. Antiprotons from Dark Matter: Current constraints
and future sensitivities. JCAP, 1304:015, 2013.

[80] James M. Cline and Takashi Toma. Pseudo-Goldstone dark matter confronts cosmic
ray and collider anomalies. Phys. Rev. D, 100(3):035023, 2019.

[81] Timothy Cohen, John Kearney, Aaron Pierce, and David Tucker-Smith. Singlet-
doublet dark matter. Physical Review D, 85(7), Apr 2012.

[82] Alexandria Costantino and Sylvain Fichet. Opacity from Loops in AdS. JHEP, 02:089,
2021.

[83] Alexandria Costantino, Sylvain Fichet, and Flip Tanedo. Work in progress.

[84] Alexandria Costantino, Sylvain Fichet, and Philip Tanedo. Effective Field The-
ory in AdS: Continuum Regime, Soft Bombs, and IR Emergence. Phys. Rev. D,
102(11):115038, 2020.

[85] Alexandria Costantino, Sylvain Fichet, and Philip Tanedo. Exotic Spin-Dependent
Forces from a Hidden Sector. JHEP, 03:148, 2020.

[86] Peter Cox, Tony Gherghetta, and Minh D. Nguyen. A Holographic Perspective on
the Axion Quality Problem. JHEP, 01:188, 2020.

[87] Paolo Creminelli, Alberto Nicolis, and Riccardo Rattazzi. Holography and the Elec-
troweak Phase Transition. JHEP, 03:051, 2002.

[88] Csaba Csaki, Christophe Grojean, Hitoshi Murayama, Luigi Pilo, and John Terning.
Gauge Theories on an Interval: Unitarity without a Higgs. Phys. Rev. D, 69:055006,
2004.
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Appendix A

Vector Self-Interacting Dark

Matter

A.1 Goldstones and Pions: an Abelian Example

We present a simple model to demonstrate the parameterization of the Goldstone

degrees of freedom in (2.18) and some of the nuances in the discussion of Section 2.18.

Let a(x) and b(x) be complex scalar fields with potentials such that ⟨a(x)⟩ = fa/
√
2 and

⟨b(x)⟩ = fb/
√
2. We pass to a non-linear representation,

a(x) =
ra(x)√

2
eiφa(x)/fa b(x) =

rb(x)√
2
eiφb(x)/fb . (A.1)

The vevs fa and fb are order parameters for the breaking patterns

U(1)a → ∅ U(1)b → ∅ , (A.2)

where U(1)a,b correspond to separate rephasing of the a and b fields. Focusing on the

Goldstone degrees of freedom, we may take ri(x) → fi. If the Lagrangian respects the
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U(1)a×U(1)b symmetry then the Goldstone fields are independent, massless, free degrees of

freedom.

A.1.1 Gauging a Subgroup Combination

Suppose we gauge a subgroup of U(1)a×U(1)b under which the A and B fields have

charges qa and qb respectively. The covariant derivative of this gauged symmetry is

Dµ = ∂µ − igqiWµ , (A.3)

where g is the gauge coupling and Wµ is the gauge boson. Ignoring the radial excitations,

the kinetic terms for a and b yield

|Da|2 + |Db|2 = 1

2
(∂φa)

2 +
1

2
(∂φb)

2 − g∂ (qafaφa + qbfbφb) ·W +
g2

2

(
q2af

2
a + q2bf

2
b

)
W 2 .

(A.4)

We see that the gauge boson W picks up a mass and eats a linear combination of the

Goldstone bosons. We identify the effective order parameter fW for the gauge symmetry

breaking and the mass of the Wµ:

f2W = q2af
2
a + q2bf

2
b m2

W = g2f2W . (A.5)

The Goldstone combination that is eaten, φW (x), and its orthogonal combination φX(x)

are

φW =
qafa
fW

φa +
qbfb
fW

φb φX =
qbfb
fW

φa −
qafa
fW

φb . (A.6)

Observe that the eaten Goldstone is mostly composed of the field which contributes more

to the gauge symmetry breaking. Thus if qafa > qbfb, then φW contains more of the a

218



phase than the b phase. The orthogonal combination, φX , is a bona-fide Goldstone mode

in the theory and is composed of mostly the phase of the subdominant source of symmetry

breaking.

A.1.2 Gauging a Vectorlike Combination

Suppose that we gauge U(1)V , the diagonal subgroup of U(1)a×U(1)b. Under U(1)V ,

both a and b have the same charge, qa = qb = 1. The analysis above yields

f2V = f2a + f2b φV =
fa
fV
φa +

fb
fV
φb φA =

fb
fV
φa −

fa
fV
φb . (A.7)

Here φA is the Goldstone for the ‘axial’ rotation under which a and b transform with

opposite phase, qa = −qb = 1, and is orthogonal to the Goldstone for the vector rotation

φV that is eaten by Vµ. This is analogous to the case of electroweak symmetry breaking

where the Higgs order parameter for SU(2)L × U(1)Y is much larger than that of the QCD

chiral condensate so that the longitudinal modes of massive electroweak bosons are mostly

components of the Higgs doublet. The pions are [pseudo-]Goldstone bosons analogous to

the φA: they are mostly composed of the phase of the chiral condensate, but contain a

small piece of the Higgs doublet that is shifted by the opposite symmetry transformation

parameter.

A.1.3 Which Goldstone is Which?

This presents a puzzle. One is free to describe the symmetry structure of the theory

with respect to U(1)a ×U(1)b or U(1)V ×U(1)A. Suppose fa ≫ fb. Then in the U(1)a ×U(1)b

description, the a field plays a bigger role in symmetry breaking than the b field. However,
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Figure A.1: Fields a and b acquire unequal vacuum expectation values fa > fb. The

Goldstone excitations with respect to a transformation by parameter θ have correspondingly

different magnitudes, δφa > δφb. The Goldstone, δφV , for a vectorial transformation

where θa = θb is thus not orthogonal to the corresponding Goldstone, δφA for an axial

transformation where θa = −θb.

the vevs each break U(1)V and U(1)A by the same effective order parameter, f2V = f2a + f2b .

Neither U(1)V nor U(1)A is preferred over the other. Why, then, is it the case in (A.7) that

the φV eats more φa while φA eats more of φb? The root of this confusion is illustrated in

Fig. A.1: in the absence of gauging, the näıve description of the vector and axial Goldstones

are not orthogonal to one another. The choice of gauging a particular combination of the

full global symmetry breaks the symmetry and gives ‘priority’ to the eaten Goldstone boson

to have a larger admixture of the field that does most of the symmetry breaking.

A.1.4 Gauging an Axial Combination

One way to illustrate this point is to observe that if we had instead gauged the

axial symmetry, qa = −qb = −1. Let us continue to assume that fa ≫ fb. The order

parameter for axial symmetry breaking is identical to the vector case so that the axial
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symmetry, fA = fV . The only difference from the vector case is that it is now the axial

Goldstone, φA that is eaten:

f2A = f2a + f2b φA =
fa
fV
φa −

fb
fV
φb φB =

fb
fV
φa +

fa
fV
φb . (A.8)

Observe that compared to (A.7), the relative admixtures of φa,b has changed so that the

eaten Goldstone (now φA) is still mostly composed of the Goldstone (φa) from the dominant

source of symmetry breaking. This follows directly from (A.4) where it is clear that the

choice of which symmetry is gauged determines which linear combination of fields has more

of the φa field.

A.1.5 Gauging both Vector and Axial Symmetry

Another illustrative example is to separately gauge the vector and axial combina-

tions with gauge couplings gV and gA respectively. We are primarily interested in the case

gV = gA, but the two are independent parameters. The kinetic terms then include

|Da|2 + |Db|2 ⊃ ∂φa · (gV V + gAA) + ∂φb · (gV V − gAA)

+
f2a
2
(gV V + gAA)

2 +
f2b
2
(gV V − gAA)

2 . (A.9)

In this case the gauge boson mass matrix is not diagonal. When gV = gA this matrix is

diagonalized by writing

V =W + Z A =W − Z . (A.10)

This transformation is independent of the relative magnitudes of the vevs. The transfor-

mation also separates the mixing terms:

g∂φa · (V +A) + g∂φb · (V −A) = g∂φa ·W + g∂φb · Z . (A.11)
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Thus we are pushed back to the natural basis of Goldstone bosons, φa,b. The vector and

axial gauge bosons are forced to mix in such a way that the mass eigenstates end up being

a gauge boson that eats φa and a gauge boson that eats φb. This is equivalent to the case

where one separately gauges the U(1)a and U(1)b symmetries.

A.1.6 Global Vector and Axial Goldstones

As a final exercise, one may consider the ungauged theory where one writes the

fields in terms of axial and vector Goldstones. In (A.1) one would then identify

φa =
fa√

2f2a + 2f2b

(φV + φA) φb =
fb√

2f2a + 2f2b

(φV − φA) , (A.12)

where the normalizations are chosen so that (1) an excitation along, say, the φV direction

produces an equal phase transformation on a(x) and b(x) and (2) the φV,A(x) are canonically

normalized. Here we see that in the absence of gauging, the φV,A are treated ‘equally’ despite

the unequal vevs. The scenario is identical to the description in terms of φa,b in that the

fields are massless, free excitations.

A.2 SIDM Methodology

We summarize the methodology for determining the dark matter self-interaction

cross section as a function of velocity in Fig. 2.5. We closely follow the procedure in

Ref. [293]. The relevant quantity is the transfer cross section,

σT =

∫
dΩ (1− cos θ)

dσ

dΩ
, (A.13)

which characterizes interaction cross section weighted by momentum transfer. This regu-

lates the cos θ → 1 divergence where dark matter scatters do not affect halo shapes. There
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is no known analytical expression for the transfer cross section that valid for the entire

parameter space though it has been calculated under various approximations for limited

parts of parameter space [131, 188, 231, 228, 295, 48]. A large part of the parameter space

corresponds to the resonant regime where both quantum mechanical and non-perturbative

effects become important, as such a numerical solution to the non-relativistic Schrödinger

equation is necessary.

We use a partial wave analysis. The transfer cross section is related to the ℓth

partial wave phase shift, δℓ, by

σT =
4π

k2

∞∑
ℓ=0

(ℓ+ 1) sin2 (δℓ+1 − δℓ) . (A.14)

The δℓs are, in turn, obtained by solving the radial Schrödinger equation

1

r2
d

dr

(
r2
dRℓ

dr

)
+

(
k2 − ℓ(ℓ+ 1)

r2
−mXV (r)

)
Rℓ = 0 , (A.15)

where k = mXv/2 and v is the relative velocity of the two-particle dark matter system. δl

is found by comparing with the asymptotic solution for Rℓ:

lim
r→∞

Rℓ(r) ∝ cos δℓjℓ(kr)− sin δℓnℓ(kr) , (A.16)

where jℓ (nℓ) is the spherical Bessel (Neumann) function of the ℓth kind. We define the

function χℓ ≡ rRℓ and dimensionless variables

x ≡ αXmXr a =
v

2αX
b =

αXmX

mϕ
, (A.17)

so that we can rewrite (A.15) as [48]

(
d2

dx2
+ a2 − ℓ(ℓ+ 1)

x2
± 1

x
e−x/b

)
χℓ(x) = 0 . (A.18)
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Near the origin, the non-derivative parts of (A.18) are dominated by the angular momentum

term. This implies that χℓ ∝ xℓ+1 close to x = 0. We choose a normalization such that

χℓ(x0) = 1 and χ′
ℓ(x0) = (ℓ+ 1) /x0 where x0 is a point close to the origin chosen to satisfy

x0 ≪ b and x0 ≪ (ℓ+ 1) /a. We use x0 as the lower limit for range in which we numerically

solve the Schrödinger equation. Similarly, to define the upper limit of range, we pick a point

xm satisfying the condition a2 ≫ exp (−xm/b) /xm. When xm satisfies this condition, the

potential term is neglible compared to the kinetic term and the solution approaches

χℓ(x) ∝ xeiδℓ (cos δℓjℓ(ax)− sin δℓnℓ(ax)) . (A.19)

The phase shift is then

tan δℓ =
axmj

′
ℓ(axm)− βℓjℓ(axm)

axmn′ℓ(axm)− βℓnℓ(axm)
where βℓ =

xmχ
′
ℓ(xm)

χℓ(xm)
− 1 . (A.20)

For an initial guess of the range (x0, xm) and the maximum number of partial waves required

for convergence, ℓmax, we calculate δℓ from (A.20). We then increase xm and decrease x0,

recalculating δℓ until the differences of successive iterations converge to be within 1%. We

then sum (A.14) from ℓ = 0 to ℓ = ℓmax to obtain an estimate for σT . Next we increment

ℓmax → ℓmax + 1 and repeat the procedure until successive values of σT converge to be

within 1% and δℓmax < 0.01. Ref. [293] iterates ℓmax until σT converged and δℓmax < 0.01

ten consecutive times. We have found that for our analysis that it is sufficient to stop the

calculation after one successful convergence. We have found that the “StiffenessSwitching”

method from the NDSolveUtilities package in Mathematica to be particularly useful.

Our model exhibits both attractive and repulsive self-interactions due to dark

matter being symmetric and mediated by a vector particle. In this case, one solves the
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Schrödinger equation separately for each sign of the potential to extract two transfer cross

sections, σ
(±)
T . The effective transfer cross section is the average of the two.

225



Appendix B

Continuum Mediated

Self-Interacting Dark Matter

B.1 AdS/CFT with UV brane

The AdS/CFT correspondence states that boundary correlators of quantum field

theory in AdSd+1 spacetime are equivalent to correlators of a conformal field theory in d-

dimensional spacetime [7, 306, 248, 198]. For a given bulk field in AdS, the corresponding

CFT operator arises through the asymptotic behavior of the field near the AdS boundary.

In this appendix we revisit and streamline the two branches of the correspondence in the

presence of a UV brane.

B.1.1 The Two Branches

A scalar bulk field Φ in AdS5 corresponds to a scalar operator O of a CFT. The

conformal dimension ofO is denoted ∆. An analysis of the boundary asymptotics shows that
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the relation between AdS bulk mass and ∆ is given by [234, 168, 302, 143, 229, 144, 106, 105]

∆(∆ + d)k2 =M2
Φ , (B.1)

or equivalently (4.16). We recall that M2
Φ = (α2 − 4)k2 and α ≥ 0 by convention. The two

roots of (B.1) are

∆± = 2± α . (B.2)

These two roots indicate that the correspondence has two branches; for a given AdS field

there can be two CFT duals. Unitarity of the operator implies ∆ ≥ 1. It follows that the

∆+ branch exists for α ∈ R+, but the ∆− branch exists only for 0 ≤ α ≤ 1 [211].

The correspondence is formulated as follows. We define the value of the bulk field

on the AdS boundary Φ0 ≡ Φ(XM → boundary). Starting from the AdS partition function,

one integrates over the bulk degrees of freedom while holding Φ0 constant. This defines the

boundary effective action

∫
Φ0

DΦeiSAdS[Φ] = eiΓAdS[Φ0] . (B.3)

The two branches of the correspondence are then formulated as follows.

In the ∆+ branch, the dual CFT is defined by the correspondence

ΓAdS[Φ0] ≡WCFT[Φ0] (B.4)

with WCFT[J ] the generating functional of connected correlators of a CFT where J is the

source of the operator O (with [O] = ∆+),

ZCFT[J ] =

∫
DϕCFTe

iSCFT[ϕCFT]+
∫
d4xOJ = eiWCFT[J ] . (B.5)
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In this branch we can observe that the Φ0 variable corresponds to the source of the O

operator.

In the ∆− branch the dual CFT is defined by the correspondence

ΓAdS[O] ≡ ΣCFT[O] (B.6)

with ΣCFT[Ocl] the Legendre transform of WCFT[J ],

ΣCFT[O] =WCFT[J ]−
∫
dxµOJ . (B.7)

Σ is constructed similarly to an effective action. Its argument is understood to be an

expectation value, e.g. Ocl, this is left implicit here. In the ∆− branch we can observe that

Φ0 corresponds to the expectation value of the O operator itself.

B.1.2 The Two Branches with a UV brane

One can truncate AdS with a UV brane and identify Φ0 = Φ(XM → UVbrane).

The above AdS/CFT relations from full AdS remain structurally the same, however fields

on a brane away from the boundary can be dynamical, hence the UV brane has a localized

action SUV. In particular the Φ0 variable is in general dynamical instead of being static as

in the full AdS case. Thus Φ0 is now a 4D field, external to the CFT.

The AdS partition function is

∫
DΦ0e

iSUV[Φ0]

∫
Φ0

DΦeiSAdS[Φ] =

∫
DΦ0e

iSUV[Φ0]+iΓAdS[Φ0] . (B.8)

To formulate the 4D theory in terms of a generating functional of connected correlators, one

would have to introduce new static sources coupled to Φ0 and O. Instead we can Legendre
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transform and describe the theory directly in terms of an effective action Γ4D. We introduce

ΓUV, the effective action generated by SUV.

Consider the ∆+ branch. The 4D theory is identified as in (B.4), appending SUV

on both sides. The WCFT is substituted by its Legendre transform using Eq. (B.7), where

the J source is localized on the UV brane and can now be dynamical. It follows that the

effective action of the 4D theory is given by

ΓUV[Φ0] + ΓAdS[Φ0] ≡ ΓUV[Φ0] + ΣCFT[O] +

∫
dxµOΦ0 = Γ4D[Φ0,O] . (B.9)

To illustrate the 4D theory defined by (B.9), consider a dynamical UV brane-localized cur-

rent JUV coupled to Φ as SUV =
∫
d4xJUVΦ0, and evaluate the ⟨JUVJUV⟩ correlator. One

finds that the JUV currents exchange a propagator of Φ0, which is itself dressed by the

two-point function of O.

In the ∆− branch the effective action of the 4D theory is identified as

ΓUV[O] + ΓAdS[O] ≡ ΓUV[O] + ΣCFT[O] = Γ4D[O] . (B.10)

Consider again the ⟨JUVJUV⟩ correlator from the SUV =
∫
d4xJUVΦ0 interaction. What

we obtain is that the JUV currents exchange a two-point correlator of O. This ∆− branch

of the duality is the one used for our model. Identifying the JUV current as JDM, the ⟨JJ⟩

correlator discussed here describes formally the relation given in (4.5).

B.2 Derivation of Gapless α = 1 Potential

In this appendix we show how to evaluate the Fourier transform of (4.48). The first

term is a simple pole at the origin and thus gives a Coulomb potential. The next-to-leading
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term goes as log(q)/q2. To evaluate its Fourier transform we use

log q2

q2n
= −∂α

1

q2α

∣∣∣∣
α→n

(B.11)

with n = 1. The Fourier transform of q−2α is

1

(2π)3

∫
d3qeiqr

1

q2α
=

1

(2π)3
1

Γ(α)

∫
d3qeiqr

∫
dt

t
tα−1e−tq2 =

1

(4π)3/2
Γ(3/2− α)

Γ(α)

(
4

r2

)3/2−α

.

(B.12)

We then evaluate the α derivative and set α = 1, which gives

1

(4π)3/2
∂α

(
Γ(3/2− α)

Γ(α)
(

4
r2

)3/2−α

)
α→1

=
1

2π
(γ + log r) . (B.13)

Combining these identities gives (4.53).

B.3 Validity of the Born Approximation

In order to determine the validity of the Born approximation, consider the wave

function for a dark matter particle scattering off of a potential V (x),

ψ(x) ∼ eip·x −mχ

∫
d3x′

eip|x−x′|

4π|x− x′|
V (x′)eip·x

′
, (B.14)

where |p| = mχv/2 and p · x′ = pr′ cos θ. Near the origin |x− x′| ≈ r′, thus the condition

for when the Born approximation is valid is∣∣∣∣∣mχ

4π

∫
d3x′

eipr
′

r′
V (x′)eip·x

′

∣∣∣∣∣≪ 1 . (B.15)

For a Yukawa potential V (r) = αχe
−mϕr/r this condition is simply αχmχ/m1 ≪ 1. At

low energies we can replace the exponentials by 1. For a central potential in spherical

coordinates the angular integral is trivial. Evaluating (B.15) for a Yukawa potential gives
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the condition αχmχ/mϕ ≪ 1. This bound can be equivalently determined by considering

the typical momentum flowing through a ladder diagram is of order αχmχ [167, 252]. We

evaluate (B.15) for (4.30) and arrive at the result

λ2

4πk

∑
n

f2n(zUV)

mn
≪ 1 . (B.16)

In order to make the connection to the Yukawa case more explicit, we define the effective

coupling

αeff
χ =

λ2m1

4πk

∑
n

f2n(zUV)

mn
, (B.17)

such that the condition for when then Born approximation is valid becomes

αeff
χ mχ

m1
≪ 1 , (B.18)

analogous to the Yukawa case.

Recalling that the bulk profiles depend on the bulk mass parameter α, we note

that the sum over KK modes in αχ,eff diverges for α ≤ 1/2. This is consistent with the

Schrödinger equation in which, near the origin, the continuum mediated potential (4.42)

dominates over the centrifugal barrier for α ≤ 1/2. In order to achieve finite results in the

case when α ≤ 1/2, we introduce a smooth cutoff to (B.16) such that

αeff
χ =

λ2m1

4πk

∑
n

f2n(zUV)

mn
−→ αeff

χ (Λ) =
λ2m1

4πk

∑
n

f2n(zUV)

mn
e−mn/Λ , (B.19)

where Λ−1 is the short distance cutoff. We evaluate the KK sum using the spectral repre-

sentation of the propagator (4.26) and using the large-momentum asymptotics (4.34). We

arrive at the result

αeff
χ =

λ2

4πΓ(1− α)2
m1

Λ

(
2k

Λ

)2α−2

Γ
(
1− 2α,

m1

Λ

)
. (B.20)
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When α > 1/2, the limit Λ → ∞ is finite and cutoff independent,

αeff
χ

∣∣∣
α>1/2

=
λ2

4π

[
4

2α− 1

1

Γ(1− α)2

](m1

2k

)2−2α
. (B.21)

This result is identical to evaluating (B.15) for the continuum mediated potential (4.42).

For the special case of a bulk mass parameter α = 1/2, we find that the effective

coupling for the Born approximation is

αeff
χ =

λ2m1

8π2k
log

(
Λe−γ

m1

)
. (B.22)

The other limit, α → 1 requires special care. Because the asymptotic expansions of the

canonical propagator used for the α < 1 result break down in this limit, one cannot simply

take α → 1 in (B.21). Instead, in the case where α = 1, scattering is governed by the

Yukawa potential (4.46) and we can directly apply (4.57) so that

αeff
χ =

λ2m1

4πk
f20 (zUV) (B.23)

where f0(zUV) is given by (4.47).

The accuracy of the Born approximation improves at higher energies. This can

also be shown from (B.15) by computing the angular integral for a general central potential,

B.4 Classical Transfer Cross Section

We calculate the transfer cross section in the classical regime and observe its

velocity dependence. The angle by which a particle in a central potential is deflected is

θ(ρ) = |π − 2φ(ρ)| where [219]

φ(ρ) = ρ

∫ ∞

rmin

dr

r2
√
1− ρ2/r2 − 4V (r)/mχv2

(B.24)
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and ρ is the impact parameter. The lower limit of integration rmin is the largest root of

the denominator of (B.24). In contrast to the quantum case, the classical cross section is

typically given in terms of the impact parameter rather than the angular variables. In the

classical limit, integration over the deflection angle can be troublesome since the solution to

(B.24) for φ(ρ) and thus θ(ρ) takes values greater than π for cases other than a 1/r potential.

On the other hand the impact parameter always ranges between zero and infinity.

The differential cross section is dσ = 2πρ dρ. The transfer cross section is thus

σclassicalT = 2π

∫ ∞

0
[1− cos θ(ρ)] ρdρ . (B.25)

To connect to the deflection angle, we note that

(
dσ

dΩ

)classical

=
ρ(χ)

sin θ

∣∣∣∣dρdθ
∣∣∣∣ (B.26)

where in these variables dΩ = 2π d cos θ. We present calculations for the velocity scaling in

the small mass gap/high velocity limit and an analytical result in the low velocity region of

the non-perturbative classical regime.

B.4.1 Velocity Scaling in the Small Mass Gap/High Velocity Limit

For the sake of this calculation we assume the gapless limit where the potential is

(4.45)

V (r) = − λ2

2π3/2
Γ(3/2− α)

Γ(1− α)

1

r(kr)2−2α
. (B.27)

This approximation also accounts for the high velocity limit where the particle momentum

is much greater than the mass gap. Given our potential we can define a characteristic length
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scale

ρ0 ≡
[

λ2

2π3/2mχv2k2−2α

Γ(3/2− α)

Γ(1− α)

] 1
3−2α

(B.28)

so that after making the change of variables r = ρ/x, (B.24) becomes [75]

φ(ρ) =

∫ xmax

0

dx√
1− x2 + 2(ρ0x/ρ)3−2α

(B.29)

where the limit of integration xmax is the smallest positive root of the denominator. Observe

that φ (and by extension χ) and as xmax are functions of the dimensionless combination

ρ/ρ0 and not ρ independently. Making the change of variables ρ = ρ0ξ, the transfer cross

section is

σclassicalT = 2πρ20

∫ ∞

0
[1− cosχ(ξ)] ξdξ . (B.30)

Because χ is a function of ξ and α only, the integral (B.30) only depends on the bulk mass

parameter. We can thus conclude from (B.28) that the velocity dependence of the transfer

cross section in the classical regime is σclassicalT ∼ v−4/(3−2α).

The presence of the mass gap spoils the velocity dependence derived in (B.30).

For the gapped potential (4.42), after changing variables, the deflection angle depends on

the quantity m1ρ0 as well. Thus a small but nonzero m1 induces corrections to (B.30).

B.4.2 Low Velocity Classical Regime

We present a closed form result for the transfer cross section in the low velocity

region of the non-perturbative classical regime. Following the method of Ref. [209], the

transfer cross section is a function of a single unique parameter,

β =
2αeff

χ m1

mχv2
(2α− 1) . (B.31)
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The transfer cross section is σT ≈ πρ2∗ where ρ∗ is found by solving the set of equations

Ṽeff(rmax, ρ∗) = 1
dṼeff(r, ρ∗)

dr

∣∣∣∣∣
r=rmax

= 0 (B.32)

where Ṽeff is the effective potential

Ṽeff(r, ρ) =
ρ2

r2
+

4

mχv2
V (r) . (B.33)

These conditions correspond to the maximum of the effective potential Ṽeff.

We find for β ≫ 1 that the transfer cross section is approximately

σclassicalT ≈ π

m2
1

[
1 + log

(
β

log β

)
− (2α− 1) log−1 β +

(
2α− 3

2

)
log−1

(
β

log β

)]2
.

(B.34)

The accuracy of (B.34) is confirmed in Figure 4.5.

B.5 Sommerfeld Enhancement from a 1/r2 Potential

The Sommerfeld effect amounts to the enhancement of the particle wavefunction

at the point where the local annihilation process happens. It comes from the dressing from

ladder diagrams generated by a potential V (r). The dressed wavefunction is determined by

directly solving the Schrödinger equation. The Sommerfeld enhancement factor is defined

as σ = S(p)σ0 with σ0 the undressed cross section. The method to evaluate the Sommerfeld

effect is well known, here we follow [18] (see also [190]).

The Schrödinger equation is

− 1

2M
∆Ψ(r) + V (r)Ψ(r) =

p2

2M
Ψ(r) . (B.35)

235



In any solution of the Schrödinger equation with rotational invariance around z, the solu-

tions can be expanded as

Ψ =
∑

alPℓ(cos θ)Rℓ(r) . (B.36)

The radial wavefunction satisfies

− 1

2Mr2
d

dr

(
r2
dRℓ

dr

)
+

(
V (r) +

ℓ(ℓ+ 1)

2Mr2

)
Rℓ(r) =

p2

2M
Rℓ(r) . (B.37)

In the standard approach one uses the fact that angular momentum with ℓ > 0

gives Rℓ ∼ rℓ at small r, which implies that the ℓ > 0 contributions to the wavefunction

vanish at the origin. Hence one can focus on the ℓ = 0 angular momentum.

For our continuum-mediated potential V (r) ∝ r2α−3, the vanishing of ℓ > 0 re-

mains true for any α ≥ 1/2. For α > 1/2, the ℓ = 0 mode gives Rℓ ∼ constant at small r.

But for α = 1/2, which is the V (r) ∝ 1/r2 potential of our interest, the ℓ = 0 component

diverges at small r. This feature is not an inconsistency. We work in a low-energy EFT so

the r coordinate cannot be zero, it is rather cut at a small value corresponding to the UV

cutoff, r = r0. In our AdS model the cutoff is at r0 ∼ k−1. Of course, the subsequent results

may be cutoff dependent, but this is not a conceptual problem, this simply reflects that an

EFT prediction can depend on the unknown UV physics.

Here we parametrize the α = 1/2 potential as

V (r) = − κ

2r2
. (B.38)

The matching to the physical couplings from the AdS model is κ = λ2

π2k
.

Introducing χℓ(r) = rRℓ(r) the Schrödinger equation becomes

− 1

2M
∂2rχ0(r) + V (r)χ0(r) =

p2

2M
χ0(r) . (B.39)
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From this equation, various equivalent methods lead to the Sommerfeld factor, which differs

by the boundary conditions chosen for χ [18]. We use the following. χℓ is chosen to satisfy

∂rχℓ = ipχℓ at r = ∞. Using this solution, the Sommerfeld factor is

S =

∣∣∣∣χ0(r = ∞)

χ0(r = r0)

∣∣∣∣ . (B.40)

Notice that since we are in an EFT with have replaced the r = 0 by r = r0.

The solution satisfying the condition at r = ∞ is found to be

χ0(r)ℓ ∝
√
rH(1)

η (pr) , η =

√
1

4
−Mκ . (B.41)

The dimensionful κ coupling is of order of the inverse cutoff of the EFT. The EFT

would break at Mκ ∼ 1, we are rather interested in Mκ ≪ 1, i.e. the dark matter mass is

much lower than the cutoff k.

Expanding in the small parameter Mκ we find

χ0(r0) ∝ i+O(pr0) . (B.42)

We have that pr0 is necessarily ≪ 1 since r0 is the inverse cutoff k−1, and because the

non-relativistic approximation requires p < M and the EFT validity requires M < k.

It follows that within the range of validity of the EFT, we can simply take η ≈ 1/2.

The Hankel simplifies to H(1)(z) ∝ z−1/2eiz, thus χ0(r) ∝ eipr for any pr. The Sommerfeld

factor is then exactly S = 1 for any p.

B.6 Self-Interacting Dark Matter Numerical Method

We summarize the methodology for determining the dark matter self-interaction

cross section. We closely follow the procedure in Ref. [293] however we employ a slightly
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more relaxed algorithm. The relevant quantity is the transfer cross section,

σT =

∫
dΩ (1− cos θ)

dσ

dΩ
, (B.43)

which characterizes interaction cross section weighted by momentum transfer. This regu-

lates the cos θ → 1 divergence where dark matter scattering does not affect halo shapes.

There is no known analytical expression for the transfer cross section that is valid for the

entire parameter space. A large region of the parameter space corresponds to the resonant

regime where both quantum mechanical and non-perturbative effects become important, as

such a numerical solution to the non-relativistic Schrödinger equation is necessary.

We employ a partial wave analysis. The transfer cross section is related to the ℓth

partial wave phase shift, δℓ, by

σT =
4π

p2

∞∑
ℓ=0

(ℓ+ 1) sin2 (δℓ+1 − δℓ) . (B.44)

The δℓ are, in turn, obtained by solving the radial Schrödinger equation (B.37) taking

M = mχ/2 and p = mXv/2 where v is the relative velocity of the two-particle dark matter

system. δl is found by comparing with the asymptotic solution for Rℓ:

lim
r→∞

Rℓ(r) ∝ cos δℓjℓ(pr)− sin δℓnℓ(pr) , (B.45)

where jℓ (nℓ) is the spherical Bessel (Neumann) function of the ℓth order. We again define

the function χℓ ≡ rRℓ along with the dimensionless variables

x ≡ αXmXr a =
v

2αX
b =

αXmX

m1
c =

αXmX

k
, (B.46)

so that we can rewrite (B.37) as [48][
d2

dx2
+ a2 − ℓ(ℓ+ 1)

x2
± 2

π1/2
1

x

( c
x

)2−2α Γ(3/2− α)

Γ(1− α)
Q (2− 2α, x/b)

]
χℓ(x) = 0 . (B.47)
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Near the origin for α > 1/2, the angular momentum term dominates over the potential.

This implies that χℓ ∝ xℓ+1 close to x = 0. When α ≤ 1/2 and the potential becomes

singular, our method breaks down and we cannot determine an initial condition. We choose

a normalization for the wavefunctions such that χℓ(x0) = 1 and χ′
ℓ(x0) = (ℓ+ 1) /x0 where

x0 is a point close to the origin chosen to satisfy x0 ≪ b and x0 ≪ (ℓ+ 1) /a. We take x0

as the lower limit for the range in which we numerically solve the Schrödinger equation.

Similarly, to define the upper limit, we pick a point xm satisfying the condition

a2 ≫ 2

π1/2
1

x

( c
x

)2−2α Γ(3/2− α)

Γ(1− α)
Q (2− 2α, x/b) . (B.48)

When xm satisfies this condition, the potential term is negligible compared to the kinetic

term and the solution approaches

χℓ(x) ∝ xeiδℓ (cos δℓjℓ(ax)− sin δℓnℓ(ax)) . (B.49)

The phase shift is then

tan δℓ =
axmj

′
ℓ(axm)− βℓjℓ(axm)

axmn′ℓ(axm)− βℓnℓ(axm)
where βℓ =

xmχ
′
ℓ(xm)

χℓ(xm)
− 1 . (B.50)

For an initial guess of the range (x0, xm) and the maximum number of partial waves required

for convergence, ℓmax, we calculate δℓ from (B.50). In Ref. [293] xm and x0 are increased and

decreased respectively, recalculating δℓ until the differences of successive iterations converge

to be within 1%. This condition can be quite cumbersome numerically and is not strictly

required unless one wishes to do a fine grained scan over the parameter space. Instead, we

take the value of δℓ given by our initial guess. This method is sufficient to reproduce the

benchmark results in Ref. [200].
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We then sum (B.44) from ℓ = 0 to ℓ = ℓmax to obtain an estimate for σT. Next

we increment ℓmax → ℓmax + 1 and repeat the procedure until successive values of σT

converge to be within 1% and δℓmax < 0.01. Ref. [293] iterates ℓmax until σT converged and

δℓmax < 0.01 ten consecutive times. We have found that the “StiffenessSwitching” method

from the NDSolveUtilities package in Mathematica to be particularly useful.

We employ this method to calculate the Sommerfeld enhancements as well. The

enhancement factor is [190, 33]

S =

[
(2ℓ+ 1)!!

C

]2
(B.51)

where C2 is

C2 =
(
χ2
ℓ (x)− χ2

ℓ (x− π/2a)
)
x→∞ . (B.52)
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Appendix C

Holographic Dark Photon

C.1 Gauge Parameter Boundary Conditions

A general infinitesimal gauge transformation takes the form

AM → AM + ∂Mα(x, z) a→ a+ α(x, z) . (C.1)

The set of boundary conditions for the U(1) system that are chosen here (Neumann for Aµ,

a and Dirichlet for Az) implies that the gauge transformation parameter α(x, z) satisfies

the boundary conditions

(ηµν∂z − Bµν) ∂µα|z=R = 0 (C.2){
−∂2α+ cUVR

d−4 ξUV

g2d+1

(
∂z − g2d+1Rv

2
)
α

}∣∣∣∣∣
z=R

= 0 (C.3)

where Bµν is given by (5.32). These conditions allow for a nonvanishing α on the brane,

consistent with the Neumann boundary conditions of Aµ, a.
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C.2 A WKB Method for Near-AdS Background

For a near-AdS background when α ≃ d/2 we find an approximate solution to the

gauge field’s equation of motion via a WKB method. We use this solution to calculate the

UV brane-to-brane propagator and find a logarithmic running of the anomalous dimension.

We put (5.43) in the standard WKB form by changing variables and redefining the bulk

profile:

y = R log
( z
R

)
f(p, y) = e(d/2−1)y/Rψ(y) . (C.4)

The transverse equation of motion is now

ψ′′(y) + k2(y)ψ(y) = 0 (C.5)

where we have defined

k(y) =
1

R

√
p2R2e2y/R −

(
d

2
− 1

)2

−m2
AR

2e(d−2α)y/R . (C.6)

The standard WKB method gives an approximate solution

ψ(y) = C+ψ+(y) + C−ψ−(y) ψ±(y) =
1√
k(y)

exp

[
±i
∫ y

dy′k(y′)

]
(C.7)

which is valid when

|k′(y)|
k2(y)

=

∣∣∣∣∣ p2R2e2y/R + (α− d/2)m2
AR

2e(d−2α)y/R(
p2R2e2y/R − (d/2− 1)2 −m2

AR
2e(d−2α)y/R

)3/2
∣∣∣∣∣≪ 1 . (C.8)

This limit is easily satisfied when pRey/R ≫ 1, corresponding to y → ∞. On the other

hand when pRey/R ≪ 1, corresponding to y → 0 and pR ≪ 1, (C.8) is only satisfied when

α ≃ d/2. Note that there exists a turning point yt given by the solution to

k2(yt) = p2e2yt/R − 1

R2

(
d

2
− 1

)2

−m2
Ae

(d−2α)yt/R = 0 , (C.9)
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where the approximation fails. The full solution is a piece-wise with coefficients determined

by matching the asymptotic solutions to the solution near the turning point.

We expand about α = d/2 + ϵ where ϵ≪ 1. We now have

k(y) =
1

R

√
p2R2e2y/R − ν2 + ϵ

m2
Ay√

p2R2e2y/R − ν2
(C.10)

where we have defined

ν =

√(
d

2
− 1

)2

+m2
AR

2 . (C.11)

Additionally, we expand the prefactor as

1√
k(y)

= exp

[
−1

4
log k2(y)

]
≃ R1/2 exp

{
−1

4
log
(
p2z2 − ν2

)
−

ϵm2
AR

2

2(p2z2 − ν2)
log
( z
R

)}
(C.12)

keeping powers of ϵ in the exponential in order to consistently compare the oder of the

expansion with the phases. To O(ϵ) the turning point is

y
(1)
t =

R

2
log

(
ν2

p2R2

)(
1− ϵ

m2
AR

2

ν2

)
. (C.13)

For convenience we define the phase

φ(y) =

∫ y

dy′k(y′) = φ(0)(y) + φ(1)(y) +O(ϵ2) . (C.14)

Defining the variable x = pRey/R/ν, we find

φ(0) = ν
√
x2 − 1− ν tan−1

(√
x2 − 1

)
(C.15)

φ(1) =
iϵζm2

A

8ν

{
−4Li2

(
1

2
− 1

2

√
1− x2

)
+ log2

(
x2
)
+ 2 log2

(
1

2
+

1

2

√
1− x2

)
−4ζ tanh−1

(√
1− x2

)
log

(
p2R2

ν2

)
− 4 log

(
x2
)
log

(
1

2
+

1

2

√
1− x2

)}
(C.16)
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where

ζ =


1 x > 1

−1 x < 1

. (C.17)

Because to O(ϵ), xt = pReyt/R = 1, the value of ζ denotes which side of the turning point

the solution corresponds to.

We now find the solution to (5.43) near the turning point. In contrast to the

standard WKB method in which one would solve the equation of motion after expanding

k2(y) to linear order in (y−yt), we instead only expand the vev term near the turning point

yielding the solutions

zd/2−1H(1)
νt (pz) zd/2−1H(2)

νt (pz) (C.18)

where we have defined

νt =

√
(d/2− 1)2 +m2

AR
2
(zt
R

)d−2α
= pzt (C.19)

and zt is the location of the turning point in z−coordinates. In order to more easily match

onto the turning point solution, we convert the phase φ(y) into z−coordinates by noting

that x = pz/ν. In z−coordinates, the turning point is

ν
(1)
t = pz

(1)
t = ν − ϵ

m2
AR

2

ν
log

(
ν

pR

)
. (C.20)

The full piece-wise solution is therefore

f(z) =



A+
zd/2−1√

k(z)
eiφ(z) +A−

zd/2−1√
k(z)

e−iφ(z) z < zt

C1z
d/2−1H

(1)
νt (pz) + C2z

d/2−1H
(2)
νt (pz) z ≃ zt

B+
zd/2−1√

k(z)
eiφ(z) +B−

zd/2−1√
k(z)

e−iφ(z) z > zt

. (C.21)
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C.2.1 Matching to the Solution Near the Turning Point

In order to determine the coefficients, we expand the WKB solutions in the limits

z ≫ zt and z ≪ zt and match to the turning point solution in each limit respectively.

Expanding the phase for z ≫ zt, corresponding to pz ≫ ν, we find

φ(z) ≃ pz − πν

2
+ ϵ

m2
AR

2

2ν

[
π log

(
2ν

pR

)
− i

(
π2

12
− log2 2

)]
. (C.22)

From the Hartle-Hawking condition we can see that we must have B− = C2 = 0 since for

pz ≫ ν

H(1,2)
ν (x) ∼

√
2

πx
e±i(x−νπ

2 −π
4 ) . (C.23)

The details of the relation between C1 and B+ are ultimately irrelevant to the UV brane-to-

brane propagator as they only affect the overall normalization of the homogeneous solution.

On the other hand for z ≪ zt, similarly corresponding to pz ≪ ν, the phase is

φ(z) ≃ −iν
[
log

(
2ν

pz

)
− 1 + ϵ

m2
AR

2

2ν2

(
log2

(
ν

pz

)
− log

(
ν

pR

)
log

(
4ν2

p2z2

))]
. (C.24)

The prefactor 1/
√
k(z) may also be expanded for pz ≪ ν and ϵ≪ 1 as

1√
k(z)

≃
√
R

ν

( z
R

)ϵm2
AR2

2ν2

(
1+

p2z2

ν2

)(
1 +

p2z2

4ν2

)
e−iπ/4 (C.25)

where we have not expanded the ϵ dependent power in order to match to the solution near

the turning point. The homogeneous solution for pz ≪ ν is therefore

ψWKB
± (z) ≃

(
1 +

p2z2

4ν2

)( z
R

) ϵm2
AR2

2ν2

(
1+

p2z2

ν2

) (pz
ν

)∓ν±
ϵm2

AR2

2ν

[
log

(pz
ν

)
−2 log

(
pR
ν

)]
(C.26)

where we have absorbed z−independent factors into the relative constants A±. We match

only the z−dependent factors at O(ϵ), taking ϵ→ 0 for all other terms. In order to match to
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the Hankel function solution near the turning point, we consider only pairs of pz to be our

basis solutions (excluding the power of log(pz/ν)), while we evaluate other contributions

for z ≃ z
(0)
t = ν/p. The WKB solution is approximately

ψWKB
± (z ≃ zt) ≃

(
1 +

p2z2

4ν2

)(
z
(0)
t

R

) ϵm2
AR2

ν2 (pz
2ν

)∓ν±
ϵm2

AR2

ν log
(

ν
pR

)

=

(
1 +

p2z2

4ν2

)(
pR

ν

)−
ϵm2

AR2

ν2 (pz
2ν

)∓ν±
ϵm2

AR2

ν log
(

ν
pR

)
. (C.27)

In order to match to the WKB solutions, we expand the solution near the turning

point for pz ≪ ν. In this limit the Hankel function is

H(1)
νt (pz) ≃ − i

π
Γ(νt)

[
1 +

p2z2

4(νt − 1)

](pz
2

)−νt
+

1 + i cot(πνt)

Γ(νt + 1)

[
1− p2z2

4(νt + 1)

](pz
2

)νt
.

(C.28)

From (C.20) we can see that to O(ϵ) the noninteger power of pz in the WKB solution

matches the solution near the turning point. To leading order in pz/ν and ϵ, we match the

WKB solution to the solution near the turning point and find the coefficients are required

to be

A+ = − i

π
Γ(νt)ν

−νt

(
pR

ν

) ϵm2
AR2

ν2

C1 A− =
1 + i cot (πνt)

Γ(νt + 1)
ννt
(
pR

ν

) ϵm2
AR2

ν2

C1 . (C.29)

C.2.2 UV Brane-to-Brane Propagator

We use the WKB solution (5.68) to find the UV brane-to-brane propagator. The

propagator keeps the general form given by (5.57) with

Σ(p2) =
p2R

2ν2
− ν − d/2 + 1

R
− 2

R

Γ(1− ν)

Γ(ν)

(
−p2R2

4

)ν−δ(p)(
pR

ν

)δ(p)

(C.30)
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where we have defined

δ(p) = ϵ
m2

AR
2

ν
log

(
ν

pR

)
. (C.31)

We find a shift in the anomalous dimension given by

∆γAdS = −δ(p)
2

. (C.32)

For ϵ = 0 (α = d/2) the shift to the anomalous dimension ∆γAdS = 0 and the holographic

self-energy matches (5.75).

C.3 Holographic Dark Photon Model Detailed Calculation

We present a model of a continuum dark photon resulting from a spontaneously

broken U(1) in AdS5. The dark sector is described by (5.2) with d = 4. Kinetic mixing

between the continuum dark photon and the visible photon on the UV brane couples the

dark sector to the Standard Model. We calculate the exact visible photon propagator

dressed by kinetic mixing with the dark photon, and show that the resulting observables

are equivalent to those found from a holographic field redefinition of the visible photon.

The brane-localized kinetic mixing between the visible photon and the warped

dark photon is given by

SKM =

∫
d4x

∫ ∞

R
dz
ε

2

√
rUV

g25
FµνFµνδ(z −R) , (C.33)

where Fµν are the vector components of the dark photon field strength, and Fµν is the

visible photon field strength. The Feynman rule for this interaction is

= iε

√
rUV

g25

(
q2ηµν − qµqν

)
(C.34)
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where Aν is the visible photon and Aµ is vector 5D gauge field which we denote as the

continuum dark photon.

C.3.1 Exact Result from Dressing

We present a diagramatic derivation of the visible photon propagator dressed by

interactions with the continuum dark photon. Because the interaction is localized to the

UV-brane, the effect of the kinetic mixing is simply a contribution to the visible photon’s

self-energy iΠµν(q). Diagramatically, the self-energy is defined as the sum of all 1-particle-

irreducible insertions into the photon propagator

= iΠµν(q) . (C.35)

Since the Ward identity states qµΠ
µν(q) = 0, it is implied the self energy can be written in

the form

Πµν =
(
q2ηµν − qµqν

)
Π(q2) . (C.36)

The exact photon propagator may now be calculated as a sum over these 1PI “blobs”. In

the Rξ gauge we have

= + + + · · ·

=
−i
q2

[
ηµν − (1− ξ)

qµqν
q2

]
+

−i
q2

[
ηµρ − (1− ξ)

qµqρ
q2

]
iΠρσ(q)

−i
q2

[
ησν − (1− ξ)

qσqν
q2

]
+ · · ·

=
−i
q2

[
ηµν − (1− ξ)

qµqν
q2

]
+

−i
q2

(
ηµν −

qµqν
q2

)(
Π(q2) + Π2(q2) + · · ·

)
(C.37)
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where we have used the identity

qµ
(
q2ηµρ − qµqρ

)
= 0 (C.38)

and in this case ξ refers to the gauge fixing parameter of the Standard Model gauge group

(not the spontaneously broken dark U(1)). Rearranging terms, we can sum (C.37) as a

geometric series giving

=
−i

q2 (1−Π(q2))

(
ηµν −

qµqν
q2

)
− iξ

q2

(
qµqν
q2

)
. (C.39)

Typically, due to the Ward identity, the terms proportional to qµqν vanish when contracted

with external fermions and therefore do not contribute to S-matrix elements.

For our purposes, we will ignore contributions from Standard Model fields as well

as higher order contributions from dark sector particles, and focus only on the contribution

to the self-energy resulting from the kinetic mixing between the photon and warped dark

photon, ΠA(q
2). In this case, the 1PI contribution is given by

= ≡ iΠµν
A = i

(
q2ηµν − qµqν

)
ΠA(q

2) .

(C.40)

Using the Feynman rule given by (C.34) we have

iΠµν
A = rUV(iε)

2
(
q2ηµρ − qµqρ

)
⟨Âρ(q)Âσ(−q)⟩

(
q2ησν − qσqν

)
(C.41)

where ⟨Âρ(q)Âσ(−q)⟩ is the tree level brane-to-brane continuum dark photon propagator.

Recalling the definition (5.42),

⟨Aµ(p, z)Aν(−p, z′)⟩ = −i
(
ηµν − pµpν

p2

)
Gp(z, z

′)− i

(
pµpν

p2

)
G̃p(z, z

′) , (C.42)
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the self-energy can be written as

iΠµν
A = iε2rUV

(
q2ηµρ − qµqρ

)(
ηµν − qµqν

q2

)
Gq (R,R)

(
q2ησν − qσqν

)
= iε2rUV

(
q2ηµν − qµqν

)
q2Gq (R,R) . (C.43)

Therefore we have

ΠA(q
2) = ε2rUVq

2Gq (R,R) . (C.44)

C.3.2 Equivalence with Holographic Field Redefinition

Dressing the visible photon propagator with kinetic mixing between the contin-

uum dark photon and visible photon is equivalent to removing (5.93) from the action by

diagonalizing the fields. Making the field redefinition

A = A0 + ε

√
rUV

g25
A
∣∣
z=R

(C.45)

where A0 is the visible photon, we find

∫
d4x

∫ ∞

R
dz

{
− 1

4g25
FµνF

µν + δ (z −R)

[
−rUV

4g25
FµνF

µν +
ε

2

√
rUV

g25
FµνFµν − 1

4
FµνFµν

]}
=

∫
d4x

∫ ∞

R
dz

{
− 1

4g25
FµνF

µν + δ (z −R)

[
−rUV

4g25
(1− ε2)FµνF

µν − 1

4
F0µνFµν

0

]}
.

(C.46)

We see the mixing has been removed and effectively the brane localized coupling rUV →

rUV(1− ε2). As a result of the field redefinition (C.45), the visible photon coupling to the

electromagnetic current becomes

Aµj
µ
EM = A0µj

µ
EM + ε

√
rUV

g25
Aµj

µ
EM (C.47)
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inducing a brane-localized coupling between the dark photon and the electromagnetic cur-

rent. The Feynman rule for a fermion f with charge Qf coupling to the dark photon A

is

= iεeQf

√
rUV

g25
γµ . (C.48)

In order to demonstrate the equivalence of this viewpoint with that of the dressed

photon propagator, we consider interactions between the Standard Model electromagnetic

currents. The amplitude for fermion–anti-fermion scattering is given by the sum of the

diagrams

iM = + . (C.49)

Using (2.66) and the standard QED photon–fermion interaction, we find for the amplitude

iM = (ieQf )
2 ū(p′)γµu(p)

[
−i
q2

+
−irUVε

2

g25(1− ε2)
Gq (R,R)

]
v̄(k)γµv(k

′)
∣∣∣
rUV→rUV(1−ε2)

(C.50)

where we have used ū(p′)γµqµu(p) = v̄(k)γµqµv(k
′) = 0 and due to the field redefinition

we must make the replacement rUV → rUV(1 − ε2). Recalling (5.57) we may write the

amplitude as

iM =
i

q2
e2Q2

f ū(p
′)γµu(p)

[
1 +

rUVε
2q2

1− ε2
1

BG(q2) + Σ(q2)

]
v̄(k)γµv(k

′)
∣∣∣
rUV→rUV(1−ε2)

.

(C.51)

251



Combining the terms in the bracket over a common denominator gives

[
BG(q

2) + Σ(q2) +
rUVε

2q2

1− ε2

]
rUV→rUV(1−ε2)

= Σ(q2) + rUV(1− ε2)q2 − cUVRm
2
A + rUVq

2ε2

= Σ(q2) + rUVq
2 − cUVRm

2
A

= BG(q
2) + Σ(q2) . (C.52)

Finally, plugging into the scattering amplitude we find

iM =
i

q2
e2Q2

f ū(p
′)γµu(p)

[
BG(q

2) + Σ(q2)

BG(q2) + Σ(q2)− rUVε2q2

]
v̄(k)γµv(k

′)

=
i

q2
e2Q2

f

ū(p′)γµu(p)v̄(k)γµv(k
′)

1− rUVε2q2Gq (R,R)

=
i

q2
e2Q2

f

ū(p′)γµu(p)v̄(k)γµv(k
′)

1−ΠA(q2)
(C.53)

which exactly reproduces the self-energy correction resulting from dressing the undiagonal-

ized photon propagator with brane-localized dark photon interactions. For the rest of this

manuscript, we work in the picture where the visible photon and continuum dark photon

are diagonalized through a holographic field redefinition.
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