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SYMMETRY-ADAPTED TRANS~TION STATE THEORY 

AND A UNIFIED TREATMENT OF MULTIPLE 

TRANSITION STATES 

W:Uliam H. Miller 

LBL-15069 

Depat;tment Qf Ch~:mi~.tt;y, and Material~ and Molecular Research Division 
of th.e Law;renc~ Berkeley Laboratory, ·university of California, 

B.erk~ley, California 94720 

Abst~;act 

It is show how a, recently discussed symmetry.-ada.pted t;t;ansition state 

theory leads to a, unified trea,tmen,t of reactions tha.t involve multiple 

transition state.s that are s~etry-related. If the two (or more) tran.s.i-

tion states are well separated, the present description reduces to the 
I 

standard prescription based on symmetry numbers, hut it also applies tnore 

generally to the case that the transition states are close enough to interact. 

dynamically, and even to the limit that they merge into a single transition 

state. 
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1 
It has recently been pointed out that any geometrical symmetry 

that a transition state may possess can have interesting consequences 

for the dynamics of the related reaction. For the unimolecular 

dissociation of formaldehyde, 

(1) 

for example, which has a planar transition state (i.e., C symmetry), s . . 

states of A' and A" symmetry are non .... interacting; thus even if the 

dynamics is sufficiently non-discriminating so as to justify a 

statistical approximation (e.g,, microcanonical transition state 

theory), one should make the statistical approximation separately 

for A' and for A" states. For J=O it \vas seen
1 

that this symmetry-

adapted transition state theory predictsa significant degree of 

mode-specificity for reaction (1) in the energy region.of the origin 

of the s0 ~ s1 excitation; A' states dissociate, on the average, 

at a rate "' 20 times faster than A" states of essentially the same energy. 

The purpose of this paper is to show how symmetry.,..adapted 

transition state theory also leads one to see how multiple transition 

states that are symmetry related should be included in transition 

state theory, even when they are not sufficiently ''isolated11 so that 

the standard symmetry number prescription
2 

is appropriate. In 

such cases it will also be seen that it is actually better to choose 

the "transition", or reference configuration, for the reaction 

as a stationary point on the potential energy surface that has two 

imaginary vibrational frequencies, rather than a conventional saddle 
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point on the potential surface that is characterized by a single 

3 imaginary frequency. To keep the presentation as simple and as 

clear as possible, it will be carried through explicitly for the 

formaldehyde reaction (1); it should then be clear how the idea 

applies more generally. 

Consider first symmetry-adapted transition state theory as it 

applies to reaction (1) with its planar transition state. The 

irreducible representations A' and A" correspond to even and odd 

vibrational states of the out.,..of.,..plane vibrational mode, so that 

1 the microcanonical rate constants are (for J=O) 

00 00 

00 00 

kA11 (E) 
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modes k=l,2,.3,4 are the in-plane modes, mode k=S the out-of-plane 

:f: 
mode, E the vibrational energy of the tramdtion state [usually 

n 5 
- * . r·. * 1 approximated harmonically, E = Vb . . + . l'twk (n. + 2)] , and P · n arr1er . k 

is the tunnelingprobability-along the reac~i~n coordinate. The 

barrier is sufficiently high that at relevant energies the densities 

of A' and A" states are essentially the same, 

1 = PA"(E) = 2 p (E) (3) 

U, 
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where p(E) = pA' + pA" is the total density of reactant states. 

Suppose now that the transition state for reaction (1) were 

not planar; by symmetry, there would then be two such non-planar 

transition states. Rather than use either of these non-planar 

transition states and conventional transition state theory, however~ 

it is better to choose the reference configuration to be planar 

(i.e., C), approximately the average of the two non-planar transition 
s 

state structures. Within a harmonic approximation the potential 

in the out-of-plane coordinate, q5 ~ is the top of a barrier (i.e., 

has an imaginary frequency), so that one must describe it better 

than harmonically; the lowest order such approximation would include 

a quartic term, 

1 lwsl2 2 4 =-2 q.s +aq,s + •... 

and is seen to have the character of a symme·tric double well 

po·ten,tial ;. cf •. Figure 1. (The reference configuration can be· specified 

precisely by requiring that it be a stationary point on the potential.. su;r-

face tha:t also has an imagina<ry frequency for the reaction coordinat·e; 

i.e •. ,. it is a sta.t.ionary potnt characterized by two imaginary frequencies 

and is thus not a saddle point of the potential surface.) The significant 

point is that the potential is an even function of q
5

, so that the out

of-plane vibrat;ional levels are still even or odd, i.e., A' and A". 

Thus symmetry-adapted transition state theory applies here just as 

it does if the two transition states coalesce into one planar 

transition state~ the only difference being that the even (A') and 
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odd (A") vibrational energy levels are .determined by the double 

well potential, e.g., Eq. (4), rather than harmonically. 

One can easily see how the above description reduces to the 

usual one in the limit that the two non-planar transition states 

are very non-planar, i.e., far from each other. In this limit the 

double well potential in q5 has a very high barrier, and the 

vibrational levels become degenerate in pairs (one·A' and one A"); 
.. 

cf. Figure 1. The sums over everi and odd values of n
5 

in Eq. (2) 

thus become equal, and equal to the sum over harmonic-like 

vibrational levels of one of the two wells of the symmetric double 

well potential. Together with Eq. (3), this thus gives 

(5) 

I 
where k1 (E) is tl:le ordinary transi.tion state theory rate constant 

for reaction through one of the two non-planar transition states. 

In this very non-planar limit, therefore, Eq. (5) shows that one 

looses A'/ A" mod-e-specificity--i.e,, kA ,=kA"--and also that the 

rate is given by the usual prescription:
2

. one calculates the ordinary 

transition state rate through one of the transition states and 

multiplies by 2. 

Symmetry-adapted transition state theory thus gives the correct 

result if the two non-planar transition states are very far apart, 

close together, or even as they merge into one (planar) transition 

state. Also, the mode-specificity that has been noted in the 

planar case is not lost discontinuously if the transition state 

becomes slightly non-planar, but rather diminishes gradually as the 
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transition state is made progressively non-planar. 

Another interesting point of this analysis is that stationary 

points on a potential energy surface that have more than one 

imaginary harmonic frequency, which are usually ignored because 

they are not true transition states (i.e., saddle points), 3 ntay 

in some cases actually be the most relevant reference configuration 

by which to characterize the reaction. 
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Figure Caption 

Sketch of the vibrational potential function for the out-of-plane 

mode k=S (with vibrational energy levels indicated) for the cases 

! 

\\ 
~ 

of a planar (a), or non-planar (b), transition state. 

. . 
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Figure 1 
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