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ABSTRACT OF THE DISSERTATION

Multiplicities Associated to Demazure Flags of sl2[t]-Modules
by
Lisa Marie Schneider

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, August 2015
Professor Vyjayanthi Chari, Chairperson

In this paper, we study the multiplicities of a level ¢ + 1-Demazure flag of a level /-
Demazure module for the current algebra sl[t]. We establish a recursion of the graded
multiplicities and explicitly calculate these multiplicities when ¢ = 1,2. Taking the special-
ization ¢ = 1 of the graded multiplicity (i.e. numerical multiplicity), we establish a new
recursion of polynomials related to the numerical multiplicities. We give a solution for these
polynomials in two ways: as solutions of matrix equations and as coefficients in the series

expansion of rational functions.
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Introduction

In studying the representations of affine Lie algebras, we begin with understanding the
highest weight irreducible integrable representations particularly for the affine Lie algebra
associated to sly. Since these modules are infinite dimensional, we focus on a family of
Demazure modules which occur in a highest weight integrable representation of the affine
Lie algebra associated to slo. These Demazure modules are stable under the action of sls
and thus we study their structure as modules for the current algebra sly[t] which is defined
to be the Lie algebra of polynomial maps from C to sly. Alternatively, the current algebra is
a maximal parabolic subalgebra of the affine Lie algebra. The action of the element d of the
affine Lie algebra defines an integer grading on the current algebra and also a compatible
grading on the sly-stable Demazure modules. This work only reflects the work on sls-stable
Demazure modules, thus we refer to these modules by simply using the term Demazure
module.

The Demazure modules are indexed by triples (¢,n,r) where n € Zy, r € Z and £ € N
and are denoted as 7,°D(¢,n). The integer ¢ is called the level of the Demazure module
and is given the action of the canonical central element of the affine algebra and r € Z is
minimal so that the corresponding graded component is non-zero. A key result due to Naoi
[9] states that if m > ¢ > 1 then Demazure module D(¢,n) admits a filtration such that the
successive quotients are isomorphic to level m Demazure modules. In fact Naoi proves this
result for an affine Lie algebra associated to a simply—laced simple Lie algebra. His proof is
indirect using results of [6] and[7]. Moreover, Naoi proved that the local Weyl module has a
filtration of level 1-Demazure modules for an affine Lie algebra associated to a non-simply
laced simple Lie algebra.

A direct and constructive proof of Naoi’s result was obtained in [4] for slo. The methods

of this paper also showed the existence of a level m Demazure flag in a much wider class of



modules for sly[t]. As a result, explicit recurrence relations were given for the multiplicity of
a level ({+1)-Demazure module ocurring in a filtration of 7, D(¢,n). A closed form solution
of these recurrences was, however, only obtained in some special cases: the numerical
multiplicities (the ¢ = 1 case) were computed for ¢ = 2, m = 3, and the ¢g-multiplicities for
{=1,m=2.

In this thesis, we give the closed form solution of the recurrences for £ = 1,2,m = 3.
When ¢ = 1,m = 3, these closed forms give multiplicities of the filtration of a local Weyl
module by level 1-Demazure modules for type Go. Additionally, we show that the generating
series can be written in terms of partial theta functions. We also establish a simple matrix
solution to find the multiplicities with specialization ¢ = 1 of a level £+ 1-Demazure flag of a
level -Demazure module. Lastly, we establish addional relationships between the numerical

multiplicities for different values of £.



Part 1

Demazure Flags and Multiplicity



Chapter 1

Demazure Modules

In this chapter, we introduce the necessary notation and preliminary results for simple
and affine Lie algebras in the case of g = sly. Then, we recall the definition of a Demazure
module occurring in a highest weight integrable irreducible representation of the affine Lie
algebra EE We restrict our attention to stable Demazure modules as representations of the

current algebra and state several results from [5] about these modules.

1.1 Simple Lie algebra sl,

We first fix some notation. We let C(Z, Z, N) represent the complex numbers (integers,
non-negative integers, positive integers respectively).

Recall that sls is the complex simple Lie algebra of two by two matrices of trace zero
and that {z, h,y} is the standard basis of sly, with [h,z] = 2z, [h,y] = —2y and [z,y] = h
and the Cartan subalgebra is h = Ch. For n € Z,, there is a unique finite dimensional

irreducible slo-module, V(n) generated by a nonzero vector v with the relations:

xzv =0, h.v = nv, "o =0.

Moreover, dim V' (n) = n + 1.
For any finite dimensional slo-module, V', we can define the character of V' as the Laurent
polynomial in one variable x given by
chV =" dim V2™,
meZ

where V,, = {v € V|h.v = mv}.



1.2 Associated Affine Lie algebra ;[\2

The associated affine Lie algebra 5/[\2 with canonical central element ¢ and scaling operator

d can be realized as follows: as vector spaces we have
sly = sl @ Clt, t 1] @ Ce ® Cd,

where C[t,t7!] is the Laurent polynomial ring in an indeterminate ¢, and the commutator

is given by
0@t b@t] = [a,0] @ " + (a,b)rd e, [dya® f] = actdf/dt, [e,sh) = 0= [d,d,

where ( , ) is the Killing form on sly. The action of d can also be regarded as defining a
Z—grading on g@ where we declare the grade of d and ¢ to be zero and the grade of a ® t"
to be r for a € sly.

Let H = Ch ® Cc @ Cd be the Cartan subalgebra and define the Borel and the standard

maximal parabolic subalgebras by
b=sL®tCl]®Czah, Pp=0badCy=slhC[t]d® Ced Cd.

Notice that b and p are Z,—graded subalgebras of g. We identify sly with the grade zero
subalgebra sly ® 1 of sly ® C[t]. Define 6 € §* by: d(d) = 1,6(h @ Cc) = 0. Let W be the
affine Weyl group associated to g and recall that it acts on 6 and 6* and leaves ¢ and §

fixed.

1.2.1 Demazure Module associated to Integrable Highest Weight Module

Suppose that A € b* is dominant integral: i.e., A(h),A(c — h) € Z; and A(d) € Z. Let
V(A) be the irreducible integrable highest weight g—module generated by a highest weight
vector vp. The action of G on V(A) is diagonalizable and the central element ¢ acts via
the scalar A(c) on V(A). The non—negative integer A(c) is called the level of V' (A). For all
w € W the element wA is also an eigenvalue for the action of 6 on V(A) with corresponding

eigenspace V(A)y,a. The Demazure module associated to w and A is defined to be
Vi(A) = U®)V (A)wa.

The Demazure modules are finite-dimensional and if wA(h) < 0, then V,,(A) is a module

for p. From now on, we shall only be interested in such Demazure modules. Notice that



these Demazure modules are indexed by the integers
—s=wA(h) <0, (=A(c), p=wA(d),

The action of d on the Demazure modules defines a Z—grading on them compatible with Z —
grading on sly[t]. Moreover, since w(A + pd) = wA + pd and (A +pd)(h® Ceec) = A(h @ Ce),
it follows that for a fixed ¢ and s the modules are just grade shifts. If s = 0 then D(4,0) is

the trivial sly[t]-module.

1.3 Category of Finite-dimensional Z-graded sly[t]-modules

As the discussion in Section 1.2.1 shows, the proper setting for our study is the category
of finite-dimensional Z-graded sly[t]-modules. We recall briefly some of the elementary
definitions and properties of this category. A finite-dimensional Z—graded sls[t]-module is
a Z—graded vector space space admitting a compatible graded action of sly[t]:

V=@V, (@otVECVk+r] acslh, reZ.
kEZ
In particular, V[r] is a module for the subalgebra sl of sla[t] and hence the action of h on
V[r] is semisimple,i.e.,
Vir] = EB Virlm, V[rlm ={v e V]r]: hv=muv}.
meZ
The graded character of V' is the Laurent polynomial in two variables x, ¢ given by

chg, V' = Z ch Virlq" = Z dim V[r|mz™q".

reZ m,r€Z

A map of graded sly[t]-modules is a degree zero map of sly[t]-modules (i.e. f:V — W
such that f(Vr]) C W[r] Vr € Z. If Vi and V5 are graded sly[t]-modules, then the direct

sum and tensor product are again graded sla[t]-modules, with grading,

Ve V) =VikeVlkl, (e )kl =@ Vils] o Valk - s)).
SEL

The graded character is additive on short exact sequences and multiplicative on tensor
products.
Given a Z-graded vector space V', we let 77V be the graded vector space whose r—th

graded piece is V[r+p]. Clearly, a graded action of slz[t] on V' also makes 7,V into a graded

6



slg[t]-module. It is now easy to prove (see [3] for instance) that an irreducible object of this
category must be of the form 77V (n). It follows that if V' is an arbitrary finite-dimensional
graded sly[t]-module, then chy, V' can be written uniquely as a non-negative integer linear

combination of ¢” chg, 74V (n), p € Z, n € 7.

1.4 Demazure Module for the Current Algebra

We also give the definition of 7,7D(¢,s) as an sly[t] module. Let ¢,s € Z, and write
s ={s1+ sp with s; > —1 and sp € N with sg < £. Then D(/, s) is generated by an element

vs and defining relations:
(z@C[t)vs =0, (h® flus=sf(0)vs, (y®1)*Tv, =0, (1.4.1)
(y@tT e, =0, (yot)otly, =0, if so <. (1.4.2)

Let 7D(¢,s) be the graded sla[t]- module obtained by defining the grade of the element
vs to be r. The following result is a special case of a result established in [5, Theorem 2,

Proposition 6.7 | for s > 0.
Proposition 1. Let A be a dominant integral weight forf)\ and let w € W be such that
Ale) =4, wA(h) = —s, wA(d)=r.
We have an isomorphism of graded sls[t]-modules
Vw(A) Z1D(4, s).
O

Remark: A few remarks are in order here. In the case when sg = ¢,/ — 1 the second
relation in equation (1.4.2) is a consequence of the other relations. A presentation of all
Demazure modules was given in [6], [8] in the case of simple and Kac-Moody algebras
respectively and includes infinitely many relations of the form (y ® t*)V,,(A) = 0. However,
it was shown in [5, Theorem 2] that in the case of the sly—stable Demazure modules these

relations are all consequences of the ones stated in the proposition.

1.4.1 Properties of D(/,s)

We isolate further results from [5, Section 6] that will be needed for our study.



Proposition 2. Let l,s € Z; and write s = s1 + sg with s1 > —1 and sqg € N with sg < /.

(i) For 0 < s </{ we have
D(l,s) =15V (s), ie. , (sla®tC[t]) D(m,s)=0.

(ii) For s >0, we have dim D(¢,s) = (£ +1)**(so + 1).

(i1i) The sla[t]-submodule of D({,s) generated by the element (y ® t%1)%0v, is isomorphic
to 735 5o D (L, 8 —250). In particular, the quotient D({,s) /75 s D({,s —2s0) is generated

5180

by an element vs with defining relations, (1.4.1) and,
(@t tHo, =0, (yot1)%05, =0. (1.4.3)

O



Chapter 2

Demazure Flags

In this chapter, we define the Demazure flag for a sls[t]-module. Using the independence
of choice of flag, we define the graded multiplicities for a level /~Demazure flag of a sla[t]—
module. Then, we then give results for when a module has a level /~Demagzure flag and a

recursion for computing the graded multiplicities.

2.1 Jordan—Holder constituents for a Demazure modules

The following is a straightforward application of the Poincare-Birkhoff-Witt theorem.

Lemma 1. Let £ € N and s € Z;.. The module 75V (s) is the unique irreducible quotient of
D(¢,s) and occurs with multiplicity one in the Jordan—Holder series of D({,s). Moreover,

if T,V (m), m # s is a Jordan—Holder constituent of D({,s) then p € N and s —m € 2N.[J

Let ¢ € N. It follows from the Lemma that if V' is a graded finite—dimensional module for
slo[t], then chg, V can be written uniquely as a Z[g, ¢~!] linear combination of chg, D(¥, s),

S€Z+.

2.2 Definition of a Demazure Flag

Let V be a finite-dimensional graded sly[t]-module. We say that a decreasing sequence

FV)={Vv=W2Vi2  Vp 2 Vi1 =0}



of graded sly[t]-submodules of V' is a Demazure flag of level m, if

Vi/Vig1 = T;iD(m, ni), (ny,p)) €24 x7Z, 0<i<k.

Given a flag F (V') we say that the multiplicity of 7, D(m,n) in F(V) is the cardinality of
the set {j : V;/Vj41 = 7, D(m,n)}. It is not hard to show that the cardinality of this set is
independent of the choice of the Demazure flag (see for instance [4, Lemma 2.1]) of V' and

we denote this number by [V : 7, D(m,n)]. Define

[V :D(m,n)|, = Z[V :7,D(m,n)l¢", n>0, [V:D(m,n);=0, n<O0.
pEZ

It is known that
[D(¢,s) : D(m, s)]q =1, [D(¢,s) : D(m,n)]q =0 s—n¢2Z,.
Moreover, for m > ¢’ > £ we have

D(t,5) : D(m,m)], = 3 [D(¢,s) : D(E,p)], [D(E, p) : D(m, ). (2.2.1)

pEZZO
It follows from the discussion in Section 1.3 and Section 2.1 that if V' admits a Demazure

flag of level m, then

chg V=" [V : D(m, 5)|q chge D(m, 5). (2.2.2)
SEZ

The following result was first proved in [9] for Demazure modules for arbitrary simply—laced
simple algebras using the theory of canonical basis. An alternate more constructive and self

contained proof was given in [4] for sly[t].

Proposition 3. Let ¢ be a positive integer. For all non—negative integers s and m with

m > ¢, the module D(¢,s) has a Demazure flag of level m. O

2.3 Demazure Flag of a Quotient of Demazure Modules

Theorem 3.3 of [4] shows that there is a very large class of modules admitting a Demazure
flag of level m. We do not state that result in full generality since it requires introducing
a significant amount of notation which is not needed in this paper. In the special case
we need, Theorem 3.3 and Lemma 3.8 of [4] give the first and second parts of the next

proposition.

10



Proposition 4. Let { € N and s = £s1 + sg with 1,50 € Zy and 0 < sg < £.

(1) Consider the embedding T

150

D(l,s — 2sg) — D(¢,s). The corresponding quotient

admits a Demazure flag of level m for all m > £.

(2) We have
[D(¢,8) /7% Dty s—250) : D(0+1,n)]g = ¢“™/2[D(¢l,s—(~1)) : D(l+1,n—E—1)],.
O

The following corollary is immediate.

Corollary 1. Keep the notation of the proposition. We have
[D(¢,s): DIl +1,n)]y = ¢***°[D(l,s — 2sg) : D({+1,n)],

4D s — 1) : D(E+ 1 — L= D).

2.4 Recursion of Graded Multliplicities

We can now prove the following proposition.
Proposition 5. Let ¢ be a positive integer.
(i) for 0 <n,k <!, we have [D({,k) : D({ +1,n)]q = 0k,n and

[D(6,205 + k) : D(L+1,n)]; = 6k 95, jeN

(ii) if n > L+ 1 and sg € N with so < ¢ and s1 € Z;, we have

[D(£,ls1 + so) : DI+ 1,n)]q = ¢*°°* [D(£,€(s1 — 1) + (£ — s0)) : D(£+ 1,n)],
+ g0 m2D(0, sy — 1) + (s0 — 1)) : DI+ 1, — (£ + 1)),

Proof. To prove part (i) of the proposition we proceed by induction on j. Since 0 < n </
we have by Proposition 2(i) that

D(l,n) =D+ 1,n) =15V (n),

11



and so, if 0 < k < /¢, we get [D(¢,k) : D({+1,n)]q = 0k This shows that induction begins

and for the inductive step we assume that
[D(0,25'0 + k) : D(£+1,n)]q = png 9™,

holds for all 0 < j' < j and all 0 < k,n < £. Using Corollary 4 and noting that the second

term on the right hand side is zero since n < ¢, and using the inductive hypothesis, we get

[D(£,2j¢+ k) : D(£+1,)]y = ¢ [D(£,2j¢ — k) : D(¢ + 1,n)],
= ¢*g@=DER D0 2(7 — 1)6+ k) : D0+ 1,n)],

5O DGO ) _ 5, ieen),

This proves the inductive step. It also proves that if j > 1, then

[D(€,250 — k) : D(£+1,n)y = ¢“PEV[D,2(j — 1) + k) : DI +1,n)],

= Gong I E D QUEDG-DE) = g )

This completes the proof of part (i). Part (ii) is precisely the statement of Corollary 4. [

2.5 Example of a Demazure Flag

In this section, we give an example of how a flag is constructed using Proposition 4 and
identify the graded multiplicities associated with this flag.

Let us consider D(3,7) and look at the Demazure flag of level 4 of this module. Let v
be the nonzero generator of the D(3,7) with the relations given in Proposition 2(iii). We

have the following increasing sequence of graded sls[t]-submodules
0 C Uk ((y® )’ (y ® %)) € Ulsk[f])((y @ 1*)v) C U(sh[t])v = D(3,7).
It can easily be shown that we have the following surjective maps of graded sls[t] modules:
nuD(4,1) = Usk[t])((y @ 1) (y @ t%)v),

7D(4,5) = U(sh[t])((y © 1)) /U(sL[t]) ((y © 8)*(y @ £*)o),

D(4,7) = U(sly[t])v/U(sk[t]) ((y @ t*)v).

12



Using a dimension argument along with Proposition 2(ii) gives up that these surjections are

actually isomorphisms. Therefore, we can explicitly write out the graded multiplicities as

[D(3,7) : D(4,n)],

13

q*,
'

0

9

)

n=1
n=>9
n=7
otherwise.



Chapter 3

Graded Multiplicities

In this chapter, we study the graded multiplicities of level /~Demazure flags of level m—
Demazure flags for £ = 2,3 with m = 1,2 respectively. We use the recursion from Chapter
2 along with generating functions to determine closed forms for these graded multiplicities.
Moreover, we relate these generating functions to partial theta series. Lastly, we connect
these multiplicities to the multiplicities for the level 2-Demazure flag of the local Weyl

module for type G2 using the results of Naoi.

3.1 Notation

To begin this chapter, we introduce notation for g-binomial (or Gaussian) coefficients.
Given n € Zy and m € 7Z, set

o] S

m > 0,

n—m m.

Notice that [ " ] =["] .
q q
To understand the polynomials [D(4, s) : D(m,n)],, we consider the associated generat-
ing series: given ¢, m € N with m > ¢, set
A™ (g q) = Z[D(ﬁ,n +2k) : D(m,n)] 2%, n>0.
k>0

It will be convenient to set A'7™(x, 1) = 1.

14



3.2 ¢-identities

In this section, we state some g-identities with proofs that will be used to verfiy the

results in the remainder of this chapter.

Lemma 3.2.1 (Analogs of Pascal’s Identity). Forn,m € Z, we have the following identities:

(i)

(i)

n—1

Proof. For a simple proof, use the definition of [”;ll]q and [m_l

]q to get

m n—1 n—1 _(1_qnfl),..(1_qn7m+1) o s
q |: :|q+|:m—1:|q_ (1—q)...(1_qm) (q (1 q )+(1 q ))

Q=g =gt o [
T —ga-¢) U “‘Mq‘

The proof for the other identity is similar. O

We refer the reader to [11] for a combinatorial proof using the fact that [:Jq is the

number of m-dimensional subspaces of a n-dimensional vector space over F,.

Theorem 3.2.2 (¢-Binomial Theorem). For n > 0, we have

> g2 m a? = (=25 Q)n-
p=0 b q

Proof. We prove this identity by induction on n. For n = 0, this equality trivially holds.

15



Now, assume the equality holds for n = k — 1. For n = k, we have

(—z;0)p = (14 2¢" ") (—2;q)i-

k—1 1
=(1+a¢* Zp(p 1/2[ ]xp
p:O p q

it 1 k-1

= qp(p /2 k-1 P + Z qk—1+p(p71)/2 {k - 1} 2Pt
p=0 L P g p=0 P 14
k—1 - - K

el L N e e [’f - 1] o
p=0 L P g p=1 p—11,
k—1 - - K

= qp“”*”/2 E B e o I L )

L D | q =1 p— 1 q

k

Z ([ e b))

p=0 P4 p—1],

We can use Lemma 3.2.1 to get the identity for n = k thus completing the proof.

In the following sections, we give closed formulae for special cases of £ and m.

3.3 Level 2-Demazure flag of level 1-Demazure modules

In certain special cases, it is possible to write down the polynomials [D(¢, s) : D(m,n)],

explicitly as sums of products of g—binomials, i.e., by fermionic formulae. If /£ = 1 and

m = 2, it was shown in [4], that for all k,n € Z,, we have

[D(1,n + 2k) : D(2,n)], = ¢"T+20)/7] [L(n +Zk)/2J] . (3.3.1)

3.4 Level 3—Demazure flag of level 2-Demazure modules

Proposition 6. Forr € {0,1,2} and s € Z, , set

1 r=1 , {s—l—l%—rJ
S = | — .

For all p € Z, we have

S/

RN ¥ ) /
[D(2,35+7+2p) : D(3,35 +7)], = g2 @@t N~ i)/ [ > * 8} H :
=0 q q
j=p (mod 2)

16



Preliminary work using [10] assisted in the identification of the closed formulae in the
proposition.
To prove this proposition, we will first create a recursion of generating functions using

5. Then, we will verify the graded multiplicities.

3.5 Recursion of Generating Functions A%73(x, q)

We first use Proposition 5 to give closed formulae for A273(z, ¢). In terms of generating

series, Proposition 5(i) gives,

A(2)—>3($’ q) _ Z q282x25, A%—B(x?q) _ qu(sg-l)xs’ A%—>3(x’ Q) _ Z q2$(s+1)x25.
s>0 s>0 s>0
(3.5.1)
and Proposition 5(ii) gives for k > 3,
A2—>3 L 943 . .
P, q) —wqg 2 AT (2q,q) if £ is odd.
AP (2q,9) = (3.5.2)
A273(x,q) — 22q"T2 A273 (g%, q)  if k is even.
We have the following result which solves this recurrence explicitly.
Proposition 3.5.1. Let r € {0,1,2} and s > 0, and set
1, r=1,
=
0, »=0,2
Then, we have
253 S ar b)) N gu-ne|t ] [
A3 (w,q) =) P qrPHPCsE) N il [ > ] [ 2 } . (35.3)
p=0 =0 q J q
j=p (mod 2)

3.6 Proof of Proposition 3.5.1

We check the initial conditions first. Let s = 0; in this case, the inner sum in equation
(3.5.3) equals 1 if either (i) 7 =1, or (ii) 7 = 0 and p = 0 (mod 2), and is zero otherwise.
From this, it is clear that (3.5.3) reduces to equations (3.5.1) when s = 0.
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Next, for s > 1, we verify that the recurrence relation (3.5.2) holds. We set a(s) =
#4251 and B(j,p,5) = B3 + 5.
First, suppose k = 3s + r is even. Then, s + 7 is even, and the recurrence in Equation

(3.5.2) is equivalent to the statement that the following sum vanishes for all p > 0:
P . ‘ .
Z qj(j—?)/Q |:Oé(8):| |:6(]>p7 3):| - [5(]71’7 S — 1):| g |:6(j>p -1, S):| ) (361)
J 1q 5 q s—1 q 5 q

Notice that 8(j,p,s — 1) = 8(j,p — 1,8) = B(j,p,s) — 1. But, from the g-binomial identity
3.2.1(ii) with n = B(4,p,s), m = B(j,p,s) — s, we see that each summand in (3.6.1) is in
fact zero. This proves the recurrence relation for k even.

Next, let kK = 3s + r be odd. In this case, the recurrence relation of Equation (3.5.2) is

equivalent to the statement that the following sum vanishes for all p > 0:

i e ([ﬁ(j,f, s>] q {aﬂ _ o [ﬂ(j’sp’ s>] q [f(s)l ] - [ﬁ(j,f,sl— 1>} q [O‘(S] 1)} ) |

=0 a
j=p(mod 2)
(3.6.2)
Notice that B(j,p,s — 1) = B(j,p,s) — 1 and a(s — 1) = a(s) — 1 since s + T is odd.
Using the identity 3.2.1(ii) twice in succession, first with (n,m) = («a(s),j) and then with
(n,m) = (a(s),j — 1), we obtain:
o] o1 s [O] _ ras 020 gy
J g J q J—1l, i=2 14
Similarly, choosing n = 5(j,p, s) and m = 5(j,p, s) — s in Lemma3.2.1(ii) gives:
. 1 . . 1
[B(J,p, 8)1 } _ [B(J,p, S)] i [B(J,p, s) } ' (3.6.4)
5 q 5 q 5 q
Substituting Equations (3.6.3), (3.6.4) into the first and third terms of (3.6.2) respectively,

and simplifying, the expression in (3.6.2) becomes

i qij(j;ﬂ |:B(.j7p7 5) - 1:| |:a(8) - 1:| _ . qi(j72)(é7772) |:B(j?p7 5):| |:Ck(8) - 1:|
§=0 5 q J q =0 5 LI-2 1
j=p (mod 2) j=p (mod 2)

Re-indexing the second sum with j° = j — 2 proves this expression is zero. This completes

the proof.
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3.6.1 Simplification of Closed Form

We are now able to deduce Proposition 6. We define s’ = LH;JJ We first note that

=[] -
§ q J q

and thus we can take the inner summation in (3.5.3) from j = 0 to j = s’ with j = p(mod 2).

for j > min(p, s),

Extracting the coefficient of zP in equation (3.5.3), we obtain the explicit polynomial for

[D(2,3s + 1+ 2p) : D(3,3s +r)], in Proposition 6.

3.7 Level 3—-Demazure flag of a level 1-Demazure module

Using equation (2.2.1) with ¢ = 1, ¢ = 2 and m = 3 and the formulae in (3.3.1) and

Proposition 6 we get:

where y(n,p,j) = (n* + (n — p)* + %) +n (25 +7) + (n—p) (2[5 +7) +5 (=2[5] + 7).
We isolate the formulae for Aé:ﬁ’r(x,q) for 3s +r = 0,1,2. In equation (3.7.1), when
3s+7r =0, we have s =r =7 = s’ = 0 and hence [‘?]q = 0 unless j = 0. We also have

v(n,p,0) = n? 4 (n — p)?. Reindexing by p +— n — p, we have

(o) . n n
A ) = a2y qm[ ] | (3.72)
n=0 p=0 p q
p=n
(mod 2)

For 3s+7r =2, we have s =7 = s’ =0, r = 2 and 7(n,p,0) = n? + (n —p)? +2n — p. Using

the same reasoning in the previous case, we obtain

133 e n n2+2n 1 ﬁ n—l—l 1.1 > n ﬁ - ﬁ n
A7) =) a2 Y g2 b, | = (@) datqT Y gz ol -
n=0 p=0 a n=1 p=0 g
p=n
(mod 2) (nzl)zéan)
(3.7.3)
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Lastly, for 3s+r =1, we have s =0 and r =7 = s’ = 1 thus [Sjl]q = 0 unless j = 0,1. Since

¥(n,p,0) =n?+ (n —p)® +2n —p =v(n,p, 1), we have

o n
n(n+1) (p+1)
A2, q) = am g™ Y " m : (3.7.4)
n=0 p=0 p

q

Remark: In [2], we showed that certain specializations of AL73(x, q) reduce to expres-

sions involving the fifth order mock theta functions of Ramanujan.

3.8 Multiplicities of level 1- Demazure flag of a local Weyl
module for type G5

Using the work of Naoi (see [9]), we are able to determine the graded multiplicities
associated to the level 1-Demazure flags of local Weyl modules for g of type Gs. First, we
give the definition of the local Weyl module and the Demazure module as modules for the

current algebra.

3.8.1 Structure of g of type G5

Fix b a Cartan subalgebra of g and let R be the set of roots of g with respect to . The
restriction of the Killing form of g to b induces an isomorphism between h and h* and hence
also a symmetric non—degenerate form (, ) on h*. We shall assume that this form on h* is
normalized so that the square length of a long root is two and for o € R set d, = ﬁ
Fix a set {a; : i € {1,2}} of simple roots for R and let {w; : i € {1,2}} C bh* be the
set of fundamental weights. Let Q (resp. Q') be the Z span (resp. the Z, span) of
{ai : i € {1,2}} and similarly define P (resp. PT) to be the Z (resp. Z.) span of
{w; :i € {1,2}} and set RT = RN Q™. Define a partial order on P* by A > p if and only
if A\—peQr.

Finally, let {z£,h; : « € R*,i € {1,2}} be a Chevalley basis for g and set 23 = aE for
ie{1,2}.

3.8.2 Local Weyl Module

We can now define the local Weyl module of highest weight A € Pt denoted Wiec()),

as the g[t|-module generated by an element wy with defining relations: for i € {1,2} and
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S € Z+,
(lﬁj_ 02y (C[t])w)\ = O, (hz &® ts)u»\ = )\(hi)ds,ow)\, (3.8.1)

(z7 @ 1) M)+l = . (3.8.2)
Moreover, declaring the grade of wy to be zero makes the local Weyl module a graded
g[t]-module.
3.8.3 Demazure Module

Then, the Demazure module of level ¢ and weight A, denoted D(¥, \), is the graded
quotient of Wi.(\) by the submodule generated by the elements

{(z; @ ") Mwy: peZy, r>max{0, A(hy — dolp, for a € RT}.

3.8.4 Reformulation of Result of Naoi

The next result is a reformulation of the result proved in [9, Section 4, Section 9] of

which the special case will be of interest to us.

Proposition 7. Suppose that g is of type Go. Let A\ € P be such that X\(hy) = r € Z,
where ag is the unique short root. Then, Wio.(\) has a Demazure flag of level one and for

pe P,

(D2 (1, M(hn)) = D*2(3, pu(hn))lg, (A = p) € Zyaa,
Wioe(A)) = D(1, 1)]q = (3.8.3)

0, otherwise.
Here D*"2((, s) is the Demazure module for sly of weight s. O

Then combining the multiplicities we found in the previous section with this Proposition,

we obtain the following.

Corollary 2. Let g be of type Go. The graded character of the local Weyl module of highest

weight X € P is a Z[q]-linear combination of the graded characters of level one Demazure
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modules. Ezxplicitly, we have

Chgr VVloc()\)
A(hg)—p(hg) |
B Alha) p—J p(h2)
= Z i Z q%v((/\(hg)—u(hz)ﬂ),p,j) | 552 ] = ha) | y
+ —0 i—0 W L“(QQ)J . q
(Afsgzjr%, P= g , q
(mod 2)

where y(n,p,j) = (n* + (n —p)? +42) +n(2s+7r)+ (n—p) (2[5 +r) +5 (—2]

5l+7)
and .
o = |35, wu(h2) Z1 mod 3
B L@jﬂ _
|35, wu(h2) =1 mod 3

3.9 Partial Theta Series

Recall that the partial theta function and the g-Pochammer symbol (a; ¢),, are given by,

O(q,2) =Y ¢ 2,

k=0

n

(a: ), = [[(1 = ag"™), n>0, (a; q)=1.

i=1

We refer the reader to [1] for more details regarding partial theta functions. We now use
the fermionic formulae to prove,

Theorem 1. Let s > 0.

(i) Forr € {0,1}, we have

1 - G i+s+r
A0 (w,q) = —— Y (-1)q » H O (¢, zq"**") . (3.9.1)
(4 9); ¢ ¢
(i) For r € {0,1,2}, we have

A33(z,q) =

where

aiig) =D g <s+ ’"_T),

a(i,j) =142+ 2s+r.
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Proof. Using the the g-binomial theorem 3.2.2 we get

k+s| (g q) 1 s il e
[ s L_ G0, (&9, ZZ(;( ) qu : (3.9.3)

Equation (3.3.1) gives

k
AL22 (2, q) Zxk k(k+s+r)|: ‘;S} , (3.9.4)
q

for s >0, r € {0,1} and using (3.9.3) gives part (i).
Similarly, for part (ii), we begin with (3.5.3) and use the change in the inner summation
as discussed in section 3.6.1. Then, we interchange the order of summation and let p = j+2k

with & > 0 to get

2—>3 J ] 24j(s+ 55 ’“)[ ] 2k 2k2+2jk+k(2s+r) [k‘JrS]
x,q) E T E ’ .
3S+T J 4 k=0 5 g

Now, we use (3.9.3) to finish the proof of part (ii). O

3.10 Graded Multiplicities for arbitrary ¢

We finish this chapter with a discussion of the graded multiplicities of a level ¢ + 1-
Demazure flag of D(¢, s) for arbitrary £. Using Proposition 5(i), we can compute A5+ (z, q)
for 0 < n < /¢ and write these generating series as (sums of) partial theta functions:

A @) = O(d, 2, A7 g) = O(d", 2",
A7 @, 0) = O(d"2'a") + (20) 0" 2 ),
where 1 < k < ¢—1. Beyond the initial conditions, it is very difficult to obtain closed forms

for the graded multiplicities. Even forming a recursion of generating functions A5+ (z, q)

is difficult. Recall in Proposition 5(ii) we have the term
D l(s1 — 1)+ (£ —s0)) : D(£+1,n)],.

For ¢ = 1,2, rewriting the weight ¢(s; — 1) + (¢ — so) in the form ¢s7 + sp we have sg = Sp.

For arbitrary ¢, this equality does not hold. When we consider the generating series

AL (w,q) = STID( 0+ 2K) s DI+ 1, )],
k>0

the recursions of the multiplicities (Proposition 5(ii)) depend upon the value of & mod /.
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Chapter 4

Numerical Multiplicities

In the previous chapter, we gave closed formulae in small cases of £. In general, the
graded multiplicities are difficult to calculate. Now, we turn our attention to numerical
multiplicities i.e. formally taking the specialization ¢ = 1. Using Proposition 5 with ¢ =
1, we create a recursion of generating functions. We can in turn create a recursion of
polynomials and solve this recursion as a system of equations. Lastly, we relate these

polynomials and find further recursions relating different level flags of Demazure modules.

4.1 Recursion for A7 (z,1)

We turn our attention to the study of A“7*1(x, 1) for £ > 1. We prove,

Theorem 2. For ¢ > 1 andn > 0, write n = ({+ 1)p, —ry, where p, € Zy and 0 < r,, < L.
Then,
A2 e 1) =2 AL (e, 1) if e L,
AL (g 1) = (4.1.1)

AL (2,1) if €+ 1| n.

4.1.1 Polynomials d’,

We shall use Theorem 2 to establish the following result, which in particular shows that
the functions A%>*1(z, 1) are rational. For this we define polynomials d, n > 0,£ > 1

ns

with non—negative integer coeflicients as follows. Set
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K| = . . Ky= T and K = K| + K».

1 0 z
0 0 1

The polynomials d’, are defined by requiring that the following equality hold for all p > 0:

T T
dt — Kptl [1 1 ... 1| . (4.1.2)

¢
d (4+1)p+£}

¢
d (e+1)p+1

(L+1)p
Proposition 8. Let £ > 1. Then, for all n > 0, we have

dy,
(1 — at)larl+t

A7 (@, 1) =

4.1.2 Proof of Theorem 2

To simplify notation, we fix £ > 1, and for s,n € Z,, set
v(s,n) = [D({,s): DIl +1,n)]4=1.

Recall that v(s,n) = 0 if s < n. The theorem follows if we prove that for all s,n > 0, we

have
vis+4n+4L)—v(s,n+2r,) if (+1)1n.

v(s,n) = (4.1.3)
v(s+4,n+ L) it ((+1)|n.
Notice that this equality holds whenever s < mn, both sides being zero. Hence we have to

prove it only in the case when s > n.

Observe that taking ¢ = 1 in Proposition 5(i), gives

1 if s+ n or s —n is a multiple of 2¢.
§>0,0<n<l{ = v(s,n) = (4.1.4)

0 otherwise.
and taking ¢ = 1 in Proposition 5(ii) with 0 < sg < ¢, s1 > 0 and s = £s1 + s¢ gives

s>l+1,n>0l+1 = v(s,n)=v(s—L—1,n—L0—1)+v(s—2sp,n). (4.1.5)
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Observe in the last equation that s — 2sg = £s1 — sg > 0.

We now proceed to prove (4.1.3) by induction on n. To see that induction begins, we
first prove that this assertion holds when n = 0 for all s > 0. Using equation (4.1.4) it
follows trivially that v(s,0) = v(s + ¢, ¢) as required.

Now let n > 0. Assume that we have proved that v(s,n’) satisfies (4.1.3) for all 0 < n’ <
n and for all s € Z,. We proceed by induction on s to prove that v(s,n) satisfies (4.1.3) for
all s € Z. Notice that this induction begins at s = 0 since both sides of (4.1.3) are then
zero. Further, as remarked earlier, this equality holds for s < n; so we can further assume
that s > n. Now, assume that we have proved the result for all s’ with 0 < s’ < s. We have
to consider two cases.

Case 1: Suppose 0 <n < /¢, and s > n. In this case we have n = £+ 1 — r,, and we have to
prove that
vis,n)=v(s+4,n+L)—v(s,20+2—n).

Case 1(a): Suppose s > £+ 1. Then (4.1.5) can be used for both terms of the right hand

side and we get

vis+ln+l)=v(s—1,n—1)+v(s+€—2s9,n+¥),
v(s,20+2—-n)=v(s—L—1,0+1—n)+v(s—250,20+ 2 —n).
Set
Th=v(s—1l,n—-1)—v(s—¢—1,+1—n)
and
To=v(s+{€—2sp,n+ ) —v(s—2s9,20 +2—n).

Equation (4.1.4) applies to both the terms in 77. Now observing that:
(s—1)—(n—-1)=(s—L—-1)+(L+1—n)
(s—=1)4+(n—-1)=(s—-¢—-1)—(L+1—n) (mod 2/),

we deduce that 17 = 0. Further, since s — 2sg < s, the inductive hypothesis gives T =
v(s — 2sp,n). We must thus prove that v(s,n) = v(s — 2sg,n). Since s = sg (mod £), we

obtain s — 2sg = —s (mod 2¢); hence s £ n = (s — 2s9) F n (mod 2¢); applying (4.1.4)

completes the proof.
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Case 1(b): Suppose s < £. Then since 2¢ + 2 —n > ¢, we have v(s,20+2 —n) = 0. We
thus need to show that v(s,n) = v(s + ¢,n + ¢). Applying equation (4.1.5) again:

vis+ln+l)=v(s—1,n—1)+v(s+{—2s9,n+Y).

But since 0 < s < £, we have s = sg, and hence s + £ — 2sg < £ < n + £. Thus the second
term vanishes. We need to now show that v(s — 1,n — 1) = v(s,n). But from (4.1.4), it is
clear that for 1 < s,n </, v(s—1,n—1) = v(s,n) = ds, . This completes Case 1 of the
inductive step.

Case 2: Suppose n > £+ 1 and s > n. Suppose first that £ + 11 n. Consider
S=v(s+l,n+L)—v(s,n+2r,) —v(s,n).
By applying (4.1.5) to each of these terms, we have

S=v(s—1,n—1)+v(s+l—2sg,n+¥)—v(s—C—1,n+2r, —0—1)—v(s—2s9,n+ 2ry,)
—v(s—0—1,n—{0—1)—v(s—2sp,n).

Since n — ¢ —1 < n and s — 2sg < s, the inductive hypothesis gives

vis—l—1n—t—-1)=v(s—1,n—-1)—v(s—C—1,n+2r,—L—1),

v(s —2sp,n) =v(s+{€—2s9,n+ L) —v(s—2s0,n+ 2ry).

Using these equations to replace v(s —¢ —1,n— ¢ —1) and v(s — 2sp,n) in our equation for
S, we obtain S = 0 as required.

Now, suppose £+ 1 | n. Consider 8" = v(s+¢,n+{)—v(s,n). As in the case for £+1 t n,
apply (4.1.5) to each term to get

S'=v(s—1,n—1)+v(s+L€—2s0,n+0) —v(s—C—1,n—L—1)—v(s—2sp,n).
Sincen—f—1<mn,s—2sp<sand {+1]|(n—¥¢—1), the inductive hypothesis gives
vis—l—1n—(—-1)=v(s—1,n—1), v(s —2s9,n) =v(s+ £ —2s9,n+ 7).

This gives us S’ = 0 as required. O
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4.1.3 Proof of Proposition 8

Proof. Let n > 0, with n = (¢ 4+ 1)p, — r,, and 0 < 7, < £. We consider three cases in
equation (4.1.1):
(i) 1 <7y, <€ —1. In this case, define

n=n+2r,—L0=L+1Dp, — (L —ry),

and consider A5 1(z,1) and Af;,_wrl(x, 1). Equation (4.1.1) gives us the system of equa-

tions:

AfL—>é+1(x’ 1) _ Aﬂa@rl(x’ 1) — g Aﬂa@rl(x’ 1)

n+4 n'+4
AL (2,1) = AL (2,1) — 2t AL (2,1)

(this becomes a single equation if r,, = £ — ry, i.e., if n = n’). Solving, we obtain:

1
£—0+1 -
Ay (x’l)_l—xe

(Afﬁ“l(x, 1) + 2™ AL (g, 1)) (4.1.6)

(ii) r, =0, i.e., n = (£ + 1)p,. Here we obtain Af;fl(,r, 1) = AL (2, 1)

(iii) 7, = £, i.e., n = (£ +1)p, — £. Then, A1 (2, 1) = Aﬁig“(x, 1) —af Afagl")';nﬁ(sc, 1).
Using case (ii) above, we obtain A5 (2, 1) = (1 — xe)Af;:f‘H(:r, 1).
Now, for n,p > 0, define
d o= AL @ 1) - (1 — af) LA
and
T
G = |dutyp desiyprr d(e+1)p+e] :
We will prove by induction that
T
G=K""1 1
for p > 0. When p = 0, we use equation (4.1.4) to get

(1 =2 yspa™ n=0,¢

(1-— xe)(zkzo z'* + D k1 =m0 <n < L.

= (1= A 1) =

Thus, we have

' 1, n=0,¢
d, = (4.1.7)

n
1+zt", 0<n<U?.
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T
These polynomials are the entries in (y and satisfy (o = K [1 1 --- 1| .Now,letp>1

and assume
T
Cpq:K”[l 1 - 1} :

We now have K(p—1 = K1(p—1 + K2(p—1, where

T
— | gt 0
KiGp1= [d(£+1)(p71)+1 A1) 0] ’

and

dﬁ

20 ]T
L+ (p—1)+1]

K2 Gp1 = [O z*d( (C+1)(p—1)+6-1

(6+1) (p—1)+¢

Dividing these vectors by (1 — z)P*1, the equations (4.1.6) for 0 < < £ and the cases for

r =0, give us that (K1 + K2)(p_1 = [d@ vy Lovips dlyiry #} = ¢, Then, by
the inductive hypothesis, we have

T

¢ = K(p1 = KK? [1 ... 1}
as desired.
]
. . . f

4.2 Generating Series Associated to d(£+1)p

In the remaining sections of this chapter, we work towards giving a closed form for
the generating series hy(t,x) = 3,5 d€£+1)nt". Through this process, we also relate the
numerical multiplicities between Demazure modules of different levels. Denote D(n, /) :=

dfe +1)n- We can find a rational expression for he(t, x).

Proposition 9. Let hy(t,z) = Y72 D(n, 0t and i € Zy. We can write hy(t,x) as a

rational expression.

~
w

m—1

En Lz = -1
(xf;l ot m?’g—“fthkPk 7 _ Z(l _ xz) o— kt2k+1P 3 + xfkt2k+3plf—(m—1)>
k=1 k=1 m=1 k=0
¢ -1 & =
41 j . Y, j . 3tH | 12k j
x [ x72 Zt D(],K)—tht D(j,¢) — T P ZtD],
=0 =0 k=1
gt piy -2k—1 52 a1 0—2k-3
SN (1 - gty R P Zt]D G, 0)+ xéfkt2k+3plf*(mfl) ZtJD(j’E))
k=1 =0 m=1 k=0 j=0
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(11) For { = 2i+ 2, we write hy(t,x) as

—_
~

Nles

2 m —1
<1 i xe/z) xg t2k+2p Zxﬁ—kt2k+2plf—m>
k=0 =0 k=0
-1 £- ) R
> <Zt]D(j,€) _ (1+x6/2) oS At o kt2k+2p —(3-1) Z t]D(j,g)
j= k=0 §=0
—1-2k
0k 2k+2 pl—m
B o > D0i.0)
m=0 k=0

4.2.1 Useful Lemma

To prove the proposition, we first need to write the polynomials d‘é

1)t for0 < j </

as Z[z]-linear combinations of D(p,¢). We have the following result.

Lemma 4.2.1. Let D(n,¥) denote d@H)n and let m,k € N and p € Z. Then for1 <m <

Z_Tl,p >m — 1 in the first equality and 0 < m < Hl,p > m — 1 in the second, we have

df@—&-l)p—i—f—m = Z mm—kp]f—mD(p +m — 2k, E)
k=0

m—1
&y i 1ypim = Dpim — 3 P D(p+ m — 2k, £)
k=1

where A
YD (B, 0<2k<m
P =
(1 — gb)=(m=2k) ptmm. m < 2k
and ‘
Sz (DM (e, 0<2k<m
P =
mek(1— gf)=m=2pm m < 2k

Proof. For p > —1, we have dféJrl)pH = D(p,¢) and al(@rl)pJrl = D(p+ 1,¢) using (4.1.2)

where d_j = 1 for 1 < k < £. Then, we check the recursions for d€€+1)p+m+1 with 1 <m <

%, p > m + 2. We plug our solutions into the equation

Z—mdﬂ

0 0
Aoy 1yprm = Aer1)o—Dtme1 T Aoy 1) (p—1)+-0—(m—1)- (4.2.1)
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Using our solutions on the right hand side, we have

/4 f—m
Aosn)p-1)amer + 2 Ao 1) 1) 1o (m1)
m
D(p+m,t) — Z:z:é kPmHDp—I—m—Qk: 0)
k=1

m—1
+ztm Z a:mflka,f_(m_l)D(p +m—2—2k{)
k=0

m
=D(p+m,0)+ >« H B — PO D(p+ m - 2k, 0).
k=1
Now, due to the piecewise definition of P*, we must split our verification into cases.

Case 1: Take k = 0. The coefficient of D(p + m,¥¢) is 1 on both sides of (4.2.1).
Case 2: Take 1 < k < 3. The coefficient of D(p +m — 2k, £) on the left side of (4.2.1) is

k .
ko _ i(m—k+\[(k\ ;
—zlikpm = gtk E (—1) < ) ><i>xe.

1=0

The coefficient of D(p + m — 2k, £) on the right hand side is

k—1 . .
(m— k—1\ , . 1— 1\ ,
" (—l)l(m ﬁ+z>< . )x“—(—l)’<m+, k+z) <k: . >93M
= 1 1 141 1
k—1 . .
() ()
= 1 1 1+ 1
k—1 .
, 1 141
where we used the identity 3.2.1 with ¢ = 1.

Case 3: Take k = ™1 for m odd. For the left side of (4.2.1), the condition 2k > m gives
us the coefficient of D(p +m — 2k, () is

I—k mz_l —mil 1
— mo_ m
m—1 (m—3)/2 +1 -3
_ 2 —mil ¢ i 2t 2 it
- —mr e 3 (R )
i=0
= (—mtl Z ( 1)zxz€ m2 m2 +1
— 1 i+1 )
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which is equal to the coefficient of the same term on the right hand side of (4.2.1) using the
calculation from case 2.

Case j: Take k > "™+ The coefficient of D(p +m — 2k, £) on the left hand side of (4.2.1)
is

_ m—k
—t k’p’gn:_

mkl .
k—m , . £y2k— k+i\ (m—-Ek—-1\ 4
_ 1— m 7
=00 (1—2") g i1 ; x

1=0

m—k—1 .
k=m \2k—m—1 (ki (m—k-1\ 4
= (1—2b > (-1 i . T

=0
m—k .
E+i—1\/m—-k—-1\ 4
2 ()0

Similarly for the coefficient on the right hand side of (4.2.1), we have

xé—k(l_ €)2k mpm L

Efk(Pf:(m—l) _ Pm—H)

o m— m—1 m+1—k
— k((l_ £)2k 1Pm (k ) _ 5

Rt Xy (G FERTe)

To prove these coefficients are equivalent, it is enough to show for all ¢ =0, --m — k,
k+i\/fm—k—1 k+i—1\/m—-k—1
(k—m){ | . + . .
141 1 1 1 —1
N 1 .
7 1 141

This can be proven rewriting the binomial coefficients using factorials.

(1 _J:Z)Qk m— 1P7;ni-11 k)

The proof for verifying the expression for d(s4 1)yt ¢—m for 1 <m < Z_Tl is similar. O

4.2.2 Proof of Proposition 9

Now, we are able to prove Proposition 9.

First, assume ¢ is odd. We note that

2—0—1

74 _ A

Lpsyprtst = Fpnyponyrr T8 7 dgpyypoyy s
== 0
=2 % diyyygyaen + (=240 0 ) e
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and we can write d(£+1)(p71)+é+1 as a combination of df; using Lemma 4.2.1. For p > 0, we
2
have

D(p+4,0) = dfe+1)(p+e)

£=3
2
_ ¢ l—m 30
= A nypre-tstyetst + 2 2 A rt-me1) 4 o)
m=1

A7
(D) (o= + 55+ +(1-= )d(é+1)(17+£—“'71)+“—1

2
0—

® ‘
w

t—m 30
+ 2 T A1) premm—1) - (m-1)
m=1
0—1
S} ~ kpt
=z 2 (Dp+L+1,0) =) 7 "P.* D(p+{+1—2k1))
k=1
-1
2 [Z5%
+ (1 —2)Dp+6,6 - 2 P> D(p+L—2k,0)
k=1
-3
2 m—1
+ 3 a2t (3wl kpT YD (p 40— 2 - 2k, 0)
m=1 k=0
Rearranging some terms, we have
4—1
41 41 o 41
x2 Dlp+l+1,0) =2*Dp+0,0)+x2 Y z"P 2 D(p+L+1—2k,0)
k=1
=1
2 25}
+(1—29) 2" FP.7 D(p+ 10— 2k,0)
k=1
Z_Tg m—1
- 2 EPE DDy g — 2 — 2k, 0).
m=1 k=0
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Then we multiply by ¢t and sum over p > 0 to get

¢

v s (he(t,x) - thD(J}f)> N fj(hz(t, %) gtjD(j’E))

#H+1
Jj=0
{—2k

=R x%fk 41 .
+ 12k b’ (h@(t7x) - Z ' D(j, f))
=0

k=1
e N A—k {—2k—1
(1 =zt ke iy
+> (tZ—2)kPk ’ (he(t,x) - > t”D(M))
k=1 =0
52 ma N 0—2k-3
—(m—1 ; .
- tZ—Q—QkPk o )<he(ta$) - Z t]D(];€)>'
m=1 k=0 =0

Solving for hy(t,x) completes the proof of part (i).

For part (ii) of the lemma, we assume / is even. Notice, that we have
_ £y 0
=(1+a2 )d(z+1)(p_1)+§+1'

¢
d(4+1)p+§

For p > 0, we have

D(p+£,0) = d{gy.1)(p10)
-1

l—m b
+ 2. i) (pre—m—1) 40— (m-1)

SN

¢
(1) (p+—5)+5

m=1
-1

l—m 3l
+ 2.7 i) (pre—m—1)+0—(m-1)

[SIEN

= (1 + w%)dg ¢ ¢
(t+1)(p+e—£—1)+£+1 3
m=

[y

L

w5 F RS Dp 02— 2k, 1)

Nl

i
2

= (1+4x2)
k=0

51 m

+ ) 2O a™ PP D(p+ £ — 2 - 2K, 0)).

m=1 k=0

Now, we repeat the steps as in the proof of (i) to get the following equality with generating

functions
-1 il i 12k
he(t,w) = HD(j,0) = (1 +2?) $2_1_kt2k+2Pk(2)(he(t,m)— > t]D(J?E))
j=0 k=0 Jj=0
=1 m 12k
Zmekt2k+2P,f_m<he(t,x)— > t”D(j,é)).
m=0 k=0 j=0
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We have completed part (ii) of the lemma and thus completed proving the two expressions
for hy(t,x) as rational functions of ¢ and z.

This completes the proof of Proposition 9.

4.3 Recursion for d@ 1)p

We now restrict our attention to obtaining D(n,¢) for 0 < n < /. Identifying these
polynomials would complete an explicit form for hy(¢, z).

First, we define the function ¢, : Z — Z as ¢pe(m) = m + [7](£ — p). Then, we can
define the map ®, : Z[z] — Z[z] as @, ,(z™) = 2%»4(™). Note that this map is linear, but
not always preserved under multiplication.

We have the following relationship between the polynomials d?.

Lemma 4.3.1. For p,r > 0, we have an equality of polynomials

p+2+r p+1+r
d(p+3+7~)p - (I)P+T+1,P+r+2 (d(p+2+r)p) '

In this lemma, we take £ = p + 2 4 r. Then, we have

d{yy1yp = Peo1(dy) ).

for £ > p+ 2.
We observe that &, 50 ®,, = ®, ; for p <r < s. Thus, we have

4 _ +1
d(f-i-l)P = Ppi1e (d€p+2)p) ’

Thus, in terms of hy(t,x) for any ¢, we can calculate df;;lz)p

for0<p</{-—2.

for 0 < p < /¢ — 2 and apply

the function ®,,1, to obtain the necessary d@ +1)p

We finish this section with a proof of Lemma 4.3.1
4.3.1 Proof of Lemma 4.3.1

Applying the map ®pyri1p4ri2, we get

Ppirt1prrr2(d(prosr)ppr14r)

= (1—a* PSS D+ 1+ 7, (p+ 2+ r)p+2m) - D(p+2 + r)pla™ o],
m>0
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Comparing coefficients in @4 ,+1 pr+2(d(prorr)ppritr) a0d dpi3r)p prosr, it is enough to

prove the following equalities of multiplicities. For 1 < k < p+ 14 r, we have

[Dp+2+r,(p+3+rp+2(p+2+7)j+2k+2): Dp+3+7r,(p+3+7)p)4=1

=[Dp+1+r,(p+2+r)p+2(p+1+7)j+2k): Dp+2+7r,(p+2+7)p)lg=1
(4.3.1)

and
Dip+2+r,(p+3+rp+2(p+2+71)j+2):Dp+3+7r,(p+3+7)p)e=1 =0 (4.3.2)

for all p,r, 57 > 0.

Denote v(s,n,?) := [D(¢,s) : D({ + 1,n)]4=1. To prove these equalities, we will first
proceed by induction on p. We will prove the equality when p = 0 for all r,57 > 0. Then
to prove the inductive step, we will use induction on j. The induction on j will require
different cases based on the value of k.

We begin with induction on p > 0.

Base case p = 0,Vr,j > 0: First, we comment on the values of k. We are allowing
1 <k <r+1, then we have 4 < 2k + 2 < 2r + 4. Using Corollary 5(i) with ¢ = 1, we
calculate the left side of (4.3.1)

v(22+7)j + 2k +2,0,7 + 2) = opt2,2r44 = Okrs1s
for all r,j > 0. Similarly, calculating the right side of (4.3.1) we have
v(2(1+1r)j+ 2k, 0,7 + 1) = O rs1,

for all j,r > 0. Moreover, v(2(2 +1)j + 2k +2,0,7 + 2) = 0j r+1 with &k = 0 proves p =0

case for (4.3.2) for all r, 7 > 0. This completes the base case for the induction on p.

Inductive step on p,Vr,j > 0: Now, assume the equalities hold for all p < ¢ and r,j > 0.
Then we must show (4.3.1) and (4.3.2) hold for p =i+ 1,Vr,j > 0. We will prove this by

induction on 5 > 0.
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Base Case j = 0,p =i+ 1,Vr > 0: First, assume j = 0,p = i+ 1. We discuss these

results in cases. First, suppose 2 < 2k < r. Then, we have the following

v((G+44+r)(i+1)+2k+2,i+4+7r)(i+1),(i+3+7))
=v((i+4+r)i+2k+2,(i+4+7r)i,(i+3+71))
=v((i+3+7r)i+2k,(i+3+7r)i,(i+2+71)),

using Proposition 5(ii) with v((i+44r)i+i+4+r—2k—2,(i+4+r)(i+1),(i+4+7)) =0
and the inductive hypothesis with p = i. Applying Proposition 5(ii) to v((i +3+7)(i+1) +
2k, (i+3+7)(i+1),(i+3+r)) gives the same result.

Consider the case when r +1 < 2k < 2r 4+ 1. We have

v(((i+44+r)6+1)+2k+2),(i+4+7r)(i+1),i+3+7)
=i+ 4+1)i+1)+24+2r — 2%k, (i + 4+ +1),i+3+7)
+uv((i+4+r)i+2k+2,(i+44+7r)i,i+3+7r)
=v((i+4+r)G+1)+24+2r—2k G +4+7r)(i+1),i+3+7)
+uv((i+3+r)i+2k, (0 +3+7r)i, i +2+7).

Moreover, if we apply Proposition 5(ii) to the first term ¢ + 1 times, we obtain
v((i+44+r)(i+1)+24+2r =2k, (i+4+7)(i+1),i+3+7) =v(2+2r—2k,0,i4+34+7r) =0,

since 0 < 2+ 2r — 2k <r+1 < i+ 3+ r and using the fact that the multplicity term from
inclusion map of Proposition4 is 0 since v(s,n,¢) = 0 for s < n,V¢ € Z,. Similarly, we have

forr+1 <2k <2r+1,

v(((i4+3+r)(i+1)+2k),(i+3+r)(i+1),i+2+7)
(4341 + 1)+ 242 — 2%, (i+3+7)(i+1),i+2+7)
+v((i+3+7r)i+2k, (i +3+71)i,i+2+71),

where again obtain

v((E+3+r)(i+1)+242r =2k, (i+3+7)(i+1),i4+2+7) =v(2+2r—2k,0,i+24+7) =0,
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by applying Proposition 5(ii) to the first term ¢ + 1 times. For the case 2k = r+ 1, we have

v(((t+34+r)(i+1)+2k),i+3+r)(i+1),i+2+7)
= u((i4+2+ )i, (i+3+r)(i+1),i+2+7)
+v((t+34+r)i+2k, (i +3+7r)i,i+2+7)
=v((i+3+7r)i+2k (i+3+7r)i,i+2+7r).

This completes the base case when r + 1 < 2k < 2r 4+ 1.
Now, consider the case when 2r + 2 < 2k < 2r + ¢ + 3.We have

v(((i+44+r)(i+1)+2k+2),i+4+r)(i+1),i+3+7)
=v((i+3+r)i+2)+2+2r—2k, (i+4+7r)i+1),i+3+7r)
+uv((i+4+r)i+2k+2,(i+44+7r)i,i+3+7r)
=O0kpt1 +V((E+34+7)i+2k, (1 +3+7r)i,i +2+7).
using Proposition 5(ii), the inductive hypthesis on the second term and the observation that
(14+3+r)(i+2)+2+2r—2k < (i+4+r)(i+1) with equality holding only for 2k = 2r +2

implies v(i +34+7r)(i+2)+2+2r — 2k, (i+4+7r)(i+1),i+3+7r) = 6,1 for calculatin
plies v/( )(i+2) : : + g

the first term. Similarly, using Proposition 5(ii) and the same observation, we get

V(i +34+r)(i+1)+2k),(i+3+7)G+1),i+247)
=01 +v((((+3+71)i+2k), (i +3+71)i,i+2+7),

thus completing the proof in this case.

Lastly, consider the case: 2r + 1+ 4 < 2k < 2r 4+ 2 + 4. We have

v((i4+4+7)G+1)+2k+2,(i+4+7r)(i+1),i+3+7)
=v((i+4+7)(i+1)+2i4+4r+8—2k (i+4+7r)(i+1),i+3+7)
+ (i +4+7)i+2k+2,(i+4+7)i,i+3+7)
=v((i+3+r)(i+1)+2k—2r—i—3,(i+4+7)(i+1),i+3+7)
+r((i+4+r)yi+2i+4r+8—2k (i+4+71)i,i+3+7)
+u((i4+4+7)i+2k+2,(i+4+7)ii+3+7)
= O rpiv2 +V((E+3+7)i+2K,(i+3+71)i,i+2+47)

+v((i+34+r)i+2k, (i +3+7)i,i+2+7),
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where we set ¥ = 2r + 3 + i — k, use the inductive step on p = i to obtain the second and
third terms and compute v((¢ +3+r)(i+1)+2k—2r—i—3,(i+4+7r)(i+1),i+3+71)
since (14+3+7r)(i+1)+2k—2r—i—3 < (i+4+7r)(i+1) unless k = r+i+2. We also have
v((i+34+r)i+1)+2k,GE+3+r)i+1),i+2+7)
=v((i4+2+7)(i+1)+2i+4r+5—-2k, (i +34+7r)(i+1),i+2+7)
+v((i+34+r)i+2k,(i+3+7r)i,i+2+7)
=v((i+24+r)i+1)+2k—2r—i—3,(i+3+7r)(i+1),i+2+7r)
+v((i+3+7)i+2i+4r+6—2k (i +3+7)i,i+2+7)
+v((i+3+r)i+2k, (i +3+7r)i,i+2+7)
= O ppive +V((E+3+7)i+2K,(i+3+71)i,i+2+7)
+v((i+34+r)i+2k (i +3+r)i,i+2+7r).
This completes the this case and also completes the base case for the induction on j for

(4.3.1).

Now, to prove the base case for (4.3.2), we have
v(G+44+r)(G@+1)+2,(i+4+r)(i+1),i+3+7)
=v((i+3+r)yi+r,(i+4+r)(i+1),i+3+7r)+v((@+4+r)i+2,(i+4+7r)i,i+3+7r)=0,
using the inductive hypothesis for the second term and the fact that
(t+3+r)i<(i+44+r)(i+1)

to get the first term is zero. The base case with j = 0 is complete.

Inductive step on j, Vr > 0,p = i+ 1: Now assume equality holds for j <n forp=i+1
and for all > 0. Again, we break the proof for (4.3.1) into cases. First, consider 2 < 2k < r.
We have

v((G+4+r)(i+ 1) +2n+1)(i+3+7r)+2k+2,(i+4+7r)(i+1),i+3+7)
=v((i+4+7r)i+2n+1)(E+3+r)+2k+2,(i+44+7)i,i+3+7)
+uv((i+4+r)Gi+1)+2n(i+3+7r)+2(r—k)+2,(i+4+r)(i+1),i+3+7)
=v((i+3+r)i+2n+1)(i+2+7r)+2k (@i +3+7r)i,i+2+7)
+v((i+4+r)i+1)+2n(i+3+7r)+2(r—k)+2,(t+44+r)(i+1),i+3+71),
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where we used Proposition 5(ii) and the inductive hypothesis on p on the first term. Cal-

culating the other multiplicity using Proposition 5, we obtain

v((i4+34r)i+1)+2n+1)(i+247)+2k (i +3+7)(i+1),i+2+7)
= (i +3+1)i+2n+ 1)+ 2+ 1)+ 2k, (i +3+71)i,i+247)
+v((+3+r)i+1)+2n(i+2+7r)+2(r—k)+2,(i+34+r)(i+1),i +2+7).

We need to show

v((i+4+r)(i+1)+2n(i+3+r)+2(r—k)+2,(i+44+r)(i+1),i+3+7)
=v((@i+3+nr)G+1)+2n(i+2+r)+2(r—k)+2,G+3+7r)(i+1),i+2+7).

We can use the inductive hypothesis on j (r — k)-times to get

v(G+4+r)(i+1)+2n(@+3+r)+2(r—k)+2,(i+4+7r)(i+1),i+3+7)
=v((i+4+k)(i+1)+2n(E+3+k)+2,(i+4+k)(i+1),i+3+k)
=0,

and similarly

v((E+3+r)(i+ 1) +2n(i+2+7r)+2(r—k)+2,i+3+7r)(i+1),i+2+7)
=v((i+3+k)(i+1)+2n(t+2+k)+2,(+3+k)(i+1),i+2+k)
=0.

Thus, the multiplicities are equal completing the case when 2 < 2k < r. Calculating the

other multiplicity using Proposition 5, we obtain

V(i +34m)Gi+1)+2n+ 1) +2+7)+2k (i +3+r)(Gi+1),i+2+7)
=v((i+3+r)i+2n+1)(i+2+7r)+2k, (i +3+7r)i,i+2+7)
+v((i+3+r)i+1)+2nG@+2+7r)+2(r—k)+2,i+3+7r)(i+1),i+2+7)
=v((i+3+r)i+2n+1)(i+2+7r)+2k,(i+3+7)i,i+2+7)
+v((i+3+r)i+1)+2n(i+2+7)+2k, (0 +3+7r)(i+1),i+2+7)
+v((i+3+r)i+2n(i+24+r)+2(r—k)+2,(i+3+r)i,i+2+7r).
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As in the previous case, we can use the inductive hypothesis on j (r — k)-times to obtain

v((@E+3+r)i+1)+2n(i+24+r)+2(r—k)+2,(i+34+r)(i+1),i+2+7)
=v((i+3+k)(@+1)+2n(i+2+k)+2,(+3+k)(i+1),i+2+k)

=0.
We consider the case 2k = r,r + 1 separately. For 2k = r, we have

vi(i+4+r)(i+1)+2n+1)(i+3+7r)+2k+2,(i+4+7r)(i+1),i+3+7)
=v((i+4+r)i+2n+1)(E+3+r)+2k+2,(i+44+7)i,i+3+7r)
+rv((i+4+r) i +1)+2n(i+3+7r)+2k+2,(i+4+7r)(i+1),i+3+71)
=v((i+3+r)i+2n+1)(i+2+7r)+2k (i +3+7r)i,i+2+7)
+v((i+4+r)i+1)+2n(i+3+7r)+2k (i +4+7)(i+1),i+3+7),

where we used Proposition 5(ii) and the inductive hypothesis on p and j on the first and

second terms respectively. Similarly, when 2k = r + 1, we have

v((G+4+r)GE+)+2n+ 1) +3+r)+2k+2,(i+4+7)(i+1),i+3+7)
=v((i+4+7r)(+1)+2n+ 1)@ +3+7r)+2r —2k+2,(i+4+7r)(i+1),i+3+7)
+r(((i+4+r)i+2n+1)(E+3+7r)+2k+2,(i+4+7r)i,i+3+7)
=v((i+44+r)Gi+1)+2n(E+3+r)+2k+2,(i+44+7)(i+1),i+3+7)
+v((i+4+r)i+2n+1)GE+3+7r)+2r—2k+2,(i+4+7)i,i+3+7)
+r(((i+4+r)i+2n+ 1)@ +3+7r)+2k+2,(i+4+7)i,i+3+7)
=v((i+3+r)(i+1)+2n(i+2+7r)+2k (i +3+7r)i+1),i+2+7)
+v((i+4+r)i+2n+1)E+3+r)+2r—2k+2,(0+4+7)i,i +3+7)
+rv((E+3+r)i+2n+ 1)@ +2+7r)+2k, (i +3+7r)i,i+2+7),

where we use the inductive hypothesis on j and p on the first and third terms, respectively.
Moreover, applying the inductive hypothesis on p (r — k)-times as in the previous case, we

get that the second term is O i.e.,

vi(i+4+r)i+2n+ 1)@ +3+7r)+2r—2k+2,(0+4+7r)i,i +3+71)=0.
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Calculating the other multiplicity, we have

v((G+3+rm@E+1)+2n+1)(E+24+7r)+2k,(i+3+7r)(i+1),i+2+7)
=v((i+3+r)(i+1)+2n(i+2+r)+2k+2,(i+3+r)(i+1),i+2+7r)
+r(((i+3+r)i+2n+1)(i+2+7)+2k (G +3+7)i, i +2+7),

which completes the cases for 2k = r,r + 1.

Now, consider r + 1 < 2k < 2r + 1. We have

v(((i+4+r)G+1)+2n+ 1)@ +3+r)+2k+2,(i+4+7)(t+1),i+3+7)
=v((i+4+7r)(i+1)+2n+ )i +3+7r)+2r —2k+2,(i+4+7r)(i+1),i+3+7)
+r(((t+4+r)i+2n+1)(G@+3+7r)+2k+2,(i +4+7)i,i+3+7)
=v((i+44+r)Gi+1)+2n(E+3+r)+2k+2,(i+44+7)(i+1),i+3+7)
+v((i+4+r)i+2n+ 1) +3+r)+2r—2k+2,(0+4+71)i,i +3+7)
+r(((t+4+r)i+2n+ 1)@ +3+7r)+2k+2,(i+4+7r)i,i+3+7)
=v((i+34+7r)(i+1)+2nG+2+7)+2k,G+3+r)(i+1),i+2+7)
+v((i+4+r)i+2n+ 1)@ +3+r)+2r—2k+2,(i+4+7r)i,i +3+7)
+rv((E+3+r)i+2n+ 1)@ +2+7)+2k, (@i +3+r)i,i+2+7),

where we use the inductive hypothesis on j and p on the first and third terms, respectively.
Moreover, applying the inductive hypothesis on p (r — k)-times as in the previous case, we

get that the second term is O i.e.,
vi(i+4+r)i+2n+ 1) +3+r)+2r—2k+2,(i+4+7r)i,i+3+7r)=0.
Similarly, we have

v(G+3+r)@E+1)+2n+1)(E+24+7r)+2k,(i+3+7r)(i+1),i+2+7)
=v((@i+3+m)@E+1)+2n+D)(i+24+r)+2r—2k+2,(i+3+r)(i+1),i+2+7)
(i +34r)i+2m+1)(i+2+47)+2k (i +3+7)i,i+2+7)
=v((i+3+r)i+1)+2n(G+24+7)+2k,(i+3+7)(i+1),i+2+7)

v((i+3+r)i+2n+1)(i+24+r)+2r—2k+2,(0+3+7r)i, i +2+7r)

+u(
+(

v((G+3+r)yi+2n+1)(i+24+7r)+2k, (i +3+7)i,i+2+7)
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where the second term is zero by applying the inductive hypothesis on p (r — k)-times i.e.
v((i+3+r)i+2n+ 1) +2+r)+2r—2k+2,(i+3+7)i,i+2+7r)=0.

This completes the case when r + 1 < 2k < 2r + 1.
Now, we consider 2r + 2 < k < 2r + i+ 3. We have

v((i+4+m)GE+1D) 420+ 1) +3+7) +2k+2,(i+4+7r)(i +1),i +3+7)
=v((i+4+r)(i+1)+2n+1)(i+3+7r)+2r —2k+2,(i+4+7r)(i+1),i+3+r)
+rv(((t+4+r)i+2n+ 1)@ +3+7r)+2k+2,(i+4+7r)i,i+3+7)
=v((i+4+r)i+1)+2n(G+3+7r)+2k+2,(i+44+7r)(i+1),i+3+7)
+v((i+4+r)i+2n+ 1)@ +3+r)+2r—2k+2,(i+4+71)i,i +3+7)
+r(((t+4+r)i+2n+1)E+3+7r)+2k+2,(i +4+7r)i,i +3+7)
=v((i+3+r)(i+1)+2n(i+2+7r)+2k ((+3+7r)i+1),i+2+7)
+v((i+4+r)i+2n+1)G+3+7r)+2r—2k+2,(i+4+7r)i,i+3+7)
+r(((i+3+r)i+2n+1)(i+2+7r)+2k, (@ +3+71)i, i +2+7),

where we use the inductive hypothesis on j and p on the first and third terms, respectively.

For the second term, since 2r — 2k + 2 < 0, we have

v((i+4+r)i+2n+1)(i+3+r)+2r—2k+2,(i+4+7r)i,i +3+7)
=v((i+4+r)i+2n(i+3+7)+2K +2,(i+4+7r)i,i+3+7)
=v((i+3+r)i+2nGi+2+7r)+2K, G +3+7)i,i+2+7),

where we use the inductive hypothesis on j and ¥’ = ¢+ 3+ 2r — k > 0.In the same fashion,
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we have

v(G+3+r)@E+1)+2n+1)(E+24+7r)+2k,(i+34+7r)(i+1),i+2+7)
=v((@i+3+m)@E+1)+2n+ (i +24+r)+2r—2k+2,(i+3+r)(i+1),i+2+7)
+r(((i+3+r)i+2n+1)(i+2+7)+2k,(i+3+7)i,i+2+7)
=v(({+3+r)i+1)+2nG+2+7r)+2k, (@i +3+r)(i+1),i+2+7)

(i+247)+2r—2k+2,(i+3+7r)i,i+2+7)

v((i+3+r)i+2n+1

+u( )
+v((i+3+r)i+2n+1)i+2+7r)+2k, (i +3+7r)i,i+2+7)
=v((i+3+r)(i+1)+2n(G+2+7r)+2k (i +3+7r)(i+1),i+2+7)
+uv((i+34+r)yi+2n(i+2+7r)+2K,(i+3+7r)i,i+2+7)

+

(
v(((i+3+r)yi+2n+1)(i+2+7r)+2k, (i +3+7)i,i +2+7)

using the same notation for k" as above. This completes the case for 2r +2 < k < 2r+i+3

Lastly, consider 2r 4+ ¢ + 4 < 2k < 2r 4 2i 4+ 4. Then, we have

vi(i+4+r)(i+1)+2n+ 1) +3+7r)+2k+2,(i+4+7r)(i+1),i+3+7)
=v((i+44+r)i+1)+2n+1)(i+34+7r)+20+8+4r =2k, (i+44+7r)(i+1),i+3+7)
+rv((i+4+r)yi+2n+1)E+34+r)+2k+2,(i +4+7)i,i +3+7)
=v((@i+4+r)i+1)+2nG+34+7)+2k+2,(i +4+7)i,i+3+7)
+v((i+4+r)yi+2n+1)(i+3+r)+20+8+4r -2k, (i +4+r)(i+1),i+3+7)
+rv((i+4+r)yi+2n+1)(@+34+r)+2k+2,(i+4+7)i, i +3+7)
=v((i+3+r)i+1)+2n(i+2+7r)+2k, (i +3+7)i,i+2+7)

+v((i+3+r)i+2n+1)(i+2+7)+20@+3+2r—k),(i+3+r)(i+1),i+2+7)
+v((i+3+r)yi+2n+1)(i+24+7r)+2k,(i+3+71)i,i+24+7),

using the inductive hypothesis on p for the first and second terms and the inductive hy-
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pothesis on j for the third term. We also have

v((i+3+r)(i+1)+2n+1)GE+2+7)+2k, (G +3+7r)(i+1),i+2+7)
=v((i+3+r)(GE+1)+2n+1)[i+24+7r)+2i+6+4r—2k,(i+3+7r)(i+1),i+2+7)
+v((i+3+r)i+2n+1)(i+2+7)+2k, (i +3+7)i,i+2+7)
=v((i+3+r)(i+1)+2n(i+2+7)+2k (i +3+7)i,i+2+7)
+v((i+3+r)i+2n+ 1) e+2+7r)+20+3+2r—k), i +3+7r)(i+1),i+2+7)
+v((i+3+r)i+2n+ 1) +2+7)+2k, (0 +3+71)i, i +2+7),

thus equality in this case. We have completed the inductive step for j for (4.3.2). This also
completes the inductive step for p for (4.3.2). Hence, we have established (4.3.2).

Now, to prove
v(G+44+r)i+1)+2n+ 1)@ +3+7r)+2,(i+4+7r)(i+1),i+3+7)=0.
Recall, we assume this equality holds for j < n for p =i+ 1 and for all » > 0. We have

v((i+4+7r)GE+D)+2n+ DG +3+7)+2,(G+4+7)(i+1),i+3+7)
=v((i+44+r)Gi+1)+2nG+3+r)+2r+2,(i+4+7r)(i+1),i+3+7)
+v((i+4+r)yi+2n+1)(+3+r)+2,(i+4+7r)i,i+34+7)
=v((i+4+r)i+1)+2n(G+3+r)+2r+2,(+4+r)(i+1),i+3+7),

by induction on p for the second multiplicity. By r-applications of (4.3.1), we have
v((i+4+7)i+1)+2n(i+3+7r)+2r+2,(i+4+7r)i+1),i+3+7)=0.

This completes the inductive step on j for (4.3.2). Moreover, this completes the inductive

step on p and the proof of the lemma.
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Conclusion

In this paper, we used the constructive proof of level (¢ 4+ 1)-Demazure flags of a level
¢~Demazure module in [4] to give a well-defined recursion for the graded multiplicities.
For ¢ = 1,2, we gave closed formulae for the graded multiplicities. Moreover, the proper
combination of these multiplicities with Naoi’s result in [9] gave exact multiplicities for the
flag of the local Weyl module for type G2 by level 1-Demazure modules. We then related
the results to partial theta functions. As it is difficult to find a closed form for arbitrary
¢ € N, we turned our focus to numerical multiplicities. We proved recursions of generating
functions for the specialization ¢ = 1. This gave us two ways to determine the numerical
multiplicities. Moreover, we also found relationships between the numerical multiplicities

for different values of the level 4.
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