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Abstract: We consider Glauber dynamics for the Ising model on the complete graph

on n vertices, known as the Curie-Weiss model. It is well-known that the mixing-time

in the high temperature regime (8 < 1) has order n log n, whereas the mixing-time in

the case 8 > 1 is exponential in n. Recently, Levin, Luczak and Peres proved that for
. . 1 . .

any fixed B < 1 there is cutoff at time T—p" log n with a window of order n, whereas

the mixing-time at the critical temperature 8 = 1 is @ (n>/?). It is natural to ask how the
mixing-time transitions from ® (n logn) to On3/?) and finally to exp (®(n)). That is,
how does the mixing-time behave when 8 = B(n) is allowed to tend to 1 as n — oo.
In this work, we obtain a complete characterization of the mixing-time of the dynamics
as a function of the temperature, as it approaches its critical point 8, = 1. In particular,
we find a scaling window of order 1/4/n around the critical temperature. In the high
temperature regime, 8 = 1 — 8 for some 0 < § < 1 so that §°n — oo with n, the
mixing-time has order (n/8) 10g(82n), and exhibits cutoff with constant % and window
size n/§. In the critical window, 8 = 1 & §, where 8%n is O(1), there is no cutoff, and
the mixing-time has order n3/2. At low temperature, 8 = 1+8 for § > 0 with ’n — oo
and § = o(1), there is no cutoff, and the mixing time has order % exp ((%1 + 0(1))82n).

1. Introduction

The Ising Model on a finite graph G = (V, E) with parameter 8 > 0 and no external
magnetic field is defined as follows. Its set of possible configurations is @ = {1, —1}",
where each configuration o € 2 assigns positive or negative spins to the vertices of the
graph. The probability that the system is at a given configuration o is given by the Gibbs
distribution
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where Z () (the partition function) serves as a normalizing constant. The parameter
represents the inverse temperature: the higher g is (the lower the temperature is), the
more g favors configurations where neighboring spins are aligned. At the extreme case
B = 0 (infinite temperature), the spins are totally independent and ¢ is uniform over
Q.

The Curie-Weiss model corresponds to the case where the underlying geometry is the
complete graph on n vertices. The study of this model (see, e.g., [7-9,11]) is motivated
by the fact that its behavior approximates that of the Ising model on high-dimensional
tori. It is convenient in this case to re-scale the parameter §, so that the stationary measure
Ly, satisfies

1n(0) o exp(g Za(x)a(y)). (1.1)

x<y

The heat-bath Glauber dynamics for the distribution w, is the following Markov
Chain, denoted by (X;). Its state space is €2, and at each step, a vertex x € V is chosen
uniformly at random, and its spin is updated as follows. The new spin of x is randomly
chosen according to u, conditioned on the spins of all the other vertices. It can easily
be shown that (X;) is an aperiodic irreducible chain, which is reversible with respect to
the stationary distribution ;.

We require several definitions in order to describe the mixing-time of the chain (X;).
For any two distributions ¢, ¥ on €2, the fotal-variation distance of ¢ and y is defined
to be

1
I¢ = Vllrv := sup |$(A) — ¥ (A)l = > > 16(0) = Y (@)].
ACQ

o€eQ

The (worst-case) total-variation distance of (X;) to stationarity at time ¢ is
dy(t) = max |Ps (X, € -) — pnllTV,
oeQ

where P, denotes the probability given that Xy = o. The total-variation mixing-time of
(X;), denoted by fyx(¢) for 0 < ¢ < 1, is defined to be

tix(e) ;= min{t : d,(t) < &}.

A related notion is the spectral-gap of the chain, gap := 1 — A, where A is the largest
absolute-value of all nontrivial eigenvalues of the transition kernel.

Consider an infinite family of chains (X t(")), each with its corresponding worst-dis-
tance from stationarity dj, (¢), its mixing-times th(,fg(, etc. We say that (X ,(”)) exhibits cutoff
iff for some sequence w,, = o (tl\(,[';))((%)) we have the following: forany 0 < ¢ < 1 there

exists some ¢, > 0, such that

1 (e) — (1 — &) < cow, forall n. (1.2)
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Fig. 1. Ilustration of the mixing time evolution as a function of the inverse-temperature 8, with a scaling

window of order 1/4/n around the critical point. We write § = |8 — 1| and let ¢ be the unique positive root

of g(x) := % Cutoff only occurs at high temperature

That is, there is a sharp transition in the convergence of the given chains to equilibrium
at time (1 + o(l))tl\(,['g((%). In this case, the sequence w, is called a cutoff window, and

the sequence th(ﬁ;((%) is called a cutoff point.

It is well known that for any fixed B > 1, the Glauber dynamics (X;) mixes in
exponential time (cf., e.g., [10]), whereas for any fixed 8 < 1 (high temperature) the
mixing time has order n log n (see [2] and also [3]). Recently, Levin, Luczak and Peres
[11] established that the mixing-time at the critical point 8 = 1 has order n3/2, and
that for fixed 0 < B < 1 there is cutoff at time 2(1;_,3)” logn with window n. It is
therefore natural to ask how the phase transition between these states occurs around the
critical B, = 1: abrupt mixing at time (2(+_ﬂ) + o(1))nlogn changes to a mixing-time
of ©(n3/?) steps, and finally to exponentially slow mixing.

In this work, we determine this phase transition, and characterize the mixing-time of
the dynamics as a function of the parameter $, as it approaches its critical value 8. = 1
both from below and from above. The scaling window around the critical temperature
Bc has order 1/4/n, as formulated by the following theorems, and illustrated in Fig. 1.

Theorem 1. (Subcritical regime) Let § = 8(n) > 0 be such that 82n — oo with n. The
Glauber dynamics for the mean-field Ising model with parameter B = 1 — § exhibits
cutoff at time %(n/(S) log(82n) with window size n/8. In addition, the spectral gap of the
dynamics in this regime is (1 + 0(1))8/n, where the o(1)-term tends to 0 as n — oo.

Theorem 2. (Critical window) Let § = 8(n) satisfy § = O(1//n). The mixing time of
the Glauber dynamics for the mean-field Ising model with parameter B = 1 £ § has
order n3/%, and does not exhibit cutoff. In addition, the spectral gap of the dynamics in
this regime has order n=3/2
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1.0
Fig. 2. The stationary distribution of the normalized magnetization chain (average of all spins) for the dynam-
ics on n = 500 vertices. The center of mass at high temperatures (see 8 = 0.95) is at 0. Low temperatures

feature two centers of mass at £¢ (where ¢ is the unique positive solution of tanh(Sx) = x), leading to the
exponential mixing time

Theorem 3. (Supercritical regime) Let § = §(n) > 0 be such that 82n — oo with n.
The mixing-time of the Glauber dynamics for the mean-field Ising model with parameter
B = 1+ 6 does not exhibit cutoff, and has order

¢
fexp(n) == %exp (%/0 log (lli—i,(();))) dx) ,

where g(x) := (tanh(Bx) — x) / (1 — x tanh(Bx)), and ¢ is the unique positive root of g.
In particular, in the special case § — 0, the order of the mixing time is exp((% +o(1))
82n), where the o(1)-term tends to 0 as n — oo. In addition, the spectral gap of the
dynamics in this regime has order 1/texp(n).

As we further explain in Sect. 2, the key element in the proofs of the above theo-
rems is understanding the behavior of the sum of all spins (known as the magnetization
chain) at different temperatures. This function of the dynamics turns out to be an ergodic
Markov chain as well, and namely a birth-and-death chain (a one-dimensional chain,
where only moves between neighboring positions are permitted). In fact, the reason for
the exponential mixing at low-temperature is essentially that this magnetization chain
has two centers of mass, =¢n (where ¢ is as defined in Theorem 3), with an exponential
commute time between them. Fig. 2 demonstrates how the single center of mass around
0 that this chain (rescaled) has at high near-critical temperature proceeds to split into
two symmetric centers of mass that drift further and further apart as the temperature
decreases.

In light of this, a natural question that rises is whether the above mentioned bottle-
neck between the two centers of mass at £¢n is the only reason for the exponential
mixing-time at low temperatures. Indeed, as shown in [11] for the strictly supercritical
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regime, 8 > 1 fixed, if one restricts the Glauber dynamics to non-negative magnetization
(known as the censored dynamics), the mixing-time becomes ® (n log n) just like in the
subcritical regime. Formally, the censored dynamics is defined as follows: at each step,
anew state o is generated according to the original rule of the Glauber dynamics, and if
a negative magnetization is reached (S(o) < 0) then o is replaced by —o. Interestingly,
this simple modification suffices to boost the mixing-time back to order n logn, just
as in the high temperature case, and thus raises the question of whether the symmetry
between the high temperature regime and the low temperature censored regime applies
also to the existence of cutoff.

In a companion paper [5], we strengthen the result of [11] by showing that the scaling
window of 1/./n exists also for the censored low temperature case, beyond which cutoff
indeed occurs (yet at a different location than in the symmetric high temperature point).

Theorem 4. Let § > 0 be such that 8*n — oo arbitrarily slowly with n. Then the
censored Glauber dynamics for the mean field Ising model with parameter § = 1 +§

has a cutoff at
_(! ! " oe(s2
"= (2 225 - 1)) 5 100

with a window of order n/$. In the special case of the dynamics started from the all-plus
configuration, the cutoff constant is [2(;2,3/8 — D17 (the order of the cutoff point and
the window size remain the same).

Theorem 5. Let § > 0 be such that §*n — oo arbitrarily slowly with n. Then the cen-
sored Glauber dynamics for the mean field Ising model with parameter B = 146 has a
spectral gap of order §/n.

Recalling Theorem 1, the above confirms that there is a symmetric scaling window
of order 1/4/n around the critical temperature, beyond which there is cutoff both at
high and at low temperatures, with the same order of mixing-time (yet with a different
constant), cutoff window and spectral gap.

The rest of this paper is organized as follows. Section 2 contains a brief outline of the
proofs of the main theorems. Several preliminary facts on the Curie-Weiss model and on
one-dimensional chains appear in Sect. 3. Sections 4, 5 and 6 address the high tempera-
ture regime (Theorem 1), critical temperature regime (Theorem 2) and low temperature
regime (Theorem 3) respectively.

2. Outline of Proof

In what follows, we present a sketch of the main ideas and arguments used in the proofs of
the main theorems. We note that the analysis of the critical window relies on arguments
similar to those used for the subcritical and supercritical regimes. Namely, to obtain the
order of the mixing-time in Theorem 2 (critical window), we study the magnetization
chain using the arguments that appear in the proof of Theorem 1 (high temperature
regime). It is then straightforward to show that the mixing-time of the entire Glauber
dynamics has the very same order. In turn, the spectral-gap in the critical window is
obtained using arguments similar to those used in the proof of Theorem 3 (low temper-
ature regime). In light of this, the following sketch will focus on the two non-critical
temperature regimes.
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2.1. High temperature regime.

Upper bound for mixing. As mentioned above, a key element in the proof is the analysis
of the normalized magnetization chain, (S;), which is the average spin in the system. That
is, for a given configuration o, we define S(o’) to be % > i o(i), and it is easy to verify
that this function of the dynamics is an irreducible and aperiodic Markov chain. Clearly,
a necessary condition for the mixing of the dynamics is the mixing of its magnetization,
but interestingly, in our case the converse essentially holds as well. For instance, as we
later explain, in the special case where the starting state is the all-plus configuration,
by symmetry these two chains have precisely the same total variation distance from
equilibrium at any given time.

In order to determine the behavior of the chain (S;), we first keep track of its expected
value along the Glauber dynamics. To simplify the sketch of the argument, suppose that
our starting configuration is somewhere near the all-plus configuration. In this case, one
can show that ES; is monotone decreasing in ¢, and drops to order /1/6n precisely at
the cutoff point. Moreover, if we allow the dynamics to perform another ® (n/3) steps
(our cutoff window), then the magnetization will hit O (or %, depending on the parity of
n) with probability arbitrarily close to 1. At that point, we essentially achieve the mixing
of the magnetization chain.

It remains to extend the mixing of the magnetization chain to the mixing of the
entire Glauber dynamics. Roughly, keeping in mind the above comment on the sym-
metric case of the all-plus starting configuration, one can apply a similar argument to
an arbitrary starting configuration o, by separately treating the set of spins which were
initially positive and those which were initially negative. Indeed, it was shown in [11]
that the following holds for 8 < 1 fixed (strictly subcritical regime). After a “burn-in”
period of order n steps, the magnetization typically becomes not too biased. Next, if one
runs two instances of the dynamics, from two such starting configurations (where the
magnetization is not too biased), then by the time it takes their magnetization chains to
coalesce, the entire configurations become relatively similar. This was established by a
so-called Two Coordinate Chain analysis, where the two coordinates correspond to the
current sum of spins along the set of sites which were initially either positive or negative
respectively.

By extending the above Two Coordinate Chain Theorem to the case of 8 = 1 — 4,
where § = 8(n) satisfies 8n — 00, and combining it with second moment arguments
and some additional ideas, we were able to show that the above behavior holds throughout
this mildly subcritical regime. The burn-in time required for the typical magnetization
to become “balanced” now has order n /8, and so does the time it takes the full dynamics
of two chains to coalesce once their magnetization chains have coalesced. Thus, these
two periods are conveniently absorbed in our cutoff window, making the cutoff of the
magnetization chain the dominant factor in the mixing of the entire Glauber dynamics.

Lower bound for mixing. While the above mentioned Two Coordinate Chain analysis
was required in order to show that the entire Glauber dynamics mixes fairly quickly once
its magnetization chain reaches equilibrium, the converse is immediate. Thus, we will
deduce the lower bound on the mixing time of the dynamics solely from its magnetization
chain.

The upper bound in this regime relied on an analysis of the first and second moments
of the magnetization chain, however this approach is too coarse to provide a precise lower
bound for the cutoff. We therefore resort to establishing an upper bound on the third
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moment of the magnetization chain, using which we are able to fine-tune our analysis of
how its first moment changes along time. Examining the state of the system order n/§
steps before the alleged cutoff point, using concentration inequalities, we show that the
magnetization chain is typically substantially far from 0. Recalling Fig. 2, this implies
a lower bound on the total variation distance of the magnetization chain to stationarity,
as required.

Spectral gap analysis. Inthe previous arguments, we stated that the magnetization chain
essentially dominates the mixing-time of the entire dynamics. An even stronger state-
ment holds for the spectral gap: the Glauber dynamics and its magnetization chain have
precisely the same spectral gap, and it is in both cases attained by the second largest
eigenvalue. We therefore turn to establish the spectral gap of (S;).

The lower bound follows directly from the contraction properties of the chain in
this regime. To obtain a matching upper bound, we use the Dirichlet representation for
the spectral gap, combined with an appropriate bound on the fourth moment of the
magnetization chain.

2.2. Low temperature regime.

Exponential mixing. As mentioned above, the exponential mixing in this regime follows
directly from the behavior of the magnetization chain, which has a bottleneck between
+¢. To show this, we analyze the effective resistance between these two centers of mass,
and obtain the precise order of the commute time between them. Additional arguments
show that the mixing time of the entire Glauber dynamics in this regime has the same
order.

Spectral gap analysis. In the above mentioned proof of the exponential mixing, we
establish that the commute time of the magnetization chain between O and ¢ has the
same order as the hitting time from 1 to 0. We can therefore apply a recent result of
[6] for general birth-and-death chains, which implies that in this case the inverse of the
spectral-gap (known as the relaxation-time) and the mixing-time must have the same
order.

3. Preliminaries

3.1. The magnetization chain. The normalized magnetization of a configuration o € €2,
denoted by S(o), is defined as

l n
S(0) =~ Za(i).

i=1

Suppose that the current state of the Glauber dynamics is o, and that site i has been
selected to have its spin updated. By definition, the probability of updating this site to a
positive spin is given by p* (§(o) — o (i)/n), where

e’ 1+tanh(Bs)
T eBsyeBs 2 ’

3.1)
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Similarly, the probability of updating the spin of site i to a negative one is given by
p~ (S(o) —o(i)/n), where

e’ 1 —tanh(Bs)
efs +e=Bs 2 '
It follows that the (normalized) magnetization of the Glauber dynamics at each step is a
Markov chain, (S;), with the following transition kernel:

p(s) = 3.2)

%p_(s—n_l) ifs/:s—%,
Py (s, s =45 p*s+n7h ifs'=s+2,  (3.3)
1—1%p_(s—n_1)—%p+(s+n_l) if s’ =s.

An immediate important property that the above reveals is the symmetry of S;: the
distribution of (841 | S; = ) is precisely that of (—S;41 | Sf = —s).

As evident from the above transition rules, the behavior of the Hyperbolic tangent
will be useful in many arguments. This is illustrated in the following simple calculation,
showing that the minimum over the holding probabilities of the magnetization chain is
nearly % Indeed, since the derivative of tanh(x) is bounded away from 0 and 1 for all
x € [0, ] and any B = O(1), the Mean Value Theorem gives

2 1—s _1
Py(s,s+—-) = 7 (1 +tanh(Bs)) + O(n™ ),
n

2 1+s 1
Py(s,s — ;) =1 (1 —tanh(Bs))+ O(n™ "), (3.4)

Py(s,s) = %(1 +stanh(Bs)) — O(n™ V).

1
n
is monotone increasing, Py (s, s) < % + %s tanh(Bs) for all s, hence these probabilities
are also bounded from above by %(l +tanh(8)) < 1.
Using the above fact, the next lemma will provide an upper bound for the coalescence
time of two magnetization chains, S; and S’t, in terms of the hitting time 7o, defined as
70 := min{r : |S;| <n~1}.

Therefore, the holding probability in state s is at least % -0 ( ) In fact, since tanh(x)

Lemma 3.1. Let (S;) and (S’t) denote two magnetization chains, started from two arbi-
trary states. Then for any & > 0, there exists some c, > 0, such that the following holds:
if T > 0 satisfies P1(vg > T) < ¢, then S; and S‘t can be coupled in a way such that
they coalesce within at most c. T steps with probability at least 1 — ¢.

Proof. Assume without loss of generality that |Sy| < |So|, and by symmetry, that
o = |So| = 0. Define

T := min {t SIS < 18]+ %} .
Recalling the definition of 7, clearly we must have T < 7¢. Next, since the holding prob-
ability of S; at any state s is bounded away from 0 and 1 for large n (by the discussion

preceding the lemma), there clearly exists a constant 0 < b < 1 such that

P (S =S5 |18 =81 =2) >b>0
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(for instance, one may choose b = % (1 — tanh(pB)) for a sufficiently large n). It there-
fore follows that |S;41| = |S‘f+ 1| with probability at least b.

Condition on this event. We claim that in this case, the coalescence of (S;) and (S;)
(rather than just their absolute values) occurs at some ¢t < tp+1 with probability at least b.

The case S;+] = Sa1 1S immediate, and it remains to deal with the case S;11 = —Sea1.
Let us couple (S;) and (S;) so that the property S, = —S, is maintained henceforth.
Thus, at time ¢ = 79 we obtain |S; — St| =2|85] < ;, and with probability b this yields
St+1 = St+1~

Clearly, our assumption on 7 and the fact that 0 < o < 1 together give
Po(to=T) <Pi(zo>T) <e.

Thus, with probability at least (1 — &)b?, the coalescence time of (S;) and (S;) is at most
T. Repeating this experiment a sufficiently large number of times then completes the
proof. O

In order to establish cutoff for the magnetization chain (S;), we will need to carefully
track its moments along the Glauber dynamics. By definition (see (3.3)), the behavior
of these moments is governed by the Hyperbolic tangent function, as demonstrated by
the following useful form for the conditional expectation of S;,; given S; (see also [11,

(2.13)D,

E(Sit1 | S =s1=(s+ )PM(ss+ 2) 4 5Py(s,s) + (s — 2) Py (s, s — 2)
=0 =n"Ds+e@) =Y, (3.5)

where

0(s) = @(s, B, n) == % [tanh (,B(s +n_1)) +tanh (ﬂ(s - n_l))] ,
W(s) = ¥ (s, B, n) = nh (,B(S + n*l)) — tanh (,B(S — n*l))] .

Qe
=

3.2. From magnetization equilibrium to full mixing. The motivation for studying the
magnetization chain is that its mixing essentially dominates the full mixing of the Gla-
uber dynamics. This is demonstrated by the next straightforward lemma (see also [11,
Lemma 3.4]), which shows that in the special case where the starting point is the all-plus
configuration, the mixing of the magnetization is precisely equivalent to that of the entire
dynamics.

Lemma 3.2. Let (X;) be an instance of the Glauber dynamics for the mean field Ising

model starting from the all-plus configuration, namely, o9 = 1, and let S; = S(X;) be
its magnetization chain. Then

IP1(X; € ) — pallty = 1P1(S; € ) — mallTv, (3.6)

where 1, is the stationary distribution of the magnetization chain.
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Proof. Forany s € {—1,—1+2,...,1— 21}, 1let Q, := {0 € Q: S(0) = s}. Since
by symmetry, both w, (- | 25) and P1(X; € - | S; = s) are uniformly distributed over
Q;, the following holds:

1
IP1(X € ) = pallry = 5 > D7 IPI(X; = 0) = (0]

s o€l

1
=522

s o€l
IP1(S; € ) — mullTy.

P1(Si =9)  pa(S2)
€21 €21

O

In the general case where the Glauber dynamics starts from an arbitrary configuration
00, though the above equivalence (3.6) no longer holds, the magnetization still domi-
nates the full mixing of the dynamics in the following sense. The full coalescence of
two instances of the dynamics occurs within order n log n steps once the magnetization
chains have coalesced.

Lemma 3.3. ([11, Lemma 2.9]) Let 0, 6 € Q be such that S(o) = S(6). For a coupling
(X:, X;), define the coupling time Ty g = min{r > 0 : X; = X,}. Then for a sufficiently
large cy > O there exists a coupling (X, X)) of the Glauber dynamics with initial states
Xo = o and Xo = & such that

limsup P, 5 (‘L’X’X > con log n) =0.
n— 00

Though Lemma 3.3 holds for any temperature, it will only prove useful in the critical
and low temperature regimes. At high temperature, using more delicate arguments, we
will establish full mixing within order of % steps once the magnetization chains have
coalesced. That is, the extra steps required to achieve full mixing, once the magnetization
chain cutoff had occurred, are absorbed in the cutoff window. Thus, in this regime, the
entire dynamics has cutoff precisely when its magnetization chain does (with the same
window).

3.3. Contraction and one-dimensional Markov chains. We say that a Markov chain,
assuming values in R, is contracting, if the expected distance between two chains after
a single step decreases by some factor bounded away from 0. As we later show, the
magnetization chain is contracting at high temperatures, a fact which will have several
useful consequences. One example of this is the following straightforward lemma of
[11], which provides a bound on the variance of the chain. Here and throughout the
paper, the notation PP,, £, and Var, will denote the probability, expectation and variance
respectively given that the starting state is z.

Lemma 3.4. ([11, Lemma 2.6]) Let (Z;) be a Markov chain taking values in R and with
transition matrix P. Suppose that there is some 0 < p < 1 such that for all pairs of
starting states (z, 2),

|E.[Z,] —E;:[Z,]] < p'lz — ZI. (3.7)

Then v, = sup,, Var;,(Z,) satisfies v; < vimin {t, 1/ (1 = p?)}.
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Remark. By following the original proof of the above lemma, one can readily extend it
to the case p > 1 and get the following bound:

v < vp - p* min {t, 1/ (,02 — 1)} . (3.8)

This bound will prove to be effective for reasonably small values of ¢ in the critical
window, where although the magnetization chain is not contracting, p is only slightly
larger than 1.

Another useful property of the magnetization chain in the high temperature regime is
its drift towards 0. As we later show, in this regime, forany s > O wehave E [S;41]S; = 5]
< s, and with probability bounded below by a constant we have S;;; < S;. We thus
refer to the following lemma of [12]:

Lemma 3.5. ([12, Chap. 18]) Let (W,);>0 be a non-negative supermartingale and t be
a stopping time such that
(i) Wo =k,
(i) Wre1 — W; < B,
(iii) Var(Wyy1 | Fi) > 02 > 0 on the event t > t.

2 2 4k
Ifu > 4B~ /(307), then P (t > u) < N

This lemma, together with the above mentioned properties of (S;), yields the follow-
ing immediate corollary:

Corollary 3.6. ([11, Lemma 2.5]) Let 8 < 1, and suppose that n is even. There exists a
constant ¢ such that, for all s and for all u,t > 0,

cnls|
N
Finally, our analysis of the spectral gap of the magnetization chain will require several
results concerning birth-and-death chains from [6]. In what follows and throughout the
paper, the relaxation-time of a chain, f, , is defined to be gap~!, where gap denotes
its spectral-gap. We say that a chain is b-/azy if all its holding probabilities are at least
b, or simply lazy for the useful case of b = % Finally, given an ergodic birth-and-death
chain on X = {0, 1, ..., n} with stationary distribution m, the quantile state Q(«), for
0 < a < 1, is defined to be the smallest i € X such that 7 ({0, ..., i}) > «.

PCISul > 0, ..., 1Sussl > 0] Sy =) < (3.9)

Lemma 3.7. ([6, Lemma 2.9]) Let X (¢) be a lazy irreducible birth-and-death chain on
{0, 1, ..., n}, and suppose that for some 0 < ¢ < % we have tyy < gt Eotg(1—¢)-
Then for any fixede <o < f <1 —e:

3
Eowtom) = 57/t - B0ty (3.10)

Lemma 3.8. ([6, Lemma 2.3]) For any fixed 0 < ¢ < 1 and lazy irreducible birth-and-
death chain X, the following holds for any t:

P10, ) — wlltv < Po(to(i—e) > 1)+, (3.11)
and for all k € Q,
| P (k, ) — mllTv < Pr(max{toe), To(—e) > 1) +2e. (3.12)
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Remark. As argued in [6] (see Theorem 3.1 and its proof), the above two lemmas also
hold for the case where the birth-and-death chain is not lazy but rather b-lazy for some
constant b > 0. The formulation for this more general case incurs a cost of a slightly
different constant in (3.10), and replacing ¢ with 7/C (for some constant C) in (3.11)
and (3.12). As we already established (recall (3.4)), the magnetization chain is indeed
b-lazy for any constant b < % and a sufficiently large n.

3.4. Monotone coupling. A useful tool throughout our arguments is the monotone cou-
pling of two instances of the Glauber dynamics (X;) and (X,), which maintains a coor-
dinate-wise inequality between the corresponding configurations. That is, given two
configurations o > ¢ (i.e., 0 (i) > & (i) for all i), it is possible to generate the next
two states o’ and 6’ by updating the same site in both, in a manner that ensures that
o’ > &'. More precisely, we draw a random variable I uniformly over {1, 2, ..., n} and

independently draw another random variable U uniformly over [0, 1]. To generate ¢’

from o, we update site I to +1 if U < p* (S(o) — %), otherwise o/(I) = —1. We

perform an analogous process in order to generate 6’ from &, using the same 7 and U as
before. The monotonicity of the function p* guarantees that ¢’ > &', and by repeating
this process, we obtain a coupling of the two instances of the Glauber dynamics that
always maintains monotonicity.

Clearly, the above coupling induces a monotone coupling for the two corresponding
magnetization chains. We say that a birth-and-death chain with a transition kernel P and
a state-space X = {0, 1, ..., n} is monotone if P(i,i + 1)+ P(i + 1,i) < 1 for every
i < n.lItis easy to verify that this condition is equivalent to the existence of a monotone
coupling, and that for such a chain, if f : X — R is a monotone increasing (decreasing)
function then so is Pf (see, e.g., [6, Lemma 4.1]).

3.5. The spectral gap of the dynamics and its magnetization chain. To analyze the spec-
tral gap of the Glauber dynamics, we establish the following lemma which reduces this
problem to determining the spectral-gap of the one-dimensional magnetization chain.
Its proof relies on increasing eigenfunctions, following the ideas of [13].

Proposition 3.9. The Glauber dynamics for the mean-field Ising model and its one-
dimensional magnetization chain have the same spectral gap. Furthermore, both gaps
are attained by the largest nontrivial eigenvalue.

Proof. We will first show that the one-dimensional magnetization chain has an increas-
ing eigenfunction, corresponding to the second eigenvalue.

Recalling that S; assumes valuesin X' := {—1, —1+%, 1= %, 1}, let M denote its
transition matrix, and let 7 denote its stationary distribution.Let 1 =6y > 0y > --- > 6,
be the n + 1 eigenvalues of M, corresponding to the eigenfunctions fy = 1, f1, ..., fa-

Define & = max{6, |6,|}, and notice that, as S; is aperiodic and irreducible, 0 < 6 < 1.
Furthermore, by the existence of the monotone coupling for S; and the discussion in the
previous subsection, whenever a function f : X — R is increasing so is M f.

Define f : I — Rby f := f1+ f,+ K1, where 1 is the identity function and K > 0
is sufficiently large to ensure that f is monotone increasing (e.g., K = %H fi1+ fullLeo
easily suffices). Notice that, by symmetry of S;, m(x) = n(—x) forall x € &, and
in particular er)( xm(x) = 0, that is to say, (1, fo)Lz(ﬂ) = 0. Recalling that for all
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i # j we have (f;, fj)LQ(n) = 0, it follows that for some ¢qi,...,g, € R we have
f=2>"_,qfi withq) # 0and g, # 0, and thus

(071 m)" f = ait:/0)" ;.
i=1
Next, define

9

. q1f1 if6 =6, _ gnfn 10 =—-6,
8= [0 otherwise’ and h= 0 otherwise

and notice that

2m 2m+1
lim (9’1M) f=g+h, and lim (9’1M) f=g—h
m-—00 m— 00
As stated above, M™ f is increasing for all m, and thus so are the two limits g + & and
g — h above, as well as their sum. We deduce that g is an increasing function, and next
claim that g # 0. Indeed, if g = 0 then both 4 and —# are increasing functions, hence
necessarily 7 = 0 as well; this would imply that g; = ¢, = 0, thus contradicting our
construction of f.

We deduce that g is an increasing eigenfunction corresponding to 81 = 6, and next
wish to show that it is strictly increasing. Recall that for all x € X,

2 2 2 2
(Mg)(x):M(x,x——)g(x——)+M(x,x)g(x)+M(x,x+—)g(x+—).
n n n n

Therefore, if for some x € X we had g(x — %) = g(x) > 0, the fact that g is increasing
would imply that

018(x) = (Mg)(x) = g(x) = 0,
and analogously, if g(x) = g(x + %) < 0 we could write

01g(x) = (Mg)(x) < gx) <0.

In either case, since 0 < 61 < 1 (recall that 8; = ) this would in turn lead to g(x) = 0.
By inductively substituting this fact in the above equation for (M g)(x), we would imme-
diately get g = 0, a contradiction.

Letl =A0 > A1 > -+ > A|g—1 denote the eigenvalues of the Glauber dynamics,
and let A := max{A1, |Aon_1|}. We translate g into a function G : Q2 — R in the obvious
manner:

1 n
G(o) :=g(S(0)) = g(; Za(i)).
i=1

One can verify that G is indeed an eigenfunction of the Glauber dynamics corresponding
to the eigenvalue 61, and clearly G is strictly increasing with respect to the coordinate-
wise partial order on 2. At this point, we refer to the following lemma of [13]:

Lemma 3.10. ([13, Lemma 4]) Let P be the transition matrix of the Glauber dynamics,
and let L be its second largest eigenvalue. If P has a strictly increasing eigenfunction
f, then f corresponds to Aj.
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The above lemma immediately implies that G corresponds to the second eigenvalue
of Glauber dynamics, which we denote by A1, and thus A1 = 6.

It remains to show that A = A1. To see this, first recall that all the holding probabilities
of S; are bounded away from 0, and the same applies to the entire Glauber dynamics by
definition (the magnetization remains the same if and only if the configuration remains
the same). Therefore, both 8, and Ap»_; are bounded away from —1, and it remains to
show that gap = o(1) for the Glauber dynamics (and hence also for its magnetization
chain).

To see this, suppose P is the transition kernel of the Glauber dynamics, and recall the
Dirichlet representation for the second eigenvalue of a reversible chain (see [12, Lemma
13.7], and also [1, Chap. 3]):

W)
(fs Py
where E,,, (f) denotes (1, f), ,and

1—k1=min[ L f£0, ]E,Ln(f)zol, (3.13)

1
EN =AU =Py, =5 2. [F©@) = F@)] tn(@)P(0. 0.

0,0'eQ

By considering the sum of spins, h(o) = Z?:l o (i), we get £(h) < 2, and since the
spins are positively correlated, Var,, >, o (i) > n. It follows that

1— a1 <2/n,

and thus gap = 1 — A1 = 1 — 6] for both the Glauber dynamics and its magnetization
chain, as required. O

4. High Temperature Regime

In this section we prove Theorem 1. Subsect. 4.1 establishes the cutoff of the magne-
tization chain, which immediately provides a lower bound on the mixing time of the
entire dynamics. The matching upper bound, which completes the proof of cutoff for
the Glauber dynamics, is given in Subsect. 4.2. The spectral gap analysis appears in
Subsect. 4.3. Unless stated otherwise, assume throughout this section that 8 = 1 — 4,
where 82n — o0.

4.1. Cutoff for the magnetization chain. Clearly, the mixing of the Glauber dynamics
ensures the mixing of its magnetization. Interestingly, the converse is also essentially
true, as the mixing of the magnetization turns out to be the most significant part in the
mixing of the full Glauber dynamics. We thus wish to prove the following cutoff result:

Theorem 4.1. Let = 1 — 8, where 8 > 0 satisfies 8*n — oo. Then the corresponding
magnetization chain (Sy) exhibits cutoff at time % . %10g(82n) with a window of order
n/é.

Notice that Lemma 3.2 then gives the following corollary for the special case where
the initial state of the dynamics is the all-plus configuration:

Corollary 4.2. Let § = §(n) > 0 be such that §*n — oo with n, and let (X;) denote
the Glauber dynamics for the mean-field Ising model with parameter f = 1 — 4§, started
from the all-plus configuration. Then (X;) exhibits cutoff at time %(n/é) log(8%n) with
window size n/$é.
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4.1.1. Upper bound. Our goal in this subsection is to show the following:

lim limsup d, (l D log(8%n) + yf) —0, (4.1)
Y=7X n—soo 2 46 1)

where dj, (-) is with respect to the magnetization chain (S;) and its stationary distribution.

This will be obtained using an upper bound on the coalescence time of two instances of

the magnetization chain. Given the properties of its stationary distribution (see Fig. 2),

we will mainly be interested in the time it takes this chain to hit near 0. The following

theorem provides an upper bound for that hitting time.

Theorem 4.3. For 0 < 8 < 1 + O(n='/?), consider the magnetization chain started
from some arbitrary state s, and let 1y = min{t : |S;| < n~'}. Write B = 1 — 8, and
for y > 0 define

2 Jog(82n) + (y +3) 2 82n — o0
2 5 ’
(200+ 6y (1 + 6\/5271)) 732 820 = 0(1).

Then there exists some ¢ > 0 such that Psy(to > t,(y)) < c//V .

n(y) = (4.2)

Proof. For any ¢t > 1, define:
sp = Eg [|St|1{ro>t}] .

Suppose s > 0. Recalling (3.5) and bearing in mind the concavity of the Hyperbolic
tangent and the fact that v (s) > 0, we obtain that

1
E(Si41 | St = 5) < 5+ — (tanh(Bs) —5) .
n
Using symmetry for the case s < 0, we can then deduce that
1
E[IS11] 8] < 18]+ . (tanh(B[S:) — |S¢]) forany 1 < 1o. (4.3)

Hence, combining the concavity of the Hyperbolic tangent together with Jensen’s inequal-
ity yields

1 1
St+1 =< (1 — —) St + — tanh(,Bs,). (44)
n n

Since the Taylor expansion of tanh(x) is

x3 2% 17x7
tanh(x) =x — — + — —
3 15 315

+0(x?), (4.5)

we have tanh(x) < x — % for0 < x <1, giving

1 1 1 1 (s0)3
St+1 S 1 — — ) S+ — tanh(ﬂs,) 5 1 — — ) S+ —,Bst —
n n n n S5n

S 3
I €2 4.6)
n 5n
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For some 1 < a < 2 to be defined later, set
b, = a_i/4, and u; = min{z : s, < b;}.
Notice that s; is decreasing in ¢ by (4.6), thus for every ¢ € [u;, u;+1] we have
bifa = bisv1 <51 < b;.

It follows that

§ b b}
Sl+] E st _____ 5a3n7
and
a—1 §b; b} 5(a — a*n
il — Ui < b; —— )< . 4.7
Uj+] U = ( a l) /(l’l a 5a3n = 5802 +b12 ( )

For the case §?n — oo, define:

io = min{i : b; < 1/+/n}.

The following holds:
i io 2 2 2
5(a — )a‘n 5(a — )a‘n 5(a — Da“n
Dl ) S T T S 2 Tt 2 Ty
i=1 i=1 L i<ig L i<ip
b5 pr<s

5na? a—1 n 5
< + - —log(6°n),
da+1) 2loga §

where in the last inequality we used the fact that the series {b,” 2} is a geometric series
with a ratio a2, and that, as bi2 > 1/(én) for all i < iy, the number of summands such
that bl.2 < § is at most log,, (v 82n). Therefore, choosinga =1+ n~!, we deduce that:

i( y< (2400 )+ (L 00 ) Mo

Uiyl —Uj) =\ = n - = n - n

£ 2 5 \2 5 08
non 5

< 38 + % log(8-n), 4.8)

where the last inequality holds for any sufficiently large n. Combining the above inequal-
ity and the definition of iy, we deduce that

(56,000 =) By [150,0) Ljros,00y] < 1/+/6n. (4.9)
Thus, by Corollary 3.6 (after taking expectation), for some fixed ¢ > 0,
P(ro > ta(y)) = ¢/
For the case §%n = O(1), choose a = 2, thatis, b; = 2-+2) "and define

it = min{i : b; < n 4 Vv 5/)5|}. (4.10)
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Substituting a = 2 in (4.7), while noting that § > —21—5bi2 foralli < iy, gives

i i i

20n n n
> (is1 — ) < > s < 100> 15 < 2002
l._l( i+~ Ui) < 05 4b? A2 TR

< (200;13/2 A 8|’;—|) < 200132,

where the last inequality in the first line incorporated the geometric sum over {b;” 2}. By
(4.10),

by <n~ 14y 58] <n~1/4 (1 + 5(32n)‘/4) ,

and as in the subcritical case, we now combine the above results with an application
of Corollary 3.6 (after taking expectation), and deduce that for some absolute constant
c >0,

P(to > ta(y)) = ¢//7,
as required. O

Apart from drifting toward 0, and as we had previously mentioned, the magnetization
chain at high temperatures is in fact contracting; this is a special case of the following
lemma.

Lemma 4.4. Let (S;) and (S;) be the corresponding magnetization chains of two in-

stances of the Glauber dynamics for some p = 1 — & (where § is not necessarily
positive), and put Dy :== S; — S;. The following then holds:
$ | D | 4
E[D41 — Dy | D] < _;Dt + 2 +0((n). (4.11)

Proof. By definition (recall (3.5)), we have
E[D+1 — Dy | D) = E[Si+1 — St + 8¢ — Si41 | D]

=SS a0 - e60] - [0 - wi].

The Mean Value Theorem implies that
- B -
o(S1) —@(Sy) < ;(St = St),

and applying Taylor expansions on tanh(x) around §.S; and BS;, we deduce that

W)~y Gy = ~0(5s)
! 7 nZcosh2(BS)  n?cosh?(BS,) nt)’

Since the derivative of the function x / cosh?(8x) is bounded by 1, another application
of the Mean Value Theorem gives

v v =0 (i) .

n4

Altogether, we obtain (4.11), as required. O
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Indeed, the above lemma ensures that in the high temperature regime, g = 1 — 4,
where 6 > 0, the magnetization chain is contracting:

8
E [|D,+1| | D[] < (l — 2—) |D;| for any sufficiently large . 4.12)
n

We are now ready to prove that hitting near 0 essentially ensures the mixing of the
magnetization.

Lemmad.5. Let 8 =1 — § for § > 0 with 82n — oo, (X;) and ()?,) be two instances
of the dynamics started from arbitrary states oo and &y respectively, and (S;) and (S;)
be their corresponding magnetization chains. Let Tmag denote the coalescence time
Tmag = min{t : §;, = S’,}, and t,(y) be as defined in Theorem 4.3. Then there exists
some constant ¢ > 0 such that

P(rmag > tn(3)/)) <c/y forally > 0. (4.13)

Proof. Set T = t,(y). We claim that the following holds for large n:

2 ~ 2
IES;| < ﬁ and |ES;| < ﬁ forallt > T. 4.14)

To see this, first consider the case where n is even. The above inequality then follows
directly from (4.9) and the decreasing property of s; (see (4.6)), combined with the fact
that EoS; = 0 (and thus ES; = 0 for all # > 70). In fact, in case n is even, |ES;| and
|ES;| are both at most 1/ /8n for all t > T. For the case of n odd (where there is no 0
state for the magnetization chain, and 7y is the hitting time to :I:%), a simple way to show

that (4.14) holds is to bound |E 1 S;|. By definition, Py (1, 1) > Py (L, —1) (see (3.3)).
Combined with the symmetry of the positive and negative parts of the magnetization
chain, one can then verify by induction that P}’w (%, %) > P/{,, (%, — %) for any odd £ > 0
and any ¢. Therefore, by symmetry as well as the fact that ES; < so for positive so, we
conclude that |E; S;| is decreasing with ¢, and thus is bounded by rll This implies that
(4.14) holds for odd 1 as well.

Combining (4.14) with the Cauchy-Schwartz inequality we obtain that forany ¢ > T,

. . 4 ~ 4
EIS, — S| < E|S;| +EIS,| < \/Var(S,) to +\/Var(S,) to
n n

Now, combining Lemma 3.4 and Lemma 4.4 (and in particular, (4.12)), we deduce that
Var §; < %, and plugging this into the above inequality gives

- 10
E|S; — S| < —— foranyt > T.
= e Y

We next wish to show that within 2yn/§ additional steps, S; and S, coalesce with prob-
ability at least 1 — ¢/, /y for some constant ¢ > 0.

Consider time 7', and let D; := S; — S‘,. Recall that we have already established that

EDr < 10/+/4n, (4.15)
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and assume without loss of generality that D7 > (0. We now run the magnetization
chains S; and S; independently for 7 < t < 11, where

tp:=min{t > T : D; € {0, —%}},

and let F; be the o-field generated by these two chains up to time 7. By Lemma 4.4, we
deduce that for sufficiently large values of n, if D; > 0 then

8
E[Di+1 — Dy | Fi]l < _2_Dt <0, (4.16)
n
and D, is a supermartingale with respect to J;. Hence, so is
n
Wi = D1yt - 51{r1>t}’

and it is easy to verify that W; satisfies the conditions of Lemma 3.5 (recall the upper
bound on the holding probability of the magnetization chain, as well as the fact that at
most one spin is updated at any given step). Therefore, for some constant ¢ > 0,

P(t1 > t,2y) | D7) =P(Wo > 0, Wy >0, ..., W, 2y)-7 > 0] D7)
cnDr
yn/s

=

]

Taking expectation and plugging in (4.15), we get that for some constant ¢/,

P (1t > 1,(2p)) < % 4.17)

From time 71 and onward, we couple S; and S', using a monotone coupling, thus D;

becomes a non-negative supermartingale with Dy, < % By (4.16),

b
E[Di1 =Dy | Ftl < —— for 1 <1 < Tingg,
n

and therefore, the Optional Stopping Theorem for non-negative supermartingales implies
that, for some constant ¢”,

E(tmae — 11) "
P (Tmag — 71 > 1/8) < % = (4.18)

Combining (4.17) and (4.18) we deduce that for some constant c,

c
P (Tmag > tn(SV)) = ﬁa

completing the proof. 0O
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4.1.2. Lower bound. We need to prove that the following statement holds for the distance
of the magnetization at time ¢ from stationarity:

1
lim liminf dy (= - ~log(8%n) — y= ) = 1. (4.19)
y—>00 n—00 2 95 )
The idea is to show that, at t1me log(82n) ¥ 5, the expected magnetization remains

large. Standard concentration 1nequahtles will then imply that the magnetization will
typically be significantly far from 0, unlike its stationary distribution.

To this end, we shall first analyze the third moment of the magnetization chain.
Recalling the transition rule (3.3) of S; under the notations (3.1),(3.2),

1 + tanh(Bs) _ 1 — tanh(Bs)
= P &=

+ —
p (S)_ 2 k) 2 )

the following holds:
E[S% 18 =s]
_l+s 1 2\ 1-s + _1 2\?
= p(s—n")ls——) + pi(s+n ) s+ —
2 n 2 n
1 -
( -t +n—1>) $°
2
1
=3+ 7 Z (—2s +tanh (ﬂ(s - n_l)) +tanh (,B(S +n_l))

s

+ (tanh (,B(S - nil)) — tanh (,B(S + nil))) +cy ) + el (4.20)

As tanh(x) < x for x > 0, for every s > 0 we get

2

3s B B s o
B[Sk 18 =s] =4 2 (<254 B —n") 4B +n ™)) +er—+ =
5
R SR X @21)
n n n

If s = 0, the above also holds, since in that case |S:411° < (2/n)3. Finally, by symmetry,
if s < 0O then the distribution of |St+1| = - H] given S; = s is the same as that of SH]
given S; = |s|, and altogether we get:

1) c1 [o5)
E[1S1 15 =] = IsP = 3=1sP+ 515l + 5
n n
We deduce that
3 3 8 .3 € 2
ElSuil® < E (187 = 3215+ 15,1+ 5

3
(1 - —) ElS,]? + —E|St| + = (4.22)
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Note that the following statement holds for the first moment of S;:

Eqy [1S:1] = y/ (Eyy $)2 + Vary, ($1)

/( )2+16< | 5’| i+ 4
S — ——1 s —_.
! én n 0 Jén

38 S\ ) &
3 3,
Eatsin? = (157 ) Bt (l—;) ol e W

2
c28

Hence,

3 3 €1
= "Eg| S I° + 1" 5 Isol + ——=
n

f

where n = 1—4/n, and the extra error term involving ¢’ absorbs the change of coefficient
of Ey,|S; | and also the 1/n3 term. Iterating, we obtain

t /o2 3
€1 2j ‘1 9 3j
E 3 33t S0 Jof —L J
sl Seat = 0 5ol ' glsol 2o (= e ) Do
j=0 j=0
/ /o2
3, 3. (€1 Isol o 9 1
=n"lsol”+n — - + + '
! T T n2/sn  n? 1—n?

c +c’28
(8n)3/2 n

< ¥ sol’ + ' <-Isol + (4.23)
on

Define Z; := |S;|n~!, whence Zo = |So| = |so|. Recalling (3.5), and combining the

Taylor expansion of tanh(x) given in (4.5) with the fact that [y (s)| = O (s/ nz), we get

that for s > 0,

S3 N

E[1Sil | S =s] = ns — 5- = —.

By symmetry, an analogous statement holds for s < 0, and altogether we obtain that

ISzI |S: |

-5

E[ISm11] 8] = nlSi] — -

(4.24)

Remark. Note that (4.24) in fact holds for any temperature, having followed from the
basic definition of the transition rule of (S;), rather than from any special properties that
this chain may have in the high temperature regime.

Rearranging the terms and multiplying by n~“*!, we obtain that for any sufficiently

large n,
2 I _
E |:<l - _2) Zi — Zsy1 | St] =7 I8P,
n n

where we used the fact that n~! < 2. Taking expectation and plugging in (4.23), we
deduce that

2 L( 5 5 c _ c ch8
]ESO [(l_m) Z; — Zt+li| <- (77 [sol” + 5|SO|+7] W+7 . (425)

S
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Set
7= " log(82n) — yn/s
= —lo n)—yn/é,
23 g 14

—(t+1) _
and notice that when 7 is sufficiently large, (1 — n%) < 2foranyt < t. Therefore,

multiplying (4.25) by (1 — n%)_(’ *1 and summing over gives:

2ls0l? _c i c ché
js0] — 2Bz < —P00 7 L4 2 ( 1 L)
n

n(i—n?) " on d—m \6em2 " n
2|s0|3+c110g(82n)|s|+ c} L +c/2_5
=7 2820 0T 32 T end2 T n
2|50l

== +0(V/8 +s0]),

where the last inequality follows from the assumption 8’72 — oco. We now select
S0 = NG /3, which gives

V)3 — 2By, Z; < 24/5/27 + 0(N/$),
and for a sufficiently large n we get
By, Z; > ~/5/9.

Recalling the definition of Z;, and using the well known fact that (1 —x) > exp(—x/(1—
x)) for 0 < x < 1, we get that for a sufficiently large n,

eV/2

By S5 = n'v/8/9 > —— =: L
50|t|—n /—10%

(4.26)

Lemma 3.4 implies that max{Vary,(S;), Var,, (SH} < 16/8n. Therefore, recalling that
E., S; = 0, Chebyshev’s inequality gives

16/(8n)

-V
24 ¢

Py, (1571 < L/2) < Py (|IS7] = B 1S71| = L/2) <

)

16/(n) _

-y
L2/4

P, (187 > L/2) <

Hence, letting = denote the stationary distribution of S;, and Ay denote the set [—%, %],
we obtain that

P, (S; € ) —mlltv = w(AL) — Py (IS5l € Ap) > 1 —2¢ce™,

which immediately gives (4.19). O
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4.2. Full mixing of the Glauber dynamics. In order to boost the mixing of the mag-
netization into the full mixing of the configurations, we will need the following result,
which was implicitly proved in [11, Sects. 3.3, 3.4] using a Two Coordinate Chain anal-
ysis. Although the authors of [11] were considering the case of 0 < < 1 fixed, one
can follow the same arguments and extend this result to any § < 1. Following is this
generalization of their result:

Theorem 4.6. ([11]) Let (X;) be an instance of the Glauber dynamics and |1, the sta-
tionary distribution of the dynamics. Suppose X is supported by

—{oceQ:|S0) <1/2).

For any og € Qo and ¢ € <, we consider the dynamics (X;) starting from oo and an
additional Glauber dynamics (X;) starting from &, and define:

Tmag = min{t : S(X;) = S(X,)},
Uw):={i:0@) =o00@) =1}, V(o) :=1I{i : 0(@) =o00() = -1},
E:={o :min{U (o), U(cg) — U(c), V(0), V(cg) — V(c))} > n/20},

R(1) := |UX;) — U(Xy)|,

Hi(1) = {tmag <1}, Ha(t1,12) := "L, {X; € EAX; € B},
Then for any possible coupling of X; and X, the following holds:

max By (Xr, € ) = tallry < max |Bo, 6 (Hi(1)
o€ 00€R

geQ

+ Poy.5(Ryy > ay/n/s )+PUOU(H2(rl’r2))+\/2T \/>i| (4.27)

where r; < rp and a > 0.

The rest of this subsection will be devoted to establishing a series of properties satis-
fied by the magnetization throughout the mildly subcritical case, in order to ultimately
apply the above theorem.

First, we shall show that any instance of the Glauber dynamics concentrates on $2¢
once it performs an initial burn-in period of n/§ steps. It suffices to show this for the
dynamics started from sg = 1: to see this, consider a monotone-coupling of the dynamics
(X;) starting from an arbitrary configuration, together with two additional instances of
the dynamics, (X;) starting from so = 1 (from above) and (X;") starting from so = —1
(from below). By definition of the monotone-coupling, the chains (X;) and (X;) “trap”
the chain (X;), and by symmetry it indeed remains to show that

Pi(ISy,| <1/2) =1 —o0(1), wherety =n/s.
Recalling (4.4), we have s;41 < (1 — %)s,, where s, = E [|St |1{r0>t}], thus

Ei [0 Mizysn0)] <7
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Adding this to the fact that ;S;1{z9p < 7} = 0, which follows immediately from
symmetry, we conclude that £;S;, < e~ !. Next, applying Lemma 3.4 to our case and

noting that (3.7) holds for p’ = 1 — % (1 — ntanh(g)) <1- f—l, we conclude that

Var(S,) < v = < 4\ 16 o all s
ar V1 — — — = — 1Iora .
v="15=\n) 5 on

Hence, Chebyshev’s inequality gives that |S,,| < 1/2 with high probability. We may
therefore assume henceforth that our initial configuration already belongs to some good
state og € 2.

Next, set:

T :=t,(y), ro:=1tQQy), r1:=1t,(3y), r2:=1t,(4y).

We will next bound the terms in the righthand side of (4.27) in order. First, recall that
Lemma 4.5 already provided us with a bound on the probability of Hj(r;), by stating
there for constant ¢ > 0,

P(tmag > 1) < % (4.28)

Our next task is to provide an upper bound on R,,, and namely, to show that it typi-
cally has order at most 4/n/§. In order to obtain such a bound, we will analyze the sum
of the spins over the set B := {i : 0¢(i) = 1}. Define

1
Mi(B) = 5 > X (i),

ieB

and consider the monotone-coupling of (X;) with the chains (X;) and (X, ), starting
from the all-plus and all-minus positions respectively, such that X;” < X, < X;. By
defining M;" and M, accordingly, we get that

E(M,(B))* < E(M;'(B))* +E(M,; (B))* = 2E(M,; (B))*.

By (4.14), we immediately get that for 7 > T, [EM/(B)| < \/g We will next bound

the variance of M (B), by considering the following two cases:

(i) If every pair of spins of X/ is positively correlated (since X is the all-plus con-
figuration, by symmetry, the covariances of each pair of spins is the same), then
we can infer that

1 . n? 4n
Var(M;"(B)) < Var 3 ZEZM:] XHi) | = o Var (S(x) < ~

(i) Otherwise, every pair of spins of X} is negatively correlated, and it follows that

Var(M; (B)) < > Var (%X,*(i)) <

ieB

n
2
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Altogether, we conclude that for all ¢ > T,

EIM,(B)| < \/E (M,(B))? < /2 Var(M{ (B) +2 (EM; (B))?

8 2
Mgt (4.29)
5 5

This immediately implies that
~ ~ n
ERy, = E|M,, (B) — M, (B)| < E|M,,(B)| +E|M, (B)| < 16\/;,

and an application of Markov’s inequality now gives

16
P(R,, >« g) <=, (4.30)

o

It remains to bound the probability of H (71, 7). Define:

Y= > WIM(B)| > n/64),
ri<t<ry
and notice that

rn
IED(U {IM:(B)| = n/32}) <P(Y > n/64) < coEY]

n

t=ri

Recall that the second inequality of (4.29) actually gives E|M;(B)|? < 57". Hence, a
standard second moment argument gives

P(|M;(B)| > n/64) = O (i) .
én

Altogether, Eo, Y = O(1/8%) and

n 1
PG()(U {IM/(B)| > n/32}) =0 (%) _

t=r1
Applying an analogous argument to the chain (X,), we obtain that
r 1
P (L:J {i1.8)) = n/32}) =0 (m) ,

and combining the last two inequalities, we conclude that

. 1
Poy.,5 (Hz(n, rz)) =0 (ST) 4.31)
n
Finally, we have established all the properties needed in order to apply Theorem 4.6.
At the cost of a negligible number of burn-in steps, the state of (X;) with high probability
belongs to €29. We may thus plug in (4.28), (4.30) and (4.31) into Theorem 4.6, choosing
a = ,/y,to obtain (4.1).
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4.3. Spectral gap analysis. By Proposition 3.9, it suffices to determine the spectral gap
of the magnetization chain. The lower bound will follow from the next lemma of [4]
(see also [12, Theorem 13.1]) along with the contraction properties of the magnetization
chain.

Lemma 4.7. ([4]) Suppose Q2 is a metric space with distance p. Let P be a transition
matrix for a Markov chain, not necessarily reversible. Suppose there exists a constant
0 < 1 and for each x,y € K, there is a coupling (X1, Y1) of P(x,-) and P(y, ")
satisfying

Exy(p(X1, Y1) = 0p(x, y).

If A is an eigenvalue of P different from 1, then |\| < 6. In particular, the spectral gap
satisfies gap > 1 — 6.

Recalling (4.12), the monotone coupling of S; and S, implies that

i 5 5 i
S1—S1‘§(1——+0(—))|s—s|.
n n

Therefore, Lemma 4.7 ensures that gap > (1 + 0(1))%.

It remains to show a matching upper bound on gap, the spectral gap of the mag-
netization chain. Let M be the transition kernel of this chain, and 7 be its stationary
distribution. Similar to our final argument in Proposition 3.9 (recall (3.13)), we apply the
Dirichlet representation for the spectral gap (as given in [12, Lemma 13.7]) with respect
to the function f being the identity map 1 on the space of normalized magnetization,
we obtain that

Es,§

ey (U-mL 1), Ex [E[S:Si+1 | St]]
gap < =1-

(1,1),  (1,1), E,S2 ’

(4.32)

where E Slk is the k™ moment of the stationary magnetization chain (S;). Recall (4.24)
(where n = 1 — %), and notice that the following slightly stronger inequality in fact
holds:

ISP 1S

2n n2

(to see this, one needs to apply the same argument that led to (4.24), then verify the
special cases S; € {0, %}). It thus follows that

E [Sign(St)Sm } St] > n|Si| —

IE[SS |S]> 52_S_f_S_f2
191+l | Ot = N9y n 2’
and plugging the above into (4.32) we get
1 E.S 1
gap < — 4 — - —L 4 — (4.33)

n 2n E.S? n®

In order to bound the second term in (4.33), we need to give an upper bound for the fourth
moment in terms of the second moment. The next argument is similar to the one used
earlier to bound the third moment of the magnetization chain (see (4.20)), and hence
will be described in a more concise manner.
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For convenience, we use the abbreviations At := tanh (,3 (s +n_1)) and h~ =
tanh (,B (s — n_l)). By definition (see (3.3)) the following then holds:

2
E[S) | Si=s1=s"+=5> (=2s+h™ +h* +sh™ — h")

n

+n—62s2 (2+h* —h™ —sh™ +h")

8 . B _
+n—3s‘ (=2s+h™ +h* +sh™ —h")

+r;i4(2+h+—h_—sh_+h+)

46 12 16
< (1——)S4+—2S2+—4.
n n n

Now, taking expectation and letting the S; be distributed according to i, we obtain that

3 4
]E;-[S;‘ < EEHSIZ+ W

Recalling that, as the spins are positively correlated, Var, (S;) > %, we get

4\ E,S?
E,S} < (3 + ;) % (4.34)

Plugging (4.34) into (4.33), we conclude that

) 1 )
gap < — (1 + 0 (T)) = (1 +o(1))—.
n 8n n

5. The Critical Window

In this section we prove Theorem 2, which establishes that the critical window has a
mixing-time of order n3/? without a cutoff, as well as a spectral-gap of order n=3/2.

5.1. Upperbound. Let (X;) denote the Glauber dynamics, started from an arbitrary con-
figuration o, and let (X;) denote the dynamics started from the stationary distribution
Un. Asusual, let (S;) and (5,) denote the (normalized) magnetization chains of (X;) and
(5( +) respectively.

Lete > 0. The case 8°n = O(1) of Theorem 4.3 implies that, for a sufficiently large
y >0,Ps (10 > yn3/ 2) < &. Plugging this into Lemma 3.1, we deduce that there exists
some ¢, > 0, such that the chains S; and S‘, coalesce after at most c,n>/? steps with
probability at least 1 — €.

At this point, Lemma 3.3 implies that (X;) and (X,) coalesce after at most O (n°/%) +
O(nlogn) = O(n3?) additional steps with probability arbitrarily close to 1, as required.
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5.2. Lower bound. Throughout this argument, recall that § is possibly negative, yet
satisfies 82n = O(1). By (4.22),

1) c
E[S+11° le(IS,|3—3;|Sz|3 2|S,|+ )
38
< (1 - —) EIS P + SEIS|+ =
n n n

Recalling Lemma 4.4, and plugging the fact that § = O (n~!/?) in (4.11), the following
holds. If S; and S, are the magnetization chains corresponding to two instances of the
Glauber dynamics, then for some constant ¢ > 0 and any sufficiently large n,

Ey 5181 — Si| < (1 +cen~3?)|s —5]. (5.1)

Combinlng this with the extended form of Lemma 3.4, as glven in (3.8), we deduce that
if 1 < en®/? for some small fixed & > 0, then Vary, S; < 4t / n=. Therefore,

)
Es [18:1] < \/|]ES()S1|2 + Vary, §; < (1 -

Therefore,

38 c 8\’ A/t
Eso|Sis1? < (1 — —) Eq|Sil” + — (1 — —) Isol + =3

n n n
1\/_

< 773EsolSz|3+77 — Isol +

where again n = 1 — §/n. Iterating, we obtain

/ t

t
3 3y, 13, 1€l 2j 1
By ISp1* < m¥lsol? + ' sl 2 n* + —5= Z
1\/—
3

j=0
2t—1 /
cr N —1 —1
3t|S0|3+7)tn—2' 21 |sol + e
/
Cl C \/;
< n¥so/? 0 2lsol + ;—3 31, (5.2)

where the last inequality holds for sufficiently large n and r < en®/? with ¢ > 0 small
enough (such a choice ensures that ' will be suitably small). Define Z, := |S;|n~",
whence Zy = |So| = |so|. Applying (4.24) (recall that it holds for any temperature) and
using the fact that 17_1 <2, we get

1
E[Zi1 | 502 2=~ (071817 + 01/m).

for n large enough, hence

—

EIZi = Zuwt | 1= — (7715 + 0(1/m).

S
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Taking expectation and plugging in (4.23),

1 cot 32
EslZi — Zin] < ;(nZ'ISoP + 3 lsol+ 7"

3 +0(1/n)). (5.3)
n

Setr = 113/2/A4 for some large constant A such that % < n? < 2. Summing over (5.3)
we obtain that

1— n2t
n(l —n?)

2 c
3 2
< Fﬁ|50| +F|SO|+

- C T —
Iso| — By, Z7 < Isol® + tzn—§|so| +207 PPt v 0(/n?)

%ewznm‘*nqﬂ + O(nfl/z)'

—1/4

We now select so = An for some large constant A; this gives

2 o ie«/szn/A“) w4 e 012,

—1/4
An / _Esozti(z-'-ﬁ-'-Alo

Choosing A large enough to swallow the constant ¢; as well as the term %1 (using the
fact that 82n is bounded), we obtain that

1
EgZ7 > —An~1/4,
2
Translating Z; back to |S;|, we obtain
-1
EyISl = o' - 5 An™ % = VA~ =0 B, (5.4)

provided that A is sufficiently large (once again, using the fact that 5 is bounded, this
time from below). Since

_ 16
Varg, () < 167/n* = Fn—l/z, (5.5)

the following concentration result on the stationary chain (S;) will complete the proof:
P, (1S = An™' %)} < e(A), and Jim_e(4) =0. (5.6)
—00

Indeed, combining the above two statements, Chebyshev’s inequality implies that
Py (Sz € ) = mllTv = w([—=B/2, B/2]) — Py, (157 < B/2)

>1— % —e(VA). (5.7)

It remains to prove (5.6). Since we are proving a lower bound for the mixing-time, it
suffices to consider a sub-sequence of the §,-s such that 8, ,/n converges to some con-
stant (possibly 0). The following result establishes the limiting stationary distribution of
the magnetization chain in this case.
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Theorem 5.1. Suppose that lim,, . », 8,4/n = a € R. The following holds:

Siin s 52
m—)f:xp (_E_QE . (5.8)

Proof. We need the following theorem:

Theorem 5.2. ([8, Theorem 3.9]) Let p denote some probability measure, and let S, (p)=
% Z';:l Xj(p), where the {X j(p) : j € [n]} have joint distribution

1 n
Z_n exp [M} H dp(_xj)

and Z, is a normalization constant. Suppose that {p, : n = 1,2, ...} are measures
satisfying

exp(x?/2)dp, — exp(x/2)dp. (5.9)
Suppose further that p has the following properties:

(1) Pure: the function

52
G,(s) == 5~ log/e”d,o(x)

has a unique global minimum.
(2) Centered at m: let m denote the location of the above global minimum.
(3) Strength § and type k: the parameters k, § > 0 are such that

( _ )Zk
G,(s) = G,(m) +3S(27m)! +o((s —m)),

where the o(-)-term tends to 0 as s — m.
If, for some real numbers oy, ..., dy—1 we have

—1+j/2ky

G (m) = +o(n j=1,2,....2k—1, n— oo,

nl—J /2k
then the following holds:
Sn(on) = l{s;tm}

and

Su(pn) —m

Znin T 2k—1 ;
n—1/2k 2k j )

where ™' — 1 > 0 fork = 1.
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Let p denote the two-point uniform measure on {—1, 1}, and let p,, denote the two-
point uniform measure on {— B, Bu}. As |1 — B,| = 8, = O(1/4/n), the convergence
requirement (5.9) of the measures p, is clearly satisfied. We proceed to verify the prop-
erties of p:

12 45

This implies that G, has a unique global minimum at m = 0, type k = 2 and strength
8 = 2. As 8,4/n — «, we deduce that the G, -s satisfy

2
G, (s) = % — log cosh(B,s),

52 52 st s 8
G,(s) = C log/e”d,o(x) i logcosh(s) = — — — + O(s°).

W) = GO (0) =
G0 =G0 =0,
20 B
GP(0) =12 =8,2-8,) = T +o(n™1/?).

This completes the verification of the conditions of the theorem, and we obtain that

Su(pn) st 52
pEsyE — exp (_E —ar ). (5.10)

Recalling that, if x; = =1 is the i spin,

1
/Ln(xl,...,x,,)zmexp g Z xixj |, (5.11)

I<i<j<n
clearly S, (p0,) has the same distribution as S, for any n. This completes the proof of
the theorem. O

Remark. One can verify that the above analysis of the mixing time in the critical win-
dow holds also for the censored dynamics (where the magnetization is restricted to be
non-negative, by flipping all spins whenever it becomes negative). Indeed, the upper
bound immediately holds as the censored dynamics is a function of the original Glauber
dynamics. For the lower bound, notice that our argument tracked the absolute value of
the magnetization chain, and hence can readily be applied to the censored case as-well.
Altogether, the censored dynamics has a mixing time of order n3/2 in the critical window
18 fors = 0(1/4/n).

5.3. Spectral gap analysis. The spectral gap bound in the critical temperature regime is
obtained by combining the above analysis with results of [6] on birth-and-death chains.

The lower bound on gap is a direct consequence of the fact that the mixing time has
order n°/2, and that the inequality fpy, < fynx (%) always holds. It remains to prove the
matching bound #yx (}1) = O (tze)- Suppose that this is false, thatis, tyy;, = 0 (tMIX (%))

Let A be some large constant, and let so = An~1/4 Notice that the case 82n = O(1)
in Theorem 4.3 implies that B9 = O (n>/?). Furthermore, by Theorem 5.2, there exists
a strictly positive function of A, €(A), such that lim4_.» €(A) = 0 and

%8(14) =7(S = s0) < 2e(A)
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for sufficiently large n. Applying Lemma 3.7 with @« = 7 (S > 509) and 8 = % gives
Esm0 = o(n®'?). As in Subsect. 5.2, set 7 = n3/2/A4 for some large constant A. Com-
bining Lemma 3.8 with Markov’s inequality gives the following total variation bound
for this birth-and-death chain:

IPs(S7 € -) — wlitv < 4e(A) +o(1). (5.12)
However, the lower bound (5.7) obtained in Subsect. 5.2 implies that:
IPs,(S7 € ) —mllty =1 — 48(\/Z/2) — 64/A5. (5.13)

Choosing a sufficiently large constant A, (5.12) and (5.13) together lead to a contradic-
tion for large n. We conclude that gap = O (n~3/?), completing the proof.

Note that, as the condition gap - fvix(7) —> 00 is necessary for cutoff in any family
of ergodic reversible finite Markov chains (see, e.g., [6]), we immediately deduce that
there is no cutoff in this regime.

Remark. Tt is worth noting that the order of the spectral gap at 8. = 1 follows from
a simpler argument. Indeed, in that case, the upper bound on gap can alternatively be
derived from its Dirichlet representation, similar to the argument that appeared in the
proof of Proposition 3.9 (where we substitute the identity function, i.e., the sum of spins
in the Dirichlet form). For this argument, one needs a lower bound for the variance of
the stationary magnetization. Such a bound is known for 8. = 1 (see [9]), rather than
throughout the critical window.

6. Low Temperature Regime

In this section we prove Theorem 3, which establishes the order of the mixing time
and the spectral gap in the super critical regime (where the mixing of the dynamics is
exponentially slow and there is no cutoff).

6.1. Exponential mixing. Recall that the normalized magnetization chain S; is a birth-
and-death chain on the space ¥ = {—1, —1+ %, AU %, 1}, and for simplicity, assume
throughout the proof that n is even (this is convenient since in this case we can refer to
the O state. Whenever n is odd, the same proof holds by letting % take the role of the 0
state).

The following notation will be useful. We define

Xla,bl :={xe X :a <x <b},

and similarly define &' (a, b), etc. accordingly. For all x € X, let py, gy, h, denote the
transition probabilities of S; to the right, to the left and to itself from the state x, that is:

I —x 1+tanh(B(x +n~hy)

px:zPM(x,x+%)= 5 5 ,
l+x 1—tanh(B(x —n~ YY)
qx = Py (x,x = 3) = —— ﬂ2 :

hy == Py (x,x) =1— py —gx.
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By well known results on birth-and-death chains (see, e.g., [12]), the resistance ry and
conductance ¢, of the edge (x, x+2/n), and the conductance ¢, of the self-loop of vertex
x for x € X[0, 1] are (the negative parts can be obtained immediately by symmetry)

q p h
re = H 2= H 2= Jf (Cx—2/n +Cy), 6.1)
yeX(0,x] Py yeX (0,x] qy Px *4x

and the commute-time between x and y, Cy y for x < y (the minimal time it takes the
chain, starting from x, to hit y then return to x) satisfies

ECyy =2csR(x < ), (6.2)
where

cs = Z(cx +c) and R(x < y):= Z rs.

xeX zeX[x,y)

Our first goal is to estimate the expected commute time between 0 and ¢. This is incor-
porated in the next lemma.

Lemma 6.1. The expected commute time between 0 and ¢ has order

n n ¢ 1+gx)
fexp '= — — log————=)d 6.3
exp SGXP(Z/O Ogl—g(x)) X, (6.3)

where g(x) := (tanh(Bx) — x) / (1 — x tanh(Bx)). In particular, in the special case
8 — 0 we have ECy; = %exp ((%1 + 0(1))8211), where the o(1)-term tends to 0 as
n — oQ.

Remark. If ¢ ¢ X, instead we simply choose a state in X which is the nearest possible
to ¢. For a sufficiently large n, such a negligible adjustment would keep our calculations
and arguments intact. For the convenience of notation, let { denote the mentioned state
in this case as well.

To prove Lemma 6.1, we need the following two lemmas, which establish the order
of the total conductance and effective resistance respectively.

Lemma 6.2. The total conductance satisfies

n n ¢ 1+g(x)
cs =0 —exp| = log{ ————=)dx)).
8 2 Jo 1 —g(x)
Lemma 6.3. The effective resistance between 0 and ¢ satisfies

RO < ¢) = ©(/n/s).

Proof of Lemma 6.2. Notice that for any x € X, the holding probability /, is uniformly
bounded from below, and thus ¢}, can be uniformly bounded from above by (cx +cx—2 /n)-
It therefore follows that cg = ®(Cg), where ¢g = Zx cx Cx,and itremains to determine
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¢s. We first locate the maximal edge conductance and determine its order, by means of
classical analysis,

_ Py _ 1—y 1+tanh(B(y +n~Y))
logey = . logg = > IOg(Hy ' 1—tanh(ﬂ(y—n_])))

yeX (0,x] yeX (0,x]
= > e (;J’ﬂ + O(l/n)) = > e (;J’ﬂ) +0®).
e X 0] -8 e 0] -8
(6.4)

Note that g(x) has a unique positive root at x = ¢, and satisfies g(x) > 0 for x € (0, ¢)
and g(x) < 0 for x > ¢. Therefore,

logey <logc; + O(x) <logc, + O(1),

thus we move to estimate c;. As log ¢; is simply a Riemann sum (after an appropriate
rescaling), we deduce that

B 1+g(x) on ff 1+g(x)
loge; = log(l_—g(x))+0(l)—§/0 log(m)dx+0(l),

xeX(0,¢]

¢ 1+g(x)
=0 (exp (g /O log (1_—‘2();)) dx)) , 6.5)

cx = 0(cy). (6.6)

and therefore

Next, consider the ratio ¢y42/,/cx; whenever x < ¢, g(x) > 0, hence we have

Cx+2/n _ Px+2/n I+g(x) —
Cy - qx+2/n z 1—g(x) 0(1/71) = 1+2g(x> O(l/n)

1 1 . .
Whenever T <x<¢- T (using the Taylor expansions around 0 and around ¢)

we obtain that tanh(Sx) — x > %4/ 6/n. Combining this with the fact that x tanh(8x) is
always non-negative, we obtain that for any such x, 2g(x) > 4/8/n. Therefore, setting

1 1 1
& = \/; &r:=1¢— \/% &3:=¢ +\/%, (6.7)

Cx+2/n
Cx

we get

> 1+\/§—0(1/n) for any x € X[&1, &]. (6.8)

Using the fact that 8%n — oo, the sum of cx-S in the above range is at most the sum of
a geometric series with a quotient 1/(1 + %«/8 /n) and an initial position c;:

> s 3\/?%. (6.9)

xeX[£,£]
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We now treat x > &3; since g(¢) = 0 and g(x) is decreasing for any x > ¢, then in
particular whenever ¢ + \/6/n < x < 1 we have —1 = g(1) < g(x) < 0, and therefore

Cx+2/n _ Px+2/n

Cx qx+2/n

<l+gx)+0{/n).

Furthermore, for any ¢ + /8/n < x < 1 (using Taylor expansion around ¢) we have
tanh(Bx) — x < —./8/n, and hence g(x) < —./5/n. We deduce that

Cx+2/n
Cx

)
<1—,/—+0(/n) forany x € X[&;, 1],
n

and therefore

> s 2\/?@. (6.10)

xeX|[&3,1]
Combining (6.9) and (6.10) together, and recalling (6.6), we obtain that

és = e =2 (100, 811+ 5/n/6 + 1 X[&2. &1l ) cc = O (@cg).

xeX

Finally, consider x € X[&>, &3]; an argument similar to the ones above (i.e., perform
Taylor expansion around ¢ and bound the ratio of ¢y4+2/,/cx) shows that ¢, is of order
c¢ in this region. This implies that for some constant b > 0,

- n
Gz > oz blXIEL &l 2 b\/;cg, 6.11)
xeX[£,83]

and altogether, plugging in (6.5), we get

.o n n [¢ 1+g(x)
O

Proof of Lemma 6.3. Translating the conductances, as given in (6.8), to resistances, we
get

x+2/n

Iy

8

<1—,/——0(/n) forany x € X[&, &],
n

and hence

Z re < re24/n/8 < 23/n/s,

xeX[&1,6]

where in the last inequality we used the fact that r, < ry_3/, (< 19 = 1) for all
x € X0, ¢], which holds since g, < p, for such x. Altogether, we have the following

upper bound:
RO+ ¢) = z Iy + z ry + Z Tx

xeX[0,§1] xeX[§1,6] xeX[£,¢]

< IX[0,51]|+2\/§+|X[$2,€]| =4/n/s. (6.13)
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For a lower bound, consider x € X][0, &]. Clearly, for any x < «/;57; we have
tanh(Bx—x)

glx) = T—x tanh(Bx) < 26x, and hence

x+2/n 1—gx)
re l+g)

+0(1/n) > 1—5x8 > exp(—6x9),
yielding that

re, > exp (—33n . 512) > e 3.
Altogether,

R0 < ¢) = e X0, &1 = e */n/s,
and combining this with (6.13) we deduce that R(0 <> ¢) = ©(y/n/d). O

Proof of Lemma 6.1. Plugging in the estimates for ¢g and R(0 <> ¢) in (6.2), we get

ECy, = © (E exp (2 /; log (M) dx)) (6.14)
N 5 \2.Jo 1—g(x) ' ‘

This completes the proof of Lemma 6.1. O

Note that by symmetry, the expected hitting time from ¢ to —¢ is exactly the expected
commute time between 0 and ¢. Hence,

B[] = O (fexp)- (6.15)

In order to show that the above hitting time is the leading order term in the mixing-
time at low temperatures, we need the following lemma, which addresses the order of
the hitting time from 1 to ¢.

Lemma 6.4. The normalized magnetization chain S; in the low temperature regimes
satisfies E1t; = o(fexp).

Proof. First consider the case where § is bounded below by some constant. Notice that,
as py < gy for all x > ¢, in this region S; is a supermartingale. Therefore, Lemma 3.5
(or simply standard results on the simple random walk, which dominates our chain in
this case) implies that Ej 7, = 0 (n?). Combining this with the fact that fexp, > exp(cn)
for some constant ¢ in this case, we immediately obtain that E;7; = o(fexp).

Next, assume that § = o(1). Note that in this case, the Taylor expansion tanh(Sx) =
Bx — $(Bx)* + O((Bx)°) implies that

¢ =\/35/87 — 0((p0)’ = V35 + 0. (6.16)

Recalling that E[S;41 | S; = s] < s + %(tanh(ﬂs) —s) (as s > 0), Jensen’s inequality
(using the concavity of the Hyperbolic tangent) gives

1
E[Ste1 — S/ 1 = EE[Si+1 — 8¢ | Si]) < Y (Etanh(8S;) — ES;)

< % (tanh(BES;) — ES;). (6.17)
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Further note that the function tanh(f8s) has the following Taylor expansion around ¢ (for
some £ between s and ¢):

tanh(Bs) = ¢ + (1 — (s — &) + B (=1 + 2L (s — ¢)?

3 4)
P lva— s —op + BB 4 6s)

+_
3 4!

Since tanh® (x) < 5 for any x > 0, (6.18) implies that for a sufficiently large n the
term — % (s — ¢)3 absorbs the last term in the expansion (6.18). Together with (6.16), we
obtain that

tanh(Bs) < ¢ +B(1 — (s — O) + B (=1 +LHV8(s — D%
Therefore, (6.17) follows:

)
E[Si+1 — 8] < —%(Est -2 (6.19)

Set
b =27', i =min{i : b; <+/8} and wu; = min{t: ES;, — ¢ < b;},
noting that this gives b; /2 < ES; — ¢ < b; for any ¢ € [u;, u;+1]. It follows that

b2 4n
VB biva S
532 b

Upr] — U =
and hence

i

4n
Zum —uj < z —— = 0@n/d),
i=1 V/b;

i:bl.z>6

where we used the fact that the series {b;” l} is geometric with ratio 2. We claim that
this implies the required bound on E;z,. To see this, recall (6.19), according to which
W, == n(S; — g“)l{r§>,} is a supermartingale with bounded increments, whose variance
is uniformly bounded from below on the event 7, > ¢ (as the holding probabilities of
(Sy) are uniformly bounded from above, see (3.4)). Moreover, the above argument gives
EW, < n+/8 for some r = O(n/8). Thus, applying Lemma 3.5 and taking expectation,
we deduce that Ey7; = O(n/6 + 8n2) = O((Snz), which in turn gives E17; = o(fexp).
O

Remark. With additional effort, we can establish that Egt4; = o(fexp) (for more details,
see the companion paper [5]), where 74, = min{z : |§;| > ¢}. By combining this with
the of S; symmetry and applying the geometric trial method, we can obtain the expected
commute time between 0 and ¢:

Ecto = (3 +0(1)ECo; = O(fexp),

and therefore conclude that E179p = © (fexp).
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6.1.1. Upper bound for mixing. Combining Lemma 6.4 and (6.15), we conclude that
Eij7t_¢ = ©O(texp) and hence K79 = O (fexp). Together with Lemma 3.1, this implies
that the magnetization chain will coalescence in O (fexp) steps with probability arbi-
trarily close to 1. At this point, Lemma 3.3 immediately gives that the Glauber dynamics
achieves full mixing within O (nlogn) additional steps. The following simple lemma
thus completes the proof of the upper bound for the mixing time.

Lemma 6.5. Let texp be as defined in Lemma 6.1. Then nlogn = o(fexp).

Proof. In case § > ¢ > 0 for some constant ¢, we have fexp > n exp(c’'n) for some
constant ¢’ > 0 and hence nlogn = 0(Zexp)- It remains to treat the case § = o(1).

Suppose first that 8§ = o(1) and 8§ > cn~!/3 for some constant ¢ > 0. In this
case, we have fexp = %exp ((% + 0(1))62n) and thus n exp(%nlﬂ) = O(texp), giving
nlogn = o(fexp). Finally, if 6 = o(n~13), we can simply conclude that n*3 = O (texp)
and hence nlogn = o(texp). O

6.1.2. Lower bound for mixing. The lower bound will follow from showing that the
probability of hitting —¢ within &z, steps is small, for some small ¢ > 0 to be chosen
later. To this end, we need the following simple lemma:

Lemma 6.6. Let X denote a Markov chain over some finite state space 2, y € Q2 denote
a target state, and T be an integer. Further let x € Q2 denote the state with the smallest
probability of hitting y after at most T steps, i.e., x minimizes Py (ty < T). The following
holds:

P <7T)< .
v (Ty < )_Eﬂy

Proof. Set p = Py(zy < T). By definition, P,(ry < T) > p for all z € , hence the
hitting time from x to y is stochastically dominated by a geometric random variable with
success probability p, multiplied by 7. That is, we have E, 7, < T/p, completing the
proof. 0O

The final fact we would require is that the stationary probability of X[—1, —¢] is
strictly positive. This is stated by the following lemma.

Lemma 6.7. There exists some absolute constant 0 < C, < 1 such that
Cr = n(X[¢, 1) (= n(X[-1, =¢]).
Proof. Repeating the derivation of (6.11), we can easily get
n n ¢ 1+g(x)
CX[¢,1] = Z (Cx + C;) >0 (\/;exp (5/0 log 1——g(_x)) dx) .
xeX[¢, 1]

Combining the above bound with (6.12), we conclude that there exists some C,; > 0,
such that 7 (X[¢, 1]) > C,. O

Plugging in the target state —¢ into Lemma 6.6, and recalling that the monotone-cou-
pling implies that, for any T, the initial state so = 1 has the smallest probability (among
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all initial states) of hitting —¢ within 7 steps, we deduce that, for a sufficiently small
e >0,

1
IPJl("—'—{ = Stexp) =< ECTP

This implies that

which in turn gives

fop = O (twix () -

6.2. Spectral gap analysis. The lower bound is straightforward (as the relaxation time
is always at most the mixing time) and we turn to prove the upper bound. Note that, by
Lemma 6.7, we have w(X[¢, 1]) > C; > 0. Suppose first that gap - tMIX(%) — o00. In
this case, one can apply Lemma 3.7 onto the birth-and-death chain (S;), with a choice of
a=mn(X[¢,1])and B = 1 — 7 (X[¢, 1]) (recall that tM,X(%) = O(E;7_¢)). It follows
that

E;—‘Efg =0 (Elffg) .

However, as both quantities above should have the same order as tMlx(%{), this leads to

a contradiction. We therefore have gap - tMIX(%) = O(1), completing the proof of the
upper bound.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncommercial
License which permits any noncommercial use, distribution, and reproduction in any medium, provided the
original author(s) and source are credited.
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