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Nucleon-level Effective Theory of 𝝁 → 𝒆 Conversion

Evan Rule∗

Department of Physics, University of California, Berkeley, CA 94720, USA

E-mail: erule@berkeley.edu

The Mu2e and COMET 𝜇 → 𝑒 collaborations plan to advance branching ratio sensitivities by four
orders of magnitude, further constraining new sources of charged lepton flavor violation (CLFV).
We formulate a non-relativistic nucleon-level effective theory for this process, in order to clarify
what can and cannot be learned about CLFV operator coefficients from elastic 𝜇 → 𝑒 conversion.
Utilizing state-of-the-art shell model wave functions, we derive bounds on operator coefficients
from existing 𝜇 → 𝑒 conversion results, and estimate the improvement in these bounds that will
be possible if Mu2e and COMET reach their design goals. In the conversion process, we employ
a treatment of the lepton Coulomb physics that is very accurate, yet yields transparent results and
preserves connections to standard-model processes like 𝛽 decay and 𝜇 capture. The formulation
provides a bridge between the nuclear physics needed in form factor evaluations and the particle
physics needed to relate low-energy constraints from 𝜇 → 𝑒 conversion to UV sources of CLFV.
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Nucleon-level Effective Theory of 𝜇 → 𝑒 Conversion

1. Introduction

Experimental searches for processes which violate charged lepton flavor conservation are
among the most sensitive probes of beyond Standard Model (BSM) physics. In this work, we focus
on 𝜇 → 𝑒 conversion, the process in which a muon captured into the Coulomb field of an atomic
nucleus converts into a mono-energetic outgoing electron. The relevant experimental quantity is
the branching ratio

𝐵(𝜇− + (𝐴, 𝑍) → 𝑒− + (𝐴, 𝑍)) ≡ 𝜔(𝜇− + (𝐴, 𝑍) → 𝑒− + (𝐴, 𝑍))
𝜔(𝜇− + (𝐴, 𝑍) → 𝜈𝜇 + 𝐴(𝑍 − 1, 𝑁 + 1)) , (1)

where the denominator is the rate for standard muon capture. Depending on the nature of the
underlying CLFV operators, the current upper limit 𝐵(𝜇 → 𝑒) < 7 × 10−13 [3] constrains BSM
physics up to energy scales ∼ 103 TeV. The next generation experiments, Mu2e [4, 5] at Fermilab
and the COherent Muon to Electron Transition (COMET) experiment [6] at Japan Proton Research
Complex (J-PARC), aim to improve upon the existing branching ratio limit by as much as four
orders of magnitude, potentially probing as high as 104 TeV. Both experiments have chosen 27Al as
the nuclear target, but an ensemble of measurements on various nuclear targets is a high priority
beyond the initial experimental runs.

The remarkable sensitivities achieved in 𝜇 → 𝑒 conversion experiments are made possible by
the kinematics: assuming that the nucleus remains in the ground state, electrons emitted through the
CLFV conversion process will have an energy at the very endpoint of the spectrum of background
electrons originating from standard model 𝜇 → 𝑒 + 2𝜈 decays. Close to the endpoint energy, the
standard model muon decays are suppressed by a factor (𝐸endpoint − 𝐸)5 leading to extremely low
backgrounds in the region of interest. However, the restriction of the nucleus to the ground state,
which we refer to as elastic 𝜇 → 𝑒 conversion, limits the set of CLFV operators which can be
probed due to the approximate parity and time-reversal symmetries of the nuclear ground state.

As the nature of potentially observable CLFV is yet unknown, one would like to consider
the most general description of the 𝜇 → 𝑒 conversion process in the form of an effective theory
with unknown parameters, or low-energy constants (LECs), that can be constrained by experiment.
Recently, an effective theory description of elastic 𝜇 → 𝑒 conversion was formulated in terms of
non-relativistic single-nucleon currents interacting with the leptons [1, 2]. This effective theory
factorizes the CLFV physics – which is independent of the target nucleus – from the nuclear
physics, allowing one to directly access the “nuclear dials" which can be tuned through clever
target selection to extract all of the information about the underlying CLFV physics that is available
in the low-energy, highly-exclusive process of elastic 𝜇 → 𝑒 conversion. Here, we summarize
the recent development of the nucleon-level effective theory of 𝜇 → 𝑒 conversion including the
approximations necessary to achieve a simple, factorized expression for the CLFV decay rate.

2. Treatment of lepton wave functions

Highly-accurate numerical wave functions for the bound muon and outgoing electron can be
obtained by solving the Dirac equation in the nuclear Coulomb field. The effect of the finite nuclear
size is accounted for by considering a nuclear charge density 𝜌𝑝 (𝑟) that has been fit to electron
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scattering data [7]. Many previous studies (e.g. [8–12]) of 𝜇 → 𝑒 conversion have restricted
attention to the case of coherent conversion in which the relevant nuclear operators sum coherently
over all 𝐴 nucleons in the nucleus leading to a naive enhancement of 𝐴 relative to non-coherent
operators. The simple form of the coherent operators implies that their nuclear matrix elements
depend only on the isoscalar nuclear density, a measured quantity. In the coherent case, it is therefore
justified to use the highly-accurate numerical lepton wave functions. This leads to a “top-down"
approach in which a candidate CLFV model (or class of models) is considered which generates at
leading order a coherent response. The 𝜇 → 𝑒 branching ratio can be computed with quantified
uncertainties and therefore used to exclude regions of parameter space within the models under
consideration.

On the other hand, to pursue the “bottom-up" approach of considering the most general theory
of 𝜇 → 𝑒 conversion is cumbersome if one wants to retain the numerical lepton wave functions and
requires the calculation of nuclear response functions which typically do not have well understood
uncertainties. In order to achieve a relatively simple theory which factorizes the CLFV physics
from the nuclear physics we introduce approximate forms for the muon and electron wave functions.

The captured muon quickly decays to the 1𝑠 orbital of the nuclear Coulomb field. For the
light nuclei (𝛼𝑍 ≪ 1) that we consider here, the bound muon is highly non-relativistic, and we
neglect entirely the lower component of the wave function. In the nucleus 27Al, the muonic Bohr
radius 𝑎0

𝜇 ≈ 19.7 fm is large compared to both the nuclear size 𝑟 rms
𝑁

≈ 3.1 fm and the scale over
which the electron wave function varies, which is given by the first zero of the Bessel function
𝑗0(𝑞𝑟), 𝑟𝑒 ≈ 𝜋

𝑞
≈ 𝜋

𝑚𝜇
≈ 5.9 fm. Therefore it is a suitable approximation to replace the complicated

numerical solution by a constant value. In the limit of a point-like nucleus, the appropriate constant
would be the value of the muon wave function evaluated at the origin. Furthermore, for a point-like
nucleus the Schrodinger solution for the muon wave function reduces to a known analytic form
which, evaluated at the origin yields

𝜙𝑍
1𝑠 (®𝑟 = 0) = 1

√
4𝜋

[
𝑍𝛼𝜇𝑐

ℏ

]3/2
, (2)

where 𝜇 is the muon reduced mass. With this limit in mind, we choose to parameterize the constant
approximation for the muon wave function in terms of an effective point-like nuclear charge 𝑍eff

seen by the muon

𝜙
𝑍eff
1𝑠 (®𝑟 = 0) = 1

√
4𝜋

[
𝑍eff𝛼𝜇𝑐

ℏ

]3/2
≡ 1

√
4𝜋

∫
𝑑𝑟 𝑟2𝜌𝑁 (𝑟) 𝑗0(𝑞𝑟) 𝐺 (𝑟)

𝑟∫
𝑑𝑟 𝑟2𝜌𝑁 (𝑟) 𝑗0(𝑞𝑟)

, (3)

where 𝜌𝑁 (𝑟) is the nuclear density and 𝐺 (𝑟) is the upper component of the muon’s radial Dirac
wave function. We find 𝑍eff = 11.309 and 16.656 for Al and Ti, respectively. Fig. 1 compares
the constant approximation of the muon wave function in the target nuclei 27Al and 48Ti to the
Dirac solutions obtained from the extended nuclear charge densities. The constant approximation
is chosen to exactly reproduce the isoscalar monopole operator which contributes to coherent
𝜇 → 𝑒 conversion but will introduce some error when used to compute matrix elements of different
multipole operators as the radial weighting will differ from the monopole density. We estimate that
the muon approximations induce an overall error in the decay rate ∼ 1% in Al and ∼ 4% in Ti,
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Figure 1: Muon 1𝑠 bound state wave functions for 27Al (left) and 48Ti (right) including the Dirac 𝜅 = −1
upper𝐺 (𝑟) (orange) and lower 𝐹 (𝑟) (green), and Schrodinger (blue dashed) solutions for the extended nuclear
charge distribution, and the Schrodinger solution of a point-like nuclear charge (red); also shown are the
volume-weighted charge distributions 𝑟2𝜌(𝑟) 𝑗0 (𝑞𝑟) and 𝑟2𝜌(𝑟) 𝑗2 (𝑞𝑟) (shaded). The overall normalization
(but not the relative normalization) of the two densities is arbitrary. As the muon wave function varies slowly
over the nucleus, it is appropriate to use an average value: the black dotted line is the constant approximation
obtained via Eq. 3.

which is typically less than the uncertainty associated with the evaluation of the nuclear response
functions.

The outgoing electron receives nearly all of the muon rest mass energy as kinetic energy and
is therefore ultra-relativistic. Although nearly a Dirac plane wave, the electron wave function is
distorted by the Coulomb interaction with the nuclear charge. The effect of Coulomb attraction can
be accounted for while retaining a simple plane wave form by introducing an effective momentum
𝑞eff [13, 14] for the electron so that its wave function can be written as

𝑈 (𝑞, 𝑠) 𝑒𝑖 ®𝑞 · ®𝑥 →
√︂

𝐸𝑒

2𝑚𝑒

(
𝜉𝑥

®𝜎 · 𝑞𝜉𝑠

)
𝑞eff

𝑞
𝑒𝑖 ®𝑞eff · ®𝑥 . (4)

The effective momentum 𝑞eff is equated to the physical momentum minus the (negative) average
Coulomb potential energy over the nuclear charge density. In particular, we find 𝑞eff = 110.81 MeV
and 112.43 MeV for 27Al and 48Ti, respectively. The resulting effective momentum approximation
for the electron wave function in various partial waves for the nucleus 27Al is shown in Fig. 2. The
quality of the effective momentum approximation for Ti is similar to that of Al.

3. Nucleon-level effective theory

When the approximate lepton wave functions are coupled to non-relativistic single-nucleon
currents, the resulting theory may be expressed entirely in terms of operators acting between Pauli
spinors. All of the operators in the theory can then be constructed from the identity operators for the
leptons and nucleons – respectively, 1𝐿 and 1𝑁 – and the following four Hermitian vector operators:

𝑖𝑞 =
𝑖 ®𝑞
| ®𝑞 | , ®𝑣𝑁 , ®𝜎𝐿 , ®𝜎𝑁 , (5)
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<latexit sha1_base64="huD3NSDLTh/QQPSWVFsAc+jzMaM=">AAACE3icbVC7SgNBFJ31GeNr1dJmMAjRIuwGQZtAwMYygnlANoTZyU0yZvbBzF0xLPEbbPwVGwtFbG3s/Bsnj0ITDwwczrmHO/f4sRQaHefbWlpeWV1bz2xkN7e2d3btvf2ajhLFocojGamGzzRIEUIVBUpoxApY4Euo+4PLsV+/A6VFFN7gMIZWwHqh6ArO0Eht+9QbsDhmJfeB5j2Q0pDbkodwjxqHElKXepHJ0+LopG3nnIIzAV0k7ozkyAyVtv3ldSKeBBAil0zrpuvE2EqZQsEljLJeoiFmfMB60DQ0ZAHoVjq5aUSPjdKh3UiZFyKdqL8TKQu0Hga+mQwY9vW8Nxb/85oJdi9aqQjjBCHk00XdRFKM6Lgg2hEKOMqhIYwrYf5KeZ8pxtHUmDUluPMnL5JaseA6Bff6LFcuzurIkENyRPLEJeekTK5IhVQJJ4/kmbySN+vJerHerY/p6JI1yxyQP7A+fwB6Op02</latexit><latexit sha1_base64="huD3NSDLTh/QQPSWVFsAc+jzMaM=">AAACE3icbVC7SgNBFJ31GeNr1dJmMAjRIuwGQZtAwMYygnlANoTZyU0yZvbBzF0xLPEbbPwVGwtFbG3s/Bsnj0ITDwwczrmHO/f4sRQaHefbWlpeWV1bz2xkN7e2d3btvf2ajhLFocojGamGzzRIEUIVBUpoxApY4Euo+4PLsV+/A6VFFN7gMIZWwHqh6ArO0Eht+9QbsDhmJfeB5j2Q0pDbkodwjxqHElKXepHJ0+LopG3nnIIzAV0k7ozkyAyVtv3ldSKeBBAil0zrpuvE2EqZQsEljLJeoiFmfMB60DQ0ZAHoVjq5aUSPjdKh3UiZFyKdqL8TKQu0Hga+mQwY9vW8Nxb/85oJdi9aqQjjBCHk00XdRFKM6Lgg2hEKOMqhIYwrYf5KeZ8pxtHUmDUluPMnL5JaseA6Bff6LFcuzurIkENyRPLEJeekTK5IhVQJJ4/kmbySN+vJerHerY/p6JI1yxyQP7A+fwB6Op02</latexit><latexit sha1_base64="huD3NSDLTh/QQPSWVFsAc+jzMaM=">AAACE3icbVC7SgNBFJ31GeNr1dJmMAjRIuwGQZtAwMYygnlANoTZyU0yZvbBzF0xLPEbbPwVGwtFbG3s/Bsnj0ITDwwczrmHO/f4sRQaHefbWlpeWV1bz2xkN7e2d3btvf2ajhLFocojGamGzzRIEUIVBUpoxApY4Euo+4PLsV+/A6VFFN7gMIZWwHqh6ArO0Eht+9QbsDhmJfeB5j2Q0pDbkodwjxqHElKXepHJ0+LopG3nnIIzAV0k7ozkyAyVtv3ldSKeBBAil0zrpuvE2EqZQsEljLJeoiFmfMB60DQ0ZAHoVjq5aUSPjdKh3UiZFyKdqL8TKQu0Hga+mQwY9vW8Nxb/85oJdi9aqQjjBCHk00XdRFKM6Lgg2hEKOMqhIYwrYf5KeZ8pxtHUmDUluPMnL5JaseA6Bff6LFcuzurIkENyRPLEJeekTK5IhVQJJ4/kmbySN+vJerHerY/p6JI1yxyQP7A+fwB6Op02</latexit><latexit sha1_base64="huD3NSDLTh/QQPSWVFsAc+jzMaM=">AAACE3icbVC7SgNBFJ31GeNr1dJmMAjRIuwGQZtAwMYygnlANoTZyU0yZvbBzF0xLPEbbPwVGwtFbG3s/Bsnj0ITDwwczrmHO/f4sRQaHefbWlpeWV1bz2xkN7e2d3btvf2ajhLFocojGamGzzRIEUIVBUpoxApY4Euo+4PLsV+/A6VFFN7gMIZWwHqh6ArO0Eht+9QbsDhmJfeB5j2Q0pDbkodwjxqHElKXepHJ0+LopG3nnIIzAV0k7ozkyAyVtv3ldSKeBBAil0zrpuvE2EqZQsEljLJeoiFmfMB60DQ0ZAHoVjq5aUSPjdKh3UiZFyKdqL8TKQu0Hga+mQwY9vW8Nxb/85oJdi9aqQjjBCHk00XdRFKM6Lgg2hEKOMqhIYwrYf5KeZ8pxtHUmDUluPMnL5JaseA6Bff6LFcuzurIkENyRPLEJeekTK5IhVQJJ4/kmbySN+vJerHerY/p6JI1yxyQP7A+fwB6Op02</latexit>

 = � 2

<latexit sha1_base64="j/a0coSLJmXUFrSLhAeoHoNhXVs=">AAACFHicbVA9SwNBEN3zM8avU0ubxSAoYriLgjYBwcYygkmEXAh7m0lcs/fB7pwYjvgfbPwrNhaK2FrY+W/cJFdo4oOBx3szuzPPj6XQ6Djf1szs3PzCYm4pv7yyurZub2zWdJQoDlUeyUhd+0yDFCFUUaCE61gBC3wJdb93PvTrd6C0iMIr7MfQDFg3FB3BGRqpZR94PRbHrHxYeqB7HkhZdh9uyx7CPWrsS0iPqBeZB2hpsN+yC07RGYFOEzcjBZKh0rK/vHbEkwBC5JJp3XCdGJspUyi4hEHeSzTEjPdYFxqGhiwA3UxHRw3orlHatBMpUyHSkfp7ImWB1v3AN50Bwxs96Q3F/7xGgp3TZirCOEEI+fijTiIpRnSYEG0LBRxl3xDGlTC7Un7DFONocsybENzJk6dJrVR0naJ7eVw4K2Vx5Mg22SF7xCUn5IxckAqpEk4eyTN5JW/Wk/VivVsf49YZK5vZIn9gff4A8VKdcA==</latexit><latexit sha1_base64="j/a0coSLJmXUFrSLhAeoHoNhXVs=">AAACFHicbVA9SwNBEN3zM8avU0ubxSAoYriLgjYBwcYygkmEXAh7m0lcs/fB7pwYjvgfbPwrNhaK2FrY+W/cJFdo4oOBx3szuzPPj6XQ6Djf1szs3PzCYm4pv7yyurZub2zWdJQoDlUeyUhd+0yDFCFUUaCE61gBC3wJdb93PvTrd6C0iMIr7MfQDFg3FB3BGRqpZR94PRbHrHxYeqB7HkhZdh9uyx7CPWrsS0iPqBeZB2hpsN+yC07RGYFOEzcjBZKh0rK/vHbEkwBC5JJp3XCdGJspUyi4hEHeSzTEjPdYFxqGhiwA3UxHRw3orlHatBMpUyHSkfp7ImWB1v3AN50Bwxs96Q3F/7xGgp3TZirCOEEI+fijTiIpRnSYEG0LBRxl3xDGlTC7Un7DFONocsybENzJk6dJrVR0naJ7eVw4K2Vx5Mg22SF7xCUn5IxckAqpEk4eyTN5JW/Wk/VivVsf49YZK5vZIn9gff4A8VKdcA==</latexit><latexit sha1_base64="j/a0coSLJmXUFrSLhAeoHoNhXVs=">AAACFHicbVA9SwNBEN3zM8avU0ubxSAoYriLgjYBwcYygkmEXAh7m0lcs/fB7pwYjvgfbPwrNhaK2FrY+W/cJFdo4oOBx3szuzPPj6XQ6Djf1szs3PzCYm4pv7yyurZub2zWdJQoDlUeyUhd+0yDFCFUUaCE61gBC3wJdb93PvTrd6C0iMIr7MfQDFg3FB3BGRqpZR94PRbHrHxYeqB7HkhZdh9uyx7CPWrsS0iPqBeZB2hpsN+yC07RGYFOEzcjBZKh0rK/vHbEkwBC5JJp3XCdGJspUyi4hEHeSzTEjPdYFxqGhiwA3UxHRw3orlHatBMpUyHSkfp7ImWB1v3AN50Bwxs96Q3F/7xGgp3TZirCOEEI+fijTiIpRnSYEG0LBRxl3xDGlTC7Un7DFONocsybENzJk6dJrVR0naJ7eVw4K2Vx5Mg22SF7xCUn5IxckAqpEk4eyTN5JW/Wk/VivVsf49YZK5vZIn9gff4A8VKdcA==</latexit><latexit sha1_base64="j/a0coSLJmXUFrSLhAeoHoNhXVs=">AAACFHicbVA9SwNBEN3zM8avU0ubxSAoYriLgjYBwcYygkmEXAh7m0lcs/fB7pwYjvgfbPwrNhaK2FrY+W/cJFdo4oOBx3szuzPPj6XQ6Djf1szs3PzCYm4pv7yyurZub2zWdJQoDlUeyUhd+0yDFCFUUaCE61gBC3wJdb93PvTrd6C0iMIr7MfQDFg3FB3BGRqpZR94PRbHrHxYeqB7HkhZdh9uyx7CPWrsS0iPqBeZB2hpsN+yC07RGYFOEzcjBZKh0rK/vHbEkwBC5JJp3XCdGJspUyi4hEHeSzTEjPdYFxqGhiwA3UxHRw3orlHatBMpUyHSkfp7ImWB1v3AN50Bwxs96Q3F/7xGgp3TZirCOEEI+fijTiIpRnSYEG0LBRxl3xDGlTC7Un7DFONocsybENzJk6dJrVR0naJ7eVw4K2Vx5Mg22SF7xCUn5IxckAqpEk4eyTN5JW/Wk/VivVsf49YZK5vZIn9gff4A8VKdcA==</latexit>
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<latexit sha1_base64="3Xzh2GvMH98uVUgzAcvQkli3yV4=">AAACUHicbZFLSwMxFIXv1FcdX6Mu3QSL4GqYsfWxLLhxWcE+oB1KJs20ocnMkGSEMvQnuunO3+HGhaLpQ9CpB0IO373hJidhypnSnvdqlTY2t7Z3yrv23v7B4ZFzfNJSSSYJbZKEJ7ITYkU5i2lTM81pJ5UUi5DTdji+n9fbz1QqlsRPepLSQOBhzCJGsDao7ww91BupFBOa+65XJWLqF8FVEVSLoFYE10Vw03cqnusthNaNvzIVWKnRd2a9QUIyQWNNOFaq63upDnIsNSOcTu1epqiZMMZD2jU2xoKqIF8EMkUXhgxQlEizYo0W9PeJHAulJiI0nQLrkSrW5vC/WjfT0V2QszjNNI3JclCUcaQTNE8XDZikRPOJMZhIZu6KyAhLTLT5A9uE4BefvG5aV67vuf5jrVKvruIowxmcwyX4cAt1eIAGNIHAC7zBB3xaM+vd+ipZy9afHU7hj0r2NyWQsOU=</latexit><latexit sha1_base64="3Xzh2GvMH98uVUgzAcvQkli3yV4=">AAACUHicbZFLSwMxFIXv1FcdX6Mu3QSL4GqYsfWxLLhxWcE+oB1KJs20ocnMkGSEMvQnuunO3+HGhaLpQ9CpB0IO373hJidhypnSnvdqlTY2t7Z3yrv23v7B4ZFzfNJSSSYJbZKEJ7ITYkU5i2lTM81pJ5UUi5DTdji+n9fbz1QqlsRPepLSQOBhzCJGsDao7ww91BupFBOa+65XJWLqF8FVEVSLoFYE10Vw03cqnusthNaNvzIVWKnRd2a9QUIyQWNNOFaq63upDnIsNSOcTu1epqiZMMZD2jU2xoKqIF8EMkUXhgxQlEizYo0W9PeJHAulJiI0nQLrkSrW5vC/WjfT0V2QszjNNI3JclCUcaQTNE8XDZikRPOJMZhIZu6KyAhLTLT5A9uE4BefvG5aV67vuf5jrVKvruIowxmcwyX4cAt1eIAGNIHAC7zBB3xaM+vd+ipZy9afHU7hj0r2NyWQsOU=</latexit><latexit sha1_base64="3Xzh2GvMH98uVUgzAcvQkli3yV4=">AAACUHicbZFLSwMxFIXv1FcdX6Mu3QSL4GqYsfWxLLhxWcE+oB1KJs20ocnMkGSEMvQnuunO3+HGhaLpQ9CpB0IO373hJidhypnSnvdqlTY2t7Z3yrv23v7B4ZFzfNJSSSYJbZKEJ7ITYkU5i2lTM81pJ5UUi5DTdji+n9fbz1QqlsRPepLSQOBhzCJGsDao7ww91BupFBOa+65XJWLqF8FVEVSLoFYE10Vw03cqnusthNaNvzIVWKnRd2a9QUIyQWNNOFaq63upDnIsNSOcTu1epqiZMMZD2jU2xoKqIF8EMkUXhgxQlEizYo0W9PeJHAulJiI0nQLrkSrW5vC/WjfT0V2QszjNNI3JclCUcaQTNE8XDZikRPOJMZhIZu6KyAhLTLT5A9uE4BefvG5aV67vuf5jrVKvruIowxmcwyX4cAt1eIAGNIHAC7zBB3xaM+vd+ipZy9afHU7hj0r2NyWQsOU=</latexit><latexit sha1_base64="3Xzh2GvMH98uVUgzAcvQkli3yV4=">AAACUHicbZFLSwMxFIXv1FcdX6Mu3QSL4GqYsfWxLLhxWcE+oB1KJs20ocnMkGSEMvQnuunO3+HGhaLpQ9CpB0IO373hJidhypnSnvdqlTY2t7Z3yrv23v7B4ZFzfNJSSSYJbZKEJ7ITYkU5i2lTM81pJ5UUi5DTdji+n9fbz1QqlsRPepLSQOBhzCJGsDao7ww91BupFBOa+65XJWLqF8FVEVSLoFYE10Vw03cqnusthNaNvzIVWKnRd2a9QUIyQWNNOFaq63upDnIsNSOcTu1epqiZMMZD2jU2xoKqIF8EMkUXhgxQlEizYo0W9PeJHAulJiI0nQLrkSrW5vC/WjfT0V2QszjNNI3JclCUcaQTNE8XDZikRPOJMZhIZu6KyAhLTLT5A9uE4BefvG5aV67vuf5jrVKvruIowxmcwyX4cAt1eIAGNIHAC7zBB3xaM+vd+ipZy9afHU7hj0r2NyWQsOU=</latexit>

<latexit sha1_base64="pnVFS8TpydCwRXYE3S5lfF+vzvk=">AAACYXicbZFLTwIxFIU7Iyqg6IhLNo3ExNWkBRSXJG5cYiKPBCakUzrQ0Hmk7RjJhD/pzo0b/4gFZqGDN2ly8p17c9tTPxFcaYQ+LfuodHxyWq5Uz85rF5fOVX2o4lRSNqCxiOXYJ4oJHrGB5lqwcSIZCX3BRv7qaeuP3phUPI5e9TphXkgWEQ84JdqgmfOO4HSpEkJZhl3UpuEGF0GrCNpF0CmC+yJ4KILuzGkiF+0KHgqciybIqz9zPqbzmKYhizQVRKkJRon2MiI1p4JtqtNUMbNhRRZsYmREQqa8bJfQBt4aModBLM2JNNzR3xMZCZVah77pDIleqqK3hf95k1QHj17GoyTVLKL7RUEqoI7hNm4455JRLdZGECq5uSukSyIJ1eZTqiYEXHzyoRi2XIxc/NJp9tp5HGXQADfgDmDQBT3wDPpgACj4skpWzbqwvu2K7dj1fatt5TPX4E/ZjR/2trJF</latexit><latexit sha1_base64="pnVFS8TpydCwRXYE3S5lfF+vzvk=">AAACYXicbZFLTwIxFIU7Iyqg6IhLNo3ExNWkBRSXJG5cYiKPBCakUzrQ0Hmk7RjJhD/pzo0b/4gFZqGDN2ly8p17c9tTPxFcaYQ+LfuodHxyWq5Uz85rF5fOVX2o4lRSNqCxiOXYJ4oJHrGB5lqwcSIZCX3BRv7qaeuP3phUPI5e9TphXkgWEQ84JdqgmfOO4HSpEkJZhl3UpuEGF0GrCNpF0CmC+yJ4KILuzGkiF+0KHgqciybIqz9zPqbzmKYhizQVRKkJRon2MiI1p4JtqtNUMbNhRRZsYmREQqa8bJfQBt4aModBLM2JNNzR3xMZCZVah77pDIleqqK3hf95k1QHj17GoyTVLKL7RUEqoI7hNm4455JRLdZGECq5uSukSyIJ1eZTqiYEXHzyoRi2XIxc/NJp9tp5HGXQADfgDmDQBT3wDPpgACj4skpWzbqwvu2K7dj1fatt5TPX4E/ZjR/2trJF</latexit><latexit sha1_base64="pnVFS8TpydCwRXYE3S5lfF+vzvk=">AAACYXicbZFLTwIxFIU7Iyqg6IhLNo3ExNWkBRSXJG5cYiKPBCakUzrQ0Hmk7RjJhD/pzo0b/4gFZqGDN2ly8p17c9tTPxFcaYQ+LfuodHxyWq5Uz85rF5fOVX2o4lRSNqCxiOXYJ4oJHrGB5lqwcSIZCX3BRv7qaeuP3phUPI5e9TphXkgWEQ84JdqgmfOO4HSpEkJZhl3UpuEGF0GrCNpF0CmC+yJ4KILuzGkiF+0KHgqciybIqz9zPqbzmKYhizQVRKkJRon2MiI1p4JtqtNUMbNhRRZsYmREQqa8bJfQBt4aModBLM2JNNzR3xMZCZVah77pDIleqqK3hf95k1QHj17GoyTVLKL7RUEqoI7hNm4455JRLdZGECq5uSukSyIJ1eZTqiYEXHzyoRi2XIxc/NJp9tp5HGXQADfgDmDQBT3wDPpgACj4skpWzbqwvu2K7dj1fatt5TPX4E/ZjR/2trJF</latexit><latexit sha1_base64="pnVFS8TpydCwRXYE3S5lfF+vzvk=">AAACYXicbZFLTwIxFIU7Iyqg6IhLNo3ExNWkBRSXJG5cYiKPBCakUzrQ0Hmk7RjJhD/pzo0b/4gFZqGDN2ly8p17c9tTPxFcaYQ+LfuodHxyWq5Uz85rF5fOVX2o4lRSNqCxiOXYJ4oJHrGB5lqwcSIZCX3BRv7qaeuP3phUPI5e9TphXkgWEQ84JdqgmfOO4HSpEkJZhl3UpuEGF0GrCNpF0CmC+yJ4KILuzGkiF+0KHgqciybIqz9zPqbzmKYhizQVRKkJRon2MiI1p4JtqtNUMbNhRRZsYmREQqa8bJfQBt4aModBLM2JNNzR3xMZCZVah77pDIleqqK3hf95k1QHj17GoyTVLKL7RUEqoI7hNm4455JRLdZGECq5uSukSyIJ1eZTqiYEXHzyoRi2XIxc/NJp9tp5HGXQADfgDmDQBT3wDPpgACj4skpWzbqwvu2K7dj1fatt5TPX4E/ZjR/2trJF</latexit>
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�1<latexit sha1_base64="W7CrEn9eQWWsRwoz8ldq0KZ/sUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWxgh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi68frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd39VqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB99fjN0=</latexit><latexit sha1_base64="W7CrEn9eQWWsRwoz8ldq0KZ/sUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWxgh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi68frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd39VqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB99fjN0=</latexit><latexit sha1_base64="W7CrEn9eQWWsRwoz8ldq0KZ/sUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWxgh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi68frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd39VqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB99fjN0=</latexit><latexit sha1_base64="W7CrEn9eQWWsRwoz8ldq0KZ/sUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWxgh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi68frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd39VqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB99fjN0=</latexit>

0<latexit sha1_base64="cg49tZk6yNlkyGbTxTJr1vMcQRY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1a5X6dR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdJaMpQ==</latexit><latexit sha1_base64="cg49tZk6yNlkyGbTxTJr1vMcQRY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1a5X6dR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdJaMpQ==</latexit><latexit sha1_base64="cg49tZk6yNlkyGbTxTJr1vMcQRY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1a5X6dR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdJaMpQ==</latexit><latexit sha1_base64="cg49tZk6yNlkyGbTxTJr1vMcQRY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1a5X6dR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdJaMpQ==</latexit>

1<latexit sha1_base64="gJEOqMK+oiZz/Lul3oyHKzC6hWY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1a5X6dR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdhqMpg==</latexit><latexit sha1_base64="gJEOqMK+oiZz/Lul3oyHKzC6hWY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1a5X6dR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdhqMpg==</latexit><latexit sha1_base64="gJEOqMK+oiZz/Lul3oyHKzC6hWY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1a5X6dR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdhqMpg==</latexit><latexit sha1_base64="gJEOqMK+oiZz/Lul3oyHKzC6hWY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1a5X6dR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdhqMpg==</latexit>

2<latexit sha1_base64="zl7RKFp/ITGtMHc01hpEimBvW+0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryv1qzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Ad56Mpw==</latexit><latexit sha1_base64="zl7RKFp/ITGtMHc01hpEimBvW+0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryv1qzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Ad56Mpw==</latexit><latexit sha1_base64="zl7RKFp/ITGtMHc01hpEimBvW+0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryv1qzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Ad56Mpw==</latexit><latexit sha1_base64="zl7RKFp/ITGtMHc01hpEimBvW+0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryv1qzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Ad56Mpw==</latexit>

<latexit sha1_base64="2qreWpmCmDAN36w4cvt2xHloF50=">AAACFXicbVDLSgNBEJz1bXytevQyGIQIEnZXQS8BwYvHCCYRsiHMTjrJmNkHM71iWJKP8OKvePGgiFfBm3/j5HHQaEFDUdU9011BIoVGx/my5uYXFpeWV1Zza+sbm1v29k5Vx6niUOGxjNVNwDRIEUEFBUq4SRSwMJBQC3oXI792B0qLOLrGfgKNkHUi0RacoZGa9pHfY0nCaIl6Q1rwQcqSN7wt+Qj3qLEvITumfmxeoN7gsGnnnaIzBv1L3CnJkynKTfvTb8U8DSFCLpnWdddJsJExhYJLGOT8VEPCeI91oG5oxELQjWx81YAeGKVF27EyFSEdqz8nMhZq3Q8D0xky7OpZbyT+59VTbJ81MhElKULEJx+1U0kxpqOIaEso4Cj7hjCuhNmV8i5TjKMJMmdCcGdP/kuqXtF1iu7VSf7cm8axQvbIPikQl5ySc3JJyqRCOHkgT+SFvFqP1rP1Zr1PWues6cwu+QXr4xs6Y52O</latexit><latexit sha1_base64="2qreWpmCmDAN36w4cvt2xHloF50=">AAACFXicbVDLSgNBEJz1bXytevQyGIQIEnZXQS8BwYvHCCYRsiHMTjrJmNkHM71iWJKP8OKvePGgiFfBm3/j5HHQaEFDUdU9011BIoVGx/my5uYXFpeWV1Zza+sbm1v29k5Vx6niUOGxjNVNwDRIEUEFBUq4SRSwMJBQC3oXI792B0qLOLrGfgKNkHUi0RacoZGa9pHfY0nCaIl6Q1rwQcqSN7wt+Qj3qLEvITumfmxeoN7gsGnnnaIzBv1L3CnJkynKTfvTb8U8DSFCLpnWdddJsJExhYJLGOT8VEPCeI91oG5oxELQjWx81YAeGKVF27EyFSEdqz8nMhZq3Q8D0xky7OpZbyT+59VTbJ81MhElKULEJx+1U0kxpqOIaEso4Cj7hjCuhNmV8i5TjKMJMmdCcGdP/kuqXtF1iu7VSf7cm8axQvbIPikQl5ySc3JJyqRCOHkgT+SFvFqP1rP1Zr1PWues6cwu+QXr4xs6Y52O</latexit><latexit sha1_base64="2qreWpmCmDAN36w4cvt2xHloF50=">AAACFXicbVDLSgNBEJz1bXytevQyGIQIEnZXQS8BwYvHCCYRsiHMTjrJmNkHM71iWJKP8OKvePGgiFfBm3/j5HHQaEFDUdU9011BIoVGx/my5uYXFpeWV1Zza+sbm1v29k5Vx6niUOGxjNVNwDRIEUEFBUq4SRSwMJBQC3oXI792B0qLOLrGfgKNkHUi0RacoZGa9pHfY0nCaIl6Q1rwQcqSN7wt+Qj3qLEvITumfmxeoN7gsGnnnaIzBv1L3CnJkynKTfvTb8U8DSFCLpnWdddJsJExhYJLGOT8VEPCeI91oG5oxELQjWx81YAeGKVF27EyFSEdqz8nMhZq3Q8D0xky7OpZbyT+59VTbJ81MhElKULEJx+1U0kxpqOIaEso4Cj7hjCuhNmV8i5TjKMJMmdCcGdP/kuqXtF1iu7VSf7cm8axQvbIPikQl5ySc3JJyqRCOHkgT+SFvFqP1rP1Zr1PWues6cwu+QXr4xs6Y52O</latexit><latexit sha1_base64="2qreWpmCmDAN36w4cvt2xHloF50=">AAACFXicbVDLSgNBEJz1bXytevQyGIQIEnZXQS8BwYvHCCYRsiHMTjrJmNkHM71iWJKP8OKvePGgiFfBm3/j5HHQaEFDUdU9011BIoVGx/my5uYXFpeWV1Zza+sbm1v29k5Vx6niUOGxjNVNwDRIEUEFBUq4SRSwMJBQC3oXI792B0qLOLrGfgKNkHUi0RacoZGa9pHfY0nCaIl6Q1rwQcqSN7wt+Qj3qLEvITumfmxeoN7gsGnnnaIzBv1L3CnJkynKTfvTb8U8DSFCLpnWdddJsJExhYJLGOT8VEPCeI91oG5oxELQjWx81YAeGKVF27EyFSEdqz8nMhZq3Q8D0xky7OpZbyT+59VTbJ81MhElKULEJx+1U0kxpqOIaEso4Cj7hjCuhNmV8i5TjKMJMmdCcGdP/kuqXtF1iu7VSf7cm8axQvbIPikQl5ySc3JJyqRCOHkgT+SFvFqP1rP1Zr1PWues6cwu+QXr4xs6Y52O</latexit>

27Al
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Figure 2: The Dirac Coulomb solutions 𝐺 (𝑟) and 𝐹 (𝑟) for the highly relativistic outgoing electron produced
in 𝜇 → 𝑒 conversion in 27Al (green line) are compared to the free solution (orange) and to the free solution
evaluated with ®𝑞eff (blue dashed), for low partial waves (𝜅 = −1,−2). The nuclear charge distribution
is shown by the shading (arbitrary normalization). The agreement between the Coulomb and plane wave
solutions evaluated with 𝑞eff is quite good, particularly over the relevant region where the nuclear density is
concentrated.

where 𝑞 is the direction of the outgoing electron and ®𝑣𝑁 = ( ®𝑝𝑖 + ®𝑝 𝑓 )/(2𝑚𝑁 ) is the average nucleon
velocity. Working to first order in 𝑣𝑁 , we identify 16 independent scalar operators that can be
formed from the six building block operators

O1 = 1𝐿 1𝑁 O ′
2 = 1𝐿 𝑖𝑞 · ®𝑣𝑁 O3 = 1𝐿 𝑖𝑞 · [®𝑣𝑁 × ®𝜎𝑁 ]

O4 = ®𝜎𝐿 · ®𝜎𝑁 O5 = ®𝜎𝐿 · (𝑖𝑞 × ®𝑣𝑁 ) O6 = 𝑖𝑞 · ®𝜎𝐿 𝑖𝑞 · ®𝜎𝑁

O7 = 1𝐿 ®𝑣𝑁 · ®𝜎𝑁 O8 = ®𝜎𝐿 · ®𝑣𝑁 O9 = ®𝜎𝐿 · (𝑖𝑞 × ®𝜎𝑁 )
O10 = 1𝐿 𝑖𝑞 · ®𝜎𝑁 O11 = 𝑖𝑞 · ®𝜎𝐿 1𝑁 O12 = ®𝜎𝐿 · [®𝑣 × ®𝜎𝑁 ]
O ′

13 = ®𝜎𝐿 · (𝑖𝑞 × [®𝑣𝑁 × ®𝜎𝑁 ]) O14 = 𝑖𝑞 · ®𝜎𝐿 ®𝑣𝑁 · ®𝜎𝑁 O15 = 𝑖𝑞 · ®𝜎𝐿 𝑖𝑞 · [®𝑣𝑁 × ®𝜎𝑁 ]
O ′

16 = 𝑖𝑞 · ®𝜎𝐿 𝑖𝑞 · ®𝑣𝑁

(6)

Normalized to the scale of the weak interaction, the effective Lagrangian can expressed in terms of
dimensionless LECs 𝑐𝜏

𝑖
as

Leff =
√

2𝐺𝐹

∑︁
𝜏=0,1

16∑︁
𝑖=1

𝑐𝜏𝑖 O𝑖𝑡
𝜏 , (7)

where 𝐺𝐹 is the Fermi constant and, allowing for different couplings to protons and neutrons, we
have introduced isoscalar 𝑡0 = 1 and isovector 𝑡1 = 𝜏3 operators.

Constructed in terms of contact interactions between leptonic and one-body nuclear currents,
the nucleon-level ET does not explicitly include pions or other mesons, hadronic resonances, or
two-body and higher nuclear currents. In the absence of these additional degrees of freedom, the 𝑐𝑖s
are independent of the target nucleus in which the theory is embedded. On the other hand, including
for example pion exchange will introduce form factors 𝑓 (𝑞/𝑚𝜋) which depend on the nuclear target
through the momentum-transfer. As the form factors are evaluated at fixed three-momentum transfer
𝑞 and the magnitude of the three-momentum transfer does not depend strongly on the nuclear target
– 𝑞 varies from 104.98 MeV for Al to 104.28 MeV for Ti – we expect that one may absorb the form
factor into the corresponding LECs while introducing only a marginal target-dependence.
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Nucleon-level Effective Theory of 𝜇 → 𝑒 Conversion

Similarly, the single-nucleon effective theory is still valid when higher-body nuclear interactions
contribute. It has been demonstrated that the next-to-leading order (NLO) two-nucleon contribution
to scalar-mediated coherent 𝜇 → 𝑒 conversion can be described by an effective single-nucleon
operator, obtained by averaging the two-nucleon operator over a degenerate Fermi gas model of
the target nucleus [10, 15]. We expect that a generic two-nucleon operator can be reduced to an
effective single-nucleon operator as

O (2) →
∑︁
𝜏=0,1

16∑︁
𝑖=1

𝑓 𝜏𝑖 O𝑖𝑡
𝜏 , (8)

where the effective couplings 𝑓 𝜏
𝑖

depend on the nuclear density of the target. In direct analogy
with the treatment of propagator effects, the impact of two-nucleon operators can thus be absorbed
into the LECs of the single-nucleon effective theory, introducing a dependence of the LECs on the
nuclear target which we anticipate will be weak as long as the higher-body terms enter at higher
orders.

The LECs of the nucleon-level effective theory can be matched to the LECs of effective theories
at higher energy scales such as chiral perturbation theory, which can in turn be matched to standard
model effective theories involving quark degrees of freedom. In this way, constraints obtained on
the 𝑐𝜏

𝑖
s can be translated into constraints on the parameters in candidate UV theories of CLFV.

Given the close correspondence between the nucleon-level effective theory of 𝜇 → 𝑒 conversion
and nucleon-level effective theories of WIMP dark matter scattering with nuclei [16, 17], many of
the required matching relationships have already been derived [18–23].

4. Expression for the decay rate

The 16 CLFV operators that form the basis of the nucleon-level effective theory contain two
nuclear charges, 1𝑁 and ®𝑣𝑁 · ®𝜎𝑁 , and three nuclear currents, ®𝑣𝑁 , ®𝜎𝑁 and ®𝑣𝑁 × ®𝜎𝑁 , which upon
multipole projection with respect to the momentum transfer 𝑞 give rise to 11 independent single-
nucleon response functions shown in Table 1. Of the eleven single-nucleon response operators,
only six possess multipoles which are simultaneously even under both parity and time-reversal and
therefore contribute to elastic 𝜇 → 𝑒 conversion. The notation 𝑀𝐽 , Ω̃𝐽 , etc. is standard in the
study of semi-leptonic weak interactions, and complete expressions may be found, for example, in
[17, 24].

The CLFV 𝜇 → 𝑒 decay rate can then be expressed as

𝜔 =
𝐺2

𝐹

𝜋

𝑞2
eff

1 + 𝑞

𝑀𝑇

|𝜙𝑍eff
1𝑠 (®0) |2

∑︁
𝜏=0,1

∑︁
𝜏′=0,1

{ [
�̃�𝜏𝜏′
𝑀 𝑊 𝜏𝜏′

𝑀 (𝑞eff) + �̃�𝜏𝜏′
Σ′′ 𝑊

𝜏𝜏′
Σ′′ (𝑞eff) + �̃�𝜏𝜏′

Σ′ 𝑊 𝜏𝜏′
Σ′ (𝑞eff)

]
+
𝑞2

eff

𝑚2
𝑁

[
�̃�𝜏𝜏′
Φ′′ 𝑊

𝜏𝜏′
Φ′′ (𝑞eff) + �̃�𝜏𝜏′

Φ̃′ 𝑊
𝜏𝜏′

Φ̃′ (𝑞eff) + �̃�𝜏𝜏′

Δ 𝑊 𝜏𝜏′

Δ (𝑞eff)
]

− 2𝑞eff

𝑚𝑁

[
�̃�𝜏𝜏′
Φ′′𝑀𝑊 𝜏𝜏′

Φ′′𝑀 (𝑞eff) + �̃�𝜏𝜏′

ΔΣ′𝑊
𝜏𝜏′

ΔΣ′ (𝑞eff)
] }

(9)
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Charge/Current Projection Operator Even J Odd J LECs Probed
1𝑁 Charge 𝑀𝐽𝑀 E-E O-O 𝑐1, 𝑐11

®𝑣𝑁 · ®𝜎𝑁 Charge Ω̃𝐽𝑀 O-E E-O 𝑐7, 𝑐14

®𝑣𝑁 Longitudinal Δ̃′′
𝐽𝑀

E-O O-E 𝑐2, 𝑐8, 𝑐16

" Transverse magnetic Δ𝐽𝑀 O-O E-E 𝑐5, 𝑐8

" Transverse electric Δ′
𝐽𝑀

E-O O-E 𝑐5, 𝑐8

®𝜎𝑁 Longitudinal Σ′′
𝐽𝑀

O-O E-E 𝑐4, 𝑐6, 𝑐10

" Transverse magnetic Σ𝐽𝑀 E-O O-E 𝑐4, 𝑐9

" Transverse electric Σ′
𝐽𝑀

O-O E-E 𝑐4, 𝑐9

®𝑣𝑁 × ®𝜎𝑁 Longitudinal Φ′′
𝐽𝑀

E-E O-O 𝑐3, 𝑐12, 𝑐15

" Transverse magnetic Φ̃𝐽𝑀 O-E E-O 𝑐12, 𝑐13

" Transverse electric Φ̃′
𝐽𝑀

E-E O-O 𝑐12, 𝑐13

Table 1: The eleven single-nucleon response functions, the charges/currents and multipole projections from
which they arise, their transformation properties under parity and time-reversal for even 𝐽 and odd 𝐽, and
the LECs of the effective theory which they probe. Highlighted in blue are the multipole operators which
contribute to elastic 𝜇 → 𝑒 conversion.

where 𝑀𝑇 is the mass of the target nucleus and the decay rate has been factorized into a sum of
products of dimensionless CLFV response functions

�̃�𝜏𝜏′
𝑀

= 𝑐𝜏1 𝑐
𝜏′∗
1 + 𝑐𝜏11𝑐

𝜏′∗
11 �̃�𝜏𝜏′

Σ
′′ = (𝑐𝜏4 − 𝑐𝜏6 ) (𝑐

𝜏′∗
4 − 𝑐𝜏

′∗
6 ) + 𝑐𝜏10𝑐

𝜏′∗
10

�̃�𝜏𝜏′
Σ′ = 𝑐𝜏4 𝑐

𝜏′∗
4 + 𝑐𝜏9 𝑐

𝜏′∗
9 �̃�𝜏𝜏′

Φ
′′ = 𝑐𝜏3 𝑐

𝜏′∗
3 +

(
𝑐𝜏12 − 𝑐𝜏15

) (
𝑐𝜏

′∗
12 − 𝑐𝜏

′∗
15

)
�̃�𝜏𝜏′

Φ̃′ = 𝑐𝜏12𝑐
𝜏′∗
12 + 𝑐𝜏13𝑐

𝜏′∗
13 �̃�𝜏𝜏′

Δ
= 𝑐𝜏5 𝑐

𝜏′∗
5 + 𝑐𝜏8 𝑐

𝜏′∗
8

�̃�𝜏𝜏′

Φ
′′
𝑀

= Re
[
𝑐𝜏3 𝑐

𝜏′∗
1 − (𝑐𝜏12 − 𝑐𝜏15)𝑐

𝜏′∗
11

]
�̃�𝜏𝜏′

ΔΣ′ = Re
[
𝑐𝜏5 𝑐

𝜏′∗
4 + 𝑐𝜏8 𝑐

𝜏′∗
9

]
,

(10)

and dimensionless nuclear response functions𝑊 𝜏𝜏′

O (𝑞eff). In addition to the six independent nuclear
responses, we find two interference terms arising, respectively, from the mixing of charge (𝑀𝐽 )
with longitudinal (Φ′′

𝐽
) multipoles, and transverse electric (Σ′′

𝐽
) with transverse-magnetic (Δ𝐽 )

multipoles.
The factorized form of the effective theory dictates how much information about CLFV op-

erators is probed in elastic 𝜇 → 𝑒 conversion experiments. Specifically, by varying the nuclear
target one can hope to constrain the values of the CLFV response functions �̃�𝜏𝜏′

O ; it is not possible,
however, to parse out the values of the LECs of individual CLFV operators 𝑐𝜏

𝑖
. Of the 16 LECs in

the effective theory four of them 𝑐2, 𝑐7, 𝑐14 and 𝑐16 do not appear in Eq. 10 and therefore are not
probed in elastic 𝜇 → 𝑒 conversion due to the parity and time-reversal constraints imposed by the
nuclear ground state. These operators can contribute if one considers the case where the nucleus is
allowed to transition to an excited state.

5. Limits on LECs

To make contact with experiments, the decay rate obtained in Eq. 9 is converted to a branching
ratio by normalizing by the rate of standard muon capture in the target nucleus [25]. For a given

7
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Target (Branching Ratio)
Al (10−17) Ti (6.1 × 10−13 [26])

Coupling 𝜏 = 0 𝜏 = 1 𝜏 = 0 𝜏 = 1
𝑐1, 𝑐11 10,000 TeV 2,000 TeV 900 TeV 200 TeV
𝑐3, 𝑐15 2,000 TeV 600 TeV 100 TeV 90 TeV
𝑐4 2,000 TeV 2,000 TeV 60 TeV 60 TeV

𝑐5, 𝑐8 900 TeV 700 TeV 30 TeV 30 TeV
𝑐6, 𝑐10 2,000 TeV 2,000 TeV 60 TeV 60 TeV
𝑐9 2,000 TeV 1,000 TeV 50 TeV 40 TeV
𝑐12 2,000 TeV 700 TeV 100 TeV 90 TeV
𝑐13 200 TeV 500 TeV 30 TeV 10 TeV

Table 2: Approximate scale Λ𝜏
𝑖

of new physics probed by each LEC for a given nuclear target and branching
ratio limit.

target, the lepton approximation parameters 𝑞eff and 𝑍eff are computed, and the nuclear response
functions𝑊O (𝑞eff) are evaluated, for example, using the nuclear shell model, allowing us to express
the branching ratio in terms of the only unknown parameters, the 𝑐𝑖s. We may then assess the
sensitivity of the branching ratio to each operator in the theory by turning on a single LEC at a
time and determining the largest value of the LEC consistent with the known branching ratio limit;
that is, we can determine 𝑦𝜏

𝑖
such that |𝑐𝜏

𝑖
| ≤ 𝑦𝜏

𝑖
in order that the branching ratio not exceed the

specified limit. More physically, if we assume that the dimensionless LEC under consideration is
natural at the scale associated with CLFV physics, we can translate the limit 𝑦𝜏

𝑖
into an approximate

scale probed by the given operator

Λ𝜏
𝑖 ∼

(
1

√
2𝐺𝐹 𝑦

𝜏
𝑖

)1/2

(11)

Table 2 shows the approximate scale Λ𝜏
𝑖

probed by each LEC for an existing branching ratio limit
in Ti and for the branching ratio limit goal of the Mu2e and COMET experiments in Al. To
evaluate the nuclear response functions, we performed nuclear shell model calculations using the
configuration-interaction code BIGSTICK [27, 28] and the USDB 2𝑠1𝑑 [29] and KB3G 2𝑝1 𝑓 [30]
interactions for Al and Ti, respectively. Harmonic oscillator parameters 𝑏 = 1.84 fm for Al and
𝑏 = 1.99 fm for Ti were employed. Further details of the nucleon-level effective theory as well as
calculations for additional target nuclei may be found in [2].
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