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Abstract 

We discuss the effect of statistical fluctuations on the first and second 

moments of both the intrinsic rotational energy and the sum of spin magnitudes 

in deep-inelastic fragments, as extracted from measurements of thel total y-ray 

energy and the 1-ray multiplicity, respectively. The calculations were done 

in the framework of a model that considers the thermal excitation of rotational 

modes in the jntermediate dinuclear complex, accounting exactly for the 

correlations between the angular momenta generated in both nuclei. 
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1. 	Introduction 

The simple relation between the spin and the energy is a well known 

property of the rotational states in nuclei. From an experimental standpoint, 

this fact provides the rationale for the use of total '-ray energy detectors 

("sum spectrometers") to investigate high-spin states of evaporation residues 

following compound-nucleus and deep-inelastic reactions 3 . It has been 

shown that by gating on different regions of the sum-energy spectrum one can 

select subsets of the total population having different values of the average 

spin 2 , and in this regard the technique has proven very useful in the study 

of rotational structures 3 . 

Whereas sum spectrometers can be used effectively as spin-selecting 

devices, the extraction of more quantitative information based on the measured 

total energy is hindered by several uncertainties of experimental and theoret-

ical nature. In the case of deep-inelastic reactions a fundamental source of 

uncertainties is associated with fluctuations, statistical or otherwise, 

introduced by the reaction mechanism. The most significant problem in this 

regard is the distribution in both magnitude and orientation of the spins of 

the emitting population40 . 	 V 

The purpose of the present paper is to evaluate the contribution of spin 

fluctuations to the distributions of sum energy and y-ray multiplicities. Our 

analysis will be restricted to the case of binary reactions between heavy ions 

in which the detection of one of the two fragments determines a reaction plane 

with the orbital angular momentum perpendicular to it. We shall base our 

calculation on a statistical niodel 91 . The effects of the spin fluctua- 	 ( 

tions on the first and second moments of the total-energy distribution will be 

calculated as a function of the temperature, total angular momentum, and mass 

asymmetry of the system assuming that the collective modes of the dinuclear 

complex are in thermal equilibrium with the internal degrees of freedom. 
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2. 	Theory and Calculations 

The equilibrium statistical model utilized in this calculation has been 

described in detail in ref. 
9) 
 and 

 fl); 
 thus only a brief sketch wil1be 

given here. 

The intermediate dinuclear system formed during the reaction is described 

by means of two touching rigid spheres with all the associated degrees of 

freedom. Removing the motion of the center of mass and taking into account the 

conservation of the total angular momentum I, the most general configuration 

of the system is defined by six normal modes (one tilting, one twisting, two 

wriggling, and two bending). The angular momenta associated with these modes 

are given by: 

Wx(z) = HH - Hx(z) + WL(SL 	Lx(z) 

= BH(SH - rH)x(z) + BL 
 (s

L  - r L x(z) 

(1) 

TW 	= 	!Hy = 

TI 	P y  

where 	is the spin of the heavy (light) fragment, rF11L  is the spin of 

the heavy (light) fragment arising from rigid rotation, and the cartesian 

directions (x,y,z) are chosen so that the y axis coinci.des with the line 

between centers of the complex. All the variables can independently take 

any value from - to 	(from -IIJ  to III in the case of Tw without violating 

the conservation of the total angular momentum in the system. In terms of 

these normal coordinates the total rotational energy of the system reads 

E 
= 	

- 
ZXi q . 	 ( 2) 

modes) 
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The coefficients WH WL. BH, and  BL  as well as the stiffness 

coefficients A. may be expressed as a function of two variables, the total mass 

and the mass asymmetry of the compiex ' . At symmetry, these coefficients 

take the following values: 

B =
H 	L 	H 	L 

-B =W =W =i 

(3) 
- 7 -1 	 -1 	- 5 	1 A 	

sym ' B = sym 	TW - 	sym ' TI - T4 sym 

Here,'sym is the moment of inertia of a sphere having half the mass of the 

complex. 

If one considers a system with temperature T = 0, the average intrinsic 

rotational energy is given by the simple expression 

ft 2 	
"p 

<EH + EL>= 	
H 	2k 	

2 	 (4) 

where 4 and 
ftPL  are the moments of inertia of the two spheres, 

= H 	L' 	= 	
+ pd 2 , and d is the distance between centers. If 

T 	0, the following integral must be evaluated: 

<H + E L > = fEEH(}) + EL(I})] P (1I) d 6 , 	 (5) 

where P(}) is the normalized probability distribution function 

2 2 	 1 
= I 	 exp I - 	

2T 	 (6) 

Ti (2TFT) 	erfIII./. 	
L 	J 

Note that by working with the set of normal variables 	one automatically 

accounts for the conservation of the vector I, and therefore all the correla-

tions between the spins induced in both nuclei are properly included. 
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It is convenient to express the, analytical result of the integral (5) in 

units of the intrinsic rotational energy at T = 0 (eq. 4). 

	

fiiI2\ 	 2 

	

2D) 	
<EH +  E L > = 1 + aZ 	. 	 , , 	 (7) 

The variable Z depends on the total mass, temperature, and total angular 

momentum of the system: 

' symT 
I 

The constant cx is a function of the mass asymmetry only 

1 ('W 3
2a 	2aB 	aTIF 	aTW\

ct 
'1'sym 	B 	TI 	TW/ 

where 

_,2 L 	

' (~H 

B) 	 w 
, aB= + ). 

'Lfl + l 
 11)2 

aT 
= 	

- 1 	aTW 
= oii- H) 

F = 1 - 	

exp(-t) ________ 
with t 

= 	 A11 

erf(t) 

With the aid of eqs. 3 and 10, and recalling that at symthetryJ11 
= 2sym and 

= 7,4SYM, one obtains the simplified expression 

I 	I <E + E > = 1 + 140 Z 2  
\2.L2J 	

H 	L 

valid for mass-symmetric reactions and small values of Z (F -+ 1). The exact 

expression is plotted as a function of Z in fig. 1 (dark solid line). As an 

example, let us consider the system 165Ho + 65Ho at 8.5 MeV/u. We estimate a 

 

 

 



total angular momentum II I = 350 i and assume a temperature T = 2.5 MeV, 

therefore, Z = 0.038. From the figure we see that the statistical fluctuations 

introduce a 20% increase of the average internal rotational energy, over the 

rigid rotation prediction. Figure 1 also illustrates the individual contribu-

tions from the normal modes (dash-dot, long-dash, andshort-dash curves). The 

dependence of the average reduced rotational energy on mass asymmetry, at 

constant Z, is shown in fig. 2. As larger asymmetries are considered, the 

effect of the fluctuations decreases due to the progressive suppression of 

some of the modes. 

So far we have examined the relation between the average internal 

rotational energy and the zero-temperature limit. Let us now turn to the 

connection between the rotational energy and the sum of the spin magnitudes. 

The question is relevant to any experiment in which, for example, the total 

y-ray energy and the y-ray multiplicity are measured in coincidence with 

deep-inelastic fragments. The rotational energy (extracted from the sum. 

energy) and the sum of the spin magnitudes (extracted from the multiplicity) 

are not related by eq. 7 as might at first appear. This is so because the 

average spins are also affected by the fluctuations. As shown in ref. 11) 

the following relation holds: 

l+E 	

a 	a 	a 
_l 	 ____ 	W~ B~ 

+ '.L' >  = 	
, 	 (12) HI 

which is also plotted in fig. 1 (light solid curve). 

Unlike the exact expression for the rotational energy, eq. 12 is valid 

JL only for Z << 	VA4sym  although this is not a severe restriction in general. 

Let us again consider the previous example of a mass-symmetric system with 

Z = 0.038. If we estimate the average rotational energy from the average sum 
< ISHI + ISLI >2  

of spins using the expression 	 , the "true" value (as given by (7)) 

would be underpredicted by approximately 5%. 
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Finally, it is also interesting to consider the variances of the distri-

butions of both rotational energies and sum of spin magnitudes. The reduced 

variance of the intrinsic rotational energy can be evaluated exactly. 

2 	.I 	
2 

° (EH +EL) - 	)2 	
+ B4z4) 

In thisequation 

2 	2 	12 	 2 
- aWTI 	aBT 	- 4a 	4aB 	2a- 	aWTI 	aBTI 

B2 	+ 	B4  - 	2 + 	2 + F 	2 	- A A Ti - A A 

+ 2 aTW + 2 aBW 
2 	A 11A 

ATw 

where 

- (WLBL WHBH 

+ 

2J 
aBTI H - L 

2 

WT1 	41 , I-I L 

Figure 3 (solid curve) shows the ratio a(E +E  \/<IEHI+IELI> as a function 'HL' 
of Z for a mass-syninetric system. For comparison, the dashed line in the same 

figure represents the ratio+ 	< 	+ 	The variance associated 
' H 	-L " 	H 	-L 

with the sum of spin magnitudes, 	+ 	has been calcuated using the 
-H 	-L '  

expression derived in ref. 

2 11 _ 2BLBH 1_2WLWH1 2 
(IHIIkD + Aw AB 	J 

 

 

 

 



which again is valid for Z << 
	/cm• It is remarkable that y-ray 

multiplicity measurements in several systems have yielded anomalously large 

widths of the distribution, which cannot be explained from •a triangular 

12-14) distribution of the incoming 	 For example, the relative width 

predicted by the statistical calculation for the 86 	144 Kr + 	Sm using the 

values 
'MAX 	190 h and a temperature corresponding to an average total 

excitation energy of 	 (IsH Hi sLI) l00 MeV, is 
< Is +Is 

> = 0.22. When added in quadrature 

to the variance arising from the triangular 2,-wave distribution (0.35) one 

obtains a total ratio of 0.41, which compares reasonably with an experimental 

value of approximately 0 . 5 12 ) .  

3. 	Summary and Conclusions 

The existence of fluctuations in the spins imparted to the nuclei in a 

deep-inelastic reaction represents a substantial contribution to the observed 

average values of physical quantities having an angular-momentum dependence. 

We have focused our attention on the intrinsic rotational energy and on the sum 

of spin magnitudes, which, in principle, may be experimentally obtained from 

measurements of the total y-ray energy and y-ray multiplicity. The calcula-

tions have been performed in the framework of an equilibrium statistical model 

that considers the thermal excitation, of angular-momentum-bearing modes of the 

dinuclear complex. Under these assumptions, it has been shown that the average 

rotational energy may be, typically, 20% or 30% higher.than the rigid-rotation 

prediction for a system with zero temperature. The magnitude of the effect 

decreases with increasing mass asymmetry as a consequence of the increasing 

stiffness of some of the rotational'modes. A similar, although not so strong, 

effect is predicted for the average sums of the magnitudes of the spins. 

Second moments of the distributions have also been calculated, and the results 



indicate that the thermal excitation of the rotational modes of the complex may 

contribute significantly to the observed widths. Finally, it is important to 

notice that in the calculations presented here, the correlations between the 

spins in both fragments have been fully taken into account, in such a way that 

the conservation of the total angular momentum is guaranteed. 

This work was supported by the Director, Office of Energy Research, 

Division of Nuclear Physics of the Office of High Energy and Nuclear Physics 

and by Nuclear Sciences of the Basic Energy Sciences Program of the U.S. 

Department of Energy under Contract W-7405-ENG-48. 
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Figure Captions 

Fig. 1. 	Reduced average intrinsic rotational energy (dark solid curve) and 

average sum of the spin magnitudes (light solid curve) as a function 

of the parameter Z, for a mass-symmetric reaction. The three lowest 

curves illustrate the contribution to the rotational energy from the 

individual modes. 

Fig. 2. 	Reduced average intrinsic rotational energy as a function of mass 

asymmetry for a fixed value of the parameter Z. 

Fig. 3. 	Width-to-average ratios as a function of the parameter Z for a 

mass-symmetric reaction. 
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