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Abstract

In this paper, we generalize Witten’s non-abelian bosonization in (1 + 1)-D to two and three spatial
dimensions. Our theory applies to fermions with relativistic dispersion. The bosonized theories are non-
linear sigma models with level-1 Wess-Zumino-Witten terms. We apply the bosonization results to the
SU (2) gauge theory of the m-flux phase, critical spin liquids in 1,2,3 spatial dimensions, and twisted bilayer
graphene.
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0. Introduction

Bosonization in (1 + 1)-D has been a very useful theoretical tool. It allows one to map a
theory, where the Lagrangian is expressed in terms of fermionic variables, to one expressed
with bosonic variables. Often, things that can be seen easily in one picture are difficult to see
in the other. The best-known bosonization is the abelian bosonization [1-4], where fermions
are solitons in the Bose field. A shortcoming of the abelian bosonization, when fermions have
flavor (e.g., spin) degrees of freedom, is that the flavor symmetries are hidden. This problem was
solved by Witten’s non-abelian bosonization [5]. In this paper we generalize Witten’s non-abelian
bosonization to (2 4+ 1) and (3 + 1) space-time dimensions.

The limitation of our theory is that it only applies to fermions with relativistic dispersion.
(However, we do not restrict the Fermi velocity to be the speed of light.) In the absence of a mass
gap, such theories have Dirac-like dispersion relation. In one space dimension, massless fermions
are generically relativistic at low energies. In two and three space dimensions, relativistic mass-
less fermions have been discovered in many experimental condensed matter systems. Examples
include graphene and twisted bilayer graphene, Dirac and Weyl semi-metal,...etc. Moreover, rel-
ativistic massless fermions can appear in the mean-field theory of strongly correlated systems.
Such theory serves as the starting point of a more rigorous treatment. For example, the “spinon
m-flux phase” mean-field theory sets the stage for a gauge theory description of the Mott insulat-
ing state of the half-filled Hubbard model.

Another important area where relativistic massless fermions appear is at the boundary of
topological insulators or superconductors, which are simple examples of symmetry-protected
topological (SPT) phases. The classification of topological insulator/superconductor [6,7] can be
viewed as asking how many copies of the massless fermion theories on the boundary are required
to couple together before a symmetry-allowed mass term emerges.

The paper contains two major parts: I. bosonization and II. applications. Each of them contains
several sections, namely, 14 sections in Part I and 3 sections in Part II. In each section of Part
I, we discuss an important step or input of the bosonization. We shall illustrate the relevant
concepts with examples in the lowest spatial dimension where it first appears. For higher spatial
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dimensions, we simply present the result while leaving the details to the appendices. Together,
the 14 sections in Part I provide the readers with the idea and technical details of the bosonization.
In Part II there are 3 sections, each gives an example of how this bosonization can be applied.
The topics include the SU (2) gauge theory of the -flux phase of half-filled Hubbard model, the
critical spin liquid of “bipartite-Mott insulators” in spatial dimensions 1, 2, 3, and the twisted
bilayer graphene. Finally, the 11 appendices provide the details omitted in the main text.

Part I. Bosonization
1. The idea

A massless free fermion theory contains two types of gapless excitations. The first is single-
particle-like, corresponding to adding or removing a particle. The second type is the collective
excitations (e.g., particle-hole excitations). Such excitations are bosonic in nature. In this paper
by “bosonization”, we mean finding bosonic nonlinear sigma models to describe these collective
excitations. Depending on whether the electric charge is required to be conserved or not, such
collective excitations can correspond to the boundary modes of topological insulators or super-
conductors. This motivates us to separate the fermion theories into “complex” and “real” classes.
In the complex class, the collective modes are the particles-hole excitations with a fixed total
electric charge. On the other hand, in the real class, the collective excitation can include, e.g.,
particle-particle excitations which do not conserve the electric charge.

As mentioned in the introduction, our theory applies only to relativistic fermions. In the rest
of the paper, unless otherwise stated, “massless fermion” always refers to massless relativistic
fermion. Here we stress again that “relativistic massless fermion” does not imply the Fermi ve-
locity is the speed of light. As mentioned in the introduction, in several (2 + 1) and (3 + 1)
dimensional condensed matter systems, relativistic massless fermions have been encountered.
Another limitation of our theory is that we have not been able to write down bosonic expressions
for the fermion creation/annihilation operators. However, this does not prevent us from bosoniz-
ing the Hamiltonian because the latter always involves the fermion bilinear. Nonetheless, this
does prevent us from calculating the fermion single-particle Greens function. For this reason,
our theory is less powerful than the abelian bosonization in 1+1D.

Our work benefits from looking at the massless fermion theories from two points of view.
(1) As d (spatial) dimensional theories with emergent, but anomalous, symmetries. (2) As the
boundary theories of d + 1 dimensional topological insulators/superconductors, where the emer-
gent symmetries serve as the protection symmetries.

The bosonization proceeds by introducing mass terms (or order parameters) whose fluctuation
represents the particle-hole excitations of the fermion theories. These order parameters break
the emergent (protection) symmetries. However, by fluctuating them smoothly (in both space
and time) the broken symmetries can be restored. Since the order parameter fluctuations are
smooth, we expect the fermion gap to remain intact. Under such conditions, we can integrate
out the fermions to yield bosonic non-linear sigma models governing the dynamics of the order
parameters. It turns out that in all cases the resulting non-linear sigma model has the level-1
Wess-Zumino-Witten (WZW) topological terms. Such term encodes the symmetry anomalies,'
and also causes the solitons of the non-linear sigma model to have fermion statistics.

' The anomalies divide into two classes: the continuous symmetry anomalies and the discrete symmetry anomalies.
For continuous symmetry anomalies there is an obstruction in gauging, i.e., once gauge field is introduced, the partition
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From the perspective of the boundary of topological insulators/superconductors, after the sym-
metry is restored the non-linear sigma models are either gapless or possess topological order. We
conjecture that the mechanism of symmetry restoration is the proliferation of fermionic solitons.
Because of such proliferation, the non-linear sigma models are gapless and equivalent to the
massless fermion theories. This conjecture is supported by the fact that the fermion and boson
theories have (1) the same symmetries, (2) the same anomalies, and (3) the boson theories have
fermionic solitons. However, we have not proven that (1)-(3) are sufficient conditions for the
conjecture to hold true.”

As to the question of why do we bother to bosonize? One reason is it allows us to determine
the low energy physics of a non-trivial bosonized theory by solving the theory of free massless
fermions, and often what is subtle in one picture can become clearer in the other. Of course, we
will not stop at the massless free fermion theories, the goal of bosonization is to enable one to go
further. This will become clear in the applications.

2. Emergent symmetries of the massless fermion theory

A necessary condition for two theories to be equivalent is that they have the same symmetry.
Thus it is important to determine the symmetry of massless fermion theories. It turns out the
symmetries of such theories are rather rich. Because the massless fermion theories are low energy
effective theories, we shall refer to their symmetries as the emergent symmetries.

In the following, we shall consider massless n-flavor fermion theories in spatial dimensions
1, 2, and 3. As mentioned at the beginning of section 1, we separate the theories into complex
and real classes depending on whether the collective excitations conserve the electric charge. In
particular, for the complex class, we shall focus on the Q (electric charge) equals to zero sector
of the collective excitations. Such sector is often referred to as the “charge neutral point” in the
condensed matter physics. For obvious reason, it’s convenient to use the Dirac/Majorana fermion
for the complex/real class.

A clarification is in order here. By complexification one can attain an n-flavor complex
fermion theory from a 2n-flavor Majorana fermion theory. The reason we divide the fermion
theories into complex and real classes is the strict constraint we impose on the complex class,
which requires every state in the Hilbert space of the particle-hole excitation being the eigenstate
of the total electric charge. The reader can view this as the definition of the two classes. Because
of the difference in the Hilbert space dimensions, the nonlinear sigma models in the complex and
real classes are not equivalent even at the low energies.

2.1. Complex class

Now, as an example, let’s determine the emergent symmetry group of a one dimensional
massless fermion theory. To this end let’s first consider a complex class, n-flavor, massless Dirac
fermion theory described by the following action

Soz/.dxodxle(ao—iFlal)w where 1)

function fails to be gauge invariant. This is referred to as the 't Hooft anomaly. As to discrete symmetry anomalies, the
one relevant to this paper is the time-reversal (or parity) anomaly. Section 4.3 is devoted to the discussion.

2 Putting it differently, our conjecture amounts to asserting that under smooth order parameter fluctuations, the non-
linear sigma model with WZW term does not give rise to topological order.
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T =ZI,

Here I, denotes n x n identity matrix. In the following we shall use the shorthand
1,X,Y, Z, E to denote the Pauli matrix o¢ x,y,;, {0y, and when two matrix symbols stand next to
each other, e.g., Z1,, it means tensor product Z ® I,,. For complex fermion field i, the possible
unitary transformations include

v—->U-¢
v—c-hH'
where U and C are unitary matrices. Note that as a discrete transformation (the second line of
the above equations), the charge conjugation transformation does leave the Q = 0 eigenspace
invariant.’
One can easily show that the full emergent symmetries of the action in Eq. (1) are
Chiral U (n) symmetry:
Un): xUm)— ¢ — (PJr Qg+ + P ®g,)1/f where g+ € U(n)
Charge conjugation symmetry:
C:y—ZL) W)

Time reversal symmetry (anti-unitary):

T:Yy—> XLy 2

Here
p '_I:I:Z 3
A 3)

are the projection operators with the subscript + denoting the “right/left” moving fermions, re-
spectively. Note that any other anti-unitary symmetry can be written in terms of the composition
of a unitary symmetry and the time reversal transformation above.

2.2. Real class

Next, we consider the one-dimensional massless theory in the real class. In this case, we write
the action in terms of the n-component Majorana fermion field

Sozfdxodxlxr[ao—iFlal]x where )
Ty :=ZI,

For Majorana fermion field, the possible unitary transformations are of the form
x—>0-x

where O is an orthogonal matrix. The full emergent symmetries of the action in Eq. (4) are

3 However, we do not allow the charge conjugation operator to generate continuous transformations, since under such
transformations v will go into the superposition of 1 and ¥, This violates the requirement that the Hilbert space is the
eigenspace of the charge operator. This requirement distinguishes the complex class from the real class (introduced in
the next subsection), and will affect the mass manifolds in section 3.
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Table 1

A summary of the emergent symmetries of massless fermions in (1 4 1)-D, (2 + 1)-D, and (3 4 1)-D. Here P+ :=
(I £2)/2asinEq. 3).

(1+1)-D Real class Complex class

I; Z® Iy ZQ Iy
T=X®I, gi;g;n

Emergent symmetries Or(n)xO0—-(n): P ®g++P-_Q@g— D "

Uty xU_(n): P+ Qg+ +P-Qg—

where g+ € O+-(n) and g— € O—(n) where g4 € Uy (n) and g— € U_(n)

2+ 1)-D Real class Complex class
I; ZRIy, XQ®1Iy ZRIy, XQ1Iy
T=EQ®I, T=rol
Emergent symmetries Omn):1® C=1al
gent sy : 8 Un):1®g

where g € O(n) where g € U(n)

B+ 1)-D Real class Complex class

I; ZIQL, XIQI,,YYQ®I, ZIQL, XIQRIL,,YZR I,
T=EZQ®]I, gffig’f’

Emergent symmetries Un):11®g1 —IE® g D "

Urm)xU_(n): 1P ®@g++I1P_Q@g—

where u = gy +ig; € U(n) where g4 € Uy (n) and g— € U_(n)

Chiral O (n) symmetry:
04 x O()_: x — (P+ Qg+ P ®g_)x where g4 € O(n)
Time reversal symmetry (anti-unitary):

T:x = (X@L)x. ©)

In D =d + 1 space-time dimension, the massless fermion actions are

d
Complex class: S()Z/‘dD)CI/I# BO—iZFiBi ¥
i=1

d
Real class: S():/dexT ao—izriai X (©6)
i=1

where ¥ and x are complex and Majorana fermion fields, respectively. In Table 1 we summa-
rize the emergent symmetries of massless fermion theories in 1,2 and 3 dimensions. See the
detailed derivation in appendix A. Here the discrete symmetries, such as charge conjugation or
time-reversal, should be viewed as the generators of more general charge conjugation and time-
reversal transformations. For example, compounding the time-reversal transformation with an
arbitrary unitary symmetry yields another anti-unitary symmetry. The reason for the particular
choice of the discrete symmetry generators in Table 1 will be discussed in subsection C.1 of
appendix C.
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3. Mass terms and mass manifolds

Mass terms, or order parameters, are fermion bilinears, namely,
Y My, or
T
X My, (N

which opens an energy gap when added to Eq. (6). To achieve that, the hermitian mass matrix M
must anti-commute with all the gamma matrices, i.e.,

{M,T;}=0fori=1,..,d ®)
We will further require that the gap is flavor independent by imposing
M*=m?-1 )

Here 1 means the identity matrix of appropriate size. The mass matrices satisfying Eq. (8)
and Eq. (9) form a topological space — the mass manifold. In the simplest case, it can be a k-
dimensional sphere. In general, it is a closed k-dimensional manifold. If, in addition to Eq. (8),
the mass terms are required to be invariant under certain unitary or anti-unitary transformations,
the mass manifold will be affected. In the classification of the free fermion SPTs, it is important
to know what is the homotopy group of the mass manifold [6].

In the following we give two examples in one spatial dimension, to let the readers get a feeling
of what’s involved in figuring out the mass manifold.

3.1. Complex class

Let the U(1) symmetry transforms the field according to
v — eigl/f.
Then all mass terms in the form
vimMCy,

are invariant under U(1). Here the superscript C is to remind us that this is a mass matrix in the
complex fermion class. MC is a 2n x 2n (2n is the number of component of /) satisfying

M€ = (M‘C)T
(MC,11=0
(M‘C)2 —m2h,

Here I, is the 2n x 2n identity matrix. Associated with the massless fermion action given in
Eq. (1), the first two conditions require M € to be of the form

MC=m(X®@H +Y® H) (10)
where H; and H, are n x n hermitian matrices. If we define
Q% :=H| +iH, (1)

it can be easily shown that the third condition requires
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0°- () =1.

Therefore the mass manifold for one dimension, in complex class, is the topological space formed
by n x n unitary matrices.

3.2. Real class

In this case, the mass term is the Majorana fermion bilinear

x" MRy

where the matrix MR is an anti-symmetric matrix satisfying
MR = (MR)T
(M. Ti) =0
(M]R)2 = m2D,

The first two conditions require
MR =m (Y ®S+X®(iA)

where S and A are real symmetric and anti-symmetric matrix, respectively. If we define
OR =5+ 4

the last condition requires

T
0% (0%) =1,
Thus, the mass manifold is the space of n x n orthogonal matrices.

In Table 2 we summarize the mass manifolds for 1,2 and 3 dimensions. The detailed deriva-
tions are left in appendix B.

4. The symmetry anomalies of the fermionic theories

Emergent symmetries of a low-energy effective theory can be broken when a cutoff is im-
posed. In this section, we review the symmetry anomalies of the massless fermion theories.

4.1. The continuous symmetry anomaly — the 't Hooft anomaly

The emergent symmetries discussed in the section 2 can suffer the “’t Hooft anomaly”. A
theory is said to have the 't Hooft anomaly with respect to global symmetry group G if there are
obstructions against gauging G [8]. In the following we shall use the (1 + 1)-D complex class to
illustrate the ideas.

The simplest example is the chiral anomaly associated with the (1 + 1)-D complex class
theory defined in Eq. (6). This theory has emergent global U, (n) x U_(n) symmetry. However,
when one tries to gauge this symmetry, an anomaly is encountered. Namely, in the presence of
gauge field with non-zero curvature, the theory can not be made to conserve the Noether’s current
associated with the full U, (n) x U—_(n) symmetry.

10
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;ial:lllemzmary of the mass manifolds for the real and complex class fermions in (1 4 1)-D, (2 4 1)-D, and

3+ 1)-D.

(1+1)-D Real class Complex class

I; ZQ Iy ZQ I

Mass manifold M=Y ®RS TX®64) M=x %CHI T ®.H2
where 0 =S+ A€ 0®@n) where O~ = Hy +iHy € U(n)

2+1)-D Real class Complex class

I ZQIn, XQ I ZQIy, XQ Iy

Mass manifold M= ®RS n 0(n) M=r ®CH n U(n)
where O™ =S e | oOX0m=D where O™~ = H € | TOXUG=D

B+ 1)-D Real class Complex class

I ZIQL,, XIQI;,YY®Iy ZIQL,XIQI,,YZ® I,
M=YXQS51+YZ®S$ M=YXQH +YYQ®H)

Mass ifold
ass mantto where QR =851+iS € % where QC =H| +iHyeU(n)

Starting from the massless fermion theory, we can introduce the Uy (n) x U_(n) gauge field
(i.e., “gauging” U4 (n) x U_(n)) via minimal coupling. Moreover, we can define the effective
gauge action after integrating out fermions,

W[A4,A_]=—1In [/ Dy DI/_fe_S[W/_”A*’A]] , where

Sy, ¥, Ay, A_] = /d2x v [iv" (0 +iPy ® Ay +iP-®A_ )] . (12)

Here Ay are the n x n matrix value gauge fields associated with Ui (n), and Py are the
projection operators selecting the chiral fermion modes defined in Eq. (3). Adler [9], Bell, and
Jackiw [10] first showed that in the presence of a diagonal (i.e., Ay = A_) U(1) gauge field, the
axial current is not conserved. Shortly after, this was generalized by Bardeen [11] who showed
that under infinitesimal gauge transformation, W in Eq. (12) is not gauge invariant, namely,

SW:=W[Ay +dey, A_+de_]— W[A4, A_]

i
- / w[Apdes — A de_]. (13)
M

This is the 't Hooft anomaly.

This phenomenon is also connected to the physics of SPT. In odd space dimension, this con-
nection constitutes the so-called “anomaly inflow picture” [12]. In fact, each of the emergent
symmetry groups in Table 1 protects a D + 1 dimensional Z-classified free fermion SPT. The
D-dimensional massless free fermion theories in Eq. (6) describe the boundary of the generator
of the SPT, i.e. the 1 € Z. We shall discuss this point further in appendix I.

The most familiar anomaly inflow example is for » = 1 in 1D. In this case, we can view the
1D (non-chiral) massless fermions as the edge modes of two Chern insulators stacked together,
with each Chern insulator having Hall conductivity oy, = %1 (see Fig. 1). In the presence of a
time-dependent flux associated with the diagonal gauge field, there will be the electric fields in
the azimuthal direction. This induces a Hall current causing the charge to flow from the outer to

11
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Diagonal U(1)-flux (1)

Fig. 1. Two layers of annulus shape Chern insulators with oy = £1 stacked together. The outer edge harbors the 1D
n = 1 non-chiral massless fermion modes. The green and red arrows represent the opposite chiralities. When a time-
dependent diagonal U (1) flux pierces the inner hole, the induced electric field in the azimuthal direction causes a Hall
current (dashed arrows) flowing from inner to outer boundary in the top layer and from outer to inner boundary in the
bottom layer. As the result, the chiral current J4 — J_ is not conserved viewed from the outer edge alone. This system is
realized as the “spin Hall insulator” experimentally. (For interpretation of the colors in the figure(s), the reader is referred
to the web version of this article.)

the inner edge on one layer, and from the inner to the outer edge on the other layer. Viewing from
the edge (one-dimensional world), the chiral current J. — J_ is not conserved. This manifests
the chiral anomaly, namely gauging the diagonal U(1) symmetry breaks axial U(1) symmetry -
an example of the ’t Hooft anomaly.

Although the U, (n) x U—_(n) anomaly makes it impossible to gauge the whole group con-
sistently, it’s possible to gauge a subgroup of it. For example, if we only gauge the diagonal
subgroup U (n) within Uy (n) x U_(n), i.e., if

A=A, =A_
€:=€p=€_

then the two terms in Eq. (13) cancel out, hence the theory is anomaly free with respect to
diagonal U (n) subgroup.

4.2. A heuristic way to determine the 't Hooft anomaly

The discussions presented above require rather involved field theory calculations. However,
there is a heuristic way to get the correct answer. The basis of this heuristic argument is the
fact that if a theory can be defined on a lattice with all its (continuous) symmetry, then these
symmetries can be gauged without anomaly. When an anomaly does occur, the above statement
is reminiscent of the SPT physics, namely, the boundary modes of an SPT cannot be regularized
on a lattice in the dimension of the boundary. In the following we shall again use the (1 4+ 1)-D
complex class to illustrate the ideas.

Under Wilson’s regularization [13] (see later), whether a theory with global symmetry group
G can be defined on a lattice, is determined by whether there is a mass term that respects G.*
Thus, a theory with the U4 (n) x U_(n) anomaly, means no mass term is U4 (n) x U_(n) sym-
metric. Again, this is the condition that the gaplessness of the boundary modes is symmetry
protected.

4 Using Wilson’s regularization method [13], the existence of such a mass term is a sufficient condition for the theory
to be regularizable on a lattice. However, it is more involved to show that it is the necessary condition [14].

12
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First, we show that no mass term is allowed if U, (n) x U_(n) symmetry is to be respected.
Under U4 (n) x U_(n) the fermion field transform as
) ==/ 4

Y — (P ®gy+ P_®g_)y where Pi:T'

Under such transformation, there is, e.g., no mass term preserving the axial U4 (1) generated by
Z1,. This is because according to Table 2 the mass terms have the form

v (X @ H +Y ® Hy) .

In fact, the anomaly is not only in the axial U4 (1) part. To see that, let’s consider n > 1. The
diagonal U (n) symmetry requires that both H; and H, be proportional to the identity matrix.
However, such mass term would break U4 (n).

Now we show that if we relax the condition to only demanding the diagonal U (n) symmetry,
there is a mass term. For example,

Mg =X ® I,

This means that we can then write down a lattice model in momentum space using Wilson’s
regularization [13]

A= )" g/ [sink Ty + (1 — cosk) Mreg | ¥
keBZ

where “BZ” stands for the Brillouin zone. We can Fourier transform the above hamiltonian back
to the real space which gives us a lattice tight-binding model. The diagonal U (n) gauge field can
then be introduced via Peierls’ substitution

Vv — %TeiA”fWi

for two adjacent sites i, j. Here A; ; is the gauge connection from site i to j.
4.3. Discrete symmetry anomaly

A (global) discrete symmetry in a fermion theory can also be broken by regularization. In this
subsection, we shall review the simplest example — the “parity anomaly” [15,16] of the (24 1)-D
Dirac fermions in the complex class.

When the anomaly-free U (n) symmetry is gauged, the low energy fermion action is given by

S=/drd2x1/ﬁ[(ao+i1®Ao)—iri(ai+i1®Ai)]1/f (14)

where 'y =Z1,, Th=XI,

Here A, is the n x n matrix-valued U (n) gauge field. Under the global emergent symmetries
listed in Table 1, the gauged field transforms as

Un): Ay —g-Au-g'

Time reversal: A, — — (4,)"

Charge conjugation: A, — — (A,L)T (15)
It’s easy to check that the low energy action Eq. (14) is invariant under the combined transfor-

mation of the fermion and the gauge field.

13
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As we saw in the preceding subsection, the condition for a symmetry to be anomaly-free is the
theory can be regularized while preserving the symmetry. In the present case, to preserve U (n)
we need to choose a regularization that is U (n) invariant. In Wilson’s regularization [13] this
amounts to choose a U (n) invariant regularization mass. The most general mass term is given by

M=mY ®H,

where H is an n x n hermitian matrix with H> = I,,. When acted upon by the global U (n),
M—>Ixg) - M-(Ixg)

(see Table 1). Requiring it to be invariant forces us to choose
Mg =mY ® I,. (16)

Under Wilson’s regularization the momentum space Hamiltonian of the massless Dirac fermion
(without gauge field) read,

A= )" v [sinki T\ +sinkl + (2 — cosky — coska) Mreg | i (17)
keBZ

To incorporate the gauge field, we Fourier transform the above equation back to real space and
introduce the gauge field by Peierls’ substitution. This is all good as far as regularizing Eq. (14)
is concerned.

Under the action of the discrete symmetries, however

Charge conjugation: Myeg — — (I ® I,) - MrTeg (I ® Iy) = Myeg
Time reversal: Myeg — (Y ® 1) - Mr”;g (Y ® ) = —Myeg

Therefore charge conjugation is respected by the regularization, however, time-reversal symme-
try is not.

It was first shown by Redlich [15,16] that one can detect the time-reversal anomaly through
the effective U (n) gauge action after integrating out the fermions. We reproduce his argument in
the following. In momentum space (the Brillouin zone) we have four low energy Dirac fermions,
each around a time-reversal invariant k points:

k=(0,00+¢: Hoo~ Y Y 0.0)1¢ [91 T1 + a2 T2190,0)+4 (18)
small ¢
k=0 +q: Hgxo~ v —qiT1 + @2 T2 4 2m M,
T, q: Hao (.0)+q L= 1+ q2 T2 +2m Mieg [ Y1(7.0)+4
small ¢
k=0,m)4+q: Hon~ wl Ty — gD +2m Myeg | ¥
, T q: 0,7) (O,m)+g L9111 — G212 reg | V(0,m)+q
small ¢
k=@ n)+q: Hpn~ "l [-q1T1 — g2 T+ 4m Mreg | ¢
T, q: (,m) (7,7)+q qi1l1—4q212 m Myeg | V(r,m)+q
small g

Among the four, the first is massless and preserves the time-reversal symmetry. The remain-
ing three, however, acquire a large regularization mass, which is time-reversal breaking. In the
presence of the U (n) gauge field, these massive Dirac fermions would each contribute a Chern-
Simons effective gauge action after the fermions are integrated out [16]. In particular, for each
massive fermion the effective gauge action is

14
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1 .
= x (1) x L/AdA,

2 4

where the sign depends on the product of the signs in front of ¢1I"1, g2I"2, and Myeg. Combining
them, the massive fermions contribute the following breaking effective action

(—l—l+l>ﬂl/tr[AdA—i-gAﬂ——L/tr[AdA+gA3} (19)
2 2 2) |ml4x 37| 8n 377

This is time-reversal odd, as can be explicitly shown by replacing A;, — — (A u)* and complex
conjugating the action. As to the massless fermions near k = (0, 0), based on the fact that the
first line of Eq. (18) is time reversal invariant so should their effective gauge action. Thus after
regularization, the time-reversal symmetry of Eq. (14) is broken! As expected, charge conjuga-
tion is not broken by the regularization. Since T is broken while C is not, based on the CPT
invariance, the parity should also be broken.’

In Table 3, we summarize the maximal anomaly-free continuous symmetry and the dis-
crete symmetry that is broken after regularization. The only discrete symmetry which possesses
anomaly occurs in (2 4+ 1)-D for the time-reversal symmetry. More detailed discussions are left
to appendix C.

A disclaimer is in order, namely, in some cases the free fermion anomaly we discussed in this
section might become trivial when interactions are considered. A simple example is shown in
[17], and a more complete discussion on this subject can be found in Ref. [18]. We also note that
this section is entirely devoted to flavor-symmetry-based anomalies. Naturally, the method and
argument we used here might not be able to detect anomalies which are independent of the flavor
symmetry.

5. Breaking the emergent symmetry by the mass terms

The mass terms discussed in the last section necessarily break some of the emergent symme-
tries in Table 1. This is because so long as the full emergent symmetries remain unbroken, the
fermions will remain massless. In the rest of this section, we use one-dimensional examples to
illustrate this.

5 In two space dimension, the “parity” transformation P is realized by spatial reflection. Take the reflection in x-
direction as an example, the fermion field transforms according to

V(T x,y) D Xl pr(T, —x, y).

It is easy to see the that the regularization mass defined in Eq. (16) changes sign under P. However, the combined C PT
transformation leaves it invariant. Thus, there is no C PT anomaly. The same conclusion can be drawn by looking at the
parity transformation of the effective gauge action. Under P the gauge field transforms as

P

Ac(t,x,y) > A (T, —x,y)
P

Ax(t,x,y) = — Ax (T, —x,y)
P

Ay(t,x,y) > Ay(T,—x,y)

Again, Eq. (19) changes sign under P, but is invariant under C PT.
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Table 3

The summary of the global symmetry groups and the anomaly-free parts of the sym-
metry groups of the massless fermions (and the bosonized non-linear sigma models) in
(1+1)-D, 2+ 1)-D, and (3 + 1)-D.

(1+1)-D Real class Complex class

Discrete

Anti-unitary: T2 =+1
Unitary: Cc2=+1
Continuous unitary
Chiral U (n) x U(n)

Discrete

Anti-unitary: T2 =+1
Continuous unitary
Chiral O (n) x O(n)

Global Symmetry

Anomaly free part Diagonal O(n), T Diagonal U(n), T, C
2+ 1)-D Real class Complex class
X Discrete
Discrete

. 2 Anti-unitary: T2 =1
Global Symmetry Anti-unitary: 7 = —1 Unitary: C% = +1
Continuous unitary v -

Continuous unitary

O(n) U
Anomaly free part O(n) U(n), C
B+ 1)-D Real class Complex class
Discrete Diserete

Anti-unitary: T2=-1
Unitary: Cc2=+1
Continuous unitary
Chiral U (n) x U(n)

Global S o« Anti-unitary: T2=-1
obal Symme
Y Y Continuous unitary

U(n)

Anomaly free part o), T Diagonal U(n), T, C

5.1. Complex class

The mass terms for the complex class in (1 4+ 1)-D can be written as

. c\'
vIXOH +YQH)Y =y OC (Q) V.
0 0

When acted upon by the emergent symmetries in Eq. (2), Q(C transforms as
Up(m) x U-(n): 0€ — g7 - 0% - gy (20)
. . C c\*
Charge conjugation: Q~ — (Q )
: C c\’
Time reversal : 0™~ — (Q )

Thus a space-time constant Q<C breaks the emergent symmetry because both g4 and g_ can
be arbitrary unitary matrices.
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5.2. Real class

For the real class in (1 4+ 1)-D, the mass term can be written as

0 (o)
x"'[Y®s+X®<z‘A>]x=xT[ - (Q ) }x. 1)
ioR 0

When the emergent symmetries in Eq. (5) acts on it OR transforms as
04(n) x O_(n): Q% — g" . QR . ¢,
T
Time reversal : Q]R — (QR) .

Therefore a space-time non-zero OR breaks the emergent symmetry because both g4 and g_
can be arbitrary orthogonal matrices.

6. Restoring the emergent symmetries

So far we have seen that space-time constant Q(C or OR breaks the emergent symmetry.
But what if Q(C and Q]R fluctuates in space-time? As in statistical mechanics, when the order
parameters fluctuate, the broken symmetry can be restored. Likewise, if we fluctuate 0€ and
OR over the appropriate mass manifold we expect the emergent symmetry to be restored.

Our approach is conceptually similar to that in Ref. [19,20] where, on the surface of the
topological insulator, the fluctuating superconducting order parameters restore the symmetries of
the massless fermions. The important difference is that the required order parameter fluctuation
in Ref. [19,20] is not smooth, because it involves the proliferation of superconducting vortices.
Since the structure of vortex cores, e.g., the fermion zero modes, is important in that approach,
and such structure depends on the short-distance physics, this approach is constrained to the
surface of SPTs where regularization is not an issue. In contrast, our goal is to bosonize the low
energy effective theory, where the emergent symmetry is necessarily broken at short distances
(due to anomaly). As the result, we restrict our order parameter to be smooth in space and time,
so that they act on the low energy theory only.

But what does “appropriate mass manifold” mean? For complex class in (1 + 1)-D, 0C needs
to fluctuate over the space formed by n x n unitary matrices, or U (n). Such a space is connected
and has a single component. On the other hand for the real class in 1D, QR needs to fluctuate
in the space formed by n x n orthogonal matrices, or O(n). This space has two disconnected
components, corresponding to det[ QR = +1.1’s only when OR fluctuates in both components
with the equal statistical weight we can restore the emergent symmetry.

In (3 4+ 1)-D the mass manifold consists of a single component, in which 0CR fluctuate.

However, in (2 + 1)-D the mass manifold in complex class is U;’:()% which contains

n + 1 disconnected components. Here 0C needs to fluctuate in the component / = n/2 in order
to restore the time reversal symmetry.® In real class, the mass manifold in two space dimension
is U?:o%’ and QR needs to fluctuate in the / = n/2 component in order to restore the
time reversal symmetry. We summarize the results for higher dimensions in Table 4 and leave

the detail in appendix B.

6 Of course this requires n to be even.
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The summary of the symmetry transformations of QR*C, and the mass manifolds in which the QR*C fluctuations can

restore the full emergent symmetries.

(1+1)-D Real class Complex class
T
’ T: Q(C — (Q(C>
Symmetry transformations T: QR — (QR) C: Q<C — (QC>*

of 0GR

04 x O—(n): QR — g7 . R . g,

Ur(n) xU—(n):
0C g . 0C gy

The mass manifold required to
restore the full emergent symmetries

O(n)

U(n)

2+ 1)-D

Real class

Complex class

Symmetry transformations

T:QR—>—QR

om): oR — ¢T . oR .¢

T:Q(Cef(QCY
C:Q(C—>(QC)T
Um: Q€ — g7 0% 4

The mass manifold required to

restore the full emergent symmetries

O (n)
0/2)x O(n/2)
for n € even

U(n)
T2 xUm/2)
for n € even

B3+ 1)-D Real class Complex class

7:0C - ()’

X
Symmetry transformations T:0R (QR) c:0¢ > (Q(C)T
of gC-R R _, T R
Un): 0™ —u’ -0 -u Us(n) x U—(n):
0C > 0C gy

The mass manifold required to ggz)) U

restore the full emergent symmetries

7. The conditions for the effective theory being bosonic

In order to achieve bosonization, the fermions in Eq. (1) and Eq. (4) must not appear in
the low energy theory. To ensure that, we need to impose some conditions on the space-time
dependence of Q(C and QR. Namely, as functions of x and 7, Q(C (t,x) and Q]R (t,x) needs to
fluctuate smoothly (comparing with the length and time scale set by m). Under such conditions,
the original fermions can be integrated out, yielding a non-linear sigma model for the order
parameters. The idea is similar to that encountered in magnetism, where electrons form local
moments. After integrating out the electrons we arrive at an effective theory — a non-linear sigma
model describing the fluctuations of the local moments in space and time.

8. Fermion integration
In this section, using (1 + 1)-D as an example, we shall describe how to integrate out the
fermions. In higher spatial dimensions we shall present the results while leaving the details in

appendix D.
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8.1. Complex class

The fermion action with a space-time dependent mass term reads
S=[drdxy' [ao—irlal +m1\?1(r,x)]1p (22)
where and I'y = Z1,,, and
(C1, M, x)} =0, and M(z,x)> = b,. (23)
The M(r, x) that satisfies Eq. (23) is given by

M, x)=m[X ® Hi(1,x) + Y ® Ha(t, x)].

For smooth order parameter configurations M(t, x), the fermion integration can be done via
gradient expansion. (See [21] for example. We shall convert the action to a Lorentz invariant
form and present the general formalism applicable for all spatial dimensions in appendix D.)
The resulting effective action consists of two types of terms: the non-topological and topological
terms. For the non-topological term (the stiffness term) we shall keep the one with the smallest
number of space-time derivatives (they are the most relevant in the renormalization group sense).
The topological term is dimensionless. In (1 4 1)-D, explicit fermion integration yields (see
appendix D for details)

e e e B B (s
M B

where Q€ is given in Eq. (10) and Eq. (11). The first term in Eq. (24) is the stiffness term and
the second is the Wess-Zumino-Witten (WZW) topological term. Eq. (24) reproduces the level-1
U (n) (abbreviated as U (n)1) WZW model in Witten’s non-abelian bosonization [5]. Note that the
symbol “tr” means tracing over the n x n portion of the matrix. (In doing fermion integration,
we have already traced out the matrix part involving y*’s.) In Eq. (24) M is the space-time
manifold, and B is the extension of the space-time manifold M so that

oB =M.
In addition, QC (u, x) is an extension field of Q<c (x) so that
0%u=1,x)=0%x) and
OC (u =0, x) = constant

In the equation above, “constant” means a space-time independent matrix.

For simplicity we shall focus on the space-time manifold M = S so that B is a D + 1-
dimensional disk. The reason for this choice is to ensure the extension QC (u, x) exists. Because
we require a smooth evolution from Q(C (u=0,x) to QC (u =1, x) (x denotes (7, x)), it means
the mapping

Q(C : (u =1, x) > mass manifold
is homotopically equivalent to the mapping

Q(C : (u =0, x) —> mass manifold.
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Since QC (u = 0, x) = constant is homotopically trivial, a necessary condition for the smooth
extension to exist is

7 p(mass manifold) =0,

i.e., all smooth mappings from the space-time manifold to the mass manifold are homotopically
trivial. It turns out this condition is met for sufficiently large # in all spatial dimensions. We shall
return to this point in appendix B, D, and H. For (1 + 1)-D, 7 (U (n)) = 0 for any n.

For the WZW term to be well defined, it had better not depend on the extension. When there
are two different extensions on the D + 1 dimensional disk, say one defined by Q(lc on 31 and
the other by Qg on 35, the difference in the WZW term associated with these two extensions is
given by

sC,_ 2w 5Ct o, AC)
aWwai0€1=—205 [ o (6%1ag°)'] ©3)
BiU(=B>)

where — B3, is the mirror reflection of Bs. Since By U (—B,) = SP*+!, removing the factor 2771,
Eq. (25) is the topological invariant associated with o4 1(mass manifold). It turns out that for
all relevant cases, 7 p 1 (mass manifold) =Z (see appendix B). In (1 + 1)-D, 73(U (n)) = Z for
n > 2 (n =1 corresponds to flavorless or spinless fermion where the bosonization is abelian).
The coefficient of the WZW term renders AWwzw = 2mi X integer. The fact that the WZW
term is 27 times the topological invariant implies the level (k) is 1. After the exponentiation,
the phase factor associated with the WZW term is well-defined.

8.2. Real class
The 1+1-D Majorana fermion action with a space-time dependent mass read

S:fdtdxxT[ao—iF131+mM(T,x)]X (26)
where

M=ZLandM(t,x)=[Y ®S+ X ® (iA)].

Following the same steps discussed in the last subsection, fermion integration yields the fol-
lowing effective action (see appendix D)

j ~ o\ 3
W[OR] = % /dzx tr [8MQRT8“ QR] - % tr[ (QRTdQR> ] 27)
M B

Eq. (27) is the O(n)r=1 WZW model. Again, Q]R (u, x) is extension field of Q]R (x), which
exists if 77 p(mass manifold) = 0. In (1 4 1)-D, (0 (n)) = 0 for n > 3. Here the difference in
the WZW term associated with two different extensions is the topological invariant associated
with 3(0(n)) = Z for relevant n (see appendix B). The coefficient of the WZW term renders
AWwzw = 2mi x integer hence yields the same phase factor upon exponentiation. Again, the
fact that the WZW term is 2mi times the topological invariant implies the level (k) is 1.

Thus, for both complex and real classes, the bosonization of massless fermion is the non-
linear sigma model with WZW term. This reproduces Witten’s non-abelian bosonization results,
which was obtained using a totally different method (the current algebra).
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Table 5
The n values above which the 7 p | (mass manifold) is stabilized.
Real class complex class
(1 +1)-D O(n); WZW term U(n); WZW term
stabilized for n > 3 stabilized forn > 2
0(n) Un)
@2+1)D [oerrsdem ]1 WZW term [remSen L WZW term
stabilized forn > 6 stabilized for n > 4
G+ 1)-D [U(m)/O(n)]y WZW term U(n); WZW term
) stabilized forn > 5 stabilized for n > 3

The above bosonization scheme can be straightforwardly generalized to higher dimensions.
One thing that needs some care is the fact that the homotopy group of the mass manifold depends
on n. For n exceeds certain value 7 p1(mass manifold) = Z. In that case fermion integration
does lead to a nonlinear sigma model with k = 1 WZW term. However, for small n (before the
“homotopy stabilization”) sometimes, e.g., 7 p+1(mass manifold) = 0. We shall discuss one such
instance in appendix H. Fortunately, for the vast majority of applications 7 is sufficiently big so
that 7 p 1 (mass manifold) = Z.

9. Non-linear sigma models in (2 + 1)-D and (3 + 1)-D

As mentioned, the bosonization strategy described in the preceding section can be applied to
two and three spatial dimensions. To facilitate later discussions, including the applications in (24
1)-D and (34 1)-D, the explicit form of the nonlinear sigma models in Table 5 are given here. For
briefness, we shall only include the results for sufficiently large n so that 7 p 1 (mass manifold) =
Z. As discussed earlier, under such conditions the non-linear sigma model possesses a WZW
term.

9.1. Complex class in (2+ 1)-D

For Dirac fermions with n flavors in the complex class, after bosonization the sigma model
matrix field (or the order parameter) lives in the space of complex Grassmannian, namely,

U(n)

C
Q"W € G x U2

This means that at any space-time point x, OC (x) is an n x n hermitian matrix with half of the
eigenvalues +1, and the other half —1. One can specify 0Cx) by the unitary matrix, C(x),
which renders Q€ (x) diagonalized upon similarity transformation, i.e.,

0C () =Cx)- (”32 _2/) CT(x).

Obviously two different C (x)s related by

C'(x) = Clx) - (gl(()X) gﬁx)) ’
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where g1(x), g2(x) € U(n/2), will lead to identical Q(C (x). Due to this redundancy, the order
parameter lives in the quotient space m
Explicit fermion integration yields the following non-linear sigma model

Wie®1= 2 /d3xtr[(a“QC) ] 2?61;2/H[QC (dQC>4]’ (28)
M B

where A3 is a parameter having the dimension of length. In the limit where the short distance
cutoff is zero,

A= — (29)
m

where m is the fermion energy gap.
The first term in Eq. (28) is the stiffness term and the second is the level-1 (k = 1)
Wess-Zumino-Witten term. Q (x,u) is the extended field of Q(C (x), which exist because

m(m) 0 for n > 4. The difference in the WZW term associated with two different

extensions is 2mi times the topological invariant associated with 714(%) = Z. Con-
sequently upon exponentiation, different extensions yield the same phase factor. (To recapitulate
the explanation, the readers are referred to subsection 8.1.)

9.2. Real class in (24 1)-D

For massless n-flavor Majorana fermions in the real class, the fluctuating order parameters
OR (x) lives in the space of real Grassmannian, namely,
0O(n)
0(n/2) x 0(n/2)
This means that at any space-time point x, OR(x) is an n x n real symmetric matrix, with half

of the eigenvalues +1, and the other half —1. One can specify OR(x) by the orthogonal matrix,
R(x), required to render QR(x) diagonalized, namely,

oR(x) e

R (1) = R(x)- (”6/2 _2/2) BT (0.

Two different R(x)s related by

R'(x)=R(x)- (g1éx) gz(()x)>’

where g1(x), g2(x) € O(n/2), will lead to identical QR (x). Due to this redundancy, the order
parameter lives in the quotient space an)mﬂ)'
Explicit fermion integration leads to the following non-linear sigma model

2 1 - . 4
wiot= b [ el (0.0%)] - 2 [l 0* (a0")')
M B
Again, A3 has the dimension of length, and in the limit where the short-distance cutoff is zero A3
is given by Eq. (29).
The first term in Eq. (30) is the stiffness term and the second is the Wess-Zumino-Witten
topological term of level k = 1. QR(x, u) is the extended field of QR(x), which exist because
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ng(m) = 0 for n > 6. The difference in the WZW term associated with two differ-

ent extensions is 277 times the topological invariant associated with 7{4(%) =7Z.
Consequently upon exponentiation different extensions yield the same phase factor. (Again, to
recapitulate the explanation, the readers are referred to subsection 8.2.)

9.3. Complex class in (3 + 1)-D

For the n-flavor massless Dirac fermions in the complex class, the fluctuating order parameters
Q(C (x) lives in the space of n x n unitary matrices, namely,
0% eUMm).
Explicit fermion integration leads to the following non-linear sigma model
1 2 ~ PN
Cy_ 4 C Ct Ct ;»C
Wie® = [ a*xtr[3,0%0"0%] - /tr[( o). 31
[0€] 213/ I L 0% (31)
M B
where A4 has the dimension of length. Using dimensional regularization A4 is given by
| [r(oﬂm2 ] 172

A - 812

(32)

signifying that A4 is cutoff-dependent. Here I'(0™) is the gamma function evaluated at 0" from
dimensional regularization (see appendix D for the details).

The first term in Eq. (28) is the stiffness term and the second is the level kK = 1 Wess-Zumino-
Witten term. QC (x, u) is the extended field of QC(x), which exist because 74 (U (n)) = 0 for
n > 3. The difference in the WZW term associated with two different extensions is 27ri times the
topological invariant associated with 7rs5(U (n)) = Z. Consequently upon exponentiation different
extensions yield the same phase factor. (Again, to recapitulate the explanation, the readers are
referred to subsection 8.1.)

9.4. Real class in (3+ 1)-D
For the n-flavor massless Majorana fermions in the complex class, the fluctuating order pa-

rameters Q]R (x) lives in the space of “real Lagrangian Grassmannian”, namely,

R U(n)
0 (x) e _O(n)'

This means that at any space-time point x, OR(x)isann xn symmetric unitary matrix. Accord-
ing to the Autonne decomposition (e.g., corollary 2.6.6 of [22]), any symmetric unitary matrix
can be decomposed into

Ry =w)-wh ),
where W (x) is unitary. Hence, two different W (x)s related by
W (x)=W(x) - gx),

where g(x) € O(n), will lead to identical QR(x). Due to this redundancy, the order parameter

lives in the quotient space OEZ) .
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Explicit fermion integration yields the following non-linear sigma model

W[QR]:é/d‘thr[aﬂQRa“QRT] — 9628;3 / tr[(QRTdQR)S]. 33)
M B

The first term in Eq. (30) is the stiffness term and the second is the level k = 1 Wess-
Zumino-Witten topological term. QR(x, u) is the extended field of QR(x), which exist because
m4(U(n)/0((n)) =0 for n > 5. The difference in the WZW term associated with two dif-
ferent extensions is 2mi times the topological invariant associated with 5(U (n)/O (n)) = Z.
Consequently upon exponentiation different extensions yield the same phase factor. (Again, to
recapitulate the explanation, the readers are referred to subsection 8.2.)

In Table 5 we summarize the n values above which 7 p1(mass manifold) is stabilized. We
shall discuss some of the small n cases which are relevant to our applications in appendix H.

9.5. The value of the stiffness constant and the phases of non-linear sigma models

Unlike in (1 4+ 1)-D, the stiffness constants of the non-linear sigma models in (2 4 1)-D
and (3 + 1)-D are dimensionful parameters. A natural question then arises, how does the values
of these parameters determine the phase of the non-linear sigma models? For small A3 and Ai
the action costs of space-time varying OR.C s large, hence we expect spontaneous symmetry
breaking to occur. Quantum disorder sets in for large A3 and )&. In the presence of the WZW
term, the quantum disordered phase is gapless. It is in the latter phase do the non-linear sigma

models represent the massless free fermions.
10. Non-linear sigma models as the effective theories of interacting fermion models

As we have seen in section 9, while the coefficient in front of the stiffness term in the
non-linear sigma model is dimensionless in (1 + 1)-D, those in (2 4+ 1)-D and (3 + 1)-D are
dimensionful parameters. This begs the question of what are these parameters? and for what
values of these parameters are the non-linear sigma models equivalent to the massless fermion
theories? In addition, for D = 2 + 1 the mass manifold consists of more than one connected
components. What kind of model can realize phases correspond to different components of the
mass manifold? In the following, we answer these questions by focusing on the complex class.
It is straightforward to generalize the result to the real class.

As listed in Table 2, the mass terms correspond to 0C are given by

. Cq_ [ ¢ c\' L[ ¢ c\'
(1+1-D: MO ]—X®§[Q +(e >}+Y®E[Q (e )}
Q2+ 1)-D: M[Q€1=Y® Q€
: Cq_ 1 c c\' 11 c (,c\
(G+1)-D: M[Q ]_YX®2[Q +(Q >]+YY®2i [Q (Q )]
(34)

Let’s consider the four-fermion interacting generated by the following inverse Hubbard-
Stratonovich transformation,

ool [i9]] -
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. 1
[ prowie {— [ a7 [w' MIQ1 Y + z-tr| Q) Q(x)]]} (35)

where Q(x) is an n x n matrix-valued function of space-time. We note that the strength of the
four fermion interaction in Eq. (35) is proportional to Aj.

The emergent global symmetries transform Q(x) in exactly the same way as Q(C (see Table 1).
This is because Q(x) and Q<C couple to the same fermion bi-linears. Such transformation can be
absorbed by the redefinition of the integration variable Q(x). Therefore as long as the integration
measure in Eq. (35) is symmetric under the symmetry transformations, Sy is invariant under the
action of emergent symmetries.

When A; is sufficiently large, it is energetically favorable for

w[(Q'(0Qw)]

to acquire a non-zero expectation value. Assuming such expectation value doesn’t spontaneously
break the continuous symmetry’ it must satisfy

(QT()O()) — ¢" - (QT () Q) - g = (QT(x) Q())

forall g € U(n) (for (14 1)-D and (3+ 1)-D g € U4 (n)). This requires the expectation value of
QT (x)Q(x) to be proportional identity matrix,

(QT () Q) =«°1I,

where «2 should grow monotonically with A;. At low energy and long wavelength, the dynamics
of Q is governed by the Goldstone modes Q(C (x), where

O(x) —» k0 (x), and (QC>TQC=I,1.

The manifold in which Q(C (x) fluctuates is exactly the mass manifold given in Table 2.
The effective action governing the fluctuations of 0C (x) is given by the results of section 9,
1

where the stiffness term coefficients 5 and # should grow with «2 which, in turn, mono-

tonically increases with A;. As the result, strong four-fermion interaction implies small A3 and
kﬁ, while weak four fermion-interaction implies large A3 and kﬁ. Thus, we obtain a duality-
like relation, namely, strong coupling fermion theory corresponds to weak coupling non-linear
sigma model, and weak coupling fermion theory corresponds to strong coupling non-linear sigma
model. Since, by dimension counting, local four-fermion interaction is an irrelevant perturbation
to the massless theory in (2 + 1)- and (3 + 1)-D, we expect there is a range of large A3 and Ai
where the non-linear sigma model is massless.

Now we come to (2 4 1)-D, where according to Table 2, the mass manifold has n + 1 com-
ponents, namely,

n

c Un)
Q eg)U(l) xUm=1)

(Here [ corresponds to the number positive eigenvalues of QC(x), the readers are referred to

appendix B for details.) The condition that the order parameter is a smooth function of space-time
confines Q€ (x) to fluctuate in one of the mass manifold components. If such fluctuation is to

7 The possible symmetry breaking phases are captured by the non-zero expectation value (Q(x)).

25



Y.-T. Huang and D.-H. Lee Nuclear Physics B 972 (2021) 115565

restore the time-reversal symmetry, it further restricts / = n/2 (we focus on n = even). However,
if we allow the possibility of spontaneous time-reversal symmetry breaking, then QC(x) can
fluctuate in the / # n/2 mass manifold. It is interesting whether the order parameter fluctuation
in the / # n/2 mass manifolds can restore the unitary part of the emergent symmetry, and if it
does can the resulting phase be gapless.

11. Global symmetries of the non-linear sigma models

Up to this point, we have derived the non-linear sigma model. The bosonic partition function
is given by

Z= / proCRy S [0”]

Here QC-R ¢ mass manifolds, and the integration measure is defined so that at every space-time
point Q(C’]R and the symmetry transformed Q(C’]R (see Table 5) have the same weight.

Now, using the complex class in (1 4 1)-D as an example, we demonstrate that the non-linear
sigma model in Eq. (24) respects the emergent symmetries of the massless free fermion theory.
Under the action of the global emergent symmetries, a configuration 0C€(z,x) transforms by
Eq. (20), namely,

Ur(m) x U-(n): Q€(r.x) > ¢ - 0C(r.%) - g

Charge conjugation : Q(C (1,x) > (Q‘C (z, X)>*
T
Time reversal : Q(C (1,x) > (Q(c (r,x)) .

Under the action of U4 (n) x U_(n)

0%19,0% — gL+ (0%9,0%) - g+

Due to the cyclic invariance of trace, the similarity transformations cancel out and the action
Eq. (24) is invariant.
Under charge conjugation, the stiffness term transforms as

_ 8Lnfd2xtr|:(Q(CT8“Q(C>2] N —é/dzxtr[(cha“QC*)z}
M M

- é/dzx tr[(f)“ Q‘CTQ‘C) (a”Q‘CTQ‘C)]
M

__ é/d%tr[(QC"a”Q‘c) (Qc-rauQc)]
M

hence is invariant. Here the first equality in the second line is due to the invariance of trace under
transposing, and the second equality is due to 9*QCTQC = —QCT9# QC. A similar argument
applies to the WZW term,
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200 [ (090 |- 22 [uf (6Ta0%)']
B B

== 5 | o (a0%10%) J= 5 [ o] (0a0) ]
B B

The extra minus sign in the second line is because transposing causes an odd number of crossing
of the differential 1-forms. This negative sign is canceled out in the last term due to the odd
number of negative signs arising from d QC? Q(C =— QCTd Q(C. Therefore Eq. (24) is invariant
under charge conjugation.

Under the action of time-reversal transformation, the stiffness term transforms as

1 . 1
—/dzx tr [BMQC'EJ“QC] N —/d2x tr [BMQC*B“QCT]
8 8
M M
1 2 Cy HC 1 2 C C
28_;1/d xtr[&“Q 9,0 T] ZS_n/d xtr[&MQ IF129) ]
M M
As for the WZW term, note that the i in front becomes —i due to the complex conjugation
involved in the time-reversal transformation.® Thus the WZW term transforms as

2247::2/tr[@mdécf]_’_2247:2/”[@6*‘{@“)3]

B B
- [ () o) 10
B
= 2247:2 f tr[@md@cﬂ (36)
B

The disappearance of the minus sign in the second line is because transposing causes an odd
number of crossings of differential 1-forms. The passing to the third line follows from the cyclic
invariance of trace.

In summary, the non-linear sigma model is invariant under the action of the global emergent
symmetries. The same conclusion applies to the real and complex classes nonlinear sigma models
in other space-time dimensions. The detail is left in appendix D.

12. The symmetry anomalies of the nonlinear sigma models

A necessary condition for the bosonized non-linear sigma model to be equivalent to the mass-
less fermion theory is that the former has the same symmetry anomalies as the original massless
fermion theories. In this section, we will show this is indeed the case.

8 The time-reversal symmetry in Euclidean space-time requires a complex conjugation on the Boltzmann weight. It is
important to check whether a term is real or complex before deciding how time-reversal transformation acts.
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12.1. Gauging the non-linear sigma models and the 't Hooft anomalies

In Table 3 we see that in (1 + 1)-D and (3 + 1)-D, the massless free fermion theories have
the ’t Hooft anomalies (with respect to the continuous symmetries). In this subsection, we first
gauge the non-linear sigma models and then determine their "t Hooft anomalies.

Again, taking the complex class (1 4+ 1)-D example, under an infinitesimal U4 (n) x U_(n)
transformation, Q€ and gauge fields transformed as

Q(C N e*ié_ QCei€+
Ay = Ay +dey +i[As, e4] 37

where we let g1 = ¢/“* in the symmetry transformation. For the stiffness term, the usual minimal
coupling guarantees the gauge invariance

1 N 2
Wanl 0% A1 Al =~ [ dxu [(QC‘ (90° —i0%As, +ia-.0%)) ] :
M

However, it is less clear how to gauge the WZW term. Here we follow Witten’s “trial-and-error”
method [23], which we shall explain in the following.

First, we determine the variation of the WZW term when Q€ undergoes space-time dependent
transformation given by the first line of Eq. (37)

{1k [+](ee0)]

1 " :
= / r [de+ (deQC) tde_ (dQ‘C Q‘W)]

o4

M

Here we remark that although writing down the action requires the extended space-time manifold
B, the variation of the action can be expressed solely in the space-time manifold M, which is
(14 1)-D in the example.

In an attempt to make the theory gauge invariant, we subtract a term with dey replaced by
A4 . Together, the gauge variant part becomes

8[— éB/tr[(QCTdQc)j _ ﬁ/\[u[fu (Q(CTdQ(C> LA (dQC QCT)H
=— ﬁftr [A+ (de+ - Q(CTdG_Q(C) LA (—de_ n ch€+QCT>]
M

Last, we repeat the previous step by adding another term with dey in the above equation
replaced by A.. After some work we obtain

o [l (e0e) ]
B
_ ﬁftr [A+ (QCTdQC) +A- (dQC QCT) + iA+QCTA_QC]]
M
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1

= — E/tl‘ [A+d€+ — A7d67]
M

Now the gauge variant part contains no Q(C anymore. Hence we cannot find any term to cancel
the remaining non-gauge-invariance. This result reproduces Bardeen’s result in Eq. (13).
In summary, the gauged WZW model is given by

wioC, Ay, A_]=— % [d%ctr[(QC* <8MQ(C —i0%A4, +iA,,LQC))2}

M
7 [ v (e=1a0%)']
B
_éftr [A+ (Q(CTdQC) +A_ (dQ(C QCT) +i4: 057 QC] ]
M

Moreover, we have shown that it has the same ’t Hooft anomaly for the continuous symmetry as
the original massless fermion. In appendix F we summarize the gauged non-linear sigma model
ind=1,2,3.

12.2. Discrete symmetry anomalies

In section 4.3, we saw that massless fermion theory has a time-reversal anomaly for the com-
plex class in (2 4 1)-D. This anomaly originates from the massive Dirac fermion at time reversal
invariant k points other than k = (0, 0) where the mass breaks time-reversal. We would like to
see the same phenomenon in the nonlinear sigma model.

In the following, we focus on the complex class in (2 4 1)-D. First, let’s focus on the vicinity
of k = 0 (under Wilson’s regularization). The bosonized model is given by Eq. (28). Following
Witten’s trial-and-error method discussed in the preceding subsection (see appendix F for the
detail), we obtain the following gauged nonlinear sigma model,

wi0C, 4] =;T3/d3xtr[(aug‘c +ilA, QC])z] (38)
M
~soms] [ w0° (a0°)']
B
+8ftr[iAQ‘C(dQ‘C)2 —(40%)240C€
./\/l
—%(AQC)3+iA3QC —AQ‘CF—AFQ‘C]}

This action is invariant under global symmetry transformations where the gauge field and 0C are
transformed according to Eq. (15) and Table 4. This is expected, given the low energy fermion
theory near k = O respects these symmetries.

For the Dirac fermions near k = (i, 0), (0, ), and (7, ), there are time reversal breaking
masses, namely, M =2mY ® I, for k = (,0), (0,7) and M =4mY ® I, for (w,m). The
non-linear sigma model describes these massive fermions is again given by Eq. (38) except that
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now [ =n or 0. Due to the signs in front of g1 "1 and ¢>I"; at k = (7, 0), (0, ), and (i, ) the
effective mass sign for these massive fermions are given by

ng :=sign of (¢q1'1) x sign of (g21"2) x sign of (m).

Consequently the Q€ associated with the massive fermions obeys

0C =i 1,. (39)

We can thus use the gauged nonlinear sigma model in appendix F to predict the Chern-Simons
term due to the massive fermions at k = (77, 0), (0, ), and (7, ) by plug in Eq. (39). For these
space-time constants 0C we can drop all the terms with derivatives on Q€. The remaining
can be combined into the Chern-Simons term. Summing the contribution from k around (=, 0),
(0, ), and (rr, ), we get

1 1 1\ m i 2i 4
Wi,00 + Wo,n) + Wern) = _§_§+§ ma tr AdA-l-?A‘

i 2i
=—— [ r|AdA+ =43
87 / r[ *3 }
which agrees with Eq. (19).

As for other discrete symmetry anomalies, with the input of how QC-R and the gauge field
transform under discrete symmetries, it’s simple to show that in (1 + 1)-D and (3 + 1)-D, there
is no discrete-symmetry-anomaly after gauging the anomaly-free part of the continuous sym-
metries. In (2 4 1)-D, gauging the continuous symmetry breaks the time-reversal symmetry as
discussed in subsection 12.2.

In appendix F, we show that all the symmetry anomalies of massless fermions in Table 3 are
reproduced by the corresponding gauged nonlinear sigma models. This lends strong support to
the idea that the nonlinear sigma models are equivalent to the original massless fermion theories.

13. Soliton of the non-linear sigma models and the Wess-Zumino-Witten terms

In order for the bosonization to hold, somehow the bosonic non-linear sigma model must
possess fermion degrees of freedom. In this section, we show that due to the WZW term, the
solitons of the non-linear sigma model are fermions.

13.1. Soliton classification

Soliton is a spatial texture of the “order parameter” (QC'R). Such texture represents a non-
trivial mapping from the spatial space to the mass manifold, i.e., the space where the order
parameter lives. In d spatial dimension, solitons are classified by the d-th homotopy group of the
mass manifold, namely,

74 (mass manifold) .

In appendix B, we list the relevant homotopy groups. Since exchange statistics only make sense
for spatial dimension greater than one, in the following we shall focus on d > 2. For the nonlinear
sigma models considered in section 9, when # is sufficiently large so that there is a WZW term,
the soliton classifications are Z for the complex classes, and are Z, for the real classes, namely,
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nz( Ui ):Z forn >4
Umn/2) x Un/2)
O(n) _
”Z(O(n/z) x O(n/z))_ZZ forn =6
m(U(n)) =7 forn >3
U
773(02;):22 forn >5

This means that for the complex classes, we can define a topological quantum number, namely,
the “soliton charge” Qg,1. When we fuse two solitons of different charges, Qo adds; for the real
classes, on the other hand, this soliton charge is defined mod 2 so that two solitons with unit
soliton charges can fuse into zero soliton charge.

13.2. Soliton charge and the conserved U (1) charge Q

For the complex classes, it is natural to ask what is the relation between the soliton charge
QOsol and the conserved charge Q. The conserved charge Q is associated with a global U(1)
symmetry. In (3 4 1)-D such U(1) symmetry belongs to a diagonal subgroup of U, (n) x U_(n).
As shown in Table 3, it is anomaly-free. For (2 4 1)-D the U(1) symmetry is a subgroup of the
global symmetry group U (n), which is also anomaly-free according to Table 3.

In appendix F we present the gauged non-linear sigma model. In particular, by focusing on
the term linear in the gauge field (associated with the anomaly-free U (1) subgroup) derived from
the WZW term, we can extract the U (1) current. The answer is’

Q+1)-D: JH= —aneWtr [QCaVQ‘Cap QC] (40)

] (090,0°) (00,0°) (00.0°)]

Thus the U (1) charge given by

B+ 1)D: JH=—

Q+1)-D: Q:—ﬁ dzxeijtr[QcachanC]
(3+1)-D: Q:—ﬁ dx e[ (0%,0°) (2%19;0°) (e“'a0®)].

These are, in fact, exactly the same expression as the topological invariant corresponding to

nz(m) =7 in 2+ 1)-D and 73(U(n)) = Z in (3 + 1)-D (see appendix B for the

details). Thus, for both cases
Q = Qsol~ (41)
13.3. Statistics of soliton

One way to derive the statistics of soliton is to calculate the topological spin by comparing
Berry’s phase difference between the following two processes. In the first process, we have a

9 The same result can be derived by fermion integration.
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static soliton. In the second process, the spatial soliton configuration is adiabatically rotated by
27 in time. Following Witten [24], we show in appendix G that such Berry’s phase difference is
e~k where k is the level of the WZW term (see appendix G for the details). Since all nonlinear
sigma models in section 9 have k = 1 WZW term, their solitons are fermion.

14. A summary of Part I

So far, we have established the fact that the fermion theory and non-linear sigma model have
the same global symmetries and anomalies. In addition, we have shown that the solitons of the
non-linear sigma model are fermions. All of these support the equivalence between the fermion
theory and non-linear sigma model. However, we stress again such “the equivalence between
the non-linear sigma model with the k=1 WZW term and the massless free fermion theory” is a
conjecture rather than a proven theorem.

Now we present a brief summary of Part I. We begin in section 1 by presenting the essential
idea underlying the present work. Prior to performing the fermion integration, we first identify
the emergent symmetries in section 2, and the mass manifolds in section 3. For a given massless
fermion theory, the mass manifold is the topological space formed by all mass terms that can
fully gap out the fermions. We then work out the anomalies with respect to the emergent symme-
tries in section 4. Afterward, we introduce mass terms at the expense of breaking the emergent
symmetries in section 5 and fluctuate the mass terms smoothly to regain the emergent symmetries
in section 6. As discussed in section 7, the smoothness of the mass fluctuations is to ensure that
the original fermions remain gapped, hence can be integrated out to yield non-linear sigma mod-
els in section 8 and section 9..'" The level-1 WZW term resulting from the fermion integration is
checked against the prediction of homotopy groups in the appendix, which is referred to in sec-
tions 8 and 9. In section 10, we present local interacting fermion theories that have duality-like
relationships with the bosonized non-linear sigma models. In section 11, we analyze the symme-
tries of the non-linear sigma models. A comparison with the results obtained in section 2 leads to
the conclusion that the fermion and boson theories have the same symmetry. Using the method
of reference [23] we determine the anomalies of the non-linear sigma models in section 12. A
comparison with the results obtained in section 4 leads to the conclusion that the fermion and
boson theories have the same anomalies. Finally, in section 13, we show the bosonized theories
have fermionic degrees of freedom, namely the solitons of the non-linear sigma models.

Part II. Applications
15. The SU(2) gauge theory of the x-flux phase of the half-filled Hubbard model
15.1. The “spinon” representation of the spin operator

The paradigmatic model describing a Mott insulator is the Hubbard model in the large U limit.
At half-filling, every site is occupied by one electron. Below the Mott-Hubbard gap, the active
degrees of freedom are those of spins. Through Anderson’s super-exchange [25], the dynamics
of the spins is governed by the anti-ferromagnetic Heisenberg interaction

10 The procedure can be easily applied to higher dimensions, though we shall not pursue it in the present paper.
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H=Y"1;S"85;.
(ij)
In the “spinon” treatment [26,27] one decomposes a spin-1/2 operator into auxiliary fermion
(spinon) operators

¢ = 3 Kot fis @)
and supplement it with the single occupation constraints
fiyfir+ £ fiu =1
11, =0
fiy fir =0. (43)
In the following we shall refer to the above constraints as the “Mott constraint”. The decompo-
sition in Eq. (42), where one separates the physical spin degrees of freedom into the auxiliary

“spinon” degrees of freedom, is an example of the so-called “slave particle” approach.
In terms of the spinon operators the Heisenberg Hamiltonian read

2 Z%( Jia aﬂfzﬂ) (f,-Tyfffafj(s)

qu( fiufiaFlgfip = 2fiutiat s Fip)

1

:_EZ ( fz]:xflotf fjﬂ+f;zlfjafﬁﬁ )
(ij)

Upon Hubbard-Stratonovich transformation, we express

B
expi — /dr[ZfiLBofm +H]} =
0 i
ﬂ 1
f D[U]exp |—f [Z viaowi+ Y 2 J,J< (w; Uijrj+h.c. ) +2Tr[U U,,] )]}
0 (ij)
(44)
where
)=l 5]
= LU= T . 45
vi= <fi¢ Y A;'kj —Xij )
For later convenience, we rewrite the spinon operator in terms of Majorana fermions
fia == Fi,1a +1Fi 2,
in terms of which, the spin operators are represented as
|
St = EF; >4F;, where
Y =(YX,I1Y,YZ). (46)
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In the last line, the first and second Pauli matrices carry the Majorana and spin indices, respec-
tively.

The spin operators in Eq. (46) are invariant under the following local “charge-SU(2)” trans-
formation

Fi — Wi F;
where W; is generated by
T" = (XY,YI,ZY).
In terms of The Majorana fermion operators, the Mott constraint in Eq. (43) becomes
[ fia—1=F YD F=F'T?F =0
e (fiafip + Fipfi) = FI (XY) Fy = F/T'F, =0
i€ (ﬁaﬁﬂ - fl.;fil) = FI (ZY)F; = FIT3F; =0 @7)

These constraints are implemented via the Lagrange multipliers in the path integral

Z:/D[F]D[U]D[ao]exp(—S)

with
/ 3
S :/dr{ S FlooFi+ ) gJ,-,-[Ff (Re[Xij]YI +iImlxij 11T + Re[A;;1XY
0 i @)
— Im[AGZY )y + 1P+ g P+ Yl (FTT0F) ). (48)
i

15.2. The m-flux phase mean-field theory and the SU (2) gauge fluctuations

In treating the path integral, Eq. (48), one often starts from a mean-field theory where U;;
and af’o are assumed to be space-time independent. To see the many possible mean-field ansatzes
we refer the readers to, e.g., Ref. [27]. In the following, we shall focus on the so-called “z-flux
phase mean-field theory” [28] for the nearest neighbor Heisenberg model.

The m-flux mean field theory assumes the following mean-field U;; and Elf’o

Aij=0, ay=0,

Xiith =1Xs

Xij+s=i(=D"x (49)
where y is a real parameter (see Fig. 2). This leads to the following fermion mean-field Hamil-
tonian,

Avir = —%J Z {i X [FZ.ZNE (an Fi] Fi(=D)iy [Fiiy (1) F,-] + h.c.}

Because the Pauli matrices are identity in both the Majorana and spin spaces, this mean-field
Hamiltonian enjoys both global spin- and charge-SU(2) symmetries generated by
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Fig. 2. The m-flux mean-field theory. Here the black bonds represent hopping amplitude i x in the positive x- or y-
direction and the green bonds represent —i x . The unit cell is enclosed by the orange rectangle.

Spin-SU(2) generators: 3¢ =(YX,IY,YZ)
Charge-SU(2) generators: T9 = (XY,YI,ZY). (50)

Using the eigenvalues 1 of the “sub-lattice Pauli matrix” Z to label the blue and red sub-
lattices in Fig. 2, and performing Fourier transform we obtain the following momentum-space
mean-field Hamiltonian

A 3 T i (e”‘2 — e_ikz) —i + ek
Hmr = _ZJX ; FZy [11 ® |: i —je—2ik _i (eikl _ e*"k2) Fx

= —%JX Z F_Tk [II ® (—sin2k; X + (1 —cos2k;) Y — 2sinky Z)] Fk.
' 619}
In the above equation the tensor product of Pauli matrices are ordered according to
Majorana & spin ® sub-lattice.
In Eq. (51) the (halfed) Brillouin zone is
—n/2<ki<m/2, —nm<k<mw

and the Dirac nodes are situated at ko = (0, 0) and (0, ), which are referred to as two “valleys”
in the following.

Expand k = k¢ + ¢ around these two Dirac nodes, and Fourier transform (w.r.t. ¢) back to the
real space, we obtain the following low energy mean-field Hamiltonian

Hur =/d2x FT (—il;9) F,
where
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Oy =1IXI
h=1I1ZZ. (52)

The tensor product of four Pauli matrices in Eq. (52) are arranged according to

Majorana ® spin @ sub-lattice ® valley.

Including the sub-lattice and valley Pauli matrices the generators of the charge and spin SU(2)
transformations are given by

Spin-SU(2) generators: ¢ = (YXII,IYII,YZII)
Charge-SU(2) generators: T9 =(XYII,YIII,ZYII). (53)

Because the local charge-SU(2) gauge degrees of freedom is a redundancy in the original
half-filled Mott insulator, we expect the field theory in Eq. (48) to have the local charge-SU(2)
symmetry. This motivates one to think the low energy theory, including fluctuations in U;; and

af’o, is a charge-SU(2) gauge theory with

U,'j = Ul'jeiaij
where a;; = af’/.Tb is the spatial component of the charge-SU(2) gauge field. According to

Ref. [27,29], because the mean-field U; ; commutes with the global charge-SU(2) transforma-
tions, the low theory is a charge-SU(2) gauge theory, with ag and a;; playing the roles of the
time and spatial components of the gauge field, respectively.

The partition function of the charge-SU(2) gauge theory reads

Z:/D[ﬁ]D[a#]e—S[ﬁv“u]

2
. . .1
S:/d3x{FT [(ao +iafT) —iy T'(9; +ia?T“):| F+ 5fjv}. (54)
i=1

In Eq. (54) the i fﬁv is generated by integrating out the higher energy fermion degrees of free-
dom. The theory in Eq. (54) describes the n = 8 real class fermion theory coupled to a dynamic
charge-SU(2) gauge field.

According to the bosonization in section 9.2, the bosonized theory is a gauged %

nonlinear sigma model with the k = 1 WZW term.'! Here the charge-SU(2) subgroup of the
fermion (emergent) global symmetry group O (8) is gauged.

In the following let’s assume that the effect of the SU(2) gauge field is to cause confinement
(note, however, we are not implying the deconfined phase does not exist).'> Under such con-
dition, the fermion-antifermion pair oder parameter (analogous to mesons in QCD) must be a

' Note that although for n = 8, the homotopy group are not yet stabilized, fermion integration still gives a WZW term.
When B is a closed manifold, and after division by 27i, the WZW term is the topological invariant of one of the Z factor
of the 4.

12 Note that unlike the compact U(1) gauge field, here the confinement can be not caused by the proliferation of
monopoles. This is based on the following homotopy argument. The SU(2) gauge configurations on the space-time
surface §2 surrounding the location of the monopole are classified by the mapping classes of $2 — BSU(2), where
BSU (2) is the classifying space of SU(2). Using the following identity in algebraic topology,

[S2, BSUQ)lx =[SS!, BSUQ)Ix =[S', SU@)1 = 71 (SU(2)) =0,
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charge-SU(2) singlet. Since OR is precisely the “meson” field, it follows that in the charge-
SU(2) confined phase the finite energy OR are restricted to a sub-manifold of % which

are invariant under the charge-SU(2) transformation'?.'* This sub-manifold is the $* spanned by
the following 5 mutually anti-commuting masses,

5 5
§* = { ZniMi; Zn?: 1}, where

i=1 i=1
Mi=YXZX, IYZX,YZZX,1IYI, IIZY. (55)
In order to match the gamma matrices and mass matrices convention in Table | and 2 (based
on which the non-linear sigma models in subsection 9 and appendix C and F are derived), we

will make the following change the basis. We first exchange the order of the third and the fourth
(i.e., sub-lattice and valley) Pauli matrices, followed by the orthogonal transformation,

I 0
e[l 0]

In the new basis the gamma matrices and the mass terms become

Oy =111X
O,=1I111Z
M;=YXYY,IYYY,YZYY,IIXY,IIZY (56)

These are consistent with the matrices shown in Table 1 and Table 2, except a trivial exchange

of the first and the last Pauli matrices. In this basis, the order parameter QR is defined by M =
R

mOoT®Y.

15.3. Antiferromagnet, valence bond solid, and the “deconfined” quantum critical point

For the mass manifold in Eq. (55), we expect the non-linear sigma model to have a WZW
term because 74(S*) = Z. Substituting

QR =n; N; where
Ni=XXY, IYY,YZY, IIX,IIZ) (57)

into the non-linear sigma model given by Eq. (30) in subsection 9.2 we obtain

it follows that there is no topologically non-trivial gauge field configuration on 52, hence there is no monopole. Here ¥
denotes “reduced suspension”, and [ X1, X2 ], is the homotopy class of base-point-preserving maps X1 — X». Physically
speaking, assuming the SU (2) monopole exists, we can take the northern and southern hemispheres as the patches to
define the gauge connection so that on each patch, the gauge field configuration is non-singular. On the equator, st
where the two patches overlap, a gauge transformation must relate the gauge fields originated from the two patches. At
each point of § Uthe gauge transformation is an element in SU (2). Therefore the monopole classification is given by the
homotopy class of gauge transformation on the st ,ie., T (SU((2)).

13 In addition to restricting QR to be invariant under charge-SU(2) transformations, the charge-SU(2) gauge fluctua-
tions can also generate four-fermion interactions, the effects of which are not studied in the current work.

14 Our result is analogous to Witten’s non-linear sigma model description of QCD in the color SU(3) confined
phase [24].
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Fig. 3. Translation by one lattice constant in the x-direction compounded with the gauge transformation which multiplies
the fermion operators on sites in the orange rows by -1 leaves the mean-field Hamiltonian invariant.

Wil = )\2—3 f dx (n)° — % / MMy dii j divg diiy diipy. (58)
B

This model has O(5) global symmetry generated by the pair-wise product of the matrices in M;,

which are also the generators of O (8) that commutes with the charge-SU(2) generators. Hence

Eq. (58) is often referred to as the “O(5)” non-linear sigma model in the literature [30-33] (a

recent related work can be found in [34]).

Now we address the physical meaning of the five masses given in Eq. (55) (or equivalently
the physical meaning of M; in Eq. (56)). The first three of the masses in Eq. (55) correspond to
the Néel order parameters, while the last two to the valence bond solid (VBS) orders. To see this,
we first note that the first three masses rotate into each other under spin-SU(2),

4 =(YXIILIYII,YZII)

while the last two are invariant.

We can also deduce the effect of translation by one lattice constant on these mass terms. In
writing down the mean-field Hamiltonian we have chosen a particular charge-SU(2) gauge that
explicitly breaks the symmetry associated with x-translation by one-lattice spacing. However,
this is an artifact of gauge choice. The compounded transformation where the x-translation is
followed by the gauge transformation which multiplies the fermion operator located on the or-
ange rows in Fig. 3 by —1

7,
(Fz.1, Fr2) = (=105 x (Fz2, F115.1)

T;
(Fr1. Fr2) = (Fres1, Fra.2), (59)

leaves the mean-field ansatz invariant. This is an example of “projective transformation”. In
Eq. (59) 7 label the unit cell in Fig. 2, and we have omitted the Majorana and spin indices
because they are unaffected by the translation.

In the following, we derive the effects of the “projective translation” on the fermion operator
F which is related to F via
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Fri= ). (Fq,<z,1)e""'1+ﬁq,(,,z)e"(@’””‘U'I)

small ¢

where the (/, v) are the indices for sub-lattice and valleys respectively. Doing the inverse Fourier
transform, the above projective translation transforms F according to

F— T; 3 F
where
T,=1I1XX
T, =111Z. (60)

Here we have put back the Majorana and spin (i.e., the first two) Pauli matrices.
Under T} ; the mean-field Hamiltonian is invariant, but the first three mass terms change sign

under YA“X and 7} (as should the Néel order parameter) while the remaining two masses each

breaks f"x or f"} These are the expected transformation properties of the VBS order parameters.

In appendix J we show that the order parameters in Eq. (57) completely decouple from the
charge-SU(2) gauge field. Thus even in the presence of such gauge field the non-linear sigma
model preserves the form in Eq. (58). Before moving on, there is one additional thing worth
mentioning, namely,

m(SH =0.

Hence there is no soliton in the order parameter associated with Eq. (58).

In summary, we have found that after the charge-SU(2) confinement Eq. (58) describes the
critical point between the AFM and VBS phases the so-called “deconfined quantum critical
point” [30,31,35,36]. It is important to note that in the treatment so far, we have assumed that
the sole effect of the charge-SU(2) confinement is to restrict OR to the appropriate submanifold
of 0(4?+8())M). However, the SU(2) gauge field fluctuations can also induce four-fermion interac-
tions, the effects of which are not studied in the current work. It is very satisfying that aside from
the Néel order parameter, Eq. (57) captures the best-known VBS order parameter once the Néel
is destabilized by quantum fluctuation [37—41].

15.4. The chiral spin liquid

As we discussed earlier, with spontaneous time-reversal symmetry breaking, the interacting
fermion models in section 10 allow QR to reside in the # 4 components of the manifold

O 0®)
Pt ol)yxO0@-=1
In particular, it can be shown that in addition to the / =4 component, the / =0 and / = 8 com-

ponents also contain charge-SU(2) invariant order parameter satisfying all the constraints. The
associated order parameter is

OR =+111 ©61)

This describes the “chiral spin liquid” state [42]. In the presence of a background spin-SU (2)
gauge field a, using the result of appendix F with oR given by Eq. (61) we arrive at
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i |: 2i 3]
W[a]::l:—/tr ada+ —a’|. (62)
4 3

This is the level-1 SU(2) Chern-Simons theory. According to Ref. [43] (see page 383), this is
the spin-SU (2) gauge action of the chiral spin liquid.'>'°

16. The critical spin liquid of “bipartite Mott insulators”in D=1+1,2+1and 3+ 1

The idea explained in the preceding section can be generalized to the insulating phase of
“bipartite Mott insulators”.

A bipartite Mott insulator is a Mott insulator whose lattice consists of two sub-lattices, and
hoppings only occur between different sub-lattices. The nearest-neighbor spin-1/2 antiferro-
magnetic Heisenberg model in one spatial dimension describes the dynamics of spin degrees of
freedom in a one-dimensional bipartite Mott insulator. It realizes the SU(2); WZW non-linear
sigma model, where the emergent symmetries are realized in a non-onsite (e.g., translation)
fashion. This model serves as a paradigm of, e.g., quantum number fractionalization, and has
profoundly influenced theoretical physics. It is natural to ask what is the generalization of this
non-linear sigma model in the Mott insulating phase of higher dimensions. In the present section,
we answer this question.

In a Mott insulating phase, the low energy degrees of freedom are the spins. Since the spin
operators are invariant under the charge-SU(2) transformation, there are lots of choices in frac-
tionalizing the spin into spinons. Different choices are related by the spinon charge-SU(2) gauge
transformation. The spin-spin interaction is generated by Anderson’s super-exchange, the spinon
mean-field theory amounts to choosing a spinon tight-binding model which reproduces the spin-
spin interaction after super-exchange. Since the spin-spin interaction is independent of which
charge-SU(2) gauge we choose, we shall choose the gauge so that the hoppings are purely imag-
inary in the following. The reason for doing so is because in such a gauge, the mean-field spinon
Hamiltonian is charge-SU(2) invariant. This gauge choice exists when the Mott insulator is bi-
partite.

In section 15.2, we saw that the Mott insulating condition is imposed by the constraint that
the order parameter ORisa charge-SU(2) singlet. In this section we show that imposing such
constraints allows us to derive the spin effective theory in bipartite Mott insulators in spatial
dimensions 1,2 and 3.7

15 A technical comment is in order here. In general for each of the disconnected component of the mass manifold

LSJ 0@®)
=00 x 06—’

the WZW term in only stabilized when [ and n — [ are both sufficiently large. Since the gauge field dependent terms of
the non-linear sigma model in appendix F originate from the WZW term, it seems unjustified to used such result for / = 8
or [ =0 We shall provide the justification in appendix H using the idea of mass manifold enlargement.

16 This is also consistent with the U (1)x=> Chern-Simons theory in Ref. [42], whose edge modes are described by the
chiral boson theory with a specific compactification radius so that it is equivalent to the SU (2)—1 WZW theory.

17 Although we will not pursue it in the present paper, the discussion in the following can be generalized to the cases
with larger flavor number or in higher dimensions.
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664 P-0-0-0-0-6-¢

A B A B

(a) Real hopping (b) Imaginary hopping

Fig. 4. (a) The usual 1D nearest neighbor tight-binding with real hopping. (b) Upon the gauge transformation (c}f‘, cf) —

(cf, i c]B ), hoppings become purely imaginary with alternating sign. The arrows point in the direction where the hopping

is +it. The hopping Hamiltonian in panel (b) is charge-SU(2) invariant.

16.1. (1+1)-D

16.1.1. The analog of the m-flux phase

For the nearest neighbor tight-binding model with real hopping in 1D, one can break the lattice
into A, B sub-lattice and do the transformation (cj‘, cf ) — (c;‘, i cf ) to make the hopping purely
imaginary (see Fig. 4). This leads to the lattice model

- 0 i+ie
H=t) o [1®<—i—ie+ik 0 )}c"
k
=—1) ¢l [~Gink)IX + (1 +cosk) [ Y]
k

Here identity matrix I part acts on the spin. After linearizing around kr = m, the low energy
effective theory in Majorana fermion basis reads

H=/dx xT () [=iT191] x(x)
where

r=1IIX. (63)

To comply with the gamma matrix notation in Table 1, we perform a basis transformation y —

T .
e~igllY X, so that the gamma matrix becomes

r=1I11Z. (64)
Here the tensor product of Pauli matrices are arranged according to
Majorana ® spin ® sub-lattice.

In the presence of Hubbard U, there is the global charge-SU(2) symmetry at half-filling. In the
low energy theory, the charge-SU(2) transformation is generated by

Charge-SU (2) generators : T = (XYI,YII, ZYI)

On the other hand, the spin-SU(2) transformations are generated by the following charge-SU(2)
invariant matrices,

Spin-SU (2) generators : X4 = (YXI,IYI,YZI)
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16.1.2. The charge-SU(2) confinement

Following the discussion in section 8.2, the massless free fermion theory is equivalent to
the O(4) level-1 WZW model. Gauging the charge-SU(2) symmetry of the sigma model, and
integrating over the gauge field, amounts to imposing the Mott insulating constraint. Assume the
system is in the charge-SU(2) confined phase, only charge-SU(2) singlet order parameters (mass
terms) can exist at low energies. These mass terms satisfy

{'1,M}=0
[T M]=0
M? =1

The most general mass M satisfying the first two lines has the form

M=nollY +n YXX+n IYX+n3YZX (65)
Among the mass terms

1Y, YXX,IYX,YZX,

the last three rotate into each other under the action of spin-SU(2) transformations, and the first
one is invariant. They correspond to the dimer and Néel order parameters respectively. The con-
dition that M? = I3 gives

The non-linear sigma model describing the fluctuations of 7 has a WZW term because
13(8%) = Z, namely,

1 i [
Wil = o / d*x (9,4) — 12’;’2 / M1, dii ; divy ). (66)
M B

This is the SU(2); non-linear sigma model, known to be the effective theory of the Heisenberg
spin chain [44].

16.2. 2+ 1)-D
16.2.1. The analog of the m-flux phase

In (24 1)-D we use the honeycomb lattice to write down the tight-binding model. The lattice
vectors in the real and momentum space are

alzﬁa(%,?), azzﬁa(_%,§>

and
4 31 4 31
b= T (BN ot (31 67)
3a 2 2 3a 22

respectively. In the following we perform the gauge transformation
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(a) Real hopping (b) Imaginary hopping
Fig. 5. (a) The usual nearest neighbor tight-binding model on the honeycomb lattice with real hopping. (b) Upon the

gauge transformation (c‘,f‘, c? )= (c4,icB), hoppings become purely imaginary with alternating sign. The arrows point
in the direction where the hopping is +it. The tight-binding Hamiltonian in panel (b) is charge-SU(2) invariant.

A B A . B
(cj.c;) = (cj.icy)

on the two sub-lattices, so that the nearest-neighbor hopping becomes purely imaginary (see
Fig. 5). The tight-binding Hamiltonian reads

f ¥ 0 i+ieik-a1 +ieik-a2
:tzc;[—(sin(k-a1)+sin(k-a2))zx—(1+cos(k-a1)+cos(k.a2))1Y]ck
k

Here the Pauli matrices are arranged according to
spin ® sub-lattice.
In the Majorana fermion basis,

H=t ng [— (sin(k -ay)+sin(k -az)) I X— (1+cos(k -ay)+cos(k - a»)) IIY]Xk.
k

(68)
Here the Pauli matrices are arranged according to
Majorana & spin ® sub-lattice.

In the presence of repulsive Hubbard U, there is charge-SU(2) symmetry at half-filling. In the
low energy theory the charge-SU(2) transformation is generated by

Charge-SU(2) generators : T = (XYI,YII, ZYI)
On the other hand, the spin-SU(2) transformations are generated by the following matrices,
Spin-SU(2) generators : ¢ = (YXI,IYI,YZI)

Eq. (68) is invariant under both the charge- and spin-SU(2). In momentum space the Dirac points
are located at K and K points, i.e., ko where kg := % (b1 — b)) (see Eq. (67)). Note that in the
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Majorana fermion basis, the contribution of Hamtiltonian from k and —k are the same due to the
constraint X_Tk = X; . This means that one can take the fermion x,14 around kg as the Fourier
modes of complex fermion ¢, and discard the other node. We then break this complex fermion ¢
into real fermion by ¢ = x1 + i X2 (in the following we shall refer to this 1 and 2 as the “valley”
indices). In this final Majorana representation, the low energy Hamiltonian reads

ﬁ:/dx 77 () [=iT18) — iTads] 7(x)

where I'y = 11X and I, = I1YY.'® Here the Pauli matrices are arranged according to

Majorana ® spin ® valley ® sub-lattice.

In this basis, the symmetry generators are

Charge SU (2) generators : T* = (XYII,YIII, ZYII)
Spin SU (2) generators : X = (YXII,IYII,YZII).

16.2.2. The charge-SU(2) confinement

Following the discussions in section 9.2, the massless fermion theory is equivalent to the
% level-1 WZW model. Notice that the low energy fermion theory is identical to the
7 flux phase spinon mean-field theory discussed in section 15. Imposing the Mott constraint
constraints the mass manifold. Specifically it requires the mass terms to commute with the

charge-SU(2) generators. Under conditions the allowed mass terms satisfy

{Ii,M}=0
[T M]=0
M? =TIy

The most general mass, M € %, satisfying the first two equations has the form

M=mYXIZA+nIYIZ+n3YZIZ+n4 [IXY +ns5112Y

Similar to the discussion in section 15, the first three of the masses in Eq. (55) correspond to
the Néel order parameters, while the last two to the valence bond solid (VBS) order parameters.
The order parameter space forms an $*. Plugging it into the 008+83(4) level-1 WZW model, we
arrive at the O(5) WZW theory

2 2 2mi R T
Winil= . /d3x (0umi)” — W/e”klmnidnj diiy diny diy,.
M B

Here we note that because 72(S*) = 0 there is no soliton.
16.3. 3+ 1)-D
16.3.1. The analog of the 7 -flux phase

As a model for bipartite Mott insulator, we begin with a 3-dimensional tight-binding model
consists of stacked honeycomb lattice. Here the lattice sites of each layer are stacked on top of

18 This is related to the gamma matrices in Table 1 by a basis transformation.
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(a) Real hopping

(b) Imaginary hopping

Fig. 6. (a) The tight-binding model on a stacked honeycomb lattice with real-valued nearest-neighbor hopping. Blue/red

(A/B) mark the two sub-lattices of the honeycomb lattice respectively. The positive hoppings are drawn in black, while

the negative hoppings in white. (b) After the gauge transformation (c Bl Az Bz) — (c ‘cBl i CA2 Bz) a

J
unit cell contains four sites. This is marked by blue/red/green/orange and labeled as A1/B1/Ay/ 32 respectlvely The
hoppings become purely imaginary. The arrows point in the direction where the hopping is +if. The tight-bonding
Hamiltonian in panel (b) has charge-SU(2) symmetry.

those in the layer beneath. Within each layer, we have real hopping between the nearest-neighbor
sites described in section 16.2. Between layers, the (real) hopping have the opposite sign for
the A and B sub-lattice (see Fig. 6a). In order to make the hopping terms global charge-SU(2)
invariant, we first enlarge the unit cell by grouping two adjacent layers to form Ay, By, A>, B>
sub-lattices as shown in Fig. 6b. We then perform the following gauge transformation,

A B A . B
(levcjl CJZ’ ] )_)(C lea ]27 ] )

Here the lattice vectors in the real and momentum spaces are

1 /3 1 V3
a1:ﬁ<§9§70>7 a2=\/§<_57§70)7 a3=3(0’051)

J3 1 V31 2
b = 5 (2 20), b= 3( - 20), b3=?(0,0,1) (69)

and

respectively. In the above we have assumed the magnitude of the hopping in the z-direction is the
same as those within each layer. Moreover, we have tuned the lattice constant in the z-direction
so that the Dirac cone is isotropic. The resulting tight-binding model reads

0 Sxy(k)  S;(k) 0

A — S5y (k) 0 0 Sz (k)
_ I Xy
H—ztE I ® _SH() 0 0 Sy (k) Ck
0 -8y (k) S* (k) 0

_ f [sin(k - ay) +sin(k - a2)1ZX — [1 +cos(k - a) +cos(k - ax)1ZY
_tzckl ® { +sin(k - a3) X1 — [1 + cos(k -a3)YI]. } *

(70)
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where the Syy and S; in Eq. (70) are defined as

Sxy(k) =1 +€ik-a1 +eik-a2
S, (k) =1+,

and the Pauli matrices are arranged according to

spin ® sub-lattice (4 x 4).

It is simple to show that in the momentum space the Dirac points are located at +k(, where
ko= % (b1 — by).
Converting Eq. (70) into the Majorana fermion basis, the Hamiltonian reads

H=tY xl11
k

® [ — (sin(k - a)+sin(k - a2)) ZX — (14+cos(k - aj)+cos(k - a)) ZY ] “

+sin(k - a3)XI — (1 +cos(k -a3)YI) 71

where the first Pauli matrix 7 acts in the Majorana space. The Hamiltonian in Eq. (71) is invariant
under the global charge and spin SU (2) transformations generated by

Charge-SUQ2): T* =(XYII, YIII, ZYII)

Spin-SUQ2): X4=(YXII, IYII, YZII) (72)

When performing the mode expansion near +kg, because sz = X; , one can keep the com-

plex fermion operator ¢4 = Xk,+4 While disregard the mode expansion near —kj. We subse-
quently break ¢ into real fermion operators ¢ = x; + i x2 (in the following we shall refer to this
1 and 2 as the “valley” indices). Omitting the tilde, in this final Majorana representation, the
low energy theory of the Hamiltonian Eq. (71) is given by the n = 8 real class massless fermion
Hamiltonian

ﬁeffZ/d3x x" [—iiriaz} X

where 'y =11ZX1, I‘lj:IIZYY, =1I1IXII, (73)
and Eq. (72) is given by

Charge-SUQ2): T =(XYIII, YIIII, ZYIII)

Spin-SUQ2): X4 =(YXIII, IYIII, YZIII) 74)
In this basis, the Pauli matrices correspond to

Majorana ® spin @ sub-lattice (4 x 4) ® valley.

For the gamma matrices to be in the standard basis used in Table 1, we can do the transforma-
tion
X — A FIZYT ei%IIIXYX’

and then switch between the third and the fifth Pauli matrices. In the new basis, Eq. (73) becomes
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3
I:]effZ/d3x )(T |:—izri8i:|x
i=1
where 'y =111Z1, T, =111XI, I'3=111YY, (75)

while the symmetry generators in Eq. (74) remain unchanged. Upon bosonization, Eq. (75) is
equivalent to the U (8)/ O (8) nonlinear sigma model in Eq. (33).

16.3.2. The charge-SU(2) confinement

Following the discussion in section 16, the Mott constraint can be imposed by demanding the
order parameter to be charge SU (2) singlet. It is straightforward (but lengthy) to show that the
following OR satisfies the charge-SU(2) singlet requirement

5

O (x) =" [no(x) No+i) ni(x) Nl} ="M G (x), (76)

i=1
where
No=111, Ny=11Z, Npy=11X, N3=1YY, Ny=YZY, Ns=YXY
5
and anz =1,i.e., (ng,n1,no,n3, ng,ns) € s3.
i=0
In addition, in Eq. (76) Gy is a symmetric special unitary 8 x 8 matrix, namely,
SU®)
0@®)
Substituting Eq. (76) into the bosonized nonlinear sigma model Eq. (33) and noting that

Gs(x) €

1 . 1
-0%10, 0% = ~G0,Gs + 0,6,
the stiffness term becomes

1f4 R qu HRY
— [ a*xu[o, 0Ro0m 0
4)\3 [ ]
4 1
=3 [ d'x [3u6040] + d*x e [9,G59" ]
&3

5
—/dx&@&“@ 32/ X (@uni)? a7
gxe

i=0
The cross term vanishes because
1 N
?Tr[g;aﬂgs] =0. (78)

Eq. (78) is due to the fact that Gg is a symmetric special unitary matrix hence € SU (n). As a
result, the matrix part of %QEBMQS can be decomposed into the generators {t*} of su(n), which
are traceless.
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As to the WZW term it can be shown that

“go0rt | v (0%140%) | =—5es [ o] (') ]

5 B
2mi e
= — 122):;3 /61”213141516ﬁildﬁizdﬁi3dﬁi4dﬁi5dﬁi6_ )
B

(We shall prove this relation in appendix K.)
Putting together Eq. (77) and Eq. (79), the non-linear sigma model action is given by

5
2 2
wio, Bl = —2fd4x [0,00"6] + —2/d4x > (@uni)?
)‘4 )‘4 i=0
M M

20 [ ...
— €
12073

B
(80)

Therefore unlike (1 + 1)- and (2 + 1)-D, the spin effective theory for (3 + 1)-D bipartite Mott
insulator has an extra U (1) mode!

16.3.3. Gapping out the U (1) mode

In this subsection we show that there is a charge-SU(2) singlet fermion interaction term that
gaps out the 6 degree of freedom. For convenience, we use the basis in Eq. (75). The emergent
symmetry is U (n) which includes a subgroup U (1) (not to be confused with the extra U (1) mode
discussed earlier) generated by

Quay=5L1IY.

We can use this Qy (1) to complexify the Majorana fermion, '’

namely,

1
= — i ] wi2) - 81
Y ﬁ(X 1+ Xai2) (81)

Here the Majorana field x,i, carries three indices: « = 1, 2, ..., n is the flavor index; i indexes
the second Pauli matrix in Eq. (75) and a = 1, 2 indexes the last Pauli matrix. In terms of the
complexified fermion operators the mass term reads (see Table 2)

XT[SI®YX+$®YZ]x
= [0 v (5148 $90p 0] +hc]
= [I/G‘X Ejj Q&Rg 1#}»3 +h.c.] 82)

where S7 and S, are symmetric real matrices.
Now we are ready to construct the desired interaction term to gap out the U(1) mode in
Eq. (76)

19 Note that although we have complexified the Majorana fermion using the emergent U (1), this is different from the
complex class because we allow the mass term to break this U (1).

48



Y.-T. Huang and D.-H. Lee Nuclear Physics B 972 (2021) 115565

. Uy
Hiy = - /d4x [Eiljl Ei ... Ei,j, (Galaz...an Wﬁll/fgz...lﬁ;zn)

x (eﬁlﬁz,_.ﬁn o wﬁz...w]f;") n h.c.]. (83)
First we note that Eq. (83) is a charge-SU(2) singlet, hence is unaffected by the Mott con-
straint. The proof goes as follows. When acted upon by the charge-SU(2) transformation, the
fermion operator in Eq. (81) transforms according to
wf‘ — u%gﬁiﬂ ,
where u¢ is the charge-SU(2) transformation matrix. Under such transformation, the term in each

parenthesis of Eq. (83) transforms according to

€araran Vi, Uiy Vi = €aron.ay g Uy wf' g[fi’zz...wi’i”
= (detu) ep py..p, V0 W VD = v, VUL
Therefore Eq. (83) is charge-SU(2) invariant.
Next, we note, upon bosonization
g B R _ .
Ejyiw! — OF = (81 +iS2)p.
where
U
R 3
0(®)

is the order parameter of the nonlinear sigma model in Eq. (33). As the result, the action corre-
sponds to Hjp is

Sim=—%/d4x {det[QR] +c.c]. (84)

Substituting Eq. (76) into Eq. (84) we obtain

Q

Sint = —Up / d*x cos(86). (85)

Naively, it might appear that the 6-vacuum is 8-fold degenerate, corresponding to

2l
0= T WlthlZO, 1, L.

However, this is due to a redundancy in the splitting U (8)/0(8) — U (1) x SU(8)/0O(8). The
transformation

o0 s ol 0+F)
can be absorbed by the following transformation of Gg

-2
Gs —e' 3 Gs.

22\ 8
Because ( €' ) = 1, the transformed Gyg still belongs to SU (8)/0(8). As a result, the 8 differ-

ent 6 vacua should be counted as one, as long as there is no spontaneous symmetry breaking in
Gs (i.e., when Gg(x) fluctuates over all possible configurations in SU (8)/0(8)).
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In the phase that the 6 degrees of freedom are gapped out, we have

5
o) = [m(x) No+i ) ni(x) N,} : (86)

i=1

Among the six order parameters, the first three are spin-SU(2) singlet and the last three are spin-
SU(2) triplet. The latter can be interpreted as the anti-ferromagnetic order parameters. As to
the first three, they break the lattice rotation symmetry, and can be identified as the VBS order
parameters. The non-linear sigma model governing the n; degrees of freedom read

5 .
2 2
Winil = = / d*x Y (@uni)* — : f eNRBISI R dfiy ditydit, ditgditg,
)‘4M i=0

12073
B

87)

which is the S° (or O(6)) nonlinear sigma model with k = 1 WZW term. Note that since
m3(S°) = 0, there is no soliton. This model is a natural generalization of the spin effective theory
in (1+1)-and 2+ 1)-D.

Finally, the cautionary remarks in the summary of section 15, concerning the four-fermion
interactions, induced by the charge-SU(2) gauge field fluctuations, also apply here.

17. Twisted bi-layer graphene

Another 2D system where relativistic electron dispersion comes into play is the twisted bilayer
graphene (TBLG). When the twisting angle is close to the “magic” value, the relevant bands
become very flat [45], which suggests strong correlation. Under that condition, as a function
of band filling v, a rich phase diagram emerges. This includes various insulating phases near
integer filling and superconductivity when v deviates from integer [46—51]. In the following, we
shall hold the point of view that the essence of the TBLG physics is the fact that the interaction
energy overwhelms the bandwidth, which does not require the bandwidth to be zero. Therefore
we restrict ourselves to twisting angles close but not exactly equal to the magic values.

In the non-interacting picture, the Fermi energy (Er) only intersects the Dirac nodes at the
charge neutral point v = 0. However, by measuring the electronic compressibility, it is recently
suggested that the coincidence of Er and Dirac nodes reappears at all integer filling factors [52,
53]. Such “Dirac revivals” is interpreted as the evidence of the unequal filling of bands induced
by the polarization of the flavor (including valley and spin) degrees of freedom. Therefore the
relativistic massless fermions and bosonized non-linear sigma models discussed in Part I are
good starting points to address the physics of TBLG.

The real space structure of the TBLG is shown in Fig. 7a for a certain small but commensurate
twisting angle. In Fig. 7b we show the associated momentum space structure. The large blue and
the red hexagons are the original graphene Brillouin zones for the two layers. The small hexagons
colored orange are the Brillouin zone of the Moiré superlattice. In Fig. 7c we blow up one of the
Moiré Brillouin zones. Here Kj; and K 1/1/1 labels the two valleys in the Moiré Brillouin zone,
while the blue/red K and K’ labels the valleys of the graphene Brillouin zone. Note that each
valley of the Moiré Brillouin zone consists of two opposite valleys of the graphene Brillouin
zone.
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KM: (K1 :KZ)

Kt (Ky,Kz)

(a) Real space (b) Momentum space (c) Moiré Brillouin zone

Fig. 7. (a) A real space picture of twisted bilayer graphene. (b) Blue and red color the Brillouin zones of the first and
second layer graphene. Orange colors the Brillouin zone of the Moiré superlattice. (c) At K, there are the K of the
first layer and K/, of the first layer. At K, there are the K| of the first layer and K of the second layer.

17.1. Charge neutral point v =0

In the presence of inter-layer hybridization, there are eight “active” graphene-like bands. We
can label these eight “flavors” by the flavor index which represents

graphene valley, Moiré valley, spin

degrees of freedom. At the charge neutral point, the Fermi level crosses the Dirac points at K s
and K.

In the momentum space we expand the band dispersion around K s and K, the resulting low
energy Dirac-like band structure is described by the following continuum real-space Hamiltonian

H =/d2x YT (x) (=iT18x —iT2dy) ¥ (x), (88)
where ¥ is an eight-component complex fermion field, and

M=XZII, Th=YIII. (89)
Here the tensor product of Pauli matrices is arranged according to

sub-lattice ® graphene valley ® Moiré valley ® spin.

The reason we use the complex fermion (rather than Majorana) representation in Eq. (88) is that
at integer band fillings there is no evidence of superconductivity [48]. Therefore Eq. (88) belong
to the complex class.

The massless free fermion Hamiltonian in Eq. (88) has emergent U (8) symmetry. After per-
forming the basis transformation

Y > XL [(é g) ®11]1ﬂ

to cast the gamma matrices into the form used in Table 1, namely,
M=XI11, Th=ZI11,
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we can use our bosonization result (see appendix F). In the presence of the electromagnetic
(U(1)) gauge field A, the massless fermion theory in Eq. (88) is equivalent to the following
gauged non-linear sigma model

wig = [ ore] 0] 5 [ [0° (00°)

M B
+8/tr[iAQC(dQC)2—2AFQC]}, (90)
M
where
C U(8)
0" Taxu@’ oD

As discussed in section 10, there exists a local interacting fermion model which respects
all emergent symmetries and the phases (which might spontaneously break the continuous or
discrete symmetries) are described by the effective theories given by Eq. (90) but with

8
U
C U ®
art U xU®—-I)
Among the last two terms of Eq. (90), the term linear in A, measures the soliton current

i Cq ACa AHC
J":Ee“”/’tr[Q 3,0%9,0 ]

The term proportional to AF gives rise to a Chern-Simons term

L / a[QC1AF
8
M

with the corresponding Hall conductance

o1y = 501 =1 ~4. ©92)

Therefore only the / = 4 mass manifold, WSUM)’ has oy, = 0. Since so far there is no reported
(non-zero) Hall conductivity at the charge neutral point [51], we take it as implying the relevant
mass manifold is %%.

The resulting non-linear sigma model has two phases depending on the coupling constant A3
in the stiffness term. For A3 < A, there is a spontaneous breaking of the U (8) symmetry, and
the sigma model is gapped. We interpret this phase as the “symmetry-breaking insulator”. For
A3 > A, there is a gapless phase for the non-linear sigma model, and we interpret that as the
semi-metal phase. As far as we know, it is still not totally clear whether the low-temperature
phase at v =0 is a Dirac semimetal or a correlated charge insulator.

17.2. v==%1,£2,4£3

Experimentally a sequence of asymmetric jumps in the electronic compressibility are ob-
served near integer filling factors [52,53]. In Ref. [52] this is coined “Dirac fermion revivals”,
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P E )
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(a) (b) (c)

Fig. 8. A caricature of the possible flavor polarization at (a) v =2 and (b) v =1 and (c) v = 3. Note that as long as the
Fermi level intersects bands with the right degeneracy, the bands below the Fermi energy can overlap without changing
the filling factor. For v = —2, —1, —3 we simply reflect the figures with respect to the x-axis.

which is interpreted as due to “flavor polarization”. In the following we shall assume this inter-
pretation holds and regard the massless Dirac fermion as a good starting point for analyzing the
low temperature phases. This point of view is also adopted in [54].

The mechanism of flavor polarization is likely due to a combination of Coulomb interaction
and narrow bands, much like the occurrence of spin polarization (ferromagnetism) in narrow
band metal. In the following, we shall assume the simplest flavor polarization mechanism. More
complicated ones will not affect our discussions, as long as, after the polarization, the low energy
spectrum forms Dirac cones and the number of active bands and the associated low-energy theory
are captured correctly.

For simplicity, we shall consider v > 0 in the following discussion. In the cases of v =
1,2,3%

the Fermi level crossing band number is reduced to 3, 2, 1 respectively. This can be caused by
a polarization operator

» / d’x Yy (x)"P y(x) (93)

where P is a hermitian matrix that commutes with I'; and satisfies P2 = I;6. In addition, P
needs to be identity matrix for the Moiré valley degree of freedom. This leads to the space

U4)
Pe UU(4—v)><U(v) 4

Such a term will shift 4 — v bands on the Moiré Brillouin zone upward and the remaining v down-
ward by the energy +A . For example, P = IZI1 is one such polarization matrix for v =2
causing the polarization of graphene valleys, with half of the bands are shifted upward/down-
ward. The resulting spectrum for each v is schematically shown in Fig. 8.

After the polarization, the low energy free fermion Hamiltonian read

b1 =/d2x i) (—irg%x - irg")ay) v (x), (95)

where, up to a flavor basis transformation,

20y = —1,-2,3 can be mapped onto v = 1,2, 3 by flipping the signs of A, in Eq. (93) and €f in Fig. 8.
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M\ =x11_,, TV =YIL_,. (96)

Here 14—, is the identity matrix for size 4 — v. The order parameter associated with the Fermi-
level crossing bands is

8—2v

U —2v)
C
, 97
GZL:JO U x UGB —2v—1) ©7)
and the associated non-linear sigma model reads
1 2mi 4
C g1 1 [ 3
Wi Al=43, /d vuf (2,0°)'] ~ 25672 /tr )]
M B
+8/tr[iAQC(dQ(C)2—2AFQC]}, (98)
M

where A, is the electromagnetic (U (1)) gauge field. Here, associated with each mass manifold
the oy is given by

oy =1—(4-v).

First consider we v = 1, 2. Since experimentally oxy=0atv=1,2[5]] for B =0, we
take it as implying the relevant mass manifold is %. The resulting non-linear sigma
model can have two phases. One of phases occurs for A3 < A, where there is a spontaneous
breaking of the U (8 — 2v) symmetry and the sigma model is gapped. We interpret this phase as
the “symmetry-breaking correlated insulator”.”! The other phase occurs for A3 > A. where the
sigma model remains gapless. We interpret that as the semi-metal phase.

For v = 3, the order parameter associated with the Fermi-level crossing bands is

2

C U(2)
" <U goxva—n .

The / =2 and [ = 0 mass manifolds break the time-reversal symmetry and yield oy, = %1 (see
appendix H for the details). Hence the phase corresponds to a quantum anomalous Hall state.
This is consistent with the experimental observation of Ref. [S1]. We stress that the non-zero o,y
associated with mass manifold / = 0 or 2 is independent of the choice of flavor polarization P so
long as it obeys Eq. (94).
The mass manifold associated with / =1 is
ve 2
u)yxu@ =

In that case Q(C can be replaced by a unit vector 7 € S%. This leads to the bosonization of a small
n case (i.e., before the WZW term is stabilized). The resulting nonlinear sigma model was first
derived in Ref. [55] and reviewed in appendix H. The action is given by

A 1 . . A
Wil = - /d3x (0,7)” + im HIA].
3
M

21 Due to the flavor polarization, the original emergent symmetry is broken. Hence in principle, the low energy massless
fermion theory can be regularized. If so there is the possibility that a Mott insulator phase exists.
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Here H[n] is the Hopf invariant of the S3 — S% mapping. In the presence of such Hopf term
the solitons are fermions [56]. Depending on the value of A} this non-linear sigma model can be
gapless (preserving the U (2) symmetry) for A5 < A, or gapped (spontaneous symmetry break-
ing) for A5 > A.. In the latter case the fermionic solitons will be gapped. In either case oy, = 0.
We viewed the gapped soliton phase a “correlated insulator” arising from symmetry breaking.

18. Conclusions

In this paper we have proposed the (non-abelian) bosonized theories associated with two
classes of massless fermion theories, the real and complex class, in spatial dimensions 1, 2, and
3. The bosonized theories are non-linear sigma models with the level-1 Wess-Zumino-Witten
terms. We have also included three examples showing how to apply the bosonization results.

Of course, the goal of bosonization is not simply writing down theories equivalent to that
of massless free fermions. For example, the bosonized models manifest what are the “near-
by” symmetry-breaking states. These symmetry-breaking states can be reached when anisotropy
terms are added to the non-linear sigma models. The bosonized theories also allow one to include
the effects of strong interaction such as the charge-SU(2) confinement discussed in the first two
applications. Moreover, as we have discussed, the main idea of this bosonization is inspired by
the physics of topological insulators and superconductors. Indeed, the results discussed here can
be applied to the boundary physics of such systems.

In this paper, when restoring the symmetries, we have restricted the bosonic order parameters
to fluctuate smoothly. As the result, defect proliferation is not considered. In the literature, it is
known that proliferation of symmetry-protected defects can lead to topological order (e.g., in
Ref. [57]). However, in that case, one is restricted to the boundary of topological insulators/su-
perconductors (or more generally symmetry-protected topological states). This is because defects
are sensitive to short-distance physics, and the symmetries that protect the desired properties of
defects can be broken by the regularization. Of course, unless the defects are on the boundary of
an SPT, where regularization is provided by the bulk, and no symmetry breaking is necessary. An
interesting question is how to reach a topological ordered state without invoking defects. These
are directions that warrants more researches.
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Appendix A. The emergent symmetries for (2 + 1) and (3 + 1)-D

In this appendix we derive the emergent symmetries of the massless fermion theory (see
Table 1) for spatial dimension d = 2,3 (for d = 1 the result has already been discussed in sec-
tions 2).

A.l. Complex class in (2+ 1)-D

In the complex fermion representation, the minimal size of the gamma matrices in two spatial
dimensions is 2 x 2. If the fermion has » flavors, modulo a basis transformation, we have

2
So=/d3x ¥ —i Y Tid)¥ where
i=1
r=2zI1, TI'y=XI,. (100)
It’s easy to see that the full emergent symmetries include U(n) transformations in the flavor

degrees of freedom. In addition, there are discrete symmetries, namely, charge conjugation and
time-reversal symmetries. To summarize, Eq. (100) is invariant under

U (n) symmetry :

Un):v—> (I ®g)y where g e U(n)
Charge conjugation symmetry :

C:y > UL YN

Time reversal symmetry :

T:v—>XYQIL)y. (101)
A.2. Real class in 2+ 1)-D

In the Majorana fermion representation, the minimal size of the gamma matrices in two spatial
dimensions, is 2 x 2. If the fermion has »n flavors, modulo a basis transformation, we have

2
So=/d3xxT(80—iZF,~8,~)X where
i=1

I =2, T.=XI,. (102)

It’s easy to see that the full emergent symmetries include O(n) transformations in the flavor
degrees of freedom. In addition, there is time reversal symmetry. To summarize, Eq. (102) is
invariant under
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O (n) symmetry :

On):x —> (I ®g)x wherege O(n)

Time reversal symmetry :

T:x—>(EQIL)x. (103)

A.3. Complex class in (3 + 1)-D

In the complex fermion representation, the minimal size of the gamma matrices in three spatial
dimensions is 4 x 4. If the fermion has » flavors, modulo a basis transformation, we have

3

S0=/d4x W(ao—iZF,»ai)w where
i=1

ry=2z2I1,, Th=XII,, T3=YZI,. (104)
Similar to the (1 4+ 1)-D case, the chirality matrix
I's:=—ilMIhI3=1Z1,

commutes with the gamma matrices. As a result, the full emergent include chiral U (n) transfor-
mations, namely, Uy (n) x U_(n) (see below). In addition, there are discrete symmetries, namely,
charge conjugation, and time-reversal symmetries. To summarize, Eq. (104) is invariant under

Chiral U (n) symmetry :

Ur(m) xU_(n): Y - (IPL ®g++IP-®g_)y where gL € UL(n)

Charge conjugation symmetry :

Ciy—>UXR L)W

Time reversal symmetry :

T:y—>YZR L)Y, (105)

where
_IxZ

i.—T.

A.4. Real class in (3+ 1)-D

In the Majorana fermion representation, the minimal size of the gamma matrices in three
spatial dimensions is 4 x 4. If the fermion has n flavors, modulo a basis transformation, we have

3
S():/d“xxT(ao—iZFiai)x where
i=1
I =2zIl, Th=XIIl, Ti=YYI,. (106)

Although we can still define I'1I'2I'3s = I E ], this is an anti-symmetric matrix with complex
eigenvectors hence cannot be used to define chirality for Majorana (real) fermions.

To find the most general continuous unitary symmetry, notice that only /7 and I E commute
with the first two Pauli matrices in I'j 2 3. Hence the symmetry transformation needs to be in the
form
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x—>UI®g1—1E®g)X.

Here g; and g» are orthogonal matrices (which preserve the realness of the Majorana fermion
operator and their anti-commutation relation). The condition of g and g being orthogonal ma-
trices is equivalent to requiring g + ig> € U (n).”” Thus, the unitary continuous symmetry is
U (n). In addition, there is time-reversal symmetry. To summarize, Eq. (106) is invariant under

U (n) symmetry :

Un):x > U1Rg —IE®g)x whereg:=g1+igrelU(@n)

Time reversal symmetry :

T:x—>(EZQIL,)x (107)

Appendix B. The mass manifolds, homotopy groups and symmetry transformations

In this appendix we derive the mass manifolds in Table 2, and the transformation of Q€ and
OR under the emergent symmetries in Table 4 for d =2, 3 (the d = 1 case has been discussed in
section 3 and 6). In addition, we discuss the relevant homotopy groups of the mass manifolds. For
sufficiently large flavor number #, it turns out that the mp4 1, relevant to the existence of WZW
term, are always equal to Z. On the other hand, wp_1, relevant to the existence of non-trivial
soliton, are Z or Z, depending on whether the class is complex or real.”

B.1. Complex class in (2+ 1)-D

In (2 + 1)-D, complex fermion representation, the gamma matrices in Eq. (100) are
=21, T=XI,. (108)
The most general hermitian mass matrix M satisfying
{M,T;}=0and M?> = I,
is of the form
M=Y®H:=Y®QC (109)

where Q€ = H is an n x n hermitian matrix satisfying H? = I,,. This last condition requires the
eigenvalues of H to be 1. Assuming / of the eigenvalues are +1 and n — [ are —1, we have

0C =W -diag(+1, ..., +1,—1,... 1) - w.
1 n—I

Different QC are characterized by the unitary matrix (whose columns are eigenvectors) W €
U (n). However, not all W will yield distinct QC. Under the transformation
w0 - 8
W—->Ww. 0 W where Wi eU() and WroeU((n —1),
2

22 Asan algebraic relation, I E plays the role of i here because (/ E)? = —1y.
23 Although we shall not further discuss it in this paper, the Z or Z, soliton classifications are originated from K-
theory [6] and the Bott periodicity [58,59]. Therefore this statement holds true in even higher dimensions.
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Table 6
The homotopy groups of the complex Grassmannian
m We box the homotopy group when it is sta-

bilized, i.e., no longer changes with increasing n.

n (even)  Mass manifold b10) 3 T4
(soliton) (0 term) (WZW)

24 vastan | 2] [0]

v _ 2
2 TUMxU0) =S Z Z

0C is unchanged. Thus the mass manifold M is the union of the quotient spaces

Un)
M= UU(Z) xUm—1)

These quotient spaces are called “complex Grassmannians”. Note that M contains n + 1 discon-
nected components.

Under the action of the emergent symmetries in Eq. (101), the order parameter OC transforms
as

o€~ ¢ 0%
0t S (0°)
()

Among them, the time reversal transformation changes the signs of all eigenvalues and thus
exchanges [ and n — /. Therefore only when
Un)

Q(C € forn € even
Un/2) xU(@n/2)

does the time reversal transformed Q€ stay in the same component of the mass manifold. Only
in this manifold, fluctuating QC can restore the full emergent symmetries.
Using the long exact sequence of the homotopy group corresponding to the fibration,
0 Ul x Ul > Um vm o
— —) X ) )—>Umn)» ————— =0,
2 2 U (%) x U (%)

we can deduce the homotopy groups of the complex Grassmannian from the homotopy groups
of U (n) (see, e.g., [60]). In Table 6 we list the results of the second, third, and fourth homotopy
groups. They are relevant for determining the existence of solitons, 6-term, and WZW term.
These results are used in appendix D.

B.2. Real class in (2+ 1)-D

The massless fermion Hamiltonian is given by Eq. (102), where the gamma matrices are given
by

T =2ZI, T2=XI, (110)
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The most general purely imaginary antisymmetric mass matrix (requirement due to hermiticity
and Majorana condition) M satisfying

{M,T;}=0and M? = I,
is of the form
M=Y®S:=Y®OR (111)

where QR = S is an n x n real symmetric matrix satisfying S? = I,,. This last condition requires
the eigenvalues of QR to be £1. Assuming [ of the eigenvalues are +1 and the rest are —1, we
have
OR =W . diag(+1,...,+1,—1,...,—1) - w.
I n—l

Hence different Q]R are characterized by the orthogonal matrix W € O(n). However, not all W
yield distinct OR . Under the transformation
Wl 0 ~ -
W—>Ww. = where Wi € O() and W e O(n —1),
0o W
OR s unchanged. Thus the mass manifold is the union of quotient spaces called “real Grass-
mannians”

" 0(n)
M_g) o xOom=10"

Here, M contains n + 1 disconnected components.

Under the action of the emergent symmetries in Eq. (103), the order parameter OR transforms
as

O(N)
Of —= " 0R ¢

T
oF — —0F.
Among them, the time reversal transformation changes the signs of all eigenvalues and thus
exchanges / and n — /. Therefore only when
0n)

R
0" € 001/2) x 01/2) for n € even

does the time reversal transformed QR stay in the same component of the mass manifold. Only
in the mass manifold, fluctuating OR can restore the full emergent symmetries.
Using the long exact sequence of the homotopy group associated with the fibration,
0> 0() x 0(2) = 0(n) 0w 0
- 0(=)x0(=)—0n)—» ————— — 0,
2 2 0(%) x O( %)

we can deduce the homotopy groups of the real Grassmannian from the homotopy groups of
O(n) (see e.g., [60]). We list the results of the second, third, and fourth homotopy groups in
Table 7. They are relevant for determining the existence of solitons, 6-term, and WZW term.
These results are used in appendix D.
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Table 7
The homotopy groups of the real Grassmannian %. We box
the homotopy group when it is stabilized, i.e., no longer changes with in-

creasing n.
n (even) Mass manifold %) 3 T4
(soliton) (0 term) (WZW)
0(n)
> 10 0G/2)x0W/2) 0]
2 st 0 0 0
52 52 2 2 2
4 7, Z Z z;
6 0 z
8 0 z3

B.3. Complex class in (3+ 1)-D
The massless fermion Hamiltonian is given by Eq. (104), where the gamma matrices are given

by

r=2zI1, I'h=XI1I,, I's5=YZI, (112)
The most general hermitian mass matrix M satisfying

{M,Ti}=0
is of the form

M=YX®H +YY®H (113)
Here Hj are n x n hermitian matrices. It’s easy to check that the extra condition on the mass
matrix

M?* = Iy,
is equivalent to requiring

0C :=H +iH,eUn)

Thus, the mass manifold is U (n). Here the mass manifold contains only a single component.
Under the action of the emergent symmetries in Eq. (105), the order parameter Q(C transforms
as

c UmxU(n) C
— gi 07 g+

Q
o€ S ( Qcc>T
oC L ( Qc)*
Fluctuating Q€ within U (n) can restore the full emergent symmetries.
We list the results of the second, third, and fourth homotopy groups in Table 8. They are

relevant for determining the existence of solitons, -term, and WZW term. These results are
used in appendix D.
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Table 8
The homotopy groups of U(n). We box the homotopy group
when it is stabilized, i.e., no longer changes with increasing n.

n Mass manifold 3 T4 s
(soliton) (6 term) (WZW)
=3 U [0]
1 st 0 0 0
3.l
2 S Z, Z,

B.4. Real classin 3+ 1)-D

The massless fermion Hamiltonian is given by Eq. (106), where the gamma matrices are given
by
Iy =2ZIl,, To=XII, T3=YYI, (114)
The most general antisymmetric (to ensure hermiticity) mass matrix M satisfying
{M,T'i}=0
is of the form
M=YX®S+YZ®S, (115)

Here S are n x n real symmetric matrices. It’s easy to check that the extra condition on the
mass matrix

M? = Ly,
is equivalent to requiring
QR =81 4+ 1S5, € symmetric U (n).

According to the “Autonne decomposition” (e.g., corollary 2.6.6 of [22]), any symmetric unitary
matrix can be decomposed into

where U is a general n x n unitary matrix. However, not all U will yield different OR. The
transformation

U—U- 0O, where O € O(n)
leaves QR unchanged. Thus the mass manifold is
U
- O’

This mass manifold is called the “real Lagrangian Grassmannian”, which contains a single com-
ponent.
Under the action of the emergent symmetries in Eq. (107), the order parameter OR transforms

m

as
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Table 9
The homotopy groups of the real Lagrangian Grassmannian
g((Z; We box the homotopy group when it is stabilized, i.e.,

no longer changes with increasing n.

n Mass manifold 3 T4 s

(soliton) (6 term) (WZW)
U

=6 ot [o]

1 s! 0 0 0

2 S 252 z Z, Z,

3 0 ZxZy

4 z Z x 7}

5 @ Z x Z2

OR 2 o7 . gR g
o* L (o®)

Fluctuating OR inU®) /O (n) can restore the full emergent symmetries.
Using the long exact sequence of the homotopy group associated with the fibration,
U
0— O0Omn)—>Um)— l) — 0,
O(n)
we can deduce the homotopy groups of the real Lagrangian Grassmannian from the homotopy
group of U(n) and O(n) (see e.g., [60]). We list the results of the second, third, and fourth
homotopy groups in Table 9. They are relevant for determining the existence of solitons, 6-term,
and WZW term. These results are used in appendix D.

Appendix C. The anomalies of the fermion theories

In this section, we shall use the heuristic method introduced in subsection 4.2 to determine
the anomalies associated with the emergent symmetries of the massless free fermion theory in
(14+1), (24+1) and (3+ 1)-D. For each massless fermion theory, we shall determine 1) the largest
subgroup of the continuous symmetry that is anomaly free, 2) whether the discrete symmetries
are anomalous after imposing a regularization mass that is invariant under the anomaly-free part
of the continuous symmetry. Readers are referred to Table | for the emergent symmetries of
the massless free fermion theories; Table 2 for the general form of mass terms (QC'R), and the
topological space (mass manifold) they reside in; Table 4 for the transformations of QC-R under
the emergent symmetries.

C.1. The choice of discrete symmetry generators

Before discussing the free fermion anomalies, we would like to discuss the reason for mak-
ing the particular choice for the time-reversal and charge conjugation generators in Table 1. As
mentioned in the main text, such choice is not unique. Because we can generate new choices by

compounding the C and the T in Table | with other unitary symmetries.
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In (1 + 1)-D and (3 4 1)-D we specifically choose the generators of C and T so that when
a regularization mass is picked to commute with the maximal anomaly-free subgroup of the
continuous symmetry, it is also charge conjugation and time reversal invariant. In (2 4 1)-D, a
regularization mass that commutes with the entire continuous symmetry group and C exists. In
contrast, it is impossible to pick a T' so that the chosen mass is also time reversal invariant.

C.2. Complex class in (1 4+ 1)-D

As discussed in section 4.2, whether a symmetry group is anomalous depends on whether
there exists a regularization mass that is invariant under its action. For continuous symmetries,
the existence of an invariant regularization mass guarantees the possibility of gauging such sym-
metries.

As shown in Table | the continuous part of the emergent symmetries form the U4 (n) x U_(n)
group, and a general mass term has the following form

M=X®H +Y®H, where H +iH,:= Q€ e U(n)
Under the action of U, (n) x U_(n) these mass terms transform according to

0C — ¢ . 0% . g., where (g4,8-) € Ur(n) x U_(n).

Since there is no (regularization) mass invariant under the action of the entire U, (n) x U_(n), it
follows that U4 (n) x U_(n) is anomalous.

The largest anomaly free subgroup is the diagonal U (n), i.e., g = g— = g € U(n). In this
case we can choose Q(c =1, (i.e., H = I, and Hy = 0), such that it is invariant under the
diagonal U (n). One can thus use

Mreg =X®I,

as the regularization mass.
Note that this mass term is invariant under the time-reversal and charge-conjugation symme-
tries

0€ (0% =1,
0% 5% =1,

Consequently there is no anomaly for these discrete symmetries after imposing the diagonal
U (n)-invariant regularization mass.

C.3. Real classin (1 +1)-D

As shown in Table 1 the continuous part of the emergent symmetries form the O (n) x O_(n)
group, and a general mass term has the following form
M=Y®S+X® (@A) where S+ A:=0R com).
Under the action of O4(n) x O_(n) these mass terms transform according to
O® - o7 . 0R .., where (g4,8-) € O1(n) x O_(n).
Since there is no (regularization) mass invariant under the action of the entire O4(n) x O_(n),

it follows that O+ (n) x O_(n) is anomalous.
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The largest anomaly free subgroup is the diagonal O(n), i.e., g+ = g— = g € O(n). In this
case Q]R =1, (i.e., S = I, and A = 0) is invariant under the diagonal O (n). One can thus use

Mreg =YQ®I,

as the regularization mass.
Since this mass term is invariant under the time-reversal, i.e.,

RT AR\T
0" —(0™)" =1,
there is no anomaly for time-reversal symmetry after imposing the diagonal O (n)-invariant reg-
ularization mass.

C.4. Complex class in 2+ 1)-D

As shown in Table | the continuous part of the emergent symmetries form the U (n) group,
and a general mass term has the following form

U(n)

1‘4=Y®Q(c where QCEUW
I

Under the action of U (n) these mass terms transform according to
0C - ™. 0C .4, where ge Un).
Because Q(C = +1, is invariant under the action of U (n) one can choose
Mreg =1Y® I,
as the regularization mass. Hence the entire U (n) is anomaly free.
It is easy to see that 0C =41, is the only U (n) preserving mass term. Although this mass
term is invariant the charge-conjugation
C
0¢ =% =1,

it is odd under the time-reversal symmetry

T
0¢ 5> — (@S =71
Therefore the time-reversal symmetry is anomalous after imposing the U (n)-invariant regulariza-
tion mass. Note that one cannot avoid this anomaly by compounding the time-reversal symmetry

with other unitary symmetries, because all of the unitary symmetries leave the mass term invari-
ant.

C.5. Real classin 2+ 1)-D

As shown in Table | the continuous part of the emergent symmetries form the O(n) group,
and a general mass term has the following form

O(n)

_ R R
M=Y® Q" where Q GLZJO(I)XO(H—I).

Under the action of O (n) these mass terms transform according to
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Q]R — gT . Q]R -g, where ge O(n).
Because Q]R = +1, is invariant under the action of U (n), one can choose
Mg =£Y ® I,

as the regularization mass. Hence the entire O (n) is anomaly free.
It is easy to see that OR = 41, is the only O(n) preserving mass term. However, this mass
term is odd under the time-reversal symmetry

T
oF > — 0% =71,
Therefore the time-reversal symmetry is anomalous after imposing the O (n)-invariant regulariza-
tion mass. Note that one cannot avoid this anomaly by compounding the time-reversal symmetry

with other unitary symmetries, because all of the unitary symmetries leave the mass term invari-
ant.

C.6. Complex class in 3+ 1)-D

As shown in Table | the continuous part of the emergent symmetries form the U4 (n) x U_(n)
group, and a general mass term has the following form

M=Me=YX®H +YY®H, where Q€ := H, +iH, € U(n)
Under the action of U4 (n) x U_(n) these mass terms transform according to

0C - ¢" . 0% . g,, where (g1,8-) € Up(n) x U_(n).

Since there is no (regularization) mass invariant under the action of the entire U4 (n) x U_(n), it
follows that U (n) x U_(n) is anomalous.

The largest anomaly free subgroup is the diagonal U (n), i.e., g = g— = g € U(n). In this
case Q(C =1, (i.e., H = I,, and H> = 0) is invariant under the diagonal U (n). One can thus use

Mreg =YXQ®I,

as the regularization mass.
Note that this mass term is invariant under the time-reversal and charge-conjugation symme-
tries,

0¢ L% =1,
0€ 557 =1,

Consequently there is no anomaly for these discrete symmetries after imposing the diagonal
U (n)-invariant regularization mass.

C.7. Real classin 3+ 1)-D

As shown in Table 1, the continuous part of the emergent symmetries form the U (n) group,
and a general mass term has the following form

M=YXQ®S +YZ®S, where OR := 8§, +iS, e U(n)/0(n).

66



Y.-T. Huang and D.-H. Lee Nuclear Physics B 972 (2021) 115565

Under the action of U (n), these mass terms transform according to
OR — g7 . oR .o, where g€ Un).

Since there is no (regularization) mass invariant under the action of the entire U (n), it follows
that U (n) is anomalous.

The largest anomaly-free subgroup is O (n), i.e., g € O (n). In this case QR =1, (Ge.,S=1,
and §> = 0) is invariant under the diagonal O (n). One can thus use

Mg =YX ®1,

as the regularization mass.
Note that this mass term is invariant under the time-reversal transformation,

ok L (oR)* =1,.

Consequently there is no anomaly for time-reversal symmetry after imposing the O (n)-invariant
regularization mass.

Appendix D. Fermion integration

In this section, we derive the nonlinear sigma models summarized in section 8 and 9 by
integrating out the gapped fermions.

D.1. Integrating out real versus complex fermions

For fermions in the real classes, we face integration of the following form

Z[QR(x)]ze_W[QR(x)]:/Dx(x)e_S[X(x)’QR(x)] where

St 1= [ dPx ™ fan + A1QR ) . (116)

A convenient trick for doing such integration is to perform the corresponding complex fermion
integration and divide the resulting effective action by two.

Too see this, consider two copies of Majorana fermion y; and x, coupled to the same OR (x).
After fermion integration, the result should be the square of that in Eq. (116), namely,

_ R R 2 R
/Dm Dyre {51000, 0F o1+She. R @1} _ {Z[QR(X)]} _ o 2WIOR ()]
roR
— o WIOR (1.
On the other hand, we can combine i ; into a complex fermion field

Y= x1+ixa,

so that the sum of the real fermion actions can be written as a complex fermion action,
1 [o0+ @™ |+ 1 [o0+ @™ ] 2

=y’ [a0+ D] v.
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Note that the cross terms cancel out, due to the anti-commutation relation between x; and x2,
and the fact that

[0+ 10™)] =~ [+ Q™).

Consequently if W[OR (x)] is the effective action due to the complex fermion integration, we
have

1 -~
wioR )= EW[QR(x)]. (117)

Due to Eq. (117), we shall focus on the complex fermion integration in the following.
D.2. Integrating out complex fermions

To make the action explicitly Lorentz invariant, we rewrite the fermion-boson action as

d
Szfdrdx w[ao —iy Tid; +mM(r,x)]1/f
i=1

d
= f drdx ' (=iy)| (7)o — i(iy0) Y Tids +mliyo) Mz, )|y, (118)

i=1

where y¥ is a 2n x 2n hermitian matrix which anti-commutes with {I';} and satisfying (y°)> = 1.
In general we choose y? to be identity matrix among the flavor degrees of freedom. We will write
down ¥ explicitly for each dimension later on. Here we also extract out the parameter 2, which
controls the size of the fermion gap. As discussed in section 3, we will focus on the M belonging
to the mass manifold, i.e., satisfying M? = 1. Now define

v =0 =iy ) wherei =1, ....d

Vi=v"(=iy"

B(z,x):=y°M(z,x) (119)
so that Eq. (118) turns into

S:/de v [iy"0, +im B(x)] ¥ ::/de vDy
where D:=if +impB(x).

Using the anti-commutation relations between {I";} and yo, the y# satisfies the Clifford algebra
{y", ") =28"".

It’s also easy to check that 8(x), being a function of Q(C (x), is a matrix-valued smooth function
of space-time, satisfying

Bx)" - Bx)=1.

Note that B(x) is in general not hermitian.
Fermion integration generates the effective action

W = —Indet[D] = —TrIn[D].

68



Y.-T. Huang and D.-H. Lee Nuclear Physics B 972 (2021) 115565

The variation of the effective action W induced by a small variation in §8 (triggered by a
small variation in Q(C subject to the constraint ;9(x)Jr - B(x) =1) is given by

SW=—Tr _(375) 25—1]

- Tr -im(Sﬁ @—1]

—~1|imsp (5'D) ']

=—Tr zmSﬂ[ @] @T]

—1 ~
=—Tr zmSﬂ[ (1 —mGo((a,B)))] DT]

=—Tr {im 58 [Z[mGo ((@B)) ]l} Go (19 - imﬂ*)}

=0

Here the double parentheses in ((#B)) means that the derivative acts only on B and nothing
afterward, and

Go:=(—3*+m*) .

One can thus express § W in powers of ((#8)). In the following, we shall retain terms where the
number of space-time derivatives is less or equal to D. Hence by dimension counting, each of
these terms is either relevant or marginal. The expansion is called the gradient expansion in the
literature [21]. There are two types of terms having < D derivatives, namely,

D—1
~Tr{im 3B | Y ImGo ((#8)) ]’] Go(ia)} (120)
L /=0
and
[ D
~Tr {im 88 | Y _[mGo ((¥B)) ]’} Go(—im/ﬁ)} (121)
L/=0

It turns out that among all non-vanishing parts of Eq. (120) and (121) there is a unique pure
imaginary term — the WZW term. The rest are real. In D =1+ 1 and 2 + 1 the only real term
is the stiffness term. In D = 3 + 1 there are several extra real terms in addition to the stiffness
term. However, all of these extra terms contain four space-time derivatives. Hence they are ir-
relevant compared with the stiffness term. Therefore the non-linear sigma model with the WZW
term contains the most relevant real and imaginary terms after the fermion integration. To avoid
sidetracking, we shall leave these details in subsection D.4.

Throughout this appendix, we shall adopt the following convention. Tr denotes the trace over
both the space-time and the matrices in B, 88, and y*s. tr’ denotes the trace over the matrices
in B, 8B, y*. tr, denotes the trace over only the y matrices. tr denotes the trace over the n x n
matrices in 8, 8. According to the above convention

tr' =tr, X tr.

Moreover, we shall adopt the following short hand
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dPk /
Q)P
k

D.2.1. The stiffness term
The first non-vanishing such term is the stiffness term,

$Wyitr = —Tr [im 8B (mGo((#B))) Go (i7)] - (122)

Fourier transforming Eq. (122), we obtain

o — 2 / 1 1
SWiisr = —m fftr |:8ﬁ—q (p+q)2+m2qﬁqp2+m2p]
P q
! ,
[ s / (- p)u’[38_,8}40]
p

% / @ua) 0 (9B By "] (123)

= 2m?

As usual
pi= VMP;L-

In passing to the second line in Eq. (123) we have expanded the expression

o0
! Z 2p ‘Hq) (124)
(p+a2+m?  p +m2 p*+m?

and keep the lowest order non-vanishing term. Because

1 1 p
- =— | —5——5,..
f (P2 + m2)3 by D/ (P2 +m3
p p

Eq. (123) turns into

SWaiier ~ /(p T )3 /(qu%)tr 5ﬂ Bir'y ]

2m? p? , 3
5 ey [l )
p q

In passing to the second line of Eq. (125) we have used the fact that

aua vt =q*1.

The p-integration in Eq. (125) converges for (1 4 1)-D and (2 + 1)-D, but diverges for (3+ 1)-D.
We shall use dimensional regularization (D = 4 — € with € — 07), which leads to
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1 p?
e A 2 - 2.7 ¥
SWStlff 2m D / (p2 + m2)3 / q tr I:Sﬂfqﬂq:l
p q

)
:[gg%?%%mD_{L/deujPﬂﬁﬂﬁ“ﬂj (126)
M

Here I'(/) is the gamma function. For (3 4 1)-D, the dimension regularization is given by
D € 2
re->)=rG)~=—y+0()
2 2 €

where y is the Euler-Mascheroni constant. Thus, the term whose variation with respect to 58
yields Eq. (126) is

1
Wanl1 =5 [ dPxe (0,40 5] (127)
20057
D
M
where A has the dimension of length. In the limit that the short-distance cutoff is zero,
1 re-2
D2 |:2(4 D2/2)mD_2:| ’ (128)
Ap (4m)

D.2.2. The WZW (topological) term
The second type of non-vanishing term in the gradient expansion is topological in nature,
namely, the Wess-Zumino-Witten term

SWwzw = —Tr [im 5B (mGo((aﬂ)))D Go (_imﬁf)]

. D
~ _D+2 /W /detr/ [H(V““auflﬂ)ﬂwﬂ}
P M

a=1

_ 1 TE+D v A )
__[mnPﬂFUL+U}/d'”rh1W'@Mmﬂsﬂ (129)
M a=

Eq. (129) is the difference in the Berry phase between the order parameter configurations B(x)
and B(x) 4+ 8B(x). To determine the Berry phase for a specific f(x), we integrate Eq. (129)
from a reference configuration f(x) = constant matrix. The existence of a continuous retraction
leading from B(x) to the reference configuration relies on

7 p(mass manifold) = 0.

It turns out this is exactly the condition when the WZW term exists (see later). Under the con-
dition that such continuous retraction exists, we can find a continuous family of configurations
B(x, u) so that

Blx,u=1)=B(x)
B(x, u = 0) = constant matrix. (130)

We can integrate Eq. (129) to yield
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(4m)P2T(D + 1)

a=1

1 T2+1 b T
WWZW[ﬂ]=_|: ¥ )]/.d”de“/ [H(Vltaauaﬁ)ﬂT 8uﬂ:|
B

(131)

As in the main text, B is the extension of space-time manifold M, so that

B =M.

In summary, when the fermion flavor number, 7, is sufficiently large so that the WZW term is
stabilized, the non-linear sigma model action is

W(A] =%/d0x o' [9.80" 8"
25 )

I T(Z+D T =
_[(4;1)0/2 r(D+1)}/d”d u [1_[1(7/“ 9:,B) B B
B a=

1 re-%2 ..,
where Ag_z = |:2(4N)D/2m ) (132)

In the following, we shall apply this result to (1 + 1)-D, (2 + 1)-D, and (3 + 1)-D.**
D.3. The fermion integration results for sufficiently large n so that the WZW term is stabilized

In this subsection, we shall focus on the results of fermion integration when 7 is sufficiently
large so that

7 p+1(mass manifold) = Z.

The case of small n, before the WZW term is stabilized, will be discussed in appendix H.

D.3.1. Complex class in (1 +1)-D
The fermion action for the complex class in (1 4 1)-D is given by Eq. (22)

S:fdzx vio0—i(ZL)o +m (X Q@ H +Y Q Ho)| ¥

=/d2x V(=i XL (X 1) +i(=Y1)d +im(IQ H +iZ Q@ Ho)] ¥

:=/d2x1}[i8—l—imﬁ]1/f
where
v =y (—iX1I,)
V=X, y' ==Y, y’=ZI,
B=I® H +iy I Q H>. (133)

24 1t turns out that it always contains a level-1 WZW term in even higher dimensions, though we shall not discuss them
in the present paper.
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Plugging the above results into equation Eq. (127) and Eq. (128) the stiffness term is given by
1 . .
Wit Q€1 =% / d*x tr[8, (Hy + i Hp)d" (Hy — i Hy)|

=é f Pxtr [au Q‘Ca“Q‘CT]

where Q(C := Hy; +iH, € U(n). Substitute Eq. (133) into Eq. (131) we obtain WZW term as
Wi zw[Q€]
1 ~ =t =
—— o [ due [0, B0, B' 0.8]
B

1 i i i i
=— o | dud’x tr/[ (1) (1 QH —iyI® H2) B (1 QH +iyI® H2>
T

B
x 0, (1@ By —iy 1@ ) 0, (1@ i +iv° 1 @ ) |
1 . i ) )
=— o [ dud’s tr’[ (;ﬂ“ y“2y5) (1 QH —il® H2> O (1 QH +il ® Hz)
T

B
X B, (1®F11 —iI®I:Iz) 31y (1®I:11+i1®1:12>]

- / dud®x (<2i) ] 09,0 8, 0 9, 0|
- ﬁB du d?x e1i2 tr[ (QCTBHQ‘C) (QCT% Q(C) (Q(CTBM QC”
] (05,000 00,09
__ 224:;’2 /i[(@‘c'dQ‘Cf]

B

where
QC = I:Il +i1:12 eU(n)

is the extension of Q(c = H) +iH; into B, and i, is extended space-time manifold index (i.e.,
they include u). This extension in Eq. (130) is possible because

m(U(N)) =0.

The passing from the 2nd to the 3rd line is due to the fact that when I:Ig — —H, the whole
expression changes sign, hence only the terms with an odd number of H; survive. The final
non-linear sigma model action, namely,
1 27i ~ ~~\3
w[QC]= —/dzxtr[aMQCa“QCT] - —l/ w| (0%7a0°) | (134)
8w 2472
B

is the U (n)x=1 WZW theory.
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D.3.2. Real classin (1+1)-D
The Majorana fermion action for the real class in (1 4+ 1)-D is given by Eq. (26)

s:/d2x xT[00+i(Z1)o1 +m (X ® (A +Y @8] x,

where S and A are symmetric and anti-symmetric matrices, respectively. Upon the complexifica-
tion described in subsection D. 1, the form of the action becomes exactly the same as the complex
class action in the preceding section, except that

H —iA H,— S.
Following the discussion in subsection D.1, we can substitute
OC=H +iH, > i(A+S):=iQR

into Eq. (134) and divide the result by 2 to obtain the following non-linear sigma model action

W[QR] = é/dzx r [a/tQRau(QR)T] - 428% tr{ [(QR)TdQRT }
’ (135)

This is the action of the O (n);=1 WZW theory.

D.3.3. Complex class in (2+ 1)-D
The fermion action for complex class in (2 4+ 1)-D can be constructed from Eq. (108) and
Eq. (109),

S =fd3x vl [ao —i(ZI)3 —i(XL)h+mY ® QC] "

=/d3x i (=i [i(YIn)Bo L iX L) 4+ i(—ZL)or +im [ ® QC] "

::/d3x v [id +imB]y
where
Y=y (=Yl
yo=vI,, y'=Xx1,, y>=-27I,
B=1®0C. (136)

2
Here Q(C (x) is an n x n hermitian-matrix-value function satisfying (QC) = I, forming the

% (see appendix B). As discussed earlier, the / = n/2 component

. n
mass In'anlfold Ui=o 7oyt ‘ :

is special because the full emergent symmetries of the fermion theory can be restored upon
order parameter fluctuation. Hence as far as bosonization is concerned we will focus on [ =n/2.
However, the following derivation works for other values of / too as long as both / and n — [ are

sufficiently large for the WZW term to be stabilized.
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Substitute Eq. (136) into Eq. (127) and Eq. (128), we obtain the following stiffness term

1
Wanl 01 =~ [ @i [a,80"8']

1 3 Cap AC
=5 dxtr[BﬂQ "0 ]

where A3 has the dimension of length and in the limit where the short-distance cutoff is zero,

_871

A3 = (137)

m

Substitution of Eq. (136) into equation (131) yields the WZW term

(47)32 T(4)

a=1

c 1 Ié s o[ T AL
Wwzwl[ Q™1 =— /dud x| [To"0..8)B 0.8
B

- E/. du d>x et1hars tr[QC 9, 0° Oy 0¢ auzéc 3“3QC]
B
i R - ~ ~ ~ ~
—_ E/ du d3x M2z [QC A, Q<C iy Q(C 01 Q(C Oy QC]
B

__ zg% / tr[gc (d@;c)“].
B

Here QC is the extension of Q(C into B, and i, extended space-time index. The extension in
Eq. (130) is possible because

U(n)
3 =0.
Un/2) x U(n/2)
The existence of WZW is indicated by

Un)
T4 = Z»
Un/2) xU(n/2)
with the topological invariant
1 5C (16CY
T / tr|:Q (40°) ] cZ.
s4

Comparing with the result of fermion integration, the WZW term is 2ri times the above topo-
logical invariant, implying the level, &, is 1. In summary, the non-linear sigma model action is

c,_ L [ CaupCl_  2mi ~C (,4C\*
are ]_2A3/dxtr[8MQ 1) ] 256n2/u[g (dQ )} (138)
B
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D.3.4. Real classin 2+ 1)-D
The fermion action for real class in (24 1)-D can be constructed from Eq. (110) and Eq. (111),

S:fd3x xT [ao+i(21n)al +i(XIn)82+mYQR]X

Note that the form of this action is the same as that in the preceding section, except that the
fermions are Majorana and QR is real symmetric instead of hermitian. According to the discus-
sion in subsection D.1, we can replace

O(n)
On/2) x O(n/2)
in Eq. (138) and divide the result by 2. The resulting non-linear sigma model action is
/tr [QR (dQR)“] . (139)
B

0¢ - oR ¢

1
Wiot = _/dgx tr[a" 0% QR] T 51272

- 43

Here A3 has the dimension of length and in the limit where the short-distance cutoff is zero A3 is
given by Eq. (137). Moreover, OR is the extension of QR into B. The extension in Eq. (139) is
possible because

0On)
3 =0.
0O(n/2)x 0n/2)
The existence of the WZW term is indicated by

(G oars)
T4 :Z,
0n/2) x 0(n/2)

with the topological invariant given by

1 - - 4
s

Comparing the WZW term with the topological invariant we conclude Eq. (139) is the action for
the m non-linear sigma model with k = 1 WZW term.

D.3.5. Complex class in (3 + 1)-D
The fermion action for complex class in (3 4+ 1)-D can be constructed from Eq. (112) and
Eq. (113),
S :/d4x Ui [80—i (Z11,)31—i (X11,)d—i (Y Z1,)03+m (YX @ Hi+YY ® H) ¥
=/d4x W(—iYXIn)[i(YXIn)aO+i(XX1n)31 +i(—=ZX1,)0, +i(—1Y1,)03
+im(II® H, +iIZ®H2)]¢
:=/d4x v [id +imB]y
where
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¥ =y (Y X1,)
yo=YXI,, y' =XXI,,y*=-ZX1,, y> =—-1IYI,, y>=1ZI,
B=I1IQH +iy Il ® H>. (140)

Substitute Eq. (140) into Eq. (127) and Eq. (128), the stiffness term read

1 /
Wair[ Q€1 =0 f d*xtr [waﬂﬂf]

_ L /d4x tr [au 0Can QC*]

212
where
O0C =H,+iH, e U@).

The parameter A4 has the dimension of length and in the limit where the short-distance cutoff is
zero,

+ 2
1_ [—F(O Jm ] (141)

2= 2
Ay 8

In the case where the short distance cutoff is finite the coefficient I'(0™) should be replaced by a
cutoff dependent parameter. Substitution Eq. (140) into Eq. (131) yields the WZW term

Wwzwl Q€1

1 TI'(3) , ) ~ ~ - o
— @t | [ anatsw (078, 80720.5) 0.5 00, B 0.5]
B

1 4 /
= — 19972 / dud®x tr [(ymyuzyusym)
B
x (1@1511 —iy51®ﬁ2) 3 (1@191 +iy51®ﬁ2)
x 0, (1@ By~ iy 1@ ) 0, (10 +iv° 1 @ 1) |
X By, (1 QH —iyI® ﬁz) Os (1 QH +iy I ® ﬁz)]

1
__ 192n2/dud4xtr/[(y‘“y“zy’“y’“yS)
B

x(I®I:Il—iI®I:Iz) au(1®1511+i1®ﬁ12)

X O, (1®F11 —iI®I:12) 31y (1®I:11+i1®1:12>]

X0y (1@ By —i1 @ ) (1@ +i1 & 1) |

1 A I~ ~C+ ~ ~ ~
T / dud*x (4et1rnai) tr[Q‘CT 8,0C 8,07 9,,,0C BmQCTBMQ‘C]
B
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__ ﬁ du d*x tH2m3 s tr[ (QCTau Qc) (Q(CTBMI Qcc) (QC"'aM Q<C>
B

(QC#BM Q(C) (QCTBM Q(C)]

_ ﬁ/ dudy efriiziisiisiis tr[ (QCT% Q(C) (Qécfaﬂz Q‘C) (Q;CTaﬂ3Q(C)
B

(Q;C%S[M QC) (Q(SCTaﬂs QC) ]

=~ g0 [ ol (€°a0%) ]
B

where Q(C is the extension of Q(C into B, and i, is the coordinate index of the extended space-
time manifold. The extension in Eq. (130) is possible because

74(U(n)) =0.

In passing from the 2nd to the 3rd line is due to the fact that w}}en 1:12 — —I:Iz, the entire
expression changes sign, hence only terms with an odd number of H, survive. The existence of
the WZW term is indicated by

ns(U(n)) =12,
with the topological invariant given by
i “Ct A (C)S ]
— [t d eZ.
48073 / r[ (Q 0
S5

Comparing the WZW term with the topological invariant we conclude the WZW term is at level
k = 1. In summary, the non-linear sigma model action is given by

w[oC]= 217fd4xtr[8MQC8“QCT] _ 482(;;3 / tr[(Q‘C*dQ‘C)S]. (142)
4 B

D.3.6. Real classin (3+ 1)-D
The fermion action for complex class in (3 + 1)-D can be constructed from Eq. (114) and
Eq. (115),

S =fd4x T 180 — i (X111 —i(ZI1)d —i(YY 1) +m (YX Q@S +YZ® S$H)]x

This action has the same form as that in the preceding section, except that the following differ-
ences. (i) The fermions are Majorana, (ii) an unitary change of the matrix basis, namely, rotation
by /2 generated by 1 X 1,,, and (iii) H; — S1 and H, — §3. According to the discussion in sub-
section D.1, we can use the result in the preceding section by substituting 0C > oR =5,+i$,
into Eq. (142) and divide the final effective action by 2. The resulting non-linear sigma model
action is given by

WIOR] = ﬁ/d%ctr[auQRauQRT:l _ 962(;;3 f tr[(QRTdQR)S]'
4 B

(143)
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The existence of the WZW term is indicated by

ns(U(n)/0n) =Z,
with the topological invariant given by

i SR+ ;SR
uf (Q™a0®) | ez.
96073 / r[ Q™o
S5

Again, we conclude that the WZW term is at level 1.

D.4. The less relevant real terms originate from Eq. (120) and Eq. (121)

In this subsection, we provide the details which show that in (1 + 1)-D and (2 + 1)-D, the non-
vanishing terms in Eq. (120) and Eq. (121) having < D space-time derivatives are the stiffness
and WZW terms. In (3 + 1)-D, there are extra real terms. In the following, we shall present a
detailed analysis of these potential extra terms.

D.4.1. (1+1)-D
Given the fact that
B=I®H +iy’l ® Hy,
the / =0 term in Eq. (120) read
—Tr[im8BGoy"(id,)].

Since B only contains I or y°, it follows that the this term vanishes when we trace over the
gamma matrices because both

tr, [y“] =0, try[y“y5] =0.
Similar argument applies to the / = 1 term in Eq. (121).
This leaves the [ = 0 term in Eq. (121) as the only term requiring further attention, namely,

—Tr[iméBGo(—imB)]
1 /
:—mZ/ mtr [ﬂiqsﬂq:l

P.q
= —m? /% /dzxtr/ [ﬁ*aﬂ]
p2+m2

p
1
P
=0

In passing to the last line we used the constraint that
Q€ =H,+iH,cU(n)= H> + H} = 1,.
Hence the only non-vanishing terms are the stiffness and WZW terms in subsection D.2.1 and

D.2.2.
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DA4.2. 2+ 1-D
Given the fact that

B=1®0°,
both the / = 0 term in Eq. (120) and the / = 1 term in Eq. (121) vanishes under tr,, because
tr, [y*]1=0.
The I =2 term in Eq. (120) gives

—Tr [im 5B (mGo((aﬁ)))2 Go (ia)]

1 1 1
3
=m
/ p24+m? (p+q)?*+m? (p+qi+ q)?* +m?
P.q1.92

Xt [3 g, r (19,8, 8,)G )]
(=2p-Q2q1+q2) . v v
~m? / 2 +nllz)4 2 (2ie" ”)qé‘qlp”tr[SQ‘qu_quﬁ‘fz Q;Cl]
1,42
—4im?

2
i P w C C HC
=73 f (2 + m2)46uqu2 41 2q1 +¢q2)" tr[Squlfqz 9 qu]

P.q1.92
=0

In passing to the third line we have traced over the y matrices, and in passing to the last line we
have used the fact that qé‘ q{ (2q1 + g2)” is symmetric with respect to (v, p) or (i, p), while €#"?
is totally anti-symmetric.

The [ =0 term in Eq. (121) gives

Ty [imaﬂco (—imﬂT)]

:—mzfﬁ/d%tr’ [3,3/3*]

p

1
:—2m2/m/d3xtr[8QC Q(C:I
p
=0

In passing to the last line we noted that
2
(%) =1, =60 0% =-0%50% = u[s0 0% =-u[0%s0°]
Upon using the cyclic property of trace we conclude
r [SQC Q‘C] —0.
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The / =2 term in Eq. (121) gives

—Tr [im 5B (mGo((éfﬂ)))2 Go <_imﬂT)]

1 1 1
4
=—m
/ p24m?2 (p+qDr+m?(p+q1+q)?+m?
P:491,92

x [ﬂith—qz—q38ﬁ%iq2ﬁqziqlﬂq1]
l 12 . .
”—m4/m / tr I:ﬁith*6]2*438ﬂ¢13lq2ﬂ112lql'8q1]
p

q1-.92
1
~ _ 4 - 3 C C C C
~ —2m /(p2+m2)3/d xtr[Q 509,0%9,0 ]
14

=0

In passing from the second to the third line we have used the fact at most three ¢; are
allowed (otherwise the term becomes irrelevant). Therefore at most we can expand the

o +q11)2 o ot +112)2 o to first order in g1 . However, such expansion inevitably comes with a

p, and will vanish upon p integration. Thus we can only keep the Oth order term

P4 TR
In passing to the last line we have used <SQ<C Q(C = —Q<C<SQ(C three times to move Q(C to the
end, and use the cyclic property to move it back to the front. In this way, we have proven that the
quantity is the minus of itself, hence it is zero.

To summarize, including all (the most and less relevant) terms, the non-linear sigma model is
given by

o= L [otalaotwot)- 2 [ ofoc (a0
B

D.4.3. 3+ 1)-D
Given

B=IQH +iy I ® Hs,

the [/ =0, 2 terms of Eq. (120) and the [ =1, 3 terms of Eq. (121) vanishes upon tr,. This is
because they contain either one or three y from p or ¢,. Because B contributes either I or V2.
These terms vanish due to the fact that

try [y =tr, [y"y 1 = tr, [y"y "y 1= tr, [y"y"y ¥ 1 = 0.
The [ = 0 term of Eq. (121) gives
—Tr[iméBGo(—imB)]
1
_ 2 /| @t
= —m /mtr [ﬂ,qSﬂq:I

p.q
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= —m? /ﬁ /d“xtr’ [/ﬁaﬂ]

p

— —4m? /ﬁ /d4x8[tr[H12+H22]}
p
=0.

In passing to the last line we use the same reasoning as the corresponding term in (1 + 1)-D.

While maintaining two space-time derivatives, the [ = 1 term of Eq. (120) gives rise to the
variation of the stiffness term § Wygmess in subsection D.2.1. Here we retain up to 4 space-time
derivatives,

— Tr[im8B (mGo((#B))) Go(id)]

_ 2 1 1 / S " v
= TR vt [8B_, (" a,)B,(v" p»)]
P
2 1 ! Viy/ vt

4°(p-q)  8(p-q)’ : i
= 8W§t1ffneS§ - / (p +m2)2 <(p2 +m2)2 - (p2 +m2)3) (‘I . P)tr I:aﬂ—qﬁq:l

4 4
. ) 2 P q P4 / i
= 8 Witiffness — M / ((p2+m2)4 - (p2+m2)5>tl‘ [Sﬂ*qﬂq:l

pP.q

1
= 8 Witiffness — W/C#x tr’ [82(8/3)3219}‘]
= 8 Watffness — % T / d'xir[?60%)920 +92(60H9? 0|
= 5 Wagiffness — W /d4x8(tr [82QC32QCT]) (144)

In passing from the 2nd to the 3rd line, we use the property By" = y B for u =0, 1,2, 3. From
the 3rd to the 4th line we have used the fact that the trace is only non-zero if the y* and y"
are the same. From the 4th to the 5th line, we used the fact that rotational invariance allows the
following replacement in the integrand of the p integral

4

DDT2) (811800 + Supbuo 4 Suadup) -

p*p'p’p?
(The factor O] D T3y can be fixed by taking trace on both sides.) In the Sth line, only the terms in
8 ﬁ,q,BZ] having an even number of > are non-zero. Moreover, since > is always accompanied

by H,, we can replace > with the identity matrix as long as we symmetrize the end result with
respect to H,. After the replacement, 8 becomes 17 ® 0C, the identity matrix can then be trace
out, and the symmetrization amounts to sum over the terms with 0C=H +iH, replaced by
0Ct = H| — i H>. We will use this last trick several times in the following.
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The [ =3 term of Eq. (120) gives
—Tr [im 88 (mGo((@8)))’ Go (i4) ]

1 1 1 1
=m’ / 2 2 2 2 2 2 2 2
pe+m=(p+q)*+m* (p+q1+q)*+m*“(p+q+q+g3)“+m
Pod1.42.43

X tr/[aﬂ,ql,qz,% (iq3ﬁq3)(i(12ﬂq2)(iq1ﬂql)(ip)]

—2p - Bq1+292+q3)
~m' / At a3al P [V VY By o BBl |

(p2 + m2)5 3
P-41,92:93
m4 P2 m_v_p o
= _7/ m / 943 9249 Bq1 +2g92 +q3) ((SILUS,O(T - 8//,/)51”1 + Sﬂdgvp)
P q1:92,93

t T
x [5ﬂ—q1—qz—q3ﬂq3ﬂqzﬂqn ]

even terms in Hy

1
= 9672 / (36112(92~613) —2¢3(q1 - 93) + 43 (q1 - @2) + 4@ ~f12)(q2-q3))

91,492,493
’ C Ct HAC HCv
xu'[50%, - 0% 0505

380%0,0%190%920C"+350C%9,0%0, 0C1920C
1 [d4xltr -250%3,0%7820%5,0%1-250%73,0C820%%9, 0C
9672 2 +80%920%79,0%9,0%7+50%7920%9, 073, 0
+450%8,0%79,8,0C8,0C"+450%%9,0%9,0,0C9,0C
-3 aﬂ Q(C QCTBM Q(C Q(C?BZ Q(C 7]
42 aMQ(C QCTaZQ(C Q(CTaMQ(C
Ul oesocont| o Qe e et
:96712/41 xtr| Q~780% Q0 —49,0%0%%9,8,0¢ 09,0
+63,0©0%8,0% 0%73,0¢ 0%73,0°
-29,0€079,0%0%73,0€ 073, 0©
+20,0€0%79,0€ 079, 0% 079, 0

(145)

From the 3rd to the 4th line, we take the terms with even number of > (thus even number of
H>) from B and use the identity tr, [y“y”ypy"] = 4(§HV§P° — §HPFYT + 619 5YP). The terms
with odd number of y> vanish because try, [y“y”y"y” y5] = 4eMVP9 s totally anti-symmetric,
while qé’q;gf (3q1 + 2g2 + q3)? is symmetric with respect to either (i, o), (v,0), or (p, o).
From the 4th line to the 5th line, we used the same trick as in Eq. (144). From the 6th to the 7th
line, 8 QCT =— QCTB Q(C Q(CT is used repeatedly until § or 9 act only on Q(C.

The I =2 term of Eq. (121) gives

—Tr [im 88 (mGo((@B))* Go (~im") |

1 1 1
4
=—m
/ (p+q1+92)*+m? (p+q1)>+m? p? +m?
P,91,92,93
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Xt [ B, g, g 8Bys 142,000 By ]

4 / a4, [ i + (g1 + )?
~m _
(p? +m?)3 p*+m?

P-4q1,92,93

nea @)+ @ @ +q)?+ @ -q)p- (q1+qz))]
(p* +m?)?

x ' [ﬁilh *quqs(sﬂ% (y‘fyﬂﬂqzﬁfh )]

4 / (q1-q2) [ a? + (q1 + q2)*
=m j—
(p2 + m2)3 p2 + m2

P.q1.92,493

+ p? (q12 +(q1+92)*+q1- (1 + qz))]
(p2 +m2)2
t ;
Xt [ﬂ*fh*%*q}Sﬂ%ﬂqzﬂql]

1 | .
/ (@1 'qz)[32n2m2 T 19272m? (ql tata "12>]
q1-92,93

T T
X tr/ I:ﬁ_ql _qz_q38ﬂqgﬂq2ﬂq| :I

:/d4x[ 2w [B7580,870,8] - =
x tr/ [/ﬁaﬂ (auﬂ"a 928 + 09,0289, 8 +auavﬂ'fauavﬂ)]]

:/d4 |- 2tr[Q‘CT3QC 8,079, 0% + 0%50"9,09, 0%
L[ %10° (3:0%19,070° + 8,073, 0° + 8,0 9,0,0) ]
- tr ) .
9672 —i—QCSQC' (aMQ(C aMaZ QC i + aMaZ QC au QCT + aﬂav Q(C auav QCT)
In passing from the 6th to the last line we have used the symmetrization trick in arriving at
Eq. (144). Using Q€T = —0C75 9C QCT, the first term in the last line gives zero. The second

term can be evaluated using the same formula repeatedly. After some straight-forward expansion,
most terms cancel out and we are left with

1
- aMQ‘C 01,0 0%9?0°)] (146)
Summing over Eq. (144), Eq. (145), and Eq. (146), we obtain
aM QC?BM Q(C 3y QCTav Q(C

1 ’ L
8 Wiffness + & m/d“xtr ~18,0%79,0%9,073,0° | |. (147)
T _82Q(C32Q(CT

All these terms are real. At low energy and long wavelength they are dominated by the stiffness
term. In appendix E we shall refer to the stiffness term plus these extra terms as the “generalized
stiffness” term.
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To summarize, including all “generalized stiffness” terms, the non-linear sigma model is given
by

1 . 27[ ~ ~ 5
c,_ 1 4 CaunCt] Ct ;7C
0=t [ #auloforot] - 2 [ o (6100
M B
9,0%73,0%5,0%%3,0C
+ 5o d*xtr —%BMQCTSV%CBM%CTanC (148)
) —920%32 Q¢

Appendix E. Emergent symmetries of the nonlinear sigma models

In this appendix, we shall generalize the discussions in section 11 to (24 1)-D and (3 + 1)-
D, namely, showing the nonlinear sigma models respect the full emergent symmetries of the
massless free fermion theories (see Table 4, or appendix A).

As we explained in appendix D.3, the nonlinear sigma models in real classes can be derived
from the complex classes by restricting OR to the appropriate sub-mass manifold of Q€. Simi-
larly, for each space-time dimension the emergent symmetry group of the real class is a subgroup
of the complex class (see Table 4). Hence, once we have matched the symmetries (between the
nonlinear sigma models and fermion theories) for the complex class, it is straightforward to do
the same for the real class. All we need to do is to restrict the order parameters to the appropriate
sub-mass manifold and the symmetries to the appropriate subgroup. Therefore we shall focus on
the complex classes in the following.

E.1. Complex classin (24 1)-D

The nonlinear sigma model is given by Eq. (138), namely,

W[QC]=Lfd3xtr[auQ‘Ca”QC]— o /tr[QC (dQ(C)4].

203 25672
B

(i) Global U (n)
Using the cyclic invariance of trace, the action in Eq. (138) clearly respects the U (n) symme-
try

0% - ¢ 0% 4.

(ii) Charge conjugation
QC transforms under the charge conjugation as

T
oC S (Q(C> :
Under such transformation the stiffness term becomes
1 3 c\’ c\’
e dxtr[BM(Q ) aﬂ(g ) }
1 3 Cy AC
=5/ xtr[B“Q 8,0 ]
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Hence is invariant. In passing to the last line we have used the fact that the trace of a transposed
matrix is the same as that of the original.
Under charge conjugation the WZW term transforms as

2mi ~ ~c\4 2mi ~ ~ 4
- 252:12 /tr |:Q(C (dQC) i|£> _2576-[7;2 /tr |:(QC)T (d(QC)T) i|
B B
i 4
B
2mi ~ ~c\4
2_—257617112 /tr[QC (dQC) }
B

In passing to the second line we have used the transposing invariance of the trace, and the fact the
reordering caused by transposing results in an even number of exchanges between the differential
1-forms, hence there is no sign change. The cyclic property of trace is used for the last equality.
Therefore the WZW term is charge conjugation invariant.

(iii) Time reversal

Under time-reversal Q(C transforms as

T

0¢ = (0% =-%".
(Here we have used the fact that Q(C is hermitian.) This results in the following transformation
of the stiffness term

53 chHP%QCB“QC]

T 1 3 Cx Cx *
e(EG/dxHPM—Q Yok (-0 ﬂ)

1
= | &@xur [8 Can (C]
23 10 0
In passing to the second line we have used the fact that in Euclidean space-time the Boltzmann
weight needs to be complex conjugated under anti-unitary transformation. Therefore, the stiff-
ness term is time reversal invariant.
The WZW term transforms as follows under time reversal

2mi ~ ~c\*4 2mi ~ ~ 4
g [ 0% (40°) | (s [re| -0 (ae0r) ]
B B

z_%fﬁ[gc (dQC)“},
B

where the five negative signs associated with transposing are canceled out by the negative sign
arising from complex conjugation of i. Thus the WZW term is time reversal invariant.

In summary, the nonlinear sigma model respects the full emergent symmetries of the massless
fermion theory (see Table 4).

*
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E.2. Complex classin 3+ 1)-D

The nonlinear sigma model in Eq. (148) is given by

1 2w - -\
c,_ L [ 4 CannCt] _ Ct ;AC
wiF =t [ w00t - 2 [ (0a?)
M B
9,0%9,0%,0%"3,0%
/d4xtr ‘a QC‘a QCa 0€%s,0C
§ aZQ(CBZQ(CT
(1) Global U (n) x U (n)
Eq. (148) is clearly invariant under the U, (n) x U_(n) transformations

+927l’2

0C — ¢ . 0% g4

This is because in Eq. (148) Q€ and Q€7 appears sequentially.
(ii) Charge conjugation
Under charge-conjugation Q€ transforms as

0€ S (0C)T.

Under such transformation the “generalized stiffness” terms transforms as
1 T AT
— | d*xtr [a () o (0%) }
2 w
2205

0 (QC*)T B (Q‘C)T A (Q‘C*)T a, (Q‘C)T
s [ 4| =30 (0°) o (0%) o (1) " (0°)
_32 <Q<c>T 52 (QCT>T
9,0%79,0%9,0%%a,0C

1
——/d4xtr a 0 a“Q‘CT]+92 zfd4xtr -18,0%%9,0%4, 03, 0C
_32QC32Q(CT

+

(149)

In arriving at the final line we have used the transposing invariance of the trace. Therefore the
“generalized stiffness” terms are charge conjugation invariant.
Under charge conjugation, the WZW term transforms as

- A;S%f uf (0°140°) ]

ol (©%a(6%)7)’]

=

21
48073

2
48073

=
=

(0270

[
z
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=~ g0rs | (€510 ]

B

In passing to the third line we have used the transposing invariance of the trace. Note that there is
no extra sign because the number of exchanges between 1-forms is even (10 times). In arriving
at the last line, the last Q€T is moved to the front by the cyclic invariance of the trace. Thus the
WZW term is charge conjugation invariant.

(iii) Time reversal

Under time-reversal Q(C transforms as

0€ L (%),

wloe] = (w[(e°) ]) = w[e<]

This is because all the coefficients (including those in front of the generalized stiffness terms and
the WZW term) in the nonlinear sigma model are real, the complex conjugation of the Boltzmann
weight cancels out with complex conjugation in QC*.

To summarize, the nonlinear sigma model is invariant under the full emergent symmetries of
the massless fermion theory (see Table 4).

Appendix F. Anomalies of the nonlinear sigma models

To reveal the 't Hooft anomalies of the non-linear sigma model we first need to gauge it. In
this section, we shall extend the discussions in section 12.1 to gauge the continuous symmetries
of nonlinear sigma models in (1 4+ 1)-D, (2 4+ 1)-D, and (3 + 1)-D. We shall adopt Witten’s
trial-and-error method [23].

We have discussed at the beginning of appendix E that the mass manifold and emergent sym-
metries of the non-linear sigma model of real classes are the submanifold and sub-group of the
corresponding sigma model of complex classes. Consequently, once one knows how to gauge the
nonlinear sigma models in the complex classes, one simply needs to restrict the order parameters
(OR®) to the submanifold, and the gauge group to the subgroup, to derive the gauged non-linear
sigma models of real classes.

FE.1. The ('t Hooft) anomalies associated with continuous symmetries
F1.1. Complex class in (14 1)-D

The discussion for gauging the nonlinear sigma model of complex class in (1 + 1)-D was
already in section 12.1. We will not repeat the argument but just quote the result here:

W[QC,A+,A]:—é/dzxtr[(QCT <3MQC —iQ‘CA+,M+iA,MQ‘C))2]
M

- é tr[(Q‘C*dQ‘Cf] - ﬁ/trHAJr (QCTdQC)
B M

LA (dQ‘CQCT) +iA+Q‘CTA,QC}. (150)
Under infinitesimal U, (n) x U_(n) gauge transformation,
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QC N e—l'G, Q(ceiGJr
Ar —> AL +dey +i[Ax, €4],
Eq. (150) acquires an addition piece

SW = _4L / tw[Aydes — A de_]. (151)
T
M

Thus Eq. (150) is not gauge invariant, revealing the 't Hooft anomaly associated with Uy (n) x
U_(n). However, when one only gauges the diagonal U (n),i.e., Ay =A_:=Aande; =€_ =
€, the non gauge invariant terms in Eq. (151) cancels out. Hence Eq. (150) is anomaly free with
respect to the diagonal U (n). This agrees with the free fermion anomaly.

F.1.2. Real classin (14 1)-D

The gauged nonlinear sigma model for real class in (1 4 1)-D can be derived from the complex
class by 1) restricting the order parameter Q(C € U(n) to the subspace Q]R € O(n), 2) restricting
the gauge group from Uy (n) x U_(n) to O4(n) x O_(n), and 3) divide the nonlinear sigma
model by a factor of two (see D.1). The result is

1 2
W[QR,A+,A]=—E/d2xtr[((QR)T (aHQR—iQRA+,M+iA,,MQR)) ]
M

2mi “R.T <R\ 1 R, HR\T
+ager | [ (@7a0%) T4 [l (00 @™)
B M
+A-((@™7TdQ") — i (0™ a- 0"}, (152)
Here AL are the gauge fields associated with O (n) x O_(n). Under the O (n) x O_(n)
gauge transformation,

QR N e—l'G, Q]Rei€+
Ar > Ap +der +i[A4, €4],

(here €4 and e_ are imaginary anti-symmetric matrices) Eq. (152) acquires an addition piece
i
SW=—— [ tr|Ardes — A_de_|,
o [ulasde. ]
M

manifesting the ’t Hooft anomaly associated with O (n) x O_(n). Again, when only the diago-
nal O (n) is gauged, Eq. (152) is anomaly-free, consistent with the free fermion prediction.

F.1.3. Complex class in (2+ 1)-D

In the following, we carry out Witten’s method [23] for the non-linear sigma model. The emer-
gent continuous symmetry is U (n) and under gauge transformation OC and A change according
to

0C — 0C +50C where Q€ =i[0€, €]
A— A+ 5A where A =de +i[A,€]. (153)

The gauge field enters stiffness term in Eq. (138) via the minimal coupling,
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Waanl 0. 41= 5= [ el (3.0 it 01|
M

which is gauge invariant.
Following Witten’s trial-and-error method, we now determine how gauge field enters through
the WZW term. Under Eq. (153) the WZW term acquires an addition piece

| [ [oC@oy]
B
w[60@0)* +40d(60%) @0 ]

M

=—8i [ [de 0C (@02 ] (154)
M

In passing to the second line we used the constraint 0€d0€ = —-d Q€ Q€. An integration by
part is done from the 2nd to the 3rd line. The Ist term in the 4th line vanishes because we can
repeatedly use Q(Cd Q(C =—d Q(C Q(C and the cyclic invariance of the trace to show

tr [EQC(dQC)4] —tr [Q‘Ce(dQ‘C)“] .
To cancel out the gauge dependent part of Eq. (154), we add an additional term
Added term 8i [tr [A o€ (dQC)z] . (155)

M
Under the gauge transformation Eq. (153) this additional term transforms into

5 Si/tr[AQ(C(dQC)Z]
M

=8i [ tr [3AQ‘C(dQ‘C)2 +50%W@0%)2A +d50°%) (dQC A40C +40C dQ‘C)]

8i

C,nCy2 c(@0%?A+d0%aA0C —ap®AaQ"
tr[SAQ @o%)*+s0 ( “dA €40 + AdQC dgC )

=8i tr|:de 0%@0%)? +i[A, €10C (@ QC)?

i\ 3\ 3\
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d0©)2A+d0€dA € —a0€ AdQC€
—dA Q€ d0C +A4d40%a0QC€

C ;HC C C C ;AC
=8i/tr[deQ‘C<dQC>2]_S/tr[ed(Q dQ® A QC +0°40%dQ >]
M M

+i[QC,e](
0CdA+dA QF

C C C C C C
o et [l (44515274
M M

The first term of the final result cancels the gauge dependent term of Eq. (154) by design. We
continue to add the additional term
Added term — 8 / r [(A QC)2dQ‘C] (157)
M

in an attempt to cancel the term

8/tr[de(Q‘CdQ‘CAQ‘C+QCAQ<CdQ‘C )] (158)
M
in Eq. (156). Under the gauge transformation (Eq. (153)) the added term transforms as

5 (—8 / tr[(AQC)ZdQC])

M
54 (€A 0Ca0C +0Cd0C 4 0F)
:_8ftr AQCd0CA+d0%A0C A
+80C | —dA0€ A0€ + 4d0C A Q€
M +A40%dA0€ —A0C Ad0C€
[ e (Q‘CAQ‘CdQ‘C n Q‘CdQCAQC)

——8 ¢
' +ied(—AQ‘CA+Q‘CAQ‘CAQ‘C)

M L

—8de (QC A0Ca0C +0CapC A QC)

=/tr (159)
18ide (—A 0CA+0%40CA Q‘C)

The top line in the final result achieves canceling out Eq. (158). Now we focus on canceling out
the terms in the bottom line of Eq. (159). The term

/tr[+8id€ (Q‘CAQCAQC)] (160)
M

can be canceled out by adding the extra term

Added term — %ftr[(A Q‘C)3]. (161)
M

Under gauge transformation the added term transforms as
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5 —%/tr[(A QC)3]

M
=8 [ [S(A 0%)A QC)Z]

—_8i tr[(de 0€ +i[A,€10C + iA[QC,e]) (A QC)Z]

=8 [ [de 0C A QC)Z] (162)

Lo— I — —

which indeed cancels Eq. (160). The remaining term

/tr[—i—&' de (—A oC A) ] (163)
M
in Eq. (159) can be partially canceled by adding the extra term
Added term 8i / r [A3 QC] , (164)
M

which transforms as

s 8i/tr[A3Q‘C]
M
=8i/tr[(d6+i[A,e]) (A2 0€ +40C 4+ 0F A2)+i[QC,e] (A3>]
M
=8i/tr[de (A2 0C +40C A+ 0F AZ)] (165)
M

under the gauge transformation. The second term in Eq. (165) cancel Eq. (163).
At this point, under the gauge transformation, the sum of the original WZW term and the
added terms Eq. (155), Eq. (157), Eq. (161), Eq. (164) acquires the extra piece

C,nCot iAQC@QC) —(A0C)%aQC
5 Bftr[Q dQ )]+8Altr[ _%(AQ‘C)3—|—1‘A3Q(C }

:8/tr[de(Q‘CF+FQ‘C)] (166)
M

where F := dA + i A%. This last non-gauge invariant term, Eq. (166), can also be canceled out
by adding

Added term —S/tr[A QCF+AFQC]. (167)
M
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Indeed, under the gauge transformation the added term transforms as

5 —S/tr[AQ‘CF+AFQC]
M
(de +i[A, e])(QC F + F 0©)
=—8/tr i [F, €)(A Q€ + Q€ A)

U +i[QC,el(FA+AF)
=—8/tr[de (Q‘CF+FQ‘C)]
M

which cancels Eq. (166). Thus the entire U (n) symmetry can be gauged without anomaly. This
is consistent with the free fermion prediction.
In summary, the U (n) gauged nonlinear sigma model in (2 4+ 1)-D is

0 e [t i ] - 2 [ ofe° ()
M B
+8/tr[iAQC(dQ(C)z—(AQC)deC—%(AQC)3—HA3QC—AQCF—AFQC]}.

M

(168)

F1.4. Real classin 2+ 1)-D

The gauged nonlinear sigma model can be derived from the results in preceding subsection by
1) restricting the order parameter Q(C € m to the sub-manifold OR € m,
2) restricting the gauge group from U (n) to O(n), and 3) divide the effective action by a factor

of two (see D.1). The resulting gauged nonlinear sigma model action is

3 2mi 4
WIQR, Al= o /dxtr[(a OR +i[A,. QR ] 512n2{f ®)
M
+8/tr[iAQR(dQR)2— (AOR)2d R — %(AQR)3—HA3QR —AQRF—AFQR]}
M
(169)

Here A is the gauge connection for the O (n) gauge group. Again the entire O (n) symmetry is
anomaly free, agreeing with the free fermion prediction.

F.1.5. Complex class in (3 + 1)-D
The emergent symmetry is Uy (n) x U_(n). The gauged WZW term was written down by
Witten [23] with a minor correction in Ref. [61]. To simplify the notation, we will define

a1:=dQC 0%, ay:= 04 Q.
The derivation is rather long, so we shall not repeat it here. The result is [23]
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W€, A4, A

- _Z_L%A[ d4xtr[(Q‘C* (9.0% —i0%Ax, +iA,uQC)>2]

~sors1 [ w00
B

—i (Ayo3+A_o}) — (AL Ap+ArdA ) ar+H(dA_A_+A_dA )ay)
Cy_ Cy C Cy C . 2_ C Ct,2
+dA-dQC AL QCT—dA d(QCHA_QC+A, 0CTA_0Ca3-A_0C A, 0C e}
+3 ((A—a)?=(Aya2)?) =i (AL + A% o)
+5/tr +i ((dA+A++A+dA+) Q(C"A_QC—(dA_A_—f-A_dA_)QCA+QC"') }
M —i (A_Q<C AL OCTA_a1+A,0CTA_QC A+a2)
+(430%74-0€ -2 04, 0€7) +1(0C A, 0CTA_Y?

(170)
Under the infinitesimal gauge transformation, the action transforms as

2mi

sw="""1
4873

/ tr[e+((dA+)2 - %d(Ai)) —e ((dA_)2 - %d(Ai))]
M

The situation is similar to the (1 + 1)-D case: there is an anomaly if we gauge U (n) and U_(n)
independently. However, there is no anomaly if we only gauge the diagonal part of U (r). This is
consistent with the free fermion prediction.

F1.6. Real classin 3+ 1)-D
The gauged nonlinear sigma model for the real class in (3 4 1)-D can be derived from the
results of the preceding subsection by 1) restricting the order parameter 0C € U(n) to the sub-
U@

manifold QR 0] (the space of symmetric unitary matrix), 2) restricting the gauge group from

U, (n) x U—(n) which transforms Q(C according to

0 — ¢ . 0% ¢,

to the sub-group U (n) (the global symmetry group in the real class is U (n)), which transforms
OR according to

el
R ueUn)

Q uT'QR'u9

and 3) divide the action by a factor of two (see D.1). The resulting gauged nonlinear sigma model
is

WOk, A]
1 4 R+ R :~R . A TyARY)2
__4_)%/451 xtr[(Q (aMQ —io®a, +i(—AD)Q ))}

“ge0ms | w[@®ae®]
B
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—i (A3 +(=AT)a3) — (dAA+Ad A)ar+(d(—ATY (= AT)+(=ATYd (= AT ))ay)
+d(~AT)d QR AQRT—dAd(QR")(~AT) QR +AQRT(-AT) QR a3 —(—aT) QR AQ T

+3 (=A@’ —(Aw2)?) =i (AT Va1 +A%w)
+5 / tr +i ((dAA+AdA) QR (—AT) QR — (d(—AT)(=AT)+(—AT)d (~AT)) QRAQRT) }
M —i ((~AT)QRAQR! (= AT )1 +4 ORT (—AT) QR AB)
+(A3QRI(=AT) QR —(=ATY QR AQRT) +1 (@R AQRT (—aT))?
(171)
Here we have used the definition
a1 :=d QR Q% oy := ORTa k.
Under the infinitesimal gauge transformation,
QR N eieT ]Reie
A—> A+de+i[A, €],
the gauged nonlinear sigma model acquires an addition piece
2mi i3 T T Ty ! T43
sW= "L tr[de (AdA il ) +de ((—A yd(—ATy — L—aT) )] (172)
9673 2 2
M

manifesting the "t Hooft anomaly of associated with U (n).
However, if we only gauge the O (n) subgroup of U (n)

el = —€, AT = —A,

Under such condition the two terms in Eq. (172) cancel. Thus the O (n) subgroup anomaly free.
This agrees with the free fermion anomaly.

F.2. Anomalies with respect to the discrete groups

After gauging the anomaly-free part of the continuous group, it is straightforward to deter-
mine how the resulting action transform under discrete symmetries. The necessary input is the
transformation of the gauge field and the 0C-R Here we simply state the results. In (1 4 1)-D
and (3+ 1)-D there is no anomaly with respect to discrete symmetries after gauging the anomaly-
free part of the continuous symmetries. In (2 4+ 1)-D, gauging the continuous symmetry breaks
the time-reversal symmetry as discussed in subsection 12.2.

Appendix G. Soliton’s statistics

As discussed in subsection 13.1 of the main text, in (2 + 1)-D and (3 4 1)-D the mass mani-
folds for QC-R support solitons for sufficiently large n (number of flavors). In this appendix, we
follow Ref. [24] to determine the statistics of soliton. This is achieved by computing the Berry
phase, arising from the WZW term, of an adiabatic self-rotating soliton.

Here is our strategy. (1) We write down the QCR configuration corresponding to a static unit
soliton. (2) Based on the result of (1), we write down the Q(C’]R configuration corresponding to
an adiabatic self-27 -rotating soliton. (3) We plug the QCR configuration constructed in (2) into
the WZW term to compute the Berry phase.
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Because the space-time manifold S? is incompatible with the Q(C’]R

soliton,?’ in this section we shall follow Ref. [24] and use

configuration of a single

M =8Pl x gl

as the space-time manifold. Here S~ is in the spatial manifold and S' is the loop in time. The
extended manifold needed to define the WZW term is [24]

B=sP"1 x p?,

where D? is a two-dimensional disk with the boundary d D> = S being the time loop.
G.1. Complex class in (24 1)-D

The mass manifold is
U(n)
Un/2)y xUn/2)’

For n > 4 both homotopy groups m; (relevant to the existence of soliton) and 74 (relevant to the
existence of the WZW term) are stabilized (see Table 6). This is the situation we shall focus on
in the following.

To write down a static soliton configuration, let us begin with n = 2. This is because as far as
1, (relevant to the existence of soliton) is concerned, it stabilizes at n = 2, for which the mass
manifold is

ue
Uy xU()

)

and Q<C is a 2 x 2 hermitian matrix. Here a unit soliton is a degree 1 map from the spatial
manifold S to the mass manifold S?. An example of such map is

0C (0,¢) =1 -G where 7 = (sinf cos ¢, sinf sin¢, cos ), (173)

sol

where 0 and ¢ are the usual coordinates on 2. This can be verified by computing the topological
invariant associated with the soliton quantum number

i C (10C
L= 16—7'[ tr [Qsol(dQsol)z] =1

For n > 4 we can write down a static unit soliton configuration as the direct sum of the 2 x
2 Q(C (0, ¢) in Eq. (173) with a number of Pauli matrices Z, i.e.,

sol

n3 ny—inp 0 O

. . ' - 0 0
0C,(0.¢)=ii(0.¢) 6 DZDZ...= ””(‘)’”2 (’;3 Lo ez am

0 0 0 —1

To construct the configuration of a 2m-self-rotating soliton (around, e.g., the n, axis) we
introduce the following space-time dependent QC, namely,

25 On $P, the infinite future corresponds to a single point. It follows that QC*]R is a constant matrix at infinite future.
This is incompatible with the single soliton configuration.
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0€®6,¢,1)=R"(x)- 05,6, ¢) - R(r), where

e 0 0 0
0 ¢35 0 0
R(t) = I.. 175
() 0 0 1 0 @ (175)
0 0 0 1

Here t ranges from O to 27 along the time loop, and le(é, ¢) is given by Eq. (174).

As discussed earlier, in order to calculate the Berry phase arising from the WZW term, we
need to extend the space-time manifold from M = 2 x S! to B = §? x D%. However, this exten-
sion is complicated by the fact that the orthogonal matrices R(t) in Eq. (175) is not single-valued
as 7 runs through the time loop (note, however, Q(C (0, ¢, t) is single valued). To overcome
this difficulty, we use the algebraic fact observed by Witten [24] that to reproduce the same
Q(C (6, ¢, 7), one can replace the R(7) in Eq. (175) by the following single valued matrix

1 0 0 0
0 e 0 0

R(7) = 0 0 eHT eI..
0 0 0 1

After such replacement, one can extend it to S> x D? by writing

0€©.¢.7.u)=R"(z,u)- 05,6, ¢) - R(r,u), where

0 0 0 0

< 0 sinue™* cosu 0

R(z,u)= 0 —cosu sinueti® o]l (176)
0 0 0 1

where u € [0, 7].
It’s straightforward, though slightly tedious, to plug Eq. (176) in the WZW term”® to obtain

~ 2mi ~ ~

Cq_ C Cy4|_ -

W01 = - 32 [w[0€ @0y =i
B

Therefore we conclude that the Berry’s phase due to the self-rotation is —1, implying the unit

soliton is a fermion.

G.2. Real classin 2+ 1)-D

On)
0(3)x0(5)"
n > 10. In the following we shall restrict ourselves to such situation.

Unlike the case of complex class, the stabilized 5 is

. (L) _7
o xok)

26 Tt can be checked that for the self-rotating soliton configurations we consider here and the rest of this appendix, where
the space-time manifold is § D=1y S and the extended space-time manifold is S D-1 o D2, the WZW terms exist, and
are extension-independent up to (27ri) Z. Thus, the soliton statistics is well-defined.

The relevant mass manifold is From Table 7, both 7 and 74 are stabilized for
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rather than Z. As a consequence, unlike the soliton in the preceding section, there is no integral
form of topological invariant we can use to test whether a proposed QgRél configuration indeed
corresponds to the non-trivial element of Z;. The purpose of the following subsection is to es-
tablish such a testing method.

G.2.1. How to test whether a proposed Z, soliton is trivial or not
Let’s consider the “fibration”

F5EL B (177)

Here F stands for “fiber space”, E stands for “total space”, and B stands for “base space”.
“Fibration” means that locally (i.e., in a small neighborhood of the base space B), the total space
is the Cartesian product of the base space and the fiber space. In Eq. (177) i and p stand for
the inclusion and projection maps, respectively. They satisfy the property that image of i is the
kernel of p. It is a non-trivial theorem that the fibration in Eq. (177) induces the following long
exact sequence of mappings between homotopy groups (see, e.g., [60])

L, (F) l—*> 17, (E) LS 7, (B) = 7,1 (F) l—*> Tu—1(E) LY Th—1(B)... (178)

Here i, p. stand for the map between mapping classes induced by the inclusion and projection,
respectively. Eq. (178) has the property that for two consecutive mappings between homotopy
groups, the image of the preceding map is equal to the kernel of the subsequent map.

In our case

0(n)

F:O(%)xO(%), E=0®), B:m.

The inclusion and projection maps in Eq. (177) are defined by

o, 0

i
(01,02 > 0 := ( 0 0

) where O12€ O (%) and O € O(n)

0O(n)

p . T
0O—S:=0-diag(+1,....,+1,—1,...,—1)- 0", where S € ———F——.
0(3) x 0(3)

n/2 n/2
(179)
Our goal is to decide whether a given
' 0]
s 0 (180)

0(5) x 0(3)

is topologically trivial or not. To answer that we consider the following sub-sequence of Eq. (178)

1(0m) 25 m (%) L (0 (%) % 0 (%)) B 10m)),

where it is known that

m2(0(n) =0

. (&) _7,
0(3)x 0(3)
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n(0(3)x0(3) =22
11(0(n)) = Z».
The map

(03 %0(2)) = mom
sends

Zo x Ly — Zyp via (s1,52) = (s1 +s52 mod 2).

Hence the kernel of this map is (0,0) and (1, 1). According to Eq. (178) these should be the
image of the map

(amrog) ()0 ).
or equivalently,

7,55 7, x 7. (181)
The requirement that the image of the map in Eq. (181) be (0, 0), (1, 1), implies that

s 2 s, (182)

Therefore the soliton configuration, which is an representative of the s = 1 element of

b (%), is mapped to a configuration representative of the (1, 1) element of 7 (O (%)
x O (%)) under 8. Hence if we can tell whether a representative map of 71(O(n/2)) is triv-
ial or not, we can deduce whether the configuration in Eq. (180) is topologically non-trivial by
applying S to it.

But this requires us to know how to construct the 8 map. To achieve that we consider the
following commutative diagram (a diagram is commutative if different paths leading from the
same initial space to the final space are the same map. The fact that the following diagram is
commutative is by construction.)

Sl 81 y D2 Y2 N S2
| |

A 7 lfz
~ ~

0(3) x 0(§) —— 0) —"= 555

Here 8; is the inclusion map which maps S! to the boundary of the 2-dimensional disk D?; y»
is the map that compactifies the boundary of D? to single point; f> is the map in Eq. (180) and
f1 is the map obtained by applying B to f3, i.e., B[ f2] = f1. By knowing whether f; is a non-
trivial map representing (1, 1) in Eq. (182) we can deduce whether f> is a non-trivial soliton
configuration. In the commutative diagram A is the homotopy lift of f> o 3. The fact that such a
lift exists is because D? is homeomorphic to a two dimensional cube, i.e., a square, hence by the
homotopy lifting property X exists.

Because the image of y» o &1 is a point, so does the image of f> oYy o §; = p o A o ;.
This implies (A o 81)[51] is in the kernel of the map O (n) LR %. Since (A o 81)[51]
2 2
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is projected to a point in the base space, it must be contained entirely in a single fiber O (%) X
O (%) Therefore the sought-after £ is given by

fi=X o

The above arguments allow us take the map f> as input and produce the map f as output, i.e.,
we have constructed 8.

In the following we apply the construction discussed above to the following proposed soliton
configuration”’

fr:0,6) = OR =i XI + MEE+mZ) ®Z & Z... (183)
where
i = (sinf cos ¢, sin @ sin ¢, cos H).

Because Q]S%l is a real symmetric matrix, it can be diagonalized by orthogonal transformation

1 0 0 O
R _ 01 0 O T

O =W 00 -1 0 eZBZ...|-W

00 0 -1
where
cos dcos¢p  —cos % sin ¢ —sin % 0

W©O.4) = cos?s;nd) cos%cos¢ 00 —Zin% I

sin % 0 COs 5 COS ¢ cosgsm¢
0 sin% —cos%sincﬁ COS 5 COS ¢

Naively, one might think W (6, ¢) is a mapping between S2 and O (n). However, this is not true.
To see it, let’s inspect W (0, ¢) and W (T, ¢),

cos¢p —sing 0 0
_ | sing  cos¢ 0 0
WO, ¢) = 0 0 cos¢ sing SrL...
0 0 —sing cos¢
00 -1 O
00 0 -1
W=7 0 o o |®]
01 0 O

The fact that W (0, ¢) depends on ¢ and W (rmr, ¢) does not imply that we should view W as a
mapping between D? and O(n), where 6 = 0 corresponds to the boundary while 6 = 7 cor-
responds to the center of D? (i.e., the radius of D? is = — ). In fact, W is the map A in the
commutative diagram, namely,

A=W.

Hence the map fj is given by

27 1tis illuminating to compare Q]s%l with le in Eq. (174), namely, Qi%l = Re[Q(C 11+ Im[Q(C 1®E.

sol sol
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cos¢p —sing 0 0
. _ | sing  cos¢ 0 0
f1(@)=W(QO,¢) = 0 0 cos¢  sing eI.. (184)
0 0 —sing cos¢

| {cos¢ —sing cos¢ sing
_{<sin¢ cosq§>@1'”}®{(—sinq) cosqb)@l"'}'

To summarize, given the map f> in Eq. (183), we have obtained the map f] in the commutative
diagram via Eq. (184).

Now we are ready to determine whether Eq. (183) is a topological non-trivial soliton config-
uration. It is known that the following map from S' to O (n/2)

x . cos¢p Fsing
f1(¢)_{<:i:sin¢ cos¢ )EBI'”}
is a representative of the generator of m1(O(n/2)) = Z,. Thus the mapping class of fj in

Eq. (184)isthe (1, 1) element of 71 (O (n/2) x O(n/2)) = Z, x Z>. It follows that f> in Eq. (183)
is a representative of the generator of nz(m) = 7, i.e., it is a soliton configuration.

G.2.2. The Berry phase of a self-rotating 7 soliton

To calculate the Berry’s phase due to a 27 self-rotation of the soliton in Eq. (183), we rotate
the soliton configuration to produce OR (9, ¢, 7) in the same way in the appendix G.1. After all
dust settles, we end up with

OR6,¢.7) =Re[0€ (0.4, 1)1 @I +Im[QC (0.4, 7)] R E =

cosf 0 sinf cos(¢p +t) —sinfsin(¢ + 1)
0 cos 6 sin@sin(¢p + t)  sinfcos(¢p + 1)
sinf cos(¢p + 1) siné@sin(¢p + 1) —cos#6 0
—sinfsin(¢p + 1) sinfcos(¢p + 1) 0 —cosf
bZDZ...

Similarly, we can extend the space-time to one extra dimension by defining

OR@0,¢.7,u) :=Re[0C (0.6, 7, u)] @I +Im[QC (0., 7. u)]| ® E.

(It’s easy to check it suffices all the properties we want for extension.) Plugging the extended
Qgg into the WZW term, we find

1 - -
Wi zwlO®] =27i —SlznZ/tr[QR(dQR)4] =im.
B

Hence the soliton is again a fermion.
G.3. Complex class in (3+1)-D

The mass manifold in this situation is U (n). 3 (relevant to the existence of soliton) and the
75 (relevant to the existence of the WZW term) are both stabilized for n > 3. In the following,
we shall restrict ourselves to such conditions.

The fact a unit soliton in this mass manifold is a fermion has already been discussed in [24].
We briefly repeat the argument here for completeness. To construct a static soliton we start from
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n =2 (as far as 73 is concerned, it stabilizes for n > 2 with 73(U (n)) = Z). Thus the n = 2
unit soliton is just the degree one map of $3 — SU(2) ~ 3.2 We can choose the unit soliton
configuration to be

C oy [ Ro0+iQs  i(Q2 —if)
QSO'(Q)_<i(§21+i§22) Qo — iS4

where
QB+ +3+0i=1
are the coordinate on S>. For n > 3 one can write the unit soliton as

C &y Qo +i23 (2 —i)
st = (f(sz] +i%)  Q0-if

Next, we rotate the unit soliton in, say, the 21-2, plane by 2w. The time-dependent soliton
configuration can be written as

)EBIEBI...

[ (e 0 0 e 0 0
@ = o 5 ool |- 5@ || 0o 5 ofel.
[\ o 0 1 0 0 1
/1 0 0 1 0 0
=10 et 0 |o1. |- 0@ [|0 ¢e* 0 |ol.
[ \0 0 7'f 0 0 e'"

where T € [0,27] =S 1 js the time parameter. One can extend the configuration to B=§ 3% D2,
where D? is the two-dimensional disk with radius u € [0, 7], by

1 0 0
0C @, t,u)y=|]0 sinuet® —cosu | @l... -QS,I(Q)
0 cos u sinue 't
1 0 0
0 sinue™'" cosu d1.. (185)
0 cosu sinu etiT

Plugging Eq. (185) into the WZW term gives

ACT _rs i ~Ct , AC\ .
WwzwlQ 1 =2mi W/U‘[(Q dQ ) ] =1IT.
B
Hence the unit soliton is a fermion.

G.4. Real classin 3+ 1)-D
The mass manifold is U (n)/O(n). Here w3 (relevant to the existence of soliton) and 75 (rele-

vant to the existence of the WZW term) are both stabilized for n > 6. To write down the degree
one soliton in U (n)/ O (n), let’s first look at the fibration

28 Note that 73(U (n)) = Z originates from the SU (n) part of U (n). Among other things, it means that we can limit
ourselves to the SU (n) WZW term for the Berry phase calculation.
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O(n)i> Umn) > Un)/0(n). (186)
Here the projection p is defined by

uiuszuT-u, where u € U (n), us € U(n)/O(n). (187)

After the homotopy groups are stabilized, the long exact sequence associated with Eq. (186) is
given by

.4 (Un)/0(n)) — m3(0(n)) L w3(U (n)) LaN m3(U@m)/ 0 (n)) — m2(0())...
0 - z 5 7z X Z, = 0

This implies that we can construct the unit soliton in U (n)/ O (n) by taking a unit soliton in U (n),
namely le in appendix G.3, and perform the projection map in Eq. (187), namely,

Q]s%l = (Q(s%l)T ) Qg)l-
The time dependent Q]R (52, 7) can be constructed by the similar projection of Q(C (Ez, 7),i.e.,
0% @0 = (@ n) - 0C@ .
The extended QR can also be constructed by the same projection
QR(EZ, T,U) = (Q(C(Q, T, u))T . Q(C (52, T,U).

The result QR(Q, 7, 1) can be substituted into the WZW term to obtain

Wi zwlOR] =27 96(’;”3/tr[(QR*dQR)5] —in
B

Therefore the unit soliton is again a fermion.
Appendix H. Bosonization for small flavor number

In this appendix we discuss the bosonization in cases when n, the number of flavors, is less
than the value necessary to stabilize 7 p41(mass manifold), or the WZW term.

In some cases, although the homotopy group 7p.1(mass manifold) is not yet stabilized, it
already contains Z as a subgroup. For instance, for real class in (3 + 1)-D, ns(U(3)/0(3)) =
Z x Z». The nonlinear sigma model derived from fermion integration in appendix D contains
the level-1 WZW term, which is 27 times the topological invariant of the Z part of 5. This is
also true for n = 6, 8 of the non-charge-conserved cases in (2 + 1)-D. In these cases the story is
unchanged.

In other cases 7 p 1 (mass manifold) is a finite abelian group, e.g., Z,, or even 0. This requires
a case-by-case study. Here, instead of attempting at studying all possible cases, we shall focus on
the case that is relevant to the applications in Part IT of the main text, namely, the case of n =2
complex class in (2 4+ 1)-D (which is relevant to the discussions in subsection 17.2 of the main
text).
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H.1. Complex classin2+ 1D withn=2

The mass manifold is

UQ®) @
U xU1)

and

74(S?) =0, but 73(S*) =7

The generator of 73(S?) is called Hopf map [62]. The question at hand is whether this signifies
the presence of a topological term in the nonlinear sigma model. A similar situation occurs for,
e.g., the non-linear sigma model describing the anti-ferromagnetic spin chains in (1 + 1)-D.
There, the mass manifold is $2 and 73(S%) = 0 but 72(S2) = Z. In the nonlinear sigma model,
there is a topological term associated with the 77> in the non-linear sigma model, the 6 term, which
is responsible for the difference between the integer and half-integer spin chains [63,64,44].

To answer the question posed above, the derivation in appendix D is not applicable. This is
because the Hopf term (or the 6 term) is invariant under arbitrary infinitesimal deformation of

0°¢.
H.2. Mass manifold enlargement

One way to proceed is to enlarge the mass manifold (or the target space of the order parame-
ter). The idea [65] is as follows. If two order parameter configurations cannot be deformed into
each other, as in the case where configurations correspond to different elements of wp (in this
case m3), we can enlarge the mass manifold so that after the enlargement, one configuration can
be continuously deformed to the other. One can then compute the Berry phase difference caused
by infinitesimal order parameter variation using the method explained in D, and integrate the
result. However, it is important to note that enlarging the mass manifold requires adding extra
fermion flavors. It is important to make sure that the initial and the final order parameters couple
to the added fermion flavors in a trivial way (i.e., in the added flavor space, the order parameters
are the same constant) so that the Berry phase difference is originated from the original fermions.
Finally, one accounts for the Berry phase by picking the coefficient in front of the wp (here m3)
topological invariant.

Using this technique, Abanov [55] enlarged m =5%to

ui+1 —Cp!
Uy xU(@)

and showed that the nonlinear sigma model from the n = 2 fermion integration contains a 6 = 7
Hopf term. In the following we will choose an alternative enlargement, namely,

v o U@
U xU(l) UQ)xUQ2)

We will show that the result is consistent with that of Abanov. Because of the Hopf term, the unit
soliton has fermion statistics [56].
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H.3. The derivation of the Hopf term

The Hopf map is a map from $3 with coordinate (R0, 21, 27, 23) where Z?:o Q? =1to §2
with coordinate (n1, ny, n3) where Z?:l ”;2 = 1. More explicitly,

= Hopf _ . [ Q0+i
Q —— n=17z"0% where z.—(92+i93 . (188)
The Q(C of the non-linear sigma model is given by
3
0% (@) =) n"(Q) 0" =22 2D — b, (189)
a=1

where z is given by Eq. (188). In writing down the 2nd equality we have used the identity

3
Z Ui‘;'G/?l =28i18jk — 8ij0ki.
a=1
In Eq. (189) the 2 x 2 matrix 0C has eigenvalues £1, and z is the eigenvector associated with
eigenvalue +1.
In the following, we enlarge the order parameter so that Q€ can be deformed to .. To do so,
we add two additional fermion flavors and enlarge the mass manifold to

U“)
UR)xUQ)
In the enlarged space the order parameter is given by

] ) o -
0 =0De2= <Q @ —OZ>

(222 =1 0
_< 0 —z) (190)

where z(fZ) is given by Eq. (188). Here the fermions associated with extra flavors couple to the
mass term Y ® (—Z) (see Table 2). Although the 0¢€ given by Eq. (189) cannot be deformed to
a constant configuration in the space % = S2 (i.e., within the first 2 x 2 block) because

(8% =12,

it is possible to deform the 4 x 4 Q'(C to a constant matrix. This is because

( e )
m(——m—) =0
UQ2) x U2

Now we explicitly construct such a deformation. First we rewrite Eq. (190) as

Coa (277 QT -1z 0
Q(m_( 0 H)

Qo+ i
where 7/(Q) := | Q2 +iQ3
0
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We then write down a continuous deformation, as a function of u, as follows

~C - -4 ot & 3
Q/ (Q, Ll) — (2Z (Q, M)ZO(Q, M) [3 _81>

T
- (—cosu(Qo—HQl),—cosu(§22+i§23),sinu) foru e [Z, 7]
(@ u) = ;
(cosu, 0, sinu) foru € [0, 5).

(191)

This extends the configuration from the space-time M = § at u = 7 to a four dimensional disk
B = D* with u € [0, 7]. Here 38 = M and with u as the radial direction of D*. For u = 7
Eq. (191) reduces to Eq. (190), while for u =0

1 0 0 O
~C = 0 -1 0 O
/ — f— — —
0" @u=0=, o | o |=2ec2.
0 0 0 +1

Therefore at u = 0 and u = 7 the fermions associated with the added flavors couples to exactly
the same mass term ¥ ® (—Z) according to Table 2.

Eq. (191) constitutes an extension we need to define the WZW term (which is stabilized at
n =4). Now we can plug Eq. (191) into the WZW term of the non-linear sigma model.
When all dust settles we obtain

~C 2mi ~C ~C ,
W0 1= = 20 [ w0 @y =i
B

U4
T2)xUQ2)

This result agrees with that of Ref. [55] and suggests the existence of a & = 7w Hopf term.
H.4. Gauging small n non-linear sigma models

In appendix F, we have shown how to gauge the nonlinear sigma models. Recall that the
non-trivial gauge coupling terms all originate from the WZW term. For small n, the WZW term
does not exist. One might think we need to re-derive the gauging procedure. Fortunately, we
can use the mass manifold enlargement idea discussed in the preceding subsection to derive the
coupling between 0CR and the gauge field. Without going into details we (1) add additional
fermion flavors until the WZW term is stabilized. (2) Proceed as usual to gauge the continuous
symmetries. (3) Restrict QC*]R to the proper sub-mass manifold and the gauge group to the
proper subgroup (so that the gauge field does not couple to the added fermion flavors). Following
this procedure, we gauged the small n nonlinear sigma model following the same try-and-error
method.

As an example, we shall write down the charge-U(1) gauged nonlinear sigma model for n =2
in the (24 1)-D complex class. As shown in appendix H.3, the bosonized theory the S nonlinear
sigma model with the 6 = 7 Hopf term. Plugging 0C = n%s into the gauge coupling part in
Eq. (168), we arrive at

1 1
WIB., Al = /\_3fd3x (8,jz)2+inH(ﬁ)+/d3x [iA,L (QEHbCeM”Pn“avnbapnCﬂ,
M
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where the last term makes the S? solitons carry U(1) charge. For Q(C inthe /=0 and / =

2 component of the mass manifold, we have a constant configuration Q(C ==xI¢€ %.
Plugging it into Eq. (168), we get
j:é /d3xe“”pAM8vAp, (192)
M

which gives oy, = £1.

Appendix I. Massless fermions as the boundary of bulk topological
insulators/superconductors

The idea behind our bosonization is to fluctuate the bosonic order parameters (Q(C or QR)
to restore the full emergent symmetries of the massless fermion theory. These order parame-
ters are chosen so that when they are static, any 0CR(x) configuration will fully gap out the
fermions. As shown in appendix B, a static QC*R(x) configuration breaks at least some of the
emergent symmetries. Conversely, if the full emergent symmetries are unbroken the fermion
spectrum should remain gapless. Putting it succinctly, the emergent symmetries protect the gap-
less fermions.

The above situation reminds us of the boundary gapless modes of SPTs. Therefore, it is natu-
ral to suspect that each of the gapless fermion theories can be realized at the boundary of certain
emergent-symmetry-protected SPT. In this appendix, we show that this is indeed the case. More-
over, we shall construct the bulk SPT explicitly.

L1. The Z classification

As discussed in Ref. [6], the classification of free fermionic SPTs can be determined by
checking how many copies of the boundary theory can be “stacked” together before a sym-
metry allowed mass term emerges. For example, a Zy classification implies, after stacking
N copies of the massless fermion theory, a mass term can be found without breaking any of
the protecting symmetry (here the emergent symmetries). In the following, we show that the
emergent-symmetry-protected SPT has Z classification.

For the sake of generality, we shall use the Majorana fermion representation, even for complex
classes. N copies of the boundary theory are described by the gamma matrices and the matrices
that execute symmetry transformations,

™ -re@ly, i=1,...d
TN =@ Iy
UM =y @ Iy

Here ¢ and u are orthogonal matrices obeying {, I';} = [u, [';] = 0. The symbol ¢ and u stand for
anti-unitary and unitary, respectively. It is important to note that ¢ and u represent the complete
set of anti-unitary and unitary transformation matrices, from the product of which all symmetry
matrices can be constructed. In addition, I';, 7, u stand for the gamma and symmetry matrices for
one copy of the massless fermion theory.

Existence of a mass term for the stacked massless fermion theory, implies that there exists a
matrix M) that anti-commutes with all of the gamma matrices. The general form of M™) is
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MM =my @ AN +my; Q@ SN
where myg, Sy and m,, Ay are symmetric and anti-symmetric matrices, respectively. Since
FZ(N) =TIy, TM =t @Iy, UN) =y ® Iy it follows that

{ms.a, Uit ={msq,t} =[msq,u] =0

If such a m, # 0 exists, we can use it as the mass term for the original massless fermion theory.
This contradicts the statement that under the protection of emergent symmetry there is no mass
term. Thus m, = 0 and M™) reduces to

MM =m; @ Ay. (193)

On the other hand, m; can then be used to construct an anti-unitary symmetry. By our assump-
tion, such anti-unitary symmetry matrix m; must be the product #’s and u’s. Thus the matrix

TN =, @ Iy

is an anti-unitary symmetry matrix of the stacked fermion theory. However such 7™’ commutes
with Eq. (193) which is a contradiction. (Recall that in Majorana fermion representation, a mass
matrix must anti-commute with all anti-unitary symmetry matrices.) Therefore M) can not
exist for any N. Consequently, the classification of the massless fermion theory must be Z.

L2. Construction of the bulk SPT

To construct the bulk SPT, we follow the “holographic construction” in Ref. [66]. In the
following, we just summarize the results.

For a massless fermion theory, with gamma matrices {I";|i =1, 2, ..., d}, anti-unitary symme-
try ¢, and unitary symmetries {u}, we can construct the bulk matrices,

O _ ez fori=1,..,d
L liimry ® X fori=d+1

T™ =gz

UM =y @1

Here the label (bk) is for distinguishing the bulk from the boundary matrices. In [66], it’s shown
that as long as the boundary massless fermion is irreducible, and ¢, u prohibit any mass term,
then there is single allowed bulk mass term which respects all the symmetries.”” Such mass term
is given by

MO = Ljimr,) ® Y.

The above mass term can be used to regularize and gap out the fermion in the bulk. In Wilson’s
regularization, the SPT (single-particle) Hamiltonian in momentum space is given by

d+1 d+1
h ey =3 sink; T 4 (d +1+mp— Zcoskl) MO0
i=1 i=1

29 Here the irreducibility means the gamma and the symmetry matrices cannot be simultaneously block-diagonalized
non-trivially. The fact that this is true for our case is because the inclusion of the full emergent symmetries. (Proof
omitted.)
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When mp < 0, and when the lattice is cut open in the (d 4 1)th direction (actually the gapless
boundary modes exist when the cut is along any direction), the boundary low energy theory is
that of the original massless fermions.

Appendix J. The decoupling of the charge-SU(2) gauge field from the low energy
non-linear sigma model after confinement

In this appendix, we show that the charge-SU(2) gauge field is not coupled to Eq. (58). To
recap, the charge-SU(2) singlet OR is given by
QR =n;N; where
Ni=XXY,IYY,YZY, 11X, 11Z).

Following appendix F after gauging the charge-SU(2) symmetry, the % nonlinear sigma
model with k =1 WZW term becomes

W[QR,a] |
T4 d3Xtr[(auQR +ilay, QR])Z] - %{/tr[QR (dQR)4]
M B
+8 [ ufia0 @0 - @Od0® - L@Q®) +ia 0% ~ a0 —ar 0¥}
M

(194)

Since all N; commute with the charge-SU(2) group, it follows that OR = n; N; commutes with
charge-SU(2) gauge field a. Hence the gauge coupling term in the stiffness term vanishes.
To show this is also true for the gauged WZW term part, we shall take the

r[aQ® @ Q"]
term in Eq. (194) as an example. Plugging in QR =n; N;, we obtain

r [a QR(dQR)2] = " ula NiN;Niln; dnj dny.
ij.k
In the following we shall prove that each term in the sum vanishes, i.e.,
trfla N; N; N, ] =0 V(@, j, k).
To achieve that we insert a N, 12 =1 where [ # i, j, k into the trace and leave it invariant, i.e.,
tr[aN; N Ny] = tt[ NP aN; N; Ni].

Due to the commutivity between N; and a and the anti-commutivity between N; and each of the
N; jk, we can move one N; all the way to the right end and use the cyclic property of trace to
put it back to the front

tr[N,zaNiNij] = —tr[N;aN; NNy N;] = —tt[N;N;aN;N;N] = —tr[aN; N ; Ni].
Thus
trlaN; Nij] = —tr[aN; Nij] = tr[aNiNj Ni]=0.
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This proof can be applied to all gauge coupling terms in Eq. (194) because there is an odd number
of ORs for every term that couples to the gauge field. Therefore the charge-SU(2) gauge field is
not coupled to QR =n;N;.

Appendix K. The WZW term in the (3 + 1)-D real class non-linear sigma model

In this section, we will show that upon the decomposition in Eq. (76) of subsection 16.3.2,
namely,

OR (x) = "W Gs(x),
the contribution of the WZW term is solely from the Gg(x) part, i.e., namely

tr [(QR"'d QR)S] —tr [(ggdgs)s]

5
First, note that one can at most choose df once in the expansion of tr[(QRTd QR) } =

tr [(g;d Gs +ido)> ] , otherwise the differential form vanishes because (d6)% = 0. The only term

that can possibly survive other than tr [(g;d gS)S] is then of the form

tr [d@ (ggdgs)q =do (9§ags)’ (g§dg5)b (5ags) (ggdgs)d i)

Here {¢“} are the complete basis for the generators of SU (n) in the fundamental representation
(note that Gg are the symmetric special unitary matrices, which are special kind of unitary matri-
ces). In the following, we will show that for every term from the trace tr [t“tb rerd ] it is at least
symmetric with respect to two of the indices in a, b, ¢, d. If so, because the scalar valued one

forms (g}dgs)a anti-commute with each others tr |:d9 (ggdgg)“} vanishes.
We shall choose the conventions
tr[t1] = %5” (195)
(1, 1°) = i fapet (196)

where f;p, is the structure constant for SU (n). Here the Einstein summation convention is used.
fabe 1s real and totally anti-symmetric. We shall also define

dape =211 [{t“, rb}f] (197)

It can be shown simply that due to the cyclic property of trace and the hermiticity of 7%, dp¢ is
real and totally symmetric with respect to a, b, c.

As a pre-step, we would calculate %%, Because the identity matrix 1, together with {r%} form
a complete basis for all n x n complex matrices, we can decompose 1°¢? in terms of them. The
coefficients can be calculated making use of Eq. (195), Eq. (196), and Eq. (197),

1
19 =—r [tatb] I, +tr [({t“, Y+ 119, tb]) t”] £
n
171 .
ZE ;6abln + (dabe + ifape)t” |- (198)
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The equation above implies

1
Uﬁﬁ=;%&+%mc (199)

For later usage, we will derive another formula for the product of two f,;.s. By direct expansion,
one can prove the following identity

[, [0, 110 = (e, £2), 1) — {2, 1), 1%},

Using of Eq. (196) and Eq. (199) twice in the equation above, we get

2
fabe fcde = ; (Sacabd - (Sadsbc) + (dacedbde - dadedbce) (200)

Now we can calculate tr [t“tb rerd ] by applying Eq. (198) twice and carrying out the trace.
After some algebra and the help of Eq. (200), we get

1 1 1
tr I:tatbtctd] ZZtr [(;(Sabln + (dape + ifabe)te) <;(Scd1n + (dcdf + ifcdf)tf)]

3 (8abded = dacSpd + Baabhe)
ZZ [ +%(daqucde — dacedpde + dadedpce)
+l§(fabedcde + fededabe)

By the symmetry properties of 8,5 and dp, every term is least symmetric with respect to two
indices. For example, f,pedcqe 1S symmetric with respect to ¢, d. This concludes our proof.
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