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Exploring the 7 polarization in B — X7v along different axes
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The 7 polarization in semileptonic B decays provides probes of new physics complementary to decay
rate distributions of the three-body final state. Prior calculations for inclusive decays used a definition for
the polarization axis that is different from the choice used in calculations (and the only measurement) for
exclusive channels. To compare inclusive and exclusive predictions, we calculate the 7 polarization in
inclusive B — Xtv using the same choice as in the exclusive decays, and construct a sum rule relating the
inclusive 7 polarization to a weighted sum of exclusive decay polarizations. We use this relation,
experimental data, and theoretical predictions for the decays to the lightest charm or up-type hadrons to

make predictions for excited channels.

DOI: 10.1103/PhysRevD.107.096008

I. INTRODUCTION

Semileptonic B decays to 7 leptons have received immense
attention over the last decade because of tensions between
BABAR, Belle, and LHCb measurements of ratios sensitive
to lepton flavor universality (LFU) violation and the standard
model (SM) expectations [1]. For b — ctv decays, the
subsequent decay of the r within the detector allows
measurement of the 7 polarization fraction, P, =
[C(s, =+)—T(s, = —)]/T, where s, is the = spin projec-
tion along a given polarization axis and I" is the total rate. The
7 polarization fraction (hereafter just ‘polarization’) depends
on the hadronic final state, and is sensitive to beyond SM
contributions, providing a probe of new physics comple-
mentary to the branching ratios or differential distributions of
the three-body final state (treating the 7 as stable).

The definition of the polarization depends on the choice of
the polarization axis for s,. It has been conventional to define
the 7 polarization in inclusive B — Xto decays, P,(X), by
choosing the polarization axis to be the direction of the 7
momentum in the B rest frame, p./|p.| [2-6]. This is
equivalent to choosing —pg/|ps| in the 7 rest frame, and
we therefore call this the pp polarization axis (PA-B)
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convention. Figure 1 illustrates this choice for a generic
B — Xtv decay (for X any hadronic system). By contrast,
prior exclusive calculations choose the polarization axis to be
D./|P-| in the dilepton rest frame [7—10]. In this frame with
this choice, the z-spin basis (anti)aligns with the neutrino
helicity basis, leading to the simplification that in the SM the
s, = + amplitude is exclusively proportional to the 7 mass,
mg; i.e., the s, = — amplitude contains no m,-dependent
terms. This polarization axis choice is equivalent to —p; /| p; |
in the 7 rest frame (see also Fig. 1), and we therefore call this
the p; polarization axis (PA-7) convention.

The only polarization measurement to date was per-
formed in B — D*tp, using single prong v — zv and

FIG. 1. The B — Xz decay in the 7 rest frame. The three-
momenta of the B, X, and ¥ lie in the yz plane. Physical choices
for the polarization axes are (i) p;, used in most exclusive decays,
(ii) pg, used in past inclusive decay calculations, (iii) the trans-
verse direction, x, along which a nonzero polarization would
violate CP, and (iv) the direction py, which leaves a much
needed void in the literature.
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7 — pv decays, and using the PA-U convention to define the
polarization, P,(D*) = —0.38 - 0.510 7} [11]. As shown
in Fig. 1, one could also define polarizations projecting the
7 spin on the py direction, or the direction transverse to the
plane spanned by pg, Px, and p;. A nonzero 7 polarization
in this transverse direction, x, violates CP [12-17]. It
therefore vanishes in the SM, but could be generated by
new physics.

In order to compare the prediction for inclusive P, (X)
with the (weighted sum of) predictions for exclusive
channels, it is necessary to derive predictions for the 7
polarization in B — Xzo in the PA- convention; this is the
purpose of this work. We further show that one may
construct a sum rule, which, when combined with exper-
imental data for exclusive decays to the lightest charmed
mesons in the final state, may be used to make predictions
for the (average) 7 polarization in excited channels.

II. THE INCLUSIVE CALCULATION

In the PA-B convention, following the notation of
Ref. [3], one decomposes the partial decay rates for 7 spin
projection “up” (s, = +) or “down” (s, = —) as

(B — Xz(s, = +)0) :%Fi—f“. (1)

The 7 polarization in the PA-B convention is then
P.(X) =2[/T. For the PA-D convention, in order to
distinguish from I" in Eq. (1) we write instead

(B — Xz(s, = +)0) = %F + 1 (2)

Then the polarization fraction becomes P,(X) = 2[/T.
[We emphasize that s, = + has different meanings in
Egs. (1) and (2), as introduced above.]

We define the kinematic variables

2
. q 2E 2E
Clzzmz’ y:mr’ x:my» (3)
b b b

where E, and E, are the energies of the respective particles
in the B rest frame. We also define the mass ratios

: (4)

where j = ¢, u. Performing the OPE [18-21], we find (for
notations, see Ref. [22]),

1db 2(¢ /)) ) <2(éz—p) ){
—_ &  _6o(x J e ) (@2 =) (=2W, - Wy — yWs + p W
n 2x°p,
—x[yW2 = (& + po) W3 — 2. Ws] + Wz}- (5)
q* = p:
Here I'y = (|V,|*G3m3,)/(1927°). Integrating over x and §* gives,
1 df
ray = VY- 4pr{3X%[y2 = 2y(1+3p,) +4p.(2 4 p)] + x5 By (1 + p) = y* = 8p] + 12x5(1 + p; — )°X
0

X
m3(1+4p. —y)
+ 3x0[—2y(12 + 58p, +25p%) + y*(17 + 45p,)
+5x3(2v(3 + 7p,)
A
3mi (1 + p; — y)*
+ 6x0[=2p,¥(1 = 8p, — p7) —
+3x3[—
+ 2x3[

[12y(3 + 17p, + 5p7)

_|_

40p,y(1 + p,)

-4y (1+p,) +y* —4p,(5-p,)] +12(1 + p, -

Y (5=2p. +5p2) + ¥’ 3+ p2)
4p,.y(18 +29p, + Tp2) + y*(15 + 52p, + 43p2) —
= 2y*(5 4+ 1p, +5p7) +5°(1 +p,)

—30y*(1 + 3p,) + 15y° = 48p.(4 + p.)

—5y° +2p.(55 + 21p, + 10p?)]

y)*(1+5p, = 5p)X]

[=24p.(1 4 3p.)y = 12p.(1 + po)y* + 6(1 + 3p,)y* = 3y* +48p2(2 + p,)

—y* 4+ 16p.(1 - 2p,)]
8y’ (1 +2p;) +2y* = 2p.(7 — T0p,
=" +2p.(5 = 38p, + 5p7)]

~9pz7 —4p})]

F12(1 4 pr = yPR(1 = p)? = 3y(1 + ps = p) + 254 + s — 2p>1x1}, (6)

096008-2



EXPLORING THE 7 POLARIZATION IN B — X7v ...

PHYS. REV. D 107, 096008 (2023)

where xog = 1 —p/(1 + p, —y) as in Ref. [3], and

2 2_4
X P Y2t y2 23 (7)
NVouks 4/)1 y=2p. =y —4p,

For completeness we also derive the §*> dependence of the 7 polarization is (d['/dg? is given in Ref. [23]),

1 df A 4150,
Laz- Ut
I'ydg 2my,

64, (@* —p.)?
m oL+ p—P)7 —4p

24 -

Integrating Eq. (6) over y or Eq. (8) over &2,

g*l(1=p)* +p.3+p) +

~2 2
N q —P: A A A
)\/(1+p—q2)2—4p7( & ) 24° =@ (1 +p+ &)1+ p+po) +20.(1 = p)* +4p7’]

(3> = 2p.)(1 = p)* + @%p.(1 = p)(5+p)].

(8)

I 430\ (1
F—:—(H 12m2 2){5\//—1[3(1+p)(1+p2—8p)+47pf(1—p+p2)—5pfp+11(1+p)p$—p§]
0

b

+4p*[3 4 p.(3p. +2p = 6)]Inf; = 4p (1 = p)[2(1 = p)*> + 3p.(1 + p)] lnff}

o)

b

- L xj=(1+p-p)/(2yp),

where f”—xﬂ—h/ .
A=1=22(p +p.)+

- (1 +p7.'_p) (2\/p_f) and
(/) pe)? =4p(xj = 1) = 4dp.(x; - 1).
The fact that A, enters dF/ dg® and [ in Egs. (8) and (9)
as 1 + 1,/(2m?) follows from reparametrization invariance
[24]. (T, however, does not have such a structure [3].) The
terms proportional to A; can be obtained by “averaging”
over the residual motion of the b quark in the B meson (i.e.,
writing p, = m,v + k and averaging over k), which leaves
q unaffected [21]. Therefore, 5, - p,/|p,| (in the 7 rest
frame) is also unchanged, resulting in the 1+ 4;/(2m3)
structure. At the same time, 5, - pg/|pg|, which defines T,
J

1 dr,
[y dy

+ 28 LVIB( =P 4 0.1 = )T = 5) 4 4201 = 11p) 4 2] = 24pp201 = P = p2 =) (7 | 9

[
is altered, and hence I" does not have the simple 1+
A1/(2m3) structure.

The limit of vanishing final-state quark mass, B — X, 77,
has additional interesting features, in that the b-quark
distribution function in the B meson plays an enhanced
role compared to that in B — X, Zv [6]. This arises due to
the combination of the facts that (i) the » — u semileptonic
decay rate at maximal E, does not vanish at the free-quark
decay level and (ii) the phase space is restricted because of
the 7 mass.

The m, — 0 limit of Eq. (6) generates singular distri-
butions [i.e., terms containing §(1 +p, —y) and its
derivatives],

=/ - 4pf{—y(3 = 2y) +p(16 = 15y) 4+ 12p7 + 12(1 + p, — y)*X

A
+ —2 [ 5y% + p. (74 — 24y) + 24p% + 12[2 — 3y + p,(8 — 3y) + 2p$]x]

2
+m—22[ ¥(6 +5y) 4 p.(38 = 30y) + 60p2 + 12(1 + 5p,) (1 + p, —

b

A
_5p1)+—1(1_

A
11
" { ( o

2_

1p)|(1=p.)38(1 +p, —y) +

y)X]}H(l +p.—Y)

6m (1 _pr)sél( +p‘r—y) (10)

096008-3



BERNLOCHNER, LIGETI, PAPUCCI, and ROBINSON

PHYS. REV. D 107, 096008 (2023)

For completeness, the §° distribution of the 7 polarization is
(dI',/dg?* and dI",/dg? are given in Ref. [6]),

1df, -
Todg®

/11 + 3/12> (1 - QZ)Z (qz -p )2
2m3 q° !

<[ (1+28°) = p.(2+ §°)]

6, . .
2 (= pe)? (3 =282 + po). (11)

_l’__
2
nmy

Integrating over y, or taking the m. — 0 limit of Eq. (9)
gives,

6p7 —2p7 +°F

M35\ [1 | 22p, pi
2m? )27 3 6

my

A
+2p.(2+ 3p,) 1in} + m_22 (1=p)’ (B +p.). (12)
b

This limit is smooth, unlike the m,. — 0 limit of Eq. (6).
For p, = 0, these results satisfy —2I" = T, i.e., P,(X) = —1,
independent of the final state quark mass. This occurs
because in the SM the leptons produced by the charged-
current electroweak interaction are purely left handed in the
massless limit.

Since the s, = + amplitude is exclusively proportional
to the lepton mass, dlA“/dQ2 in Egs. (8) and (11) obey

~2

2 dl [ 1 dr
(@2_p1)2dq (

qZ - p‘[)z dq2:| Pe=>—pr

This relation holds in the SM to all orders.

In addition, angular momentum conservation in B —
X, 7v implies that the 7 polarization is fully left handed at
maximal E,. The power-suppressed terms that enter at
order Agp/mj, also account for the nonperturbative shift
of the E, endpoint from the parton level to the hadron level.
As a result, the physical rate at maximal E, vanishes,
although it is nonzero at the endpoint at the parton level. It
was argued in Ref. [6] that only the most singular terms
among the nonperturbative corrections need to satisfy
—2dﬁt =dI',. Correspondingly, Eq. (10) shows that the
216(1 + p, — y) term changes between the two conventions
of the 7 polarization fraction, 2I"/T" and 2I"/T". However, the
most singular 4,8 (1 + p, —y) and 1,6(1 + p, — y) terms
are identical in dI",/dy and dI",/dy, and these terms are
equal to —1/2 times the corresponding terms in dI', /dy [6].

The O(ay) perturbative corrections are known for the
differential rate and the z polarization in the PA-B con-
vention [5,25], but they have not been computed for the 7
polarization defined in the PA-U convention. We have not
calculated the O(a,) perturbative corrections to I
However, based on the results for T and T, we expect
such O(a,) corrections to modify the polarization, 2I"/T,

below the percent level (except very near the endpoints of
the kinematic distributions).

We do not study in this paper endpoint regions of
differential distributions of the 7 polarization fraction.
We expect, similar to the differential rates, that at fixed
order in the operator product expansion (OPE) reliable
predictions cannot be made very near maximal ¢ or E.,.
Near maximal E, these effects are related to the b-quark
distribution function in the B meson (sometimes called the
shape function). The OPE also breaks down near maximal
g* [23,26,27] because the expansion parameter related to
the energy release becomes small. The upper limits of g?
only differ at second order, by (’)(AéCD), between the
lowest order in the OPE, (m,;, — m.)?, and the endpoint at
the hadron level, (mgz — mp)?. The lepton-energy endpoint,
however, is shifted at first order, by O(Aqcp).

III. NUMERICAL RESULTS AND IMPLICATIONS

In the PA-B polarization axis convention, P,(X.) =~
—0.71 [3] and P,(X,) ~ —0.77 [6] for B —» X .0 and B —
X, v decays, respectively. Using m;, =4.7 GeV,
m. = 1.3 GeV, m, = 1.777 GeV, and expanding to linear
order in 4;,, we find in the PA-v convention

P.(X,) =2[/T' = —0.30 + 0.44), ~ —0.24, (14)

P.(X,) =2I,/T, = =040 +0.331, ~ =0.36.  (15)

Note that A; drops out at this order, as it enters both [andT
as 14 4,/(2m?). Using 1, = 0.12 GeV?, the correspond-
ing second-order terms alter the polarization by nearly 18%
and 10% in B — X_.7v and X, 70, respectively, compared to
the lowest-order contributions. The reason is that the
reduced phase space (due to m,) enhances the importance
of the 4, terms, and P.(X,) and P,(X,) have somewhat
small values at lowest order. [Similar reasons led the
authors of Ref. [5] to consider the O(a,) corrections
relative to 1 — P, which is an O(1) quantity everywhere
in phase space, rather than P, itself.] Hence, these
seemingly large corrections do not indicate that the OPE
breaks down, and we estimate higher-order corrections to
be smaller, impacting the results in Egs. (14) and (15) at or
below the 0.02 level.

In a recent fit of the form factors to B — D™*)£p data
(¢ = e, p), Ref. [28] obtained

P.(D)=03234+0.003,  P,(D*) = —0.494 + 0.005,

(16)

with a correlation of p = 0.189. From the fit results of
Refs. [29,30] we predict for the four D** states:

096008-4
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TABLE I. Isospin-averaged branching ratio measurements for
light-lepton (£ = e, p) semileptonic B decays to the six lightest
charmed mesons, predictions for the corresponding SM LFU
ratios, and the semitauonic branching fractions.

B(B — H.tv)(%)  R(H.) B(B — H w)(%)
Hadron (measured) (prediction) (prediction)
D 227 +£0.06 [1] 0.288 £0.04 [28]  0.65 £0.02
D* 5.22+0.11 [1] 0.249 £+0.03 [28] 1.30 +0.03
D; 0.44 +0.08 [30] 0.08 +0.03 [29] 0.032 £0.017
D} 0.20 +0.05 [30] 0.05+0.02 [29] 0.010 £+ 0.006
Dj 0.67 +0.05 [30] 0.10+0.02 [29] 0.064 £+ 0.008
Dj 0.30 +0.04 [30] 0.07 £0.01 [29] 0.021 £+ 0.004
b D (xxx) 2.08 £0.04
X, 10.65 + 0.16 [1] 0.223 +£0.005[23] 2.37 £0.06

P.(Dg) = 0.10 +0.02,
P,(D)) = —0.22 £ 0.04,

P.(D7) = —0.10 £ 0.02,
P.(D3) = —0.33 £ 0.04.
(17)
The inclusive polarization can be written as a weighted

sum over exclusive polarization fractions, yielding a sum
rule

The semitauonic branching fractions to D*) and D** have
not been precisely measured. Therefore, we combine
branching ratio measurements for the light-lepton semi-
leptonic modes with SM predictions for the LFU ratios
R(H) = B(B - Hb)/B(B — H¢D) to predict the semi-
tauonic branching ratios. For the exclusive modes, we use
predictions from the same fits as in Eqs. (16) and (17),
hence within each heavy quark spin symmetry doublet, the
two R(H) and two P, (H) predictions are correlated. These
inputs and the predictions for the semitauonic branching
ratios are shown in Table 1. [For the inclusive prediction,
using the different evaluations R(X,.) = 0.221 £+ 0.004
[31] and/or B(B — X.£7,) = (10.48 4 0.13)% [32], result
in slightly different predictions: B(B — X o) = (2.34 &
0.06)% [23,32], B(B = X.tv) = (2.32 £ 0.06)% [31,32],
B(B — X 10) = (2.35 4+ 0.06)% [1,31].]

The resulting contribution of the six lightest charm
mesons in Eqs. (16) and (17) to the inclusive polarization
fraction is,

B(B — H.tw)P.(H,)

(% %) — _
Po(D) B(B - X, v)

Nt
— —0.190 & 0.007. (19)

0.0

—0.11

—0.2] | ® P(DC) P,(X,) our prediction

T 03
= ® _PT(D>

—0.4
—0.5 * P(DY)

P (Xnon=D0)y

FIG. 2. Predictions for P, in the PA-U convention. The red point
shows P,(X.) in inclusive decay in Eq. (14). The gray error bar
and the shaded band shows the allowed range derived in Eq. (20).
The black error bars show predictions for the average of the six
lightest states in Eq. (19) and for D™*) in Eq. (16). The orange
error bars show predictions for P.(D**) in Eq. (17). The blue
error bar shows the predicted average polarization of the non-
D) states in Eq. (21).

Assuming that the remaining charm states, that saturate the
inclusive B — X_.7v width, all yield 7 leptons with maximal
(minimal) polarization, P, = 41 (—1), results in an upper
(lower) bound for P,.(X.). One finds

P;nin(XC) = —0.31 +0.03,
Pmx(X,) = —0.07 + 0.03. (20)

This is consistent with the prediction in Eq. (14).

Turning the sum rule in Eq. (18) around, we can use the
inclusive polarization prediction in Eq. (14) to predict the
branching-ratio-weighted average polarization of higher
excited charm states,

P (X P") = —0.411347. (21)

Figure 2 summarizes our predictions for P, in inclusive and
exclusive decays in the PA-U convention.

Next, we consider the analog of the sum rule in Eq. (18)
for P,(X,). Predictions for the 7 polarization and LFU
ratios in exclusive charmless semitauonic decays to the
lightest hadrons are available for B — zzv [33], prv and
w7y [34]. Using the latest BCL form factor parametrization
from a combined fit to lattice QCD predictions plus BABAR
and Belle data [35], one finds

P,(r)=-02704+0.028, R(z)=0.653+0.015. (22)

[If instead one used the combined fit from Ref. [36], one
would find P, (z) = —0.296 £ 0.029 and R(x) = 0.640 £
0.016.] A combined fit of averaged spectra from Belle and
BABAR plus light cone sum rule calculations yields [34]
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P,(p) = —0.543 +0.025,
P, (w) = —0.545 £ 0.029,

R(p) = 0.532 +0.011,
R(w) = 0.534 £ 0.018.
(23)

Using in addition the prediction R(X,) = 0.337 [6,37] (no
uncertainty is quoted) we may derive bounds analogous to
Eq. (20). We find

PRin(X:) = —0.72 + 0.04,
PIX(X) = 0.28 +0.10, (24)

which clearly satisfies Eq. (15)." Here we used
B(B®—=X;t¢0)=(1.51£0.19)x1073, B(B® - nt¢v) =
(1.50 £ 0.06) x 107, and B(B° —» p*¢p) = (2.94 +
0.21) x 10™* [38]. The average polarization for higher
excited light hadrons that would saturate Eq. (15) is

PAXI™T ) = ~0295085. (26)

'One may instead obtain a lower bound for the semitauonic
channels by assuming

B(B - H,t0)
B(B — X,t0)

B(B —» H,ub)
B(B — X,uv)’

(25)

motivated by the intuition that the reduction of the phase space
due to the 7 mass should enhance the fraction of the inclusive
decay going into the lightest exclusive hadronic final states. This
results in the looser bound P™"(X;) = —0.84 & 0.02.

IV. SUMMARY

We calculated the SM prediction for the 7 polarization in
inclusive semileptonic B — Xzv decay, choosing the PA-v
polarization axis convention to define P,, in which the 7
spin corresponds to the helicity in the 7o rest frame. We
derived differential distributions that may aid future mea-
surements, and the total polarization is given in Eqgs. (14)
and (15). These prediction were not previously available,
and therefore comparisons between the polarization frac-
tions in inclusive and exclusive decays could not be made.
The sum rule in Eq. (18) relates the 7 polarization fraction
in inclusive decay to a branching-ratio weighted sum over
exclusive modes. We explored what is known about the SM
predictions for the six lightest charm mesons (D, D*, and
D**), which allowed us to make predictions for the average
7 polarization in the remaining final states, that saturate the
inclusive decay. The similar analysis for charmless semi-
leptonic B decays is less constraining at present, but could
prove useful with large data sets expected in the future.
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