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Shape and Geometry in Statistics: Support and Density Estimation

Abstract

In this dissertation, we are tackling two estimation problems using methods with geometric
arguments heavily involved. The first part of this dissertation is focused on theoretical analysis of a
type of local convex hull (LoCoH) estimator of the density support, which includes the r-ball LoCoH
estimator and the kNN LoCoH estimator. We present two finite-sample concentration bounds for
both estimators and discuss how to use these bounds to study the large sample behaviors and the
performance of these estimators in high dimensions. The second part of this dissertation is focused
on establishing a generalized switching relation, which states that the behavior of the nonparametric
maximum likelihood estimators (NPMLEs) of density functions under order constraints can be
controlled by the behavior of the empirical measure. Some examples are shown to illustrate how

to use this relation to derive asymptotic results.
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CHAPTER 1

Introduction

Almost all the problems in statistics relate to probability distribution estimation. For example,
regression problems need to estimate the distribution of errors; testing problems are essentially
distribution comparison problems; classification problems relate to probability support or mode
estimations; etc. In this dissertation, we study two specific problems: one is to theoretically
analyze a type of local convex hull (LoCoH) estimator of the density support; the other is to
introduce a tool to study the nonparametric maximum likelihood estimators (NPMLEs) of the
density functions under order constraints. For both problems, the approaches we take are heavily
influenced and guided by the geometric ideas.

In this chapter, we provide a high-level introduction of both problems.

1.1. Density Support Estimation

Density support estimation is to estimate the shape of the manifold where the data points
live in. Naturally, one asks the questions: what should the shape be like? Can we estimate any
shapes equally well? The answer is of course not. The simplest geometric assumption on the
support is probably convexity. If the convexity assumption is satisfied, the convex hull estimator
has good theoretical guarantees. But in the majority of the cases, the density support is not convex.
In Section 2.2, we discuss three geometric assumptions that generalize the notation of convexity.
More specifically, we focus on the rolling-ball assumption. And the type of the estimator we
consider is called the local convex hull (LoCoH) estimator. As the name suggests, this type of
estimator is building “convex hull estimators” locally. Two different estimators of such type will be
considered: the r-ball LoCoH estimator and the k-nearest neighbor (NN) LoCoH estimator. The
former estimator uses balls of radius r centered at each data point as local neighborhoods. The

latter uses sets of k-nearest neighbors of each data point as local neighborhoods.
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We first study the connections between the two different LoCoH estimators through the ENN
distance. In Section 2.3 we show a uniform bound for the kNN distance. Then in Section 2.4, we
illustrate how to use this bound to get a consistency result for the kNN LoCoH estimator from
a consistency result for the r-ball LoCoH estimator. In Section 2.5 we present the main results
for the r-ball LoCoH estimator, namely, a finite-sample concentration bound, which is followed by
the discussions of how to use this bound to study the large sample behavior and performance of
this estimator in high dimensions. In Section 2.6, we present similar results for the kNN LoCoH

estimator.

1.2. Density Estimation

Density estimation is to reconstruct the underlying probability density function from sampled
data. We are focusing on a special class of functions, the monotone functions. In the one-dimension
case, monotonicity is with respect to the usual order on the real line, and it has been well-studied in
the literature. In high dimension, we hope to define the monotonicity with respect to any suitable
order. So first we talk about how to generalize the notation of monotonicity in high dimensions
and then introduce a tool called generalized switching relation to study the NPMLEs of these
multivariate monotone functions.

In Sections 3.2.1 and 3.2.2, we review the classical switching relation that is used to study
the one-dimension monotone functions and propose a key observation. Then in Sections 3.2.3 and
3.2.4 we talk about how to impose high dimension monotonicity through shape constraints and
introduce the NPMLESs to estimate such multivariate monotone functions. Finally, in Section 3.2.5
we formulate the generalized switching relation for the NPMLEs with order constraints. In the
following section, we use examples to illustrate how to apply the generalized switching relation to
study the asymptotic behavior of the NPMLEs with order constraints.

In Section 3.4, we present a pointwise convergence rate for the NPMLE under block-decreasing

order restriction for uniform distributions without using the generalized switching relation.



CHAPTER 2

Theoretical Analysis of the Local Convex Hull (LoCoH)

Estimators of the Density Support

2.1. Introduction

2.1.1. Background. Probability density support estimators can be classfied into two cate-
gories. First is the plug-in type, which is constructed from a probability density function estima-
tor. The other is the direct estimation type, which constructs the estimator directly from data
points. Applications of density support estimators include abnormality detection (Devroye and
Wise (1980)), such as monitoring machines and medical diagnosis; marketing and yield estimation;
animal home range estimation (Getz and Wilmers (2004), Getz et al. (2007)), etc.

Let X, = {Xi(t1),...,Xn(tn)} be a set of n points sampled from an underlying distribution
F with density function f that is supported on a subset S in R%. For all i € {1,...,n}, t; is the
time stamp when X; is sampled. Here ¢; only appears for some specific sampling strategies. For
example, in the case of studying the support of the acitivity distribution of certain animals, a data
point X is recorded when an animal is captured in sight at time ¢;. The same animal might be
captured and recorded again as Xo at another time point ¢3. X; and X, might be correlated and
such correlation can be measured by |t —t1|. Or a real-time tracker can be placed on animals. The
recorded data will be trajectories indexed by time. In other cases such as an i.i.d. random sample,
Xi(t;) can be written as Xj.

Suppose S is a density support estimator from this sample. Two distances can be used to

measure the quality of this estimator.

e (symmetric difference distance) dy (5, S) = A(SAS), where A denotes the symmetric dif-
ference, \ can be any measure on R
e (Hausdorff distance) dy(S,S) =inf{e >0: S C S@eB, S C S eB}, where AP eBB =

UzeaB(z,€) for any set A.



The first metric is usually used to quantify the quality of set estimator while the second one
can also be used for the boundary estimation.

The following is a brief survey of the two types of density support estimators.

I. PLUG-IN TYPE

Given a density estimator fn, the plug-in type supported estimator can be formulated as

(2.1.1) S, ={z eR? f,(z) > a,}, where oy, — 0 as n — oo.

Depending on whether to take time into account or not, there are two types of probability
density estimation methods: the fixed-time methods and the time-varying methods. The majority
of density estimators fall in the first category. For example, the classical kernel density estimator
fKD,n,h assumes that the data collected should be i.i.d. (see, e.g., Scott (2015) or Chacén and

Duong (2018)).

%),

where h > 0 is a fixed bandwidth and K(-) is a kernel function.

(2.1.2) fDnn(® hd Z <

In the last decade, several other methods are proposed to deal with trajectory-type data such
as Brownian bridge movement model (Horne et al. (2007)), Dynamic Brownian bridge movement
model (Kranstauber et al. (2012)) and time-geographic density estimator (TGDE) (Downs (2010)).
The first two methods use a Brownian bridge to model the trajectories and then construct the
density estimator in a maximum likelihood framework. They follow a parametric approach. The

TGDE fTG DE.nv, however, can be seen as a time-geographic version of the kernel density estimator.

Xil[ + [[ Xit1 —93H>
z+1_tz)

(2.1.3) frapems(x) = (n — 1)[(tn — t1)0]2 ZG <||$

where v is the maximum velocity of the object and G is a function of the geoellipse. The idea

is to fit an elliptical density using two temporally consecutive data points for all the data points.



The quality of the plug-in type density support estimator depends on the quality of the density
estimator, their connection was studied by Cuevas et al. (1997).

II. DIRECT ESTIMATION TYPE.

The most simple and naive direct estimation method is probably the Devroye and Wise (1980)

estimator S pw,r, Which is the union of balls of radius r centered at the observed data points.

(2.1.4) gDVV,r = U;L:IB(X%T)’

Under the regularity conditions on the probability distribution, its consistency and convergence
rate results in terms of the symmetric difference distance have been established by Devroye and
Wise (1980) and Biau et al. (2008).

Another type of direct estimation method is the so-called minimum volume set method (Polonik
(1995b), Polonik (1997)). Let S be a class of sets. The minimum volume estimator Sy with

respect to S is defined as

(2.1.5) Syrv = argmin{Leb(S) : &, C S}.
Ses

When § is the class of convex sets, Syv is the convex hull estimator, which has been extensively
studied in the literature (see Brunel (2018)). When S is the class of all d-dimensional ellipsoids,
Syry is the minimum volume ellipsoid, which has been introduced by Rousseeuw (1985). Sy can
be biased when S ¢ S, namely, when S is misspecified, meaning that the true S is non-convex. In
order to accommodate such cases, several generalizations to the notion of convexity can be adopted
as constraint to S. This includes the positive reach (Federer (1969) or Théle (2008)), r-convexity
(Rodriguez Casal (2007)) and rolling ball conditions (Cuevas et al. (2012)) (we will define them later
in the text).For instance, when S is restricted to be the class of r-convex sets, the corresponding
minimum volume estimator is called r-convex hull estimator. However, this minimum volume set
estimator might not be well-defined when elements of S are assumed to have reach > r > 0 (see

Colesanti and Manselli (2010)).



Note that the minimum volume set estimator corresponding to the class S coincides with the
plug-in estimator when f, in (2.1.1) is chosen to be the silhouette density estimator (see Polonik
(1998)) with respect to S whose upper level sets are in S and «,, = 0.

Another way to accommodate the non-convex situation using convex hull type method is by
localization. The k-nearest neighbor local convex hull (kNN LoCoH) estimator Hj, and the r-ball
local convex hull (r-ball LoCoH) estimator H, were proposed by Getz and Wilmers (2004) and
Getz et al. (2007), respectively for home range estimation. Given a point set A, the convex hull of

A is defined as

(2.1.6) H(A) = {Zaxx, ay >0Vr € A, and ZO"C = 1}

€A €A

The two local estimators are defined as follows.

©) (d)

FIGURE 2.1. Convex hull type support estimates for a simulated dataset. (a) true
support S; (b) convex hull estimate; (c) kNN LoCoH estimate with £ = 10; (d)
r-ball LoCoH estimate with r = 2.



2.1.2. Definitions of Local Convex Hull Estimators. Let X(;)(z) be the k-th nearest

neighbor of x in A,.

DEFINITION 2.1.1 (kNN LoCoH estimator). The k-nearest neighbor local convex hull estimator
of the support of f is
H.= |J #V(X) = | HX@)(X), ..., Xy(X))
XeXx, XeX,

where Ni(X) is the k-nearest neighbors of X in X, excluding X itself.

DEFINITION 2.1.2 (r-ball LoCoH estimator). The r-ball local convez hull estimator of the support

of f is
H.= ] #{Y:YeXx,nB(X, )}
XeXx,

The consistency of r-ball LoCoH estimator H, has been studied in Aaron and Bodart (2016).
In this chapter, we establish a global and a local concentration bound for H,. The consistency as
well as the concentration bounds are also obtained for the kNN LoCoH estimator Hj.

ﬁr, ﬁrn always refer to the r-ball LoCoH estimator and H ks ﬁkn always refer to the kNN

LoCoH estimator throughout the text.

2.2. Geometric Properties

2.2.1. Three Generalized Convexity Assumptions. Here we define the three geometric
properties mentioned above that can be seen as generalizations to the notion of convexity and

discuss their relations.

DEFINITION 2.2.1 (positive reach). Let reach(S,z) = sup{r > 0 : B°(z,r) C UP(S)} for
x € S, where B°(xz,r) is the open ball centered at x with radius r, UP(S) is the set of points that

have a unique projection on S. Then the reach of S is
reach(S) = inf{reach(S,z) : = € S}.

S has positive reach if reach(S) > 0.



DEFINITION 2.2.2 (r-convexity). Let 7 > 0. A set S C R? is called r-convex if S = C,.(S)

Cr(S) = (B°(y,m))°-
Be(y,r)NS=0
r-convexity generalizes the notion of convexity in a more obvious way from its definition. Note
that for a set A, C.(A) C Cs(A) for 0 <r < s. Asr — 0, C,.(A) — A, where A is the closure of 4;
and as r — oo, Cr(A) = H(A).

DEFINITION 2.2.3 (rolling-ball condition). Let S be a d-manifold in R? with non-empty bound-
ary. If there exists Roys > 0 such that Yo € 0S, there exists OF € R with x € B(Oy, Rous) C S€,
then the balls of radius Ry > 0 roll freely outside S.

If there exists Ry, > 0 such that Yx € 35, there exists OF € R? with x € B(O}, R;,) C S, then
the balls of radius R, > 0 roll freely inside S.

The rolling-ball condition is a geometric smoothness condition on the boundary. It is a special
case of the more general rolling-type condition in which a convex body rolls freely inside or outside
S.

The positive reach condition is the most popular among these three properties. For a compact
set S with positive reach r, the Lebesgue measure of the set B(S, €) can be expressed as a polynomial
in € with degree d for 0 < € < r (see Cuevas et al. (2012)). Note that in the case when S is a
convex set, whose reach is +o00, the above property holds Ve > 0, which coincides with the classical
Steiner formula for convex set. From this perspective, convexity can be seen as a special case of
the positive reach condition.

These properties are closely related. Let r > 0.
(A) S has positive reach r.
(B
(
(

S is r-convex.

C
D

balls of radius 7 rolls freely outside S.

)
)
)
) balls of radius r rolls freely inside S.

It can be shown that if S is compact, (A) = (B) and (B) == (C). But the converses

are not true in general. Details can be found in Cuevas et al. (2012). If S is both compact and

8



path-connected, then (C) = (B) (see Walther (1999)). Also (C)&(D) together imply 0S5 has

positive reach 7. And when S = S°, the converse is also true (Arias-Castro et al. (2017)).
2.2.2. The Rolling-ball Condition.

PROPOSITION 2.2.1 (smoothness condition). If S € R? is a compact d-manifold that satisfies the
rolling-ball condition with Ri, = Rout = R. Then for all z € 05, 3 a unique inward pointing u, € R?

such that ||ug|| =1 and Vz,y € dS, the following Lipschitz condition holds |lu; — uy| < % ||z — y].
See Walther (1999) Theorem 1 for a proof.

LEMMA 2.2.1. If balls of radius R roll freely inside S € R?, which is a compact d-manifold,
then there exists some vy > %Iﬁ (4L, %) such that Leb(SN B(z,r)) > yLeb(B(z,r)) for 0 <r < R,

where Ii(a, B) is the regularized incomplete beta function.

_ Leb(SNB(z,r))

PRrROOF. Let g(r) = dtl

“Teb(Bzr)) The goal is to show that g(r) > ~ for some v > %I% (5L, %)

and 0 < r < R. The worst case scenario is that x lies on the boundary of S which is the same

as the boundary of a ball with radius R. Consider two spheres of radii R and r and centered at

(0,...,0) and (R,0,...,0) respectively in R%. The equations of the two spheres are

(2.2.1)
(x1 — R)? 4+ 224 ... + 22 =12
Solving this system of equations yields z} = 2R22 }?2. Let ¢1 be the angle between a vector
starting at (0,...,0) and ending at a point lying in the intersection of the two spheres and the
positive z-axis. Let ¢2 be the angle between a vector starting at (R, 0,...,0) and ending at a point

lying in the intersection of the two spheres and the negative z-axis. Then

2
I T
cosgr = — =1——,
(2.2.2) i 2R
p R—2a} r
COS g = = —.
2 T 2R

So



rvVA4R2 — r2
2R? ’

) R — 1} 4R? —r?
sin ¢ = " L — R .

sin gbl =
(2.2.3)

Now the volume V(r) of the intersection of these two balls is the sum of the volume of two

spherical caps cut by the hyperplane z1 = 2.

IR d+11. 1, d+1 1
V(T) = §VdR I(rm)2(27 5) + §Vd7" I(m>2(2, 5)
2R2 2R
(2.2.4)
d+1 1

Lo, d
> §Vd7" I VaRZ 2 Q(T, 2),
(45

where V; is the volume of the unit ball in R?. Therefore

%Vdrdj Nyl 2(%’%)
V) (“5)
g(r) = 7> y
(2.2.5) Va-r Va-r
1 d+1 1

- 2I(¢m)2(2’ 2)

2R

2
But0<r§R,so%§(7V‘“§j{’"2> < 1.

(2.2.6) g(r) >

2.2.3. Covering Numbers. The complexity of a set in R? can be measured by the Minkowski
dimension. The metric we are considering is the standard Euclidean distance throughout the text.
Let Vol;(A) be the d-dimensional volume of a set A and V; be the volume of the d-dimensional

unit ball.
10



DEFINITION 2.2.4 (covering number). Given a set S in R?, its covering number N (S, ¢) is the

minimum number of (closed) 2-balls of radius € needed to cover S.

DEFINITION 2.2.5 (Minkowski dimension). Given a set S C RY with covering number N(S,€),

the Minkowski dimension of S if exists, is

. logN(S,e)

PROPOSITION 2.2.2. A k-manifold S of class C* in R has Minkowski dimension k. There exists

A > 0 such that the covering number N(S,€) < Age™*.

A compact d-manifold in R? is of class C* (see Kiihnel (2015)). This property will be used to
cover S and 05 with small balls later in the proof. The following proposition gives some explicit

bounds for the covering numbers of S and 05 when S satisfies the rolling ball condition.

PROPOSITION 2.2.3. Let S be a compact d-manifold in R®. S is the boundary of S. If S
satisfies the rolling ball condition with radius R, then the covering number N(S,€) of S and the
covering number N(0S,€) of S satisfy

Voly_1(9S)T(d/2 + 1>>dd1 (2 ;)d,

(2.2.8) N(S,e) < < d]2

and

(22.9)  N(dS,e) < 2

7d/2 1d/2¢d

( Voly_1(8S)T(d/2 + 1)>dd1 (i . ;)d 24 Voly(S)T(d/2 + 1)

PROOF. The idea is to apply the following inequality (see Vershynin (2018)), VO C R,

VOld(@ @ %)

(2.2.10) N(©,¢) < VoL (B0 )

For N(S,¢), we first calculate an upper bound of the area of (S @ §), then apply the isoperi-
metric inequality to get an upper bound of Voly(S @ §). We can always “flip” the concave part of
S so that it becomes convex. Let S* be the convex body constructed from S by this way. Then
S C §* and Vol;_1(9S) = Volz_1(05*). And also S* satisfies the rolling ball condition with radius

R. We thus have
11



VOld_l(a(S*@E)) VOld_l(aB(O,R+5)) € \d-1
(22.11) Vol 1 (057 = Vol (0BO.B) (1+2m)
Therefore,
(2.2.12) Vol 1 (S 5)) < Volaa (0(5* P 5)) < (1+%)d71\/01d_1(85).

By the isoperimetric inequality,

d _d_
€ . € (1 + ﬁ) VOld_l(aS) d—1
(2.2.13) Vola(s @@ 3) < Vola(s* P 3) < vy :

So

N(S,e) < Voly(B(0, §))

e \d —d_
< (1 + ﬁ) VOldfl(aS) d—1
T [V TV

d
[ Volg (OS)P(E+ 1)\ 2 1\
B dnd/? E—'—E '

For N (05, ¢), we use 2(max{Volg(S* P 5)} — Volg(S)) to bound Volys(0S P 5).

(2.2.14)

2(max{Volyg(S* P 5)} — Vola(S))

N(@5,e) < Volu(B(0, £))
(2.2.15) e o .
Voly_1(98)T(d/2 + 1) 2 1\?  2Voly(S)I(d/2 + 1)
s 2 ( dmd/2 ) (6 * R) B 7d/2¢d

2.3. k-Nearest Neighbor Distance

2.3.1. Definition.

DEFINITION 2.3.1 (k-nearest neighbor distance). Ry(r) = |[x — X1)(z)|| is the k-nearest neigh-

bor distance of x with respect to the set X,.

12



The following theorem states an upper bound for sup,c g Ry(x) and a lower bound for inf,cg Ry (z).
Under some regularity conditions, there exist constants C; and Cs such that C; ( )d*‘x < Ri(x) <
Cy (5) Tra for all z € S, with probability at least 1 — d,,, where §,, — 0 as n — oco. Actually, when
the number of nearest neighbors k is chosen appropriately, d,, vanishes fast enough such that the
bounds hold almost surely. It is later used to establish the connections between Hj, and H,, for

appropriate choices of k,, and r,.

DEFINITION 2.3.2 (eventually almost surely (e.a.s.)). A sequence (E,,) of events in the same

probability space will happen eventually almost surely iof 1g, is such that 1g, — 1 a.s. as n — 0.

2.3.2. Concentration Type Results on the Uniform Bounds. Let X be a random vari-
able with a distribution function F. Throughout the text, we use F(B(z,r)) and Px(B(x,r))
interchangeably to denote the probability of X falls in the ball B(x,r), i.e., P(X € B(x,r)).

THEOREM 2.3.1 (uniform bounds on k-nearest neighbor distance). Let a € (1,00), b € (0,1).
L If

(a) = )2 log® 2dlogn < k < CoR “n for some § € (0,1),

(b) IR >0, a > 0 and Cy > 0 such that Yz € S, F(B(z,7)) > Cor?™® for all 0 < r < R.

then with probability at least 1 — 9,

1
a k) dra
2.3.1 sup Rp(x) < | =——
2.1 sup Fu(o) < (54
Moreover, when @ 1)2 log?(2n?)dlogn < k < CoRdM n,
(2.3.2) sup Ry (z) < <ak> e.a.8. as m — 00
.. xeg kT Con .a.S. .

II. If

(c) % log® 2dlogn < k < n for some § € (0,1),
(d) there exists B> 0 and Coo > 0 such that Yz € S, F(B(z,7)) < Coor® 5,
13



then with probability at least 1 — 9,
b k\ TP
2.3.3 inf R, > —-— .
( ) ;rels k(@) = (Coon>

Moreover, when k > % log? (2n?)dlogn,

b k\aF
(2.3.4) inf Ry(z) > (> e.a.s. asm — oo.

Cson

1

PRrROOF. I. Let r| = <i%>m (a) implies that 0 <r; < R. By (b),Vz € S,

F(B(xz,m)) > Cofri“o‘

a k
=Co (o)

k
k k
oy
n n
> ﬁ + C&,n@~
n n

The last inequality is due to the fact that (a) implies that vk > Cs.,, = 2410g(2/8)y/dlogn/(a—
1).

Therefore, by Lemma (2.7.1) in the Appendix, with probability at least 1 — 0, F,,(B(xz,71)) > %
for all . This means sup,cg Ri(x) < ry.

For the almost sure convergence, let k& be such that % log?(2n?)dlogn < k < %ﬂan. Let

(2.3.6) D, = {ilelg Ry(z) < 7«1} .

So P(Dy) > 1—1/n?. Then

(2.3.7) > P(Dy)

< 00.

IA
[
3

14



Therefore by Borel-Cantelli lemma,
(2.3.8) P(Dy, happens i.0.) = 0.

Let Y,, = sup, Ri(z) — r1. Then D,, = {Y,, <0}. So

(2.3.9) P(Y,, <0 happens all but finitely many n) = 1.

But
Y, < 0 happens all but finitely many n <= 3m > 1 such that Vn >m, Y, <0

(2.3.10) <= inf supY, <0

m2>1p>m

<= limsupY, <0

n—oo
So
(2.3.11) P(limsupY;, <0)=1.
n—oo
_1
II. Let 1 = (&ﬂ "7 Then by (d) ¥z € S,
F(B(z,r9)) < C'Oorg_'8
bk
- = O (coon>
2.3.12
= k_ (1— b)\/%@
n n
kg VR
n n

The last inequality is due to that (c) implies that vk > Cjs,, = 2*log(2/8)\/dlogn/(1 — b).
Therefore, by Lemma (2.7.1) in the Appendix, with probability 1 — §, F,,(B(x,r2)) < % for all

x. This means inf,cg Ri(z) > 7.
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For the almost sure convergence, let k > % log? (2n?)dlog n. Let
(2.3.13) E, = {;Ielg Ry(z) > 7“2} .

So P(E,) >1—1/n?. Then

1
(2.3.14) d PE)<Y — <o
n n
Therefore by Borel-Cantelli lemma,
(2.3.15) P(E; happens i.o.) = 0.

Let W,, = inf, Ri(x) — r1. Then E, = {W,, > 0}. So

(2.3.16) P(W,, > 0 happens all but finitely many n) = 1.

But

W, > 0 happens all but finitely many n <= 2m > 1 such that Vn >m, W,, > 0

(2.3.17) <= sup igf W, >0
m>1n>m
< liminfW,, >0
n—oo
So
(2.3.18) P(liminf W, > 0) = 1.

n—oo

0

Conditions (b) and (d) in Theorem 2.3.1 can be satisfied under some additional regularity
conditions on the density functions and the shape of S. For example, consider the case when
the density f(z) > fo > 0 is bounded away from zero, and Yz € S, 3y > 0, R > 0 such that

Leb(S N B(z,7)) > yLeb(B(x,r)) for 0 < r < R. Then F(B(z,7)) > vfoVar? for 0 < r < R. The
16



corollary below (the first part of which is the same as Lemma 3 in Jiang (2019) when a = 2) follows

immediately.

COROLLARY 2.3.1. Let a € (1,00). If

(a) fo=infueg f(zx) >0,
(b) Vx € S, 3y > 0, R > 0 such that Leb(S N B(x,r)) > yLeb(B(z,7)) for 0 <r < R.

Then F(B(x,r)) > v foVar® and condition (a) in Theorem 2.3.1 is satisfied with Cy = =y foVa,

then with probability at least 1 — 0,

g\ d

a

2.3.19 sup Ri(z) < -] .

( ) ves o) < (Vfon n)

Moreover,

(2.3.20) sup Ry(x) < (2 F)° -
.3. xlelIS) p(zx) < ~FoVan €.a.§. as n — oo,

when %10g2(2n2)dlogn <k< M”

DEFINITION 2.3.3 (a-quickly decreasing). Let f be a density function with support S C R?. f

is a-quickly decreasing if there exists « > 0 and Cy > 0 such that
Vo e S, f(x) > Cpd(x,05)*.
When f is a-quickly decreasing and S satisfies the rolling-ball condition, the following holds.

COROLLARY 2.3.2. Let a € (1,00). If

CyVars B2, 250 R
3a

(a) 2%log® 2dlogn < k < n, where B(.,.) is the beta function,
(b) f is a-quickly decreasing, i.e., there exists « > 0 and Cy > 0 such that Vo € S, f(x) >
Crd(x,08)”,
(c) balls of radius R roll freely inside S,
then with probability at least 1 — 8, when 0 < r, < ((3/2)"/(2+d) — 1R,
17



(2.3.21) Ri(z) < Ja AN
LO. su X — .
ves =\ opviB (25, By n

CpVanr B(241 25 )Rt

Moreover, when 28log? (2n?)dlogn < k < - n,
3a k e
(2.3.22) sup Ry(z) < = e.a.s. asm — oo.
z€S Cde,lB (O‘T'H, %) n

PROOF. Inequality (2.5.6) implies that Va € S

atl d+1
(2.3.23) F(B(z,r)) > CiVarB (55 %) dta

a1 dt1
for all 0 < r < ((3/2)"/(@+d) —1)R. Then let Cy = Cfvd_lBg 2 1 2 ), the conclusion follows by

Theorem 2.3.1.
O

Also note that V; = Vd,lB(%,%) and Lemma 2.2.1. Corollary 2.3.1 agrees with Corol-
lary 2.3.2.

The following corollary is when f is bounded from above.

COROLLARY 2.3.3. Let b€ (0,1).
(a) %log2 %dlogn <k<n,
(b) foo = SUPgcs f(l') < 00.

then with probability 1 — 9,

b k\d
3. inf > -] .
(2.3.24) ;Ielst(:c) > <foonn>
Moreover,
1
(2.3.25) inf Ry(z) > bk geas asn — oo
o ves =\ foVan ’

18



when k > % log? (2n?)dlogn.

The proof is a straight-forward application of Theorem 2.3.1 since F(B(z,7)) < foo Vyre.

2.4. Convergence of the kNN LoCoH Estimator Hj,,

2.4.1. Consistency. The following theorem states that under some regularity conditions on

S and f, when k, is carefully chosen, Leb(Hj, AS) = O((log n/n)ﬁ)

THEOREM 2.4.1 (consistency). Let X, be an i.i.d. sample from f. Let S C R¢ be the support
of f- If
a) S is compact d—manifold,

(
(b

balls of radius R roll freely inside and outside of S for some R > 0,

d) fo=infzes f(l‘) >0,

(e) kn =n(log n)%nﬁ for some n > 0,

)

)
(€) foo = supges f(x) < o0,
(d)

)

then the k-nearest neighbor local convex hull estimator H of S is such that
Leb(Hj, AS)(n/ logn)ﬁ is e.a.s. bounded.

ProOF. Fix b € (0,1), a € (1,00). For convenience, write k = ki,.

By Corollary 2.3.3, (c¢) and (e) imply

(2.4.1) inng(m) > (f v > e.a.s. as n — 00.
ze o Van

By Lemma 2.2.1, (b) implies that there exists some v > %I% (452, %) such that Leb(S N
B(xz,r)) > vLeb(B(z,r)) for 0 < r < R. This together with (d) and (e) implies

1/d
(2.4.2) sup Ry(z) < a k> e.a.s. as n — 00,

veS B (’onVdn
by Corollary 2.3.1.

Now pick
19



bk a bn a logn \ 4+t
Tny = = )

. < ak ) B ( an >i<logn>+1
" vfoVan vfoVa n '

=

So when n — oo,

A~

H,

Tnq

C Iffk C ﬁrng e.a.s.

This will give us

S\ H,c S\ H,, CH

Tnq

AS,

Hp\ S cC H,, \ScCH, AS.

Tnq

By Theorem 2 in Aaron and Bodart (2016) (see appendix 2.7.1), (abd) implies

Leb(ﬁrnlAS)(n/ log n)d%l is e.a.s. bounded,

2

Leb(ﬁrn2 AS)(n/logn)a+ is e.a.s. bounded.
Therefore,

Leb(H,AS)(n/ log n)ﬁ < Leb(H,, AS)(n/log n)ﬁ + Leb(ﬁm2 AS)(n/log n)ﬁ

Tnq

is eventually almost surely bounded.

REMARK 2.4.1. The consistency also hold if we relax the assumption on f to be a—quickly

decreasing because of Corollary 2.3.2.

2.4.2. Discussion of Rates of Convergence. Dimbgen and Walther (1996) has shown that
under moderate regularity conditions, including a smoothness condition similar to Proposition 2.2.1,

the rate of convergence of the Hausdorff distance for a convex hull estimator is O((logn/n)%/(¢+1)
20



when the underlying set to estimate is a convex compact body. Under a stronger regularity condi-
tions on the boundary, the expectation of the Hausdorff distance is exactly of order (logn,/n)%/(¢+1),

In the above, we have shown that the rate of convergence of the symmetric difference distance is
also O((logn/n)?/(@+1),
2.5. Concentration Bounds for the r-ball LoCoH Estimator ]?[Tn

In this section, we follow the main idea in the Aaron and Bodart (2016). Instead of proving
the consistency, we derive a concentration bound for ﬁrn. Unless specified, the following notations
and assumptions hold throughout this section.

Let X, be an i.i.d. sample in R? associated with a density function f.
AsSSUMPTION Al. S is compact d—manifold.

ASSUMPTION A2. Balls of radius R roll freely inside S for some R > 0.
AsSuMPTION A3. Balls of radius R roll freely outside S for some R > 0.
ASSUMPTION A4. f is a-quickly decreasing.

2.5.1. Three Supporting Lemmas. We first prove three supporting lemmas. The first one
(Lemma 2.5.1) is to bound the Hausdorff distance between S and the data cloud X,,. The second
one (Lemma 2.5.2) provides a way to construct a smaller cylinder inside a given cylinder under
some conditions on the centroids and their directions, which will be used to construct tangent
cylinders. And the last one (Lemma 2.5.3) is to bound the probability of having tangent cylinders

non-intersecting with A, .

LEMMA 2.5.1. Let r,, be a small positive number and 0 < €, < r, < R.

P(dH(S, Xn) Z Tn)

C:V,_1B Lﬂ’@ B n
(25.1) = N(S.en) <1— L= g 2 )(rn—en)c“d (1—mm(1,(a+d)7’nRen)>
atl dil), atd
< JosN(Sen) - Vamt BT (k) 2 —min1(ockd) )

9

where B(-,-) is the Beta function and N(S,€,) is the covering number of S.
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DISCUSSION. 7, is the radius of the balls used to build the r,-ball LoCoH estimator. €, is the
radius of the small balls used to cover S. We can see that the ratio ;—Z needs to be small enough so
that («a + d);—z is small. Particularly, when the dimension d is not fixed and goes to oo, this ratio
needs to vanish faster enough so that the right-hand side of the inequality can go to O.

For example, if 7, and ¢, are chosen such that the following conditions are satisfied, the right-

hand side will converge to 0 as n — oo.

CpVaa B (5, ) mrip*

log N (S, €n) — 5 (1-6) - —o0
(2.5.2) latden 50 4
Tn

(v +d)(ry, — €)

0/2 < 1
I < /2 <

for some 0 < § < 1.

22



(x1,0, cen

FIGURE 2.2. Lemma 2.5.1. x € S is such that B(z,r,)NdS # (). «* is the projection
of z onto 0S. ty = d(z,x*). y(t) is a point such that y(¢), x and z* are collinear.
And y(t) € Bz, ). t =d(y(t),z*). So to <t <ty+ rp.

PROOF. Let x € S. The worst case scenario is when z is such that B(xz,r,) ¢ S. We now
derive a bound for P(X € B(xz,ry,)), where X ~ f. For tg <t <ty + ry, consider the two spheres

depicted in Figure 2.2 given by the equations

(X1+R?*+---+ X7 =R?
(2.5.3)

(X1 —(t—t)*+ -+ X3=r2,
(t—to)2—r2
R+t—to
Denote A(t) = (OB(Oy(t), R)) N B(z,ry,). Pick any point z € A(t) then
23
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d(2,808) > R—d(z,0p+) = R—+/(x1 —t+ R)2+ R%2— (z; + R)?

= R-— \/ —2t.%’1
(2.5.4) ot
> R—(R—t !
= ( I
:Elt
=t .
TR
h(t) = /12— ((t —to) — x1)2
_ e ((BAt—to)?—R2+r3 2
n 2(R+1t—to)
., R? C(2R(t—to) + (t—to)? — 12>
"V (R+t—tg)? 2rp(R+t — to)
.- R2 (2R(t—ty) + (t—to)2 — 12>
(2.5.5) = "V (R+7)? 2r,(R + t — to)
. R | (BATn2R(t —to) + (t—t)? — 13 2
B R 2rp(R+1t — to)
- _Br L R+rn2R(t—t0)+r2—r2
=~ R+, 27, (R +0)
Rr, R+nr, 2
= (t—t
R+rn\/ < Rr, O))
So
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(2.5.6)

d—1
to+rn d—1 R 2\ =
P(X € B(xz,ry)) > / t*CVaq ( Rry, ) <1 - < ;r” (t—t0)> > dt

to R+r,

o+ F' Rr, \*! R+ 2\
> tCrVy_ o 1— Dt —t dt
[ e () (1 (S )

2
Let u = <RR+ rn(i—io)) and notice t >t — 19 > 0

Tn

tot 7y T Rr -1 R+r 2\
> t—t0)*CrVy_ L 1— Bt —t dt
- /t e 1(R+rn> ( Rry | 0))

atd pl
= Cde_1< Rry, > / uaT_l(l—u)%du
0

R+r,
_ Ve B ) (RN
2 R+r, mo
Since WRM > 1— %, we have
C¢Vy_1B (2L, d£L .
(2.5.7) P(X € B(z,r)) > L1 g 2 2 )r;';+d <1—min(1,(a+d)%)>.

Let us cover S with N (S, €,) balls of radius €, centered at points z; € S, for j € {1,..., N(epn)}.

By assumption, €, < r,. So

(2.5.8) P(supmin ||z — X;|| > r,) < P(maxmin ||z; — X;|| > 1, — €,)
zeS * Zj L

So,
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(2.5.9)

P(dg (S, &) =) < N(S, €n) (1 - — ) (rn — )24 <1 —min(1, (o + d) I ]_% o

< N(S,en)e” 5 (r—en)* T (1-min(1,(at+d) *2552) )n

+d(lfmin(l,(cwrd)%))n

™n

2 02 En i Tn—€n
< SJoa N (Sien)— . <1f(a+d) min(1,(a-+d) g ))

Notice that in some bizarre cases, 1 — (a4 d)* —min(1, (o +d)™5z**) can get negative, the above

bound becomes trivially true. O

DEFINITION 2.5.1 (cylinder). A cylinder in RY is defined as a point set
(2.5.10) C'(w,rh) = {y € R : [{y — z,u)| < by ly — & — (y — z,uyul| <7},

where © € R is the centroid, u is the unit vector in R? | r € Rt is the radius of the basis,

h € R* is half of the height.

The following lemma states that given a cylinder that is centered at x and has direction u,, we
are able to find an embedded cylinder centered at y with direction u, when both the two points x
and y and their directions u, and u, are close enough (smoothness condition will ensure that if =

and y are close, then u, and u, are close).

LEMMA 2.5.2. Given a cylinder C*(z,r,h) in R, we can find another cylinder C¥ (z', v/, W) C

C%(z,r,h) in R, as long as the following conditions are satisfied:

(a) 0 <7 <7 —e; —2eu(VT2+h? +ey),
(b) 0 <h' <h—ey—ey,Vr?+h?,

where e, = ||x — 2'|| and e, = ||u — /||

26
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PROOF. Let y € C¥ (2,7, W),

ly— 2| = |y — o' u'y +y— 2 — {y — o',y
(2.5.11) = ||y — o', ud || P+ |ly — 2’ = (y — o' ||
< RBP4
Then,
(y —z,u)| = [(y—2'+2" —a,u —u +u)
= [y —2',u) + (y — 2", u =) + (2’ — z,u)|
< Ny =2 )+ [y — 2’ u—u) [ + [ — 2, u))|
(2.5.12) < h—ep— V2 h2e, + |ly — 2| Ju — || + |2 — 2| lull

< h—e,—VrZ+h2e, +e, V"2 +h2+e,
< h—ey—Vr2+h2e, +e,Vr2+h2+e,
= h.

And we also have

H(y —z,u)u — (y — x,u’>u’H = H(y —z,uyu — (y — z,u)u’ + (y — z,u)u’ — (y — x,u’>u'“
= H(y —zu)(u—u) + (y — x,u’>u/”

(2.5.13)

IN

2|y — x| Ju— |

2ey [ly — |

< 2e, (V1% 4+ h2 +ey).
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So that
(2.5.14)
ly — 2 — (y—,wul| = |ly—2' = (y—a/, v\’ + 2’ —z+ (y — 2, u')u’ — (y — z, u)ul|
< Hy —a' —(y— m’,u’>u'H + Ha:’ — wH + H(y — a2’y — (y — x,u)uH

< r—ep—2e,(Vr2+ h2+ep) +ep + 26, (V12 + B2 +ey)

IN
.

Soy e C*(x,r h).

The following states that the probability of having a non-intersecting (with the data cloud)

tangent cylinders on the boundary of S can be bounded from above.

LEMMA 2.5.3. Let x € 0S. Consider a tangent cylinder C%*(x,t,, hy,) with u, being the inward
pointing normal vector, such that for p,& > 0, we have 0 < &ry, — ty, < pp, Erp < % and 0 <

2
% — hy < gn. Furthermore, we assume

(2.5.15)
£ __ Pn - 2Rgn N_€2 _ 16537% _ 2Rgn
my, = min 2(d-1) Tn : T : 2(a+1) 9R Tn -0
2 2 2
Tn <1+\/£2+§L6+R> R(2+\/§2+Ffﬁ> R<2+,/52+/f6>

Then for 0 < €, < my,

(2.5.16)
; Cde,1£d71(u—€2)°‘+1m“$lz+l+2“

P(3x € 3S; C"(x,tn, hn) N X, =0) < (o8 NV (@Sienrr)= (@t DR O )

where
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(2.5.17)

M =
N I A T 2 €

(d—1) / w R 16(c +1)€3
+7€ <1+ €2+ 16+ 2) €EnTn + 9R4(/11_§2) Tn.

DISCUSSION. 7, is the radius of the balls used to build the r,-ball LoCoH estimator. ¢,, is the

2o+ Rqy , 2a+ 1R (1 G +u2/16> o @D

radius of the base of the tangent cylinder. h,, is the height of the cylinder. p, is the maximum

2
deviation of ¢, from £r, and g, is the maximum deviation of h,, from %. So the volume of the

cylinder C% (z,t,, hy) is of the order O(r&t) = O(r,V4(B(0,7,))) when p, and g, are chosen

appropriately. Therefore Voeéi?gfdt:j)”)) = O(ry). When r,, — 0, this ratio also goes to 0.

For a fixed dimension d, let p, = o(r,,) and g, = o(r2). When n — oo, the right-hand side of

the Inequality (2.5.15) becomes a constant

p—&?
K 2(a+1)

R<2+\/§2+§L;)7R<2+\/§2+‘f;)

Therefore limsup,,_,. €, < m. In the proof, we are going to cover 0S using balls of ra-

(2.5.18) m = min

dius €,r2, which is then of the order O(r2). Also this choice of p, and g, makes sure that

lim SUpP, 00 Ma,d“u,,f (Pn; qn,Tn, En) < %

So when r, is chosen appropriately such that

Cde—lfdil(M o 52)0z+1nr$ll+1+2a1
(o + 1)(2R)o+ 2

(2.5.19) log N (98, €n72) —

— —00 as n — oo,

the probability P(3z € 9S; C* (x,t,, hy) N X, = 0) converges to 0 as n — oo. O

PROOF. Let z € S, 0 < r < R. Suppose C%(x,r, h) is a tangent cylinder with radius r, height
2h and an inward pointing normal vector u,. Suppose X ~ f. We now bound the probability

content of C%*(x,r, h).
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C(x,r,h)

R r
2r
/ —— X
Ouw)  Ox BRI 2 t
x(to)

2h

FiGURE 2.3. Lemma 2.5.3

Let x(t) = & + u,t and A(t) = 0B(Oy), R) N C"(x,7,h). Let to = h — R+ vV R?* — 72 when
r < R. When 0 <t < tg, Volg_1(A(t)) > Vy_17%1, see Figure 2.3.

h
P(X €C%(x,r, b)) > / Vola_1 (A(t))Cyt*dt
0

to
(2.5.20) > Vi_ir Ot dt
0
_ CpVa1 g JR2 _ p2)atl
=T1" (h—R+VR?—12)

With the following conditions:

(1) (@12 <4,

2Rgn 1637,
(2) (a+1) ((W&Z)r% + 9R(§fs2)) <3
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we have

(2.5.21)
.
P(X € C¥ (2,1, b)) > LVaLy (h ~R+R2- t2>
o+ 1
CVim, 2 g3\t
> _ _n _ °'n
2 a1 n (h R+ R 5k OR2 by Taylor
CrVa1 a1 (b 2 e\
> _ Pn_ . _ — _
Z r1 G (SR m e - RAR- SR - S
CrVa1 a1 [((p =2 833\ T
> _ Mo S,
Z 1 &) 2R = 9Re
- CiVa_ (&9 (g — £2)otlpdtlt2a (1 P >d—1 (1 B 2Rq, B 1637, >a+1
- (a+1)(2R)H Ern (k=% 9R(p— &)
o CpVaagt(p — &)t hrtitee (1 - 1)pn) (1 ~2(a+1Rg,  16(a + 1)£3rn>
- (a+1)(2R)H &rn (n—&2)r IR(p — &2)
CiVa 6% (u — &)t lritita (1 ~ 2(a+1)Rg, @1 16(a + 1)£3rn>
- (a+1)(2R) (n—&2)r §rn 9R(u—E2) )’

Let’s cover 9S with N(9S5,¢e,r2) balls with radius e,r2.

CU (z,tp, hn)NAX, = 0, then there exists a small ball B(x;, €,72) containing z, such that ||u,

enr2/R by Proposition 2.2.1.
CU (z,tp, hy) if

If there exists x € 0S such that

Now given t,, h,, by Lemma 2.5.2 we have C"#i(x;,t], h)) C

th =ty —€x —2(\Vt2 + hZ +€x)ey > 0,
(2.5.22)
hi, = hyp —€x — \/t2 + hie, > 0,

where ¢, = ||z — z;|| < 72 and €, = ||us — ug, || < enr2/R.

The above equalities together with &r, —

(2.5.23)

Ern — pn — €2 — 2(\/12 + h2 + €2)ey
V2 + hZe, <

(urn)/(2R) = qn — €x —

Then when ¢, <1

Dn < tn <frnandﬁ—qn§h <“"y1e1d

<t

< Crp— e —2(W12 + B2 +ep)en < Erp,

h, < (wr2)/(2R) — €z — /12 + h2e, < (ur

n)/(2R).
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2,4
6x+2(\/m+61‘)6u < GnT72L+2< 527‘2 Zé; —|—5nr2> GT_L[T:
2ry 2 2¢,
_ <1+?” o /11;2 er)
(2.5.24)
when r, < R/2
< et |1 2, M
€nty ( +1/&° + 16+R>
And

2,4 ¢ 2
€z + V12 + hie, < enri+\/£2r%+iR§ 7}%”

2.2
r w2r
< enri <1+}§ £+ 4R;)
(2.5.25)

when r,, < R/2

< enr (1 + —52 i ,u2/16>

2

Let’s denote

Do = D+ enth <1+\/§2+16+R>

V€2 +M2/16> .

(2.5.26)

G = o+ enty (1+ 5

2 2
So &rp —p, < t, <&y and 5B —q), < R < Wi When &ry, — pj, > 0 and 52 — ¢, > 0,

n — 2R°

(2.5.27) P, == P(3z € 9S; C*(x,tn, hy) N X, = 0) < P(3wy; C*i (24, t,

So with the assumptions (ab),
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(2.5.28)

) CyVa1£77 (u — €2)ttpdtit2e 2a+1Rq, . pn 16(a+1DEr\\"
pu 5 NS et (1 - S e — (- e~ Ve )

§rn IR(u — &€2)
_OpVama € e 2 L gah DRy o) P 16(at DER
ToOR(L—£2)
(a+1)(2R)>FT (u—€2)rg €n 9R(p—¢2)

< N(9S,e,r2)e

3 Cde_1§d71(u—$2)o‘+lnrfll+l+2a

elogN((?S,enri) (arD2R)aFT (1_Ma,d,u,§(pnﬂnﬂ"naen))

)

where
2 2 _ —
Mo a6 (Pry G Ty €0) = 2(5+1)R%+2(a+13f (1 4 Ve /16> e+t pn 4 (41 <1 /ey R> €nTn+

16(a+1)€3 ]

9R(u—€2) '
2.5.2. A Global Concentration Bound. We first define a function

U(S,08,d,R, o, Ct,b, 7, Py €1,m, €2, €3,0)

Cpvy_qB(QEL L), (3n )t _
Al (T T)n(T) (1—(a+d)23€;1>;bn —min(L(a-l-d)igpn/QR 61’”))

log N(S,€1,n)— 5
=e

(2.5.29) oy CpVa_1(b—1/(8R))H npd 1420 00,2
n 6log N(0S,e2,nr7)— (arD2d=T 1—Mayd7l’2bR(W,077“7“527”)

1, d+1+42
log N(95.c T2)_ofvd_1(b71/(8m>‘l+ nrgtit2e 1-M (99p,21 3532 )
+e g €3,mn (at1)ad—1 o,d, 2 ,20R— &\ arp T 2048R 128R2 ) VO3

(4R g, | 20t)R (1 N ‘/7522#2/16> et

where B(-, -) is the Beta function and My q,,.¢ (Pns @n, Tn, €n) = 2@752) B+

@% + (dg;l) <1 +4/€2 + llLZ + R) €nTn + %m as defined in Equation (2.5.17).

Now let’s state the global bound.
THEOREM 2.5.1. Let X, be an i.i.d. sample in R% from a density function f that has support

S. Suppose that

(a) S is a compact d-manifold,

(b) S satisfies the rolling-ball condition with Ry, = Royt = R >0,

(c) f is a-quickly decreasing with constant C,
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then for positive numbers b, ry, ppn, €in for i € {1,2,3} (for their meanings, see the discussions

below), when the following conditions are satisfied,

R
(1) rp < 2
2
(2) bry < pn < 55,
1 2r2 3rd
(3) b>ma.X (@, R W)’
3pn
(4) e1n < =5,
2<dl - 7995% IR 8bR—1 _4ry
. — r 1(a+1)  O9R
min 7
(5) e2n < Tn(24+V1+02R2+2R) " R(4+V1+b2R2)’ R(4+V1+b2R2?) |’
19902 353r, 2 8bR—1 _rn _ T2
(6) €3, < min 2(d-1) 2  BI2R 8bR—3— 1. 2(a+1)_ﬁ_161¥
,n
4+\/1+ 2bR—3)2+4R)’ 8+\/1+ 2bR—3.)? s+\/1+ 2bR—3.)?

we have
(2.5.30) P <(I§IMAS) cosP br,%B) > 1= 0(S,08,d, R, ct, Cp, b, T, prs €10 €20 €3.0)-

where V(- --) is defined in Equation (2.5.29).

DISCUSSION. 1, is the radius of the local balls that are used to build the r-ball LoCoH estimator.
We want 1, to be small relative to the rolling ball radius R so that a local ball intersect with S is
almost “convex”. So we are able to estimate the support locally well using convex hulls.

Ve € S, let dy(x) = d(z,0S) be the distance of z to the boundary. In the proof, we discuss
the cases when d,(z) > 3p,, and when d,(z) < 3p,, separately. In the cases when d,(z) < 3p,, we
make the argument by building a tangent cylinder with base radius ¢,, such that 0 < gr,, —¢,, < h%
for some constant g, h > 0. So p,, controls the deviation of ¢,, from gr,. As we discussed in Lemma
2.5.3, % needs to be small relatively to ry,.

The symmetric difference between the r-ball LoCoH estimator H, and S is bounded by a
constant whose value is determined by the shape of S times br,,. We call the constant b the error
coefficient. And it is bounded from below by max (i, % 3 R2> The bigger rolling ball radius
R is, the smaller value b can take. So the choice of b is affected by the rolling ball parameter R,

which measures the smoothness of the boundary. The value of b must be larger when the value of

R is smaller, which means the boundary is less smooth, which also implies the estimation is harder.
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€1, is the radius of balls we use to cover S (see Lemma 2.5.1 and the discussions). ea,72

and €3,72 are the radii of balls we use to cover 9S (see Lemma 2.5.3 and the discussions). The
conditions (5) and (6) can be understood better if we look at the asymptotic forms in the Inequality
(2.5.52). The values of e, and €3, need be chosen small if (1) the error coefficient b is small; (2) a
is large (so the density close to the boundary can be small). Note that the reason why R appears
in the inequality is because that in Lemma 2.5.3, we use some rough estimates.

We can see that in order to make the right-hand side of the inequality small, C’}’%b must be
large. When the value of Cy is small, the coefficient b needs to be large enough for the product
C’;‘ﬁb to be large. C'y measures the speed of the density function f vanishes close to the boundary.
The smaller value C is, the faster the density can vanish. So the fewer points close to the boundary
of S in the data cloud &,,. This makes the estimation close to the boundary harder. So the error
coefficient b must be larger.

The asymptotic behavior and high dimension performance will be discussed in Corollaries 2.5.1

and 2.5.2.

PRrROOF. The structure of the proof is as follows. First we decompose the complement of the
event E = {(H,, AS) C 8S @ br2B} into sub-events E, s, F3 and E4. Then we bound the prob-
ability content of each sub-event from above. P(F) is thus bounded from below by the Inequality
(2.5.36).

(i) Decomposition of E¢:
Let d,(x) = d(x,0S) and z* € 95 such that d(z,2*) = d,,(z). E can be rewritten as {Vz €
(H,.,AS),d, <br2}.

E¢ ={3z e ((H, NS)U (I:Ifn N S)) such that d,(z) > br2}
(2.5.31) = {3z € H,, NS¢ such that d,(z) > br2} U {3z e flﬁn N S such that d,(z) > br2}
=F UA;.
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By condition (2) br2 < p, < 7, we can write A} = Fy U Ay, where

(2.5.32) Ey, ={3z ¢ ﬁfn N S, such that d,(z) > br2 and d,(z) > 3p,},
and
(2.5.33) Ay ={3z € H: NS, such that d,(z) > brZ and dy,(z) < 3p,}.

We further split up As:
By Proposition 2.2.1, there is a unique inward pointing vector u,-. Using this, we write Ay =

Fs U Ey, where

(2.5.34)
Es = {3z € I;Tfn NS,VX € B(z,mn/2) N Xy, (ug+, X — ) > 0 such that b’ri < dn(z) < 3pn},

and

(2.5.35)
Ey = {3z € H NS,3X € B(x,70/2) N X, (ugs, X — ) < 0 such that br2 < d,,(z) < 3p,}.

‘We now have

P (((ﬁm NS U (HE, N S)) C 95 D brzs) — P((E; U By U E3 U Ey)°)
(2.5.36) = 1—P(E1UE>UE3U Ey)
> 1 P(E) — P(Ey) — P(Es) — P(EY)
Since H,, AS = ((H,,NS°)U (ﬁfn NYS)), it remains to bound the probabilities P(E}), ..., P(Ey)

from above.

(i) Bounding P(E,),..., P(E4) from above:

(H,, NS) is the over-filled region by the estimator H,., and (ﬁfn NS)) is the under-filled region.

First we control the over-filled region (ﬁm N S€) by studying the event Fj:
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Event Ey = {3z € H,, NS¢ such that d,(z) > br2}
Suppose x € ﬁrn N S¢. By the definition of I:ITn, 3X; € A, such that x € H(B(X;,m) N
X,) C H(B(x,2r,) N &,). Then by the rolling-ball condition, there exists Oy € R such that

x € B(O;, Rout). Therefore, x € B(z,2r,) N B(O, Rout)-

FIGURE 2.4. d(x,0S) = Rout — / R?

out

2
—4rza.

By assumption (1) r, < R/2, we have (see Figure 2.4) d(z,dS) < R — \/R? —4r2 < 2r2 /R +
1673 /9R2. Therefore, when b > 2r2 /R + 1677 /9R?,

(2.5.37) P(Ey) = 0.
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Note that this part is fully deterministic.

To ensure the under-filled region f[,?n NS is subset of 3S @ br2 B, the three separate cases Es, E3
and Fy are discussed. ﬁﬁn NS ¢ S @ br2 B implies 3z € ﬁfnﬂS such that d,,(z) = d(z,0S) > br2.

E5 is the case when d, > 3p, and F3&F, are the cases when b?"?1 < dp(z) < 3pp.
Event E, = {3z € ffﬁn NS, such that d,,(z) > 3p, and d,,(x) > br2}

Suppose = € ﬁfn NS and d,(x) > 3p,. First if x € ﬁfn, then © & H(B(z,r,/2) N A,,). This
is because if otherwise, 3X; € B(xz,7,/2). Then B(z,r,/2) C B(X;,ry,) implies x € H(B(X;, ) N
X,) C H,,, contradiction. So we can find a vector u such that VX € B(z,7,/2)N Xy, (u, X —z) >0
(as shown in Figure 2.5). Let y = :L"—%pnu. Then y € S. When n is large enough such that 3’% <7,

B(y, %22) N X, = 0. The reason can be seen from Figure 2.5.

From the definition of the Hausdorff distance,

(2.5.38) 3z € S such that B(z, 3%) NX, =0 = dy(X,,S)> 3%

So, event E9 implies dg (X, S) > 3% when p, < 7. By Lemma 2.5.1,

P(E) < P (dH(Xn,S) > 3")
(2.5.39)

Ccpv, Bkl dfl 3pn Yo td _
log N(Sye1.)— Y41 (o ) (8) (1—(a+d)2;;: _min(l,(a-i-d)w%))
e

where €1, < 37” < R.
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no data points in this half

ceH NS

ro| 33

U

FIGURE 2.5. Ifx € flﬁn, then Ju € R? such that VX € B(z,7,/2)NXy, (u, X —x) >
0.

By the previous argument, if z € ]fl,?n, then we can find a vector u such that VX € B(z,r,/2)N
X, (u, X —x) > 0 (as shown in Figure 2.5). Ej is the case when uy+ is such a vector and Ey is

the case when u,~ is not. The difference is whether we can build a tangent cylinder centered at x*.

Fvent E3 = {3z € ﬁ[ﬁn NS,VX € B(z,rn/2) N Xy, (ugs, X — ) > 0 such that br2 < d,(v) <
3pn}

The idea is given event E3, to find a tangent cylinder with a centroid on 95, which does not
intersect with A, (see Figure 2.6). Probability of event E3 is then bounded from above by the
probability of such an event. Because VX € B(x,r,/2) N &y, (ug+, X —x) > 0, we can construct a

cylinder centered at x*.
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FIGURE 2.6. VX € B(z,1,/2) N Xy, (Uug=, X

Let

2
(2.5.40) t, = ,/% —4d2.

—xz) >0.

Then CU* (z*,t,,dy,) is the desired cylinder. Note that CU%* (z* t,,br2) C C%*(x* t,,dy).

When p, < &, this together with br?2 < dy(z) < 3p,, gives

2
(2.5.41) 0 < L"ftn < 9P
2 2ry,

_ 9902

So let £ = %, Pn = 5.5 B= 20R and g, = 0. When p,, < 7, we have {r, —p, < t, < &y, and

2 2
B — g < br2 < 572, By Lemma 2.5.3, for some €3, > 0 when the following condition
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1 99p2 8bR—1 4rp
@0 2 4bR 1(a+1l) ~ OR

(2 + V14 02R2+2R) R(4 +V1+2R?)’ R(4+ V1 + b2R?)

(2.5.42) €2, < min

is satisfied, we have

P(3xz € 0S; C(x,ty, hy) N X, = 0)
(2.5.43)

CpVy_1(b—1/(8R))*Hlp,dt 142 9952
< elOgN(as,EQ’nT'%)* £ (a+1)2d_1 . 17Ma,d,%,2bR(Tp:70’Tn’62’n)
— )

where My q,.¢(Pn, Gns Tn, €n) is given by Equation (2.5.17).

O (Yitnsln)

\Vr2/4 —4d?

FIGURE 2.7. w = (u, ug=)uz —u, v =w/ [|w||. y = 2* +1/2/72 /4 — 4d%v.

Event Ey= {3z € HS NS,3X € B(x,7,/2) N Xn, (uz, X — x) < 0 such that br? < dy(z) <

3pn}
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The idea to control P(E4) is similar to P(Es3). Given event Ey, a tangent cylinder can be
constructed with a centroid on 95, which does not intersect with X,,. Because that u,« does not
satisfy the condition that VX € B(z,7,/2) N &y, (ug+, X — ) >0, such a cylinder is not centered
at «* as for the event F3. Rather, a cylinder whose centroid y is not on 95 (the direction vector is
ug+) is first constructed such that it does not intersect with A&, (see Figure 2.7), then Lemma 2.5.2
is used to find another point z € 9S (since d(y,z) < a,, which can be calculated explicitly by
Figure 2.8) then to build a tangent cylinder in the direction of u, such that it is contained in the

first cylinder centered at y.

FiGure 2.8. The distance between y and z is within ay,.

Let ¢, = %\/m When br2 < dy(z) < 3py, and p, < 52,

2
(2.5.44) 0 < 7;”_75” < 9P
4 4r,




The cylinder C%* (y,tp,d,) is the first cylinder we want to construct (Figure 2.7).

Now to

construct a smaller tangent cylinder, we consider a point z € 35, which is the projection of y onto

0S. Then d(z,y) < oy and |lu, — ug+|| < %(%” + o), where a, = —R + 1/ R? + % 39%- The

reason is illustrated in Figure 2.8.

To apply Lemma 2.5.2, write

€1

(2.5.45)

and

(2.5.46)

Then C**(z,t,

353r2
2048R ’

9903
4ry,

+

Pn =

IN

IN

r2 r2 1 T
™_ 9 /12 + b2rd n 7(71 ﬁ)
32R ( o +32R>R a7y
2
r2 1 r
— 442 b2 n il < n AE>
32R ( >+T”+32R R\t
9 7_d2+b27n4 Tn l( 7>
32R 32R | R
\/7% 2.4 2 4 1
32R —G—br + b4ry
2
2 (2 il n n
32R <4 +32R) <32R+ 4>
32R + 32R2 + 512R3
2
23(?58 7 since r, < R/2
2 1 T
_ 2 | 12,4 n
© = B t"+br"R(a"+4)
o)
= 3R T4\ Ty
A G A
~ 32R 4R \32R 4
_ 37“% 1"2
~ 32R  128R?’
—e1,d, — ez) C C%*(y,ty,d,) when t,, —e; > 0 and d,, — ey > 0. Let £ = i,

3

=2bR— 3 >0and g, = ToRs
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By Lemma 2.5.3, for some €3, > 0 when the following condition

(2.5.47)
e1, < min 2(d1 0~ 9253 - 538 8bR — 3 — % ’ 28515@1) ~of %
’ 4+\/1+ 2R — 22 +4R 8+\/1 2)?) R(8+\/1+(%R—%)2)
is satisfied, we have
P(3x € 3S; C(x,ty, hy) N X, = 0)
(2.5.48) < elogN(as,E&nT%)—Cde71(b_g(iflljizjitlnTg+l+2a (I_Mmdli%m%(93534333;;,1;8R2 €3, ")),

where My q.,.¢(Pn, Gn, Tny €n) is given by Equation (2.5.17).
The proof is done by plugging Equality (2.5.37), and Inequalities (2.5.39), (2.5.43), (2.5.48) in
the Inequality (2.5.36).

Now we state two corollaries that can be derived directly from the above theorem, which are
used to study the consistency and high dimension behavior of the r-ball LoCoH estimator.

2.5.2.1. Consistency. The first corollary is obtained by plugging in the bounds for the covering
numbers N (S, €) and N (95, €) from Proposition 2.2.2. Let’s first define the function ¥*. Let

(2.5.49)
\I’*(S7 aS) da R7 a, Ofu b7 Tn, Pn, €1,n, €20, 63,71)

C¢Vy;_1B 7a+177d+1 n 3pn atd 2 3 2
\ —dloger n— fdl ( 2 22 ) ( 2 ) (1—(a+d) 36; in(1 (a—&-d)ipn/ E1"))
= Age€
c Vd71(b*l/(8R))a+1nrd+1+2a 99,2
+ A e(l_d)log(€2’"r’2"‘)_ : (D2 T L=M, 4 1 opr (Gt 0i7nse2in)
S
CVy_1(b—1/(8R))*T1npdtit2e 9902 | 353r2 13
(1—d) log (e3,n72)— I T 1-M 1 3 (5 + T ,€3,m)
, F1)a a,d, +,2bR— 5\ 4r. 20481‘3’128132
+)\6$€ (at1) 1 16 n ,
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where Ag and A\yg are some positive numbers depending on S and 95, respectively. And

My .6 (Pns Gns Tn, €n) is defined in Equation (2.5.17).

COROLLARY 2.5.1. With the same assumptions as in Theorem 2.5.1, we have

(2.5.50) P ((ﬁ,.nAS) c as@br,%rs) > 1= U*(S,05,d, R, t, Cp, b, Py s €1, €205 €53.0),

where W*(...) is defined in Equation (2.5.49).

ProOOF. By Proposition 2.2.2; the assumption (a) in Theorem 2.5.1 implies that there are
positive numbers Ag, Agg such that Ve > 0 the covering numbers
N(S,e) < Age 9,
(2.5.51)
N(0S,e) < /\asel_d.
Plugging them in the Inequality (2.5.30) finishes the proof.
O

Let 7y, pn, €1,n be sequences of positive numbers that converges to 0 as n — oco. And r% <

Pn K Tp,y €10 K pp. Let €2.4,€3, > 0 be such that

8bR—1
limsupes, < min bR 4at1)
n—o00 2m R(4 + 1+ b2R2)’ R<4 + 1+ 62R2> ’
(2.5.52) ; wh
limsup e < min 8bR — 3 2(a—+1)
3.n ,
o R(8+/1+ (2R - £)2) R(S+/1+ (2R - £)?)

If there exists a constant b > ﬁ such that

OV B4 2 (350 )
2

(1) —dlogeqn — — —00,
CVg_1(b—1/(8R))eF1ppdtit2e
(2) (1 - d) log (EQ,HT%) — = 1 2}({4(—61))2)‘1*1 — —00,
C¢Vy_1(b—1/(8R))¥+ippdtitia
(3) (1~ d)log (e5,0r2) — et/ EUN - o,
then
(2.5.53) P ((ﬁrnAS) C 85@ brib’) — lasn — 0.

45



1
Note that r,, =< (log”> dritza

- 1
- [logn - (1 - — -2 ;
5 s P =< ( £ ) , €1 X (ﬁ)dﬂ , €2 < €3 < (logn) ™ is a valid

choice as shown in Aaron and Bodart (2016).
2.5.2.2. High Dimension Performance. The second corollary is obtained by plugging in the
bounds of the covering numbers N (.5, ¢) and N (995, €) from Proposition 2.2.3. Let’s first define the

function U**. Let

(2.5.54)
\IJ**(Sv aS) d7 R7 a, Cfa ba Tn, Pn, €1,n, €20, 63,n)

atl dtl), (3pn\otd P —e

wd/2 €eim R

o | ((Volaa(9S)D(d/2 + 1) LA LY 2Vol($)P(d/2+ 1)
wd/2 eant2 R md/2ed r2d
1 (b=1/( ))a+1nrg+1+2a 2
einVd 1(b (1&+811?2d_1 (1,Ma7d’%72})}%(*’2‘1—";,0,%62,"))
o [ ((Volaa (@) (d/2 + 1) = L) 2WVoly($)P(d/2 4 1)
md/2 esnr2 R md/2ed r2d

B O Vg 1 (b=1/(8R))*H npdtit2e

2 2 3
_ 99p;, | 3537y, ™ :
e (a+1)ad=T (1 Mo a3 2o 3 Carn ¥ m0astt a5 2 T€3.m)
)

where My g .¢(Pn, Gny Ty €n) is defined in Equation (2.5.17).

COROLLARY 2.5.2. With the same assumptions as in Theorem 2.5.1, we have

(2.555) P ((ﬁrnAS) C as@br,%za) > 1= U(8,08,d, R, v, Cp,b, T, pos €101 €20 €30,

where W**(...) is defined in Equation (2.5.54).

PROOF. By Proposition 2.2.3, the assumption (b) in Theorem 2.5.1 implies that Ve > 0 the
covering numbers

(2.5.56) N(S,e) < (VOld‘l(aifl/FQ(d/Q a 1)) - (i + ;)d,
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and

(2.5.57)  N(9S,€e) < 2

Volg_1(0S)T(d/2+ 1D\ 7T (2 1\?  29Vola(S)I'(d/2 + 1)
( )" (Fw)

7d/2 c R 7d/2¢d

Plugging them in the Inequality (2.5.30) finishes the proof.
O

Now let’s analyze the performance of the r-ball LoCoH estimator fIrn in high dimensions.
In order to quantify it precisely, we consider the special case when S is a d-dimensional ball of
volume 1. Then the boundary of S has d — 1 dimension volume dle/ “ The rolling ball radius
R = Vdfl/d. The covering number bounds for N(S,¢) and N (958, €) from Proposition 2.2.3 can be

further simplified as

N(S,e) < <2R+1>d,

€
(2.5.58) oR i1
N(0S,e) <2d <+1) .
€
Let’s define
(2.5.59)

1/) (d7 «, Cf7 b7 Tns Pns €1,n5 €20, 63,n)

3pn
v, d

_1 d
v d C,Vy 1B a+17d+1 3pn \@T _
dlog (Zd—+1)— 4= (£ 7)”(7) 1—(atd) 2L _min(1,(a-d) 2222 fLn
d

= e

(d—1)log 2d+(d—1) log (
+e

2Vd
€ nT (a+1)2d—1

1 1
d CiV b*VE 8 a+1l, d+14+2«a 2
a—1( /8) nry 99p
+1)— =L d 1-M _ 1 (502.0,mme2,n)
2,n"n ad, 5,207, @

1 1

—d _vd a+1__d+142« 2 2 1 3 2

: +1)fcfvd_1(b v /8>d 1 nry 1—M L (99pn+3537‘n Vdd o Vdd P
- -1 ar 2048 1128 Vd T 63,

e (at1)4 adtopy d_3 T

)

(d—1)log 2d+(d—1) log (
+e

2Vd
€3,n

3,

where Mo, d,,.¢(Pns @n, Tns €n) is defined in Equation (2.5.17).
Then

(2.5.60) P ((ISIMAS) c as@brzs) > 1= 4 (d, 0, Cp, b, T, s €1 €2, €310) -
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We want see how fast the dimension d can blow up while 9 (d, a, Cy, b, 7, pn, €11, €2,n, €3,n) still

converges to 0. And we are going to use the following Stirling’s approximation,

v 1 (2”6)2
Trdty  Var\d )

B<a—|—1’d+1> N F<a+1> <d+1>_a;1‘
2 2 2 2

1
) dt1+2a

(2.5.61)

First we let r, = (i

- for some x,, that converges to co as n — co. For simplicity, we
n

do not change the notation of d. But keep in mind that d can change with n.

Let’s look at the exponent of the second term of the function v (d, o, C'¢, b, 7n, pn; €1,n, €21, €3,0)-

(2.5.62)
1 1
oV, d C Vd71(b _ VE/S)O‘+1an+1+2a
d—1)log2d + (d — 1)1 d 1) d n 1-M
( Jlog 2d + ( ) Og(EQ,n'I"T% +1) (o +1)24-1 a,d,%,Qde_é 27y,

1
3 1 C V_ b_ VE 8 a+1 d+142a
< dlog2d—|—dlog; +dlogV, * —dlogr% ——— ! (ad+/1))2d 2
n

1
6 2d CpVa_1(b— V1 /8)>F
= dlogd+ dlog — —logVy+ ——log z, — —

o dlon TR Yt T T oa 8T (a + 1)2¢ Tn

1

3 6 1 2d C’f(b—VdE/S)a"‘l _d, e d-1n
~ Zdlogd + dlog ———— + = log (nd) + — % logz, — d— 1) 5"

R OB s e | 2 og (md) + o5 los et v )25

First we observe that

(1) If d is fixed, then in order for the above quantity to converge to —oo, the fourth term
needs to grow slower than the absolute value of the fifth term. This means that we want
Zy to grow slowly. So r, converges slowly.

(2) Now let d grow with n. x, cannot grow too slowly. For example, if x,, = d, then r, — 1.
Then the estimator will never converge with respect to the symmetric difference distance.

(3) For the sum of the first four terms, only the first one and the fourth one can be the
dominating term.
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If we let z,, = d® then

(2.5.63)
1
3 6 1 2d Cp(b— V1 /8)r! _d,Te . d-1 N
2dlogd + dlog —— — + = log (rd) + —————— log &, — d—1)"2(—)7 —
plosat Oge27n\ﬁ2m+2Og(ﬂ)+d+1+2a o8 ot Dvr U)o
1
3 6 1 2d C'f(b—VdE/S)O""1 _d g, €, d-1
= 2dlogd + dlog ——— + = log (rd) + —————dlogd — d—1)"2d %= .
5dlogd + s ﬁ2ﬂe+20g(ﬂ)+d+1+2a og ot r (d=1)72d™(5 ) = n

If we let dlog d < (d—l)_%d_d(%)%n, the above quantity converges to —oo as we want. So we

haved = O (log’ign> . The analysis for the first and second terms of the function v (d, o, C'¢, b, 7, pn; €1,n, €20, €3,0)
is similar.
The maximum speed of the dimension d goes to oo depends on how fast the radius r, approaches
zero. The faster the small ball radius 7, can go to zero, the slower d,, can blow up. This can be
explained by that if r, is fixed for all n, as the dimension goes higher, the volume of balls of radius
rn, gets smaller. If 1, go to zero faster, the volume of balls of radius r,, gets even smaller (with the

same dimension d) so fewer points can be used to build local convex hulls.

Notice that the error coefficient b can also be arbitrarily small when the dimension d gets large.

2.5.3. A Local Concentration Bound. The global result is bottlenecked by the worse case
scenario. The rolling ball radius R is upper bounded by the radius of the smallest balls that can
roll freely inside and outside S. However, there are regions where a larger ball can roll freely (i.e.,
whose boundary is more smooth). In the following, we state a local bound, which may have better
constants than the global case.

Let’s first define a local neighborhood. Suppose x € 95, let CN(z,7,) C 9S be a connected
neighborhood of x such that Yy € CN(z,r;), the distance between = and y along 9 is at most r,.
Suppose that Vy € CN(z,7;), there exists O, € R? such that y € B(O,,R:) C S¢ and there exists
O;‘ € R such that y € B(O;, R;) C S. Now let’s grow this neighborhood of to be a compact set

by union the balls of radius R, that can roll on CN(x,r,) inside S.

(2564) LN(:E? rl") = UvceS sit. c*€CN(z,rz) and d(c,c*):RxB(Cv RCE)
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FIGURE 2.9. Growing CN(z,r;) to get LN(z,ry).

THEOREM 2.5.2. Let X, be an i.i.d. sample in R% from an a-decreasing density function f
that has a compact d-manifold support S. Let x € 0S. Let CN(x,r,) C dS and LN(z,r,) C S
be neighborhoods of x as defined above. Let lﬁlﬁff:‘ll be the local convex hull estimator built from
X N LN(x,ry). Suppose conditions (1 ~ 6) in Theorem 2.5.1 hold with R = R, and b =b,. Then

P ((ﬁﬁgﬁ% CN(z,7,)) C 9CN(z,r,) D bﬂ%B) >
(2.5.65)
1 — W(LN(z,ry), OLN(x,7r2),d, Ry, 0, C¢, by, oy Py €1,05 €205 €3,m) -

When the local rolling ball radius R, is large, the value of b, can be chosen small. This means
the error term with respect to the symmetric difference is smaller when the boundary of the region
is more smooth. The proof is the same as the global bound. One just needs to check all the

assumptions in Theorem 2.5.1 are satisfied for the local neighborhoods.

2.6. Concentration Bounds for the kNN LoCoH Estimator fIkn

Similar to the r-ball LoCoH estimator ﬁrn, we now derive a global finite sample concentration

bound for the kNN LoCoH estimator Hy, .

2.6.1. A Global Concentration Bound.

THEOREM 2.6.1. Let X, be an i.i.d. sample in R? from a density function f. Let S C R? be
the support of f. Suppose that
(a) S is compact d—manifold,

(b) S satisfies the rolling ball condition with Ry = Ry = R > 0,
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(¢) foo =sup,es f(z) < o0,
(d) fo=infzes f(z) >0
1 1
Let m = <2fo.%vd)d’ Ny = (M%W)d’ v = 7I3 (42, 1) and g1 < me. For positive integer
kn, and positive numbers b, py, €. fori € {1,2,3} (for their meanings, see the discussions below),

when the following conditions are satisfied,
d
R
(1) k< (5L)
2 1
(2) b ()7 < pu < gym (B2)7,

3
o 2(5)? | sm(r)¢
(3) b > max (811%7 2t ey -5 ;

N

(4) e1n < %2,
ﬁ_% s
2(d—1 8bR 4

n{ ( Lo ) d 4(o¢+71])1 97;% (ky? ) B

5) €2, < min
) ean m(’“”)%(2+1/1+b 12 L 9R) R4’71+\/771 +02R?)" R(dnt+y/n{+b2R?) |’
1

-1 ggpn2*?5513273(16*")é 2 14 2
2 3 n Z 8bR— = o 5
(6) €3 < min () soR-dm- gk (ba)d BEE_ L (ka)d_ i (ka)d
n T
mi (B4 (@ [Ir(BE - 292 04R) Rni+/ni+(0R—{5mt)2)| Rnt+y/nf+(20R—f5n)?)
1
we have
(2.6.1)

2

P ((ﬁknAS) cos@b (%) ’

1
b kn \ @
B) >1- \IJ(Sv 8Sa d7 R7 07 an —>M <n> y Pns €1,n5 €20 63771) - 25n>
m

where 6, = 2e_<10242+g">1/2 and V(. ..) is defined in Equation (2.5.29).

DISCUSSION. k,, is the number of nearest neighbors that are used to build the local convex hull
for the kNN LoCoH estimator. k, needs to be small because the radius of the k-nearest neighbors
needs to be small enough relatively to the rolling ball radius R such that the region where these
data points sampled is locally “convex”. However, it cannot be too small otherwise the right-hand
side of the Inequality (2.6.1) is small.

The meanings of p,, €., for ¢ € {1,2,3} and the error coefficient b are the same as in Theo-

rem refbound:hrglobal. We omit the discussions here.
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Proor. We first find the lower bound 71, and the upper bound 75, for the k,-nearest neigh-
bor distance Ry, (x) for z € S, i.e., with probability at least 1 — d,, infycs Ry, (z) > r1, and
Sup,eg Rk, () < ra,. When this inequality is true, ﬁrm c H, C ﬁmn. So (Hy, N S°) C
(ﬁr27nﬂ58) and (IffgnﬂS) C (ﬁ,‘?l’nﬂS). So the symmetric difference H;, AS = (ﬁknﬂSC)U(ﬁ,‘énﬂS)
is contained in the union of (ﬁmm NS¢) and (ﬁﬁln N.S), whose behavior is well studied in the proof of

Theorem 2.5.1. The probability that H, i, AS falls outside of the union is small and controlled by dy,.

(i) The bounds for the k,-nearest neighbor distance.
First

28 2 28 2

(2.6.2) mlogg(%)dlogn = mlogQ(dn

)dlogn = k.

By Lemma 2.2.1, the assumption (b) implies Leb(S N B(x,r)) > yLeb(B(z,r)) for 0 < r < R.
1 1
Let r1, =m (%”) 4 and 1o, =2 (%”) 4,

By Corollary 2.3.1,

(2.6.3) P (sup Ri(z) < ( 5 k>d = 7"2’”> >1—0p.

z€S 2y foVan

By Corollary 2.3.3,

x€S foo Vi E

(2.6.4) P (inf Ry(x) > < b k>d = r17n> >1-—90,.

Write events U = {sup,cg Ri(z) < ron}, L = {infyes Ri(z) > r1,}. Then P(U) > 1 -6, and
P(L) > 1= 6,.

. 2
(i) Bvent Ey = {(Hy, N S¢) C 0S @b (kn)}e
Given the event U, we have H, C H,, . So (H,,, NS¢ c S P n%rgn = FX. Let event
: : 272,
Ar={(fr,, N5 CISP 573,,}. So P(E|U) =1~ P(E{|U) < 1 — P(A|U).
’ 2 I
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So

P(Ey) =P(EiNU)+ P(E1NU°)
= P(EL|U)P(U) + P(E,|U®)P(U°)
(2.6.5) < P(EL|U) + P(U°)
< (1= P(AU)) + P(UT)

< op.

2 3
27“2771 37“2’71

The last inequality is because when o ,, < & and % > "t P((ﬁm’nﬂSC) CcoS&d %r%n)) =

1 by Equality (2.5.37) in the proof of Theorem 2.5.1.

. 2
(i) Event By = {(Hf NS) C ISP (%") d1e
Given the event L, we have PAITM C Hy,, so ﬁ,‘fln ns cosed n%r%n — E§. Let event
: 21,
Ay ={H: NSCISP rin}. So P(Ea|L) <1— P(As|L).
£l 1 )

So
P(E3) = P(EanNL)+ P(E2nN L)
= P(E»|L)P(L) + P(E2|L°)P(L°)
(2.6.6) < P(E3|L) + P(L°)

< (1—-P(A2|L))+ P(L°)
K,

b d
< \I/(S, 857 d,R,0, an ?7 m < ) y Pny €15 €205 63,71) +0p.
1

The last inequality is because

1
. b b N
P((H,,, N 5% cas@P ?rin) >1—U(S,88,d, R,0, fo, okl <n>  Prs €1m> €210, €3.1)
1 1

when conditions (1 ~ 6) are satisfied by Inequalities (2.5.39, 2.5.43&2.5.48) in the proof of Theo-
rem 2.5.1.
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(iv) Combine the results

(2.6.7)
P((Hy,AS) c 90SEPbr2) = P(EfN ES)

—1- P(E, UE)
>1— P(E) — P(E»)

ke

b d
Z 1 - 571 - \11(57 857 d7 R7O7 f07 ?7771 < n ) 7pn751,n762,n763,n) - 571
1

Ky,

b d
=1— 2571 — \I’(S7 aSa da Ra Oa va ?7771 <7’L> y Pns €1,n5 €205 63,”)
1

0

Now we state two corollaries that can be derived directly from the above theorem, which are
used to study the consistency and high dimension behavior of the r-ball LoCoH estimator.

2.6.1.1. Consistency. The first corollary is obtained by plugging in the bounds for the covering
numbers N (S, €) and N (95, €) from Proposition 2.2.2.

COROLLARY 2.6.1. With the same notations and assumptions as in Theorem 2.6.1, we have

(2.6.8)
ko,

. K\ @ . b
P | (H,AS) c 0SEPHb ) B) >1-37(5,08,4, R,O,fo,?,m —t) oL €2 €3) — 20,
1

where W*(...) is defined in Equation (2.5.49).

PROOF. By Proposition 2.2.2, the assumption (a) in Theorem 2.6.1 implies that there are
positive numbers Ag, Agg such that Ve > 0 the covering numbers
N(Sv 6) < )\Se_dv

(2.6.9)
N(0S,e) < )\asel_d.

Plugging them in the Inequality (2.6.1) finishes the proof.
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Let k, > 0 be a sequence of positive integers such that k, — oo and %" — 0 as n — oco. Let
.. 2
Pn, €1,n be sequences of positive numbers that converges to 0 as n — oco. And (%”) <L pp K T,

€1,n <K pn. Let €2, €3, > 0 be such that

(2.6.10)
8bR—n?
. . 4bR TaTi)
limsup ez, < min = , = ,
n—o0 R(4ni + /i +b2R?) R(4ni + \/nj + b?R?)
8bR—n?
8bR — 3n?
limsupes, < min 4’ , 2ot 1)
noee R(S7 + [t + (bR — £00)2) R(S7? + \/nt + (2R — 5n2)?)
2
If there exists a constant b > g—}% such that
atl d41Y),(3pn)td
1) —dloge, — CyVa1B(252, 552 )n(%5*) S —o0,
( g €1, 2
B A C DA
(2) (1~ d)log (eznn (%)) — e — —o0,
s Opa il g e () S
(3) (1= d)log (eznn (5)°) — A e — —o0,

as n — oo, then

2

. kn ) @
(2.6.11) P ((HknAS) coSEPo (n) B> — 1asn — oo.

1 d i 1
Note that k, < na+1 (logn) @1, p, < (107%") d, €1n < (%)d , €2 =< €35, < (logn) ™2

is a valid

choice to ensure the consistency of the kNN LoCoH estimator H k, with respect to the symmetric
difference distance.
2.6.1.2. High Dimension Performance. The second corollary is obtained by plugging in the

bounds of the covering numbers N(S,¢) and N(9S,¢€) from Proposition 2.2.3.

COROLLARY 2.6.2. With the same notations and assumptions as in Theorem 2.6.1, we have
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(2.6.12)

2

P ((ﬁknAS) cos@b (’2”) ’

where W**(...) is defined in Equation (2.5.54).

1
b kn\ @
B) > 1-— \Ij**(S7 aS) d7 R)07 f07 727771 <’I’L> 7pn)61,n562,n7€3,n) - 267’“
Ui

PrOOF. By Proposition 2.2.3, the assumption (b) in Theorem 2.6.1 implies that Ve > 0 the

covering numbers

(2.6.13) N(S,e) < (Vd“@i)l/z(d/z h 1)> - <2 - ;)d,

and

(2.6.14)  N(dS,e) < 2

(Voldl(QS)F(d/2 v 1>>di1 (2 L1 )d 29Vl (S)I(d/2 + 1)

wd/2 e R 1d/2¢d

Plugging them in the Inequality (2.6.1) finishes the proof.
(]

2
First of all, in order to ensure that b (%") 2 — 0 to control the error in symmetric difference

2 2 log 2
' M (kn)d — %k — logn
distance, we need g ( ;) —o0o0asn—o00. Sod=0 <loglog%>7 and further d = O <10glogn .

Then we can do a similar analysis on a special case when S is a d-dimensional ball of volume 1.

Then the boundary of S has d — 1 dimension volume dle/ ‘. The rolling ball radius R = Vd_l/ <
Then
(2.6.15)
ko \ @ b [k \4
P ((-HknAS) - 85@1) <n> B) 2 1_1/} (d)07 f07727771 <n> 7Pn751,n762,n753,n> )
n n; n

where (.. .) is defined in Equation (2.5.59).
1
We can do the same analysis on the function v (d, 0, fo, 77%’ m (%”) ¢ Pns €105 €205 637n> as in
1

the Section 2.5.2.2 to reach the following observation.

(1) If d is fixed, we want k, to blow up fast so that 1) vanishes.

(2) Now let d grow with n. k, cannot grow too slowly.
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(3) The maximum speed of the dimension d goes to oo depends on how fast the radius k,
approaches co. The slower the number of neighbors k,, can go to oo, the slower d,, can

blow up.

The dimension d = O (log’ﬁj gn) also ensures the function ¥ — 0 as n — oco. Notice that the

error coefficient b — oo as the dimension d — oo. This is because the radius of a local kNN set is

1 1
lower bounded by the value 7 (%") 4 and upper bounded by the value 79 (%") 4. So the absolute
value of the difference |ny — 71| can go to oo as d — oo. And the error coefficient b needs to

accommodate this large fluctuation.

2.6.2. A Local Concentration Bound. Similar to the r-ball LoCoH estimator fIrn case,
suppose x € 9S. Let CN(z,7,) C 9S be a connected neighborhood of x such that Yy € CN(z,r,),
the distance between z and y along 95 is at most r,. Let LN(z,7r;) C S be the expanded neigh-

borhood of = defined in Equation (2.5.64). The following local concentration bound holds.

THEOREM 2.6.2. Let X,, be an i.i.d. sample in R? from an density function f that has a compact
d-manifold support S. Let x € S. Let CN(x,r;) C 0S and LN(x,ry) C S be neighborhoods of x
as defined above. Let ﬁ,iical be a local kNN LoCoH estimate built using X, N LN(x,r,). Suppose
conditions (1 ~ 6) in Theorem 2.5.1 hold with R = Ry and b= b,. Then

n

P ((ﬁigwlALN(x, re)) C OLN(z,r.) @D ba <k"> ’ B)
(2.6.16)
kn,

1
b a
> 1- \11(57 851 d7 Rxa 07 f07 77727 m <n> s Pns €1,n, €2, 63,n) - 25na
1
. 1/2
where 6, = 26_(1024“0%") and V(. ..) is defined in Equation (2.5.29).

Similar to the case of r-ball LoCoH estimator, when the local rolling ball radius R, is large,
the value of b, can be chosen small. This means the error term with respect to the symmetric
difference is smaller when the boundary of the region is more smooth. The proof is the same as

the global bound. One just needs to check all the assumptions in Theorem 2.6.1 are satisfied for

the local neighborhoods.
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2.7. Appendix: Cited Theorems

Suppose F), is the empirical measure corresponding to the sample X,,.

LEMMA 2.7.1 (Chaudhuri and Dasgupta (2010)). For 0 < § < 1 and k > dlogn. With

probability at least 1 — 6, for every ball B C RY,

(2.7.1) F(B) =z~ +Cop=—— = Fu(B) =

where Cs, = 2% log(2/8)+/dlogn.

THEOREM 2.7.1 (Aaron and Bodart (2016)). Suppose F is absolutely continuous with respect
to the Lebesque measure. Assume that the support of F is a compact d-manifold S C R, Assume
that the probability density f is a-quickly decreasing and that there exists R > 0 such that balls of

radius R roll freely inside and outside S. Let

(2.7.2) = A(logn/n)t/(@H1+20) x5 0,
then
(2.7.3) Leb(H,, AS)(n/logn)?/ (41429 s ¢ a.s. bounded.
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CHAPTER 3

Generalized Switching Relation and Its Applications

3.1. Introduction

The idea of statistical estimations under shape constraints is to assume that the object f to esti-
mate lies in a space F, whose elements satisfy certain shape constraints, for example, monotonicity
or convexity, alternative to smoothness constraints. Two popular approaches to nonparametric es-
timation under such constraints are the least squares estimator (LSE) and the maximum likelihood
estimator (MLE), where these criteria functions are optimized over the constraint class . Advan-
tages of this approach over many popular parametric method include that it usually imposes fewer
requirements on F and that the estimating procedure is automatic in the sense that no additional

tuning is needed.

Grenander (1956) found that the MLE of monotonically decreasing density functions defined
on [0, 00) is the left-hand derivative of the least concave majorant of the empirical cumulative dis-
tribution function. The asymptotic properties such as convergence rate and limiting distribution
of the Grenander estimator were then studied by Rao (1969) and later by Groeneboom (1984).
However, the estimation of monotonic functions in higher dimension is much less explored. There
are many possible orders in multivariate cases, all leading to different types of monotonicity. One
example are block-decreasing functions, which refers to functions that are decreasing with respect
to every variable. Polonik (1998) has shown that such MLEs can be obtained in a similar fashion
as the classical Grenander estimator. Polonik (1998), Biau and Devroye (2003), Gao and Wellner
(2007) and Pavlides (2012) studied the block-decreasing density functions and bounds for conver-
gence rate of its nonparametric MLE with respect to certain norms when the dimension is 2 and
above. However, no limiting distribution result is available for monotonic density estimators in

high dimensions.
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In this chapter, we are attempting to address this problem. One difficulty is that such monotonic
density estimators, and the nonparametric maximum likelihood estimators (NPMLESs) under shape
constraints in general, are defined indirectly, and an explicit representation is not available. The key
in Groeneboom’s proof for the limiting distribution of Grenander estimator is the so-called switching
relation, which is used to quantify the behavior of density estimators through the behavior of the
empirical cdf. Its validity is closely related to a majorization process. Polonik (1998) has shown that
there exists a similar graphical representation of the nonparametric MLEs under order constraints
with a similar majorization process. We use this representation to propose a generalized switching
relation and outline the idea to obtain asymptotic results of monotonic density estimators in high

dimensions.

Monotonicity is not the only shape constraint that has been considered for function estima-
tion. Other shape constraints include two estimation problems related to monotonicity initiated by
Groeneboom et al. (2001a) and Groeneboom et al. (2001b): (1) the MLE of the concave decreas-
ing density functions on [0,00) and (2) the least square estimator of concave regression functions.
Groeneboom et al. (2001b) also derived an asymptotic distributional result for the ML density
estimator. Less was known about the limiting distribution of these estimators in dimension other
than one until recently Han and Zhang (2020) showed some distributional result in the regression
setting. Another related problem is the log-concave density estimation. See Samworth (2018) for

a review of recent progress with an emphasis on the ML approach.

3.2. Generalized Switching Relation

3.2.1. Classical Switching Relation. The classical switching relation was introduced when
studying the Grenander estimator for monotonically decreasing functions defined on [0, c0). For a
sample of n iid observations X1, ..., X,, ~ f, where f is defined on [0, c0), the Grenander estimator
fn(x) is the left-hand derivative of the least concave majorant of the empirical distribution function

Fo(z) =131 1x,<,. Define, for A > 0,

n

(3.2.1) Sn(X) =sup{s € ar%gz)ax{Fn(u) — Au}}.
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The switching relation then states that

(3.2.2) Falz) < X = 3,(\) < .

This is equivalent to

~

(3.2.3) fa(z) >N <= 5,(\) > .

The graphical interpretation is shown in Figure 3.1. A formal proof of (3.2.3) will follow
as a byproduct of the proof of a multivariate version of (3.2.3) that will be derived below (see
Theorem 3.2.1).

Note that both sides of Equivalence 3.2.2 are strict inequalities. However, fn(ac) <\ =
3,(A) < z only fails to hold when A\ = f,(zy) for some z). And f,(z) can only take finitely
many different values. The significance of this relation is that it allows us to study the empirical
distribution function rather than to study the density estimator itself. Much more is known about

the former function.
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FIGURE 3.1. Illustration of classical switching relation (3.2.3). fu(z) > A. The
dotted line I(\) has slope A. §,()) is the z-coordinate where [()) is tangent to the
least concave majorant of the empirical cdf.

3.2.2. A Crucial Observation. First we state a simple but crucial observation, which will be
used to formulate a generalized switching relation. Consider a metric space S, with Borel o-algebra
S, and a measure p. Let g be a measurable function defined on S. Let T'g()) := {t : g(t) > A} be

the upper level sets of g at level A.

ProOPOSITION 3.2.1. Forxz € S,

(3.2.4) g(x) = A = Ty(g(x)) CTy(A) <= wly(N) = p(ly(9(x)))

Moreover, suppose that pu(I'g(g(x)) \ {t € S : g(t) > g(x)}) > 0, we have

(3.2.5)
g(x) > X = p(ly(N) > (D) for any set D with {t € S : g(t) > g(x)} CD C{te S:g(t) > g(x)}.
62




PrOOF. If g(x) > A, then V¢ such that g(t) > g(x), we have g(t) > A, which means I'y(g(x)) C
Ly(N). If g(z) < A, z € Tg(g(x)), but = € I'y(N), which means I'y(g(z)) ¢ T'y(A). This proves that
9(x) 2 A = Ty(g(z)) € Ty(N).

Ly(g(z)) € Ty(N) = w(Ty(N) > wu(Ty(g(x))) is obviously true. The other direction is
because of the fact that {I'y(A) : A € R} is a class of nested sets by the above argument. This
proves I'y(g(z)) C Tg(A) <= u(lg(A) = m(Ty(g(x)))-

For (3.2.5), if g(z) > A, then VD such that {t € S : g(t) > g(z)} C D C{te S:g(t) > g(x)},
W(Ty(N) = plTy(9(2))) = u(D). 1f g(z) < A, then Ty(A) C L€ S+ g(8) > 9@} € Tylg(x)). So
p(I'(N) < u(Ty(g(x)))) by the assumption that u(I'y(g(x)) \ {t € S:g(t) > g(x)}) > 0. So let
D =Ty(g(x)) finishes the proof.

In (3.2.4), the measure p can be replaced by any function G that is monotonic on the level
sets of g. It turns out that the classical switching relation (3.2.3) is a special case of (3.2.5), by

choosing u equal the Lebesgue measure on the real line, g(z) = fn(az), the Grenander estimator and

w(D) = x. Note that x is a valid choice because the value z lies in between u({t € S: g(t) > g(z)})

and 1(I'y(g(x))). Actually, any value that lies in this range could be chosen to make the argument

work. The assumption pu(Iy(g(x)) \ {t € S : g(t) > g(x)}) > 0 indicates that the the “flat part” of
the function g at level g(x) has positive measure. The choice of D is crucial in deriving the pointwise
limit distribution. In the Grenander estimator the value p(D) = z is known and non-random. In
general, (D) has to be chosen random. In such cases the behavior of (D) will influence the kind

of asymptotic results that can be obtained by using the switching relation.
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FIGURE 3.2. Illustration of generalized switching relation (a): (3.2.4), (b): (3.2.5).
x-axis is the volume of upper level set with point z on its boundary. y-axis is the
function value at the point x.

3.2.3. Order Restrictions and o-lattice. We now talk about how to define a monotone

function in dimension higher than 1. A quasi-order is a binary relation that is reflexive and
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transitive. Given a quasi-order ‘=<’, the class F< of functions that are monotonically decreasing

with respect to this order is defined as

(3.2.6) Fx=Af: RIS R, 2 <y < fl@) > f(y)}.

Given a class C of subsets of R?, the class F¢ of positive functions with shape constraints C is

defined as follows,

(3.2.7) Fe={f:RT= R, T;(A\)eC VA>0}

A classical result (see Robertson et al. (1988)) is that for any quasi-order ‘<’, there exists a
o-lattice C<, a class of subsets of RY that is closed under countable intersections and countable

unions, such that

(3.2.8) F<=Fes,

meaning that f is monotonically decreasing w.r.t. ‘=<’ if and only if its upper level sets fall into
the class C<.

For instance, let S = [0,00), ‘<X’ = ‘<’ be the usual order in R. The corresponding o-lattice
C< is the class of intervals starting at 0, i.e., C< = {[0,a],a > 0} U{[0,a),a > 0}. Throughout the
text, C is assumed to be a o-lattice (in most cases, C = C<) unless it is stated otherwise.

Below we discuss how to formulate the switching relation in the case of NPMLEs under order

restrictions on R%. The underlying space setting is (9, S, u) = (R, BRd, Leb).

3.2.4. NPMLEs for Density Functions.
3.2.4.1. Definition of NPMLEs. Given a sample of n observations X1,..., X, ~ f with f € Fx,
let fnj(x) denote the NPMLE of f under the order restriction with respect to ‘<’, i.e., fnj(:p)

satisfies
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n

(3.2.9) H fn.<(X;) = max {H f(X), f € fj} :

i=1
3.2.4.2. Graphical Representations. It can be shown that the fnj(ac) is of a piecewise constant,

assuming only finitely many values ¢; < ... < ty, on the sets C; \ Cjy1,j =1,..., kp, respectively,

where Cy, +1 = (), and the sets Cy,, C Ck,—1 C ... C Cy denote the different level sets of fnj(a:)

A Lévy-type concentration function ﬁn,c _(£) is defined as

(3.2.10) Fhc () = sup {F,(C) : Leb(C) < (¢}, (>0,
- CECj

where F), is the empirical measure, i.e., F},(C) = 1 37 6x.(C) = 1#{i: X; € C}.

n =n i ~n

Let F*

n,C<

(0) = LCM(ﬁmcj (¢)), the least concave majorant of ﬁmcj (¢). Then 15;';& (£) (see
Figure 3.3) is a piecewise linear, increasing fucntions with at most n changes of slope (the number
of slope changes is equal to k;,, the number of different level sets), which happen at levels ¢ for
which F¥o () = Foc (0). Write {1 > ... >l } = {£: F} o () = Fpc (0)}. Then t; is the

left-hand derivatives of F*o_ at ¢; for all i = 1,... ky.
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FiGURE 3.3. Graphical representation of the NPMLE.

3.2.5. General Switching Relation for Order Restricted NPMLEs. The usefulness of
the classical switching relation lies in the fact that in this case, the right-hand side of (3.2.3) can
be written as a functional of the empirical distribution. The question now is whether this can
be achieved in multivariate situations as well. The reason why the classical switching relation
can be generalized is that there is a graphical representation of the MLEs based on least concave
majorants of certain Lévy-type concentration functions, which can be seen as a generalization of
the well-known representation of the Grenander estimator to higher dimensions. To formulate the

switching relation for NPMLESs, we first define a few quantities. Given a sample of n iid observations

X1,..., X, ~ F, the Lévy-type concentration function ﬁn,c ~(¢) mentioned above is defined as
(3.2.11) Fpe (0) =sup{F,(C) : C € C<,Leb(C) < £}.

Define
(3.2.12) 8 0. (\) = sup{s € argmax{¢ > 0: F,c_(¢) — M}}.
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It is shown in Polonik (1998) that &) . (A) is equal to Leb(I'y(A)) for g = fnj, and we will
plug this into (3.2.5). As we have discuss;d before, the choice of p(D) in (3.2.5) can be flexi-
ble, and it might depend on the structure of C<. The following is when u(D) is picked to be
Leb(T Foe (fu<(z))). In the total order example below, when C< is relatively simple, other choices

of u(D) are being used.

LCM of Empirical Measure

1.0

0.8
|

Fa(C)

0.4
|

0.2

0.0

vol(C)

FIGURE 3.4. Tllustration of generalized switching relation (3.2.13). f,<(z) > \.
The dotted line [(\) has slope A. 5 ~ (A) is the z-coordinate where the straight

line I(\) with slope A is tangent to the least concave majorant of the empirical cdf.

Let ¢, , = Leb(ljfn’j (fnj(x))), we can use Proposition 3.2.1 to obtain:
THEOREM 3.2.1 (Generalized Switching Relation for Order Restricted NPMLESs). For any
quasi-order ‘<’ on R% and the corresponding o-lattice C< the order restricted NPMLE fnj(x)

satisfies the switching relation

(3.2.13) fozx@) 2 A = [50,(0) 2 laal.

68



Notice that the reason why the generalized switching relation is helpful is that the r.h.s. only
depends on ﬁn,c _(£). Also in case of the Grenander estimator, where C< = C<, we have ﬁmc L) =

F,,(¢) and we obtain the classical switching relation.

PRrROOF. The result follows directly from Proposition 3.2.1 if we have shown that the following

equality is true:

»

(3.2.14) She.(A) = Leb(T Fos (N).

From the definition in (3.2.12), 8}, - (}) is the largest £ such that there exists a line (M + b for
some b) with slope A that is tangent to the concave majorant ﬁ; c.(0) (see Figure 3.2.12). From
the graphical representation described in Section 3.2.4.2, 5 . (M) can only take values when the

slope of the least concave majorant ﬁ;,cj (¢) changes, which is exactly Leb(T Fos (A).

O

We first state a lemma for the concentration function defined in Equation (3.2.11).

LEMMA 3.2.1 (Consistency of Concentration Function). For any class C, we have

(3.2.15) sup |Frc(0) = Fe(O)] < ||1Fn = Flle.

Hence, if C is a GC-class for F, then, with probability 1,

(3.2.16) sup | Fc(0) — Fe(0)] = 0, as n — co.
£>0
PROOF.
|Fac(@) = Fe(f)| =| sup Fo(C)— sup F(C) |

Leb(C)<¢ Leb(C)<¢

ceC ceC

< sup  |F(C) - F(C)|

Leb(C)<¢
ceC

< sup |F,(C) — F(C)]
cec

= HFH_F”C
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In the next theorem, we discuss how to control the quantity ¢, ;.

THEOREM 3.2.2 (Property of ¢, ,). Let A C [0,00) be a closed neighborhood of f(x). Suppose

the following assumptions hold:

i. C< is an n-deviation measurable (v,m) constructible VC-class,
ii. there exist constants v > 0, ¢ > 0 such that, for all n small enough, supycy Leb({z :
|[f(x) = Al <m}) <en?,
i, |fux(2) — F(@)] = op(1).
Let £, = Leb(T'f(f(x))), then

(3.2.17) Uy o i l, as n — oo.

PRrROOF. For convenience, write I',(-) =T i

n, =

(), () =T4(-), An = fu<(z), and X = f(z).

wn,z - £x| = |Leb(rn()\n)) - Leb(r()‘))|
< |Leb(I'n(An)) — Leb(I'(An))[ + [Leb(I'(Arn)) — Leb(I'(A))]

= | ds| + |Leb(I'(\,,)) — Leb(I'(N))]
T (An)\I'(Ar)

< / ds + [Leb(T(\)) — Leb(T(\))]
Tn(An)AT (M)

= Leb(I'y(An) AT(An)) + [Leb(I'(An)) — Leb(I'(A))]

Now we write

I = Leb(T'y,(A\n) AT (An))
IT = |Leb(I'(A,)) — Leb(T'(N)].
For I, by Theorem 3.6 of Polonik (1995b), assumptions (7,4i) imply there exists a constant

K = K(m,c,7,C<) such that
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o/ (2+)
(3.2.18) P*( sup Leb(T(NAL, (V) > K () T 0, as - oo,
AEA logn

For 11, by assumption (i7), |[Leb(I'(A,)AT'(N))| = O(|fnj(:1:) — f(x)]7).

3.3. Asymptotic Results for Nonparametric Maximum-Likelihood Estimators

(NPMLEs) Under Order Restrictions

In this section, we illustrate how to study the behavior of NPMLEs under order restrictions
using the generalized switching relation by some examples. The results we are able to get usually
depend on how well we are able to control the chosen ¢, ;. In Section 3.1 we talk about a simple
case in which ‘=X’ is a total order. In this scenario, the asymptotic distributional results can be
derived. Note that this essentially is just a revisit of the proof of the Grenander estimator (see

Groeneboom and Jongbloed (2014)) under our framework.

3.3.1. Pointwise Limit Distribution for NPMLEs Under a Total Order Restriction.
Below, we use an example when C< is a class of nested ellipsoids of a given shape to illustrate how
generalized switching relation is used to derive the pointwise limit distribution of fnj(x) We need

some more definitions. Let A be a positive-definite d x d matrix. Let

(3.3.1) Quont = {u: (u—1z0)Alu — z0) < t},

(3.3.2) oAt = {u: (u—x0) Alu — xo) < t},
and

(3.3.3) QmO,A = {on,A,t> Q207A7t 0<t< T}

Let ‘=’ be the total order on @4, a1 defined by
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(3.3.4) Q12 Q2 <= Q1 C Qs

Without loss of generality, let xg = 0. With a fixed positive-definite d x d matrix A, write
Q = Qo 4, with elements Q¢ = {u : W' Au <t},0 <t <T. Let Xy,..., X, beiid from a population
with density function f and distribution function F. Then f being monotonically decreasing with
respect to ‘=’ is equivalent to that f has a shape constraint with respect to C<x = Q. Such
distributions are called elliptical distributions in the literature. Due to the fact that ‘=<’ is a total

order, (D) in (3.2.5) can be defined as

(1) £ = Lo = Leb(Qura2),
(2) E’ELZ,)x - Leb(Qf&naz), where fgl(lit = ma‘X{X{AXZ S J,'/A.’L', 1= 1, ce ,n},
(3) Eﬁfj?c = Leb(Qjmin ), where tmin = min{ X/AX; > 2'Az, i =1,...,n}.

For almost all A,

(3.3.5) fo<(@) <X = 8o () <, Vi=1,23.

n,r’

It’s easy to calculate that all the above choices of /,, , converge to ¢, in probability as n — oo
with some regularity conditions.

3.3.1.1. Uniform Case.

THEOREM 3.3.1 (Pointwise Limit Distribution of NPMLEs Under a Total Order Restriction
for Uniform Distributions). Suppose F' = U(Q71) is the uniform distribution defined on Qr where
Leb(Qr) = 1. fné is the NPMLE of the density f under the total order restriction defined as

previously. Then
(3.3.6) P(Vn(fo<(x) — f(x)) <t) — P(ar%géax {B(t) -t} < Km),

as n — oo, where B is a standard Brownian bridge on the unit interval.

PROOF. Suppose F' = U(Qr), where Leb(Qr) = 1. Then f(z) = 1 for all z € Qr and
I =Fe ().
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Then

axgmax { Fre_ (0) — (f(x) +ant) 0} < £} }
>0

£>0

argmax{ﬁm@(ﬁx +/0) — ﬁ@(fz +0) —aptl— antﬂx} < 0}
>0 - -

{
{
{
= Largmax (B (6 +0) — (£(2) + 1) (6 +0)} <01}
{
{

= { argmax {ﬁn,& (Lo +0) — Fo_ Uy + 0) — antl} < 0}
£>0 - -

Let o, = nV 2 the above formula becomes

- argmax {V(Foealle +0) = Fe(ts +0) = £} <0}

Notice that oy, t £, does not depend on £. We can drop this term inside the ‘argmax’ operation

without changing the result.

Let
(3.3.7) C(¢) € argmax{F,(C),Leb(C) < 1},
CeCx
(3.3.8) cW) e arcgnclax{F(C’),Leb(C) < (}.

C< = Q is Donsker, so the process {/n(F, — F)(C), C € C<} converges to B(F(C')) where B
is a standard Brownian bridge on the unit interval. Again, due to the fact that we have a total
ordering, C'(£) and C(¢) can be chosen to be Qv-1(p)- The process {Vn(F, — F)(¢) = Vn(F, —
F)(Qy-1(p)),0 <t < T}, converges to B(F(Qy-1(y)) = B({).

Now we can apply argmax continuous theorem, i.e., Theorem 3.5.1 to show
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(3.3.9) argmax {\/ﬁ(ﬁnQ by +0) — Fo_ (U + 0) —tt} EEN argmax {B(ém +/0)— té}.
>0 - - >0

The conditions for the theorem hold obviously. Let /,, be the maximizer of £ — Vn (ﬁnc < 0y +
0) — ﬁcj (lz + ¢)) — t¢ in [0, K] for some large enough K. Then ,, = Op(1) is uniformly tight.

3.3.1.2. Non-uniform Case.

THEOREM 3.3.2 (Pointwise Limit Distribution of NPMLEs Under a Total Order Restriction

for Non-uniform Distributions). Suppose there is no flat part in a neighborhood of the level curve

OTf(f(x)) for the density function f. Let 6, = | w, where h(zx) = dzfe(ff”). Let fn< be the

NPMLE of the density f under the total order restriction defined as above. Suppose that h(x) # 0.
Then

(3.3.10) P((Sgl(fn,j(x) — f(x)) < t) — P(arginax {W(u) —(u+ t)2} < 0),

as n — oo, where W is the standard two-sided Brownian motion.

Proor. Let ¢, , be any one of the first three options in the above.

We use the fact that F,(¢) = F,(C(¢)). With probability 1, we have the relation

(3.3.11) froo(@) <X = Sne (V) < b

Let ay, be a sequence of positive numbers that converges to 0.
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o (fus(@) = f(x) <)

=P|( argmax {ﬁn(f) — (f(@)+ant)l} < €x>
>0

=P|( argmax {ﬁn(&; +0) = (f(2) + ant) (ly+0)} < 0)

(
(
(g
:P(a,;l argmnax {Fulle +0) — (F(2) + ant) (e +0)} < o)
(
(

=P argmax {Ful + 600) — (F(2) + an t) (L + 000) } < o)

— F(@) (s + 608) — an t (L +6,0)} < o)

Now, let A, (€) = (EFy(ly+6,0) — Fp(€)) — (F (g +6,0) — F(02)), b (£) = (F (U +6,0) — F(£5)) —
f(x)opl.
To study by, (¢) first.

dF(0) _ . F(t+h)—F@) _
v h—0 h h—0

fC(Z—l—h)AC’(Z) f(x)dx

J C(t+h)AC(0)da

= f(ze) = g,

where zy € 9C(¢), and Ay is such that C(£) = T'¢(Ag).
Let 9(X) = Leb(I'¢(X)). By Reynold’s transport theorem,

So

1 1
2 AN 1 g
g s
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S0 b (€) ~ JLEW 252 (1 4 o(1)) if n — o0,

For the random part, we use the fact that C(¢) = C(¢).

:/(HC(EerZJn) — Lo,))d(Fn — F)

By Theorem 3.5.2, with appropriate scaling factors, the above quantity converges to a Gaussian
process if the variance covariance function is convergent pointwise to a uniformly bounded function,

details will be provided later. We have
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and

var(An(0)) =E(Fo(C (L + 06,)) — Fa(C(62)) — (F(O(s + £65,)) — F(O(L,)))
—E(Fu(C(ly +06,)) ~ Fn(C(Ez))>2

= 2B (F(C(ly + 66,)) = Fal(C(£2)) ) (F(C(ls + 66,)) = F(C (1))

2
+ (F(O +16,) ~ F(O(L))

=EF,(C(ly + £6,))? — 2EF, (C €y + £6,)) Fu(C (L)) + EF, (C (L))

— (POt + ,)) - FC(t))

= F(C(a +£6,)) + " F(C(L +16,))? — 22 F(C(£2)

~2(n-1)

_ (F(C(Ex +06,)) — F(O(&c)))2

n—1

—F(C(t))

F(O(ta + 65,))F(C(6)) + ~F(C(L) +

1

:% (F(C(ﬁz +05,)) — F(C(&;))) - (F(C(ﬁx + £6,)) — F(C(&g)))2

:%(F(C(ﬁx +05,)) — F(C(@x))) (1 —(F(C by + £6,)) — F(C(gx)))>’

which gives us %(F(C(&C + 0oy,)) — F(C(Zm))) ~ L f(2)5, as n — co. Recall from above that
b, (¢) is of the order 62. &, 2b,(¢) stabilizes. Moreover, var(s;2A,(£)) ~ % and we see that d,

should be of order n~1/3,

P(a7" (Fux(@) = f@) <1)

- P(ar%;%ax {(Fo(ly + 8,0) — Fu(ly)) — (F(Ly + 8,6) — F(0,)) + (F(ly + 8,0) — F(£,))

— F(@) (s + 608) — an t (L +6,0)} < o)

:P(argmax {An(0) + bp(0) — an t6, 0} < O)
£>0

_ P(argmax (672 A0(0) + 072 (0) — a6 1)} < o)
>0
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With this choice, we obtain (see below) that the process {6, 2A4,,(¢) +3,,2b, () —t{} converges to

! g) W () + %%EQ — t¢ weakly, where W (/) is a two-sided Brownian motion. We can further

simply the formula using Brownian scaling, namely,

(3.3.12) t — a(W(Bt) + (8)%) =p t — a/BW(t) + a2

To decide the choice of s. Write h(z) = dQZ;(QEI). Let u = |DJ¢.

x x u u? u
| D| argmax {\/@W(ﬁ) + %h(:r:)EQ - tﬁ} :argmax{ ‘IQW(M) + %h(;{:)ﬁ — ‘t,w}

>0 u>0

:argmax{ MI/V(u) + ;h(:n)u2 _ tu }

u>0 33‘D’ D? W
Let
f@ _ 1
s3|D| |D|’
h(z) 1
2D?  |D|

So we can choose D = |h(z)|, s = /4f(z)|h(x)|. Putting everything together, and recalling
that

P(ag (fax(@) = (@) <)

:P<argmax {An(0) + bp(0) — antépl} < O)
>0

:P(argmax {5;214”(6) + 6, 2b, (0) — anégltﬁ} < O) ,
>0

We obtain with §,, = n~3 that
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n ~

P(3 W( n=<(@) = f(2)) St)

— P(]D\ ar%g%]ax {W(u) —u? - t} < O)

= P(argmax {W(u) — (u+ t)2} < O).

u>0

Now, let’s establish the convergence of ., 2A,(¢) in £*([-K, K]) for K > 0 with 6, = n~/3
rigorously. To this end, we use Theorem 3.5.2. We need to check validity of all the conditions
(3.5.1)~(3.5.4) in this theorem. Let G, = {gn¢ = nl/G]lC(éz-i-Zn—l/?’) - nl/ﬁ]lc(gz),ﬁ € [-K,K]}.
The envelope function Gy en = supjy<x |gn.e| = n1/6]lc(£x+Kn,1/3)\C(£x).

Suppose f(z) > 0, we can find L, R > 0 such that f(z) € [L, R] for z € C({y + lp) \ C(ly — lp)

with a small enough ¢,. Then with n large,

|Grenll5 ; = /n1/3]lC(€m+Kn_1/3)\C’(Zz)(Z)f(z)dz
< /”1/3ﬂ0(ez+1<n—1/3)\0(zz)(Z)Rdz
=n'BKn 3R

= KR.
This is (3.5.1). Next, we show (3.5.2). For every n > 0,

Gr.en(2)f(2)dz = / 0o, knm1an o) (2) f(2)dz

/{Z5Gn,en(z)>7i\/ﬁ} {#:Gn en(z)>nv/n}

— 0 as n — oo,
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since when n is large enough, /nn > n'/6. When &, | 0,

sup [0n12) = gus(2)2 121z

{k,j€[-K,K]:|k—j|<&n}

= e [ pen(2) ~ o () )
{kvje[_KvK]:‘k_j|<§n}

<n'3¢n 3R for n large enough

— 0 as n — oo.

To verify (3.5.3), we first show that the bracketing number,

1
(3.3.13) N[} (ﬁHGn,enHZfagnv I - |2,f) N 2

moreover, there exists a constant C' that is independent of n such that

B

(3314) NH(GHGn,enHQ,fagnaH '

l2,7) <

Suppose f(z) > 0, we can find L, R > 0 such that f(z) € [L,R] for z € C({; + £y) \ C(ly — Lp)

with a small enough ¢,. Then with n large,

1/2

VEL < ||Gnenlla,s = (/”mlcuﬁfm1/3)\C(ez)f(2)dz) <VKR.
So
(3.3.15) N (€l|Gnenll2,f: Gns Il - ll2,8) < Ny(eVEL, G, || - [2,)-

Consider function brackets of the form [g;, g;] = [n1/6lc(gz+gi) - nl/ﬁ:ﬂ.c(gz),nl/ﬁ:ﬂ.c(gz+gj) —

n1/6]]_c(€$)] such that
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lg; — gill2.r = (/(gj — gi)(z)Qf(z)d,z)l/Z

1/2
= (/nl/SHC(€z+€j)\C(€z+&)(Z)f('z)dz)

< \/n'/3(t; — ;)R

<evKL.

This implies (3.5.3). Finally, we show (3.5.4). Then ¢; — ¢; < n~'/3KL/R. In order
to cover G,, we can to construct a sequence —K = {3 < {1 < ... < fny = K such that
li—ti1 < En~Y3KL/R for all i € {1,...,N}. It can be easily constructed such that N <
2 x 2Kn~Y3)(en '3 KL/R) = 4R/(L) by letting ¢; — £;_1 = 1/2 x n"'3KL/R for i €
{1,...,N =1} and Iy —ln_1 < 1/2 X e2n~13KL/R. The desired inequality just follows with C
being 4R/ L.

&n
/0 \/log N[](GHGn,enHZfagnv H ) HQ,f)df

En
< /0 VIog(CJ)de

—0asn— o

So by Theorem 3.5.2, 6,,2A,,(¢) converges in £>°([- K, K]) to a Gaussian process, since the choice

of scaling factors have guaranteed that the sequence of covariance functions converges pointwise on
[-K, K2

Now, we need to apply the argmax continuous theorem (Theorem 3.5.1) to show that

(3.3.16) argmax {6, 2 A, (€) + 6, 2b, (£) — a6, 10} D, | D| argmax {W(u) —u? - t}.
>0 u>0

Let

81



(3.3.17) IM(£) = Fo(C (L +0)) — Fa(C(L)) — (f(x) + ant)l,

(3.3.18) IM(6) = F(C(ly + 0)) — F(C(Ly)) — f(2)L.

Suppose that £, is the maximizer of ¢ — IM,(f), then we want &, '/, to be bounded in
probability, and the sequence {J,; 1!%} uniformly tight in order to apply the theorem. I Mn(@n) >
sup,, IM,(¢) — op(1) is guaranteed in definition of £,. To check these conditions, we can apply

Theorem 3.5.3. First by Taylor, we have

(3.3.19) Mﬂ@:%M@ﬁ+dﬁ)%tﬁO
So
(3.3.20) IM(¢) — IM(0) = %h(ac)e2 +o(£?) <10 —0)2

For ¢ sufficiently small, f(z) € [L,R] for all z € C(¢; + 6) \ C(¢; — J). Consider the class

of functions ¢" = {g; = Low,+e — Low,): ¢l < 0} Gen(2) = supy<s{low,+o — Low,)t =
VJR. By an almost the same

IN

Lo(e,+6)\C(e,) 18 its measurable natural envelope and ||Gy,,|l2,f

argument as above, Njj(€||GL, 12,7, G, 1] - ll2,5) < C/€.

f)de

1
TG Nlag) = [ 1+ 108 Nyl Gl G-

g/WWde
0

=
By Theorem 3.5.4,
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(3.3.21) E* sup
geg’

Vit [ 9@, = F)E)] £ 0G| Gonllag S V5.

Therefore,

E* sup [(IMy, — IM)(¢) — (IMy — IM)(0)]
[£]<é

|S€‘u% ’ / HC(E +6) — HC’( ))d(Fn — F) + a,tl
<

< E* sup
geg’

/ g(d(E, — )| + sup ot
<

5/n4+n"135

Vo +ont/S
-

Take ¢,,(6) = /8 + 0n'/%, r, = n'/3, we have

1
(3.3.22) 7“721%(77) — 3 (Y6 4 310y — .

n

Moreover, we have IM,(£,) > 0 = IM,(0). Lastly, we want to show £, % 0.
For z fixed, suppose f(x) > 0. f(z)+ a,t > 0 for large enough n. Then I M, (¢) goes to —oo

as £ — 0o. So £, is bounded for each z and for large enough n.

P(/l,] > €) < P(;llga IM, (£) > 0 = IM, (0))

= P( sup (Fu(Cts +0) = Fu(C(£)) = (£(2) + ant)f) > 0)

[¢|>€

But ||F;, — F||g = Op(n~1/?), we have for |[¢| > € > 0, when e is sufficiently small and n — oo
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Fp(C(ly +0)) — Ep(C(£)) — (f(x) + ant)l = F(C(ly 4+ £)) — F(C(ly)) — (f(z) + ant)l + Op(n~/?)

_ %h(x)ﬁa +o(1) — ant + Op(n~1?)
< L)1+ 1) - ant + Op(n 1)
< ih(m)eQ — ant+Op(n1/?)

Notice h(z) < 0. Therefore supj. (Fu(Cly 4+ 0)) = Fp(C(Ly)) — (f(x) + ant)l) < 0 when
n — oo, hence, P(|0,] > €) — 0 as n — oo.
By Theorem 3.5.3, we have ¢, = Op(n~'/3). So the uniform tightness of n!/3/, is established.

By Theorem 3.5.1, 4, L, {, where |D|{ is the maximizer of the process u — W (u) — u® — t.

3.4. Pointwise Convergence Rate of NPMLE Under Block-decreasing Order

Restriction

In this section, we present a pointwise consistency result of the NPMLE under block-decreasing
order restriction. Unfortunately, an attempt to show this consistency via the switching relation
was not successful. However, we found the following simple proof using the known L1-consistency.

Let ‘<’ be such that Vz,y € [0, 00)?

(3.4.1) xRy <= z; <y; forallie{l,..., d}.

Functions that are monotonic with respect to the above ‘<’ are called block-decreasing functions.
The special case when d = 1 is the usual monotonic decreasing function. Polonik (1998) calls it

doubly monotone when d = 2.

PROPOSITION 3.4.1. Let X1, ..., X, be iid with df F and density function f with support S. Let

fn be the NPMLE under the block-decreasing order restriction. Suppose that ‘ fn — le = Op(ay).

Foranyx e S, let Ay ={y:x<y}nNSand By ={y:y=<z}nNS. If

(1) Vol(Az) > 0 and Vol(B;) > 0,
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(2) fly) = f(z) for ally € Az U By,

[fu(@) = f(2)] = Oplan).

PrOOF. For any € > 0, there exists C' > 0 and N € N such that for all n > NV,

(3.4.2) P (a,;l fH > 2C min (VOl(Ax),VOI(Bx))) < g
since || fn — le = Op(ay).
For alln > N,
(3.4.3)
P (a*(fn(a:) - (@) < ~0)
<P <a f(y))dy < —CVol(A, )) since Vy € Ag, fo(z) > fu(y) and f(y) = f(z) for all y € A,
<P <of1 ! fH > C'Vol(A4, )) since TV (f — f) = 1 L where T'V (g sup ]/ gdy|.
<P (a fH > 2C min (Vol(A$),Vol(Bz))>
€
<3

The proof of P (a,;l(fn(:n) — f(z)) > C') < § is essentially the same as (3.4.3) but with A,

being replaced by B;. So

P (a3 |falw) = f@)| > C)
(3.4.4) < P (a3 (ful@) = (@) < =C) + P (a7 (fule) = f(@)) > C)

< €.

This proves | f.(z) — f(z)| = Op(an).

REMARK 3.4.1. By Polonik (1995a) and Gao and Wellner (2007),
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Op(n~1/41 ifd =2
(3.45) fn_fulz p(n ogn) if

O, (n=1/2d) if d > 2

Therefore by the above proposition, for all x that satisfies conditions (1) and (2),

3 Op(n~Y4logn) ifd=2
(3.46) o) = f) =4 e
O, (n=1/2d) if d>2

3.5. Appendix: Cited Theorems

THEOREM 3.5.1 (Argmax Continuous Mapping, Theorem 3.1 in Groeneboom and Jongbloed
(2014), Theorem 3.2.2 in van der Vaart and Wellner (1996) ). Let Z,, and Z be stochastic processes
indezed by R such that Z, ~ Z in {>*°([—K, K]) for each K > 0. Moreover, suppose that almost
all sample paths of Z are continuous and have a unique maximizer ﬁ, assumed to be bounded in
probability. If the sequence hy, is uniformly tight, and satisfies Zy(hn) > supy, Zn(h) — op(1), then

hngﬁmR.

THEOREM 3.5.2 (Classes of Functions Changing with n, Theorem 3.2 in Groeneboom and
Jongbloed (2014), Theorem 2.11.23 in van der Vaart and Wellner (1996)). Assume F, f are the
distribution function and corresponding density function respectively. Fy, is the empirical distribu-
tion function. For each n, let G, = {gnk : h € [-K, K]} be a class of measurable functions on R

with measurable envelope Gy, en(2) = SUp < |9nk(2)| satisfying the following two conditions:

(3.5.1) HGn,enH%f = /G’n,en(z)2f(z)dz =0(1), asn — o,
and for every n > 0,

(3.5.2) Gren(2)?f(2)dz — 0 as n — co.

/{ZiGn,en(2)>n\/ﬁ}
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Moreover, let the classes G, be such that for all &, | 0,

(3.5.3) sup /(gnk(z) — gnj(2))2f(2)dz = 0 as n — oo,
{kvje[_KvK}:|k_j|<fn}
and
én
(3.5.4) /D V108 Ny(€l|Ga cnlle s G I 125 )de = 0.

Then the sequence of stochastic processes
(3.5.5) k— \/ﬁ/gnvk(z)d(Fn — F)(z)

converges in distribution to a Gaussian process, provided the sequence of covariance functions con-

verges pointwise on [—K, K]?.

THEOREM 3.5.3 (Establishing Rate of Convergence, Theorem 3.3 in Groeneboom and Jongbloed
(2014), Theorem 3.2.5 in van der Vaart and Wellner (1996)). Let IM, be stochastic processes on

an interval I C R and IM a deterministic function on I such that for all 8 in a neighborhood of 0y
(3.5.6) IM(0) — IM(6o) = 6 — 6o]*.
Moreover, suppose that, for every n and sufficiently small §, the centered process I M, —IM satisfies

(3:5.7) E* sup |(IM, — IM)(0) — (IM, — IM)(60)] < 2280
|0—00]<6 \/ﬁ

for functions such that § — ¢ (8)/0% is decreasing for some o < 2 (not depending on n). Let ry,

be a sequence of positive numbers such that

(3.5.8) r%qﬁn(i) < v/n for alln.

Tn

If the sequence 0,, satisfies IMn(én) > IM,(0y) — Op(r;%) and converges to 0y in probability, then
On = 00+ Op(r;h).
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THEOREM 3.5.4 (An Integral Number Bound, Theorem 3.4 in Groeneboom and Jongbloed

(2014), Theorem 2.14.2 in van der Vaart and Wellner (1996)).

(35.9) By sup Vi / 9(2)d(Fy — F)(2)| < Jy(1, G, ||

2,f)HGn,enH2,f'
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