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Abstract
The Electron-Phonon Interaction from First Principles
by
Jesse Dean Noffsinger
Doctor of Philosophy in Physics
University of California, Berkeley

Professor Marvin L. Cohen, Chair

In this thesis the ground state electronic properties, lattice dynamics, electron-
phonon coupling and superconductivity of a variety materials are investigated from first
principles. The first chapter provides an introduction to the material and concepts of this
thesis as well as motivation for the work done herein. Additionally, an overview is given on
the theoretical background governing the calculations of this work. This includes overviews
of the topics of density functional theory, the pseudopotential approximation, density func-
tional perturbation theory, and applications of these approaches to the calculations of su-
perconductivity. In the second chapter the mechanics of actually performing calculations
within the methodology of chapter one are explained. This is accomplished through a de-
tailed description of the computer software EPW. This software has been developed to allow
computationally efficient approaches for calculating the electron-phonon interaction. A de-
scription of the software package, the particular quantities which it calculates and example
calculations are given. The following two chapters present the results of calculations re-
garding electron-phonon coupling and superconductivity in bulk carbon compounds. The
occurrence or absence of superconductivity is found to be related in these compounds to
Fermi surface nesting and carrier concentrations. In chapter five we investigate the role of
the fluorine dopant in the recently discovered (1111) Fe-pnictide superconductors. Contrary
to the results of the literature published shortly after the discovery of these compounds,
the presence of the dopant is found to actually result in a net decrease in the electron
concentration on the Fe-plane within the local density approximation to density functional
theory. In the two chapters which follow, we investigate the limits of two dimensional su-
perconductivity in the recent experiments on ultra-thin Pb samples. Chapter six details
calculations on freestanding Pb slabs constructed as thin as two monolayers. A useful
formula predicting the electron-coupling strength and therefore estimating the supercon-
ducting transition temperature is developed. While in the next section a superconducting
system is investigated wherein the important Pb-Si(111) interaction in ultra-thin Pb lay-
ers is taken into account. The observed superconductivity is explained by electron-phonon
coupling and isotropic Migdal-Eliashberg theory. The observance of superconductivity in
the nearly two-dimensional material is shown not to conflict with the predictions of the
Mermin-Wagner theorem. In the final chapter, the phonon-assisted absorption of bulk sil-
icon is calculated from first-principles. The calculated results are found to be in excellent
agreement with experiment, and lead the way for the possibility of many first-principle
studies on phonon-assisted optical processes in important technological devices.
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Chapter 1

Introduction and Theory

1.1 Overview

This thesis describes work done in the field of computational condensed matter
physics. In general, first-principles calculations aim to provide insight by computing physical
properties of materials usign only the chemical or atomic configurations as inputs. Through
the use of modern computers, many quantum mechanical problems which require a vast
amount of computational power are now tractable. However, despite having an analytic form
for the interactions between electrons and nuclei, the computation of emergent behavior in
complex systems has remained a difficult task. Because a bulk system contains an extremely
large number of electrons and atomic cores, the number of degrees of freedom necessary to
describe such a system are far too large to solve the many-particle Schrodinger equation.
While first-principles calculations performed without any simplifying approximations are
still beyond the abililty of current computational physics, with the use of a few important
physical approximations computational physicists are able to arrive at satisfying results to
many interesting problems.

The electron-phonon interaction is responsible for many observed phenomena such
as Peirls instability, the Kohn effect, temperature dependent electrical resisitivity as well
as conventional superconductivity. Traditionally, the calculation of the electron-phonon
interaction from first principles has been extremely computationally expensive and often
impractical for some materials. While indirect measurements of the electron-phonon inter-
action are sometimes available through, for example, angle-resolved photoemission spectra,
precise computation has been challenging. Recent developments have lead to the ability to
more accurately and efficiently calculate the electron-phonon interaction. These develop-
ments include the supported releases of software to calculate lattice dynamical properties
as well as to obtain maximally-localized basis sets of Wannier functions. These have been
combined within a framework, developed in the research groups of Marvin L. Cohen and
Steven G. Louie in the Physics department at The University of California, Berkeley, to
allow for the precise computation of the electron-phonon interaction in condensed matter
systems.

Applications of density functional theory, maximally-localized Wannier functions,
density functional perturbation theory and Migdal-Eliashberg theory are presented in the



following chapters. A great deal of the time spent to complete the calculations of this thesis
was spent on software developement. Specifically the software addition to the Quantum
ESPRESSO package, EPW, was developed in conjunction with the theoretical calculations of
this work. EPW, the Electron-Phonon interaction through Wannier functions, is described in
Chapter 2l and presents a new, highly computationally efficient method for the calculation
of electron-phonon related properties in solid state systems. In fact, the results of Chapters
B, @ 6, [ and B crucially depended upon the techniques developed to obtain the electron-
phonon interaction via the localization of Wannier functions.

The following sections in this chapter are meant to give a general background to
the methods utilized in this thesis. The sections in this chapter present a working overview
of density functional theory, pseudopotentials, density functional perturbation theory, and
superconductivity. Thorough coverage of the theoretical methods can be found in Refs.
[T, 2, 3, 4, 55, 6, 17, /8], ]

1.2 Density functional theory and pseudopotentials

Density functional theory (DFT) provides a practical framework within which it
is possible to compute many properties of the complicated many-body systems examined in
the field of solid state physics. The foundations of DFT were set forth in a pair of well-known
papers; P. Hohenberg and W. Kohn [10] and W. Kohn and L. J. Sham [11]. These documents
contain much of the formalism used in modern-day electronic structure calculations. The
essential premise of DFT is that many interesting and important properties of a material are
a function of only the ground state electronic density. The total energy is one such property
of interest. Within this framework, details of the extremely cumbersome total many-body
wavefunction are not computed. This fact, in and of itself, makes modern computations
possible.

Before considering the simplifications which come with DFT, we look at the quan-
tum mechanical problem of describing the electrons in a solid. In this case, we solve the
Schrodinger equation (Eqn 1) to obtain the ground-state wavefunction.

HU = EV (1.1)

This wavefunction is the total wavefunction of the electrons in the system. It
therefore contains large amounts of information through the electronic coordinates r;.

U = \I/(I‘l,rg,....rg) (1.2)

In atomic units, the Hamiltonian of the electrons in the presence of an external
potential V.(r) is given by Eqn

N 1 1 1
H:—gzi:vzz—kzi:%xt(ri)‘i‘gi%im (1.3)

Here the first term is the kinetic energy T, the second is the energy arising from
the interaction with the external potential V., and the final term is the Coulomb electron-
electron interaction V..



Unfortunately, solving Eqn. [[3]is not a tractable problem for nearly any condensed
matter system. Instead, within DF'T the problem is recast in terms of the total electronic
density which is a sum over occupied states (Eqn [L4]).

n(r) =Y flexio) Yo ()] (1.4)
oki

The normalization condition in place to determine the chemical potential is such
that the total integrated charge density is equal to the number of electrons in the system

(Eqn. [L5).
/n(r)dr =N (1.5)

By describing a solid state system in terms of the electronic density we can replace
the complicated many-body problem of interacting electrons with a different, simpler prob-
lem. The new problem yields a set of independent-particle equations for a non-interacting
system where all of the complicated physics of the many-body interaction is taken into
account through an exchange-correlation potential.

The exchange correlation potential is the functional derivative of the exchange
correlation energy with respect to the electron density (Eqn. [L6]).

o 5Exc
Yre = Sn(r)

This exchange-correlation energy is the sum of the electronic exchange energy and
the correlation energy.

(1.6)

Eycln] = Ex[n] + Ec[n] (1.7)

The Hartree energy Ep[n] arising from the Coulomb self-interaction of the total
charge density is given Eqn [L8 Additionally, the Hartree potential is the variational
derivative of this Hartree energy with respect to the charge density vy = §Ey/dn.

By = %//dr'dr% (1.8)

Putting the above terms together along with the kinetic energy T'[n] and the energy
arising from any external potential, the total Kohn-Sham energy functional of the charge
density is then given by Eqn

Exsin] = Tin] + Egn] + Ezc[n] + / Vezt(r)n(r)dr (1.9)

The goal, then, is to determine the charge density configuration which minimizes
the total energy. This charge density is determined self-consistently by solving for the
system in the independent Kohn-Sham particle picture. The self-consistent approach can
be realized through the Schrodinger-like Kohn-Sham equation (Eqn [L.I0]).

(His — €)i(r) =0 (1.10)



The form of the Hamiltonian is

1
Higg = —§V2 + Vge(r) + vE(r) + Vet (T). (1.11)

In Eqn [[L10 ¢; are the quasiparticle eigenvalues. The independent particle wave-
functions v;(r) are the eigenfunctions which satisfy Eqn [[LI0} In practice these equations
are solved self-consistently and numerically. In practice these calculations are performed
using a particular basis set to describe the wavefunctions. A commonly utilized basis set is
made up of plane-waves as in Eqn

P(r) = Cge'@) (1.12)
G

The G-vectors used in this expansion are the Bloch-space reciprocal lattice vectors
defined within a periodic system, while the Cg are the Fourier coefficients. This method
allows the users a simple method of increasing the convergence of a numerical simulation
by simply increasing the magnitude of the largest G-vectors used in constructing the wave-
functions.

Despite the successes of DFT, calculations which involve solving for the density
comprised of all the electrons present in a system remain extremely cumbersome for a
variety of reasons. As chemical elements become heavier the total number of closed-shell
electrons bound to the ionic cores grows rapidly. These electrons near the nuclear core
are generally bound at energy scales of tens of electron volts or more. Consequently they
are very nearly unaffected by the dynamics of the valence electrons which determine most
properties of interest in a solid. Additionally, as many calculations are performed with the
electronic wavefunctions expressed within a planewave basis, the total number of planewaves
necessary to describe a system depends upon the smallest length scale which must be
described. The length scales of the wavefunctions of core elecrons are much shorter than
those which compose e.g. the interatomic bonds. Therefore a computational tool which
removes the need to describe core electrons will speed up electronic calculations to a great
degree. The calculations of this thesis and nearly all modern ab initio calculations, the tool
employed is the pseudopotential.

If we assume that the dynamics of the core and valence electrons are separate, we
can solve the problem of the core electrons using the same core potential which is present
in an isolated atom. The valence electrons are then left as the only particles of interest.
This leaves only the valence electrons as of interest for electronic calculations. Within
density functional theory, a self-consistent solution to the Kohn-Sham equation (Eqn [L10)
expressed in radial coordinates yields the angular momentum components of the desired
pseudopotential. In Eqn [[LT3] the effective single electron potential V.¢(r) is the sum of
the nuclear Coloumb potential, Hartree potential and exchange-correlation potential arising
from the self-consistent core charge density.

2
<—%% + % + Veff[n(r)]> TRy (r) = €qr Ry (r) (1.13)



The radial component of the pseudo-wavefunction can be compared to the all-
electron solutions. Outside of a cutoff radius, the wavefunctions should be identical.

all—electron __ ppseudo
Ry (r) =R

when 7 > reysoff (1.14)

Besides matching perfectly outside of the cutoff radius, the electronic eigenvalues
of the pseudo and all-electron wavefunctions are to be the same.

GZIZZ_GIECtron(T) _ Efseudo (115)

Additionally, Rf seudo ¢hould be nodeless. As the number of wavefunctions required
to describe the valence state is reduced, there is no orthonormality condition which prevents
a set of nodeless pseudo-wavefunctions from describing the electronic states.

In the case of the commonly used norm-conserving pseudopotential, one final con-
straint is placed upon the pseudized wavefunctions. The integrated charge inside the cutoff
radius should be the same as the all-electron case. This constraint forces the pseudo-
wavefunctions to be normalized, hence the label “norm-conserving pseudopotential.” De-
veloped relatively recently, ultra-soft pseudopotentials relax this final criteria. These partic-
ular pseudopotentials have the significant benefit of faster numerical convergence. This is a
result of the ability to use a smaller basis set to construct the wavefunctions. As a trade-off
to their convergence properties, software code developement which utilizes ultra-soft pseu-
dopotentials is slightly more complicated as additional terms arising from the reduced core
charge must be introduced to the matrix elements.

1.3 Density functional perturbation theory

Lattice vibrations are responsible for many observed phenomena such as the Ra-
man spectra, neutron-diffraction data, specific heat, thermal conductivity, thermal expan-
sion, and bear heavily on other phenomena such as conventional phonon-mediated supercon-
ductivity and finite temperature resistivity. Density functional perturbation theory (DFPT)
is the state-of-the-art method for calculating lattice dynamics from first-principles in con-
densed matter systems.

Density functional perturbation theory is a method of applying linear perturbation
theory within density functional theory. The aim of DFPT is to calculate the derivatives
of the total energy within a system based upon a periodic perturbation of the crystal
lattice. Possibly the greatest advantage of DFPT over other methods of calculating crystal
vibrations such as the frozen-phonon method is that the perturbation may take on any
wavevector. This freedom allows one to avoid the need of using cumbersome supercells to
calculate phonon eigenfrequencies at arbitrary wavevectors.

The array of derivatives calculated through DFPT leads to a dynamical matrix
which can be diagonalized to yield the phonon eigenfrequencies and eigenmodes. The cen-
tral approximation which allows for the application of DFPT in materials is the Born-
Oppenheimer approximation[12]. This approximation asserts that the motion of the elec-
trons, because of their relatively light mass as compared to the nuclear cores, is rapid
enough that from the standpoint of the electrons the atomic cores are stationary. Under



this approximation, the total wavefunction of a system is then separable into the product
of the electronic and nuclear parts (Eqn [LI6]).

\I’total(rla ro,..,rn, R1, Ra, .., Rm) = ¢electrom'c(rla ra,.., rn) X ¢nuclear(R17 Ro, .., Rm)
(1.16)
The electronic coordinates are denoted by r; and the atomic coordinates R;.
Therefore, as the atomic positions are methodically perturbed, the electronic ground state
and total energy can be computed as a function of these perturbations.
To begin, the derivatives of the total energy with respect to the atomic positions
are obtained through the Hellman-Feynman theorem and are given by Eqns. [LT7, T8 [13].

OE [ OVg,(r)
o —/ R, ng(r)dr (1.17)
E &V, (r) ong(r) OVr(r)
oroRr, ~ ) amom, "t | R or, U (1.18)

The change in electron density with an atomic perturbation dn/9dR; can be ob-
tained by linearizing the equations of Section The resulting Eqns. [CTOT.20IT.2T] are
equivalent to the Kohn-Sham equations in a perturbed system. These equations, solved
self-consistently, lead to the matrix of force constants known as the dynamical matirx.

An(r) =4 5 (r) Adn(r) (1.19)
(Hscr — €n)|Athy) = — (AVscr — Aey)|¢n) (1.20)
AVscp(r) = AV(r) + % ﬁ”_(fa/)' dr' + d”zcn(”) ey An(7) (1.21)

It is traditional to express the perturbation to a wavefunction A, (r) as a sum
over all states of the system as in first order perturbation theory. However, a self-consistent
solution to Eqns. [LT9 220, and 21 requires knowledge only of the occupied states and
therefore the computational cost of a perturbative step is similar to that of calculating the
ground state charge density.

Once the variation of the density with respect to atomic perturbation has been
calculated for the symmetry-reduced set of irreducible representations of the crystal in
question, the dynamical matrix is constructed. The eigenfrequencies w are then determined
from the dynamical matrix by Eqn. The eigenvectors of the dynamical matrix give
the real-space motion of the atoms associated with a particular phonon wavevector and
frequency.

1 9*E(R) r
VMM OR0R,

An additional feature of DFPT is that the derivative of the self-consistent potential
Vscor(r) with respect to a phonon perturbation is computed as a part of the protocol of

det

=0 (1.22)



a DFPT calculation. This perturbation is the integrand of the electron-phonon matrix
elements g7, (k,q) = (Yrm|AVgy|[¢k+qn) which is central to the calculations of this thesis.

1.4 Electron-phonon Superconductivity

Since the observation of a vanishing resistivity in liquid-He cooled Hg by H. K.
Onnes in 1911 [14], vast amounts of effort have gone into the field of superconductivity.
Despite the observation of superconductivity in many other elements and compounds, as
well as various insights into the problem [I5] [16], it was not until the seminal papers of
Bardeen, Cooper and Schrieffer (BCS), published in 1957 and resulting in a Nobel Prize
that a comprehensive theory of superconductivity was developed [17, [1§].

It was shown that the Fermi sea is unstable against a pairing of electrons in the
presence of any non-zero attractive interaction. In the finite-temperature BCS ground state,
a fraction of the electrons are condensed into a coherent superfluid, while the remaining
electrons exist in a normal state. As the temperature is raised through the superconducting
transition temperature T,, the fraction of electrons in the superfluid state goes to zero, and
the system as a whole undergoes a second-order phase transition.

In the weak-coupling limit of BCS theory, a perturbation to the non-interacting
electronic Hamiltonian is introduced which couples electrons of opposite spin and momen-

tum. At finite temperatures, an integral equation of the superconducting order parameter
Ay, is obtained (Eqn [[.23)).

Ay BEy
A =— Vigr ——tanh—— 1.23
' Ek': B, 2 (1.23)

Here E, = (ez + Az)l/ 2 and ¢, are the electronic energy eigenvalues while § =
1/kpT. Equation [[.23] can then be solved for the transition temperature which occurs as
A — 0, under a simple approximation that the pairing interaction is constant and present
on energy scales less than ©p. This results in an oft-cited BCS expression for T, given by
Eqn

T. =1.130p exp(—1/N(0)V) (1.24)

A thorough understanding of superconductivity inherently necessitates that the
problem be reframed within a many-body approach. Within conventional phonon-mediated
superconductivity, we can examine supeconductivity through a Green’s function approach
to electron-phonon coupling. In the Green’s function approach, the interaction between
electrons and phonons is treated through the electron-phonon vertex g. The many-body
interaction which contributes to the electron and phonon self-energy can be computed from
the diagrams of Figure [[1]

The evaluation of these diagrams leads to expressions which require the knowledge
of the electron-phonon matrix elements, electronic eigenvalues, and phonon eigenfrequen-
cies.

Of particular interest in the computation of the total electron-phonon coupling
is the phonon linewidth -, and the imaginary part of the phonon self-energy II,, as seen



k k

k+q
(a) = (b)

Figure 1.1: Schematic diagrams of the (a) electron self-energy and (b) phonon self-energy
as calculated through the Green’s function approach to the electron-phonon interaction.

in Fig [[LT(a). Additionally, the electron self-energy of quasiparticles on the Fermi surface
depicted in Fig [[T(b) can be observed through angle-resolved photoemission [I9]. As has
been demonstrated in Refs. [7, §], the Eliashberg spectral function o?F is expressed as
a sum over the contributions from scattering processes which connect electrons through
phonons on the Fermi surface.

a2F(w) = ]VL 25("‘} - wqy)N}?(l/.) Z wk|97,;1n(k7 q)|25(€nk)5(€mk+q)7 (1'25)

9 qu v mn,k

The total electron-phonon coupling parameter X is then an integral over the Eliash-
ber spectral function.

2 !
A= 2/ LiCOFY (1.26)
w

Due to the extensive efforts of McMillan [20], a semi-empirical formula was de-
veloped which relates the superconducting transition temperature T, to the total electron-
phonon coupling strength A, a characteristic phonon frequency wj,, and the strength of the
Coulomb repulsion p*.

Wiog —1.04(1+ N)
T, = _ 1.27
12 <P ( X+ — 0.6200 (1.27)

Values of the Coulomb pseudopotential range between p* = 0.10 —0.15, while wjoq
does not generally differ drastically from the Debye frequency wp. The above equation
for T, provides a very good method for comparing ab inito calculated parameters to the
experimentally measured transition temperature.



Chapter 2

EPW: Efficient calculation of the
electron-phonon interaction

2.1 Introduction

The electron-phonon interaction plays a crucial role in the electron and lattice
dynamics of condensed matter systems. For example, phenomena such as the electrical
resistivity [21] and conventional superconductivity [7] are a direct consequence of the inter-
action between electrons and lattice vibrations. The electron-phonon interaction also plays
an important role in the thermoelectric effect [22]. Other fundamental physical phenomena
such as the Kohn effect [23] and the Peierls [24] distortions are also direct consequences of
the electron-phonon interaction. The electron-phonon interaction is also responsible for the
broadening of the spectral lines in angle-resolved photoemission spectroscopy [19] and in
vibrational spectroscopies [25], as well as for the temperature dependence of the band gaps
in semiconductors [26].

The calculation of the electron-phonon coupling from first-principles is challeng-
ing because of the necessity of evaluating Brillouin zone integrals with high accuracy. Such
calculation requires the evaluation of matrix elements between electronic states connected
by phonon wavevectors [27]. Well-established software packages are available for comput-
ing electronic states and eigenvalues through density-functional theory [28] 29] 30], as well
as phonon frequencies and eigenmodes through density-functional perturbation theory [3].
However large numbers of matrix elements may be necessary to achieve numerical conver-
gence of the Brillouin zone intergrals over these matrix elements.

For example, in order to compute the electronic lifetimes associated with the
electron-phonon interaction it is necessary to evaluate a Brillouin zone integral over all
the possible phonon wavevectors (thousands to millions). Since lattice-dynamical calcula-
tions for each phonon wavevector are at least as expensive as self-consistent total energy
minimizations, achieving numerical convergence in the Brillouin zone integrals over the
phonon wavevectors by brute-force calculations may become a prohibitive computational
task. EPW exploits the real-space localization of Wannier functions to generate large numbers
of first-principles electron-phonon matrix elements through a generalized Fourier interpola-
tion. EPW therefore enables affordable, accurate, and extremely efficient calculations of the
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electron-phonon coupling [31]. The use of maximally localized Wannier functions (MLWF's)
[32, B3] to calculate Brillouin zone integrals with high accuracy has been the object of a
number of other studies [34] 35, [36], 37, B8 [39], 40, 4T}, [42] 43, [44], 45 [46].

In this communication we outline the functionalities of EPW and the details of the
technical release (Sec. II), we review the individual sections of the code (Sec. III), and we
describe its parallel structure (Sec. VI). We then illustrate the capabilities of EPW through
example calculations (Sec. V). We finally discuss some future directions for additional de-
velopment (Sec. VI). Some technical details are given in the Appendix (Sec. VII).

2.2 Functionalities and technical release

EPW is a program written in FORTRAN9O which calculates the electron-phonon cou-
pling from first principles using maximally localized Wannier functions. EPW uses informa-
tion provided by Quantum-ESPRESSO [30] and wannier90 [47], and runs as a post-processing
tool. Electrons are described using density functional theory (DFT) [28, 29] with plane-
waves and pseudopotentials, either separable norm-conserving [48], [49], [50], [51] or Vanderbilt
ultrasoft [52]. Lattice dynamical properties are calculated within density functional pertur-
bation theory (DFPT) [3]. The theoretical background and methodology are thoroughly
described in Ref. [3I]. Examples of quantities [53] which can be computed using EPW
include:

e the total electron-phonon coupling strength A,

e the phonon self-energy associated with the electron-phonon interaction within the
Migdal approximation,

the electron self-energy associated with the electron-phonon interaction within the
Migdal approximation,

the Eliashberg electron-phonon spectral function o F,

the transport electron-phonon spectral function oFr.

EPW is freely available under the GNU General Public License (GPL). The cur-
rent version is developed and maintained using Subversion and is accessible to prospective
developers and end-users at the website epw.org.uk. EPW employs the freely available
FFTW, BLAS, LAPACK libraries in conjunction with several subroutines distributed within
the Quantum-ESPRESSO package. Several subroutines in EPW are based upon modified
Quantum-ESPRESSO subroutines as permitted under the GPL. The parallelization is achieved
through the MPI library specification for message passing. The current version of EPW, v2.3,
includes approximately 9000 independent lines of FORTRAN90 code. In addition to the source
code, several complete example calculations are provided with the EPW distribution.

The inputs to EPW are as follows:

e Phonon dynamical matrices for the wavevectors of a uniform Brillouin-zone grid cen-
tered at I (prefix.dyn files from Quantum-ESPRESSQ). Only wavevectors within the
irreducible wedge of the Brillouin zone are required.
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The derivatives of the self-consistent potential with respect to the phonon perturba-
tions, for the same wavevectors as above (prefix.dvscf files from Quantum-ESPRESSO0).

The electron eigenfunctions and eigenvalues for the wavevectors of a uniform Brillouin-
zone grid centered at I" (prefix.wfc or prefix.save/ files from Quantum-ESPRESSO).

e Norm-conserving pseudopotentials [49] or Vanderbilt ultrasoft pseudopotentials [52],

A plain text input file specifying the runtime parameters.

The electronic wavefunctions are calculated on a uniform grid using Quantum-ESPRESSO.
Dynamical matrices and the derivatives of the self-consistent potential are also computed
within Quantum-ESPRESSO for phonons in the irreducible wedge of the Brillouin zone. When
choosing initial electron and phonon grids, it is necessary that the Brillouin zone grid for
phonons be comensurate with the Brillouin zone grid for electrons in order to map the wave-
functions ¥y,k+q(r) onto ¥k +c(r), with G a reciprocal lattice vector. For example, if the
calculation is performed using a Brillouin zone grid of size 6 x 6 x 6 for the phonons, then
the natural choices for the electronic Brillouin zone grid are either 6 x 6 x 6 or 12 x 12 x 12.
This does not represent a computational bottleneck as phonon calculations are considerably
more time-consuming than non-selfconsistent electronic calculations.

2.3 Computational methodology

2.3.1 Physical quantities

In this section we describe some of the physical quantities which can be calculated
using EPW. The imaginary part of the phonon self-energy within the Migdal approximation
[54, 53] is calculated as:

fenk) — f(€mktq)

I’ =Im wilg%. (k, q)|? —. 2.1
qv %k ’gmn( )‘ €nk — Emkiq — Wav +in ( )

In Eq. (Z1) the electron-phonon matrix elements are given by
gzm(kj q) = <¢mk+q|aquv|7pnk>7 (2'2)

with 9,k the electronic wavefunction for band m, wavevector k, and eigenvalue €y, Oq V'
the derivative of the self-consistent potential associated with a phonon of wavevector q,
branch index v, and frequency wgq,. The factors f(enk), f(€mktq) in Eq. (21)) are the Fermi
occupations, and wy are the weights of the k-points normalized to 2 in order to account
for the spin degeneracy in spin-unpolarized calculations. A very common approximation to
Eq. (21)) consists of neglecting the phonon frequencies wq, and taking the limit of small
broadening 7. The final expression is positive definite and is often referred to as the “double-
delta function” approximation [53]. This approximation is no longer necessary when using
EPW. We note that the imaginary part of the phonon self-energy in Eq. (2.1)) also corresponds
to the phonon half-width at half-maximum g, .
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The electron-phonon coupling strength associated with a specific phonon mode
and wavevector Ay, is given by

_ 1
NquI/

Aqv > wilghn (k@) () (Emicia); (2.3)

mn,k

with & being the Dirac delta function. In the double-delta function approximation the
coupling strength \q, can be related to the imaginary part of the phonon self-energy HZIV
as follows:

1 Mg,
7Np wi,

Aqv = (2.4)
The total electron-phonon coupling A is calculated as the Brillouin-zone average of the
mode-resolved coupling strengths Ay, :

A=) wgdqy (2.5)
qv

In Eq. (2.5) the wq are the Brillouin zone weights associated with the phonon wavevectors
q, normalized to 1 in the Brillouin zone. The Eliashberg spectral function o?F can be
calculated in terms of the mode-resolved coupling strengths A\q, and the phonon frequencies
using:
1
2
a’F(w) = 3 %: WqWarAqr (W — wqp)- (2.6)

The transport spectral function o Fr is obtained from the Eliashberg spectral function a?F'
by replacing A\g, with At q.:

1
azFT(W) =3 quwqu)‘T,qué(W — Wq)s (2.7)
qv
1 Vnk * Vmk+
v = (K 2 n m 1- 4 2.
= Ny 3 bl ) Plenlenra) (1~ VHRES) 2

with v,k = Ve the electron velocity.
The real and imaginary parts of the electron self-energy X,k = X/, +1i%!, can be
calculated as

Enk —9 Z wq|g;jnn(kv q)|2 |: n(WQV) + f(emk-l-q) _ 4 n(WQV) +1- f(ﬁmk—l—q.) :| ’ (29)

av €nk — €mk+q T Wquv — 1 €nk — €Emk+q — Wqu T 11
with n(wq,) the Bose occupation factors.

Another useful quantity which can be obtained through EPW is the phonon-assisted
indirect absorption of photon in semiconductors. In addition to the electron-phonon matrix
elements, this quantity requires knowledge of the momentum matrix elements. These matrix
elements are obtained through a Wannier rotation in the same way that the electronic
Hamiltonian eigenvalues are calculated. The quantity which results from a call to the
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indabs subroutine is aj_,n(w), the indirect absorption coefficient given by Equation 2.10]
[55].

C
Ol pn(w) = 2~ D IN(S1+ 92) P X PO(€jkq — €k — hw & Fuwgy) (2.10)

vijkq

Here hiw and A are the photon energies and polarizations C' = 472e? /n,.cm? and
n, is the refraction index. The generalized matrix elements S; and Ss and the statistics
under the P factor are

pim(k)gp,; (K, q)
o v 2.11
S1(k,q) %: €mk — epsilong;, — hw o
Gira (K, Q)P (K)
) _ v 2.12
Sa(k, q) — €m k+q — EpSilony, & fiwg, =
1 1
P = <nqu + 5 + 5) (fz,k - fj7k+q) (2'13)

where p;;(k) are the dipole matrix elements.

2.3.2 Calculation of the matrix elements on the coarse Brillouin zone grid

The key task of EPW is to calculate from first-principles electron-phonon matrix
elements for a large number of electron and phonon wavevectors with a modest computa-
tional effort. The initial step of this process is to determine the electron-phonon matrix
elements on coarse grids of electron and phonon wavevectors using standard DFT and DFPT
methods [56]. The result of this step is a set of matrix elements given by Eq. (Z2]). The
wavefunctions and the phonon perturbation potentials are read into EPW, then the matrix
elements on the coarse grid are calculated within EPW.

The phonon dynamical matrices and the linear variations of the self-consistent
potential are read from file only for wavevectors in the irreducible wedge of the Brillouin
zone. The dynamical matrices and the potentials variations for all the remaining points of
the uniform grid are generated using crystal symmetry operations. This strategy is advan-
tageous since the computation of the phonon dynamical matrices and potential variations is
generally the most time-consuming part of an electron-phonon calculation. For example, a
system with cubic symmetry requiring a coarse mesh of 8 x 8 x 8 phonon wavevectors needs
only have phonons calculated at 29 irreducible points; hence the reduction in computational
time is a factor of 512/29.

The electron-phonon matrix elements and the dynamical matrices thus calculated
at each point of the coarse Brillouin-zone grid can be written to disk through an input file
option (prefix.epb files). Subsequent executions of EPW can forgo the recalculation of the
matrix elements and dynamical matrices by reading these data from disk.
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2.3.3 Interface with wannier90

wannier90 generates maximally localized Wannier functions by minimizing the
spread of the Berry-phase position operator through a unitary transform [32]. Details on
how to run wannier90 can be found in the wannier90 documentation [47].

In standalone mode wannier90 reads three files generated from a first-principles
calculation (prefix.mmn, prefix.amn, prefix.eig), a file which defines the starting guess
for determining MLWF's and the crystal structure (prefix.nnkp), and a runtime input file
(prefix.win). The execution of wannier90 therefore requires the user to run multiple
programs and handle the files to be passed between wannier90 and Quantum-ESPRESSO. In
order to simplify the calculation of the electron-phonon coupling EPW calls wannier90 as a
library. EPW therefore requires only the wavefunction files from Quantum-ESPRESSO and a
runtime input file in order to determine MLWF's using wannier90. The quantites required
for running wannier90 are either calculated within EPW (for instance the overlap matrices
Apn and My, [47]), or else read in from file (for instance the Kohn-Sham eigenvalues).
These data are then passed from EPW to wannier90 through the wannier run library rou-
tine. This feature of EPW ensures that the execution of wannier90 is embedded within
EPW. Hence the end user is only required to run one single executable which communicates
directly with wannier90. EPW also includes an option to pass additional input parameters
to wannier90. This allows the user to access all the available features of wannier90, such
as for instance plotting bandstructures or MLWFs. When called from EPW, wannier90 pro-
duces the gauge matrix UX = [47], which yields the transformation between Bloch eigenstates
and MWLFs, according to:

WnR. (I‘) = Q— dk e~k Re Z ¢mk (214)

(2m)3 Jp
where wy,r, is a MLWF associated with the direct lattice vector R, € is the unit cell
volume, and the integral is discretized over the Brillouin zone. The array UX, has the
dimensions of the number of Bloch bands times the number of MLWF's times the number
of electronic wavevectors in the coarse Brillouin zone grid. This matrix is written to disk
and can directly be read on subsequent program executions. The array UK is used in EPW
in order to transform Bloch functions into MLWF's.

2.3.4 Transformation from the Bloch representation on the coarse Bril-
louin zone grid to the MLWF representation

After calculating the electron-phonon matrix elements in the Bloch representation
for each wavevector on the coarse electron and phonon Brillouin zone grids, EPW transforms
the electronic Hamiltonian, the phonon dynamical matrix, and the electron-phonon matrix
elements into the Wannier representation. Derivations and detailed explanations of the
following transformations can be found in Ref. [3I]. For clarity the electron band and the
phonon mode indices will be omitted in the following equations. The electronic Hamiltonian
in the MLWF representation eri&R,e is obtained as:

Hy g, = Zwke BRIyl U (2.15)
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In this case the weights wy are normalized to 1. The Hamiltonian matrix elements in the
Wannier representation Hﬁ R, decay rapidly with the distance |R. — R}|, as they scale
with the overlap of MLWFs centered in the unit cells R = R, and R = R/, respectively.
The dipole matrix elements in the MLWEF' representation Pf{ R, are obtalned in the same
manner as the Hamiltonian. This is done as only the electronic states which compose the
Bloch-space matrix element are rotated to obtain the real-space representation.

PR oy =Y wie FRRIGIpelry (2.16)
k

The dynamical matrix can be transformed to a localized real-space representation
using

DR ri = que—iQ'<Ria—Rp> DPhef (2.17)

qq’

where eq are the orthonormal eigenvectors of the dynamical matrix. The matrix DR R,

is the mass-scaled matrix of force constants. The electron-phonon matrix elements in the
MLWF representation are obtained using;:

JRe,Rp) = Z wiewqe K RetaRe) 1t qd(k, q)Uku (2.18)
Np K

where the ug, are the phonon eigenvectors scaled by the atomic masses [31]. In order to
check the spatial decay of Hﬁep, Dg; 0 and g(Re, R;) the magnitude of these quantites as
a function of R and Ry, is written to formatted files in the working directory. A run-time
option allows for all data in the Wannier representation to be written into one single file.
For subsequent calculations these data can be read in and program execution can restart
without the need to go through the prior computational steps.

2.3.5 Tranformation from the MLWF representation to the Bloch repre-
sentation on the fine Brilluin zone grid

The accuracy of EPW calculations depends on the spatial localization of the MLWF's
and the phonon perturbations. Typically MLWF's are localized within a few A[B?, 58]. The
localization of the phonon perturbation is dependent upon the dielectric screening properties
of the system, and must be verified in each case before proceeding with the interpolation
131].

In order to calculate the electronic eigenstates, the phonon frequencies, and the
electron-phonon matrix elements on a fine Brillouin zone grid, the Hamiltonian, the dynam-
ical matrix, and the electron-phonon matrix elements are truncated outside of a real-space
supercell containing Ny and Ng unit cells in the case of electrons and phonons, respec-
tively. Here Ny and Nq are the number of grid points in the coarse Brillouin zone meshes.
Following this truncation it is possible to perform an interpolation back into the Bloch
representation onto arbitrary electron and phonon wavevectors. The Hamiltonian, the dy-
namical matrix, and the electron-phonon matrix elements are Fourier-transformed back to

the Bloch representation by inverting Eqgs. (2.15]), ([2.17), and 2I8) [31].
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The procedure described here enables the calculation of electron-phonon matrix
elements on extremely fine Brillouin zone grids. The fine grids of electron and phonon
wavevectors are specified by the user in input. The procedure adopted here is similar to the
Fourier interpolation of time series commonly adopted in signal processing [59]. The same
strategy as the one employed in EPW has been adopted in order to study Fermi surfaces [34]
and the anomalous Hall effect [36].

At this stage the Hamiltonian, the dynamical matrix, and the electron-phonon
matrix elements on fine grids of electron and phonon wavevectors are used to compute the
physical quantities described in Sec. 2311

2.3.6 Specifying a unique gauge for the electronic wavefunctions

Since nondegenerate electronic wavefunctions are uniquely defined up to a phase,
and a set of degenerate wavefunctions can be mixed via a unitary matrix, electron-phonon
matrix elements are machine dependent. In some cases it may be convenient to use electron-
phonon matrix elements outside of EPW, for instance in the study of phonon sidebands in
excitonic spectra [60], or in the phonon-assisted Auger recombination [6I]. In order to
meaningfully use the electron-phonon matrix elements generated by EPW outside of the code
it is necessary to define uniquely the phase of each wavefunction as well as the way in which
degenerate wavefunctions are mixed.

In order to set the gauge of each wavefunction in EPW we proceed as follows. First,
we determine the subset of degenerate wavefunctions at each wavevector on the coarse mesh.
Then we artificially lift the degeneracies by diagonalizing the subset of degenerate states
with respect to a small external perturbation. In principle the perturbation could take on
any form, however for convenience EPW employs a nonlinear combination of the data found
in the prefix.dvscf files. Finally, the Fourier components of each wavefunction are scaled
by a complex factor exp(i6) in such a way that the largest component of each wavefunction
is real-valued. In this way, the machine dependence of the matrix elements is eliminated.
This procedure is explained in detail in Ref. [31].

2.3.7 Summary of the tasks executed by EPW

The computational steps described in the previous sections can be summarized
schematically as follows:

1. Electron eigenstates and eigenvalues are read from disk,
2. wannier90 input data including the overlap matrices A, and M,,, are computed,

3. wannier90 is called as a library, and the resulting MLWF localization matrix is stored
on disk.

4. The electron-phonon matrix elements are computed on a coarse grids of electron and
phonon wavevectors in the Bloch representation,

5. The Hamiltonian, dynamical matrix, and electron-phonon matrix elements are trans-
formed from the Bloch representation to the MLWEF representation,
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6. The Hamiltonian, dynamical matrix, and electron-phonon matrix elements are Fourier-
transformed back to the Bloch representation on arbitrarily dense grids of electron
and phonon wavevectors,

7. The electronic eigenvalues, phonon frequencies, and electron-phonon matrix elements are
processed in order to calculate physical quantites such as, for instance, the electron
self-energy or the electron-phonon coupling strength.

2.4 Parallelization

EPW is designed and optimized to be executed on multiple processors. Within the
Quantum-ESPRESSO package, parallel tasks are split into processor “pools”, where each pool
is allocated a set of electronic wavevectors k. If there is more than one processor within
each pool, the reciprocal space G-vectors for describing the wavefunctions are split amongst
the processors of that pool. EPW can be executed in parallel by splitting the calculation over
electron or phonon wavevectors. EPW is not parallelized over the reciprocal-space -vectors.
The parallelization strategy in EPW is tailored to each step of the computation. As execution
of EPW begins, the coarse k-point mesh is generated and distributed amongst the available
pools, as in Quantum-ESPRESSO.

Most of the inputs to the wannier90 such as the lattice and reciprocal vectors are
passed through Quantum-ESPRESSO and EPW. Important exceptions are the overlap matrices
A and M,,,,. Within EPW the computation of the overlap matrix elements is distributed
across the coarse grid k-point pools. As the elements of the matrices A,,, and M,,, are
computed independently, the execution time of this step scales inversely with the the number
of pools.

wannier90 is executed serially on each processor through a library call. The time
required to determine MLWF's is negligible as compared to the computation of the electron-
phonon matrix elements on the coarse Brillouin zone grids.

The electron-phonon matrix elements on the coarse Brillouin zone grid are com-
puted sequentially for each phonon wavevector, while the electron wavevectors are dis-
tributed across pools.

The computation of the electron-phonon matrix elements on the fine Brillouin zone
grids is parallelized over electronic or phonon wavevectors depending on the calculation
type. For example, when calculating the phonon self-energy an integration is required over
electronic wavevectors. In this case the most convenient strategy is to parallelize over the
electronic wavevectors. The converse is true for the calculation of the electron self-energy.
In those cases where the final quantity requires integrations over both electron and phonon
wavevectors, such as the total electron-phonon coupling strength, the efficiency of EPW is
independent of the choice of the parallelization scheme.

Figure 2.1 shows the efficiency of our parallelization strategy for various sections
of EPW for the test case of hole-doped SiC. This example is included for reference in the EPW
distribution.
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Figure 2.1: Parallelization of EPW: speedup vs number of processors observed in parallelizing
a) the generation of MLWFSs, b) the calculation of the electron-phonon matrix elements on
the coarse Brillouin zone grids, c) the interpolation of the electron-phonon matrix elements
to the fine Brillouin zone grids as well as the computation of the phonon self-energy. Panel d)
displays the speedup observed to perform the entire computation including the initialization
step and the intermediate I/O. The speedup is defined as the ratio between the time it takes
to run a calculation on a single processor and the time it takes to run the same calculation
on a given number of processors. The diagonal dotted lines correspond to the ideal speedup,
which is equal to the number of processors employed. The calculations have been performed
for hole-doped SiC in the rigid-band approximation. The unit cell contains 2 atoms. The
blue line corresponds to a calculation with coarse Brillouin zone grids containing 6 x 6 X 6
k- and g-points, a kinetic energy cutoff of 30 Ry, and fine Brillouin zone grids containing
1000 points each. The red line corresponds to a calculation with coarse Brillouin zone
grids containing 8 x 8 x 8 k- and g-points, a kinetic energy cutoff of 60 Ry, and fine k-
and g-points grids containing 10% and 104 points (the irreducible points of a uniform and
unshifted 14 x 14 x 14 grid), respectively. The parallelization becomes more efficient as the
number of electron and phonon wavevectors in the fine Brillouin zone grids is increased.

2.4.1 Calculations “on the fly”

The interpolation part of EPW can be executed in two different modes. In the first
mode EPW calculates all the electron-phonon matrix elements for every k- and g-point of the
fine Brillouin zone grids, and stores this information to disk. The subroutines for calculating
the electron or phonon self-energy are then called and the matrix elements along with the
electronic eigenvalues and the phonon frequencies are read from disk in order to evaluate
Egs. 1), 2.9).

In the second mode of operation, the electron or the phonon self-energy are cal-
culated “on the fly” as the matrix elements are generated, and all the quantities are over-
written. In this case the matrix elements are not stored on disk.

This feature allows us to address systems for which the storage required for the
electron-phonon matrix elements would be exceedingly large. For example, if the fine elec-
tron and phonon Brillouin zone grids consisted each of 10° wavevectors, and we had 8 ML-
WEFs and 6 phonon modes, then the entire set of double precision matrix elements would
require more than 1 TB of storage. On the other hand the calculation on the fly would
reduce the storage requirement down to a manageable size of 1 TB.
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2.5 Examples

In the following we illustrate the capabilities of EPW by describing three prototypical
systems: (i) Lead, a simple metal which is also a strong-coupling superconductor. (ii)
Graphene, a two-dimensional zero-gap semiconductor with linear quasiparticle dispersions
close to the Fermi level. (iii) Silicon carbide, a wide-gap semiconductor which becomes a
low-temperature superconductor upon boron doping.

2.5.1 Lead

Solid Pb is the prototypical strong-coupling superconductor. While the super-
conducting transition temperature of Pb is less than 10 K, the electron-phonon coupling
strength has been measured and calculated to be very large, in the range of A = 1.3 0.1
[62 63 [64], 65], [66].

In this section we present an example calculation of the electron-phonon cou-
pling in bulk Pb and we compare our results to experimental data. The calculations
were performed within the local-density approximation to density functional theory us-
ing Quantum-ESPRESSO, wannier90, and EPW. A norm-conserving, scalar-relativistic pseu-
dopotential including four valence electrons was used to take into account the core-valence
interaction. The electronic states were computed within a plane-wave basis with a kinetic
energy cutoff of 80 Ry. The charge density was computed self-consisently on a 16 x 16 x 16
I'-centered Brillouin zone grid. The electronic wavefunctions used within EPW were calcu-
lated on an 8 x 8 x 8 uniform Brillouin zone grid. The phonon dynamical matrices and
the linear variations of the self-consistent potential were calculated within DFPT using the
Quantum-ESPRESSO package, using the same convergence parameters as above. We consid-
ered a uniform 8 x 8 x 8 Brillouin zone grid for the phonon calculations, corresponding to
29 irreducible phonon wavevectors.

Four Wannier states were used to reconstruct the electronic structure near the
Fermi level. These states were found to be sp-like functions localized symmetrically along
each of the Pb-Pb bonds, with a spatial spread of 2.17 A. The spatial decay of the electron
Hamiltonian, the phonon dynamical matrix, and the electron-phonon matrix elements in
the MLWF representation are shown in Fig.

In order to calculate the phonon linewidths and the total electron-phonon coupling,
the electron Hamiltonian, the phonon dynamical matrix, and the electron-phonon matrix
elements were transformed from the MLWF representation to the Bloch representation by
the generalized Fourier interpolation described in Sec. By using 10 k-points, 8000 g-
points, and a smearing parameter of 30 meV, we obtained a total electron-phonon coupling
strength A = 1.41. The Eliashberg spectral function o® F(w) is shown in Fig. B3] together
with the experimental curve obtained by inverting tunneling data [62]. Our method clearly
yields a very good agreement with experiment.

For comparison with experiment we also calculated the superconducting transi-
tion temperature 7. starting from the total electron-phonon coupling. We adopted the
modified McMillan equation [67] and a Coulomb repulsion parameter p* between 0.10 and
0.15, obtaining T, equal to 4K to 6K respectively. This result compares favorably to the
experimental value 7.2 K.
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Figure 2.2: Spatial decay of the largest components of the Hamiltonian Hl(%c,o (a), the

dynamical matrix Dfp{}; o (b), and the electron-phonon matrix elements g(0,R,;) (c) and

g(Re,0) (d) for fcc Pb. The data are plotted as a function of distance and are taken along
several directions.
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Figure 2.3: Eliashberg spectral function of fcc Pb. The solid line is from Ref. [62], the
dashed line has been obtained using EPW.
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2.5.2 Graphene

Graphene is a two-dimensional sheet of carbon atoms which has attracted enour-
mous attention from the scientific community due to its peculiar electronic properties [68],
and in particular the Dirac-like nature of electrons near the Fermi level [69, [70]. Consid-
erable attention has been paid to the measurement of many-body renormalization effects,
such as the effect of the electron-phonon interaction on the electronic bandstructure, using
for instance angle-resolved photoemission experiments [71].

We here present the results of an electron-phonon calculation on a sheet of free-
standing graphene [39]. The local density approximation to density functional theory was
employed in conjunction with a norm-conserving carbon pseudopotential. A plane wave
basis with a kinetic energy cutoff of 60 Ry was used. The graphene sheets were separated
by a vacuum of 8 A in a supercell geometry in order to eliminate spurious interactions
between periodic replicas. The relaxed C-C bond length was found to be 1.405 A.

Three in-plane bonding Wannier functions, two p,-like Wannier functions (one per
each carbon atom), and two s-like Wannier functions directly above and below the center of
the hexagon (away from the graphene plane by 1.57 A) in the two-atom unit cell were used
to describe the electronic structure. The spatial spread of these MLWF's are 0.565 A, 0.782
A, and 1.726 A, respectively. The spatial decay of the electron Hamiltonian, the phonon
dynamical matrix, and the electron-phonon matrix elements in the MLWF representation
for a 6 x 6x 1 grid are shown in Fig. 241

The electron self-energy was computed and the integral of of Eq. (Z9) was per-
formed with 10 phonon g-vectors, obtained through the interpolation method of this com-
munication. The mass renormalization parameter, \,x has been obtained as an energy
derivative of the electron self-energy as in A\, = %Re Yrk(€nk)|e=cp. The results of the
calculations of the real and imaginary parts of the electron self-energy as well as the electron-
phonon coupling parameter as a function of Fermi energy are given in Fig.

2.5.3 Silicon carbide

The possibility of achieving superconducting behavior in semiconductors has re-
cently attracted considerable interest, and several experimental [72] [73] and theoretical
[74, 43, [75], 138, [76] [77), [78), [79] studies have been performed on this class of materials. Boron-
doped SiC is a promising candidate because of its potential uses in power electronics owing
to its large breakdown voltage.

For this test case we performed electron-phonon calculations on a rigid-band model
of 4% hole-doped cubic SiC. For our calculations we employed the local density approxi-
mation to density functional theory, norm-conserving pseudopotentials, and a plane wave
basis with a kinetic energy cutoff of 60 Ry. The relaxed lattice parameter was found to be
4.34 A, in good agreement with the experimental value of 4.36 A. EPW was executed using
coarse meshes of 8x 8 x8 uniform grids of electron and phonon wavevectors. Four Wan-
nier functions per formula unit were considered to describe the valence electronic struture.
MLWF's were found to be sps-like functions with an average spread of 1.15 A. The spatial
decay of the electron Hamiltonian, the phonon dynamical matrix, and the electron-phonon
matrix elements in the MLWF representation are shown in Fig. We calculated the total
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electron-phonon coupling strength A = 0.34 using 250,000 k-points and 8000 g-points. The
superconducting transition temperature was calculated using a Coulomb repulsion param-
eter u* = 0.1 and was found to be T, = 1 K. Our result is in good agreement with recent
experimental data yielding T, = 1.4 K[72].

2.6 Conclusion

In this communication we introduced EPW, a computer code for calculating the
electron-phonon coupling from first-principles using density functional perturbation theory
and maximally localized Wannier functions. EPW enables extremely accurate and highly
efficient calculations of the mode-resolved and total electron-phonon coupling strength,
as well as phonon and electron linewidths. The code is distributed through the website
http://epw.org.uk and is available under the terms of the GNU General Public License.
Plans are in place to extend EPW in order to implement the anisotropic Eliashberg theory
[80], the density functional theory for superconductors [811 82], and phonon-assisted optical
responses [83].
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Chapter 3

Superconductivity in transition
metal carbides

The discovery of superconductivity at 39 K in magnesium diboride [84] has gen-
erated a renewed interest in phonon-mediated superconductors containing light elements.
Within this class of materials, carbon and nitrogen compounds have attracted consider-
able attention following the synthesis of alkali-doped fullerenes, layered hafnium nitride,
metal-intercalated graphite, and boron-doped diamond, which have been reported to su-
perconduct at 33 K [85], 25 K [86], 11 K [87] and 4 K [73], respectively. Among the binary
carbon compounds, the carbides of the group IVb, Vb, and VIb transition metals (including
WC, TiC, TaC, and HfC) exhibit exceptional mechanical properties, with Young moduli as
large as 530 GPa and melting temperatures above 3000 K [88]. The mechanical hardness
of transition metal carbides has been suggested to originate from bonding combinations of
metal d and carbon p orbitals which strongly resist shear strain or shape change [89] 90]. If
a similar mechanism were active in the superconducting pairing, combined with the large
frequencies of the optical phonons (~80 meV), this would result in high superconducting
transition temperatures [91]. However, experiments performed on carbides and nitrides of
the groups IVb, Vb, and VIb transition metals indicate transition temperatures not exceed-
ing 17 K [88]. It is important to understand why such a mechanism seems ineffective in the
superconductivity of the carbides, and whether it can be enhanced by chemical doping in
order to optimize the transition temperature.

The carbides of the groups IVb and Vb transition metals exhibit similar structural,
electronic, and vibrational properties [88]. These compounds all crystallize in the rock-
salt structure with similar lattice parameters. The vibrational spectra display acoustic
peaks between 10-30 meV and optical peaks at 60-90 meV. Despite these similarities, group
Vb transition metal carbides exhibit superconductivity in the range 7-11 K [92], while
the IVb compounds have not been observed to superconduct above 0.1 K [93]. These
different superconducting properties have variably been ascribed to Kohn anomalies in
the vibrational spectra [94] or nesting effects of the associated Fermi surfaces [95] [96].
While those studies provided significant insight into the superconductivity of transition-
metal carbides, a comprehensive study of the interplay between phonon softening, Fermi
surface nesting, and carrier concentration in these materials, along with its effect on the
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superconducting properties, is not available.

The investigations of superconductivity in transisiton-metal carbides are performed
by focusing on two representative compounds, one for each group: HfC (IVb) and TaC (Vb).
Using EPW, we show that superconductivity in TaC relates to a nesting of the corresponding
Fermi surface with large connecting wavevectors. On the other hand, in HfC the Fermi
surface does not exhibit a significant nesting and the associated transition temperature
is negligibly small. The microscopic mechanism of the pairing is shown to consist of the
coupling of the metal d states to acoustic zone-edge vibrations. In view of optimizing the
transition temperature, we study the variation of the electron-phonon coupling strength
with changes in the chemical potential, as well as the onset of structural phase transitions
driven by doping through phonon softening.

Calculations were performed within the local density approximation [28] to density
functional theory. The valence electronic wavefunctions were expanded in a plane-wave basis
with a kinetic-energy cutoff of 90 Ry, and the core-valence interaction was taken into account
through norm-conserving pseudopotentials [50} 48]. The lattice dynamical properties were
computed in the harmonic approximation using density functional perturbation theory [3].
Superconductivity was studied within the isotropic approximation to the Migdal-Eliashberg
theory [53]. The evaluation of the electron-phonon coupling strength Aq and the Eliashberg
function o F'(w) required a very dense sampling of the electron-phonon scattering processes
throughout the Brillouin zone [31]. We achieved such a dense sampling by means of our
first-principles interpolation scheme [38] [31] based on maximally localized Wannier functions
132].

In this work we considered 8 electronic Wannier functions spanning an energy
range of +4 eV from the Fermi level. These correspond to 5 metal d states and 3 carbon p
states. We computed the electron-phonon matrix elements starting from an initial Brillouin
zone mesh with 6 x 6 x 6 points, corresponding to a real-space interaction range of 27
A between image Wannier functions in neighboring supercells [3I]. The fine grid for the
Brillouin zone integration consisted of 20 x 20 x 20 unique points obtained by randomly
translating a uniform mesh.

Figure[3.Jlshows the calculated phonon dispersions for TaC and HfC along relevant
high-symmetry directions in the Brillouin zone. Our calculations are in good agreement with
the dispersions derived from neutron scattering experiments [97]. Pronounced softenings are
observed for the acoustic branches of TaC [Fig. Bl(c)] at wavevectors corresponding to the
L point, to points at 0.7 I'X, and 0.9 TK in the Brillouin zone. Taken together, these points
define a cubic Kohn-anomaly surface in the Brillouin zone [92], with the corners touching
the eight L points and the faces bulging out along the A directions. Analogous anomalies
can be observed in the vibrational spectra of the other group Vb transition metal carbides
NbC and VC [97, 08]. Such a Kohn-anomaly surface is not observed in HfC, consistent
with the other group IVb compounds ZrC and TiC [97, [99]. Nonetheless, close to the zone
center the optical phonons of HfC appear significantly softer than what is expected on the
basis of a mass scaling argument between HfC and TaC [Fig. BI].

The softening of the acoustic branches in group Vb carbides has been associated
with the topology of the corresponding Fermi surface [95]. The Fermi surface of TaC
consists of six arms extending from I' along the A directions [Fig. B.I}(a)], and exhibits
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important nesting features associated with several wavevectors connecting the parallel faces
of the arms. Together, these nesting wavevectors define precisely the Kohn-anomaly surface
discussed above. In the case of HfC, the Fermi surface consists of a small spheroid centered
at the I' point and six pockets elongated along the A directions. The softening of the zone-
center optical phonons of HfC reflects the increased electronic susceptibility for wavevectors
corresponding to transitions within the spheroid and within each pocket.

In order to identify the phonons which are relevant to the superconducting pair-
ing, we calculated the electron-phonon coupling strength A(q) [see Eq. (7.23) of Ref. [§]]
using our Wannier interpolation scheme. For clarity we consider here the average cou-
pling strength corresponding to the acoustic [Aac(q)] and to the optical [Aop(q)] branches
(Fig. B:2). In the case of TaC, the primary contribution to the acoustic coupling strength
arises from wavevectors belonging to the cubic Kohn anomaly surface discussed above.
This finding is consistent with the observation that the electron-phonon coupling strength
A(q) and the renormalization of the phonon dispersions are both related to the phonon
self-energy. The optical modes of TaC appear to offer no significant contribution to the
coupling strength. In the case of HfC, both the acoustic and optical branches display sig-
nificant structure near the zone center, consistent with the softening discussed in relation
to Fig. BIld). In order to quantify the contributions arising from the acoustic and optical
modes to the electron-phonon coupling strength in TaC and HfC we computed the Eliash-
berg spectral function o F(w) [53], and the corresponding isotropic coupling strength X [Fig.
B.3]. Consistent with the analysis carried out in relation to Fig. B2l the optical phonons do
not play any significant role in the superconducting pairing of TaC ()\Egtc = 0.12) and HfC
()\ggg = 0.15). On the other hand, the acoustic phonons provide an important contribution
to the pairing in the case of TaC (AJ2¢ = 0.62), while they remain ineffective in the case of
HfC (MHC = 0.09). Inspection of the Eliashberg function and the phonon density of states
(Fig. B3] shows that, in the case of TaC, the spectral weight of o F(w) is largely enhanced
in the acoustic modes, in line with the preceeding discussion. The calculated coupling
strengths can be used to obtain an estimate of the superconducting transition temperatures
of HfC and TaC. For this purpose we used the McMillan equation with a Coulomb pseu-
dopotential p* = 0.13 [8], and obtained T, = 8.3 K for TaC and T, <~ 0.01 K for HfC,
consistent with the experimental values 10.3 K and <0.015 K, respectively [88] [93].

The differences in the coupling of Fermi surface electrons to the acoustic and
optical phonons in Ta and Hf carbides can be rationalized by inspecting the Wannier-
projected electronic density of states [Fig. B.4l(a)]. The Fermi level of HfC lies near a
minimum of the density of states, with partial 2p and 5d densities of 0.38 states/(eV cell)
and 0.39 states/(eV cell), respectively. The Fermi level of TaC lies 1.35 eV above the
corresponding one of HfC, with partial 2p and 5d densities of 0.24 states/(eV cell) and 0.78
states/(eV cell), respectively. Surprisingly, while the acoustic coupling in TaC is a factor
Aggc / /\chc ~ 6.9 larger than in HfC, the corresponding ratio between the partial 5d density
of states is only 0.78/0.39 ~ 2. This indicates that the difference in the electron-phonon
coupling strengths A of HfC and TaC cannot be ascribed to a simple density-of-states effect.
This observation is supported by the analysis of the the nesting function [Fig. 1 (e) and
(f)][100] indicating pronounced features arising from the flat parallel sheets of the Fermi
surface of TaC, superimposed to the characteristic 1/q background.



zaiii!%‘l‘iiiip> :

29

|
o
(@)
O
~

w o
S O

0O

Nesting Energy (meV)
S
AN

Functiony 5
O

s
o

(f)

—

Figure 3.1:

r

XK

L

=

XK

r

(Color online) Top: Fermi surfaces of (a) TaC and (b) HfC, Middle: phonon

dispersions of (e) TaC and (f) HfC (solid lines), together with the experimental data of Ref.
[97] (circles). The dashed lines in (d) correspond to the dispersions of TaC after rescaling the
Ta mass to the Hf value. The arrows indicate the wavevectors exhibiting Kohn anomalies.
Bottom: Nesting functions of (e) TaC and (f) HfC (arbitrary units).
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HfC optical (104

Figure 3.2: (Color online) Intensity plot of the electron-phonon coupling strength A(q)
in the q = (¢z,qy,0) plane of the Brillouin zone. Top: average electron-phonon coupling
strength in TaC for acoustic (a) and optical (b) modes. Bottom: average coupling strength
in HfC for acoustic (c¢) and optical (d) modes.
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Figure 3.3: (Color online) (a) Eliashberg function o F'(w) for TaC (solid) and HfC (dashed).
We show the partial contributions to the electron-phonon coupling strength A next to each
curve. (b) The corresponding vibrational density of states F'(w) in units of modes per meV
per unit cell.
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Figure 3.4: (Color online) (a) Wannier-projected density of states for TaC and HfC: C-
2p (dashed) and metal-5d (dotted) partial density of states, and total density of states
(solid). The vertical lines denote the Fermi levels of HfC and TaC. (b) Phonon softening
vs. doping in HfC (dashed) and TaC (solid): shown is the doping-dependent frequency of
the softest mode for each material. (c¢) Electron-phonon coupling A as a function of electron
concentration for HfC (dashed) and TaC (solid).
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These results allow us to outline the following picture of the electron-phonon
interaction and the superconducting pairing in the transition metal carbides HfC and
TaC: (i) the optical modes do not couple significantly to the Fermi surface electrons.
This behavior results from the small mass ratio between the carbon and the metal atoms
(mc/mue,Ta =~ 1/15, which implies that optical vibrations involve primarily the C atoms),
as well as from the small partial density of 2p states at the Fermi level. (ii) The acoustic
modes mainly couple to the metal 5d electrons. This follows from the large 5d density
of states at the Fermi level, and the fact that acoustic modes involve significant displace-
ments of the metal atoms. (iii) The Fermi surface of TaC offers significant phase space
for electron-phonon scattering with large wavevectors, g ~ 0.7 (we adopt reciprocal lattice
units throughout), while (iv) in the case of HfC the nesting vectors are considerably smaller
in magnitude, ¢ <~ 0.2, and the associated phase space is negligible. Therefore, while a
similar atomistic mechanism operates in both HfC and TaC, the different Fermi surface
topology leads to substantially different electron-phonon interaction strengths. These ob-
servations indicate that the superconductivity in TaC arises from the coupling of metal d
states to acoustic phonons with large wavevectors, and is strongly enhanced by a pronounced
Fermi surface nesting. As a consequence, the mechanical hardness of this compound, for
which carbon p states play a crucial role [89], appears to be essentially unrelated to the
superconductivity.

The understanding developed so far allows us to discuss directions for optimizing
the superconducting transition temperature of super-hard carbides. Due to the close con-
nection between the Fermi surface topology and the superconductivity in these compounds,
we consider the possibility of optimizing the Fermi surface nesting via substitutional dop-
ing. The similarity between the band structures of HfC and TaC suggest that a simple
rigid-band model should be suitable for discussing trends. Since a change in the electron
concentration will induce a renormalization of the phonon dispersions, we calculated the
renormalized vibrational frequencies to identify the stability range of the lattice. Figure
[3.4lb) shows that the addition of 0.32 el/cell to TaC results into a lattice instability driven
by a soft longitudinal acoustic (LA) phonon with wavevector q = (0.75,0,0). On the other
hand, a lattice instability associated with a q = (0.16,0.50,0.64) soft LA mode develops in
HfC following the removal of 0.41 el/cell. The instability of electron-doped TaC predicted
here is consistent with the fact that stoichiometric group VIb WC is not observed in the
cubic structure [88]. Figure B.4)a) shows that in order to enhance the contribution of the
p-states to the electron-phonon coupling, the Fermi level should lie 3 eV below the one
of undoped HfC. However, the hole-doping required to produce such a Fermi level shift
is well beyond the threshold for the onset of the lattice instability [Fig. B.4l(b)]. In Fig.
B.4c) we show the electron-phonon coupling strength A recalculated for both HfC and TaC
after varying the electron concentration. We calculated the renormalization of the vibra-
tional frequencies using the real part of the phonon selfenergy in the Migdal approximation
[38]. Within the stability range of the respective lattices, Fig. [3.4] shows that the coupling
strength of HfC is not very sensitive to the doping, while for TaC it can reach values as high
as A = 1.4 at the onset of the instability. Using this result with the McMillan equation we
find that electron-doping of TaC may increase the superconducting transition temperature
up to 23K.
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We have shown that the atomistic origin of the superconducting pairing in HfC
and TaC resides in the coupling of the transition metal d electrons to acoustic phonons. The
large difference in the interaction strengths between group IVb HfC and Vb TaC results
from the pronounced nesting of the Fermi surface in TaC. Since the other carbides of IVb
and Vb transisition metals are isoelectronic to HfC and TaC and exhibit similar lattice
dynamical properties, the mechanisms identified in the present work are expected to apply
to the entire class of transition metal carbides. More generally, the present study shows that
the understanding and design of phonon-mediated superconductors involving light elements
and transition metals requires a fine analysis of the delicate interplay between phonon
softening, carrier concentration, and Fermi surface topology.
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Chapter 4

Superconductivity in boron-doped

SiC

Silicon carbide is a promising material for a variety of emerging applications. Its
large bandgap, high breakdown field, and high melting point make it ideal for uses in
high-power devices, radiation tolerant electronics [I01], and optoelectronics [102]. Recent
observations of superconductivity in B-doped samples of 3C-SiC [103] introduce the possi-
bility of additional technological applications for this material.

The superconducting properties of semiconductors were predicted several decades
ago [75], and the discovery of superconductivity in boron-doped diamond [73] and silicon
[104] sparked significant interest in this research area. The critical temperature of doped
diamond has been raised above 11 K since the original discovery [105]. However, diamond-
based devices are still impractical for applocations [106]. On the other hand, although
silicon electronics benefits from a well-established industrial infrastructure, B-doped silicon
undergoes a phase transition to the superconducting state at the very low temperature of
0.3 K, and the gas immersion laser method used to achieve the required levels of doping is
a challenging technique [104]. Within this framework, silicon carbide stands as a promising
compromise between the former two materials: (i) the infrastructure for producing SiC is
already well established and (ii) boron-doping can be achieved without major difficulties.

In this chapter we investigate from first-principles the origin of superconductivity
in boron-doped silicon carbide. First, we study the electron-phonon coupling strength in
the cubic polytype 3C of silicon carbide by simulating the hole-doping through a rigid-band
model. Then, we consider the electron-phonon interaction in a supercell model of the 3C-SiC
to validate our results. Finally, we determine the relative strength of the electron-phonon
coupling in different polytypes of silicon carbide. Our investigation indicates that the total
coupling strength ranges from A = 0.21 to A = 0.34 among all polytypes considered. Using
the McMillan equation with Coulomb parameter p* = 0.1 [67], we obtain superconducting
transition temperatures between 0.01 K and 1.1 K, in good accord with experimental data.

SiC polytypes consist of tetrahedrally bonded silicon and carbon atoms. The
structural difference among the polytypes results from the stacking of the silicon-carbon
tetrahedra along the c-axis. For example, the stacking in 2H-SiC corresponds to a periodicity
of two layers of Si and C (AB), while the stacking in 6H-SiC corresponds to a periodicity
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of six layers (ABCACB). In this work we first discuss the cubic polytype 3C-SiC because
the superconducting samples in the experiment of Ref. [I03] were reported to be primarily
of the 3C type. We then extend our investigation to the 4H-SiC and the 6H-SiC polytypes
which are important for device applications [107), 108].

In the original experiment of Ref. [103] 3C-SiC samples were synthesized with a
4% concentration of boron. Structural analysis indicated that B dopants substitutionally
replaced the C atoms. In our calculations we considered two distinct doping levels. First, we
studied 3C-SiC with a realistic boron concentration of 3.7%. In this case we explore both
a rigid band model (for the electronic structure, the lattice dynamics, and the electron-
phonon interaction, model I-RB in the following) and a 3 x 3 x 3 supercell model (for
the electronic structure, model I-SC). Then, we studied 3C-SiC with a B concentration of
12.5%, substantially larger than in the original experiment [103]. In this latter case we
compared again a rigid band model (model II-RB) with a 2 x 2 x 2 supercell model (for
which we studied the electronic structure, the lattice dynamics, and the electron-phonon
coupling, model II-SC). The calculations for the other polytypes were all performed within
the rigid-band approximation. We described the electronic structure using the local density
approximation [29, [51] to density functional theory, within a planewave pseudopotential
scheme [28] 50, 48]. We calculated the lattice dynamical properties using density-functional
perturbation theory [3], and the electron-phonon coupling parameter using an interpolation
scheme [31] based on maximally-localized Wannier functions [32, 33]. We used a plane-wave
kinetic energy cutoff of 60 Ry, and Brillouin-zone coarse grids with 29 irreducible points for
the electron-phonon calculation. The electronic energies, phonon frequencies, and electron-
phonon matrix elements were interpolated according to Ref. [31]to grids containing 8000
(1000) unique phonon wavevectors and 125000 (8000) unique electron wavevectors for the
rigid-band (supercell) models.

Figure [£1] shows a comparison between the band structures of 3.7% B-doped 3C-
SiC calculated within the rigid band model, I-RB, and within the supercell model, I-SC.
In both cases, the doping has the effect of lowering the Fermi level below the top of the
valence band. As a result, a small multi-sheet Fermi surface emerges around the center
of the Brillouin zone. Importantly, the dopants do not introduce localized states in the
band gap. The close similarity between the electronic bands of model I-RB and model I-SC
around the Fermi level provides a justification for the use of the rigid-band approximation
to describe the electronic structure of B-doped SiC. This finding is analogous to what had
already been observed in the case of B-doped diamond [79] 38]. Our results are consistent
with previous experimental work on SiC showing that the Mott metal-to-insulator transition
occurs at a hole-doping concentration of 102! cm™3 [109]. In fact, the dopant concentration
considered here, corresponding to a hole concentration of 2 x 102! cm™3, clearly lies within
the metallic regime, consistent with Fig. 4.1l

Figure shows the phonon dispersions calculated for pristine and for hole-doped
3C-SiC. In the case of pristine 3C-SiC, the calculated phonon dispersions are in good agree-
ment with the experimental data of Ref. [110]. In particular, we find a splitting of 23
meV between the longitudinal optical (LO) and the transverse optical (TO) phonons at
the I' point, in accord with the measured value of 21 meV. In order to discuss the lattice
dynamics of B-doped SiC, we first present our results for model I-RB and then extend our
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Figure 4.1: (Color online) (a) Band structure of 3.7% B-doped 3C-SiC: model I-RB (solid
blue lines) and model I-SC (dashed red lines). The zero of energy is set to the top of the
valence bands, and the Fermi level is indicated by the horizontal line. (b) Electronic density
of 3.7% B-doped 3C-SiC: model I-RB (solid blue line), and model I-SC (dashed red line).
The density of states at the Fermi level is similar in the two models (0.18 states/eV /cell in
model I-RB and 0.23 states/eV/cell in model I-SC). In the supercell model we do not find
impurity states within the band gap.

discussion using models II-RB and II-SC. In model I-RB, upon doping the LO-TO splitting
is closed by the metallic screening and the optical phonons become degenerate at the zone
center. From pristine to hole-doped SiC the TO mode at I' is softened by 5.5 meV and
the LO mode by 26.5 meV, similarly to the cases of boron-doped diamond [I11] and silicon
[104]. The dispersions throughout the rest of the Brillouin zone are only weakly affected
by the doping. This is also similar to the case of boron-doped diamond where the opti-
cal phonons are softened only if their wavevector is smaller than ~2kp (kr is the average
radius of the Fermi surface in reciprocal space) [77, 38]. In Refs. [79, B8] it was pointed
out that B-doped diamond exhibits partially localized vibrational modes associated with
the dopant. These modes give rise to a nondispersive feature below the optical branches
[38] and cannot be described by a rigid-band model. In order to check for the existence
of those modes in the case of SiC, we un-folded the phonon dispersions of the supercell
model II-SC into the Brillouin zone of pristine SiC following Ref. [38]. Figure indicates
that the acoustic modes of the II-RB and II-SC models align closely. The branch splitting
at zone-edges arises from the impurity potential in the heavily doped supercell. As in the
case of boron-doped diamond, the optical modes exhibit a non-dispersive feature below the
optical branches, associated with localized motion around the boron atoms. However, in
contrast to the case of B-doped diamond, the impurity branch has negligible contribution to
the total electron-phonon coupling [cf. the Eliashberg spectral function in Fig. [4.2l(d)]. This
finding indicates that a rigid-band model is appropriate to describe the electron-phonon
interaction in B-doped SiC.

Figure 3] shows the Eliashberg spectral function a?F(w) for model I-RB, calcu-



38

120 R e o .
< 100 £=5 00 Joome 9o L
(D)
E
)
o
(D)
c
L
100 éi a _g_
>
Q — 4
E
)
>
(D)
c
L

3

~(d)

L B Xo +»

Wave vector
a’F(w)

Figure 4.2: (Color online) (a) Phonon dispersions of pristine (dashed red lines) and B-
doped (solid blue lines) 3C-SiC along the A and the A directions of the Brillouin Zone.
The vertical (green) lines indicate the average Fermi surface diameter. Open circles are
experimental data [I10]. (b) Phonon dispersions for heavily B-doped 3C-SiC: model II-RB
(solid blue lines) and model II-SC (green points, after folding into the Brillouin zone of
pristine SiC, following Ref. [38]). (c) Phonon density of states for model I-RB. (d) The
Eliashberg spectral function for 12.5% B-doped 3C-SiC (model II-SC). The nondispersive
branch around 80 meV in (b) does not contribute to the Eliashberg spectral function.
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lated using Eq. [7] of Ref. [3I]. The Eliashberg function exhibits two sharp peaks at the
energies of 92 meV and 106 meV, associated with the Van Hove singularities in the phonon
dispersion relations (cf. Fig. [£.2)). In addition to the optical peaks, a broad although less
pronounced feature appears in the acoustic energy range. Interestingly, the coupling of
electrons to the acoustic phonons is negligible above 40 meV, despite the non-vanishing
vibrational density of states [Fig. [£.2(c)]. This can be understood by considering that the
wavevector of acoustic phonons with energy in excess of 40 meV is larger than ~ 2kp [cf.
Fig. [42((a)], hence they cannot promote electronic transitions within the Fermi surface. At
variance with this finding, in the heavily-doped case (model II-SC) there is some noticeable
contribution of high-energy acoustic phonons to the Eliashberg function, corresponding to
a wider Fermi surface [Fig. [4.2/(d)].

The first reciprocal energy moment of the Eliashberg spectral function provides
the electron-phonon coupling parameter A = 2 [ wla?F(w). For model I-RB of 3.7%
B-doped 3C-SiC we find a coupling parameter A = 0.34. The coupling of the electrons
to the acoustic phonons accounts for 70% of the total coupling strength. This result is
qualitatively different from the cases of B-doped diamond and silicon, where the coupling
to the acoustic modes accounts for less than 25% of the total electron-phonon coupling
strength, as found by integrating the spectral functions of Refs. [38| [74]. Furthermore, we
find that the Eliashberg function of B-doped 3C-SiC can be reproduced quite accurately
by taking the electron-phonon matrix element g constant and equal to 95 meV [dashed line
in Fig. A3]. This indicates that superconductivity in SiC is dominated by the geometry of
the Fermi surface and by the vibrational density of states, as opposed to the coupling of
electrons to specific vibrational modes as it is the case in diamond [79, [3§]. A band-by-band
decomposition of the coupling parameter reveals indeed that intraband scattering processes
within the largest Fermi surface of 3C-SiC [112] are favored by the peculiar nesting features
of this surface, and provide the dominant contribution to the pairing. This mechanism has
not been observed for B-doped diamond [76].

The superconducting transition temperature corresponding to the calculated electron-
phonon coupling parameter is obtained using the modified McMillan equation [67]. The
average logarithmic phonon frequency [Eq. (14.2) of Ref. [53]] is wioe = 63 meV, consid-
erably smaller than the one calculated for B-doped diamond in Ref. [38] (125 meV). The
relatively small logarithmic frequency results from the large contribution of the acoustic
phonons in SiC, which enhances the weight of the Eliashberg function in the low-frequency
range. Depending on the choice of the Coulomb parameter p*, the calculated supercon-
ducting transition temperature varies between 0.09 K (x* = 0.15) and 1.1 K (p* = 0.1).
The latter value compares favorably with the measured transition temperature of 1.4 K.
These results indicate that the experimentally observed superconductivity in SiC can be
explained with an electron-phonon coupling mechanism.

In order to validate our results based on the rigid-band model I-RB, we performed
additional calculations for the heavily doped rigid-band (II-RB) and supercell (II-SC) mod-
els of B-doped SiC. In these latter models we consider a very large boron concentration of
12.5% (not yet achieved in experiment) in order to compare the rigid-band approach and
the supercell approach in a limiting situation The electron-phonon coupling parameter was
found to be Ap_grp = 0.44 for model II-RB and A;_sc = 0.46 for model II-SC. Inspection
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Figure 4.3: (Color online) Eliashberg function a?F(w) for model I-RB of 3.7% B-doped
3C-SiC (solid blue line). We also show the Eliashberg function obtained using a constant
electron-phonon matrix element g =95 meV for comparison (dashed green line). (inset)
Comparison between the Eliashberg functions of B-doped SiC (solid blue line, model I-RB),
diamond (dashed red line, from Ref. [38]) and silicon (dotted black line, from Ref. [74]).
The contribution of the acoustic phonons to the electron-phonon coupling parameter is
significant in SiC, whereas it is small or negligible in diamond and silicon.

\ | 3C 2H 4H  GH |

Xac ] 024 015 0.12 0.14
Aopt | 010 0.09 0.09 0.07
Mot | 034 024 020 021
T.(K) | 1 001 0001 0.001

Table 4.1: Electron-phonon interaction strength in various polytypes of 3.7% doped SiC.
We show the total coupling strength (Aiot), as well as the contributions arising from the
acoustic (Aac) and the optical (Aopt) phonons. The superconducting transition temperature
(Tt, in K) is estimated using the McMillan formula with a Coulomb parameter p* = 0.1. The
calculations on the hexagonal poly-types have been performed using a rigid band model. The
accuracy in the calculated coupling parameters Aot is the same across different polytypes,
while the T, values depend exponentially on Ayt and are shown purely for comparison
purposes.
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of the Eliashberg function for models II-RB and II-SC reveals no significant differences in
the sources of coupling for these two models. The close agreement between the rigid-band
and the supercell calculation provides an a posteriori justification for our choice of modeling
3.7% B-doped 3C-SiC within a rigid-band approximation. Interestingly, the superconduct-
ing transition temperatures of the heavily-doped models II-RB (5.1 K for p* = 0.1) and
II-SC (6.3 K for p* = 0.1) are found to be above the boiling-point of liquid helium. This
result bears potential implications for practical uses of superconducting SiC.

After discussing the mechanism of superconductivity in 3C-SiC, we now extend
our investigation to the 4H- and 6H-SiC polytypes which are of interest for applications,
and to the 2H-SiC polytype for completeness. For each of these polytypes the valence band
maximum occurs at the zone-center, and the B doping gives rise to a multi-sheet Fermi
surface around I' of similar topology. Our calculations indicate that the electron-phonon
coupling in the polytypes 2H-, 3C-, 4H-, and 6H-SiC occur in the range A = 0.21 — 0.34 for
comparable levels of doping (Table [1]). The electron-phonon coupling strength associated
with the optical modes is very similar for all of the polytypes (A = 0.07 — 0.10). This is
consistent with the fact that optical phonons around the zone-center correspond to bond-
stretching vibrations which are sensitive to the short-range structure, which is the same in
all polytypes. In contrast, the coupling to low energy acoustic phonons exhibits a larger
variation (A = 0.12 — 0.23) and is enhanced in 3C-SiC. We assign this variation to the
differences in the shape of the Fermi surfaces among the polytypes (some leading to a more
pronounced nesting).

Recently, a metal-insulator transition has been observed in Al-doped SiC [113],
raising the question as whether electron doping of SiC could be a more convenient strategy
to increase its superconducting transition temperature. In order to address this question we
have calculated the electron-phonon coupling parameter of Al-doped SiC within the rigid-
band approximation. The coupling parameter is found to be smaller than in B-doped SiC for
comparative levels of doping (A = 0.15 for 5% Al doping and A = 0.29 for 15% Al doping),
indicating that hole-doping is more advantageous in view of optimizing supercondutivity in
SiC.

In conclusion, we investigated the origin of superconductivity in boron-doped sili-
con carbide from first-principles by considering a large set of structural models. We find that
superconductivity arises from conventional phonon-mediated pairing. The transition tem-
perature ranges from 1.1 K (for a B concentration of 3.7%) to 6.3 K (12.5%). In contrast to
the related B-doped Si and diamond systems, acoustic phonons and Fermi surface nesting
play a prominent role in the superconductivity of SiC. Our study suggests that heavily-
doped cubic SiC may be a potential candidate for technological uses of superconducting
semiconductors.
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Chapter 5

The role of the dopant in the
superconducting Fe-pnictides

Sparked by the discovery of superconductivity at 26 K in LaFeAsO;_,F, [114],
iron-based superconductors have become the subject of intense study both experimentally
and theoretically. The iron-pnictide superconductors exhibit surprisingly high supercon-
ducting transition temperatures, surpassing any other materials but the cuprates.

Initial calculations suggest that the superconductivity of the iron-pnictides does
not originate from a conventional electron-phonon coupling mechanism [115]. Nonetheless,
a significant phonon softening has recently been observed using inelastic X-ray scattering
[116], hinting at the possibility of strong electron-phonon interaction for some specific modes.
The mechanism whereby the doping with fluorine alters the lattice dynamics of the iron
pnictides is unknown, and calls for a thorough theoretical analysis.

Prior theoretical investigations of the lattice dynamics and electron-phonon cou-
pling in these materials have been based on virtual crystal (VC) models of the fluorine-
doping [115, 117]. The use of VC models is advantageous since taking into account the F
doping explicitly using a supercell is computationally demanding. Unlike the cuprates where
doping of the parent material induces an insulator-to-metal transition [118], in this system
the parent compound LaFeAsO is already metallic (albeit a poor metal) [119]. Therefore,
no dramatic changes are expected upon doping within the VC approximation. However,
the F-doped compound LaFeAsO;_,F, exhibits a superconducting transition for z ~ 0.03
[114]. This raises the question as to whether the VC description of the lattice dynamics
and the electron-phonon coupling in doped LaFeAsO captures all of the relevant physics at
play.

In this chapter, we explore the effects of doping of LaFeAsO through fluorine on
the electronic structure, lattice dynamics and electron-phonon coupling. We take explicitly
into account the fluorine doping through a large supercell [120]. We explain the origin of
the recently measured phonon softening [I116] and confirm previous virtual crystal results
on the strength of electron-phonon coupling. Our supercell model shows that the location
of the additional charge density in the doped superconductor differs dramatically from
what could be expected based on simplified VC models. Indeed, the excess charge does
not localize in the Fe-As layer similarly to the doping of the Cu-O plane in the cuprate
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superconductors. Instead the doped charge is distributed througout the unit cell, and a
slight deficit of electrons is observed on the Fe plane.

For this study, LaFeAsO;_,F, has been described using a supercell model for
which « = 0.125, close to the optimal doping concentration for superconductivity [114].
We considered a system corresponding to 2 x 2 x 1 unit cells of the parent compound and
replaced one O atom by a F atom. The ground state electronic structure was calculated
using density functional theory within the local density approximation (LDA) [29, 51],
employing plane-wave basis sets[121] and ultra soft pseudopotentials [52]. A kinetic energy
cutoff of 40 Ry was used for the wavefunctions and a kinetic energy cutoff of 240 Ry was
used for the augmented charge density. The lattice dynamical properties were calculated
using density-functional perturbation theory [3]. The parent compound is formed by a
tetragonal lattice of P4/mm symmetry with relaxed lattice constants a = 4.02 A c=873
A. The two relaxed Wyckoff parameters were z = 0.64, 0.14.

In the case of the doped supercell, a full relaxation of the lattice parameters and
the atomic coordinates was carried out. The unit-cell volume of the doped system differed
by less than 4% from the undoped compound, the lattice parameters being a = 3.99 A and
¢ = 852 A. The most significant structural change corresponded to the nearest neighbor
distances between the F atom and its neighboring O atoms. Indeed, the F-O nearest
neighbor distances decreased by 2.0% upon doping from 2.665 A to 2.614 A.

Figure 1 shows the change An(z) in the ground state charge density distribution
of LaFeAsO resulting from fluorine doping. The charge density in the unit cell is integrated
over the zy-plane, as the material is nearly two dimensional. The integral of An(z) over one
LaFeAsO unit cell (which includes two formula units) yields 0.125 x 2 additional valence
electrons. Upon doping the Fermi energy shifts upwards by less than 0.1 eV. The associated
electronic states are mostly of Fe-3d and As-4p character, in agreement with Ref. [I17]. The
most significant changes in the charge density distribution upon doping are observed in the
interstitial regions between the La layer and its neighboring As and O:F layers. These
changes arise primarily from a relaxation of the La atoms, whereby the La semi-core states
move towards the As layer. Additional electronic charge is also present on the O:F layer.
The additional charge arises from atomic-like electronic states which are localized around
the F atoms and have energies 7.5 eV below the Fermi level. The most interesting aspect
of the charge density distribution in the doped system is the electron depletion directly on
the plane containing the iron atoms. This unexpected result indicates that models which
describe the F-doping by assuming a concentration of free electrons on the 2-dimensional
Fe-plane do not capture an important aspect of the physics of iron-based superconductors.
In order to observe this effect it is crucial to take explicitly into account the F dopants
in the calculations. Indeed, a calculation which describes the doping through a rigid-band
model shows that the additional electrons are distributed uniformly across the c-axis and
no electron depletion regions are observed (cf. Fig. 1).

Figure 2 displays the difference between the calculated phonon densities of states of
F-doped LaFeAsO and the undoped compound. This difference is compared to the measured
difference between the density of states of the similar compounds NdFeAsO and its doped
counterpart NdFeAsOg s5Fp.15 as obtained by inelastic x-ray scattering (IXS) [116]. The
phonon spectra of LaFeAsO and NdFeAsO are expected to be in close agreement as the
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Figure 5.1: (Color Online) The planar integrated difference in the charge density between
undoped and F-doped LaFeAsO (x=0.125). Positive values (blue) correspond to excess
electrons, negative values (red) denote holes. The charge redistribution mostly takes place
away from the Fe atoms in the interstitial region and near the F dopants. A net depletion
of electrons on the iron layer is observed. The light dashed line indicates the distribution
of the doped electronic charge within a rigid-band model.
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Figure 5.2: (Color online) (a) Experimental difference between the phonon density of states
of undoped and F-doped NdFeAsO [116] (dashed line). (b) Calculated difference between
the phonon density of states of LaFeAsO and LaFeAsOqggFp 12 (solid line). Differences in
the high-energy portion of the spectrum are suppressed in the experiment because of the
smaller IXS scattering cross sections of O and F.

two parent compounds share the same structure, their lattice constants differ by less than
2% [122], and the masses of the respective rare-earth element differ by only 4%. In the case
of NdFeAsO, a softening of the phonons with energies near 21 meV is observed in the IXS
experiment of Ref. [I16]. Our calculations reveal a very similar softening in the case of
LaFeAsO. Analysis of the vibrational modes indicates that this feature is associated with
vibrations involving predominantlty La and As motion along the c-axis. This softening can
be assigned to the modified bonding arrangement in the La/O:F layer. Indeed, the in the
doped system La atoms are displaced by as much as 0.08 A along the c-axis as compared
to the pristine material. Analogously, most of the observed changes in the phonon density
of states can be explained in terms of lattice deformation upon doping.

In order to investigate the difference between VC models and our supercell model
we additionally calculated the phonon dispersions for LaFeAsO within a rigid-band ap-
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proximation. Interestingly, the phonon dispersions of the rigid-band model do not show
any appreciable difference with respect to the undoped compound. This indicates that the
slight perturbation to the Fermi surface under a rigid-band doping has a negligible effect on
the lattice dynamics of the system. The present result highlights the importance of taking
explicitly into account the F dopants for a correct description of the lattice dynamics in the
superconducting phase.

We further investigated the strength of the electron-phonon interaction in F-doped
LaFeAsO. The electron-phonon matrix elements were calculated from first principles using
the standard prescriptions [123],[124]. No significant electron-phonon matrix elements arising
from F-specific modes or any relevant phonon at finite wavevector were observed. The rigid-
band model and the the supercell model were found to exhibit similar electron-phonon
matrix elements and Fermi surfaces. The fact that the phonon softening is observed only in
the supercell model while the electron-phonon interaction strength appears similar in the
two models confirms that the observed phonon softening does not arise from electron-phonon
coupling effects. Instead, this feature must be assigned to the structural deformations which
accompany the substitutional replacement of O atoms by F atoms.

Figure 3 compares the calculated phonon dispersion curve along the I' — X high
symmetry line of undoped LaFeAsO and F-doped LaFeAsO. The phonon dispersions of the
supercell model in the Brillouin zone of the undoped material are obtained by means of the
Brillouin-zone unfolding procedure used in Ref. [38]. For each wavevector considered in the
Brillouin zone of the undoped compound, we determined the corresponding folded vector in
the Brillouin zone of the supercell, and then we removed spurious modes by projecting the
vibrational eigenmodes of the supercell model onto those of the undoped compound. The
projection intensity at a specific g-vector and frequency is given by:

2
Ig(w) = D d(way —w)| - ug™ - efrel@ =) (5.1)

TT!

In Eq. (51) wq, is the frequency of a phonon with wavevector q and branch index
v of the doped cell. The Bloch-periodic component of the vibrational eigenmodes in the
doped system are |eqy,r), and |ug, /) are the eigenmodes of the undoped system. 7 and 7’
are the atomic labels in the two systems, respectively.

The phonon dispersions of pristine and doped LaFeAsO differ most significantly
for vibrational modes at high energy which involve the motion of the oxygen and fluorine
atoms. This is attributed to the structural relaxation of the O-layer in the presence of F as
well as to the the mass difference between the oxygen and fluorine atoms.

The remaining phonon modes, which involve mostly the Fe-As layer and the La
atoms, retain similar dispersions, although they are pertubed by the F-substitution. De-
negeracies are lifted by the broken symmetry induced by the dopants. For example, the
degenerate zone edge phonons at ~ 29 meV are split by 2 meV in the doped system. Com-
parison of the zone center modes between the undoped and doped systems shows an overall
increase in the eigenfrequencies for most modes.

In Ref. [I16], Raman active phonons with energy around 25 meV have been
measured. Upon doping a shift is observed in the frequencies of the NdFeAsO system.
Interestingly, however, the sign of the change is not constant among the various phonon
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Figure 5.3: (Color online) Calculated phonon dispersions along the A direction of (a)
pristine LaFeAsO and (b) F-doped LaFeAsO within the supercell model. The phonon
dispersions of the supercell model have been obtained using the unfolding procedure corre-
sponding to Eq. (&.1)). (c), (d): Eigendisplacements of the A, (zone-center) phonons. (e):
Eigendisplacements of the (zone-center) Bj, phonon. The red box highlights the eigenmodes
(a)-(c) on the phonon dispersion.
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k ‘ q ‘ Wq,v (meV) ‘ |.g]1:q| (meV) ‘

r r 26.2 24.8

r r 26.8 13.3

r M 11.4 1.1
04M | T 40.3 2.8
0.14r'X | T 22.8 16.2

Table 5.1: Representative electron-phonon matrix elements of F-doped LaFeAsO, ]gl’;q],
involving the scattering of electrons near the Fermi surface which occupy the initial state
with wavevector k, by a phonon of wavevector q and branch index v.

modes. This result indicates that the change in the phonon density of states does not
originate from a uniform mass adjustment associated with the O:F replacement (a 19%
change of the lightest mass in the crystal), and should rather be assigned the structural
deformation as well as the peculiar rearrangement of the electronic charge.

We calculated a 1.0 meV hardening of the 25.2 meV A, phonon in LaFeAsO
as well as a 1.6 meV hardening of the 26.3 meV B, phonon [(c) and (e) of Fig. [53]
|. This finding compares favorably with the experimental increase of 0.6 meV of the two
eigenfrequencies near 25 meV in NdFeAsO [116] observed through Raman spectroscopy. In
the Raman scattering experiment the 22.1 meV Aj, [(d) of Fig. [5.3] | phonon is softened by
0.3 meV upon doping, while the detected peak is broadened by 25%. Our calculations show
that the 22.2 meV Ay, phonon of LaFeAsO is actually split into two modes upon doping.
Each mode contains contributions from the A, irreducible representation, although neither
mode is of pure A1, symmetry. The two resulting modes have energies of 21.0 meV and 22.8
meV. Taking into account the experimental broadening of 1.6 meV of the Raman signal,
the two peaks would merge into a single signal which is 0.3 meV softer than in the pristine
material, in accord with experiment.

Table 1 displays the results of some relevant electron-phonon matrix elements
calculated for the doped system for phonons at the I'; M and X —points in the Brillouin
zone of doped LaFeAsO. These matrix elements are much smaller than what is observed in
some electron-phonon superconductors with relatively high transition temperatures [38]. No
phonon modes, associated with fluorine or otherwise, were found to generate significantly
larger electron-phonon matrix elements. The total coupling strength in the doped system
was found to be A = 0.18, which is slightly smaller than what has been found in prior
studies on the undoped material [115] where A = 0.21. The slight decrease in the total
electron-phonon coupling strength in the doped superconductor can primarily be ascribed
to the lower electronic density of states at the Fermi level seen in LaFeAsOq_,F,.

We explained the difference in the lattice dynamics of doped LaFeAsO as compared
to its undoped compound in terms of the structural relaxation of the atomic bonds around
the dopants. Our calculations indicate that the description of the doping in this material
in terms of electron-doping in the two-dimensional Fe-plane does not adequately reflect the
physics of this system.
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Chapter 6

Superconductivity in ultra-thin Pb
layers

The possible existence of true two-dimensional superconductivity has been the
subject of study for many decades [125], 126], 127, 128 129]. Recent measurements have
brought renewed interest to this field, as superconductivity has been confirmed in thin-
film samples of lead down to a single monolayer [130} 131]. In ultra-thin Pb samples, the
electronic wavefunctions are confined along the out-of-plane axis to a length scale of only a
few nanometers. For Pb, which is free-electron-like in the bulk, significant modifications of
the electronic states are expected to arise from quantum-size effects. In fact, many of these
effects have been observed [132] 133], 134] [135] 136].

Past experimental work has suggested that the superconducting state in Pb films
should not persist once the film thickness drops below a few monolayers [128], while the
Mermin-Wagner theorem indicates that fluctuations should destroy a two-dimensional su-
perconducting state at finite temperatures for any finite-ranged attractive interaction [137].
However, recent experiments demonstrating the presence of superconductivity in films of all
thickness [I30] [131] are an exciting contradiction to previous suggestions. Since Pb is the
prototypical strong coupling electron-phonon superconductor with a myriad of wide-ranging
studies in the literature, and now that it has been found to retain superconductivity in ultra-
thin films, it creates an ideal system for studying quasi-two-dimensional superconductivity.

In this chapter we report the results of first-principles calculations on the electron-
phonon coupling in bulk Pb as well as in films of thickness 2-6 monolayers. Electronic
and phonon densities of states are given along with the Eliashberg spectral functions. We
find that electron-phonon effects account for the experimental observations, and we propose
a simple model which can account for the general trend of the superconducting transition
temperature dependence upon film thickness. This study also suggests extensions for future
calculations.

Our first-principles calculations are based on pseudopotential density-functional
theory within the local density approximation (LDA) [29] [51] for free-standing Pb films.
Our calculations utilize a plane-wave basis [121] with a kinetic energy cutoff of 80 Ry. This
basis was employed in conjunction with a norm-conserving scalar-relativistic pseudopoten-
tial which included four valence electrons. A grid of 24 x 24 x 1 electronic k-vectors was
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used to describe the ground state electronic structure. We constructed models of Pb films
along the (111) direction to mimic experimental observations. The unit cell was chosen
with a simple 1x1 reconstruction in each monolayer. The experimental lattice parameter
of bulk fcc Pb is 4.95 A, while the relaxed LDA lattice constant was found to be 4.87 A;
this slight underestimate is consistent with the expected tendency of LDA to overbind. The
fcc in-plane bond length, a//2, was imposed by symmetry in the layered system to be 3.44
A. The layer separation was relaxed so that each atom was subject to a force of less than
0.01 eV/A. The calculations have been performed within a supercell arrangement [138], and
the films have been separated by a vacuum layer of 15 A which is sufficient to eliminate
spurious interfilm interactions.

Lattice dynamics were determined using density functional perturbation theory
[3] and the electron-phonon coupling was calculated using a Wannier-Fourier interpolation
method [32,133,31]. A Brillouin zone mesh of 8x8x1 electronic wavevectors was used to find
maximally localized Wannier functions for each thin-film system. Four sp3-like Wannier
functions per Pb atom were used to describe accurately the electronic structure of each
layered system. Phonons were calculated on a grid of 4x4x1 wavevectors. The electron-
phonon matrix elements g{(rgj/, were determined at each point on this coarse grid. From
the method described in Ref. [31], the electronic eigenvalues, phonon eigenfrequencies and
electron-phonon matrix elements were determined on very fine-sampled Brillouin zone grids
consisting of 250,000 unique electronic wavevectors and 2000 phonon wavevectors.

The superconducting transition temperature (7;.) and the total electron-phonon
coupling strength A\ were determined through isotropic Migdal-Eliashberg theory [53].

To begin we calculate the lattice dynamics, electron-phonon coupling strength A,
and Migdal-Eliashberg spectral function a?F for bulk fcc Pb to verify the method with the
calculated pseudopotential as well as to give a basis for comparison of thin-film calcula-
tions. The total electron-phonon coupling strength was found to be A = 1.41, where 10°
electronic points and 5000 phonon wavevectors were used in the integration of Eq. [4.51]
of Ref [8]. This value is consistent with many previously published results [62, [64] 65] [63].
Using the modified McMillan equation (Eq. [6.1) which is appropriate for strong-coupling
superconductors [67], and a Coulomb repulsion parameter of pu* = 0.14, we find agreement
between the measured and calculated superconducting transition temperature at 7.2 K.

° —1.04(1 + X
T = J1fow 9 oxp 04(1 + \)
1.2 A—p*—0.62\p*

Table [6.1] displays the densities of states (DOS) at the Fermi level for bulk and
2-6ML films based on our density functional theory calculations. We find that the Fermi
level for the 3ML film lies in a peak in the DOS, arising from a quantum well state. This
results in an unstable structure under lattice perturbations, yielding many soft phonon
modes which drive the free-standing 3ML slab to a lower energy state not described by
the 1x1 reconstruction. We believe this may contribute to the experimental difficulty in
observing large islands of pristine 3ML Pb [130]. Similarly, within our calculations, the
4ML system is unstable to phonon eigenvectors which involve the asymmetric sliding of
neighboring atomic sheets. It is worth noting that large pristine areas of 4AML Pb were not
found in the experiments of Ref. [I30]. Areas of 4AML were, however seen in close proximity

(6.1)
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DOS DOS
Structure | (states/eV/spin/Pb ) | fraction of bulk | A
bulk 0.482 1.00 1.41
2ML 0.322 0.67 1.05
3ML 0.707 1.47
4ML 0.467 0.97
5ML 0.447 0.93 1.37
6ML 0.488 1.01 1.38

Table 6.1: Calculated LDA electronic densities of states at the Fermi level N(EFr) and
electron-phonon couplings A, for layered Pb at different film thicknesses in this work. The
Fermi level of the 3ML film is at a peak in the DOS which tends to destabilize the free-
standing film. Beyond this peak, the total DOS at the Fermi level per Pb atom does not
varying largely in our calculation. Oscillations in N(EF) associated with quantum well
states have been reported in studies which analyse much thicker films [140} [I34]. The total
electron-phonon coupling of the films approaches the bulk value as the film thickness is
increased.

to BML islands. More recent work indicates that island size effects are of great importance
to the superconducting properties of thin Pb films [135], [136) 132, 139]. In the case of
our calculations for 4ML samples, it is possible that either a more complete treatment of
bonding to the experimental substrate may stabilize the system or a method to take into
account finite-sized films may yield physical results.

The LDA relaxed separation of each monolayer in the assorted films was analyzed.
It was found, in agreement with prior studies [141], that the surface bonds of each system
were contracted along the direction normal to the film. Excess surface electrons, from
broken bonds arising from the terminiation of the Pb(111) layers, are concentrated in the
interstitial regions of the slab. Increased bonding from these electrons was found to be the
cause of the contraction along the out of plane direction. This results in an increased spring
constant 1, which leads to a stiffening of surface phonon modes.

The calculated phonon densities of states for bulk and 2ML Pb are shown in Figure
In the case of the 2ML film, the degeneracy of the transverse modes has been lifted
by the presence of the surface which results in two distinct transverse peaks. Of particular
interest is the stiffening of the longitudinal phonon peak by about 40%, or ~3 meV. This
stiffening is the result of a stronger Pb-Pb bond arising from the increased electron density
in the surface bonds.

We have calculated the Eliashberg spectral function and total electron-phonon
coupling for the stable freestanding Pb slabs of thickness 2, 5 and 6 monolayers. The
spectral function in the 2ML system as well as in the bulk is displayed in Figure The
total electron-phonon coupling for each thickness is also given in Table[6.1l By inspecting the
spectral function, which gives a total A = 1.05 in the 2ML system, we see a reduction in the
superconducting transition temperature 7, arising from reduced coupling to the longitudinal
frequency phonons. A comparison of the coupling function o?(w) = a?F(w)/F(w), shows a
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Figure 6.1: Phonon density of states for bulk Pb-fcc (dashed line) and 2ML Pb film (solid
line). The transverse modes of the 2ML film are split and the out-of-plane TA peak is
stiffened by 2 meV. The highest frequency LA peak is stiffened by 3 meV in the 2ML
calculation as compared to the Pb-fcc data. For comparision, the curves are normalized

such that [ F(w)dw = 3.
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Figure 6.2: Eliashberg spectral function a®F for bulk Pb-fcc (dashed line) and 2ML Pb
film (solid line). Here the total electron-phonon coupling A = 2 [ o F(w)w ™ !dw is decreased
from the bulk value of 1.41 to the 2ML calculated value of 1.05. As can be seen from the
above comparison of the spectral functions, the lower coupling in the 2ML system results
from a depression of spectral weight which has also been shifted to higher frequencies.

smaller relative coupling to the longitudinal phonons in the thin layered sample. The main
conclusion which can be drawn from these data is that the surface phonon modes, which
are at an increased frequency, contribute less to the total coupling than the corresponding
bulk phonons modes.

We next propose a simple model to account for the observed superconducting
transition temperatures over a wide range of Pb film thicknesses. As seen in Ref. [142],
the T, is observed to follow a 1/d law, where d is the film thickness. In a bulk system,
the layer separation is a/v/3 ~ 2.86 A. If the system is taken to be composed of isolated
regions of bulk superconductivity and surface superconductivity, we can assign a specific
electron-phonon coupling to each region. As we have calculated a nearly pure surface-like
system with the free-standing 2ML slab, we take the surface coupling strength Ag,.f = 1.05.
The bulk coupling is then Apyx = 1.41. In the experimental system, the measured Pb(111)
films have been deposited on Si [143]. The effect of the substrate upon the electron-phonon
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Figure 6.3: Superconducting transition temperature as a function of layer thickness for the
experimental points of Ref. [133] [142] and the theoretical model (Eq. [62]). The transition
temperature was calculated through the modified McMillan equation (Eq. (34) of Ref. [67]).
Frequency moments have been fixed for differing \’s and the Coulomb repulsion parameter
is taken to be p* = 0.14, to obtain the experimental bulk T, = 7.2 K.



95

coupling has not been examined in detail in this work, however we can posit with some
justification that the substrate-Pb coupling constant Mg, is fixed for increasingly thick
films. The total electron-phonon coupling strength as a function of film width A(d) can be
approximated by

)‘(d) = g [(% - 2> Abulk + Asurf + Asub | - (62)

Here L is the layer thickness which in the bulk is 2.86A along the (111) direction.
We fix Agyp so that we obtain the recently measured T, of the monolayer, 1.83 K [I31],
assuming the monolayer electron-phonon coupling is the average of the surface coupling and
the substrate coupling. We use Eq. to calculate the electron-phonon coupling and Eq.
[6.1] to estimate the superconducting transition temperature as a function of layer thickness.
The resulting trend of T, with film thickness agrees very well with the experimental data,
as shown in Figure Although this model does not take into account many of the finer
details of very thin metallic films, however it does provide a straightforward interpretation
of the gross experimental features.

The above arguments do not account for the details of quantum-size effects which
arise from the confined electronic quantum well states. It may be possible for example,
through the stabilization of a film which produces a peak in the electronic DOS, to overcome
the apparent suppression of 7. by the surface phonons. If for example, the 3ML film could
be structurally stabilized while retaining its increased electronic DOS, a scaling of A = 1.6
may be expected. This would lead to a superconducting transition temperature of ~10
K which is well above the bulk value of 7.2 K. Further studies of the effects of the Pb-
Si interface on the electron-phonon interaction is needed [143]. These studies may give us
insight about the possibile stability of films which exist near quantum well states and on how
the complex interplay between surface physics, lattice dynamics and quantum confinement
affect superconductivity in these ultra-thin systems.

We find that the observed superconductivity in thin film samples of Pb is explained
through the use of isotropic Migdal-Eliashberg theory. We find, in agreement with experi-
ment, that the total electron-phonon coupling decreases with decreasing film thickness. The
variance of the superconducting transition temperature with film thickness can be explained
with a simple model relating the surface and bulk electron-phonon coupling. Additional
studies which carefully examine the interaction of the metal-substrate interface could yield
clues to routes of increased superconducting transition temperature in increasingly thin
systems.
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Chapter 7

Monolayer superconductivity of Pb
on Si(111)

As a superconducting material is made thinner and thinner, eventually the system
becomes two dimensional and is expected to lose its superconducting properties. The pre-
dicted loss of superconductivity in two-dimensional films is based upon on the assumption
of a Kosterlitz-Thouless (KT) [144] phase transition which strictly prohibits the long range
ordering necessary to sustain the superconducting phase. As a result of this interesting
physical phenomenon, the study and discussion of potential 2D superconductivity has been
a focus of intense research activity for many years [125] 126, 127, 128, [145]. While tech-
nological advances have permitted the fabrication of increasingly thin metallic films, it is
only recently that a single monolayer of superconducting material has been measured at
low temperatures.

Lead, the prototypical strong coupling electron-phonon superconductor, has a su-
perconducting transition temperature of 7.2 K in the bulk and a ratio of superconducting
gap to transition temperature of 2A/kpT,. = 4.3, well above the BCS prediction of 3.52.
Through recent scanning tunneling spectroscopy (STS) experiments, Pb has been shown to
superconduct in samples comprised of only a single layer of atoms. This result, described as
two-dimensional superconductivity, contrasts the predictions of the Mermin-Wagner theo-
rem [146] which prohibits spontaneous symmetry breaking in systems of dimensions d < 2.

The recent experiments measuring the superconducting gap in thin films have
observed superconductivity in monolayer samples of both Pb and In on Si [I31]. Because a
stable free-standing monolayer Pb or In film is unstable, the monolayers were deposited on
a semiconducting substrate. Therefore, a thorough grasp of the metal-substrate interaction
is highly important in understanding these experiments as well as for development and
prediction of potential new thin superconductors. Given the robust superconductivity which
has been previously reported in increasingly thin crystalline Pb films, it may soon be possible
to fabricate many novel and technologically beneficial devices once a working knowledge of
the underlying physics is attained.

In this letter we describe calculations on the ground state properties of a single
layer of Pb grown on a Si(111) substrate in the configuration depicted by Fig. [[.Il The
electronic structure, lattice dynamics and superconductivity are calculated for this struc-
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ture, the thinnest Pb superconductor. Commentary on the implications of two-dimensional
superconductivity is presented, and discussions of the structure as well as suggestions for
routes to increased superconducting transition temperatures for thin films are given.

Within Ginzberg-Landau theory, the superconducting state is described by a spa-
tially resolved complex order parameter, ¥(r). This order parameter possesses long-range
correlations which can be quantified through the correlation function (¥ (r)¥(0)) as r — oo.
While this function has a finite value in the superconducting state, it vanishes as the tem-
perature of the system is raised above T,. However, the same analysis of the real space
correlation function of a superconductor in two dimensions yields different results. In this
case, it does not approach a constant value for large r as it does in a bulk superconductor.
For systems below the KT transition temperature, Tk, the correlation function decays
slowly over large distances as in Eq. (7).

1

i(p(r)—eO)y o,
(e ) r2T/TkT

(7.1)

The correlation function tends to zero as r — oo. The function shown in Eq. (1)
only includes the complex phase-dependence of the order parameters as the magnitudes
do not possess interesting spatial features. The absence of a positive correlation over long
distances in two dimensions indicates the lack of true long range order. Because of this
lack of long-range correlation, local fluctuations destroy the superconducting state, and
therefore a two-dimensional metallic system cannot exhibit superconductivity. How, then,
is the above argument to be rectified with recent experimental observations?

To analyze the full superconductor-substrate system, we performed state of the
art pseudopotential-first-principles density functional theory calculations. Within the lo-
cal density approximation (LDA) to density functional theory (DFT), we employed norm-
conserving pseudopotentials to account for the core-valence interaction and included scalar-
relativistic corrections to the Pb pseudopotential [29, [51]. While the spin-orbit coupling has
been seen to have an impact on the total electron-phonon coupling [147], these results to
not heavily impact the conclusions of this work. A plane-wave basis with a kinetic energy
cutoff of 45 Ry was used to construct the Kohn-Sham eigenfunctions on a momentum-space
grid of 12x12x1 wavevectors [28]. The quantum well states (QWS), which have been the
subject of previous work are naturally included in our formalism [129]. Lattice dynamics
were constructed through density functional perturbation theory (DFPT) [3]. The atoms of
the substrate were held fixed, while the linear-response dynamical matrix was constructed
for the 4 lead atoms per unit cell. This calculational constraint was necessary as proper
treatment of the bulk and surface Si vibrational modes would require prohibitively thick
slabs of silicon, generating extremely cumbersome unit cells in order to treat the surface Si
modes.

The total electron-phonon coupling strength A was determined through isotropic
Migdal-Eliashberg theory, while the superconducting transition temperature was estimated
using the Allen-Dynes equation [Eq.([T.2])] [67]. The Allen-Dynes equation is used to obtain
a satisfactory estimate of the superconducting transition temperature in this system for ease
of comparison with experiment [20]. Here, the Coulomb pseudopotential has been taken to
be p* = 0.14, a number which is in agreement with many previous studies [148] [149] on
bulk Pb. This estimate, which depends on the validity of the aforementioned formalism in
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a quasi-two-dimensional system, is primarily provided as a reference to experiment while
the primary result of this study is the total electron-phonon coupling A.

Wiog —1.04(1 + A)
T, = 7.2
12 7P ()\ — = 0.6200” 7.2)

A state of the art Wannier-Fourier interpolation technique has been utilized in the
computation of electron-phonon related quantities [32 133} [3T]. The resulting dense sampling
of the electronic eigenvalues, phonon frequencies, and electron-phonon matrix elements was
obtained through use of the Quantum ESPRESSO [30], wannier90 [47] and EPW [150] codes.

Coarse grids of 16 electronic and phonon wavevectors were interpolated to fine
meshes containing 3600 phonon wavevectors and 10000 electronic states. Each electron-
phonon matrix element gf"(; between an electronic state at k, scattered by phonon q to
state k + q has indices 4, j, and v which run over 12 phonon modes and 55 Wannier
functions. The matrix elements, averaged over wavevectors on the Fermi surface, combine
to give the total electron coupling strength, A using Eq. (73] [8].

o2
NieNg o wigN (0)

.2
A= 91 q| O(€i)d(€jirq) (7.3)

Here w,q are the phonon eigenfrequencies, €;x are the electronic eigenvalues, and
N(0) is the electronic density of states at the Fermi level. The number of electronic and
phonon wavevectors is given by N}, and IV, respectively.

The crystal has been constructed in our calculations as follows. A unit cell con-
taining 25 atoms forms a slab wherein a single layer of Pb atoms is placed above 3 bilayers
of bulk Si. As a consequence of the finite out-of-plane-axis thickness of the silicon layer,
the dangling bonds opposite the Pb overlayer have been passivated by attaching hydrogen
atoms to the remaining unbonded sp3 Si states. The Pb-Si-H slabs have been constructed
in a supercell arrangement, each slab separated by a vacuum layer of 22 A which is sufficient
to eliminate spurious interfilm interactions [13§].

Using our scalar-relativistic LDA pseudopotential, the bulk relaxed LDA lattice
constant of fcc Pb was found to be 4.87 A, which compares favorably to the experimental
lattice constant of 4.95 A. Using the relaxed lattice constant we find that the (111) in-
plane bond length is 3.44 A for Pb in the 1 x 1 crystal arrangement as described in Ref.
[66]. To correctly reconstruct the interface between bulk Si and monolayer Pb, we use a
unit cell containing 3 Si atoms per layer capped by 4 Pb atoms forming a so-called striped
incommensurate phase (SIC-Pb) of monolayer Pb [I51]. This incommensurate phase, an
arrangement only possible within a unit cell containing at least 4 Pb atoms, breaks the
symmetry of the Pb-Pb bonds in such a way as to create two interatomic Pb lengths. Here
we find that the shorter of the two, denoted by a bond in Fig. [Z1] is 3.00 A. The longer of
the two distances is 3.66 A, 6% longer than the bulk value of 3.44 A.

Below the Pb layer, the bulk substrate is modeled by three bilayers of Si in order
to accurately describe the electronic structure at the interface. Specifically we are interested
in hybridization effects which bear on the interatomic electronic densities and therefore the
effective spring constants of the Pb-Pb and Pb-Si bonds. The in-plane unit cell has been
constructed such that the bulk lattice constant of Si in this configuration takes on the relaxed
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Figure 7.1: (Color online) Side view (a) and top view (b) projections of a few unit cells
of the crystal structure employed in the calculations of this letter. Pb has been deposited
on three bilayers of Si. The reconstruction of the Pb monolayer arising from the Si surface
results in differentiated Pb-Pb bond lengths. The shorter Pb-Pb bonds are depicted most
clearly by the dark lines in (b). This is the striped incommensurate phase (SIC-Pb) of
monolayer Pb on Si(111) which has been shown to be superconducting in Ref. [131].
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Figure 7.2: (Color online) Eliashberg spectral function o?F for bulk Pb-fcc (dashed line)
and monolayer SIC-Pb film on Si(111) (solid line). The total electron-phonon coupling
A =2 [ a?F(w)w™tdw is decreased from the bulk value of 1.41 to the monolayer calculated
value of 0.72. The decrease arises primarily from stiffened phonon modes and a suppression
of low-energy spectral weight coming from weaker electron-phonon matrix elements. The
estimated T, of 1.5 K arising from the monolayer spectral function is in very good agreement
with the experimental value of 1.83 K.

value of 5.39 A, as compared to the experimental value of 5.43 A. The system has been
fully relaxed such that the forces present are less than 0.02 eV// A. Our configuration does
not allow for reconstruction of the Si surface, however we do find that the Pb monolayer
is put under a compressive strain by the bonding to the Si surface. This leads to some
out-of-plane structure. Of each four atom unit cell, three Pb atoms are covalently bonded
to the Si surface while the final atom is only bonded metallically to its Pb neighbors. The
unbounded Pb atom sits 0.11 A above the plane created by the bonded Pb atoms which
form a 2.73 A covalent bond to the top layer of Si atoms. This lattice-mismatch, which
breaks many of the symmetries present in a simple 1 x 1 Pb monolayer construction leads
to a great deal of structure in the phonon density of states.

The 2D features of the Pb surface, namely the differentiated bond lengths, are an
artifact of the lattice mismatch between the Si and Pb. This mismatch imposes a strain
on the Pb sheet. That strain causes a compression of the nearest neighbor Pb-Pb bonds
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and is present because of the energetically favorable bonding to the top layer Si atoms
[152], resulting in strongly stiffened phonon frequencies. Related to this phenomenon, it
has long been shown that Pb exhibits a monotonic decrease in superconducting transition
temperature as a function of pressure [153] [154], directly correlated to increased phonon
frequencies. In addition to a suppressed T, the ratio of the superconducting gap to the
transition temperature, 2A /kgT, in Pb under pressure has been found to be closer to the
BCS value of 3.52 [155]. This effect has been attributed to a weakened electron-phonon
coupling [156], an assertion which is supported by this letter.

We have calculated the total electron-phonon coupling in monolayer Pb on Si
through Eq.(73) and find A = 0.72. The Eliashberg spectral function for bulk Pb [66] and
the monolayer calculation of this work are presented in Fig. Using the logarithmically
averaged phonon frequency wj,y = 4.9 meV and p* = 0.14, we estimate a superconducting
transition temperature 7, = 1.5 K. This estimate depends weakly on the use of the bulk
value of the Coulomb repulsion in the quasi-two-dimensional state. Variation of u* between
reasonable values of 0.1 and 0.2 leads to a stable T, of 1.5 £ 0.6 K. This estimate is in
extremely good agreement with the experimental value of 1.83 K [131]. The decrease in total
electron phonon coupling in SIC-Pb as compared to the calculated bulk value of A = 1.41
[66] can be attributed to the stiffening of the phonon frequencies w, 4 arising from bonding to
the Si surface as well as a decrease in the magnitude of the electron-phonon matrix elements
gfi';. The matrix elements are affected primarily because the 6p Pb wavefunctions at the
Fermi level have hybridized with the silicon surface. This hybridization brings silicon states
which are described very well using sp3-like Wannier functions into the matrix element
integrals. As has been measured as well as calculated, the total electron-phonon coupling
strength in hole-doped Si is significantly lower than in Pb [104]. Inspection of the Eliashberg
spectral function of bulk hole-doped Si in Ref. [104] indicates that the electron-phonon
matrix elements coupling phonons of frequencies below 50 meV are vanishingly small. It
is therefore not surprising that introducing similar wavefunctions into the electron-phonon
matrix elements of states near £y would suppress the term | gf(]’:]z of Eq. (3). Interestingly,
we find an increase in the electronic density of states at the Fermi level in SIC-Pb. Our
calculated value of 0.583 states per eV per Pb atom is a 21% increase over bulk value of
0.482 states per eV per Pb atom [66]. This increase balances out some of the decrease in \
coming from increased phonon frequencies and weaker matrix elements.

Previously, semi-empirical formulas to describe the electron-phonon coupling in
thin Pb films as a function of thickness have been presented [66]. Detailed in Eq. (7.4)),
the five parameters which enter into the total coupling estimation are Ayuk, Asurfs Asubs d
and L. The bulk and surface interaction terms have been calculated from first-principles to
be 1.41 and 1.05 respectively. The factor Agyp, which accounts for the Pb interaction with
a substrate had been fitted to match estimated superconducting transition temperatures
with experimentally measured values. Of final two parameters, L is the thickness of a single
layer. This is taken as the lattice constant of Pb divided by the geometrical factor /3, while
d is the thickness of the sample in question. Using a simple model where the monolayer
of Pb on Si behaves as if it is the average of a surface layer and a substrate layer, we find
using previous first-principles results that Ay = 0.39. This value compares well to the
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fitted value of 0.30 used in Ref. [66], indicating self-consistency of these two approaches.

L d
)‘(d) = E |:<E - 2> /\bulk + /\surf + )\sub (74)

Evidenced by the strong effect on the Eliashberg spectral function [Figll.2], it is
clear that the Pb-substrate interaction is of central importance to the behavior of this sys-
tem. Therefore, the experimentally observed superconductivity in monolayer Pb is heavily
dependent upon the Si(111) surface. This interaction provides a simple resolution to the
competition between reduced dimensions and superconductivity; the Pb-Si system is not
truly two-dimensional and therefore the observation of superconductivity in monolayer Pb
does not violate the Mermin-Wagner theorem. This conclusion is supported by the ARPES
observation of two distinguished two-dimensional single-electron subbands [I31]. Unlike a
freestanding monolayer of Pb, these bands, present in our calculated electronic bandstruc-
ture (not shown), indicate that the electrons in this system are not strictly two-dimensional.
This system can therefore be more accurately described as quasi-two-dimensional.

Strong theoretical support for BCS electron-phonon superconductivity in mono-
layer films of Pb as measured by scanning tunneling spectroscopy experiments has been
presented. While this system is at the atomic limit of film deposition, superconductivity
is benefited by the interaction with the silicon substrate. The interaction of metal with
substrate prevents this system from undergoing a KT phase transition, allowing for the
long range phase coherence necessary to sustain a superconducting state. It is clear that
the observed superconductivity in Pb cannot be separated from the effects of the substrate
and therefore the complex Pb-Si system must be treated as a whole. Additionally, the
superconducting transition temperature of ultra-thin Pb may be enhanced by reducing the
in-plane strain on the metallic Pb-Pb bonds, which would soften the phonons involved in
superconductivity. Additional work to model the Si surface vibrations may be interesting
to further clarify the role of the substrate in this and other novel thin superconductors.
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Chapter 8

Phonon-assisted absorption in
silicon from first-principles

The phonon-assisted absorption of light in materials is an important optical process
both from a fundamental and from a technological point of view. Intraband light absorption
by free carriers in metals and doped semiconductors requires the additional momentum
provided by the lattice vibrations, while phonon-assisted processes determine the onset of
absorption in indirect-band-gap semiconductors (Fig. R1]). Moreover, the value of the direct
band gap in silicon (3.4 eV[I57]) is large and precludes optical absorption in the visible.
However, silicon is a commercially successful photovoltaic material because of the indirect
optical transitions that enable photon capture in the spectral region between the indirect
(1.1 eV[158]) and direct band gaps.

Despite their importance, at present only a very limited number of first-principles
studies of phonon-assisted optical absorption spectra exist. Ab initio calculations of direct
optical absorption spectra including excitonic effects have already been performed for Si and
other bulk semiconductors [159] 160, 161] and the underlying methodology is presently well
established [162] [163]. Phonon-assisted absorption studies are more involved, however, and
the associated computational cost is much higher than the direct case. The calculation of
the indirect absorption coefficient involves a double sum over k-points in the first Brillouin
zone (BZ) to account for all initial and final electron states. In addition, these sums must
be performed with a very fine sampling of the zone to get an adequate spectral resolution.
The computational cost associated with these BZ sums is in fact prohibitive with the usual
methods. Phonon-assisted absorption calculations have been done for the special case of
free-carrier absorption[55], where the carriers are initially limited to a region near the T’
point of the first BZ, but a full calculation using brute-force methods for the general case
remains beyond the reach of modern computers.

The difficulty of zone-integral convergence can be addressed with the maximally-
localized Wannier function interpolation method[32] [33] [47]. Using this technique, the
quasiparticle energies[164] and optical transition matrix elements[34], 36] can be interpolated
to arbitrary points in the BZ at a minimal computational cost. Moreover, this interpolation
method has been generalized[31],[39] to obtain the electron-phonon coupling matrix elements
between arbitrary pairs of points in the first BZ.
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In this Letter, we developed a first-principles computational method, based on
a Wannier-Fourier interpolation formalism, to determine the phonon-assisted optical ab-
sorption spectrum of silicon from first principles. The calculated data near the absorption
onset are in very good agreement with experimental results for a range of temperatures.
Moreover, we were able to reproduce the absorption spectrum of silicon in the energy range
between the indirect and direct band gaps (1.1 — 3.4 eV), a spectral region that cannot be
accessed by standard model calculations. This region covers the entire visible spectrum and
is important for optoelectronic applications.

To calculate the phonon-assisted absorption coefficient in silicon, we start by using
the Fermi’s golden rule expression and obtain[I65] 55]:

472e2 1 1

—9 X (81489
a(w) wen, (w) ‘/Cell Nqu V%q‘ ( 1 + 2)’
X P5(6j7k+q — €k — hw + hw,,q), (81)

where hiw and A are the energy and polarization of the photon and n,(w) is the refractive
index of the material at frequency w. The generalized optical matrix elements, S; and S5,
are given by
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and correspond to the two possible paths of the indirect absorption process (Fig. [BI]).
They are determined in terms of the velocity (v) and electron-phonon coupling (g) matrix
elements, as well as the real (e,,) and imaginary (I',x) parts of the quasiparticle self-
energies. The factor P accounts for the carrier and phonon statistics,

P= (n,,q + % + %) (fik = fik+q)
The upper (lower) sign corresponds to phonon emission (absorption).

First-principles calculations were performed within the local density approximation
(LDA)[29, 51] to density functional theory using a plane-wave pseudopotential approach[28§]
with a kinetic energy cutoff of 35 Ry. The ground state charge density was determined on
a BZ grid of 14x14x14 k-points. Quasiparticle energies within the GW approximation
for the self-energy operator[166], [167), [168] were determined on a 6x6x6 grid and inter-
polated throughout the BZ through the use of the maximally-localized Wannier function
formalism[32], [33] [47]. We included 34 electronic bands in the coarse-grid calculation and
extracted 26 Wannier functions, which reproduce the LDA bandstructure 10 eV below and
30 eV above the Fermi level. The interpolated quasiparticle band structure of silicon is
shown in Figure Bl The indirect (1.3 eV) and direct (3.3 eV) quasiparticle band gaps
are in good agreement with previous calculations[167] and experiment. The same formal-
ism has been used to interpolate the velocity matrix elements[162] [34] [36], including the
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renormalization required [169] after the GW corrections. The real (1) and imaginary (g2)
parts of the dielectric function and the refractive index due to direct transitions were also
determined at the quasiparticle level for a range of photon frequencies (Fig. B.2)), required
in Eq. Bl to determine the absorption coefficient. Lattice dynamics are calculated using
density functional perturbation theory[3]. The electron-phonon coupling matrix elements
are calculated on the same coarse grid of electronic points, while the dynamical matrices
and phonon-potential perturbations are calculated on a 6x6x6 grid of momentum-space
vectors[31, B9] using the EPW code[I50]. The imaginary part of the electron self energies
(T'yk) arising from the electron-phonon interaction[31), [39] [150] are calculated for a large
number of quasiparticle states (Fig. [R.3)).

Phonon-assisted optical absorption in indirect-band-gap semiconductors occurs for
photons with energies greater than the indirect band gap minus (plus) the energy of the
phonon absorbed (emitted) to assist the transition. The onset of indirect absorption is
calculated over a wide range of temperatures in bulk silicon through Eq. 81]and the results
are shown in Fig. B4l The theoretical data have been shifted horizontally by 0.15 — 0.23
eV to match the experimental absorption onset. Each curve displays a characteristic knee,
arising from the different energy onsets of the phonon-absorption and phonon-emission
terms, which becomes smoother with increasing temperature. The calculated data are in
good agreement with experimental results[I70] for all temperatures measured. For these
calculations, we used fine grids of 40x40x40 for the k and q sums in Eq. 81l respectively.
These fine grids yield converged optical spectra with an energy resolution of 14 meV, which
is quite small and necessary to resolve the fine features near the absorption onset. Although
the experimental data near the edge can be fit with simple parameterized forms[I70], to
our knowledge they have not been calculated entirely from first principles previously.

In addition to the absorption onset, we are interested in the phonon-assisted ab-
sorption spectrum in the energy range between the indirect and direct band gaps, covering
the visible range. This spectral region involves transitions between valence and conduction
band states away from the band extrema and, as a consequence, cannot be modeled with
simple parameterized forms. On the contrary, because of the large number of electronic
states and phonon modes involved, first-principles calculations are the only computational
tool that can access this spectral region. The interpolation of the ab initio quantities within
the Wannier-Fourier formalism makes the calculation feasible on modern computers. The
calculated spectra with an energy resolution of 30 meV (Fig. B3] converge with zone-sums
of 24x24x24 electronic and 24 x24x24 phonon points. The imaginary part of the electron
self-energy for the intermediate electronic states was set to a constant value (100 meV).
However, the calculated data are not very sensitive to the particular value of the quasipar-
ticle lifetime for photon energies in this spectral region.

In order to improve the agreement between theory and experiment, the theoretical
absorption spectra of Figs. B4l and have been shifted to the left along the energy axis
by 0.15-0.23 eV. The reason for these shifts has to do with the accuracy of the calculated
quasiparticle energies, as well as with finite temperature effects. First, the quasiparticle
energies as calculated with the GW approximation are typically accurate to within 0.1 eV
from experiment. In our particular case, we also found that the calculated band gap is
within this error bar larger than the experimentally measured one. We note that no other
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Figure 8.1: (a) Quasiparticle band structure of silicon calculated within the GW approxi-
mation and interpolated with the Wannier formalism. The arrows indicate the lowest-energy
phonon-assisted optical absorption processes across the indirect band gap. Solid lines de-
note optical transitions, while dashed lines correspond to electron-phonon scattering events.
The two terms, S and Sa, of Eq. Bl are represented by paths (1) and (2) respectively. (b)
Density of electronic states versus the quasiparticle energy. The occupied bands have been
highlighted.
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Figure 8.2: (a) Real and imaginary part of the dielectric fucntion of silicon. (b) Index of
refraction.
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Figure 8.3: Imaginary part of the quasiparticle energies due to the electron-phonon inter-
action as a function of the real quasiparticle energy referenced to the top of the valence
band.
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Figure 8.4: Onset of the phonon-assisted optical absorption in silicon, as a function of
photon energy and temperature. The theoretical results (solid lines) are in good agreement
with experiment (dashed lines). Experimental data are from Ref.

first-principles method is presently available to guarantee a more accurate result. Moreover,
finite-temperature effects on the eigenvalues, which we have not considered explicitly, ac-
count for the remaining difference. The only temperature dependence we considered is for
the Bose occupations of the phonon modes which primarily affects the phonon-absorption
contribution to a(w). However, the temperature dependence of the quasiparticle energies
of silicon, arising from lattice expansion and the electron-phonon band-gap renormalization
[172] [173], leads to a gap decrease of approximately 0.1 eV in the range 0 — 400 K [174].
The two effects combined explain the need for and the value of the rigid horizontal shift of
the theoretical data to lower energies.

Although excitonic effects, arising from the electron-hole interaction, are poten-
tially important for optical processes and in general affect the direct absorption spectra even
for photon energies far from the absorption edge[I62], we found that they are not as im-
portant for the case of indirect absorption. Sharp features that appear at low temperatures
near the onset of indirect absorption have been attributed to excitonic effects[I70, [175].
Our calculations, however, are based on quasiparticle theory and do not account for the
electron-hole interaction that gives rise to these excitonic features. Nevertheless, our calcu-
lated absorption spectra are in very good quantitative agreement with experimental data,
pointing to a weaker role of the electron-hole Coulomb interaction for the case of indirect op-
tical transitions. This is probably because of the fact that the band-extrema wavefunctions
in indirect-gap materials are located at different points of the BZ and hence the wavefunc-
tion overlap, which determines the magnitude of the Coulomb interaction between them,
is small. Therefore, the phonon-assisted spectra can to a large extend be explained at the
quasiparticle level of theory, without the need to account for excitonic effects.

In conclusion, we used a Wannier-Fourier interpolation technique to calculate the
phonon-assisted optical absorption spectra of silicon at the quasiparticle level. The calcu-
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Figure 8.5: Calculated (solid lines) and experimental (circles) absorption coefficient of
silicon in the energy range between the indirect and direct gaps, for two temperatures.
Experimental data are from Ref. [171].



71

lated spectra are in very good agreement with experimental measurements, both near the
absorption onset and in the spectral region between the indirect and direct band gaps for
any lattice temperature. The computational formalism is quite general and can be used to
study both the fundamental physics of indirect absorption, as well as the phonon-assisted
optical properties of technologically important materials for optoelectronic applications.
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