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ABSTRACT: Using the known resummation of virtual corrections together with knowledge of
the leading-log structure of real radiation in a parton shower, we derive analytic expressions
for the resummed real radiation after they have been integrated over all of phase space.
Performing a numerical analysis for both the 13 TeV LHC and a 100 TeV pp collider, we
show that resummation of the real corrections is at least as important as resummation of
the virtual corrections, and that this resummation has a sizable effect for partonic center
of mass energies exceeding /s = O(few TeV). For partonic center of mass energies /s 2>
10 TeV, which can be reached at a 100 TeV collider, resummation becomes an O(1) effect
and needs to be included even for rough estimates of the cross-sections.
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1 Introduction

It is well known that perturbative corrections in scattering processes have infrared (IR)
sensitivity to soft and collinear emissions. For electroweak corrections involving massive Z
and W bosons, the mass of the vector boson regulates the IR divergences, such that the
IR sensitivity yields logarithmic dependence on the ratio of the vector boson mass over the
partonic center of mass energy

Ly =Inmi /s. (1.1)

Both virtual and real corrections give rise to such logarithmic corrections, and as usual,
their effect cancels in fully inclusive observables.

This situation is very similar to the more common situation of gauge theories with
massless gauge bosons, such as QCD, for which both virtual and real corrections are IR
divergent, and the divergence cancels in the sum that enters in any physical observable.
However, there are two main differences: first, for massive gauge bosons, both virtual and
real contribution are separately finite (albeit with logarithmic dependence on the ratio of
the mass of the vector boson to the center of mass energy), such that there is no need
to combine them for physical observables. Second, even if the measurement is completely
inclusive over the final state, the initial beams of colliders are typically not SU(2) singlets,
such that one can never perform a fully inclusive measurement. Thus, essentially any
measurement has logarithmic sensitivity to the ratio m%/ /s, such that for high enough
center of mass energies electroweak corrections become very large.



Much effort has been put into understanding the electroweak logarithms arising from
virtual corrections [1-19]. A general result for the logarithmic dependence at one-loop has
been derived in [7, 8], and a general method for the resummation of these logarithms has
been developed in [17, 18]. This method uses SCET which has been developed in [20-23].
While real radiation of electroweak gauge bosons typically leads to different experimental
signatures, in many cases some amount of real radiation is included in the event samples.
For example, in many analyses missing energy is not vetoed, such that radiation of Z
bosons which decay to neutrinos is included, and any analysis that is inclusive over the
number of jets includes real radiation of hadronically decaying vector bosons.

Logarithmic dependence from real emission, however, has been studied much less. The
O(a) correction from real emission can of course easily be included using phase space
integrations over tree-level matrix elements, and a study of the effect of such real radiation
on many experimental observables was performed in [24]. It was found that the real
corrections can have a sizable effect, albeit typically not quite as large as the virtual
corrections. The effects of real radiation have recently been studied in [25, 26].

In this paper we consider the Drell-Yan cross sections o,,¢,¢, and opp_¢,¢,1 . Here
¢ denotes either an electron, positron or a neutrino, and V denotes either a Z, a photon
or a W boson. For Drell-Yan production at NLO accuracy, the first cross section includes
the tree-level and the one-loop virtual correction, while the second cross section denotes
the real radiation of a gauge boson. Collectively, we will represent these two cross sections
as Opp—l10X -

To calculate this hadronic scattering cross-sections one starts as always by factorizing
the short distance partonic scattering from the non-perturbative physics describing the
binding of partons into hadrons

Opp—sfinal = Z /dzadxb fa/p(‘ra)fb/p(:”b) G ab—stinal(Ta,> Tp) 5 (1.2)
ab

where f; /p(xi) are the parton distribution functions to find parton ¢ in the proton p with
momentum fraction x;, and G4p—final(Za, xp) denotes the partonic scattering cross-section.
By Lorentz invariance, the dependence of the partonic cross-sections on the momentum
fractions x; is only through the product s = z,25, and not through the rapidity ¥ =
In(xq/xp)/2. Thus, one can write

dappﬁﬁnal -
T N % £ab(5) Uab—>ﬁna1(s) ) (13)

where the parton luminosity is defined as

Lap(s) = /dxadwb fa/p(Ta) foyp(xp) 0(s — 20285 - (1.4)

It is the purpose of this paper to derive simple analytical expressions for the resum-
mation of electroweak Sudakov logaritms at leading logarithmic (LL) accuracy. To achieve
this, we combine knowledge of the resummation of the virtual corrections, together with
the known IR structure of real radiation from parton showers. This allows us to obtain



simple analytical results which we present here. This approach is similar to the one used
in [2], where these effects were discussed focussing on ete™ collider. We then use these
results to give expressions for the individual contributions to the hadronic cross-sections
Opp—ti0,x as a function of the center of mass energy /s. We reproduce the well known
fact that resummation has a large effect on the virtual contribution for /s 2 2TeV. The
resummation of the real corrections changes the fixed order results by more than 40% for
Vs 2 2TeV, and this effect grows to about 200% for /s ~ 25 TeV.

This paper is organized as follows: in section 2 we set up some notation and derive
general expressions for the cross-sections which highlight the structure of the logarithmic
corrections. In section 3 we give the (well known) fixed order results of the virtual and
real electroweak corrections which are enhanced by two powers of the logarithms Ly .
In section 4.1 we give the resummed results for the virtual corrections, keeping only LL
accuracy. In section 4.2, we derive the resummation of the leading logarithmic terms for
real corrections. In section 5 we provide a numerical analyses of these results, both for the
13 TeV LHC and a 100 TeV pp collider. We finish with Conclusions in section 6.

2 The structure of logarithmic terms in the perturbative expansion

To first order in electroweak perturbation theory the partonic scattering cross-section can
be written as

- _ ~(0) ~(1)

Uij_>£1ZQX - Uijﬁflfz + O-ijaélégX’ (21)

(0) (1)

i1 denotes the Born cross-section, and 0iiss
first order perturbative correction can be decomposed into a virtual and real contribution,

where & 0,0,x the O(a) correction. This
and each of these two terms can be further separated by the flavor of the vector boson in
the loop or real final state. This gives

6t = D [0l stres + Gigotitav] - (2.2)

\%4

Here the first term describes the contribution from one-loop diagrams with V' = {Z, W, v}
in the loop, while the second term is given by the real radiation of an electroweak gauge
boson V.

Each of the terms on the right hand side of eq. (2.2), contains double and single loga-
rithmic terms of the form o Ly and « L%/. By the KLN theorem [27], these logarithmically
enhanced terms cancel when we sum over complete gauge multiplets. Thus, the completely
inclusive cross-section has no logarithmically enhanced terms (called “finite” below)

S 6400, x = finite. (2.3)

a,b,l1,02
The sum of the initial state is over a,b € {u,d}, that of the final state is over ¢1,¢y €
{eT,e™, v}, and we sum over the virtual contributions, and well as the real contributions
with either a Z, a photon or W in the final state. Since the logarithmic enhancement de-
pends on the mass of the vector boson, the logarithmic corrections from Z bosons, photons,
and W bosons cancel separately between real and virtual corrections. Furthermore, since



the emission of a Z boson or a photon does not change the flavor of a fermion, the cancella-
tion of the terms enhanced by Lz happens for each flavor assignment separately. This gives

~7 ~ _ . ~Y A _ .
Oabstyty T Oabseyt,z = finite, O abstrt, T Oabstitry = finite . (2.4)

The emission of W bosons, on the other hand, changes the flavor of the fermion. This
implies that the cancellation of the terms enhance by Ly only happens after summing
over all flavors
Z [OA-Z‘I;—%MQ + &ab—>€1€2w] = finite . (25)
a,b,l1,02
An important consequence of eq. (2.5) is that a finite answer is only obtained if one
sums over all initial state flavors. Thus, the hadronic cross-section given in eq. (1.3) still
contains contributions enhanced logarithmically by factors of Ly,. This is because each
initial state flavor is multiplied by a different parton luminosity, such that the sum over
initial state flavors cannot be observed.

3 Fixed order calculations of the virtual and real contributions

In this section we consider the fixed order expansion of the virtual corrections 6;/,) VR
and the real contributions 64,¢,0,1v. For both terms, we quote here only the dominant
contributions that are enhanced by two powers of Ly .

For completeness, we start with the Born cross-sections, including the contributions
from both photon and Z exchange for the neutral initial and final states, and from W
exchange in the charged cases. They are given by

8502 + 6oy + 903

~B
Outise—et = N 54
5B N 1702 — 6a1ag + 903
uu—vv T 54
5B N 2502 — 6aras + 903
dd—e~et — 54
- B _ 504% + 6ayag + 901%
O-d(zﬁw’/ - 54
202
~B _ 2
O ud—vet N 3
202
~B 2
Odi—se—v — N 3’ (31)
where we have defined the constant
T
N = , 3.2
8N¢s (3:2)

with No = 3 denoting the number of colors. To simplify the notation, we have written our
results in terms of the coupling constants of the unbroken theory

[0 (67
a1 = 2em ) Qg = —; ;m ) (33)
COS 9W S QW

where Oy is the weak mixing angle and «.y, is the electromagnetic coupling constant, also
known as the fine-structure constant. All coupling constant are evaluated at the scale /s,
the center of mass energy, a; = a;(1/s).



The virtual corrections from W exchange that are enhanced by two powers of the
logarithm are easily obtained for example using [7] and are given by

aw LIQ/V 110&% + 6apag + 90&%

&%ie—e“’ =-N Ar 27
&Wi N aw L%/V Ba% — 2aq1a9 + 3a§
uuU—vyY 471- 9
&Wi N aw L%V Sa% — bajas + 9a§
dd—e—et A1 27
GWE oW L%, o + 20002 + 303
dd—vv A7 9
6_Wﬂ: — _N aw LIQ/V %
ud—vet A7 3
2 2
a-(‘g/iie*V = OZVZ;W % . (34)

Those from Z exchange are given by

az L% (99 — 36657, + 2210sy;,) of + (9 — 30s7y, + 26sy;,) (6anas + 9a3)

&5ﬂ—>e*e+ =-N A 436
52  _ _NO9Z L% (81— 12s}, + 1365}y, ) of + (9 — 1253, + 8sfy) (—6aiasz + 9a3)
uu—vy 47T 486
57 _ yozlEs (9 — 24s%, +100s};,) F + (9 — 24s3, + 20sf,) (—6a1az + 9a3)
dd—e—et Ar 156
57— _N©Z L2 (27 — 653y, + 10sy,) af + (9 — 653y, + 257;,) (6o + 903)
dd—vv A 136
57 0zL32(9 - 18s)y + ldsy) of
ud—vet Ar o7
52— N9 I2%2(9—18s%, + 14s3;,) o3 ‘ 55
du—e~v Ar o7

The virtual corrections from photon exchange that are enhanced by two powers of the
logarithm are easily obtained and are given by

y _ N Qem L% 8504% + 6o + 904% %

Oui—se—et — A 54 9
sy Qem L3 1703 — 60 + 903 8
uu—vv 47_{_ 54 9
57 _ Qe L2 2503 — 6009 + 903 20
dd—e—et A7 54 9
57 _ N Qem L% 50@ — 6o + 9a%g
dd—vi A 54 9
y . Qem, Lg/ 20[% 14
O-ucz%ue"' - A T?
2
a—Zlﬁ—m—u == ae:lnﬂL’y 2;[%194 ) (36)



where the logarithms depend on a scale A, below which a photon is no longer resolved,

L,=In <A2> . (3.7)

S

We have also defined sy = sin(fy) and

(o%)
awy = Qs o'

Ay o (3.8)

The double-logarithmically enhanced real corrections with a Z boson or a photon in
the final state are related to the corresponding virtual corrections via
Sand =67, (3.9)
Oq1Go—t142Z Oq1Ga—102 > )
Oq1ga—tilay = _a';qgﬂgl@ ) (3.10)
which directly follow from eq. (2.4), for those with a W™ boson in the final state we find

aw L3, 503 + 2703

Oud—se—etw+ = N

4 54
Oudovow+ = N QVZ:%V af 4‘542704%
Oua—se—ow+ = NV O‘VZ:%/V 1704%54;127043
a8 QVZ: b 5o ;427045 : (3.11)

while those with a W™ are given by

_ N L%, 503 + 2703

Oduse—etW— = - -
G~ = N =% ﬁv o 4:5 jm%
Cuimsverw— =N avz:%/ 17@%;2706
e =8 avz; e ;427045 ' (3.12)

From these results one can obtain the inclusive cross-sections, which have been summed
over all final state flavors

aw LY, a2 — 3a3

Oun = =N 47 9
6= —N avzj%/voc% —9304%
6.2=N am:hf%/v a? —9304%
Gan = N aVZf%V o _930‘% (3.13)

From these expressions one can very easily validate that in ), 64 all double logarithms
cancel.



4 LL resummation of the leading logarithms

4.1 Virtual corrections

To resum the electroweak Sudakov logarithms for for the virtual contributions we follow
the work of [18, 28], which uses renormalization group equations in SCET. The calculation
proceeds in three steps. At the scale ué ~ s, one matches the full theory onto 4-fermion
operators in SCET, where each of the fermion is represented by a different collinear sector
in SCET. One then runs the theory from the scale ug to the scale uy ~ my, at which
point the massive gauge bosons are integrated out of the theory and electroweak symmetry
is broken. As long as s > m%/, the mass of the vector boson can be set to zero in the
matching onto SCET at the scale pg, and in the calculation of the anomalous dimension
which governs the running from pg to py. This implies that one can use an unbroken
SU(2), simplifying these calculations substantially.

In [18, 28], this resummation was carried out in full generality to NLL’ accuracy. For
the purposes of this work, we only work to LL accuracy, which simplifies the structure
significantly. The first simplification is that only tree level matching is required both at
the high and low scale. Furthermore, no operator mixing arises in the running from the
high to the low scale. This will allow us to write relatively simple analytical formulae.

As already mentioned, in the effective theory between pg and py one can use unbroken
electroweak symmetry, such that there are a total of 7 operator that contribute

L=Corr QTLT + Cors Q°L® + Cyrs USL® + Cprs DY LS
+ CopsQ°FE® + Cyps UE® + Cpps DY EY, (4.1)

where we have defined the fermion bilinears in either triplet or singlet representation
F% = Fy*F FT = FroytF . (4.2)

Here @@ and L denote left-handed quark and lepton fields, respectively, while U, D and F
denote the right handed up-type quarks, down-type quarks and electron fields. The tree

level matching is given by
s Cg) I),T = 4dmrao
s C}?QS =draq YiYF, (4.3)

where I and F' denote the initial and final fermions of each singlet operator, and Y; is the
hypercharge of particle i. The hypercharge normalization used is

Y, =Qi—1T7, (4.4)

where @Q; is the electromagnetic charge of the fermion f = ¢/¢ and TZ-3 is the weak isospin.
In general, the renormalization group can mix these operators, however this mixing
only arises starting at NLL. Since we are only interested in LL accuracy we can write

2
L 0i(u) = Tilwy = 0i(), (4.5)



where the cusp anomalous dimension is

L) = Z [alz(:)ng n azsru) 72| . (4.6)

Here [T}]? is the SU(2) Casimir of the j'th fermion (3/4 for left-handed fermions and 0 for
right-handed fermions) in O;.

The solution to this RGE can easily be written down analytically, and one finds for
the Wilson coefficients at the low scale

Ci(pv) = UM (pv, 1g) Ci(po) - (4.7)

Working in the limit «; In m%/ /s ~ 1, one obtains the simple result

o [ T
exp [_Fi (v/) In®

} . (4.8)

|

UZ'LL(MVv Qs S) =

SIS | SE

For p1g = /s and py = my this result simplifies to

Ui = UZLL (mv, \/g; 8) = exp |:—Fi (\/g) 1112 n\}‘j] . (49)
s
Note that the anomalous dimension and therefore the evolution Kernel only depends on
the type of initial and final state particles. Thus, we have

Urps = Urrr = Urr (4.10)

The SU(2) ® U(1) gauge structure is broken at py = my to the U(1)em, and below
that scale only the photon remains as gauge degree of freedom. Thus, below the scale my
one continues to run to a scale pp, at which point the photon becomes unresolved. This
running is determined by the cusp anomalous dimension

ren(u) = 2z (411)
where
Q=) @ (4.12)

is the sum of the square of the electromagnetic charges of all particles in the operator. The
evolution Kernel between py and pp is

exp [— G Qi In” L\/%}

Ugs (s pvis) = o o (4.13)
exp [— 52 (ot In %]




We obtain the simple results for the resummed virtual corrections,

4 (402, + U +16U2 ) o3 + U3 (01 + 3as)’

~LL om . 2
Tuise—et = N 71 [ 569 (A my; 5)}
R 16U[2]L0é%+U2L(041—3042)2 2
6ty = N = (Ut (A my; )]
. 4 (U,%L + U2y +4 U,%E) 03+ U3, (n —3az)® )
Odd—se—et — N 54 [UQO/Q (A’ my; S):|
4U2, 02 + U2, (a1 + 3a2)? 2
ALL DL QL ‘
Ot = N 2 [Ust (A my; )]
203, o3 2
~LL QL2 m _
Oud—vet — N 3 |:Ule4/9 (A7 my; S):|
) 2 UQLoz% 2
Ogise—y =N QT [ 149 (A, my; s)} : (4.14)

Note that since aj/ag = tan?(fy) ~ 0.32, the term proportional to o3 (which depends
on various different evolution Kernels) is numerically suppressed compared to the term
proportional to (a1 + 3a2)?. Thus, to a good approximation, each leptonic final state gets
the same suppression factor Ugy, from the resummation.

A simple check of our results is that they reproduce the Born results given in eq. (3.1)
if we set all resummation Kernels to unity, and that they reproduce the fixed order results
in eqs. (3.4), (3.5), and (3.6) if we use the expansion U? = 1 — 2I'; In? Y 4 ... and

my
var Aomvis)] =14 omgE, (0 2 -t ) 4

4.2 Real corrections

In this section we will calculate the resummation of the real emissions. We first give the
results for the case of a single SU(2) gauge symmetry, and then extend the results to the
case of the broken SU(2) ® U(1) of the standard model.

4.2.1 Simple SU(2)

For a single SU(2) symmetry, the virtual results can be obtained from eq. (4.14) by setting
a1 = Qe = 0. It will be useful to rewrite them in a slightly different form, separating the
contributions from the different helicities

~LL ~ SU(2) 2
o =0 A my, $;8) . 4.15
ot affseftey = Oattagtseptey Bgpggomey (Mv:55) (4.15)

2)
a3’
perscript H denotes that each fermion has a fixed helicity. The Born cross-sections are

2

The resummed logarithms are now contained in the factor ASE oH gH (mi,s;s). The su-
1 1 %2

given by
2
. 8a2 (T;HT;H)
OgHgH pHgH = N 3
202
~B _ 2



where T;’H denotes the weak isospin of the fermion ¢/¢ with helicity H. The factor

ASY@)resums the leading logarithms and is given by

SU(2)
2
SU(2) 2 ) aff gff el el . o My,
Aqquffff (mV7875) =€exXp | — 9 —=2In T y (417)
where
SuU(2) Q3 )
Aoy = 57 217 (4.18)

i
and the sum over ¢ runs over all particles ¢ € {q{i , qfl ,E{{ ,65[ }. Summing eq. (4.15) over
all possible helicity structures, we reproduce eq. (4.14) in the limit a; = aem = 0.
By rewriting our result as in eq. (4.15), one notices that it can be interpreted as the
e 7059
is a Sudakov factor describing the probability of not having an emission of electroweak gauge

exclusive cross-section for the scattering process ¢/ gif — (1104 where A

bosons between the scales s and m?, for a process with center of mass energy s. Since of
course the emission of a massive gauge boson always gives rise to a scale above m%/, this
exclusive cross-section is by definition equal to the virtual result.

Eq. (4.15) is precisely the result that a parton shower would predict for the exclu-
sive cross-section,’ and one can use insight from parton shower evolution to derive the
expressions for real gauge boson radiation. The real emission of a gauge boson is given in
a parton shower by the product of Altarelli-Parisi splitting functions, which describe the
emission with a given transverse momentum k:%, multiplied by a Sudakov factor, which
gives the no-branching probability above the value of k% as explained in [29]. Thus, the
total inclusive real radiation cross-section (the cross section with one or more extra gauge
bosons in the final state) is given by

$ d
~LL ~B 2 SU(2) 2
o =0 dkr: —A k5. s:s
ot s = STy | W g Sy (h:9)
\%
~B SU(2) 2 }
=6 1—A ms.s:s)| . 4.1
gt et |1 = Dogresty s (i 59) (4.19)

Such an inclusive cross-section makes sense only if the measurement is not breaking the
SU(2) symmetry. This is because the inclusive cross section is defined at a scale p ~ kr,
while the SU(2) symmetry is only broken at the scale y ~ my . This implies that the flavor
structure one would obtain at the scale k7 can be changed by the further emissions of
extra gauge bosons, making an inclusive measurement with definite flavor structure (which
is what breaks the symmetry) ill defined.

Continuing to work in an unbroken SU(2) theory, one can also define the exclusive real
radiation cross section (the cross section with exactly one extra gauge boson in the final
state). This requires adding an extra no-branching probability from the scale k% to the
scale m%/, which accounts for the fact that no extra gauge bosons are emitted from the

'Note that our Sudakov factor for the initial state particles does not include the ratios of PDFs that
usually arise in backward evolution. This ratio of PDFs only contributes to NLL.

~10 -



fermions and the extra gauge boson with lower k:% This extra factor is given by
SU 2 12 _ 2 72.72) ASU2 2 12
A gy (i kis) = Ay (b Kk ) A% (b bhss) . (4.20)

where the term Ay, gives the probability of not emitting extra gauge bosons off the emitted
vector boson

2CA1 va]

- 2 (4.21)

Av (m 31) =exp |-
while the second term describes the no-emissions probability below k7 off the fermions

SU(2) (mz S.s)
ASUR) o g2, o et VTV
af off 31 el (ki 5) = ASU®) (K2, s:5)
S, S
ail gt 41t AT

(4.22)

Combining everything together, one therefore finds

&LL
qu q2H —%{{ 651 +V

s d
__ B 2 SU(2) SU(2) 2 2.
=0 g H E{—I@é—[ /’rn2 dkT 7(1]{;% [A HZHEH (kT, S; ):| AquHZ{IfgIV (mv,kT7$)

qlq

2
~B SU(2) SU(2) 2 * dkf,
=0 {.1 QH*%HgH A HgHééf Aquque{I%J (mv, 53 5) k‘2 In — k2 AV (mv, kT’ ij) (423)

The integral can be performed easily, and we write a general result

dk?2
I (m3,s) = /m2 sz In — k2 [Ay (m%/,k%;k%)]ﬁ (4.24)

2
Ve il mvEf(w/aszA mv) lav(mdss)] -1

With this result, the exclusive cross section for a single emission is given by

_ 2T
az BCx

~LL 5B U(2) SU(2)
Uqqu—)ﬁHZH—&-V {-I _>€H€H Aql q! EHEH Aql qt EHEH (mV,S 8) Il (mv, ) . (425)

4.2.2 Full SU(2) ® U(1)

We now extend the results of section 4.2.1 to include the full SU(2) ® U(1) gauge structure.
The Born cross-section is now given by

2
5 8 <a2T;’HTg3H + ()élyl]HYgH)
OgHgH _gHgH = N 3
202
~B _ 2

where as before T;’H denotes the weak isospin of the fermion f = ¢/¢ with helicity H and
Y;u denotes the hypercharge of the fermion f = ¢/¢ with helicity H. The hypercharge
normalization used is given by eq. (4.4).

- 11 -



As in section 4.2.1, we can write the LL cross section as the Born cross section times a
Sudakov factor. However, contrary to the case of a single SU(2) symmetry, in the broken
SU(2)®U(1) symmetry of the standard model, below the scale ¢ = my one needs to
continue to evolve the operators with the electromagnetic running. This gives

~LL __ ~B 2 . em 2 2.
Ouftagteptey = Oaftqgteptey Sattagiepey (M58) Al (Nymyss) - (4.27)

The Sudakov factor from s to m? factors into two pieces, one for the SU(2) symmetry and
one for the U(1)

2 ) — ASUR) 2 .. U(1) 2 ..
Aq{{qﬂ{{@ (mi;, s;8) = Aqfqué{fégf (mi, 85 ) Aq{{qw{,@ (my;, s58) . (4.28)

The SU(2) contribution was given in eq. (4.17), while the term coming from the U(1)
symmetry is given by

AU(l)

2
u(1) 2 ) — af'ad (705 0 My
Aoty (M, 538)) = exp | - —HEAE n? =V (4.29)
with
u(1) _a 2
Agrapepey = 57 2V (4:30)

i

The running below my is determined only by the total charge of the operator, and one finds

2 2 2
Z?qﬁlﬁfff (A%, mi;s) = exp [_aerzgtot <1n2 A? —In? ?)} . (4.31)
Summing over all possible helicity structures, we reproduce the resummed results of sec-
tion 4.1.

To obtain the resummation of the real radiation, we follow the steps of section 4.2.1,
taking into account the full SU(2)®@U(1) structure above m?, and the running due to the
photon below m?,. For the W* bosons, the U(1) symmetry does not contribute, but one
needs to be careful about the flavor structure when breaking the electroweak symmetry.

One finds

&LL
qfquﬁffﬁg-f—wi
= |A (m2 5'5) e (A2 mQ's) ) %lniA (m2 kQ'k:Q)
=Sl e 55 8) Sligfeegtws B TVES) | Sa I Ga SVAMY, M5 T
\%
x (a—B AWE L 5B AWE L 6B AVE L5 AWi>
gl el el ql afl ¢ H el el gl g gfl e el et afl gl —efl o 2okt
_ 2 . em 2 2. 2
- [Aq{’qgfe{fzgf (i, s;5) D gt ot ot o1 v+ (A% mys ) Il(m\/vs)]
~B w* | ~B w* | B Wt | B w*
X (& A o A o A o A
(Otagere A+ Oy seep A+ Opgpomor A+ O g e Al )
(4.32)

where f’ is the fermion f becomes after having radiated a W+ thatis ' =d, d =u, ' = v
and ¢/ = [ and for any flavor set which allows a W+ emission there is one of the Born cross
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section which is zero because its electromagnetic charge is not conserved. Also, we broke

Ajg((;{) i pu 0 its component related to the emission of a W=, that is
141 *1 %2
SU(2) _ W Wt
Agttgteney = Agtignenen + DA (4.33)
7
with
w=* _ Qa2 wt . w3 B Q9 32
ApS = A =00 Afg =50 (T (4.34)

i
For the emissions of Z bosons and photons, one needs to take into account the mixing
between the third component of the SU(2) gauge symmetry and the U(1) gauge symmetry.
The emission of a W3 boson is given by

ot sttt vws = Oqtagt et Agfagtapr Sopgtetrey (M)
X AU pn g (A2, m¥; s) /i’“;f In ;%Av(m%., k73 k7) ,  (4.35)
while for the emission of a U(1) boson B
Osfapeteg s = Ogagr st Aoy Sepagiepeg ()
X AY g (A, miys 5) /(Z? ln,:%- (4.36)

To combine these two expressions into the emission of a Z boson, we have to mix the
amplitude of the emission of a W3 with the amplitude of the emission of a B. Each
U(1)

. : e T
components for an emission from one fermion, and the amplitude is given by the square

individual emission is given by breaking the coefficient A};{Iq wpmpr and A in their
141 1 "2

root of this emission. We mix the amplitudes using that
Z =swB—cewW?, (4.37)

where ¢y = cos(fy) and sy = sin(fy). This gives

~LL __ B 2 . m 2 2.
OgH gl gHoH 7 = OgH gl oH ol AW (my, 51 5) Z{fqgfz{fegr (A%, mi:s)
N L SR (m%, k2) (4.38)
—5 11N — .
m2, K3k qfl off eI\ BT)
where we have defined
2 2 AU(l) AW3 :
Rypgnonen (M, k) = aw Y | sw L o[ - Aw (m ks kg) |, (4.39)
i w w
with )
u@) _ Ay w3 _ a1 (3
AR =2vE, Al =2 (T H) . (4.40)

By using the simple relations
AU(U AW?
g Lswy S s (4.41)
aw  V 2mew i aw YV ox '
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we obtain the final result for the Z boson emission cross section

~LL ~B em
OgH gl s oH ol 47 = O-q{{qf—MHZH Dgft gft et o3y (mi, s:5) qll gl H ¢l (A%, mi;s) (4.42)

dk mixin
X/2 k2T1 k?2 < WAIS)HZHEH A H HiHZH\/AW mV,k:2 k2>

2 AW3 2 12,12
+CWAq{Jqff{JESIAW(mV’kT7kT)>

_ B em )
N Uq{{% —eft el Aql agt et eff (mV7 85 S) qfl f ef el (A My 5 8 )
2 AU 11 o mi
Wl gt et el o s
lelng 2
_ q q ZHEH I%(m‘/7 )+CWA HKHKH Il(m‘/’S) , (443)
192 ok
where
(6%
A = 2 Y,
qt quHZH 7 Latiti ( )
(3

For the emission of a photon, we use that, for a scale higher than the electroweak
bosons masses, the photon is a mixing of the B and W? bosons.

v=cwB+swW?, (4.45)

while, for a scale lower than the electroweak bosons masses, the photon can still be produced
proportionally to the derivative of its no-branching probability Ae‘}} of1 et gl (k:%, m%/; s).

~LL ~B
TgH gl gH gl 4y = = Oy g —eH ol Aq1 gl et e (vaS 5)

q1° 93 —
% | Aem (A2 m2 ,S) 2 AV }logQ ms,
ailqg 15T\ 0 TV Wqft gt e eyf o

—+

mixing 2 w3 2
AqH HzHKHI 1 (mi, s) + SWAqfqgg{fggfl (mi, 5)>

mV d em
i i (5 (65250 gy (25800 |

~B em 2 2.
= Oy qt et et Dol gl el gy (mws s) Aq{fqglefzg (A%, mi;s)

2
2 ,U(1) L. ofmv
X CWAqufZ{IE§I§IOg <S> Am[—}XIIr;iHZHI (mv, ) +
2 2 2
W a@) A m
S%VAq{Iqéqf{{eé{Il (m%/, S) + ﬁ <1n2 ? — 1n2 5V> ] . (446)

5 Results

In this section we analyze the results presented in the last two sections for both the the
13 TeV LHC and a 100 TeV proton-proton collider. The main reason to present the results
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for a 100 TeV collider is that it is the main candidate to succeed to the LHC and the
importance of our results increase with the energy. Our results show that resumming both
the real and virtual logarithms is essential for a 100 TeV collider.

We begin by explaining the format used in all of our plots: solid lines represent the
resummed LL corrections, while dashed lines are the fixed order double logarithmic cor-
rection. Black lines correspond to the virtual corrections while the real corrections with
Z, photon, WT and W~ are shown in red, orange, blue and green, respectively. For each
plot, we show on the top the perturbative corrections relative to the Born, in the middle
the relative size of the resummation and on the bottom the total perturbative correction
after summing virtual and real relative to the Born. To be more precise, on the top we
plot for virtual and real

B
Opp—l1ls — Upp—>€1€2

Virt - 2 : Real (V) : Z2ealel (5.1)

T pp—t162 O pp—t1£s

using either the resummed or fixed order expression. In the middle we show for the virtual

contribution
UFOM—UResu UFOMV—UReSeeV
: . pp—E1£2 pp—£1£2 . pp—L1£2 pp—£1£2
Virt : R , Real (V) : Res , (5.2)
pp—L1£2 pp—L162V

while for the lower plot we show

B
Opp—stl14s + Opp—l142V — O-pp_>£1[2

, (5.3)

B
O pp—t162

for both fixed order and resummed. All effects are shown as a percentage.

We start with the result for the fully inclusive cross-section, where we sum over the fla-
vors of all final state particles. In other words, we are summing over the virtual corrections
for any lepton flavor, and the real corrections for any lepton flavor and gauge boson type.
In terms of equations, for the fixed order result, the virtual are obtained by summing over
all terms in egs. (3.4), (3.5), and (3.6); while the real are given by egs. (3.9), (3.11), (3.12),
and (3.10). The resummed result are given by eqs. (4.14), (4.43), (4.32), and (4.46). All
those results are for A = my, that is we are resolving the photon only down to the mass
of the Z. A lower A would reduce all the exclusive cross section but the real cross section
for photon as calculated in eq. (4.46) which will increase up to a value of A low enough

Qe (12 A2 _.2mv) _ 1 _ 2 4U() 11,02(™V ) _ gmixing 2 )
than =t (In® 2~ —In" =¥ ) =1 CWAqfqufg§210g(s) Aquque{,égI%(mV,s)

S%A%quffffh (m?2,,s), and then decrease if A continues to be lowered.

The results for the virtual and real contributions both at fixed and resummed order
are shown in figure 1 for the LHC and in figure 2 for the 100 TeV collider. For the LHC,
the corrections from virtual contributions range from O(15%) at /s ~ 1TeV to O(30%)
at /s ~ 3TeV, while the real corrections for a given gauge boson are about a factor
of 3 smaller individually. However, as can be seen from the ratio plot in the middle,
the relative effect of the resummation is more than twice bigger for the real correction
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Figure 1. The cross-section summed over all lepton flavors for the 13 TeV LHC. On the top we
show the individual corrections relative to the Born cross-section as defined in eq. (5.1), in the
middle the relative size of the resummation as defined in eq. (5.2), while on the bottom we show
the total perturbartive correction relative to the Born as defined in eq. (5.3). Virtual corrections
are shown in black, while real corrections with a Z, photon, W+, W~ are shown in green, orange,
red and blue. Resummed corrections are shown in solid lines, while fixed order results are dashed.
The x-axis denotes the fraction of the partonic center of mass energy relative to the collider center
of mass energy.

compared to the virtual correction. This clearly shows that the size of the resummation
effect cannot be inferred from the size of the fixed order correction alone. The relative
effect of the resummation for the virtual reaches from O(10%) at /s ~ 1TeV to O(20%)
at \/s ~ 3 TeV while the relative effect of the resummation for the real reaches from O(20%)
at /s ~ 1TeV to O(50%) at /s ~ 3TeV.

In the lower part of the plot for the fixed order, one can see that after summing the
virtual and real, the perturbative corrections largely cancel, but a small effect at the O(1%)
level persists. For a fully inclusive cross section the logarithmically enhanced virtual and
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Figure 2. The cross-section summed over all lepton flavors for a 100 TeV pp collider on the right.
All colors are the same as in figure 1.

real corrections cancel against each other, up to the fact that the pp initial state is not an
iso-singlet. The large cancellation can be understood from eq. (3.13), which shows that
switching the flavor of initial state anti-quark changes the sign of the partonic cross-section.
Since pdf’s for sea quarks are similar in magnitude, one expects f3/, ~ fg/p, explaining the
cancellation. For the resummed result on the other hand, there is no cancellation. That is
because even if the initial state is an SU(2) singlet, the cancellation would occur only for
an inclusive result, that is summing the virtual to the real for any number of gauge boson.
The remaining correction for the resummed result is thus mostly due to the production of
more than one gauge boson with also an order 1% correction due to the initial state not
being an SU(2) singlet. This remaining correction ranges from 2% at /s ~ 5TeV to 7%
at /s ~ 25TeV.

For the 100 TeV collider, the results are qualitatively the same, but given the much
larger reach in energy, the overall size of the effects are much larger. The virtual con-
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Figure 3. The cross-section for eTe™ for the 13 TeV LHC on the left, and 100 TeV pp collider on
the right. All colors are the same as in figure 1. Note that the scaling of the y axis is different for
the LHC and the 100 TeV collider.

tributions range from O(30%) at /s ~ 5TeV to O(60%) at /s ~ 25TeV, with the real
corrections again roughly a factor of 3 smaller. The relative size of the resummation,
is also much larger, and at /s ~ 25TeV changes the result by O(50%) for the virtual
and by O(200%) for the real corrections. Thus, at such large energies, resummation
has to be included to get a reliable estimate of the effects, not only for virtual correc-
tions but also for the real emissions. Once the virtual and real corrections are added
at fixed order, the total corrections again are very small, at the percent level;, while for
the resummed result, the total correction ranges from O(10%) at /s ~ 5TeV to O(30%)
at /s ~ 25TeV.

Next, we consider the results for final states with specific leptons flavors. From the
figures 3 to 6, one can see that at the LHC, the virtual corrections range from O(15%) at
Vs ~1TeV to O(30%) at /s ~ 3TeV, with the exact numbers depending on the leptonic
final state chosen, while at a 100 TeV collider they can exceed 50% at /s ~ 25TeV.
Resummation at the LHC changes the virtual corrections by O(10%) at /s ~ 1TeV to
O(20%) at /s ~ 3 TeV, while at a 100 TeV collider the effect can become as large as 50%.
Resummation at the LHC changes the real corrections by O(20%) at /s ~ 1 TeV to O(60%)
at /s ~ 3TeV, while at a 100 TeV collider the effect can become as large as 200%. After
summing over virtual and real corrections, the remaining perturbative corrections grow
with energy are much larger than in the fully inclusive case. This is of course expected,
since by specifying the leptonic final state, we are not considering an inclusive final state
any longer.
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Figure 4. The cross-section for vv for the 13 TeV LHC on the left, and 100 TeV pp collider on the
right. All colors are the same as in figure 1.
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Figure 5. The cross-section summed for ety for the 13 TeV LHC on the left, and 100 TeV pp
collider on the right. All colors are the same as in figure 1.
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Figure 6. The cross-section for ve™ for the 13 TeV LHC on the left, and 100 TeV pp collider on
the right. All colors are the same as in figure 1.

6 Conclusions

In this paper, we considered Drell-Yan production of leptons at a hadron collider, and
presented result for the logarithmic resummation at LL accuracy for electroweak corrections
to the total cross-section in simple analytic form.

Using these analytical results, we have analyzed the size of the corrections numerically
for the 13 TeV LHC and a possible future 100 TeV pp collider. Our results show than the
real resummation is as important as the virtual resummation and its importance increases
fast with the partonic center of mass energy: at the LHC, the resummation effect over the
fixed order goes from around 10% at 1TeV to around 20% at 3 TeV for the virtual with
any leptonic final state and goes from around 20% at 1TeV to around 50% at 3 TeV for
all kinds of real emissions with any leptonic final state. The resummed virtual over the
Born cross-section goes from around 10% at 1TeV to 30% at 3 TeV, while each resummed
reals are around the third of the resummed virtual. At a future 100 TeV pp collider, the
resummation effects over the fixed order can be much larger, and are around 50% for the
virtual and 200% for the real at 25TeV in most cases. The resummed virtual over the
Born cross-section is around 80% at 25 TeV.

For final states with fixed lepton flavors, summing the virtual and real corrections does
not reduce the magnitude of the double logarithmic terms, as expected for a result that
is not inclusive. After summing over all lepton flavors, a large cancellation is observed at
fixed order, but a small logarithmic sensitivity remains, due to the fact that protons are
not SU(2) singlets. On the other hand, for the resummed results, a large effect remains
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because we are including only the first emission for the real. The cancellation will happen
only for an inclusive result, that is summing the virtual and the real for any number of
emitted bosons.

In this paper, we have only considered the resummation of the real corrections to the
total cross-section, and not given results that are differential in the emitted vector boson.
That implies that we were only able to present results that were differential in s, and not
myy, since these differ for real emissions. However, one can use the same approach used in
this work, namely using the analogy to a parton shower, to obtain results that are fully
differential. This will be the subject of a future paper.
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