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ABSTRACT OF THE DISSERTATION

Deformation and rigidity in von Neumann algebras:
Cartan subalgebras and tensor product decompositions

by

Pieter Spaas

Doctor of Philosophy in Mathematics

University of California San Diego, 2019

Professor Adrian Ioana, Chair

We study structural properties and classification problems for von Neumann al-
gebras. Using Popa’s deformation /rigidity techniques, we investigate Cartan subalgebras
and tensor product decompositions. Firstly, we prove a structural result for Cartan sub-
algebras inside tensor products using a direct integral decomposition. This result is used
to provide the first examples of II; factors whose Cartan subalgebras are not classifiable

by countable structures. Secondly, we study McDuff II; factors. We prove a structural
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result for the stabilization of a II; factors whose central sequences are captured by a
Cartan subalgebra, and use this result to provide many new examples of II; factors with
a unique McDuff decomposition. Finally, along the way, we will discuss several related
problems for group actions and equivalence relations. In particular, we settle a question
by Jones and Schmidt from 1985 by providing examples of equivalence relations without

the “Jones-Schmidt property”.
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Fortunately, a mathematician always has problems.

— Unknown



Chapter 1

Introduction

von Neumann algebras were first introduced in the 1930’s by Murray and von Neu-
mann [MvN36], who called them rings of operators. Even though the original motivation
for introducing them came from quantum mechanics, it has become clear that the study
of von Neumann algebras has ties to many other areas throughout mathematics, several
of which we will encounter later. Already in their first paper, Murray and von Neumann
introduced two extremely important constructions of von Neumann algebras. Associated
to a group, they defined the group von Neumann algebra, and starting from a group ac-
tion on a measure space, they introduced the group measure space construction. Starting
from fairly mild and natural assumptions on the group, respectively the action, one gets a
particular kind of von Neumann algebra out of these constructions, namely a so-called II;
factor. It was clear that classifying II; factors was crucial for most applications, and Mur-

ray and von Neumann subsequently provided the first examples of two non-isomorphic



such von Neumann algebras in [MvN43]. They did this through the introduction of their
so-called property Gamma, studying central sequences in these von Neumann algebras.

Since then mathematicians all around the world have made many contributions
towards a better understanding of these objects. Nevertheless, it turns out that telling von
Neumann algebras apart is a very subtle issue. After the aforementioned work of Murray
and von Neumann, it took more than 20 years, till the late 1960’s, for the analysis of central
sequences of [MvN43] to be refined to provide additional examples of non-isomorphic II;
factors in [Chi69, DL69, Sak68, ZM69], culminating with McDuff’s construction of a
continuum of such factors in [McD69a, McD69b].

The most fundamental problems in the study of von Neumann algebras concern
the question to what extent one can recover information about the group, respectively
the group action, from the associated von Neumann algebra. In general the answer to
this question is simply “nothing”. Or at least not much. The problem seems to be that
von Neumann algebras are such large objects, and that we almost literally “blow up” all
information when passing from say a group to its von Neumann algebra.

Perhaps the most famous and striking such “lack of rigidity” result is the famous
classification of amenable von Neumann algebras by A. Connes [Con76]. He shows that
whenever you start from an amenable group, or an action of an amenable group, the
associated von Neumann algebra is always the same one, namely the so-called hyperfinite
IT; factor R. This tells us that, from the associated von Neumann algebra, we cannot

recover any additional information about the group nor the action, besides its amenability.



In a sense, von Neumann algebras treat all amenable groups as being “small”.

On the other hand, the study of von Neumann algebras appears to tell us more
about non-amenable groups. Of course we cannot expect a full one-to-one correspondence.
For instance, associated to a free product of any two infinite amenable groups, we always
find the same von Neumann algebra [Dyk93]. Nevertheless, as soon as we leave the
amenable world behind, it seems that rigidity phenomena start showing up in lots of
places. It took another three decades though, and the breakthrough work of S. Popa
in [Pop06a, Pop06b], whose so-called deformation/rigidity techniques allowed for a new
angle of attack on these problems. Over the last two decades, this assortment of techniques
has resulted in many new rigidity results and solutions to problems that before seemed
intractable.

One recurring theme in a lot of known classification results is the special role
played by the so-called Cartan subalgebras. These are particularly nice maximal abelian
subalgebras inside II; factors. The main reason for studying these algebras is that any
I1; factor associated to a free ergodic probability measure preserving (p.m.p.) action
on a measure space, or more generally a countable ergodic p.m.p. equivalence relation,
comes equipped with a canonical Cartan subalgebra. Moreover, 1. Singer established in
[Sinb5] that two actions are orbit equivalent, i.e. give rise to isomorphic orbit equivalence
relations, if and only if the inclusions of their Cartan subalgebras inside their respective
group measure space II; factors are isomorphic. This result both gives an immediate link

with orbit equivalence theory and highlights the importance of understanding the Cartan



subalgebras of a given II; factor. For instance, if one can show that certain classes of
group measure space 1I; factors have a unique Cartan subalgebra (up to conjugacy by an
automorphism), their classification up to isomorphism reduces to the classification of the
corresponding actions up to orbit equivalence.

It has been proven in [CFW81] that the hyperfinite II; factor has a unique Cartan
subalgebra up to conjugation by an automorphism. Together with the aforementioned
work of A. Connes, this results in a lack of rigidity for actions of amenable groups, namely
any two such actions are orbit equivalent. On the other hand, for non-amenable groups
Popa’s deformation/rigidity theory has led to considerable progress in the classification
of group measure space II; factors, see for instance the surveys [Pop07a, Vael0, Ioal2al.
In particular, several uniqueness results for Cartan subalgebras inside non-amenable IT;
factors have been established. The first such result was obtained by N. Ozawa and S.
Popa in [OP10a]. They proved that the canonical Cartan subalgebra inside the group
measure space construction is unique whenever we start from a non-abelian free group
and a free ergodic profinite p.m.p. action. The class of groups whose profinite actions give
IT; factors with a unique Cartan subalgebra was subsequently extended in [OP10b, CS13].
Later the condition of profiniteness was removed by S. Popa and S. Vaes, who showed in
[PV14a] that any free ergodic p.m.p. action of a non-abelian free group gives rise to a II;
factor with a unique Cartan subalgebra up to unitary conjugacy. Together with earlier
orbit equivalence rigidity results from D. Gaboriau [Gab00, Gab02], this resulted in new

and surprising von Neumann (super)rigidity statements. Hereafter, additional uniqueness



results were obtained in (among others) [PV14b, Toal5, CIK15].

Now, of course not every II; factor has a unique Cartan subalgebra. The first
II; factor containing at least two Cartan subalgebras that are not conjugate by an auto-
morphism was constructed in [CJ82]. By now there are more examples known (see for
instance [OP10b, PV10]). Nevertheless it is worth mentioning that at the moment, as
soon as uniqueness fails, we do not have any examples of II; factors for which we can
describe all Cartan subalgebras in a satisfactory way. Some progress in this direction was
made by A. Krogager and S. Vaes in [KV17], where they construct II; factors for which
they can describe all so-called group measure space Cartan subalgebras. In particular they
construct a II; factor with exactly two group measure space Cartan subalgebras up to
unitary conjugacy. Another result in the non-uniqueness direction was obtained by A.
Speelman and S. Vaes in [SV12, Theorem 2]. They construct a class of II; factors for which
the relations of unitary conjugacy and conjugacy by a (stable) automorphism on Cartan
subalgebras are not smooth (or not concretely classifiable, see also Definition 2.3.3).

Other recurring themes in a lot of classification results are structural properties
related to tensor product decompositions of II; factors and the aforementioned central
sequences of a II; factor. One important instance where both of these notions come into
play together are the so-called McDuff 11, factors. By definition, a II; factor M is called
McDuff if it absorbs the hyperfinite II; factor R tensorially, i.e. M =2 M®R. Since R
tensorially absorbs itself, i.e. RQR = R, one sees that a II; factor M is McDuff if and

only if we can write M = N®R for some II; factor N. The main result of [McD70]



provides a satisfactory characterisation of when such a decomposition exists: a II; factor
M is McDuff if and only if it admits two non-commuting central sequences.

In order to obtain this result, McDuff introduced the central sequence algebra of a
I1; factor M as the relative commutant, M’ N M*, of M into its ultrapower M* ([Wrib4,
Sak62]). This has since allowed for a more structural approach to central sequences and
led to significant progress in the study of II; factors. Indeed, the central sequence algebra
was a crucial tool in A. Connes’ aforementioned celebrated classification of amenable II;
factors, where a crucial step was showing that any such factor has McDuff’s property.

In the above framework of McDuff’s property, a natural question to ask is the
following: given two II; factors N and P, when are their “stabilisations” N®R and PQR
isomorphic? Or in other words, can we retrieve, in any reasonable way, a II; factor N
from its stabilisation N®R? If the answer to this question is affirmative, we will say that
M = N®R has a unique McDuff decomposition (see also Section 1.1.2). By a striking
theorem of Popa [Pop07b, Theorem 5.1], if a IT; factor N does not have Murray and von
Neumann’s aforementioned property Gamma, then M = N®R admits a unique McDuff
decomposition in a strong sense. The proof of this result relies on Popa’s discovery of his
influential spectral gap rigidity principle [Pop08, Pop07b], which, generalizing the central
sequence algebra, relies on the study of the relative commutant M’ N M®, of a subalgebra
M C M inside the ultrapower M“ of M.

Despite all the progress described above, several questions remained unanswered.

How many Cartan subalgebras can a von Neumann algebra have? If a II; factor NV has



property Gamma, is it possible for M = N®R to have a unique McDuff decomposition?
Can we reasonably describe the structure of the central sequence algebra of a given II;
factor? In this dissertation we address these questions, provide several new structural

results for von Neumann algebras, and discuss numerous related notions and questions.

1.1 Discussion of the main results in this dissertation

1.1.1 Classifying Cartan subalgebras

In Chapter 3, motivated by the aforementioned results of [SV12], we continue
exploring further the complexity, in the sense of descriptive set theory, of the classification
problem for Cartan subalgebras. We will consider both the equivalence relations of unitary
conjugacy and of conjugation by an automorphism on the space of Cartan subalgebras
of a family of II; factors. Using different techniques, we will provide the first examples
of II; factors whose Cartan subalgebras are not classifiable by countable structures for
either notion of equivalence. Hereby we confirm the statement in [SV12, Remark 14]
expressing the belief that such II; factors should exist. We refer to Section 2.3.2 for
the definition of classifiability by countable structures. Intuitively this means we cannot
construct complete invariants out of countable (or discrete) structures such as countable
groups, graphs, etc. and that these equivalence relations are “beyond S,.-actions”.

We discuss here the setup, the motivation and formulation of the main results of

Chapter 3, and discuss how they are related. Let I' be a relatively strongly solid group



(see Definition 2.1.4. This class includes all non-abelian free groups and more generally all
non-elementary hyperbolic groups by [PV14a, PV14b]). Let further (X, 1) be a standard
probability space, I' ~ X a free ergodic p.m.p. action and N an arbitrary II; factor.
Consider
M= (LX) xT)®QN.

It turns out that the structure of Cartan(M), the space of Cartan subalgebras of M, is
completely determined by the structure of Cartan(/N) and the orbits of the action I' ~ X.
More precisely, we can write M = (L*°(X)®@N) x I where I' acts trivially on N. Taking
the (in this case constant) integral decomposition of L®(X)®N over its center L>°(X),
we can write L*(X)QN = fdep,(x). We refer to section 2.1.4 where we collected
the basic definitions and properties of direct integrals. The main structural result on the

Cartan subalgebras of M is the following theorem.

Theorem 1.1.1. Let I' € C.5s and N be a Il factor. Suppose (X, u) is a standard
probability space and T' ~ X is a free ergodic p.m.p. action. Consider M := (L*(X) x

RN and let A C M be a subalgebra. Then the following are equivalent:

1. A is a Cartan subalgebra of M,

2. A is unitarily conjugate to a subalgebra B of the form B = ff? B, du(x) C L>®(X)QN

satisfying

e B, is a Cartan subalgebra of N for almost every x,

o [or every g € I', B, is unitarily conjugate to By, inside N for almost every x.



Moreover it will follow from the proof of Theorem 1.1.1 that two Cartan subal-
gebras A, B of M contained in L*(X)®N are unitarily conjugate if and only if A, is
unitarily conjugate to B, for almost every z € X, where we wrote A = | ? A, dr and
B=][ )62 B, dz. Tt turns out that this is in general not the case anymore for conjugacy by
an automorphism. However, in specific cases, a similar result will hold (see section 3.3).
We also note that the assumption I' € C,, is only needed for the proof of (1) = (2). In
particular, for any countable group I', every subalgebra B as in (2) of Theorem 1.1.1 will
be a Cartan subalgebra of (L>(X) x T')®N.

One can also derive the following corollary in case N has at most one Cartan

subalgebra up to unitary conjugacy.

Corollary 1.1.2. If N has either no Cartan subalgebras or a unique Cartan subalgebra up

to unitary conjugacy, then the same holds for M = (L*°(X)xT')®N as in Theorem 1.1.1.

For any Polish group G acting continuously on a Polish space Y we will write
R(G ~ Y) for its corresponding orbit equivalence relation. The proof of theorem 1.1.1
will lead to a criterion guaranteeing that the Cartan subalgebras of M are not classifiable
by countable structures. This will allow us to prove the following result. Note that we
don’t need the assumption I' € C,4, here, since we only use the part of Theorem 1.1.1
which doesn’t need this assumption, namely the proof that (2) = (1). For the definition

of strong ergodicity, we refer to Section 2.2.2.

Theorem 1.1.3. Let I be a countable group and N be a II; factor. Suppose (X, ) is a

standard probability space and I' ~ X 1is a free ergodic p.m.p. action that is not strongly

10



ergodic. Assume furthermore that R(U(N) ~ Cartan(N)) is not smooth. Then the
Cartan subalgebras of M := (L>®°(X) xT')®N wup to unitary conjugacy are not classifiable

by countable structures.

Together with the results from [SV12] this gives the first concrete family of (non-
hyperfinite) II; factors whose Cartan subalgebras up to unitary conjugacy are not classi-
fiable by countable structures. Indeed, one can take any countable group I' admitting an
ergodic non-strongly ergodic action (i.e. without property (T), c¢f. [CW80]. In fact given
any non-property (T) group I', the generic action of T" is ergodic but not strongly ergodic,
see [Kecl10, Corollary 12.4].) One can then consider any free ergodic non-strongly ergodic
p.m.p. action of I" on a standard probability space (X, ). Taking N to be the II; factor
from [SV12, Theorem 2(1)], (L*(X) x I')QN will satisfy all assumptions in the above
theorem.

In the course of the proof of Theorem 1.1.3 we will establish the following result,
which appears to be of independent interest. We denote by Hom(R(I' ~ X), Ey) the
space of homomorphisms (see Definition 2.3.14) from R(I"' ~ X) to Ey, where Ej is the

equivalence relation on {0, 1} given by

xbky << dNeNVn>N:z, =y,

Also, for ¢, € Hom(R(I' ~ X), Ey) we let ¢ ~ 9 if and only if ¢(x)Eg(x) almost

everywhere.

Theorem 1.1.4. Let ' be a countable group, (X, p) a standard probability space and I'

11



X an ergodic p.m.p. action that is not strongly ergodic. Then (Hom(R(I' ~ X), Ey), ~)

1s not classifiable by countable structures.

Since an action that is strongly ergodic (also called Ey-ergodic) does not admit
any nontrivial homomorphisms to Ey (see [JS87], or [HK05, Theorem A2.2] for a proof
of exactly this statement), we get the following nice dichotomy for actions of countable

groups.

Corollary 1.1.5. Let ' be a countable group, (X, pn) a standard probability space and
'~ X an ergodic p.m.p. action. Then (Hom(R(I' ~ X), Ey), ~) is either trivial or not
classifiable by countable structures, depending on whether the action is strongly ergodic or

not.

Moreover, it follows easily from Theorem 1.1.1 and Theorem 1.1.3 that the II;

factors involved there actually satisfy the following dichotomy property.

Theorem 1.1.6. Let I' € C,s, (X, ) be a standard probability space and N be a I
factor. Suppose I' ~ X is a free ergodic p.m.p. action that is not strongly ergodic
and consider M := (L®(X) x T)QN. Then R(U(M) ~ Cartan(M)) is either smooth
or not classifiable by countable structures. Moreover, the former holds if and only if
R(U(N) ~ Cartan(N)) is smooth and this regardless of whether the action is strongly

ergodic or not.

In section 3.3 we will discuss the equivalence relation of conjugacy by an auto-

morphism on Cartan subalgebras. Using slightly different methods it turns out that for

12



specific choices of N, the same construction as in Theorems 1.1.3 and 1.1.6 also gives II;
factors for which the Cartan subalgebras up to conjugacy by an automorphism are not

classifiable by countable structures.

Theorem 1.1.7. Suppose N is the I, factor constructed in [SV12, Theorem 2(1)]. Let
' € Crss, (X, 1) be a standard probability space and T' ~ X be a free ergodic p.m.p.
action that is not strongly ergodic. Then the equivalence relation of Cartan subalgebras
of M = (L>®(X) x I')®N up to conjugacy by an automorphism is not classifiable by

countable structures.

The proof of Theorem 1.1.7 relies more on the structure of N than the proof of
Theorem 1.1.3. We will formulate the exact requirements on N in Theorem 3.3.1. In
particular, the proof of this result will allow us to get the above specific examples of 1I;
factors for which the Cartan subalgebras up to conjugacy by an automorphism are not
classifiable by countable structures, but it will not allow us to get (in this way) a general
dichotomy result as in Theorem 1.1.6.

Note that all our results we mentioned so far concern non-hyperfinite II; factors.
As we already mentioned in the beginning of the introduction, the hyperfinite I1; factor
R has a unique Cartan subalgebra up to conjugacy by an automorphism. On the other
hand, J. Packer constructed in [Pac85, Theorem 4.4] an uncountable family of Cartan
subalgebras of R no two of which are unitarily conjugate. Combining her results with
some turbulence results for cocycles from [Kecl0], we will prove the following stronger

statement in section 3.4.

13



Theorem 1.1.8. Cartan subalgebras of the hyperfinite 11, factor R up to unitary conju-

gacy are not classifiable by countable structures.

It is quite straightforward to show that if M is a I1; factor with a Cartan subalgebra
A and N is any II; factor, then classifying the Cartan subalgebras of M®N is at least as
complicated as classifying the Cartan subalgebras of N (by considering Cartan subalgebras
of the form A®B, with B C N Cartan, see Proposition 3.4.5 for the precise statement).
Together with Theorem 1.1.8 this then immediately implies the following result on McDuff

I1; factors.

Corollary 1.1.9. Let M be a McDuff I, factor with at least one Cartan subalgebra. Then
the Cartan subalgebras of M wup to unitary conjugacy are not classifiable by countable

structures.

Ideas behind the proofs in Chapter 3

Let us sketch the proofs of the main structural result of Chapter 3 (Theorem 1.1.1)
and of our non-classifiability result for homomorphisms to Fy (Theorem 1.1.4). After-
wards, we indicate briefly how the non-classifiability results for Cartan subalgebras (The-
orems 1.1.3 and 1.1.7) follow from these.

Theorem 1.1.1. Recall our setup for Theorem 1.1.1, where I' € C,., N is a II;
factor, (X, ) a standard probability space and I' ~ X a free ergodic p.m.p. action. We
consider M := (L*°(X) x I')®&N. The proof of Theorem 1.1.1 can be subdivided into the

following two steps.

14



1. Describe the Cartan subalgebras of M = (L>®(X)QN) x I contained in L>(X)QN.
Note that by step 2 it indeed suffices to characterize these Cartan subalgebras. Also
note that we don’t need the condition I' € C,,, until step 2, before which all results

hold for any countable group I'.

Writing L>®(X)®N = f;? N dp(x), we will see in Lemmas 2.1.13 and 3.1.2 that it
is quite straightforward to show from the basic properties of direct integrals that a

Cartan subalgebra A contained in L>®(X)®N can be written as a direct integral

A /X@ A, dp(z) (1.1)

where each A, is a Cartan subalgebra of N. Moreover, one observes that the
canonical unitaries u, associated to the group elements of I' act on L>*(X)QN =
1) ;? N du(z) by shifting the integral components. Involving Popa’s intertwining
technique, this will imply the following result of independent interest, see also

Lemma 3.1.3.

Lemma. A subalgebra A of L*(X)QN of the form (1.1) is a Cartan subalgebra of
(L= (X)xT)®N if and only if the integral components of A within the same I"-orbit

are unitarily conjugate.

This in particular generalizes a result from Feldman and Moore ([FM77, Theo-
rem I1.10]) saying that two Cartan subalgebras A;, A, of a II; factor N are unitarily
conjugate if and only if diag(A;, Ay) is a Cartan subalgebra of My(N). Indeed, one

can view My(N) as (L*({0,1}) x Z/2Z)®N.
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2. Show that every Cartan subalgebra of M is unitarily conjugate to one contained in
L>*(X)®N.
This is where the assumption I' € C,ss comes into play. Using the dichotomy 2.1.4
for such groups, it follows easily that, given any Cartan subalgebra A C M, we
must have A <y L®(X)®N (see Theorem 2.1.1). Carefully exploiting the struc-
ture of M, we will see in Lemma 3.1.4 that this implies the existence of a Cartan
subalgebra B of M contained in L*°(X)®N such that A < B, which by [Pop06a,

Theorem A.1] will allow us to finish the proof of Theorem 1.1.1.

Theorem 1.1.4. For the proof of Theorem 1.1.4 we start with any countable group
', a standard probability space (X, ) and any free ergodic p.m.p. action I' ~ X that is
not strongly ergodic. In order to construct homomorphisms from R(I' ~ X)) to Ey, the
non-strong ergodicity of I' ~ X will come into play through the use of almost invariant
sequences (see Section 2.2.2). Using the fundamental results of [Dye59, JS87] we will
construct a lot of nontrivial almost invariant sequences for the action I' ~ X, namely one
for every element t € (0,1)Y. Following [JS87] we can associate a map X — {0, 1} to

every almost invariant sequence (A,), via

X = {0, 1z (14, (2))n.

This construction will associate to every element of (0, 1)N a homomorphism from R(I' ~
X) to Ey. Theorem 1.1.4 will now follow from Hjorth’s theory of turbulence (see sec-

tion 2.3.3 and [Hjo00]). More specifically we will see in Proposition 2.3.18 that the exis-
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tence of a “nontrivial” homomorphism from (0, 1)Y up to £*-equivalence to an equivalence
relation F implies that F is not classifiable by countable structures. It turns out that this

applies to our construction above, allowing us to finish the proof of Theorem 1.1.4.

Theorem 1.1.3. The proof of Theorem 1.1.3 will rely on the two aforementioned

results in the following way.

e Use Theorem 1.1.1 to reduce the problem to studying Hom(R(I' ~ X), R(U(N) ~
Cartan(N))).
We will see in Lemma 3.2.1 that the proof of Theorem 1.1.1 implies that for getting
the desired non-classifiability result on the equivalence relation of unitary conjugacy
on Cartan(M) it is “enough” to study homomorphisms between R(I' ~ X) and

R(U(N) ~ Cartan(NV)) up to unitary conjugacy inside N almost everywhere.

o Pick a I, factor N which already has “a lot” of Cartan subalgebras and use Theo-
rem 1.1.4 to get enough such homomorphisms from them.
The standing assumption in the statement of Theorem 1.1.3 is that R(U(N) ~
Cartan(/NV)) is not smooth, i.e. we cannot assign real numbers as complete invari-
ants for this equivalence relation. It is known (see [HKL90, Theorem 1.1]) that
this is equivalent to having a Borel reduction from Ey to R(U(N) ~ Cartan(N)).
Intuitively this means we can find a copy of Ej inside R(U(N) ~ Cartan(N)). This
will allow us to transfer the result in Theorem 1.1.4 to homomorphisms between

R(I' ~ X) and R(U(N) ~ Cartan(N)), finishing the proof of Theorem 1.1.3.
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Theorem 1.1.7. The proof of Theorem 1.1.7 is similar to the proof of Theorem 1.1.3,
albeit slightly more technical. One of the differences is the first bullet point above. The
reduction there works for Theorem 1.1.3 because of the fact that two Cartan subalgebras
of M contained in L (X)®N are unitarily conjugate in M if and only if the “slices” from
their direct integral decompositions are unitarily conjugate in N. This does not hold for
conjugation by an automorphism. Nevertheless it turns out that for specific choices of
N, up to applying a partial automorphism of X, A being conjugate by an automorphism
to B does imply that their slices are conjugate by a stable automorphism of N on a
positive measure subset of X. Using this together with the II; factor N from [SV12] and

an argument similar to that of the proof of Theorem 1.1.4 will give us the desired result.

1.1.2 Unique McDuff decompositions

In Chapter 4, we study in further detail McDuff’s property for II; factors. As
explained in the first part of the introduction, McDuff showed in [McD70] that M is
MecDulff, or in other words has a decomposition M = N®R for some II; factor N, if and
only if M admits two non-commuting central sequences. Our main goal is to investigate
the complementary issue of when such a decomposition is unique.

To make this precise, following [HMV19], we say that a II; factor M admits a
MeDuff decomposition if it can be written as M = N®R, for some non-McDuff 11; factor
N. If two II; factors N and P are stably isomorphic, that is, if N = P! for some ¢t > 0, then

N®R and PR are isomorphic. Thus, we say that a McDuff decomposition M = NQR
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is unique if for any other McDuff decomposition M = P®R we necessarily have that N
and P are stably isomorphic. We restrict our attention to II; factors admitting a McDuff
decomposition because if M is a McDuff II; factor not having a McDuff decomposition
(see [Marl8, Corollary G| for examples), then any II; factor N satisfying M = N®R is
necessarily isomorphic to M and thus unique, up to isomorphism.

We discussed above the result of [Pop07b, Theorem 5.1], where S. Popa estab-
lished the uniqueness of the McDuff decomposition of M = N®R whenever N does not
have property Gamma. In contrast to this result, the uniqueness problem for McDuff
decompositions where the involved II; factor N has property Gamma is completely open.
We make progress on this problem here, by establishing the first unique McDuff decom-
position results in the spirit of [Pop07b] in the “property Gamma regime”. Thus, we
use methods from Popa’s deformation/rigidity theory to provide the first classes of non-
McDulff II; factors N with property Gamma such that M = N®R has a unique McDuff
decomposition, see Corollary 1.1.12 and Theorem 1.1.15. These classes will be obtained
as a consequence of the main technical result of Chapter 4, which exploits in particular

the by now familiar notion of a Cartan subalgebra.

Theorem 1.1.10. Let N be a 11} factor which admits a Cartan subalgebra A such that N'N
N C A¥. Let P be a non-McDuff II; factor and 0 : NQR — PRR be an isomorphism.
Then there exist a Cartan subalgebra B C P, a unitary u € PR, and some t > 0, such
that P' N P* C B and 0(A") = uBu*, where we identify NOQR = N'@R!.

Moreover, R(B C P) is isomorphic to R(A C N)'.
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Before giving examples of II; factors to which Theorem 1.1.10 applies, we briefly
explain the notions used in its statement. We fix a free ultrafilter w on N, and denote
by N the ultrapower of a tracial von Neumann algebra N. Given a Cartan subalgebra
A C N, we denote by R(A C N) the countable p.m.p. equivalence relation associated to

the inclusion A C N (see Sections 2.1 and 2.2.3 for details).

Example 1.1.11. Let I be a non-inner amenable group and I' ~ (X, i) be a free ergodic
p.m.p. action. Consider the group measure space von Neumann algebra N = L>®(X) xT'
associated to the action I" ~ (X, i) [MvN43]. Then N is a II; factor and A = L>*°(X) C N
is a Cartan subalgebra. Moreover, [Cho82] implies that N'N N C A“, and thus Theorem
1.1.10 applies to N. If the action I' ~ X is strongly ergodic, then N does not have
property Gamma. In this case, Theorem 1.1.10 follows from [Pop07b, Theorem 5.1],
which moreover shows that 6(N*) = wPu*, for a unitary u € P®R and some ¢ > 0.

Theorem 1.1.10 is new whenever the action I' ~ X is not strongly ergodic.

To put Theorem 1.1.10 into a better perspective, let A C N be an inclusion
satisfying its hypothesis, and denote R = R(A C N). A well-known result of Feldman and
Moore [FM77] shows that N is isomorphic to the von Neumann algebra L,,(R) associated
to R and a 2-cocycle w € H?(R, T). Theorem 1.1.10 thus leads to the following rigidity
statement: any non-McDuff I1; factor P such that N® R = P®R is necessarily isomorphic
to L,(R)!, for some t > 0 and a 2-cocycle v € H?(R, T).

While we were unable to determine whether v must be cohomologous to w in

general, this is automatically satisfied if the equivalence relation R is treeable, leading to
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the following:

Corollary 1.1.12. Let n > 2 and F,, ~ (X, pu) be a free ergodic p.m.p. action. Put
N = L*(X) xF,. Let P be any II; factor such that NQR and PRR are isomorphic.

Then P is either isomorphic to Nt, for some t > 0, or to NQR.

As a particular case of Corollary 1.1.12, we derive a new result for free group
measure space factors. Consider a free ergodic p.m.p. action F, ~ (Y, v), for some p > 2,
and N as in the corollary. By the breakthrough theorem of S. Popa and S. Vaes [PV14a],
mentioned above, L>°(X) is the unique Cartan subalgebra of N, up to unitary conjugacy.
Using this result and applying Corollary 1.1.12 to P = L>*(Y) xF,,, we deduce that N®R
and P®R are isomorphic if and only if the actions F,, ~ X and F, ~ Y are stably orbit
equivalent. A result of D. Gaboriau [Gab00] further implies that if exactly one of n or p

is finite, then N®QR % PRR.

Remark. Let N = L*(X) x F,, where F,, ~ (X, ) is a free ergodic but not strongly
ergodic p.m.p. action. Corollary 1.1.12 shows that if we can decompose NQR = P®R,
for some non-McDuff II; factor P, then there is an abstract isomorphism between N*
and P, for some t > 0. This result is optimal in the sense that it cannot be improved
to deduce that N' and P are unitarily conjugate, i.e., that the isomorphism between N*
and P is implemented by a unitary from N®R. Indeed, since N has property Gamma,
[Hof16, Theorem B] implies that N®R admits an (approximately inner) automorphism 6

such that (N') is not unitarily conjugate to N, inside N®R, for any t > 0.
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Before stating the next corollary to Theorem 1.1.10, we recall that the reason we
could not deduce unique McDuff decomposition for every II; factor to which it applies, is
the presence of a 2-cocycle that twists the von Neumann algebra. This difficulty does not

appear at the level of the equivalence relations, which allows us to deduce the following;:

Corollary 1.1.13. Let Ry and Rs be countable ergodic p.m.p. equivalence relations on
probability spaces (X1, p1) and (Xa, ps), respectively. Assume that L(R,) N L(R.)“ C
L>®(X1)“ and that L(Rs) is not McDuff. Suppose that Ry X T is isomorphic to Re X T,
where T is a hyperfinite ergodic p.m.p. equivalence relation on a probability space (Y,v).

Then Ry is isomorphic to RY, for some t > 0.

Corollary 1.1.13 in particular implies that if Ry and R4 are the orbit equivalence
relations of any free ergodic p.m.p. actions of any non-inner amenable groups, then Ry xT
is isomorphic to Ry x T if and only if R; is stably isomorphic to R.,.

Next, we return to the uniqueness problem for McDuff decompositions of II; fac-
tors. Before providing another class of II; factors with a unique McDuff decomposition in
Theorem 1.1.15 below, we first introduce a property for equivalence relations motivated
by a problem posed by Jones and Schmidt. In [JS87] they proved that if S is an ergodic
but not strongly ergodic (see Section 2.2.2) countable p.m.p. equivalence relation on a
probability space (X, ), then S admits a hyperfinite quotient. Specifically, there exist
a hyperfinite ergodic p.m.p. equivalence relation 7 on a probability space (Y, ) and a
factor map m : (X,pu) — (Y,v) such that n([z]s) = [r(x)]7, for almost every z € X

(see [JS87, Theorem 2.1]). Jones and Schmidt asked whether one can always find such
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T,(Y,v),m with the additional property that Sy = {(z1,22) € S | m(x1) = 7w(x2)} is
strongly ergodic on almost every ergodic component of Sy (see [JS87, Problem 4.3]). This
problem was also mentioned by Schmidt in [Sch85, Problem 2.1] as an important question
left unanswered by [JS87, Theorem 2.1]. Motivated by this problem, we introduce the

following:

Definition 1.1.14. We say that a countable ergodic p.m.p. equivalence relation S on
a probability space (X, u) has the Jones-Schmidt property if there exist a hyperfinite
ergodic p.m.p. equivalence relation 7 on a probability space (Y,r) and a factor map

7 (X, ) — (Y, v) such that

1. n([z]s) = [7(x)]7, for almost every z € X, and

2. the equivalence relation Sy = {(x1,22) € S | 7(z1) = 7m(x2)} is strongly ergodic on

almost every ergodic component of S;.

Using this terminology, [JS87, Problem 4.3] can be reformulated as follows: does
every countable ergodic but not strongly ergodic p.m.p. equivalence relation have the
Jones-Schmidt property?

Our next main result shows that N®R has a unique McDuff decomposition when-
ever the above question has an affirmative answer for the equivalence relation arising from

the inclusion of a Cartan subalgebra A C N to which Theorem 1.1.10 applies.
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Theorem 1.1.15. Let N be a I, factor which admits a Cartan subalgebra A such that
N'NNY C AY and R(A C N) has the Jones-Schmidt property. Let P be any I, factor
such that NQR and PRR are isomorphic.
Then P is either isomorphic to N, for some t > 0, or to NQR.

Moreover, assume that P is not McDuff. Then for any isomorphism 6 : NQR —
P®R, we can find isomorphisms 6, : N° — P, 65 : RY* — R, for some s > 0, and an
approzimately inner automorphism U : NQR — N®R such that 6 = (0; ® 05) o ¥, where

we identify NQR = N*QR/>.

Remark. The moreover part of Theorem 1.1.15 shows that if N is a II; factor as in its
statement, then N®R admits a unique McDuff decomposition, up to “stable approxi-
mately inner conjugacy”: given any other McDuff decomposition NQR = P®R, there
exists an isomorphism N*® = P. for some s > 0, which is implemented by an approxi-
mately inner automorphism of N®R. As in the Remark following Corollary 1.1.12, by
[Hof16, Theorem B] this is optimal and cannot be improved to an implementation by an

inner automorphism.

Example 1.1.16. Theorem 1.1.15 applies to a large class of group measure space II;
factors. To see this, let I' be an infinite group, ¥ an infinite amenable group, and 6 : I' — X
an onto group homomorphism. Let I' ~ (Z,n), ¥ ~ (Y, v) be free ergodic p.m.p. actions
such that the action kerd ~ (Z,n) is strongly ergodic. Let (X, u) = (Y,v) x (Z,n) and
consider the action I' ~ (X, p) given by g+ (y, 2) = (6(9)y,gz), forallge Ty €Y,z € Z.

Then S = R(I' ~ X) := {(x1,22) € X x X | '+ 2y = T - x5} has the Jones-
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Schmidt property. To see this, let T = R(X ~ Y'), and define the factor map 7 : X — Y
by m(y,z) = y. Since X is infinite amenable and the action ¥ ~ Y is ergodic, T is
a hyperfinite ergodic p.m.p. equivalence relation by [OW80]. Also, n([z]s) = [7(2z)]r
for all x € X. Moreover, if So = {(z1,22) € S | m(x1) = 7(x2)}, then Sy is equal to
{(y,y)ly € Y} x R(kerd ~ Z). Thus, every ergodic component of Sy is isomorphic to
R(kerd ~ Z), and hence is strongly ergodic.

Moreover, assume that I' is not inner amenable, denote N = L*°(X) x I' and
A = L>®(X). Then N' N N¥ C A¥ by [Cho82], and therefore Theorem 1.1.15 applies to

N.

The above example gives a wide class of examples of countable ergodic p.m.p.
equivalence relations with the Jones-Schmidt property. We next show that there exist
countable ergodic but not strongly ergodic p.m.p. equivalence relations that fail to have
the Jones-Schmidt property. This settles the question asked by Jones and Schmidt in
[JS87, Problem 4.3]. More specifically, in Theorems 1.1.17 and 1.1.18 below, we give two
large classes of free ergodic p.m.p. actions whose orbit equivalence relations do not have
the Jones-Schmidt property. First, we prove that this holds for any infinite product of

strongly ergodic actions:

Theorem 1.1.17. For every n € N, let I';, ~ (X, n) be a strongly ergodic free p.m.p.
action of an infinite countable group T',. Define I' = @,y Tn, (X, p) = [en(Xn, itn),
and consider the product action T~ (X, p) given by g-x = (gn-Tpn)n, for allg = (gn)n € T

and x = (x,), € X.
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Then the orbit equivalence relation R(I' ~ X)) does not have the Jones-Schmidt property.

A countable group A admits strongly ergodic free p.m.p. actions if and only if it is
non-amenable. Moreover, if A is non-amenable, then the Bernoulli action A ~ (Y, I/O)A is
strongly ergodic, for any non-trivial probability space (Yp, ). Theorem 1.1.17 therefore

applies to any infinite direct sum I' = @ __ ', of non-amenable groups and shows that

neN
any such group admits free ergodic p.m.p. actions whose orbit equivalence relations fail

the Jones-Schmidt property. Next, we provide a second such result which, unlike Theorem

1.1.17, covers actions of non-abelian free groups (see Example 1.1.19).

Theorem 1.1.18. Let I' be a countable group. For every n € N, let I' ~ (X, i)
be a free ergodic p.m.p. action such that the diagonal action I' ~ (X,, X Xy, fin X fin)
has spectral gap. Assume that we can find F, ) € L*(X,), for all n,k € N, such that

Supy, i || Faklloc < 1, infr i || Foll2 > 0,
o I, — 0 weakly in L*(X,), as k — oo, for everyn € N, and

o lim (supyey |[|[Fnkog— Fugll2) =0, for every g € T.

n—oo

Consider the diagonal action I' ~ (X, 1) = [[,en(Xn, ptn) given by g - = (g - xp)n, for
allgel and x = (x,), € X.

Then the orbit equivalence relation R(I' ~ X) does not have the Jones-Schmidt property.

Example 1.1.19. Let I' = F,, be the free group on 2 < m < oo generators. Denote

by |g| the word length of an element g € T" with respect to a free set of generators. Let
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t > 0. By a well-known result of Haagerup [Haa79|, the function ¢, : T' — R given
by ¢(g) = e 9 is positive definite. Denote by m, : I' — O(H,;) the GNS orthogonal
representation associated to ;. Let Hy = @ienHy and 7y = @ienmy : [ — (’)(’;flt) be
the direct sum of infinitely many copies of m;. Let I' ~ (X;, 1) be the Gaussian action
associated to 7 (see, e.g., [Gla03, Chapter 3]). Let (¢,) be any sequence of positive
numbers converging to 0. As we will prove in Remark 4.4.2, the diagonal action of " on

(X, 1) = I1,en(Xt,, pie,,) satisfies the hypothesis of Theorem 1.1.18.

Let T denote a hyperfinite ergodic p.m.p. equivalence relation. Similar to the von
Neumann algebra case considered above, one can ask the following question: given two
countable ergodic p.m.p. equivalence relations R, and R,, when are their “stabilisations”
R1 x T and Ry x T isomorphic? We recall from [JS87] that a countable ergodic p.m.p.
equivalence relation S is called stable if it can be decomposed as S = R x T, for some
countable ergodic equivalence relation R. In [JS87, Theorem 3.4] stability is shown to
be equivalent to an asymptotic property: S is stable if and only if its full group contains
a nontrivial asymptotically central sequence. In recent years, there has been a surge of
interest in the study of stability for equivalence relations, see, e.g., the articles [Kid14,
TD14, Kid17b, DV18, Mar18].

We contribute to this study here by investigating the problem of when a decom-
position as above is unique. By analogy with the case of McDuff II; factors, we say that
a countable ergodic p.m.p. equivalence relation S admits a stable decomposition if it can

be written as S = R x T for some non-stable countable ergodic p.m.p. equivalence re-
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lation R. If two countable ergodic p.m.p. equivalence relations R, and R, are stably
isomorphic, that is, if Ry = R for some ¢t > 0, then Ry x T and Ry x T are isomorphic.
Thus, we say that a stable decomposition S = R; x T is unique if for any other stable
decomposition § = Ry X T we necessarily have that Ry and R, are stably isomorphic.

Note that Corollary 1.1.13 already gave the first result in this direction: let R; be
a countable ergodic p.m.p. equivalence relation on a probability space (X7, 1) such that
L(Ry) N L(Ry)¥ C L>®(X1)“. Then any countable ergodic p.m.p. equivalence relation
R whose von Neumann algebra L(Rs) is not McDuff and satisfies Ry X T = Ry x T
must be stably isomorphic to R;. However, by [CJ82], there exist equivalence relations
Ro which are strongly ergodic, and thus not stable, such that L(R2) is McDuff. As such,
Corollary 1.1.13 does not imply that Ry x 7 has a unique stable decomposition.

Our next main result completely settles the uniqueness problem for stable decom-
positions of Ry x T under the assumption that R is strongly ergodic. More precisely, we

have the following:

Theorem 1.1.20. Let Ry and Ry be countable ergodic p.m.p. equivalence relations on
probability spaces (X1, 1) and (Xo, o), respectively. Assume that Ry is strongly ergodic.
Suppose that Ry x T is isomorphic to Ro X T, where T is a hyperfinite ergodic p.m.p.
equivalence relation on a probability space (Y, v).

Then either

1. Ry is also strongly ergodic and Ry = R, for some t > 0, or
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2. Ry is stable and Ro =R, x T.

At the end of Chapter 4, we provide new characterisations of property Gamma
for II; factors and of strong ergodicity for countable ergodic p.m.p. equivalence relations.
We include these results here, although they are not directly related to the results stated
above, as they appear to be of independent interest. Moreover, their proofs rely on some
similar techniques as the previous results of Chapter 4.

On [JS87, page 92], Jones and Schmidt pointed out that their characterisation of
strong ergodicity for countable equivalence relations [JS87, Theorem 2.1] has no obvious
analogue in the setting of von Neumann algebras. We address this problem here by giving
one such analogue. In particular, we show that any II; factor M with property Gamma

admits a regular diffuse abelian von Neumann subalgebra.

Theorem 1.1.21. Let M be a separable II; factor. Then the following are equivalent:

1. M has property Gamma.

2. There exist a hyperfinite subfactor R C M and a Cartan subalgebra A C R such

that M is generated by R and A’ N M.

3. There exists a reqular abelian von Neumann subalgebra A C M such that R(A C M)

is hyperfinite and ergodic.

In order to state our last result, let S be a countable p.m.p. equivalence relation

on a probability space (X, u) and E be a Borel equivalence relation on a standard Borel
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space Y. We recall that S is F-ergodic if for any Borel homomorphism ¢ : X — Y, there
exists y € Y such that (p(z),y) € E, for almost every x € X. As mentioned before, it
is shown in [HK05, Theorem A.2.2], that a countable ergodic p.m.p. equivalence relation
S is strongly ergodic if and only if it is Ey-ergodic. We prove that strong ergodicity can
also be characterized as E-ergodicity, where F is the orbit equivalence relation of the left

translation action Inn(R) ~ Aut(R).

Theorem 1.1.22. Let S be a countable ergodic p.m.p. equivalence relation on a probability
space (X, ). Let T be a countable hyperfinite ergodic p.m.p. equivalence relation on a
probability space (Y,v). Let R denote the hyperfinite II; factor. Then the following are

equivalent:
1. § is strongly ergodic.

2. For any measurable map ¢ : X — Aut(T) satisfying p(x1) 'o(z2) € [T] for almost
every (xy1, ) € S, there exists a € Aut(T) such that p(x)a € [T], for almost every

zeX.

3. For any measurable map ¢ : X — Aut(R) satisfying o(x1) to(x2) € Inn(R) for
almost every (x1,13) € S, there exists a € Aut(R) such that p(x)a € Inn(R), for

almost every x € X.

This chapter contains material from: P. Spaas, “Non-classification of Cartan sub-

algebras for a class of von Neumann algebras”, Advances in Mathematics, vol. 332, pp.
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510-552, 2018. The dissertation author was the primary investigator and author of this
paper.

This chapter also contains material from: A. Ioana and P. Spaas, “A class of II;
factors with a unique McDuff decomposition”, preprint arXiv: 1808.02965, submitted.

The dissertation author was one of the primary investigators and authors of this paper.
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Chapter 2

Preliminaries

This chapter is devoted to all preliminary material necessary for the proofs of the
main results in this dissertation later on. We fix notation and recall several important
definitions and notions related to von Neumann algebras. For future reference, we also
include a few useful lemmas. Some of these were known before, others were established in
the course of proving our main results. We similarly introduce the necessary preliminaries
on equivalence relations, descriptive set theory, and their interactions with von Neumann

algebras.

2.1 von Neumann algebras

Let H be a Hilbert space. We denote by B(H) the space of bounded operators on
H, which forms a *-algebra under the usual operations of adding and composing operators,

and taking the adjoint. B(H) also carries several natural topologies, including but not
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limited to:
e The norm topology, induced by the usual operator norm ||T'|| = supy¢<; | T€]]-

e The strong operator topology, for which T}, converges to 71" if and only if T}, converges

in H to T¢ for all £ € H.

e The weak operator topology, for which T,, converges to T if and only if (7,&,n)

converges to (T'¢,n) for all &, n € H.

A unital *-subalgebra M C H, is called a von Neumann algebra if M is closed in the weak
operator topology. von Neumann’s famous double commutant theorem asserts that the

following are equivalent:
e M is a von Neumann algebra,
e M is closed in the strong operator topology,
o M = M".

Here the commutant S” of a subset S C B(H) is defined as S" := {T € B(H) | Tz =

T for all z € S}.

Notation

We will mostly be concerned with tracial von Neumann algebras, i.e. von Neumann
algebras with a faithful normal tracial state 7 : M — C. Throughout, we will denote by

U(M) the unitary group of M, by (M); the operator norm unit ball of M| by Z(M) :=
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M’ N M the center of M, and by L?(M) the completion of M with respect to the Hilbert
norm ||z||, = 7(z*z)z. We note the well-known fact that this 2-norm turns (M) into
a Polish group. Unless stated otherwise, we will always assume that M is a separable
von Neumann algebra, i.e. L?(M) is a separable Hilbert space. For a projection p € M,
we denote by z(p) its central support, i.e. the smallest projection z € Z(M) such that
2p = p.

Let P,(Q C M be von Neumann subalgebras, which we will always assume to be
unital. We denote by Ep : M — P the unique 7-preserving conditional expectation from
M onto P, by PPN M :={x € M | xy = yx, for all y € P} the relative commutant of P
in M, and by Ny (P) := {u € U(M) | uPu* = P} the normalizer of P in M. We say
that P is regular in M if the von Neumann algebra generated by Ny (P) is equal to M.
We write ) C. P, for some ¢ > 0, if we have ||z — Ep(z)||s < g, for every z € (Q);.
Further we write P V @ for the von Neumann subalgebra of M generated by P and Q.
Let ep : L*(M) — L*(P) be the orthogonal projection from L?(M) onto L*(P). Jones’
basic construction of the inclusion P C M is the von Neumann subalgebra of B(L?*(M))
generated by M and ep, and is denoted by (M, ep).

We will write Aut(M) for the group of (trace preserving) automorphisms of (M, 7).
We endow Aut(M) with the Polish topology given by pointwise ||.||2-convergence. We
also denote by Inn(M) the group of inner automorphisms of M, i.e. those of the form
Ad(u)(z) = wzu*, where v € U(M). If (X,u) is a standard measure space and G is

a Polish group (e.g., U(M) or Aut(M)), we say that a map f : X — G is measurable
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if f~1(B) is a measurable subset of X, for every Borel subset B C G. For a subgroup
H < Aut(M), we denote M? = {x € M | §(x) = x, for all € H}.

Of special interest will be II; factors, i.e. infinite dimensional tracial von Neumann
algebras with trivial center Z(M) = C1. A Cartan subalgebra of a II; factor M is a
maximal abelian von Neumann subalgebra that is regular, i.e. Njp(A)” = M. Given
a II; factor M, we write Cartan(M) for the space of Cartan subalgebras of M. We
say that two Cartan subalgebras A and B are unitarily conjugate in M if there exists
u € U(M) such that uAu* = B, we say they are conjugate by an automorphism of M if
there exists v € Aut(M) such that a(A) = B and we say they are conjugate by a stable
automorphism of M if there exist nonzero projections p € A, ¢ € B and a *-isomorphism
a : pMp — gMgq such that a(Ap) = Bq. We will write A ~, B, A ~, B, and A ~,, B
respectively for these notions of equivalence.

Let w be a free ultrafilter on N. Consider the C*-algebra (*(N, M) = {(z,) €

M" | sup ||z, || < 0o} together with its closed ideal
I = {(a) € (N, M) | i a2 = 0}

Then the C*-algebra M*“ := (*°(N,M)/Z, is in fact a tracial von Neumann algebra,
called the ultrapower of M, whose canonical trace is given by 7,(z) = 7111_r>101J 7(zy,), for all
x = (x,) € M“. Recall that a von Neumann algebra is called diffuse if it does not contain
a minimal projection. We then note that if M is diffuse (or has a diffuse direct summand),

MY is non-separable. For an automorphism 6 of M we denote still by € the automorphism

of M* given by 0((x,)) = (0(x,)). In this manner, we view any subgroup G' < Aut(M)
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as a subgroup G < Aut(M%). Finally, if M,,n € N, is a sequence of von Neumann
subalgebras of M, then their ultraproduct, denoted by [ M,, can be realized as the von

Neumann subalgebra of M“ consisting of z = (z,,) such that lim ||z, — Ey, (2,)]]2 = 0.
n—w

2.1.1 Intertwining-by-bimodules

In [Pop06b], Popa introduced a powerful theory for deducing unitary conjugacy of
subalgebras of tracial von Neumann algebras. This theory, which we recall next, will be

a key tool in the remainder of this dissertation.

Theorem 2.1.1 ([Pop06b, Theorem 2.1 and Corollary 2.3]). Let (M, 7) be a tracial von
Neumann algebra and P C pMp, Q@ C gMq be von Neumann subalgebras. Let U C U(P)

be a subgroup such that U" = P. Then the following are equivalent.

e There exist projections pg € P, qo € Q, a *-homomorphism 1 : poPpy — qoQqo and

a nonzero partial isometry v € gqoMpy such that (x)v = va for all x € pyPpy.

o There is no sequence (uy), € U such that ||Eg(z*uyy)||, — 0 for all x,y € pMgq.

I

Terminology. If one of the equivalent conditions of the above theorem holds, we say
that a corner of P embeds into Q) inside M, and we write P <), Q. If Pp’ <3 Q for any
nonzero projection p’ € P’ NpMp, then we say that P embeds strongly into () inside M,

and we write P <3, Q.

If P C. @, for some € < 1, then Theorem 2.1.1 implies that P <,; ). Moreover,

this can be made quantitative, as follows:
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Lemma 2.1.2. In the above setting, assume that P C. ), for some ¢ > 0. Then there

ezists a projection p' € Z(P' N M) such that Pp' <3, Q and 7(p') > 1 —¢.

Proof. Let p' € Z(P' N M) be the maximal projection such that Pp’ <35, Q. If we let
p" = 1—p/, then by [DHI16, Lemma 2.3(3)] we get that Pp” 4 Q. On the other
hand, for every v € U(P) we have that |[u — Eg(u)|l2 < €, hence Rr(up”Eg(u)*) =
T(p") + Rr(up” (Eg(u) — u)*) > 7(p") — ¢, and therefore ||Eg(up”)||2 > 7(p”) — ¢, for all
u€eU(P). If 7(p”) —e > 0, then by Theorem 2.1.1 we would get that Pp” <), @, which

is a contradiction. Hence, 7(p”) < € and thus 7(p/) > 1 —e. O

2.1.2 Relative amenability

Recall that a tracial von Neumann algebra (M, 7) is called amenable if there exists
a positive linear functional o : B(L?*(M)) — C such that ¢|y; = 7 and ¢ is M-central, i.e.
o(zT) = o(Tz) for all x € M, T € B(L*(M)). In [OP10a] Ozawa and Popa introduced

the analogous notion of relative amenability:

Definition 2.1.3. Suppose P C pMp, Q C M are von Neumann subalgebras. Then we
say that P is amenable relative to @) inside M if there exists a positive linear functional

v :p(M,eq)p — C such that ¢|,n, = 7 and ¢ is P-central. <

2.1.3 Relatively strongly solid groups

In [Oza04] Ozawa established that the group von Neumann algebra of a non-

elementary hyperbolic group is solid: the relative commutant of any diffuse von Neumann
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subalgebra is amenable. Later Ozawa and Popa strengthened this result in [OP10b] for
free groups by proving that LF,, 2 < n < oo, is strongly solid: the normalizer of any
diffuse amenable von Neumann subalgebra is still amenable. Later Chifan and Sinclair
showed in [CS13] that this actually holds for all non-elementary hyperbolic groups.

The next breakthrough was realized by Popa and Vaes who showed in [PV14a,
PV14b] that non-abelian free groups and more generally non-elementary hyperbolic groups

are relatively strongly solid. Here we use the terminology from [CIK15, Definition 2.7].

Definition 2.1.4. A countable non-amenable group I is called relatively strongly solid if
for any tracial crossed product M := B x I' and all von Neumann subalgebras A C M

with A amenable relative to B inside M we have either
1. A<y B, or
2. Nu(A)” is still amenable relative to B inside M.
We denote the class of relatively strongly solid groups by C,.s. <

Note that it follows from Definition 2.1.4 that L>°(X) x T has L*°(X) as its unique
Cartan subalgebra up to unitary conjugacy if I' € C,, and the action is free and ergodic,

see also [PV14a, PV14b].

2.1.4 Direct integrals

In this section we recall the basic definitions and properties we need from the

theory of direct integral decompositions of von Neumann algebras. A lot of it is taken
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from chapter 14 of [KR97]. We start with the direct integral of Hilbert spaces. Recall
that a standard probability space (X, ) is a probability space whose (Borel) o-algebra is

generated by the open sets of some Polish topology on X.

Definition 2.1.5. Let (X, ) be a standard probability space. Let {H,} be a family of
separable Hilbert spaces indexed by the points z of X. A separable Hilbert space H is
the direct integral of {H,} over (X, u), written H = ff? H. dp(z), if for each & € ‘H there

exists a function z +— £(z) on X such that {(z) € H, for every x and

(i) @+ (&(x),n(x)) is integrable and (&, n) = [, (&( )) du(z) for all €,n € H,

(ii) if & € H, for every z € X and = — (£, n(z)) is integrable for every n € H then

there exists £ € ‘H such that £(z) = &, for almost every x € X.

We call [ f; H, du(z) and x — &(x) the direct integral decompositions of H and £ respec-

tively. <
Two very easy examples are the following.

Example 2.1.6. 1. The (discrete) direct sum of countably many Hilbert spaces {H,, }
can be viewed as the direct integral of {H,} over the natural numbers with the

counting measure.
2. Given (X, ) as above it is easy to check that L*(X, u) = f;f Cdu(zx).

Once we have a direct integral of Hilbert spaces, we can consider the appropriate

notions of the direct integral of operators and after that of von Neumann algebras as well.
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Definition 2.1.7. If H = f;? H, dp(z), an operator T € B(H) is called decomposable if
there is a function x — T'(x) on X such that T'(xz) € B(H,) for every x and such that for
every £ € H, T(2)é(x) = (T€)(x) for almost every z. If T'(x) = f(x)I, for almost every

x, we say that T is diagonalizable. <

Remark. 1t is easy to show that for £, € H, respectively S, T € B(H) decomposable, we
have £ = n if and only if £(x) = n(x) almost everywhere, respectively S = T if and only
if S(z) = T'(x) almost everywhere.

The following proposition tells us that direct integrals commute with all the basic

operations, which allows us to manipulate them easily.

Proposition 2.1.8 ([KR97, Proposition 14.1.8)). If T', T}, T are decomposable operators
onH = f;f H,dp(z), then aTy+Ty, TVTy and T* are decomposable. Moreover the following

hold for almost every x:
(i) (aTy + To)(z) = aT(x) + Ty(x),
(i) (NT2)(x) = Ty (x)Ta(x),
(iii) T*(x) = T(z)".
Theorem 2.1.9 ([KR97, Theorem 14.1.10)). If H = [¢ H.du(x), then the set R of

decomposable operators is a von Neumann algebra. Moreover R has abelian commutant

consisting of the algebra C of diagonalizable operators.

Definition 2.1.10. A von Neumann algebra M on H = ff? H, dp(z) is called decompos-

able if it is a subalgebra of the (von Neumann) algebra of decomposable operators. <
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Proposition 2.1.11 ([KR97, Proposition 14.1.18]). If M is a decomposable von Neumann
algebra on H = ff H. du(x) containing the algebra of diagonalizable operators, then there
exist von Neumann algebras M, on B(H,) such that M = f)? M, du(x) in the following
sense: If T € B(H) is a decomposable operator, then T € M if and only if T'(x) € M,
almost everywhere. Moreover, if N is a von Neumann algebra with decomposition N =

ff N, du(x) and M, = N, almost everywhere, then M = N.

Remark. In [KR97] a decomposable von Neumann algebra M is defined through the ex-
istence of a norm-separable strong operator dense C*-subalgebra A such that the identity
representation ¢ is decomposable and ¢, (A) is strong operator dense in M, almost every-
where. It is then shown ([KR97, Theorem 14.1.16]) that this is equivalent to our definition

above and that the decomposition z — M, is unique.

Proposition 2.1.12 ([KR97, Proposition 14.1.24]). Let M be a decomposable von Neu-
mann algebra on H = ff; H. du(x) containing the algebra C of diagonalizable operators,
with decomposition © — M,. Then M’ is also decomposable and (M'), = (M,)" almost

everywhere.

The following easy lemma describes the maximal abelian subalgebras of a decom-

posable von Neumann algebra and will be used several times in section 3.1.

Lemma 2.1.13. Let M be a decomposable von Neumann algebra on H = ff; H, dp(z)
containing the algebra C of diagonalizable operators, with decomposition x — M,. Let

A= f)ef A, dp(x) be a von Neumann subalgebra of M. Then A is mazimal abelian inside
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M if and only if A, is maximal abelian inside M, for almost every x € X.

Proof. By Proposition 2.1.12 it follows that

AM = (/GaAmdu(x))/ﬂ/X@Mmdu(x):/®A;ﬂMmdu(x).

X X

If A, is maximal abelian inside M, for almost every x € X, this implies that

o o
A’ﬂM:/X A;ﬂdeu(az):/X A, dp(z) = A.

If on the other hand A is maximal abelian inside M, we get

® ®
/ A, dp(x) :A:A/ﬂM:/ Al N M, du(x),
b b

and it follows from the uniqueness of the decomposition that A, = A’ N M, almost

everywhere. O]

We end this section with the following theorem which will be helpful for us in

Section 3.3.

Theorem 2.1.14. Suppose we have direct integrals (My, 1) = J}?(Ml(x),ﬁ(x))dul(x)
and (My, 19) = f?(Mg(x),Tg(:B))dug(:v) of tracial von Neumann algebras and o : My —
M, is a trace preserving automorphism such that a(L®(X)) = L>®(Y). Then there ex-
ist full measure sets X' C X, Y' C Y, and a Borel isomorphism ® : Y' — X' with

O (us2) equivalent to py such that o decomposes into tracial isomorphisms {ay : My(z) —

My (27 ()}

Proof. Since « is trace preserving, it gives rise to a unitary U : L?(M;) — L*(Ms) which

implements «. The result then immediately follows from [Tak01, Theorem IV.8.23]. [
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2.1.5 Relative commutants in ultrapower II; factors

In this subsection, we establish several results concerning relative commutants in
ultrapower II; factors. First, we record the following easy and well-known fact that will

be used repeatedly in Chapter 4.

Lemma 2.1.15. Let (M, 7) be a tracial von Neumann algebra, and P C M, B, C M,
for n € N, be von Neumann subalgebras. Assume that [[ B, C P“. Then there exists
a sequence of positive real numbers (g,) such that B, C., P, for every n € N, and

lim e, = 0.
n—w

Proof. For every n € N, let ¢, = sup{||lx — Ep(z)||2| € (Bn)1}, and z,, € (B,); such
that ||z, — Ep(z,)|| > €, — 27" Let x = (z,,) € [[, Bn. Then lim ||z, — Ep(z,)||2 =
n—w

|z — Epw(z)||2 = 0, which implies that lim &, = 0. O

n—w

The next result is a particular case of [CD18, Lemma 2.2]. For completeness, we

include a short argument based on Lemma 2.1.15.

Lemma 2.1.16 (CD18]). Let (M,T) be a tracial von Neumann algebra, R C M be the
hyperfinite 1, factor, and P C M a von Neumann subalgebra. Assume that R'NRY C P¥.

Then R <3, P.

Proof. Let p € R' N M be a non-zero projection. Write R = ®enMy(C), and put
R, = ®4>,M5(C), for n € N. Since [[ R, C R'N R¥, Lemma 2.1.15 provides ng > 1

such that ||lu — Ep(u)lls < 7(p)/2, for all u € U(R,,). This implies that ||Ep(up)|ls >
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T(upEp(u)*) > 7(p)/2, for all u € U(R,,). Thus, R,,p <n P, and since R,,,p C Rp is a

finite index subfactor, we get that Rp <, P. n

The following result is a particular case of Ocneanu’s central freedom lemma, see

[EK98, Lemma 15.25]. Nevertheless, we include a proof for the reader’s convenience.

Theorem 2.1.17 (EK98]). Let (M, 1) be a tracial von Neumann algebra and R C M be

the hyperfinite II, factor. Then (R'NR*) N M“ = (RN M)“V R.

Proof. Since clearly (R'NM)“V R C (R'NRY)' N MY, we only have to show the reverse
inclusion. To this end, we adapt the proof of [Pop14, Theorem 2.1.2] which deals with the
case M = R. Write R = ®jenMay(C). Define R, = @k>mMs(C) and R™ = <, M (C),
for every m € N.

Claim. For all x € (R'N R¥)' N M* and ¢ > 0, there exists £ € N such that
|2 — Erynnne ()]l2 < €.

Proof of the claim. We may clearly assume that 711_1}& |20 — Eryane (@) ||2 = |lv —
Erinay-()||2 > €, otherwise the claim holds for & = 1. If we let V' = {n € N| |z, —

Eriom(wy)|la > €}, then V€ w. Fix n € V, and denote F,, = {k € N | ||z, —

Eriam(®n)2 > €} Then 1 € F,, and we define

max F,, if F,, is finite
k(n) =

n if F, is infinite.
We claim that there is u, € U(Ry@)) such that ||z, — u,znu|ls > /2. Suppose

by contradiction that ||z, — uz,u*|ls < /2, for all u € U(Ry()). Let C, C L*(M) be
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the ||.||o-closure of the convex hull of {ux,u*lu € U(Rym))}. Then ||z, — &|l2 < /2,

1€ < laall, and ER;C(N)OM<€> = Ep

k(ﬂ)mM(l’n), for all £ € C,. Let n be the unique

element of minimal ||.||2 in C,,. Since uéu* € C,, and |[uéu*||s = ||€||2, for all £ € C), and
u € U(Ryny), the uniqueness of n implies that 1 = unu*, for all u € U(Ryx)). Thus,

n e R;C(n) N M and hence n = ER;C(n)mM(n) = Fr ~m(xy,). This however contradicts the

k(n)
fact that ||z, — ERZ(n)mM(xn)HQ > ¢, by the construction of k(n).
For every n € N\ V, we put k(n) = 1 and u, = 1. We claim that lim k(n) < oc.

n—w

Otherwise, if lim k(n) = oo, then since u, € U(Ryn)), for all n > 1, we would get that
n—w
u = (u,) € R'NR*. Since ||z —uzu*||s = im ||z, —u,x,u} |2 > €/2, this would contradict
n—w
that = commutes with R'NR*. Now, if k = lim k(n)+1 < oo, then ||z — Eg e ()2 =

n—w

lim H.Tn — ER mM(I'n)HQ S E. <

ey k(n)+1

Finally, note that if & > 1, then R} N M is generated by R’ N M and R*. Since
R* is finite dimensional, it follows that (R}, N M)“ is generated by (RN M)“ and R*. In
particular, (R, N M)“ C (R'NM)“V R, for every k > 1. In combination with the claim,

this implies that z € (R' N M)¥ V R, as desired. ]

Corollary 2.1.18. Let M = PRR, where P is a tracial von Neumann algebra and R is
the hyperfinite II, factor. Then (R' N R¥) N MY = P*®@R. Moreover, Z(M' N M¥) =

Z(P'nPY).
Proof. The first assertion is a consequence of Theorem 2.1.17. This implies that

Z(M,me) C (M/me)/me C (R/ﬂRw),me:Pw®R,
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and thus Z(M'NM¥) Cc M'N(P“®R) = P'N P¥. Since clearly PN PY C M'NM*“, we
deduce that Z(M’ N M*) C Z(P' N P¥). Since Z(P' N P*) ¢ Z(M’' N M*) by [Marls,

Lemma 5.3], the moreover assertion follows. ]

2.1.6 A result on normalizers

The next lemma identifies the normalizer of a Cartan subalgebra of a II; factor P

in the tensor product of P with another II; factor. More generally, we have

Lemma 2.1.19. Let P C M be two II; factors, and A C P be a Cartan subalgebra.
Assume that PV (AN M) = M. If u € Ny(A), then we can find uy € Np(A) and

ug € U(A' N M) such that u = uyus. In particular, R(A C M) =R(A C P).

Proof. Let u € Ny (A) and 6 be the automorphism of A given by 6(a) = uau*, for every
a € A. Let p € A be a non-zero projection.

Then 0(a)up = upa, for every a € Ap. Since A C P is a Cartan subalgebra and
PV (A'NM) = M, the linear span of V = {wv | v € Np(A),w € U(A'NM)} is ||.||o-dense
in M. Thus, we can find v € Np(A) and w € U(A'NM) such that 7(upvw) # 0, and hence
we have £ := F4(upvw) # 0. Since 0(a)upvw = upvw(v*av), by applying E4 we conclude
that 0(a) = (v*av)¢, for all @ € Ap. Thus, if ¢ € A denotes the support projection of
€, then 0(a)q = (v*av)q, for all a € Ap. Since & € A(v*pv), we deduce that ¢ € A(v*pv).
Thus, p’ = vqv* € Ap and we have 0(p')qg = (v*p'v)q = q. Thus, for all a € Ap’ we have

that 0(a) = 6(ap’) = 0(a)q = (v*av)q = v*av.
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In conclusion, for every non-zero projection p € A there is a non-zero projection
p" € Ap such that the restriction of § to Ap’ is equal to Ad(v), for some v € Np(A).
Since A C P is a Cartan subalgebra, this implies that there exists u; € Np(A) such that

0(a) = uyau;, for all a € A. Then uju € A’N M, which proves the conclusion. O

2.1.7 The standard Borel space of von Neumann algebras

In [Eff65] Effros showed that there is a standard Borel structure on the space of
von Neumann algebras vNa(H) on a given separable Hilbert space 7. Moreover it follows
from his results that the set of von Neumann subalgebras vNa(M) of a given separable
IT; factor (M, 7) is a standard Borel space. In this case one can check that its standard

Borel structure is given by the smallest o-algebra such that
A 7(Ea(r)y)

is measurable for all x,y € M. Speelman and Vaes then showed the following for the

space of Cartan subalgebras Cartan(M) := {A C M | A is a Cartan subalgebra of M}.
Proposition 2.1.20 ([SV12, Proposition 12]). In the above setting the following hold.

e Cartan(M) C vNa(M) is a Borel set and hence a standard Borel space.

e The equivalence relation of unitary conjugacy on Cartan(M) is Borel (i.e. as a

subset of Cartan(M) x Cartan(M)).

e The equivalence relation of conjugacy by an automorphism on Cartan(M) is ana-

lytic.
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Remark. In [SV12, Theorem 2] the authors construct a II; factor for which the equivalence
relation of conjugacy by an automorphism on Cartan subalgebras is completely analytic

and hence not Borel.

2.2 Group actions and equivalence relations

Let (X, ) be a probability space, which we will always assume to be standard,
i.e. its o-algebra is generated by the open sets of some Polish topology. If I' ~ (X, u)
is a p.m.p. action of a countable group I, then its orbit equivalence relation R(I'
X) ={(z,y) € X* | T -2 =T -y} is countable p.m.p., where countable means that
the equivalence classes are countable. Conversely, every countable p.m.p. equivalence
relation arises in this way by [FM77]. We say an action I' ~ (X, p1) is (essentially) free
if the stabilizer {x € X | g = x} has measure zero for every g € I'\ {e}, and is ergodic
if every invariant subset A C X, i.e. a subset for which u(gAAA) = 0 for every g € T,
satisfies u(A) € {0,1}.

Let R be a countable p.m.p. equivalence relation on (X, ). For every z € X, we

denote by [x]r its equivalence class. We endow R with an infinite measure i given by
a(A) = / #{y € X | (z,y) € A} du(x), for every Borel set A C R.
X

The automorphism group of R, denoted by Aut(R), consists of all measure space auto-
morphisms « of (X, ) such that (a(z), a(y)) € R, for i-almost every (z,y) € R. The full

group of R, denoted by [R], is the subgroup of all & € Aut(R) such that (a(z),x) € R, for
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p-almost every z € X. The full pseudogroup of R, denoted by [[R]], consists of all isomor-
phisms a : (A, wa) = (B, ip), where ji4, s denote the restrictions of 1 to measurable
subsets A, B C X, such that («(z),z) € R, for almost every = € A.

We say that R is ergodic if for every measurable set A C X satisfying u(a(A)AA) =
0, for all & € [R], we have u(A) € {0,1}. Assume that R is ergodic, and let ¢ > 0. De-
note by # the counting measure of N, and consider a measurable set X* C X x N with
(u x #)(X*") = t. The t-amplification of R, denoted by R, is defined as the equivalence
relation on X' given by ((x,m), (y,n)) € R"' <= (z,y) € R. Since R is ergodic, the

isomorphism class of R! only depends on R and ¢, but not on the choice of X*.

2.2.1 Cocycles

We briefly recall the notion of (1-)cocycles, merely to fix notation. We refer to
[Kec10, Chapter 20| for a more detailed exposition. Let I' be a countable group with a
(Borel) measure preserving action on a standard measure space (X, p) and let G be a
Polish group. A (Borel) 1-cocycle for the action I' ~ X with values in G is a Borel map

c¢: ' x X — G satistying the cocycle identity
C(gha (L’) = C(Q? h - ZE)C(h, CL’),

for all g,h € I' and p-almost every x € X. Note that this in particular implies that
c(1,z) =1 and ¢(g,z)™" = ¢(g7t, g - ¥). We will identify cocycles that are equal almost
everywhere and denote by ZH(I' ~ X, G) the set of cocycles for the action I' ~ X with

values in G. Observe that if c € ZH(T' ~ X, G) is independent of z, then it is given by a
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homomorphism I' — G. In particular when G = S* cocycles independent of z are given
by characters v € I'. Denote by L(X, u, G) the space of all Borel maps f: X — G (up
to agreeing p-almost everywhere). Then we have an action L(X, u, G) ~ ZYT ~ X, G)
given by

(f-e)g,x) = flg-2)e(g, =) f(x) "
Two cocycles ¢, ¢ € ZHT ~ X, G) are called cohomologous if there exists f € L(X, i, G)
such that f-c¢; = co. If a cocycle ¢ is cohomologous to the trivial cocycle we call ¢ a

coboundary. We denote the set of coboundaries by BY(T' ~ X, G).

Analogously, we can define cocycles for a countable Borel equivalence relation E.
For C' C E Borel we will write C,, := {y € X | (z,y) € C} and C¥ := {z € X | (z,y) €

C}. Following [FM77] we can define two o-finite measures on E C X? by

u(C) = [ 1€ duta) and (€)= [ 17 duty)

where |S| denotes the cardinality of a set S. We say that E is measure preserving if
v, = 1, and in that case we denote this uniquely defined measure by v. Note that this
definition is equivalent to the one discussed above, namely that the equivalence relation
is induced by a p.m.p. action of a countable group. A cocycle of E with values in G is

then defined to be a Borel map ¢ : E' — G satisfying the cocycle identity

c(x,z) = cly, 2)c(z,y)

for all z,y, 2z € Y belonging to a single E-class, and where Y C X is an F-invariant Borel

subset of X of measure 1. Like before we identify two cocycles that are equal v-almost
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everywhere and we denote by Z'(E,G) the set of cocycles of E with values in G. Here

we have an action L(X,u,G) ~ Z'(E,G) given by

(f - o)z, y) = fy)elz, y) f(z)!

and we call two cocycles ¢1,c; € Z'(E,G) cohomologous if there exists f € L(X,u,G)
such that f-c¢; = ¢o. The cocycles cohomologous to the trivial cocycle are again called

coboundaries, and the set of coboundaries is denoted by BY(E, G).

2.2.2 Almost invariant sequences

We next recall the notion of strong ergodicity and some of the results from [JS87]
because we will use them crucially throughout this dissertation. Let I' ~ (X, ) be an
ergodic p.m.p. action of a countable group I' on a probability space (X, ). A sequence

(Ap)n>1 is called almost invariant (or asymptotically invariant) if
lim u(gA,AA,) =0

for every g € T'. An almost invariant sequence is trivial if lim,, u(A,)(1 — p(4,)) = 0.
The action I' ~ X is called strongly ergodic if every almost invariant sequence is trivial.
We say that a countable p.m.p. equivalence relation R is strongly ergodic if for every
sequence of measurable sets A, C X satisfying 711;120 pla(A)AA,) =0, for all a € [R],
we have nh_)rgo w(An) (1 — p(A,)) = 0. Note here that a p.m.p. action I' ~ (X, pu) of

a countable group I' is ergodic (respectively, strongly ergodic) if and only if its orbit

equivalence relation R(I' ~ X) is.
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Given two countable p.m.p. equivalence relations R on (X,u) and S on (Y,v),
we say that a measurable function # : X — Y is a factor map from R onto S if it is
measure preserving (so in particular essentially onto) and if 6([z|r) = [0(z)]s for almost

every x € X. The above notions are linked in the following way.

Theorem 2.2.1 ([JS87, Theorem 2.1}). Let R be a countable ergodic p.m.p. equivalence

relation on (X, ). Then the following are equivalent.
1. R is not strongly ergodic,

2. There exists an ergodic hyperfinite p.m.p. equivalence relation T on a probability

space (Y,v) and a factor map 0 : X =Y from R onto T.

Lemma 2.2.2. Let I' ~ (X, p) and A ~ (Y,v) be ergodic p.m.p. actions of countable
groups on probability spaces. Suppose 0 : X — Y is a factor map and (By), is an almost
invariant sequence for N ~ (Y,v). Put A, = 0~Y(B,). Then (A,), is an almost invariant
sequence for I' ~ (X, u). Moreover, if lim, v(Ug>p,sBrABy) = 0 for every s € A, then

also limy, ((Ug>ngArAA,) =0 for every g € T.

Proof. We will prove the moreover part, the fact that (A,,), is an almost invariant sequence

7

can be done in exactly the same way by dropping “Uys,” everywhere. Fix g € I' and let

e > 0. By the assumptions we can take S C A finite such that

p{r € X | 0(g ') € SO(z)}) > 1 —=.
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Writing X :={z € X | 0(¢g'z) € SO(x)} we then get

(Urzng Ak \ Ax) = 1((Urzng0 ™" (Bi) \ 071 (By))
=pu({z € X |3k > n:0(g 'x) € By,0(x) ¢ By})
<e+puXon{r € X[k >n:0(g"'x) € By, 0(x) & Bi})
= &+ u(Uses{z € Xy | (g z) = s6(x) and
3k > n: sb(z) € By, 0(x) ¢ By}

< 5—{—2;@({3: € Xo | Ik >n:s0(x) € Bg,0(x) ¢ Br})

seS

<+ Y Uk (s7'By) \ 07 (By))

SES

=c+ Z V(UanS_IBk \ Bk),

seSs

which by assumption converges to € as n — oo. By symmetry the same will hold for

w(UksnAg \ gAg). Since € was arbitrary, this finishes the proof. O

2.2.3 Equivalence relations and Cartan subalgebras

Let (M, T) be a separable tracial von Neumann algebra and A C M be an abelian
von Neumann subalgebra. Identify A = L*(X), for some standard probability space
(X, ). Then for every u € Ny (A), we can find an automorphism «,, of (X, 1) such that
a o a, = uau®, for every a € A. The equivalence relation R(A C M) of the inclusion
A C M is the smallest countable p.m.p. equivalence relation on (X, ) whose full group

contains a,,, for every u € Ny (A).
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Now, assume that M is a II; factor and A C M is a Cartan subalgebra, i.e. a
maximal abelian regular von Neumann subalgebra. Then R := R(A C M) is ergodic and
there exists a 2-cocycle w € H?(R, T) such that the inclusions (A C M) and (L>*(X) C
L,(R)) are isomorphic [FM77]. For ¢t > 0, the t-amplification of M, denoted by M*, is
defined as the isomorphism class of p(B(¢£*)®M )p, where p € B(£*)®M is a projection with
(Tr ® 7)(p) = ¢, Tr denoting the usual trace on B(¢?). Similarly, the inclusion (A C M)
is defined as the isomorphism class of the inclusion (p(f> ® A)p C p(B(£*)®@M )p), where
p € B({?)®A is a projection with (Tr @ 7)(p) = t, and (> C B(£?) is the subalgebra of
diagonal operators. With this terminology, we have that A* C M? is a Cartan subalgebra,

and R(A' C M") 2 R(AC M)".

2.3 Complexity of classification

In the following we will review some of the set-theoretic notions allowing us to
talk about the exact complexity of a classification problem. A good reference is [KTD13],

where several of the definitions below are taken from.

2.3.1 First definitions and results

Given an equivalence relation E on a space X, a (complete) classification of X up
to E consists of a set of invariants [ and a map f : X — I such that zFy < f(z) = f(y).

Most often the base space X is a standard Borel space, i.e. a Polish space with the Borel
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o-algebra generated by the open sets, and the equivalence relation E is Borel or analytic
(as a subspace of X x X). The following important notion gives us a way of comparing

equivalence relations.

Definition 2.3.1. Let (X, E) and (Y, F) be equivalence relations on standard Borel
spaces. Then FE is (Borel) reducible to F, written E <p F', if there is a Borel map

f:X =Y such that By & f(z)F f(y). <

This is exactly saying that the F-classes are complete invariants for the F-classes
and intuitively means that the classification problem for F is at most as complicated as
the one for F. If both £ <p F and F <p E we say that E is (Borel) bi-reducible to F’
and write E ~g F. If E <p F but F £ F, we write F' < F.

For any Polish space Y we can consider the equality relation =y on Y given by
{(x,y) € Y? | z = y}. Denoting by n, for n € N, any set of cardinality n we then have
E ~p (=,) for any Borel equivalence relation £ with n equivalence classes. We thus get

(dropping = for clarity) that
l1<p2<p3<p---<gN

is an initial segment of <z, as N <p FE for any Borel equivalence relation E with infinitely
many equivalence classes. The following dichotomy theorem of Silver extends this result

and tells us that R <g FE if ' has uncountably many equivalence classes.

Theorem 2.3.2 ([Sil80]). Let E be a Borel equivalence relation. Then either E <p N or

R<pFE.
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Definition 2.3.3. An equivalence relation £ on X is smooth (or concretely classifiable)

if F <p (=y) for some Polish space Y, i.e. there is a Borel map f : X — Y such that

zEy & f(z) = f(y). <

Note that this is equivalent to asking that F <p (=g), since all Polish spaces are
Borel isomorphic. In a way smooth equivalence relations can still be considered “easy”.

(Un)fortunately, not all equivalence relations are smooth.

Example 2.3.4. A very important non-smooth equivalence relation is the relation E, on

2N where

xbky << dNeNVn>N:z, =y,

To see that Ep is not smooth, assume that we have a Borel reduction f : 2V — [0, 1]

from Ey to (=p,z)). Let pu be the usual product measure on 2%. Then f~'([0,1]) and

1

7[5, 1]) are both tail events, so applying Kolmogorov’s zero-one law, we get that either

p(f71([0,3])) =1 or u(f*([3,1])) = 1. Continuing cutting intervals in half we get in this

way that f is p-almost everywhere constant, which contradicts the fact that it is a Borel

reduction.

The following result, usually referred to as the Glimm-Effros dichotomy, shows

that Fy is the “smallest” among non-smooth Borel equivalence relations.

Theorem 2.3.5 ([HKL90]). If E is a Borel equivalence relation on a Polish space X
and E is not smooth, then Ey <g E. Moreover one can find a continuous injective Borel

reduction f: 2N — X.
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It follows from the above discussion that
1<p2<p3<p---<gN<pR<pE)

forms an initial segment for <p and moreover Ey < E for any non-smooth Borel equiva-
lence relation E. Beyond Ej the situation becomes way more complicated and one will for
instance not find a unique minimal equivalence relation above Ey (see [KL97, Theorem 2]).
However, one natural thing to consider for general equivalence relations is classification

by countable structures.

2.3.2 Classification by countable structures

Intuitively, an equivalence relation is classifiable by countable structures if we can
assign complete invariants built out of countable (or “discrete”) structures of some given

type, e.g. groups, graphs, fields, etc. More concretely, we have the following.

Definition 2.3.6. A countable signature is a countable family L = {f;}ier U {R;}jes of
function symbols f; and relation symbols R;. We denote by n; > 0, resp. m; > 1, the
arity of f;, resp. R;.

An L-structure is given by

A= (A Y ier {Rf}jeJ)v

where A is a nonempty set, f*: A% — A are functions, and R;-“ C A™i are relations. <
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Example 2.3.7. Consider L = {-, 1}, where - is a binary and 1 is a nullary function sym-
bol. Then a group is any L-structure (G,-¢,1%) satisfying the group axioms. Similarly,

using other signatures, one can describe rings, fields, graphs, etc.

When considering only countable structures, we can of course always take A = N

up to isomorphism. This gives rise to the following.

Definition 2.3.8. Given a countable signature L, we consider the space of countable

L-structures

X = HNW’“) X H o).

iel jeJ

Putting the discrete topologies on N and 2, X becomes a Polish space for the product

topology. <

Now let S,, be the group of all permutations of N. Then we have an obvious
action Sy, ~ X, called the logic action. One easily checks that this action induces the
equivalence relation of isomorphism in Xy, i.e. for A,B € X, we have A= B < dg €

Seo 1 g+ A= B. We will denote by =, the equivalence relation of isomorphism on X7..

Definition 2.3.9. Let E be an equivalence relation on a standard Borel space X. Then
we say that E is classifiable by countable structures if there exists a countable signature

L such that E <p (=). <

Example 2.3.10. e If F is smooth, then E admits classification by countable struc-

tures.
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o ([Kec92]) If G is a Polish locally compact group and X is a Borel G-space, then the

orbit equivalence relation of G ~ X admits classification by countable structures.

2.3.3 Turbulence and generic ergodicity

The basic method for showing that some equivalence relation is not classifiable by
countable structures was developed by Hjorth (see [Hjo00]) and is called turbulence. In

the following, let G be a Polish group acting continuously on a Polish space X.

Definition 2.3.11. Let U C X be a nonempty open set and V' C G be an open neigh-

borhood of 1 € (G. For x € U we define

Oz, U, V):={yeU |k e Nyzg,x1,..., 26 €U, g0,..., g1 €V

such that © = xg,y =z and Vi < k : x;41 = g;x; }.

We call O(z,U, V) the local U, V-orbit of x. <

Recall that a subspace of a Polish space is called meager if it is disjoint from a
dense Gy set and comeager if it includes one. We can think of these as being “small”,

respectively “large”, sets.
Definition 2.3.12. The action G ~ X is turbulent if
(i) every orbit is dense,

(ii) every orbit is meager,
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(iii) for every x € X, for every U C X open and every V C G open with z € U, 1 € V:

O(x,U, V) has nonempty interior.
<

Note that these conditions give rise to “turbulence” on different scales. Orbits
being dense is a global phenomenon, telling us we can get to every region of our space by
applying group elements to any chosen point in our space. Moreover, one can easily show
(see Example 2.3.16 below) that an action satisfying (i) and (ii) from the above definition
is already “turbulent enough”, in the sense that it cannot be smooth. The main condition
in the above definition is (iii) though, which says that even on a small scale, both in the

group and in the space, the action exhibits turbulent behaviour.

Example 2.3.13. Consider (¢*,+) with the usual 1-norm (||g||, = Y, |g:|) acting by
translation on (RY, +) with the product topology. It is not hard to see that this action is
turbulent (see also [Hjo0O, Proposition 3.25]). Every orbit is dense and meager because
¢ is dense and meager. To get the third condition, fix z € RN, U C RN open containing
x and V C ¢! an open neighborhood of the identity. By shrinking U and V if necessary,

we can assume that for some ¢ > 0,/ € N we have

U={zecR"Y|Vi<l:|z—a <e},

V={zel| lz]l; <€}

Now let Uy C U be any open set, then it suffices to find some z € O(x, U, V) N U,. Using

the density of the orbit of z, we can find g € ¢! with ¢g -z € Uy. Choose now k € N large
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enough so that ||g||, /k < ¢ and put h = g/k, i.e. h; = g;/k for every i € N. Then h € V
and we can put zp := x, 2,41 := h - ;. By convexity of U, we have that z; € U for every

0<j<k Hencexy=g-z€ O(x,U V)NU, and the result follows.

Next we consider what is called generic ergodicity. For this we first need the

obvious notion of a homomorphism between equivalence relations.

Definition 2.3.14. Let £ and F' be equivalence relations on Polish spaces X and Y. A
homomorphism from E to F' is a Borel function f : X — Y such that «Ey = f(z)F f(y).

<

Given F and F equivalence relations on Polish spaces X and Y, we will write

Hom(FE, F) for the space of homomorphisms from E to F.

Definition 2.3.15. For F, F' as above, we say that E is generically F-ergodic if for every
homomorphism f between E and F', there is a comeager set A C X such that f maps A

to a single F-class. <

Example 2.3.16. If E denotes the orbit equivalence relation for some continuous action
of a Polish group G on a Polish space X with a dense orbit, then E' is easily seen to be
generically (=g)-ergodic, see for instance [KTD13, Example 2.17]. In particular, if every

orbit is also meager, then E is not smooth.

The following important result of Hjorth tells us that turbulence is an obstruction

for classification by countable structures.
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Theorem 2.3.17 ([Hjo00]). If a Polish group G acts turbulently on a Polish space X,
then R(G ~ X) is generically =y -ergodic for any countable signature L. In particular,
since turbulent actions have meager orbits by definition, R(G ~ X) does not admit

classification by countable structures.

2.3.4 A non-classifiability criterion

The following criterion follows easily from Example 2.3.13 and Theorem 2.3.17.

Proposition 2.3.18. If E is an equivalence relation on a Polish space X such that there

exists a Borel map f: (0, )N — X satisfying

1. f(x)Ef(y) whenever x —y € (', and

2. there is no comeager set A in (0, 1)N which is mapped into a single E-class by f,
then E is not classifiable by countable structures.

Proof. (This proof follows the same lines of reasoning as [Lup14, Criterion 3.3].)

Claim 1. Suppose F,G, R are equivalence relations on Polish spaces Y7, Y5, Z
respectively such that G is generically R-ergodic. If there exists a homomorphism g :
Yo — Y] from G to F such that g(C') is comeager in Y; for all comeager C' C Y5, then F’
is generically R-ergodic.

Proof of Claim 1. Suppose h : Y] — Z is a homomorphism from F' to R. Then

hog:Yy,— Zis a homomorphism from G to R. Since G is generically R-ergodic, there
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exists a comeager set C' C Y5 that is mapped onto one R-class. Hence g(C') is a comeager
subset of Y] that is mapped onto a single R-class by h. o

Claim 2. Suppose E and F' are equivalence relations on X and Y respectively, and
F' is generically = -ergodic for every countable signature L. If there is a homomorphism
f:Y — X from F to E such that there is no comeager set in Y which is mapped onto a
single E-class, then E is not classifiable by countable structures.

Proof of Claim 2. Let L be a countable signature and assume that we have a Borel
reduction g : X — X from E to Z;. Then go f : Y — X is a homomorphism from
F to =, and since F' is generically = -ergodic, it follows that there is a comeager set
C C Y which is mapped to a single = -class. Since g is a Borel reduction, this implies
that f(z)Ef(y) for all x,y € C, contradicting the fact that no E-class has a comeager

preimage. o

Let now E be as in the proposition, G the relation of equivalence modulo ¢! on

RN, and F the relation of equivalence modulo ¢* on (0,1)Y. Consider the functions

t
TRN — —1,1N:tnnr—>( = ),
1 1
gp:(—l,l)—>(0,1):x»—>§:ﬂ—l—§,

g:=¢ og :RY = (0,1)N.

It is easy to see that g satisfies the conditions of Claim 1. Since G is generically = -ergodic
for any countable signature L by Example 2.3.13 and Theorem 2.3.17, the same holds for

F'. The result then follows from Claim 2. O
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Chapter 3

Non-classifiability of Cartan

subalgebras

3.1 A structural result for Cartan subalgebras

For this section we fix the following.

e [' ~ X afree ergodic p.m.p. action of a countable group I" on a standard probability

space (X, p),
e an arbitrary II; factor IV,
e M :=(L>®(X)xT)®N.

Note that

M2 (L¥(X)®N) % T
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where I' acts trivially on N. Also, we can write L*(X)®N as the (constant) direct
integral L*(X)®QN = [ f N dp(z). For notational convenience we will drop the measure
1 from the integrals from now on. In this section we will prove the main structural result,
namely Theorem 1.1.1. For this we will need a few lemmas. Note that only Lemma 3.1.4
will assume that I' € C,,. The other results, in particular Lemma 3.1.3, hold for any

countable group TI'.

Lemma 3.1.1. Suppose f1,fa : X — Cartan(N) are measurable functions such that
fi(x) ~y fo(x) in N for almost every x € X. Write A; = f)ef filz)dz, i = 1,2. Then

there exists u € U(L>®(X)RN) such that uA;u* = As.

Proof. We will prove that we can intertwine arbitrarily small corners of A; into arbitrarily
small corners of A, inside L>®°(X)®N, after which we can conclude the proof with a
maximality argument.

Claim. A;p; <p~x)an Aape for all nonzero projections p; € Ay, p, € Ay such
that z(p1)z(p2) # 0.

Proof of the claim. For ¢ = 1,2, we can write p; = f)? Piz dx, with p; , a projection
in A; ;. We then have the decompositions A;p; = [ ;f (Aipi)odz = [ )? A; 2pie dx. Assume
the claim doesn’t hold. Then by Theorem 2.1.1 we can find a sequence of unitaries

(un)n € U(Aip1) such that ||Ea,p, (vu,w)|, — 0 for all v,w € L*®(X)®N. Writing
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) o e
v:fX vxdm,w:fX w, dzr and un:fX Up,z dT We get

@
EA2p2 (/ Vg Unp, Wy dl‘)
X

2
/ Eaapy). (VeUn 2 Wy) d

X

2

2
| By (vits0) 2 = \

_/ “E(A2p2)x<vxun,www)”z dr,
X

2
2

2

which by assumption converges to zero. Now let {¢;},eny be a countable ||.||,-dense subset
of N. Letting v and w range over {1®¢; | i € N} we get a subsequence of (u,), such that
for almost every € X we have “E(A2p2)$<tiun,xtj>“2 — 0 for all 4, j € N. Since {¢;};en is
|.||,-dense in N, this means that (A1p1), AN (A2p2), for almost every x, which is absurd
since (A1), = fi(z) ~y fo(x) = (A2), in N for almost every z, and p; and ps don’t have

disjoint central supports by assumption. o

Now let (p;); and (g;); be maximal families of orthogonal projections such that
Aipi ~y Agg; inside L®(X)®N and put p = Y. pi, ¢ = >, ¢i. Then A;p ~, Asq inside
L>*(X)®N. In particular p and ¢ are equivalent projections. Since L>*(X)®N is a finite
von Neumann algebra, also 1 — p and 1 — ¢ are equivalent, and so in particular have
equal central support. Assuming p # 1 (and hence also ¢ # 1), it then follows from
the claim that A;(1 — p) <r~x)an A2(1 — ¢q). Moreover, by Lemma 2.1.13, A; and A,
are maximal abelian inside L*(X)®N. Hence applying [Vae07, Theorem C.3] (see also
[Pop06a, Theorem A.1]) yields the existence of a partial isometry v € L*(X)®N such
that v*v € Ay (1 —p), vo* € As(1—q) and vA;(1 —p)v* = As(1 — q)vv*, contradicting the

maximality above. We conclude that A; ~, As inside L>*(X)®N. O
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Lemma 3.1.2. Suppose A is a Cartan subalgebra of (L= (X)®QN)q for some projection
q= [y qdv € L*(X)®N. Write A= [{ A,dr C [{ ¢uNg.dv and let Y = {x € X |

¢z # 0}. Then A, is a Cartan subalgebra of q.Nq, for almost every x € Y.

Proof. First note that A, C ¢,Ng, is maximal abelian for almost every =z € Y by
Lemma 2.1.13. To complete the proof we need to show that A, is regular in ¢,Ngq,

for almost every « € Y. Therefore take u € Nypo(x)anyg(A) and write u = f)? Uy dx.

® o ®
/ Ayde = A=uAu" = u (/ A, d:c) u* = / Uz Ay, dx
X X X

and so A, = u, A,u almost everywhere. Let now {u(} be a countable ||.||,-dense subset

Then

of Ny (x)an)q(A) and take null sets E; C X such that A, = u(xi)Axug(f)* for x ¢ E;. Put
E = E; so that A, = u Aul?* for all i and all z ¢ E. Thus for x ¢ E we have that
{ug) | i € N} € N, ng (A:) and so in order to prove that almost every A, is regular it
suffices to show that {ug(f) | i € N} C N, ng. (N:) generates ¢, Ng, almost everywhere. For
this note that if T = f)? T, dx € (L®(X)®N)q = {u? | i € N} then T, € {u% | i € N}
almost everywhere by Propositions 2.1.8 and 2.1.11. Now take a countable |.||,-dense
subset {t,}, € N and consider ¢(1®1t,)q = [ f Gztnqs dx. The above claim implies that
Qelnqe € {ug) | i € N} almost everywhere. Let F, := {x € X | qutnq. ¢ {ug) | i e N}"}
and F' := |, F,. Then for all z not in the null set F' the u(zi) generate ¢, Nq,. We conclude

that A, is regular in ¢, Ng, for almost every z, finishing the proof. O

Lemma 3.1.3. Suppose A is a von Neumann subalgebra of L*°(X)QN and write A =

ff A, dx. Then the following are equivalent:
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1. A is a Cartan subalgebra of M,

2. A, is a Cartan subalgebra of N for almost every x € X and for every g € T,

Ag1y ~y Ay inside N for almost every x € X.

Proof. 2 = 1. First note that A := [ )G? A, dr is maximal abelian inside M. Indeed, by
Lemma 2.1.13 A is maximal abelian inside L*(X)®N. In particular L>°(X) C A. Since

L*>*(X) is maximal abelian inside L>*(X) x I" we then get
A=ANLZX)QN)CANMCANL®X)NM=AN(L*X)®N) = A,
and so A is maximal abelian inside M. To get regularity, we first observe that
®
Nud(4) 2 Nisgon(4) = [ Ni(4,)do
X

where [ ;f Ny (A,) dz is the subset of L>(X)®N consisting of all u = [ )? u, dx such that
uz € Ny(A;) for almost every 2z € X. We note here that the set CISub(U(N)) of closed
subsets of the Polish space U(N) is a standard Borel space when given the Effros Borel
structure. Moreover, in the proof of [SV12, Proposition 12| it is shown that the map
Cartan(N) — CISub(U(N)) : A — Nn(A) is Borel. Together with the measurability of
the field z — A,, this gives the measurability of the field x — Ny (A,).

Claim. Np«xen(A)” = L*(X)QN.

Proof of the claim. Assume by contradiction that the claim doesn’t hold. Then
we can write Nie(x)an(A4)" = f;f N, dx where N, C N for all x in some subset of X of

positive measure. Let e, := sup{|lu — En, (v)||, | v € Ny(A,)} and define Y := {z €
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X | e, > 0}. By assumption p(Y) > 0. Since X — CISub(U(N)) : x — Nn(A,) and
X — vNa(N) : 2 — N, are Borel, it follows easily that the set B := {(z,u) € Y xU(N) |
u € Nn(A4,), ||lu— En, (u)]], > e,/2} is a Borel subset of Y x U(N). By construction
m(B) =Y, where 7 is the projection onto the first coordinate. Hence by [Tak01, Theorem
A.16] there exists a measurable function ¢ : Y — U(N) such that (z,p(z)) € B for all
x € Y. Putting p(z) = 1 for z ¢ Y, we then get T := [ p(z)dz € [ Nn(A,)dz, but
T¢/[ )e(a N, dz, which is impossible. o

It follows from the claim that L>®(X)®N C Ny(A)”. Hence it suffices to argue
that also u, € Npy(A)” for every g € T'. Fix g € I'. For an element a = ff{a a,dxr €

L>®(X)®N we see that

ugau, = (0, ®id)(a) = (0, ® id) (/® ay da:) = /@ a, d(gx) = /® ag-1, de,

X X X
so ug acts by “shifting” the components of the direct integral, yielding u,Au; = Ay
where Aj,-1 = f;f Ag-1ydzx. On the other hand, from Lemma 3.1.1 and the given fact
that A,-1, ~, A, for almost every x € X, it follows that there exists u(g) € U(L>(X)®N)

such that u(g)A,-1u(g)* = A. Putting them together yields

(u(g)ug) A(u(g)uy)” = u(g)Ag-1u(g)” = A. (3.1)

Since u(g) € L®(X)®N and we already know that L>®(X)@N C Ny (A)” we get u, €
Num(A)” which finishes the proof of one implication.
1 = 2. First of all it follows from [Dye63] that A, being Cartan in M, is Cartan in

L>*(X)®N as well (see also [JP82]). So from Lemma 3.1.2 it follows that A, is a Cartan
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subalgebra of N for almost every x € X and we are left with showing that for every g € I,

Ay-1, ~y Ay inside N for almost every x € X. Fix g € I'. From [Pop06a, Theorem A.1]

g

it follows that it suffices to show that A,-1, <y A,. Since A is a Cartan subalgebra of
M we know that u, € NMy(A)”. Since Ny (A) is closed under products, this means that

for a given n € N, we can find \y,..., A\, € C and uy, ..., u, € Ny(A) such that
2

<
2

1
n

Writing 7" Niu; = > cp ch, with ¢, € L¥(X)®@N we get that

E Chup — Ug
h

. [$3) .
where we have written ¢, = f x Cg.e dz. In particular cg, = 0 on a set of measure at least

> > 7((c — 1) (cy — 1)) = / (€0 — 1) (cye — 1)) d,

X

SRS

1 — < and so for every such x at least one of the u; = Y, bjuy, satisfies b, . # 0 (where
again b} = ff bﬁw dr € L*(X)®N). Doing this for every n € N implies that the set
E :={z e X |3u=7>",byu, € Nym(A) such that b, , # 0} has full measure inside X.
Now take z € E and v = Y, bpu, € Na(A) such that b, # 0. Let § € Aut(A) be such
that

ua = 6(a)u, for all a € A. (3.2)

Writing a = ff a,dz, 0(a) = f;? 6(a), dx and substituting in equation (3.2), we find that
for all h € T we have by zap-1, = 0(a).bn, almost everywhere. In particular this holds
for g. Using the polar decomposition for b, , it then follows that there exists a nonzero

partial isometry v € N such that

Vag-1, = 0(a),v, for all a € A.
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This relation implies that vA,-1, € A,v and hence gives the desired intertwining A,-1, <n

A, finishing the proof of the other implication. O]

Lemma 3.1.4. Assume I' € C,s and let A C M be a Cartan subalgebra. Then A is

unitarily conjugate to a Cartan subalgebra of M contained in L (X)QN.

Proof. Applying the dichotomy in Definition 2.1.4 for I' € C,,, we get that either A <
L*(X)®N or Npy(A)” = M is amenable relative to L>(X)®N. Since I' is non-amenable
the latter is not possible (see for instance [OP10a, Proposition 2.4]). We conclude that we
can find projections p € A, ¢ € L>*(X)®N, a nonzero partial isometry v € ¢Mp and a
*~homomorphism ¢ : Ap — q(L>(X)®N)q such that ¢(a)v = va for all a € Ap, v*v = p,
and vv* € ¥(Ap)' NgMgq. Moreover, by [loal2b, Lemma 1.5], we can assume that 1(Ap) is
maximal abelian in ¢(L>*(X)®N)q. In particular this means that L>(X)q C ¢(Ap) and
taking relative commutants we get ¢)(Ap) NgMq C (L>(X)q) NgMgq = q(L*(X)®N)q.

Since 1(Ap) is maximal abelian in ¢(L>*°(X)®N)q it then follows that

Y(Ap) N gMq = p(Ap) N q(L>(X)®N)q = ¥ (Ap).

As vv* € P(Ap) N gMyg, we get vv* € (Ap) and so after possibly replacing ¢ by a sub-
projection we can assume that vv* = g. Hence Ad(v) : pMp — ¢gMgq is an isomorphism
and since Ap is a Cartan subalgebra of pMp we conclude that ¢(Ap) = vApv* is a Cartan
subalgebra of ¢ Mg.

Claim. There is a projection p’ € Ap such that ¥)(Ap’) C B where B is a Cartan

subalgebra of M contained in L*(X)®N.
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Proof of the claim. Note that the central trace of ¢ = f;f gz dx € L*¥(X)RN is
given by ctr(q) = ff Tn(qz) dx € L>®(X). Proposition 7.17 in [SZ79] tells us that for
any f € L>*(X) with f < ctr(q), there exists a projection ¢’ < ¢ in 1(Ap) such that

ctr(q') = f. Also, since ¢ is nonzero, there exists n € N such that u(Xy) > 0, where
1
Xo={r e X[7(@) = ;}

Consider now f = %ILXO and take ¢ € ¥(Ap) such that ¢ < ¢ and ctr(¢’) = f. In

particular we have 7(¢,) = £ for z € X, and 7(¢},) = 0 otherwise.

Let now p' = ¢~1(¢'). Denoting the restriction of 1) still by 1) we get an injective
homomorphism ¢ : Ap’ — ¢ (L*®(X)®N)q such that ¢(Ap) = f;f A, dz is a Cartan
subalgebra of ¢/ M¢'. It then follows from Lemma 3.1.3 that A, is a Cartan subalgebra of
¢, Nq, for almost every x € Xy. Put p; := ¢ and consider (1 — p1)(L>(Xo)Q@N)(1 — py).
Applying again [SZ79, Proposition 7.17] we can find a projection p, < 1 — p; such that
ctr(ps) = Z1y,. Continuing this we in the end find mutually orthogonal projections
D1y Dn € L®(Xo)®N such that ctr(p;) = %ILXO for every 1.

In particular py,...,p, are equivalent and we can take partial isometries u; such
that wfu; = p; and u;u; = p;. Define

B = & (Ap)u;.

Then B = f;f B, dz is a Cartan subalgebra of L®(X)®N.

We want to upgrade this to a Cartan subalgebra of M. For this we note that

the proof of the implication 1 = 2 in Lemma 3.1.3 goes through for a Cartan inclusion
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A C gMgq for some projection ¢ € L>®(X)®QN. In the above situation this implies that
we also had Ag—lx <N flx for almost every x when both sides are nonzero and hence the

same holds for B, instead of A,.
Summarizing, we now have a measurable map X, — Cartan(N) : 2 — B, such
that Bgfw ~u B, inside N for almost every z € X, N ¢Xo. Using the ergodicity of the

action we can then extend this to a map
X — Cartan(N) : ¢ — B,

with the same properties. (A way to explicitly write this down is the following: Enumerate
I':={e=0g,09,...} and send = € X to the Cartan subalgebra associated to g;z where
i is minimal among {n € N | g, € Xy}.) Applying Lemma 3.1.3 again this implies
that B := ff B, dx is a Cartan subalgebra of M contained in L*(X)®N which by

construction contains 1 (Ap’), thus finishing the proof of the claim. o

It follows from the claim that A <, B, where A and B are both Cartan subal-
gebras of M. Hence A and B are unitarily conjugate by [Pop06a, Theorem A.1], which

finishes the proof of the lemma. O

We are now ready to prove the main structural theorem of this Chapter from the

introduction.

Theorem 1.1.1. Let I' € C.ss and N be a Il factor. Suppose (X, u) is a standard
probability space and T' ~ X is a free ergodic p.m.p. action. Consider M := (L*(X) x

RN and let A C M be a subalgebra. Then the following are equivalent:
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1. A is a Cartan subalgebra of M,

2. A is unitarily conjugate to a subalgebra B of the form B = f)e? B, du(x) C L>®(X)QN

satisfying

e B, is a Cartan subalgebra of N for almost every x,

o [or every g € I', B, is unitarily conjugate to By, inside N for almost every x.

Proof. If A is a Cartan subalgebra of M, then Lemma 3.1.4 implies that A is unitarily
conjugate to a Cartan subalgebra B of M which is contained in L*®(X)®N. It follows

from Lemma 3.1.3 that B has the desired form. The other implication is immediate from

Lemma 3.1.3. O

3.2 A non-classifiability result for the equivalence re-

lation of unitary conjugacy

Recall that for any Polish group G acting continuously on a Polish space Y we
write R(G ~ Y) for its orbit equivalence relation. Consider a countable group I', a
standard probability space (X, u) and a free ergodic p.m.p. action I' ~ X. Let N be
a II; factor and consider M := (L>*°(X) x I')®N. Recall the equivalence relation E; on
{0, 1} where xEyy if there exists N € N such that z,, = y,, for all n > N. Theorem 1.1.3
says that if the relation of Cartan subalgebras of N up to unitary conjugacy is not smooth

and the action I' »~ X is not strongly ergodic, then the equivalence relation of Cartan
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subalgebras of M up to unitary conjugacy cannot be classified by countable structures.
The proof consists of two different parts. First of all we will use the structural results from
section 3.1 to reduce the problem to studying the space of homomorphisms Hom(R(I" ~
X),R{U(N) n Cartan(N))). Secondly we will prove that given any ergodic but not
strongly ergodic p.m.p. action I' ~ X, the space of homomorphisms Hom(R(I' ~ X)), Ep)
is not classifiable by countable structures. Using the Borel reduction Fy <p R(U(N) ~

Cartan(/N)) the desired result will then easily follow.

Convention. All standard Borel spaces will come equipped with a Borel measure, and

we will be identifying Borel functions almost everywhere.

Given Polish spaces X, Y, and a measure p on X, we write B(X,Y) for the set of
all Borel maps from X to Y, identified p-almost everywhere. With the o-algebra generated
by the functions f +— u(ANf~1(B)) for A C X and B C Y Borel, this becomes a standard
Borel space. We now first of all note that given two Borel equivalence relations E, F' on
X, Y respectively, also Hom(F, F') is a standard Borel space. One way to see this is the
following. Since E is by assumption a Borel subset of X x X, hence a standard Borel
space, B(E,Y x Y) is a standard Borel space as well. Identifying Hom(E, F'), B(E, F)
and B(X,Y) with the image of their canonical embedding into B(E,Y x Y), it is then
easy to see that Hom(FE, F') = B(E, F)NB(X,Y). We conclude that Hom(E, F') is Borel,

being the intersection of two Borel sets.

Lemma 3.2.1. The equivalence relation (Hom(R(I' ~ X), R(U(N) ~ Cartan(N))), ~,,

) is Borel reducible to R(UM) ~ Cartan(M)), where, given o, € Hom(R(I' ~
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X),RIU(N) ~ Cartan(N)), we let ¢ ~, ¥ if and only if p(x) ~, P(z) for almost
every x € X. Moreover, if I' € C,ss, the aforementioned equivalence relations are Borel

bi-reducible.

Proof. We will write Cartang=(xyzn(M) := {A € Cartan(M) | A C L>®(X)®N}.

Step 1. (Hom(R(I' ~ X), R(U(N) n Cartan(N))), ~,) ~p (Cartan e x)zn (M),
~.) where the latter equivalence relation is unitary conjugacy in M.

First of all we note that Cartanie(x)gn(M) is a standard Borel space. In-
deed, we can write it as the intersection of Cartan(M) and vNa(L*(X)®N) inside
vNa(M). The former is Borel by Proposition 2.1.20 and the latter is Borel being the
fixed points of the map M — M N L*°(X)®N which is Borel by [Eff65, Corollary 2].
Using Lemma 3.1.3, given A = ffj A, dr € Cartanpe(xyzn (M) we get a function [f4 :
x— Azl € Hom(R(I' ~ X), R(U(N) n Cartan(N))). Conversely, given such a function
we can build a Cartan subalgebra A = f;f f(z)dx. Moreover, by Lemma 3.1.1, we have
that there exists u € U(L*®(X)RN) such that uAu* = B if and only if fa ~, f5.

Suppose now that we have A, B € Cartanp=x)gn(M) and u € M such that
uAu* = B. To complete the proof of step 1, we need to show that we can replace u by
a unitary in L*(X)QN. Write u = 3 byu, with b, € L*(X)®N. Recall from (3.1)
in the proof of [2 = 1] of Lemma 3.1.3, that for every g € T' we can find a unitary

u(g) € U(L>*(X)®N) such that

wulg)* Aulg)u, = A,
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From the fact that uAu* = B, we then get uuju(g)*Au(g) = Buu;. Applying the condi-

tional expectation onto L (X)®N we get
B x)en(uug)[u(g)* Au(g)] = BEL~(x)an (uuy).

Note that Epe~x)en(uu)) = by, so by taking the polar decomposition we get a par-
tial isometry v € L®(X)®N such that vu(g)*Au(g) = Bv. Writing v = f)? v, dx,
u(g)*Au(g) = f)?[u(g)*Au(g)]x dxr and B = ff B, dx it follows that v,[u(g)*Au(g)], =
B,v,. Since u is a unitary we can find for almost every x € X an element ¢ € I" such that
by» # 0, where we have written by, = ff by dx. Since v, # 0 when by, # 0, this means

there exists for almost every x € X an element g € I" such that

[u(g)" Au(g)]e <N Be.

It follows that A, <y B, for almost every x € X and since N is a factor we have
A, ~, B, inside N for almost every x € X. Applying Lemma 3.1.1 we thus get a
unitary v’ € U(L>®(X)®N) such that v'Au™* = B and we conclude that for A, B €
Cartanze(x)an (M), being unitarily conjugate inside M is equivalent to being unitarily
conjugate inside L>*(X)®N.

Step 2. (Cartang(x)zn (M), ~u) < R(U(M) ~ Cartan(M)).

We have the inclusion map i : Cartange(x)gan(M) — Cartan(M) for which we
obviously have A ~,, B < i(A) ~, i(B).

Step 1 and step 2 easily imply the first half of the lemma. For the moreover part,

we conclude with the following.
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Step 3. If ' € Cygs, then R(U(M) ~ Cartan(M)) <p (Cartaniexygn (M), ~u).

For this direction we consider

B := {(A, B) € Cartan(M) x Cartan(x)an(M) | A ~, B}

= {(4, B) € Cartan(M) x Cartan(M) | A ~, B} N Cartan(M) x Cartanzexgn(M)

which is a Borel subset of Cartan(M) x Cartanze(x)sn (M) by Proposition 2.1.20(2) and
the proof of step 1. Also, it follows from Lemma 3.1.4 that m;(B) = Cartan(M) where m;
is the projection onto the first coordinate. Hence by [Tak01, Theorem A.16] there exists
a measurable function ¥ : Cartan(M) — Cartane(x)any (M) such that (A, ¥(A)) € B,
ie. A ~, U(A), for every A € Cartan(M), which finishes step 3 and the proof of the

moreover part of the lemma. O

Consider now Hom(R(I' ~ X)), Ey) with the equivalence relation given by ¢ ~ 9
if and only if p(z)Eyy(x) almost everywhere. We will prove the following more precise

version of Theorem 1.1.4.

Theorem 3.2.2. Let T' be a countable group, (X, u) a standard probability space and
I' ~ X an ergodic p.m.p. action that is not strongly ergodic. Then there exists a map
(0, )N = Hom(R(I' ~ X), Ey) satisfying all conditions from Proposition 2.3.18. In

particular (Hom(R(I' ~ X), Ey), ~) is not classifiable by countable structures.

Proof. Consider the action ®nZ ~ (IIySt, v) where the i component of ®yZ acts on

the i*" component of IIxS! by irrational rotation by o; € R\Q and where v := @ym for
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m the normalized Lebesgue (probability) measure on S*. For r € (0, 1) define the subset
C.Ccs!

C, = {eZm(TH) |t €0, 1/2]} )

i.e. C, is half of the circle starting from the point €. In the following, given any measure
space Y we will write B(Y') for the space of all Borel subsets of Y, and we will equip it
with the pseudo-metric given by the measure of the symmetric difference. Consider the

function

¢ : (0,1)Y — {sequences of Borel subsets of IIyS*} = HB(H SHY it = (tw)n — (BY),
N N
where

B =8t x - x S'xC, x St x L.
~————
n—1
The sequences (Bt),, are clearly almost invariant for the action of @nZ and satisfy v(Bf) =
£ for every n. Also, for any element a = (a,), € ®nZ we have v(aBSABE) = 0 for n

sufficiently large. Moreover, we note that
v(BSABY) = m(C,, AC,,) = 2min{|s, — t,],1 — [s, — ta|}. (3.4)

Using Theorem 2.2.1 together with the lack of strong ergodicity we get a factor
map from the action I' ~ X to the action of Z on some standard probability space. By
[Dyeb9] any two ergodic Z-actions are orbit equivalent and so we also get a factor map
6 : X — IyS! for the above actions of I' and ®yZ (and in fact to any ergodic action of

any amenable group on some standard probability space by [OW80, Theorem 6]). Lifting
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the almost invariant sequence (B!), for &yZ ~ (IIyS*,v) we get by Lemma 2.2.2 an
almost invariant sequence (At), := 071(Bt),, for the action T' ~ (X, u). Following [JS87]

we then consider the map
AV X = {0, 1 s (Las (2))n (3.5)

We claim that for all g € T' we have A*(z)FEyAt(gz) for almost every x € X. Indeed the

set of x € X satisfying the claim has measure

p({z € X |IN €eN,Vn > N :x ¢ gASAALY) = 1 (U <ﬂ X\(gAZAAZ))) = 1.
NeN \n>N

(3.6)

For the last equality we used the moreover part of Lemma 2.2.2 and the fact that for every

a € ®NZ, v(aBEABE) = 0 for n sufficiently large to deduce that lim,, p(Ugs,gAEAAL) =

0. In terms of the equivalence relations this means that A* is a homomorphism (on a

co-null subset of X) from R(I" ~ X) to Ey. Recall that for two such elements we have
A® ~ At if and only if A%(x)EyA*(x) for almost every z € X.

Altogether we now have a map f : (0,1)Y — Hom(R(I' ~ X), Ep) : t — f(t) :=

At. We claim that f satisfies all the conditions from Proposition 2.3.18. First of all we

need that f is a Borel map. For this consider (0,1)N with the metric given by

d((sn)n, (tn)n) = Z 27" |sp — tal,

neN

and the space Map(X, {0, 1}) of measurable functions from X to {0, 1} with the metric

given by

dlg.m) = [ 327" lg(w), = o] de

neN
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It is then easy to see that the map (0,1)N — Map(X,{0,1}Y) : t — A* is actually
continuous. The two conditions of Proposition 2.3.18 follow easily from the first part of

the proof:

1. Suppose we have s, t € (0,1)Y such that s — t € £!. Similar to (3.6) above, the

points x € X such that A%(x)EyAt(x) are given by

{reX|INENVn>N:z¢g A4 = | (ﬂ X\(A;AA:L)) .

NeN \n>N

By (3.4) we have pu(X\(ASAA!L) > 1—2|s, —t,]. Since s — t € ¢! it follows easily that
A3(z)EgAt(z) for almost every x € X, i.e. f(s) ~ f(t).

2. Suppose we have s, t € (0,1)" such that |s, — t,| 4 0 and |s, — t,| /4 1. Then
u(ASAAL) 4 0 by (3.4), so we can find e > 0 such that (A3 AAY) > e for infinitely many
n. Since X has measure 1, this means we can find a set Y of positive measure such that
every element y € Y lies in infinitely many of the sets A3AA® and thus AS(y)EoAt(y).
Combining this with the observation that any comeager subset of (0, 1)N contains elements

s and t such that |s, — t,| 4 0,1 finishes the proof of the theorem. O
This now enables us to prove the following two main results from the introduction.

Theorem 1.1.3. Let I be a countable group and N be a II; factor. Suppose (X, ) is a
standard probability space and I' ~ X 1is a free ergodic p.m.p. action that is not strongly
ergodic. Assume furthermore that R(U(N) ~ Cartan(N)) is not smooth. Then the
Cartan subalgebras of M := (L>®°(X) x T)®QN wup to unitary conjugacy are not classifiable

by countable structures.
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Proof. Recall that ¢,9 € Hom(R(I' ~ X), R(U(N) ~ Cartan(N))) are equivalent if
and only if o(z) ~, 1¥(z) almost everywhere. Given the map f : (0,1)N — Hom(R(I' ~
X), Ey) from Theorem 3.2.2 we can use the given Borel reduction 3 : {0, 1} — Cartan(V)

from Ey to R(U(N) ~ Cartan(NN)) to construct
g: (0, DN = Hom(R(I' ~ X), R(U(N) ~ Cartan(N))) : t = g(t) = B(f(t)) = B o A"

Since 3 is a Borel reduction, it follows then immediately that g satisfies all conditions

from Proposition 2.3.18 as well. Together with Lemma 3.2.1, this finishes the proof. [

Remark. More generally, we see that with exactly the same proof, one can get the fol-
lowing statement. Suppose we have a countable group I', a standard probability space
(X, ) and an ergodic p.m.p. action I' ~ X that is not strongly ergodic. Then for any
non-smooth equivalence relation £ on a standard Borel space Y, the space of homomor-
phisms Hom(R(I' ~ X)), E') up to E-equivalence almost everywhere is not classifiable by

countable structures.

Theorem 1.1.6. Let I' € C,.q, (X, 1) be a standard probability space and N be a I
factor. Suppose I' ~ X is a free ergodic p.m.p. action that is not strongly ergodic
and consider M := (L*(X) x T)QN. Then R(U(M) ~ Cartan(M)) is either smooth
or not classifiable by countable structures. Moreover, the former holds if and only if
R(U(N) ~ Cartan(N)) is smooth and this regardless of whether the action is strongly

ergodic or not.

Proof. 1t follows from Theorem 1.1.3 that R(U(M) ~ Cartan(M)) is not classifiable
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by countable structures when R(U(N) ~ Cartan(N)) is not smooth and I' ~ X is not
strongly ergodic. Now assume R(U(N) ~ Cartan(N)) is smooth, i.e. there is a Borel
map f : Cartan(N) — R such that C} ~, Cy < f(Cy) = f(Cy). Then by steps 2 and 3
in Lemma 3.2.1 it is enough to show that (Cartanz(x)zn (M), ~,) is smooth. But given
A= ff; Ay dr € Cartan=(x)zn (M) we can associate to it the function [z — f(A,)] €
L(X, 1, R) which is a Polish space by [Kecl0, ch. 19]. We already know that A ~, B
if and only if A, ~, B, for almost every x. Hence (Cartaniexgn (M), ~,) is smooth,

which finishes the proof. n

3.3 Conjugacy by automorphisms

In this section we aim for a non-classification result for Cartan subalgebras up to
conjugacy by an automorphism similar to Theorem 1.1.3 for unitary conjugacy. More

specifically we will prove the following theorem which will easily imply Theorem 1.1.7.
Theorem 3.3.1. Suppose N is a II; factor such that

e N has an irreducible reqular amenable subfactor, i.e. an amenable subfactor R C N

such that R* NN = C1 and Ny(R)" = N,

e there exists a Borel map S : {0, 1} — Cartan(N) such that

vEyy & Blr) ~u Bly) & B(T) ~a BYy).

Let T € Crgs, (X, 1) be a standard probability space and I' ~ X be a free ergodic p.m.p.
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action that is not strongly ergodic. Then the equivalence relation of Cartan subalgebras
of M = (L>®(X) x I')®&N up to conjugacy by an automorphism is not classifiable by

countable structures.
For the proof of Theorem 3.3.1 we start off with the following lemma.

Lemma 3.3.2. In the setting of Theorem 3.3.1, suppose A and B are Cartan subalge-
bras of M contained in L°(X)®N such that o(A) = B for some o € Aut(M). Then

L=(X) =L (X)@N) a(L>(X)).

Proof. Firstly note that the conclusion of the lemma is actually possible as L>(X) C
a(L>®(X)®N). Indeed L>*(X) C B since B is a Cartan subalgebra of L>*(X)®N whose

center is L>(X), and B = a(A) C a(L*(X)®N). Now consider
a(L®(X)®R) C (L*(X)®N) xT.

Since the left hand side is amenable, applying the dichotomy for I' € C,.¢s we get that either
a(L®(X)RR) <pm L=®(X)RN or Ny(a(L>(X)®R))" is amenable relative to L>°(X)QN.
As this normalizer equals M by assumption and I' is not amenable, the latter is not

possible (see [OP10a, Proposition 2.4]). So we get that
a(L®(X)QR) <pm L= (X)®N.

Since R'N'N = C1, taking relative commutants and using [Vae08, Lemma 3.5] this implies
that

LX) <pm o L7(X)).
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Since Npy(L>®(X))” = M and M is a factor, [DHI16, Lemma 2.4(3)] implies that we
actually have

LX) <3, a(L%(X)). (3.7)

We will upgrade this to an embedding inside o(L>®(X)®N), i.e.
LX) <= oan (LX), (3:8)

which would finish the proof of the lemma. Assume (3.8) does not hold. Then there exists
a projection p € L®(X) Na(L®(X)QN) such that L®(X)p Aare(x)an) a(L>(X)). By

Theorem 2.1.1 we can then find w,, € U(L>(X)p) such that

|| Baroe o (2 uny) ||, = 0

for all z,y € pa(L>*(X)®N). We will show that in this case the same holds for all
x,y € pM, contradicting (3.7). By density, we can assume that z* = a(au,)p and
y = pa(buy) where a,b € L®(X)®N and g,h € I'. Since a(L*(X)) C a(L>®(X)®N)
we have Fy(reo(x)) = Ea(re(x)) © Ea(z=(x)an)- Using the fact that U(«(NN)) normalizes

a(L>(X)) we then get

|| Eazosx)) (a(aug)una(bug) ||, = ||a(ug) Bagre xy) ((upaug ) una(bupg) oy,
= || Ba(zo=(x0) (Bax)on) (a(ugaug Ju,a(b)a(ung)))|,

= || Bagze () (augaug)una(b)a(ung ) ng,e) ||, -

For the last equality we used the fact that a(ujau,)u,a(b) € a(L*(X)®@N) to take it

out of Fyre(x)an) together which the fact that the uy’s for g # e are orthogonal to
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L>*(X)®N. Now the last line converges to 0 by the discussion above, finishing the proof

of the lemma. O

Lemma 3.3.3. In the setting of Lemma 3.5.2, there exists a nonzero projection q € B

such that a(L>(X))q = L*(X)q.

Proof. Let p € L*®(X)®@NNa(L>*(X)®N) be any nonzero projection. From Lemma 3.3.2
it follows that there exist py € L™®(X)p, p1 € «a(L>*(X)), a *-homomorphism ¢ :
L>*(X)py — a(L>(X))p; and a nonzero partial isometry v € pya(L>®°(X)®N)py such
that ¢ (z)v = vz for all x € L>(X)py. Note however that v in this case commutes with
a(L>®(X)), giving vp(z) = ve. Multiplying on the left by v* and writing ¢ := v*v €

(L>(X)po)" N por(L>(X)@N)po = pol (L= (X)QN) N a(L>(X)RN)]po, we get
L*(X)q € a(L>(X))q'. (3.9)

Repeating the same arguments for o™, Lemma 3.3.2 tells us that also a(L*(X)) <}« x)an
L>(X). In particular a(L>(X))q" <r~x)eny L>(X) and with the same reasoning as
above in the proof of this lemma, we get 0 # ¢ € (L>(X)®@N) Na(L>*(X)®N) such that

q < ¢ and a(L*(X))q C L>(X)q. Together with (3.9) this means
o(L=(X))g = L™(X)g. (3.10)

Applying E := Ere(x)va(L=(x)) We get the same equality with E(q) instead of ¢. Multi-
plying with f,,(E(q)) where f,,(t) =t 11 /n,0)(t) and taking the limit as n — oo, we also

get the same for the support s(E(q)) of E(q). Since s(E(q)) € L>*(X)V a(L>®(X)) C B
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this means we can assume that ¢ in equation (3.10) belongs to B, which finishes the proof

of the lemma. O
We now have all the ingredients to prove the main theorem of this section.

Proof of Theorem 3.3.1. We proceed in two steps. In the first step we show that, given two
Cartan subalgebras of M contained in L>*(X)®N that are conjugate by an automorphism
of M, there are positive measure subsets of X on which the Cartan subalgebras appearing
in the respective integral decompositions are conjugate by a stable automorphism of N.
In the second step we construct a map f : (0,1)N x (0,1)Y — Cartan(M) similar to the
one in the proof of Theorem 3.2.2. We then use the proof of Theorem 3.2.2 together with

step 1 to verify that f satisfies the conditions of Proposition 2.3.18.

Step 1. Suppose that A = f)e; A,dx and B = f;f B, dx are Cartan subalgebras of
M contained in L>®(X)®N (cf. Theorem 1.1.1) that are conjugate by an automorphism
of M. We will show that there exists a nonsingular Borel isomorphism & : Y, — Y
between positive measure subsets of X such that A, and Bg-1, are conjugate by a stable
automorphism of N for all z € Y;. Take a € Aut(M) such that a(A) = B. Using
Lemma 3.3.3, we can take ¢ € B such that o(L*(X))q = L>*(X)q. Taking relative
commutants we get

qa(L>(X)®&N)q = q(L*(X)®N)q.

Writing g = a™(q) € A, Yy :={r € X | ¢ # 0}, and Y5 := {x € X | q, # 0} this gives

the following diagram, where applying a gives an isomorphism from the first row to the

88



second at every level.

L=(Y1)g = L=(X)q

N

A € AL®X)@N)G = [y NG dz

1R
Q

L*(Yo)g=L%X)g <  Bg <  qL¥X)®N)g= [y ¢:Ng,dx

Possibly ignoring a zero measure subset, it then follows from Theorem 2.1.14 that

we have a nonsingular Borel isomorphism & : Y, — Y7 and isomorphisms
@ NGe = qo12Nqo-14
for every x € Y;. In particular
o (Aee) = Bo-12qa-14,

i.e. A, is conjugate to Bg-1, by a stable automorphism of N for every x € Y.

Step 2. Recall from the proof of Theorem 3.2.2 that we defined the sets C.. :=

{er 1) |t € 10,1/2]} C S for r € (0,1). Consider the map (cf. ¢ in (3.3))
¢:(0,1)" x (0,)" = TIB(LS") : (sn:tu)n = (D)
N N
where

D5y = (S x Gy x ST x ST

Dyt = (S x Oy, x ST x St x L.

Using the given Borel map 3 : {0, 1} — Cartan(N), we can associate a Cartan subalgebra

of M to every such sequence as follows (cf. Theorem 3.2.2). Using the non-strong
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ergodicity of I' ~ X we again get a factor map 0 : X — IIyS?! for the actions of I and

®NZ. Let A5t :=0~1(D3*). Then we can consider the map
At X = {01 (1 st ()
Arguing as in the proof of Theorem 3.2.2 we get in this way a map
(0, )N x (0, 1)N = Hom(R(I' ~ X), R(U(N) ~ Cartan(N))) : (s, t) > 3o ASE,

As in the proof of Step 1 of Lemma 3.2.1 we can associate a Cartan subalgebra of M to
every homomorphism ¢ from R(I"' ~ X) to R(U(N) ~ Cartan(N)) via A := ff U(x)de.

Altogether this gives us a measurable map
&
£1(0,1)" x (0,1)" = Cartan(M) : (s, t) — / Bo A (z) da.
b's

We claim that f satisfies the conditions in Proposition 2.3.18 for the relation of conjugacy
by automorphisms on Cartan(M). The same proof as in Theorem 3.2.2 goes through to
show that f(s,t) and f(v,w) are unitarily conjugate (and so certainly conjugate by an
automorphism) whenever s — v € ¢! and t — w € ¢*. Hence the first condition follows
immediately.

For the second condition, take any comeager set C' C (0,1)Y x (0,1)Y. Then
we can find sequences (5,)n, (tn)n, (Un)n and (wy), in (0, 1) such that (s,,t,). € C,
(Un, W) € C, Sp,tp, v, — 0 and w, — % Indeed, being comeager, C' is dense and so in
particular intersects arbitrary neighbourhoods of (0,0) and (0, 3). We claim that in this

case A := f(s,t) and B := f(v,w) are not conjugate by an automorphism of M, which
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would imply the second condition of Proposition 2.3.18. So assume A ~, B. Then from
step 1 we get positive measure subsets Y7 o C X and a partial automorphism ® : Y — Y}

such that

AJ: ~sa B<I>*1(ac)
for all x € Y;. Looking at the construction of f above this means that we have
L), () Eol(s,), (7 (2))

for € Y;. Here (A,), and (B,), are the almost invariant sequences used to construct
A respectively B, i.e. A, = 071(D%%) and B, = 071 (DY) where 0 : X — IyS! is the

factor map as before. Rephrasing the above, we have that for x € Y7,
r€A,NY; & & 'z)eB,NY, & z1€dB,NYy)

for n large enough. Hence by shrinking Y] to a positive measure subset if needed, we can

assume that there exists ng € N such that for all n > ng
A, NY, =d(B,NY,). (3.11)
Now recall that by construction we have

Ag 1 =071 ((SH" I x O, x ST x L),
Agy = 071((SH" T x Cy, x ST x .. L),
Bop_1:=071((SH" ! x C,, x S x ...),

By, =071 ((SH" ' x C,,, x ST x...).
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Together with (3.11) we get
{aeYi|0(a), € Cs} = App 1 NY1 = &(Bap 1 NY3) = ({0 € Y2 [ 0(D), € O, })
and
{aeYi|0(a), € Cp} = A2 NY1 = &(Ba, NY2) = @({b € Yo | O(b),, € Cu, })

for n > ng. Since |s, —t,| — 0, we have pu(Ag,_1AAy,) — 0 (cf. (3.4)) and the above
equalities then yield pu(®(Ba,—1 N Y2)AP(By, NY3)) — 0. Since Y, has positive measure,

this contradicts the fact that |v, —w,| — %, finishing the proof. O

Theorem 3.3.1 allows us to get the first family of II; factors whose Cartan subal-
gebras up to conjugacy by an automorphism are not classifiable by countable structures.
More specifically we can use the II; factors of Speelman and Vaes constructed in [SV12] as
follows. Let G be a countable group, K a compact abelian group and A < K a countable

dense subgroup. Consider the II; factor
N = L®(K%) x (G x A) (3.12)

where G ~ K¢ is the Bernoulli action and A ~ K% acts via A - (ky),eq = (Mky)gec-
If Ki < K is a closed subgroup such that A; := AN K is dense in K7, the subalgebra
C(K,) = L®(K%/K,) x A; is a Cartan subalgebra of N ([SV12, Lemma 6]). When
G is a property (T) group such that [G, G| = G, [SV12, Theorem 1] tells us when two
such Cartan subalgebras are unitarily conjugate or conjugate by a (stable) automorphism.

This is then used to show in [SV12, Theorem 2] that for a specific choice of K and A one
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gets a Borel reduction  of Ey into Cartan(V) for either the relation of being unitarily

conjugate, conjugate by an automorphism or conjugate by a stable automorphism, i.e.

By & Ba)~ Bly) & Ba)~a Bly) & Bx) ~ea BY) (3.13)

Moreover one can easily check that (L*°(K%)x A) C N is an irreducible regular amenable
subfactor. Hence the II; factor constructed in [SV12, Theorem 2] satisfies both conditions

in Theorem 3.3.1. This now immediately implies Theorem 1.1.7.

Remark. Another approach would be to try to use the dichotomy for groups I' € C,,, as
follows. Take an arbitrary II; factor N and suppose we have A, B € Cartan((L>(X) x

[®N) and o € Aut((L*(X) x I')®@N) such that

a(A) = B.

Writing (L®°(X)®N) x I' = a(L>®(X) x I')®a(N) and using the fact that ' € C,, it
follows from [KV17, Lemma 5.2] that either a(L>(X) x I') <y L=®(X)®N or a(N) is
amenable relative to L>°(X)®N. Using once more that I' € C,4, the latter implies that
a(N) <pm L=®(X)®N (since Ny(a(N))” = M is not amenable relative to L>(X)®@N).
Hence either

a(L%(X) % T) <p L2(X)@N, (3.14)

or

a(N) < L¥(X)®N. (3.15)

Given the latter, it is not difficult to get to the same conclusion as in Lemma 3.3.3. So if
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we can in some way exclude the first possibility, this could give an alternative way to our

conclusion, avoiding to use the specific requirements on N in Theorem 3.3.1.

3.4 The hyperfinite II; factor

In [Pac85], J. Packer explicitly constructs an uncountable family of Cartan subal-
gebras of the hyperfinite II; factor R no two of which are unitarily conjugate. Combining
the idea behind this construction with a turbulence result for cocycles from [Kec10] we
will directly show that the Cartan subalgebras of R up to unitary conjugacy are in fact
not classifiable by countable structures.

Recall that a p.m.p. action I' ~ (X, p) is called compact (or “has pure point
spectrum” in the formulation of [Pac85]) if the image of I' in Aut(X, ) is precompact in
the weak topology (the smallest topology making the maps T' — (T (A)AB) continuous
for all measurable sets A, B C X).

We first restate two results from [Pac85] used to construct a big family of Cartan

subalgebras of R.

Theorem 3.4.1 ([Pac85, Corollary 2.6]). Let I be a countable discrete abelian group,
(Y,v) a probability space and suppose T' ~Y is a free ergodic p.m.p. action. Then LT is

a Cartan subalgebra of L=(Y) x ' if and only if the action is compact.

Given a free ergodic p.m.p. action I' ~ Y as in the theorem and a Borel 1-cocycle
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c:T'xY — S! we can construct an automorphism A, of L>(Y") x T given by

AC(Z aglly) = Z ag(;c)uga
g g

where aéc) (y) = c(g,y)ay(y). If the action is also compact, we get in this way a family

of Cartan subalgebras (A.(LT")) C L*°(Y) x I" where ¢ ranges over all 1-cocycles. The

following result allows us to tell these Cartan subalgebras apart.

Theorem 3.4.2 ([Pac85, Theorem 3.8]). Let I' and Y be as above and suppose I' Y
is a free ergodic compact p.m.p. action. Let ¢ : T xY — S' be a Borel 1-cocycle. Then
A (LT) is unitarily conjugate to LT inside L= (Y) x T" if and only if ¢ is cohomologous to

a cocycle of the form ~v(g,y) = v(g) for some v € r.

We will combine this theorem with the following results from [Kec10]. Recall that
for a Polish group G and a standard measure space (Y, v), we let L(Y, v, G) be the space

of all Borel maps f : Y — G up to agreeing v-almost everywhere.

Theorem 3.4.3 ([Kecl0, Corollary 27.4]). Suppose E is an ergodic equivalence relation
that is not strongly ergodic and let G # {1} be a Polish group admitting an invariant
metric. Then the action of L(Y,v,G) on m 18 turbulent. In particular, the coho-
mology relation on BY(E,G) (and thus also on Z'(E,G)) does not admit classification by

countable structures.

Proposition 3.4.4 ([Kecl0, Corollary 22.2 and Proposition 23.5]). Let G be a Polish

group admitting an invariant metric and let G act continuously by isometries on a Polish
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metric space (M, p). Assume that the orbit G - x is not closed. Then the action of G on

the invariant closed set G - x is minimal and every orbit contained in G - x is meager in

G-z

We can now give a short proof of Theorem 1.1.8 from the introduction, establishing
that the Cartan subalgebras of the hyperfinite II; factor R up to unitary conjugacy are

not classifiable by countable structures.

Theorem 1.1.8. Cartan subalgebras of the hyperfinite I, factor R up to unitary conju-

gacy are not classifiable by countable structures.

Proof. Following [Pac85, section 4] we consider Z, with the (1/2,1/2)-measure. Let (Y, v)
be I1;cnZs with product measure and put I' := @;enZso. Then both Y and I' are topological
groups for addition modulo 2 and I" embeds as a countable dense subgroup in Y. It is
easy to check that the translation action I' ~ Y is free, ergodic, measure preserving
and compact. Also we note that L>(Y) x I' can be identified with ®@(L>(Zs) X Zy) =
&nM,(C) = R and that ' 2 Y. From Theorem 3.4.1 it now follows that LT is a Cartan
subalgebra of L>*(Y) x I' = R, and so we can consider all Cartan subalgebras of the
form A.(LT) for ¢ € ZY(T' ~ Y, S'). Note that Theorem 3.4.2 implies that A.(LT) is

unitarily conjugate to A4z(LT") if and only if ¢~!d is cohomologous to a cocycle v € I.

Consider now the action of I' x L(Y,r,S') on BT ~Y,S') = Z'(I' ~ Y, S") (see

[Kec10, Theorem 26.4] for the equality) given by

(7, f) - elg,y) = 7(9) f(gy)elg, y) fy) .
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From the above it follows that the orbit equivalence relation of this action is Borel re-
ducible to the equivalence relation of unitary conjugacy on Cartan(R). Hence it suffices
to show that the above action is turbulent. However, we know that the action of just the
L(Y, v, SY)-part is turbulent by Theorem 3.4.3. So if we can show that the orbits for the
action of T' x L(Y,v, S") are still meager, the result will follow (since the other parts in
the definition of turbulence are obviously satisfied). For this, note that the action is not
transitive. Since the orbit of 1 is dense, it then immediately follows from Proposition 3.4.4

(and the remark below) that all orbits are meager, finishing the proof of the theorem. [
Remark. Concerning the conditions in the theorems we apply, note that
1. the orbit equivalence relation of I' ™~ Y is hyperfinite and hence not strongly ergodic,
2. the Polish groups involved (namely I, S* and L(Y, v, S)) admit invariant metrics,

~

3. ' x L(Y,v,8") ~n ZY(T' ~ Y,S') is an action by isometries. Indeed, on Z'(T' ~

Y, S') we have the compatible metric

de,d) =32 /Y (g y) — ¢ g, )] dv(y)

where I" := {g1, 92, 93,... } (see also [Kecl0, ch. 24]). It is then a straightforward

calculation to check that d((v, f) - ¢, (v, f) - ) = d(¢, ).

We end with the following proposition, which together with Theorem 1.1.8 will

easily imply Corollary 1.1.9 from the introduction.
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Proposition 3.4.5. Suppose M is a II; factor with at least one Cartan subalgebra and

N is any II) factor. Then R(U(N) ~ Cartan(N)) <p R(U(MRN) n Cartan(MRN)).

Proof. Let A C M be a Cartan subalgebra and consider the Borel map

f: Cartan(N) — Cartan(M®N) : B — ARB.

We claim that this is a Borel reduction for the equivalence relations induced by unitary
conjugacy, i.e. B and C are unitarily conjugate inside N if and only if AQB and ARC
are unitarily conjugate inside M®N. One direction is trivial. For the other direction,
suppose that A® B is unitarily conjugate to AQC inside M®N.

Claim. If AC M and B,C C N are any von Neumann algebras such that AQB
is unitarily conjugate to ARC' inside MQN, then B <y C.

Proof of the claim. Suppose not, then by Theorem 2.1.1 there exist w, € U(B)

such that ||Ec(z*u,y)|l, = 0 for all ,y € N. Take now sy, s, € M and t1,t, € N. Then

[Eage((s1 @ 40) (1@ un)(sy @1t2))[ly = [[Ea(s152) ©@ Ec(tiuntz)|l, = 0.

Since elements of the form s ® ¢ are dense in M®N, it follows by normality of the
conditional expectation that the same holds for any =,y € M®N. Hence ARQB Auman

A®C, contradiction. o

Since N is a II; factor and B, C' are Cartan subalgebras, the claim implies that B

and C' are unitarily conjugate inside NV, finishing the proof. m
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Corollary 1.1.9. Let M be a McDuff I, factor with at least one Cartan subalgebra. Then
the Cartan subalgebras of M wup to unitary conjugacy are not classifiable by countable

structures.

Proof. Since a McDuff II; factor M satisfies M = M®R by definition, this follows imme-

diately from Proposition 3.4.5 and Theorem 1.1.8. O]

This chapter contains material from: P. Spaas, “Non-classification of Cartan sub-
algebras for a class of von Neumann algebras”, Advances in Mathematics, vol. 332, pp.

510-552, 2018. The dissertation author was the primary investigator and author of this

paper.
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Chapter 4

II; factors with a unique McDuff

decomposition

4.1 The technical theorem

This section is devoted to the proof of our main technical result of this chap-
ter, Theorem 1.1.10, which we reformulated here. We will end the section by deriving

Corollaries 1.1.12 and 1.1.13 from it.

Theorem 4.1.1. Let Py be a II; factor which admits a Cartan subalgebra A; such that
PN PP C AY. Let P, be a non-McDuff I, factor, and 0 : PL.QR; — P,®Ry be an
isomorphism, where Ry, Ry are hyperfinite II; factors.

Then P, admits a Cartan subalgebra Ay satisfying Py N Py C AY and we can find

a unitary element u € Py®Ry and t > 0 such that 0(A}) = uAsu*, where we identify
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P\®R; = P!'&R}".

Moreover, R(A; C Py)' is isomorphic to R(As C Py).

Proof. Note first that by Lemma 2.1.19, the moreover assertion is a consequence of the
main assertion. To prove the main assertion of the theorem, put M = Pi®R; and identify
M = P,®R, using 0. Since PN P C AY, by applying[Marl8, Proposition 5.2] we deduce
that

M' N M® C (A ®R)". (4.1)

Thus, we have that R, N Ry C (A1®R;)“. By applying Lemma 2.1.16, we get that
Ry <y A1®R;. Using this fact, the first part of the proof of [Hofl6, Proposition 6.3]
provides some s > 0 such that if we identify P,QRy = P;@Ré/ °, then we can find a
non-zero projection gy € R;/s and a unitary v € M such that ¢ := vgev* € A{®R; and
we have

Ad(v) (g0 Ry q0) € q(A1@Ry)q. (4.2)

Denote Py = Ad(v)(P§) and Ry = Ad(v)(Ry®). Then M = P;®Rs, q € Rs, and
(4.2) rewrites as ¢R3q C q(A1®R1)q. By taking relative commutants inside M, this gives
that A1qg C P3 ® q. Therefore, we can write A;q = A3 ® g, where Az C P; is a unital von
Neumann subalgebra.

Since P, is not McDuff, Py = P5 is also not McDuff, i.e., P{N P§ is abelian. Since
PN Py is abelian, Corollary 2.1.18 implies that P{N Py = Z(M'NM*¥) = P{N Py C AY.

From this we get that (PN PY) ® ¢ C AYq = AY ® ¢, and since ¢ is non-zero, it follows
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that

Pin Py C A3, (4.3)

By combining (4.3) with [Marl8, Proposition 5.2] we derive that

M' N M* C (As@Rs). (4.4)

The rest of the proof is divided between three claims.

Claim 1. A3 N P <a;qp, As.

Proof of Claim 1. Since A3®qR3q C qMgq is generated by A3 ® ¢ = A;q and
qR3q C q(A1®Ry)q, we get that A3®qR3q C q(A1®@Ry)q. Let us start with showing that
Q(A1®R1)q <ga,3R1)q A3®qR3q. This is equivalent to proving that (A1®R1)§ <(a,6r,)
A3®qR3q, where § € Z(A1®R;) = A; denotes the central support of ¢q. Let vy, ..,v,, €
A1®R; be partial isometries such that viv; < ¢, for all 1 < i < m, the projections
v, 1 <i < m, are mutually orthogonal, and ||g — > ", v;vf|l2 < ||qll2/4.

Write Ry = ®kenM(C), and for n € N, define Ry, = ®4>,My(C). Since
[I, Rin € M'N M*“, by using (4.4) and Lemma 2.1.15, we can find n € N such that
[u = Eazars(u)|l2 < [|g][2/(4m) and [lviu — uvi|l2 < [|g][2/(4m), for all w € U(Ry,) and

every 1 <1 < m.
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Let a € U(A;) and u € U(R;,,). Then we have

luG =Y viBagors (Woillz < lug — Y viuv o + [1dl2/4

=1 =1

m
< lug —wy vy lla + 1dl2/2

i=1

< (3llqll2)/4.

Since a € A; = Z(A1®Ry), we get |laug — > 1" viaE a,ar,(w)vi]l2 < (3]|q]2)/4 <
|||2- Since v; € (A1®Ry)q, for all 1 <i <m and qa € Ajq = A3 ® q, we deduce that
> viaBEaen, (wv; = vilaq)(qEazr, (u)g)v] € ivi(A?)@CIR?)CI)lUf-
i=1 i=1 i=1
Since the subgroup {aug | a € U(A1),u € U(R1,)} of U((A1® Ry ,)q) generates (A1QR )4,
by Theorem 2.1.1 we get that (A1®R1,)7 <(a,8r,)3 As®qR3q. Since Ry, C Ry is a finite
index subfactor, we get that (4;QR1)§ <(a,8r,)q As®qRsq, and thus ¢(A1®R1)q <44,8R,)q
A3®qR3q. Since q(A1®R1)q = (A1q) NgMq = (A3 ® q) N qMq = (A5 N P3)®qRsq, the
last embedding rewrites as (A3 N P3)®@qR3q <(a,npy)@qRsq A3®@qR3q, which readily implies
the claim. o
Claim 2. There exist a Cartan subalgebra A, C P5 such that PN Py C AY, and
a non-zero projection p € Ay such that r = p ® ¢ belongs to ¢(A1®R;)q and Ayr = A;r.
Proof of Claim 2. By Claim 1 we can find a non-zero projection p € A5 N Ps
such that Agp is maximal abelian in pPsp. Let r = p® q. Then r € (A3 ® q)' NgMq =
(A19) NgMq = q(A1®R1)q and Aszr = (A3 ® q)r = (A1q)r = Ayr. Since A; C P is a

Cartan subalgebra, A; is regular in M = Pi®R;. By [Pop06b, Lemma 3.5.1] we get that
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Azr = Aqr is quasi-regular in 7Mr. This implies that Asr = Azp ® ¢ is quasi-regular in
r(Py ® q)r = pPsp ® q, hence Ajgp is quasi-regular in pPsp. As Asp C pPsp is maximal
abelian, [PS03, Theorem 2.7] gives that Asp C pPsp is a Cartan subalgebra.

Since Pj is a II; factor, we can find a Cartan subalgebra Ay C P; such that
p € Ay and Agp = Azp. Thus, we have that Ayr = Azr = A;r. In order to finish
the proof of the claim, it remains to argue that Py N Py C AY. First, by (4.3), we
get that (pPsp)’ N (pPsp)* C (Asp)® = (Ayp)*. Since Pj is a II; factor and Ay is a
Cartan subalgebra, we can find partial isometries vy, ...,v; € P53 such that viv; € Ayp
and v;Aqv; C Ay, for every 1 < ¢ < k, and Zle v = 1. If © € P;N Py, then
vizv; € (pPsp) N (pPsp)Y C (Agp)® and thus vvfzvvf = v(vizv)vy € AY, for every
1 <i<k. Since z = Zle vvfrvvf, we get that o € Ay, as claimed. o

Since Ap is a Cartan subalgebra of pPsp, we deduce that Ayr = Ayr = Ayp®q is
a regular subalgebra of rMr. Using this fact, we will next show the following:

Claim 3. There exist a projection e € A; and o > 0 such that Ey4, (r) = ae.

Proof of Claim 3. Denote by e € Ay the support projection of E4, (7). Let u €
Noar-(Arr). Since Aje © a — ar € Ajr is an isomorphism, we can find an isomorphism

0 : Aje — Aje such that
uaru® = 0(a)r, for all a € Aje. (4.5)

Thus, 0(a) = E4,(uaru*)E4, (r)7, for all a € Aje. Combining this with the fact that
Aje C ePje is a Cartan subalgebra, we can find v € N.p(A;e) such that 6(a) = vav*, for

all a € Aje. Thus, 7(av*rv) = 7(vav*r) = 7(0(a)r) = T(uaru*) = 7(ar), for all a € Aje,
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hence Ey, (v'rv) = E4,(r). Since v normalizes Aje, we derive that E4, () commutes with
v. Since Eq,(r) € Aje we get that (F4,(r)) = E4,(r). In combination with (4.5), we
get that Eu, (r)r = 0(E4, (r))r = uE4, (r)ru*. This shows that E4, (r)r € rMr commutes
with every u € Ny (Arr). Since Apr is regular in rMr and rMr is a factor, we derive
that E, (r)r = ar, for some o > 0. Hence E4,(r)? = aE4,(r) and the claim follows. o

Let f € Ry be a projection such that 7(f) = «. By Claim 3 we have E4, (1) =
E4,(e® f), thus we can find a unitary w € A;®R; such that r = w(e® f)w*. Altogether,
we have found a Cartan subalgebra A, C Pj, projections p € Ay, q € Rs,e € Ay, f € Ry,

and a unitary w € M such that
Ap®q=Agyr = Air = Ad(w)(Are @ f). (4.6)

If P and R are II; factors, A C P is a Cartan subalgebra, and a € A,b € R are projections,
then we can identify PR = P/ ®&R™® such that Aa ® b is identified with AY7®)¢,
where ¢ € AY™®) ¢ PY/7®) is a projection of trace 7(a)7(b). By combining this fact with
(4.6) it follows that we can identify M = Pf@R}/t, for t = 7(q)/7(f), such that A4 and
Al are unitarily conjugate.

Finally, recall that P; = Ad(v)(P§) and Ry = Ad(v)(R)*). Let Ay C P, be a
Cartan subalgebra such that Ay = Ad(v)(A3). Since PN Py C Ay by Claim 2, we get
that (P5) N (P5)* C (A3)¥ and the argument from the proof of Claim 2 implies that
P,NP¥ C AY. Moreover, identifying M = P!@R}" = Ps@RY* we have that A! and
A3 are unitarily conjugate. Thus, if we identify M = P/*®@RY", then AY* is unitarily

conjugate to A,. This finishes the proof. a
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We can now derive the next two corollaries from the introduction.

Corollary 1.1.12. Let n > 2 and F,, ~ (X, pu) be a free ergodic p.m.p. action. Put
N = L*(X) xF,. Let P be any II; factor such that NQR and PRR are isomorphic.

Then P is either isomorphic to Nt, for some t > 0, or to NQR.

Proof. Let M = L>*(X) x F,,, where F,, ~ (X, p) is a free ergodic p.m.p. action, for
some n > 2. Let N be a II; factor such that M®R = N®R. If N is McDuff, then
N =2 N®R = M®R. Thus, we may assume that N is not McDuff.

Since F,, is not inner amenable, [Cho82] implies that M’ N M* C L*(X)“. By
Theorem 4.1.1 we can find a Cartan subalgebra B C N, some ¢t > 0, and a unitary
u € N®R such that §(L>°(X)!) = uBu*, where we identify M&R = M'®@R'*. Moreover,
if we put R = R(B C N), then R = R(F,, ~ X). Since R(F,, ~ X)' is a treeable
equivalence relation, R is also treeable. Since R is treeable, we have that H*(R,T) = 0
(see e.g. [Kid17a, Corollary 2.4]). Therefore, [FM77] implies that N = L(R) and thus

N2 L(R(F, ~ X)) = M", as desired. O

Corollary 1.1.13. Let Ry and Rs be countable ergodic p.m.p. equivalence relations on
probability spaces (X1, p1) and (Xa, po), respectively. Assume that L(Ry) N L(Ry)¥ C
L>*(X1)“ and that L(Rs) is not McDuff. Suppose that Ry X T is isomorphic to Re X T,
where T is a hyperfinite ergodic p.m.p. equivalence relation on a probability space (Y, v).

Then Ry is isomorphic to R, for some t > 0.

Proof. For i € {1,2}, put A; = L*(X;) and M; = L(R;). Denote B = L>*(Y) and
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= L(T). Since T is hyperfinite, ergodic and p.m.p., R is a hyperfinite II; factor.
Since Ry X T = Ry x T, we have an isomorphism 6 : M;®R — M>®R such that
0(A1®B) = Ay®B. Since M| N My C AY and M, is not McDuff, by applying Theorem
1.1.10 we deduce the existence of a unitary u € M>®R, a Cartan subagebra 1212 of M5, and
some t > 0, such that §(At) = uAyu*, where we identify the inclusions (4,&B C M;®R)
and (A'!®@BYt C M{QRYY).

We claim that Ay < M, As. Assume by contradiction that A, 4, Aa. Then we
can find a sequence v, € U(Ay) such that ||Ea,(zv,y)|l2 — 0, for all 2,5 € My. Then
|Ea,z5(zo0t)|l2 — 0, for all z,t € My®R. Indeed, it is enough to check this in the case
when z = 21 ® 2o and t = t; ®ty, for some z1,t; € My, z9,t, € R. In this case, we have that
Ea,o8(z05t) = Ea,(210,t1) @ 29t2, and hence ||Ea,gp(20at)|la = ||[Ea, (z100t1)]]2]| 22822 —
0. Since O(A[@BY") = A;@B, we get that || Eg g1/ (07" (wv,u*)) |2 = | Eayen(uvau)|l2 —
0. This however contradicts the fact that 6~ (uv,u*) € AL € A'!®@B'*, thus proving the
claim.

Since Ay and A, are Cartan subalgebras of M,, by using the above claim and
[Pop06a, Theorem A.1], we get that Ay = vAyv*, for some v € U(M,). Thus, §(AL) =

Ad(u)(A;) = Ad(uv)(Ay). Finally, Lemma 2.1.19 gives that
RL = R(AL ¢ M!QRYY) =2 R(A(AL) € Mu®R) = R(Ay C Mu®R) =2 Ry,

which proves the conclusion. O
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4.2 A cocycle rigidity result

This section is devoted to the proof of the following cocycle rigidity result. This
result, which seems to be of independent interest, will be used later on to derive Theorems

1.1.15 and 1.1.22.

Theorem 4.2.1. Let S and T be countable ergodic p.m.p. equivalence relations on proba-
bility spaces (X, p) and (Y,v). Letw: (X, u) — (Y, v) be a factor map, consider the embed-
ding L>®(Y) C L*>(X) given by f — for, and denote Sg = {(x1,x2) € S | w(x1) = 7(x2)}.

Assume that
1. [rn(z)]r C 7(|x]s), for almost every x € X,
2. L=(X)I5l ¢ L>(Y), and
3. (L=(X)*)Sl ¢ Le(Y)».

Let a : X — Aut(R) be a measurable map satisfying o(z) *a(y) € Inn(R), for
almost every (x,y) € S, where R denotes the hyperfinite 11, factor.
Then we can find measurable maps & : Y — Aut(R) and U : X — U(R) such that

we have o(x) = a(w(x))Ad(U(x)), for almost every x € X.

Proof. In order to prove the conclusion, we may assume that a(z) 'a(y) € Inn(R), for all
(z,y) € S. Consider the disintegration u = [, 1, dv(y), where p, is a probability measure

on X supported on 771 ({y}), for all y € Y. Put X = {(21,22) € X x X | 7(z1) = m(x2)}
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and endow X with the probability measure fi = Sy (i X piy) dv(y). Let A = {(z1,22) €
X | a(z1)a(zs) € Inn(R)}.
The first part of the proof consists of using condition (3) to establish the following:
Claim. ji(A) > 0.
Proof of the claim. Denote by L(S) C B(L*(S)) the von Neumann algebra asso-

ciated to S and by {u,},cis) C L(S) the canonical unitaries [FM77]. Condition (3) gives

that L>*(X )Y N L(S) € L*(Y)“. By [Marl8, Proposition 5.2] we deduce that
(LX(X)®R)“N(L(S)® 1) C (L*(Y)®R)*. (4.7)

Next, we identify L>®(X)®R = L*(X, R), and define 6 to be the automorphism
of L¥(X)®R given by 0(T)(z) = «a(z)(T(x)), for every bounded measurable function
T:X — Randall z € X.

Fix v € [S], and define w(vy,z) = a(z)ra(y'z) € Inn(R), for z € X. If T € R,
then we have Ad(u, ® 1)(0(1 @ T))(xz) = al(y '2)(T) = a(z)(w(y,z)(T)). Thus, if
(Tn)n € R'NRY, then as w(vy, x) € Inn(R) we get that ||Ad(u, ® 1)(0(1®T,))(z) —0(1®
1) (x)||2 = |lw(v, z)(T) — Ty||l2 — 0, for almost every x € X. Thus, ||Ad(u, ® 1)(0(1 ®
T,)) —0(1 ®T,)|l2 — 0, by the dominated convergence theorem. As this holds for all

v € [S], we get that
(1 R NA1® R)* C (L(S)®1) N (L(X)®R)“.
By combining this with (4.7), we get that #(1® R)' NO(1® R)* C (L>®(Y)®R)“. Lemma

2.1.16 then gives that 0(1 ® R) <r~x)er L>(Y)®R. Thus, we can find a projection
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p € R, a x-homomorphism p : pRp — L>®(Y)®R, and a non-zero partial isometry v €

p(p) (L (X)®R)A(1 ® p) such that
p(T)v=v0(1®T), forall T € pRp. (4.8)
If we view p(T) as a function p(T) : Y — R, then (4.8) rewrites as
p(T)(m(x))v(x) = v(z)a(z)(T), for all T € pRp and almost every z € X. (4.9)

Since v(z)v(x)* < p(p)(7(x)), for almost every z € X, (4.9) gives that for all

T € U(pRp), we have
a(xy)(T)v(xy) v(xg) = v(zy) v(2e) () (T), for almost every (z1,z5) € X. (4.10)

Now, note first that if ay, as € Aut(R) satisfy o (T)w = was(T) for all T' € pRp,
and for some non-zero partial isometry w € ay(p)Ras(p), then a;'ay € Inn(R). Second,

note that

J ey o)l o) = [ ([ rlotot) omon))
d(j1, x j1,)(x1.22) ) dv(y)

_ / T(Breyar(ve’)(y)*) dv(y)

= | EL=pyar(vv”)|5 > 0.

By combining the last two facts and (4.10), the claim follows. o
In the second part of the proof, we will use the ergodicity assumptions on Sy and T

together with the claim to deduce the conclusion. First, we have that j, is Sp-invariant,
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while condition (2) implies that p, is Sp-ergodic, for almost every y € Y. If v € [S]
and (x1,22) € A, then since 7(yr;) = 7(z;) and a(yz;) ta(r;) € Inn(R), we derive that
(yx1,22) € A. Thus, for all v € [Sy], the set A = {z; € 7 ({7 (x2)}) | (z1,72) € A}
satisfies fir(q,) (VAT2AA?) = 0, for almost every x5 € X. Since fir(2,) is So-ergodic, we get
that fir(z,)(A™2) € {0, 1}, for almost every z, € X. Similarly, we get that fiz(z,)(As,) €
{0,1}, for almost every x; € X, where A,, = {zy € 7' ({n(z1)}) | (z1,22) € A}. Since
fi(A) > 0, the last two facts imply the existence of a measurable set B C Y such that
v(B) >0 and A= {(z1,2,) € X | 7(z1) = n(x,) € B}.

We claim that B is T-invariant. Let v € [T]. Since vy € [y]7, by condition (1),
for almost every y € Y, for (., X fi,y)-almost every (z},25) € 7 *({vy}) x 7 ({yy}),
we can find x; € [#)]s and x5 € [2}]s such that 7(z1) = 7(zy) = y. Since (z;,2}) € S,
a(z;)ta(zi) € Inn(R), for i € {1,2}. Additionally, for almost every y € B, we have that
a(z1)ra(ze) € Inn(R), for (p, x u,)-almost every (z1,22) € 7 '({y}) x 7 ({y}). Com-
bining these facts gives that for almost every y € B, we have a(x}) 'a(z}) € Inn(R), for
(foyy X f1y )-almost every (27, 25) € 7~ H({yy})x7 1 ({yy}). This shows that v(yBAB) = 0.
Since v € [T] is arbitrary, we derive that B is indeed T -invariant.

Since T is ergodic, we conclude that B =Y and thus A = X, almost everywhere.
In other words, a(x1) *a(z3) € Inn(R), for almost every (z1,73) € X. Let C = {y € Y|
f, is a non-atomic measure}. Denote by Leb the Lebesgue measure on [0, 1]. Then we can
find a measure space isomorphism o : (C'x [0, 1], e x Leb) = (77 1(C), ptjz-1(c) satisfying

o({y} x [0,1]) = 7= '({y}), for all y € C. Since a(a(y,t1)) " a(o(y,t2)) € Inn(R), for
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(v x Leb x Leb)-almost every (y, t1,t2) € C' x [0, 1] x [0, 1], Fubini’s theorem implies the
existence of t; € [0,1] such that a(o(y,t1)) ra(o(y,ts)) € Inn(R), for (1 x Leb)-almost
every (y,t2) € C'x[0,1]. Since u, has atoms for every y € Y'\ C, we can find a measurable
map 7 : Y \ C — X such that n(y) € 7' ({y}) and p,({n(y)}) >0, forally € Y\ C. Tt
is now easy to see that if we define & : Y — Aut(R) by

alo(y,t)) ify e C, and
a(y) =

a(n(y)) ifye¥Y\C

then (z) := a(n(z))*a(z) € Inn(R), for almost every z € X.

Finally, let & C U(R) be a countable ||.|[>-dense set. Then an automorphism 6 of
R is inner if and only if inf,ey (sup,ey [|6(z) — uzu*|s) = 0. This implies that Inn(R)
is a Borel subset of Aut(R). Endow Inn(R) with the Borel measure .4 and consider
the Borel map ¢ : U(R) — Inn(R) given by ((u) = Ad(u). Since ( is onto, by applying
[Tak01, Theorem A.16] we can find a f,pu-measurable map & : Inn(R) — U(R) such that
(@) = 0, for all # € Inn(R). After modifying £ on a S.pu-null set, we can find a
Borel map £ : Inn(R) — U(R) such that ((£'(0)) = 6, for B,u-almost every 6 € Inn(R).
Then the map U : X — U(R) given by U(x) = &' (B(x)) is measurable and satisfies
a(m(z))Ad(U(z)) = a(r(x))B(z) = alx), for almost every x € X, which proves the

theorem. O
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4.3 The Jones-Schmidt property

The main goal of this section is to prove Theorem 1.1.15. We start by analyzing

closer the structure of isomorphisms which satisfy the conclusion of Theorem 1.1.10.

Proposition 4.3.1. Let M, N, P be II; factors. Assume that A C M and B C N are
Cartan subalgebras. Denote S = R(A C M), and identify A = L>(X) and B = L>(Z),
for some probability spaces (X, ) and (Z,n). For g € [S], define a,(a) = aog™?, for
every a € A, and let uy € Nar(A) be such that ugau}, = o,4(a), for every a € A.

Let 0 : M®P — N®P be an isomorphism such that 0(A) = B. Let o : (X, ) —
(Z,n) be the measure space isomorphism given by 0(a) = aoa™!, for every a € A.

Then (AR P) = B&P, and we can find w, € U(ARP) and v, € Nn(B) for every

g € [S], and a measurable map ¢ : X — Aut(P) such that the following conditions hold:
1. 0(wyuy) = vy and 0(wy(oy @ idp)(wp)w;y,) = veupvy, € B, for all g,h € [S].

2. 07HT)(x) = p.(T(a(x))), for every T € BRP and almost every x € X, where we

identify AQP = L>®(X, P) and B&P = L>®(Z, P).

3. Ad(wy (7)) = p.p 1, , for all g € [S] and almost every x € X.

9711»7

Proof. Since §(A) = B, we get that (A®P) = 0(A) N (N®P) = B'N(N®P) = BRP.
If g € [S], then 0(u,) € Nygp(B), hence by Lemma 2.1.19 we can find z, € U(BRP)

and vy € Ny(B) such that §(uy) = zgvg. Then w, := 67'(2}) € U(ARP), and we have

113



that 0(wguy) = vy. Moreover, we get that vyupvy, = O(wyugwpupupuywy,) = 0(wy(o, @
idp)(wp)wy,) € NN (B®P) = B, proving (1).

Since 9@@) p)  B&P — A®P is a trace preserving isomorphism such that 6=1(b) =
bo a, for every b € B, [Tak01, Theorem IV.8.23| provides the existence of a measurable
map ¢ : X — Aut(P) satisfying (2).

Let T € P C N®P and g € [S]. Since v, € N, we have that 7' commutes with
vy and therefore 071(T) = 67" (v, Tw}) = wyuyd~' (T)ulw}. On the other hand, by (2) we
get 71T (z) = ¢.(T), for almost every x € X. Combining these two facts implies that
0o(T) = wy(x)pg—1,(T)wy(x)*, for almost every € X. Since this holds for all T € P

and g € [S], it follows that (3) holds. O
We continue with the following vanishing cohomology result.

Lemma 4.3.2. Let T be a hyperfinite p.m.p. equivalence relation on a probability space
(X, ), and R be the hyperfinite I, factor. Let ¢, : T — U(R) be a measurable cocycle,
for every n > 1. Assume that || Ad(c,(z,y))(v) — v|]a = 0, as n — oo, for every v € R,
and almost every (x,y) € T.

Then we can find a subsequence {ny }r>1 of N and measurable maps dy, : X — U(R),
for all k > 1, such that ||Ad(dy(z))(v) —v|l2 = 0 and ||cn, (z,y) — dp(x)di(y) |2 = 0, as

k — oo, for every v € R, and almost every (z,y) € T.

Proof. Let {Ti}x>1 C T be an increasing sequence of finite subequivalence relations such

that we have 7 = Ug>1 7. Moreover, we may assume that sup,.y #|[z]7, < oo, for all
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k € N. For k > 1, let ¢4 : X — X be a measurable map such that ¢y (z) € [z]5, and
Ur(x) = Y (y), for every (z,y) € Ti. Write R = ®,>1M5(C) and define Ry, = ®,,>;My(C),

for all K > 1. For n,k > 1, define
Xog ={r € X | |ealz,y) — En(ca(2,y))|l2 < 1/k, for all y € [2]7}.

Then for every k > 1 we have p(X,, ;) — 1, as n — oco. Thus, for all £ > 1, we can
find ng, > 1, such that pu(X,, x) > 1—1/2%. For k > 1, we define d;, : X — U(R) by letting
di(z) = ¢, (z,9,(x)). Then for all k > 1 and x € X, ; we have ||di(x) — Eg, (di(x))]]2 <
1/k. The Borel-Cantelli lemma implies that ||d(z) — Eg, (dk(x))||2 — 0, for almost every
r € X. Moreover, for all £ > 1 and (z,y) € Ty we have ¢,, (z,y) = dp(z)d;(y)~*. Since

T = Ug>1T, the conclusion follows. O

We next show that the Jones-Schmidt property is equivalent with a formally

stronger property.

Proposition 4.3.3. Let S be a countable ergodic p.m.p. equivalence relation on a prob-
ability space (X, p) with the Jones-Schmidt property. Then there exist a hyperfinite
ergodic p.m.p. equivalence relation T on a probability space (?,ﬁ) and a factor map

71 (X, ) = (Y, D) such that
(a) 7([z]s) = [7(x)]7, for almost every x € X, and

(b) (L®(X)2)S) = Lo(Y)%, where Sy = {(21,22) € S | T(a1) = 7(2)} and we embed

L®(Y) C L®(X) by f s foT.
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Proof. Since § has the Jones-Schmidt property, we can find a hyperfinite ergodic p.m.p.
equivalence relation 7" on a probability space (Y, ) and a factor map 7 : (X, u) — (Y,v)
such that we have 7([z]s) = [r(x)]7, for almost every z € X, and Sy = {(x1,22) € S |
m(x1) = m(x9)} is strongly ergodic on almost every ergodic component of S.

We may assume that 7([z]s) = [7(2)]r, for all z € X. We identify L>®(X)So) =
L>=(Y), for a probability space (Y,7). Let 7 : (X,p) — (Y,7) and p : (Y,5) = (Y,v)
be the factor maps given by the embeddings L®(Y) C L*®(X) and L®(Y) c L®(Y).
Then po 7 = 7 and 7(x) = 7(xa), for every (z1,x9) € Sp. Therefore, So = {(x1,22) €
S| m(x1) = T(xe)}.

Consider the disintegration p = ff/ py do(y) of p with respect to 7, where p,, is a
probability measure on X supported on 7 *({y}), for every y € Y. We claim that (b)
holds, i.e., we have

Claim 1. (L°(X)¥)I] = [(Y),

Proof of Claim 1. In order to prove the claim, it suffices to show that if a sequence
fn € L2(X)1 satisfies |7/, — fall2 = 0, for every v € [So], then [|f, — E} (3 (fn)ll2 = 0.
Let {Vm}m>1 C [So] be a sequence which is dense with respect to the metric d(vy,7') =
uw({x € X | v(z) # +'(z)}). If the assertion concerning (f,) is false, then we can find a
subsequence (gi) of (f,) such that ||vmgr — grll2 < 1/2%, for all k > m, and infy, ||gr —

Elwwy(gr)l2 > 0. For k> land y € Y, denote by gi € L=(7*({y}), y)1 the restriction
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of g to 7 1({y}). Then for every m > 1, we have that

/YZH’Vmgk gill3 ., A0(y) = l1vmge — gill3 < oo

k>1 k>1
Thus, for P-almost every y € Y, we have that |Vmgr — 9ill2w, — 0, for every m >
1. Therefore, for 7-almost every y € Y, we have that Ivgr — gilla, — 0O, for every
€ [So]. Since Sy is py-strongly ergodic, we conclude that ||g; — [ g7 dpyll2,., — 0,
for 7-almost every y € Y. From this we deduce that |g, — Epeo (5 (91 N3 =[5 llgr —
[ g dpyll2,, dv(y) — 0, which gives a contradiction. o

We continue with the following claim:

Claim 2. Let a: A — B be an element of [[S]] such that there exists 3,y € [[T]]
satisfying moa = fomand roa ' =yom. Let A= {y € Y|u,(A) >0} and B = {y €
Y |1, (B) > 0}. Then there exists a measure space isomorphism & : (A, 7, Vi) — (B, 7 V3)
such that 7(a(z)) = a(7(z)), for almost every x € A, and 7(a ! (z)) = a~}(7(x)), for
almost every = € B.

Proof of Claim 2. Note first that

[ oliy) 451) = i) = i = [ gy 4500 (4.11)

Let y € A and 21,20 € 7 '({y}) N A. Then 7(z1) = 7(x2), hence m(z1) = 7(x2).
Since 1,19 € A, we get that 7(a(x1)) = 7(a(xs)), thus (a(r1), a(xs)) € Sy, and hence
7(a(z1)) = 7(a(xy)). This proves that 7 is constant on a(7 '{y} N A). Thus, we
can define a measurable map @ : A — Y such that 7(a(z)) = a(y), for all y € A

and x € 7 {y} N A. This implies that 7(a(x)) = a(7(z)), for almost every z € A.
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Since (i 4) is supported on a(@'{y}H)NnA) c7'({a(y)}), by using (4.11) and the
uniqueness of the disintegration of 15 we conclude that ps() 5 = a(fty) 1) and a(y) € B,
for almost every y € ,ZL and that & : A — B is onto. Similarly, we can find an onto
measurable map @ : B — A such that 7(a~!(z)) = (7 (z)), for almost every z € B. It is
easy to see that @ = a~ .

If C C B is a measurable set, then 7 a1 0)) ={xr € Ala(z(z)) e C} = {x €

Alr(a(x)) € C}. Since « is p-preserving, we get that
v H(C) = w7 (@ () = nl{z € A[F(a(2)) € C}) = u({z € Bl (z) € C}) = #(C).

This shows that « is v-preserving, and finishes the proof of the claim. o

Now, the first assumption on 7 implies we can find a sequence of elements «,, :
A, — B,,n > 1, of [[S]] which satisfy the hypothesis of Claim 2 and such that [z]s =
{an () }n>1, for almost every z € X. For n > 1, let o, : A, — B, be the D-preserving
isomorphism obtained by applying Claim 2 to «,.

Let T be the countable p.m.p. equivalence relation of (37, v) generated by {a, }n>1.
It is then immediate that condition (a) is satisfied. If ¢ € L*(Y) is T-invariant, then
g o7 is S-invariant. Since S is ergodic, we get that g o7 € C1, hence g € C1, showing
that 7 is ergodic.

Finally, we show that T is hyperfinite. Since T is hyperfinite, it suffices to show
that the restriction of p to [y|7 is injective and p([y]5) C [p(y)]7, for all y € Y. To this end,
let y €Y and ¢/ € [y]7. Then we can find (z,2") € S such that y = 7(x) and y' = 7(y).

Since p(y) = m(z), p(y') = w(2'), and w(2’) € [r(z)]7, we get that p(y') € [p(y)]r. If
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p(y") = p(y), then w(2') = m(x), hence (z,2') € Sy thus y = 7(x) = 7(2") = ¢/, showing

that pj,). s injective. This finishes the proof. m
We are now ready to prove the next main theorem from the introduction.

Theorem 1.1.15. Let N be a I, factor which admits a Cartan subalgebra A such that
N'NNY C AY and R(A C N) has the Jones-Schmidt property. Let P be any I, factor
such that NQR and PRR are isomorphic.
Then P is either isomorphic to Nt, for some t > 0, or to NQR.

Moreover, assume that P is not McDuff. Then for any isomorphism 6 : NQR —
P®R, we can find isomorphisms 61 : N° — P, 65 : RY* — R, for some s > 0, and an
approzimately inner automorphism U : NQR — N®R such that 6 = (0; ® 05) o ¥, where

we identify NQR = N*QR/>.

Proof. Since N’ N N¥ C A“, Theorem 1.1.10 implies the existence of u € U(PRR),
t > 0, and a Cartan subalgebra B C P' such that §(A) = uBu*, where we identify
PR = P'®R'*. After replacing  with Ad(u*) o #, we may assume that §(A) = B.
We also identify P'®RY! = P'®R using an isomorphism R'* — R. Thus, we see 0
as an isomorphism 0 : NQR — P'®R satisfying #(A) = B. Finally, we identify A =
L>*(X),B = L*>(Z), for some probability spaces (X, u),(Z,n). Let a: (X,u) = (Z,n)
be the measure space isomorphism given by 6(a) = a o a™?, for every a € A.

Denote S = R(A C N). For g € [S], let u, € Ny(A) such that usau; = o4(a) :=

aog !, for every a € A. By Proposition 4.3.1, §(A®R) = B®R and we can find
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w, € U(ARR), for every g € [S], and a measurable map ¢ : X — Aut(R) such that the

following conditions hold:
1. O(wyu,) € P, for all g € [S].

2. 07YT)(x) = @ (T(a(x)), for every T € B®R and almost every z € X.

3. Ad(wy(x)) = goxgo;lz, for all g € [S] and almost every = € X.

Since S has the Jones-Schmidt property, Proposition 4.3.3 provides a hyperfinite ergodic
p.m.p. equivalence relation 7 on a probability space (Y, v) and a factor map m : (X, u) —
(Y, v) such that 7([z]s) = [7(x)]7, for almost every z € X, and if we let Sy = {(z1,22) €
S | m(z1) = m(x2)}, then (L=(X)«)Sl = L°(Y)«. In particular, L=(X)S! ¢ L*(Y)
and (L>®(X)“)ISl ¢ Le(Y)~.

Note that (3) implies that ¢, ' € Inn(R), for almost every (z,y) € S. By
applying Theorem 4.2.1, we get measurable maps ¢ : Y — Aut(R) and U : X — U(R)
such that

0r = Ad(U(2))Yr(z), for almost every z € X. (4.12)

View the function U : X — U(R) as an element of U(ARR). Let © : NQR —
P'®R be the isomorphism given by © = 6 o Ad(U). For g € [S], let W, = U*wy(o, ®

idr)(U) € U(A®R). By using (4.12), the above conditions (1)-(3) rewrite as:
(a) O(W,u,) € P, for all g € [S].

(b) ©7HT)(x) = thr@)(T(a(z)), for every T' € B&R and almost every = € X.
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(c) Ad(Wy(x)) = Qpﬂ(x)@b;é,lm), for all g € [S] and almost every = € X.

By using condition (¢) we get that ¢, ! € Inn(R), for almost every (y,z) € T.

We claim that there is a cocycle ¢ : T — U(R) such that
Y07t = Ad(c(y,2)), for almost every (y,2) € T. (4.13)

Since T is ergodic hyperfinite, we can find a free ergodic p.m.p. action Z ~ (Y,v) such
that T =R(Z ~Y). Let To : Y — Y be the generator of the action Z ~ Y. Since Ty €
[T], by (c) we can find a measurable map d : Y — U(R) such that 1), " = Ad(d(y)),
for almost every y € Y. Then the claim holds for the unique cocycle ¢ : T — U(R)
satisfying c(To(y),y) = d(y), for all y € Y.

For g € [S], we define ﬁ//g € AXR by letting Wg(:c) = c(n(z),n(¢g"'x)). By
combining (c) and (4.13) we get that Ad(W,(z)) = Ad(Wg(x)), for almost every x € X,
and thus WQW; e A.

The rest of proof relies on the following claim:

Claim. There exists ¥ € Inn(N®R) such that U(A®R) = A®R, ¥(T)(z) =
Y@y (T (2)), for all T € A®R and almost every z € X, and ¥(u,) = Wgug, for all g € [S].

Proof of the claim. Write R = ®penMa(C) and define R" = &, My (C), for
n € N. Fix n € N and consider the set B, := {(y,u) € Y x U(R) | ¥y p. = Ad(u)jpn}-
As ¢ 1 Y — Aut(R) is measurable, we see that B, C Y x U(R) is a Borel subset.

Moreover we have that m(B,,) =Y, where 7 is the projection onto the first component.

Applying [Tak01, Theorem A.16] we get a measurable map u, : Y — U(R) such that
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Uy pn = Ad(un(y)) g, for all y € Y. Thus, 71113010 Ad(u,(y))(v) = ¥y(v), for all y € Y and
veER.

Define a cocycle ¢, : T — U(R) by cu(y,2) = un(y)*c(y, 2)un(z). Then we see
that Ad(c,(y, 2))rr = idgn, for all (y,2) € T. Since T is hyperfinite, by applying Lemma
4.3.2, we can find a subsequence {ng}r>1 of N and measurable maps dy : Y — U(R),
for k > 1, such that ||c,, (y,2) — di(y)di(2) "2 = 0 and ||Ad(dk(y))(v) — v|j2 — 0, as
k — oo, for almost every (y,z) € T and every v € R.

For k > 1, define Uy € U(A®R) by letting Uy (z) = uy, (7(z))dg(m(x)). Then for

every g € [S] and almost every x € X we have that

(Uk(og ®idr)(Ui) (%) = i, (m(2))di (7 (2))di (7 (g™ 7)) "tn (7(g ™ )" = Wy(). (4.14)

Thus, HUkugU,j—/WgugHQ — 0, forall g € [S]. f T € R, then as ||Ad(dy(7(x))(T)—
T||2 — 0, for almost every x € X, we get that klgl;lo Ad(Uy(2))(T) = khﬁrgo Ad(uy, (7(x)))(T)
Yr@)(T). Also, U TU; =T, for all T € A. Since {uy}ges) U RU A generates NQR as a
von Neumann algebra we conclude that the limit W = khjEO Ad(Uy) € m exists
and satisfies the claim. o

Finally, let g € [S]. Since WQW; € A, we have @(WQW;) = Q(WQW;‘) € B.
Since ©(Wyu,) € P* by (a), we get that (© o U)(uy) = @(Wgug) = @(WQW;)@(Wgug) €
P*. Since (© o ¥)(A) = B and {ug}geis) U A generates N as a von Neumann algebra,
we deduce that (© o W)(N) C P'. Let T € A®R and define T € B®R by letting
T(z) = T(a"*(z)), for all z € Z. Then by combining (b) and the claim we get that

o YT)(x) = wﬂ(x)(f(a(x)) = Yr@)(T(x)) = ¥(T)(x), for almost every x € X. This
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shows that (© o ¥)(T) = T oa™!, for every T € A®R, and in particular implies that
(©oV)(R) = R. Since Oo¥ : N®QR — P'®R is onto and (OoW)(N) C P*, we derive that
(©oW)(N) = P'. Thus, we have that @ oV = #; ®60,, where 6, : N — P'and 6, : R — R

are isomorphisms. This implies the conclusion of Theorem 1.1.15 for s = 1/t. O

4.4 Equivalence relations without the Jones-Schmidt

property

We begin with the following lemma, which will be key in the proofs of Theorems

1.1.17 and 1.1.18 below.

Lemma 4.4.1. Let S be a countable ergodic p.m.p. equivalence relation on a probability
space (X, p) with the Jones-Schmidt property. Denote M = L(S) and A = L*(X).
Assume that A,, C A are von Neumann subalgebras such that A = QpenA, and M'NAY C
(Rr>nAr)“, for every n € N.

Then for every € > 0, we can find finite dimensional subalgebras A, C A,, for
n € N, such that

M' N AY C. (Bnendn)®.

Proof. Let (Y,v) = (Yo, 10)", where Yy = {0,1} and vy = $(do + &1), and consider the
equivalence relation 7 on (Y,v) given by (yx)7T (zx) if and only if y, = 2, for all but
finitely many k£ € N. Since § has the Jones-Schmidt property, by applying Proposition

4.3.3 we can find a factor map 7 : (X, u) — (Y,v) such that (a) n([z]s) = [7(z)]r, for
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almost every z € X, and (b) (A%)S] = B¥ where we embed B = L>®(Y) into A via the
map f +— fom and denote Sy = {(x1,22) € S| m(x1) = 7(22)}.

Note first that since M’ N A¥ C (A°)1S] C (A«)15)] condition (b) implies that
M'NAY C B (4.15)

Next, we identify B = QgenL™® (Y0, 1o)r and put B, = Q> L (Yo, o)k, for n € N. We
claim that

[[B.cmna (4.16)

To see this, let f € [[, B, and a € [S]. If we view f as an element of A“, then

we can represent it as f = (f, o), where f,, € B, for every n € N, and sup || f,,|| < oo.

By condition (a) above, we can find a measurable map 3 : Y — Y such that 7(a~!(z)) =

B(m(x)) and B(y) € [y]r, for almost every z € X and y € Y. Fix n € N, and denote

Y, = {(yx) € Y|5(y)r = yg, for all £ > n}. Then we have that f,(5(y)) = fu(y), for all

y € Y,. Since uy(fpomul, = fporoa! = f,0Bom, we get that

Hua(fn o m)uy — fu O7T||2 = an offom— fn 077“2 = an of— fn||2 <2y v(Y\ Yn)”fﬂ”

Since lim v(Y,) = 1, we conclude that lim ||uy(f, o m)u’ — f, o 7|2 = 0, and
n—oo n—oo

hence u, fu}, = f. Since this holds for every f € [[_ B, and « € [S], claim (4.16) follows.

For n € N, denote €, = k>, Ax. We claim that
B <% C,, for every n € N. (4.17)

To see this, let n € N and p € A be a non-zero projection. Put 6 = 7(p)/2 > 0. Since

M' N AY C C¥, by combining (4.16) with Lemma 2.1.15, we deduce that B,, Cs C,,
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for some m € N. Lemma 2.1.2 then implies the existence of a projection ¢ € A such
that B,,q <% C, and 7(q) > 1 — 4. Since B = (®k<mL>® (Y0, 10)r)® By, it follows that
Bq <% C,. Since 7(p) +7(q) > 1, we have that r = pg € Ap is a non-zero projection such
that Br <4 C,. This proves the claim made in (4.17).

Now, for n € N, let {A,x}reny be an increasing sequence of finite dimensional
subalgebras of A,, such that UpenAy, i is weakly dense in A,,. Fixe > 0 and n € N. Since A
is abelian, (4.17) implies the existence of projections {p,;}en in A such that ),y pns =1
and (B)1pn; C (Cp)1pny, for all [ € N. We claim that we can find &y, 1, kn2, ... knpno1 € N
such that

B C.jon Ap = (@1<m<n—14m k. )OCh, for every n € N. (4.18)

To justify this claim, let N € N such that || >0 vy pnill2 < /2", Since by construction
dense in A. Thus, we can find k,1,kn2, ..., knn—1 € N such that ||p,; — Ea, (Pni)|2 <
g/(2"TIN), for all 1 <1 < N, where A, is defined as in (4.18). Let x € (B);. Then for
every 1 <[ < N, we can find y; € (C,); such that zp,; = yip, . Since Zf\il Y EA, (Pny) €

A, (4.18) is a consequence of the following estimate:

N N N
lz = " Ea, (el < o = tipnalla + /2" = [l =D apaylla + /2" < /2"
=1 =1 =1

Put A = NuenA, and let © € (B);. Then (4.18) gives that ||z — E4, (z)|]2 <
/2%, for all k € N. Since Ey, 0 Egy0...0 Ey = Enp_ 4, the last inequality implies

that [[v — Eqn 4,(2)]l2 < €, for all n € N. Since lim [[Eqp 4, (7) — Ea(z)[2 = 0,
- n—oo -
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we conclude that ||z — E4(x)|2 < e. As this holds for all z € (B);, we deduce that
B C. A. In combination with (4.15), it follows that M’ N A C. A“. Finally, note that
A = QuenAmk,,» where k,, = min{k, ,|n > m + 1}, for every m € N. This implies the

conclusion of the lemma. O

We can now prove the absence of the Jones-Schmidt property for the following

examples from the introduction.

Theorem 1.1.17. For every n € N, let T';, ~ (X, tn) be a strongly ergodic free p.m.p.
action of an infinite countable group T',,. Define I' = @,y Tn, (X, 1) = [en(Xn, itn),
and consider the product action T ~ (X, p) given by g-x = (gn-Tpn)n, for allg = (gn)n € T
and © = (x,), € X.

Then the orbit equivalence relation R(I' ~ X) does not have the Jones-Schmidt property.

Proof. Assume by contradiction that S := R(I' ~ X) has the Jones-Schmidt property.
Denote A = L>®(X) and M = AxT. Forn € N, let A, = L>*(X,,) and M,, = A, x T,.

Then A = ®uend,. Forn € N, let C), = @y, Ax and D,, = @y, A. We claim that
M'NnAY c Cv. (4.19)

Indeed, if k£ € N, then since the action T'y ~ (Xj, py) is strongly ergodic we have that
Mj N AY = C1. This easily implies that M'NA“ C M, NA“ C Dy (by using, e.g., [Marl8,
Proposition 5.2]). Thus, for every n € N, we have that M’ N A“ C N}Z{ D¢ = C¥ and

claim (4.19) follows.
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We may thus apply Lemma 4.4.1 to deduce the existence of finite dimensional
subalgebras fln C A,, for n € N, such that M' N A Cy/5 A”, where A = ®n€Nfln. On
the other hand, since A, is finite dimensional and A,, is diffuse, we can find a,, € U(A,)
such that E; (a,) =0, for all n € N. Let u, € U(A) be given by u, = @rentinr, Where
Upyp = ap and u,y = 1, if & # n. Since E; (a,) = 0, we get that E4(u,) = 0. Hence, if
we put u = (uy,), € U(AY), then E .(u) = 0. Since we clearly have that u € M’ N A%

this contradicts the fact that M’ N A Cq/ AY. O

Theorem 1.1.18. Let I' be a countable group. For every n € N, let I' ~ (X, i)
be a free ergodic p.m.p. action such that the diagonal action I' ~ (X,, X Xy, pin X fin)
has spectral gap. Assume that we can find F, € L*(X,), for all n,k € N, such that

SUpPy, k HFn,k”oo <1, infn,k’ HFn,kH? >0,
o F,; — 0 weakly in L*(X,,), as k — oo, for everyn € N, and
e lim (SqueN |Frrog— Fnng) =0, for every g € T'.
n—oo

Consider the diagonal action I' ~ (X, 1) = [,,.en(Xn, ptn) given by g-x = (g - xp)n, for
allgeT and x = (v,), € X.

Then the orbit equivalence relation R(I' ~ X)) does not have the Jones-Schmidt property.

Proof. Assume by contradiction that S := R(I' »~ X) has the Jones-Schmidt property.
Denote A = L*(X) and M = AxT. Forn € N, let A, = L>*(X,,). Then A = ®,enA4,.
Let Fox € (An)1, n,k € N, be as in the hypothesis of Theorem 1.1.18 and put ¢ :=

iIlfmk ||Fn,k||2 > 0.
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For n € N, let C,, = ®p>,Ar and D,, = ®jpx, Ax. We claim that
M' NnAY cCc. (4.20)

To see this, let n € N. Denote by 7, the Koopman representation of I on L?*(X,,) & C1.
Then 7, ® 7T, is a subrepresentation of the Koopman representation of I' on L?(X,, x
X,) © Cl1. Since the latter representation is assumed to have spectral gap, we deduce
that m, ® 7, has spectral gap. By applying [Pop08, Lemmas 3.2 and 3.5], we get that
M'NA® C D¥. Thus, for every n € N, we have that M’ N A* C N{Z{ D¥ = C* and claim
(4.20) follows.

We may thus apply Lemma 4.4.1 to deduce the existence of finite dimensional
subalgebras A, C A,, for n € N, such that M’ N A¥ Cess AY, where A = @nenA,. We

claim that there is n € N such that
| Fok — EAn<Fn’k)||2 < ¢/2, for every k € N. (4.21)

If this were false, then for every n € N we can find k,, € N such that ||Fy,x, —E; (Foug, )2 >
¢/2. But then F' = (F,,,)n € (A¥); satisfies ||[F' — E . (F)||2 > ¢/2. On the other hand,
the hypothesis implies that F' € M'NA“, which contradicts the fact that M'NA“ C./3 AY
and thus proves (4.21).

Finally, since F,;, — 0 weakly in L*(X,) and A, is finite dimensional, we get
that ||E; (Fux)ll2 — 0, as k — oo. Since ¢ > 0, this contradicts (4.21) and finishes the

proof. O]

We end this section by justifying the claim made in Example 1.1.19 in the intro-
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duction.

Remark 4.4.2. Recall that 7y = ®jenm - I — O(ﬁt), where 7; is the orthogonal GNS
representation of I' = IF,, associated to the positive definite function ¢,(g) = eI for
t > 0. Let I' ~ (X, it¢) be the Gaussian representation associated to m;. Our goal is to
show that the diagonal action I' ~ (X, ) := ], (X, s, ) satisfies the hypothesis of
Theorem 1.1.18, for any sequence t,, — 0.

First, we claim that the diagonal action I' ~ X; x X, has spectral gap, for every
t > 0. To this end, assume that m < oco. Since the Koopman representation of I'" on
L?*(X;) © C1 is isomorphic to a subrepresentation of a multiple of DBren 2% the same
is true for the Koopman representation of I' on L?*(X; x X;) & C1. Since m < oo, we
have that ¢ € (}(T'), for some N > 1, hence, 7’ is contained in the left regular
representation of I Since I' is non-amenable, this implies that @, 7¥% has spectral
gap. In combination with the above it follows that the diagonal action I' ~ X; x X; has
spectral gap. If m = +o0o, then the same conclusion can be reached by replacing I" with
a finitely generated non-abelian subgroup in the above argument.

Secondly, let ¢ € N. Note that we can find pairwise orthogonal vectors {&;  }ken in

H, such that (T(9) ks &) = @i(g), for all g € T and k € N. Recall that there is a map

w: Hy — U(L®(X,)) such that u(7,(9)€) = u(€) o g™, u(€+n) = u(€)u(n), u(§) = u(=¢),

and [y u(§) = exp (—[|€][3/2), for all g € T and &, 7 € H,. For k € N, define

Fup = ulény) — / u(éen) € L2(X)).

Xy

For all £k € N and g € I', we then have ||Fikllec < 2, ||Fikll2 = /1 —exp(—1), and
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|Fuicog— Fielle = V2= Zexp (—1+ g)). Moreover, [y, FuFoar — 0, for all k # K
hence F,;, — 0 weakly in L*(X;). It is now clear that F,  := F,, /2 € L>(X,,) satisfy

the hypothesis of Theorem 1.1.18.

4.5 Equivalence relations with a unique stable de-

composition
We start off with the following easy lemma, which we will use in the proof of
Theorem 1.1.20 from the introduction below.

Lemma 4.5.1. Suppose M, N are I, factors, and A C M, B C N are Cartan subalge-
bras. Then

R(ACM)xR(BCN)XR(ARB C M®N).

Proof. We identify A with L>°(X) and B with L*>°(Y") for probability spaces (X, u) and
(Y,v), and we write R := R(A C M) and S := R(B C N). Following [FM77] we can

find 2-cocycles v € H*(R,T) and w € H?(S, T) such that
(AC M)~ (L>®(X) C L,(R)), and (BC N) = (L>®(Y) C L,(S)).
It follows that
(ARB C M®N) = (L®(X)QL™®(Y) C Ly(R)®Ly(S)) = (L®(X X Y) C Lyxw(R x S)),
where v x w € H?(R x 8, T) is the cocycle defined by

(v xw)((z1,11), (T2, Y2), (3, Y3)) = v(T1, T2, T3)W(Y1, Y2, Y3)-
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Hence R(A®B C M®N) =R x S, as desired. O

Theorem 1.1.20. Let Ry and Ry be countable ergodic p.m.p. equivalence relations on
probability spaces (X1, p1) and (X, o), respectively. Assume that Ry is strongly ergodic.
Suppose that Ry x T is isomorphic to Ry X T, where T is a hyperfinite ergodic p.m.p.
equivalence relation on a probability space (Y, v).

Then either
1. Ry is also strongly ergodic and Ry = R, for somet > 0, or
2. Ry is stable and Ry = Ry x T.

Proof. Let R1, Ry be countable ergodic p.m.p. equivalence relations on probability spaces
(X1, 1), (Xo,p2). Let Ty, T2 be hyperfinite ergodic p.m.p. equivalence relations on
probability spaces (Y1,14), (Ya,12). We assume that Ry is strongly ergodic and that
R = Ri X T & Ry x To. We identify X; x Y7 = Xy x Y5, and denote M = L(R),
A= L2X; xY]) = L®(Xy x Y3), A1 = L>®(X;), Ay = L=(Xy), By = L*(Y}), and
By = L*>(Y3). Lifting the isomorphism between R; x 77 and Rq X T3 to the correspond-

ing von Neumann algebras, we get an identification
[A1®B) C L(R)®L(Th)] = [A:®By C L(R2)&L(T3)].

Since T3 is a hyperfinite ergodic p.m.p. equivalence relation on (Y3, 1), we can identify
(Ya, v5) = (Yo, )Y, where Yy = {0,1} and vy = %(50 + 01), in such a way that (yx)72(2x)

if and only if y, = z; for all but finitely many £ € N. We can then identify B, =
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QrenL>® (Yo, o)k, and we put By, = ®p>nL>®(Yo, )k, for n € N. As in the proof of
Lemma 4.4.1, we observe that [[ B2, C M'NA“. Moreover, by strong ergodicity of R,
we also know that M’ N A¥ C BY. Putting these inclusions together, we deduce from
Lemma 2.1.15 that By, C., B; where ¢, — 0. Since e-containment does not change
when passing to a common superalgebra, and B ,,, B; C A, choosing k such that ¢ < 1

and applying Lemma 2.1.2 we get that
Bg7k <4 Bj.

Hence we can find nonzero projections ps € By, p1 € By, a *-homomorphism 1) : By yps —
Bipy, and a nonzero partial isometry v € p; Aps such that ¢(x)v = vz for all © € By gps.
Observing that A is abelian and multiplying with v* on both sides, we find a nonzero
projection p’ € A such that

Byyp' C Bip'.

Now, By C By is the subalgebra of complex-valued functions on Y5 = Y that do not
depend on the first k—1 coordinates. Denoting for a fixed b € Hf:ll Yo by ey := Tippx[1,2, Yo

the indicator function of {b} x [[,, Yo, we thus see that for any such b we have
Bzeb = Bg7k6b.

As Ebel—[fz—ll v, € = ly;, we can find b such that p := eyp’ # 0. From the above discussion
it follows that

Bsp C Bip.
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Taking relative commutants, this implies that

P(L(R1)®B1)p C p(L(R2)@DBs)p. (4.22)

Since p € A, we can write p = 15 for some measurable subset Z C X; x Y] of positive
measure. Writing Z, = {x € X; | (z,y) € Z} C X; and passing to a subprojection if
necessary, we can assume that for every y € Y either p1(Z,) = ¢ > 0 or ;y(Z,) = 0.

Choosing a subset C} C X; with u1(Cy) = ¢, we consider

S ={(y, ) € Y1 x [Ri] | ¢(Z,) = C1}.

Denoting by 7; the projection onto the first component, it follows from the ergodicity of
Ry that m(S) ={y € Y1 | tu(Z,) # 0}. Hence by putting ¢, = idx, when 11(Z,) = 0,
it follows from [Tak01, Theorem A.16] that we can find a measurable map ¢ : Y} — [R,]
such that ,(Z,) = C; whenever p;(Z,) # 0. Identifying L(R1)®B; = L>(Y1, L(R4))
and putting

u=1uy:Y] = L(R1) 1y — uy,,

we see that u € L(R1)®B;, uAu* = A, and moreover there are projections g € Ay, § € By

such that upu* = ¢ ® ¢. Conjugating (4.22) by u, we thus get

qL(R1)q@B1q C (¢ ® Ju(L(R2)®@B)u"(q ® ). (4.23)

Writing P = Ad(u)(L(R2)), @ = Ad(u)(L(T2)), As = Ad(u)(A2), and By = Ad(u)(Bz),

we get M = P®Q and, since u normalizes A,

A1®Bl = A2®Bg = A3®Bg. (424)
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Taking relative commutants in (4.23), we get B3(¢ ® ¢) C ¢ ® B14. In particular we can
find a von Neumann subalgebra By C Bj such that Bs3(¢ ® ¢) = q ® Bsg. Taking relative

commutants again from both points of view, we get
¢L(R1)q®[(B1q)' N GL(T1)q] = (¢ ® ¢)(P&Bs3)(q ® q).

In particular, since P is a factor, we see that the center of the above algebra equals
B3(q ® ¢) = q ® Byq. Identifying both with L>°(Y") for some probability space (Y, r) and

disintegrating in the above equality we get

D (&)
/ qL(R1)q@N, dv(y) = / q,Pq, dv(y),
Y Y

where we decomposed N := (B4q) N GL(T)d = [y N,dv(y), and ¢® = [ G, dv(y) €
P&®B;. It follows from [Tak01, Theorem 1V.8.23] that the above identification splits, i.e.,

for almost every y € Y we necessarily have
qL(R1)q ®Ny = q,Pq,.

Moreover, we see that By C Big C (B4G) N GL(T1)q, so we can decompose B1§ =
f;‘? By, dv(y) C fﬁa Ny,dv(y) = N, where By, C N, is a unital inclusion for all y. Now
By C L(T1), and hence also B1G C ¢L(T;)q, is a Cartan subalgebra. Since B;g C N C
GL(T1)q, it follows from [Dye63| that also B;§ C N is a Cartan subalgebra. From [Spal8,
Lemma 2.2] we then deduce that By, C N, is a Cartan subalgebra for almost every y.

Furthermore, it follows from (4.24) that

(&) (&3]
/ Ag®By, du(y) — / Ay dv(y).

Y Y
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This identification again splits by [Tak01, Theorem IV.8.23], i.e. for almost every y € Y
we have Alq ®Bl,y = qu_y.
From the above discussion it now follows that we have the following identification

of inclusions of Cartan subalgebras, for almost every y € Y:
(A1g®Biy C qL(R1)q@Ny) = (Asqy C ¢,PGy)-
Writing 7, = R(B1, C N,), r =7(q), s = 7(q,), we thus get that for almost every y:
R5 = R(A; C L(R2)*) 2 R(A; C P°?) 2 R(AI®B1, C L(R1)"®N,) =R} x T,

where the last isomorphism follows from Lemma 4.5.1. Being a subalgebra of L(7;) = R,
N is amenable, and so N, is an amenable tracial factor for almost every y. Choosing y
such that the above hold, [Con76] then implies that N, is either isomorphic to M,,(C) for
some n € N, or to R. In the first case, 7, is finite and we can find ¢ > 0 such that R, = RE.
In the second case, 7, arises as the equivalence relation of a Cartan inclusion B C R, and
as such is a hyperfinite ergodic p.m.p. equivalence relation by [CFW81]. Hence in this
case we have Ry &2 Ry x T where T is a hyperfinite ergodic p.m.p. equivalence relation.

This finishes the proof of the theorem. ]

4.6 New characterisations of property Gamma and
strong ergodicity

We now prove the last two main theorems mentioned in the introduction.
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Theorem 1.1.21. Let M be a separable II; factor. Then the following are equivalent:
1. M has property Gamma.

2. There exist a hyperfinite subfactor R C M and a Cartan subalgebra A C R such

that M is generated by R and A’ N M.

3. There ezists a reqular abelian von Neumann subalgebra A C M such that R(A C M)

1s hyperfinite and ergodic.

Proof. (1) = (2) The proof of this implication builds on an argument due to Popa (see the
proof of [Oza04, Proposition 7]) Assume that M has property Gamma and let {xy}r>1 C
M be a ||.||2-dense sequence. We construct inductively a sequence { B, },,>1 of commuting
x-subalgebras of M and a projection p, € B, such that B, = My(C), 7(p,) = %, and
|xkpn — prxrlle < %, for every n > 1 and 1 < k < n. Indeed, suppose that By, ..., B,
and py, ..., p, are constructed. Define C,, = B} ® ... ® B,, & My.(C). Since C,, is finite
dimensional and M has property Gamma, we can find a projection p,,; € C/, N M such
that 7(pn41) = 3, and [|2xpns1 — Papr@ill2 < 55, for every 1 < k < n+1. Since C), N M is
a II; factor, we can also find a partial isometry v,y € C), N M such that v} V41 = Prgs
and v,41v5, 1 = 1 — ppgr. It is now clear that the algebra B, generated by p,,; and
vp+1 has the desired property.

For N > 1, let Dy = Cpy @ C(1 — py) be the algebra generated by py. Denote
R = ®>1B;, A = ®>1D;, and A, = ®;>,D;, for n > 1. Then R is a hyperfinite II;

factor and A is a Cartan subalgebra. Fix n > k > 1, and define A, y = Qn>i>,D;, for
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N > n. Then for every N > n we have ||ED5VQM(x;€) — xlle < 2]\,%1 Since EAIH,NHQM =
EA;’NQMOEDEVHQM, we get that HEA;L’NHQM(JU;C) —EA;YNQM(xk)HQ < QLN, for every N > n.
Since || Ea;  ni(7x) — 2]z < 575, by combining these inequalities we get 1 Ear, yonr(Tn) —
Tlle < 2,%1 + ...+ 21\,%1 < 2%2, for every N > n. Since ]\}LHIOOEAITL,NQM(Ik) = Ea (),

we conclude that
1
| Earnne () — 2xl]2 < e for every n > k > 1. (4.25)

Next, we claim that if N is a tracial von Neumann algebra and C' C N is a x-subalgebra

isomorphic to M, (C), for some ¢ > 1, then N is generated by C' and C'NN. To see this, let

1

p € C be a projection of trace 3

and wy, ..., wy € C be partial isometries such that w; = p,
wywi =p, for all 1 < i < /¢, and Zle wiw; = 1. If x € pNp, then Zle wizw; € C'N N,
hence z = p(Yr_, wrzw;)p € CV (C'NN). If z € N, then z = 25,3:1 wy (wrw})w; and
since w;rwj € pNp, for all 1 <i,j < ¢, we get that z € C'V (C' N N), which proves our
claim.

Finally, since C,,_1 = B1 ® ... ® B,,_1 = My.-1(C) is a *-subalgebra of A/, N M, the
claim implies that Al "M = C,,—1 V (C! _, N (A, N M)), for every n > 1. Since C,,—; C R
and C!_ N(A, NM) C A NM, we derive that A, "M C RV (A’ N M), for every n > 1.
In combination with (4.25), it follows that x, € RV (A’N M), for every k > 1, and hence
that M = RV (A’ N M).

(2) = (3) Assume that R C M is a hyperfinite subfactor and A C R is a Cartan

subalgebra such that M = RV (A'N M). By Lemma 2.1.19 we have that R(A C M) =

R(A C R) and thus R(A C M) is hyperfinite and ergodic.
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(3) = (1) Assume that A C M is a regular von Neumann subalgebra such that
R := R(A C M) is ergodic and hyperfinite. Since R is hyperfinite, we can find a
sequence (a,),>1 C U(A) such that 7(a,) = 0, for every n, and ||a, o @ — a,||2 — 0, for
every a € [R]. If u € Ny(A), let o, € [R] such that wau* = a o ay, for every a € A.
Thus, ||ua,u* — a,||2 = 0, for every u € Ny (A). Since A C M is regular, we deduce that

(an)n € U(M' N M*). Since 7,((ay),) = 0, it follows that M has property Gamma. [

Theorem 1.1.22. Let S be a countable ergodic p.m.p. equivalence relation on a probability
space (X, ). Let T be a countable hyperfinite ergodic p.m.p. equivalence relation on a
probability space (Y,v). Let R denote the hyperfinite II, factor. Then the following are

equivalent:

1. § is strongly ergodic.

2. For any measurable map p : X — Aut(T) satisfying p(x1) 'o(x2) € [T] for almost
every (xy1, ) € S, there exists a € Aut(T) such that p(x)a € [T], for almost every

zeX.

3. For any measurable map ¢ : X — Aut(R) satisfying o(x1) to(x2) € Inn(R) for
almost every (z1,13) € S, there exists a € Aut(R) such that (x)a € Inn(R), for

almost every x € X.

Proof. (1) = (2) Assume that S is strongly ergodic. Let ¢ : X — Aut(7) be a measurable
map satisfying op(x1) 1p(xy) € [T], for almost every (z;,73) € S. For y € Y, define the

map ¢, : X — Y given by ¢, (z) = ¢(x)(y). Then (p,(z1), p,(x2)) € T, for almost every
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(x1,29) € S. Since S is strongly ergodic and T is hyperfinite, by [HK05, Theorem A.2.2],
we get that ¢, () is contained in a single 7-class, for almost every € X. In other words,
for all y € Y, we have that (o(x1)(y), p(z2)(y)) € T, for almost every (z1,z5) € X. By
Fubini’s theorem, we can therefore find zo € X such that (p(z1)(y), p(z2)(y)) € T, for

Yo(z) € [T], for almost every z; € X, which

almost every (z1,y) € X xY. Hence, p(z1)~
proves (2).

(2) = (1) Assume that S satisfies (2), and suppose by contradiction that S is not
strongly ergodic. Let Yy = {0,1} together with the probability measure vy = 3(d + d1),
and define (Y, v) = (Y, vp)N. Consider the countable ergodic p.m.p. equivalence relation
T on (Y, v) given by (y,)7T (2,) if and only if y,, = z,, for all but finitely many n € N. Since
S is not strongly ergodic, [JS87, Theorem 2.1] provides a factor map 7 : (X, u) — (Y, v)
such that 7([z]s) = [7(z)]r, for almost every z € X.

Let po = idy, and p; : Yy — Yj be given by p1(0) = 1 and p;(1) = 0. We define

p: Y — Aut(T) by letting p(y)(t) = (py,(tn)), for all y = (y,) € Y and t = (t,) € Y.

Then p satisfies

p(y) 'p(z) €[T] &= (y,2) €T, forally,z€Y. (4.26)

Define ¢ : X — Aut(7) by letting ¢(z) = p(7(z)). Then for almost every (z1,z2) € S,

we have that (7(z), 7(z2)) € T, thus ¢(z1) to(xa) = p(m(z1)) ' p(7(x2)) € [T]. On the
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other hand,

(> p)({(1,22) € X x X | p(a1) " p(a2) € [T]})
= (px ) ({(x1,22) € X x X | (7(21), 7(22)) € T})

= xv)(T)=0.

This implies that there does not exist « € Aut(7) such that p(zx)a € [T], for almost
every x € X, which contradicts the fact that S satisfies condition (2).

(1) = (3) Assume that S is strongly ergodic. Then (L>=(X)“)l¥l = C1, and (3)
follows by applying Theorem 4.2.1 to the trivial factor map.

(3) = (1) Assume that S satisfies (3), and suppose by contradiction that S is not
strongly ergodic. Let (Y, v) = (Yp, )" and T be defined as in the proof of (2) = (1). Since
S is not strongly ergodic, [JS87, Theorem 2.1] provides a factor map 7 : (X, u) — (Y,v)
such that 7([z]s) = [7(z)]r, for almost every z € X.

Let R = ®,enM(C) be the hyperfinite II; factor. Let u € My(C) be a unitary with
7(u) = 0. Let po = idu,(c) and p1 = Ad(u) € Aut(My(C)). We define p : Y — Aut(R)
by letting

p(y) = @nen py, forally=(y,) €Y.

If y,2 € Y and (y,z) € T, then we clearly have that p(y)~'p(z) € Inn(R). Con-
versely, assume that p(y)~'p(z) € Inn(R), for some y,z € Y. If (y,z) ¢ T, then we can
find a subsequence (k,) on N such that y,, # z,,, for all £ > 1. Since u ¢ C1 we can

find v € My(C) such that p;(v) = wwu* # v. For k > 1, let vy, = ®penvni € R, where
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Upk =0, if n =ny, and v, = 1, if n # ng. Then

()™ p(2) (k) = vella = 1y, P (0) = vll2 = lluvu® —vllo > 0, for all k > 1.

Since (vg)r € R’ N R* this contradicts the fact that p(y)~'p(z) € Inn(R). Altogether, we

have shown that p satisfies p(y)'p(z) € Inn(R) <= (y,2) € T, forall y,z € Y.
Finally, define # : X — Aut(R) by letting 6(z) = p(n(x)). By repeating the

argument from the end of the proof of (2) = (1) one derives a contradiction with the fact

that S satisfies condition (3). O

This chapter contains material from: A. loana and P. Spaas, “A class of II; fac-
tors with a unique McDuff decomposition”, preprint arXiv: 1808.02965, submitted. The

dissertation author was one of the primary investigators and authors of this paper.
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