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Choosing the LG01 Waist: A Simple Analytical
Model for FEL Laser Heaters

Zach Liu1,*

1Department of Electrical and Computer Engineering, University of California, Los Angeles,

Los Angeles, CA 90095, USA
*zachliu@g.ucla.edu

Abstract: Tang et al. showed LG01 laser heaters improve FEL microbunching suppres-
sion versus Gaussian beams.[2] Using Gaussian-beam theory [4, 5], we model LG01–electron
overlap versus beam-size ratio and derive an optimal waist for heater design.

INTRODUCTION

Free-electron lasers (FELs) are able to provide ultrabright, ultrashort coherent ra-
diation all the way down to the angstrom level[2], which transformed the field of mate-
rial science, structural biology, shock physics, molecular physics, photochemistry, etc.
significantly.[1]

However, there is a factor that can hurt the performance of FELs, called Microbunch-
ing instability (MBI). MBI is a collective effect that can grow small density and energy
fluctuations during bunch compression in linac-based FELs. These amplified modula-
tions lead to unwanted coherent emission and degrade the spectral quality of the x-ray
output. A standard way to reduce MBI is to use a laser heater. In a laser heater, a co-
propagating laser overlaps with the electron beam in a short undulator and introduces
a controlled, uncorrelated energy spread before the main compression stages.[2]

Tang et al. studied how the transverse mode of the heater laser affects this added
energy spread at the Linac Coherent Light Source (LCLS). They showed experimentally
that replacing a conventional Gaussian TEM00 beam with a Laguerre–Gaussian LG01

beam produces an induced energy distribution that is much closer to Gaussian. In their
configuration, the electron beam is centered in the dark core of the LG01 donut. Near
the center, the LG01 field amplitude grows approximately linearly with radius, so when
combined with the transverse Gaussian electron profile, the resulting energy spread is
smoother and more favorable for suppressing MBI.[2]

While Tang et al. focused on demonstrating the advantages of the LG01 mode over
the TEM00 mode, they did not analyze how the transverse size of the LG01 beam
should be chosen relative to the electron beam size. In practice, the heater laser waist
is a tunable parameter in the beamline optics, and different choices of beam size may
change both the overall heating strength and the sensitivity to alignment errors.

In this paper we build on Tang et al. by studying the effect of the LG01 beam waist
on the transverse overlap with the electron beam. Using Gaussian-beam and higher-
order mode theory from Liu’s Principles of Photonics[5] and Vengelis’s Laser Physics[4],
we model the LG01 intensity profile and the electron beam as Gaussian-like functions,
define a scalar heating strength based on their overlap, and derive how this strength
depends on the size ratio β = wL/σe, where wL is the LG01 waist radius and σe is the
rms electron size. This provides a simple analytical framework to suggest an optimal
choice of LG01 waist radius for FEL laser heaters.
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METHODS

We work in the heater waist plane, where both the laser and the electron beam are
transversely centered and the LG01 mode has its canonical donut shape. According to
standard Laguerre–Gaussian mode theory,[5] the field amplitude of the LG01 mode at
the waist can be written as a Gaussian envelope multiplied by a factor proportional to
the radius r. Squaring the field gives an intensity profile of the form

ILG01(r) ∝
(

r

wL

)2

exp

(
−2r2

w2
L

)
, (1)

where wL is the LG01 beam waist radius. This expression captures the key qualitative
features observed in Tang et al.[2]: a dark core at r = 0 and a single bright ring whose
radius is set by wL.

The electron beam at the heater is modeled as a round Gaussian distribution in the
transverse plane with rms size σe,

ρe(r) =
1

2πσ2
e

exp

(
− r2

2σ2
e

)
, (2)

where ρe(r) is normalized so that
∫∞
0

ρe(r) 2πr dr = 1. This is the usual assumption
for high-brightness linac beams and matches the conditions discussed in Tang et al.[2]

Following the transverse averaging used in Li et al. for rms induced energy spread[3],
and for simplicity, we define a scalar heating strength as the electron-density-weighted
transverse average of the LG01

H(wL, σe) ∝
∫ ∞

0

ILG01(r) ρe(r) 2πr dr. (3)

This equation is therefore a simple model for how efficiently the LG01 intensity profile
overlaps the electron density, and is proportional to the induced rms energy spread in
this transverse-only picture.

Substitute equation (1) and (2) into equation (3), we can obtain:

H(wL, σe) ∝
1

w2
Lσ

2
e

∫ ∞

0

r3 exp

[
−
(

2

w2
L

+
1

2σ2
e

)
r2
]
dr. (4)

For convenience we define

a =
2

w2
L

+
1

2σ2
e

, (5)

So equation (4) will become

H(wL, σe) ∝
1

w2
Lσ

2
e

∫ ∞

0

r3e−ar2 dr. (6)

Given this form, we can apply the normalized Gaussian integral equation, which is:∫ ∞

0

r3e−ar2 dr =
1

2a2
, a > 0, (7)

After applying equation (7) on equation (6), we can obtain:

H(wL, σe) ∝
1

2w2
Lσ

2
ea

2
. (8)
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To express H in terms of the relative beam size, we introduce the dimensionless
ratio

β =
wL

σe
. (9)

Using this, equation (5) can be rewritten as

a =
2

w2
L

+
1

2σ2
e

=
2

β2σ2
e

+
1

2σ2
e

=
1

σ2
e

(
2

β2
+

1

2

)
, (10)

and therefore

a2 =
1

σ4
e

(
2

β2
+

1

2

)2

. (11)

Substituting this into equation (8) and using w2
L = β2σ2

e , we obtain

H(β) ∝ 1

2β2σ4
e

· σ4
e(

2
β2 + 1

2

)2 =
1

2β2

1(
2
β2 + 1

2

)2 . (12)

The denominator can be simplified as

2

β2
+

1

2
=

4 + β2

2β2
,

(
2

β2
+

1

2

)2

=
(4 + β2)2

4β4
. (13)

Therefore the normalized heating strength as a function of β becomes

H(β) ∝ 1

2β2
· 4β4

(4 + β2)2
=

2β2

(4 + β2)2
. (14)

Equation (14) is the central analytic result of this method section: it expresses the
relative heating strength solely in terms of the size ratio β = wL/σe. In the next
section we analyze this function, find the optimal β, and compare different beam-size
choices using numerical evaluation and plots.

To make quantitative plots from the analytic result in equation (14), we evaluate the
normalized heating strength on a discrete set of values of the size ratio β = wL/σe using
MATLAB. In practice, we choose β in the range 0.2 ≤ β ≤ 5 to cover the cases where
the laser spot is much smaller than, comparable to, or much larger than the electron
beam.

RESULTS AND INTERPRETATION

Equation (14) gives the normalized heating strength as

H(β) ∝ 2β2

(4 + β2)2
, β =

wL

σe
.

To find the optimal size ratio, we let u = β2 and treat H as a function of u,

H(u) ∝ 2u

(4 + u)2
. (15)

Differentiating with respect to u and setting the derivative equal to zero yields

dH

du
∝ 2(4 + u)(4− u) = 0, (16)
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so the maximum occurs at u = 4, i.e. β2 = 4 and

βopt =
wL

σe
= 2.

In this simple model, the heating strength is therefore maximized when the LG01 waist
is approximately twice the rms electron beam size.

Figure 1: Normalized heating strength H/Hmax vs β = wL/σe

Using the numerical procedure described in the Methods section, we evaluated H(β)
on a grid of β values between 0.2 and 5 and normalized the results by the maximum
value. The resulting curve is shown in Fig. 1. The maximum of the numerical curve
agrees with the analytic result and occurs near β ≈ 2. For β < 1, the LG01 beam is
narrower than the electron beam, so only a small fraction of electrons overlap with the
high-intensity donut ring and the effective heating is weak. For β ≫ 2, the LG01 beam
is much larger than the electron beam and a large fraction of the laser power is wasted
in regions where there are few or no electrons, so the heating strength again drops.

We can compare this simple result with the parameters quoted in Tang et al.[2]
For their laser heater, the transverse electron beam size at the heater is approximately
σx ≈ 50 µm, while the LG01 laser has a quoted transverse size of σr ≈ 325 µm.
Identifying our model parameter σe with σx, equation (14) predicts an optimal waist of

wopt
L ≈ 2σe ≈ 100 µm.

Though σr is not exactly the waist radius, we can approximate β using the calcula-
tion below:

β ≈ σr

σx
≈ 325 µm

50 µm
≈ 6.5,

which is significantly higher than the value β ≈ 2 suggested by our analytical model.
One plausible reason is that using a larger laser spot can reduce sensitivity to transverse
jitter and alignment errors at the cost of some overlap efficiency, whereas our model
optimizes only the idealized overlap in a perfectly aligned system.

Overall, these results suggest that there is a well-defined size ratio that maximizes
transverse overlap between an LG01 heater and a Gaussian electron beam. This provides
a basic design guideline—choosing the LG01 waist to be on the order of twice the electron
beam size—while also highlighting that real FEL implementations, such as that of Tang
et al., may choose different waists to balance overlap, jitter tolerance, and available laser
power.
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CONCLUSION

Tang et al. showed experimentally that using a Laguerre–Gaussian LG01 laser heater
instead of a Gaussian TEM00 beam can produce a smoother, more Gaussian energy
distribution and improve microbunching suppression in free-electron lasers.[2] Their
work focused on demonstrating the advantage of the LG01 transverse mode, but it did
not address how the transverse size of the LG01 beam should be chosen relative to the
electron beam.

In this paper we used Gaussian-beam theory from Liu’s Principles of Photonics[5],
Vengelis’s Laser Physics[4] together with a simple overlap-based heating model to study
this question. Modeling the LG01 intensity and the electron beam as Gaussian-like
profiles, and defining a scalar heating strength as the electron-density–weighted overlap
of these profiles, we derived an analytic dependence of the heating strength on the size
ratio β = wL/σe. The resulting expression, H(β) ∝ 2β2/(4+β2)2, has a clear maximum
at βopt = 2, indicating that, in this model, the LG01 waist should be about twice the
rms electron beam size for optimal overlap. Numerical evaluation of H(β) confirms this
behavior and illustrates how both under-filling and over-filling the electron beam reduce
effective heating.

Although this model neglects longitudinal dynamics, detailed undulator physics,
and alignment jitter, it provides a compact design guideline that complements the
experimental results of Tang et al.: once an LG01 heater is chosen, its waist should be
selected with the electron beam size in mind, rather than arbitrarily. Future work could
incorporate transverse jitter, realistic beamline optics, and start-to-end FEL simulations
to refine the optimal waist condition and explore how polarization shaping or dispersion
effects, such as those from the spiral phase plate, further modify the ideal LG01 heater
configuration.
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