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ABSTRACT OF THE DISSERTATION

Averaging and Singular Perturbation on Multiple Time Scales: From Sperm Chemotaxis to
3D Source Seeking

By
Mahmoud Abdelgalil
Doctor of Philosophy in Mechanical and Aerospace Engineering
University of California, Irvine, 2023

Associate Professor Haithem Taha, Co-Chair
Distinguished Professor Tryphon Georgiou, Co-Chair

This work revisits higher order averaging with a focus on the analysis of high-amplitude,
high-frequency oscillatory systems; a class of systems that arises in the motion planning and
stabilization of control-affine systems via oscillatory inputs, and in extremum seeking control.
Traditional extremum seeking control suffers from persistent oscillations in the steady state.
As a first contribution of this thesis, we extend recent results in the literature to allow for
vanishing oscillations in steady state even when the optimal value of the function is unknown

apriori.

Next, we investigate the effect of multiple periodic time scales on the average behavior
of highly oscillatory systems through a recursive application of averaging methods. By
exploiting the multiple-scale nature of our analysis, it is possible to separate the dither signals
used for gradient estimation in extremum seeking on a slower time-scale, thereby relaxing
the non-resonance conditions that are otherwise necessary in multi-dimensional extremum

seeking.

Then, we consider a singularly perturbed version of highly oscillatory systems. In contrast

to the results in the literature, we provide explicit formulas for the reduced order averaged

X



system that accounts for the interaction between the fast periodic time scale and the singu-
larly perturbed part of the system. Moreover, we combine recursive averaging results with
singular perturbation on multiple time-scales and provide explicit formulas for the reduced

order averaged system.

In addition, we provide two applications of the methods studied in this thesis. The first
application is concerned with klinotaxis in microorganisms. Specifically, we show that the
chemotactic strategy of sea urchin sperm cells is a natural implementation of an extremum

seeking control law under a nonholonomic integrator.

In the light of this novel connection, we propose bio-inspired 3D source seeking algorithms
for rigid bodies with collocated and non-collocated sensors. Unlike all the results in the

literature, our proposed algorithms do not assume any global attitude information.

Finally, we investigate, through formal calculations and numerical simulations, the effects
of time delays on highly oscillatory systems. We provide explicit formulas for second order
averaging of retarded differential equations with a constant time delay when the delay is
infinitesmal or is finite. We show that the dynamics of the second-order averaged system
depends on a twice-delayed state of the original system when the delay is finite. Moreover,
we show that even an infinitesmal delay may bifurcate a single periodic orbit of the original
system into multiple orbits and affect their stability. Our analysis highlights a fundamental
trade-off between robustness to infinitesmal time-delays and the domain and speed of at-
traction for highly oscillatory systems when the frequency of oscillation is large compared to

the natural time-scale of the dynamics.



Chapter 1

Introduction

Perturbation theory is concerned with the study of dynamical systems with small param-
eters. The trivial approach in perturbation theory is to substitute with zero for the small
parameters, thereby obtaining as a zeroth-order approximation of the system under consid-
eration in the limit where the small parameters vanish. This simple approach, however, fails
in various ways and for various reasons. The problems where the simple approach fails are
called singular perturbation problems, and, depending on the nature of the problem, more

advanced tools are needed to approximate the behavior of the system.

This thesis considers a class of singular perturbation problems that arises in extremum
seeking control [2, 3, 4] and the motion planning and stabilization of control-affine systems
[5]. In particular, we employ higher-order averaging [6] and various extensions of the classic
theorem of Tikhonov [7, Theorem 11.1] in our analysis. This introductory chapter provides
a brief tour of the tools we use in this thesis, starting with the classical averaging method

in the next section.



1.1 The classical averaging method

The method of averaging has a rich history going back as far as the early works of Laplace
and Lagrange on the study of secular planet motions in celestial mechanics during the 1700s.
Over the course of three centuries, the method continued to evolve thanks to the contributions

of many great mathematicians [6, Appendix A].

Averaging received strong interest from Soviet Union mathematicians during the 1900s,
which led to the formulation of the Krylov-Bogoliubov-Mitropolskii (KBM) averaging method
with application to nonlinear oscillations in physics and engineering [8]. The emphasis has
been on constructing asymptotically accurate solutions to nonlinear time varying differential

equations in the presence of weak oscillations.

Not long after, the chronological calculus was developed to provide a representation for the
flow of time varying vector fields as an exponential-like series [9]. The framework of chrono-
logical calculus naturally lends itself to the method of averaging. For example, Bullo utilized
the chronological calculus framework in the averaging analysis and vibrational stabilization
of mechanical systems [10, 11]. Concurrently, the framework was employed by Sarychev [12]
and later Vela [13] as a geometric formulation of the standard averaging theorem, and, in
combination with nonlinear Floquet theory, as a tool for the stability analysis of nonlinear
time periodic systems. For more details on the connection between the chronological calculus

approach to averaging and the KBM method, we refer the reader to the recent article [14].

Although the method of averaging applies to a general class of vector fields (the class of
so-called KBM vector fields [6, Chapter 4]), the averaging method is well developed for the
class of periodic vector fields and has been generalized to arbitrarily high orders under close-
to-minimal regularity assumptions [15]. In this introductory section, we focus on periodic
systems. The presentation in this chapter is largely based on the excellent book by Sanders

and Verhulst [6].



Consider the following perturbation problem:

k
X = Z e fi(x,t) + 5k+1f[k+1] (x,t,¢), x(0) = %o (1.1)

where the vector fields fj, fjz,1) are T-periodic in ¢, k& € N is some constant integer, and
e € [0,gp] is the perturbation parameter. We are interested in obtaining an approximation
of the behavior of the trajectories of the system (1.1). To achieve this task, the so-called

near-identity transform:
k .
=U(¢ te) =6+ (€, ) (1.2)
i=1

can be utilized as a coordinate transform, where in the new coordinate £ we have that:

é = Z 5i E(&) + €k+1f.[k+1] (57 t? 6)7 5(0) = Xy (13>

Now, we see that according to (1.2), we have that:

k

X = GtU(f, t, 5) + agU(E, t, 6)5 = Z €i <8tui(£, t) — Kl,z’<€7 t)) + O(EkJrl) (14)

=1

where K, ; for i € {1,...,k} is the coefficient of the O(&?) term in the product d;U(€,t, ) €.

At the same time, we have from (1.1) that:

x—Zef (€,1.2),1) + " sy (U(E, t,2), 1, 2)
(1.5)

= Z€i K27i<£,t) + O(8k+1)

i=1

where the right-hand-side is to expand as a Taylor series in € up to order ¥, and Ky is the



coefficient of €’ in that expansion. By matching the coefficients of like-powers for the two

series in (1.4) and (1.5) up to order ¥, we arrive at the so called homological equations:
atui(gut) :Kl,i(gvt) +K2,i(£7t)7 (S {L?k} (16)

The remaining terms of order O(¢**!) and higher are grouped into the vector field fi;.

Because (1.2) is a near identity transform, the homological equations take the form:

atuz(€7t> :Kz(gat) _fz(é)a (S {177k} (17)

where K; depends on fj, f;,u; for j € {1,...,i — 1} and f;, but not on f;. Utilizing this
structure, the homological equations can be solved sequentially by defining f; as the time

average of K; over one period:

_ 1 [T
fi_?/o K, (€, )dt, ic{l,. .k} (1.8)

In this case, the homological equations (1.5) are solvable via direct integration:

wi(E, 1) = /OT (Ku(6.1) ~ E(€) )t ic{l,.. k) (1.9)

since the right-hand-side is a periodic function with zero average. The actual definition of
the near-identity transform and the averaged system can now be constructed by reversing
the arguments above. We provide here the first and second order terms in the expansion

because they will play important roles in subsequent sections:

Kl(&at) - f1<€7t) (110)

K2(£7 t) = f2(£7 t) + aﬁfl(ga t) 111(57 t) - a£u1(£7 t) E'1<£) (111)

We refer the reader to [14] for exact expressions of the third and fourth order terms, and to



[6, Chapter 3] for a systematic procedure of obtaining higher order expansions using the so

called Lie transforms.

Now that we have defined the near-identity transform and the averaged system (1.2), we
would like to obtain estimates on the error between the trajectories of the original system
(1.1), and the trajectories of the averaged system (1.2). To state this relation, we introduce

a shorter version of the near identity transform:
j .
Uj(&te) =€+ (€ t) (1.12)
i=1

and the truncated averaged system:

€= D), £(0) = xo (1.13)

The following theorem, adapted from [6], summarizes the relation between the trajectories

of (1.1) and (1.13):

Theorem 1.1.1. The exact solution to (1.1), denoted as x(¢), and its approximation X(t) =

U, 1(€(t),t, ), where £() is the solution to the system (1.13), satisfy the error estimate:
Ix(t) = %(t)[| = O(") (1.14)
for t ~ O(1/e) and small €.

The theorem above provides a direct relationship between the trajectories of the time-varying
system (1.1) and the time-invariant system (1.13). Therefore, by studying the simpler sys-
tem (1.13), we may be able to conclude qualitative properties of the original time-varying
system (1.1). As an example, when the averaged system possesses an exponentially stable
equilibrium point, one can show that the original system possesses an exponentially stable

periodic orbit.



Despite the fact that the class of problems studied in this section are singular perturbation
problems in the general sense of the term, a truly singular behavior arises when a reduction
of the order of the differential equation under consideration happens in the limit ¢ — 0,
which is not the case for the system (1.1). The next section provides a brief introduction to

the main method in tackling such behavior.

1.2 Tikhonov’s Theorem

In later chapters, we will be primarily concerned with singular perturbation problems in
which a part of the system state (the fast states) converges sufficiently fast to an equilibrium
manifold. The typical setting for this type of problems (e.g. [7]) is the following. Let

x; € R™ and x5 € R™, and consider the following system of differential equations:

Xl = fl(Xl,Xg), Xl(O) = X10 (115&)

)

EXy = f2(X1>X2)7 XQ(O) = X290 (1.15b)

In the limit € — 0, the order of the differential equations drops to n; due to the fact that
multiplies a part of the highest order derivative in the equations. Consequently, the equations

of the system reduce to:

).21 = fl(il,Xg), )21(0) = X10 (116&)

0= f2()~(1,X2) (116b)

If there exists a sufficiently smooth unique function ¢(x;) such that:

f2(%1,(%1)) = 0 (1.17)



and the boundary layer model given by:

d
=2 = (1. ys +p(x1) (1.18)

where x; is treated as a constant parameter, possesses the origin as a globally exponentially
stable equilibrium point, then under sufficiently regularity conditions a classical result known
as Tikhonov’s theorem provides a relation between the trajectories of the system (1.15) and

the system (1.16) and (1.18).

Theorem 1.2.1. [7] There exists a sufficiently small e* € (0,00) such that Ve € (0,e*) we

have:

x1(t) — X1 (t) = O(e) (1.19)

Xa(t) — p(x1(t)) — ya(t/e) = O(e) (1.20)

Vit € [to, t1] where the interval [to, t1] is the interval of existence and uniqueness of the solution

(1)

The key idea behind Tikhonov’s theorem is to exploit the exponential stability of the bound-
ary layer model (1.18) to replace the singularly perturbed part of the system (i.e. x5) with its
quasi-steady state ¢(x1). However, Tikhonov’s theorem is concerned only with first order
behavior as is evident from the nature of the approximate relation between the trajecto-
ries (i.e. the error is O(e)). In later chapters, we shall encounter situations in which the
first-order behavior of the system vanishes and it becomes necessary to proceed to at least
second-order so as to capture the leading order behavior of the system under consideration.
Consequently, we shall have to obtain an asymptotic approximation of the motion around

the quasi-steady state ¢(x;) using a perturbative expansion in the small parameter ¢.

The archetype application of the combination of singular perturbation and averaging, and



to which a major part of this thesis is a contribution, is the well-known adaptive control
technique called extremum seeking [2]. In the next section, we give a brief introduction to

extremum seeking control.

1.3 Extremum Seeking Control

Extremum Seeking (ES) control is an adaptive control technique designed to steer a dynam-
ical system towards the extremum of an objective function that depends on the state of the
system, without access to information about the gradient of the function (only the value of
the objective function is available for measurement at each instant in time). The first ES
control law can be traced back to the century old paper due to Leblanc [16], but the recent
interest in ES control was sparked by Krsti¢’s seminal paper [2]. In the simplest setting,
an ES controller is designed to find the optimal value of a single-variable static objective
function by dynamically estimating the gradient. Let ¢(z) be the objective function, and

consider the following dynamical system [17]:

r =&+ a sin(wt) (1.21a)
5= 2k (G — (1) sin(wt), (1.21b)
G=w(G—aq) (1.21¢)
G =w(c(x) = G), (1.21d)

which is depicted in the block diagram shown in figure 1.1, where ¥ is the estimate of the
optimal value of the independent variable x, (; and (; are the states of a band-pass filter
centered around the constant frequency w, and k, a are tuning parameters. The flow of
the block diagram in figure 1.1 can be traced as follows. First, a sinusoidal perturbation is

injected to sample the objective function near the estimate z. Using Taylor expansion, the



instantaneous cost can be written as:

%) 4 sin(wt) + O(a?). (1.22)

We observe how the gradient appears as the amplitude of the sinusoidal perturbation. In
engineering terms, injecting the perturbation around the current estimate z ‘modulates’
the local gradient information on the amplitude of the sinusoidal ‘carrier’ signal sin(wt).
Therefore, to extract the gradient information, the measured objective function c(x) goes
through a band-pass filter centered around the frequency w as defined by equations (1.21c)-

(1.21d). The output of the filter { can be approximated in a quasi-steady sense by:

_ Lde(z)
-G~ T

a sin(wt), (1.23)

Next, the gradient information is ‘demodulated’ (i.e., extracted from the carrier signal)
through multiplication with another sinusoid having the same frequency and phase as the

carrier signal:

2((o — ) ksin(wt) ~ %dig)

(1 — cos(2wt)), (1.24)

where the time-average of the right hand side of equation (1.24) is proportional to the
gradient. Finally, the demodulated gradient information is used in adjusting the current
estimate . Through a simple averaging argument, we obtain that the estimate z evolves on

average according to:

T2 — () ksin(wt) = T

(1.25)

where the overline indicates the time average of the overlined quantity. That is, the estimate

T evolves, in a quasi-steady average sense, along the gradient of the objective function under



Demodulation Integration Perturbation

k sin(wt) a sin(wt)

0dB

Magnitude Response Phase Response
Band-Pass Filter

Figure 1.1: A block diagram description of the simplest extremum seeking control scheme
as represented by equations (1.21).

the extremum seeking control law (1.21). The interested reader is referred to [2, 17, 18] for

more details.

A key feature of extremum seeking control is that it employs zeroth-order information (i.e.
objective function evaluation) to extract first-order information (i.e. objective function gra-
dient). As such, extremum seeking control arises as a second-order effect in a dynamical
system. In particular, it is clear that the oscillations around the current estimate z in
equation (1.21a) have zero mean. Therefore, from an averaging perspective, the first-order
behavior of extremum seeking vanishes and the leading order behavior is second-order. This
aspect of extremum seeking is analogous to a situation that arises in nonholonomic control
affine systems typically studied in geometric control theory. The following section provides

a brief introduction to this connection with extremum seeking control.

1.4 Highly Oscillatory Systems

The development of geometric control theory in the second half of the 20th century rejuve-
nated the interest in the use of oscillatory inputs for the stabilization and motion planning

of nonlinear control affine systems. This approach culminated in the results obtained by

10



Sussmann and Liu [19, 20, 5] who extended the earlier work of Kurzweil and Jarnik [21]
on the limits of solutions of sequences of systems of ordinary differential equations. No-
tably, Sussmann and Liu’s techniques on trajectory approximation and tracking may be
combined with the notion of practical stability [22, 23] to analyze the long time behavior
of time varying control-affine nonlinear systems. This approach is based on establishing
the so-called ‘convergence-of-trajectories’ property between the system in consideration and
the ‘extended system’ in which the high-frequency, high amplitude-oscillation is replaced
by accounting for its average effect on the trajectories. In recent years, this approach was
utilized in analyzing extremum seeking systems with the introduction of the Lie Bracket

Approximation framework [3, 24, 1].

1.4.1 Lie Bracket Approximation Framework

The basic setting of the Lie Bracket Approximation framework, which is quite similar to
the second order case in Sussman and Liu’s results, is as follows. Consider the time varying

control affine system defined by:

x = byo(x,t) + ZT: Vwu(t, wt)b;(x, t) (1.26)

where the functions wu; are periodic in their second argument and have zero average over
the period. Through a combination of Gronwall’s inequality and integration by parts, the
authors in [3] establish the convergence of the trajectories of the system (1.26) on compact
time intervals and compact sets in the limit as w — oo to the trajectories of the so called

Lie Bracket system:

% =bo(x,t) + > vji(t)[bi, by (x, 1) (1.27)

1<J

11



where:

vj(t) = %/0 u;(t, ) /OT w;(t,v)dvdr (1.28)

Ob, Ob;

The convergence-of-trajectories property is then employed to establish the practical stability
as defined in [23] of the original system (1.26), provided that the Lie Bracket system (1.27)

posses a globally uniformly asymptotically stable compact subset.

1.4.2 Lie Bracket Approximation of Extremum Seeking

The Lie Bracket Approximation framework has been applied to study and establish the
practical stability of extremum seeking control. To illustrate, consider the following scalar

system:

T = vw cos(wt) + J(z)v/w sin(wt) (1.30)

which as the same form as the system (1.26). If we compute the Lie bracket system corre-

sponding to (1.30), we obtain the system:

. 1dJ

S — 1.31
. 2 dx ( )

which is a gradient ascent algorithm. Hence, in the limit as w — oo, the trajectories of
(1.30) approximate the trajectories of (1.31), which drives the trajectories of the system
in the direction of the gradient. Various extensions of the Lie bracket approximations has
appear in the literature. Nevertheless, it seems that no attempts have been made to relate

this approach to the standard method of averaging except for the discussion in [3, Section

12



5]. Moreover, [3, Section 5] claims that the averaging method is not directly application to
the class of highly oscillatory systems, which is not true. We illustrate below how higher

order averaging can be used to analyze the behavior of this class of systems.

1.4.3 Classical Averaging Treatment of Highly Oscillatory Sys-

tems

Consider the system (1.26), and apply the time scaling 7 = w(t—tg)+to. Then, let e = 1/y/w

in order to obtain the system:
= sz ui (€27, T)bi(x, £27) + by (x, £7) (1.32)

Observe that this system is on the averaging canonical form. If we attempt first-order
averaging we obtain the trivial system:

dx

ax _ 1.
=0 (1.33)

due to the nature of the time-periodic signals u;. Nevertheless, by applying the stroboscopic
averaging theorem for systems with slow time dependence to second-order in €, we obtain

the system:

dx

& = =c Zvﬂ 1) [b;, b;l(x,¢e 27) 4+ e?by(x, £27) (1.34)

1<j

By reversing the time scaling t = (7 — tg) + to, we obtain the averaged system:

N |

o(X, 1) +Zvﬂ [b;, b(%,1) (1.35)
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which is identical to the Lie bracket system (1.27). Hence, the higher-order averaging theorem
is applicable to the class of systems considered in the Lie bracket approximations approach,

and more generally the class of systems considered in Sussmann and Liu’s results [19, 20, 5].

The key advantage of introducing the Lie Bracket approximation framework for extremum
seeking control is that versatility that the framework brings to the design of extremum seeking
systems. In particular, the approach made it possible to design extremum seeking control
laws with various important and interesting properties [24, 25, 1] Moreover, it facilitated
the study of extremum seeking systems when the underlying dynamics of the system has
a nonholonomic nature. We exploit this particular feature in our treatment of the source
seeking problem, a variant of extremum seeking control that has direct applications in robotic

navigation.
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Chapter 2

Extremum Seeking with Vanishing

Input Oscillations

One of the main issues with the traditional extremum seeking control [17, 3] is the inevitable
oscillation of the steady state response around the optimum point, which is a consequence
of continuously changing the control input. Only practical stability is guaranteed [3]; the
system converges to a periodic orbit around the optimum point whose size diminishes as
the frequency of the dither increases. However, because the amplitude of the dither signal
is typically scaled with frequency [3, 5], shrinking the size of the periodic orbit around the
optimum point will necessitate large-amplitude control signals, risking control saturation.
This issue can be resolved by using nonsmooth control vector fields as was demonstrated
by Scheinker and Krstic [24]. To show this interesting feature, they extended Liu and Suss-
mann’s averaging techniques [5] to nonsmooth systems (not differentiable at the minimum
point). This extension enabled analysis for a class of nonsmooth control vector fields that
possesses interesting properties for extremum seeking control such as vanishing at minimum
points and bounded update rates. Suttner and Dashkovskiy [25] proposed another type of

nonsmooth control vector fields that allow sharper results than that of Scheinker and Krstic
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[24]; the former proved exponential/asymptotic stability of the minimum point using ex-
tremum seeking control where as the latter only showed that the oscillations in the control
input will vanish if the system ever reaches the minimum point. Then, Grushkovskaya et al.
[1] presented a unifying class of generating vector fields for extremum seeking control with
vanishing control oscillations that subsumes the types used by Suttner and Dashkovskiy [25]
and Scheinker and Krstic [24]. They provided a detailed proof of exponential /asymptotic
stability for this class of vector fields. Moreover, their proof is constructive; it illustrates
how to pick the frequency of oscillation for the dither signals in terms of some constants that

define bounds on the cost function and the vector fields.

Nevertheless, one of the main assumptions in these efforts [24, 25, 1] to guarantee expo-
nential /asymptotic stability of the minimum (and consequently to eliminate persistent os-
cillations) is that the function takes a minimum value of zero at the minimum point, or
equivalently that the function value at the minimum point is known apriori, which is a
strong requirement. Suttner [26] made an attempt to relax this assumption by adapting
the frequency. In their framework, the minimum point is not assumed to be an equilibrium
point of the uncontrolled dynamics and convergence to the minimum point(s) is guaranteed.
However, asymptotic stability in the sense of Lyapunov is forfeited. More relevant to our
work, the frequency update rule leads to unbounded frequency as the system approaches the
minimum point. This behavior leads to a control input signal that grows without bound

and oscillates infinitely fast around the minimum point, even in the absence of a drift vector

field.

In this chapter, we propose a solution that resolves the two issues discussed above simul-
taneously: (i) achieving asymptotic convergence to the minimum point without requiring
knowledge of the minimum value of the cost function, and (ii) doing so without persistent
excitation of the control signal (i.e., the amplitude of the dither signal vanishes as the system

approaches the minimum point). Specifically, we prove asymptotic convergence to the mini-
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mum point with bounded amplitude and frequency for all initial conditions in an arbitrarily
large compact subset of the strict epigraph of the cost function containing the minimum
point. Although the presented proof is for the static cost case, it can be extended to the
case of a dynamic cost function under reasonable assumptions on the dynamics similar to

Suttner’s [26] with additional requirements on the drift vector field.

Let D C R™ be a bounded subset with a nonempty interior. Suppose that J : D — R is a

cost function that has the following properties:

Assumption 2.0.1. Assume that J € C3(D;R) and that there exists a unique point x* € D,
such that J(x) = J(x) — J* > 0,Vx # x*, where J* = J(x*) and

k1 (x)2 7 < | VI(X)|]P< ko d (x)> (2.1a)

1

NI (x)' 7 < V2T (X)) < 7 (%) (2.1b)
where k;,v; >0 and m > 1.

Next, define the epigraph and strict epigraph of J

epi(J) = {(x,2) € D x R|J(x) — 2 < 0} (2.2)

epig(J) = {(x,2) € D x R|J(x) — z < 0}, (2.3)

Let 8 = (x, z) € epig(J), and define the functions g; : epig(J) = R, i € {1,2,3}

g1(9) = J(X) - J(], (24&)
92(0) =z —J" =z (2.4b)
93(0) = tanil(_J(Jx()X)_m) — Yo (2.4c)
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where Jy, 10, 20 are positive constants. Let ¢ > 0 and define the domains

Ao = {6 € epig(J)|g:(0) <0, Vi € {1,2,3}} (2.5a)

Ac = {0 € epig(J)|g:(0) <€, Vie {1,2,3}} (2.5b)

Let A denote the set of all ordered pairs (j, s), where 7 € {1,...,n},s € {1,2}. Then, consider

the dynamical system

0 =1,(0)+> £1(0)ux(t) (2.6a)

AEA
fo(0) = —(z — J(x)) enn (2.6b)
f;5(0) = Fy(z = J(x)) €; (2.6¢)

and the functions w1, ;2 (the dithers) are given by

uj1(t) = 2¢/Tw;w sin(2mw;wt) (2.7a)

uj2(t) = 2y/Tw;jw cos(2mw;wt) (2.7b)

where w € (0,00), w; € N, Vj € {1,2,...,n}, and the functions Fj(-), F5(-) satisfy the

condition:

Fy(y) = Fi(y) / ﬁd(y, (2.8)

where the integral is understood as an anti-derivative. Note that many choices for Fy(-)
are possible. An example of such functions is Fj(z) = z, F5(z) = 1, which is the simplest
extremum seeking system. Another example of such functions is Fi(z) = |z|", Fa(z) =
|2|27", which was introduced by Scheinker and Krstic in [24]. Suttner and Dashkovskiy [25]
introduced another set: 1, F(z) = y/zsinlnz, Fy(z) = y/z cosln z, which has the desirable

property that if J(x*) = 0, then there is a critical frequency beyond which the point x*
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becomes an asymptotically stable equilibrium point in the sense of Lyapunov. In particular,
the system converges to the point x* with vanishing control input oscillations. We remark
that if J(x*) > 0, the point x* is no longer an equilibrium point, and only practical stability
holds. Moreover, if J(-) can take negative values, then the vector field introduced by Suttner
and Dashkovskiy [25] is not well defined. In such a case, a large enough positive constant
must be added to the function. However, this requires knowledge of a lower bound on J(x*).
If J(x*) is known exactly, a shift of the form J(x) = J(x) — J(x*) makes the new function

J(+) satisfy the requirements of asymptotic stability. For simplicity, we will fix one choice of

the functions F; and F5, to be:

Fi(z) = Vzsinln z, Fy(z) = \/zcosln z (2.9)

In this setting, we have the following theorem:

Theorem 2.0.1. Suppose that the function J satisfies Assumption 2.0.1, and consider the
system defined by (2.6), (2.7) and (2.9). Fix a choice for the collection of frequencies w; €
N, V5 € {1,2,...,n} such that Vi # j, w; # w;. Then, Jw* € (0,00) such that Vw €
(w*,00), VO(0) € Ay we have:

1. O(t) € A, Vt € [0,00),

2. 0(t) — (x*,J*) as t — 0.
Since J(x(0)) is available via measurement, it is always possible to place z(0), which is
an internal state of the controller, such that the initial condition strictly lies in Ay. We
emphasize that this does not require additional information other than online measurement

of the function value. The proof of Theorem 2.0.1 employs several lemmas which we now

state.
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Consider the Initial Value Problem (IVP)

() = fo(C(1) + D B(CE) ualt), ¢(0) € Ey

where Zg C Z C R", A is the set of all ordered pairs (j,s),7 € {1,2,...,

fo, f\ € I'*(Z) and the dither signals uy(-) are defined by Eq. (2.7)

(2.10)

n},s € {1,2},

Lemma 2.0.1. /3, 5, 26] Let g € C3*(Z;R). Then, for every solution ¢ : I — Z of (2.10),

the function go ¢ : I — R satisfies

t2

g(C(t)|” = RIC). D] + / (F2(C(1)) + RY(C(1), 1))dt

t1

(2.11a)

where I is the interval of existence and uniqueness of {(+), t1,ty € I,ty > t1, and

FI(¢) = Ly g(

9 Z ot 219(C

R{(¢t)= > Ly g(Q) Un(t) = > Ly Ly 9(C) Unyno(t)

AEA A1, A2€A
Rg C t ZLfOLfA Z LfoLfA L.f)\ (C) U)\1,)\2<t>
AEA A1, A2€A
+ Z Lf>\3 LfAQ Lf,\lg(c) U/\l)\z (t>u>\3 (t)
A1,A2,A3€A

U)\(t) = /U)\(t) dt, U,\17)\2(t) = / (UMJQ + U,\l(t) ’U,)Q(t))dT
Uxide =y —1 A\ = (], 2) & A= (j, 1)

0 otherwise

\
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Lemma 2.0.2. Let Z CR" g, € C3(Z;R) Vi € {1,2,...,7}. Let € > 0 and define

No={¢€E|gi(¢) <0, Vie{l,2,. r}} (2.14a)

Ac={CeZ|g(¢) <e, Vie{l,2,..,r}} (2.14b)

and the subsets Al = {C € AE{O < gi(€) < e}. Suppose that Vi € {1,2,...,r}, whenever
¢ € AL, the following bounds hold

gi
&

N

IRl S IRl S Pro <

Vit € R, where ¢, c§', b9 > 0 are constants. Then Jw* € (0,00) such that Vw € (w*, ), V¢(0) €

Ag and maximal solution ¢ : 11— A, for the IVP (2.10), where 0 € I = (t,t)),

er’e

limsup g;({(7)) <€, Vie{1,2,..,r}

T—>t§

Note that w* in the proof of Lemma 2.0.2 gives an estimate of the required frequency of
oscillation in terms of the constants ¢', ¢3', b9 and a choice of § € (0,¢). Thus, to choose a
sufficiently large frequency, one needs to know the constants ¢f*, ¢5', b%". In the next lemma,
we outline a procedure to estimate these constants under Assumption 2.0.1 for the static
cost case. In fact, for a general dynamical system, if one can establish these bounds on the
remainders, then the conclusions of Theorem 2.0.1 hold, as demonstrated by the numerical

results provided above.

Lemma 2.0.3. Consider the system (2.6) and the functions (2.4). Then, there ezists con-

stants ¢, ¢S > 0 such that, VO € Al,i € {1,2,3} and Vt € R:

cfi

NoR

i

| B (0,1)]| < /s

| RS (0,1)]| <
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The proofs of Theorem 2.0.1, Lemma 2.0.2, and Lemma 2.0.3 can be found in the appendix.

We now give a numerical demonstration of the results presented in this chapter.

Example 2.0.1. Let x € R?, and consider the dynamical system

x=A(t)(x—x")+ Bu (2.15a)

3
J(x,t) = §||X — x*||24-5(1 + exp(—t)) (2.15b)
where u € R? is the control input, x* = (1, —1), and

Alt) = cos(t)?  sin(t)? B 11
—sin(t)? cos(t)? -1 1

92

03

)
—X9 (t) 7

10 15 20

Figure 2.1: (left): Illustration of Ay, A, and sample trajectories, (right): Numerical results
of Example 3.1 for the approach in [1] (top), and our approach (bottom)

The numerical results for the proposed control law are shown in figure 2.1 , where we used

the initial conditions x(0) = (—3,3), 2(0) = J(x(0)) +3 = 61, and the frequency parameters
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w=4, w =1,wy=2.

We remark that the proposed method can tolerate bounded monotonic decrease of the mini-
mum value of the function as demonstrated in the provided example. However, we emphasize
that it does not tolerate general time-dependent variations of the cost function in the current

formulation. This is due to the nature of the dynamic upper bound on the cost function (i.e.

z(t)).
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Chapter 3

Averaging and Singular Perturbation

on Multiple Time-Scales

In this chapter, we consider several situations in which the behavior of a dynamical system
with a small parameter is governed by second-order effects. This situation arises when first-
order effects vanish. A common feature among the systems we consider is the presence of
multiple time-scales. We are interested in approximating the behavior of the system on
the slowest time-scale. The main tools we employ in this chapter are: averaging, regular
perturbation, and singular perturbation. In each situation, we provide explicit formulas
for the vector fields that define a dynamical system whose trajectories approximate the
trajectories of the original system, and a characterization of the nature of this approximation.
Under a suitable trajectory approximation relation between the original system and the
limit system, the stability of the limit system can be transferred to the practical stability of
the original system. The approximations formulas and the theorems stated and proved in
this chapter are used in subsequent chapters to study the behavior of novel source seeking

algorithms and klinotaxis in microorganisms.
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3.1 Convergence of Trajectories and Practical Stability

It is well known in the averaging literature that if the averaged system possesses an expo-
nentially stable equilibrium, then the time-varying system possesses an exponentially stable
periodic orbit [7, 6]. However, the requirement on exponential stability is usually strict in the
sense that if only asymptotic as opposed to exponential stability is assumed then one can no
longer assert the existence of a periodic orbit. This can be attributed to the method in which
the existence of an orbit is established, which is typically done through the use of the implicit
function theorem under the assumption that the jacobian of the averaged vector field does
not drop rank near the equilibrium point [6, Theorem 6.3.2]. This requirement however is
too strong when only asymptotic stability is assumed as the jacobian of the averaged vector

field may indeed drop rank at the equilibrium point.

Nevertheless, if one is willing to sacrifice the assertion of the existence of a periodic orbit,
the asymptotic stability of an equilibrium point for the averaged system may be transferred
to a weaker notion of stability known as practical stability. This was first proven in [22] using
advanced Lyapunov techniques. It was shown later in [23] that this transfer of stability is of
a topological nature; it holds whenever the flows of two dynamical systems satisfy a certain
property known as the convergence of trajectories property. We now give a precise definition

of this property and of practical stability.

Let x,%x9 € D C R™ and ¢ € (0,00) and consider the system of differential equations:
x = f(x,t,¢), x(tg) = Xo, (3.1)

whose generating vector field depends on the parameter €. Associated with the system (3.1)

is the flow map ®f : Dom(®f) > (x,t,¢9) — ®i(x,,t1) € D. Now consider another system
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of differential equations:

x = f(x, 1), x(ty) = Xo (3.2)

starting from the same initial condition, to which is associated the flow map @f : Dom(q)f) >

(x,t,t0) — ®f(x,t,t0) € D.

Definition 3.1.1. [23] The system (3.1) is said to satisfy the convergence-of-trajectories
property w.r.t. the system (3.2) if: for every T € (0,00) and compact subset K C D
satisfying {(xo,t,t0) € DX R xR : t € [to,to + T], xo € K} C Dom(®f), and for every
€ € (0,00), there exists €* € (0,00) such that Yty € R, and Vxo € K, and Ve € (0,£*) we

have that

®f(x(,t,ty) exists Vt € [to, to + T
(3.3)

1B (x0, L, to) — ®E(x0, 1, t0)||< € Vit € [to, to+ T]

The meaning of the definition is as follows: whenever the trajectories of the system (3.2) exist
for a compact set of initial conditions and compact time intervals, then the trajectories of
the system (3.1) exist as well and converge to the trajectories of the system (3.2) on compact
time intervals uniformly with respect to initial conditions and initial time in the limit ¢ — 0.
We now give the definition of practical stability. Let S C D C R™ be a compact subset and

define the distance between a point x € R™ and the subset S to be:
d(x,S) = nf{[|x —y[|, y € S} (3.4)

Definition 3.1.2. The compact subset S is called semi-globally practically uniformly asymp-
totically stable (SPUAS) for the system (3.1) if the following conditions are satisfied:

1. For every € € (0,00), there exists 6 € (0,00) and gy € (0,00) such that Vt, € R, and
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Vxp € R™ with d(x0,S) < 9, and Ve € (0,&p), we have that:

®f(xg,t,ty) exists  Vt € [ty,00)
(3.5)

d(®f(xg,t,1),S) <€ Vt€ [tyg,00)

2. For every § € (0,00), there exists € € (0,00) and g9 € (0,00) such that ¥ty € R, and

Vxg € R™ with d(x¢,S) < §, and Ve € (0,&¢), we have that:

®f(xg,t,ty) exists Vit € [ty,00)
(3.6)

d(q)f(XO,t,to),S) <e Vte [to, OO)

3. For every 6 € (0,00), and every € € (0,00), there exists T' € (0,00) and €y € (0,00)

such that Yty € R, and ¥xo € R™ with d(x¢,S) < 0, and Ve € (0,¢q), we have that:

®f(xg,t,ty) exists Vit € [ty,00)
(3.7)

d(®f(x0,t,t9),S) <€ Vteto+T,0)

When the subset S satisfies Definition 3.1.2 independently from e € (0, 00), it is said that the
subset S is globally uniformly asymptotically stable (GUAS) for the system (3.1) [3]. Having
introduced Definition 3.1.1 and Definition 3.1.2, we are now ready to state the following

theorem:

Theorem 3.1.1. [3, 23] Suppose that the system (3.1) satisfies the convergence-of-trajectories
property w.r.t. the system (3.2), and that S C R™ is a compact GUAS set for the system
(3.2). Then, the subset S is a SPUAS set for the system (3.1).

The proof of this theorem can be found in [3]. In the following section, we will use higher
order averaging to establish the convergence-of-trajectories property for a class of highly

oscillatory systems with multiple scales. Then, by employing Theorem 3.1.1, we transfer the

27



stability properties of the averaged system to the practical stability of the original system

under consideration.

3.2 Recursive Averaging

In this section, we consider the situation when a finite dimensional dynamical system contains
two fast periodic time-scales in addition to the slowest time-scale. Specifically, we consider

the class of systems that can be written on the form:

2
ng ’f(x,t, e, e7%) + O(e), x(to) = Xo (3.8)
k=1

We make the following assumption on the right hand side of equation (3.8):

Assumption 3.2.1. The time-varying vector fields £, k € {1,2} are such that:

Al fk(, ey 7') € Cg_k(Rn+2; Rru)} VT € R, fk<, y ) € CO(Rn+3;Rn1>

A8 £y, is uniformly bounded in its second argument

A4 JT7 > 0 s.t. fk<, o+ 11, ) = fk<, -, 0, ) Vo e R

Ab HTQ >0 s.t. fk<, T+ TQ) = fk(, ‘y ',7') VreR

A6f fl,,,)dTZO
We note that assumptions of this nature are typical in the averaging literature [15]. Moreover,
aside from some technical regularity conditions, the class of systems (3.8) includes as a
special case the class of systems considered in the Lie Bracket Approximation framework

and the second-order case in Sussmann and Liu’s framework [5, 20, 19] when: i) the vector

field f; is independent from the time-scale e~'t and can be decomposed as fi(x,t,0,7) =
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> r—1 be(x, t)u,(t, 7) for some functions u, that are T-periodic in the second argument and
some vector fields by, and ii) the vector field f; is independent from the fast periodic time
scales e 7't and £72t. We show that the higher-order averaging method is directly applicable

to this class of systems in contrast to the belief that it is not (see the discussion in [3, Section

5)).

Due to item A6 in Assumption 3.2.1, first order averaging does not yield any useful infor-
mation about the average behavior of this system. It is, therefore, imperative to consider
higher-order averages. For our purposes, second-order averaging suffices. Consider the sys-

tem:

= (%, 1), X(to) = %o (3.9)

B

where the time-varying vector field fis given by:

1 T To 1 T
f. t — f t dv, f t dr d
TlTQ/U /0 <2(X7 70-a7—)+2 [A l(Xv )0-7]/) v, 1(X7 70-7T):|> T ao

(3.10)

f(x,t) =

Then, we have the following theorem concerning the relation between the trajectories of the

systems (3.8) and (3.9):

Theorem 3.2.1. Let a nonempty compact subset K C R™ and a final time t; > 0 be
such that a unique trajectory X : [to,to + t7] 2 t — X(t) € R™ of the system (3.9) exists
Vxg € K, Vtg € R. Then Je* € (0,00) and a constant C' > 0 independent of ¢ € (0,e*)
such that Ve € (0,e*), Vxo € K, Vitg € R, a unique trajectory of the system (3.8) exists and

satisfies:

Ix(t) — %(t)|| < Ce, Vit € [to, to + t] (3.11)
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Observe that we have not made any mention of the near-identity transforms. This is due to
the fact the O(e) terms in the standard averaging procedure vanish, and so the contribution
of the near-identity transform to the accuracy of the solution is of the same order as the
neglected remainders in the averaging procedure, i.e. O(g). We refer the reader to [27] and

the discussion in [6, Subsection 2.9.2] for more details.

Next, we have the following theorem which characterizes the relation between the stability

of the averaged system (3.9) and the original system (3.8):

Theorem 3.2.2. Suppose that a compact subset S C R™ is GUAS for the system (5.9).
Then the subset S is SPUAS for the system (3.8).

Proof. The proof of this theorem follows from Theorem 3.1.1 [23, Theorem 1], provided
that the vector fields defining the two systems (3.8) and (3.9) possess the local existence
and uniqueness of trajectories property and the flow of (3.8) satisfies the convergence-of-
trajectories property w.r.t. the flow of (3.9). Local existence and uniqueness of trajecto-
ries follows from Assumption 3.2.1, whereas Theorem 3.2.1 establishes the convergence-of-

trajectories property. 0

As a direct application of the theorem above, we consider the problem of steering a 6n-
dimensional driftless control-affine system towards the optimum of an objective function
using extremum seeking. Traditional extremum seeking design [2] and Lie-Bracket based
extremum seeking [3] require choosing 6n non-resonating frequencies on the time-scale wt
to estimate the gradient. Using a special feature of the extremum seeking vector fields
introduced in [28], only 3n non-resonating frequencies are required. However, using the

methods introduced in this section, only n frequencies can be used to steer the system.

Example 3.2.1. Let n > 1, x € R®, u € R%", and J(x) be the objective function, then
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consider the following driftless control-affine system:

£ (%, 1) wjk (3.12)

It is required to design the control inputs u; to steer the system towards the extremum of

the objective function J(x). Consider the following time-varying output feedback control for

ke{l,....n}k
Uy = e V2 cos(wre it — J(x)), (3.13a)
Uy = £ V2 sin(wpe 2t — J(x)), (3.13b)
s, = £ V4 cos(wpe 2t — J(x)) cos(e M), (3.13¢)
Uy = V4 sin(wpe %t — J(x)) cos(e71t), (3.13d)
usp = € "V4 cos(wpe*t — J(x))sin(e '), (3.13e)
ugy, = £ V4 sin(wpe %t — J(x)) sin(e7't), (3.13f)

where wy € Q. are positive rational numbers such that wy, # wy, whenever ky # ky. Then,

a direct application of Theorem 3.2.1 in the limit ¢ — 0 leads to the averaged system:

— PR )VJ(X) (3.14)

IR

where the matrix P(X,t) is a positive semi-definite matrix. If, in addition to sufficient
regularity and boundedness assumptions, the driftless control system (3.12) is such that the
span of the vector fields f;, is the entire tangent space R®" everywhere in the manifold, and
the objective function J(x) is sufficiently smooth and possesses a compact maximizing set
S, then we may conclude that the subset S is GUAS for the system (3.14). Hence, we may

also conclude using Theorem 3.2.1 and Theorem 3.1.1 that the subset S is SPUAS for the

,,,,,
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Figure 3.1: Numerical simulation results of Example 3.2.1.

the fast time-scale e72t, whereas in any other method in the literature [3, 2, 28] at least
three distinct frequencies must be used on the fast time-scale e2t. Intuitively, the results
of this section allow transferring the non-resonance requirement between the dithers used in

extremum seeking to the intermediate time-scale e~ 't.

We now give numerical simulation results for illustration. Suppose that n = 1, J(x) =
10 — 0.125||x||?, and that the vector fields f;; are the canonical orthonormal basis on RS.
Let w; = 1, ¢ = 1/v/20m ~ 0.126, and apply the control inputs defined by (3.13). The
trajectory of the system (3.12) with the control inputs (3.13) along with the time history of
the objective function for a randomly generated initial condition are shown in Figure 3.1.
We observe how the trajectories of the system converge to a small neighborhood around the

origin which is the maximizer for the objective function J(x).

Another application of the results in this section will be presented in the next chapter when

we tackle the problem of 3D source seeking.
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3.3 First-Order Singularly Perturbed Averaging

We now tackle the situation in which, in addition to the fast periodic time-scale, a part of the
system state is singularly perturbed. That is, a part of the system state, henceforth referred
to as the fast state, quickly converges to an equilibrium manifold parameterized by the slow
state and (possibly) the fast time-scale. In such a situation, the averaged behavior of the
slow state is affected by the fast periodic behavior (if any) of the equilibrium manifold. In
this section, we consider the situation in which this interaction takes place to first-order. In
the next section, we consider the situation in which such an interaction vanishes to first-order

and it becomes necessary to consider second-order interactions.

Let x; € R™ x5, € R™, and consider the following interconnected system:

X1 = f19(x1, X2, 1,67 ') + O(e), X1 (to) = X1,0 (3.15a)
2
X2 = Z 8k72f27k<X1, Xo, t’ 871t) —+ 0(8), X2<t0) = X290 (315b)
k=1

Suppose that the following assumption is satisfied:

Assumption 3.3.1. Suppose that there exists a unique and sufficiently smooth map ¢o(x1,t,0)
and a positive number Ty > 0 such that the vector fields f;; are sufficiently smooth in all

their arguments and Ti-periodic in the last argument, and that:

f271(X1,¢0(X17t,0'),t70‘) =0 (3168,)

¢0(X1,t,0—|—T1) —¢0(X17t,0') =0 (316b)
Moreover, lety, € R™, and

i,2,1(X17 Y27 ta 0) = f2,l<X17 y2 + ¢0(X17 t? 0—)7 ta U) - aa¢0<xla t? 0)7 (317)
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and suppose that there exists a Lyapunov function V' and constants r; > 0 fori € {1,...,4}

such that the inequalities:

Rllyal? < V(ya, o) < rallys | (3.18)
0V (yy,0) + alv(}’QaU)E,l(XhYQ;t,U) < —k3ly,? (3.18b)
101V (y2, o) < Kallysl (3.18¢)

are satisfied globally in y,, uniformly in t,o,x;.
In addition, consider the reduced-order averaged system:

x = f(x,1), %(tg) = X1,0 (3.19)
where the vector field f is defined by:

_ 1 [T
f(i17t> - 7/ f1,2<ila¢0(ilvtay)vt7y) dv (320)
0

1

Then, we have the following lemma concerning the relation between the trajectories of the

reduced order averaged system (3.19) to the trajectories of the original system (3.15).

Theorem 3.3.1. Let Assumption 3.3.1 be satisfied, and let By C R be arbitrary but bounded
and D € (0,00) be arbitrary. In addition, let a bounded subset By C R™, a compact subset
N C R™, and a positive constant L € (0,00) be such that unique trajectories Xi(t;to,X1,0)
for the system (3.19) exist and X1(t;to,x10) € N, Vt € [to,to + L], Yty € R, Vx19 €
By. Then, 3e* € (0,e0) and positive constants A,,7, such that Vt, € R, V(x10,X20 —
@do(x1,0,to,t0)) € Br X By, Vt € [to, to + L], Ve € (0,&*), and o = e~ (t — to) + to, unique

trajectories (x1(t;to, X1,0), X2((t; to, X2,0)) for the system (3.15) exist and satisfy the estimates:
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||X1(t, tO7X1,O) — il(t;to,XLO)” <D (321&)

[[x2(t; to, X1,0) — o (X1 (tito, X1.0), 1, 0)|| < Vol[X20 — Po(X1,0, L0, to)[e ) + D

(3.21b)

This lemma provides a direct relation between the trajectories of the system (3.15) and the
trajectories of the reduced order averaged system (3.19). In particular, it establishes a singu-
larly perturbed version of the convergence-of-trajectories property given in Definition 3.1.1,
which allows transferring the stability properties of the reduced order averaged system (3.19)
to a singularly perturbed version of practical stability. We now give a precise definition of

singular practical stability:

Definition 3.3.1. The set S is said to be singularly semi-globally practically uniformly
asymptotically stable (sSPUAS) for system (3.15) if the following is satisfied:

1. Vey, e € (0,00) there exists 01,09 € (0,00) and £* € (0,00) such that Ve € (0,£%),

Vto € R, and Vi € [tg, 00) we have:

X1,0 € Z/{:;SI X1<t) € Z/{i

X0 — Po(X1,0,t0) € U, Xo(t) — o(x1(t),t) € U,

2. Ve, €2 € (0,00) and all d, 02 € (0, 00), there exists a time t; € (0,00) and ¢* € (0, 00)

such that Ve € (0,e%), Vto € R, Vt; € [to+ tf,00), and Vi, € [tg + tyn(e), 00) we have:

X1,0 € Z/{Sgl Xl(tl) € u651

X2,0 — ¢o(X1,0, t0) € Uy, X2 (t2) — @o(x(t2), t2) € U2

where 7(e) is such that lim._,qn(e) = 0.
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3. V01,92 € (0,00) there exists €1,e5 € (0,00) and €* € (0,00) such that Ve € (0,g*),

Vitp € R, and Vi € [t, 00) we have:

X1,0 € Z/{i X1 (t) € ug

X2,0 — Po(X1,0, t0) € Uy, Xo(t) — o(x1(t), 1) € U,

Having stated definition Definition 3.3.1, we are now ready to state the following theorem:

Theorem 3.3.2. Let Assumption 3.3.1 be satisfied and suppose that the compact subset S
is GUAS for the system (3.19). Then, the subset S is sSPUAS for the system (3.15).

A version of Theorem 3.3.1 appears in [29] under different assumptions. In the next section,

we extend the analysis above and the corresponding theorem to second-order behavior.

3.4 Second-Order Singularly Perturbed Averaging

We now analyze a class of singularly perturbed high-frequency, high-amplitude oscillatory
systems in which the first-order effects vanish and it becomes necessary to account for second-
order effects. To capture the behavior of this class of systems, we must account for the
interaction between the fast periodic time scale and the singularly perturbed part of the
system. We begin the discussion with a simple example to elucidate the motivation behind

our results. Consider the interconnected system:

d

% = pfry + pv2wsin(af + 4(zg — x3) + wpr) (3.22a)
d

% = By + v/ 2w cos(xt + 4wy — 23) + wpT) (3.22b)
d d

f = T4 T3, % =15~ T (3.22c)
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Figure 3.2: Numerical results for the motivational example. The initial condition is taken
as (—2,2,2,2), and the parameters are § = 1/2, w = 47 and p = 1/(4m).

with an initial condition (z1,0, 22,0, T30, Z10) € R*, where 3 is fixed and positive, and p and
w are positive parameters. Observe that the system (3.22) has the same form as the class
of systems considered in [4]. If we attempt to apply the results in [4], we obtain the quasi-
steady state (13, 24) = @o(21,12) = (23, 22) for the singularly perturbed part of the system.

Hence, the reduced order system according to [4] becomes:

dl’l

= Bx1 + V2wsin(x? + wT) (3.23a)

d

% = Bag + V2w cos(x? + wr) (3.23b)
_ 2 _ 2

T3 = T3, Ty = 25 (3.23¢)

It is clear that the system (3.23) has no practically asymptotically stable subsets for any
value of w, and so the results in [4] are not useful here. However, numerical simulations
shown in Figure 3.2 demonstrate that the original system (3.22) exhibits practical stability.
The intuitive reason why this stable behavior is not captured by the singularly perturbed
Lie Bracket Approximation framework [4] is that the latter neglects the interaction between
the singularly perturbed part of the system and the fast periodic time-scale. We shall return

to this motivational example after formulating a general result.
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Consider the interconnected system:

2
X = ng_gfl,k<xlax2a t,e7%), x1(to) = x1,0 (3.24a)
k=1
2
Xp = ng_ng,k<X1aX2a t,e7%), Xa(to) = X2,0 (3.24b)
k=0

where x1,x19 € R™, X9, X909 € R", ¢ >0, and ¢ € (0,00). We adopt the following assump-

tions on the regularity of the right-hand side of the equations (3.24):

Assumption 3.4.1. Suppose that there exists a unique and sufficiently smooth map @o(x1,1t)
and a positive number Ty > 0 such that the vector fields £} are sufficiently smooth in all

their arguments and Ty-periodic in the last argument, and that:

f2,1<X17 (PO(Xla t)? t? T) = 0 (325>

Moreover, let y, € R"?, and

%2,0()(17 Yo, t7 T) = fQ,O(Xh Yo + 900(X17 t)u t7 T) (326)

and suppose that there exists a Lyapunov function V' and constants k; > 0 fori € {1,...,4}

such that the inequalities:

Rallyall* < V(ya, 7) < Kollyall? (3.27a)
82V(y27 T) + alv(y27 T)%Q,O(Xla Yo, ta T) S _K3HYZH2 (327b)
[0V (y2, T < Kally|l (3.27¢)

are satisfied globally in y,, uniformly in t,7,X;.
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In addition, consider the reduced order system:
2

x| = ZEk_Q £.(x1,t,e7%), x1(to) = X1,0,
k=1

where the time-varying vector fields f; are defined by:

f1(x1,t,7) = f11(x1, po(x1,1),t,7),

fo(x1,t,7) = f1o(x1, o(x1,1), L, 7) 4 Oofy 1 (X1, o (X1, 1), 1, T)p1(x1,1,7),
T+T5
p1(x1,t,7) = (I — Pa, (7 + T, 7'))_1/ Pp (T4 1o, v)by(x1,t,v) dy,

bi(xi1,t,7) = fo1(x1, o (x1,t),t,7) — Orpo(x1,t) f1.1(x1, o(x1,1), 1, 7),

the matrix-valued map A, is defined by:

A¢(X1, t, T) = 82f270<X1, QO()(Xl, t), t, T),

(3.28)

(3.29a)

(3.29b)

(3.29¢)

(3.29d)

(3.30)

and the matrix-valued map ®,,, is the fundamental matrix associated with the linear time-

periodic system:

dy,

dr = A<P('7 T)y27

(3.31)

The second order averaging theorem may be applied [30, 6] to the reduced order system

(3.28) to obtain the reduced order averaged system:
Xy = (X1, 1), X1 (to) = x10
where the vector field f is given by:

. 1 [/ 1] (7~ -
f(x;,t) = E/o (fQ(Xl,t,T) + 5 {/0 fi(x1,t,v)dv, fl(Xl,t,T):|> dr
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Then, we have the following trajectory approximation result between the original system

(3.24) and the reduced order averaged system (3.32):

Theorem 3.4.1. Let Assumption 3.4.1 be satisfied, and let By C R be arbitrary but bounded
and D € (0,00) be arbitrary. In addition, let a bounded subset By C R™, a compact subset
N C R™, and a positive constant L € (0,00) be such that unique trajectories Xi(t;to,X1,0)
for the system (3.32) exist and X1(t;to,x10) € N, Vt € [to,to + L], Yty € R, Vx19 €
By. Then, 3e* € (0,e0) and positive constants \.,7y, such that Vi, € R, V(x10,X20 —
wo(X1,0,t0,t0)) € By X By, Vt € [to, to + L], Ve € (0,&%), and 7 = e 2(t — ty) + to, unique

trajectories (x1(t;to, X1,0), X2(t; o, X2,0)) for the system (3.24) exist and satisfy the estimates:

[x:(t) = x1(t)lI< D (3.34)

[%2(t) — @o(x1(2), 1)[|< ¥ |IX2.0 — Po(X10,t0)| € 7 + D (3.35)

Having this trajectory approximation result, we are now able to state the following theorem:

Theorem 3.4.2. Let Assumption 3.4.1 be satisfies and suppose that a compact subset S is
GUAS for the system (3.32). Then, the subset S is sSPUAS for the system (3.24).

Going back to the motivational example, we see that when p = 1/w, the system can be

written in the timescale ¢t = 7/w on the form:

i = By + V2wsin(z] + 4(zy — 23) + wt) (3.36)
Ty = BTy + V2w cos(z] + 4(1y — x3) + wit) (3.37)
i3 = w(rg — x3), Ty = w (75 — 24) (3.38)

If we apply our results, we obtain the system:

T = (8 —2)7 (3.39)
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£ = (6 - 2)7, (3.40)

It is clear that the reduced order averaged system has a GUAS equilibrium point at the
origin when g < 2. Hence, we conclude from Theorem 3.4.2 that the origin 1 = o =0 is a

sSPUAS subset for the original system (3.22a)-(3.22c¢).

3.5 Recursive Singularly Perturbed Averaging

Finally, we consider the situation in which first-order and second-order singularly perturbed
averaging take place in the same dynamical system but operate on different time-scales.
The class of systems we consider in this section contains three distinct time-scales. We
are interested in approximating the trajectories of the system on the slowest time-scale.
Two parts of the system state are singularly perturbed but on two different time-scales. The
motivation for considering this class of systems comes from the 3D source seeking algorithms

that we propose and analyze in subsequent chapters.

Let x; € R™ x5 € R™, x3 € R™, and x = (x1,Xy,x3) € RT3 Next, consider the

following dynamical system:

2
X1 = Zé‘k_2f1,k<X1,X2,X3,t,é‘_1t, e %)+ O(e), x1(tg) = X10 (3.41a)
k=1
2
Xg = Zék_QfQ,k(X1,X2,X3,t,6_1t, 6_2t) + 0(8), X2<t0) = Xa0 (3.41b)
k=1
2
X3 = Zék_Qfg,k<X1,X2,X3,t,6_1t, e2t) + O(e), x3(ty) = X3 (3.41c)
k=0

where O(e) refers to small terms that are neglected in the limit ¢ — 0. We are interested
in approximating the trajectories of the system (3.41) in the limit ¢ — 0. It is clear that

the system above contains three distinct time-scales: t,e~'t,e7%t. We are interested in

41



approximating the trajectories of the system on compact intervals in the slowest time-scale
t. We assume that all the vector fields on the right hand side of the equations (3.41)
are sufficiently smooth, Ty-periodic in the fastest time variable 7, and Ti-periodic in the

intermediate time variable ¢. In addition, we make the following assumption:

Assumption 3.5.1. Suppose that there exists a unique and sufficiently smooth map g such

that:

f30(x1, X2, o(x1,%X2,t,0),t,0,7) =0 (3.42)

Ts
/ f) 1(x1, X2, po(x1, X0, t,0),t,0,7)dT =0 (3.43)
0
In addition, let y, € R™, and
f3,0<X17X27 Vs, t,0, 7') = f3,0(X1,X27Y3 + 800(X17X2,t7<7)7t7 g, 7') (344)

and suppose that there exists a Lyapunov function Vs and constants ks; > 0 fori € {1,...,4}

such that the inequalities:

“3,1"3’3“25 Va(ys, 7) < H3,2HY3HQ (3.45a)
02V3(ys, ) + 01Vs(ys, T)fg,o(xl, X2,Ys,t,0,7) < —/13,3Hy3H2 (3.45D)
101Va(ys, Tl < Kaallysl| (3.45¢)

are satisfied globally in 'y, uniformly in t, o, 7,%1,Xo.

Moreover, suppose that there exists a unique T -periodic and sufficiently smooth map ¢g such

that:

1>
/ f2,1<X17¢0(X17t70-)7LPO(Xla¢0(X17t70—>7t70-)7t70-7 T) dr =0 (346>
0
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Furthermore, let y, € R", and:

£1(x1,y,,t,0) =
- (3.47)
,_ZT f2,1(X17 Yo + ¢0(X17 ta O-)a LPO(Xla d)O(Xl) tu U)7 ta 0)7 t7 g, T) dr
2Jo

and suppose that there exists a Lyapunov function Vy and constants ke, for i € {1,...,4}

such that the inequalities:

Fal[y2llP < V(ya, 0) < kallyslf? (3.482)
0V (¥, 0) + OV (¥ay 0ot (X1, Yo, 1, 0) < —riglys (3.48b)
101V (y2, o) < Kallysll (3.48c¢)

are satisfied globally in y,, uniformly in t, o, X;.

By changing to the fastest time variable 7 = e~2(t — t() + to, and with some notation abuse,

we obtain the following system:

d 2
% = ; Ekflvk(xl, Xg,X3,t,0,7) + O(%), x1(to) = X10 (3.49a)
dx 2
d—2 = ey (x1, X0, X3, , 0, 7) + O(%), Xs(to) = X0 (3.49b)
.
k=1
dx 2
d—3 = ey (%1, X0, X3, 8, 0, 7) + O(), x3(to) = X3, (3.49¢)
.
k=0

where t = £2(T — ty) + to, and 0 = (T — ty) + to. We apply a coordinate shift:
2
Y3 = X3 — po(X1,Xa,t,0) — Z £'pi(x1,X2,t,0,7) (3.50)
i=1

where the maps ¢;(x1,Xs,t,0,7) are to be defined below. Under this coordinate shift, the
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system takes the form:

2

d -

@1 Zz—:kﬂ,k(xl,m,}’s,t, o,7) + O(e?), x1(tg) = X1,0 (3.51a)

dr p

dx 2

—=2 = et u(x1, %0, y5.t,0,7) + O(EY), Xs(to) = Xa0 (3.51b)

dr p

dy 2

d_3 — Z €31 (%1, X0, Y5, 1, 0, T) + O(£%), v3(to) = ¥ (3.51c)
E—

where X = (x1,X2,y3), and the new vector fields ?j,k are obtained from the older vector fields
f through substitution with the coordinate shift (3.50), expanding using Taylor’s theorem in
the small parameter £, and matching the coefficients of like-powers. The exact expressions

can be found in Appendix E.

Since we are interested in a second-order approximation of the trajectories, we enforce a

condition on the vector fields Tf3,1 and f'372. Namely, we enforce the conditions that:
f51(x1,%2,0,t,0,7) =0, f50(x1,%2,0,t,0,7) = 0 (3.52)

which leads to the following simple partial differential equations for i € {1,2}:
0rpi(X1,Xa,t,0,7) = Ay(X1,Xa,t,0,T)@i(X1, X, t,0,T) + by (X1, Xa,t,0,7T) (3.53)

where the exact expressions for the vector-valued maps b, ; can be found in Appendix
E. These partial differential equations are solvable when supplemented with a boundary
condition. Since all vector fields are Ti-periodic, enforcing the periodicity of the maps ¢

and ¢9 provides the missing boundary condition:

pi(x1,%9,t,0,7+T1) = p;(x1,Xa,t,0,7), Vi € {1,2} (3.54)
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The maps ¢; are well-defined only when the solutions to the boundary value problems above
are well-defined. A sufficient condition for solvability is that the matrix A, is uniformly
non-singular, which is guaranteed by Assumption 3.5.1 and converse Lyapunov theorems [7].

To summarize, we have the following two Boundary Value Problems (BVPs):

O-pi(-,7) = A (- T) i, T) + bl 7) (3.55)

Soz<7T+T) = Qoi('?T)v (356)

where the variables x1, Xo, t, 0 have been omitted since they appear only as constant param-

eters. The solutions are given by the formula:
_1 T+T1
oi(7) = (1= ®p_(r +T0, 7)) / B, (r+ Thv)by(,v) dv, (3.57)
where @4, is the fundamental matrix associated with the linear system:

dy
d_7'3 = Au(7)ys, (3.58)

which completely defines the coordinate shift (3.50).

Consequently, we have that:
f5(x1,%2,0,t,0,7) = 0, vk € {0,1,2}, (3.59)

and for sufficiently small ¢, trajectories of the system (3.51) converge exponentially fast to
an O(g?) of the slow manifold defined by y; = 0. On this slow manifold, the system behaves
approximately according to the reduced order dynamics:

dx;

2
= D (%1, %, 0,1, 0,7) + O(7), (3.60a)
k=1
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dxs

2
F = Zé‘kf‘g’k(il,ig,o,t,g, 7') -+ 0(53), (360b)

k=1

which is on the averaging canonical form. We may, therefore, perform second order averaging

to obtain the system:

dx = -

P~ (Kot 0) + O(), (3.61a)
A%y = = - -

= ;s’ffz,m,xm o) +O(), (3.61)

where the exact expressions for the vector fields ?j,k can be found in Appendix E. By re-scaling

time to 0 = (7 — to) + to we obtain the system:

d):( = = =

To‘l = €f172(X1,X2,t,0'>, (362&)
diQ = = = =, = =

% = f271(X1,X2,t,O') +€f2’2<X1,X2,t,O'), (362b)

We apply another coordinate shift:

Ml

1
2= Y Fu(xi,t,0) (3.63)

k=0

<

2

where the map ¢; is to be defined later. Under this coordinate shift, the system becomes:

d: = = =

% =cfis(X1,¥9,t,0) + 0(52) (3.64)
d: = = = T ~ =

% =1 (X1, Y2, 1,0) + e b2(X1, 2, 1, 0) + O(?) (3.65)

where the exact expressions for the vector fields i'j’k can be found in Appendix E. We observe

that:

%2}1()2(1,0,7570') =0 (366)
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We proceed to define the map ¢; by requiring that:

%2,2():(1, 0,t,0) =0
which leads to the equation:

O @1(+,0) = Ag(:,0)91(-,0) + be(:,0)
where the vector by is given by:

by (x1,t,0) = i‘2,2(??1, 0,t,0) — 51¢0(>:<17757U)%1,2(>:<1, Yo t,0) — Oipo(X1,t,0)
We define the map ¢; by:

o+Ts

G1(-0) = (1—®a, (0 +Th,0)) " /U B4, (0 + T, v)by(-,v) dv,

where ®4, is the fundamental matrix. Observe that in this case we have:

£,.:(%1,0,t,0) = 0, Vi e {1,2}

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

which implies that the trajectory converges exponentially fast to an O(g?) neighborhood of

the slow manifold y, = 0. On the slow manifold, the system is governed by the equations:

dx = _
L cha(%1,0,,0) + O(e?)
do

(3.72)

which is again on the averaging canonical form. We may, therefore, perform first order

averaging to obtain the system:

dx,

% = 6?1’2(}:(1, t) + 0(52)
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where the vector field ?172 is given by:

1 [

fatkt) = o [ Bali0.t.0)do (370
2J0

By changing back to the slowest time variable ¢t = (o —ty) +to, we obtain the fully averaged

reduced order model:

X1 = fio(X1, 1), x1(to) = X10 (3.75a)
):(2 - d)()(}:(la t7 U) (375}3)
):(3 = %o ():(17 ¢0(}:(17 t? 0)7 ta 0) (375C)

We give the relation between the trajectories of the system (3.41) and the trajectories of the

system (3.75).

Theorem 3.5.1. Let Assumption 3.5.1 be satisfied, and let By x By C R" x R™ be arbi-
trary but bounded and D € (0,00) be arbitrary. In addition, let a bounded subset By C R™,
a compact subset N' C R™, and a positive constant L € (0,00) be such that unique tra-
jectories X1 (t;to, X10) for the system (3.75) exist and X1(t;to,X10) € N, Vt € [to,to + L],
Vo € R, Vx10 € Bi. Then, 3e* € (0,e0) and positive constants Ay, Vo, Ar,7yr such that
Vtg € R, V(x1,0,X2,0 — Po(X1,0, to, t0); X530 — Po(X1,0, Po(X1,0, X2,0, Lo, to, to)) € Bi x By x Bs,
Vt € [to,to + L], Ve € (0,&*), 0 = e (t —ty) + to, and T = e 2(t — to) + to, unique tra-

jectories (x1(t;to, X1,0), X2(t; Lo, X20), X3(t; 1o, X3,0)) for the system (3.41) exist and satisfy the

estimates:
lIx1 () — x1(t)||< D (3.76)
[%2() — Po(X(t), 1, 0)||< Vol [X20 — Po(X1,0. 0, to)|| €7 ") + D (3.77)

1x3(t) — po(X1(t),Po(Xi (1), 1,0).1,0)||<
(3.78)

YrlX3.0 — @o(X1.0, Po(X1.0, to, to), to, to)] e > ") 4 D
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With this trajectory approximation result, we are now able to state the following theorem:

Theorem 3.5.2. Let Assumption 3.5.1 be satisfied and suppose that a compact subset S is
GUAS for the system (3.32). Then, the subset S is sSPUAS for the system (5.75).

Theorem 3.5.1 and Theorem 3.5.2 combine the results from the previous sections into a
multiple time-scales setting. The proofs follow essentially the same steps as in the proofs of
the previous sections, therefore we omit them. The main application of the results in this

section are in the source seeking problem considered in the next chapter.
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Chapter 4

Bio-Inspired 3D Source Seeking

Source seeking is the problem of locating a target that emits a scalar measurable signal, typ-
ically without any global positioning information. Many control problems and phenomena
can be abstracted as a source seeking problem. For example, the navigation of a robot, op-
erating in a GPS-denied environment, and tasked with locating and homing onto the source
of a signal is an instance of a source seeking problem. This setting may arise, for example,
when a vehicle is operating under water, under ice, or in a cave [31]. The situation also
arises whenever position and attitude information are no longer available for measurement
as a consequence of the absence of a global reference frame. Remarkably, many organisms
are constantly faced with the source seeking problem in their environment. Bacteria need
to follow the gradient of chemical concentration to find food. Sperm cells ascend the con-
centration gradient to find the egg. Nematodes estimate and follow thermal gradients for
thermoregulation. As with every other natural phenomenon, there is an incredible diversity
of the behavior displayed by the organisms in solving the source seeking problem. Some
strategies, such as bacterial chemotaxis, are inherently stochastic. Other strategies, such as
that common in organisms with paired receptors, employ a spatial approach to the estima-

tion of the gradient by simultaneously comparing stimuli between paired receptors. More
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relevant to us here is the strategy employed by organisms with a single receptor. Such
organisms cannot estimate the gradient spatially. Rather, they estimate the gradient in a
temporal fashion. When the temporal estimation of the gradient happens through periodic
movements of the body, the behavior of the organism is called klinotaxis. It turns out that
klinotaxis is essentially an extremum seeking-based solution to the source-seeking problem.
We investigate this novel connection in depth in the next chapter. In this chapter, we propose

and analyze several source seeking algorithms inspired by this novel connection.

Extensive work has been done on the source seeking problem using extremum seeking con-
trol, of which we mention a few. For velocity-actuated point-like kinematics (i.e. single
integrator dynamics), the source seeking problem can be easily solved using several non-
resonating extremum seeking controllers if we assume full control authority on the velocity
in all degrees of freedom. For double integrator dynamics, the problem is more difficult
and requires careful considerations [32]. The situation is also difficult for kinematic models
of planar rigid bodies under nonholonomic constraints, yet solutions have been proposed
(33, 28]. Further difficulties arise when one considers the 2D underactuated dynamics with
acceleration, rather than velocity, control [34]. However, most of the work in the literature
focuses on the two dimensional case where the rigid body kinematics is described by a uni-
cycle model. The pioneering work on the 3D case by Cochran et al [35] considers the 3D
source seeking problem for an under-actuated vehicle with a rigid body kinematic model.
However, they employ a parameterization of the rotation group SO(3) through Euler angles.
In particular, the control law proposed in [35] assumes direct control authority on the Euler
angle rates, which is not convenient for practical implementation; actuating the Euler angle
rates requires measurement of the angles themselves. The situation is similar with all sub-
sequent algorithms proposed for the 3D source seeking problem [36, 37, 38, 39, 40, 41, 42].

To elaborate, consider Euler’s rigid body equations of motion:

q = Ry, mv+mQxv="T (4.1a)
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R = RQ, JQ4+QxJQ=M (4.1b)

written in the body frame of reference, where q is the position of the center of the mass m,
R is the rotation matrix relating the body axes to the axes of an inertial frame of reference,
v and €2 are the linear and angular velocities in body coordinates, Q is the skew-symmetric
matrix associated with the vector €2, J is the moment of inertia matrix around the center of
mass represented in the body frame, and the T and M are the body net forces and torques,
respectively. The control of free rigid body motion is achieved through the body forces and
torques T and M. All kinematic models are approximations of (4.1) when T and M are

such that:
T=-D;(v—u), M=-Dy(2—-A) (4.2)

where A and u are free, and the matrices D; for i € {1,2} are positive definite with minimum
eigenvalues that are much greater than the mass m and the maximum eigenvalue of the inertia
tensor J. Such an assumption is satisfied in the locomotion of microorganisms that swim
in a low Reynolds number where viscous forces dominate inertia, or when high-gain velocity
feedback is employed to enforce sufficient damping. If such an assumption is satisfied, a

singular perturbation argument leads to the quasi-steady approximation:

q = Ry, v=u (4.3a)

R = R, Q=A (4.3b)

Notably, the free parameters (i.e. the control inputs) in the quasi-steady approximation (4.3)

are the linear and angular velocities in body coordinates.

If we are to design a source seeking controller for the kinematic model (4.3) that does not

employ any global information, we must not use any information on either the position q or
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the orientation R. However, a parameterization of the rotation matrix R through an Euler

angle triplet 8 leads to relations of the form:
6= &(0)Q (4.4)

where ® involves the jacobian of the parameterization. As such, even if the motion stays
within the range of attitudes in which the map ® is non-singular, any control authority over
the Euler angles rates 6 is achieved by inverting the map @ since one must only assume
control over the angular velocities €2 in body coordinates when working with kinematic
models of free rigid body motion. Hence, assuming direct control authority on the Euler

angle rates 0 implicitly requires measurement of the angles 6.

4.1 3D Gradient Alignment

Recall that the kinematics of a rigid body in 3D space are given by:
q = Ry, R = RQ (4.5)

First, we consider the problem of orienting a 3D rigid body with a fixed position such that
one of the body axes points along the gradient of a signal strength field at the initial fixed
position. A solution to this problem is interesting on its own and constitutes the first step
towards solving the 3D source seeking problem. To that end, we assume a model of the
vehicle such that the origin of the body frame is fixed (i.e. v =0), and two of the angular

velocities in body coordinates are the control inputs:

Q= QHel + QLeg (46)
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In addition, we assume that a non-collocated sensor is attached at the location q, where:
q, =q+rRe; (4.7)

We would like to design a control law that aligns the body axis R e; with the gradient Ve(q)
of a smooth signal strength field ¢(q) at the fixed position q, assuming that Ve(q) # 0. That

is, we would like to stabilize the compact subset:

Sq ={R €50(3): Ve(q)"Re, = ||[Ve(q)|[} (4.8)
We propose the linear dynamic feedback law:

y=c?Fy+c?Bc(q,), Q, =¢'Hy, Q =c (4.9)

where y € R?, and F, B, H are given by:
-1 1 0
F = , B= : H:[_4 4} (4.10)

Observe how the feedback law does not contain any information on the attitude of the vehicle
and only employs the measured cost function ¢(qy). In the ‘distinguished limit’ [43] where
the offset r of the sensor from the center of the vehicle is small: r = O(g) = roe, as € — 0

for some ry > 0, we have the following proposition:

Proposition 4.1.1. For a fived q such that Vc(q) # 0, the compact subset SJ s a proper
subset of SO(3) and is singularly (almost) semi-globally practically uniformly asymptotically
stable for the system defined by equations (4.5) and (4.6) under the feedback law (4.9).

Before we proceed with the proof of this proposition, we remark on the word ‘almost’ inside

the parenthesis in its statement. Topological considerations [44] prohibit asymptotic stabil-
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ity via continuous feedback on the group SO(3). As such, it is impossible to conclude global
practical stability results, since the reduced order averaged system cannot be globally uni-
formly asymptotically stable. Instead, we can prove ‘almost’ semi-global practical stability

which is a straightforward extension of Definition 3.3.1.
Proof. Let Ry = exp (e7%te;), P = RR], and compute:

P = RR] + RR| = O, Re;R] = O, PR8;R] = Q. PRye; (4.11)
Let A(y,e?t) = Hy Ryges and observe that:

P=c"PA(y,c %) (4.12)

To simplify the presentation, we embed SO(3) into RY by partitioning the matrix P =
[Py, Py, P3], defining the state vector p = [p], pJ, pi]7, and restricting the initial conditions
for p to lie on the compact submanifold M = {pi € R3: P.P; = 0ij, P; X P; = eijkpk}
(which is the image of SO(3) under the embedding), where §;; is the Kronecker symbol and

€ijk is the Levi-Civita symbol. On M x R?, the system is governed by:

3

pz’ = 871 Z Aj(y, 572t>€ijkpk (413&)
k=1
y=¢*(Fy+ Be(q,)) (4.13b)

where q, is now given by:

q, =q+r (cos(s_Qt) p, + sin(g_zt) Ps) (4.14)

The signal strength field at q, can be expanded as a series in r = roe using Taylor’s theorem:
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c(q,) = c(q) +roz Ve(q)T(cos(e ™), + sin(e~*t)py) +r5e°p(q, a,,6 "t e)  (4.15)

where the remainder p is differentiable in all of its arguments. Now, observe that the system
defined by the equations (4.13) and (4.15) belongs to the class of systems described by (3.24).
Hence, we may employ Theorem 3.4.1 and Theorem 3.4.2 in analyzing the stability of the
system. In order to proceed, the reduced order averaged system must be computed. First, we
observe that ¢y = 1¢(q) is the zeroth-order quasi-steady state for the singularly perturbed
part of the system. We proceed to compute the first-order periodic correction ¢, as given

in equations (3.29). The vector by in this case is given by:
by = roB Ve(q)T(cos(T)py + sin(7)ps) (4.16)
Direct computation using equations (3.29¢) and (3.29d) shows that:

o1 = o (sin(7)p, — cos(7)p;)TVe(q) (4.17)

2| (cos(r)(py — P3) + sin(7) (py + P3)) V()

Therefore, the reduced order averaged system as defined by the formulas given in equations

(3.32) is:
o ro (PoP) + P3P}) Ve(q)
p, | = —7op1PIVe(q) (4.18)
133 _TOplpgvc(q)

We claim that the subset S is (almost) globally uniformly asymptotically stable for the
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system (4.18). To prove this statement, we define the candidate Lyapunov function:
V =[Ve(q)l|-Ve(a) P, (4.19)

which is clearly positive definite on M\S;, and V' = 0 if and only if p € SJ. We compute

the derivative of V' to obtain:

V' =rVe(q)" (p,p} + P3Pf) Ve(a) (4.20)
However, it is not difficult to see that:

p,P} + PsP} = I — b, b} (4.21)
where I is the identity matrix. Hence, we have that:

V = ro||Ve(a)|[*~ro (Ve(@)TP,)* < 0 (4.22)
Observe that V = 0 if and only if p € Sg or p € §; where:

Sq ={R €50(3) : Ve(q)'p; = —[[Ve(q)l[} (4.23)

Thus, if we restrict our attention to the subset M\S, we have that V<0Vpe SO(3)\Sq
and V = 0 if and only if p € S& CSO(3)\S, . We conclude that St is almost globally uni-
formly asymptotically stable for the system (4.18). Hence, a modification of the statement of
Theorem 3.4.2 to account for the zero measure unstable invariant set S leads us to conclude
that the subset S;r is singularly (almost) semi-globally practically uniformly asymptotically
stable. 0

We illustrate the behavior of this gradient alignment algorithm on a numerical example. The
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_VC

Figure 4.1: Numerical simulation results for the 3D gradient alignment algorithm: the blue
curve is the path traced by the tip of the unit vector p; = Re;, and the green arrow is the
direction of the gradient which in this case points along the x-axis.

simulation results are shown in figure 4.1. The signal strength field is taken as the linear
field ¢(q) = qTey, the frequency was taken as w = 4, the parameter rqg = 1, and the initial

conditions are taken as q(0) = [3, —1, 3], R(0) = exp(—0.997¢€,), z(0) = [3, 3].

4.2 Helical 3D Source Seeking with Oscillatory For-

ward Velocity

Next, we employ the gradient alignment results from the previous section to design a 3D
source seeking control law. We assume a vehicle model in which the linear and angular

velocity vectors are given in body coordinates by:

vV = veq, Q= Q||e1 + Qleg (424)
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where e; for i € {1,2,3} are the standard unit vectors. This model is a natural extension of
the unicycle model to the 3D setting. It is well known that this system is controllable using

first-order Lie brackets [45].

Let ¢ : R? — R be the signal strength field emitted by the source, and consider the case of

a non-collocated signal strength sensor that is mounted at q, as defined in equation (4.7).

Assumption 4.2.1. Suppose that the signal strength field ¢ € C3*(R3;R) is radially un-
bounded, 3'q* € R? such that Vc(q) =0 <= q = q*, and for some r > 0 it satisfies the

inequality:

c(q’) = c(a) < w[|Ve(q)|?, Va € R™, (4.25)

Now, consider the following control law:

v =216 " cos(2e %t — ¢(q,)) (4.26a)
y=c?Ay+e?Be(q,) (4.26b)
Q) =4ase ' Cy, Q=e" (4.26¢)

where y € R?, a; and ay are tuning parameters, and the matrices A, B, C are given by
equations (4.10). The static part of this controller, i.e. equation (4.26a) is a 1D extremum
seeking control law [28]. Note that other choices of this control law are possible [1]. The
dynamic part of this controller, i.e. the equations (4.26b)-(4.26¢), is a narrow band-pass

filter centered around the frequency 2.

In addition, assume that the distance r specifying the offset of the sensor from the center of
the frame is such that r = O(e) = roe for some o > 0. This assumption may seem artificial
at first glance, though its implication is clear; we require that as the small parameter

tends to 0, the distance r from the center of the vehicle is small enough so as not to amplify
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unwanted nonlinearities in the signal strength field. Alternatively, one may consider this
assumption as a “distinguished limit” [43] for the perturbation calculation in the presence

of the two parameters € and r. Under these assumptions, we have the following proposition:

1

Proposition 4.2.1. Let Assumption 4.2.1 be satisfied, and let r = roe~". Then, the compact

subset S = {q*} x SO(3) is sSSPUAS for the system defined by equations (4.5), (4.24), (4.7),
and (4.26).

Proof. Let Ry = exp (e7%te;), P = RR], and compute:
P = RR] + RR] = O, Re;R] = O, PR8;R] = O, PRye; (4.27)
Let A(y,e?t) = 4a,Cy Rges and observe that:

q =Rv =RR/Ryv =vPRye; = vPe; (4.28)

P= \/EPJAX(y, £%t) (4.29)

To simplify the presentation, we embed SO(3) into RY by partitioning the matrix P =
[Py, Py, P3), and defining the state vector p = [p], p}, pi]T. Restrict the initial conditions
for p to lie on the compact submanifold M = {pi € R3: P;P; = 0ij, P; X P; = eijkpk},
where 0;; is the Kronecker symbol and ¢;;, is the Levi-Civita symbol. On R3 x M x R?, the

system is governed by:

4 =20 tcos(2e 7t — ¢(q,)) py (4.30a)
3
p;,=¢ " Z Aj(y, e *t)eijnpy, (4.30b)
Gk=1
y=c7(Ay+ Bc(q,)) (4.30¢)

The signal strength field can be expanded as a series in the small parameter r = rye using
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Taylor’s theorem:

c(q,) = c(a) +roe Ve(q)T(cos(wt)p, + sin(wt)py) + e”p(q, q,, wt, €) (4.31)

where the remainder p is Lipschitz continuous in all of its arguments. Now, observe that the
system governed by the equations (4.30a)-(4.30c) belongs to the class of systems described
by (3.24). Hence, we may employ Theorem 3.4.1 and Theorem 3.4.2 in analyzing the sta-
bility of the system. In order to proceed, the reduced order averaged system needs to be

computed. Similar computations to the proof of Proposition 4.1.1 produce the system:

q a1p,piVe(q)
p aorg (PoPy + P3Pl) Ve(q
?1 _ | @2r0(P2P2 + P3P3) V(@) (4.32)
o —asrop1P3Ve(q)
| ps | | —ayroP,P3Ve(q) |
which can be equivalently written as:
q = ayroPee]P'Ve(q), (4.33a)
P = a,rPA(q, P) (4.33b)
where the average angular velocity vector A is given by:
A(q,P) =P'Vc(q) x e (4.34)

We claim that the compact subset & is globally uniformly asymptotically stable for the
reduced order averaged system (4.33). To prove this claim, we use the negative of the signal
strength field as a Lyapunov function V.(q) = ¢(q*) —c(q). Observe that the system (4.33) is

autonomous, and so the function V, is indeed a candidate Lyapunov function for the compact
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subset S due to Assumption 4.2.1 [7]. We proceed to compute the derivative of V,:
V., = —a,Ve(q)TPeelPVe(q) < 0 (4.35)

Now, consider the subset N = {(q, P) € R? x SO(3) : V. = 0}, and observe that S € N, and
that S is an invariant subset of the reduced order averaged system (4.33). Suppose that a
trajectory (q(t), P(t)) of the system (4.33) exists such that (q(¢), P(t)) € M\S, Vt € I, where
I is the maximal interval of existence and uniqueness of the trajectory. Such a trajectory

must satisfy:

Ve(@t) P(t)e, =0, Vtel (4.36)

The differentiability of the trajectories allows us to compute the derivative of this identity

and obtain that:

%(Vc(q(t))TP(t)el) =0, Vtel (4.37)
which simplifies to:

Ve(a(t))™P(t)(A(a(t), P(t)) x e1) =0 (4.38)
Recalling equation (4.34), we see that:

A(q(t),P(t)) x e = (Id — e1e])P(t)"Vc(q(t)) = P(t)"Ve(q(t)) (4.39)

Hence, the equation (4.38) necessitates that:

IVe(a(t)|*=0, Vtel (4.40)
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which is clearly in contradiction with Assumption 4.2.1. Accordingly, it follows from LaSalle’s
Invariance principle [7, Corollary 4.2 to Theorem 4.4] that the compact subset S is globally
uniformly asymptotically stable for the system (4.33). Hence, we conclude by Theorem 3.4.2
that the subset S is singularly semi-globally practically uniformly asymptotically stable for
the original system defined by (4.5)-(4.10). O

If we attempt to apply the framework of singularly pertubed Lie Bracket Approximation
introduced in [4] to the system (4.30a)-(4.30c), then the quasi-steady state of the system will

be y = [c(q,), ¢(q,)]T. Hence, according to [4], the reduced order system is:

q = Vw cos(2wt — ¢(q,)) py, p;,=0 (4.41)
which yields the Lie Bracket system:

q = Pee]P'Vc(q), P=0 (4.42)

It is clear that the compact subset S is not asymptotically stable for the Lie Bracket system
(4.42), and so the framework in [4] is not suitable for proving the stability of the system
(4.30a)-(4.30c).

We now demonstrate the behavior of the proposed algorithm through numerical simulations.

In the following example, we have that: 7o =1, a3 = 1 and ay = 0.5.

Example 4.2.1. Consider the signal strength field given by

10

A9) = 750 025q7q"

(4.43)

which represents a stationary source located at the origin. We take the initial conditions as
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. q" - Source Location
Vehicle Center Projections

—— q, - Sensor Position

—— q - Vehicle Center Position

&b

0 5 10 15 20 25 30
Time 2

Figure 4.2: Numerical simulation results of the 3D source seeking algorithm for the non-
collocated sensor case with oscillatory forward velocity: the history of the signal strength
at the vehicle center and the position coordinates (left), and the 3D spatial trajectory with
various projections (right)

q(0) =[-7,=7,7]7, R(0) = [r1, ra, r3] where the unit vectors r;, are given by:

~ Ve(q(0)) . r; X e
IVe(a(0))[I’ ’

ry = rs =r1 XTIy, (444)

B [y x e’

y(0) = 0, and the small parameter as € = 1/v/67. We also take the parameters ay = ry =1
and ap = 1/2.

The numerical simulations for the example are shown in figure 4.2. Observe that the behavior
near the source is nontrivial, i.e. there is a small non-trivial attractor. However, this complex
behavior does not appear in the reduced order averaged system and it can be made arbitrarily

small by choosing a sufficiently small e.
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4.3 Helical 3D Source Seeking with Strictly Positive

Forward Velocity

In the previous section, the forward velocity of the vehicle was considered as a control input
and was employed in the design of the source seeking control law. As a consequence, the
velocity was taken as an oscillatory signal, which may be positive or negative. Nevertheless,
it may be desirable to maintain a strictly positive forward velocity for the vehicle. In this
case, the algorithm of the previous subsection becomes obsolete and a different algorithm is

needed. In this section, we tackle such a problem.

Recall that the 3D kinematics of a rigid body are given by:
q = Ry, R = RQ (4.45)

Let us assume a vehicle model in which the velocities in body coordinates are given by
equations (4.24), such that the forward velocity v = oy > 0 is strictly positive and constant,
and the angular velocity components €} and 2, are treated as inputs. Suppose that the
assumptions on the sensor location and the signal strength field stated in the previous sections

are satisfied and consider the following control law:

2 =e*(c(q,) — 2) (4.46a)
y=c?Ay+e?Bc(q,) (4.46b)
Q) = 4dase ' Cy + 2a3e  cos(e7%t) (c(qy) — 2), Q=" (4.46¢)

where z € R,y € R? a4, i € {1,2,3} are tuning parameters, and the matrices A, B, C are

given by equations (4.10).

Proposition 4.3.1. In the limit ¢ — 0, the trajectory q of the system (4.45) under the
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control law (4.46) converge to the trajectories of the following system:

=

an

1
h; = ras <I - l:11l:1{> V(@) + arasho,hIVe(q)

Flg = Oél()égl:lll:l;VC(a) — T2 (I — }:IQIII;—) VC(E[)
Proof. Let Ry = exp (e7%te;), Ry = exp (azze;), P = RRJR], and compute:

q = vRe1 =0 PR1R081

P = RR/R] + RR;R! + RR]R;
Now, observe that:

RR{R! = ¢ PR R, R]R] + 2, PR, Ro&;R{R]
RR,R] = —«2PR,R&;R{R]

RRIR| = —ase ' (c(q,) — 2)Pé;
In addition, direct computation shows that:

Q1 RiRpes = 4ae ' Cy ( sin(e2t)(sin(z)e; — cos(z)eq) + COS(€2t>83)
+ e as(c(q,) — 2) sin(2e72t) (cos(z)ey — sin(z)e;)

+ e ras(e(qy) — 2) cos(2e%t)es + aze (c(q,) — 2)es

Hence, we have that:

q = a3 P(cos(z)e; + sin(z)ey),
P = 5’1PJAX(y, z,e7%t)
t=c"(c(q,) — 2)

66

(4.47a)

(4.47D)

(4.47¢)

(4.48a)

(4.48D)

(4.49)
(4.50)

(4.51)

(4.52)

(4.53a)
(4.53b)

(4.53¢)



y=c?Ay+e?Bc(q,) (4.53d)
where the angular velocity vector A is given by:

Ay, z,e7%) = 4a,C y(sin(aQt)(sin(z)el — cos(z)eq) + COS(e’th)eg)
(4.54)
+ as(c(q,) — 2) (sin(2€2t)(cos(z)e2 —sin(z)ep) + cos(252t)e3>

and the sensor location q; is given by:
q, = q+ rPRiRge; = q + 7 P(cos(e*t)(cos(z)es — sin(z)er) + sin(e >t)e;)  (4.55)

Furthermore, we embed SO(3) into RY once again by partitioning the matrix P = [py, py, P3),
and defining the state vector p = [p], pj, p3]T. In the new coordinates, the system is

governed by:

q = oy (cos(z)py + sin(z)p,), (4.56a)

p;=¢ Z Aj(y, 2,6 t)eiznpy (4.56Db)
jk=1

i =e1(c(q,) — 2) (4.56¢)

y=c?(Ay+ Be(a,) (456d)

As in the previous section, we may expand c¢(q,) as a Taylor series in the small parameter

r = ro€ to obtain:

c(q,) = c(q) + roe (cos(e?t)(cos(z)p, — sin(z)p;) + sin(e ?t)py) 'Ve(q) + O(e?)
(4.57)

By substituting for ¢(q,) with its Taylor expansion, we obtain a system that belongs to the

class of systems on the form (3.41). Therefore, we may employ Theorem 3.5.1 to approximate
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the trajectories of the system. In order to proceed, we need to compute the reduced order
recursively averaged system. First, we observe that the quasi-steady states for the singularly
perturbed part of the system z,y are given by ¢o(q,p) = ¢(q), vo(q,p,z) = ¢(q)1. Using
the formulas provided in Appendix E, we obtain the following reduced order recursively

averaged system:

a = o cos(ase(Q))p; + i sin(asc(q))py (4.58a)
Py = roas cos(aze(@)) (I - ByPT) Ve(@) — roaz sin(asc(@))Bop] Ve(q) (4.58b)
Dy = roaz cos(asc(@))DyPEVe(a) — roas sin(ase(a)) (T — Pyph) Ve(q) (4.58¢)
Py = 7o sin(asc(@))P,pI V(@) + roas cos(ase(q))ppiVe(@) (4.58d)

The result of the proposition follows after we perform the following change of coordinates:

hy = cos(asc(q))p, + sin(asc(q))p,, (4.59a)
hy = sin(a3c(q))Py — cos(asc(@))P, (4.59b)
]

The stability of the system given by (4.47) is very intricate; there is a complex attractor near
the source whose size does not diminish in the limit ¢ — 0. We leave a detailed analysis of
this attractor and its stability for future work. Instead, we provide here numerical examples

illustrating the behavior of the system.

Example 4.3.1. Consider the signal strength field given by

10

= - 4.60
1+0.025q7q’ (4.60)

c(q)

which represents a stationary source located at the origin. We take the initial conditions as
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Figure 4.3: Numerical simulation results of the 3D source seeking algorithm for the non-
collocated sensor case with strictly positive forward velocity: the history of the signal
strength at the vehicle center and the position coordinates (left), and the 3D spatial trajec-
tory with various projections (right)

q(0) = [-7,—7,7]", R(0) = [r1, ra, r3] where the unit vectors ry are given by:
Ve(q(0)) r; X €
r|=——— rp=—", rs =r; X Iy, (4.61)
IVe(a(0)] [y x ]

y(0) = Le(q(0)), 2(0) = ¢(q(0)), and the small parameter as € = 1/4/6m. Moreover, we take

the parameters oy = as = ag =rg = 1.

The numerical simulations for the example are shown in figure 4.3. The size of the attractor

can be made small by tuning the parameters aq, as, a3, which are controller parameters.

4.4 Spherical 3D Source Seeking

In this section, we consider an alternative 3D source seeking algorithm that, unlike the
previous algorithms, works for the case of a collocated sensor. The algorithm proposed here

is named ‘spherical’ due to the nature of the trajectory in 3D space as will be clear later in
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the numerical examples towards the end of the section.

The 3D kinematics of a rigid body are given by
q = Rv, R = RQ (4.62)
We consider a vehicle model in which the velocity v and angular velocity €2 are given by:
v=2c ey, Q=Qe + Qe (4.63)

where ) and 2, are the control inputs, which represent roll and yaw of the body frame,
respectively, and w is a positive parameter. This model is a natural extension of the unicycle
model to the 3D setting. It is well known that this system is controllable using depth one
Lie brackets [45].

Let ¢ € C?(R* R) represent the signal strength field and define the control inputs € and

2, by the dynamic time periodic feedback law:

2i=c(q)—z (4.64)
Q1(c(q),2) =22 (4.65)
Q(z,e7%t) = 20 sin (677 — 2) (4.66)

where € > 0, and a > 0 are constant parameters.

Remark 4.4.1. When the motion is confined to the plane (i.e. o =0), this control law is
the same as the source seeking algorithm for the unicycle model introduced in [28], which
also turns out to be the same algorithm employed by sea urchin sperm cells for seeking the
egg in 2D [46]. Here we extend the controller to the 3D setting and establish its practical
stability. We emphasize that the 2D source seeking algorithm in [28] does not work directly
i 3D.
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Assumption 4.4.1. Suppose that the signal strength field ¢ € C*(R?;R) is radially un-
bounded, 3'q* € R? such that Ve(q) = 0 <= q = ¢, and for some constant k > 0, it

satisfies the inequality:

c(q") - c(q) < K[[Ve(g)*, Vg € R (4.67)

Then, we have the following theorem:

Theorem 4.4.1. Let Assumption 4.4.1 be satisfied. Then, the compact subset {q*} x SO(3)
15 singularly semi-globally practically uniformly asymptotically stable for the control system

defined by (4.62)-(4.63) under the dynamic feedback law defined by (4.64)-(4.66).

Proof. Define 7 = e7%t, 0 = ¢, and the intermediate rotation P = RR]RJ, where:

R1 = exXp ((T — 2)63) s R1 = (872 — Z)Rl/e\g (468&)

R2 = exXp (Oé 062) s R2 = 87104 Rl/e\g (468b)

Then, compute:

P = RR'R! - RR/R! + RR'R) 4.69
1 2 1 2 1 2

In addition, observe that:

RR]R] = PRyR, (6 + Q,6;) R]R] (4.70a)
RR|R] = —PR;,R; (2,6;) RIR] (4.70b)
RRIR; = —='a PR,&,R] (4.70c)
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Direct computation shows that:

QRie; =c 'aey — e tasin(2(z — 7))er — e ' cos(2(z — 7))es
Hence, we have that:

P=c"! PJAX(z, o,T)
where

A(z,0,7) = —a sin(2(z — 7)) (cos(ao)e; — sin(ao)es) — a cos(2(z — 7))eq
Furthermore, the position kinematics evolves according to the equations:

q=c '"Pf(z,0,7), f(z,0,7) = 2RyR1 €y
Consequently, in the new coordinates, the system is governed by:

q=e'V2Pf(z,0,7),  P=c'PA(z071),  i=c"(c(q)—2)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75a)

We embed the manifold SO(3) into R? x R? x R? by partitioning the matrix P into column

vectors P = [p;, ps, P3). Observe that:

P — PA = PAP'P = PAP

and so it is easy to see that the time evolution of the columns of P is governed by:

3
= 'Y Ai(z,0,7)p; X Pj, j€{1,2,3}

i=1

dp;
dt
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Next, define the state vector x € R by x = [qT, p], pJ, p3]", and the vector field X which

is given in coordinates by:

3

> filz,0,7)p;
Az(za g, T)€i1kp]<:
X(x,z,0,7) = (4.78)

Ai(Z7 g, T)€i2kpk;

e sl 50

5
Ed

Ai('Z? g, T)Ei?)kpk;

where €;;;, is the Levi-Civita symbol. Restrict the initial conditions to lie on the manifold
M ={(x,2) e R®|p]p; = 0i, P; X P; = €xPy,}, Where d;; is the Kronecker symbol. With

this embedding, the kinematics can be written succinctly as:

x = 'X(x,2,0,7) (4.79)

2 =e%(c(q) — 2) (4.80)

which is a system that belongs to the class of systems on the form (3.41). Therefore, we may
employ the formulas. Hence, we may apply Theorem 3.5.1 and Theorem 3.5.2 to investigate
the stability properties of the system. To proceed, we need to compute the reduced order
recursively averaged (RORA) system. We observe that the quasi-steady state g = c(q) is
a scalar, and therefore the vector-valued map b, 1, which appears on the RHS of equation

(3.57), is also a scalar and is given by:

ka .0, 7)pLVe(q) (4.81)

Proceeding to compute the first-order correction term ¢, to the quasi-steady state, we obtain:

1 2m
pi(x,0,7) = —m/o Ze'kQﬂfk(C(Q);U,T +v)ppVe(q) (4.82)
k=1
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Substituting into the formulas in Appendix E, and computing the average, we obtain the

reduced order recursively averaged system: By changing the coordinates back, we obtain:
a=PQP™V(q), P =0, Z=1¢(q) (4.83)

where the matrix Q is given by:

oo
Q=010 (4.84)
001

The compact subset S = {(q,P) : q = q*} is globally uniformly asymptotically stable
for the dynamics defined by (4.83). This is easy to see since the matrix PAPT is positive
definite VP € SO(3), and P does not change. Reverting back to R from P will not affect
this stability result. Therefore, we conclude using Theorem 3.5.2 that the compact subset &
is s-SPUAS, which concludes the proof. m

We now provide a numerical example illustrating the behavior of the algorithm proposed in

this section.

Example 4.4.1. Consider the signal strength field given by

10

A4) = T 5.05q7q

(4.85)

which represents a stationary source located at the origin. We take the initial conditions as

q(0) = [-7,=7,7]7, R(0) = [r1, re, r3] where the unit vectors ry are given by:
Vc(q(O)) ry X ep
r=-—-————>" rp=———, rs =T X Iy, (4.86)
IVe(a(0)] [ty X €]

2(0) = ¢(q(0)), and the small parameter as € = 1/4/6m. Moreover, we take the parameter
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Figure 4.4: Numerical simulation results of the 3D source seeking algorithm for the collocated
sensor case with strictly positive forward velocity: the history of the signal strength at the
vehicle center and the position coordinates (left), and the 3D spatial trajectory with various
projections (right)

a = 1/4. The simulation results are shown in figure 4.4. Clearly, the location of the source

is asymptotically stable as predicted by our analysis.
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Chapter 5

Helical Klinotaxis and Source Seeking

Many organisms are routinely faced with the source seeking problem [31]. A well studied
example is that of sperm chemotaxis [47, 48]. To locate an egg in open water, sea urchin
sperm evolved to swim up the gradient of the concentration field established by the diffusion
of a species-specific chemoattractant, a sperm-activating peptide (SAP), secreted by the eggs
[48]. Unlike the inherently stochastic bacterial chemotaxis [49], the navigation strategy of
sea urchin sperm can be reasonably described in a deterministic fashion; the cells employ the
mean curvature of the flagellum, regulated by intracellular Ca®", as a steering mechanism to
swim in circular paths that drift in the direction of the gradient in 2D, and in helical paths
that align with the gradient in 3D [50, 47, 51, 52]. This feedback mechanism is mediated by

a complex signaling pathway that regulates the influx and efflux of Ca*" in the cell [53, 54].

In this chapter, we revisit sperm chemotaxis from the perspective of control theory. We frame
the search for the egg as a source seeking problem, then we show that the 3D navigation
strategy of sea urchin sperm, also known as helical klinotaxis, is in fact a natural imple-
mentation of the well-established adaptive control paradigm known as extremum seeking

31, 55, 28].
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We illustrate this novel connection by establishing a one-to-one correspondence between the
key components of the navigation strategy of sea urchin sperm cells and the hallmark features
of an extremum seeking solution to the source seeking problem, which are: i) the injection of
periodic perturbation signals to sample the local signal strength, ii) a filter that measures the
instantaneous signal strength and extracts the oscillations due to the perturbation signals,
iii) the demodulation of the local gradient information from the filter’s output, and iv) an
integrator that biases the motion in the direction of the gradient [2]. More specifically,
we show that the swimming pattern of sea urchin sperm provides the roles of the periodic
perturbation, demodulation, and integration components of the standard extremum seeking
loop (figure 5.2). As such, the proposed formulation automatically suggests characterizing
the chemotactic signaling pathway as an adaptive band pass filter attuned to the frequency
of the swimming pattern of the sperm cell. In this manner, the swimming kinematics of
sea urchin sperm, together with the signaling pathway, naturally constitute an extremum

seeking strategy for chemotaxis.

Based on this formulation, we propose a coarse-grained minimal dynamical description that
captures the crucial features of the chemotactic signaling pathway, including the peculiar
behavior of sea urchin sperm cells where they seem to switch between two distinct navigation
modes: i) the ‘on-response’ which is a low-gain steering mode when the average velocity
vector of the cell is mostly aligned with the gradient, and ii) the ‘off-response’ which is a high-
gain steering mode otherwise [52]. Previous models employed a threshold-based switching
logic to account for this behavior [52]. The threshold defining the discontinuous switching
boundary was later determined as the solution to an optimal decision problem [56]. Here,
we show that the behavior can arise from a continuous dynamical description in a simpler
way: it arises as a consequence of the motion pattern and a time-scale separation between
the proposed dynamics of the signaling pathway and the average motion. In particular, the
proposed model does not exploit any information other than the perceived instantaneous

local concentration.
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5.1 Modeling the sperm motion

Swimming in a low Reynolds number is dominated by viscous forces, which enables the use
of kinematic models as a good approximation to the motion of micro-swimmers, including

sperm cells [57]. The kinematics of a rigid body are given by:
%x = Rv, R = RO, (5.1)

where the vectors v and w are the linear and angular velocity vectors in the body frame,
@ denotes the skew-symmetric matrix corresponding to the angular velocity vector w, x
is the instantaneous position of the body with respect to the origin of a fixed frame of
reference, and R is the instantaneous rotation matrix that relates the body frame to the
fixed frame. In sea urchin sperm, the mean curvature of the flagellar beating pattern, which
is regulated by the chemotactic signaling pathway, controls the angular velocities in the body
frame [50, 48]. A common model of the effect of the chemotactic signaling pathway on the

swimming kinematics of sea urchin sperm is given by the relations:
T T
V_{UO(ﬁ> w—[q|0wl}, (5.2)
where v > 0 is constant, and the angular velocity components w) and w, are given by:
W) = W0 + w11, Wl =Wwio+wim, (5.3)

with w g, w11,w)o, w1 as constant coefficients, and 7 is a dynamic feedback term representing

the effect of the signaling pathway [58, 47, 52].
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Figure 5.1: The geometry of helical swimming. A: the helical nature of the trajectory
suggests decomposing the motion (x,R) into an average part along the helical centerline
(%, R) and a periodic excursion Rd(t) that is orthogonal to the centerline. B: the direction
of the gradient Ve can be decomposed into two parts, one along the helical centerline h
(denoted as Vjc), and another orthogonal to it (denoted as V| c) which is contained in the
same plane as the direction q(t) of the periodic excursion Rd(t).

5.2 An extremum seeking loop

The constant forward velocity v > 0, along with the constant angular velocity components
wijo and wg, lead to a periodic swimming pattern, a helical trajectory. The sign of wjo and
w1 o determine the handedness of the helical trajectory. For simplicity, we consider the case
in which both wjy and w, ¢ are positive. The geometry of helical swimming (see figure 5.1A)
suggests decomposing the motion into an average part and an oscillatory part. We define

the average instantaneous position % and orientation R of the cell as:

Ro(t) = exp(@ot), R =RRy(t)T, (5.4a)

X =x — Rd(t), (5.4Db)
where the vector wy is given by:

wo = {wno 0 wio ]T (5.5)
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and the vector d(t) is the perturbation in the position due to the helical swimming pattern,

and is defined by:

Vin = Ro(D)v, d(t) = / (Ro(E)v — vy, dt. (5.6)

In particular, the periodic perturbation vector d(t) and the average velocity vector v, are
orthogonal. The evolution of the average motion variables X and R is governed by the

following system of differential equations with periodic coefficients:

x = Rv,(t)n + Rv,,, v, (1) = d(t) x wy(t), (5.7a)

R = R&, (1), wy(t) = Ro(t)wr, (5.7b)
where the vector w; is given by:

Wi = {w”l 0 wi }T- (5.8)

Under the assumption that |d(¢)| < 1, the instantaneous local concentration ¢(x) can be
approximated as a Taylor series in terms of the average motion variables X and R using

equation (5.4b):
¢(x) ~ ¢(X) + Ve(X)TRA(1). (5.9)

Clearly, the helical swimming pattern modulates the local gradient information on the am-
plitude of the perturbation Rd(t), similar to the perturbation stage of the ES control loop.
The amplitude of the periodic component Ve(X)TRd(t) of the instantaneous local concen-
tration (5.9) is proportional to the component of the local gradient that is orthogonal to the

average swimming direction as defined by Rv,,.
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It is well known that microorganisms that swim in helical trajectories, including sea urchin
sperm, can align the axis of their helical trajectory with the gradient by periodically varying
the angular velocities of the cell with the same frequency of the helical trajectory [50, 58].
That is, a sperm cell can align its swimming direction with the gradient provided that the
signaling pathway is able to extract the periodic component of the instantaneous local con-
centration, similar to the role of the filter in the ES control loop. This implication about
the role of the signaling pathway is one of the main outcomes of the connection between

chemotaxis and ES, as proposed in this paper.

Going back to the governing equations of the kinematics (5.7), we see that the feedback sig-
nal  multiplies the periodic feedback coefficients v, (¢) and w,(t). Consequently, the local
gradient information carried on the periodic component in the signal 7 is ‘demodulated’ into
the non-zero average component of the product signals w,(t)n and v, (t)n, similar to the

demodulation stage of the ES control loop.

Finally, the demodulated local gradient information passes through the kinematics of the
motion represented by equations (5.7), which is responsible for biasing the motion in the
direction of the gradient. The closed-loop behavior of the nonholonomic integrator defined
by the kinematics is investigated in the next section. A block diagram description of the
dynamical equations (5.7) representing the navigation strategy of sea urchin sperm is shown
in figure 5.2, where the special integration symbol f denotes the nonholonomic kinematic
integrator corresponding to the equations (5.7). The isomorphism between the block dia-
grams in figure 1.1 and figure 5.2 clearly reveals the connection between sperm chemotaxis
and extremum seeking. We remark that the signaling pathway is more complicated than the

simple input-output depiction shown in figure 5.2 (see [48] for more details).
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Demodulation Integration Perturbation

v (t) & wy(t) Rd(t)
- (Flagellar Deformation Signaling Pathway ) o
%

N

Figure 5.2: A block diagram description of the chemotactic navigation of sperm represented
by equations (5.4) and (5.7). The helical swimming pattern injects periodic perturbations
into the instantaneous position of the cell which leads to oscillations in the perceived stimu-
lus. The signaling pathway relays the oscillations to the angular velocities through flagellar
deformation. Next, the periodic feedback coefficients (i.e. v, and w,)) of the dynamics of av-
erage motion demodulate the gradient information carried by the feedback signal n through
signal multiplication. Finally, the kinematic integrator f biases the motion in the direction
of the gradient.

It is note-worthy that the 2D version of the model (5.1)-(5.3) (i.e. when wj = 0 and the
motion is restricted to a plane) is a well-studied kinematic model in the control community
known as the unicycle model. Remarkably, the trajectories generated by an ES-based algo-
rithm for the unicycle model, which was recently proposed in [55, 28] independently from
the literature on sperm chemotaxis, are astonishingly similar to the actual trajectories of sea

urchin sperm in shallow observation chambers [59].

5.3 Chemotactic Response and Closed Loop Behavior

The evident one-to-one correspondence between the key components of the navigation strat-
egy of sea urchin sperm and ES control immediately clarifies the role of the signaling path-

way: it must act as an adaptive band-pass filter attuned to the frequency of the swimming
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pattern of the cell. Motivated by this observation, and building upon previous phenomeno-
logical models [47, 52|, we propose the following coarse-grained dynamical description of the

signaling pathway:

o =s(t)—¢&, (5.10a)
pi=p&—n’, (5.10b)
pp=p—pin, (5.10c)

where 1 and o are positive constants such that o < p, and s(t) is the input to the model,
which represents the time-varying external stimulus to which the pathway is exposed due to
the binding of SAP molecules with the receptors. Without accounting for noise, the stimulus

s(t) is customarily approximated by:

s(t) = Ae(x) (5.11)

for some positive proportionality constant A [47, 52]. The proposed model possesses three
essential dynamical features: excitation, relaxation, and adaptation. The excitation is mod-
elled by equation (5.10a), which acts as a differentiator that detects changes in the local
concentration. The relaxation is modelled by equation (5.10b), which brings the response
1 back to resting levels when there is no change in the stimulus. Finally, the adaptation is
modelled by equation (5.10c), which adjusts the sensitivity of the pathway to the stimulus.
A sample trajectory of the equations (5.1)-(5.3) and (5.10) is shown in figure 5.3 along with
time-history of the average local concentration ¢(X), the steering response 1 and the angle

1) between the gradient and the average swimming direction.

We now analyze the closed loop behavior when the dynamics of the pathway is given by the

proposed dynamical system (5.10) using analytical calculations based on linear response
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theory and averaging, similar to [47, 52]. The details of calculations in this section can
be found in the Appendix F. In the parametric regime where o|v,,|< p|v,|< o|w|~
O(1), there is a large time-scale separation between the dynamics of average motion (5.7)
in the absence of feedback and the dynamics of the pathway (5.10). Consequently, we may
approximate the response 7 due to the time-varying local concentration (5.9) by the quasi-

steady response:

h'Ve+v25q(t +ty)™Vic
VIVl 82 [Vicl?

77QS = s (5.12)

where 3 = y(w)|d(®)|/(1V2|Vim|), ts = d(w)/w with y(w) and ¢(w) being the gain and
phase contributions of the linear part of the system (5.10) at the frequency w = |wyl|, Ve =
Ve(x)/|Ve(x)] is a unit vector in the direction of the gradient, and we used the following

shorthand notations:

h=Rvy/ [V, q(t) =Rd(#)/|d(1)], (5.13)

?”c = fl}_lTvC, %c = Vc - Wc, (5.14)

to simplify the expression (see figure 5.1B for a geometric illustration of the introduced
variables). Notably, the quasi-steady response (5.12) is independent of the ambient concen-
tration ¢(xg) and the stimulus proportionality constant A, which are irrelevant information
from a chemotactic perspective. If we close the loop by replacing n with the quasi-steady
approximation 7qg, an intricate averaging analysis on the fast time scale 7 = wt when w > 1
for the system of equations (5.7a)-(5.7b) coupled with equation (5.12) leads to the following

averaged quasi-steady equations:

%Th = 0 (1 + 2“) LTV ) , (5.152)
w w w||0a

TR Y(w) wiowp vARE

h™Ve = D cos(p(w))|Viel?, (5.15Db)
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a = /¥l 482 Vil (5.15¢)

Equation (5.15a) expresses the speed along the average direction of motion h, while equation

(5.15b) presents the rate of alignment of the average direction of motion h with the gradient.

We now analyze the qualitative dynamic behavior of the quasi-steady averaged equations
(5.15) by considering three events and the corresponding response. The first event (the
segments highlighted in green in figure 5.3) is when the average swimming direction h is
mostly aligned with the gradient (i.e. 8|Vic|< h"Vjec~ 1), in which case the response 7qs

is approximately given by:
nos = 1+ V2Bq(t+ts)Vic, (5.16)

where the second term is small compared to 1 (i.e. the periodic component is attenuated
relative to the slope of the ramp component), and the change in the misalignment between
the average swimming direction and the gradient is minor. Moreover, the net motion along

the average swimming direction h is sped up:

2
fTh ~ L0 (HM) (5.17)
w Wow

The second event (the segments highlighted in purple in figure 5.3) is when the average
swimming direction is almost opposite to the gradient (i.e. BT?HC ~ —1), in which case the

response is approximately given by:
Nos = —1+vV28q(t +1ty) Vi, (5.18)

where once again the periodic term is small. However, the net speed along the average
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swimming direction h is reduced:

2
%Th ~ 2200 (1 - M) . (5.19)

w wijow?

That is, when the motion is opposite to the gradient, the net motion along the average
swimming direction h is slowed down, thereby reducing the helical pitch of the trajectory.
This helical pitch reduction can be observed in the purple segment of the trajectory in figure
5.3. Moreover, the average swimming direction defined by ﬁTv”c = —1 is unstable, so any

slight misalignment triggers the transition towards the stable average swimming direction

defined by ETVHC ~ 1.

The third event (the segments highlighted in red in figure 5.3) is when the average swimming
direction h is orthogonal to the gradient (i.e. h'Vjec = 0 and |Vic|~ 1), in which case the

quasi-steady response 7qg is dominated by the periodic component in the local concentration:
nQs ~ \/5(_1(t + t¢)T7Lc, (52())

and the alignment between the average swimming direction and the gradient is increased at

a peak rate:

= wj_ow”l

ETVC R
V2w

cos(p(w)). (5.21)

We remark that near the maximum concentration, the gradient vanishes, and the behavior
of the system is dominated by second order effects, due to the Hessian of the concentration

field, which are neglected here.
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5.4 Discussion

Helical klinotaxis is a ubiquitous mode of taxis in microorganisms. In this study, we used
sperm chemotaxis in sea urchins to highlight extremum seeking control as an underlying
principle behind helical klinotaxis. This connection sheds light on the role played by the
chemotactic signaling pathway and emphasizes the characterization of its dynamics as an
adaptive band pass filter. Moreover, we showed that the switching-like behavior of sea
urchin sperm can arise from a continuous dynamical description (5.10) without an explicit
discontinuous switching logic as in previously proposed models [52, 56]. The key feature
of the model (5.10) is that the gain p adapts to the filtered stimulus ¢ rather than the
stimulus s(t) directly. As a consequence, the ambient concentration levels do not alter
the behavior of the model significantly. The forward velocity v of the cell is treated as a
constant in the kinematic model (5.1)-(5.3). Yet, the cell is able to adjust the speed of the
net motion along the average swimming direction (i.e. the pitch of the helical trajectory) by
dynamically regulating the angular velocity components. Our results suggest that this helical
pitch adjustment mechanism is behind the peculiar switching-like behavior. That is, the on-
response corresponds to the combined effect of helical pitch increase and the attenuation of
the periodic component when the direction of motion is mostly aligned with the gradient. In
contrast, the off-response may be explained as the combined effect of helical pitch decrease
when the direction of motion is opposite to the gradient followed by amplification of the
periodic component when the direction of motion is misaligned with the gradient. The
strength of the off-response in our model is determined by the maximum pitch reduction
and the peak alignment rate given in equations (5.19) and (5.21), respectively. In particular,
the off response is most pronounced when lein R~ w||0w2, since that leads to zero helical
pitch when the direction of motion is opposite to the gradient. Furthermore, the feedback
gain in the peak rate alignment depends on the factor cos(¢(w)), which attains its maximum

value when the frequency of the periodic swimming pattern w is inside the pass-band of
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the signaling pathway defined by p and o so that the phase lag is minimal. Finally, we
remark that the proposed connection between klinotaxis and extremum seeking may guide
technological developments in robotic navigation [60, 30]; it may inspire engineers to design

source seeking algorithms with minimal sensors, suitable for miniaturized robots.
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U | W | wp | Wio | Wit | W o | n(te) | C(to) | p(to)
3.07 | 3.07 [ 2.30 | 8.91 | 1.00 | 3.07 | 9.42 | 0.00 | ¢(xo) | 5.00

Figure 5.3: The three cases of the behavior of the signaling pathway illustrated on a sample
trajectory projected on the zy-plane, the response n, the average instantaneous concentration
¢(x), and the angle ¢» = cos™!(h"Ve) (in degrees) between the gradient and the average
direction of motion h, in a radial concentration field ¢(x) = 1/(1 + 0.5|x|?). The initial
position is taken as xo = (6,1,0), and the initial orientation is R(ty) = exp(27é,/5), where
€, = (0,1,0). The rest of the initial conditions and parameter values are in the table.
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Chapter 6

Averaging for Delay Systems

In this chapter, we investigate the effect of time-delays on the behavior of highly oscillatory
systems. The presentation in this chapter is formal as there are no tools for higher-order
averaging for time-delay systems. The existing tools in the literature can only tackle first
order averaging [61, 62]. Such tools, however, are insufficient to tackle the class of systems we
consider here due to the simple fact that the first-order vanishes. Therefore, one must proceed
to second-order averaging. It turns out, however, that proceeding to higher-order averages is
nontrivial as it requires the computation of the Frechet derivative of an infinite dimensional
operator. Nevertheless, by formally following the same methodology of averaging in finite
dimensions, one can obtain approximation formulas for systems with constant commensurate
time-delays. We compute such formulas in this chapter for the second-order case, leaving

the convergence proofs for future work.
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6.1 The infinitesmal delay case

Consider a class of delayed systems on the form:
2
k=Y e i(x,x_1,e7%) + O(e), x_1(t) = x(t — tq) (6.1)
k=1

where there is a point time delay of t4. First, we consider the effect of an infinitesimal

time delay on the performance of the trajectories of this system. Specifically, suppose that

tg = O(e?) = 74¢2. In this case, we can apply the time scaling 7 = €72t to obtain the system:
dx &
= D e fi(x xoq,7), x_1(7) = x(t — 74) (6.2)

This system is on the canonical averaging form. Suppose that the first-order average vanishes:

T
/ £1(x, %1, 7) dr — 0 (6.3)
0

Let us attempt to formally apply a near-identity transform defined by:

x=UX,X_1,X 5,7,6) =X +ew(X,X_1,7) + (X, X_1,X 2, 7), (6.4)

that takes the system (6.2) to a system:

d_}’(_ _
dr

1) +€2f2()_(, ,1,)_(,2) +83h3()_(, ,1,)_(,2,7', E) (65)

I
™
s}
2
bl
|
bl
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Observe that we included the dependency of the system (6.2) on X_5 in anticipation. Under

this coordinate transformation, we have that:

dx dx dx dx_y

E—E+E(au1+au1d + Ox_ ! dT)
ax dx_ 1 d)_(f2
<6u2~|—8u2d + 0% L dr + Ox_ 2 U2 dT)

=cfi(%,% 1) + 0w (X, X_1,7) + (X, X1, X ) + 20, un(X, X _1,X 2, 7)

+ 8285(111(}27 X_l, T)f1 (X, 5(_1) + 628;(711,11 (X X_ )fl (X 1, X_ 2) + 0(83)
In addition, we have that:
=e fl (U(ia X_1,X-2,T, 8), U(i—lv X_9,X_3,T — T4, 5)7 7—)

+ 82f2(U(}_(7 X_1,X_2,T, 8)7 U<>_(717 X_2,X_3,T — T4, 5)7 T)

+ 828g71f1 (5{, }2_1, T)ul(ic_l, )2_2, T — Td) + 82 fQ(}Z, }2_1, 7') + 0(53)

(6.7)

Matching the coefficients of like-power terms in €, we obtain the homological equations:

8Tu1(5<,5(_1,7') = Kl(i, 5(_1, T) — fl(fc, 5(_1)

@ UQ(X X_ X_Q,T) = K2(5(7 X_l,X_Q,T) — fg(i, X_l,X_Q)

where we have that:
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(6.9)

(6.10)
(6.11)
(6.12)

(6.13)



Now, we simply let:

M

_ 1 [T
fl(i,i_l) = ?/ Kl( s _1,T)d’7' (614)
0

b
b

_ 1 [T
fg(i,i_l,i_g) = f/ KQ( _1,)2_2,T)d7 (615)
0

J

where T is the period of the right hand side of (6.2). The homological equations are then
solvable with the solution having zero average. The actual proof can now be constructed by
reversing the argument above. We emphasize that the averaged system depends on a twice
delayed state. Moreover, the average vector field f, depends crucially on the delay 7;. After
truncating the terms of order €* and higher in (6.5), we obtain the system:

dx _ _
d—X =cfi(X,% ) + (X, %X_1,%X ) (6.16)
-

Since the first order terms vanish, we obtain an averaged system on the form:

= (X, % _1,%_3) (6.17)

where the vector field f is given by:

_ 1 [T
f(x,x 1,x 9) = —/ (fz(?_(, X1, 7) + 0xf1 (X, X1, T)wi (X, X1, 7)
T Jo
(6.18)
+ 0x  Bi(X, X1, T (X1, X0, T — Td)) dr
By reversing the time scaling ¢t = 27, we obtain the delayed averaged system:
X(t) = f(x(t),%(t — 1), %(t — 274¢7)) (6.19)

We observe that the averaged system depends on a twice-delayed state of the system even

when the original system does not. Moreover, the averaged system depends, quite surpris-
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ingly, on the coefficient 7, of the time-delay. This seems to be a characteristic of higher order
averaging for delayed system. The dependency on 7; means that highly oscillatory systems
are severely vulnerable to time-delays of order O(g?). To illustrate this vulnerability, we now

provide a numerical example.
Consider the following two systems:

i1 = e " (cos(e7?t) — c(my) sin(e %)), iy =¢e " cos (e 2t + c(x1)) (6.20)
where ¢(-) is a smooth function. In the limit ¢ — 0, both systems behave on average

according to the dynamics of the averaged system:

de

- (6.21)

i=-

That is, both systems have identical behavior on average. Now, consider the situation that

arises when there is an infinitesmal delay:

iy =27 (cos(e™2t) — c(m1(t — T4¢%)) sin(e2t)) | (6.22)

i = V2e cos (72 + c(xa(t — 742%))) (6.23)

By applying the formulas presented in this section, we obtain the averaged systems:

T = —%(xl(t — 714€%)) (COS(Td) + c(Z1(t — 274¢%)) sin(Td)) (6.24)
Ty = —%(Eg(zﬁ — 74¢%)) cos (Td + c(Zo(t — T4€?)) — (ZTo(t — 27d52))) (6.25)

For sufficiently small ¢, the difference between the state and its delay becomes insignificant.

In that case, we have that 7;(t —274e%) ~ Z;(t —74¢?) &~ 7;(t), which implies that the averaged
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systems may be approximated by finite dimensional counterparts:

. de | _ . dc

T =— Cos(Td)% — Sln(Td>C(ZL“1)% (6.26)
) dc

Ty = —@ COS (Td> (627)

Nevertheless, we observe the drastic difference in behavior between the two systems when

74 # 0. For instance, when 7, = 7/2, the averaged systems are given by:

. de

i’l = —C(ﬂfl)%, jfg =0 (628)

To demonstrate the drastic difference in the behavior of these systems, let us consider the

situation where the function ¢(-) is given by:

1
c(x) = §ZL‘2 (6.29)
Therefore, the two systems will be given by:
- 1 _3 -
2= =5, To =10 (6.30)

We observe how the origin for the first system is stable, though it is only asymptotically
stable compared to exponential stability when 7; = 0, whereas the second system is only

marginally stable.

Even more disturbingly, as soon as 7,4 is larger than 7/2, say 74 = 37w /4, one of the systems
becomes unstable while the other system bifurcates leading to the creation of two additional
exponentially stable equilibria while simultaneously destabilizing the original equilibrium at

the origin:

. 1 1 . 1
T = —2 T (1 — §f%> ) To = Eié (631)

95



0.5

0.5

-0.5

-0.5

—14 = 0.0% of 2, original
= 79 = 0.0% of 27, limit

74 = 25% of 2, original
= 74 = 25% of 2, limit
—174 = 45% of 2w, original
= 74 =45% of 2m, limit

251

—14 = 0.0% of 27, original
= 74 =0.0% of 27, limit

74 = 25% of 2, original
= 74 =25% of 2, limit
350 |—7Td4 = 27% of 2, original
= 74 =27% of 2m, limit

251

L L ~ I I I I I I I I I
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Time Time

Figure 6.1: Time response of the time-delayed system for various values of 7.

We visualise this drastic change in the behavior by providing numerical simulation results
for both systems, which are shown in figure 6.1. It is, therefore, clear that highly oscillatory
systems are severely vulnerable to infinitesmal delays. One is naturally led to inquire after the
reason behind this vulnerability. Intuitively, the reason behind this vulnerability stems from
the manner in which higher-order effects manifest in highly oscillatory systems. Second-
order effects are aptly named so because they only appear naturally to second-order. In
highly oscillatory systems, the vector fields responsible for generating second-order effects are
amplified to force their effects to appear as the leading order. As a consequence, minute time-
delays in the original time-scale of the dynamics directly affect the phase of the oscillations
that interact with one-another and produce the second-order effects. This is understandable
since one is attempting to perform first-order actions (i.e. gradient ascent/descent) using
zeroth-order information (i.e. function evaluations). In this setting, there is a fundamental
trade-off between the speed and domain of attraction and the robustness to infinitesmal
time-delays. This has been recognized early on in the literature of open-loop vibrational

stabilization [62, 63, 64]. Here, we extend this analysis to the class of highly oscillatory

96



systems.

It is worth mentioning that this vulnerability does not appear when one allows the dynamics
to evolve on their natural time-scale. That is, when second-order effects are not amplified

using large gains, the vulnerability to infinitesmal time-delays is no longer present.

6.2 The finite delay case

Now suppose instead that the delay is not infinitesimal. That is, suppose that t; = O(1). In
this case, the time scaling 7 = ¢2¢ will lead to a system of the form:

dx
dr

= e fi(x(7), x(7 — tq/e?), 7) + 2o (x(7), x(T — tq/e?), T) (6.32)
It is clear that the averaging of this system is much more complicated because in the limit
as € — 0, the delay becomes infinite. Indeed, one cannot perform a time-scale change to put
the system on the averaging canonical form. That is, one has to deal with the system in the

original time-scale:

R (x,x_ 1, €%) + O(e) (6.33)

2
% —

k=1
In order to proceed with the analysis, we shall attempt, at least formally, to use the same

near-identity transform:

X=X+ecu (}_(, )_(,18213) + 52112()_(, )_(,1, )_(,2, 82t) (634)
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Computing the derivative of both sides with respect to ¢, we obtain:

X = 5( + € ( 2631.11( X_ ) + 81u1(5< X_ )X + 82111()7( X_ €2t) .

+ &2 (5‘284112(;2,5(_1,5;_2, 2t) 4+ O1uy(X, X_1, X_g, €21)X

+ 62112 ()_(7 )_(—17 )_(—Qa 621;));(—1 + 83112 ()_(7 )_(—17 )_(—27 EQt)};(—Q)

Substituting with the expression for x and expanding in a Taylor series, we obtain that:

X = M (X, X 1, e %) + Ofi(X, % 1, e 2w (X, X1, %)

+ Oof (X, X1, 2 u (X1, X9, 2(t — tg)) + O(e)

Furthermore, we let:

1

By matching the coefficient of e~ we obtain the homological equation:

Osuy (X, X _q,e7%t) = £1(X, %X 1,6 °t),

and by matching the coefficient of O(1) we obtain the homological equation:

(341,12 ()_(, )_(,1, )_(,2, S_Qt) = 81f1 ()_(, )_(,1, 5_2t)lll (}_(, )_(,1, 8_2t)

If we define:
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(6.37)

(6.38)

(6.39)
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where the integral is considered as an anti-derivative, we can define the vector field f by:

_ 1 [T
f<)_<7 )_(717)_(727td7€) = _/ (alfl(iu }_(7177—)111(5(7 }_(*177-)
0

T
(6.41)
+82f1 (i, 5(_1, T)ul(i_l, }2_2, T — 6_2td)) dr
and the averaged system in this case is given by:
X =f(X,%X_1,X_9,14,€) (6.42)

We observe that the averaged system depends explicitly on ¢; and on €. Notice, however,
that the averaged system needs more information than the original system. In particular,
the averaged system depends on a twice-delayed state even when the original system depends
only on a once-delayed state. This fact translates to an ambiguity regarding the behavior of
the averaged system until sufficiently long time has passed. In particular, During the interval
[—t4,0), the averaged system and the original system have the same initial condition and so
they must coincide. However, during the interval [0, t4), the original system will have started
to evolve according to the time-varying first-order dynamics whereas the averaged system is
still in the initial condition phase. Therefore, the approximation provided above only works
beyond the interval [—t4,t4) and we are required to supply the averaged system with the
remaining initial condition on the interval [0, ¢;). This is done by inverting the near-identity

transform:

x(t) = %(t) + e uy(X(t), x(t — tq),e2t), vt € [0,tq) (6.43)

We now illustrate the nature of the approximation using the two systems considered in the

previous section.
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Consider the two systems:

iy =,v2e L cos (g7t + c(z1(t — ta))) (6.44)

iy =261 (cos(e72t) — c(mo(t — t4)) sin(e%t)) (6.45)

where the function ¢(+) is a smooth convex function. By applying the formulas presented in

this section, we obtain the averaged systems:

de

I = —%(El(t — tq)) cos (tae > + c(T1(t — ta)) — c(Z1(t — 2tq))) (6.46)
Ty = —%(xg(t — tq)) (cos(tae™?) + c(Za(t — 2tq)) sin(tae ™)) (6.47)

In contrast to the previous section, we can no longer obtain a finite dimensional approxi-
mation of these systems due to the fact that the delay is no longer infinitesmal. Yet, the
trajectories of the averaged systems faithfully track the trajectories of the original system
for sufficiently small e. We illustrate this fact using numerical simulations. Let us consider

the case where the function ¢(+) is given by:

c(x) = (6.48)

Therefore, the averaged systems are given by:

_ 8To(t — tq) Ly 2% (t — td>2 2% (t — Qtd)2
= 2+ 21 (t — 1a)2)? cos (t St (= ty)? “ o (= 2td)2)> (6.49)
. 8To(t — tq) Ly 2o (t — ztd)Q ' .

P T TR malt )2 (COS(tdE A ST e sin(tas )) (6.50)

First, let us consider the situation in which:

cos(tge™?) = 1, sin(tge~?) = 0, (6.51)
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which leads to the relation t; = 27fc? between the delay t; and the small parameter € where

¢ € N. Consider the sequence:

1

{eehile, e = N (6.52)

and observe that g, — 0, and that t; = 2mle? = ¢/k. Therefore, we make the delay as large
as we want for any k by selecting ¢ € N sufficiently large. In this situation, the averaged

systems reduce to:

s 8z (t — /k) cos 271 (t — 0/k)? - 2% (t — 2 /k)2
Ty = (2+21(t —C/k)?)? (2+x1(t —U/k)? T 2+t — 25/1{:)2)) (6.53)
8To(t — L/k)
(24 Zo(t — £/K)?)?

(6.54)

To = —

Fix k = 12, and let us consider three situations where ¢ € {1,8,16}. Simulation results are
shown in figure 6.2. We observe that the gradual increase in the time-delay leads to gradually
increasing the instability of the system. Indeed, when the delay becomes sufficiently large,
a limit cycle appears in the averaged system. Nevertheless, the averaged systems described

by our formulas faithfully track the original system.

We now consider a different situation where:
cos(tqe™?) = 0, sin(tge™?) = 1, (6.55)

which leads to the relation ¢4 = (7/2+ 27¢)e? between the delay ¢4 and & where £ € N. Once

again, consider the sequence:

), =
kSk=1> k \/m

(6.56)

and observe that g, — 0. In addition, observe that t; = (4¢ + 1)/(4k), and therefore, by

selecting /¢ sufficiently large, we can make the delay as large as we want. We observe that in
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The case tq = 6/12

The case tq = 1/12

_1 Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40 O 5 10 15 20 25 30 35 40

Time Time

The case tg = 8/12 The case t4 = 9/12

Time Time

The case tq = 12/12 The case tq = 18/12

-1 I I I I I I I 2 I I I I I I I
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40

Time Time

Figure 6.2: Time response of the time-delayed system for various values of t;.

this situation, the averaged systems simplify to:

b0 (6.57)
1625 (t — 0/k)To(t — 2ty)?
(2+ Zo(t — £/k)?)2(2 + To(t — 214)?)

To = —

(6.58)

Let us fix £ = 12, and simulate the system for various values of £. The response is shown in
figure 6.3. We observe how the first system is marginally stable for all values of the time-

delay where as the gradual increase in the delay progressively degrades the stability of the
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The case tg = 1/12 4 1/48 The case tq = 12/12 +1/48

0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
Time Time

The case t4 = 18/12 4+ 1/48 The case tq = 22/12 + 1/48

_ I I I I I I I 2 I I I I I I I
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Figure 6.3: The response of the averaged delayed systems for t; = (4¢ + 1)/(48), ¢ €
{1,12,18, 22,24, 30}.

equilibrium point at the origin until it becomes a limit cycle. In both cases, the averaged

systems faithfully track the trajectories of the original systems.
Finally, let us consider the situation in which:

1

7 sin(tge™?) = 1 (6.59)

V2

cos(tge™?) = —

which leads to the relation t4e =2 = 37/8 + 27¢ between the delay t; and & where ¢ € N. We
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observe that in this situation, the averaged systems simplify to:

4/ 2T5(t — 1 3 271 (t — tq)? 271 (t — 2t4)*
Ty =— \/i:@( ) 0s Sl + 3:17( ) - $1,< ) ) (6.60)
(24 71 (t — tg)?)? 8 24 I(t—te)? 2+ x1(t —2ty)?
: 4/ 2T5(t — t 2T (t — 2t4)*
3y = = V2Tt~ ta) Tall — %) _ (6.61)
(2 4+ Zo(t — tg)?)% \ 2+ Zo(t — 2t4)?
Once again, consider the sequence:
1
(6.62)

€k ooy, € =
{k}kfl k m

and observe that ¢ — 0. In addition, observe that t; = (8¢ 4 3)/(8k), and therefore, by
selecting ¢ sufficiently large, we can make the delay as large as we want. We fix k = 12
and simulate the system for various values of /. The simulation results are shown in figure
6.4. As predicted by our formulas, there are two additional equilibria at = = 4+/2 for the
second system. Moreover, these equilibria are exponentially stable when the delay is small.
Furthermore, as the delay is gradually increased, the stability of the equilibria degrades
progressively until, for sufficiently high delay, they turn into limit cycles. Furthermore, the
first system is unstable as predicted by our formulas. Finally, we observe that the trajectories

of the averaged systems faithfully track their original counterparts.
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The case tq = 1/12+ 3/96

The case tq = 12/12 + 3/96
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Figure 6.4: The response of the averaged delayed
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Chapter 7

Conclusion and Future Work

In this thesis, we revisited the theory of higher-order averaging, particularly second-order
averaging, with an emphasis on highly oscillatory systems. We have shown that the averaging
theorem is applicable to this class of systems. In addition, we combined singular perturbation
and averaging on multiple scales in order to analyze a class of highly oscillatory systems that
arises in extremum seeking applications. Finally, we investigated the effect of time-delays,
infinitesmal and finite, on the behavior of highly oscillatory systems using the methodology

of averaging and numerical simulations.

In addition to the theoretical contributions of the thesis, we considered the application of
sperm chemotaxis in biology. We established a novel connection between helical klinotaxis,
the navigation strategy of sea urchin sperm cells, and extremum seeking control. Using the
tools developed in this thesis, we were able to show that the seemingly discontinuous observed
behavior of sperm cells may arise from a continuous dynamical description provided that an
appropriate time-scale separation exists between the dynamics of motion and the dynamics
of the signaling pathway. Unlike previous models of this phenomenon in the literature,

our model is continuous and does not employ any threshold-based switching rules, thereby
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making it more natural for a cellular implementation.

Based on the novel connection we established in this thesis, we were able to propose sev-
eral 3D source seeking algorithms for different kinematic vehicle configurations. Unlike all
existing algorithms in the literature, our algorithms do not require any information on the
attitude of th seeking agent. We analyze the behavior of the proposed algorithms using the
theoretical tools of singularly perturbed averaging on multiple scales that were developed in

the thesis.

The work in this thesis can be extended on several fronts. We now discuss such extensions

that will be pursued in the future.

7.1 Bio-Inspired 3D Source Seeking

The algorithms proposed for 3D source seeking were inspired by the chemotactic navigation
of sperm cells. Since sperm cells swim in the low Reynolds number fluid regime, their
motion can be well-approximated with kinematic models. Nevertheless, robots that swim on
the macro scale swim in a relatively high Reynolds number fluid regime, and therefore the
effects of inertia cannot be neglected. It is, therefore, of practical importance to consider
extensions of the methods developed in this thesis to the case where inertial effects are not

neglected.

In addition, in the presence of obstacles, it may be of interest to navigate the environment
while circumventing the obstacles. Moreover, one may consider the situation in which mul-
tiple, rather than a single, vehicles employ 3D source seeking algorithms for cooperative

targeting. Each of these extensions will be considered in future work.
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7.2 Convergence Proofs for Averaging Time-Delayed

Systems

Our analysis of highly oscillatory time-delayed systems in this thesis has been formal. Despite
the fact that such an analysis is absent from the literature, it is important to obtain rigorous

convergence proofs to relate the trajectories of the averaged and the original systems.

It is worth noting that such an endeavour is not trivial. Already for the first-order averag-
ing case and finite delays, one has to work with ordinary differential equations on infinite

dimensional abstract Banach spaces [61].

In addition, it is of interest to attempt to exploit this vulnerability to infinitesmal time-delays
in an adversarial setting where an attacker attempts to confuse or destabilize a stable highly

oscillatory system.

Finally, knowing this vulnerability, are there any solutions one can implement in order to
increase the robustness of the system. That is, with an incomplete information regarding
the time-delay, is it possible to estimate and compensate for the presence of the delay in a

highly oscillatory system. Such questions may be addressed in future work.
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Appendix A

Proofs of Chapter 1

A.1 Proof of Theorem 2.0.1

Proof. Let Jy > 0 be such that the level set
EJOZ{XGRn‘j(X)SJO}CD (Al)
Fix an € > 0, and let:

1
Yo > %(1 + 1+ 8%16), Zo > Jo+ Yo (A?)
1

The functions Fs(-),s € {1,2} are locally Lipschitz in A.. Hence, absolutely continuous
maximal solutions of (2.6) with 8(0) € A, exist and are unique. We consider a maximal
solution @ : I — A, of (2.6) with 6(0) € Ay and apply Lemma 2.0.1 to the functions

gi, 1 € {1,2,3} defined by Eq. (2.4). The next step is to establish the bounds on F% R{' R’
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in Lemma 2.0.2 for g;(),7 € {1,2,3}. We compute

Fo(8) = — [V (A.38)
Fo(60) = —2 + J(x) (A.3D)
o O (TP ) VI C
B2 = = TP (A-3¢)

- I ( J(x)2 ) |V (x)| (A.3d)

J(x)

where 7)(y) = tanh(y). We note that in case of g5, the remainder terms RY*, RS’ in Lemma 2.0.1

identically vanish, and the only remaining term inside the integral is
F92(0) = —z + J(x) <0, VO € epig(J) (A.4)

We conclude, similar to the proof of Lemma 2.0.2, that ¢2(60(t)) <0, Vt € I, Yw € (0,00).

Due to Assumption 2.0.1, we know that V8 € Al, we have

1

F9(0) < —kiJy ™ (A.5)

Furthermore, by definition of g3(-), and thanks to the property that tanh(y) <y, Vy > 0

and the choice of 1, we have:
FB(0) <yo+e—ry; < —e, VOeA? (A.6)

The bounds on the remainders RY*, RS> can be explicitly computed, as outlined in Lemma 2.0.3.
We now apply Lemma 2.0.2 with the bounds established above to conclude that Jw* € (0, c0)

such that Yw € (w*,00),¥0(0) € Ay and maximal solution 6 : I — A., where 0 € I =
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(t.,tF), we have :

e’ ’e

limsup g;(0(7)) <€, Vie {1,2,3} (A7)

T*)tj;

We note that the only remaining boundary in the definitions of A, A is the point (x*, J(x*)).

Clearly 2(t) < 0. Moreover, we have that:
=24 J(x)> -2+ J(xY) = Z(t) > 2(0)e " >0, (A.8)
where Z(t) = z(t) — J(x*). Thus for any finite ¢ > 0, we have that

lim z(7) — J(x1(7)) > 0 (A.9)

T~>t:f

This implies that Yw € (w*, 00), maximal solutions that start inside Ay do not escape A,
in any finite time, hence [0,00) C I. Moreover, since z(t) is bounded below and strictly

decreasing, we have that

lim z(7) — J(x1(7)) =0 (A.10)

T—+00

Consequently, we see that due to the definition of g3(-), it must be true that

lim n(J(x1(7)?> ) =0 = limxy(7) = x* (A.11)

T—+00

Combining all of the above, we conclude that:

lim O(r) = (x*, J(x*)) (A.12)

T—+00
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A.2 Proof of Lemma 2.0.2

Proof. Fix 6 € (0,¢). If ¢:(¢(t)) < §,Vt € [0,t)), the proof is complete. If not, then, by
continuity of g; o ¢ and the Intermediate Value Theorem, Jti,t5 € I, t5 > t; > 0, where
gi(€(t1)) = 0, gi(¢(t2)) = 6, and ((t) € AL, Vit € [t1,t5]. Using the bounds on RY', Ry, F

and Lemma 2.0.1, we get

to

9:(¢(t2)) SMOJr %Jr/(—bgurc—\/g;) dt

t1

We define

) N2
o= s {C5)(5))

and observe that Yw € (w*,00),Vi € {1,2,...,r}, we have

9:(¢(t2)) < = limsupg;(¢(7)) <e O

7'—)155+

O
A.3 Proof of Lemma 2.0.3
Proof. Via direct integration, the following bounds can be established
aq aq
[Ux (8)] < T [Unine ()] < " (A.13a)
ai
’U/\l,)@ (t)U)\S(tN < ﬁ (A13b)

VA1, A2, A3 € AVt € R, where a; > 0 depends on the choice of the frequencies w;. Due to

space constraints, we only show how to establish a bound on one of the highest order terms
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in R*(-,-). The rest of the bounds can be established following the same approach. Let

y =z — J(x). We compute

Lf(i,l)Lf(i,l)Lf(i,l)g3(0> = 8593(0)F1(y)3 - 281293(0)
X F{(y)F1(y)*0:J (x) — 07 g5(0) F} (y) F1(y)*0;J (x)
+0;93(0) FY (y) F1(y)*0; (x)* + 9;95(0) Fi (y)*

X Fy(y)0;J (x)* — 9;95(0) F{ (y) F1(y)*0} J (x)

It can be shown by direct computation that, for y > 0, we have

tanh(J(x)2"m )8;.J (x)
G
| 2J(x)' 10, (0] | T(x)* K]0 (x)|
R (€2 B CEr F)

Using Assumption 2.0.1, we can see that
0T ()| < IV vz T (x)' "2

Moreover, we know that

tanh(J(x)2 )
z— J(x)

<yo+e VOEA?

Thus, it holds that

J(x)* 2m ;

tamh (G T T

10:93(0)] < V/k2(yo + €)
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For 6 € A?, we have J(x) < Jo, and |F'(y)F(y)| < 2. Thus, we have:

; ! J(x a )
OHOF WFWOIR] < ax s

1
where ay = KQJJ ™ (yo + €)(2 + Jp). Finally, it can be shown that

This leads to the bound:
0,g3(0)F'(y)F(y)0;J (x)| < as

1

where az = as(1 + Js ~ ™). Following a similar approach, it can be shown that all the terms
in the Lie derivative are bounded, |Lfm)Lf(“)Lf(iyl)gg(O)| < a4, where a, > 0 is the sum of

all the bounds on the individual terms. Consequently, we have established the bound

as
Le.  Le.  Lg OU;nanunt)] < —
| £, M6 f(1,1)g3( ) (4,1),( 71)< )U( ,1)( >| \/c_u

VO € A3Vt € R, where as = ajay > 0. Following this procedure for each individual term in

the remainders will give the explicit bounds on R{", Ry, i € {1,2,3} in terms of the constants

K1, K2,71,72, €, JO;?JO,ZO»WJ‘- O
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Appendix B

Proof of Theorem 3.2.1

Proof. The idea of the proof hinges on a two-step procedure in which the first step is second-
order averaging of the system (3.8) on the time-scale ¢2¢, followed by first-order averaging
of the resulting system on the time-scale ¢71¢; hence the ‘recursive’ nature. We begin the

proof by applying the time-scaling 7 = e72(t — ty) + to thus yielding the system:

dx

& = ek fi(x, %7, e, 7) + O(?) (B.1)
1

k=

which is on the averaging canonical form. Note that we suppressed the dependency on the
initial time ¢y for brevity, but it is implied. By applying the stroboscopic averaging procedure
for systems with slow time dependence to second-order in £ [6, Section 3.3], we obtain the

system:

dx _
£ = (%, %1, e7) (B.2)
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where the vector field f is given by:

B 1 To 1 T
f(x,t,0) = —/ fr(x,t,0,7) + = [/ fi(x,t,0,v)dv, £ (X,t, 0, 7')] dr (B.3)
15 Jo 21 Jo
A second time-scale change to o = (7 — o) + o leads to the system:
— =¢ef(%,e0,0) (B.4)

which is again on the averaging canonical form. By applying the stroboscopic periodic
averaging procedure for systems with slow time dependence to first-order in ¢ [6, Section

3.3], we obtain the system:

dx

i ef(x,c0) (B.5)

A final time-scale change to t = £(o — tg) + to brings the system to the fully averaged form:

= (%, 1), X(to) = %o (B.6)

B

From the assumptions of the theorem, we know that Vxo € IC, Vi, € R, a unique trajectory
x(t) of the system (B.6) exists on the compact time interval ¢ € [to, ¢y + t]. Moreover. we
know that the vector fields f; are uniformly bounded in the second argument, which implies
that there exists a compact subset M C R™ such that x(t) € M, Vt € [to,to + ty], VX €
IC, Vto € R. Hence, the first-order periodic averaging theorem [6] ensures the existence of
e1,C1 € (0,00) such that Ve € (0,e1), Vxo € K, Vip € R, a unique trajectory x(o) of the

system (B.4) exists on the time interval o € [to, tp + tf/c] and satisfies:

Ix(e0) — x(0)|| < Cie, Vo € [to, to +ts/€] (B.7)
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Equivalently, a unique trajectory X(e7) of the system (B.2) exists on the compact time in-
terval T € [to,to +ty/e%] and X(eT) € M,,, where the compact subset M., is defined by
M., ={x e R™ | infyex [|[x — X|| < Cie1 }. Hence, the conditions of the second-order peri-
odic averaging theorem with trade-off [6, Section 2.9], [27] are satisfied and we are guaranteed
the existence of g5 € (0,00) such that Ve € (0,e3), Vxo € K, ¥ty € R a unique trajectory

x1(7) of the system (B.1) exists on the compact time interval T € [to, to + /2] and satisfies:

Ix(eT) — x1(7)]| < Cae, vr € [0,ty/e] (B.8)

Let €* = min{ey,e2} and observe that it follows from the triangle inequality that 3C' > 0

such that Ve € (0,e%):

IIx(t) — x1()|| < Ce, Vit € [to, to + ty] (B.9)
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Appendix C

Proof of Theorem 3.3.1

Proof. Define the coordinate shift:
1
Vo = X2 — Zékqbk(xl, t,o) (C.1)
k=0
where the map ¢; by the formula:
_1 o+Ts

$1(-,0) = (I—=®a,(0+T2,0)) / Py, (0 + Ty, v)bg(,v)dy, (C.2)
where the matrix-valued map A is defined by:

A¢(X1at70) = 62f2,1(X17¢0(X17t70)7ta0)7 (03)

the matrix-valued map @4, is the fundamental matrix associated with the linear time-

periodic system:

dy,

do = A¢('70>Y27 (04)
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and the vector-valued map by is defined by:

by (x1,t,0) = fr9(x1, Po(x1,t,0),t,0) — Orpo(x1,1,0)

(C.5)
- a1¢0 (Xl> ta U)f1,2 (Xla ¢0(X17 ta J)a t> U)
Then, change the timescale to o = ™! (t — to) + to to obtain the system:
dX1 ~
% = f (Xl,yQ,t O') -+ O( ) Xl(to) = X1,0 (06)
dy 2 1
d_0'2 — Z fo0(X1,¥s,t,0) + O(?),  yy(to) = X0 — Z€k¢k<xl,0>t07t0) (C.7)
k=1 k=0
where the vector fields fj,k are given by:
%271<X17 Yo, t, U) - f2,1(X17 y2 + ¢0(X17 t, 0)7 t, U) - arfd)()(Xla t, U) (CSa)
f.1,2 (Xla y27 tv U) = f1,2 (Xla y2 + ¢0(X17 t? 0)7 ta U) (C8b)
f2,2 <X17 Yo, t, U) - f2,2 (X17 yo + ¢0(X17 t, U)v L, U)
+ a2f2,1<X17 Yo + ¢0(X17 ta 0)7 t7 0>¢1 (X17 ta U)
(C.8¢)

- 31¢0(X17 ta U)%I,Q (Xh Yo, 7(;7 U) - at¢0<xla t? U)

- aad)l (Xl’ tu O)

We observe that, due to Assumption 3.3.1 and the definition of the map ¢, we have that:
%271(X1,0,t,0') = O, E‘272(X1,0,t,0') =0 (Cg)

Let (x1(0;t0,%1,0), ¥2(03 0, ¥2,)) denote the unique maximal solution starting at the initial

condition X (tg) = X1,0 and y,(to) = yo . Define the time o, by:

= ifTIf{T € (0, 00) 13!(X1(0;t0,X1,0)>YQ(0§t07}’2,0)),
(C.10)

Vo € [to,to + T),to € R, (xLO,yZ’O) € By x BQ}
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Consider the trajectories of the reduced order system given by:

dx,

d_ = 5%1’1(5(1, 0, t, O'), 5(1(750) = X1,0 (Cl].)
g

From the averaging theorem, we know that 3¢ € (0, 00) such that Vx; o € By, V¢ € R, and
Ve € (0,¢&¢), unique trajectories X;(o;t,X1,0) of the system (C.11) exist Vo € [tg,to + tf/€]
and are contained in a compact subset N7 C R™. Define a tubular neighborhood O;(c)

around X (0;tg,X1,0) by:

O1(0) ={x1 e R™ : ||x; — X1(0; t,X10)||< D/2} (C.12)

and observe that the component xi(0;%,%1,) of the solution (x1(0;t0,X1,0),¥2(0; %0, ¥2,0))

starts inside Oy (o). Define the compact subset:

M, =[x, €R™ : infy,en, %1 — X, ||< D/2} (C.13)

From the continuity of solutions we have that one of the following two cases holds: C1)
dop € (0,tp) such that x,(0;t0,x10) € O1(0), Yo € [to,to + op) and ||X1(op;to,X10) —
x1(op;to, X10)||= D/2, or C2) x1(0;t0, X1,0) € O1(0), Vo € [to, to+0.). The proof in case C2)
is trivial. Suppose that case C1) holds and observe that x;(o; t9, x19) € M1, Vo € [to, to+0op).
Let ¢ € (0,00) be such that the compact subset Ny = {y, € R" : ||y,||< \/c/ka} contains

the subset By, and define the compact subset My by:

My ={yy € R™ : ||y,]|< Ve/k1} (C.14)
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In addition, define the compact subset K = M; x My and compute the derivative of the

Lyapunov function V' along the trajectories:

1

4V N

=0V (yy,0) + > OV (yy, o)k (31, s, 1, ) + O(c?) (C.15)
k=0

< — (k3 +eraLyg,,)[yall*+ By, & (C.16)

where we use the fact that the O(g?)-terms are uniformly bounded on the compact subset
IC, and the vector field f'gg has an equilibrium point at y, = 0 and is Lipschitz continuous.
Let g = min{e, r3/(2r4Ly 3,,)}, and observe that Ve € (0, e3), V(x1,y,) € K, and Vo € R,

we have that:

dV K3 2 2
% S _?HyQH +BIC,?2,36 (C17>

Next, let £5 = min{eo, \/(Kog — Kaks)c/(4k2Byc, )}, then observe that Ve € (0,3), V(x1,y5) €
M x (M2\N3), and Vo € R we have that dV/do < 0, which implies that the solutions
(x1(03t0,X1,0), Yo(0; t0,¥2p)) stay in K, Vo € [to,to + op|. Moreover, similar to [7, The-
orem 4.18], there exist positive constants 7,, A, K, such that the following estimate holds

Vo € [to,to + JD]:

O’—to)

1y2(0) < 76 y2lle™ ") + ko e (C.18)

Define the e-dependent time o. = max{0,log((yv/¢/k2)/(ks€))/A}, and observe that Vo >

0. + to and Ve € (0,e3) we have that:

Yo [y 20l e M) <, Vya0 € My (C.19)
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We now show that Je4 € (0,e3) such that 0. < op, Ve € (0,£4). To obtain a contradiction,

suppose the contrary, and estimate the difference:

Ixi(o) = %u(0) < | Bge dv < Begelo —to (C.20)

to

Therefore, we have that:
||X1<t0 + O'D) — 5(1(250 + O'D)H < Bic,thD < Blc,?1€a€ (C21)

Observe that lim. ,oe0. = 0, and therefore we are guaranteed the existence of £, € (0, ¢e3)
such that Ve € (0,e4) we have that o.e < D/(4By3 ). In other words, we have that

Ve € (0,e4):
lIx1(op) —x1(0op)||< D/4 (C.22)

contradicting the definition of op, which proves the claim. Next, we show the existence
of 5 € (0,e4) such that Ve € (0,e5) we have that L/e < op. To obtain a contradiction,
suppose the contrary and once again estimate the difference ||x;(0) —X;(o)|| on the interval

o€ lto+ 0., to+ op):

[x1(0) = X1 () [|< fIxa(to + 0c) = X (to + 02)[[+¢

/ i(v)dv
totoe

+ / B’C,’fl’SEQ dV
t

0+0e

(C.23)

where the integrand i is given by:

i(v) = :f1,2(X1(V)7 y2(v), t(v),v) — i“1,2(5(1(’/)7 0,t(v),v) (C.24)
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We proceed to estimate:

‘ / i(v)dv
totoe

where the integrands i; and i, are given by:

< / (@) ) )y

0+0e

i1 (v) = Fia(x1(v), yo(v), t(v), v) — Fia(x1(v), 0,t(v), )

ir(v) = fia(x1(v),0,t(v), v) — FLo(X1 (1), 0,t(v), V)

Using Lipschitz continuity, we obtain that:

‘ / i(v)dv
to+oe

Substituting back and simplifying we obtain:

= /tg Lyt , (y2() [+ (v) = x2(w)[)dv

0toe

g

[x1(0) = %1 (o) < [xa(to + 0c) — xa(to + Us)H+/ Lz, ,€ ly2(v)||dv
tot+oe

+ / LIC,}"LQ‘S [x1(v) = x2(v)||dv + BK’§1730D€2
t

0+0e

Recall that:

[x1(to + 02) — X1 (to + 02)||< By, 0-€

lyo(0)||< 2ke, Vo € [tog+ oc,to+ op]

and therefore, we have that:

g

Ix1(0) — %1 ()< n(e) + / Lt e %) = x0(0) v

to+oe
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(C.29)

(C.30)

(C.31)
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where the function 7(e) is given by:

1(€) = Byy,0-¢ + 26 L3, ,0pe” + By, ,ope (C.33)
From Gronwall’s inequality, we obtain that:

Ix1(o) = %i(@) 1< 0(e) exp (Ls, ,o0e) (C.34)
By assumption, we have that op < L/e, therefore we have that:

%1 (0) — %1(0)]| < 1(E) exp (L,CML) (C.35)

Observe, however, that lim._,o7(¢) = 0, and so we are guaranteed the existence of €5 € (0, &4)

such that:

n(e) < Dexp (—ngL) /4 (C.36)
which implies that:

Ix1(to + op) — %X1(to + op)||< D/4 (C.37)

contradicting the definition of op, which proves the claim. The lemma follows by reverting
back to the original time-scale t = ¢ (o0 — () + to and selecting a sufficiently small £* € (0, 5)

such that ¢||¢1(x1,t,0)||< D/2. O
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Appendix D

Proof of Theorem 3.4.1

Proof. We remark that parts of the proof are inspired by the proof of Lemma 1 in [4].
However, the major difference and a significant technical difficulty in our case compared to
[4] lies in the fact that only a single parameter is used to induce the time-scale separation
needed for both singular perturbation and averaging. A reader familiar with the literature of
perturbation theory will recognize this as a ‘distinguished limit’ in which several parameters
are assumed to have precise asymptotic orders with respect to a single parameter in the
system [43]. Due to the nature of the distinguished limit we choose here, the interaction
between the fast periodic time variable and the singularly perturbed part of the system is
not negligible and must be explicitly accounted for. In fact, the choice of the distinguished
limit we make here is precisely why our results capture the stable behavior of the class of
systems to which the motivational example (3.22) belongs, whereas the results in [4] fail to

do so. We emphasize that our results are not a special case of the results in [4].

We begin by applying the time scaling 7 = e 2(t — to) + to. In contrast to the standard

singular perturbation analysis (e.g. [7, Chapter 11], [4, Section I]), we augment the standard
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coordinate shift with a near-identity part:

Yo = X2 — ‘PO(let) - 6S01(X17t77_) - 52(p2<xlat77—)a

(D.1)

where the maps ¢;(x,t,7) for i € {1,2} are the solutions to the linear non-homogeneous two

point boundary value problems:

Orpi(x1,6,7) = Ap(x1,t,7) pi(x1,t,7) + bi(x1,t,7)

(,OZ‘(Xl,t,T> = QOZ'(Xl,t,T + T)

for i € {1,2}, where:

pr,l (Xh t, T) - f271(X17 (pO(le t)? tv T) - al‘pO(Xla t)le(Xla sOO(Xla t)? tv T)
byo(x1,t,7) = fo2(x1, o(x1,1),t, 7) — Orepo(x1, t)f12(x1, wo(x1,1),t,7)
— Ovpr (%1, 6, T)f 1 (X1, po(x1, 1), 8, 7) — Orpo(x1, t)

+ 8§f0,2(xl7 %o (Xl7 t)a t? 7—) [‘Pl (Xl? t? 7—)]

(D.4)

(D.5)

The following lemma is a simple consequence of Assumption 3.4.1 and standard linear sys-

tems theory:

Lemma D.0.1. Let Assumption 3.4.1 be satisfied. Then, the non-homogeneous BVPs (D.2)-

(D.83) have unique periodic solutions ; defined by:

T+T
pi(x,t,7) = (I— ®a, (7 + TT,T))f1 / Pp, (T + T, v)byi(x1,t,v)dv

Proof. The result can be verified by direct substitution.
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We observe that under this coordinate change and time scaling, we have that:

2

d -

ﬁ - Z 6kfl,k(xla Yo, tv T) + 0(83)7 Xl(to) = Xl,O (D7a)

dr —

dy .

d_2 - Zeka,k(Xla Yo, b, 7) + 0(53)> ya(to) = Y20 (D.7b)
T k=0

where the vector fields fj,k given by:

ﬂ,l(xl, Vo, t,7) = f11(x1,¥5 + @o(x1,1),t,7) (D.8a)
i’2,0(X1,}"2, t,7) = fh0(x1,¥5 + po(x1,1),t,7)
fla(x1,ys. 1, 7) = fia(x1, ¥, + @o(x1, 1), 1,7) (D.8b)
+ Oof1 1 (X1, Y5 + po(x1, 1), L, 7)1 (X1, ¢, 7)
f1(x1, y2, £, 7) = fo1 (%1, y5 + o(x1, 1), £, 7)
+ Oof5 (X1, ¥5 + po(x1,1),t, T)p1(x1,t,7) (D.8¢)
— O1po(x1, 1)f1 1 (X1, y2 + po(X1, 1), 8, 7) — Osp1(x1, ¢, 7)
f20(%1,¥5,1,7) = Fo2(x1, ¥ + o(x1, 1), ¢, 7)
+ Oofo o(X1,¥5 + @o(X1,1),t, T)a(X1,t,7)
+ D3F50(x1, ¥y + @o(x1, 1), T, 7)1 (x1,,7)]
(D.8d)
— Ovpo(x1, O)f12(x1, Y5 + $o(x1, ), 1, 7)
— 1 (x1,t, T)f1 1 (X1, Yo + po(X1, 1), ¢, 7)

— Oipo(X1,t) — O3pa(x1,t,7)

and the remainder terms are Lipschitz continuous and bounded on every compact subset
K C R™ x R™  uniformly in t5 € R, 7 and ¢ € [0,&0] for some gy > 0, with Lipschitz
constants Lg, , i, L, , x > 0 and bounds Bt , x, B,, x > 0. By virtue of the way in which
the maps @;(x1,t,7) for ¢ € {1,2} are defined, we observe that f’l,l(xl, 0,t,7) = fl(xl,t,T),

%172<X1, 0, t, T) = %2(X1, t, T), and that ?271()(1, 0, t, T) = ?QVQ(Xl, O, t, T) = O, VXl € Rnl, V1 € R.
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That is, the origin y, = 0 is an equilibrium point for the boundary layer model:

2
dy -,
D2 N Mk yort 7, yalto) = Y20 (D-9)
k=0

when x; and ¢ are treated as parameters. From second-order averaging [30, 6], we know that
dey € (0, 00) such that Vx; o € By, Vtp € R, Ve € (0,¢p), unique trajectories X;(¢;tp,%1,0) of
the system (3.28) exist and X (;to,X10) € N1, Vt € [to, to+ ty] for some compact subset N.
Equivalently, we know that X;(7;t, X1,0) € N1, VT € [to, to+tre~%]. Due to Assumption 3.4.1,
we know that V(x1,0,y,0) € Bi X By, and Ve € (0,5¢), unique trajectories of the system (D.7)
exist. Let [tg, to+7.) with 7. € (0, 00) be the maximal interval of existence and uniqueness of
a given solution (x1(7;%0,X1,0), ¥2(7;%0,¥20)). Define an open tubular neighborhood O:(7)

around X;(7; %, X1,0) by:
Oi(1) = {x € R™ : [[x = x1(7;t0, x10)[| < D}, (D.10)

and observe that the x;-component of the solution to (D.7) is initially inside O;(0). Moreover,

define the compact subset

M, =T €R" . inf x — x||< D} (D.11)
x'eN1

From Assumption 3.4.1, we know that there exists a function V' € C}(R™ x R), and positive

constants x;, i € {1,2,3,4} such that:

Rlly2l*<S V(ye ) < folly, | (D.12a)
02V (yqy, ) + 01V (¥, T)?Q,O(Xla Yo, t,7) < —F&sHngZ (D.12b)
101V (y2, T)I| < Kally|| (D.12¢)

Let ¢ € (0,00) be such that the compact subset No = {y, € R™ : |ly,||< \/¢/k2} contains
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the bounded set By, and define the compact subset My = {y, € R™ : |ly,||< \/¢/K1},
and let L = M; x My. Finally, define the time 7p as follows: x;(7;%0,X10) € O1(7), VT €
[to.to+7p), and [|x1(to + 7p; to. X1,0) — X1 (to+ Tpito, X10)||= D, or 7p = 7. if x1(7;t0,X10) €
O1(7), V7 € [to, to + 7). Then, we have the following lemma adapted from a portion of the

proof of Lemma 1 in [4]:

Lemma D.0.2. [/] Let the assumptions of Theorem 3.4.1 be satisfied. Then, there exist
constants Ay > 0, k: > 0, 77 > 0, and 5 € (0,2¢) such that Ve € (0,e2), V(X1,0,¥20) €

B x B, the solution (x1(7;t0,X1,0), ¥2(7;t0,¥a,0)) stays inside K, V1 € [to, to + Tp], and:

(e 3
y2(75t0, Yo.0) 1< 77 [[¥20ll€ A(rto) 4 g (D.13)

where the constants A; > 0, k. > 0, v, > 0 are independent from the choice of €.

We proceed to define e5 = min{ey, &2}, and an e-dependent time 7. by requiring that the

following inequality is satisfied:
Vr HyQ’OHe_AT(T_tO) < /@76%, Vyao € Mo, V7 > 7. + 1o (D.14)

We note that this is always possible for € > 0. In fact, it can be shown that 7. = max{(3/(2)))
log((v+/¢/aq)/(ce)), 0} satisfies the inequality (D.14). Now, we show that Je4 € (0,¢e3) such
that 7. < 7p, Ve € (0,e4). To obtain a contradiction, suppose that there exists a bounded
subset By x B, C R™ x R™ and a D € (0, D), such that Ve € (0,e3), 32 € (0,e4) such that

7. > 7p. We estimate the difference:

to+7p
Ix1(7p; to, X1,0) — X1(7D;3 to, X1,0) || < / By edr < By g, 7pe < Beg e, (D.15)

to

where By ¢, > 0 is a uniform upper bound on the norm of the integrand inside the compact

subset K whose existence is guaranteed by Assumption 3.4.1. Now, observe that lim,_,o 7. =
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0, and so ey € (0,e3) such that Bixg1.e < D/2, Ve € (0,e4). Hence, we have that
Ve € (0,e4), ||1x1(7D; o, X1,0) — X1(Tp; o, X1,0)||< D/2 which contradicts the definition of 7p.
Accordingly, we have that Je4 € (0,e3), such that Ve € (0,e4), V(X1,0,¥20) € B1 X By, we

have that 7. < 7p.

Next, we show that Je5 € (0,e4) such that ¢;/e* < 7p, Ve € (0,e5). To obtain a contradiction,
suppose that Ves € (0,e4), e € (0,e5) such that t;/e* > 7p. Once again, we estimate the

difference ||x1(7;t0,x1,0) — X1 (73 t0, X1,0)|| on the interval [to, to + 7p]. We have that:

to+T7e to+7
||X1<7' t(), X1 0) — Xl(T to, X1,0 ||— Afl k dS + / Afl’k(S)dS + O(€3>

to+e
(D.16)
where the integrands Aﬁ,k(s) are given by:
AFy 1 (5) = £ (x1(7), ¥o(7), £(1), ) — 11 (X1(7), 0, £(T), T) (D.17)
which leads to the estimate:
Ix1(7) — %1(7)|| < Breg, (7= + TD62)€ + ||Ii1]|, i, = Z EkAka(S)dS (D.18)
Te k=1
on the interval [0, 7p]. We proceed to estimate ||i;|| as follows:
izl < elliall+[lisl) + e*(iall+]lis]]) (D.19)

where i; for i € {2,3,4,5} are given by:

/ (FL1(x1(5), ¥o(5),t(s), 8) — Fi1(x1(5),0,t(s),s)) ds (D.20)

/ (Fr1(x1(5),0,t(s),s) — Fi1(%1(s),0,t(s), s))ds (D.21)
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iy = /TG‘I,Q(XI (8)7 YQ(S)’ t(8)7 S) - E‘l,Q(X1<S)7 0, t(8>’ 8)) ds (D'22)

i = [ (Buali(5).0.105).5) — Bafi(5).0.1(5).9))ds (D.23)

We estimate each of the integrals above, starting by is, i; and i5, which can be estimated as:

lil < [ Locllya(o)ds D24
lidl < [ Luclya(o)lds (D.25)
lisl < [ Luxlxa(s) - xi(o)]ds 020

where Lg, i, Lg, ic, Lg, c > 0 are Lipschitz constants. Next, we estimate ||iz]|. We proceed by
dividing the interval Z = [7., 7] into sub-intervals of length T" and a left over piece:

N(e)

7= | Umt) | JIVEral,

=1

where T; = 7. + 1T, and N(¢) is the unique integer such that N(e)T' < 7 < N(e)T + T.

Then, we split i3 into a sum of sub-integrals:

N(e) -
i3 = Z i3, + /N( )T(ﬁ,l(xl(s),(),t(s),s) — %1,1(5(1(8),0,75(5), s))ds (D.27)
i — /T Fa(xa(s), 0,1(s), 8) — Fra(1(5), 0, £(s), )) ds (D.28)

The part of the integral on the leftover piece can be bounded independently from ¢ as follows:

< 2Bg kT (D.29)

/T (ﬂ’l(xl(s),O,t(s),s) - f‘171()~<1(s),0,t(3),3)) ds

N()T
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Next, we employ Hadamard’s lemma to obtain:

i — / LR (i (5), %1 (5), 8) (%1 (5)1 — %1 (5))ds (D.30)

Ti—1

where the matrix valued map F is given by:
1 ~
Fl(Xl, )~(1, S) = / 81f1,1()~<1 + )\(Xl — )~(1), t(S), S)d)\ (Dg].)
0

Through adding and subtracting a term, we may write:

T;

i, :/ i Fi(x1(Ti-1),x1(T;-1), 8) (x1(s) — x1(s))ds +/ A, [Fl} (s) (x1(s) — x1(s))ds

Ti—l Ti—l

(D.32)

where the term A;[F4] is given by:

Ai[F1](s) = Fi(xi(s), %1(s), 8) = Fi(x1(Tim1), %1 (Ti-1), )

Next, since the matrix-valued map F; is periodic with zero average over its third argument

when the other arguments are fixed, we have that

/ R0 (T). 5 (T ) wals = 0 (D.33)

Ti1
for any fixed w. Thus, we may write:

T;

i3, = / i A, [Fl} (x1(s) — x1(s)) +/ Fi(x1(Ti-1),x1(Ti-1), s)Aij[x — x|ds  (D.34)

Ti—1 Ti—1

where A;[x; — X1] = (x1(s) — x1(Ti-1)) — (X1(s) — %1(T;—1)). The fundamental theorem of
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calculus yields:

(x1(8) = x1(Ti-1)) — (X1(s) — %1 (T3-1)) (D.35)
= /T (fu(xl(l/), yo(v),v) — f, (%1 (v),v))dv + O(£?) (D.36)
=€ /TS (?171(X1(l/),y2(y), v)— ?171(X1(l/), 0,v))dv (D.37)
+e /TS (f'l(xl(u), V) — f, (%1(v),v))dv + O(e?) (D.38)

Through integration by parts, we obtain:

s=T; T; ~
- 5/ ir;(s) Alfi]ds

SZTZ',1 Ti—l

/ CF 1 (Tir), %2 (Ti), 8) Adlx — R]ds = i s(s) Aglx — K]

Ti 1

—€ /Ti iri(s) Alfi1]ds + O(€?)

o (D.39)
where we have that:
A[Pﬂﬂl] = f'l,l(xl(s), vo(s),t(s),s) — f171(xl(3), 0,t(s),s) (D.40)
Alf] = f1(x1(s),t(s), s) — f1(X1(s), (s), 5) (D.41)
iF,i(S) = /T Fl(xl(ﬂ—l)uil(ﬂ—l)a l/)dV (D42)

The boundary term coming out of the integration by parts vanishes because the right factor
vanishes at s = T;_; and the left factor vanishes at s = T;, leaving only the integral terms.

Using Lipschitz continuity and boundedness on compact subsets, it is not hard to see that:

T; _ T;

| imo) afds| < [ My clvlds (D43
Ti—l Ti—l

Ti - Ti
/ ini(s) Afflds|| < / M, g || 0] [[ds (D.44)
Ti,1 Tifl

138



T;
< 5/ Ly, k ||Alx]||ds (D.45)

Ti—1

/T: A;[Fi] Alx]ds

where A[x] = x;(s)—%;(s). By utilizing the above estimates, the integral on the sub-intervals

can be shown to satisfy the bound:

T;

izl < Mlc€/ AK][[+lly2(s)) ds (D.46)

Ti—1

for some constant M. As a consequence, the integral term i3 satisfies the bound:
lis]] < M e / (IAX][[+ly2(s)]l) ds + 2Bg, kT (D.47)

Combining (D.18), (D.19), (D.24), (D.25), (D.26), and (D.47), in addition to the fact that

T. < Tp, Ve € (0,e4), we can show that the following estimate holds:

|x1(7) — %1 (7)||< (M1 + Mic o7 + M;c,gTDez)s

) i (D.48)
T Myae / Iya(s)llds + My.se? / Ix1(s) — %a(s) 1 ds

for some positive constants My, j € {1,...,5}. Using the fact that |y,(7)||< 2a¢e?, V7 €

[7, 7p] by definition, we obtain that:

3
2

/ lyo(s)|lds < 2a7e2 <2aTpe (D.49)

Now, remember that in order to obtain a contradiction we assumed that 7p < t;/£2, and so

we will have:

[x(7) = x1(7)[|< d(e) + /T Mic5e*||x1(s) — %a(s) 1 ds (D.50)
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where the function d(¢) is given by:

5(6) = M/Qlé-f + M]C727_58 + M}C73tf€ + 2M}Q4tf€% (D51)
An application of Gronwall’s inequality yields:
[x1(7) — %1 (7)[| < 8(e)eMess™m < §(e)eMrse"mr (D.52)

on the interval T € [, 7p]. Once again, recall that we assumed that 7p < ¢;/e?, and so we

have:
[x1(7) — %1 (7)[| < 6(e)eest (D.53)

Now, observe that lim. o d(¢) = 0, and so we are guaranteed the existence of an €5 € (0,e4)
such that Ve € (0, e5) we have that ||x;(7p) —%X1(7p)||< D/2, which contradicts the definition
of 7p. Hence, the assumption that 7p < ¢;/e? is wrong, and we have that 35 € (0,4), such
that Ve € (0,e5), ¥(Xo,¥20) € Bi x Ba, we have that ty/e*> < 7p. To summarize, we have

proven that Ve € (0,¢5), V(Xo,¥2,) € Bx X By,, V7 € [0,t;/e?] we have that:

[x1(7) = %1 (7)< D (D.54a)

ar 3
Iy2()ll< v [[ys0lle™ + e (D.54b)

Now recall the definition of y,, which leads to the bound:

1y (7) = eo(x1()) 1< Yllyo — @olxo)[I+0(e) (D.55a)

3(e) = Myxe +ae? (D.55b)

where we used the fact that the maps ¢; for i € {1,2} are uniformly bounded in time

due to continuity and periodicity. Since lim._,od(¢) = 0, it follows that Jes € (0,5) such

140



that 6(¢) < D. Moreover, it follows from the results in [3, 30] that Je; € (0,c6) such that

Vxo € By, V7 € [0,1;/e*] we have:

Ix1(7) = % (7)< D= D (D.56)

Hence, the result follows after an application of the triangle inequality and reversing the

time scaling 7 = e 2(t — to) + to. O
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Appendix E

Vector Fields Expressions

f’l,l(xl,x% Vs, t,0,7) = £11(X1, X2, y5 + o(X1,X2,t,0),t,0,7) (E.1)
f2,1<X1,X2, Vs, t,0,7) = £ 1 (X1, X2, ¥5 + @o(X1,X2,t,0),t,0,7) (E.2)
f'?,,o(Xl,Xz, y3, t,0, 7') = f3,0(X1,X2a ys+ 800(X1,X27t7 U)vta g, 7') (EB)
fi2(x1, %0, ¥, 8,0, 7) = f12(%1, Xa, 3 + o (X1, %0, 1,0), 1,0, 7) (E.4)

+ 0sf1 1 (X1, X2, Y5 + @o(X1,X2,t,0),t,0,7)p1(X1,X2,t,0,7) (E.D)
f32(x1, %, ¥, 1,0, 7) = f2.2(%1, Xa, 3 + o (X1, %0, 1,0), 1,0, 7) (E.6)
+ 05f5 1 (X1, X2, Y5 + @o(X1,X2,t,0),t,0,7)p1(X1,Xa,t,0,7) (E.T)
%371<X1,X2, Vs, t,0,7) = f51(X1,X2,y5 + @o(X1,X2,t,0),t,0,T) (E.8)
+ 035 0(x1, X2, y5 + @o(X1,X2,t,0),t,0,7)p1(X1,X2,t,0,7) (E.9)
— O1po(x1, Xa, b, 0)f1 1(X1, X2, Y5 + @o(X1,X2,t,0),t,0,7) (E.10)
— Oapo(x1,Xa, 1, 0)f5 1 (X1, X2, Y5 + o(X1,X%2,t,0),t,0,7) (E.11)
— 0y p0(Xs, X, t,0) — Orp1 (Xg, X, t, 0, T) (E.12)

f.3,2 (Xla X2,Y3, ta g, 7—) = f3,2 (Xla X2,¥3 + %o (X17 X2, t7 0‘), ta g, T) (E13)
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+ 0585 0(x1, X2, ¥5 + po(X1,X2,t,0),t,0,T)pa(x1,X2,t,0,7)
(E.14)

+ 8§f3,0(xl, X2,Y3 + Yo(X1,X2,t,0),t,0,7)[p1(X1,X2,t,0,T)]
(E.15)
— O1po(x1, Xa, t,0)f1 2(X1, X2, Y5 + @o(X1,X2,t,0),t,0,7) (E.16)
— Oapo (X1, Xa, t,0)f20(X1, X2, ¥5 + po(X1,%2,t,0),t,0,7) (E.17)
— O1p1(x1, Xa, b, 0)f1 1 (X1, X2, Y5 + @o(X1,X2,t,0),t,0,7) (E.18)
— Oop1 (X1, Xa, t,0)f5 1 (X1, X2, Y5 + @o(X1,X2,t,0),t,0,7) (E.19)

— Opp1(X1,X2,t,0,7T) — Oppo(X1, X2, t,0) — Orpa(X1, X2, t,0,T)

(E.20)

by 1(x1,X2,t,0,7) = f51(X1, X2, Yo(X1,X2,t,0),t,0,7) — Oppo(X1,X2,t,0) (E.21)
- 31<P0(X1,X2, L, U)fl,l(Xth 800(X17X27 t U)7t7 g, 7') (E-22)

— Oapo(X1, X2, 1, 0)f21 (X1, X2, po(X1,X2,t,0),t,0,7T), (E.23)

by 2(x1,X2,t,0,7) = f359(x1, X2, po(X1, X2, t,0),t,0,7) — Oypo(X1, X2, t,0) (E.24)
— O1po(x1,Xo, t,0)f)1 2(x1, X2, o (X1, X2,t,0),t,0,7) (E.25)

— O24po(X1,Xa, t,0)f5 (X1, X2, o (X1, X2,t,0),t,0,7) (E.26)

— O1p1(x1,Xo, t,0)f1 1 (%1, X2, o (X1, X2,t,0),t,0,7) (E.27)

— Oa4p1(X1,Xo,t,0)f5 1 (X1, X2, o(X1,X2,t,0),t,0,7) (E.28)

- Q(X17 X2, t? g, 7_) [801 (X17 X9, ta g, T)] - 80901<X1a X2, t? g, 7—)7 (E29)

Q(Xl, Xo, t, g, 7') = 8§f3,0(xl, Xo, QDo(Xl, Xo, t, O'), t, g, 7') (E30)
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T
f11(x1,x 0—1/~ X1,X2,0,t,0,7)dr
f - = 1,1(17 2, Uy by Uy
1,1( 1 2;t7 ) 0

T
L 0,t,0,7)dr
f - = X1,X2,U,1,0,
f21(x1,%2,t,0) = 7). 21 (
T
f ! f 0,t,0,7)dr
f X ) ) ) )
f1 9(x1,%0,t,0) = 771/0 f12(x1, %2
Y £11(x1,%2,0,1, 0, v)dv dr
+i a1f1,1(X17X2707t7077)/0 11(x1
1 't 0,t,0,v)dvdr
! f f X1,X2,U,0,0,V
+Ti 82f1,1(X17X2707t>UaT)/0 2.1(x1
1Jo0 i
L " /T 81}‘1 1(X1,X2,0,t,0’, V) fl’l(Xl,XQ,t,O')dI/dT
! " /T a2%1 1(X17X2707t707 V) f2,1(X17X27t70)dV T
T TJo o ’
_ i " /T 80-?1 1(X1,X2,0,t,0’, V) dVd’T
v Jo Jo
LM 0,t,0,7)dr
f X ? YA ?
f20(x1,X0,t,0) = 7?1/0 f2.2(x1, X2 T
"o £ 1(x1,%9,0,t, 0, v)dv dr
+Ti 81f2,1(X1,X2,0,t,0,T)/0 171( 1
1J0 T
Y. f21(x1,%3,0,t,0,v)dv dr
+Ti aZfQ,l(XbX?;Oat;Ua 7—)/(; 271( 1
1J0 ]
1 " /T al?gl(xl,XQ,O,t,O', l/) f171(X1,X2,t,0')dl/d7'
! " /T a2%2 1<X1,X2,0,t,0, V) fQ,l(XhXQvtaO-)dV T
Tty Jo ’
_ i " /Tagi‘g 1(X17X2,O,t70',y) dl/dT
Ty Jo Jo

= ~ ~ ~ t
£ (X1, ¥or £, 0) = F11 (R0, o + @0(R1, 1, 0), 8, 0)
| £.1(%1,3 % — Oy eo(X1, t,0)
%2 1():(173272’7570-) - f2,1<)~(1ay2 + ¢0(X1,t,0),t,0) ¢0( 1

- 81¢0():(17 ta U)i‘l,1<§(1a §2a t) U)
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(E.31)
(E.32)
(E.33)
(E.34)
(E.35)
(E.36)
(E.37)
(E.38)
(E.39)
(E.40)
(E.41)
(E.42)
(E.43)

(E.44)

(E.45)
(E.46)

(E.47)



£10(R1, Vor t.0) = F12(R1, o + G0(R1, 1, 0), 1, 0)
-1—82;‘171():(1,)32—|—q’)o():q,t,0),t,0)q’)1():(1,t,0)
£y0(RX1, Yor t,0) = Foa(X1, ¥y + d0(X1, 1, 0), 1, 0)
+ Oobo 1 (X1, ¥ + do(Ra, 1,0),1,0) 1 (K1, , 0)
— 81¢0():(17taU)i‘lj():(la}:’zatva)
— D11 (X1, 1, U)%1,1<§(1a Yo, t,0) — Oipo(X1,t, 0)

- 80¢1 (}:(b ta 0)
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(E.49)
(E.50)
(E.51)
(E.52)
(E.53)

(E.54)



Appendix F

Derivation of Sperm Chemotaxis

Equations

If the angular velocity components w, and w) are given by:

Wl =wWig+win,

Wi = Wijo 1 Wi,
then we may rewrite the rotational kinematics as:
R =R (@ + &)

where the vectors wy and w; are given by:

Wilo Wi
Wy = 0 ) w1 = 0
Wio Wil
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Let Ry(t) = exp(@ot) and R = RRy(#)T, and compute:

% cos (wt) + % —“login (wt) =510 (1 — cos (wt))
Ro(t) = £L0 gin (wt) cos (wt) —=I% sin (wt) (F.5)
w? w?
S0 (1 —cos (wt)) =L sin (wt) -2 cos (wt) + =5

where w = |wy|. Then, observe that:

x=Rv= RRo(t)TR()(t)V = RRO<t)V

R = RRy(t)" + RR! = RGoRo(1)T + nR&Ro(£)T — R@eRo (1)

= RRO(t)TR()(t)&\JlRO(t)Tn = RRg(t)a\JlRo(t)T n
Define the average velocity vector v, and the vector d(t) by:
2m
w w
Vi = Ro(t)v = 2—/ Ry(t)dt v, d(t) = / (Ro(t)v — vy, dt (F.6)
T Jo

then observe that:

Ro(t)v = v, + d(t) (F.7)
If v>0,w)0>0,wio >0, direct computation shows that:

% 2L cos (wt) “L0 sin (wt)
_WWjo - _ Wwig i _ WWwio
Vm=—"=1 0 | d(t) = " sin (wt) , d(t) = o2 — cos (wt)
Lo —% cos (wt) —% sin (wt)
(F.8)

147



Define the average position X = x — R d(t), which evolves according to:

x =% —Rd(t) - Rd(t) = ~RRo()@1Ro(t)Td(t) n + RV, (F.9)
If we make the identifications:

@,(t) = Ro()@:Ro(t)" (F.10)

v, (1) = ~@,(t)d(1) (F.11)
then the evolution of the average motion variables x and R is governed by:

x = Rv,(t)n + Rv,, (F.12)

R = R, (t)n (F.13)

We compute the expressions for v, (), w,(t) which turn out to be:

“lo 2L cos (wt)
WiWio + wiiWio WWio — WiiWjo
w,(t) = Ll ” 0 |+ " | sin (wt) (F.14)
2o —% cos (wt)
% “L0 cos (wt)
vwio (wiiwjo — wjpwo) vw.o (Wiiwjo + wiiwio) ,
vy(t) = 0 | — sin (wt)
w3 w3
“io —% cos (wt)
(F.15)

Observe that the feedback coefficients v, w, are periodic with non zero average in general,
whereas the periodic perturbation d(¢) always has zero average. In the absence of feedback,

the instantaneous local concentration ¢(x) may be approximated by its Taylor series:

c(x) = c(% + Rd(t)) = () + Ve(®)TRA(E) + O(|d(-)[?) (F.16)
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By employing the fundamental theorem of calculus, the local concentration at the average

position ¢(X) can be written as:

c(X) = ¢(Xg) + /t Vex(v))™x(v) dv = c¢(x0) + /t V()" RWV) (v, (V) n + vin) dv

(F.17)

where X, is the initial average position of the cell at the initial time ¢y. Hence, in the absence

of feedback, the instantaneous local concentration may be approximated by:

o(x) = o) + / Ve(%(0)) TR0V dv + Ve(®)TRA() + O(1d()[2) (F.18)

to

The dynamics of the signaling pathway is modelled by:

o&=s(t) &, (F.19)
pi=pé&—n, (F.20)
pp=p—pn, (F.21)

We employ a coordinate change to study the behavior of the signal pathway. Let (, = &,
¢1 = & —n/p, which leads to:

pG=G—G (F.22)
ol =s(t) — G (F.23)
pp=p(l—p°Cc (F.24)
(=G—G0, n=p¢ (F.25)

We take the stimulus to be s(t) = Ae(x) for some proportionality constant A. Under the
assumption that p|v,,|< 1 and o|v,,|< 1 in the absence of feedback, there is enough time-

scale separation between the dynamics of the average motion variables X, R and the dynamics
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of ¢; and (5, which allows approximating the signal ( = (; — (7 by its quasi-steady state
in which the average motion variables X, R are treated as constants. In this quasi-steady

approximation, the local concentration maybe taken as:

c(x) & ¢(%o) + VeX) TRV, At + Ve(®)TRA(H) + O(|d()?) (F.26)

where At = t — tg. This form of the local concentration is treated as an input for the
dynamics of the signaling pathway. Accordingly, we obtain the quasi-steady output for (,

denoted as (qg, which can be computed from standard linear systems theory:

¢ = Cos = AuVe(X)Rv, + Ay(w) Ve(X) TR A(t + ¢(w)/w) (F.27)

where v(w) and ¢(w) are the gain and phase contribution at the frequency w, and are defined

by:
 w(to)
v(w) = N e (F.28)
Sin(6(w)) = — e 7 cos((w)) = bt I (.29)

VT 2R+ oaR) VT 2R (T o)

Hence, a quasi steady approximation of the adaptation rule for the signaling pathway be-

comes:

pp=p (1-ps) (F.30)

and the motion evolves, in the quasi-steady sense, according to the equations:

X = Rvn(t) pCas + Rv,, (F.31)
R = R&,(t) plas (F.32)
pp=p (1=p"s) (F.33)
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Cas = AuVe(X)TRv,, + Ay(w) Ve(X)TRA(t + ¢(w)/w) (F.34)

To proceed with the rest of the analysis, we make several definitions that will simplify the

calculations. First, we define the three unit vectors:

210 sin (wt) #L0 cos (wt)
) d(t) ) 1 di(t) .
i (t) = @) = —cos(wt) |, laft)= T sin (wt) . (F.35)
— =10 in (wt) —=I0 cos (wt)
Yo
Vim
i3=—— = 0 (F.36)
[Vin|
wio
and we observe that:
il (t) X ig(t) = ig, ig(t) X i3 = il (t), i3 X il (t) = ig(t) (F37)

where x and - are the cross product and the dot product between 3D vectors, respectively. In
other words, the vector triplet {i; (), i2(t), i3} comprises a right-handed orthogonal rotating

coordinate basis for the 3D space. Next, we observe that:

VWio .

vw”() .
d(t) = t m=— F.39
(t) 2 i (1), v o I3 ( )
and that:
WW g — W 1Wo. wiWjo + WiiWig.
wy(t) = IR0 L0 (g 4 IO T (F.40)
w w
+ —
wlt) = =5 <— e wwwm) (o) + L w w”mo>i3> (F.41)
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We apply the time scaling 7 = wt, which leads to the equations:

Z—f = éPCQS Rv, () + u—lijm (F.42)
B R (F.43
Z_i _ Miwp (1— 2 ) (F.44)
Cas = AuVe(X)Rvy, + Av(w) Ve(x)TRA(7 + d(w)) (F.45)

Up to this point, the analysis is valid irrespective of the asymptotic orders of the terms in
the equations as long as the assumptions p|v,,|< 1, o|v,|< 1 and |d(-)|< 1 are valid.
Before we proceed to perform an averaging analysis, all the terms in the equations must be
assigned a precise asymptotic order, in relation to the frequency w, that is consistent with the
assumptions adopted so far. There are several choices for this asymptotic order assignment,
each of them corresponds to a different ‘distinguished limit’ in which the behavior of the
system is qualitatively different. We investigate the particular distinguished limit in which

we have:

p=0(1/V@),  o=00/w),  v=0(/a), wo=0), (F46)
wir = 0(1), wio=0(V&),  wp =O0(Va), (F.47)

First, we verify that this limit is consistent with the assumptions:

plval= 220~ 00 /VE) <1 olval= T — 0w < 1, (F.15)
d(t)|= % = 0(1/Vw) < 1 (F.49)
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which is true in the limit w — co. We proceed to define the vector h = R i3, which evolves
according to the equation:
dh dR, 1

_ . 1 _ ) 1 = ST5 -
== ;pCQS R, (7)iz = ;pCQS R, (1)iz = P (s R@,(T)R™Ri3  (F.50)

We compute:

RG,(r)RT = W20 — PNP0pg gy | YW TONPIO0 RS R (F.51)

w w

Hence, we have that:

WjWio — W1iWo dh  wpwio —wiiwjo

R, (T)RTRi; = - Ri (1) = - 3 plosRii(7)
(F.52)
Moreover, it easy to verify through direct computation that:
vw . VWio . .
Al +6() = "2 cos(6()) 1 (7) + "2 sin(6(w)) b(7) (F.53)
which implies that:
VWos. VW w = . . = . T _
s = A <,u - PRi; + ti—z() (cos(p(w)) Riy(7) + sin(¢p(w)) ng(T))) Ve(x)
(F.54)

Hence, we have:

% =R (a1 i1 (7)i] + a2 iy (7)is (7)T + a3 i1(7)iz(7)T) RT p Ve(x) + O(p/w®?)  (F.55)

153



where the coefficients «; for i € {1,2,3} are given by:

2 2
LU W W|joW vwi w1y (w vwi Wiy (w) .
ay = 2}3 [l0 ||1, 0y = L0w|£|Ll ( ) COS(Qb(CU)), g = LO(JJ\JLI ( ) Sln(gb(w))
(F.56)
In the distinguished limit defined above, we have that:
a; =0(1/w), az=0(1/w), as=0(1/w)
Next, we compute:
Rv,, = ”Z”O Ri,, (F.57)
> VW10 S S -
Rv,(r)=— 3 ((W||1CU||() + wﬂwm) Riy(7) + (WMWHO — lewm) ng) (F.58)

which implies that:

dx = .. .. .. _ _ vw
= R (Buiyi] + Bodsiy (7)T + Baizia(7)T) RT p Ve(x) + —L0

o= Ris +O(p/w?)  (F.59)

w2

where the coefficients f; for i € {1,2,3} are given by:

2, .2 2,.3
W gwpow _ vwiwpy(w)

wb

o vaiow”m(w)
T

B e cos(p(w)), Fs sin(¢(w))

(F.60)

wd

In the distinguished limit defined above, we have that:

B =0(1/w?), By =0(1/u*?), B3=0(1/u*?)
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In addition, we have that:

vaO .

o = O(V), 00/w), M0 —oayvE), P on)vE) ()

w?
Recall that the evolution equation for the adaptive gain p is given by:

dp 1 2 2
—=—p(1- F.62
dr uwp ( Y CQS) ( 6 )

Vw07 (w)

Cos = (M § I\OR i + —a (cos(gb(w))

=
+
2]
=%
SN
S
&
/M.:
\]
N’
N—
-
<
pay
b

(F.63)

which has equilibrium points: {0,+1/|Cqs|}. We are only interested in the behavior of p
around the equilibrium point p = 1/|(qg|, since the equilibrium point p = 0 is unstable and
the equilibrium point p = —1/|(qs| does not satisfy the requirement that p > 0. We note,
however, that in the distinguished limit defined above we have that (qs = O(1/+/w), which
implies that near the equilibrium point p = 1/|{qs| we have that p = O(y/w). This implies
that p will change the asymptotic orders of all the terms in which it appears. In other words,

we have that:

a1p = O(L/v/@), asp=O0(1/v/@), asp=0(1/v/w)
Bip=O0(/w),  fop=O0(/w),  fop=O(1/w)

Now that all terms have been assigned a precise asymptotic order in relation to the frequency

w, we may proceed to average out the equations:

dh

- = R (o111 (7)i} + a2 i (7)i1(7)7 + az iy (1)iz(7)7) RT p V(%) (F.64)
;l—f =R (Buii] + Baisia (7)T + Bsisia(7)T) RT p Ve(x) + HOR iy (F.65)
d 1

- = o (17 GG) (F.66)
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Cas = A (“”:’”01213 1 29079 (o (p(w)) Ri(r) + sin((w)) RiQ(T)))T Ve(x)

(F.67)
We compute:
2o/ = B0 (hTye(x)) + “’iw% cos(6(w))? (Ve(x) R (1) (F.68)
SO ‘“"LLSZ(‘” sin(¢(w))? (Ve(®) R iy(r))’ (F.69)
o wgfj””(“) (h'Ve(x)) (cos(¢(w)) (Ve R (1)) + sin(p(w)) (Ve@)Ris(r)))
(F.70)
WLV b)) cos(6(w) (Ve(®)TRiy (7)) (Ve(x)TR iy (7)) (F.71)

w

Finally, we apply second order averaging with respect to the parameter 1/4/w to obtain:

dh _

7 = R (042 i1 (7)in(7)T + as i1(7>i2(T)T> R pVc(x) (F.72)
dx _ = L VW0 s .

= BiRiIIR pVe(x) + w2H Ri; (F.73)
dp _ 1 27

o’ (1 —p CQS) (F.74)

where we neglected all terms of non-leading order in each equation. Direct calculation shows

that:

L) = ROR0) = 5 (- 4il),  RORE) = BR() =5 (F.75)

where I is the identity matrix of appropriate dimension. Hence, the averaged equations are:

dh 1 . . ~\ & _

= 5R (042 (I —1i51]) + o 13> R pVc(x) (F.76)
dx = . .15 L VW05 .

= BiRiiIRT pVe(X) + w—z‘lR i3 (F.77)
dp 1 273

ar u_wp (1 - P CQS) (E.78)
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__ _ 202 WP 2.2 2 _
(3s = XVe(x)R (” i)+ % (I- i3i§)) R'Vc(x) (F.79)

Using the definition h = R i3, and some algebraic manipulations, we obtain that:

% = % (a2 (T— BB) + ash) pVe(x) (F.80)
Z—f — BhhT pVe(x) + U:’Q”OB (F.81)
% _ /%wp (1 _ ngs) (F.82)
s = Azz—z (,L%Q,O(vc(xyh)? + W (|Vc(>‘<)|2—(Vc()‘c)Th)2)> (F.83)

We observe that Cés is strictly positive as long as |V¢(X)| is strictly positive which implies
that the equilibrium point p = 1/ E is well-defined as long as |V¢(X)| is strictly positive.
In addition, we observe that the leading order behavior in % is O(1/w) and in h is O(1//w),
whereas the leading order behavior in p is O(1). By employing a singular perturbation
argument that exploits this time scale-separation, we obtain the quasi-steady approximation

of the dynamics of h and x as:

dh 1 = - Lo -

= = Sasp (I— hR) Ve(®) + sagph x Ve(x) + O(1/w) (F.84)
dx =7 _ VW0

= = Bihh pVe(x) + — h (F.85)

1 — v B - Z
p=—= = A;WC(X)!\/MZWEO\V||C\2+(M07(W)/\/5w)2!V¢C!2 (F.86)
\/CBs
We make some definitions to compactify the equations:

Ve =Ve(x)/|Ve®)|, Vie=hh'Ve, Vic=(I-hh") Ve, (F.87)
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which leads to the following equations when projected along the vector h and the normalized

gradient Ve

%Th — % (1 + %BT%) (F.88)
h™Ve = % cos(p(w))(1 — (ATVe(x))?) (F.89)
¥ = 126 ¥V el (w107 (@) VW) ¥ L (F.90)

This may be simplified to:

2
Th = 10 <1 + %ETWC) , (F.91)
w aw wHO
= V(W)Wiowlll AL
thc = W COS(¢(W>)|VJ_C’ y (F92>
o = /¥l 482 VL. (F.93)

where = vy(w)wio/ (\/ﬁwuwuo). In particular, the quasi-steady signaling pathway response

nqs 1s given by:

- Viet VISRAW/AD) Ve

! - (F.94)
VIV eV e
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