Lawrence Berkeley National Laboratory
Recent Work

Title

AN ASYMPTOTIC SOLUTION FOR THE WARBURG IMPEDANCE OP A ROTATING DISK
ELECTRODE

Permalink
https://escholarship.org/uc/item/9w72f3kq
Authors

Homsy, Robert V.
Newman, John.

Publication Date
1973-08-01

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/9w72f3kq
https://escholarship.org
http://www.cdlib.org/

Submitted to

LBL-2209 \
J. Electrochemical Society

Preprint ¢.

AN ASYMPTOTIC SOLUTION FOR THE WARBURG
IMPEDANCE OF A ROTATING DISK ELECTRODE

Robert V. Homsy and John Newman RECE{Vi..
LAWRENCE
RADIATION LABCRATORY
August 1973 APR 10 iy

LIBRARY anD
DOCUMENTS SECTION

Prepared for the U. S. Atomic Energy Commission
under Contract W-7405-ENG-438

- N
For Reference

Not to be taken from this room

— _J

|2

6022-71d1




DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, orservice by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



-i1i-

An Asymptotic Solution for the Warburg
Impedance of a‘Rotating Disk Electrode

Robert V. Homsy and. John Newman
Inorganic Materials Research Division,
Lawrence Berkeley Laboratory, and
Department of Chemical Engineering;
University of California, Berkeley

Aﬁgust, 1973

Abstract
The Warburg impedance of a rotating disk electrode is treated
by ; regular-perturbation expansion vaiid for large alternating-
current frequencies. Ihisvsolution agreés well with the exact
numerical solution, the erfor in the Warbﬁrg impédance Being less

than 2% for a dimensionless frequency of 10.
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Introduction

When eu electrode is SUbjected‘to an alternéting'current, the
‘concentration on the surface andvthuslthe coneentratibn»ouerpotential'
vary in a time-dependeut manner. This variatien glves rise to what is
gnown as the'Warburg impedanee; éarly studies of. the frequency
_dependence of this impedance were made around the start of the century
by Warburg.l, More recently,2 the 1mpedance of a rotatlng disk electrode
was studied, and numerical results presented for large Schmidt numbers.
We ingestigate~here the astptotlcvbehavier-of the?Warburg impedance
‘ ,for large frequeueies. |

It is assumed iu the treatment of the problem that the Schmidt.
number ls large and‘tuat radialveonvection'and diffusionrére uegligible.
The'radlally-dependent problem is currently being“studiedlat.thls
laboratory.3 It is- further assumed that d*lute—solutiov theory, with
_constant trensport and thermodynamic properties, is app]irable, and
that there is an excess of supporting electrolyte S0 that migration

).

effects are negligible.
. ' A R
¢ Mathematical Formulation N
The dimensionless, time-varying equation of convective diffusion

is given by

8 ¢ 29 9 o ,

RS A LW



-2-

’

/3

where c¢ is the concentration of reactant, g = yyJQ/v (av/3D)1 is

a dimensionless distance from the disk, a = 0.51023 1is a constant,4

2/3

* : L i
and t = tQD(av/3D) /v 1s a dimensionless time. We may express

the concentration as a sum of its steady and time-varying contributions
c=c+c. : : (2)

The steady problem was first treated by Levich.5 For an alternating
.cuprént of frequency w , the time-varying concentration may be

~ +

. -t
expressed as

. *

= 23kt o R (3)

-
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where K_=:wv(3D/av) D 1is a dimensionless frequency{ Substitution

into the convective diffusion equation yields ﬁhé‘cbmplex eqﬁationi
o'+ 3;26' - 5ke = Q'  :' o (45
szject“to the bogndary conditions

©=1 at [ = 0\, é - Oi»asv‘C;+ ; ; ’ | B (5)

The Warburg impedance is related to- the éoncentration overpoten-

tial by the expression

TStrictly speaking, one takes the real part of such complex expressions:

, * ' ‘ : :
c = Re{AeJKt'O} . ' . : N
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' i~ n"Fc,DO'(0) :

0

where ﬁc = RTEO/nFEO is the time-varying concentration overpotential -

—

(valid for e, << co) .

0

Asymptotic Sélution .

We.égé:concerned here with the behaviér of equationé'é'and 5 0
for lafge- K. This system appears toicomprise a SIhgular—perturgation
problem;6 howevér, é c1osér examination shows tha;,the‘éolution is

;eguiat fo? largé'vK /if we quify the‘vgriablés, If ﬁe.let
0 = exp {-ij)3(éY(x)}~ "_. : (_ (7;
and : e 5 | -
x=>r,/(vjx§)1"*y. | @
'equa;ioﬁs 4 ;nd 5 become

/4

an? oy - 1= v R3 )

Y=0 at x=0 . Re{(jK)3/4Y} +> o asg (jK)llax > . (10)
- ) » , . =3/4
Y .can evidently be expanded in a regular expansion in K
Y=y, + GO o+ a0 00 ot L an
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Substituting this -expansion into eqﬁatibn 9 énd equating terms §f>equal
order in K , we obtain felativelyvsimple differential equatioﬁs fof
YO', Yl ’vY2 » etc. Solving these, we have that f6(0>.= 1 .and

'YE(O) =‘3/4 , while odd terms give no COntributiéhkto Y'(O) .(}The

concentration derivativefon the surface of the disk ‘is thus given by

N

so that we may write - Lo

' 3/2 ,

1 422 K°'°) L :
Re{= = . . (13)
{e (0).} 1683 - 6/ /2 4 9 _

1 | . 4KQRV2K7°-3) e

165 - 672 K2 + 9

‘These latter expressions may be.used to evaluate the real and imaginary

parts of the Warburg impedance—(see equation 6).

e Results and Discussion

Figure 1 shows 1/0'(0) plotted on the complex plane with the
dimensionléssvfrequency K as a parameter. The exact numerical
solution is shown along with the asymptotic solution represented by

equations 13 and 14. These results are summarized in Table 1. Also
shown in the table is the impedance of a stagnant Nernst'diffusion
: . | ,

layer

00 = -yfIEY(0) = -yFK + 33k + 0 Y a2y
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Figufe 1. The camplex 1/0'(0) plane showi
’ exact numerical solutions.
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Table 1. Solutions for the real and imaginary parts of 1/0'(0) .

asymptotic solution exact solution Nernst layer solution

I e R e s S R S e e

1.5

2.0
3.5
5.0
7.5
10
20
50

100

©0.65758 0.27793 0.72406 0.30195 0.75500 0.28926
0.56637 __0.35398 064160 0.33934 0.67925  0.33682
0. 40549 0.33980 0.45610 0.34736 ~0.48538 ©0.37104
0.33041 0.29907 10.35557 © 0.31151 0.36695  0.34060
0.26468 0.25101 - 0.27346  0.25876.  0.26868 0.27945
0.22729 - 0.21967 0.23143 0.22396  0.22266 0.23537
10.15905 0.15716 0.15999 '0.15812 0.15656 0.15788
0.10015 0.09985 0.10030 0.10000 £ 0.10006  0.10001
0.07075 - 0.07067 0.07079 .0;07672 o '0.67071 N 0. 07671
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1. r(i) tanh Viws?/p _-t20 (r (i)\ﬁ_x)
: JijZ/D . JJ—E

where the Nernst diffusion-layer thickness & is taken to be

8 =‘F(§)\’g‘-(§3)l/3 . e

At large K the asymptotic expansion agrees well with the
exact’sol;tion,.the error in the Warburg'iﬁpedancé for K =10 being
less than 2% for Both real and imaginary parts; ,As QK- decreases,
the»asymchtic solution_deﬁarts radically from thé exact sblﬁtion.

It should be ﬁointed out that'it is in the region>of intermediate
to large values of .K that the Nernst diffusion;layer approximatiqn
is mo;t in error in predicting the Warburg impedance. It appears,
_ theréfore, tﬁat the asymptoticlexpansion developed here offers an

improved appfoximate solution in this region of K .

Summary !
A regular-perturbation expansion valid for large altefnating-
currentffrequencies has been developed to prediéﬁ the Warburg impedance
of a rotating disk electrode. This asymptotic solution compares
favbrably with the exact soiution and offeré an improvement over the

Nernst diffusion-layer approximation in the region of intermediate

to large K . i
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Nomenc lature -

a 0.51023

A émplitude of the time-varying concentration, mole/cm3

c concentration of reactant; mole/cm3

¢ stéady concentration of reactant, mole/Cm3

E tiﬁé-varyiﬁg concentration of reactant, mole/cm

c,, | ~ bulk concentration of reactant, mole/cm?

D ' .diffusion coefficient, cm2/sec

F _ Faraday}s constant, 96,487 coulomb/equiv

i normal aiternating—currenf‘density at electrode surface,
émp/cxﬁ2 ‘

3 V-1

K wV(BD/av)Z/B/QDA, dimensionless fréquénéyv

n number of electons produced when one reactént ion or molecu
reacts

R universal gas coﬁstant, 8.3143 joule/mole-deg

t - time, sec

t* ' tQD(av/3D)2/3/v , dimensionless time

T absolute temperature, °K

Sc - "v/D , Schmidt number

X see equation 8

y . normal distance from thé disk; cm

Y see equation ?

Ym' expansion functions (see equatidn 11)

z Warburg impedance, ohm

m
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-10-

‘T(4/3) 0.89298, the gamma function of 4/3

8 F(4/3)\J;75 (31)./a\))1/3 » Nernst diffusionélayer thickness

z . ym (a\)/3D)1/3 , dimensioinlless dis_témce normal to the disk
(ac time-varying conéentration(overpotential; volt

0 complex, dimensionless, time-varying conéentration

v kinematic viscosity, cm?/sec | - L

W frequency.of alternating current;-rad/sec o

Q rotation speed of disk, rad/sec

Subscripts |

() evaluated_at the electrode surface
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