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LONG-TIME ANALYSIS OF 3 DIMENSIONAL RICCI FLOW III
RICHARD H BAMLER

ABSTRACT. In this paper we analyze the long-time behavior of 3 dimensional
Ricci flows with surgery. Our main result is that if the surgeries are performed
correctly, then only finitely many surgeries occur and after some time the cur-
vature is bounded by Ct~!. This result confirms a conjecture of Perelman. In
the course of the proof, we also obtain a qualitative description of the geometry
as t — oo.

This paper is the third part of a series. Previously, we had to impose a cer-
tain topological condition 73 to establish the finiteness of the surgeries and the
curvature control. The objective of this paper is to remove this condition and
to generalize the result to arbitrary closed 3-manifolds. This goal is achieved
by a new area evolution estimate for minimal simplicial complexes, which is of
independent interest.
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1. INTRODUCTION

1.1. Statement of the main result. In this paper we analyze the long-time
behavior of Ricci flows with surgery on 3 dimensional manifolds without imposing
any conditions on the topology of the initial manifold.

In a few words, our main result can be summarized as follows. We refer to
Theorem [T on page M for a precise statement.

Let (M, g) be a closed and orientable 3 dimensional Riemannian
manifold.

Then there is a long-time existent Ricci flow with only finitely
many surgeries whose initial time-slice is (M, g). Moreover, there
is a constant C' such that the Riemannian curvature in this flow is
bounded everywhere by Ct=! for large times t.

The Ricci flow with surgery has been used by Perelman to solve the Poincaré
and Geometrization Conjecture ([Perl], [Per2], [Per3]). Given any initial metric
on a closed 3-manifold, Perelman managed to construct a solution to the Ricci
flow with surgery on a maximal time-interval and showed that its surgery times
do not accumulate. Hence every finite time-interval contains only a finite number
of surgery times. Furthermore, he could prove that if the given manifold is a
homotopy sphere (or more generally a connected sum of prime, non-aspherical
manifolds), then this flow goes extinct in finite time and the number of surgeries
is finite. This implies that the initial manifold is a sphere if it is simply connected
and hence establishes the Poincaré Conjecture. On the other hand, if the Ricci
flow with surgery continues to exist for infinite time, Perelman could show that
the manifold decomposes into a thick part, which approaches a hyperbolic metric,
and an thin part, which becomes arbitrarily collapsed on local scales. Based on
this collapse, it is then possible to show that the thin part can be decomposed
into pieces whose topology is well understood ([ShY], [MT2], [KL2]). Eventually,
this decomposition can be reorganized to a geometric decomposition, establishing
the Geometrization Conjecture.
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Observe that although the Ricci flow with surgery was used to solve such hard
problems, some of its basic properties are still unknown, because they surpris-
ingly turned out to be irrelevant in the end. For example, it was only conjectured
by Perelman that in the long-time existent case there are finitely many surgeries,
i.e. that after some time the flow can be continued by a conventional smooth,
non-singular Ricci flow defined up to time infinity. Furthermore, it is still un-
known whether and in what way the Ricci flow exhibits the the full geometric
decomposition of the manifold.

In [Lotl], [Lot2] and [LS], Lott and Lott-Sesum could give a description of the
long-time behavior of certain non-singular Ricci flows on manifolds whose geo-
metric decomposition consists of a single component. However, they needed to
make additional curvature and diameter or symmetry assumptions. In [Bam2],
the author proved that under a purely topological condition 7y, which roughly
states that the manifold only consists of hyperbolic components (see [Bam3|, Def-
inition 1.2]), there are only finitely many surgeries and the curvature is bounded
by Ct~! after some time. In [Bam3]|, this condition was generalized to a far more
general topological condition 75, which requires that the non-hyperbolic pieces in
the geometric decomposition of the underlying manifold contain sufficiently many
incompressible surfaces. For example, manifolds of the form Y x S* for closed,
orientable surfaces ¥, in particular the 3-torus T, satisfy property 73, but the
Heisenberg manifold does not. We refer to [Bam3|, sec 2] for a precise definition
and discussion of the conditions 7; and 7s.

In this paper we remove the condition 75 and only assume that the initial
manifold is closed and orientable.

We now state our main result. The notions relating to “Ricci flows with
surgery”, which are used in the following, are explained in subsection 2.1 of
[Bam3|. In a few words, a “Ricci flow with surgery M, which is performed by §(%)-
precise cutoff”, is a sequence of Ricci flows (MY, (g} )icio.r1))s (M?, (97 )ierr 72))
such that the time-T" slice (M** géﬁgl) is obtained from the singular metric gi,
on M® by a so called surgery process which amounts to a geometric version of an
inverse connected sum decomposition at a scale less than §(7") and the removal
of spherical components. We allow the case in which there are only finitely many
surgery times 7" and T° = oo for the final index i. Observe that we have chosen
our notion such that a §(¢)-precise cutoff is §'(t)-precise if 6'(t) > ().

In [Per2] Perelman showed the existence of a (non-explicit) function §(t) such
that every normalized Riemannian manifold (M, g) can be evolved into a Ricci
flow with surgery M which is performed by d(¢)-precise cutoff and that for any
such Ricci flow with surgery—performed by &(¢)-precise cutoff and with normal-
ized initial conditions—the surgery times 7% do not accumulate. So if there were
infinitely many surgery times (or equivalently infinitely many surgeries), then we
must have lim; ,o 7% = oo. Our main result now states that this cannot happen
under normalized initial conditions and if 6(¢) has been chosen sufficiently small.
Note that these assumptions are not very restrictive since they already had been
made in Perelman’s work.
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Theorem 1.1. Given a surgery model (Mgan, gstan, Dstan ), there is a continuous
function 6 : [0,00) — (0, 00) such that the following holds:

Let M be a Ricci flow with surgery with normalized initial conditions which is
performed by 6(t)-precise cutoff.

Then M has only finitely many surgeries and there are constants T, C' < oo
such that |Rmy| < Ct~' on M(t) for allt > T.

In the course of the proof of this theorem we will obtain a more detailed de-
scription of the geometry of the time-slices M(t) for large times ¢. An even
more precise characterization of the long-time behavior would however still be
desirable.

We mention three interesting direct consequences of Theorem [T which can be
expressed in a completely elementary way and which illustrate the power of this
theorem. None of these results have been known so far to the author’s knowledge.
The first consequence is just a restatement of the main theorem in the case in
which M is non-singular. Note that even in this particular case our proof does
not simplify significantly apart from various technicalities. In fact, the reader is
advised to only consider non-singular Ricci flows upon first reading of this and
the previous papers.

Corollary 1.2. Let (M, (g¢)cjo,00)) be a non-singular, long-time existent Ricci
flow on a closed 3-manifold M. Then there is a constant C' < oo such that

C
Rm;| < —— or all t>0.
The next result provides a characterization of when the condition of the pre-
vious corollary can indeed be satisfied.

Corollary 1.3. Let M be a closed 3-manifold. Then there exists a long-time
existent Ricci flow (g¢)icfo,00) 0n M if and only if mo(M) = m3(M) = 0.

Note that this topological condition is equivalent to M being aspherical which
is equivalent to M being irreducible and not diffeomorphic to a spherical space
form.

This corollary can be deduced as follows. Any normalized (see [Bam3, Defini-
tion 2.12]) Riemannian metric g on an aspherical manifold M, can be evolved to a
long-time existent Ricci flow with surgery M on the time-interval [0, 00), which is
performed by d(t)-precise cutoff, due to Perelman ([Per2|, see also [Bam3, Propo-
sition 2.16]). The topological condition ensures that all surgeries on M are trivial
and hence that every time-slice of M has a component which is diffeomorphic to
M. By Theorem [LI] there is a final surgery time 7' < oo on M. So the flow M
restricted to the time-interval [T, 00) and the component, which is diffeomorphic
to M, is non-singular. Shifting this flow in time by —7 yields the desired Ricci
flow. The reverse direction is well known, for example it is a direct consequence
of [Bam3|, Proposition 8.5] and finite-time extinction (see [Per3|, [CM], [MT1]).

The third application was inspired by Andrew Sanders. Denote by D the space
of all smooth Riemannian metrics on a closed and orientable 3-manifold M and
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equip D with the C° (i.e. Bilipschitz) topology. Let D' C D be the subspace of
all metrics starting from which the Ricci flow does not develop any singularities.
Then

Corollary 1.4. D’ is an open subset of D.

Note that by standard parabolic theory, for every metric g € D’ and every time
to > 1 there is an € > 0 such that whenever ¢’ € D is (1 + ¢)-Bilipschitz to g
then the Ricci flow starting from ¢’ stays C*-close (modulo a diffeomorphism) on
the time-interval [1,%o] to the Ricci flow (g4)icp0,00) With go = g, for any k. So the
Ricci flow with surgery M’ starting from (M, ¢') does not develop any singularities
before time ty. It can be seen that the time T from Theorem [T after which
M’ does not develop any singularities, can be chosen independently of ¢ if ¢ is
small enough (due to the C*-closeness at time 1 all geometric quantities which
influence T' stay bounded). So if we pick ¢ty > T, then M’ must be non-singular
everywhere.

1.2. Outline of the proof. The proof of the main theorem relies strongly on
the solution of the Geometrization Conjecture and the results of the previous
paper [Bam3| where we established Theorem [[LT] under the additional topological
condition 7. In this paper we will mostly only refer to these results without
repeating the complete statements or proofs since they can often be taken over
largely unchanged.

As in the previous two papers ([Bam2], [Bam3]), the key to proving Theorem
[LTlis to establish the curvature bound |Rm,| < Ct~* for large times ¢. This bound
then implies immediately that surgeries stop to occur eventually, since they can
only arise where the curvature goes to infinity. For simplicity, we will only consider
Ricci flows without surgery in this subsection, i.e. families of metrics (g:)icpo,0)
on a closed, orientable 3-manifold M which satisfy the evolution equation

8tgt = -2 Rngt .

In the next paragraphs, we will point out how we obtain the curvature bound
IRmy;| < Ct™! on (M, g,) for large t. The case in which the given Ricci flow
has surgeries follows similarly, apart from various technicalities. Consider the
rescaled and reparameterized flow (g;)ic(—o0,00) With g; = e 'ger which satisfies
the flow equation
(’3@ = —2 Rngt —th-

Then the curvature bound |Rmy| < Ct~! for g; is equivalent to the bound |Rmy| <
C for g;. For clarity we will only consider the metrics g; instead of g; for the rest
of this subsection, we will however work with the metric g; in the main part of
this paper.

We first give an overview over the proof in [Bam3| and point out why we
had to impose condition 75 there. A crucial result in the previous paper was
Proposition 8.2 of [Bam3] (also called “second step”) which asserted that at large
times ¢ the curvature (of g;) is bounded by a uniform constant everywhere except
possibly on finitely many pairwise disjoint, embedded, incompressible solid tori
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Si,...,S, C M. By “incompressible” we mean that each S'-fiber of S; ~ S x D?
and every non-trivial multiple of this fiber is non-contractible in M. Moreover,
these solid tori S; had the following geometric property: For each S; we can find a
“thin and long” collar neighborhood of the boundary 2-torus 9S; inside S;. This
collar neighborhood is diffeomorphic to 7% x I, in such a way that the diameter
of each T?-fiber is bounded by 1 and the distance between its two boundary tori
is large depending on the diameter of S;. Proposition 8.2 also implied that the
curvature on each .S; is bounded in terms of its diameter for large ¢. It hence
remained to exclude the possibility that the diameters of the solid tori S; become
unbounded as t — oco. Note that Proposition 8.2 is true for all topologies and
does not require condition 75 to hold.

The topological condition 75 then came into play when we controlled the di-
ameter of the solid tori S;. Here we used an idea of Hamilton (cf Lemma 7.2 in
[Bam3| or [Haml|): For any (not necessarily connected) surface X, every incom-
pressible map fo : ¥ — M and every time ¢t > 0 let A;(fy) be the area of the
area-minimizer f; : ¥ — M within the homotopy class of fy;. Using the minimal
surface equation and Gauf3-Bonnet, it is possible to derive an evolution inequality
for A;(fy) and hence a bound of the form A,(f;) < A(X) + O(e~*/*) where A(Y)
only depends on the topology of ¥. Now condition 75 ensured that we could
choose a so called filling map fy : ¥ — M. By “filling” we roughly mean that the
image of every map f : ¥ — M which is homotopic to fy (e.g. f;) has to intersect
every incompressible loop o C M. For example, if the given manifold was the 3-
torus T, then fy would be the embedding of the 3 standard, pairwise orthogonal
2-tori. This property then implied that the image of each map f; had to intersect
each S'-fiber in each solid torus S; from Proposition 8.2. It was then not hard
extract a compressing disk for S; from this map, i.e. a map D? — M which maps
0D? to a non-contractible loop in the boundary 2-torus 9.S;. Obviously, the area
of this compressing disk had to be < A(X) + O(e~*/4).

The existence of this compressing disk of bounded area had two implications:
On the one hand, we were able to show in Proposition 8.3 of [Bam3] (aka “third
step”) that, modulo some insignificant modifications, the collar neighborhoods
inside the solid tori S; from Proposition 8.2 were thin, meaning that the T2-fibers
were bounded in diameter by a constant which goes to 0 as the diameter of S;
goes to infinity. This improved control was an important ingredient for the proof
of Proposition 8.4 of [Bam3] which asserted that solid tori S; of large diameter
persist when going far backwards in time. On the other hand, it helped to rule
out exactly the possibility that a solid torus S; could persist for a long time
while having large diameter. The main idea here was that, again by the same
area estimate of Hamilton, the area of a minimal compressing disk for 5; has to
go to zero after a certain time which can be computed in terms of A(3). This
contradiction was used to bound the diameter of the solid tori .S; and concluded
the proof of the main theorem of [Bam3).

The difficulty in proving Theorem [L.1] in the present paper hence comes from
the fact that there will in general not be such a filling map for M. For example,
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if M is the Heisenberg manifold, i.e. a twisted S'-bundle over T2, then the only
incompressible surfaces inside M are the 2-tori which are vertical with respect
to the fibration and hence we cannot guarantee that one of their homotopes
intersects a given S'-fiber. The strategy that we employ to get around this issue
is to allow X to have junctions and vertices, i.e. we allow that ¥ is homeomorphic
to a 2 dimensional simplicial complex which we will in the following denote by V.
For example if V' is the 2-skeleton of a triangulation of M and fy : V — M is the
inclusion map, then fj is filling in a generalized sense: Every incompressible loop
o C M has to intersect the image of fj since otherwise it would be contained in
the interior of a 3-simplex. It can be seen that the same is true for the image of
every map f : V — M which is homotopic to fy.

It thus becomes important to estimate the evolution of the quantity A;(fo),
which is the infimum the area functional at time ¢ evaluated on all maps f :
V' — M homotopic to f. An inspection of the arguments leading to the bound
in the case, in which V' = ¥ was a surface, shows that if the existence of an
area minimizing map f; : V' — M is guaranteed, then all previous estimates can
be carried out. Here we have to make use of the Euler-Lagrange equations for
fi along the edges of V| which state that around every edge the faces meet in
directions which add up to zero. This implies that certain boundary integrals
arising in the application of GauB-Bonnet cancel each other out.

Unfortunately, an existence and regularity theory for such minimizers f; does
not exist to the author’s knowledge and seems to be difficult to achieve. We
note that however if we allow the combinatorial structure of V' to vary, then a
result of Choe (cf [Chol)—which relies heavily on this fact—states that for every
Riemannian metric g on M, there is a smooth, minimal embedding f, : V, — M
such that the complement of f,(V}) is a topological ball. Such a map would be
filling, but it seems to be difficult to control the number of vertices of V, and this
number influences the bound A(V,) in the area evolution estimate of A;(fy). In
fact, it is very likely that there are metrics gq, g9, ... on M for which the number
of vertices of the corresponding minimal simplicial complex V,, diverges.

In order to get around this issue, we will employ the following trick in this
paper. Instead of looking for a minimizer of the area functional, we will try to
find a minimizer of the perturbed functional

fr—areaf+ M(f|lym).

Here A > 0 is a small constant, ¢(f|,,1)) denotes the sum of the lengths of f
restricted to all edges of V and f : V' — M is any map which is homotopic to fo.
The existence and regularity of a minimizer for the perturbed functional follows
now easily (apart from some issues arising from possible self-intersections of the
1-skeleton). However, the extra term A(f|y 1)) introduces an extra term in the
Euler-Lagrange equations along each edge of V' and hence the boundary integrals
in the evolution estimate for the minimum of this perturbed functional will not
cancel each other out, but add up to a new term. Luckily, it will turn out that
this term has the right sign to carry out this evolution estimate. Now letting A go
to 0, we obtain the desired evolution estimate for A;(fy) and conclude that there
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are homotopes f; : V — M of fo whose time-t area is bounded by A(V)+O(e~*4)
where A(V') only depends on V.

Next, we need to construct compressing disks of bounded area for each solid
torus S; from Proposition 8.2 of [Bam3| from the maps f;. Unlike in the case
in which V' = ¥ was smooth, this task is surprisingly difficult since the preim-
ages f, 1(S;) could be arbitrarily complex. In fact, it is not known to the author
whether such a construction works in the special case in which M is covered by
a 2-torus bundle over a circle. If M is not covered by such a bundle, then we can
resolve this issue by choosing V' very carefully and by analyzing certain combi-
natorial distance functions on the universal cover of V. However, we will only
be able to construct possibly self-overlapping “compressing multiply connected
domains” of bounded area. In a nutshell, these domains will be constructed as
follows: Intersecting a large number of polyhedral spheres in the universal cover
M of M with a lift S C M of §; yields a large number of “compressing multiply
connected domains” for S; and hence for S;. We will be able to show that these
domains are contained in a bounded number of fundamental domains of S; and
conclude that their area is bounded on average. So one of these domains must
have controlled area. Later, this “compressing multiply connected domains” of
bounded will be converted into a compressing disk of bounded area. The exis-
tence of such disks will then enable us to use arguments of [Bam3| to establish
Theorem [Tl whenever M is not covered by a 2-torus bundle over a circle.

Finally, consider the case in which M is covered by a 2-torus bundle over a
circle, i.e. when M is a quotient of the 3-torus, the Heisenberg manifold or the
Solvmanifold. Assume for simplicity that M itself is a 2-torus bundle over a circle.
We can then use the topological fact that M admits arbitrarily large finite covers

M — M for which M is diffeomorphic to M. So we can view each 7, as
a map from M to M and for any map fy : V — M we can construct the maps
fno=mmofo:V — M. For each n we can apply the area estimate from before and
find homotopes f,; : V — M whose time-t area is bounded by A(V)+ O, (e7/*).
Here A(V) is independent of n, and O, (e*/*) is a quantity which depends on n
and which goes to 0 as t — oco. Choosing said covers carefully, we can ensure that
for all n > 1 every incompressible loop ¢ C M has to intersect the image of f,
at least n times. For large n and large ¢, this will then imply that the manifold
(M, g;) can nowhere locally collapse to a 2-dimensional space. A consequence of
this is that the set of solid tori S; is empty and hence the curvature is bounded
everywhere on M.

This paper is organized as follows: In section 2] we give a precise definition
of the simplicial complexes that we will be working with. Section [ contains
the existence and regularity theory for simplicial complexes which minimize the
perturbed area functional. These results will then be used in section M to derive
the infimal area evolution estimate for simplicial complexes, i.e. the bound on
Ai(fo). In section [l we construct the simplicial complex V' and the map f; :
M — V', prove the existence of “compressing multiply connected domains” if
M is not covered by a 2-torus bundle, and construct the maps f, o otherwise.
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Finally, in section [0l we convert the “compressing multiply connected domains”
into compressing disks and finish the proof of Theorem [L.1l

Note that in the following, all manifolds are assumed to be 3 dimensional unless
stated otherwise.

1.3. Acknowledgments. I would like to thank Gang Tian for his constant help
and encouragement, John Lott for many long conversations and Richard Schoen
for pointing out Choe’s work to me. I am also indebted to Bernhard Leeb
and Hans-Joachim Hein, who contributed essentially to my understanding of
Perelman’s work. Thanks also go to Simon Brendle, Alessandro Carlotto, Will
Cavendish, Otis Chodosh, Daniel Faessler, Robert Kremser, Tobias Marxen, Rafe
Mazzeo, Hyam Rubinstein, Andrew Sanders, Stephan Stadler and Brian White.

2. SIMPLICIAL COMPLEXES

We briefly recall the notion of simplicial complexes which will be used through-
out the whole paper. Note that in the following we will only be interested in
simplicial complexes which are 2 dimensional, pure and locally finite. For brevity
we will always implicitly make these assumptions when refering to the term “sim-
plicial complex”

Definition 2.1 (simplicial complex). A 2-dimensional simplicial complex V' is a
topological space which is the union of embedded, closed 2-simplices (triangles),
L-simplices (intervals) and 0-simplices (points) such that any two distinct sim-
plices are either disjoint or their intersection is equal to another simplexr whose
dimension is strictly smaller than the mazimal dimension of both simplices. V is
called finite if the number of these simplices is finite.

In this paper, we assume V moreover to be locally finite and pure. The first
property demands that every simplex of V' is contained in only finitely many other
simplices and the second property states that every O or 1-dimensional simplex s
contained in a 2-simplex. We will also assume that all 2 and 1-simplices are
equipped with differentiable parameterizations which are compatible with respect
to restriction.

We will often refer to the 2-simplices of V' as faces, the 1-simplices as edges
and the 0-simplices as vertices. The 1-skeleton V) is the union of all edges
and the 0-skeleton V) is the union of all vertices of V.. The valency of an edge
E c VW denotes the number of adjacent faces, i.e. the number of 2-simplices
which contain E. The boundary 0V is the union of all edges of valency 1.

We will also use the following notion for maps from simplicial complexes into
manifolds.

Definition 2.2 (piecewise smooth map). Let V' be a simplicial complex, M an
arbitrary differentiable manifold (not necessarily 3-dimensional) and f :V — M
a continuous map. We call f piecewise smooth if f restricted to the interior of
each face of V' is smooth and bounded in W12 and if f restricted to each edge
E c VO 4s smooth away from finitely many points.
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Given a Riemannian metric g on M and a sufficiently regular map f:V — M
(e.g. piecewise smooth) we define its area, area(f), to be the sum of area(f | )
over all faces F' C V' and the length of the 1-skeleton ¢(f|,a)) to be the sum of
((f|z) over all edges E C V(1.

3. EXISTENCE OF MINIMIZERS OF SIMPLICIAL COMPLEXES

3.1. Introduction and overview. Let in this section (M, g) always be a com-
pact Riemannian manifold (not necessarily 3 dimensional) with m(M) = 0.
We will also fix the following notation: for every continuous contractible loop
v : S — M we denote by A(y) the infimum over the areas of all continuous
maps f : D? — M which are continuously differentiable on the interior of D2,
bounded in W2 and for which f|sp2 = .

Consider a finite simplicial complex V' as well as a continuous map fo: V — M
such that fylgy is a smooth embedding. The goal of this section is motivated by
the question of finding an area-minimizer within the same homotopy class of fq,
ie. amap f:V — M which is homotopic to fy : V' — M relative to dV and
whose area is equal to

A(fo) :==inf {area f" : f' =~ fy relative to OV }.

(Here the maps f' : V. — M are assumed to be continuous and continuously
differentiable when restricted to V' \ V) and V() as well as bounded in W2
when restricted to each face of V'.) This however seems to be a difficult problem,
since it is not clear how to control e.g. the length of the 1-skeleta of a sequence
of minimizers.

To get around these analytical issues, we instead seek to minimize the quantity
area(f) + ¢(f|yw). Here £(f|y 1)) denotes the sum of the lengths of all edges
of V under f. It will turn out that this change has no negative effect when we
apply our results to the Ricci flow in section Ml In other words, we are looking
for maps f : V — M which are homotopic to fy relative 0V and for which
area(f) + ¢(f|yw) is equal (or close) to

AW(fy) == inf { avea(f’) + £(f'|v1) : f =~ fo relative to OV }.

We will be able to show that such a minimizer exists in a certain sense. To be
precise, we will find a map f : V) — M of regularity C*! on the I-skeleton
which can be extended to V to a minimizing sequence for A1), This implies
that the sum of A(f|sr) over all faces F C V plus £(f) is equal to AY(fy). So
the existence problem for f is reduced to solving the Plateau problem for each
loop flor. The only difficulty that we may encounter then is that f|sr can a
priori have (finitely or infinitely many) self-intersections. Unfortunately, taking
this possibility into account makes several arguments quite tedious and might
obscure the main idea in a forest of details.

The second goal of this section (see subsection [3.4)) is to understand the geom-
etry of a minimizer along the l-skeleton. In the case in which f: V1) — M is
injective our findings can be presented as follows. In this case we can solve the
Plateau problem for the loop f|yr for each face F' € V and extend f: V() — M
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to a map f : V — M which is smooth on V' \ V) and C*' on VM. Consider
and edge £ C VW' \ 9V of valency vg and denote by s : E — TM the geodesic

curvature (defined almost everywhere) of f|g and let yg), e yg’E) B —-TM
be unit vector fields which are normal to f|g and outward pointing tangential to
f to the faces F' C V which are adjacent to E. A simple variational argument
will then yield the identities

1/}(91)—1—...4—1/](;”5) = Kg and <V(El)—|—...+vg)E),/iE> > 0. (3.1)
This equality and inequality are the second main result of this section and some
time is spent on expressing these identities in the case in which the loops f|sr
possibly have self-intersections. We remark that in the case in which f|yq) is
injective this equality and a bootstrap argument can be used to show that f is
actually smooth on all of V.

Observe however that in general it might happen that two or more edges are
mapped to the same segment under f (this could also happen for subsegments
of these edges or for subsegments of one and the same edge). It would then be
necessary to take the sum over all faces which are adjacent to either of these
edges on the left hand side of (B]) and a multiple of kg on the right hand side
of the equation in (B.I]). These combinatorics become even more involved by the
fact that, at least a priori, f|or can for example intersect in a subset of empty
interior but positive measure.

3.2. Construction and regularity of the map on the 1-skeleton. Consider
again the given continuous map fy : V' — M for which fy|oy is a smooth em-
bedding and let fi, fo,... : V — M be a minimizing sequence for AW (fy). To
be precise, we want each f; to be continuous and homotopic to fy relative OV,
continuously differentiable when restricted to V\ V1 and V() as well as bounded
in W12 when restricted to each face and

lim (area(fi) + ((felyw)) = AV (fo).

By compactness of M we may assume that, after passing to a subsequence, fi|y o)
converges pointwise. Next, observe that every edge E C V() is equipped with
a standard parameterization by an interval [0,1] (see Definition 2.1). We can
then reparameterize each f, such that for every edge £ C V() the restriction
fr|E is parameterized by constant speed. Since ¢( fx|g) is uniformly bounded, we
can pass to another subsequence such that fx|g converges uniformly. So we may
assume that fi|-a) converges uniformly to a map f : V() — M such that f|g
is Lipschitz and such that ¢(f|,q)) < liminfg o0 €(fx|y ). It is our first goal to
derive regularity results for f. Before doing this we first characterize the map f,
so that we can forget about the sequence f;.

Lemma 3.1. The map f is parameterized by constant speed and if Fy, ..., F, are
the faces of V', then

Aflor) + -+ Aflor,) + £0f) = AD(fo),
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Moreover, for every continuous map f': VU — M which is homotopic to f,
relative to OV we have

A(flor) + -+ A(flor,) + L(f") = AV (fo).

Proof. For every face F}; consider the boundary loop flar, : OF; ~ St — M
which is a Lipschitz map. Recall that the loops fi|ar, converge uniformly to
flar;. So using the exponential map and assuming that k is large enough, we
can find a homotopy Hj : OF; x [0,1] — M between fi|sr, and f|or, which is
Lipschitz everywhere and smooth on 0F; x (0,1) and whose area goes to 0 as
k — oco. Gluing Hy together with fi|r, : F; — M and mollifying around the
seam yields a continuous map f7, : F; — M which is smooth on Int F; such that
fixlor; = flor, and such that area f7, — area fi|r, goes to 0 as k — oco. Hence
A(flor;) < liminfy_ area fi|r, and we obtain

A(flom) + ...+ A(flor,) + €(f)
< liminf (area(filor) + - .. + area(filor,) + €(felyw)) = AW (fo).

k— o0

It remains to establish the reverse inequality, i.e. the last statement of the claim.
This will then also imply that limy o ¢(fx|sy@) = ¢(f) and hence that f is
parameterized by constant speed.

Consider a continuous map f' : V) — M. We can find smoothings f; :
V) — M of £’ such that f; converges uniformly to f’ and limy_, £(f}) = ((f").
Now for every face F};, we can again find a homotopy Hj, : 0F; x [0,1] — M of
small area and by another gluing argument, we can construct continuous maps

]/',k : F; — M which are smooth on Int Fj such that lim;_,, area fj'k = A(f'|or;)-
Hence, we can extend each f : V(Y — M to a map f; : V — M of the right
regularity such that

AW(fy) < Tim (axea(fy) + € vo)) = AP lor) + -+ AP lor,) + ().

This proves the desired result. 0
We also need the following isoperimetric inequality.

Lemma 3.2. Let v : S' — R"™ be a rectifiable loop such that +y restricted to the
lower semicircle parameterizes an interval on the xi-axis xo = ... =z, =0 and
v restricted to the upper semicircle has length |. Denote by a the mazimum of the
euclidean norm of the (za, ..., x,) component of all points on v (i.e. the mazximal
distance from the xq-azis). Then A(y) < la.

Proof. Let 0 = sg < s9 < ... < 8, = [ be a subdivision of the interval [0, ],
let y; be the xi-coordinate of (s;) and o; a straight segment between 7(s;) and
(9:,0,...,0) for each i = 0,...,m. For each i = 1,...,m let ; be the loop which
consists of (s, s, 0i—1, 0; and the interval between (y;-1,0,...,0), (1:,0,...,0).
We set A*(sg, ..., Sm) = A1) + ... + A(vm).

Let i € {1,...,m — 1}. We claim that if we remove s; from the list of
subdivisions, then the value of A*(sg,...,S,) does not increase. In fact, if
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Yic1 < Yi < Yiv1 OF Yi1 > Y; > Yir1, this is claim is true since any two maps
hi, hiy1 : D?* — M which restrict to 7;, 7,41 on S' can be glued together along
0;. On the other hand, if y;, 1 < wy;;1 < w;, then h;, h;y1 can be glued to-
gether along the union of o; with the interval between (y;11,0,...,0), (v;,0,...,0).
The other cases follow analogously. Multiple application of this finding yields
A(y) < A*(sgy -+, Sm)-

Let now ~; be the loop which consists of the straight segment between ~y(s;_1),
v(s;), the segments o;_1, 0; and the interval between (y;_1,0,...,0), (y;,0,...,0).
Moreover, let /" be the loop which consists of straight segment between v(s;_1),
v(si) and |5, ,,s,]- Then by the isoperimetric inequality and some basic geometry

A(VZ) < A(’%) + A(V:) < Cw(fy [Si71,8i]> + C@(V [8171781}))2'
Adding up this inequality for all i = 1,...,m yields

A() < A (S0, oy 8m) S al+ > CU(Y]s,ps)) ™
i=1
The right hand side converges to 0 as the mesh size of the subdivisions approaches
7ero. ]

The following is our main regularity result.
Lemma 3.3. The map f : V) — M has regularity CY' on every edge E C V).

Proof. Let E C V! and equip E with the smooth parameterization of an interval.
We now establish the regularity of the map fr = flg : £ — M up to the
endpoints of E. Assume ¢(f|g) > 0, since otherwise we are done. After scaling the
interval by which FE is parameterized, we may assume without loss of generality
that fg is parameterized by arclength, i.e. that

C(fBlis,s]) = S2 — 51 for every interval [s1,89] C E.

Let € > 0 be smaller than the injectivity radius of M and observe that whenever
we choose exponential coordinates (y1,. .., ¥y,) around a point p € M then under
these coordinates we have the following comparison with the Euclidean metric

Jeucl:
|g - geucl| < 01T2 (32)

for some uniform constant C (here r denotes the radial distance from p). Assume
moreover that ¢ is chosen small enough such that g is 2-Bilipschitz to geya-

Consider three parameters sq, s, 83 € E such that s; < s < s3 < 1 + 1—105.
We set x; = fr(s:), | = |s3 — 51| = l(fEl[s),s5)) as well as d = dist(z1,23) and we
denote by v a minimizing geodesic segment between x; and x3. Consider now the
competitor map f’ which agrees with f on V) U (E \ (s, s2)) and which maps
the interval [s1, s3] to the segment ~.

Let us first bound the area gain for such a competitor. Denote by 7* : St — M
the loop which consists of the curves fgl, s, and . Consider geodesic coordi-
nates (yi, ..., yn) around z; such that v can be parameterized by (¢,0,...,0) and
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denote by a the maximum of the euclidean norm of the (ys, ..., y,)-component
of fg on [sy, s3]. By Lemma [3.2] we have

A(v") < 2la.
(Recall that g is 2-Bilipschitz to the euclidean metric.) Let Fy,..., F, be the
faces which are adjacent to E. Then for each j =1,...,v we have

A(f'or,) < Alflor,) + A(Y") < A(flor,) + 2la.
Moreover, ¢(f") < ¢(f) — 1+ d. So by the inequality of Lemma 3] we obtain

l—d<2v-la. (3.3)
Let now [" be the length of the segment parameterized by fg|(s,,s;) With respect
to the euclidean metric geye in the coordinate system (yi,...,%,). Then %l/ <

[ < 2l'. Moreover, we obtain the following improved bound on {" using (3.2):
S3 83
L= [ o) FaoDds = [ /0= gl F5l). Sl
> /1 —4C12 1.

By basic trigonometric estimates with respect to the euclidean metric in the
coordinate system (yi,...,¥y,) we obtain

d® + 4a® < (I)%

> (1 —4C, 1) (d* + 4a®) < 12 (3.4)
Plugging in ([3:3) yields with ¢ = v =2
(1 —4C ) (Pd* + c(l — d)?) < 1%
And hence for small enough [
Sl—d)? <Pl —d)(I+d)+ 4014 d* < 213(1 — d) + 4C, 15

2
This inequality implies that if [ —d > {?, then £(1—d) < 2> +4C4[*. So in general
there is a universal constant Cy such that

| —d < Oyl (3.5)
In particular, if [ is smaller than some uniform constant, then

sd<1<2d

We will in the following always assume that this bound holds whenever we com-
pare the intrinsic and extrinsic distance between two close points on fg.
Next, we plug ([B.5]) back into (8.4]) and obtain a bound on a for small I:

(1= d)(I + d) + 4C P2 )
< < 32204+ 4C1Pa? <
a_\/ IETeND) < VCyl3 - 21+ 4C, Pd? < Cl

for some uniform constant C3. Now consider the point xs on fg([s1,s3]), set
I = {(fE|s1,s2]) and let oy > 0 be the angle between the geodesic segment v from
x1 to x3 and the geodesic segment ~; from z; to x5. Observe that the angle a



LONG-TIME ANALYSIS OF 3 DIMENSIONAL RICCI FLOW III 15

between v and ~; is the same with respect to both g and geu.;. Moreover, by our
previous conclusion, the length of 7, is bounded from below by %ll. So by a basic
trigonometric we find that there are uniform constants ¢g > 0 and Cy < oo such
that we have
a < Oyl if I, > %l and [ < gg. (3.6)
We can now establish the differentiability of fz. Let s,s’,s” € E such that
s < s < < sH4eg set x = fg(s), 2 = fr(s), 2" = fr(s") and choose
minimizing geodesic segments +',7” between x,2’ and z,2”. Let a > 0 bet
the angle between +',7” at x. For each ¢ > 1 for which s +27% € F we set
r; = fp(s+27%) and we choose a minimizing geodesic segment ~y; between x and
z;. Choose moreover indices i’ > i > 1 such that 277 < s — s < 277*! and
27" < s" — 5 < 27"+ Then by (3.6)

a < <Ix(’7”7 Yir) + < (Vi Yirg1) oo <<e(Yi—2, Yi—1) + < (-1, ’7/)
<Cy(s"—s)+C27" 4+ 027" L

< Cy(s" —8) + 20,277 < 3C4(s" — s).
Note also that by (B.5) the quotients ‘;ng and 65712 converge to 1 as s” — s.

s

Altogether, this shows that the right-derivative of fg exists, has unit length and
that

<Ix(dsi+fE($)’ ’}/”) S 304(8” — 8). (37)
The existence of the left-derivative together with the analogous inequality follows
in the same way. In order to show that the right and left-derivatives agree in
the interior of F, it suffices to show for any s € Int F, that the angle between
the geodesic segments between fg(s), fe(s —¢') and fg(s), fe(s + §') goes to 7
as ' — 0. This follows immediately from (B.6) and the fact that the sum of the
angles of small triangles in M goes to 7 as the circumference goes to 0.

Finally, we establish the Lipschitz continuity of the derivative ff(s). Let
s1,s3 € E such that s; < s3 < s1 + ¢p and let sy = %(81 + s3) be the mid-
point on fg. Let v and 7, be defined as before and let 3 be the geodesic segment
between o = fr(s2) and x5 = fr(s3). Using (8.2)) it is not difficult to see that if
we choose geodesic coordinates around x; or 3, then we can compare angles at
different points on fz([s1, s3]) up to an error of O(|sz — s1|*). So we can estimate

using (B.6) and (B.7)
USfp(s1), fu(s3)) < <(fpls1),m) + <n,7)
+<2(7,78) + (3, fials3)) + Ollss — s1[°)
S 3C4|$2 — 81| + 2C4|$3 — 81| + 3C4|$3 — 82| + O(|$3 — $1|2) S C5|83 — $1|
for some uniform constant Cs. This finishes the proof. U

Now if for every face F' C V the map fl|or is injective (i.e. an embedding in
a proper parameterization), then by solving the Plateau problem for each face
(cf [Mor]) we obtain an extension f : V — M of f which is homotopic to fq
and for which areaer E(ﬂv(l)) = AW(fy). So in this case, the existence of
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the minimizer is ensured. In general however, we need take into account the
possibility that f|sr has self-intersections. Note that there might be infinitely
many such self-intersections and the set of self-intersections might even have
positive 1 dimensional Hausdorff measure. This adds some technicalities to the
following discussion.

3.3. Results on self-intersections and the Plateau problem. The following
Lemma states that two intersecting curves agree up to order 2 almost everywhere
on their set of intersection.

Lemma 3.4. Let v : [0,1] — M be a curve of regularity CY' which is parameter-
1zed by arclength. Then the geodesic curvature along v is defined almost every-
where, i.e. there is a vector field k : [0,1] — T'M along v (i.e. k(s) € Ty M for
all s € 10,1]) and a null set N C [0,1] such that at each s € [0,1] \ N the curve v
is twice differentiable and the geodesic curvature at s equals K(s).

Consider now two such curves vy : [0,l1] — M, 5 : [0,15] = M with geodesic
curvature vector fields ky, kg. Assume additionally that 1,7, are injective em-
beddings which are contained in a coordinate chart (U, (xy, ..., xy,)) in such a way
that there is a vector v € R™ with the property that (v.(s),v) # 0 with respect to
the euclidean metric for all s € [0,1;] and i = 1, 2.

Let X1 ={s € [0,l1] : 7(s) € %([0,l5]))} and Xo = {s € [0,15] : ~(s) €
71([0,14])} be the parameter sets of self-intersections. Then there is a continuously
differentiable map ¢ : [0,1;] — R whose derivative vanishes nowhere such that
o(X1) = Xy and such that v1(s) = Y2(p(s)) whenever s € X,. Moreover, there
are null sets N; C X; such that o(N1) = Ny and such that for all s € X7\ Ny we

have ¢'(s) = £1, 71(s) = 712(p(5))#(s) and ri(s) = ra(p(s))-

Proof. The first statement follows from the fact that a Lipschitz function is dif-
ferentiable almost everywhere. Observe that the geodesic curvature can be com-
puted in terms of the first and second derivative of the curve in a local coordinate
system. So in particular, we only need to consider the case in which M is eu-
clidean space equipped with the cartesian coordinate system (z1,...,x,) for the
second statement.

Let ¢ : [0,11] — R be the composition of the projection s — (7y1(s),v) with the
inverse of the projection s — (75(s),v). It is then clear that ¢(X;) = X, and
71(8) = 712(p(s)) whenever s € X;. Moreover, ¢'(s) # 0 for all s € [0,1].

Next, let N/ C [0,1;] be the null sets from the first part outside of which x;
is equal to the geodesic curvature of 7;. Let moreover, N C X; be the set of
isolated points of X;. Clearly Ny is a null set. We now claim that the Lemma
holds for Ny = X; N (N] U@ Y(Ny) U N;) and Ny = o(N;). Obviously, Ny, N,
are null sets. Let now s € X; \ V7. Observe that for s’ close to s, we have

11(8) = m(s) + (5" = 9)71(5) + 5(s" — 5)7k1(s) + (s — 5)°).

Similarly, for every s” close to ¢(s)

2(s") = 71(8) + (" = ()0 ((5)) + 5(s" = @(s)) ka0 (s)) + 0((s” — (5))*).



LONG-TIME ANALYSIS OF 3 DIMENSIONAL RICCI FLOW III 17

Since s ¢ Ny, there is a sequence of parameters s}, — s, s, # s such that with
sy = p(sy) we have 7,(s}) = 72(s{). Due to the fact that ¢ is continuously
differentiable,

sk — @(s) = ¢'(s) (s}, — s) + o(s), — s).
So we obtain from the expansions for 7,7, that

(sk = $)m(s) + olsy, — 5) = 71(sk) —n(s)
= 72(s%) = 12(9(5)) = ¥'(s) (5% — 8)72(p(s)) + o5}, — 9).
This implies that v} (s) = 75(¢(s))¢'(s) and ¢'(s) = £1 follows from the fact that

()] = 1als)| = 1.
Next, we take the scalar product of the expansions for vy, v, with an arbitrary
vector v* € R™ which is orthogonal to 7 (s) and hence also to v5(¢(s)). Then

3 (st = 8)*(ka(s) >+0 Sk—S <’71 s3) — 71(8),v")
= <72 Sk) > = 3(sk — 8)*(r2(2(5)), v") + o(s}, — 5)*).
So (k1(s),v*) = (ka(e(s)),v > Smce 51(8),/‘%2((,0(8)) are orthogonal to ~1(s), we
conclude that x1(s) = ka(p(s)). O

In the remainder of this subsection, we state the solution of the Plateau problem
for loops with (possibly infinitely many) self-intersections. We will hereby always
make use of the following terminology.

Definition 3.5. Let v : St — M be a continuous and contractible loop. A
continuous map f : D* — M 1is called a solution to the Plateau problem for ~y if
f is smooth, harmonic and almost conformal on the interior of D? and if area f =
A(v) and if there is an orientation preserving homeomorphism ¢ : S' — St such

that f|s1 =~y o .
We will also need a variation of the Douglas condition.

Definition 3.6 (Douglas-type condition). Let v : S* — M be a piecewise C*
immersion which is contractible in M. We say that ~ satisfies the Douglas-type
condition if for any distinct pair of parameters s,t € S, s # t with (s) = (t)
the following is true: Consider the loops 1,72 which arise from restricting v to
the arcs of S* between s and t. Then

A(y) < Aln) + A).
We can now state a slightly more general solution of the Plateau problem.

Proposition 3.7. Consider a loop~ : St — M which is a piecewise C*-immersion
and which 1s contractible in M. Assume first that v satisfies the Douglas-type
condition. Then the following holds.

(a) There is a solution f : D* — M to Plateau problem for .

(b) If v has regularity C* on U N St for some open subset U C D?* then for
every a < 1 the map f (from assertion (a)) locally has regularity CH* on
U. Moreover, the restriction f|s1 has non-vanishing derivative on U N S*
away from finitely many branch points.
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Similarly, if v has regularity C™< for some m > 2 and o € (0,1) on
U NSt then f locally has reqularity C™* on U.

(c) Assume that we have a sequence vy, : S* — M of continuous maps which
uniformly converge to v and consider solutions of the Plateau problem
fi : D* — M for each such ;. Then there are conformal maps vy, :
D? — D? such that the maps fi, o 1y, : D* — M subconverge uniformly
on D* and smoothly on Int D? to a map f : D?> — M which solves the
Plateau problem for ~.

Furthermore, if v has regularity C* on U N S for some open subset
U C D? and v, locally converges to v on U N St in the CY sense for
some « € (0, 1), then the sequence fy actually converges to f on U in the
Ch sense for every o < a.
Next assume that v does not necessarily satisfy the Douglas-type condition and let
p be the number of places where v is not differentiable (i.e. where the right and
left-derivatives don’t agree). Then there are finitely or countably infinitely many
loops 1, Yo, ... St — M which are piecewise C'-immersions and contractible in
M such that:

(d) The loops ~; satisfy the Douglas-type condition.

(e) Each v; is composed of finitely many subsegments of v in such a way that
each such subsegment of v is used at most once for the entire sequence
Y125 - -

(f) For each i let p; be the number of places where ; is not differentiable.
Then p; = 2 for all but finitely many i and

> (pi—-2)<p-2

(2

(9) We have
AL = Y2 A0,

(h) For any set of solutions fi, fo,...: D?> — M to the Plateau problems for
Y1, Y2, - - . and every § > 0 there is a map f5 : D> — M and an open subset
Djs C D? such that the following holds: fs|s1 =~ and fs restricted to each
connected component of Ds is a diffeomorphic reparameterization of some
fi restricted to an open subset of D? in such a way that every i is used for
at most one component of Ds. Moreover

area f5|p2\p, < 0 and area fs < A(y) + 0.

Proof. Observe that the Douglas-type condition allows the following conclusion:
Whenever f;, : D* — M with fi|s1 = v and limy_, area f, = A(7) is a min-
imizing sequence and o, C D? is a sequence of embedded curves for which
limy_o0 ¢(filo,) = 0, then the distance between the two endpoints of o) goes
to 0 as k — oo.

Assertion (a) now follows directly using the methods of [Mor] since the embed-
dednes of v was only used in this paper for the previous conclusion. The first
part of assertion (c) follows for the same reasons.
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The proof of assertion (b) in the case in which 7 is C? on U N S! can be found
in [HH]. We remark that in the case, in which v is only C*! on U N S! and ¢
is locally flat on U, assertion (b) is a consequence of [Kin|. For our purposes,
however it is enough to note that the methods of the proof of [HH| carry over to
the case in which v is only C*! on U N St. We briefly point out how this can be
done: The first step in [HH] consists of the choice of a local coordinate system
(1,...,2,) in which v is locally mapped to the x,-axis. For the subsequent
estimates, this coordinate system has to be of class C2. In the case in which v is
only Ct* on UNS?, we can choose a sequence of coordinate systems (z¥, ..., 2%),
which are uniformly bounded in the C? sense, and which converge to a coordinate
system (25°, ..., 2%°) of regularity Ct! in every C'1® norm and in this coordinate
system -y is locally mapped to the z,-axis. The minimal surface equation in the

coordinate system (z%,...,2%) implies an equation of the form |Ay*| < B|Vy*|?

for y* = (2%,...,2% |) o f where 8 can be chosen independently of k. Moreover,

»Yn—1

y* restricted to U N S* converges to 0 in every C%® norm as k — oo. Let
U" € U" € U' € U be an arbitrary compactly contained open subsets. A closer
look at the proof of the “Hilfssatz” in [Hei] yields that for every r > 0 we have
the estimate |y*| < Cr on U’ N (D?*(1 —r)\ D?*(1 —2r)) if k is large depending on
r. It follows then that ||y*||c1@rnp2(i—r) < C for every r > 0 and large k. This
implies [|y*>||c1ry < C and hence ||y*||cr @) < 2C for large k. Standard elliptic
estimates applied to the equation [Ay*| < 43C? then yield that ||y*||cr.e @ < C'
for large k. The regularity of z¥ o f and the fact that branch points are isolated
also follow similarly as in [HH].

The second part of assertion (c) follows in a similar manner. We just need to
choose the local coordinate systems (z%,...,2%) such that both (2%, ... 2F) o~y
and (2%, ..., 2%) oy locally converge to the z,-axis in the C1* sense.

Now consider the case in which v does not satisfy the Douglas-type condition.
Then the remaining assertions follow from the methods of Hass ([Has]). For
completeness, we briefly recall his proof.

We will inductively construct a (finite or infinite) sequence of straight segments
01,09, ... C D? between pairs of points s,t € St with v(s) = v(t), such that any
two distinct segments don’t intersect in their interior and such that the following
holds for all k¥ > 0: Consider the (unique) extension v : S'UoyU...Uogp — M
of the map v which is constant on each o;. Then we impose the condition that
the sum A(vi|sq) over all connected components 2 C Int D?\ (o7 U... U 0y) is
equal to A(v). (Note that every such component is bounded by some of the o;
and some arcs of S'.)

Having constructed segments o1, ..., 0, we will choose ;.1 as follows: Con-
sider all components Q C Int D?\(o1U...Usy,) such that v;|sq does not satisfy the
Douglas-type condition (or to be precise, such that the loop which is composed
of the restriction of v to S NN does not satisfy the Douglas-type condition). If
there is no such €2, then we are done. Otherwise we pick an 2 for which ¢(7y|s1n90)
is maximal. By our assumption, we can find a straight segment ¢ C D? connect-
ing two distinct parameters s,t € S* N 9 such that if we denote by €, Q" the
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two components of 2\ ¢’, then
A(vkloe) = A(vkloer) + Alvkloar). (3.8)

It follows that we are allowed to choose 0,7 = o for any such o. Now pick
o amongst all such straight segments such that min{¢(v|singar), £(V|s1near)} is
larger than % times the supremum of this quantity over all such ¢ and set o1 =
0.

Having constructed the sequence oy, 09, ..., we let X C D? be the closure of
oprUoyU ... and we let vx : S1U X — M be the obvious extension. Then
all components  C Int D? \ X are bounded by finitely many straight segments
and arcs of S'. We claim that A(y) is equal to the sum of A(yx|sq) over all
such components: Let €,...,Qy be arbitrary, pairwise distinct components of
Int D?\ X. Then there is a ko such that for all k& > ky these components lie in
different components Qi , . .., Qnx of Int D?\ (o1 U. .. Uoy). Moreover ;, — €,
as k — oo. So limy o A(vxloq,,) = A(yx|oq,) for each j = 1,..., N. Since
the choice of the ; was arbitrary, this shows that the sum of A(yx|sn) over
all connected components Q C Int D? \ X is not larger than A(y). The other
direction is clear.

Next, we show that for each component Q C Int D?\ X, the loop vx |aq satisfies
the Douglas-type condition. If not, then we could separate €2 into two non-empty
components 2, Q" along a straight line o between two parameters s,t € St for
which 7(s) = v(t) such that ([B.8) holds for vyx instead of ;. Choose a sequence
Q. CInt D\ (07 U...Uoy) such that Q; D Qp D ... and such that Q; — Q as
k — oo. Let moreover 2/ be the components of € \ ¢ such that Q) —
and Q) — Q”. Then limy o A(Vklon,) = A(Vx|sa) and limy_ A(fyk|a%) =
A(vxloer) and limy o0 A(Vkloay) = A(yx|oar). Moreover, for all k£ > 1

A(laey) + Alnlaay) < Alyrlaay) + A(vklasay)) + A(veloay) + A(vklayar)
= A(loy) + A(veloay) + A(vkla@inay))
= A(lagy) + A(veloy) + A(vklon,) — A(veloe,)-
Letting k — oo yields

Almlaey) + Almilaar) < Alniloa,)-

Since the opposite inequality is trivially true, we must have equality. This is
however a contradiction, because by our construction of the sequence oy, 05, ...
we must have picked o earlier and hence o, = o for some k.

Assertions (d), (e) and (g) follow immediately. By the fact that v is a piecewise
immersion, we can deduce that all but finitely many components of Q C Int D*\ X
are bounded by exactly two straight segments and two arcs. Assertion (f) follows
now easily. Finally, the functions fs from assertion (h) can be constructed by
parameterizing the solutions f; by the corresponding component of Int D? \ X
and mollifying. OJ

The following variational property is a direct consequence of assertion (h) and
will be used twice in this paper.
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Lemma 3.8. Consider a contractible, piecewise C*-immersion v : S* — M, let
vi be the loops from the second part of Proposition [3.7 and consider solutions
fi : D* = M to the Plateau problem for each ~y;. Let (gi)ieo,) be a smooth family
of Riemannian metrics such that gy = g (not necessarily the Ricci flow) and
denote by Ai(y) the infimum over the areas of all spanning disks with respect to
the metric g;. Then in the barrier sense

d d
< -
t:OAt(/Y) - ; /DQ dt

dt+
Here dvolys(q,) denotes the volume form of the pull-back metric f;(g:).

dvol g«
=0 VO fz (gt)

Proof. Due to the smoothness of the family (g;), we can find a constant C' < oo
such that for any two vectors v,w € T'M based at the same point and every
t € [0,2/2) we have

’gt(v,w) — go(v,w) — t@tgo(v,w)’ < Ct3|w|o|wlo.
Let now § > 0 be a small constant and consider the map f; : D> — M from

Proposition B.7(h). It is then not difficult to see that there is a constant C’ < oo,
which is independent of ¢, such that for small ¢

d
area; fs — areag fs — t / —

o < C't? areag fs.
D2

t:OdVOlfg (gt)

So we find that

d
Ay(7y) < areag f5 + t/ —
e dt

By the properties of fs and the fact that the integrand in the previous integral is
bounded by a multiple of dvoly(,,) independently of 4, it follows that for fixed ¢
and for 6 — 0 the right hand side of the previous inequality goes to

Ao(’V)WLtZ/m%

This yields the desired barrier. O

dvolys (g,) + C't* areag fs.
t=0

dVOlf,*(gt) + C/t2A0<’y).
0 1

t=

3.4. The structure of a minimizer along the 1-skeleton. Consider now
again the C*! regular map f : V) — M from subsection 3.2 The goal of this
subsection is to derive a variational identity in the spirit of (B.I). However, due
to possible self-intersections of f, this undertaking becomes a quite delicate issue
and it will be important to analyze the combinatorics of these self-intersections.
Note that, at least a priori, there could be infinitely many such self-intersections
and the set of self-intersections can have positive measure (and possibly empty
interior). Our main result will be Lemma 310l In fact, inequality ([B.12]) of this
Lemma is the only conclusion that will be needed subsequently. At this point we
recall that by definition f|sy = fo|sy is a smooth embedding. So no edge at the
boundary has a self-intersection and two edges only intersect in their endpoints.

We denote by Fi, ..., F, the faces and by FEy,..., E,, the edges of V' in such a
way that Fy,..., E,, are the edges of OV. For every k = 1,...,m let [ be the
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length of f|g, and let v : [0,{x] — M be a parameterization of f|g, by arclength.
Since the maps 7 have regularity C1! (see Lemma [B.3)), we can find for each
k =1,...,n a vector field x; : [0,l;] — TM along v (i.e. rp(s) € Ty, (M)
which equals the geodesic curvature of ~y; almost everywhere (see Lemma [B3.4)).
Next, we apply Proposition B.7 for each loop f|aor; (j = 1,...,n) and obtain
loops 7j.1,7j2, - .- which satisfy assertions (d)-(h) of this Proposition. Without
loss of generality, we may assume that each v;; is parameterized by arclength, i.e.
that 7, : Sl(lm) — M where [;; is the length of v; ;. As before, we choose vector
fields r;,; : S'(I;;) — TM along each =, which represent the geodesic curvature
almost everywhere. Now, let f;; : D* — M be an arbitrary solution to the
Plateau problem for each loop 7;;. Proposition B.7(b) yields that f;; is C* up
to the boundary except at the finitely many points where ;; is not differentiable.
So we can choose unit vector fields v;,; : S*(l;;) — T'M along each ~;; which are
outward pointing tangential to f;; everywhere except at finitely many points.
For each edge Ej and each adjacent face F; we can consider the collection of
subsegments of the «;; which lie on Ej. These subsegments are pairwise disjoint
and are equipped with the vector fields v;,. We can hence construct a vector field
along v, which is equal to each of the v;; on the corresponding subsegment and
zero everywhere else. Doing this for all faces F; which are adjacent to Ej yields

vector fields y,gl), e y,gv’“) : [0, 1] — T'M along v where vy, is the valency of Fj.

Note that |1/,(€u)| <lforallk=1,...mandu=1,..., 0.
With this notation at hand we can derive the following variation formula.

Lemma 3.9. For every continuous vector field X € C°(M;TM) which vanishes
on f(OV NVO) we have

m

m L, , Yk Uk
Z/ <Zyliu)(5)7X’Yk(s)>d$+ Z <_/ <’L€k(5)>X’7k(s)>d$
k=170 u=1 k=mo-+1 0
mo lk
<> [ Plas
k=170

Proof. Let first X € C®°(M;TM) be a smooth vector field and consider the
smooth flow & : M — R — M, 0,9, = X o ®; of X. Observe that ®,(z) = = for
allz € f(OVNV©®)and t € R. For each t € R let f/ : V(Y — M be the map
which is equal to ®; 0 f[,a)\ gy on VW 9V and equal to f|s on V. By Lemma
Bl for allt € R

- <f}///§<0)7 Xvk(0)> + <’7/;(lk)7 X’Yk(lk)>)

A(fllor) + - -+ Alflor,) + £(f7) = AD(fo)
where equality holds for £ = 0. So we obtain that in the barrier sense

d

|, (AUlor) + -+ A(filor,) + U(F) = 0. (3.9)

t=0
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Next we compute the derivative of each term on the left hand side. First note
that for all £ =mqg+1,.

d
dt—+ 10 E / <"ik‘ ’Yk(s)>d5 - <’7//c<0)7 X"/k(o)> + <fy//i‘(lk)7X'Yk(lk)>'
(3.10)

Next, we estimate the derivatives of the area terms. To do this note that for each
sufficiently differentiable map h : D? — M the area of @, o h is equal to the area
of h with respect to the metric ®;(g). So we can use Lemma [B.8 to deduce that
foreach j=1,...,n

d
g A(®s o flor;) < Z/l(l“) (i(8), Xsj40) 5.

Now consider for each k = 1,...,mg the loop which is composed of 7, and ®; o,
(recall that the endpoints of v, are left invariant by ®;). This loop spans the disk
which comes from the map [0, ] x [0,¢] — M with (s,t") — @y (7x(s)). The area

of this disk is bounded by folk | X, (0)|ds + O(#?). So

d
dt+ =0 (A(fllor) + - + A(f|or,))

gzz/ . (;4(5), X 1(0) >d5+2/ | X0 |ds.

Together with (3.9) and (B:10) this yields

i;/gl (v5i(s), Xy () )5 + zm: (— /Olk (Fi(s), Xop(s) yds

(lj’i) k=mo+1
mo Iy
— (4(0), Xop0) + <v,;<zk>,x%(lk)>) 3 [ Paolis 2o
k=1

Note that by a simple rearrangement

lk Vk
ZZ IRZ! W>ds—z [ (A X

So our conclusions applied for X and —X show that the desired inequality holds
for all smooth vector fields which vanish on f(0V NV ©®). By continuity it must
also hold for all continuous vector fields which vanish on f(0V N V(). U

We can now use this inequality to derive the following identities.

Lemma 3.10. For everyz € f(VO\OV) the (normalized) directional derivatives
of f at every vertex of VO, which is mapped to x, in the direction of each adjacent
edge add up to zero.
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Moreover, for every k = 1,...,m and for almost all s € [0,lx] the following
holds: If yk(s) & f(OV), then

m ’Uk/
> ST Ul s = 7S (8))] - () = 0. (3.11)
kK'=1 s'eE,, u=l1
f(s")=f(s)
Otherwise
m Uk’
ST S - () - 1) m(s)| <10 (3.12)
k=1 s'eE,, u=l1
F(s")=f(s)
Moreover,

>y

p (l,5)

(v34s), myals))ds = =3 /0 " |r(s)]|ds. (3.13)

Proof. Since all kj, and v;; are uniformly bounded it follows immediately from
the variation formula in Lemma [B.9] that for every (not necessarily continuous)
vector field X on M which vanishes on f(0V NV ©)

Z ( o <71;(0), Xw(O)> + <%{z(lk)a ka(lk)>) =0.

k=1

This implies the very first part of the claim and simplifies the variation formula:
For every continuous vector field X € C°(M;TM) we have

m 1 Uk m I
Z /0 k <Z V]iu)(s)7X’Yk(5)>d$ — Z /Ok </‘€k(5)7X’Yk(S)>dS
k=1 u=1

k=mo+1
mo Iy
gZ/ | X, |ds. (3.14)
k=10

Choose N < oo large enough such that the following holds: Each curve -
restricted to a subinterval of length %lk is embedded and whenever two curves
Yy, Yk, Testricted to subintervals of length %lkl, %ll€2 intersect, then we are in
the situation of Lemma 4] i.e. we can find a coordinate chart (U, (z1,...,z,))
which contains these subsegments and in which we can find a vector v € R" with
the property that (v, ,v), {(7;,,v) # 0 on both subsegments with respect to the
euclidean metric. Consider now the index set I = {1,...,m} x {0,...,N — 1}
and define for every (k, e) € I and every subset I’ C I with (k,e) € I’ the domain

Dk,e,[’ = {S € [%lk, iNllk] : %(s) - ’)/k/([eﬁllk/, e,—]—\*f—llk/])
if and only if (', €') € I'}.
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Clearly, these sets are measurable and for all (k,e) € [

U Dier = [£l, S

rcr
(k,e)el’

Moreover, since flov = folov is injective, we find that Dy . ;o is empty or finite
whenever there are two distinct pairs (£, ¢), (k”,€"”) € I' for which k', k" < my.

Consider now two pairs (ki, e1), (k2, e2) and a subset I’ C I such that (kq,eq),
(ka,e2) € I' and assume that Dy, ., (and hence also Dy, /) is non-empty.
We can now apply the second part of Lemma [3.4 and obtain a continuously
differentiable map ¢ : [%, %] — R, whose derivative vanishes nowhere, for
which the following holds: ¢(Dy, ¢,.17) = Diyeo.rr and i, (s) = Y, (¢(s)) for all
$ € Dy, ey.rr- Moreover, for almost every s € Dy, .,  we have ¢'(s) = +1 and
Kk, (8) = Kr,(¢(s)). So the following three identities hold for every continuous
vector field X € C°(M;TM)

/D </@k1(s),X%1(s)>ds:/ </{k2( Xy (s >ds (3.15)

k:l e1,1’ ko,eq, I’

/ <Z Vk ’Yk (s) >d$ = / <Z Vl(cz)(s)aX%g(s)>ds> (3.16)
,Dkl’ehﬂ D

u=1 ko,eq, I’ u=1
Vkg

/ < Z ka ©(8)), Kk, (s)>ds = / < Z y,gz)(s), 5k2(5)>d5. (3.17)
Dkl,el,l’ u=1 Dkg,eg,[’ u=1

Next we express both sides of (3.I4) as sums of integrals over the domains
Diye,r-

SCB AR D

ke, ! u=1 (k,e)el’ ” “hie I

E s ds)
I’CI< k,e)el//D %( )>
k>mg

<Y [ X

I'CI (k,e)el’ ¥ Pre,r’
k<mg

We will now group integrals whose values are the same. To do this set [y =
{1,...,mg} x{0,..., N — 1} and for each §) # I' C I choose a pair (ky,ep) € I’
such that (ky,ep) € Iy whenever I' N Iy # (). Using (3.15) and (3.16) we may

then express the integrals over the domains Dy . p in the last inequality in terms
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of integrals over the domains Dy, ., ;. This yields

Z/ <Z Z ZV |[/ (\[0)|"‘fk,,(S),X»ykll(s)>d8

0AI'CT? Prppep ! " k=1 gcE, u=1
f(s)=£(s)

< ) / | X, (9| ds. (3.18)
0£1'CT Y Phyrep 1t
I'nIg#D
Note that all summands involving () # I’ C I for which I’ N I, contains more
than one element vanish since those consist of integrals over a finite set. So for
all remaining summands and all (k,e) € I’ C [ for almost every s € Dy, the
quantity |1’ N (I\ Iy)| is equal to |f~2(f(s))| if 1(s) ¢ f(OV) (or equivalently
if I'NIy =0) or equal to |f~1(f(s))] — 1 if y(s) € f(OV) (or equivalently if
|I' N Iy] = 1). So the first factor in the scalar product on the left hand side of
(BI7]) is equal to the left hand side of equation (B.11]) or (8.12), depending on I'.
We will now show by induction on |I’| that for every () # I’ C I equation (3.11))
r (3.12) holds for almost every s € Dy, . Using the previous conclusions
which related Dy . to Dy, ., for any other (k,e) € I this will then imply
the desired statement. So let ) # I’ C I and assume that for all ) # " C I’
equation (B.I1)) or (B.I2) holds for almost every s € Dy, 5,,,.;». This implies that
the terms involving subsets I” in the sums on both sides of the inequality (B.I8])
vanish whenever () £ I” C I and I” N Iy = ().

Consider now some sy € Dy, ¢, 7~ Then we can find an open neighborhood
U C M around 7y, (so) such that v ([£lk, SH1])) NU # 0 if and only if (k,e) €
I'. So as long as X € C°(M;TM) is supported in U, the summands in (3.IJ)
involving () # 1" C I with () # I"” ¢ I’ vanish. Then the only summands which
are not a priori zero are the summand involving the subset I’ and all proper
subsets ["” C I’ for which [I” N Iy = 1.

Consider first the case in which I’ N I = (). Then the previous conclusion
implies that only the summand involving I” on the left hand side of (BI])) is not
a priori zero and that the right hand side of this equation is zero. So

<Z > ka“’ I O Aty (), X, ) il = 0

kprep ! = s'eE, wu=l

F(s"=1(s)
for all X € C°%M;TM) which are supported in U. Since Vi, (s) Testricted to

[61/ epr+1

lr,,] is an embedding, this implies that

<Z Z Z’/k - l(f(s))|"‘fk(8),X(8)>ds:O

kpreprst = s'eE, wu=l

f(s)=1(s)
for every compactly supported continuous vector function X € Co(fyk’l ") n
(2., 2, ]). So (BIT) holds almost everywhere on Dy, ., N fyk’;(U) N

lkln
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B e"“lk .]. Since sy was chosen arbitrarily, this shows that (B.11I) holds for
almost every s € Dy, ., v which finishes the induction in the first case.

Next consider the case in which I' NIy = {(kp,er)}. Then for every non-zero
summand in (BI8)) involving I” we have (kr,epn) = (kp,ep) =: (ko,€p). Since
the union of all domains Dy, ., ;» for which (kg,ep) € I" is equal to the interval
[0, ©6L1 ], inequality (B3I8) implies that

<Z Z Zyk f(S))} - 1) "‘ik,,(S),X%I/(S)>dS

€0
lkO = s eEk u=1

F(s")=f(s)

e0+1

Uk

</ | Xs)|ds
0

ik

for all X € C°(M;TM) which are supported in U. As in the first case, we
conclude that

<Z Z Zyk f(S))} —1) '/ik,,(S),X(S)>d3

€q
N Lo = s'€E;, u=l

f(s")=1(s)

eo+1

Iy
< | X (s)|ds

€
N ko

for every compactly supported continuous vector function X &€ CO(%—O LN [ Lk
cotl],,]). This implies that (B12) holds for almost all s € Dy g1 C [l , 5 Uiy ]
and finishes the induction in the second case.

Finally, we prove (BI3). Observe that by a simple rearrangement we have

5[, =55 [ o

S1(1y,4) k=1 u=1
Using (B.17) we conclude that

SRR Mz/ i

(l,6) =1 u=1

= Z Z (S),Hk<8)>d8

I'CI (ke)el’ Dkel’ u= 1

— Z/ <§: Z y,gu)(s'),KkI,(s)>ds.

0£1'C1 Y Prpep " k=1

We now apply (B.II) to all summands for which I’ NIy = () and BI2) to all
summands for which I’ N Iy # (). Then we obtain that the right hand side of the
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previous equation is bounded from below by

S L G ) ()
0411 Y Prpronp 1t
I’ﬁ[():@

+ D / ((|[/|_1)'<’fk1/(5)7/§k1,(8)>—}del,(s)Dds

0£1'CT ¥ Pryynp 1!

I'nlo#0
mo lk:
=23 / \%,(s)\ds:—zf Ie(s)|ds.
0A1'CT Y Pyonp 1! 1 Jo
I'nlo#0
This establishes the claim. 0

3.5. Summary. We conclude this section by summarizing the important results
which are needed in section [l

Proposition 3.11. Consider a compact Riemannian manifold (M, g) with wo(M)
= 0. LetV be a finite simplicial complex whose faces are Fy,..., F, and fo: V —
M a continuous map such that folov is a smooth embedding. Furthermore, let
Ve [0,0] = M, (k=1,...,mg) be arclength parameterizations of f restricted to
the edges of OV and kg, : [0,1] — T M the geodesic curvature of vy

Then the following is true:

(a) There is a map f : VIV — M which restricted to every edge E C V1) is
a CH-immersion such that f is homotopic to fo|ya) relative to OV and

Aflor) + -+ Alflor,) + €(f) = AD(fo).

(b) Consider for each j = 1,...,n the loop fl|ar; and apply Proposition[3.7 to
obtain the loops v, : S*(L;;) = M. Let p;; be the (finitely many) number
of places where v;; is not differentiable. Then

Z(pj,i -2) <1

7

(¢) For each loop v;; the geodesic curvature r;; = S*(L;;) — TM is defined
almost everywhere. Let now f;; : D* — M be arbitrary solutions to the
Plateau problem for v;,; and let vj,; : S*(l;;) — TM be unit vector fields
along v;; which are outward pointing tangential to f;;. Then

éZ/S (vji(s), Kji(s))ds > — g/olk |ki(s)]ds.

i 1Y)

Proof. Note that f|yr, is differentiable everywhere except possibly at its three
corners. So assertion (b) follows from Proposition B7(f). Assertions (a), (c) are
just restatements of facts proved earlier. O
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Remark 3.12. For any A > 0 consider the quantity
AW (fo) := inf {area(f') + M(f'lyw) = f =~ fo relative to OV'}.

Then all assertions of Proposition[3.11 hold with AW replaced by AW (in asser-
tion (a) we obviously have to insert the factor X in front of ¢(f)). This follows
simply by rescaling the metric g by a factor of X.

4. AREA EVOLUTION UNDER RiccCI FLOW

4.1. Overview. Let in this section M be a closed 3-manifold with mo(M) = 0.
Consider a finite simplicial complex V' whose faces are denoted by Fi, ..., F, and
a continuous map fo : V' — M such that fy|sy is a smooth embedding.

Consider a Ricci flow (g¢)ieiry, 1) on M such that scal, > —2% on M for all
t € [Ty, Ts]. The goal of this section is to study the evolution of the time dependent
quantity

Ai(fo) = inf { area; [ : [~ fy relative to 8\/}

as introduced in section [l We now explain our strategy in this section. Assume
first that for some time to € [T7, T5] there is an embedded minimizer f:V — M
in the homotopy class of fy (relative to V), i.e. areay, f = Ay (fo). Then by
a simple variational argument, we conclude that at every edge £ c V) \ 9V
the unit vector fields l/g), c l/gE) along f|g, which are orthogonal to f|g and
outward pointing tangential to the vg faces which are adjacent to E, satisfy the
following identity

l/g)+...+l/gE) = 0. (4.1)
We can then use Hamilton’s method (see also [Bam3, Lemmas 7.2] and [Haml)

to compute the time derivative of the area of the minimal disk f|r, for every
7=1,....n

3
area,(f|p,) < — areay, (f|r,) + 7 —/ (Vor,, Ko, )- (4.2)
oF;

dt t=to — 4t

Here vgp; is the unit vector field which is normal to f|sr; and outward pointing
tangential to f| r; and kg, is the geodesic curvature of f \apj. Now we add up
these inequalities for 7 = 1,...,n. The sum of the integrals on the right hand
side can be rearranged and grouped into integrals over each edge of OV. By (4.1l
the integrals over each edge £ C V() \ OV cancel each other out and we are left
with the integrals over edges £ C V. So

d 3
area; f < 4—toareat0(f|pj)+7rn+ Z /E|/{E|

Ecov

dt

t=to

This implies that in the barrier sense

d 3
dt—+ At(f(]) S 4_t0 areato(f\pj) + 7™ + Eg‘/ . ‘K/E'| (43)

t=to

Unfortunately, as mentioned in section 3 an existence theory for such a mini-
mizer f is hard to come by. We will however be able to establish the bound (4.3))
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without the knowledge of this existence using the following trick. For every A > 0
consider the quantity

AW (f,) := inf {area,(f') + M(f'lvwy) + f' = fo relative to OV}
as introduced in Remark B.I2 Tt is not hard to see that for each ¢ € [T}, T3]

AV (o) = Afo)  and lim AV (fo) = Ai(fo): (44)

Now the existence theory for a minimizer of Ag’\)( fo) becomes far easier and has
been carried out in section Bl Assume for the purpose of clarity that for some time
to there is an embedded, smooth minimizer f : V' — M for the corresponding
minimization problem, i.e. areay, f + M, (f|y0)) = AIE?)( fo). Then identity (4.1))
becomes (compare with (3.1]))

V(El)—l—...—l—VEUE) = \kEg.

So when adding up inequality (£2) for all j = 1,...,n and grouping the integrals
on the right hand side by edge, we find that luckily the extra term which arises
due to this modified identity has the right sign:

d 3
dt —t area; [ < I%afeato(f|Fj)+7m+ Z /E|/{E|— Z /E<)\/{E’KJE>

Ecov EcCV\ov

3
< —areay, (f|r;) +mn + Z |kE|.
4o Ecov’FE

Now choose a function A : [Ty, T5] — (0,1) such that N (t) < —KA(t) where K
is a bound on the Ricci curvature at time t. This is always possible. Then we
can check that

d

At 3
at:toAg ())(fo)§4—toareat0(f|pj)+7m— Z /E|/<;3Fj\.

Ecov

Since A(t) can be chosen arbitrarily small, we are able to conclude (43]) using
).

Note that this is a simplified picture of the arguments that will be presented in
the next subsection. The main difficulty that needs to be overcome stems from
the fact that f : V — M is in general only defined on the 1-skeleton and not
smooth there and that f might have self-intersections.

4.2. Main part. In the following Lemma we deduce an important bound on a
curvature integral over a minimal disk with smooth boundary. The statement
and its proof are similar to parts of [Bam3, Lemmas 7.1, 7.2].

Lemma 4.1. Let f : D?> — M be a smooth, harmonic, almost conformal map
and set v = fyp2. Denote by k : St = 0D? — TM the geodesic curvature of
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and by v : S* — TM the unit vector field along v which is orthogonal to ~ and
outward pointing tangential to f away from possible branch points. Then

/D2 sec™ (df )dvol (g > 21 + . (v(s),k(s)) - |7/ (s)]ds.

Here sec™ (df) denotes the sectional curvature of M in the direction of the image
of df . Note that the integrand on the left hand side is well-defined since the volume
form vanishes whenever df is not injective.

Proof. In order to avoid issues arising from possible branch points (especially on
the boundary of ¥J), we employ the following trick (compare with [Per3]): Denote
by geue the euclidean metric on D? and consider for every € > 0 the Riemannian
manifold (D, = D? &geua). The identity map h. : D? — (D? egeua) is trivially
a harmonic and conformal diffeomorphism and hence the map f. = (f, h.) :
D? — M x D, is a harmonic and conformal embedding. Denote its image by
Y. = f.(D*) C M x D.. Since the sectional curvatures on the target manifold
are bounded, we have

lim [ sec™*P:(T%.)dvol = / sec (df )dvol (g,
e—0 s, >
where dvol on the left hand side denotes the induced volume form and the in-
tegrand denotes the function on Y. which assigns to each point the (ambient)
sectional curvature of M x D, in the direction of its tangent space.
Since 3. is a minimal surface, its interior sectional curvatures are not larger
than the corresponding ambient ones. So we obtain together with Gaufl-Bonnet

/ secM*P= (T, )dvol 2/ sec™ dvol = 27T+/ Kigs, ds.
[ € 8

e

Here /%gs denotes the geodesic curvature of the boundary circle viewed as a curve
within ¥.. We now estimate the last integral. Let 7. = (v*,4"=) : SY(l.) —
M x D. be an arclength parameterization in such a way that v converges to
a unit speed parameterization vy : S*(I) — M of v as ¢ — 0. Furthermore, let
v. = (WM, vP=) : SY(I.) — T(M x D.) be the unit normal field along ~. which is
outward pointing tangent to X..

It is not difficult to see that due to conformality,

v (s) =1(2") ()l - v(*(s))  and  [u2%(s)| = |(2) (s)I-

We can compute

D d
K/Zs dS :/ VE S ’——fYE S dS
/825 o 51(l5)< ( ) dS dS ( >>
D d D d
— M M d D. b e
/51(15) <V€ (S)’dsds% (S)> S+/51(15) <Ve (s)’_ds_ds% (s)> s

It is not difficult to see that the first integral on the right hand side is converges
to [o (v(s),K(s)) - |7'(s)|ds as € = 0. The absolute value of the second integral
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is bounded by

D d
Dc\/ . D d
Lo 1PV [P 0]

which goes to zero as ¢ — 0. This implies the claim. U

Next, we extend the bound of Lemma [4.1] to minimal disks which are bounded
by not necessarily embedded, piecewise C'*! loops which satisfy the Douglas-type
condition.

Lemma 4.2. Let v : S' — M be a continuous loop which is a piecewise O -
immersion and let 0y, ...,0, be the angles between the right and left derivative of
v at the points where v is not differentiable. (Observe that 6; = 0 means that
both derivatives agree). Assume that v satisfies the Douglas-type condition (see
Definition[3.0). Then there is a solution to the Plateau problem f: D* — M for
~v which has the following property:

The function f is CY* up to the boundary away from finitely many points.
Let v : St — TM be the unit vector field along v which is orthogonal to v and
outward pointing tangential to f away from possibly finitely many points and let
kSt — TM be almost everywhere equal to the the geodesic curvature of v. Then

/ sec™ (df )dvolp(g) > 2m — 0y — ... — 0, +/ (v(s),k(s)) - |7/ (s)|ds.
D2 g1
Proof. The proof uses an approximation method.
Let s1,...,s, € S! be the places where « is not differentiable and choose a small

constant € > 0. It is not difficult to see that there is a function ¢ : (0,1) — (0,1)
with lim; o ¢(t) = 0 (which may depend on (M, g) and 7) such that: We can
replace 7y in a small neighborhood of each s; by a small arc of length < (6;4¢(¢))e
and geodesic curvature bounded by 7! such that the resulting curve v* : St — M
is a Cl-immersion. It then follows that if x* : S — M is almost everywhere equal
to the geodesic curvature of v*, we have

/s

Here C is a C*! bound on . Next, we mollify v* to obtain a smooth immersion
v** + ST — M such that if k** : S — M is the geodesic curvature of v**, we have

K*(s) — K(s)| - [v(s)|ds < 01 + ...+ 6, + pp(e) + pCe.

/ ’/@**(s) — /{(s)’ |y (s)|ds < 01+ ...+ 0, + pp(e) + pCe + e.
Sl

Finally, we can perturb v** to a smooth embedding v*** : S — M whose geodesic
curvature x*** : S — M satisfies

| (s) = K(s)| - 7™ (s)|ds < 61 + ... + 0, + pd(e) + pCe + 2.
S1
These constructions have shown that can find a sequence vy, 7ys, ... : ST — M of
smoothly embedded loops which uniformly converge to v and which locally con-
verge on ST\ {s1,..., .} to v in the C* sense such that the geodesic curvatures
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ki o St — TM satisfy

limsup [ |kr(s) — K(s)| - [e(s)|ds < 01 + ...+ b, (4.5)
k—o0 S1
Let now f1, fa,...: D* — M be solutions of the Plateau problem for these loops.
By Proposition B(b) the maps f;, are smooth up to the boundary. Moreover, by
Proposition B7(c) we conclude that, after passing to a subsequence and a possible
conformal reparameterization, the maps f; : D?> — M converge uniformly on D?
and smoothly on Int D? to a map f : D? — M which solves the Plateau problem
for v. By Proposition B7(b) the map f has local regularity C1* up to the
boundary away from finitely many points for all « < 1. So by Proposition B.7(c),
the convergence f, — f is locally in C** away from finitely many points.
We now conclude first that

lim secM(dfk)dvolf;(g) = /D2 sec (df )dvol - (y). (4.6)

k—oo D2

Moreover, if we denote by vy, : S' — M the unit normal vectors to 7, which
are outward tangential to fr, we obtain that (recall that |y} (s)| and (s) are
uniformly bounded).

lim <I/k RLAE |d$—/ (v(s) 7' (s)|ds. (4.7)

k—00

Now note that

)/S (vi(s), #1(3)) - [k (s) Ids—/ (Vi(s), () - |9(s)|ds
< [ Innto) = (o) ko)

Together with (4.5) and (A7) this implies

hmlnf/ (vi(s), ki(s)) - |yp(s)|ds > =61 — ... — 6, +/ (v(s) 7' (s)|ds.

Finally, applying Lemma 1] for each f; we obtain together with (A6]) and the
previous estimate that

/D2 sec™ (df )dvolps gy = l}gl; /D2 SeCM(dfk)dVOIfz(g)

S o
_27T+11]£Il>£f/ (vi(s), ki(s)) - [(s)|ds
>2r—0,—...— 0, + <V (s)) - |7 (s)lds. O

We can now apply the previous bound together with the results of Proposition

[B.11 and to control the time derivative of the quantity A?). We remark that the
proof of this Lemma is again similar to parts of [Bam3, Lemmas 7.1, 7.2].
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Lemma 4.3. Let 0 < Ty < Ty < 00 and (g4 )eerr, 1) be a smooth solution of the
Ricci flow on M on which scal, > —2% for allt € [T}, Ts]. Assume that the Ricci
curvature of g; is bounded by some constant K < oo for allt € [Ty, Ts].

Let moreover V be a finite simplicial complex whose faces are denoted by
Fi,...,F, and fy : V. — M a continuous map such that folov is a smooth
embedding. At every time t € [T1,T5] let yie @ [0,k — M, (k = 1,...,mp)
be time-t arclength parameterizations of f restricted to the edges of OV and
kit [0,lge] = TM the geodesic curvature of each i, at time t.

Now let A : [T1,T5] — (0,00) be a continuously differentiable function such
that N (t) < —KX(t) for allt € [T1,Ts]. Then we can bound the evolution of the

quantity A?“”(fo) as follows. For everyt € [Th,Ty) we have in the barrier sense:

ot

d 3 —
dt—+A§A(t»(f0) < EAEA(t))(fO) +mn + Z/ }“k,t(s)’td&

k=10
Proof. Let ty € [T}, Ts]. We first apply Proposition BT (see also Remark B.12)

at time t, and obtain a C*'-map f : V) — M which is homotopic to fo|y )
relative JV and for which

> Aw(Flor,) + Mto) s () = ALY (o).

J=1

Consider for each j =1,...,n the loop f|sr, and apply Proposition 8.7 to obtain
the loops 7, : S'(I;;) = M. As in Proposition B.II(b) let p;; be the number of
places where v;; is not differentiable and let r;; : S(I;;) — TM be the geodesic
curvature along 7;,. Recall that each v, ; satisfies the Douglas-type condition and
that for each j =1,....n

Z Ay (i) = Aiy(y)  and ) (pa—2) < 1.

7

Next, we apply Lemma at time ty to obtain a solution to the Plateau
problem f;; : D* — M for each 7;; such that for the unit normal vector field
v;i+ SY(l;;) = TM which is outward pointing tangential to f;; we have

/D2 secy (df;)dvols: () > T(2 = pja) + / (vi(s), Kji(s)), ds.

St(l,4)

We can now apply Lemma [3.8 and conclude that in the barrier sense for all for
allj=1,...,n

d
) < —
UOE W

== /D -t g (Ricey (dfy i, df ) dvolys g,

d

dtt

dvol ¢«
t=to fj’l' (gt)
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1
= — Z (5 /D2 (scalto ij,i) dVOlf;i(gtO) +/D Seci\g[(dfj,i)dVOlf;i(gto))
3
4_t0 Z Ato (’Yj,i) + Z W(pj,i - 2) — Z /Sl(l. . <Vj,i(5)7 K'j,i(s)>d5
3
RS Y IR OYOROIE
7 z

Now Proposition B.IT(c) implies that if we sum this inequality over all j =
1,...,n, then the integral term can be estimated by a boundary integral:

Ukt

- Z (flor;) < 4t ZAto V; +7m+2/ }/ikto ds

It remains to estimate the distortion of the length of f. Since the Ricci curva-
ture is bounded by K on [T7, Ty, we find

d

dt li—t, ()‘(t)gt(f)) < —KX(to)ls, (f) + Mto) - Kty (f) <0.

Finally, observe that for all ¢ > ty we have by Lemma 3.1

d

dt*

AP (o) < 37 A flor) + ADLLS).

The equality is strict for ¢ = ty and the time derivative of the right hand side is
bounded by exactly the desired term in the barrier sense. This finishes the proof
of the Lemma. O

Letting the parameter A go to zero yields the following estimate which does
not require a global curvature bound.

Lemma 4.4. Let 0 < Ty < Ty < 00 and (gi)iein, 1) be a smooth solution of the
Ricci flow on M on which scal, > —% for allt € [Ty, Ts].

Let moreover V be a finite simplicial complex whose faces are denoted by
Fi,....F, and fo : V — M a continuous map such that folsv is a smooth
immersion. At every time t € [Th,Ty) let Yt = [0,le] =& M, (kK =1,...,mp)
be time-t arclength parameterizations of fy restricted to the edges of OV and
ki : [0, U] = TM the geodesic curvature of each Y+ at time t.

Then we can bound the evolution of Ai(fy) as follows in the barrier sense:

It

d o
= Afy) < tAt<fo>+m+k§; /O ia(s)] ds.

Proof. Note that by a perturbation argument we only need to consider the case in
which fo|sy is an embedding. Moreover, we can without loss of generality restrict
to a time-interval on which the Ricci curvature is bounded by some constant
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K < 0. For brevity set

Ukt

thwn+2/ ’ }/ﬁht(s)‘tds.
k=10

Note that R; is continuous with respect to t. Let € > 0 be a small constant and
apply Lemma 3] with A(f) = e exp(—Kt). We obtain

d
(e exp(—Kt)) (e exp(—Kt))
pret (fo) < 4tA (fo) + Ry
Let now ¢y € [T1,T3) and consider the solution of the differential equation
d 3 € ex
TFoc(t) = DFoc(t) + R and Fyc(to) = AT ().

It follows that
Ageexp(fKt))(fO) < Fyy (1) forall — t>t.

Letting ¢ — 0 and using the fact that that limy_,o Ag’\)( fo) = A(fo) yields
At(fO) S Fto,O(t) for all t Z to

where F}, o satisfies the differential equation

d 3
—F
a0l = g
So Fi, o(t) is a barrier for A;(fy) with the required properties. O

—Fio(t)+ Ry and  Fy0(to) = Ay (fo)-

We can finally summarize our findings. Note that the following Proposition is
in some way a generalization of [Bam3, Lemma 7.2] for simplicial complexes.

Proposition 4.5. Let M be a Ricci flow with surgery with precise cutoff defined
on a time-interval [Ty, Ty) (where 0 < T} < Ty < 00) and assume that mo(M(t)) =
0 for all t € [Th,T3). Consider a finite simplicial complex V' whose faces are
denoted by FY, ..., F},.

Let fo : V. — M(T}) be a continuous map such that foo = folov is a smooth
immersion. Consider a smooth family of immersions fo: : OV — M(t) parame-
terized by time which extend fy o and which don’t meet any surgery points. Assume
moreover that there is a constant T' < oo such that for each t € [T1,T3) the fol-
lowing is true: Let ypt @ [0,lge] — M(t), (k = 1,...,mp) be time-t arclength
parameterizations of fo restricted to the edges of OV and rky : [0, 4] — TM(t)
the geodesic curvature of each i, at time t. Then

Z/kt }’ikt +}at’th )‘)dSSF.

Here aﬁét(s) is the component of Oy +(s) which is perpendicular to ..

For every time t € [T1,Ty) denote by A(t) the infimum over the areas of all
piecewise smooth maps f : V. — M(ty) such that floy = for and such that there
is a homotopy between fy and f in space-time which restricts to fo . on OV.
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Then the quantity
/4t A(t) — 4mn — 4T)
is monotonically non-increasing on [Ty, Ty) and if Ty = 0o, we have

limsupt ' A(t) < 4mn + 4T
t—o00

Proof. Note that the property of having precise cutoff implies that the metric
g(t) has t~*-positive curvature which in turn entails that scal, > —2 (see [Bam3|
Definitions 2.10, 2.11(1)]). Also, by a mollifier argument the infimum A(¢) can
be taken over all maps which are only continuous and continuously differentiable
when restricted to V' \ V) and V) as well as bounded in W2 on each face of
V.

So the monotonicity of the desired quantity away from surgery times follows
directly from Lemma 4.4 together with a variational estimate due to the fact
that fo; can move in time (a la Lemma 3.9)). By [Bam3, Definition 2.11(5)] the
the value of A(t) cannot increase under a surgery, i.e. the function A(¢) is lower
semi-continuous. O

5. CONSTRUCTION AND ANALYSIS OF SIMPLICIAL COMPLEXES IN M

5.1. Setup and statement of the results. In this section, we construct the
simplicial complex V' which we will use in section [6l We moreover analyze the
intersections of images of V' with solid tori in M. The results of this section
are rather topological, we will however need to make use of some combinatorial
geometric arguments in the proofs.

Let M be a closed, orientable, irreducible 3-manifold which is not a spherical
space form. Consider a geometric decomposition of T1,...,7T,, C M of M, i.e.
the components of M\ (T3 U...UT,,) are either hyperbolic or Seifert (see [Bam3),
Definition 1.1} for more details). We will assume from now on that the decom-
position has been chosen such that no two hyperbolic components are adjacent
to one another. This can always be achieved by adding a parallel torus next to a
torus between two hyperbolic components and hence adding another Seifert piece
~ T? x (0,1). Let My, be the union of the closures of all hyperbolic pieces of
this decomposition and Mg.;s the union of the closures of all Seifert pieces. Then
M = Myyp U Mseip and My, N Mseir = OMyyp, = OMseis is a disjoint union of
embedded, incompressible 2-tori.

The goal of this section is to establish the following Proposition. In this Propo-
sition, we need to distinguish the cases in which M is covered by a T?-bundle over
a circle (i.e. in which M is the quotient of a 3-torus, the Heisenberg manifold or
the Solvmanifold) and in which it is not. It is not known to the author whether
part (a) of the Proposition actually holds in both cases.

Proposition 5.1. There is a finite simplicial complex V' and a constant C' < co
such that the following holds:
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(a) In the case in which M is not covered by a T?-bundle over a circle there
1S a map

f(] V=M with f()(aV) C aMseif

which is a smooth immersion on OV such that the following holds: Let S C
Int Mges, S ~ S'xD? be an embedded solid torus whose fundamental group
injects into the fundamental group of M (i.e. S is incompressible in M ).
Let moreover f :'V — M be a piecewise smooth map which is homotopic
to fo relative OV and g a Riemannian metric on M. Then we can find a
compact, smooth domain ¥ C R? and a smooth map h : ¥ — S such that
h(0%) C 0S and such that h restricted to the interior boundary circles of
3 of is contractible in S and h restricted to the exterior boundary circle
of ¥ is non-contractible in 0S and such that

areah < C'area f.

(b) In the case in which M is covered by a T*-bundle over a circle the following
holds: OV =0 and there are continuous maps

f17f2,...IV—>M

such that for every n > 1, every map f, : V — M which is homotopic to
fn and every embedded loop o C M with the property that all non-trivial
multiples of o are non-contractible in M, the map f) intersects o at least
n times, i.e. f'.'(c) contains at least n points.

We will first establish part (a) of the Proposition in subsections [.2H5.6] and
then part (b) in subsection (.71

5.2. Reduction in the case in which M is not covered by a T?-bundle over
a circle. Assume in this subsection that M is not covered by a T?-bundle over
a circle. In order to establish part (a) of Proposition [5.1] it suffices to construct
a simplicial complex V' and a map fy : V — M with the desired properties for
every component M’ C Mg, i.e. fo(OV) C OM’ and check that the inequality
involving the areas holds for every solid torus S C M’ and every homotope f of
fo . We will hence from now on fix a single component M’ C Mg

The next Lemma ensures that we can pass to a finite cover of M’ and simplify
the structure of M’. This simplification is not really needed in the following
analysis, but it makes its presentation more comprehensible.

Lemma 5.2. Under the assumptions of this subsection there is a finite cover
7 M’ — M’ such that the following holds: There is a Seifert decomposition
Ti,..., Ty, C M such that the components of Int M" \ (T3 U ...UT,,) are diffeo-

morphic to the interiors of manifolds M; = 3; x S* for j =1,...,k, where each
¥ is a compact orientable surface (possibly with boundary). The diffeomorphisms
can be chosen in such a way that they can be smoothly extended to the boundary
tori.

Moreover, we are in one of the following cases:
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(A) M’ is diffeomorphic to T2 x I andm =0, k = 1.

(B) M is closed and diffeomorphic to an S'-bundle over a closed, orientable
surface ¥ with x(X) < 0. In particular, m = k = 1 and the surface ¥
arises from 1 by gluing together its two boundary circles.

(C) ; has at least one boundary component and x(X;) <0 forallj=1,....k
cmd at each torus T; the fibers coming from the S'-fibration mduced fmm
either side are not homotopic to one another.

Proof. The arguments in this proof are similar to those in [LW].

Let Ty,...,T,, C M’ be a Seifert decomposition of M’ ie. T, ..., T,, are
pairwise disjoint, embedded, incompressible 2-tori such that the components of
Int M'\ (T U...UT,,) are diffeomorphic to the interiors of compact Seifert spaces
M, ..., M of M'\ (T1U...UT,) whose quotient spaces are compact orbifolds
O1,...,0,, (possibly with boundary) whose singularities are of cone type.

We first analyze the 2-orbifolds Oy, ...,0,,. By [Bam3, Lemma 3.8(c)] and
the fact that M is aspherical we conclude that each O; is good, i.e. its interior
is diffeomorphic to an isometric quotient of S? R? or H? (observe that otherwise
we would be able to cover M by two solid tori). By the same argument and the
fact that every orbifold covering of O; induces a covering of M, it follows that
O; can also not be a quotient of S2. So each O is an isometric quotient of R? or
HQ

If Int O; is diffeomorphic to an isometric quotient of R?, then there is a finite
coverlng O — Oj such that O is diffeomorphic to a torus or an annulus. Let

MJ’ — M be the induced covering. In the first case m = j = 1 and M =
M =M J’ carries an S'-fibration over T2. Since T2 fibers over a circle, this would

however imply that M fibers over a circle with T 2_fibers, in contradiction to our
assumptions. So @ is diffeomorphic to an annulus and ]\/4\; ~ T?% x I. We will
note the following fact which we will use later in the proof: For every natural
number N > 1, the covering 6]» — O; can be chosen such that its restriction
to every boundary component of @ is an N-fold covering over a circle. We can
moreover pass to a covering ]\/4\] — ]\/4\]/ , ]\//.7] ~ T? x I such that the composition
]\//.Tj — ]\//.7]’ — M over each boundary torus of M; is an N2-fold covering of n; := 1
or n; := 2 tori over a torus which is induced by the sublattice NZ? C Z2.

If Int O; is diffeomorphic to an isometric quotient of H?, then by an argument
from [LW| Lemma 4.1] for every large enough N > 2 we can find a finite orbifold

covering O; — O; such that O; is a manifold and such that the covering map
restricted to each boundary component of 6]» is an N-fold covering of the circle.
Consider the induced covering ]\/J\J’ — M where M]’ is an S'-bundle over Int 5j.
If 6j is closed, then we are in case (B) of the Lemma, so assume in the following
that none of the @ is closed. The S!-fibration on each ]\/4\]/ can then be trivialized,

ie. ]\/4\; = @ x St. We can hence pass to a further N-fold covering ]\//.7] — ]\/4\;
using an N-fold covering of the S'-factor. Then for some n; > 1 the composition
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]\//fj — ]\//.7]’ — M over each boundary torus of M} is the disjoint union of n; many
N2-fold coverings over the torus, induced by a sublattice NZ? C Z2.

Now choose N large enough such that the construction of the last two para-
graphs can be carried out for every j = 1,..., m. Observe that the coverings over
every T; coming from the coverings over the two adjacent M} consist of equivalent
pieces. Let Ny = ny---n; and consider % many disjoint copies of ]\/ZJ for each
7 =1,..., k. It is then not difficult to see that these copies can be glued together
along their boundary to obtain a covering M’ — M'. The Seifert decomposition
on M’ induces a Seifert decomposition T I ,T\ v of M’ all of whose pieces are
products. R

We are now almost done. As a final step we successively remove tori 7] which
are adjacent to Seifert components ~ T2 x (0, 1). Since M cannot be a T2-bundle
over a circle, these Seifert components can never be adjacent to such a torus fi’
from both sides. At the end of this process, we are either left with a single piece
~ T? x I and we are in case (A) of the Lemma or none of the Seifert pieces are
diffeomorphic to 7% x I. In the latter case we also remove tori ﬁ-’ for which the
Sl-fibers coming from either side are homotopic to one another. This will either
result in two distinct Seifert components getting joined together or in identifying
two boundary tori of a single Seifert component. If at any point in this process
the new Seifert component is closed, then we undo the last step and we are in
case (B). Otherwise, we are in case (C). O

We will now show that Proposition E.1(a) is implied by the following Proposi-
tion.

Proposition 5.3. Let My be an arbitrary 3-manifold with m(My) = 0 and
M C My be an embedded, connected, orientable, compact 3-manifold with in-
compressible toroidal boundary components such that the fundamental group of
M injects into the fundamental group of M.
Assume that M satisfies one of the following conditions:
(A) M ~T?*x 1.
(B) M is the total space of an S*-bundle over a closed, orientable surface ¥
with x(X) < 0.
(C) M admits a Seifert decomposition Ty,...,T,, C M such that the com-
ponents of Int M \ (T3 U ... UT,,) are diffeomorphic to the interiors of
M; =%; x S' for j = 1,...,k, where each ¥, is a compact orientable
surface with at least one boundary component and x(3;) < 0. The diffeo-
morphisms can be chosen in such a way that they can be smoothly extended
to the boundary tori. Moreover, at each T; the fibers of the S'-fibrations
induced from the manifold M; on either side are not homotopic to one
another.

Then there is a constant C' < 0o, a simplicial complex V' and a continuous map

fo: VoM  with  fo(0V)C oM
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which is a smooth immersion on OV such that the following holds:

Let S C Int M, S ~ S' x D? be an embedded solid torus whose fundamental
group injects into the fundamental group of M (i.e. S is incompressible in M ).
Let moreover f : 'V — My be a piecewise smooth map which is homotopic to
fo relative OV in My and g a Riemannian metric on My. Then we can find
a compact, smooth domain ¥ C R? and a smooth map h : ¥ — S such that
h(0X) C 0S and such that h restricted to the interior boundary circles of X
of is contractible in S and h restricted to the exterior boundary circle of 3 is
non-contractible in 0S and such that

areah < C'area f.

Proof that Proposition[5.3 implies Proposition [Z1(b). Let M = My, U Mseis be
a closed, orientable, irreducible manifold as defined in subsection (.1l and M’ a
component of Mg, By van Kampen’s Theorem the fundamental group of M’
injects into that of M. Consider now the finite covering 7’ : M' — M’ from
Lemma 5.2 Choose p € M’ and consider the push forward T, (71'1(]/\4\ ', p)) inside
m (M, 7. (p )) This subgroup induces a covering #: M — M which can be seen
as an extension of 7 M’ — M. Still, the fundamental group of M M injects into
that of M.

The cases (A)—(C) of Lemma [5.2] for M’ correspond to the conditions (A)-(C)
in Proposition B.3l So we can apply Proposition 6.3l for M +— M' My < M and

obtain a simplicial complex V' and a map fo vV M (observe that 7T2(M ) =
m (M) = 0 by [Bam3, Proposition 3.3] and by the fact that M is irreducible).

Set fo =To fo V' — M. Then we can lift any homotopy between f and a map

f 'V — M to a homotopy between fo and f V — M such that f=m7o f
Consider now an incompressible solid torus S C M’ and choose a component

S c 1SN M. Tt is easy to see that S is a solid torus as well which is
incompressible in M. So Proposition provides a compact, smooth domain
¥ C R? and a map h 2 — M such that h restricted to the exterior boundary
circle of ¥ is non-contractible in 95 , but T restricted to the other boundary circles
is contractible in 95. Moreover, for h = 7 o T we have

areah = areah < Carea]?: C area f.
Clearly, h has the desired topological properties. O

In the following four subsections, we will frequently refer to the conditions

(A)—(C). We first finish off the case in which M satisfies condition (A).
Proposition 5.4. Proposition[52.3 holds if M satisfies condition (A).

Proof. We argue as in [Bam2]. Observe that M =~ T? x [ ~ S' x S x I. Denote
by A;, As the two embedded annuli of the form

{pt} x S' x I, S* x {pt} x I C M.
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Let V' be their disjoint union and fy : V' — M be the inclusion map. Then every
non-contractible loop ¢ C Int M has non-zero intersection number with one of
the maps foa, or fola,-

Consider now the solid torus S C M and let ¢ C Int.S be a non-contractible
curve inside S (and hence also inside M). Choose i € {1,2} such that fy|a, has
non-zero intersection number with o. Then so does f|4,. Let f': A; — M be
a small perturbation of f|4, which is transversal to 0S5 and for which area f’ <
2area f. Still, f’ has non-zero intersection number with o.

Denote the components of f~1(S) by Q1,...,Q, C A; ~ S'xI. The sum of the
intersection numbers of f'|o, with ¢ is non-zero. Moreover, by the choice of 7 none
of these components (); can contain a circle which is non-contractible in A;. So
each @); is contained in a closed disk Q) C A; with Q) C 9Q); which arises from
filling in all its interior boundary circles. Note that any two such disks, @’ , Q’,
are either disjoint or one is contained in the other. By a maximality argument,
we can choose j € {1,...,p} such that the intersection number of f’|o, with
o is non-zero, but such that @} does not contain any other @ with the same
property. It then follows easily that f’ has to have zero intersection number with
o on every component of @\ Q;. Hence, f' restricted to every circle of 9Q; \ 0Q;
is contractible in 95 and f’ restricted to 9@ is non-contractible. So if we choose
Y=Q; CQ;~ D?*C R?and h = f"lq;, then the desired properties are fulfilled
and areah < area f’ < 2area f’. O

It remains to prove Proposition in the cases in which M satisfies condition
(B) or (C). Its proof in these two cases will be carried out in subsection The
proof makes use of a simplicial complex V' which will be constructed and analyzed
in the following subsection and relies on a certain combinatorial convexity esti-
mate on V' which will be derived in subsection [5.4] for case (C) and in subsection
for case (B).

5.3. Combinatorial geometry of M if M satisfies condition (B) or (C).
In this subsection we will set up the proof of Proposition (.3l In particular,
we will construct the simplicial complex V' and introduce the tools that will be
needed in the following two subsections.

Assume that M satisfies condition (B) or (C) in Proposition B3] i.e. M is a
compact, connected, orientable 3-manifold with incompressible toroidal bound-
ary components. If M satisfies condition (C), we fix the Seifert decomposition
Ti,..., Ty of M as well as the identifications of the components of Int M \ (7} U
... UT,,) with the interiors of the products M; ~ X; x S (j = 1,...,k). Here
31, ..., %, are compact surfaces with at least one boundary component and neg-
ative Euler characteristic. If M satisfies condition (B), then we set m = k =1
and we can find a torus 77 C M such that M \ 77 is diffeomorphic to the inte-
rior to the product ¥; x S, where X, is a compact, orientable surface with two
boundary circles which can be obtained from > by cutting along a non-separating,
embedded loop. Moreover, x(31) = x(2) < 0. In either case, we assume that the
diffeomorphisms which identify the interior of each M; with the corresponding
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component of Int M\ (T1U...UT,,) can be continued smoothly up to the bound-
ary tori. If M satisfies condition (C), then the fibrations coming from either side
of each torus 7T; are assumed to be non-homotopic to one another and in case (B)
we assume that the fibration on M; has been chosen such that both fibrations
agree. s s

We will mainly be working in the universal covering M of M. Let 71 : M — M
be the covering projection.

Definition 5.5 (chambers). The closures K C M of components of the preimages
of components of M\ (11 U...UT,,) under m are called chambers and the set of
chambers is denoted by IC.

Definition 5.6 (walls). The components W of OM and of the preimages 7= (T),
1 =1,...,m are called walls and the set of walls is denoted by W. We say that
two distinct chambers Ky, Ky € K are adjacent if they share a common wall.

By van Kampen’s Theorem every chamber K € K can be viewed as the univer-
sal cover of M;, for a unique jx € {1,...,k}. So K = %, x R. The boundary
of K is a disjoint union of walls which cover exactly the tori 7; and the boundary
tori of M which are adjacent to M, , and these tori are in one-to-one correspon-
dence with the boundary circles of 3J;,. Moreover, every wall is diffeomorphic to
R2. For later purposes, we will replace the j-index by K and write for example

My = M;, and Y = ;.. Note that K does not intersect any wall in its inte-

rior. So the complement of the union of all walls in M is equal to the union of
the interiors of all chambers.

Lemma 5.7. Fvery wall W e W, W ¢ oM separates M into two components.
So every two distinct chambers K1, Ky € K can only intersect in at most one wall
W = K1 N Ky and the adjacency graph of K is a tree.

Proof. If W € W did not separate M , then we could find a loop v C M which
intersects W transversally and exactly once, i.e. its intersection number with W
is 1. However v C M must be contractible. O

On each torus T; and boundary torus of M we fix an affine structure and a point
e; € T; for the remainder of this subsection. These affine structures induce an
affine structure on all walls W € W. We can assume that the product structures
on each M; ~ 3; x S' are chosen such that the circle fibers on each boundary
component M; coming from the S'-factor or the boundary circle of the ¥, are
geodesic circles in the corresponding torus 7;.

Now, for each j = 1,..., k we choose an embedded section S; C M; ~ %; x S!
of the form 3, x {pt}. Next, we choose embedded and pairwise disjoint curves
inside each X¥;, whose endpoints lie in the boundary of ¥; and which cut the
interior of X; into a topological ball, i.e. a fundamental domain. Denote their
union by C5 C ¥; and set C; = C; x S'. Let now

V=Tu..Ul,uSuU...UuS,uCiU...UCk.



44 RICHARD H BAMLER

By construction V' can be seen as an embedded, finite simplicial complex such
that OV C OM. Tts 1-skeleton V() is the union of S, dC; and C;N.S; for all j =
k. All its vertices V© lie on Ty U. . .UT,, UOM. The complement Int M\'V

is a d15301nt union of k topological balls ~ (£, \ C7) x (0,1),..., (£ \ C}) % (0,1).
Consider now the universal covering 7 : M — M and set V — 7 4(V) c M.
Then V is an infinite simplicial complex with OV C OM and the components

of Int M \ V are topological balls on which 7 is injective. Their boundary is
diffeomorphic to a polyhedral 2-sphere.

Definition 5.8 (cells). The closure QQ of any component component of]T/[/\ Vs
called a cell and the set of cells is denoted by Q. Two cells are called adjacent if
their intersection contains a point of V '\ V.

So every chamber K € K is equal to the union of cells () C K. Identify K with
5 > e X R as before. The structure of V in K can then be understood as follows: Let
C* be the preimage of C}; under the universal covering map Yk — Sg. Then
V N K is equal to the union of 77 1(Cx) N K ~ C} x R with 7~1(Sx) N K and
OK . So the arrangement of the cells () C K is reflected by the following identity

U mtQ=(mtZx\Cx) x (R\Z). (5.1)

QeEQ, QCK

We will always refer to the first factor in this cartesian product as the horizontal
direction and to the second factor as the wvertical direction. In the next definition
we group cells which share the same horizontal coordinates.

Definition 5.9 (columns). Consider a chamber K € K and choose the identifica-

tion K = X X R as in the last paragraph. Then the closure E of each component
of (Int X \ C) X R is called a column. The set of columns of K is denoted by
Ek.

We say that two columns Ey, Es € Ex are adjacent if they intersect. An ordered
tuple (Ey, ..., E,) of columns for which E; is adjacent to E;.q is called a chain
between E; and F,, and n is called its length. [t is called minimal if its length is
manimal amongst all chains between the same columns.

So each chamber K € K is equal to the union of all its columns E € £ and
every such column E consists of cells () C E which are arranged in a linear
manner. Next, we define distance functions with respect to the horizontal and
vertical direction in (5.1]).

Definition 5.10 (horizontal and vertical distance within a chamber). Let K € K
be a chamber and ., Ey € Ex two columns. We define their horizontal distance
dist®(E,, Ey) (within K) to be the minimal length of a chain between Ey and Es.
For two cells Q1,Q2 C K with Q1 C E; and Q2 C Es we define the horizontal
distance dist(Qq,Q2) = disti(Ey, By) (within K). We say that Q1, Qo are
vertically aligned (within K) if disti(Q1,Q2) = 0, i.e. if Q1, Qo lie in the same
column.
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For two cells Q1,Qy C K we define the vertical distance dist}.(Q1, Q2) (within
K) by the minimal number of times that a curve « : [0, 1] — K with v(0) € Int Q4
and (1) € Int Qq intersects 7~ (Sk), i.e. the number if integers between the
second coordinates in (51]) of both cells. We say that )1, Q2 are horizontally
aligned (within K) if dist? (Q1, Q2) = 0.

Obviously, both distance functions satisfy the triangle inequality. Two cells
Q1,Q2 C K are adjacent if and only if dist?(Qq, Qs) + disty(Q1,Q2) = 1. And
they are disjoint if and only if this sum is > 2 and not both summands are equal
to 1.

Lemma 5.11. Assume that M satisfies condition (B) or (C). Consider a chamber
K € IKC. Then the set of columns Ek together with the adjacency relation describes
a tree with constant valency > 4. So between every two columns Ey, Ey € Ei,
there is a unique minimal chain between Eq, Ey and a chain between E-, o is the
mainimal one if and only if it contains each column not more than once. Moreover,
for every three columns Ey, Ey, E5 € Ei there is a unique column E* € Ex which
lies on all three minimizing chains between every pair of K1, Es, E3.

Finally, for every two columns E1, By € Ex with distg(El, Ey) > 2 there is at
most one wall W € W which is adjacent to both Fy and Fs.

Proof. By a simple intersection number argument as in the proof of Lemma 5.7,
a loop in 5 K cannot cross a component of C* cy k exactly most once. This
establishes the tree property.

Now assume that there are two distinct boundary components By, By C o, K
which are adjacent to two distinct components Uy, Uy C D K\é}‘( at the same time.
Since EK is simply connected, the closure of the set B;UB;UU; UU; separates iK
into two open components A, As one of which, say Ay, has compact closure. So
A; only contains finitely many components of Sk \ 6’}} and all these components
are only adjacent to each other or to U; or Us. This however contradicts the tree
property. O]

In the following we want to understand the adjacency structure of Q on M.
As a first step we analyze its structure near walls.

Lemma 5.12. There is a constant Cy < 0o such that the following holds:

Let W eW, W ¢ OM be a wall and let K, K" € KC be the chambers which are
adjacent to W from either side. Then the columns E € Ex, E' € Ex intersect
W in affine strips ENW, E'0OW (i.e. domains bounded by two parallel straight
lines). In case in which M satisfies condition (B), these strips are all parallel
and if M satisfies condition (C), each pair of strips coming from K and K’ are
not parallel to one another; so they intersect in a non-empty compact set.

We furthermore have the the following estimates between the horizontal and
vertical distance functions in K and K':

(a) Assume that M satisfies condition (B) or (C) and let Q1,Q2 C K be cells
which are adjacent to a common cell ) C K. Then

diStg(QlaQQ)a diSth((Ql,QQ) < Cp.
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(b) Assume that M satisfies condition (C) and let Q1,Qs C K, @}, Q) C K’
be cells such that Q1, Q) and Qa, QY are adjacent and such that Q, Q' are
vertically aligned. Then

dist - (Q1, Q2), disty, (Q), Q%) < CodistZ(Q1, Q2) + Co.

(¢) Assume that M satisfies condition (C) and consider four cells Q1, Q2,
Q3, Q4 C K. Assume that QQ1,Q2 and Qs3, Q4 are vertically aligned and
assume that there are columns E}, By € Exr such that Q1, Q4 are adjacent
to some cells in E] and QQq, Q3 are adjacent to some cells in El. Then

| disty (Q1, Q2) — dist(Q3, Qu)| < Co.
(d) Assume that M satisfies condition (C) and consider cells Q1,Q2 C K

and Q,Q, C K’ such that Qy,Q) and Qq, Q) are adjacent and that
dist?(Q1, Q,), dist2, (Q), Qb)) < 3. Then

diStY<<Q17Q2)a diStX/(Q/p Q5) < Co.

(e) Assume that M satisfies condition (B) and consider cells 1,y C K and
1, Q5 C K' such that Q1, Q) and Qz, Q% are adjacent. Then

dist1(Q1, Q2) < distye (Q), Qb)) + Co distE(Qy, Q2) + Co.

(f) Assume that M satisfies condition (B) or (C) and consider cells (1, Q2 C
K and Q', Q% C K" such that Q1, Q) and Q2, Q) are adjacent. Then

dist 2 (Q1, Q2), disty(Q1, Q) < Codistj (Q, Q%)+Co dist . (Q, Q4)+Co.

(9) Assume that M satisfies condition (B) or (C) and consider cells Q1,Qs,
Qs,Qs C K and Q,Q%,Q%, Q) C K' such that Q; and Q) are adjacent
foralli=1,... 4. Assume moreover that disti(Qy, Q) = dist’(Qs, Q4)
and disty(Q1, Q) = disty(Qs, Q) in an oriented sense, i.e. the cells
Q1,Q2, Q3, Q4 form a “parallelogram” along W. Then

| distyc (@4, Q5) — distie, (Qh, Q4)|, [ distye (@4, Q5) — distie(Qh, Q4)| < Co.

Proof. The pattern by which the cells of K and K’ are arranged along W is
doubly periodic. So we can introduce euclidean coordinates (z1,zs) : W — R?
such that for every two cells ()1,Q2 C K and points p; € @1, ps € Q2 we have
| disti (Q1, Q2) = |21 (p1) =21 (p2)]] < C and | disty(Q1, Qo) — |2 (p1) —22(ps)|| < C
for some constant C'. Similarly, we can find euclidean coordinates (z, x5) : W —
R? with the analogous behavior for cells K’ such that the origins of (z,x5) and
(x}, z) agree. The transformation matrix A € R?*? with A(zy,xo) = (2, 25) is
invertible. In case (C) we have A5 # 0 and in case (B) we have A1 =0, A1 #0
and Ay = 1. All assertions of the Lemma now follow from the corresponding
statements for these two coordinate systems. O

Next, consider a smooth curve 7 : [0,1] — M.

Definition 5.13 (general position). We say that 7y is in general position if its
endpoints v(0),v(1) € V and if v intersects V transversally and only in V \ V.
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If Q1,Q2 € Q are two cells with v(0) € Q1 and y(1) € Q2, then we say that ~y
connects ()1 with Q.

Let n, H > 0 be constants whose value will be determined later in subsection
(.6l In the course of the following three subsections, we will need to assume that
71 is small enough and H is large enough to make certain arguments work out.

Definition 5.14 (length and distance). The (combinatorial) length || of a curve
v :[0,1] = M in general position is defined as

7| = n (number of intersections of v with 7 (S; U... U Sy))
+ H (number of intersections of v with 7~ (T3 U... UT,,))
+ (number of intersections of v with 7~ (C, U ... U Cy))

The (combinatorial) distance dist(Qy,Q2) between two cells Q1,Qs € Q 1is the
minimal combinatorial length of all curves in general position between Q1 and
Q2. A curve 7y : [0,1] = M in general position is said to be (combinatorially)
minimizing if its length is equal to the combinatorial distance between the two
cells that contain its endpoints.

Observe that (Q, dist) is a metric space. On a side note, it is an interesting co-
incidence that this metric space approximates the conjectured geometric behavior
of the Ricci flow metric ¢~1g, lifted to the universal cover M.

Our main characterization of combinatorially minimizing curves will be stated
in Proposition (519 in case (C) and in Proposition in case (B). We con-
clude this subsection by pointing out three basic properties of combinatorially
minimizing curves.

Lemma 5.15. If v : [0,1] — M is combinatorially minimizing, then so is every
orientation preserving or reversing reparameterization and every subsegment of y
whose endpoints don’t lie in V.

Proof. Obvious. O
Lemma 5.16. For any cell Q € Q, the preimage v~ 1(Q) under a combinatorially

minimizing curve vy : [0,1] — M s a closed interval, i.e. v does not reenter @
after exiting it.

Proof. Otherwise we could replace v by a shorter curve. O

Lemma 5.17. Assume that v : [0,1] — M is combinatorially minimizing and
stays within some chamber K € IKC. Let Ey, ..., E, € Ex be the columns that ~
intersects in that order. Then (Ey,. .., Ey,) is a minimal chain in Ek.

Moreover, «y intersects each component of 7=*(S;U...U Sk) at most once. So
if the endpoints of v lie in cells Q1,2 € Q, then

|y = dist(Q1, Q) = distj (@1, Qa) + ndist i (Q1, Q2).
Finally, for any two cells Q1,Qy C K we have dist(Q1, Q2) < dist?(Q1, Q) +
ndlStIV(v(le QQ)
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Proof. This follows easily from the cell structure of K. OJ

5.4. A combinatorial convexity estimate if M satisfies condition (C). In
this subsection we assume that M satisfies condition (C) in Proposition 5.3l We
will analyze the combinatorial distance function on Q in this case. The main
result in this section will be the combinatorial convexity estimate in Proposition

.23

Lemma 5.18. There are constants n* > 0 and H* < oo such that if n < n* and
H > H*, the following holds:

Consider two chambers K, K' € IC which are adjacent to a common wall W =
KN K’ from either side and assume that v : [0,1] = K U K’ is combinatorially
mainimizing. Then v intersects W at most twice.

(a) If v intersects W exactly once, then there is a unique column E € E in
K which is both adjacent to W and intersects v. The same is true in K'.

(b) If v intersects W ezactly twice and v(0),v(1) € K, then there is a unique
column E' € Exr such that v is contained in K U E'. Moreover there
are exactly two columns Ey, Ey € Ex which are adjacent to W and which
intersect v and we have disti-(Fy, Ey) > H.

(c) If v does not intersect W, but intersects two columns Ey, Ey € Ex which
are both adjacent to W, then disti(Ey, Ey) < 3H.

Proof. We first establish assertion (a). Assume without loss of generality that
7(0) € K and (1) € K'. Let @ C K be the last cell that ~ intersects inside
K and Q' C K’ the first cell in K'. So Q,Q’ are adjacent. Let E € Ex be the
column which contains ) and E’ the column which contains )’. Assume that
contrary to the assertion there is another column E; # E € £k that is adjacent
to W and intersects . Choose a cell ); C E; that intersects v. Then by Lemma

.17
dist(Q1, Q) = dist(Q1, Q) + H = distjL(Ey, E) + ndisty(Q1, Q) + H.
Let ()2 C E; be the cell which is horizontally aligned with @. It follows by the
triangle inequality and by previous equation that
dist(Qq, Q') = dist?(Ey, E) + H.

Since E1 NW and E'N'W are non-parallel strips in W, we can find cells Q3 C E;
and @4 C E’ which are adjacent to each other and by Lemma B.I2(b) we can
estimate

dist 1 (Q2, Q3), disty/ (Q', Q%) < CodistiH(Ey, E) + C.
We then conclude
distf (Ey, E) + H = dist(Q2, Q") < dist(Q2, Q3) + dist(Qs, Q%) + dist(Qf, Q")
< 2n(Codistj-(Ey, E) + Cy) + H.
For 1 < (4C)~" this implies dist’-(E;, F) < 1 and hence £, = E.

Next, we show assertion (b). Let Ey, Fy € &k be the the columns that ~
intersects right before intersecting W for the first time and right after intersecting
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W for the second time. Let Ei, F), € £k be the first and last columns that -
intersects inside K’. Assertion (a) applied to the subsegments of v between
7(0) and EY and between FE and 7(1), yields that E’' := E| = EJ. Since the
subsegment of v which is contained in K’ has both of its endpoints in E’, it has
to be fully contained in it. Moreover, assertion (a) implies that there are no other
columns than F;, F5 in K which are adjacent to W and which intersect ~.

It remains to show the inequality on the horizontal distance between E., Ej.
We do this by comparing the intrinsic and extrinsic distance between these two
columns. Choose (1 C F; and @} C E’ such that 7 crosses W between @); and
@' for the first time and pick Q2 C FEs and Q5 C FE’ accordingly. So (1, Q]
and Qy, Q) are adjacent. Lemma BEI2(b) provides the bound disty(Qy, Qs) <
C() diStg(Ql, Qg) + Co. So

2H < dist(Q1, Qo) < distii(Q1, Q2) + ndistl(Q1, Q2)
< (14 nCy) distiH(Q1, Q2) + nC.
The desired inequality follows for n < (2Cy)~! and H > 2.

We can now show that v intersects W at most twice. Assume not. After
passing to a subsegment and possibly reversing the orientation, we may assume
that ~ intersects W exactly three times and that v(0) € K, v(1) € K'. By
assertion (b) applied to subsegments of « which intersects W exactly twice, we
find that there are columns Fy, E5 € Ex and Ej, E} € £ which are all adjacent
to W such that v crosses W first between E; and Ej, then between F} and FEj
and finally between Fs3 and Ejj. Choose cells Q1 C Fy, Q, Q5 C EYy, Q2,Q3 C Es,
Q) C Ej such that v crosses W first between @1 and @)}, then between ), and
()2 and finally between @3 and Q5. So

dist(Q1, Q%) = dist(Q1, Q1) + dist(Q}, Q) + dist(Q5, Q2)
+ dist(Qs, Qs) + dist(Qs, Q4) = 3H + ndist e (Q', Q) + n disty (Qa, Qs).
Since £y NW and E};NW are non-parallel strips in W, we can find cells Q* C F;
and Q' C E) which are adjacent to each other. By Lemma [5.12)(c)
dist 1 (Q1, Q%) < disty(Q2, Q3) + Co and
dist o, (Q, Q) < dist e (Q', Q4) + Co.
So

dist(Q1, Q) < dist(Q1, Q") + dist(Q*, Q™) + dist(Q™, Q)
< 1 diste(Qs, Q3) +nCo + H + ndist e, (Q}, Q) +nCo
We obtain a contradiction for nCy < H.

Finally, we show assertion (c). Assume now that v does not intersect W and
choose cells () C E; and Q)3 C E5 which intersect . Since ~ stays within K we
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have

dist(Q1, Q2) = distje (B, Ez) + ndisty (Q1, Qs).
Let Q3 C F5 be the cell which is horizontally aligned with @;. By the triangle
inequality and by previous equation

diSt(Ql, Qg) = dlStg(El, EQ)

Let @) C K’ be a cell which is adjacent to @1 and let E' € £k be the column
that contains @)}. Since E' N W and F; N W are non-parallel strips, we can find
cells Q) C E' and Q4 C E, which are adjacent. By Lemma [B.12(b), we have
disty (Qf, Qs), disty, (Q}, Q%) < Codisty(Ey, Fa) + Cp. So

dist (Ey, By) = dist(Q1, Q3) < dist(Q1, Q) + dist(Q}, Q%)
+ dist (Qh, Q4) + dist(Qf, Q3) < 2H + 2nCy dist - (E1, Fy) + 2nC.
The desired inequality follows for 2nCy < % and H > 1. O

The next Proposition provides an accurate characterization of the behavior of
a minimizing curve.

Proposition 5.19. Assume that M satisfies condition (C). There are constants
n* >0 and H* < oo such that if n < n* and H > H*, the following holds:
Consider a combinatorially minimizing curve v : [0,1] — M. Then

(a) For every chamber K € K and every column E € Ek, the preimage v~ (E)
15 a connected interval, i.e. v does not exit and reenter E.

(b) v intersects every wall W € W at most twice. Assume that K, K' € K
are two chambers which are adjacent to a wall W € W from either side.
Then
(b1) If v intersects W exactly once, then there is a unique column E € Ex

which is both adjacent to W and intersects v. Moreover, for every
column E* € Ex which also intersects ~y, the minimal chain between
E and E* intersects W in at most two columns.

(b2) If v intersects W twice and its endpoints lie on the same side of W as
K, then within both intersections it stays inside a column E' € Ex
adjacent to W. Moreover, there are exactly two columns F1, Es € Ek
which intersect v in this order and which are adjacent to W and we
have dist!:(E,, Ey) > H. The curve v leaves K through W right after
Ey and reenters K through W right before Es.

(b3) If v does not intersect W, but intersects two columns Fy, Ey € Ex
which are both adjacent to W, then disth (Ey, Fy) < 3H.

(c) Consider a chamber K € K and let Ey, ..., E, € Ek be the columns of K
that ~y intersects in that order. Then there are columns EY,..., E} € &k
such that:

(c1) Ef = Ey, and E} = E,

(c2) disti(Ef, E;) <1 foralli=1,...,n.

(c3) EY, ..., E* are pairwise distinct and lie on the minimal chain between
FEi and E,, in that order.
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(c4) If Ef # E;, then there are two walls W, W' C 0K which both intersect
v twice such that v exits K through W' right after FE;_1, enters K
through W' right before E;, exits K through W right after E; and
enters K through W right before E; 1. In particular E; does not lie
on the minimal chain between F, E, and E; is not adjacent to E;_
or Ei—i—l-

(ch) If E;, E; 1 are adjacent, then vy stays within E; U E;,, between E; and
Ei—i—l-

(c6) If E;, E;iy1 are not adjacent, then there is a wall W C 0K such that
v exits K through W right after E; and enters K through W right
before Eiy1. The columns E;, Ef, EY |, Eiy lie in that order (some
of these columns might be the same) on a minimal chain which runs

along W'.
(c7) If iy < iy and E;,, E;, are adjacent to a common wall W C 0K,
then either (E;,, ..., Ey,) form a minimal chain oris =iy + 1 and v

intersects W right after E;, and right before E,.

Proof. The proof uses induction on the combinatorial length || of 7. The case
|7| = 0is obvious, so assume that |y| > 0 and that all assertions of the Proposition
hold for all combinatorially shorter minimizing curves.

Let W € W be a wall and K, K’ € K the chambers which are adjacent to
W from either side. We first check the first statement of assertion (b). Assume
that « intersects W three times or more. Then by assertion (b2) of the induction
hypothesis applied to every subsegment of + which intersects W exactly twice,
we obtain that v stays within K U K’ between its first and last intersection with
W. This however contradicts Lemma .18

Assertion (b2) follows similarly. Assume that ~ intersects W twice and that
both endpoints lie on the same side of W as K. By assertion (b1) of the induction
hypothesis applied to each subsegment of v which intersects W exactly once, we
obtain again that « stays within K U K’ between its first and second intersection
with W. The rest follows with Lemma [B.I8|(b).

For assertion (bl), observe that the complete assertion (c) holds for 7 in
the case in which v crosses a wall exactly once, because in this case assertion
(c) is only concerned with proper subsegments of 7. So consider the columns
Ey, ... B, Ef,....,E" € Ex. Without loss of generality, we may assume that
(1) lies on the same side of W as K. This implies that E; is adjacent to W.
If E; for some 2 < i < n was adjacent to W as well, then by assertion (c7) the
curve 7 must be contained in K in between F; and E;. This is however impos-
sible by Lemma [5.I8(a) applied to the subsegment of v between the last column
in K" and E;. So the first part of (bl) holds. Consider now the minimal chain
between F; and some E; and assume that three of its columns are adjacent to W.
Those columns need to be the first three columns in this chain. We can assume
that F; = E,, because otherwise we could pass to a subsegment of v. Since by
what we have already shown, + cannot intersect any column which is adjacent
to W other than Fj, it cannot happen that Es is adjacent to E; (compare with
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assertions (c4), (¢5)). So by assertion (c6) there is a wall W/ C 0K, W' # W
that is intersected twice by v in between F; and Es. So if H is sufficiently large,
assertion (b2) implies that the first three columns on the minimal chain between
E, and Ej, ie. the first three columns on the minimal chain between E; and
E, are adjacent to both W’ and W. This however contradicts Lemma [5.11] and
finishes the proof of assertion (bl).

We no show assertions (c1)—(c7), (a) and (b3). Observe that by the induction
hypothesis, it suffices to restrict our attention to the case in which v(0),~v(1) € K.
Consider now the columns Fjy,..., E, as defined in the proposition. If n < 2,
we are done with the help of assertion (b) for Ef = E; and Ej = FE5, assuming
H > 2. So assume that n > 3. Assertion (c5) and the first part of (c6) fol-
lows immediately by passing to the subsegment between F;, F;,; and using the
induction hypothesis. We will now distinguish the cases on when F,,_; lies on
the minimal chain between FEi, E, or not and establish assertions (c1)—(c4) and
the second part of assertion (c6) in each case. Based on these assertions we then
conclude assertion (c7) in both cases.

Consider first the case in which FE,,_; lies on the minimal chain between FE;
and F,. Then we can apply the induction hypothesis to the subsegment of ~

between E) and F,_; and obtain the columns Ej, ..., E_; on the minimal chain
between E; and E,_;. Moreover, we set Ef = E,. Assertions (c1)—(c6) follow
immediately.

Next consider the case in which F,,_; does not lie on the minimal chain between
E, and E,. Define EY,..., E¥_, using the induction hypothesis applied to the
subsegment of v between E; and F,_;.

Assume first that E,, and E,_; are adjacent. Then F,, must lie on the minimal
chain between E; and E,_; (by our assumption and the tree property). So E,_»
cannot be adjacent to E,_1, because that would imply by assertion (c4) of the
induction hypothesis that E, s = FE,, and it is elementary that + cannot reenter
a column without exiting K. This means (by assertion (c6) of the induction
hypothesis) that there is a wall W C 0K which intersects v twice and which is
adjacent to E,_o, E* 5 F, 1 and hence also E,. This contradicts assertion (b2).

So E, and FE,_; are not adjacent and by assertion (b2) both columns are
adjacent to a wall W C 0K such that v intersects W right after E, ; and right
before E,. By the tree property of £k there is a column E* € £k which lies
on the three minimal chains between FE,_i,FE, and FEi, E,_1 and Ei, E,. So
E* is adjacent to W and horizontally lies between FE, i, FE,. By our earlier
assumption E* # E, ;. Assertion (bl) applied to a subsegment of « implies
that distg(E*,En_l) < 1; so E* is adjacent to E,,_y. If E,_, was adjacent to
E,_1, then E, 5 = E* contradicting assertion (b2). So by assertion (c6) of the
induction hypothesis F,_o, E* ,, E,,_; are adjacent to a wall W’ C 0K such that
~v intersects W' twice between E,,_o, F,,_1. This implies W # W'. Set E¥ | = E*
and Ef = E,. Assertions (cl)—(c3) follow immediately. Assertion (c4) and the
second part of (c6) hold with the walls W, W' that we have just defined.
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We now establish assertion (c7) in the general case (i.e. independently on
whether E,_; lies on the minimal chain between E; and F,, or not). Assume that
(Ei, ..., E;,) does not form a minimal chain. Then v has to leave K in between
E;, and E;,, i.e. by assertion (c5) thereisa j € {i1,...,io—1} such that E;, E; 4
are not adjacent and hence by assertions (c6) v has to intersect a wall W’ C 0K
in between E; and Ej;;. The columns on the minimal chain between E7, E7 4
are adjacent to both W and W' and for H > 10 there are at least 3 such columns.
So W = W’ and by assertion (b2) we must have E;, = E}, E;, = E7,,.

Finally, assertion (a) is a direct consequence of assertion (c7) and assertion
(b3) follows from assertion (c7) and Lemma B.I§(c). O

Next, we analyze the relative behavior of two combinatorially minimizing curves.

Lemma 5.20. There are constants n* > 0 and H* < oo such that if n < n* and
H > H*, then the following holds:

Let ~1,72 : [0,1] = M be two combinatorially minimizing curves and consider
a wall W € W which is adjacent to two chambers K, K' € IC on either side.
Assume that 1, y2 intersect W exactly once and that +,(0),72(0) lie in a common
chamber on the same side of W as K. If that chamber is K, we additionally
require that the cells which contain these points are vertically aligned. Similarly,
assume that 1 (1),72(1) lie in a common chamber on the same side of W as K'.
If that chamber is K', we also require that the cells which contain these points are
vertically aligned.

Let ()1, Q2 C K be the cells which 1,79 intersect right before crossing W and
let Q), Q5 C K' be the cells which ~1, s intersect right after crossing W. Then
every pair of the cells Q1, Qa, @, Q4 has combinatorial distance bounded by 4 or
4 4+ H depending on whether they lie on the same side of W or not.

Proof. Let Ey, Es € £k be the columns that contain @1, Q2. We first show that
dist?(Ey, Ey) < 3 (in fact, we can show that disti(FEy, Ey) < 1, but we don’t
need this result here).

Define E}, E5 € Ek to be the first columns in K that are intersected by 71, 7.
In the case 71(0),72(0) € K we have Ef = Ej. So in either case, we can
find a wall W* C 0K with W* # W which is adjacent to both Ef, E;. Con-
sider the minimal chain between F;, Ff and let £7* be the last column on that
chain that is adjacent to W. Define E3* accordingly. By Proposition B.I9(b1)
dist?(Ey, E5*), distf(Ey, B3*) < 1. We need to show that dist® (£, E5*) < 1.

If W, W* are adjacent to a common column, then both E;* E}* have to be
adjacent to W* since in that case a minimal chain between FEj, E; first runs
along W and then along W*. Hence in that case distf-(E;*, E3*) < 1 by Lemma
B.IT If W, W* are not adjacent to a common column, we follow the minimal
chain between E;*, EY, then the minimal chain between EY, E} (along W*) and
finally the minimal chain between F;, F5* to obtain a chain which connects F7*
with F5* and which intersects W only in its first and last column. By the tree
property of £k this chain covers the minimal chain between E;*, E3* and hence
it has to include all columns along W between E*, E3*. So distf(FE*, E3*) < 1.
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It follows that dist?(Qy, Q) = dist2(Ey, E,) < 3. Analogously dist?(Q}, Q}) <
3. It now follows from Lemma [FI2(d) that dist}-(Q1,Q5), disty(Q}, Q%) < Co.
This establishes the claim for n < Cj . O

Lemma 5.21. There are constants n* > 0 and H*,Cy < oo such that if n < n*
and H > H*, the following holds:

Let K € K be a chamber and Qy,Q,, Q2,Q, C K be cells such that Q1,Q, and
Q2,Q, are vertically aligned in K. Assume that the vertical order of Q1,Q, is
opposite to the one of Qa,Qy (i.e. Q1 is “above” Q, and Qs is “below” Qy or
the other way round). Let ~,75 : [0,1] — M be minimizing curves from Q1 to Qs
and from Q, to Q,. Then we can find cells Q’,@/ C K such that Q) intersects
Y, @, intersects 3 and such that dist%(@’,@/) < 3H, dist}é(@’,@/) < C1H and
dist(Q, Q') < 4H.

Proof. Note that the last inequality follows from the first two inequalities if n* <
CrrH*

Let Ey, E, € Ex be the columns that contain @, Q, and Qs,Q,. We first
invoke Proposition [5.19(c) on v to obtain columns Ei,..., E,, Ef ... E* € &k
with £y = Ef = Ey and E, = E} = E,. Then Ej,..., E’ lie on the minimal
chain L between Ey and E,. Let S C LUFE;U...UE, be the union of all cells in
K which intersect v and all cells in LU E; U ... U E, and which are adjacent to
cells outside K that intersect 7. Then @)1, Q)2 C S and it is not difficult to see that
these two cells lie in the same connected component of S. Based on the set S we
construct another set S’ C L in the following way: S’ is the union of SN L with all
cells in each E which are horizontally aligned with a cell in S N E;. Then again
@1,Q2 C S’ and both cells lie in the same connected component of S’. Similarly,
we can invoke Proposition [5.19(c) on 7, obtaining columns E, ..., By € £k and
ET, e ,E; on L and we can define S and S in the same way. So Q,,Q, C s

and both cells lie in the same connected component of S'. Since the cells on L are
arranged on a rectangular lattice and the cells @1, @, and Q2, Q, lie on opposite
sides of L and have opposite vertical order, we conclude that the sets S and S
have to intersect. Let Q° C S’ N S’ be a cell in the intersection and E° C L the
column containing Q°. So we can find cells @, Q € Q which intersect ~y,7 such
that the following holds: Either Q C Land Q° =@, or Q C (F1U...UE,)\Int L
and @ is adjacent and horizontally aligned with Q°, or Q ¢ K and (@) is either
adjacent to Q° or Q° C EF for some i € {1,...,n} for which E} # E; and @ is
adjacent to a cell in E; which is adjacent to Q° and horizontally aligned with it.
In the first two cases we set Q' := . In the third case we will define )’ later.
So if Q@ C K, then @’ intersects v and disti(Q’, @°) < 1 and dist - (Q’, Q°) = 0.
The analogous characterization holds for Q and we define @I in the same way if
QCK.

Next, we consider the case in which dist’(E°, Ef) < 1 for some i € {1,...,n},
and we establish the existence of a cell " C K which intersects v and which is
within bounded distance from @Q°. If ) C K, then we are done by the previous
paragraph. So assume that Q ¢ K. Let K’ € K be the chamber which contains
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Q@ and let W = K N K’ € W be the wall between K and K’. So -~y intersects W
twice and E° is adjacent to W. Choose i’ € {1,...,n — 1} such that ~y intersects
W between Ey, Ey 1. If E° lies between Ej, E7_ |, then distg(E",Ei*,) <1or
distg(E",Ei*,H) < 1, by our initial assumption. If E° lies on L not between
E}, E} ., then we can conclude by applying Proposition 5.I9(b1) to subsegments
of v that intersect W exactly once, that we also have distf:(E°, E}) < 1 or
distj} (E°, E;.,) < 1. So we may assume that i = i’ or i = i’ + 1. Let now
Q' C E; be the cell that is intersected by ~ right before or right after W. Then
dist?(Q°, Q") < 2 and by Lemma FI2(b) we get dist (Q°, Q") < 3C, + 1.

Combining the previous conclusion with the analogous conclusion for 7 and
the triangle inequality yields the desired result in the case in which there are
indices i € {1,...,n} and i € {1,...,7@} such that dist?’(E°, Ef) < 1 and
distg(E",E::) < 1. So, after possibly interchanging the roles of v and 7, it
remains to consider the case in which there is an index i € {1,...,n — 1} such
that E° lies strictly in between EJ, £, | and such that E° is not adjacent to either
of these columns. We will henceforth always assume that. Let W C 0K be the
wall that « intersects between E;, F;,; and let K’ € K be the chamber on the
other side. Then E;, £, E°, E}, |, F;,, are arranged along W in that order and
by Lemma 51Tl we must have Q C K’; let E € Ex be the column that contains
Q. Finally, let Q' C E; be the cell that ~ intersects right before .

Consider the columns on L between E;,E;H for each i = 1,...,7n — 1. If for

some 7 there are at least 3 such columns which are also in between E} and EY, |,
we must have dist?(E:, E; +1) > 1 and all columns between E; and E; 41 have to

be adjacent to W by Lemma[5.11l However, this can only happen for at most one
index 7. So either there is no such 7 and hence all columns which are strictly in
between E] and L} | are contained in EU... UE; or there is exactly one such i
and all columns which are strictly in between E; and EJ,; lie in between E: and
E; 41 In the first case, 7 intersects all columns which are strictly in between EJ
and B}, . In the second case, we can apply the same argument reversing the roles
of v and 7 to conclude that there is no other index i' € {1,...,n—1}, ¢ # i such
that there are more than 2 columns which are between £}, E; ; and E:.E; 1
This implies that dist! (E*, E7), distg(E;‘H,E;H) < 1 in the second case.

In the first case, we use Proposition 5.19(b3) and (c7) to find that 7 intersects

less than 3H columns which are adjacent to W. So distg(E;, E; 1) < 3H. Since
7 intersects E° we have @/ = (Q = Q°. Hence dist%(@’,@,) < 3H and Lemma
5I2(b) yields distY. (@, Q) < 3CoH + Cy and we are done.

In the second case, E° lies strictly in between E;—k ,E; 41 S0 Q ¢ K and 7
intersects W between E;, B, (by Lemma B.IT). Let K' € K be the chamber
that contains Q and W = K N K € W the wall between K and K. We will
now show that K = K’ and W = W. If not, then there must be an index
i e {l,...,n—1},7 # i such that W is adjacent to By By, E°. 1f i<,
then W is also adjacent to E; (which is then between Ey and E°), contradicting
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Lemma B0l If 7 > 4, then W is also adjacent to Ef,,, contradicting Lemma
FITas well. So indeed Q,Q C K = K';let E € Eg+ be the column that contains
Q. Let now @, C E; be the cell that 7 intersects right before W.

Recall that @' C E; and @/ C E;, that @' is adjacent to E, @/ is adjacent to
E and that E, E are both adjacent to Q°. Moreover, by our previous conclusions
dist%(@’,@/) < 3. Let Q" C E; be a cell that is adjacent to E. Then by Lemma,
BI12(b) dist(Q, Q") < 4Cy and by Lemma BE12(c) distl (Q”, Q') < C,. Hence
dist). (@, Q") < 5Cy. This finishes the proof of the Lemma. O

The next Lemma is a preparation for the combinatorial convexity estimate
stated in Proposition (.23

Lemma 5.22. There are constants n* > 0 and H* < oo such that if n < n* and
H > H*, then the following holds:

Let K € K be a chamber and Qy, QQ1,Q2 C K cells such that ()1 and Q) are
vertically aligned. Assume that dist(Qo, Q1),dist(Qo, @Q2) < R for some R > 0.
Then for any cell Q* C K between Q1 and @y, we have dist(Qo, Q*) < R+ 8H.

Proof. We prove this Lemma by induction on R (observe that we are only inter-
ested in a discrete set of values of R) and then on dist}.-(Qy,Q,). Consider the
action ¢ : Z ~ M by deck transformations of the universal covering M — M
which acts as a vertical shift on K, leaving V' and hence the cell structure and com-
binatorial distance function invariant and choose z € Z such that Q* = ¢,(Q1).
We may assume z # 0.

Without loss of generality, we can assume that * lies between (); and Q** =
¢_,(Q2). Otherwise, we can interchange the roles of ()1 and Q2. Let 71,72 be
minimizing curves between )y and Q)1,Qs. We can now apply Lemma [(.21] to
071 and 7y, to obtain cells ], Q) C K on ¢, 0y, and v, with dist(Q7, Q) < 4H.
Then ¢_,(Q) lies on 7, and hence

dist(Qo, p—+(Q})) + dist(p—.(Q1), Q1) = dist(Qo, Q1) < R. (5.2)
We also have
If dist(Qo, Q%) + dist(¢p_.(Q}), Q1) < R+ 4H, then

dist(Qo, Q) < dist(Qo, @) + dist(Q3, @) + dist(Q}, -(Q1)) < R+ 84,

which proves the desired estimate. On the other hand, assume that dist(Qo, Q%)+
dist(¢_,(Q}), Q1) > R+ 4H. Then (5.2)) and (5.3) give us

diSt<Q07 QO,Z(Q/l)) + dlSt<Ql27 Q2) <R—-4H.
It follows that

dist (p_.(Q}), Q™) = dist(Q}, Q2) < dist(Q], Q) + dist(Q3, Q2)
<4H + R —4H — dist(Qo, ¢_.(Q})) = R — dist(Qo, p_.(Q})).
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Also by (5.2))
diSt((p—z(Qll)a Ql) S R— diSt(Q07 (p—z(Qll))
So by the induction hypothesis, we find that

dist(p—-(Q}), Q") < R — dist(Qo, p—-(Q})) + 8H.
This implies

diSt<Q07 Q*> < diSt<Q07 @*2’(@1)) + diSt<907z<Q/1)7 Q*) < R+8H. [

Proposition 5.23. Assume that M satisfies condition (C). There are constants
n* >0 and H* < oo such that whenever n < n* and H > H*, then the following
holds:

Consider a cell Qg € Q, a chamber K € K (not necessarily containing Qo) and
cells Qq, Q2 C K which are vertically aligned within K. Assume that dist(Qo, Q1),
dist(Qo, Q2) < R for some R > 0. Then for any cell Q* C K which is vertically
aligned with Q1, Qs and vertically between Q1 and @z, we have dist(Qy, Q") <
R+104.

Proof. If )y C K, we are done by the previous Lemma. So assume that @) lies
outside of K and let 7,72 be minimizing curves from @y to @1, Q-.

Then there is a unique wall W C 9K through which both 7, and v enter K.
Let @7, Q5 C K be the first cells in K which are intersected by 71,72. So both
cells are adjacent to W. By Lemma we know that dist(Q}, Q%) < 4.

So

dist(Q}, Q1) < R — dist(Qo, Q))

and

dist(Q}, Q2) < dist(Q], Q) + dist(Qy, Q2) < 44 R — dist(Qo, Q)
<4+ R — dist(Qo, Q) + dist(Q), Q) < R+ 8 — dist(Qo, Q).

We can no apply Lemma [5.23] to obtain
dist(Q}, Q%) < R+ 8 — dist(Qo, Q) + 8H.
So dist(Qo, @*) < R+ 10H for H > 4. O

5.5. A combinatorial convexity estimate if M satisfies condition (B).
Assume now that M satisfies condition (B) in Proposition (3] i.e. that M is
the total space of an S'-bundle over a closed, orientable surface of genus > 2.
In this setting we will establish the same combinatorial convexity estimate as in
Proposition 5.23l It will be stated in Proposition 5.27. Its proof will resemble
the proof in the previous subsection, except that most Lemmas will be simpler.

We first let £ = (Jexc Ex be the set of all columns of M. We say that two

columns Fy, Fy € £ are adjacent if they intersect in a point of 1% \ V. In other
words, Fi, Ey are adjacent if and only if we can find cells 1 C E;, Q2 C Es
such that @1, Q» are adjacent. Observe that in the setting of condition (B) every
column E; € & is adjacent to only finitely many columns Fy € £ and every wall
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W € W intersects its adjacent columns E € £ from either side in parallel strips
ENW (see Lemma [5.12).
The first Lemma is an analog of Lemma [5.18

Lemma 5.24. There are constants n* > 0 and H* < oo such that if n < n* and
H > H*, the following holds:

Consider two chambers K, K' € K which are adjacent to one another across a
wallW = KNK' € W. Assume that~y : [0,1] — M is combinatorially minimizing
and that it is fully contained in K U K'. Then ~y intersects W at most twice and
v does not reenter any column, i.e. v~ (E) is an interval for all E € £.

Consider first the case in which v intersects W exactly once. Then the columns
on v which are adjacent to W form two minimal chains in K and K', moving in
the same direction, which are adjacent to one another in a unique pair of columns
FE e gK and E, € SK/.

Consider now the case in which v intersects W exactly twice and assume that
v(0),v(1) € K. Let Ey, Ey € Ek be the columns that v intersects right before and
after W. Then v does not intersect any column of K which is adjacent to W and
which horizontally lies strictly between Ey and Es. Moreover, distg(El, Ey) > H.

Proof. 1t is easy to see that every subsegment of ~, which does not intersect
W and whose endpoints lie in columns which are adjacent to W, stays within
columns which are adjacent to W and does not reenter any column. So we can
restrict our attention to the case in which v only intersects columns which are
adjacent to W.

Assume first that + intersects W exactly once and assume without loss of
generality that v(0) € K. Let Ey,...,E, € Ex and Ef,...,E!, € Ex be the
columns that ~ intersects in that order. Then both sequences of columns form
minimal chains which move along W and E,,, E] are adjacent across W. We now
show that E; can only be adjacent to E!, if i = n and i = 1. This will also imply
that the directions of both minimal chains agrees. Assume that this was not the
case and assume without loss of generality that E; is adjacent to E; for some
i < mn and i > 1 (otherwise we reverse the orientation of ). Let Q)1 C Ej be
the cell that contains v(0), Q2 C E,, Q3 C Ej the cells that v intersects right
before and after W and Q)4 C E; a cell that intersects v. Choose moreover a cell
Q* C E; which is adjacent to Q4. By Lemma [5.12(e)

disty (Q2, Q) < disty (Qs, Qa) + Co disti(Qa, Q%) + Co.
So
dist e (Q1, Q") < disty(Q1, Q2) + dist(Q2, Q")
< disty (Q1, Q2) + dist ), (Q3, Q1) + Co dist £ (Q2, Q%) + C.

Hence

dist(Q1, Q) < dist(Q1, Q") + H < disti(Q1, Q%) + ndisty(Q1, Q2)
+n diSt}/(/(Qiia Q4) + T]C() diStg(QQ, Q*) + T]C() + H.
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On the other hand, the minimizing property of v yields

dist(Q1, Q4) = dist(Q1, Qo) + H + dist(Qs3, Q4)
> distjH(Q1, Qo) + ndisty (Q1, Qa) + ndisty (Qs, Qa) + H

Combining both inequalities yields

dist i (Q1, Q2) < disti(Q1, Q") + 1Co disti (Qa, Q%) +1Co.
Since distf(Qy, Q2) = n—1, dist? (Q1, Q) = i —1 and dist | (Qs, Q*) =n—i > 1,

we obtain
n—1<i—14+nCo(n—1)+nCo.

This yields a contradiction if n < (2Cy) 7.

Assume next that v intersects W exactly twice and that v(0), (1) € K. Define
Ey, Ey € Ek as in the statement of the Lemma. We now establish the bound
dist?2(Ey, Ey) > H (for sufficiently small 5 and large H). It is then easy to see,
by the previous conclusion applied to subsegments of ~, that v cannot intersect
any column of K which is adjacent to W and lies strictly between FE,, Fs. Let
now (); C E; and (2 C E5 be the cells that v intersects right before and after W
and let Q}, Q) C K’ be the cells that ~ intersects right after (); and right before
>. Then

dist(Q1, Q2) = 2H + dist(Q}, Q5) = 2H + disty,(Q), Q) + ndistj,(Q), Q5).
By Lemma [B.12((e)

disty (Q1, Q) < disty (Q1, Q%) + Codistif(Q1, Q2) + Co.
So

dist(Q1, Q2) < distiH(Q1, Q2) + ndisty (Q}, Q) + nCo distj-(Q1, Q2) + nCo.
Hence
2H < (14 nCy) disti(Q1, Q) + nCo.

The result follows for H > 10 and n < (2C,) .

We finally show that + cannot intersect W more than twice. Assume it does.
By passing to a subsegment and possibly interchanging the roles of K and K’,
we can assume that v intersects W exactly three times and v(0) € K. Let
Q1,Q2, Q3 C K be the cells in K that v intersects before the first and third and
after the second intersection with W and let @)}, @5, Q5 C K’ be the cells of K’
that ~ intersects after the first and third and before the second intersection with

W. Then

dist(Q1, Q) = 3H + distiL (@}, Qb) + ndist e, (Qh, Qb)
- distl(Qa. Qa) + dist e (Qa. Qa). (5.4)
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Let @Q* C K be the cell which is adjacent to W and which is located relatively
to Q1, Q2, Q3 such that @1, Qs, Q3, Q* forms a “parallelogram” i.e.

dist?(Q,, Q%) = dist(Q4, Q3), dist 1 (Q1, Q%) = dist}(Q2, Q3),
dist i (Q", Q) = disty (Q1, Q2), dist (Q", Qs) = disty (Q1, Q)

in an oriented sense. Let moreover Q* C K’ be a cell which is adjacent to Q*.
Then by Lemma [5.12(g)

disti, (Q7, Q) < distji (Q', Q) + Co,  disty, (Q¥, Q4) < disty, (Q), Q%) + Co.
So

dist(Q1, Q) < dist(Qq, Q") + dist(Q*, Q') + dist(Q*, Q%)
< distjH(Q1, Q) + ndisty(Q1, Q) + H + dist} (Q, Q%) + ndist i (Q™, Q%)
< H + dist i (Q2, Q3) + n dist(Qs, Qs) + dist i/ (Q}, Q5) + Co
+ 1 disti (Q1, Q3) +1Co.
Together with (5.4]) this yields
2H < Cy + nCy
and hence a contradiction for H > Cy and n < 1. OJ

The following Proposition and its proof is similar to Proposition [5.19

Proposition 5.25. Assume that M satisfies condition (B). There are constants
n* >0 and H* < oo such that if n < n* and H > H*, the following holds:
Consider a combinatorially minimizing curve v : [0,1] — M. Then

(a) For every column E € &, the preimage v~ (E) is an interval.

(b) 7 intersects every wall W € W at most twice. Assume that K, K’ € K
are two chambers which are adjacent to a wall W € W from either side.
Then
(b1) If v intersects W exactly once then the following holds: Assume that

v(0) lies on the same side of W as K. Let E € Ex be the first
column which is intersected by v and which is adjacent to W. Then
for every column E* € Ex which v intersects before F, the minimal
chain between E* and E intersects W in at most two columns.

(b2) If v intersects W exactly twice and its endpoints lie on the same side
of W as K, then the columns Ei, Fy € Ex thal vy intersects right
before and after W satisfy disti(Ey, Ey) > H. Moreover, v does
not intersect any column of K which is adjacent to W and which
horizontally lies strictly between Ey and Es.

(b3) If v intersects two columns Fy, Ey € £ which are both adjacent to
W, then v stays within K U K' in between Ey, F5 and only intersects
columns which are adjacent to W.
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(c) Consider a chamber K € K and let Ey, ..., E, € Ek be the columns of K
that « intersects in that order. Then there are columns EY,... , E* € Ek
such that assertions (c1)-(c6) of Proposition 519 hold.

Proof. We use again induction on the combinatorial length |y| of 7. Assume that
|7| > 0, since for || = 0 there is nothing to prove. The first part of assertion (b)
follows as in the proof or Proposition [5.19]

We now establish assertion (bl). So assume that 7 intersects W exactly once
and that v(0) lies on the same side of W as K and consider the columns F, E* €
Ex. Apply assertion (c) of the induction hypothesis to the subsegment of ~
between E* and E. We obtain sequences Ei,...,E, and Ef,..., B} with E; =
Ef = E*and E, = £ = E. If E,,_4,E, are adjacent, then E, ; = E*_, lies
on the minimal chain between E* and E and by assumption FE, ; cannot be
adjacent to W; so we are done. If E, 1, E, are not adjacent, then ~ intersects a
wall W’ C 0K, W' # W twice between F,_1, E,. All columns on the minimal
chain between E_, and E, are adjacent to W’. By Lemma [5.11] at most 2 of
those columns can also be adjacent to W.

Assertion (b2) follows immediately from assertion (b3) of the induction hy-
pothesis and Lemma

Next, we establish assertions (c¢) and (a). It suffices to consider the case in
which 7(0),v(1) € K. Let E,...,E, € £k be as defined in the proposition.
If n < 2, then we are done using assertion (b); so assume n > 3. If E, ; lies
on the minimal chain between E; and F,, then we are done as in the proof of
Proposition So assume that F,,_; does not lie on the minimal chain between
E E,.

We show that FE, i, E, cannot be adjacent. Otherwise, as in the proof of
Proposition 5.19] v intersects a wall W C 0K twice between E,,_, and FE,_; and
the columns F,_o, £ ,, E,, F),_; lie along W in that order. This contradicts
assertion (b2).

So there is a wall W C 0K which is adjacent to both E,, 1, E, and  crosses W
twice between those two columns. We now proceed as in the proof of Proposition
519 but we have to be careful whenever we make use of assertion (b). As in this
proof, we can find a column E* € £k which lies on the three minimizing chains
between E, 1, F, and Ei, E, ; and E;, E, and E* # FE, ;. We also know that
FE,,_5 cannot be adjacent to to E,_1, since otherwise it would lie on the minimal
chain between E, _; and E* along W, in contradiction to assertion (b2). So by
assertion (c6) of the induction hypothesis F,_o, E¥_,, E, 1 are adjacent to a wall
W' C OK such that v intersects W' twice between E, o, F, ;. This implies
W' £ W. Now both W and W’ are adjacent to all columns on the minimal chain
between E,_i, E* or between E, i, E* ,, whichever is shorter. So by Lemma
511 we must have distf-(E*, E,_,) = 1. Assertion (c1)-(c6) now follow as in the
proof of Proposition [5.19]

Now for assertion (a), we may assume that v(0),v(1) € E € Ex in view of
the induction hypothesis. Assertion (c¢) now immediately implies that v is fully
contained in F.
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Finally, we establish assertion (b3). In view of the induction hypothesis it
suffices to consider the case in which E;, Fy € £k and in which « does not intersect
W. Apply now assertion (c) to obtain sequences E7, ..., E/ and E{*, ... E* with
E¥ = Bl = Ey and B = E/, = E,. It follows that all columns EY, ..., E} are
adjacent to W. If v crossed a wall W' C 0K twice in between some Ej, E] |,
then all columns between E*, E*, would be adjacent to W’ and W. This is
impossible by Lemma 5111

Finally, for assertion (a) observe that if v intersects £ € &k twice, then by
assertion (b3) it has to stay within K U K’ for every O

The next Lemma is an analog of Lemma (.21l Note that in the setting of
condition (B), we don’t need to work inside a single chamber. This fact will later
compensate us for the lack of an analog for Lemma [5.20]

Lemma 5.26. There are constants n* > 0 and H* < oo such that if n < n* and
H > H*, the following holds:

Let B E5 € € be two columns and Q,Q, C EY, Qs,Qy C ES cells such
that the wvertical orders of Q1,Q, and Q,Q, are opposite to each other. Let
v, 7 :[0,1] = M be minimizing curves from Qi to Qy and from Q, to Q,. Then
we can find cells Q’,@, € Q which intersect v, and such that dist(Q’,@/) < 3H.

Proof. Consider first a wall W € W that intersects v (and hence also 7) exactly
once. Let K, K’ € K be the cambers which are adjacent to W from either side
in such a way that v(0) and 7(0) lie on the same side of W as K. Let E € &k
be the first column on v which is adjacent to W and choose E € £k analogously.
We argue similarly as in the proof of Lemma that distl.(E,F) < 3. Let
E* € &k be the first column on v inside K and define E analogously. Then
cither B* = E° = E? or E° ¢ E. In both cases there is a wall W* C 0K,
W* £ W which is adjacent to both E* and E". Let E** € & the last column
on the minimal chain between E and E* and define E= € &k analogously. By
Proposition 5.25(b1) we have dist’(E, B**), dist!.(E, E™) < 1. It now follows as
in the proof of Lemma that dist? (E**, E™) < 1 and hence dist (E, E) < 3
(observe that this part of the proof only makes use of the tree property of Ex
from Lemma [B.TT]).

Let now W1, ..., W), be all the walls that v intersects exactly once in this order.
Then also 7 intersects each of these walls exactly once in this order. For each
i =1,...,h let E] € Ex be the first and E; the last column on 7 which is
adjacent to W;. Define EZ and E;, accordingly. By the last paragraph, we obtain
that E/, E;, and E/, E have horizontal distance < 3 in the chamber in which they
are contained (the bound on the horizontal distance between E; and E;/ can be
obtained by reversing the orientation of 7 and 7). Choose cells Q; C E!, Q7 C E!

— — = — . . .
resp. ); C E,, Q); C E, which intersect ~y resp. 7.

We first the case in which there is some i € {1,...,h} such that the vertical
orders of Q;,@; and QY ,@;, are different. Observe that by Proposition [(£.25(b3)
the curve v only intersects cells adjacent to W; between @ and Q7; the same is
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true for 5. Let S C M be the union of all cells which 7 intersects between Q:, Q7
and define S accordingly. It is not difficult to see, using Lemma [5.24] that either
SNW; and SNW; intersect or there is a cell Q' € Q on ~y with dist(Q’, @;) <3+H
or dist(Q’,@:) < 3+ H or there is a cell Q' € Q on 7 with dist(@,, Q) <3+H
or dist(Q, Q7) <3+ H. In all these cases we are done.

So assume from now on that the vertical orders of Q/, @, and Q”,Q, are the
same for all # = 1,...,h. Choose now i € {1,...,h} minimal such that the

vertical order of @, @; differs from that of Q;,@Q,. If there is no such 7, then the

vertical orders of @}, @/h and @4, Q, are opposite and we can get rid of this case by
reversing the orientations of v and 7. Let K € K be the chamber which contains
—!/

/,Q,. If i > 1, the choice of i implies that the vertical order Q7 ,, @, , is

different from that of @, @; C K. If i = 1, then the vertical order of Q;,Q, C K
is different from that of Q/l,@; Apply Proposition 5.25(c) to the subsegment of
v between @Q)_; or 1 and Q7 to obtain columns FEi,..., F, and E},... , E’ €
Ex. Similarly we obtain the columns Fi, ..., F» and E’{, o ,E; € & for the
corresponding subsegment of 3. Note that dist’ (£, E,), disti(E,, Er) < 3.

If dist?(Ey, E,), dist?(E,, E;) < 6, then by Proposition [.25(c), all columns
E; and E; have distance < 17 from one another and hence we can just pick cells
Q' ,@/ which are horizontally aligned to show the Lemma. So assume from now
on that this is not the case and let L and L be the minimal chains between E;, E,,
and F1, E;,. By the tree property as explained in Lemma [5.11], L and L intersect
in a minimal chain L° such that every column on (L U L)\ L° has horizontal
distance < 3 from L°.

As in the proof of Lemma [5.21] define the sets S C LUFE,U...UE,, S"C L
and SC LUE,U...UEx, S T . Observe that S’,gl lie in different sets and
might not intersect as before. However, we can still find cells Q° C 5, Q° C S
such that

distg(Qo,@o) <3 and distX(Qo,@o) =
We will work with these cells now instead of Q° alone. By the definition of
S’ there is a cell @Q°° C S which is either equal to Q° or adjacent to @° and
horizontally aligned with it, i.e. disti(Q°°,Q°) < 1 and dist}(Q°°,Q°) =
Again, by the definition of S, there is a cell " € Q on ~ which is either equal to
Q°° or adjacent to it across a wall, i.e. dist(Q’, Q°°) < H. Altogether this implies
that dist(Q’, Q°) < 1+ H. By an analogous argument, we can find a cell @/ on 7y

with dist(@/,éo) < 14 H. Hence dist(Q', Q") < 5+ 2H < 3H for large enough
H. ]

Proposition 5.27. Proposition [5.23 also holds in the case in which M satisfies
condition (B).
Proof. We follow the proof of Lemma[5.22] Observe that since M satisfies condi-

tion (B), the action ¢ : Z ~ M acts as a vertical shift on each column of M. So
we do not need to restrict to the case in which the cells (Qy, @1, @2 lie in the same
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chamber. Instead of applying Lemma [5.21] we now make use of Lemma [5.26] to
obtain cells @}, Q5 C K on ¢, oy, and 7, with dist(Q}, Q5) < 3H < 4H. The
rest of the proof is exactly the same as that of Lemma [5.22] OJ

5.6. Proof of Proposition [5.3]if M satisfies condition (B) or (C). We will
now apply the combinatorial convexity estimates from Propositions and
to construct large polyhedral balls in M which consist of cells. In the following
we will always assume that M satisfies condition (B) or (C) and that n resp. H
have been chosen smaller resp. larger than than all constants n* resp. H* which
appeared the Lemmas and Propositions of subsections [5.4] and

Lemma 5.28. Let K € K be a chamber of M and consider a finite union of cells
S C K whose interior is connected. Assume that S has the property that for any
two cells Q1,Qo C S which are vertically aligned, S also contains all cells which
are vertically between Q1 and QQo. Then S is homeomorphic to a closed 3-disk
and the intersection of S with every wall W C 0K has connected interior in W.
More precisely, there is a continuous, injective map b : D3 — M with b(D3) = S
which is an embedding on B3 U (52 \ b=2(VI))) and for all walls W C 0K the
preimage b= (W) is either empty or a (connected) topological disk which is the
union of rectangles.

Proof. The Lemma is obviously true if S only consists of cells which are vertically
aligned. Observe that the columns of K are bounded by subsets of 0K and
subsets of components of 771(C). Those components correspond to curves of
5} cx K, are diffeomorphic to I X R and every two adjacent columns intersect in
exactly one such component. Moreover, each such component separates K into
two components.

Consider now such a component X C 7 !}(Ck) with the property that not
all cells of S lie on one side of X. This is always possible if not all cells of S
are vertically aligned. Let 57,5 C K be the closures of the two components of
S\ X. Then S; NSy is a connected rectangle and so the interiors of Sy, Sy must
be connected and hence S,.S, are homeomorphic to 3-disks. Since the interior
of 1N Sy in X is a (connected) disk, we find that S = S; U S, is a topological
3-disk as well.

Next, let W C 0K be a wall and assume that two cells @), Q" C S are adjacent
to W. Let E, E' € Ex be the columns that contain ), Q). Since S is connected,
we can find a chain (Fy, ..., E,) between E, E’ such that E; contains a cell of S
forall i =0,...,n. We may assume that we have picked the chain such that n is
minimal. It is then easy to see that this chain cannot contain any column twice.
Hence it is minimal and so all its columns are adjacent to W. It follows easily
that we can connect @) with @’ through cells in K which are adjacent to W and
hence S N W is connected. By the property of S, this intersection can only be a
topological 2-disk.

The existence of the map b follows along the lines of this proof. O
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Let QQy € Q be an arbitrary cell and R > 0 a positive number. Then we define
Br(Qo) = J{@eQ : dist(Q,Qo) < R}.

Next, consider the distance function dist™ : K x X — [0, 0o) which assigns to every
pair of chambers K, K5 the length of the minimal chain between K, K5. This
length is equal to the minimal number of intersections of a curve between Ki, Ky
with the walls of M. For two cells Q1 C Ki,Qs C K5 we set dist’C(Ql,Qg) =
dist™ (K, K5). Observe that

dist(Qy, Qo) > H dist”™ (K1, K»).

Let J > 0 be a large constant whose value we will determine later. We define a
new distance function dist’(+,-) on Q as follows

dist’(Q1, Q2) := dist(Qq, Q2) + J dist™ (Q1, Q2).

Obviously, (Q, dist’) is a metric space. Set moreover

BR(Qo) = J{@ecQ : dist'(Q,Qv) < R}.
Finally, we define

Q) C K € K and there are cells @1, Q2 C Br(Qo) }

Pr(Qo) = U {Q € @ : in K such that Q, Q, Q)2 are vertically aligned
and @ lies vertically in between Q1, Q)2

Proposition 5.29. Assume that M satisfies condition (B) or (C). Then there
are choices for n, H,J and a constant Cy < oo such that the following holds:
For all Qy € Q and all R > 0 we have

Bir(Qo) C Pr(Qo) C Int By, ¢, (Qo) U M.

Moreover, there is a continuous map brg, : D* — M such that brg,(D?) =
Pr(Qo) and brg,(S?) = OPr(Qo) and such that brg, s an injective embedding
on B> U (8% \ by, (VD).

Finally, let Ky € K be the chamber that contains Q. Then for all cells ) C
B(Qo) N Ko we have dist}; (Q, Qo). disty, (Q, Qo) < CoR.

Proof. We will see that the proposition holds for J = 11H.
We first show that

Br(Qo) C Pr(Qo) C Byi1on(Qo)- (5.5)

The first inclusion property is trivial. For the second inclusion property consider
a cell Q C Pr(Qo). Let K € K be the chamber that contains ) and choose cells
Q1,Q2 C BRr(Qo) N K such that @y, Q, Q2 are vertically aligned and @ lies ver-
tically in between Q1, Q,. Then dist(Qy, Qo) = dist’(Q1, Qo) — J dist™ (K, Ky) <
R — Jdist™(Ky, K) and similarly dist(Q2, Qo) < R — Jdist" (K, K;). It fol-
lows from Proposition in case (C) and Proposition in case (B) that
dist(Q, Qo) < R+ 10H — J dist™ (K, Kj). So dist’(Q, Qo) < R + 10H and (5.5)

follows. In order to establish the inclusion property of this proposition, it hence
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suffices to choose Cy larger than 10H + J plus the maximal number of cells that
can intersect in one point.

Next, choose a sequence Ki, Ko, ... € K such that K = {Ky, K, K»,...} and
such that dist™ (K, ;) is non-decreasing in n. We will first show that the interior
of BR(Qo) N (KyU...UK,) is connected for each n > 0: Fix n, choose a cell
Q C Br(Qo)N(KyU...UK,), @ # Qo, let K; be the chamber that contains @
and consider a combinatorially minimizing curve ~ : [0,1] — M from Q, to Q.
We show by induction on the number of cells that intersect + that Int @) lies in
the same connected component of Int(B%(Qo) N (KoU...UK,,)) as Int Qy. Let
@' € Q be the cell that ~ intersects prior to Q. If Q' C K;, then we are done
by the induction hypothesis since then dist'(Q’, Qo) < dist'(Q, Qo) and hence
Q' C BRr(Qo) N (KyU...UK,). Assume next that Q' C K; € K for j # i
and that v crosses a wall W = K; N K; € W in between @)’ and (). Then
dist(Q', Qo) = dist(Q, Qo) — H and dist™ (K, Ky) = dist (K, Ko) & 1. Tt suffices
to consider the case in which dist™ (K, K;) = dist™(K;, Ky) + 1 since otherwise
we are again done by the induction hypothesis. In this case v must cross W twice
and there is a cell Q" C K; that v intersects right before intersecting W for the
first time. By Proposition B.I9(b2) in case (C) or Proposition B25(b3) in case
(B), the curve 7 only intersects cells which lie in K; and which are adjacent to
W between Q" and @Q’. Consider now all cells Q* C K; which are adjacent to a
cell @** C K; which intersects 7. For each such Q* we have

dlSt(Q*a QO) =H+ dlSt(Q**a QO) < H + diSt(Qla QO) = dlSt(Qa QO)

and thus dist’(Q*, Qo) < dist'(Q, Qo) and Q* C BRr(Qo) N K;. Tt is then easy to
conclude that @’ and Q" lie in the same connected component of B(Qo) N K.
This finishes the induction argument.

So also the interior of Pr(Qo) N (KoU...UK,) is connected for all n > 0. We
will now show by induction on n that there is a continuous map b, : D> — M
whose image is equal to the closure of this interior and which is an injective
embedding when restricted to B* U (52 \ b;1(VM)). For n = 0 this statement
follows immediately from Lemma[5.28 and the fact that the interior of Pgr(Q)NKy
is connected. Assume now that n > 1. There is a unique ¢« € {1,...,n — 1}
such that K; is adjacent to K,. So dist"™(K;, Ky) = dist™(K,, Ky) — 1. Let
W = K; N K, € VW be the wall between K; and K,. Observe that for every
cell Q C Pr(Qo) N K, which is adjacent to W and every cell @ C K; which is
adjacent to @ we have dist(Q’, Qo) < dist(Q, Qo) + H. So by (53)

dist’(Q', Qo) < dist'(Q, Qo) + H—J < R+ 11H — J = R.
Hence Q' C Bi(Qo) C Pr(Qop). This implies
Pr(Qo) NInt K, N W C Pr(Qo) NW = Pr(Qo) NInt K; NW =b,_1(D*)NW.

By Lemma [£.28 the set Pr(Qo) NInt K, is the union of the images of maps
b : D3 — M with the appropriate regularity properties and any two such images
intersect in at most an edge of V. Moreover, the preimage of W under every such
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map b’ is a (connected) topological disk which is contained in b, 1(D3*) NW. It
is now easy to see that we can combine b,,_; with the maps b’ to obtain a map
whose image is equal to the closure of the interior of Pr(Qo) N (Ko U ... U K,,).
Smoothing this map in the interior of D? yields b,. This finishes the induction
and proves the second assertion of the Proposition for large n.

Finally, we show the last statement. Let Q C BR(Qo)NKy. Then dist(Q), Qo) <
R. Consider a minimizing curve v : [0,1] — M between @y, Q. By Propo-
sition or Proposition the curve ~ stays within the union of Ky with
the chambers which are adjacent to Ky. Let Qq, Q1,...,Q, = Q' C K, be the
cells of K that v intersects in that order. Then for all i = 0,...,n — 1 either
dist}y, (Qi, Qiv1) +disty (Q, Qir1) = 1 <t dist(Qs, Qi41) or 7 intersects a wall
W C 0K right after ); and right before QZ+1 In this case let K’ € K be the
chamber on the other side of W and let Q;, @i, C K’ be the cells that v intersects
right after @); and right before Q;;1. By Lemma EI2(f) we have

distﬁo(Qi, Qit1), diStXO(Qia Qit1) < Con™ ' dist(Q!, Qi1) + Co.

If H > 1, then the right hand side is bounded by Con~!dist(Q;, Qi11). The rest
follows from the triangle inequality for dis’cg0 and distx0 with Cy > Con~t. O

We can finally establish Proposition 5.3 and hence Proposition 5.1(a) (see sub-

section [.2).

Proof of Proposition[5.3. By Proposition (.4, we may assume that M satisfies
condition (B) or (C).

Observe first that the universal covering 7 : M — M can be seen as the
restriction of the universal covering 7 : My — My to a component of 7—!(M).
Consider the simplicial complex V' C M as defined in subsection (.3l and let
fo - — M be the inclusion map. Recall that fo lifts to the inclusion map
fo V — M in the universal covering 7 : M — M. Consider the Riemannian
metric g on My and the map f : V — M from the assumptions of the Proposition.
Let H : V x [0,1] — My be the homotopy between fy and f and let L be a strict
upper bound on the length of the curves ¢t — H(x,t) (note that V' is compact).
Since this homotopy leaves OV invariant and embedded in OM, we can extend
H to a homotopy H* : (V UJIM) x [0,1] — M, between the inclusion map
fo: VUOM — M and the extension f*:V UOM — M, of f such that H*(-,t)
restricted to OM is the identity for all ¢ € [0,1]. Here we view V U OM as a
connected simplicial complex. The homotopy H* can be lifted to a homotopy
H* (VU 8M) [0,1] — MO between the inclusion map fo : VUM — M
and a lift f : VUM — MO of f*,ie. f*om|g posr = TO f Note that
7(H*(x,t)) = H*(m(x),t) for all (z,t) € (V. UAOM) x [0,1]. Still, the lengths of
the curves t — H*(x,t) are bounded by L.

Consider the solid torus S C Int M and pick a component Scn 1(S) C Int M.
Then by our assumptions S ~ D*x R and g . 5 — S is a universal covering

map of S. Let F' C S be a fundamental domain of the solid torus which arises
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from cutting S &~ S! x D? along an embedded disk ~ {pt} x D?. The central loop
o=~ St x {0} Cc S~ S!'x D?induces a deck transformation ¢ : My — My which
is an isometry and S is covered by domains of the form ™ (F) where n € Z.
Observe also that o = 771(o) N Sis a properly embedded, infinite line which is
invariant under .

Choose a chamber K, € K for which the displacement dist™(Kg, o(K)) is min-
imal. Next, if p(Ky) = Ky choose a column Fy € £, for which the displacement
dist s, (Eo, ¢(Eyp)) is minimal. If p(Ky) # Ko, the column Ey € &k, can be chosen
arbitrarily. Finally, choose an arbitrary cell Qo C Ey. We will now show that
there is a universal constant ¢ > 0 which only depends on the structure of V' (and
not on S!) such that for all n € Z

dist’(Qo, 0™ (Qo)) > ¢|n. (5.6)

If o(Ky) # Ko, then we argue as follows. Consider the minimal chain between
Ky and ¢(Kj) in the adjacency graph of IC. The images of this minimal chain
under the deck transformations ¢, ... ™1 are each minimal and can be
concatenated along ™ (Kj), ..., "V (Ky) to a chain between K, and ™ (Kj).
We now claim that this chain is minimal. Otherwise, there are elements in this
chain which occur at least twice. Since the adjacency graph of K is a tree (see
Lemma [B.7), there must then be even two consecutive elements in this chain
which are equal. These two elements can only come from two distinct images
of the minimal chain between K, and ¢(Kj). So if K}, K € K are the second
and second last elements on this minimal chain then we must have (1 (K}) =
oW (KY) for some i € {0,...,n—1}. But this would imply that ¢(K}) = K/ and
hence dist™ (K}, p(K})) = dist™ (K}, KY) = dist™ (K, p(Kp)) — 2; contradicting
the minimal choice of K. So we conclude that the chain in question is minimal
and hence dist™(Ky, o™ (Ky)) > |n| for all n € Z which establishes (5.6) for
c< H+J.

If p(Ky) = Ko but ¢(Ey) # Ep, then we can draw the same conclusions for E;,
instead of K and obtain dist}, (Qo, 0™ (Qo)) > |n| for all n € Z. If p(Ey) = Ey,
then disty, (Qo, ™ (Qo)) > |n| for all n € Z. So in the latter two cases (5.6)
follows by the last assertion of Proposition

Let N > 1 be some large natural number whose value we will determine at the
end of the proof. The sets Sy = FUp(F)U...oN"D(F)and S_ = oY (F)U
... N)(F) are each diffeomorphic to a solid cylinder ~ I x D? and are bounded
by annuli inside S as well as disks Dy, D, and Dy, D_ where D, = o™ )(Dy)
and D_ = "M (Dy). Let o,,5_ be the subsegments of & which connect Dy with
D, and Dy with D_, ie. 5, =6NS, and 5 =5NS_.

Choose Ry > 0 large enough such that B (Qo) contains all points of M which
have distance at most L from F. Then for all n € Z the set Bj (¢™(Qo))

contains all points of M which have distance at most L from ™ (F). Consider
for the moment some number R such that

ROSRSCN_CQ_RO.
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(Cs is the constant from Proposition 5.29) Then we have By (Qo) C By(Qo) C

Pr(Qo), so every point of M which has distance at most L from Dy C F is
contained in Pr(Qq). We now claim that for all n € Z with [n| > N the set
B (¢™(Qo)) is disjoint from the interior of Bj, ¢, (Qo). Assume not and let
Q' C B, (¢"™(Q0)) N B, (Qo) be a cell in the intersection. Then we obtain
the following contraction using (5.6):

cln| < dist'(Qo, 9™ (Qo)) < dist’ (Qy, Q") +dist'(Q’, o™ (Qo)) < Ry+R+Cs < ¢N.

So B (¢™(Qo)) is disjoint from Int Bj, -, (Qo) and hence also from P(Qo) C
Int By, ¢, (Qo) U M. So Pr(Qo) does not contain any point of M which has
distance at most L from S\ (S, US_) and thus also from D, D_. This implies
in particular that the curves o, and o_ have intersection number 1 with the
restriction bp g, |s2 : 5% — M, whose image is OPRr(Qo) (see Proposition [5.29)).
Our conclusions imply that the homotopy H* restricted to 0PR(Q0) does not
intersect DoUD,UD_ or, more generally, that it stays away from S \ (S_ US+) It
we view br g,|s2 as a map from S? to VUOM, then (2,t) = H*(bRQO\Sz( ), 1) is
a homotopy between bg g,|s2 = fo obpgolsz 1 5% — M and SRQy = f*o br.Qols?
5% — M, whose image is disjoint from Dy U D, UD_ and S\ (S_.US,). So
Sr.Q, has intersection number 1 with o, and o_. Choose a small perturbation
SROp - 0 5% — MO of s, which intersects dS transversally, which still stays away

from Dy, D., D_ and and S \ (S, U SJr) and which satisfies

areasRQo} o < 2areasRQ0} L (5.7)

(S+ us_ ) (S+ us_ )’

(This can always be achieved by perturbing the composition of sgg, with a
diffeomorphism of MO which slightly expands S. ) Set

X = S/RlQ (S), Xy =s RQ0<§+) X = S/RlQ()(g )-

Then X, X, X_ are compact smooth domains of S? and we have X = X, UX_,
s'(0X) c 8S and Sr.q, Testricted to X, and X_ has non-zero intersection number
with 0. Let X! C X, be the union of all components of X, on which s% o
has non-zero intersection number with &, define X’ C X_ analogously and set
X" = X, UX’_. Then X, X' # 0 and X, X’ # S? and every component
Y C X' is bounded by at least one circle Z C 9Y such that s o |7z : Z — 05

is non-contractible in dS. Each such circle Z bounds two disks E\,Ey, C S? on
either side (one of these disks contains Y and the other one doesn’t). Consider
now the set of all such disks £ C S? coming from all components Y of X" and
all boundary circles Z C 9Y for which sy o |z : Z — 0S5 is non-contractible

in 95. Any two such disks are either disjoint or one is contained in the other.
We can hence choose a component Y C X', a boundary circle Z C 09X’ with
the aforementioned property and a disk £ C S? bounded by Z such that F is
minimal with respect to inclusion. We argue that si o restricted to every other



70 RICHARD H BAMLER

boundary circle Z' C 9Y is contractible in S: If this was not the case, then Y
must be disjoint from the interior of F, since otherwise Z' C Y C FE bounds a
disk £’ C E. By the same argument, E cannot contain any other component Y’
of X', because otherwise we would find a boundary circle Z"” C 9Y”" C Int I such
that s o, |z~ is non-contractible in 9S. So Int £ must be be disjoint from X" and

hence s% o, | describes a nullhomotopy of a non-contractible curve in &S which

does not intersect o. Since 7T2(]\A/f0) = mo(My) = 0, this nullhomotopy can be
homotoped relative boundary to a nullhomotopy which has non-zero intersection
number with ¢. This is however impossible and we obtain a contradiction. So
Sr.q, Testricted to all other boundary components of Y is non-contractible in S
and hence we have shown that ¥ =Y and h = 7 o s§ o |y satisfy all the claims
of the Proposition except for the area bound.

In view of (5.7)) it remains to choose R and N such that area s R’QO‘S}E}QO(E‘FU‘g*)
can be bounded in terms of area f. To do this choose radii R; = Ry + Cyi where
i=0,...,ewithe=[Cy'(cN —Cy —2Ry)]. Then

R0<R1<...<Re§CN—CQ—R0.

By Proposition [5.29 we know that 0Pg,(Qo) \8M, ..., 0PR,(Q0) \8M cVcM
are pairwise disjoint. So since bg, g,(5?) = OPg,(Qo) and sg, g, = [* © br,.Qos2
and f*(OM) = OM we have

< area ]7*

area SRO,QO‘ + ...+ area SRE,QO‘

51}3,@0(§+U§—) s;c;QO(§+U§_) Fe(SyuS)
Since 5,US_ = oM (FY .. W™= (F)UD_ for the half-open set F' = F\ Dy,
we further have

Forgpempy T o area f  moy o )

Observe now that whenever f*(z) = f*(y) and 7(z) = 7(y) for z,y € V, then

x =y, since the curves t — f[*(az, t), f[*(y, t) have the same endpoint and project
to the same curve t — H*(n(z),t) under w. So for all n € Z the projection 7

restricted to fi_l(w(")(F’)) is injective. Since m(f* (o™ (F"))) C f*1(9), we
< area f*

= area f*

area f| .15, 5. )

conclude area f*

Fo1(plm (77)) Fe-1(s) < area f. Putting all this together

yields

< 2N area f.

area SRo,Qo’ + ...+ area SRe,QO’

sgé’%(@u&) s};‘;QO(@uSZ)
So we can find an index i € {0,...,e} such that

| « 2 areaf < 20N
area sg; g, P PNCHT-E S area f < —— Cy— 2Ry

area f.

Choosing N > 2¢71(Cy + 2Ry) yields

area SRi,Qo} < 4c'Cyarea f.

sg;% (S, US_)

This finishes the proof of Proposition OJ
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5.7. The case in which M is covered by a 7T?-bundle over a circle. We
finally present the proof of Proposition [5.II(b).

Lemma 5.30. Let A € SL(2,7Z) be an invertible 2 X 2-matriz with integral entries.
Then for every k > 1 there is a number 1 < d < 6% such that

T+ A+A2+. . +A"'=0  mod 3"
Here I is the identity matrix.

Proof. We first show the claim for & = 1. Since det A = 1, the Theorem of
Cayley-Hamilton yields that I — (tr A)A + A% = 0. So we are done for tr A = 2
mod 3. If tr A=0 mod 3, then [ + A+ A*+ A% = (I + A*)(I+ A) =0 mod 3
and iftr A=1 mod 3, then I +...+ A° = (I — A+ A?)(I +2A+2A%+ A3) =0
mod 3.

We now apply induction. Assume that the statement is true for all numbers
up to k > 1. We will show that it then also holds for £+ 1. Choose 1 < d; < 6
such that I + A+ ... + A%~! =0 mod 3. By the induction hypothesis applied
to A% € SL(2,7), there is a number 1 < dy < 6 such that I+ A% + A%+ +
Aldz=Dd = mod 3*. So

IT+A+ .. 4 Ahd-l
—(T4+A+.. . + A YT+ A" 4 4 AL"Ddy = mod 3k
and 1 S dldz S 6k+1. ]

Lemma 5.31. Assume that M is the total space of a T?-bundle over a circle.
Then for every n > 1 there is a finite covering map m, : M — M with the same
domain and range such that for every embedded loop o C M the preimage 7, (o)
consists of at least n loops.

Proof. The manifold M is diffeomorphic to a mapping torus of an orientation-
preserving diffeomorphism ¢ : T? — T?. The diffeomorphism ¢ acts on ;(T?) =
Z? by an element in A € SL(2,Z). The fundamental group (M) is isomorphic
to a semidirect product of Z with Z? coming from the action of A on Z%. So
71 (M) can be identified with Z* x Z with the following multiplication

()= (o)) = G+ () 2 )

Since for any m > 1, the lattice mZ? C Z? is preserved by the action of A, the

subset
U, = {((zz) ,z) DTy, z € Z} C m(M)

is a subgroup of 7y (M) of index m?. Tt is not difficult to see that U, is isomorphic
to w1 (M) and that if we consider the corresponding m?-fold covering 7/ : M,, —

M, then ]\/Zm is diffeomorphic to M.
It remains to compute the number of components of 7, ' (¢) and to show that
this number can be made arbitrarily large for the right choice of m. Set m = 3 for
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a number k > 1 which we will determine later. Let & C 7, () be an arbitrary
loop in the preimage of 0. Then we can find an element g = ((z,y), 2) € m (M)
in the conjugacy class of [o] such that o represents ¢g in M and such that &

represents a multiple of g which is contained in U, = 7T1(]\/4\m) in ]\/4\,” Then the
restriction 7/, |5 : ¢ — o is a covering of a circle and its degree equal to the first

exponent d > 1 for which ¢? € U,,. We will show that d < 6*. To do this observe
that for alli > 1

o () (7)o 2 (2).2).

By Lemma [5.30, there is a number 1 < d < 6* such that the first two entries of
g? are divisible by m = 3% and hence ¢ € U,,. This implies the desired bound.

Since the choice of o was arbitrary, we conclude that every loop in 7’ ;11(0)
covers o at most 6% times and hence the number of such loops is at least

m? 3% 3\ F
[ (5) '
So choosing k such that (2)* > n yields the desired result. 0J

Proof of Proposition[51)(b). 1t is easy to see that we only have to consider the
case in which M is a T%-bundle over a circle, since for any finite cover 7 : MM
we can compose the maps ﬁ, ]?2, ...: V — M obtained for M with 7 to obtain
the maps f; :/ﬁoﬁ,fg :%\oj;,....

We first establish the assertion for the case n = 1. Consider the universal
covering 7 : M — M and choose a fundamental domain F C M. The projection
of its boundary, V = w(0F) C M, can be seen as an embedded simplicial complex
in M. Let fi : V. — M be the inclusion map of V. Denote furthermore by
V= 7 (V) C M the preimage of V and by f; : V — M its inclusion map. The
set V can be interpreted as an infinite simplicial complex whose 1-skeleton v
is the preimage of V(1 under 7. The complement of V in M consists of open
sets whose closures () C M are finite polyhedra and which we call cells. The set
of cells is again denoted by Q. Observe that every cell is the image of F' under
a deck transformation of 7 : M — M. We say that two cells Q1,Q2 € Q are
adjacent if they meet in a point of 17\17(1). Choose a cell Qg € Q and consider for
each k£ > 0 the union B (Qy) of all cells which have distance < k in the adjacency
graph of Q. It is not difficult to see that S, = 0Bk(Qo) C V is the image of a
continuous map s : 2 — V where Y; 1s an orientable surface such that s; is an
injective embedding on 3y \ 551(17(1)).

Choose a component & C 7 '(¢) which intersects Qy. Then & C M is a non-
compact, properly embedded line and there is a non-compact ray o+ C o which
starts in ()p. This implies that ot has non-zero intersection number with the
mapﬁosk:Zk%Mforeachk:Z 1.

Consider now the continuous map f; : V' — M which is homotopic to f; : V —
M via a homotopy H : V x [0,1] — M and use this homotopy to construct a lift
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f{ .V — M. Let N be a bound on the number of cells that each curve of the
form ¢ — H(-,t) intersects. Then H induces a homotopy from fl oSN I XN — M
to f{ osy : Sn — M which is disjoint from ()y. So both maps have the same,
non-zero, intersection number with 5+. We conclude that f](sy(Sy)) € f1(V)
intersects o. Hence, f](V') intersects o.

We finally show the assertion for all remaining n > 2. Fix n, consider the
covering map m, : M — M from Lemma [5.3T] and set

fo=mnof1:V — M.

Moreover, the preimage o, = m, (o) is the union of at least n loops which all
have the property that all its non-trivial multiples are non-contractible in M.

Consider a map f, : V. — M and a homotopy between f, and f/. This
homotopy can be lifted via m, : M — M to a homotopy between f; and a map
f1 : V. — M such that f/ =, o f{. We now have

folo) =i o) = 1 (o) = | £ (),

o' Con

where the last union is to be understood as the union over all loops ¢’ of o,,. By
our previous conclusion, f’ 1_1(0’ ) # ) for all such ¢’ and all such sets are pairwise
disjoint. This proves the desired result. O

6. PROOF OF THE MAIN THEOREM

6.1. Existence of short loops and compressing disks of bounded area.
We first establish an analogue of Lemma 7.12 in [Bam3]. To to do this, we need
the following Lemma which is similar to Lemma 7.11 in [Bam3].

Lemma 6.1. Let ¥ C R? be a compact smooth domain whose boundary circles
are denoted by Cy,...,Cp,CY,...,Cl, with m,m' > 1. Moreover, let g be a
symmetric non-negative 2-form on ¥ (i.e. a degenerate Riemannian metric).

Choose constants a,b > 0 and assume we have area ¥ < ab and dist(C;, Cl,) > a
foranyi=1,....,mandi =1,...,m' (both times with respect to g). Then we can
find a collection of pairwise disjoint smoothly embedded loops vi,...,V, C Int X
with the property that v1 U ... U, separates C1 U ...UCy, from C1U...UC/,
and

() + ..+ L) <.

Proof. We will proceed by induction on m + m/'. For m +m’ = 2, we are done by
Lemma 7.10 in [Bam3]. So assume without loss of generality that m’ > 2.

Let a; be the infimum of all ¢’ > 0 such that there is an embedded curve
o C % of length 2a’ which either connects two distinct circles C;,, C;, or whose
endpoints both lie in the same boundary circle C; and not all boundary circles
of ¥ lie in the same component of ¥\ (¢ U ;). Pick € > 0 small such that still
dist(C;,Cl,)) >a+2eforalli=1,..., mand¢ =1,..., m ande <a; ifa; >0
and choose such a curve o C ¥ of length 2a’ with o’ < a; + ¢.



74 RICHARD H BAMLER

Next consider the subsets
Yi={rxe¥ : dist(x,C1U...UCy,) <a; —e},
Yo={reX : dist(z,C]U...UC! ) <a—a+e}

Then X, Ny = 0 and 0 NXy = (). By definition of ay, the set ¥ is either empty
(for a; = 0) or a disjoint union of half-open domains ¥ 1, ..., 3, such that ¥, ;
is bounded by C; for all i = 1,...,m. Moreover, each component X; ; separates
> into components of which exactly one contains all boundary circles of ¥ except
C;. Hence each X, ; can be completed to a half-open annulus ¥} ; C ¥ and the
subsets ¥ ;,..., %], ¥ are pairwise disjoint. Next we let 31, .. ., ¥g v be the
components of Y. We can again extend each X to a half-open domain ¥ ;,
by filling in all its “holes” which don’t contain any boundary components of 93.
It is then easy to see that the subsets 3 ,,..., %,/ 35,,..., %5, are pairwise

/
1,m> 2m
disjoint and hence

areaX) | +...+areaX), +areaXs, +...+areaXy, » < areaX <ab. (6.1)

Consider first the case in which a; > 0 and areaX} | +. .. +areaX , < (a;—e)b.
Since the two boundary circles of each annulus X ; are a; — € apart from one
another, we can use Lemma 7.10 in [Bam3] to find a geodesic loop 7; C X
which separates both of its boundary circles such that 7

area ] ; .
—_— for all 1=1,...,m.

() <
() <
Then £(v1) + ... 4+ l(ym) < b and v U ... U, separates C; U ... U C,, from
CiU...U(C],. Soin this case we are done.
Now consider the opposite case. Then by (6.I) we must have

areaXy, + ... +areaXy, » < (a —a; +€)b.

We claim that each 33 ;, has at most m+m’—1 boundary circles (and open ends):
Note that every such open end encloses a boundary circle of 3 on the other side.
So we just need to show that there is an open end of ¥ ;» and hence of ¥, ;, which
encloses at least two boundary circles of ¥ on the other side. Recall that o is
disjoint from 5. Consider the open end of ¥ ;» which encloses 0. By the choice
of o this open end either encloses the two boundary circles of C;,, C;, which are
connected by o or it encloses the boundary circle C; and at least one boundary
circle which is enclosed by C; U o on the side opposite of Yy ,;». This shows the
claim and enables us to use the induction hypothesis on each 3 ;, to construct
smoothly embedded, pairwise disjoint loops 71,...,7, C X5, U... U}, ., such

2m/
that (1 U...U~,) N5, separates (C1U...UC],) N5, from the open ends
of 3 ;» for each i =1,...,m" and such that
area ¥ | area Yy .

14 ooy, e
<%>+ +<7)<a—a1—|—5 a—a;+e

It is clear that v4,...,7, have the desired topological properties. O
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The next Lemma provides a compressing disk of bounded area in a solid torus
given a “compressing multi-annulus” of bounded area in a larger solid torus.

Lemma 6.2. For every A, K < oo there is an hyg = ho(A, K) < oo such that the
following holds:

Consider a Riemannian manifold (M, g), a smoothly embedded solid torus S C
M, S~ Sl~>< D? and a collar neighborhood P C S, S C OP, P ~T? x I of S
which is a ho-precise torus structure at scale 1 (cf [Bam3l, Definition 7.3]). Note
that S" = Int S \ Int P is a solid torus. Assume also that |Rm|, |V Rm| < K on
the 1-neighborhood around P.

Let now ¥ C R? be a compact smooth domain and f : ¥ — S a smooth map of
area f < A such that f(0X) C 0S and such that [ restricted to only the exterior
circle of ¥ is non-contractible in 0S.

Then there is a smooth map f': D* — M such that f'(0D?) C 8S’, such that
f'lop2 1s non-contractible in 0S" and such that area f’ < area f + 1.

Proof. We first show that there are constants ¢ = e(K) > 0 and C' < oo such
that the following isoperimetric inequality holds: Assume that hy < . Then for
any smooth loop 7y : S' — P of length £(y) < ¢ which is contractible in P there
is map h : D* — M with h|g1 = v

areah < Cf(v)% (6.2)

By a local version of the results of Cheeger, Fukaya and Gromov [CFG| there
are universal constants p = p(K) > 0, K’ = K'(K) < oo such that for every
p € P we can find an open neighborhood B(p,p) C V C M and a metric ¢’ on V
with 0.9g < ¢’ < 1.1g whose curvature is bounded by K’ such that the injectivity
radius in the universal cover (V g') of (V,¢') is larger than p at every lift p € V
of p. Let m: V — V be the covering projection.

Now assume that (K) < min{+p(K), =K'~"/*(K)} and pick p on the image
of ~. Using the fact that ¢ < liop, it is not difficult to see that we can find a
chunk P' of P~ T? x I (i.e. P' C P corresponds to a subset of the form I x T
for some subinterval I’ C I), such that P’ contains the image of v and such that
P C B(p,p) C V. Then 7 is also contractible in P’ and hence we can lift it to
aloop 7 : St — V based at a lift p D E V of p- Using the exponential map at
p with respect to the metric ¢, we can then construct a map h : D* — V with
h|aD2 = 7 and areay h < 5CU(7)?, where C' < oo is a universal constant (note
that since ¢ < %K '=1/2 we have upper and lower bounds on the Jacobian of this
exponential map). Hence areag?L < Cl,(7)*. Now h=mo I satisfies the desired
properties.

We now present the proof of the Lemma. To do this, we choose

To(A, K) :min{%, e(K), 2\/1(_3A}'

Let o C S\ P be a loop which generates the fundamental group 7 (S) = Z. Note
that by our assumptions, f has non-zero intersection number with o.
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We first perturb f slightly to make it transversal to 9S5’. This can be done
such that we still have area f < A and that area f increases by less than % So
it suffices to assume that f is transversal to 05’ if we can construct f’ such that
area f' < area f + %

So ¥* = f~}(P) C ¥ is a (possibly disconnected) compact smooth subdomain
of ¥ which contains 0%. Note that f(0X* \ 0¥X) C 9S’. Denote the components
of X* by Q1,...,Q,. Let Cy,...,C, C ¥* C ¥ be the boundary circles of ¥* such
that Cy is the outer boundary circle of ¥. Each such circle C; C ¥ C R? bounds
a disk D; C R?. Set ) = D;NY. Any two disks Dy,, D;, are either disjoint or one
disk is contained in the other. The same is true for the domains 3. We can hence
pick ¥} minimal with respect to inclusion such that f |zg has non-zero intersection
number with o. Such a ¥j always exists, since ¥, = X. Let j € {1,...,p} be
the index for which C; C 9Q);. We claim that Cj is an interior boundary circle of
Qj. Assume the converse. Observe that the intersection number of f|q, with o
is zero, so if (] is an exterior boundary circle of @);, then the intersection number
of f restricted to the closure of ¥ \ @); is non-zero. This closure however is the
disjoint union of other sets ¥, and hence we can pick a ¥}, C 3 on which f has
non-zero intersection number with o. This contradicts the minimal choice of 3.
A direct consequence of the fact that C; is an interior boundary circle of @); is
that C; ¢ 0% and hence f(C;) C 9S’. We fix [ for the rest of the proof.

Next we show that for any circle Cp C Xj\ C the restriction f|¢, is contractible
in P. Note that for any such index " we have X C ¥ and hence f|s, has
intersection number zero with o. Moreover, every interior boundary circle of ¥,
is also an interior boundary circle of 3. So f restricted to any interior boundary
circle of ¥}, is contractible in P. This shows the desired fact.

Recall that every interior boundary circle of ¥ is also an interior boundary
circle of ¥ and that f(C;) C 95" and f(93)\ () C 9S. So f~1(P) = Q1U...UQ,
separates C) from 0% \ C;. Hence, after possibly rearranging the (); we can find
ap € {0,...,p} such that @Q,...,Qy C Xj, such that Q; U... U@, is a
neighborhood of 9% \ C; and such that each @; contains at least one boundary
circle of ¥j. We now apply Lemma to each @); equipped with the pull-back
metric f*(g) where we group the boundary circles of ); into those which are
contained in 0% \ C; and those which are not. Doing this, we obtain pairwise
disjoint, embedded loops v1,...,7, C @1 U...UQy C X; whose union separates
0%\ C; from Cj and for which

Wfl) 4 oot U1 < Tf'Q++Tf|Q < AR,
0 0

Foreach k =1,...,nlet D) C R? be the disk which is bounded by 7. It follows
that ¥;UD|U...UD,, is equal to the disk Dy, i.e. the disks D), cover the “holes” of
Y. Any two disks Dj , D; are either disjoint or one is contained in the other. So
after possibly rearranging these disks, we can find an n’ € {0, ..., n} such that the
disks D, ..., D!, are pairwise disjoint and such that still XU D] U...UD!, = Dj.
For each k = 1,...,n/, the consider the intersection of disk D) with the domain
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();; which contains v, (j/ € {1,...,n'}). This intersection Dj N @ is a domain
whose interior boundary circles are boundary circles of ();; and hence they are
contained in 3 \ C;. So f restricted to the interior boundary circles of D} N Q)
is contractible in P. Since f(D), NQ;) C P, it follows that f|,, is contractible.

Observe that ¢(fl|,,) < Ahy < e. So we can use the isoperimetric inequality
(6.2) from the beginning of this proof to construct a map f, : Dy — M with
area f;, < CU(fl|,,)?* and f/|., = f|,,. Let now f": D, — M be the map which is
equal to fon X\ (D] U...U D)) and equal to f;, on each D). Then

area f < area f + C(0(f|)" + ...+ (f],.)?)
<area f + C(0(fly,) + .- +€(f|%))2 < areaerCAQ?Lg < areaf + 3.

This proves the desired result (after smoothing f’). O

The following Lemma is the main result of this subsection. It will be used
instead of Lemma 7.12 in [Bam3| to find short loops in the proofs of Propositions
and In the proof of Proposition it will also be used to ensure that
these loops bound compressing disks of bounded area .

Lemma 6.3. For every o > 0 and every 4,K < o0 there are constants EO =
Lo(a, A) < 0o and ag = ap(A, K) >0, I' =T'(K) < oo such that:

Let (M, g) be a Riemannian manifold and S C M, S ~ S* x D* a smoothly
embedded solid torus. Let P C S be a torus structure of width < 1 and length
L > Ly with S C 9P (i.e. the pair (S,Int S\ Int P) is diffeomorphic to (S* x
D?*(1), St x DQ(%)))

Consider a compact smooth domain ¥ C R? and a smooth map f : ¥ — S
with f(0X) C 0S such that f restricted to the outer boundary circle of ¥ is non-
contractible in 0S and f restricted to all other boundery circles of 33 is contractible
in 0S. Moreover, assume that area f < A.

(a) Then there is a closed loop v : S* — P which is non-contractible in P,
but contractible in S which has length {(v) < « and distance of at least
sL —2 from OP.

(b) Assume that additionally o < ap, that |[Rm|,|VRm| < K on the 1-
neighborhood around P, that P has width < Ly and that my(M) = 0.
Then ~y can be chosen as in part (a) and such that its geodesic curvatures
are bounded by T and such that there is a map h : D* — M with h|g1 = 7
of areah < area f + 1.

Proof. The proof is very similar to that of Lemma 7.12 in [Bam3]. The main
difference comes from the existence of the map f : 3 — S. In part (a), this fact
simplifies some arguments. However, in part (b) the map h cannot be obtained
anymore by restricting f to a disk. So in this case, we have to make use of Lemma
0.2l
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We first explain the general setup. Assume that without loss of generality
a < 0.1 and set

A+1 3 }

Lo(a, A) = max {12 +3, =412}, (6.3)

a
We divide P into three torus structures Py, P, P3 of width < 1 and length > %L—l
in such a way that: 0S C 0P, and P, shares a boundary with P;,;. Then any
point in P, has distance of at least %L — 1 from OP. For later use, we define the
solid tori

S =5, So =S\ P, S3 =S5\ (PLUPR,).
Moreover, let P C P; be a torus structure of length > %L — 4 and width <1

if we are in the setting of part (a) or of width < Eo_l if we are in the setting of
part (b) such that S C 0P and such that dist(P’,Ss) > 2. Finally, choose an
embedded loop ¢ C S\ P which generates m(S) = Z.

Next, we explain the strategy of the proof. In the setting of part (b), we obtain
by (6.3)) that, assumlng do < ho(A, K), the torus structure P’ is ho(A, K)-precise.
Hence Lemma 6.2 immediately yields a map f’': D? — M of area f’ < area f + 1
such that f’|sp2 parameterizes a non-contractible loop in P’. Without loss of
generality, we may assume that f’ is in fact an area minimizing map. We then
set Yo = D? and fy = f': X9 — M. If we are in the setting of part (a),
then we simply set X9 = 3 and fy = f. So in either setting, fo(0%¢) C P’ C
P, and fy restricted to only the outer circle of ¥y is non-contractible in P;.
Moreover, area fy < area f + 1 and f; has non-zero intersection number with o
(since mo(M) = 0 in part (b)). In the following, we will construct the loop ~ from
the map fy : X9 — M for part (a) and (b) at the same time. It will then only
require a short argument that the additional assertions of part (b) hold.

Let ¢ > 0 be a small constant that we will determine later (¢ may depend
on M and g). We can find a small homotopic perturbation f; : ¥ — M of
fo : o = M with fi|gs, = folss, which is not more than ¢ away from f; such
that the following holds: f; is transverse to 0P, on the interior of ¥y and its area
is still bounded: area f; < A + 1. Note that f; still has non-zero intersection
number with o.

Consider all components Q1, ..., Q, of f;*(Ss) C Xy C R% Note that p > 0.
Each Q; can be extended to a disk D; C R? by filling in its inner circles. Let
Q; = DjN Y for each j = 1,...,p. Then any two disks, Dj,, D, are either
disjoint or one disk is contained in the other. The same statement holds for the
sets (7. It is not difficult to see that, after possibly changing the order of these
disks, we can find a p’ € {1,...,p} such that the subsets @, ..., Q, are pairwise
disjoint and such that Q1 U...UQ, C Q1 U...UQ,,. Tt follows that f restricted
to @1 U ... U@, has the same non-zero intersection number with o as fi. So
there are indices j € {1,...,p} such that fi|g; has non-zero intersection number
with 0. We can then choose an index j € {1,...,p} with that property such that
Q) is minimal, i.e. f1|Q;, has non-zero intersection number with o, but f1|Q;/ has

intersection number zero with o whenever @, C Q.
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Let Cp = 0Q; and observe that f,(Cy) C 0Sy. Consider the domain Q" =
Q) \ f; ' (Int S3). Its outer boundary circle is still Cy. Denote by C4, ..., C, C 9Q"
all its other boundary circles. These circles are either inner boundary circles of
Yo and are mapped into dS; under f; (in part (a)) or they belong to f; (9Ss3)
and hence are mapped into 953 under f;. So for each [ = 1,...,¢ the image
f(Cy) € 951U 0S5 has distance of at least $L — 1 from f(Cy) C 8S,. For
every [ = 1,...,q define the weight w; of C} to be the intersection number of f;
restricted to the intersection of the disk, which is bounded by C; in R?, and X,
with the loop o. In particular, this means that w;, = 0 if f1(C)) C 0%. It follows
easily that the intersection number of f1|Q3 with o is equal to wy + ... +w, # 0.
We now apply Lemma 7.11 from [Bam3] to @” with the pullback metric f;(g)
and find an embedded loop +" C Q" of length

A+1 A+1
U fily) < < —= <

(67

PN

which encloses boundary circles C; whose weights w; don’t add up to zero. Denote
by D' C D, the disk which is bounded by /. Then f; restricted to D' N 3, has
non-zero intersection number with o.

We now argue that 4’ has a point in common with f;(Sy) = Q;U...UQ,. If
not, then D'N f;(Sy) C @’ is the disjoint union of some of the Q;. By removing
some of these @), from the list and passing the the primed domains, it is then
easy to see that D' N f;1(S,) is contained in the disjoint union of some @’ which
are contained in @}. By the minimality property of @}, we conclude that the
intersection number of f; with o is zero on all these Q;,. This implies that f;

restricted to D' N f;(Sy) has intersection number zero with o, contradicting the
fact that f; restricted to D' MYy does not. Hence 4’ has to intersect f; *(S) and
thus f1(7)NSz # 0. Since v’ € Q" = @5\ f; '(Int S3), we have f1(7')NInt S5 = 0.
It follows that f1(7’) N Py # (. This implies that all points of f;(7') have distance
of at least s L—1—« > $L—2 from P and that f(7/) C P. Since the intersection
number of fi|pny, with o is non-zero, fi|,, has to be non-contractible in P, but
contractible in S. This establishes part (a) of the Lemma with v = fi|,.
Assume now for the rest of the proof that we are in the setting of part (b).
Then Q; = D; is a disk and D" C %y. Moreover, f; is an e-perturbation of the
(stable) area minimizing map fy : X9 ~ D? — M. By [Gull, fo is an immersion
on Int ¥3. So we can additionally assume that the perturbation f; is a graph over
fo-
Consider the following regions: Let B(FP», 1) and B(F»,2) C P\ P’ be the (open)
1 and 2-tubular neighborhoods of P, and let ¥; and Y5 be the components of
fo ' (B(Py, 1)) and f; ' (B(P,,2)) which contain 7/, i.e. 4/ C ¥, C ¥y C Int Xg. By
the results of [Sch], we obtain a bound on the second fundamental form of f,(3;)
which only depends on K: |l x,)| < K'(K). Moreover, this bound and the
bound on the curvature on B(P,, 1) yields a curvature bound K" = K"(K) < oo
of the metric f§(g) on ¥; which only depends on K. Since f; was assumed to be
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a graph over fy(X), we conclude that
U(foly) < 20(fily) < 30

if € is small enough depending on these bounds. The loop ' is non-contractible
in ¥, because otherwise fi|,, would be contractible in P. So we can apply
Lemma 7.9 from [Bam3] to conclude that if ay < £2(K"”), then there is an
embedded loop 7" C ¥; which intersects 4/, is homotopic to 4 in ¥; and
which has the following properties: £(fol,») < 2¢(f1|y) < « and the geodesic
curvature on " in (X1, f§(g)) is bounded by I"(K"). Obviously, v bounds
a disk D” C ¥, whose area under fy is bounded by area f + 1. Let now
v = foly. Then the geodesic curvature on v in (M, g) is bounded by some
constant I' = T'(I"(K"(K)), K'(K)) = I'(K) < oo. This establishes assertion
(b). O

6.2. The main argument. We will now go through section 8 of [Bam3| and
point out the necessary changes which are necessary to remove assumption 7s.
First observe that Lemma 8.1 (referred to as “first step”) and Proposition 8.2
(referred to as “second step”) do not make use of assumption 73, or to be precise
of a filling surface, and hence we will keep them unchanged. The same is true
for Proposition 8.5. It then remains to adapt Proposition 8.3 (“third step”),
Proposition 8.4 (“geometry on late and long time-intervals”) and the proof of the
main theorem to our setting. Note that most of these modifications are straight
forward given the results from the previous sections, except for the proof of the
main Theorem [[LT] in the case in which a component of M is covered by a T2-
bundle over a circle. In this case we in fact need to make use of a new idea.

Proposition 6.4. Proposition 8.3 in [Bam3| is still valid if assumption (iv) is
replaced by the following assumption:

(iv') for every smoothly embedded, solid torus S C Int Mipn(to), S ~ S! x
D2, which is incompressible in M(to), there is a compact smooth domain
Y C R? and a smooth map f : ¥ — S with f(0X) C 0S such that
f restricted to the outer boundary circle of X is non-contractible in 0S
and f restricted to all other boundery circles of > is contractible in 0S.
Moreover, areay, f < Aty.

Proof. The proof is the same as that of Proposition 8.3 in [Bam3| except for
the following changes: We use the constant ZO from Lemma instead of the
analogous constant from Lemma 7.12. Then instead of invoking Lemma 7.12
in the last paragraph, we apply assumption (iv') for S <« S;(to) to obtain X
and f : ¥ — S;(tp) and apply Lemma [6.3(a) with M <« M(ty), S < Si(to),
P <+ P! and f < f to obtain a loop ~; C P/ which is non-contractible in P/, but
contractible in S;(t), which has length

Eto(’%‘) < min {T%D(KQ, (h;)_l, h;), gl(KQ)}TO

and which has time-t, distance of at least %Li — 2 from OP/.
The rest of the proof remains exactly the same. O
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Similarly, we obtain:

Proposition 6.5. Proposition 8.4 in [Bam3| is still valid if assumption (iv) is
replaced by
(iv') for every time t € [to,t,] and every smoothly embedded, solid torus S C
Int Min(t), S &= St x D?, which is incompressible in M(t), there is a
compact smooth domain ¥ C R? and a smooth map f : ¥ — S with
f(OX) C 0S such that f restricted to the outer boundary circle of ¥ is
non-contractible in 0S and f restricted to all other boundery circles of 3
is contractible in 0S. Moreover, area; f < At.

and if assertion (d) is replaced by
(d') area, D; < (A+ D)ty foralli=1,...,m.

Proof. The proof is again almost the same as that of Proposition 8.4 in [Bam3].
We point out the changes that we have to make. Obviously, we can use Proposi-
tion instead of Proposition 8.3 of [Bam3| everywhere in the argument. Apart
from this, the proofs of Claims 1-3 remain unchanged.

Next, look at the main part of this proof. Given that hZ(N) < n;, Claim 3
is used in the first paragraph to construct a subset Pi(ki:) - M(tk;), which is
non-singular on the time-interval [t_;,t,], such that for all ¢ € [to,,] we have
IRm| < Kt' on PV and |[VRm| < K;t3/2 at all points of PU+) which have

i:"’ 70
a time-t distance of at least v/t from its boundary (K < K;). Moreover, Pz(fll)

)

¥

*
'R

is found to be a ¢”( )-precise torus structure at scale v/ and time ¢ and at
all times ¢t € [t_q,t,]. ‘Here ¢" 1 (0,00) — (0,00) is a function with ¢”(h) — 0
as h — 0 which depends only on L. Due to this fact, the bound on hl(f;) from
Claim 3 implies that for sufficiently small n; = n;(L, A, ) the following holds:
Whenever hZ(N) < n; and 7°, then this torus structure is min{a, 1—10}-precise at
scale v/7 and time ¢ for all ¢ € [to, t,,] and (Lo(min{e “Xa, (K1)}, A) + 10) 71
precise at scale \/fy and time t,. Here ZO and ¢ were the constants from Lemma
7.12 in [Bam3|. In this paragraph we only change the interpretation that EO
and g are the constants from Lemma Note that now ag = ap(A, K;) also
depends on A.

The next paragraph in the proof of Proposition 8.4 in [Bam3| remains un-
changed (apart from the reference to Proposition 8.3). So now look at the last
paragraph of this proof. Observe that the subset P; is a (zo(min{e_LK a, ap(A,
K1)}, A) +10)~!-precise torus structure at scale /%y and time ty. We can choose
the torus structure P¥ C P; to be (Lo(min{e “Xa, do(K;)}, A)) " -precise at
scale v/tg and at time g and such that moreover every point of P has time-tg
distance of at least 2/ty from the boundary of P; (instead of /ty). Then we
have |Rmy,| < Kity* and |V Rmy,| < Klta?’/z even on the /fg-neighborhood of
P*. So instead of applying Lemma 7.12 from [Bam3], we can now invoke Lemma
6.3(a), (b) with o + min{e ¥, ap(A,K;)}, A« A, K < K, P+ Pf and S

(2

being the union of P with the component of M (ty) \ P which contains U;(t).
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The map f : ¥ — S needed for this Lemma is obtained from assumption (iv’)
Observe moreover that 7 of the component of M(ty) which contains P;* vanishes
due to assumption (iii) and [Bam3, Proposition 3.3]. We hence obtain a loop
v; C Pr C P; of length £, (v;) < e”“®a which is non-contractible in P}, which
spans a disk D; C M(ty) of time-ty area area;, D; < (A+ 1)ty and whose geodesic
curvatures on +y; are bounded by f(Kl)tal/Q at time to. So assertions (d') and (e)
hold and the remaining assertions follow as in [Bam3]. 0

We can finally establish the main Theorem.

Proof of Theorem[I1. In the first part of the proof, we follow closely the proof in
[Bam3|. Let the function §(¢) the minimum of the functions given in Proposition
(see Proposition 8.4 of [Bam3] for more details), [Bam3, Proposition 4.15],
[Bam3, Corollary 4.3], and [Bam3l, Proposition 6.4].

Consider the constant 7} < oo and the sub-Ricci flow with surgery M’ € M
from [Bam3| Proposition 8.5] defined on the time-interval [0, c0). Recall that all
components of all time-slices of M’ at or after time 77 are irreducible and not
diffeomorphic to spherical space forms and that all surgeries of M’ at or after
time 7T} are trivial. So at or after time 7; the time-slices of M are irreducible
and not diffeomorphic to spherical space forms and the surgeries are trivial. In
particular, the topology of the manifold M(t) is the same for all ¢ > T;. By
the last statement of [Bam3l, Proposition 8.5], it suffices to establish the desired
curvature bound and the finiteness of the surgeries on M’. Choose now a sub-
Ricci flow with surgery M* C M defined on the time-interval [T}, 00) whose
time-slices M*(t) are all connected, closed components of M(t). Since the choice
of M* was arbitrary, it suffices to establish the curvature bound and the finiteness
of the surgeries on M* instead of M.

Next, we apply [Bam3, Proposition 4.15] to M and consider the time T, <
00, the function w : [Ty, 00) — (0,00) as well as the decomposition M(t) =
Minick (1) U Mipin(t) for all ¢ € [Tp, 00). Set Ty = max{Ty, T1}.

Let now M = M*(T3) and My, = Miniek(T2) N M*(T3), Mseit = Minin(T2) N
M*(T3). So M = My, U Mgeir and we can apply Proposition 5.1] to obtain a
simplicial complex V' and either a continuous map fo : V. — M with fy(0V) C
OMseif = OMyyp which is a smooth immersion on OV (if M is not covered by a
T?-bundle over a circle) or a sequence of continuous maps fi, fo,...: V — M
(if M is covered by a T?-bundle over a circle). Next, we can apply Proposition
to obtain a constant Ay < oo and (not necessarily continuous) families of
piecewise smooth maps fo; : V. — M*(t) or fi for,... 1 V. — M*(t) for all
t € [Tz, 00) with fo1,|av = folav such that fy sy moves by the ambient isotopies
of [Bam3|, Proposition 4.15], f,,; is homotopic to f,, in space-time—restricting to
said isotopies on AV if n = 0—and such that for n =0 or all n > 1

limsupt~'area f,; < Ay. (6.4)
t—o0
We now distinguish the cases in which M is or is not covered by a T2-bundle over
a circle.
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Case 1: M is not covered by a T?-bundle over a circle Choose T; > T)
such that area fo; < (Ap+ 1)t for all ¢ > T5. It now follows from Proposition [5.1]
that for every ¢ > T3 and every smoothly embedded solid torus S C Int My, (£)N
M*(t), which is incompressible in M*(t), there is a compact smooth domain
¥ C R? and a smooth map h : ¥ — S such that h(9¥) C dS and such that h
restricted to only the exterior boundary circle of ¥ is non-contractible in 95 and
such that

areah < Carea fy, < C(Ay + 1)t.

Here, the constant C' only depends on the topology of the manifold M.
Next set

A=C(A4y+1), L= <1+A+1)4
47

and consider the constant T'y = T'y(L, A) from Proposition 6.5l (see [Bam3l, Propo-
sition 8.4]). Set

T
=T
and choose Ty = Ty(L, A, o) and wy(L, A, o) according to this Proposition. Choose
now 7™ > max{4T3, T4} such that w(t) < wy for all t € [3T*,00) and consider
times t, > LT* and ty = L~ 't,. Observe that M* is defined on the whole
time-interval [1t,t,] and that condition (iv’) of Proposition G5 holds assuming
additionally that S C M*(¢). It is then not difficult to see that we can apply
Proposition 6.5 to the sub-Ricci flow with surgery M* with the parameters L, A, a
(note that this is not strictly the statement of Proposition [6.5] but it is easy to
check that the constructions in the proofs of Propositions and can be car-
ried out separately on every component of M). We then obtain sub-Ricci flows
with surgery Uy, ..., U, C M*, outside of which we have a curvature bound, and
disks Dy,...,D,, C M*(tg) with area;, D; < (A + 1)t, whose boundary loops
have length < a+/t and geodesic curvature bounded by I'yt=! for all t € [to, t,].
Assume that m > 1. Since al'y = 7 < 27, we obtain a contradiction by [Bam3,
Lemma 7.2(a)]:

«

A+1 4
t, < <1+ i )> to = Lty = t,,.

4(271' — OéF4
So m = 0 an thus we have |Rmy | < K ¢! on M(t,,).

We have shown that if M is not covered by a T?-bundle over a circle, then
|IRmy| < K4t~ on M*(¢) for all t > LT*. So in particular, M* does not develop
any singularities past time LT™.

Case 2: M is covered by a T%-bundle over a circle In this case consider
the families of piecewise smooth maps fi 4, fas, ... and observe that the constant
Ap in ([6.4) is independent of n. Note also that in the present case M*(t) C
Mipin(t) for all ¢ > Ty,

Let now, 7, K5 be the functions from [Bam3, Corollary 4.3] and y; the constant
from [Bam3, Lemma 5.2]. Set u = min{py, lio} and consider the constants wy =
wO(:uvT<'7 1>7 KQ('? 1))7 0<sy= 52(:“77<'7 1>7 KQ('? 1)) <81 = 51(:“7?('7 1)7 K2<'7 1))
< 15 from [Bam3, Proposition 5.1]. Choose T3 > T, such that w(t) < wq for all
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t > Tjs. Fix such a time . We can hence apply [Bam3l Proposition 5.1] to M*()
and conclude that either diam, M*(t) < pp 4(z,t) for all z € M*(t) and M*(t)
is diffeomorphic to an infra-nilmanifold or a manifold that carries a metric of non-
negative sectional curvature, or we obtain a decomposition M*(t) = V; UV, U V]
satisfying assertions (a)—(c) of this Proposition. Note that in the first case M*(t)
is diffeomorphic to a quotient of the 3-torus or the nilmanifold.

We now analyze this decomposition (of the second case) further using the
tools of [Bam3|, sec 5.3] (observe that we are in case A of this subsection). As
in [Bam3, Definition 5.3] let G C M*(t) be the union of all components of V3
whose generic S'-fiber is incompressible in M*(¢) and all components of V; or
V3 whose generic fibers are incompressible tori. Then by [Bam3, Lemma 5.4] we
have 0G C Vo N G. Moreover, by [Bam3l, Lemma 5.5] there is a disjoint union of
finitely many embedded solid tori & C M*(t) such that M*(t) = GUS. So we
can make the following conclusion: Either G = M*(t) or there is a component
C C V, such that the S'-fibers on C N Vi reg are incompressible in M*(t).

Let € G be an arbitrary point and recall the notation (see [Bam3, Definition

4.1))
pro(m,t) =sup{r <ry : sec, > —r2on B(z,t,7)}.

Consider the universal cover M*(t) of M*(t) and choose a lift = € M*(t) of x.
Then by [Bam3l Lemma 5.2] there is a constant w; = w;(u) > 0 such that

vol B(z, p,s(x,t)) > wlp::’/i(x, t).

(This also holds in the case in which M*(t) has small diameter.) In other words,
r is wi-good at scale v/t (compare with [Bam3, Definition 6.1]). Consider now
the constants Ty = T'(wy, 1), K = K(w;) and p = p(w;) from [Bam3l, Proposition
6.4]. Assuming that we have picked ¢ such that ¢ > T}, we conclude that

Rm|(x,t) < Kt and  p(2,t) > v/t forall zeg.

Consider first the case in which G # M*(t) and hence there a component
C C VNG such that the S'-fibers on C N Vi, are incompressible in M*(t).
Pick € C N Va,e. By [Bam3, Proposition 5.1(c3)] there are an open subset
U C M*(t) with

B(z,t, 3s0p s(x)) C U C B(x,t, 800 7(7))

which is diffeomorphic to B2 x S!, vector fields X;, X5 on U and a smooth map
p : U — R? such that: We have dp(X;) = a%i and [(X;, X;) — 6;5] < 15 for all
i,j = 1,2. Moreover, p : U ~ B? x S' — p(U) corresponds to the projection
to the first factor and the S'-fibers coming from the second factor are isotopic
to the S'-fibers in C N Va,¢ and hence incompressible in M*(¢). It then follows
easily that p is 2-Lipschitz and that By = B(p(z), +s2p () C p(U).

Now recall the maps fi4, for,...: V. — M*(t) from the beginning of the proof.
By Proposition b.I, we know that for each n > 1, the map f,, intersects each

S'-fiber on U at least n times. In other words, f,/(p~'(y)) contains at least n
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elements for each y € By C p(U). Since p is 2-Lipschitz, we find that

nrsip®.(x,t) 252
area fp,; > %area By = 216\/-i4 n- 8120p() - L.
So it follows that for
> 100 (Ag+1)
n —S 5 A0
s3p°

we have area f,,; > (Ap + 1)¢t. This however contradicts (6.4)) for large t.

So there is some constant T5 < oo such that whenever t > T5, then G = M*(t)
and hence |Rmy| < Kt~! on M*(t). As before, this implies that there are no
surgeries on M* past time 75. 0
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