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ABSTRACT OF THE DISSERTATION

A Parametrix Construction for Low Regularity Wave
Equations and Spectral Rigidity for Two Dimensional
Periodic Schrodinger Operators

by

Alden Marie Waters
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2012

Professor James Ralston IV, Chair

This dissertation consists of two parts. In the first half, we construct a frame of complex
Gaussians for the space of L?(R") functions. When propagated along bicharacteristics for
the wave equation, the frame can be used to build a parametrix with suitable error terms.
When the coefficients of the wave equation have more regularity, propagated frame functions

become Gaussian beams.

In the latter half, we consider two dimensional real-valued analytic potentials for the
Schrodinger equation which are periodic over a lattice .. Under certain assumptions on
the form of the potential and the lattice I, we can show there is a large class of analytic
potentials which are Floquet rigid and dense in the set of C*°(R?/IL) potentials. The result

extends the work of Eskin et. al, in "On isospectral periodic potentials in R”, I1.”
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CHAPTER 1

Introduction

This dissertation consists of two parts which are reproductions of my previous work. The
first part is a reproduction, with minor changes, of my paper [Wat11] and the second part

is a reproduction of [Wat12]. The significance of both halves is outlined below.

1.1 Gaussian Frames for Parametrices

I have completed an investigation into the feasibility of a certain parametrix construction
for the wave equation. In my paper [Watll], which is the basis for the first half of my

dissertation, I consider the Cauchy problem for the wave equation

2 n 5?2
Ou(t,x) = ﬁu(t,x) —j;l ajk(x,t)mu(t,x) =0, (1.1.1)
with u(t,z) : [=T,T] x R® — R. The coefficients (ajx(7,t))},—, are assumed to form a

uniformly positive definite and bounded matrix. Following Hart Smith’s paper [Smi98|, I
assume only that the coefficients a;x(z,t) are C'!. T consider a family of complex Gaussians

indexed by v € I,

Oy (@) = Cnexp(i&y - (v — ay) — & v — 2, %), (1.1.2)

along with a natural choice of a family (x.,&,) in R*", and I prove that they satisfy a frame

condition for H™(R") functions as in [SHBO04]:

Theorem 1. [Wat11] There exist constants Cy and Cy with 0 < C; < Cy < oo such that,



for all m with 0 < m < 0o, the inequalities

CillF @)@y < D1+ 1E ) F(0,(2), F@)* < Callf @)y ny

vyel

hold for all f € H™(R™).

If we use the pairs (z,,&,) in (1.1.2) as initial data for bicharacteristics determined by the
wave equation, then along the solution curves, or null-bicharacteristics, we may propagate
the functions in (1.1.2) to obtain ¢, (¢, z) in a simple way to approximately solve Ou(t, z) = 0.
The frame condition ensures that, when P and P* are given by

P f(x) = {(f(@), 65 (@) her,  P* {{f (@) 65(2)) brer = D (S 2))¢1(2),

vyel

the operator Il = P*P is bounded and invertible on its range. The operators P and P* allow
us to think of the action of hyperbolic operators in terms of weighted I?(T") sequences, which
are sometimes easier to understand and manipulate. Let the propagation operator E(t) be

defined as follows:

EMIf(x) =Y (f(2), ¢5(2))¢5(t, ).

yel’

The simplicity of the construction of E(t) is the main reason that a frame of Gaussian
functions proves valuable. Using the idea of transferring H™(R™) norms to to weighted *(T")

sequences, I prove

Theorem 2. E(t) is an operator of order zero, and OE(t) is an operator of order one.

The main theorem in my paper, Theorem 3.2 in [Wat11] may be stated as follows:

Theorem 3. If —1 < m < 2, with f € H""(R") and h € H™(R"), and if F € L*([-T,T]; H™(R")),
then there exists a G € L'([-T,T); H™"(R™)) such that

t

u(t, ) = C(t, 0)f(z) + S(t, 0)h(z) + / S(t, 5)G(s,2) ds

and

G 11 (e 1wy < C(T) (HfHHmH(Rn) + 1P g ey + HFHLl([—T,T];Hm(R”)))



solves the Cauchy problem

Ou(t, ) = (0} — A(t,r,0,))u(t,z) = F(t, )
u(t’ x)|t=0 = f(.il?)
Oyu(t, x)|i=0 = h(x)

in the weak sense. If f and h are both identically zero and F' is also zero for all t €
[=T.,T], then G and u will vanish as well. Here C(t,0)f(x) and S(t,0)h(x) are defined

i terms of linear combinations of the propagated functions and the sets of inner products

{(f(2), 05(x)) }yer and {(h(z), (2)) }rer-

1.2 Spectral Analysis for Periodic Two Dimensional Schrodinger

Potentials:
In my work on inverse problems, I consider the Schrodinger operator, P, such that
P:u(z) — (—A + q(z))u(z) (1.2.1)
where ¢(x) : R™ — R is periodic over a vector lattice L C R", i.e.,
q(z +d) = q(x), Vd € L.
I assume that the lattice satisfies the condition
|d| =|d| = d=+d, Vd,d €L (1.2.2)
and study the set of A € R for which the problem
(—A + q)u(z) = Mu(z), u(x+d)=exp(2mik-d)u(z), VdelL (1.2.3)

has a solution. If, for some k in R", there exists a function u not identically zero solving
(6.0.1), we say that A € Spec,(—A + ¢), and we refer to | J, Spec,(—A + ¢) as the Floquet
spectrum. In the case k = 0, we refer to Specy(—A + ¢) simply as the spectrum, denoted by
Spec(—A + q).



I have begun a study of the Floquet spectrum in 2 dimensions which will naturally extend

to dimensions 3 and higher. We say that two potentials, ¢ and ¢, are Floquet isospectral if
Spec,(—A + q) = Spec,(—A +q), VkeR",

and we say that they are isospectral if equality need only hold for the spectrum. We say that
a certain potential ¢ is Floquet rigid if there are only a finite number of potentials which
are Floquet isospectral to ¢; similarly, if only a finite number of potentials are isospectral
to q, we say that q is spectrally rigid. Under the assumptions that the the lattice satisfies
the condition (1.2.2) and the potentials are analytic, the potentials are Floquet isospectral

whenever they are isospectral, which simplifies the analysis as in [ERT84a] and [ERT84b].

In the second half of my dissertation, I will show that, under certain hypotheses, there
is a larger set of smooth analytic periodic L?*(R?/IL) potentials than those considered in

[ERT84b| which are Floquet rigid



CHAPTER 2

Background for the Parametrix Construction

In [Smi98], Hart Smith constructed a parametrix solution for the wave equation using a frame
that is now called curvelets. We construct, in this dissertation section, a new frame out of
Gaussian functions. When a Gaussian function is propagated along the ray, it becomes
a Gaussian beam, which looks like a Gaussian distribution on planes perpendicular to a
ray in space-time. The existence of such solutions has been known to the pure mathematics
community since the 1960s. Recently, there has been a revival of interest in Gaussian beams,

given their robustness in approximating solutions to PDEs.

Nicolay Tanushev numerically simulated mountain waves with a high degree of accuracy
using superpositions of high frequency Gaussian beams in [Tan08]. Gaussian beams are
concentrated along a single ray, and thus it is desirable to use many of them to represent a
solution because a global solution is rarely concentrated along a single curve [Ral82]. Tanu-
shev’s dissertation showed that Gaussian beams have several major advantages over other
techniques used to numerically approximate the solution to a mountain wave. Motivated
by these numerical calculations, we will show that a frame consisting entirely of complex

Gaussians can be used to build an accurate parametrix to the wave equation.

The idea of using complex Gaussians to build an accurate parametrix is not new. Daniel
Tataru, in [Tat00], constructed a parametrix to the wave equation with low regularity coeffi-
cients using a modified FBI transform. While the solution in his paper is elegant, numerical
calculations with such a construction would be difficult, if not impossible. Representing ini-
tial data in terms of a frame of Gaussians may lead to more viable and accurate numerical

solutions, as done with frames of curvelets in [AHS08§].



For the first half of this dissertation we will consider the wave equation,
Ofu(t, ) — A(t,z, p)u(t,x) = Fu(t,x) — > ay(t,2)0s,0pult, z) =0,
1<i,j<n
and we let

Az, t) = {aij(z, t) h<ij<n

We assume that the matrix A is uniformly positive definite and bounded — that is, there

exists a constant C > 0 with

5 2
% < Z ai;(t, ©)&:&5 < ClEf
1<i,j<n
for all (¢t,x,&) in [T, T] x R™ x R™. Here, T is fixed and finite. Furthermore, we assume the
entries of the matrix, denoted a;;(¢,z) with (¢,2) € [-T,T] x R", are in C*'. Coefficients

which are C%! are of interest because they are minimally regular; they satisfy a Lipschitz

condition in x and ¢,
|ai;(t, x) — ay (', 2")| < C(|t = '] + o = 2')),
and their first derivatives in z satisfy a Lipschitz condition

|Veai;(t,x) — Vaa(t, )| < Cla — 2|

This dissertation section is divided into three major parts. The focus of Chapter 3 is the
introduction of a frame of Gaussian functions, which will represent elements of the Hilbert
space L?(R™). Theorem 4 is the main topic of Chapter 3, which shows not only that the
essential L?(R™) estimate for a frame holds, but also that we also have stronger estimates
for weighted sequences of frame functions in terms of Sobolev norms. The proof of Theorem

4 consists of two technical lemmas which introduce notation that will be used in Chapter 4.

Building on the framework of Chapter 3, Chapter 4 details the construction of what
are usually called Gaussian beams (when the higher regularity cases are considered) and

shows how they are propagated in space-time. The main theorem in Chapter 4 is Theorem



6, which shows that the propagated frame operators are bounded in the appropriate little-
¢ sequence spaces. These sequence spaces correspond to the natural Sobolev norms of the
functions which are used as initial data. This chapter contains the necessary estimates for the
construction of a parametrix for the wave equation with C*! coefficients. Finally, Chapter

5 follows the work of [Smi98] very closely and contains the actual parametrix construction.



CHAPTER 3

Construction of the Frame

Let the set of functions {¢(z)},er be defined as follows:

A 3
st(x) = (’6”2—%%) exp (257 (T — 55”/) - |§7||x - :E7|2) )

where 7 is the index v = (i,k, ) with i € I, and where [} is a finite subset of integers
which depends on k£ € N and o € Z". In the first two lemmas we will pick &, = 28w, 1. a
vector in R™ with % < |wik| < 1, and 2z, = Az, another vector in R" with Az, a scale
factor depending on k. We will show that these vectors can be chosen so that the set of
functions {¢,(2)},er form a frame for L*(R"). Not only will our chosen set of {¢.(z)}er
form a frame in L*(R™), but we also will show that weighted sequences of frame functions
are comparable to the m! Sobolev norm (provided it exists) of any f(x). In particular, we

have

Theorem 4. For any finite m > 0 and f(z) € H™(R™) there exist constants Cy and Cy,
independent of v and with 0 < Cy < Cs, such that the following holds:

0 < Cy|If (@) [fmqny < D 125" < Coll (@)l Fmgzny (3.0.1)
Y

with

c(7) Oy () [f(z) da.

]Rn

For this dissertation we will use the convention that the Fourier Transform for a function

h(u) € L*(R") is defined as



We will also need to introduce the following functions:

o) = (121) e (i - e ).

The only difference between ¢, (z — u) and ¢, (z) is that the discrete variable z., is now a

continuous one, u, and there is no factor of (Az,)2. Here we note that
p - |§ — §7|2
OF =2 e (-E250).
” 7,

In Lemma 1 we construct an approximate partition of unity from the sum of the squares of

the Fourier transforms of the 1., (w).

Lemma 1. One can chose w;y, i in I, k € N with % < |wik| <1 so that the inequalities
0 < ChlE)P™ < 22%’” exp (

(4,k)
hold for all £ € R™"/{0}, 0 < m < oo, finite. Here C] and CY are constants independent of €.

€ — 25w, |2
2|2kwi7k\

) < ChlePP™ (3.0.2)

For clarity, we will save the proof of Lemma 1 and Lemma 2 below until the end of the
proof of Theorem 4. For Lemma 2, we will pick Az, so that we can approximate the center
term in the inequality (3.0.1) by an expression which no longer involves «;, effectively turning

the summation over « into an integral.

Lemma 2. For fized k € N, let Az, equal 062_§_€k with € > 0 and C, a small constant
independent of k and dependent on €. Then, for every e > 0, there exists a choice of C, such

that the following holds:

Z//Q%mf<x>¢7(x — alz,) f(2')py (2" — aAx,) do dx' —

7 Rn Rn
n,—1
<Z> ///22kmw7(33_U)f(l")%(ilf’—u)f(x’)duda:dx’ < = e
k) gn Rn Rn

Proof of Theorem 4. If we let

/ / / 2% (2 — w)ihy (2 — w) f () f () du da do’,

R® R™ R™



then the kernel of this expression can be rewritten as

/22km¢7(x - U)@%@’ —u)du = (277)n/ Kolo—m )Q%mWW( )|2 dg,

R R™

since the Fourier Transform is an isometry on L?(R"). As remarked earlier,

s __9—n |€_£’Y|2
OF =2 e (<250,

so that, by Lemma 1 and Fubini’s Theorem,

< Z///?km% © — W@ — ) f(@) (2! du da da’

7/ k)Rn R? R

Ct ||1€l™ £(€)

< 7"C,

7 @)||

L2(Rn)’

which is equivalent to

" C || f(x ||Hm Rn) < Z///22kmz/;,y r —u),(z' — (2 —u) f(z)f(a) dudedz’  (3.0.3)

'LkRanRn

n 2
< TGy 1 £ (@) fgm (g -

From Lemma 2, we also have

Z //2%’" ), (x — alAz,) f(2") (2" — alAz,) de dz’ — (3.0.4)

7 Rn R

Z///z%mwv x—u)f(x)y (2" — u)f(2')

(@k)Rn gn Rn
but, since & < € = e~ ! and C} > C] ,we can combine inequalities (3.0.3) and (3.0.4) to

conclude

ol oy < |3 / / PH F ()b (& — ) T (@ — ) de i

7 Rn Rn

2
< Gy ||f||Hm(Rn) ]

which is the result (3.0.1). O

10



Proof of Lemma 1. Since £ € R"/{0}, we begin by considering R" as an infinite union of
dyadic annuli, each of which we will cover with real Gaussians which are centered at our
choice of 2Fw; ;. In every annulus 281 < €] < 2%, for all k € N, we choose the vectors 2*w;
such that, for all i # j, we have [2Fw; ;, — 2%w; x| > 2%, while allowing the number of 2*w;
in each annulus to be as large as possible. The index set I} is finite, as the volume of every

annulus is finite.

Fixing ¢ for the rest of this proof, ¢ must lie in an annulus 2*~1 < |¢] < 2 for some fixed
k in N. As a result of our choice of vectors, for all £ € R"™ there exists at least one point
2k, 1, for which the inequality |€ — 2Fw; | < 25 holds. This condition gives a lower bound:

k,, |2

2m 1 2km € — 2%w; i

e < 2%Mexp | —————— | .
et < e (LTl
(4,k) ’

To show the sum is bounded above, we will consider sets of indices A, B,C,D, and &,
whose union contains all the indices (i,k) in v and show that the contribution to the sum

from each of these sets is bounded by a constant multiple of |£[*™. The cases k = 0,1 are

easy, so we consider k£ > 2.

First let A consist of those indices (7, ¢) for which |§ — 2%w; 4| < 25 Clearly, ¢ can only
be equal to k — 1, k, or k + 1. Fixing ¢ for the moment and setting r = 23, if we consider a
ball B of radius § centered at each 29w 4, then, for all pairs (i,q), (j,q) € A with i # j, we
have B(2%w; 4, 5) N B(2%w;4, 5) = 0. But by the triangle inequality, all balls of radius § with
centers that have indices in A are contained in a ball of radius 3—; around &. Therefore, the

total number of balls NV is bounded, as

Vol (B (5, %)) > NVol <B (2%1,4, g)) ,
which implies N < 3". Since there are only three possible values ¢ can take, the total

contribution for the set of indices A to the sum is bounded by 37!,

For the second set, let B consist of those indices (i,q) for which the inequality 25 <

€ — 29w; ,] < 2% holds and |k — q| < 1. We can write B as a collection of subsets B; such

11



that

B: B]’,

. N
SN

2

<
||

were B, denotes the set of indices for which (j — 1)25 < |€ — 29w, 4| < j22. As before, we
consider balls of radius § = 2371 centered at each 29w; , such that for all pairs (i, q), (4, q) € B,
with i # j, B(29w;g, 5) N B(29w; 4, 5) = 0. By the triangle inequality, all balls with centers
that have indices in B; are contained in an annulus centered about § with inner radius
(j — 1)r — § and outer radius jr + 5. The total number of indices for fixed ¢ in each set B;

is bounded, as

vt (i () vt (5 (60— 5) = v 5 (2, 2)).
which implies
N <2" (<j+%)n— (J—g)n)

Since ¢ can take only three possible values, multiplying this last bound by 3 gives a bound on
the total number of indices in each set B;. Because of the restriction on the size of | —2%w; 4|

and the fact that |¢ — k| < 1, the inequality

s 2 _9q,, |2
G107l _ o
2 T 2|29w; 4

holds for each tuple in B;. Summing over all of the sets B; ,

— 249w, 4|
22k’m ‘5 1,q
3 e (St

J (i,9)€B;

< §22km3(2”) ((j + %)n - (j - g)n) exp <_¥)

<) 2327 (j + 1)" exp (—(‘7 — 1)2) :

, 2
j=2

The sum

Z}@”)(j 1) exp (_@)

12



is finite; furthermore, it is uniformly bounded regardless of the choice of k£ and hence of
¢. Therefore since 2¥=1 < |¢| < 2%, the total contribution from the set B is bounded by a

constant times |£[*™.

Next, let C be the set of indices (i, ¢) for which | —2%w; ,| > 2* holds and also |k —¢| < 1.
As before, for each fixed ¢, we take balls of radius § = 231 centered at each 29w, ¢ S0 that,
for all pairs (i,q), (j,q) € C with i # j, we have B(2%w; 4, §) N B(2%w; 4, 5) = (. All balls with
centers that have indices in C are contained in an annulus centered about the origin with

inner radius 72

— 5 and outer radius r? 4 5. Since we have removed a number of the vectors
because their indices are in B, the total number of indices, IV, for fixed ¢ is over-estimated

as follows:

Vol (B (O,r2 + g)) — Vol (B (o - 5)) > NVol (B (2%@-,6,, g)) ,
which implies
() -)

Since |€ — 2%w; 4| > 2F for all (i,q) € C, the inequality

€ — 27w g
201 = 220, |

k=2

holds for each point 2%w; , with indices in C. Then the contribution from the set C is bounded

in terms of a sum over k as

— 29, |?
S 2%mexp =€ — 29w, 4*
2|20 4|

(i,9)eC

as 2kmon 1 1\" 1 1\" k—2
< o2 ( {28+ 0) — (285 Jexp(-27).

q=k—1

k+1 1\" 1\"
2" <(2% + 5) — (23 — 5) > exp (—2"7%) (3.0.5)
qg=k—-1

But, since



and since 25" exp (—2¥72) — 0 for all finite n in R as k — oo, (3.0.5) is bounded is indepen-
dently of £. So we can conclude that, since 2571 < |€] < 2F, the total contribution from the
’2m

set C is bounded by a constant times |{|*™ as well.

Now, let D be the set of indices (i, ¢q) for which ¢ < k — 1. To find the number of vectors
in D for fixed ¢, we again take balls of radius § = 231 centered at each 2%; 4 so that, for all
pairs (i,q), (j,q) € D with i # j, B(29w;q, 5) N B(2%w;j 4, 5) = 0. By the triangle inequality,
all balls with centers that have indices in D are contained in an annulus centered about the

origin with inner radius r? — 5 and outer radius r? + 5. The total number of indices N is

bounded, as

Vol (B (0,7“2 + g)) Vol (B (0 - 5)) > NVol <B (2%}1-,(,, g)) ,

which gives

We can conclude there are at most 2" ( (2% %)n — (2% — %)n> vectors for fixed ¢. Since,

for these indices, ¢ < k — 1, the inequality

k—1 2 2
o P
- 2¢+1 T 229w, |

holds for each (i, ¢) in D. The total contribution from the set D is also bounded by a constant

times |£]*™:

— 24y,
Z 92 gy - =€ = 2%,
2|2‘1cuzq|

quD

Zz%mzn ((2% - ;)n - (2g - %)n) exp (=27

< Z 22kmon (2% 4+ 1)"exp (—2771),

g=1
since the sum

> 2n(28 4+ 1) exp (—207)

g=1

14



is uniformly bounded with respect to k.

The final set £ contributing to the sum consists of the indices (7, ¢) for which ¢ > k + 1.

Again, as above, the total number of vectors N for fixed ¢ is at most

(-8 -(-2)

To find the exponential contribution for each ¢ > k + 1, note that, for each (i,¢q) € &,

i i N S o
2a+1 T 229w,

2175 <

and hence
—|€ — 29w, |2 s n
3 2% exp (%) < 3 2man (28 41) exp (—207).
(3,9)€E ba q=k+2
The sum

Z 2" (2% + 1>n exp (—2‘1_5)

q=k+2
is convergent and bounded independently of k and g. Therefore the total contribution
from the set £ is bounded by a constant times |£|*™ as well. This completes the proof of
the Lemma. The construction of the approximate partition of unity is similar in idea to the
construction of almost orthogonal frames in Meyer’s book, [MC97]. The £, which are further

away from the variable £ contribute less to the the partition than those which are close. [J

Proof of Lemma 2. For convenience we let:
g, (u, 2, 2 ) (A 2)" = 22" (z — u) g, (2 — u),

which implies that the operator

Z (22km¢7(x — alAx,)p, (2" — ozAxQ)

gl
is equal to
Z Z (9,(aAz,y, 2, 2"))(Az, )"
(i,k) a€Z™

We will rewrite the sum over o above using the Poisson summation formula. Recall:

15



Theorem 5. [Hor03] (Poisson Summation Formula) Let a be constant, h(u) € S(R™), and
a, B € Z". The following holds:
" B ~ (273
a Zh(aa)— Zh(T)
aEZ" BeZ™

Since, by definition,

g'Y<777 I, Q?l) = / e*in-ug'y(u, I, 33/) du7
RTL
we start by computing

9y(u, x,2)

:22km (

=92%km ( ) exp (i(z' — z) - &) exp (|&,] (=20 + 2u(z + 2') — 2° — %))

g2k ( >nexp (i(z — o) - &) exp (-2@ (u - (”3 ! x)f) exp (_—KW'("”Q_ “)

which, by a standard result on the Fourier transform of a Gaussian (see Appendix A), gives

o

) exp (i(u —2) - & — & (u— )2 —i(u— o) & — [6&](u — 2')?)

[N N V)
Yl ¥

=i

)
3

g'y(naxvm/) (306)

O B 1 A N € P&l -
=2 (agr) () v (e evm (557) oo (-

Now we notice that

0|3

G,(0, 2, ") :/gy(u,x,x/) du,
Rn
so, by applying the Poisson summation formula, we obtain
/ n / ~ 27T/B /
Z (gy(aAzy, z,2"))(Axy)" = [ gy(u,z,2") du + Z W A ® )

a€Zn R BELN B0 7

where g, (n, z,2’) is given explicitly by (3.0.6). From this we can conclude the left hand side
of (3.0.4) is

/ / 2 D & (%m) f(@)f(@) dede'|.

Rr jn (ki) BEZ™BH#0 K
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By symmetry of the integrands in z and 2/, if we use Schur’s lemma, the inequality in (3.0.4)

follows from the estimate

2 ne—1
sup/ Z Z g«,< Wﬁ, ,x') dx’ < W; . (3.0.7)

TR | k) pezn g0

If we examine the integrand in the left-hand side of (3.0.7) we find, from equality (3.0.6),
that
(278
> o(aed)s ¥

Gy \ /7T,
Bezn B0 g Bezn B£0 Az,

- (%) o (D lle ey

pezr,B#0

Integrating both sides of the above inequality with respect to ' gives

R 276 / / mao—n (2’”6)2
p/ > b (A_‘”> WS D, P eXp(_8|§wl(A%)2)'

Rn |BEZ,B70 K BELM B0

Let 8 = (b1, B2, ---, Bn). Then since, with this notation, §; € Z is indexed independently of
B; € Z for all i # j, we have

= (i (sl - T (S e (i)

gezn Bi€Z
As B # 0, at least one of the /s must also be nonzero. Without loss of generality, take
Bn # 0, and then
(27 3)? )
exp | ———— (3.0.8)
2 ( 81¢,(Az,)?

pez™,p7#0

(IS (5i)) (2o ()

To put a bound on this last expression, we now need to pick Az,. Let

(2m)”
81&,(Az,)?>

Then, since Az, is of the form CE2_§_E’“, we have that

a(k) =

7T226k




Now if we pick C. < 4, then, for all k, a(k) > 1 provided ¢ > 0. Therefore, for any such

choice of C¢, we have

B 2 2
2 74 < )
Z Xp ( SIE (A )2 ) = Z exp ( T el S 1 _e1

which ensures the first product in (3.0.8) is uniformly bounded independently of k:

({1 (S (0229)) < (=2) ™ < (2) "

From Lemma 1, the number of the 2*w; ;. can be over-estimated by by 2“(25 + 1)" for any

fixed k, so, combining estimates,

Z Z 22km2—”exp (_%)

(i,k) BEZM,B#0

< g 92kmp (93 4 1)" (il)nl exp (—a(k)) .

Since € > 0, exp(—a(k)) dominates any power of 2¥. Thus as long as C. is chosen sufficiently

small we can make this sum less than /™ ;71 , which concludes the proof of inequality (3.0.7).

]
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CHAPTER 4

Operator Norm Estimates

From Theorem 4 in Chapter 3, the operator P"(f(y)) = {c(7)},er, where

o(y) = / 2t () f () da,
is a one-to-one bounded mapping of H™(R™) into the space of sequences which are convergent

in [2(T") when weighted with 2¥™. Let Py* = P/™* be defined as follows:

Py B(0) = LX(RY), B'({e(m)}) = Y 2" e(7),(y).

0l
Now recall that J is an operator of order m if O maps H"(R™) — H"~™(R"). In Chapter 3,
we showed that II"™ = PJ"o P[" is an operator of order 2m. Let I denote the identity operator.
As there exist constants C and C} such that CjI < TI° < CyI, in L*(R™) norm sense, P} is
bounded and invertible on its range. The construction of P and P allows us to translate
the characterization of functions and operators in H™(R™) to the framework of weighted
sequences in [?(I"). Armed with the frame operators, we will show that, when the frame
functions are propagated along bicharacteristics for the wave equation, their Sobolev norm
is preserved. This will help us also show that the the action of the operator O(z,t,d,,0;) =
02 — A(x,t,0,) on the parametrix is order 1. The estimates established in this chapter will

ultimately be useful in building the parametrix in Chapter 5.

First we recall that O(z,t,0,,0;) = 0? — A(x,t,9,) has principal symbol p(z,t,&,7) =

T2 — > aij(@,t)&&;. The bicharacteristics associated to p are
Z?]

dt da; dg; dr

J— P —_— .y = — s _ = — . 401
ds p ds Pe; ds Pe; ds be ( )
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2

Setting ¢ = | > a; ;& | , we find that p = (7 — ¢)(7 4 ¢q). There are two choices for null
0]

bicharacteristics. Here we assume that 7 = ¢, so that the set of bicharacteristic equations

(4.0.1) become

dt dx De

_— = T = 2 = 2 y _—_=— = y 402
ds p T q dt 2q e ( )
dﬁ —Daz dr

_— = e _QJH -_ = 1

dt 2q dt

Define
(x’y(ta t/> Ty, 57)7 57(757 tla Ly, g'y))
as the solution to the system (4.0.2) at time ¢ with initial conditions
(x’y(t/7 tla Ly 57)7 é’y(tla t/7 Ly, g’y)) = (SCW, f’y)u
where (x.,&,) are given in Lemmas 1 and 2 of Chapter 3. We let U(¢,t') denote the the

evolution operator associated to this transformation. Often we will abbreviate

UL, 0)(24, &) = (24(¢,0,24, &), §(t, 0,24, &)

(z4(t),&(1)),
and
U0, 1)(24, &) = (24(0, 8,24, &,), 6,0, ¢, 24, &)
(24 (1), &(=1)).
Let

o (t, ) = (|€w<2)7lrﬁ%) exp (i&(t) - (x — (1)) — [&(B)llz — 25(1)]*) -

Then define E(t) to be the propagation operator acting on f(x) € L*(R") as follows:
MBI f = PSBE(t)P{)f
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where

be(v.7,t) = cbw( )y (t, ) d

denotes the entries of the matrix Bg(t). As a result, JE(¢) is defined by the following

equation:
I°OE N f = PYBo(t)P) f
= Z bD(’% ’7/7 t)C(’}//)qb,y(llf),
eteld
where

bD(777/7t) = QS’Y( )qu'y (t ZL‘) dx
denotes the entries of the matrix Bn(t). The central theorem of this Chapter is then:

Theorem 6. E(t) is a bounded operator of order 0, and OE(t) is a bounded operator of

order 1.

From Chapter 3, II° is bounded and invertible, and also, by Theorem 4, we know the
relationship of the frame to the Sobolev norm of f(x). Therefore, to prove Theorem 3 by

Schur’s lemma, it suffices to show

S lbe(v.A I <C > el )] < C (4.0.3)
Y !
and
D bty 0l <C2¥, Y (1) < 02F, (4.0.4)
Y ¥

where C' denotes a constant independent of v and 7. We will also show that this constant

is uniform for all t € [T, T7.

We start by examining Clo. (¢, z):

Lemma 3.

el = <|§7(2)7|TA%) % (Pl ) + O(1&, (D)
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where
D(t,,24(t),&(1) = & (1) - (x — 2 (1)) + il () ||2 — 2, (1)
and

p(t, 2,10, 100) = O, 1)z — 2, (1))

Proof. As p(t,x, v, 1) is positive and homogeneous of degree two in |, ()|, the desired

conclusion will follow if, on null-bicharacteristics (¢, z.,(t),&,(t)), we can show that

Vap(t, z, 02 (t, 2 (1), §4(1)), ¥u(t, 24(1), §4(2))) = 0.

Computing V,p(t, x, ¥, V),

0

%p@? z, %, 1/%) = DPuz; + P, 1/}11% + p’rl/}sz . (405)
J

Dividing (4.0.5) by 2¢ and substituting the equations in (4.0.2) into the right hand side of

(4.0.5), we obtain
d¢;  dx
- 4 — . . 4.0.
dt + dt 77/}@—195] + 7vZ)tac] ( 0 6)
As P, (t,24(1),&(t)) = &;(t), differentiating &;(¢) with respect to t we have

dfj . dxl
i d—twmj + Vta, - (4.0.7)

Substituting (4.0.7) into (4.0.6) implies (4.0.6) is 0, which happens if and only if (4.0.5)

vanishes on null bicharacteristics. ]

With Lemma 3 in mind, we consider the entries of the matrices Bg(t) and Bn(t). First

we set n
0 _ (|€7||€’y’(t)|A$,yAgpy,>2
e (27)? 7

and then

be(7,7',t)

= 80 [ exp (o = 2 (0) - 6(0) ~ e = 2) & = | Olle — 2 (O = 6 l]0 — 2,f?) do

R”
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and, to leading order,

bo (7,7, 1) (4.0.8)
=3 /exp (i =y (1) & () =iz — 2y) - & — & (Dlx — 2y (D)7 = [&[]2 — 24[%)

X |2 = 2 ()& (1) d.
The first inner product, bg(v,7/,t), is evaluated via

be(7,7',1)
= B /eXP (ix =2y (1) - & (1) =iz — 25) - & — [& (Dlle — 2y (O] = [& ]|l — 2, ) do
R"
= Bg,w’ exp (izy - & — iz (t) - &y (1))
)

= /exp (i - (& (1) = &) exp (—(W + & (1)) ’x

16y + 16 () ]y (#)

|£v| + |§w’|
RTL
|§’Y’(t)||§7‘ 2)
Xexp|————F—""—"—|vy(t) —x dx.
(et ® ==
Making the change of variable
[l + e Ol () 09)

&+ 18 0]

we see that bg(v,7/,t) takes the form of the Fourier transform of a Gaussian integral which

we can evaluate (see Appendix B), obtaining

bE(’Yaﬁ)/at)
_ : e ey ’57|x7+’£7/(t)’377’(t)_ (1) —
= rresp (1o =200 600+ BIEESRES ©0 -6
_ ‘67'(t)_57’2 (_ ’57’@)“57‘ (1) — 2)
p( 4<|5y|+|§y<t>|>)exl° FECIRAA
Therefore
o |§y||@<t>|mwmy)’5 1010
P (4w<|sy<t>|+|5y|> ’ (4.0.10)
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so that

b5(7,7', 1) (4.0.11)

_ ’57/@)_57‘2 exp | — |§7’<t)’|€v’ (1) — 2|2
Sﬁ”“’”’( 4<\ar+r@<t>r>> » (R ety 0 ~=F)

For the integral bn(v,7/,t) we make the same substitution (4.0.9) into (4.0.8). Then we

set
77257’(75) — &, c= ’57’"“’57’@)’7

and
b— &5 (zy — 20 (1))
&)+ 16 ()]

so that we can apply the estimates in Appendix A. These give that |bg(v,7/, )| is equal to

2 2 1

2 n n ibn 2
/ ’ _— _— —_— b —_—
By |€4|" exp ( 40) ‘ e + p +b° + 50

Applying Cauchy-Schwartz and back substituting values for 7, ¢, and b, we have that, for C

a constant independent of ~y,~/,

/ |£’y’(t)|2’§7 - é'y’(t)|2 ’fv/(t>|2‘€v’2‘x7 — :W(t)]Q
b 7,01 < Oy ( 6 OTEE T 6]+ 160D )

exp | — & (t) — 57‘2 ox _M o
o ( el + 'fv'“)')) (R 0~ =)
< CB,y (|§7 - fv’(t)|2 + & ()& |2y — $7/(t)|2)

exp | — & (1) — & [ ox _M )
<o (i) o (R0 -7,

The next two Lemmas characterize properties of the evolution operator U(t,t') acting on

the lattice, and they will assist us in obtaining the bounds (4.0.3) and (4.0.4).

Lemma 4. We let
Az, t) = {aij(z,t) h1<ij<n
be a real symmetric n X n matriz with entries a;;(x,t) in C', as in the introduction. For the

rest of this lemma, C' > 0 denotes a constant which is independent of the essential variables.
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Furthermore, as before, A(t,z) is bounded and positive definite and, we let

q(z,t,8) = (Z a;j(z,t) fz§;>

If we consider the system

dx d&
i = = —q,, 4.0.12
at % dt a ( )

with initial conditions |x(0)| < R and * < |£(0)| < a for some finite a, R > 0, then solutions

to the system (9.0.13) satisfy the following two conditions:

1. |z(t) — z(0)] < C\/n|T|, and

2. For all finite T > 0, there exists a constant C(T,a) such that

o < Wl <CTa)

whenever [t| < T.

Proof. We prove condition (1) first and then condition (2).

1. Computing g,,

9 3 E ai;(z, 1)
65 (Z Qjj (17, t)§l§]> = J T < C, (4013)
? (Z Gz’j(iU: t)fifj)
[2¥}

since the expression in the middle of (4.0.13) is homogeneous of degree 0 and the

numerator and denominator are both bounded above and below on || = 1. From
(9.0.13) we then have

d$z‘
dt

< C,

which implies

o < Cv/n.

Integrating this inequality gives (1).
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2. Differentiating g with respect to x, we have

'ﬁ ) %:(az’j)x(xat)fifj

dt|
2 (Z az’,j(l"»t)fifj>
17.7

for some C independent of &, z, and ¢, since the expression in the middle of (4.0.14) is

< Cl¢| (4.0.14)

2

homogeneous of degree 1 and the numerator and denominator are both bounded above

and below on |£| = 1. Using Gronwall’s inequality gives

1
C(T,a)

< [€(0)[exp(=C1) < [£(1)] < [€(0)[exp(Ct) < (T a) (4.0.15)

This results in the desired conclusion for finite 7', that is, if 2 < [£(0)| < a then, for

any t € [T, T], there exists C'(7, a) such that condition (4.0.15) holds.

O
Recall that U(t,t') is the evolution operator associated to (9.0.13), and
U(t7t/>($w€7) = (ajv(tat/awy»fﬁ)vgv(tvt/’xwgv))-
By homogeneity, if ¢ is a constant, then the above equation scales as follows:
(o (.t 24, §), (81 20, &) = (24 (81 2, ¢65), &, E, 4, €65). (4.0.16)

Since &, = 2*w;;, with 3 < |w; x| < 1, the relationship (4.0.16) with ¢ = 27 gives that the
pair (z,,w,) lies in a compact subset of R” x (R"/{0}) whenever |z,| < R for R a constant
independent of 7. We note that Lemma 4 then applies to (z,,w,), and so we have a bound

on the size of z,(t) and &, = 2*w, (t) in terms of the initial data.

Because our frame is similar to an almost orthogonal frame in type, it makes sense that
the pairs of initial data which are close together in frequency contribute the most to the
absolute value of the inner products in the sums in (4.0.3) and (4.0.4). However, we have an

extra variable « since we have a non-compactly supported set of frame functions. Therefore
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we will use the term ”close in frequency” to mean that the pairs (z,&,) and (z.,&,/) from
Chapter 3 satisfy not only the condition |z,|,|z,/| < R but also that |k — k'| < ko, where
ko is a finite constant independent of +v,~'. In Lemma 5, we will show that close pairs of
lattice variables have an extra property beyond that of Lemma 4, which makes it possible
to compute the bounds on (4.0.3) and (4.0.4).

First we see, by equation (4.0.16), that for all such close pairs with ¢ = 2K (where here

without loss of generality we have taken &' < k) the corresponding scaled pairs (2., 28 w.,)
and (2., w,) lie in the same compact subset [—R, R]" x [3,2%]" of R" x (R"/{0}). Thus we
can conclude from Lemma 4 that the transformation U(¢,0) is invertible and Lipschitz with

Qk—kz’

uniform Lipschitz constant when acting on (., wy) and (2, w, ). In other words, for

all close pairs and for all t € [-T,T] with T fixed and finite, there exist nonzero constants

Dy and Dy, independent of v,~', with

Dyd?((a (1), 27 wn (8)); (s (1), w0y (1)) < d((24, 257 ); (0, 00y0)) (4.0.17)

< Dad?®((24(1), 27w, (1)); (2 (2), wor (1)),

where d denotes the usual Euclidean distance. We will abbreviate this type of equivalence
relationship, where the left hand side is bounded above and below by multiples of the right

hand side, by ~, so that inequality (4.0.17) can be rewritten as
d*((x, Qkiklww)E (27, w50)) ~ d?(((2), 2kik/wv ()); (@ (£), Wy (2)))-

The inequality (4.0.17) allows us to obtain another similar relationship which is crucial

in the computations to obtain bounds on the action of the matrices Bg(t) and Bn(t).

Lemma 5. For pairs (x.,&,) and (z,&y) such that |z,|,|z,| < R where 0 < R < oo and

|k — k| < ko, with R and ko independent of v and ', the following holds:
PULO) (s y); (9,2 ) o U0, 8)(y, 2 ) (2, 07).
Proof. Since U(t,0) oU(0,t) = I, the right hand side of the relationship,
U0, 1) (., 25 % w,); (2, wy)),
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can be expressed as
A2U0, 1) (2, 257w, ); U0, DU (L, 0) (2, wy )
and from estimate (4.0.17) we obtain the desired conclusion. ]

With these Lemmas, we can now calculate a bound on
,yl

for fixed «v. We break this sum into three pieces: in region 1, 7' : k' < k — kg, in region 2,
v |k — k| < ko, and in region 3, v/ : k' > k + ko where, for all t € [-T,T] with T' < oo,
ko = max{2log, C(T,a),1}. For the rest of this argument, let D > 0 denote a constant

which is independent of k¥’ and k and which is uniform for all ¢t € [T, T].

We will apply Lemma 4 in each region to subsets of the initial data (z,/,w,) as outlined
earlier. Here we must cut off the x.,’s so that |z,/| < R, for some large positive R. This

corresponds to having the initial data with support living in a ball of radius R.

Again, because of the similarity of the frame to an almost orthogonal frame, in regions
1 and 3 from Lemma 4 the exponential term from the bound on each inner product will
dominate the sum, but in region 2 the argument is more subtle. In each case, formula
(4.0.16) and Lemma 4 imply that:

o !&H@f(t)\ﬁ%mv)g L0
Pra ( 4 (6 + 1) (4.0.19)

_(CrEte oy ()] T _ [ C22E R O(Ta)
17 @] + 27 o (1)) @ )
The right hand side of (4.0.11) contains a product of two exponentials, with arguments

28wy — 2wy (1)

N 4.0.20
42w, | + 2V Jwny (2)]) (4.0.20)
and
__Slis @l 2
FEC A (4.0.21)
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In region 1, Lemma 4 implies a lower bound on (4.0.20)

25, — 2wy ] (2 —2FC(T, a))”
4(2¥[w, | + 2M |wy (B)]) © 428 +2VCO(T, a))

2
2k=5 (1 — 2M=k+10(T, a))2 2k=" (1 - —cé,a)) _ i

>
1+ 2K=kC(T,a 1
< 7)) (15 o)

For (4.0.21), we only know that

|z — x'y’<t)’2 > 0,

which gives
exp (=2, — 2y ()]) < 1.

Since, by assumption, |z,/| < R and z, = Az,a’ = C, 2% ~cko/ for fixed k', by scaling we
have |o/| < RC';127+€’c . Bounding the number of points in both Z" and in this ball by
D(Q%/J“k/)”, we obtain a bound on the number of z./ for fixed (7, %’). While the position of
the x., may change, their total number does not change when they are propagated. From
Lemma 1, there are (’)(2%”) vectors w; i in each annulus indexed by &’. Applying (4.0.19)
in region 1, we find, since k' < k — ko,

2 E—ek Ky 2 , n
B, < <C i 72 O, a)> <D (2*%*6’92%*6’“’) .

2k
Ar (28 + 5ry)

Combining estimates gives

S et ) =0 3 2N e (—D2Y) (4.0.22)
vk <k—ko (i,k")
k'<k ko
=0 ( Z 2" exp (—D2k)> =0 (2"’“ exp (—D2k)) .
k' <k—ko

But since 2% exp (—DQk) — 0 as k — oo, the contribution from (4.0.22) is bounded inde-

pendently of ~,~.

Similarly, in region 3, an application of Lemma 4 to the first part of the exponential
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contribution (4.0.20) gives

" 2
P (0) - P f (i —2)
T en O] 1 o (O]~ 1@ + 2°C(T, )
2k’— 2k2

- K
Z CTap oTap P

Again, the same estimates as in region 1 for the number of the x./(¢) and their exponential
contribution hold, and the number of vectors w; ;s in each annulus for fixed %’ is still O(2").

For the size of 3, from (4.0.19) and the fact k' > k + ko, we have

n

20k ekl _cx/ 2 , n

6 ) S C 22 2 C(T a) <D<2§—6k52—%—6k§,>2 .
W A (2k-1 4 2)
C(Ta)

Thus

S ety 0l =0 | Y 2% E S e (—D2Y) (4.0.23)

vk >k+ko (i,k")
k/>k+k0
3nk’ kn €n(k —k) ’
:C9< E 271 Tt exp (—DQk)>.
k'>k+ko

By hypothesis, k' > k + kg, so the exponential term dominates the sum here as well, and so

the contribution from (4.0.23) is bounded independently of v, ~'.

If we try to simply apply Lemma 4 in region 2, as we did in regions 1 and 3, we get a
constant bound on the exponential contributions (4.0.20) and (4.0.21) which is not enough
to dominate the contributions to the sum from the number of z, and &,. Therefore the
application of Lemma 5 to the exponential term is essential in region 2 since the treatment
of the exponential contribution to the summation is more delicate there. The key is that
the additional Lemma 5 allows us to sum over unpropagated variables which, from the

construction, are fixed in space.

In region 2, by homogeneity and the fact |k — &'| < kg, the entire exponential term can
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be re-written as follows:

|€7’(t)_§7’2 + |€’y’(t)||§’y|
A&+ 16 @O1) 161+ 18 (2)]

~25 U 0) (24, 257K w)); (247, wy).

|2y (t) — | (4.0.24)

Applying Lemma (5) to (4.0.24), we obtain

|€v’(t)_§v’2 + |fv’(t)|’§7‘
A& [+ 18 (@)]) 18]+ 164(1)]

Nzk,dQ((Iw 2k_k/wv) U0, 1) (T4, wo1)),

|2 (t) — 2| (4.0.25)

where the constants in this equivalence relation may depend on kg but are uniform in 7.

Since z.,, = Az, we can factor out the scaling Az, = 062_%_51“' from part of the

right hand side of (4.0.25), giving
k' 2 202k’ | 1 2
2% oy — my ()" = C22 o' — €l

where we have set ¢g = (Az./) "'z, (—t). Substituting A = C-222* an application of the

integral estimates in Appendix A gives

S e (<2 oy —a(-0F) < 3 e (<027 o o) (4.026)

o'€Z™ |/ |<R VAL

—~0 (2’“‘) .

But, looking at inequality (4.0.19), the k&’ dependence in this last bound is exactly canceled by
the size of 3, in region 2. Since |k — k| < ko, the other part of the exponential contribution
may be tackled with an argument similar to that of Lemma 1 applied to & = 2*w.(—t). This
implies that the sum

3 exp (Q—k’ ‘Qk"w - 2’“%(—0)2) (4.0.27)

e,

is bounded independently of +v,~’. From these bounds and from the equivalence relation
(4.0.25), we can conclude

Yo ey 0 =0(), (4.0.28)

~v':|k!—k|<ko
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and thus

D lbe(r A )l =0(1).

If we reverse the roles of v and 4/, we can run a similar argument to the one above to

bound
Z |bE</y7 fy/u t)|
¥

The bounds in each of the regions |k — k| < ko, k > k' + ko and k < k' — ko will follow
almost identically. The main difference in the argument will be that, in the region where
|k — K| < ko, we do not need to apply Lemma 5 since the « variables are not propagated.

In this way, we obtain the desired bound (4.0.3).

For the estimate (4.0.4), we examine
> ooy, 1)l (4.0.29)
,y/

The only difference between the bound on |bg(7y,7,t)| and the bound on |by(y,v/,t)| is the
factor of |&, — &/ (8)]* + & (D)||& ]|z — 2 (¢)|*. In region 1, application of Lemma 4 gives

&y — 57’(t)|2 + & (D116 |2y — xv’(t”?
< (1§ + |§7’(t)’)2 + & O [(zy = 2| + |z (8) — $7’|)2
< |28+ 28 C(T, a) g 2k O(T, a) (R + T)? < D22

The rest of the estimates on 3, and the exponential contribution stay the same. Therefore,

by (4.0.22),

Sty l=0| Y 92ko 5o e (—D2")

k! <k—ko (i,k')
K <k—ko

=0 ( > 2% exp (—D2’“)> = O (20" ¥ exp (—D2))
k' <k—ko
and, as k — 00, we see that 2"+2* exp(—D2*F) — 0, so the sum in question is also uniformly

bounded independently of ~,~'
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Similarly, in region 3, by Lemma 4, the extra factor is bounded by

& — f’y’(t)P + & (O11E |2y — x'y’(t)‘Q
< ([& ]+ |€7’(t)|)2 + & (O (|l2y — 2| + | (2) — xv’l)Z

! 2 ! !
< (2k ¥ (T, a)’ 42K C(T, a) (R + T)% < D22,

Again, the rest of the estimates stay the same, so that, analogously to (4.0.23),

> oy =0 | D 22 exp (D2 (4.0.30)
V' k' >k+ko (i,k")
k' >k+ko
_ 0( S an s ( Dzk/>>7
k' >k+ko

and, as before, this sum also converges independently of ~,~ since k' > k + k.

The only region where the extra factor in question makes a difference is in region 2. As
in the treatment of the sum of |bg(7,~)| over 7/, Lemma 5 is again crucial. By homogeneity

and Lemma 5, the extra factor in the bounds for |bn(,7/,t)| can be rewritten as

&5 = & (OF + & O1& oy — 2y ()P ~ 22 U0, 1) (5, 27 w5); (7, 05)),
and the exponential factor in the bounds still follows the equivalence relation (4.0.25). With
these relationships in mind, we split the sum

Y Bll& = & @OF +IE D& oy — 2 (1)) (4.0.31)

v :|k—k'|<ko
o [ — 2%, = 2Xwy () 6 11E ()] - 2)
X exp ( 4(2’“’@17‘ + Qk/’wy(?ﬁ)‘) ’67‘ T ’57/(?5” |$7 Ty (t)|

into two pieces which together are equivalent under the ~ relationship to (4.0.31). These

suIms are

> B2 foy — ay (-0 exp (<2 [y — ay(<0)) (4.0.32)

v k—k'|<ko

! / 2
X exp (2_’c ’2]“ Woyr — kav(—t)‘ )
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and
k' k 2
Z By ’2 wy — 28w, (—t)

¥':[k—k'|<ko
2>

To handle the sum (4.0.32), since again z,, = Az,a’, we can factor out the scaling

exp (—2’“/ |z — xﬂ,(—t)|2) (4.0.33)

X exp (Qk/ ‘Zk/w,yl — 2k (—t)

Az, = 062*%/*’“' from part of the right hand side of (4.0.25) and obtain

!

2 |2y — ay(—t)* = C2272 |/ — ¢
We can also factor the scaling from the new multiplying factor in (4.0.32) which gives
22 1 — . (—t)|P = C2272F M o) — ]

In both cases we have set g = (Az.) "'z, (—t). Substituing A = C222%"an application of
the second integral estimate in Appendix B gives

3 (2%’ 2 — xw(—t)|2> exp (—zk’ |2 — xv(—t)|2) (4.0.34)

o’ €Z™ |/ |<R

< 3 (corr el — o) exp (~C22 7 ol ~ )

(USYAL

-0 <2k’(226’f’)%> .

Using the previous estimates (4.0.19) and (4.0.27), and the fact |k —k'| < ko, the sum (4.0.32)
is O(2").

For the second sum (4.0.33), estimate (4.0.26) still applies for the sum over o’ so we are
reduced to examining

/ 2 / / 2
Z ‘Qk Wy — kaw(_t)) exp (2_’“ ‘2’“ Wy — kaw(—t)‘ ) . (4.0.35)
(i,k")
|k —k| <ko

Now if we consider the same sets defined in Lemma 1, with £ = 2*w. (—t), for the first set A
we get

, 2
2Mw, — 2Fw. (—t)| < 2"
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This implies, from previous bounds on the number of w. in A, that
/ 2 ! / 2
Z ’2]“ Wy — 2kwv(—t)‘ exp (Qk ’2'“ Weyr — 2kw7(—t)‘ > < gtk
A
< D2*.

In each of the sets B;,
, 2
20y — 2w ()| < 522",
and similarly, from an argument in Lemma 1, we can deduce that
‘2

/ / / 2
S ]2’f W — 2w (—t)] exp (z—k ‘2’“ Wy — 2%7(—15)\ )
B

- nok/ : n-+2 (j_1>2 k
SZQQ(j+1) exp | == < D2,

j=1
Now it is easy to see that there is only a small (or 0) contribution coming from the sets C,
D, and & since |k — k| < kg, and this contribution is uniformly bounded independently of
7v,7'. From here it follows that the second sum (4.0.33) is O(2%). Combining the estimates

above gives

> ot hl < D2~

v {k' k| <ko

Since the contribution from regions 1 and 3 was uniformly bounded independently of ~,~’,

we find

3" b7, 0] < D2

,.y/
By symmetry, we can use similar estimates to obtain the second bound in 4.0.4. Again,
the main difference will be that there is no need to apply Lemma 5 in region 2. The

combination of these estimates concludes the theorem.
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CHAPTER 5

Construction of the Parametrix

With the frame of functions established, we turn our attention to constructing an appropriate

parametrix for the Cauchy problem
Ou(t, ) = (07 — A(t,x,0,))u(t,z) =0
u(t, x)li—o = f(z)
Owu(t, x)|i=0 = h(x),
where f(x) and h(z) are functions in L?*(R"). We will construct operators C(¢,t') and S(¢, ')

out of families of functions which are related to the frame functions. This chapter will follow

the work of [Smi98] very closely.

As earlier U(t,t') denotes the evolution operator associated to H~ = 7 — ¢. Additionally

we denote the evolution operator associated to the Hamiltonian H™ = 7 4 ¢ as V(t,t'). We

set
Ut ) (2,(0),,(0)) = (23 (t, 1), & (1, 1))
and
V(t, 1) (24(0),§/(0)) = (x5 (. 1), & (¢, 1))
Accordingly,
o5 (1, )
(¢, 1) Az 2
- (B e it 1) o - 0. 80) — 56l — 36 0F).
and we let
¢ (t, 1, x)
+ / .
Q(t, 1, x) = —Q(vt’,%,é&)
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From these definitions, we construct the following operators C(t,t") such that
°C(t, ¢)1° f = Py Be(t,t')PL f
= Z bC (’77 f}/’ t)C(’}//)¢7<ZL’>
¥
and S(t,t') such that

108 (¢, ¢)I1°f = PYBs(t,t')P°f
= Z bs(7, 7', t)e(y) o, ().

Here

be(r7's0) =5 [ BT (03tt0) + (e, ¥.2) o
and

bs(v, 1) = % [ 0@ (@0t 0) ~ (0.t ) da

denote the entries of the matrices Be(t,t') and Bs(t,t') respectively.

Theorem 7. OOC(t,t') and OS(t,t') are bounded operators of order one and zero respec-
tively, with operator norms which are uniformly bounded on intervals where t — t' is finite.

Furthermore,

Ct t')y~1 oHC({t' 1) =0

and

St,t)y=0 oSt t)~1

to leading order.

Proof. The first statement is an immediate extension of Theorem 6 in Chapter 4. The first
set of operator estimates follow directly from the definition of II° and the calculations in

Chapter 4. For the second set of estimates, the result (where ¢ = ¢(t', z,&,))

(00t t) - o0 (¢t = ((1-%) = (<14 %)) 0.

q2
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is easy, as on null bicharacteristics 7 = £¢q so by homogeneity

4t 1
=0 ()
From the proceeding arguments, if we define u(¢, z) as
u(t,z) = S(t,t)h(z) + C(t,t') f(z),
then wu(t,z) is the desired parametrix solution to the Cauchy problem. ]
Theorem 8. If —1 <m < 2,if f € H™(R"), ifh € H™(R"), and if F € L'([-T,T]; H™(R")),
then there exists a G € L*([-T,T]; H™(R"™)) such that
t
u(t, ) = C(t,0)f(x) + S(t, 0)h(z) + / (S(t, 5)G (s, ) ds
0

and

NG srqrmamany < O (I igmsany + Il oy + W s iy o)

solves the Cauchy problem

Ou(t, ) = (0} — A(t,z,0,))u(t,z) = F(t,z)

u(t, x)|i=o = f(x)
Ou(t, x)|i=0 = h(x)

in the weak sense. If f and h are both identically zero and F' is also zero for allt € [T, T],

then G and u will vanish as well.

Proof. As per [Smi98], we will show the existence of such a G using Volterra iteration.
Assuming G € LY([-T,T],; H™"(R")), we let

t

v(t,x) = /S(t,s)G(s,x) ds.

0
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Because S(t,t') and 0;S(t,t') are both strongly continuous operators and S(t,t) = 0, we
have v(t,z) is in C([-T,T]; H"*(R")) N CY([-T,T]; H™(R™)), and also

t
O(t,x) = /@S(t, s)G(s, x) ds,
0

so it follows that

v(0,2) =0 Ou(t, z)|i=o = 0.

Furthermore, differentiating in the sense of distributions, we obtain
t
Otv(t,r) = G(t, ) + /8,528(@ s)G(s,x)ds.
0
We can conclude u(t, z) of the form in Theorem 8 is a weak solution to the Cauchy problem
if the following Volterra equation
t
G(t,z) + / OS(t, s)G(s,x)ds = F(t,x) — O (C(t,0) f(x) + S(t,0)h(x)) (5.0.1)
0

holds. Equation (5.0.1) can be solved by iteration since the operator norm of S(t,s) is

uniformly bounded on finite intervals of time by Theorem 6. Setting
G(t,x) = F(t,z) + Y _ Gyl(t, z) (5.0.2)
n=1

with

@@@:j7m7;@ﬂﬂ%@%

S(Sp—1,5n)F(Sn, ) dsy... dsq

we see that G(¢,z) is a solution to the equation

G(t,z) + /S(t, s)G(s,x)ds = F(t,x).

0
As the series in (5.0.2) converges in L' ([T, T, ; H™(R™)) with norm bounded by exp(T'C(T) || F||),
this finishes the Theorem. O
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CHAPTER 6
Background for Schrodinger Operators

The focus of the second half of this dissertation is the class of Schrodinger operators
Pru(r) = (=A+ qx))u(x),

where

and

q(r) :R* = R
is a real-valued periodic potential over a lattice, . C R2. In other words we have
q(z +d) =q(x) Vd € L.

We will study the question of spectral rigidity for the operator P and derive results which
could extend to R™ for n > 3. We consider the set of A in R for which the self-adjoint

eigenvalue problem
Pu(z) = \u(x) u(z + d) = exp (2mik - d) u(z) (6.0.1)

has a solution for £ in R? and d in L. When there is a nonzero solution to (6.0.1) we say

that A is in Specg(—A + ¢q). We refer to
U Spec, (—A + q)
k

as the Floquet spectrum. However, when k& = 0, we simply say ’spectrum’ which we denote

by Spec(—A + ¢). In two dimensions, two potentials ¢ and ¢ are Floquet isospectral if

Specy(—A + q) = Spec,(—A +qG)  Vk € R?

40



and isospectral if Spec(—A + ¢) =Spec(—A + §). Following the convention in [ERT84b],
we consider a potential to be Floquet (spectrally) rigid if there are only a finite number of

potentials modulo translations which are Floquet isospectral (resp. isospectral) to it.

In [ERTS84a], Eskin et al. showed that under the assumptions

1. q is real analytic

2. L has the property |d| = |d'| = d = £d' for all d,d' in L

then Spec(—A + ¢) determines Specy(—A + ¢) for all k£ in R™.

In the sequel to [ERT84al, [ERT84b|, Eskin, et al., show that there is a set of analytic
potentials satisfying the conditions (1) and (2) which are dense in C*(R?/LL) such that if ¢(z)
is in this set, then ¢(z) is Floquet rigid. Furthermore, there is a smaller, but still dense set of
analytic potentials in C*°(R?/IL) such that if ¢(x) is in this set and g(z) is Floquet isospectral
to q(x) then, §(z) = q(+x + a) where a is an arbitrary constant. Under the assumptions
(1) and (2), if a potential in R? is spectrally rigid (resp. unique) then it is Floquet rigid
(resp unique), so their results are also true with the words ”Floquet rigid” (resp. unique)
replacing "isospectrally rigid” (resp unique). The main result of this dissertation section
is to show that there is a more general class of potentials which satisfy the conditions for

Floquet rigidity than in [ERT84b].
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CHAPTER 7

The Isospectral Manifold in R!

In R! the structure of the isospectral sets of periodic potentials has been well studied and
contains many results which are useful in higher dimensions. In R! the Schrodinger operator
becomes Hill’s operator.

pe

T2 +q(s)

where ¢(s) has period 1 and is real-valued. We start by assuming that ¢ is at least three
times differentiable, so that we can use many of the standard results which may be found

in Magnus and Winkler, [MW79]. For the rest of this dissertation, we will also assume that

¢(z) has mean zero. We look at the set of A where there is a solution to

- L) g@)6s) = dol) 0.1)

¢(s +1) = (=1)"(s).

The scalars A are known as the periodic and anti-periodic eigenvalues. Through curious
use of notation, the scalar, A\X, denotes the eigenvalue corresponding to the eigenfunction

¢ (s +1) = (—=1)m¢E (s) so that
Ao <AL AT < A7 < AT (7.0.2)

Hence the periodic spectrum consists of {\%, m even} and the antiperiodic spectrum is
{\=, m odd}.

If we change the problem (7.0.1) so that ¢(s) obeys the boundary condition



then the associated spectrum is called the Dirichlet spectrum. The Dirichlet spectrum are
denoted pi,,(q) and they interlace the periodic and anti-periodic spectra. We will often use

the fact
AL = A = O(|m? — n?)), (7.0.3)

and find it worthwhile to mention it here. Although A} < X, ., it is possible to have

A, = Al . The spectrum of

m =

d2
PR (s)
as an operator in L?(R) is
U [/\:r-w )‘r_n—l-l]
m=0

Each of the intervals [\, A ] in the union above is called a "band”, or interval of stability.
The complement of the set of bands is union of the intervals (A, A\ ) which are called ” gaps”
or intervals of stability. In each gap, the operator —% + ¢(s) does not have a bounded
eigenfunction. A gap is referred to as open whenever A\, < A and closed if A\, = A}, The

length of a gap is denoted as 7,,.
In [GT84] Garnett and Trubowitz gave a compete characterization of the gaps for ¢ in

L2]0,1].

Theorem 9. [GT84] Let v, n > 1, be any sequence of nonnegative numbers satisfying

Y <o

n>1
Then there is a way of placing the sequence of open tiles of lengths v, n > 1 in order on the
positive azis (0,00) so that the complement is the set of bands for a function q in L[0,1].

In other words, the map

q = 7(q) = { (@) }n>1, (7.0.4)

from L2]0,1] to (I*)T, is onto.
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Furthermore if we multiply the gap lengths ,, by € where € is in [0, 1] then the map (7.0.4)
is still onto. The fundamental result in R! is that the set of analytic periodic potentials M (¢)
with the same periodic and anti-periodic spectra is equivalent to a torus with dimension equal
to I [MT76]. Here I is the number of m for which A, < Al . The coordinates ,,(g), on this
manifold with m referring to the m'* gap on ¢(s), are related to the Dirichlet spectra and

the gap lengths. They are defined as follows

(@) — A,

2

sin - g <y < (7.0.5)

NN

where p,,(q) is the Dirichlet eigenvalue for ¢ such that A < u,,(q) < Af. These coordinates

are further discussed in Chapter 4.

Finally we will need the fact that all the gap lengths are exponentially decreasing if and
only if ¢(s) is real analytic. Whenever ¢ has only a finite number of open gaps, then ¢ must
be real analytic, [Tru77]. The analyticity of ¢(s) with finitely many gaps is crucial in many

of the proofs of the theorems in this dissertation.
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CHAPTER 8

Review of Necessary Results in R”

We outline some necessary results and definitions from [ERT84a] and [ERT84b] which will
be used in the rest of this dissertation. Let L be an n-dimensional lattice generated by n

vectors vy, vg, ..., v,. We can then consider it’s dual IL* where
L*={eR":0-veEZVveL},

to be generated by some basis 41,0, ...,0,. A function is periodic over the lattice L if
q(z + d) = q(x) for all d in L. For any arbitrary lattice L satisfying condition (2) and basis

fixed as above, let S* be the set of fundamental directions for L, that is
S*={0elL":6-d=1 for some d € L}.

It is clear that whenever ¢ is in S* then —¢ is also in this set, so we reduce the set to S by
only picking 0 in S*. Therefore any element of L*/{0} has a unique representation as md

with § in S and m in Z.

If g is a function which is periodic over LL, then it has the following Fourier series repre-

sentation
q(z) = Z as exp (2mid - x)
ol
with

as = Voll(F) /q(x) exp (—2mid - x) dx

where I' the fundamental domain of the lattice I as given by

= {s101+ ...+ 8,0, :0<s; <1}
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If we write

16245 (s) = Z s exp(2mins)
nez
then we have that
q(z) = Z Z(zm; exp (2mind - x) = Z 10%¢5(8 - )
5€S nez des

where each ¢s(s) is a periodic potential on R!. These one-dimensional potentials gs(s)'s are
called directional potentials. The assumption that ¢(x) has mean zero is equivalent to setting

ag = 0 for all the directional potentials.

Theorem 2 in ([ERT84a], [ERT84b]) states that

Theorem 10. Spec(—A + q) determines

d2
Specy, (—@ + qg(s)) Vo eS, keR"

The theorems in R! we mentioned will help reduce the study of periodic potentials in R™

to the study of R! potentials, about which much more is known.
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CHAPTER 9

Potentials in R?

Following [ERT84b], for the rest of this dissertation we assume that the elements of the
lattice L satisfy condition (2) as stated in the introduction, and we consider analytic periodic
potentials g(x) such that ¢(x + d) = ¢(z) for all d in L. We also only consider potentials
with a finite number of directional potentials. For this Chapter, we make the additional
assumptions that the number of gaps in each direction J; is finite, and that there are at
least 3 directions. This setup differs from [ERT84b] where two of the directional potentials
were fixed translates of the one gap potentials and the other directions were viewed as

perturbations of the zero potential.

Under these assumptions we can simplify the form of ¢(x) as follows
s
q(x) = 16;1¢;(5; - ). (9.0.1)
j=1

Each one dimensional directional potential ¢;(d;-x) corresponds to a one dimensional operator
with corresponding eigenvalue and eigenfunction pair (A, ¢(s)) satisfying

2

—L56(5) + 4y(5)0(s) = A(s). (902

In order to simplify the computations needed in this dissertation we make the following

assumptions (*)

1. 03 =01 + 2

2. q1,q2 and g3 have the same number of open gaps
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We will discuss how, given sufficient time and energy, using spectral invariants and the
standard perturbation techniques that one could remove the assumptions (*). The invariants
are derived from the trace theorems. If we let the fundamental solution of the heat equation

ou

i =Au—qu  u(0,x)= f(x) (9.0.3)

on R" be G(z,y,t) then

D exp(=At) =) exp(—2rik - d) /G +d,z,t) do (9.0.4)

AESpecy, dell T

Therefore if one knows Speci(—A + ¢) for all k, then one knows

/G(I +d,x,t)de  Vt>0,delL (9.0.5)
T

In [ERT84a] and [ERT84b], they derive Theorem 10 from the asymptotics of

/G(x + Nd+ext)de Vt>0,del (9.0.6)

as N — oo.

Theorem 10 has the consequence that the set of real-analytic ¢(z) isospectral to g(x) can

be identified with a subset of a real analytic manifold
M=T xTyx..xTs.

Here each torus 7 has dimension equal to the number of open gaps associated to each
directional potential ¢(d;-x); we call this set I;. This manifold A has dimension ) |[;| = N
J

Again, the coordinates on the manifold «;,,(q) are given for each j by (7.0.5).

In our case, we would like our set of potentials which we will call M (e) to have open gap

lengths which are parametrized as follows. Let Ey denote the set

{(j7m) : (]7m) = (17 1)7 (27 1)}7

and FE; denote the set

{(jym) 7 <2,m > 1}.
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Now we let € be the vector with four components (€1, €, €3,€4) SO we can parametrize the

new gap lengths so they depend on € and v as follows

Vim(€,7) = €j%jm for (j,m) € Ey
Vim(€,7) = €xvjm for (j,m) € E
Y3.m(€,7) = €373.m for m € I3
Vim(€:7) = €4Yjm for j >3, m € I

7 7’

and are associated with the potential (e, x,«). Here, suppressing the , we have a =

{cjm} is the rescaled vector of coordinates, where for each directional potential, the coor-
dinates are given by (7.0.5). Notice that we have also written our gap lengths in terms of
finitely many parameters and this does not destroy the fact the mapping (7.0.4) is onto and

in this case analytic.

The following spectral invariants are derived from higher order terms in the asymptotics

of 9.0.6 in [ERT84b] which we will use in our computations:

Theorem 11. The periodic and anti-periodic spectra for the one dimensional potentials qs(x)

which form q(x) and the invariants
By, (e, ) (9.0.7)
D (€, ) /|hexa (65 r,a))? de
when N}, > X, and
s, m(e,a) = j (e, ) (9.0.8)
/|h €,T,Q) (6,05 2,0)) + (05,0 (€,0; -, ))?) dx

when X}, = Aj,,, maybe recovered from the spectra of q(x). Here o = {cm} is the collection

of coordinates associated to each gap length and we have set

h(E,ZL’,Oé) = Z e.eque(e,e-x,a)

with d; - d; =0, and d; of minimal length.
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Setting @gg’m(e, a) = ®; (€, ), then the number of invariants with A}, > A has dimen-
sion equal to the manifold M (e). We would like to show that the Jacobian determinant of
the invariants with respect to the coordinates « is nonzero so that we may apply the implicit

function theorem.

We will primarily be calculating the spectral invariants for potentials at a specific pa-
rameter € = €5. We let €y be the vector with (e, €2,0,0) where € and € are in (0,1). When

€ = ¢y the potential ¢(eg, z, a) has

Yjm(€0,77) = €V;m for (j,m) € Ey

v;m(€0,7y) = 0 for (j,m) € Ej

for gap lengths. The potential ¢(€g, x, @) is therefore the sum of 2 potentials with only one
gap, one in each direction d;, j = 1,2. The rest of the directional potentials are zero. While
the limit g(eg, z, @) coincides with the form of the potential as calculated in [ERT84b], one
specific difference remains- the first two directional have finitely many gaps, they are not just
translates of the p function. We will Taylor expand the Jacobian determinant with respect
to e3 around € # ¢y and use these computations to show that the Jacobian determinant for

certain fixed « is not identically zero.

For the rest of this dissertation, we let p(s—f—%, 7) denote a general normalized Weierstrass
o function. Whenever the parameter 7 is real and greater than zero, then p(s+ %T, T) is real-
valued with periods 1 and 7 [SS03]. The real-valued p-function is always even about 1, and
by a theorem of Hochstadt [Hoc65], all one gap potentials are translates of the p-function.
The directional potential, in the limit, ¢;(eo, s,a) = p(s + % + v, 7;) has eigenfunctions
which satisfy the following equation:

d2

_E (607 S, CY) + q; (S>¢(60, S, CY) = )\¢(605 S, O‘)'

where ¢;(€o, 0, ) = p(%* + v;, 7;) has bands given by

=0 (3) 0 (5 1uto () o0 909
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Aligning the classical elliptic function theory with spectral theory [Cai06] we have that,

1 iT; + 1 _ 1T}
_p(§):% _p< - >:1 —KJ(?J):)\T- (9.0.10)

We will need the parameters 7; later in the computation of the Fourier coefficients of the @

function and the perturbation calculations for the eigenfunctions. From equation (9.0.9) we

know that they are related to the €; as follows

1T; + 1 LT
o ( ’2 ) —p <7j) = €71 (9.0.11)

for j = 1,2. Therefore if we pick ¢;, we pick 7; and vice versa.

Since any potential ¢(z, €, «) is always Floquet isospectral to ¢(+x + a, €, ) where a is
arbitrary, we cannot hope to remove the sign or translation degeneracy. We know that when
€ = ¢p that 01 - a = 11 and dy - a = vy, so for simplicity we fix a so when € = ¢y then a = 0.

As a result we have that

1T

q;(s,a,€0) = ;(s + 7]773) = Zaf1 cos(2mns)

neN

for j = 1,2, where the coefficients @/ are given by Appendix C. We consider our manifold

M (€) of potentials which have translation fixed as above.

In order to prove that M(e) actually is an analytic manifold with coordinates o =
{ejm(q)} we must first remind the reader of a few definitions involved in the selection of the
coordinates {a;,,} defined by (7.0.5) as they are related to the Dirichlet spectra p;,(q) of

the operator. We define the discriminant A()\) as follows

A2(\) — 4 =4( — A) ﬁ JA, =) (9.0.12)

n47r4

Let pm(s,q;) = pjm(€, s, ) be the the solution to the system (where here we are suppressing

the j)
—d,um(e, 5,) = m?2n? A% (ptm) =4 (9.0.13)
ds [T (ale, s, @) = pmle, s, @) /n?m a
nel,
n#m
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with f1;,m(€,0,a) = 1, (0,¢;),k € I, where the choice of signs is initially by the sign of
numerator, and changes whenever p;,, (¢, s, «) hits )\]im The proof of analyticity of u by
examining (9.0.13) remains almost exactly the same as in [ERT84b] and is omitted here.
Since there are a finite number of coordinates, it is easy to see that analyticity in each

coordinate is preserved, and hence M (e) is still an analytic manifold
By McKean-Van Moerbeke [MT76], the initial value the sum of the initial values, 1, (€, 0, ),
is related to each directional potential g;(e, 0, ) in the following way

Qj(ea 07 O_/) = /\0 + Z ()\j:m + )\]_,m - 2:uj,m(€7 Oa a))

mEIj

and this relationship remains true when the parameter s is varied

qi(e,s,a) = Ao + Z (Afm & X = 205m (€, 8, @)). (9.0.14)

mEIj

Using a combination of formulas on pp. 325 and 329, in [Tru77], the eigenfunctions for each

directional potential corresponding to )\;fm for all 5 can be written as

(6 (es,00)* = 1] (Ax@ _“"(6.’S’a)) (9.0.15)

+
nel; )\m >\TL

where \,, is the zero of % lying between A, and Af. It is important to note here that the
formula in [ERT84b] is a misprint. We will also need the derivatives of the eigenfunctions

which from equation (9.0.15) are

dort (e, s, a) —1 dpin (€, s, @) A — (e, s, @)
207 iz AL LI : il s 5 0.1
o) ) 5 oL () [ Mo online) g

nel;
with the derivative for ¢ (e, s, ) computed similarly. Let us start by considering the
eigenfunctions for those directional potentials with 7 > 3. Because we are looking for the
root between A/ and A, when e = ¢, we make the substitution A = \j  + €4Yjm\ into
(9.0.12) to find that
A2\ — 4= EXN1— N fegh, €4)
where f(z,€;) is analytic and f(0,0) = 42, # 0. Therefore for ¢; sufficiently small, A,

corresponds to the root of

0= (1—2\)f(es, eq) + exM(1 — S\)Z—JZC(Q:\, €4)
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near \ = % As a result, the following estimate holds

N =2l 5 o
giving that
A (€0) — Mm.(€o7 a,s) = 2082 (Gim (s, ). (9.0.18)

An(€o) = Am(eo)
The variable &, (s, a) denotes the solution to the system (9.0.13) where € = ¢, with initial

condition a under the change of variables (7.0.5). The same estimates above are true for the
eigenfunctions gb;;m(eo, s,a)), m in I3 when expanded with respect to e3. We can conclude for
all 7 >3

&1 (€0, 5, 0) = V2C0S Gjn (5, ) (9.0.19)

where we know we have picked the right sign by verifying the derivative (9.0.16) in the limit.

Now we consider the case when j < 2. When € = ¢;, we have for all n > 1 that

/\;fn =N\, = [y = A 50 that terms in the product (9.0.15) where n # m and n > 1 become

>\+ - Myn ]
j,m(EO) M],‘(EO S Oé) _ 17 (9020)

Afm(€0) = Ajn(eo)

and for n = 1 we have

Ajun(€0) = tia(e0) _ An(es) = Aja(€s) = €53 sim*(G (s, ) (9.0.21)
A (€0) — Aja(eo) A — Aa(e5)

Combining equations (9.0.18) (which is still true for j < 2) and (9.0.20), we see that for

€ =€p, and (j,m) in Ej,

A (€)= A7y (€;) — €v;1 sin?(&;1(s,
(6] (60, 2,5))? = 200 ({5, ) ( am(5) = Xia(65) &% 5 (B ”)  (9022)
A (€5) = Aja(e))
Comparing with the derivative computed in (9.0.16) we know that the correct choice of sign

is

/\+ €, —)\._1 €5i) — €71 Sil’l2 dj,l S,
(6)m(co, 0, ) = ﬂcos(&m(s,a))\/ im() ;’f( (2') _z_l(e')( (52) (9.0.23)

The introduction of this setup provides the necessary background to introduce the fol-

lowing theorem:
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Theorem 12. For all but an analytic set of (e3,€4) in [0, 1]%, there is an open set of potentials
satisfying the hypotheses (1),(2) and (*) in M (€) which are isospectral to only a finite number

of other analytic potentials.

In order to find the Jacobian corresponding to the invariants as given by equation (9.0.7),
we must first figure out what it means to calculate their derivatives with respect to {o;,}

with (j,m) in E§. We start with the following lemma

Lemma 6. For (j,m) in E§, we have

0 m(s, @) 0 m (s, @)

=1, and =0 when (r, k) # (j, k)

aOéj’m 8ar,k

Proof. Examining (9.0.13) under the change of variables given by (7.0.5) for (7, m) in F; and

€ = €

daym(ssa) Y = 200N = XD = Aj0) 0021
ds N )‘;:m — )\;1 — €71 Sin2 dj,l(sa Q{) U.

Therefore @;,,(s,a) depends only on «;; and the initial data for &;,,(0,a) = a;,, so the
result follows.

The case whenever j > 3 and € = ¢, is much easier to compute. We have for all such

corresponding m

do m
%T@ =mn (9.0.25)
so again the result follows by the same reasoning above. O]

For the computations done in Appendix D, we need to know that when €; = 0, (9.0.23)

agrees with the limit one would expect. In other words for (j,m) in Ej, we have

(€0, @, 8) = V2 cos(mms + ) + Oej) (9.0.26)

]7m

which is easily verifiable by Lemma 6, and the estimates (9.0.17) and (9.0.20). We have
computed the eigenfunctions in (9.0.23) to illustrate that they are expressed in terms of

elliptic functions, and therefore the invariants will not be explicitly computable.
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We can now prove the main Lemma. If we consider a potential ¢(e, z, &) in M (e) then it
is associated to a fixed set of coordinates a.. Let det(J)(e, ) be the Jacobian determinant
of the invariants ®;,,(¢, ) with respect to the coordinates {c,,} with j,m in E§, and

det(J)(€, ) is an (N — 2) x (N — 2) determinant.

The proof of Theorem 12 will be based on the following Lemma:

Lemma 7. There is a choice of €1, €5 in [0, 1] such that on a dense open set of a,
det(J)(e,a) # 0 (9.0.27)

Proof. We will proceed by showing that for all k =1ton —1

ok det(J)

8—65(607 Oé) = 0
while

0™ det(J)

8—€§(60’a) # 0

where n = |I1| + |Is| — 2 = |E4|. The desired result will follows since we notice that if for
some n

o™ det(J

—en( )(Go,Oé) #0  and det(J)(e, ) =0
O€l

then this is a contradiction since all of the derivatives of det(.J)(e, ) evaluated at any e

should be identically zero as well, since det(.J)(e, ) is an analytic function of e.

Now we proceed to calculate the derivatives of det(J)(e, «). Let the columns v;(e, o) of
det(J) (e, &) be indexed by i where i ranges from 1 to N — 2. Each i corresponds to a pair
of indices (j,m) such that

vi(e, ) = Vo (€, )

where we are considering the pairs (j,m) ordered first by the j and then by the m. The
perturbation calculations to find the derivatives of the invariants are located in Appendices.

In order to examine the Jacobian further, we need the following key observations:
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1 2 (e, 6;-2,0) =0 V(I k) € ES, and Vj

Oay 1,

e},
Oay i,

(€0, 0 - w, ) =0 V(L k), (j,m) € E§ unless (j, k) = (I, m)

. o(¢F,)? .
3. 2—2(60,@%,@): (ajé ) (€0,0; - x,a) =0 Vi #3

The first two observations follow from Lemma 6 and formulae (9.0.14) and (9.0.15), respec-
tively. The last observation follows from the parametrization of the open gaps since only
q3(€,03 - x, ) and @3 (€, 93 - x, ) for m in I3 depend on €.

Going back to equation (9.0.7), each invariant has the form as follows

2

)
D, (€, ) = / Z ﬁql(e, o -z, )| (¢],,(€,0; -, a))?dx (9.0.28)
g =} o

Now we let D denote a generic constant independent of the coordinates. When € = ¢, the
form of the invariants (9.0.28) for j > 3 coincides with that of [ERT84b]. Since 6; and dy
form a basis for S, we know that there exists a nonzero pair of integers (p;, r;) such that for

any third vector §; # 61,2 we have §; = p;01 + 1;02. Therefore when j > 3

11
P (€0, ) =D / /(m(t + %, 7)) (p1(s + %, 1)) COSQ(ﬂ'm(ij +rit) + ajm)dsdt + D
0 0

(9.0.29)
Exactly as in [ERT84b], we have that when (j,m) is such that j > 3
(I)j,m(€07 Oé) = 01,27ja71npj aznrj COS QOéj’m + D
The coeflicients 0172,ja}npj afmj are independent of the coordinates and nonzero. They can be

found in Appendix C. However for j in {1,2}, we come across the degeneracy that

0P,
aal,k

(€0, ) =0 (9.0.30)

for all (I,k) in E§. We know from our observations (1) and (2) that (9.0.30) holds except

for possibly when (I, k) = (j,m). In this case since again §; and J; form a basis for S we can
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write

im0 )= [ |2 2 0(0t,,)’
aaj7m (607 Oé) - F/ 5l . d] QZ(€07 5[ - I, a) aa‘%m (607 5] - X, a)) dx (9031)

1

1
0
:D/pl2 +ﬂ Tl ds/ ( eo,t,a)dt
(9ozjm
0

0

where [ # j and [ is in {1,2}. But since we consider our eigenfunctions as normalized for all

(,m), e.g. ||¢],.(€,0; - x,)]| L2y = 1, the right hand side of (9.0.31) is just zero.

Therefore for all 7 from 1 to n we have

vi(€9, ) = 0.

while for all 7 from n + 1 to (N — 2) we see that

0 I=1,.,i—1
(ileo.@)); =3 erpyal, a2, sin2a,, =i . (9.0.32)
0 [ >1

Because the determinant is a multi-linear function of its rows, we may write
det(J)(eo, ) = det (v1, Vo, ..., Uy Vg1, -, UN—2)

It is now clear that for all k =1 ton —1

ok det(J)

66]5- (607 Oé) = 0

however for £ = n we have

o det(.J) Ovy Ovs Oy, o 2) 90.3)

—_— = det —
Oel (€0, @) = C(n) de (063 863 ’063’vn+1’

where C'(n) is a constant depending on n only.
From observations (1-3) we know for j in {1,2}

2P
0P,

6638045 k

(60, ):0
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except for possibly when I = 3 or (I, k) = (j,m). We then note that corresponding rows with

1 <i<nin (9.0.34) take the form

;

0 l=1,..,1—1
. aiiig;g (€0, x) =1
(g:;)l - o0 P> 1> (9.0.34)
%(GO,Q) i=r.k
\ 0 [>r )

Here the index r corresponds to (3,1) and k —r = |I3]. We can conclude from (9.0.32) and
(9.0.34) the determinant (9.0.33) is an upper triangular one. The determinant (9.0.33) looks

like
A B

0 C
where A is an n x n block diagonal matrix, and C is an (N —n — 2) x (N —n — 2) block
diagonal matrix. If the diagonal entries in the upper triangular determinant (9.0.34) are
nonzero, then we will arrive at the desired result that

0" det(J)
8"63

(€0, ) #0 (9.0.35)

The collection of diagonal entries for (j,m) in E; corresponding the block A, for 1 <i <n

2P .
are 8‘235076’;”; (€0, ). From Appendix D, we know that there is a choice of ¢; and €5 so that

these invariants are nonzero except on an analytic set of «;,,. Also from Appendix D and
equation (D.0.22), whenever i > n we have diagonal entries corresponding to (j,m) with
7 > 3, corresponding to the block C are

0D,
6aj,m

1 2
—2€1,2,j G, Oy,

(€0, x) = sin 2a; (9.0.36)

These entries are only zero whenever o, =0 mod 7/2 for j > 3. The lemma is finished.

Remark : It should be possible to remove the assumption (*) by using the standard

+

perturbation series to calculate (¢;,,(¢;,s,))* around ¢; = 0. If d5 were generically of

the from p3d; + r3de, then we conjecture that (D.0.8) is nonzero provided we expanded the
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eigenfunctions to order n with n satisfying the relation m +1 = nps or m 4+ 1 = nrs for some
[ in N. The calculations required to do so are difficult. This conjecture is discussed further

in Appendix D [

Proof of Theorem 12. This proof is very similar to the one in [ERT84b| and is again included
for completeness. Let us start by assuming the matrix J is invertible on M (¢€) except for on
an analytic set, say U, of (€3, €4) Recall that on the manifold €; and the corresponding «;
for j = 1,2 are fixed. Then given some ¢ with variable components (€3, ¢4) in [0,1]*/U, we
let

0o _

F={a: %(e,a) =0}.

Since

D¢, ) : M(€) = RN2,

the corollary follows if we can show that the set ®~1(®(F)) is open and dense. We know
the set is open since ®~! is open, and F' is compact. If we assume that it is not dense, then
the set contains contains an open set O which also contains a point o which is not in F'.
Because the Jacobian is nonzero, ® is a homeomorphism on a neighborhood of «g, which
implies ®(F) contains an open set. The last statement contradicts Sard’s theorem. Now we
assume that ®(ay) is not in ®(F) and ®~1(P(F)) is infinite. Let ap be an accumulation
point of ®~1(®(a;)). Because @ is continuous, ®(ay) = P(ay) and % # 0. It follows that
there is a neighborhood, N, of ay such that « is in N and ®(a) = ®(ay) implies o = as.
This is a contradiction to our assumption so we know ®~1(®(qy)) is finite. Because ® is a
spectral invariant, then ®~!(®(F)¢) is a subset of the manifold which satisfies the conditions

of Theorem 12. 0
This theorem has a nice corollary if we make the following observations:

1. Any two directions 0, and d, form a basis for the lattice L., so our choice of basis and

translate is arbitrary.

29



2. The potentials on M (e€) satisfying the conditions of the theorem are dense in the set

of all analytic potentials in the C'*° topology.

3. The set of smooth periodic potentials which are a sum of only a finite number of
directional potentials each with a finite number of gaps in each direction are dense in

the set of finite gap periodic potentials in the C°°(IR?/IL) topology.

4. The set of finite gap potentials is dense in the set of all C®(R?/IL) potentials in the C>

topology.

Corollary 1. The set of analytically rigid potentials is dense in the set of smooth potentials
on R?/IL in the C*°(R? /L) topology
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APPENDIX A

Integration by Parts for Gaussians

It is well known that

2

ety mes () v = () e (%) .

Rn

We will use this fact to help us evaluate integrals of the form

/(y +b) exp (iy - n) exp (—cy?) dy

Rn

and

/\y + b|* exp (iy - n) exp (—cy?) dy.
R’I’L

Recall that, for ¢ a constant, n,y € R”, and « a multi-index with n components,

i'“n”‘/eXp (—cy®) exp (in - y) dy = (—U'“'/%’(exp (—cy?)) exp (in - y) dy,

R~ R»

and also
9 2 2
a—yexp (—cy ) = —2cyexp (—cy )
92

(9_y2 exp (—cy2) = (—20 + 402y2) exp (—cy2) .

With these equalities in mind, (A.0.2) is equal to

;—Cl / 0y (exp (—cy?®)) exp (in - y) dy +b / (exp (—cy?)) exp (in - y) dy

J
() ()
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We can also expand and re-write the integral in (A.0.3) so it is equal to

4—}:2 92(exp (—cy?)) exp (in - y) dy — g/ay(exp (—cy®)) exp (in - y) dy
+ (52 + 2%) /(eXp (—cy?)) exp (in - y) dy

R

Using the integration by parts formula, (A.0.4) is just

n 2 2 ;
T 2 Ui n wn o, 1
— — )+ —+b"+—]. A.0.5
(c) P ( 40) ( 4c? * c L 20) ( )
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APPENDIX B

Euler Summation for the Theta Function

An integer valued function h(a) may be estimated by the Euler summation formula

b

Z h(a):/ d:z:+z th D(@)|"Z> + R, (B.0.1)

a<a<b w

where B; is the j™ Bernoulli number and h")(x) denotes the j* derivative of h(x). The

remainder R, is defined as

Ry — (-1)m+1/%{f’}>hm<x> da.

The notation {x} denotes the fractional part of x, and B,,({x}) denotes the m' Bernoulli

polynomial. Formula (B.0.1) is derived in Concrete Mathematics, [GKP94].

Fix ¢¢ € R" and A € R, with A > 1. We wish to use the Euler summation formula to

estimate the sums
2

Z exp (—M) (B.0.2)
A

aeZm

and

la — €g? la — €o?

el (ool (B.0.3)

a€eZn

in terms of the parameter A. Since the variables aq, as, ..., are indexed independently of

each other, we may re-write (B.0.2) as

Z (ﬁ eXp <—M)> = f[ (Z exp <—M)> : (B.0.4)



We apply the Euler summation formula with m = 2 to the sum in parentheses on the right
hand side of (B.0.4), so that h(x) = exp (—@) Letting g(x) = exp (—?), via the
change of variables = v/Au + €,
—1 —1
=— | B h'(z)dx = — | B A : "(u) du.
Ro= 5 [ Baabi) e = S / (VA + o))" () du

R

By properties of the Bernoulli numbers (again, cf [GKP94])

Bo{VAu+ o)) < By = =

Integrating by parts gives

/g”( du /4u +2)e " du =47
R
I
IRy| < \g

The second term on the right hand side in the Euler summation formula vanishes:

ijfhﬂ @)=, =0,

jl

and

As a result,

> exp (—M) < (27A)2 .

aEZm™
The second sum (B.0.3) can be re-written as

(52 252) £ =(5)

=1 \oy€Z a’ezn—1

formula to

Here, o/ = (ay, ag, ...Q4, ...a,,) and €, = (€g,, €0y, ---€0,, ---€0, ). Applying the Euler summation
s feseel

’ — e,
exp 3 (B.0.5)
;€7

gives that (B.0.5) is also (’)(\/_ This follows since
2 VA
— eXp (_x_) dr = Tﬂ (B.0.6)

The details are left to the reader. Therefore (B.0.3) is O((\)?2) as well.

64



APPENDIX C

Fourier Coefficients of the o Function

As detailed in Chapter 8, the p-function depends on a parameter 7; > 0. The complex

valued function p(z,7) is given by

(2,7) 1 . ( 1 1 )
P T) =23 o 2 )2

2 e (z—=n—im7)> (n+imr)
which as before is real on the line x + . and setting,

. 1T
—277; b= 627”(:(:—&-7])

a=c¢e
gives
1 1 e ab na®
(27 )2p< 7) E+nzz_oo (1 — a™b)? B ; 1—an
Because
a™b e s
e :Zn(a b m=>0
n=1
and
a™b >
— = Zn(a‘mb_l)" m < 0
(1—am)* =

the representation

° 1@)2p<w 7)

0o
1y on _1y _on na"
+ § na2627rmx+ E § n nm+2)627r7,n:c _|_an(m 2)6 27r7,x) . 2§ ; -
—a
n=1

m=1n=1

Changing the order of summation we get

n
2

—1 1 =, 2na
mp(xﬂ'):ﬁ—kzl_a cos(2mnr) _2zl—a”'

n=
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Therefore the Fourier coefficients for the @ functions in the first three directions are given

by:

_ —8m’nexp(—nnT;)

J for n > 1
= exp(—2mnT;) o=
a = 7 g nexp(—mnT;)

3 1 — exp(—mnTy)

(C.0.1)

(C.0.2)

where j = 1,2. The appropriate 7; will depend on the choice of €; as given in Chapter 8.
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APPENDIX D

Calculation of the Invariants

In order to prove Lemma 7 we need to show that there exist ¢; and € in [0, 1] such that

82(I)Im 82<I>2n

A d — D.0.1

Besdarm Y M BeBay, @) (D01)

are nonzero except perhaps on an analytic set of a.
We know by (9.0.7)
5 2
/ 25 k qk €0k - m,)| (¢7,,(e,0; -z, ) da (D.0.2)
k-
Jj#k

Each ¢;(€,6; - z, ) is independent of €5 when j # 3. Furthermore since g (e, dj - =, ) and
(Okm(€,0; - ,))* are independent of pi;,,(€,0; - x, ) for all j # k, so only the function
(¢} m(€,0j -z, ))* depends on a;, in the above integral. As a result we can write

2

(@) ml€, 05 - ,a))*dr  (D.0.3)

62(I>j m 0 5k 0
_— S — _ _r 0w -
aE:;aOéjm(E’Oé) / 863 Z 5k . d]Qk<€7 k .CC,OK) aagm

’ T J#k ’
Whenever € = €y, then g3(€g, 03 - ©,) = 0 and the derivative J.,q3(€o,d3 - , ) can be
calculated using the Fredholm alternative as in [ERT84b]. Following Appendix I of [ERT84b],

we may write

dqs

Be, — (€9, 03 - T, @) Z V3.n €OS(2m05 - T + 2013.,,). (D.0.4)

nels

Also from the derivation of equation (9.0.19), we can conclude that

(¢) (€0, 5, a))? = 2cos*(mm(8; - ¥) + jm) + Ole;) (D.0.5)
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where by Lemma 6 the order terms are bounded by €;C where C' depends only on ;.
Hence from analytic perturbation theory and the derivation of (9.0.19) we can use (D.0.5)
to conclude that

(67 m)*

(€0,0; -, ) = —=28in(27(0; - x)m + 20j,,,) + O(e;) (D.0.6)

oajm
where the O(e;) terms are bounded by €;C with C' a constant depending only on the co-
ordinate «,,,. Because any two directions ¢; and d, in S form a basis, we know that there
exists a nonzero pair of integers (p;,r;) such that for any third vector §; # 7,02 we have
0; = pi01 + 1102. For easier computations we make the initial variable change ¢; - © = s and
dy - x = t, with the associated Jacobian, Vol(I'), and rewrite the invariants. We also let D
denote a generic constant which is independent of the coordinates, and we let

5 -6,
2(0; - dj)(0x - d)

(Vol(T)). (D.0.7)

Clkj =

From statements (1-3) in Chapter 9, (D.0.4), (D.0.5) and (D.0.3), when € = ¢;, we have

(cs0V 1<r>>*1%< ) - D03
C3,,5 VO 863805jm €p, X) = U.
(qum) 2 o
Z’}/gnCOS (2mn(s +t) + 203.,) pl(t—i-z 7)) ——— (€0, 5, )" ds dt =
= 2’ 0,

1
22 a /cos (2mns + 2a )8(J—+m)2(e s,a) ds
V3.n 3.n D0, m 0,5,
TLEI?, )
where 0 < 7,1 < 2,7 # 1.
When j = 1, by the hypothesis (*) on the number of open gaps that g3 has, the right
hand side of (D.0.8) is just

202 Y3.m SIN(20i3,1, — 201 ) + O(e7) (D.0.9)

Here the O(e;) terms are bounded by €;C where the constant depends only on oy, and as,
for all n € I3. We recall that al, — 0 as ¢, — 0 for all n in N and [ = 1,2 since d/, is related

to ¢ by Equation (9.0.11) and (C.0.1) However, we can make the constant uniform in ey. If
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we let

o + )2
sup M(eo, s,a)| = M, < o (D.0.10)
s€[0,1] 8041,m

then this follows from the rough estimate

| Z // (Z Yan cos(2mn(s +t) + 2043,”)) pa(t + i%, 7)) (D.0.11)

nels 0 0 nels

(¢ ,)? .
X | —=——"—(eq, s, )" —sin(2mms + 201 ,,,) | dsdt| <
aosz
Z Y3ma co8(203.,,) (M, +2) < 2n (M, + 2)
nels

since the gap lengths 73, and the Fourier coefficients a? are exponentially decreasing. Now

let 5in (0,1) be a small fixed parameter. We consider the set of a such that
|2053,m — 2051,m — k7T| Z 6 Vk € Z, m & [1 (D012)

We let this set be denoted as A;, and note that its complement is an analytic set. Therefore

provided we chose €; and €; which satisfy the inequality
2
(M + 2, < ‘amz‘ﬂ sin(8) (D.0.13)
n

for all m in I; and a in A; then (D.0.8) is nonzero for j = 1 and all m in I;. The tricky step
is to prove that we can pick €, €5 in (0, 1) such that D.0.13 holds for all m in I; but also so

D2,

a) #0 D.0.14
56350&2’,1 (60’ ) ( )
for all n in Iy except on an analytic set of a.

1

Because for small €1, a,,

. > ay, whenever ny > ny the right hand side of (D.0.8) is already
written in ascending order in ¢; for j =2,/ = 1. Let

0(¢)m)?

oy (€0, s, ) ds. (D.0.15)

1
bjmm (€0, ) = /cos(27ms +2a3.,)
0

Since we do not know if by, (€0, ) = 0 in « for all m # n, we pick ¢ as follows. Say

ba.m.1(€0, v) is nonzero except on an analytic set of «, and then let the set where by ,,, 1 (€9, @) =
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0 be denoted as A5, ;. If we can prove that for j = 2,1 = 1, (D.0.8) is nonzero for some
«, then it will be nonzero on some open dense set of a’s. The easiest a to select is the one

when by, 1 (€, @) is at its maximum. Hence we then pick €; such that

1 > ! 0.
LA |v3,10102,m.1 (€0, )| > ge[ V3,k@b2,m,k (€0, @) (D.0.16)
3
kA1

where the max is taken over the possible values of by, 1(€p, ) with a in Ay, 1, and we
consider the right hand side of (D.0.16) to be evaluated at this a as well. If by, 1 (€9, ) =0
in a, but by, (€, ) is nonzero except on an analytic set of s, and let the set where

ba,m,2(€0, ) = 0 be denoted as AS, , then pick €; such that

max |ys 2a5b2,m 2(€0, @) > Z%,ka}szm,k(ﬁoﬂ) (D.0.17)
CMEAQ’m’Q kels
k>3

where again the max is taken over the possible values of by, 2(€, @) With a in Ay ,, 5. We
continue this process inductively. As before, let 8 be a small parameter in (0,1). We now

also consider the set of a such that
12a3,m — 2a9,m — km| > 5 Vk e Z, me I (D.0.18)
and let this set be denoted by As ., . We know
bo.m.m (€0, @) = sin(2a  — 202,,) + O(€2) (D.0.19)

where the O(eq) terms are bounded by €,C' where is a constant depending only on s, and
asp, for all n in I3. Hence our selection process terminates because bg , m (€0, @) is not zero

for @ in As ;. provided we chose e, such that
€o|C| < sin(B) (D.0.20)

Hence we pick €; in terms of €5 so that

min_max (15500060, 0)]) > |32 95 40kbs.m (0, ) (D.0.21)
2,m,n
o lels
k>n
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for all m in I, where the min, is taken over those indices n for which bg (€9, ) is not
identically zero in «. This choice of €; and € is not in contradiction to our choice of ¢
small compared to €, since the right hand side of the inequality (D.0.21) always has a higher
order function of €; than the left hand side. Furthermore by, ,, = 0 for all m # n whenever
€2 = 0, so the right hand side is bounded. We conjecture using a computer and the standard
perturbation series for b; ,,, (€, ) that the assumption ¢y, ¢2 and g3 have the same number
of gaps could be removed. However, this is computationally difficult since it has been verified

b;m.n (€0, @) is O(egm_"‘) for all m up to some sufficiently large values of m and n.

For the case with 7 > 3, the invariants are computed almost exactly the same way as in
[ERT84b] because the form of the invariants coincides for these indices. In this case we have

that

D, (€0, ) = clljal a? cos(2am) + D (D.0.22)

mp; - mr;
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