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ABSTRACT OF THE THESIS

Spin Transport In Ferromagnets, Antiferromagnets, Paramagnets, And Nuclear Spins

by

Derek Russel Reitz

Doctor of Philosophy in Physics
University of California, Los Angeles, 2023

Professor Yaroslav Tserkovnyak, Chair

The central scientific objective in this thesis is to develop experimentally-testable theories
for the dynamical behavior of magnetic systems. Our second objective is to use our un-
derstanding of these systems to investigate their potential for generating thermally-induced
spin currents, ultimately having thermoelectric applications. This phenomena is known as
the spin Seebeck effect. In Chapter 1, we derive the low-energy, long-wavelength spectra
of Heisenberg ferromagnets (FMs) and antiferromagnets (AFs), in their strongly-ordered
regimes, from an intuitive starting point in a classical theory. Once quantized, these spin ex-
citations become magnons. The strongly ordered phases are understood as a dilute magnon
gas, but interactions become increasingly complex as we approach the magnetic transition
temperature in 3D. In order to pursue a theory of magnetism which treats all phases—both
ordered and disordered—on equal footing, we turn to Schwinger boson mean field theory
(SBMFT). The Schwinger boson transformation fractionalizes the spin operators into two
bosonic field operators, and the language initially appears to be less intuitive. Nonetheless,
we will show how two-spinon excitations reproduce magnons, and then press on to regimes
where both magnon-like and paramagnetic-like excitations proliferate in thermal equilibrium.

In Chapter 2, we investigate the dynamical linear response of insulating magnetic systems

i



in equilibrium. In the ordered phases, where time-reversal symmetry is broken, we find
that spin currents are present in equilibrium. The thermally-averaged spin-spin correlators,
which make up spin currents, may be evaluated from the dissipative part of the dynamic
susceptibility tensor using the semiclassical fluctuation-dissipation theorem (FDT). Since
spin currents are not directly measurable, we interface the insulating magnet with a metal.
The interface acts as weak link, and when the two are out-of-equilibrium with each other,
a spin current flows across the interface. By the inverse spin Hall effect, this is picked up
as a voltage drop across the metal. In the FDT method, we compute the interfacial spin
current up to an overall phenomenological parameter called the (dissipative part of the)
spin-mixing conductance. An alternative method, used for Schwinger bosons, is to compute
the interfacial spin current directly using Fermi’s golden rule.

In Chapter 3, we summarize and analyze our final results for the spin Seebeck coeffi-
cients in FMs, AFs, PMs, and discuss a novel SSE which is relevant at temperatures below
where electronic spin dynamics freeze out — the nuclear SSE. In Chapter 4, we compare
our results to experiments on the AF SSE in chromium oxide (CryO3), the paramagnetic
SSE in gadolinium gallium garnet (GGG), and the nuclear SSE in manganese carbonate
(MnCOs3). We discovered remarkable quantitative agreement between our theory and the
CryO3 data after comparing the SSE across a metamagnetic phase transition. Here, the over-
all thermal and electronic transport properties such as thermal conductivities and metallic
resistivities which affect the measured SSE were eliminated in this comparison, because they
are unaffected by the magnetic configuration of the AF. We then applied this technique to
the paramagnetic and nuclear SSE analysis to extract additional, specific information from
the overall magnetic field profile of the SSE. Finally, we conclude with predictions from
SBMF'T for future experimental proposals. These investigate the strength of paramagnetic
fluctuations in ordered magnetic phases and signatures of magnetic correlations in disordered

phases.
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Chapter 1

Introduction to the spin wave spectra

of magnetic systems

In this chapter, we derive the spectra of linear excitations in ferromagnets (FMs), antiferro-
magnets (AFs), and paramagnets (PMs). The dispersive bandwidth of spin excitations is set
by the Heisenberg exchange constant times, loosely speaking, the average strength of spin-
spin correlations. On the other hand, the band gap generally comes from a uniform, effective
magnetic field, which may be comprised of crystalline anisotropies and external magnetic
fields, for example. The FM and AF exchange interactions result in different dispersions near
the bottom of the band: FM exchange results in quadratic dispersion, while AF exchange
results in linear dispersion. If we take this as one baseline difference between FMs and AFs,
it is then not surprising that the behaviors of the two systems differ significantly at low
temperatures, where only the lowest-energy excitations are thermalized. In addition, as we
will investigate in more detail in Chapter 2, there can be major qualitative differences in the
overall character of linear response (dynamics of linear excitations) of strongly-ordered FMs

and AFs.



To illustrate their separate character, consider a FM (AF) which has an easy axis along
which there is magnetic (Néel — staggered) ordering, respectively, at temperatures well below
where the FM (AF) transition occurs — the Curie (Néel) temperature Te(yy. In Chapter 2,
we will find that once a small magnetic field is applied collinear to the easy axis, the spin
current in the AF at T' < Ty carries spin angular momentum that is oppositely-oriented to
the FM’s at T' < Tz! The origin of this striking difference becomes apparent after studying
the lowest-energy spin excitations, called magnons, of the two systems. Magnons are bosons,
carrying spin angular momentum h. In FMs at T' < T, nearly all the spins are oriented
along the same direction, and so magnons are spin flips, with spin polarization opposite the
magnetic order. In AFs at T' < Ty, nearly all the spins are staggered, pointing in one of
two directions along a given axis. Again, since magnons are spin flips, intuitively one would
expect two magnon branches in the AF (which are degenerate in the absence of magnetic
field). In the absence of canting, the two magnons carry oppositely-oriented spin angular
momentum along the Néel axis. This is the case for the easy-axis AF at low fields, and the
magnons which carry momentum polarized along the direction of the magnetic field are in the
majority (in terms of thermal occupation numbers), so they determine the net polarization of
the spin current. A second class are canted AFs, which instead behave qualitatively similar

to a weak FM. We discuss both.

Well ordered FMs (AFs) (when T' < Te(y)) have magnetic (Néel) order which can be de-
scribed by a classical, rigid vector. In a classical theory, spin waves are transverse oscillations
of the order parameter. Once quantized, they become magnons. We construct the classi-
cal theory for the low energy, long-wavelength excitations by expanding in small transverse
deformations of the order parameter (a gradient expansion). In 3D, the phenomenological
parameters in the classical Hamiltonian may be obtained, from first principles, by the clas-
sical limit S — oo of the quantum Heisenberg model [1], which remains reliable for low spin

lengths in 3D.



In order to treat magnetic systems at arbitrary temperature on the same footing, we must
resort to mean-field theory. The Schwinger boson transformation takes SU(N) generators
to a product of N bosonic operators. The Hamiltonian is then decoupled by a Hubbard-
Stratonovich transformation where the mean-field theory is the saddle point (SP), and the
order n fluctuations about the SP scale as O(1/N™) [5, 6]. This approach has no small or
large parameter for fixed N ~ 1, but still has the ability to qualitatively capture essential

physics in regimes where we do not have an accurate theory.

1.1 Phenomenological theories for magnetic systems

In this section, our goal is to pursue a straightforward route to obtaining the lowest-energy
excitations of an arbitrary FM or AF insulator at temperatures well below its ordering
temperature. Since the central quantity which describes a magnet is its order parameter, we
will start by using it to construct a conjugate pair of coordinate and momentum. We will
then write down the Hamiltonian for these generalized coordinates whose form is intuitive.
Moreover, Hamilton’s equations of motion are first order differential equations and can be
solved immediately after linearization, yielding the spin wave spectra. While the generalized
coordinates offer an intuitive path for constructing the equations of motion, it will be most
convenient to parameterize the phenomenological quantities in the Hamiltonian as energetic

coefficients for the stiffness and anisotropy of the order parameter itself.

1.1.1 Strongly ordered ferromagnets

In ferromagnets at T' < T, the thermal equilibrium state is strongly ordered with spin
density m = (sin 6 cos ¢, sin 6 cos ¢, cosf), where m? = 1 is valid when the longitudinal

fluctuations are frozen out. The conjugate coordinates are the spin projected along an



arbitrary axis, e.g. m?*, and the angle between its transverse component and another axis,
e.g. the angle ¢ between m, and the x-axis [7] (one can verify cos @ and —¢ are conjugate
from the Poisson algebra {m*,m*} = —im™* with m™ = m, +4m?¥). The Hamiltonian of the

Heisenberg ferromagnet is

H(m*, —¢) = A [(Vm®)*/m] +m1(V¢)’] /2, (1.1)

where m? = 1—(m?)? and A is the spin stiffness. Notably, there is no kinetic term. We work
well below the ordering temperature 7T, so that we retain only the lowest-order gradient
term of the Néel order. Hamilton’s equations are d,m* = m? = 6H/d6¢ and —¢ = —6H /5.
Next we insert Hamilton’s equations into dm/dt = (dm/dm?)m? + (8m/d¢)$ = rn and

compare it to the quantity

Wy 0H dm* O0H ¢
L = z - 1.2
M X S = MU ) X <5mz om 56 5m> : (1.2)
which yields the Landau-Lifshitz equation
Wy
n=mxQ, Q=— 1.3
m m X Y 5m7 ( )

and the energy density E(m) = H(m?, —¢).

For example, in the case of uniaxial anisotropy with constant K and collinear applied

field, the total energy density reads

E(m) = A(Vm)?/2 + K(K -m)?/2 —b-m, (1.4)

where b = ysB and ~ is the gyromagnetic ratio, whose sign is lumped into the value of B;

e.g., for free electrons, our B has opposite sign to the applied field. The spin waves are found



by inserting m = myg + dm into the equations of motion, giving the dispersion

wp = (B + K) + AK?, (1.5)

which is the real part of the eigenvalues; and the decay rate

€k = QW. (1.6)

which is the imaginary part. The quality factor is k = wi /e, = a~!. The eigenvectors are

damped, circularly-polarized spin waves.

Resonance dragging effect. The dragging effect is the change in field linewidth due to
a change in angle between the applied field and the order parameter (see, e.g., Ref. [8]).
Measuring this effect allows the direction of the order parameter to be determined. For a
ferromagnet with uniaxial anisotropy constant K (or equivalently, an approximately uniform
dipolar field such as in a thin film) the field linewidth for £ = 0 as a function of 6 is

AB = AwdB/dw = Aw/ cosf. For inhomogenous broadening A’Bw, the result is
_ A"Pw/y+ a(K 4 Bcost)

ApyB(0) = e . (1.7)

In the limit B < K, ApyB(6) =~ C/ cosb.

1.1.2 Strongly ordered antiferromagnets

In antiferromagnets at temperatures T < Ty, the thermal equilibrium state is strongly
ordered. The AF state is parameterized by directional Néel order I and normalized spin
density m = s/s (s being the spin density and s = hS/V, for spin S and volume V' per

site), in a nonlinear ¢ model with constraint I*> = 1 and I - m = 0. The Hamiltonian of the



Heisenberg antiferromagnet is

H(l,p) = A(VI1)*/2 + p?/2m, (1.8)

where p = m X [ is the conjugate momentum (as one can verify from the Poisson algebra
{I#,1T} = —il™ with {7 = [* 4+ 4l¥ and analogous relations for m). Notably, there is a
kinetic term. Hamilton’s equations are I = 6H /op and p = —0H/§l. Next we insert
Hamilton’s equations into dp/dt = (dp/dl)l + (dp/dm)m = p, in the same fashion as
Eq.(1.2) for the FM, and use I* = 1, I-m = 0 along with the vector identity A X (B X C) =

B(A-C)— C(A - B) to obtain the equations of motion for the nonlinear-o model [9]:

' [y
l = — 1.
m X . (1.9)
: ) OE

and the energy density F(l,m) = H(l,p). We will consider a diagonal anisotropy tensor

with constant K and external field B, making the total energy density
E(m) = A(V1)?/2+ (m)?/2x + K(K -1)?/2 = b-m, (1.11)

where x is the static transverse susceptibility. Going forward, we will use non-negative

anisotropy constants, with the sign factored out explicitly.

Biaxial, two easy axes

In this section we consider two easy axes for the Néel order, with K; > Ks. The field is

applied at an angle 6 between K7 and the axis perpendicular to K;. The energy density is

E(l,m) = A(V1)?/2 +m?/2y — Kil2/2 — K,I2/2 — bm - 0, (1.12)



where when 6 = 0, B is along Kj.

Collinear applied field. In easy-axis AFs, when the Zeeman energy due to an applied field
along the easy axis exceeds the anisotropy energy, there is a metamagnetic phase transition
called spin flop (SF). Below SF (state I), the Néel order aligns with the easy axis, and there
is a small net magnetization due to remnant longitudinal magnetic susceptibility [10, 11].
Dynamically, there are two circularly-polarized spin-wave modes with opposite handedness.
When quantized, they correspond to magnons with magnetic moment parallel or antiparallel
to the order parameter [12]. Above SF (state II), the Néel order reorients into the hard plane,
and the spins cant giving net magnetization along the easy axis, due to a sizeable transverse
magnetic susceptibility. There are now two distinct spin-wave modes at long wavelengths: a
ferromagnetic-like mode (w — B when applied field B — 00) and a low-energy Goldstone
mode associated with the U(1)-symmetry breaking Néel orientation in the hard plane. See

Fig. 1.1.

The ground states I and II are (lo,mo)1 = (2,0) and (ly, mo)u = (¥, xbz), with the
critical field B, marking the jump from I to II. Spin waves are linear excitations, I = Iy + 6l
and m = mg + dm, satisfying the equations of motion. The six Cartesian components of
0l and dm reduce to four independent and two slave variables, after applying the nonlinear
constraints. Correspondingly, there are four spin-wave modes with momentum £, as shown
in Fig. 1.1 (for consistency of the gradient expansion, we require k < a™!, the inverse lattice
spacing). When Ky = 0, wy and wyy, are waves with circularly precessing 6l and dm in
the plane perpendicular to lpy. ws; has linearly polarized 6l(t) oc e™3'x and dm(t) o
(wsp/wy )e!@skt=m/2)7, (. has linearly polarized 61(t) o e™*'z and elliptically polarized
Sm(t) o< (wap/wy )% — xbe!@st=m/2)y where w, = 1/xs. Adding K, slightly shifts the
ground states, gaps ws, and introduces ellipticities in precession. When kgT > (h/s) \/m,

these modifications become negligible.
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Figure 1.1: k = 0 resonance frequencies are plotted for an easy-axis AF: w; and wy below SF
and w3 and w, above SF. B is the magnetic field (absorbing the sign of v), B, = (ys) ™'/ K1/x
is the spin-flop field according to the energy (1.12), and wy = B, is the gap in I. The w; mode
is right-hand and ws is left-hand circularly polarized in 6l and dm (however the magnitude
of dm is a factor xK; smaller than 6l below SF, so it is omitted from the Figure). ws is
linearly polarized in 61 and dm so it does not produce spin currents. wy is linearly polarized
in 1 and elliptically polarized in dm.



The dispersions are

Wik, War = FYB + /(7Be)? + (ck)?, (1.13a)

wap = ck, way, = \/72B% — 2B + (ck)2, (1.13b)

where ¢ = s714/A/x is the speed of the large-k AF spin waves. wyy is called the quasi-
ferromagnetic (QFM) mode, because it is associated with circularly polarized precession of

dm about mg. The decay rates below spin flop are

NP QLT B 1 (1.14)
|5l,| W1k —|—w2k wg ’ '

giving Q-factor at k =0

2\ —1
Qarr=0Q1=Q2 = =0 (a + @”-3) : (1.15)
w Wy

T

Above spin flop the decay rates are

a+ﬁ(’(’5gz|i’)2]. (1.16)

Note that since wy;, is independent of B it has zero field linewidth AB when 6 = 0, while

w3 has nonzero AB. The Q-factor for the QFM mode at £k =0 is

B2 _ 32
Qarii—Qrm = ~———— [Oé +

B2 _p21!
- 2=

7 (1.17)
Finally, we compare the easy-axis AF to the FM. For the lowest energy modes when § ~ «
the S contributions become negligible so we discard them for comparison purposes. The field

linewidths (as measured in resonance experiments) are defined as AB = 2¢(dw/dB) ™!, which



at k=0 are

ABFM,k:O = 2(B + K)CY, (118&)
B

ABAF,I,k:O = 2<BC - B)Exa, (118b)

B,
ABar k=0 = 2§ v/ B? — B2a, (1.18¢)

showing that the AF resonance linewidths are generally exchange-enhanced, leading to rela-

tively smaller quality factors.

Noncollinear applied field. The solutions for general 6 cannot be obtained analytically,

so we compute the eigenvalues numerically and plot them in Fig. 1.2. In the limit § — 0,

our numerical and analytical results match.

(b)

w (units of wy)
-

0.0F

80 .
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o
2
4 ‘=
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] /I 20 .
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1 1 1 1 1 1 1 1 1 1 1 L 1 1 1 1 1
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
B (units of B,) B (units of B,)

Figure 1.2: Real (a) and imaginary (b) parts of the eigenvalues at k = 0 from the AF
equations of motion for various values of the angle 6 between the applied field and easy axis.

Resonance dragging effect. Analogously to the FM, an uniaxial antiferromagnet also
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exhibits a dragging effect. It is similar to the FM when B < B.:

A'Bw/~ + a(B, — Bcos#
Aup B(9) = [ C(fs ; ). (1.19)

In the limit B < B,, Aap;B(8) ~ C/cosf. As B, = Bcosf increases above B,, there is
a steep climb of AY. For example, this nonlinear dragging effect can be observed by tuning

B. to be slightly above B. and increasing # until the state returns to L.

towards towards
Phase 11 Phase 1
=10
.
~
.
/]
102
1L.000  1.002  1.004 1.006 1.008 1.010

1/ cosf

Figure 1.3: The nonlinear-dragging effect in the Gilbert field linewidth near spin-flop in an
AF at B = 1.03B,. For large 6, the state is below spin-flop with A€B(6) ~ C/ cos § while
as @ — 0 the state transitions to above spin-flop and A%B(6) is sharply enhanced by both
factors A%w and dw/dB.
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Biaxial, easy plane with easy axis within plane

We consider an easy-plane AF with an additional, weaker, easy axis within the plane. The
field is applied within the easy plane, perpendicular to the second easy axis. Antisymmetric
exchange is also allowed in crystals with broken inversion symmetry, but is not included

here. The energy density is

1

jmf? + 221
2x

2

Ky

2
E= %wzy? ool T = R b m, (1.20)

where K; > K,;. We expand linearly about the ground state, subject to the nonlinear
constraints. The constraint I = 1 sets 0l, = 0and I -m = 0 sets om, = —mydl,. The

solutions are linearly polarized spin waves; the low energy (when B < B.) solution is

0L, (t) = 6L, cos(wyxt), (1.21a)
OM (t) = xwigSed Ly cos(wixt + 7/2)2, (1.21b)
wir =V (1B)? + (vBea)? + k2, (1.21c)

where By = (vs)™!'4/K3/x, and the high energy solution is

OLs(t) = 6Ly cos(wart) 2, (1.22a)
OM 5(t) = xwaSed Lo cos(wart — 7/2), (1.22Db)
war = \/ (7Be)? + 2k2. (1.22¢)
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1.1.3 Nuclear-spin-hybridized antiferromagnets

Nuclear spin waves were discovered theoretically in FMs by Suhl [13] and in AFs by Naka-
mura [14]. Nakamura demonstrated that the hyperfine interaction (HFI) between nuclei
and electrons leads to indirect coupling between nuclei via applying the Holstein-Primakoff
transformation to both nuclear and electronic spins. The coupled spectra in AFs was later
derived by DeGennes [15] using a Landau-Lifshitz type of approach for the AF sublattice
magnetization [16]. Here, we cast DeGennes’ theory into the more modern formalism which
describes AFs by directional Néel order L and normalized spin density M = s,,/s,, with
the nonlinear o-model constraint L? = 1 and sublattice symmetry, L - M = 0. Since the
nuclei are coupled to electrons, they are described on the same footing by similarly defined
l and m with I - m = 0. Here s,, = s,,/V and s,, = S,,/V are the saturated electronic and
nuclear volume spin densities in units of A. Nuclear spin dynamics are described by the Bloch
equations [17]. For a thorough, historically-based account of nuclear-magnon hybridization

and research, see Ref. [18].

The nuclear spins are coupled to the electronic spins through the (local on-site) hyperfine
interaction [19, 20]. At low temperatures, the nuclear spins become weakly polarized antipar-
allel to the local electronic spins. It also introduces a dynamic coupling between the nuclear
and electronic systems. We expect the coupling to be substantial when the nuclear and elec-
tronic resonant frequencies are within 1-2 orders of magnitude of one another. Nuclear static
resonant frequencies are tens - hundreds of MHz, so coupling occurs at low temperatures in
FMs, easy-plane AFs, and possibly—although this has yet to be researched—easy-axis AF's

near spin-flop). In this investigation, we analyze nuclear coupling to an easy-plane AF.

Labeling the lattice sites 1 and 2, and (normalized) nuclear/electronic sublattice spin

13



density m;, M;, the hyperfine interaction is

Ehf :A(ml -M1+m2 'Mz), (123)

where A is an energy density and favors antialigned spins. Rewriting both in terms of Néel

order and spin density,

|

(L-1+M-m). (1.24)

The total energy density is £ = Epf + Egpar + Ez, where Egppar is given by Eq. 1.20 and
E is the nuclear Zeeman coupling. For nuclear spin density s, (defined in terms of zero-

temperature saturation magnetization my, s, = ms/7v,), the undamped Bloch equations are

!
sn%:—Hm Xl—H; Xm, (1.25a)
sn%—T — —H, xm—H, xl, (1.25b)

with effective fields H; = —0FE/dq; for the variable g;. The Bloch equations inherently

conserve spin lengths.

Ground state

To calculate the nuclear equilibrium polarization, we balance the entropy and Zeeman en-
ergy in the standard Curie’s Law calculation. For N nuclear spins polarized along 2, the

normalized nuclear paramagnetic moment is

hw, o, \
(m.) ~ o T C (kBT> + - = xaHo (1.26)
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where HyZ is the (normalized) local field at each nuclear site for y,, in units of volume/energy.
In the presence of the AF Néel ordering, Hy = A + s,7,B, known as the Overhauser field
(21, 22], and we will approximate the Brillouin function to leading order in hw, < kgT.
For example in the nuclear magnet MnCO3, w, = 660MHz which corresponds to T" = 50
mK (additionally, near 50 mK the nuclear spins are theorized to undergo a spin-ordering
phase transition in this material [23]; however, we will stay at temperatures above this
regime). This defines the (normalized) static nuclear spin susceptibility, y,. Switching to

the staggered and spin density, we have

A
lo = xn—-Lo (1.27a)
2
A
mo = xn(EMo + 807 B) (1.27h)

System of approximations

The previously-obtained solutions to this system rely on a system of approximations which
account for the relative strengths of the exchange and hyperfine interactions and the weak
relative magnetic coupling strength ~,,/7,, of the nuclear spins. To compare these inter-
actions, we express the couplings in terms of effective fields. These are the exchange field
By = (YesmXx) 7Y, the hyperfine field By = (v,8,) 'A4/2, and the crystalline anisotropy
(within easy plane) field, By = (vs)'(K5/x)"/2. The hyperfine field is the field experienced

by each nuclear spin due to an electron on the same site.

In the well known nuclear magnet MnCOs3, B, = 68T, B4 = 57T, B, =~ 0.01T. Since
we will compare our theory to spin transport data on MnCQOg3 in Chapter 4, we develop our
system of approximations with these values in mind. In the equations of motion, we will

neglect the following terms (and higher orders) with respect to unity: (B/B,)?, (B/Ba)*.
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Finally, there is an additional small dimensionless quantity reflecting the smaller nuclear
static susceptibility: x,/X X Yn/Ym, which appears in the equations of motion. We retain
the largest term containing this factor, which turns out to be B%x,/x = Bi(T). This is
called the nuclear pulling field, sometimes written as a phenomenological effective anisotropy
field within the easy plane and defined differently as B,Ba(T). Here, we have derived this
field analytically. The nuclear pulling field is the exchange-enhanced field experienced by
an electron due to a nuclear spin (which is already polarized by the electron’s field) on the
same site. It is a second-order effect of the hyperfine coupling, expanded perturbatively
with respect to the electronic exchange coupling. We also neglect (Ba/B,)?, (Ba/Ba)?, but
retain (Ba/B)%.

Spin wave spectra

We expand linearly about the electronic and nuclear ground states. As guaranteed by the
Bloch equations, the individual nuclear spin lengths are conserved, so m? = m? is fixed. To
linear order in dm, we have dmy, = —Mydmy, and dmoy, = Mydm,s. Equivalently, dm, =
—Mydl, and 0, = —Mydm,. Hence, our set of dynamical coordinates is expanded from 4 to
8 coordinates. We arbitrarily select {dL,, L., IM,,M,, L., dl,,0m,, om,}. By decompos-
ing the equations of motion into matrix form, we observe that the coordinates decouple into
two systems, as was the case without nuclear coupling. One system, {§L,,0M,,dl,,om,},
has an eigenfrequency near the high energy electronic frequency ws, and the other system,
{6L,,06M.,6l,,6m.}, has an eigenfrequency near the low energy electronic frequency, w;.
Each subsystem also has a pulled nuclear eigenfrequency w,, but the pulling is more sub-

stantial in the low energy subsystem.

As mentioned in the section of easy-plane AFs, there are two spin wave modes associated

with rotation of the Néel order either out of or within the easy-plane. The hybridized low-
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energy modes are

Wk = /2 + 72 B2 (1.28)

= \J12(B% + B? + BY) + k2

Wk = wn\/l — 2 B2 Jw? . (1.29)

where BX = (hw,/kgT)BaAByYn/Ym with Ba = A/v,8, and B, = (XVYmSm) ", and Y, Ym
are the nuclear and magnonic gyromagnetic ratios. The low-energy modes in Eq. (1.13) have

elliptically precessing spin-density and linearly-polarized Néel order excitations.

Nuclear-magnon hybridized resonance frequencies

Nuclear frequency spectrum, H= 0.2 T Nuclear frequency spectrum, k = 0
frequency (MHz frequency (MHz)
700 700
600 600 — 15K
5001 500
5K
400F 400
300 300 — 1K
b 200 .
et static
100 100
. . . . . . . - . : : , applied field (T
0 200 400 00 800 1000 1200 1400  *C™) 05 1.0 15 207 m

(a) wy, at k = 0 as a function of applied field. (b) w, at B = 0.2T" as a function of momentum.

Figure 1.4: Example of nuclear pulled frequencies in the nuclear magnet MnCOs.

Electronic frequency spectrum, H=0.2T

frequency (GHz)
40

30r

20

. . . . . . . k (cm™)
0 200 400 600 800 1000 1200 1400

Figure 1.5: Example of shifted magnon frequencies in the nuclear magnet MnCOg3 at B =
0.27" as a function of momentum.
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1.2 Schwinger boson mean-field theory

The Schwinger boson transformation is an exact transformation which replaces the spin

operators by a product of bosonic creation and annihilation operators,

St = aiai, (1.30a)
ST = aIaT’ (130b)
S* =Y oalas/2, (1.30c)
S=Y dlas/2, (1.30d)
where ¢ = 4+ and the operators obey bosonic commutation relations, [aa,ai,] = Ogg'-

Eq. (1.30d) is the constraint which fixes the spin length on each site. In terms of Schwinger
bosons, the nearest-neighbor Heisenberg Hamiltonian on a bipartite lattice written in terms

of SBs a, and b, for sublattices A and B, respectively, reads
H=-7Y 8;-8;=-27% [a L FlFy:—(1—a)AlA } Z/\ al ai, —25). (1.31)
(ig) ij)

Here, summing over (ij) avoids double counting, Fj; = 3. _al bjs/2, Ai; = 3., 0ish;z/2,
and J; is the Lagrange multiplier which implements the constraint on the ith site. Since the
Hamiltonian written in terms of SBs contains terms which are quartic in the field operators,
it must be decoupled by a Hubbard-Stratonovich transformation [6]. In this thesis, we
pursue a mean-field theory (neglecting fluctuations beyond the saddle point), in the interest
of performing a preliminary investigation into the spin excitations and spin transport at

arbitrary temperatures in Heisenberg FMs, AFs, and PMs.

Generally, one should include all terms in their mean-field decomposition, except those

that may be ruled out by symmetry considerations. In magnets, U(1)-symmetry is broken
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spontaneously in the ordered phase. However, the SU(2)-preserving SBMFT decomposition
is the standard used throughout the field of SB research, including in ordered magnets,
e.g. [0, 24, 25, 26, 27, 28]. Without SU(2)-breaking terms in the mean-field decomposition,
the symmetry in the ordered phase most be broken explicitly by an infinitesimal applied
field. Additionally, disordered magnets in the presence of applied fields are known to obey
the Curie-Weiss law, which arises from a U(1)-symmetric effective field felt by a spin due
to the weak polarization of neighboring spins. Thus, when performing our SB mean-field
decomposition of the Heisenberg Hamiltonian, we should attempt to consider all terms which
respect U(1) symmetry. The most general (Hartree-Fock-Bogoliubov) U(1)-preserving mean-
field decomposition of the nearest-neighbor Heisenberg Hamilitonian on a bipartite lattice,

is

Hye = HOV® 4 gUl), (1.32a)
SU(Q) QJZ [aFTF (1-— a)AZTjA + H.C.] — A Z al aiy — s Z bl by,
€A, 1€B,0
(1.32b)

€A 1€EB

H'O — g7 <Z SES? + Zs;s;) —2J ) {acjwcf —(1—a)D} D5+ H.e. } .
(ig),o

(1.32¢)

Here, summing over (ij) avoids double counting, Fj; = 3. al b;js/2, Aij = 3., 0ish;z/2,
Cijo = Gigbjz and D;; , = ajgbjg. The mean-fields are F' = (F};) and similarly for A, C, D,
S%) is the mean z-component of spin on the A(B) sublattice, and J 259y s the effec-
tive field which yields the Curie-Weiss law for Z nearest neighbors. The quartic terms in
Eq. (1.31) are approximated in our MF decomposition by the product of a quadratic term
and the mean-fields, and in the same spirit the spin length constraints are implemented via

two aggregate Lagrange multipliers j4(5). This decomposition applies to isotropic lattice

models where there is a single F' and single A parameter. Note that while the exact con-
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straint fixes the sum of the SB species’ number operators on each site, p4(5) instead fix the

expectation value of this operator sum on each sublattice. In deriving Eq. (1.32a) we made

use of the identities [5, 6] (where : ... : is normal ordering)
{ Fl\Fyj = FLF,; - S, (1.33)
L FLF; - +ALA; = 52, (1.33b)

which can in turn be derived, respectively, by inserting the constraint once or twice into
: F;gF,] ..« is a parameter that is free to vary in the exact Hamiltonian, but parameterizes
separate mean-field Hamiltonians [29, 6]. To fix «, we match the poles of the dynamic
susceptibilities to the Holstein-Primakoff result at 7' = 0, giving the usual [5] a = 1 for the

FM and a = 0 for the AF, and for simplicity fix these values for « at all T'.

As we will see, the solutions to the SU(2) problem are consistent with C' = D = 0, but the
effective field JZ5% 4, is generally finite in the ordered phase, or when SU(2) symmetry is
broken by an applied field in the disordered phase. Therefore, we do not have a reason a priori
to discard it. Starting from 7" = oo, we find a gaseous paramagnetic phase with FF= A =0
that survives at finite temperatures down to the liquid-gas transition. In the gaseous phase,
the susceptibility follows the Curie-Weiss law. This U(1) term also provides spontaneous
symmetry breaking at the Curie/Néel transition. However, it introduces a magnon gap in
the ordered phase, where we expect gapless Goldstone modes in the Heisenberg FM and
AF, and results in first-order Curie and Néel transitions. There is an indication that the
issues may be resolved, for example, by taking the full U(1) decomposition for a given « in
Eq.(1.32a). When we take a = 1 at T' < T and consider both F' # 0 and C, # 0, we find a
low-T" solution which restores the Bloch law. However, since this significantly increases the
complexity of the MF equations and is not within the scope of this work, we do not consider
finite C' and D in detail, and instead call for future investigations into a more complete

SBMFT in the ordered phase. The effect of treating a as a separate mean-field parameter is
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also an open question, though Ref. [30] used it as a fitting parameter to reproduce data on the
dynamical spin structure factor of a S = 1/2 triangular lattice antiferromagnet, obtaining

o = 0.436.

In this thesis, we present SBMFT solutions to the SU(2)-symmetric decomposition of
the Heisenberg FM, uniaxial AF below spin flop, and PM, for infinitesimal applied fields.
In these systems, infinitesimal fields are sufficient for generating interfacial spin transport,
which is our main research objective. In total, the bipartite FM (uniaxial AF below spin
flop) has three mean-field parameters: F' (A), p = (pa + pug)/2, and op = (s — ps)/2.
Additionally, we will include the U(1) effective fields JZS% 4 for the A(B) sublattices in
the high-temperature limit of Heisenberg PMs to demonstrate this, fully self-consistent,
decomposition does yield the expected Curie-Weiss law. In Chapter 4, we will show that these
U(1) terms are essential for explaining recent spin transport experiments in paramagnetic

materials.

1.2.1 Heisenberg ferromagnet

Here, we consider ferromagnetic exchange in the SU(2)-symmetric MF decomposition with

a =1, and take a uniform chemical potential 4 = ug.
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Cubic lattices

For cubic lattices (simple cubic, bee, fee), the unit cell contains a single SB operator a,, so

Fj = 1/2(aITaj¢ + aLaN). The MF Hamiltonian is

Hyp=—2JF Z [F] + FTJ} - Z al,ai, — TryB Z Sollly i
ij 0 io

- Z(G’W — 1)y Uk, (1.34a)
ko

where in the second line we assumed isotropic mean-fields, F' = (F};) = (F};) (also noting
that Fjj = Fj;), and we defined y = JFZ + . There are two bands whose energies, in the

presence of magnetic field Bz, are
€ko = JFZ(1 — ) — hryBs,, (1.35)

with structure factor 7, = Z7'Y scosk - & where Z is the number of nearest neighbors.
At arbitrary temperatures, the self-consistent mean-field equations for F' and S give the

solutions to F'(T') and either the condensate density n.(T') or u(T') according to

F=02N)™" ey =5 —2N)™) ngg(1— %), (1.36a)
ko ko
S=02N)"D nk, (1.36b)

where N is the number of sites arising from the normalization factor in the Fourier transform:
a; = > e ®riap/\/N. If yu reaches —b/2 there are zero-energy modes at k = 0 that
condense with density n. = N./N. Then at T' < T, pu(7T) is fixed and we instead solve for
n.(T'), or equivalently at B = 0, S*(T') = n./2. The numerical mean-field solutions on the
cubic lattices have first-order Curie transitions, as shown in Fig. 1.6. However, the diamond

transition turns out to be second-order for S = 1/2, as discussed in the next section.
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Figure 1.6: Numerical mean-field solutions for the FM with S =1/2 at B=0 and T < T¢.
T for each lattice is in units of its respective T, (a) Numerical solutions to F(T'). (b)
Numerical solutions to S*(7") (equivalent to the condensate density at B = 0).

Diamond lattice

The following section will be published in Ref. [31]. The SU(2)-preserving MFT yields a
first-order Curie transition on cubic Bravais lattices, but is second-order on the diamond
lattice, possibly due to its higher-order connectivity [32]. The FM mean-field Hamiltonian
plus applied field on the diamond lattice, setting o = 0, after Fourier transforming and

casting in terms of sublattice pseudospin, Vg, = (ags, bk ), 1S

HEY =S "0l [+ b0/2) + 1 - 7] Yo, (1.37)
ko

where b = hyB, 1, = (—JF Revg, JF Im v, 0), 7 = Z71 > 5e™*9 is the structure factor
and 9§ is the vector between nearest neighbors on sublattice A to B, and 7T is the vector of

Pauli matrices. There are four bands with energies

€hy = JZF(1 % ||) — (1 + b0 /2), (1.38)
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where a factor of JZF was absorbed into the definition of p. The eigenvectors are v,fa =

(1, F|ve|/v)/V2. If i reaches —b/2 the lowest energy branch, €1 has zero-energy modes
that condense, resulting in long-ranged spin ordering along the +2z axis in the language of
SBs [5, 33]. At arbitrary temperatures, the self-consistent mean-field equations for F' and S

give the solutions to F/(T') and either the condensate density n.(7") or pu(7T) according to

F=—(4N)"> np, A, (1.39)
ko)
S=(4N)"D n,. (1.40)
koA

where nj, is the Bose-Einstein distribution function for energy e, and N is the number

of sites per sublattice. In order to solve Eqgs. (1.36) at T' < T, the sums are converted
to integrals with the contributions from the condensate density separated explicitly: for
an arbitrary function z and a single condensation point at momentum k., >, zx/N =~
z(ke)No/N+V [, &’k z(k), where n. = N./N and V is the unit cell volume. The complete
numerical solutions of the MFT for B = 0 with S = 1/2 for the FM, where n. o« S* are

plotted in Fig. 1.7 (T = 0.633.J and Ty = 5.12J in units where the Boltzmann constant

1.2.2 Easy-axis antiferromagnet below spin flop

The following section will be published in Ref. [31]. On the other hand, we find the Néel
transition is second-order on all cubic Bravais lattices, so we take the simple cubic lattice

for simplicity. The AF mean-field Hamiltonian with easy-axis anisotropy constant K plus
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collinear applied field is

HA = 4k, (6o — (6p + b0 /2)7.] Yot
ko

> (ioYLmy - T_ks/2 + He), (141)

ko

where we consider b < /JK, the spin-flop field; here (, = —u— K L?0 /2 for mean staggered
spin polarization L* = (5% — S§)/2, n, = (JAIm~yg, JARe,0), and 97 is the vector
transpose. Diagonalizing the Hamiltonian via a Bogoliubov transformation for each o yields

four bands, we get energies

€py = =0l — b0 /2 + €k, €, = Opt = b0 /2 + €4, (1.42)

ke = /G (2TZA+ ) + (JZAP(1 - ),

where, like for the FM, we shifted u by a factor of JZA, and @ = —o. Here, the ansatz
dp = —b/2 was found by matching ea and €, to the usual AF magnon modes from HPA,
which turns out to be the self-consistent solution for du at all T. Analogously to the FM,
BEC occurs when the lowest-energy modes of e;r and € become gapless at y = —KL* /2, 8o
that ¢, = KL*(1—0)/2 [20], resulting in long-ranged staggered ordering. The equations for
T < Ty are obtained by eliminating n.(7T") to give two independent equations for A(7T") and
L*(T).

The Bogoliubov transformation (very similar to, c.f. Ref. [31], the usual Bogoliubov
transformation for AF magnons in the Holstein-Primakoff approximation; specifically, when
o =], our transformation matches the structure of the magnonic one) that diagonalizes the

AF Heisenberg Hamiltonian after a SU(2)-symmetric mean-field decomposition, plus uniaxial
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anisotropy and collinear applied field below spin flop, is

(akaa b—kE) = ukolpka + O-UkaTa:\I/LO-; (143&)
1[2¢, +2JZA
Yo = 5 {Cf—_ + 1} , (1.43b)
2| € T 6
172, +2JZA
Vko = 5 {Cf—_ - 1} : (1.43¢)
P R
where 7, is the pauli matrix, {, = —u — KL?0/2, Vg, = (Qko, ko) and «, 3 are the

Bogoliubon field operators whose energies are €, _, €., respectively.

General mean-field equations

The mean-field equations are

1 _
1 _
S = m ; [(n;:’—o + nk:E) (ulzca + Ul2c0) + 42}1260] ) (144b)

where Eq. (1.44b) is the mean-field constraint. Other quantities of interest are

1
LP=152.0 (N + M) (Ui + Vi) + 40, ] (1.45a)
ko
z 1 -
S* = IN ) o(nt, —ng.). (1.45b)

When T' < Ty, up = —KL?*/2 and the condensate density is separated from the sums. Note
that the condensate contributions, which go as nc(uicT—l—viCT), where k. are the condensation
points in the BZ, appear to diverge since (uj_,+vi ;) o< 1/(€;_+¢, ,). However, the energies
only go to zero in the thermodynamic limit and so they cannot be taken to zero without

simultaneously taking the system size to infinity [20]. Inserting the Bogoliubov coherence
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factors, separating the condensate density from the sums, and using Eq. (1.44b) to eliminate

it from Eqgs. (1.44a) and (1.45a), we get

1 20, +2J7ZA\? 20, +2J7ZA
A=S+1/24 > (nf, +ng, +1) yk\/<C+—) o Ko t2724

4N ko Eli_a + EI;E e;ga + EI;E 7
(1.46a)
s+ JZA
L? :S+1/2—Z(nz¢+n,}—l—1)c+—_, (1.46b)
. €| + €kt

where ¢; ; is the Kronecker delta. Egs. (1.46a) and (1.46b) no longer contain contributions
from the condensate terms, so the sums can now be converted to integrals in order to solve

numerically. When T' > Ty, we have L* = 0 and p(7') is no longer fixed.

Mean-field equations in the limit K < J

In the limit K < J (e.g., in Cry03, K &~ 7 X 1072J [11]) the mean-field equations are:

A=S+C*— (4N (nf, + )/ 1 — 2, (1.47a)
ko

L*=8—C"=(2N)™ > (nf, +ng)/y/1 -2, (1.47b)
k

where Cy = 1/2 — (2N) 'S0, /T — 72 ~ 0.13, C, = 1/2 — (N)' 32, 1/y/T =72 ~ 0.25,
the contributions from the zero-energy modes vanish in Eq. (1.47a), and Eq. (1.47b) only
contains finite-energy modes. At T > Ty: L? = 0 and (7)) is no longer fixed so the

mean-field equations are:

A= @N)Y (i +1/2) /(i + TZA?/E, — 1, (1.48a)
S=—1/24 2N)" ) (nke +1/2) (—p+ JZA) [egq, (1.48D)
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where we took n;gg R Ny, = Nke, which is valid when K < J. For S* we get

1
S* = —Zanka. (1.49)

When T" < Tg(ny), thermal equilibrium described by the Holstein-Primakoff picture is
characterized by a dilute magnon gas with a single band for each sublattice [35], which
slightly depolarizes the spin ordering. In SBMFT, there are twice as many bands as in HPA.
However, e.g., in the axially-symmetric case, magnons in SBMFT are excitations from the
condensed spinons to the thermal cloud. Here, generally, one spin species carries spin along
the direction of the sublattice order parameter, while the opposite spin species then mimicks
the magnon bands in HPA. In the FM ordered phase, the lowest-energy modes of the €,
band condense and the two ef bands match the magnon bands from HPA, which reproduces
the usual Bloch 7%/2 law for demagnetization at T < T [27]. In the simple-cubic-lattice
AF, the the lowest-energy modes of the 6T+ and €, bands condense at Tl forming staggered
ordering while the ef and €, bands qualitatively match the magnon bands from HPA. See
Section 1.3 for a complete discussion. The complete numerical solutions of the MFT for
B =0 S = 3/2 for the AF, where n. o L?, are plotted in Fig. 1.7 (T = 5.12J in units

where the Boltzmann constant kg = 1).

1.2.3 Curie-Weiss law in non-interacting paramagnets

In this section we consider the U(1) symmetric MF Hamiltonian with applied field B2 in the
gaseous (F' = A = 0) paramagnetic phase and self-consistently take the fields C' = D = 0.
The FM and AF mean-field equations have the same form: there are two energy levels

which are split by magnetic field, and two mean-field parameters p and S?. The mean-field
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Figure 1.7: Mean-field solutions for the S = 1/2 FM on the diamond lattice and the S = 3/2
AF on the simple cubic lattice. For the FM (AF), (a) shows F' (A), (b) shows S* (L?) and (c)
shows —y in units of puevy = —TevyIn(1/S 4 1). Triangular markers denote the positions
of the liquid-gas crossover.

equations are

S=2)7"Y n, (1.50a)

S =(2)7") on,, (1.50b)

where €, = —(u + ho/2) with h = hyB + JZ(S?%), which includes the U(1) term from the
mean-field decomposition of the Heisenberg Hamiltonian. At h < T' the solution (setting
kg =1)is p = —Tln(1/S+1) — h/2 and S?/S = xB where x = C/(T — Ocw) is the

spin-length normalized susceptibility with C = (S + 1)hvy/2 and O¢w = JZC, where the
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Curie constant C is a constant factor of 3/2 larger than the usual one.

1.3 Holstein-Primakoff approximation

The Holstein-Primakoff transformation [30] is an exact transformation from the spin ladder
operators to magnonic field operators. Since the transformation contains a square root of
the magnon number operators, it can only be performed by using a Taylor expansion in the
magnon number relative to saturated spin densities. In this sense, it is an order-by-order
perturbative expansion in the quantum and thermal fluctuations of a spin state about its
fully polarized configuration. We define the Holstein-Primakoff approximation (HPA) as the

transformation expanded to second order in the magnon over spin densities.

The purpose of this section is demonstrate agreement between the Holstein-Primakoff
magnon dispersions and the SBMFT. In SBMFT, there are two spinon bands for each magnon
band (e.g., in a cubic lattice FM there is one magnon band, in bipartite AFs and FMs there
are two magnon bands). At T < T (ny, one (for the FM) or two (for the AF) of the spinon
bands is nearly completely condensed (the condensate density N./N — 1, corresponding to
saturation of the sublattice spin polarizations). Thus, the dominate excitations which carry
spin angular momentum involve annihilating a condensed spinon, and creating a thermal
cloud spinon. These are magnons, and the thermal cloud bands whose spin polarization is

opposite to the condensate are the ones which match the HPA magnon dispersions.

1.3.1 Heisenberg ferromagnet

For a step-by-step derivation of the spectrum of a Heisenberg ferromagnet under the HPA,

see Ref. [37]. The magnon dispersion in HPA in the nearest-neighbor Heisenberg model with
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isotropic exchange and applied field B is
€k = hyB+ JSZ(1 — ), (1.51)

for Z nearest neighbors and spin structure factor v, = Z71 3 4 e®9. This agrees with our ey,
band dispersion in the cubic FM SBMFT in the limit /' — S, which occurs when T' < T¢.
This agreement was also noted in Refs. [38, 27]. Similarly, in the diamond case, there are

two magnon bands which match the €, and ea SBMEFT bands in the same limit.

1.3.2 Easy-axis Heisenberg antiferromagnet below spin flop

For a step-by-step derivation of the spectrum of a Heisenberg antiferromagnet below and
above spin flop under the HPA, see Ref. [39]. In this section, we consider the easy-axis
Heisenberg AF below spin flop, in order to compare to our SBMFT results. The Bogoliubov
transformation here is very similar to the usual Bogoliubov transformation for AF magnons
in the Holstein-Primakoff approximation. When o =], our transformation matches the
structure of the magnonic one that diagonalizes the AF Heisenberg Hamiltonian, as discussed

in Sec. 1.2.2. The two agree precisely if the dispersions match, and the dispersions are

closest when T' << Tiy. They are €, e, = b + €, where ¢ = \/€§ + (JZA)?(1 — ~;) with
€8s = ex(ex +2JZA) and ex = KL*. At T < T, the dispersive term (JZA)*(1 — ~3)
with A/S = 14 C4/S differs by a constant factor from the HPA value, and the gap ¢, is
proportional to ex = K(S —1/2) in HPA while it is e = K(S —1/2+ C,) in SBMFT. The
constants are Cy = 1/2 — (2N) 'Y, /1 =12 = 0.13, C, = 1/2 — (N) ' 3, 1/\/1— %3 ~
0.25.
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Chapter 2

Interfacial spin currents in biased
magnetic insulator/metal

heterostructures

In this chapter, we derive the dynamical behavior of FMs, AFs, and PMs in linear re-
sponse to a pertubation. While the static susceptibility encodes the systems response to a
time-independent perturbation, the dynamic susceptibility encodes the response to a time-
dependent perturbation, and is the central focus of this thesis. Since magnets break time-
reversal symmetry in equilibrium, there are spin currents present in equilibrium due to ther-
mal and quantum spin fluctuations. Here, we derive the relation between a magnet’s bulk
spin current (a linear combination of two-spin correlators), and the response of the system
to a time-dependent pertubation in equilibrium. This is accomplished by the fluctuation-
dissipation theorem. In this way, we can capture both the thermal and quantum fluctu-
ations using a semiclassical relation. The dynamic susceptibilities that are input to the
fluctuation-dissipation relation can be derived from a phenomenological, classical model for

the low-energy, long-wavelength fluctuations which dominate the behavior of well-ordered
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magnets.

This being said, the spin current in bulk magnets is not directly measurable. In the
early 2000’s, physicists discovered [10, 41] that attaching a metal to a magnet dramatically
increases its resonance linewidths, which are a measure of the system’s dissipation. This was
theoretically established non-perturbatively [12] by analyzing the scattering matrix between
the magnet and the metal. In solid crystalline insulating magnets, the main effect of adding
a thin metallic film is to enhance the resonance linewidths [13]. It may be simply captured
by treating the interfacial Hamiltonian to leading order in perturbation theory with respect
to the bulk magnet’s Hamiltonian. In this chapter, we consider interfacial spin currents
generated by a temperature discontinuity or spin accumulation between the spin carriers
in the magnet and the electrons in metal. In a fully quantum treatment of the magnet,
the spin current can be evaluated as the rate of spin flow, minus the backflow, across the
interface using Fermi’s golden rule. One can then compare this result for the interfacial spin
current to the semiclassical result for the bulk spin current. The two can be matched by
taking the bulk, semiclassical result thermally averaged with respect to the temperature T}
of the magnet, minus it averaged at the temperature 75 of the metal, and multiplying this
quantity by an overall phenomenological factor — the real (dissipative) part of the interfacial
spin-mixing conductance g™. In order to match the two expressions for the interfacial spin
current, we require g™ = 4xs|J|[°D?, as derived in Ref. [11] for the case of a FM, where s
is the spin density in the FM, D is the density of states at the Fermi level, and |J| is the

strength of the interfacial exchange coupling.

2.1 Generalized fluctuation dissipation relations

The total spin current flowing across the interface from left to right is J, = Ji(T1, 1) —

Jo(T3, o), assuming we can neglect cross-dependencies (i.e. the spin current on the left
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depending on the temperature on the right). In equilibrium (7} = T5, 1 = p2), Js = 0, so
J1 = Jo. Then in linear response, (1 = s + op and Ty = Ty + 67T, we get for the interfacial

spin current
Js(p, T) = Rop + ST, (2.1)

where R = 0,J is the spin impedance, and § = 9rJ is the spin Seebeck coefficient. The
main goal of this section is to derive semiclassical relations for J(u,7T) in terms of the
relevant components of the dynamic susceptibility tensor x;;. In the following sections, we
will then compute these components of x;; using classical theories for FMs (AFs), valid when
the lowest energy, long-wavelength excitations dominate, at " < T(ny. Finally, the spin

Seebeck coefficients due to these spin currents are derived in Chapter 3.

2.1.1 Ensemble-generic relations

We begin by considering the linear response of a system described by the Hamiltonian
H(t) = Hy + H¢(t), where Hy is time-invariant and He(t) = ¢;&;(t) is a time-dependent
perturbation. The density matrix p commutes with Hy, with bosonic operators ¢(t). We
will work in the interaction picture with time evolution operator U = UyU; where states

evolve via Uy = e/ 9Ho/ih and operators evolve via U; = e/ 9tHe/it,

(501(1)) = {8u(8)) — {90)le=o (22)
- / (l61(1), 65,0 (23)

h dt'GL(t —t)&(t), (2.4)

St —
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where we have introduced the retarded Green’s function Ggf(w). The Kubo relation is

ensemble-independent,

1
(061(w)) = £Gw)& (W) = X35 (W)€ (@), (2:5)
which defines the dynamic susceptibility tensor y;;(w) (a.k.a. the linear-response function).

Let us also define the time-ordered Green’s function Gjj,

Gij(t,0) = =1 [O(t)(¢i(t)¢;(0)) + O(=1){0;(0)¢:(1))] (2.6)

where O(t) is the step function.

2.1.2 From the CE to the GCE

In thermal equilibrium with temperature 7', there can be additional quantities where are
conserved over time scales which are much longer than the characteristic time scales of
our system. Thus, when describing our system we can treat each as a conserved quantity
parameterized by its chemical potential . We envision this as a generalized “greenhouse
effect”, as termed by Refs. [15, 46, 47], for quasi-conserved quantities. In our spin systems,
for example, if there is U(1) rotational symmetry in spin space about an axis, the spin
projected along this axis is conserved. Then, if the interface is a weak link coupling the
spin system to a metal, this spin accumulation slowly relaxes into the metal. The interfacial
spin current generated by this process can be calculated using the fluctuation-dissipation

theorem, generalized for the grand-canonical ensemble.
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FDT in the CE

In order to relate G} and G, we need a relation between (¢;(t)¢;(0)) and (¢;(0)¢;(t)). These
are in turn related by using the cyclic property of the trace, and then treating e ?H e’ as

an imaginary time translation of ¢ with t — ¢t — ¢8h. This yields

[t anono) = [ dtetio,0)6.00) (2.7

in the CE where p. = e #7/Q,. We define IG;;(w) (for any G)
SGj(w) = — [Gij (w) — Tt (w)] , (2.8)

where i represents qu.

The time-ordered Green’s function contains the symmetrized correlators:

IG(w) = % [Gij<w) — Gz (W)]

= - /Oo dte™' Re [O(t){:(t)¢;(0)) + O(—1){¢;(0);(t))]

—0o0

=5 [ @ 6.06,(0) +0,0000) = (6.6,
= 5 [65) + G3@)] = (i) (29)

where in the second line we used (¢;(t)¢;(t'))* = <¢}(t’)¢1(t)) = (¢;(t")¢:i(t)). Using
Eqn. (2.7), after some algebraic manipulations (for additional, similar relations between

Green’s functions, see Yaroslav’s 242 notes), we get for the FDT in the CE,

SGij(w) = 21 (G55 (w) + G5 (w)] = SGi(w) coth(Bhiw/2) = SGi(w) [n(w) +1/2]. (2.10)

7
Using the Kubo relation, we may write the spectral function IG/}(w) in terms of the dynamic
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susceptibility tensor,

SCR(W) = o [y() ~ Xjrr )] (2.11)

Finally, the FDT may be reexpressed using Eqn. (2.9) (for spatially-homogeneous systems)

as

(0utn) = =in [ s [ G2 Desllw) = )] N (o). 212

where N(w) = n(w)+1/2 accounts for thermal fluctuations associated with occupied modes,
according to the Bose-Einstein distribution function n, and the 1/2 reflects zero-point motion.

The components x;; and x;; are related by Onsager reciprocity:
Xij(B) = £x;i(—B), (2.13)

where £ indicates an even (odd) product of the signs of ¢; and ¢; under time reversal, B
is a magnetic field (or other quantity entering the Hamiltonian which is odd under time
reversal). The time-reversibility of B enters when evaluating the thermal expectation value

of x;; under the CE.

FDT in the GCE

In the GCE, however, the density matrix is weighted by the Hamiltonian and the chemical

potential u for conserved quantity n,
Pge = eiﬁ(Hilm)/an (214>

where Q. is the grand partition function. One way to obtain the modified version of

Eqn. (2.10) is to shift the time evolution operator to match the new density matrix with the
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following transformations (assuming [H,n] = 0):

= — un, doa
H=H—pu 2.15

poe(H 1) = pe(H). (215)
¢(CA))—>/dteth67:H/t/h€_iunt/h¢€i’unt/he_iH,t/hE/dtethCiHlt/hQS/e_iH,t/h. (215C)

The new Hamiltonian has its own response function, x;;(w). The operators now evolve ac-
cording to the new Hamiltonian, which redefines the Green’s functions. Note that the new
Hamiltonian satisfies the relation coming from the cyclic property of the trace, Eqn. (2.7),
now with p = pg.(H) = p.(H'). Thus the factor of coth(Sfhw/2) in Eqn. (2.10) remains
unchanged when switching from the CE to the GCE and simultaneously to the new Hamil-

tonian. For the case [¢,n] = ¢, Eqn. (2.15) is solve by ¢/ — ge="mt/h,

For example, we will take n = 4+1. First we will evaluate the dynamic susceptibility tensor
using a set of phenomenological equations of motion for ¢(¢). Then we will switch to primed
variables to calculate correlators in the GCE, and insert the transformation, Eqn. (2.15), to
write the primed in terms of unprimed variables. Finally, we will apply the FDT in the CE
along with the trivial shift in w due to the transformation, giving us the correlators in the

GCE.

The components x;; and x;; are related by Onsager reciprocity:

Xij(Ba M) - :l:in(_B’ _:u>7 (2-16)

where n is assumed to be odd under time reversal in the case of e.g. spin conservation (if
n is even in the case of e.g. charge conservation, then x;;(B,pn) = £x;i(—B,+u)). The
time reversibility of n enters when evaluating the thermal expectation value of x;; under the

GCE.
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2.1.3 Form of the FDT for several types of operators

Hermitian operators in the CE

Consider Hermitian operators, ¢; = ¢! and ¢; = ¢!. Then the FDT, Eqn. (2.12), reads

(pij) = —z’h/ <;Z7T]§3 /;l—: [Xij(k,w) — X;i(k,w)} N(w). (2.17)

These susceptibility components follow the general property of retarded correlators, x;;(w)* =

Xij(—w), since the spin operators ¢; and ¢; are Hermitian.

Hermitian conjugate operator pairs in the CE

Consider the conjugate pair, ¢; = ngZT; e.g., ladder operators. In this case, for all G, G =

Im G and RG = Re G. Then the FDT, Eqn. (2.12), reads

(sl =2 [ 255 [ 2 tmxatcaN () (219

Ladder operators in the GCE

Consider spin ladder operators Sy = S, +1S,,5_ = 5, — iS5, with Cartesian components
1Si, S;] = iheyk, [S.,5+] = £51 and n = S5,. Evaluate the two point correlation function

(S4S-), in the GCE. Taking ¢; = S4, Eqn. (2.15)c becomes

Si(w) — /dteweiH/t/ﬁe_i”SZt/ﬁSiei“SZt/h’e_iH,t/h = Si(wxp/h). (2.19)
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This transformation takes x;_(w) = x4—(w + p/h) and G4 _(w) = G4 (w + p/h), while
the factor of N(w) is unaltered; and similarly for y_, (w). Shifting w, the FDT in this case,
Eqn.(2.18), is

(S45-) = —QB/%/;I—L; Im x ;- (k,w)N(w — u/h), (2.20a)
(S_S.) = —2h / (;l:;g ;l—: Ty (k, )N (w + /). (2.20b)

2.2 Spin current in Heisenberg ferromagnets

In this section we derive the interfacial spin current between a FM insulator and a metal,
where the interfacial coupling is treated as a weak link, using a semiclassical approach and
SBMFT. In the former approach, the dynamic susceptibilities are evaluated in the classical,
phenomenological theory for the FM (Landau-Lifshitz phenomenology), which is valid at
T < Te, and then inserted into semiclassical fluctuation-dissipation relations. When the
interfacial coupling to the metal is turned on, the interfacial spin current is given by the
bulk expression, evaluated at the temperature T of the magnet, minus the back flow at the
temperature T, of the metal, up to a phenomenological constant. This constant, the real
part of the spin-mixing conductance, can be derived using Holstein-Primakoff, in the dilute
magnon gas limit, as shown in Ref. [18]. Since our SBMFT result matches the Holstein-
Primakoff result exactly in the limit T" < Tz, SBMFT can also be used to perform the same

matching.

Our SBMFT result can be taken to arbitrary temperature. We find that the spin current
in a FM contains the usual magnon contribution, which arises from scattering between the

condensate and the | spinon bands, which mimick magnons. The SBMFT spin current in
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FMs also contains a paramagnetic-like contribution that grows with 7. It arises due to
scattering between two continuous spinon bands. The physical picture for these processes is

shown in Fig. 2.1.

XB

k c momentum

Figure 2.1: Schematic depiction of the magnonic (1) and paramagnetic-like (2) contributions
to J;. Colors specify the bands’ lower-indexed spin polarization. In SBMFT for FMs,
pw=0at T < Tg, resulting in Bose-Einstein condensation at the lowest-energy modes with
momentum k.. At T > T, the bands are gapped by —pu > 0.

2.2.1 Semiclassical result

Consider a FM with magnon temperature 7', conservation of the z-component of spin pa-
rameterized by u, and directional order parameter m with constraint m? = 1. The spin

current density generated at the interface

J = (hg™ /47) m x O,m, (2.21)

where g™ is the real part of the dimensionless interfacial spin-mixing conductance per unit

area. Defining my = m, £im, (making the conjugate fields hy = (h, Fih,)/2) and inserting

41



Eqn.(2.20), we get for the z-component

J.(w, k) = —iew(hg /A7) [(mam,) — (mym.)] = w(hg™ /8) [(mem_) — (m_m.)],

Rgtt [ Pk [ dw
L N L N R )

(2.22)

From the equations of motion for the FM with spin density s and spin waves with

resonance frequency wy, = wo + Ak?, we get

1 1 1
oy = —Xug = — . _ 2.23a
Xy Xy 25 |w—wyp +1i€ W+ w + i€ ( )
2 1 2 1
2 VI S 2.23b
X+ SW — wy, + 1€ X—+ Sw+ wi + 1€ ( )
where € is the resonance linewidth (x,, = —xy. by axial symmetry). Note that under Onsager

reciprocity the positive and negative poles interchange 4wy <> —wy since m — —m under
Onsager reciprocity, which flips the direction of precession. After inserting Eqn. (2.23b) into
Eqn. (2.22), splitting the pole into its real and imaginary parts, and integrating over w, we

get, for the spin current in the GCE,

_ (Mgt 2k [ R
1 = (M) 2 [ S ) (2.24)

In conclusion, our result shows that J,(7, 1) in the GCE is equivalent to J.(T") in the CE
(which may be calculated directly by inserting Eqn. (2.23b) into Eqn.(2.17)) with the magnon

occupation numbers evolving from the Planck to the Bose-Einstein distribution functions.

2.2.2 Holstein-Primakoff result

For reference, see [14].
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2.2.3 Schwinger boson result

At T < T¢, the sums are converted to integrals with the contributions from the condensate
density separated explicitly: for an arbitrary function z and a single condensation point
at momentum k¢, >, 2x/N ~ z(kc)Ne/N +V [, &Pk z(k), where n, = N./N and V is
the unit cell volume. The interfacial spin current per unit area of the interface is given by
Js = b4y — I'j+)/A, where I'y) — I'j4 is the rate of spin relaxation in the magnet and A is

the area of the interface. The interfacial Hamiltonian for a FM is

Hi, = (V/N) Z GLTGk'LC:;J,Cq’T + H.c, (2.25)
k,k’,q,q'

HE = (V/N) Y by e + He. (2.26)
k,k ,q,q'

The rates are evaluated to leading order in the interfacial relative to bulk Hamiltonian via

Fermi’s golden rule (FGR). The quartic correlators in FGR are decoupled via Wick’s theorem.

Cubic lattices

In the cubic case, the interfacial Hamiltonian is Hin = (V/N) >y 700 GLT%’ iCj; 1ot + He,
where NN is the number of sites in the bulk magnet. After integrating over one of the Fermi

gas energies with the d-fnc, the FGR results for Fermi-Dirac distribution function f(x) are

3 1./
S éT’“)g n(Buew,) + 1) / def (Bac + Bowry) [1 — f(Boe)] +
3 3 1.7
Q%VQDQ% / —(gﬂl)cgn(ﬁﬁm) / —(dQ:;S [n(Brexry) + 1] /dﬁf(ﬁze — Paery + Baerry) [1 — f(B26)],

(2.27)
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and

N, [ K
I :2%\/21)2m W”(ﬁlek’i) / de f(Ba€) [1 = f(Bae + Baew))] +

3 3L’
vt [ G e + 1) [ (e [ def (52001~ f(5ae — oo+ B

(2.28)

where D is the density of states at the Fermi level in units of (energy-volume)~!. The net

interfacial spin current density is

J, = J™M 4 g™, (2.29a)
g B [ o e — matewn)] (2.200)
JM = —27T‘ZD2 / (;l;l;:?) / (f:;; €xkr1i[N2(—€rrrr) )0 (€xp) +

na(€xrrpy ) (€nry) — nalert)na(ery)]; (2.29¢)

where egrrq) = €pp — €x7), A is the area of the interface per site, and we made use of the
identity: [def(e) [l — f(e —8)] = n(d)d. Js contains a contribution J*™ oc N, due to the
thermal cloud scattering off the condensate (vanishing at 7' > T.) and a contribution J™™

which is asymptotically smaller than J*™

when 7" — 0 and is o« B at small B, but remains
at T > T,. Note that when T} = T5, we clearly have J*™ = 0 and using the identity

n(y — z)n(z) + n(z — y)n(y) = n(z)n(y) we also have J™M = 0.

We can simplify the form of J*™ by inserting the identities n(y —x)n(z) +n(zx —y)n(y) =
n(z)n(y) and n(y — x) + n(z —y) = —1. Doing this, and writing J, in terms of sums (with
the condensate terms built-in), we have

g
Js == 2515\'\’[2 Z Ekk,TJ, [711 (6k’]‘> - nl(ﬁkli)] [nl(ekk,Tl) — nZ(Ekk'Ti)] , (230)

Kk’
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where gy = 4rSD?*V?/A [18] is in units of inverse area where D is the metal’s density

1 and A the area per site of the

of states at the Fermi level in units of (energy-volume)
interface. At low temperatures T < T¢ and low fields iyB < J, J, ~ J*™. In this limit
our result for J¥™ identically matches the Holstein Primakoff result, with the same type of
interfacial coupling, when it is expanded to leading order in the magnon over spin densities
(the dilute magnon gas limit). See Ref. [18] for the published Holstein-Primakoff result in
the dilute limit. It also matches our semi-classical result for the low-temperature FM spin
current, (2.24) evaluated at 77 minus the back flow at 75, after inserting the phenomenological
constants in the classical bulk FM Hamiltonian from those given by Holstein-Primakoff

(which agree identically with SBMFT). The SBMFT solutions in this limit are F' ~ S and
S*~ 8.

Diamond lattice

For diamond, J, = JA + JB, where J# is generated by the coupling H

s int»

and JB by HE,.

After inserting the eigenvectors vy, = (1, F|v&|/v&)/V/2 into the interfacial Hamiltonian and

then evaluating the spin relaxation rate via FGR, we find JA = J5 = J,/2, and we get

91l o o y
Jo=GonE 2 Chien [”1 €t) = 1(%'0] [nl(ekk'm) — ok | (2.31)
v,V kK’
where eZ’,’J,T L= EZT_EZ/' . and the sums run over the pseudospin indices v, = +, —. Note that

Js only contains scattering between 1 and | bands. Scattering between two bands with the
same ¢ would not transfer spin anguler momentum across the interface, and thus does not
contribute to spin transport. Again, at low temperatures T' < T and low fields hyB < J,
J, = J™_ In this limit our result for J*™ identically matches the Holstein Primakoff result
(there are two magnon bands on diamond), with the same type of interfacial coupling, when

it is expanded to leading order in the magnon over spin densities (the dilute magnon gas
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limit). At arbitrary temperatures in the FM on diamond, J; contains both intraband and
interband scattering, as shown in Fig. 2.2. This does not violate our constraint since, note
that the SBMF'T constraint fixed the expectation value of the number of T and | SBs on each
sublattice. However, the diagonal basis of the Hamiltonian is in terms of spinon operators
a, and (,, whose number operators are each given by an equal mixture of those for the two
sublattices. Thus, the SBMFT constraints for each sublattice actually fixes the expectation
value of the total number of a, and 3, modes. Therefore, a scattering process which creates
a spinons and annihilates 8 spinons (or vice versa) does not violate the constraints. See
Chapter 3 for a quantitative comparison of the SBMFT and Holstein-Primakoff spin Seebeck
coefficients (interfacial spin current divided by the temperature discontinuity 77 — T3) on

diamond.
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xXB

k c momentum

Figure 2.2: Schematic depiction of the scattering processes which make up J, in the FM
SBMFT on diamond. At T' > T, all bands are gapped by pu. As T — T¢, i — 0, and the
lowest energy mode of the €. band condenses, as shown here. Near the condensation point
k., the + bands are maximal. Processes labeled by (1) are magnonic excitations, which
dominate J; at T' < T¢; while (2) result in a paramagnetic-like contribution to .Js, which
vanishes as B — 0.

2.3 Spin current in Heisenberg antiferromagnets with

easy-axis anisotropy

In this section we derive the interfacial spin current between an AF insulator and a metal,
where the interfacial coupling is treated as a weak link, using a semiclassical approach and

SBMFT. In the former approach, the dynamic susceptibilities are evaluated in the classical,
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phenomenological theory for the AF (the nonlinear ¢ model), which is valid at T' < T,
and then inserted into semiclassical fluctuation-dissipation relations. When the interfacial
coupling to the metal is turned on, the interfacial spin current is given by the bulk expression,
evaluated at the temperature 77 of the magnet, minus the back flow at the temperature 75 of
the metal, up to a phenomenological constant. This constant, the real part of the spin-mixing
conductance, has both a Néel and magnetic part [19, 50]. Our SBMFT result reproduces

the semiclassical Néel spin current in the limit 7" < Tly.

Like the FM, we find that the SBMFT spin current in an AF contains the usual magnon-
like contributions. In the AF, BEC occurs when the lowest-energy modes of e? and €
simultaneously become gapless at Ty, forming staggered ordering. Then, excitations be-
tween the + (—) condensate and the ej (€;) bands qualitatively match the magnon bands
from HPA. The SBMFT spin current in easy-axis AFs also contains a paramagnetic-like
contribution that grows with 7', and has the opposite sign to the low-field magnon-like con-
tribution. It arises due to scattering between two continuous spinon bands. The physical

picture for these processes is shown in Fig. 2.3.

48



k momentum

Figure 2.3: Schematic depiction of the magnonic (1) and paramagnetic-like (2) contributions
to Js. Colors specify the bands’ lower-indexed spin polarization and upper-indexed pseu-
dospin. In SBMFT for AFs, u =0 at T < Ty, resulting in Bose-Einstein condensation at the
lowest-energy modes with momentum k. At T" > Ty, all the bands are gapped by —pu > 0..

2.3.1 Semiclassical GCE result below spin flop

Consider a U(1)-symmetric AF below spin flop with applied field B = Bz along the easy-
axis. There is directional Néel order I with nonlinear o-model constraint 1> = 1 and net
spin density m normalized by the saturated spin density, and sublattice symmetry making
l-m = 0. U(1) symmetry implies conservation of m., to which we assign chemical potential

p. The spin current consists of Néel, J;, and magnetic, J,,, contributions:
Jy = (hgl* JAm) I x 31, J,, = (hgl¥/4m)m x dym, (2.32)

which may be written in terms of ladder operators I+ and m. analogously to Eqn. (2.22),
with [m.,m+] = +my and [m., .| = +i1. Since below spin flop J,, ~ (T/Tn)*J;, we will

focus on the Néel dynamics here. The main difference between the AF and the FM is that
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in the AF there are two modes, wy, = —B + wor, and wo, = B 4 wq, with wor, = \/m,
associated with magnons which carry angular momentum, along Z, +h and —h, respectively;
whereas the FM has a single mode that carries —h. We will see that this difference between
the AF modes will be reflected in the sign of i that appears in their associated Bose-Einstein

distribution functions, as borne out by the particular poles which appear in y,_ and y_..

From the equations of motion, we derive the off-diagonal components of the Néel dynamic

susceptibilities,
O 1 . 1 - 1 - 1
oy ye 4s2ywop \ W — Wik +1€ WA wip +i€ W —wo +ie  wtwo +i€/)’
(2.33a)
T xS2wor |w— wik +iEe W A woy + i€ X—+ = XS2wor |w+ wik i w — wo + i€

(2.33b)

where again under Onsager reciprocity the positive pole and negative poles of the same
type interchange +w;, < —wj. Splitting the poles into their real and imaginary parts and

inserting Eqn. (2.33b) into Eqn. (2.22), we get for the Néel spin current,

2 N 3 W
TAT) = =0 [ 5 [ e N(w = fh) — Imxy NG+ /1),

A (2m)3 ) 2«
it b Bk 1
- ( 47lr ) = / (27 wor [wieN (Wi — p1/h) — woN (war, + p/R)] . (2.34)

In conclusion, our result shows that J,(7, 1) in the GCE is equivalent to J.(T") in the CE
(which may be calculated directly by inserting Eqn. (2.33a) into Eqn. (2.17)) with the magnon
occupation numbers evolving from the Planck to the Bose-Einstein distribution functions.
Here, m. is conserved and is parameterized by chemical potential p; the wi) mode is a
magnon excitation which increases (decreases) m, by h so it has chemical potential 4.

This agrees with the results derived using the HPA in Ref. [12]. According to Eq. (2.34), the
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fluctuations transverse to lo; = z at wyy, and wyy, produce opposite-sign contributions to the

spin currents.

2.3.2 Semiclassical CE result below and above spin flop

Below spin flop

(1)

The components x;; contributing to Js(l) are shown above, with y© = 0 for the CE. The

(m)

components x;; contributing to ng) are

Xy = =xg = (xswor) x4, (2.35)

where wor = v/(7B.)? + (ck)?. For thermal magnons, the ratio X;?)/Xﬂ; ~ (T/Ty)?, so Jm

can be neglected in [ in the limit 7" < Ty. We get for the magnetic spin current,

hglt

h d’q 2
() == (P25 S s o N e /) — N e+ /). (230

Above spin flop

om is elliptically polarized in the w4, mode, with magnetic fluctuations producing a spin

current according to

m) _ _ o) _ IXB 1 1 2.37
Xay ye 2 w—w4k+ie+w+w4k+z’e ' (2.37)

The relation xo) = —x™ is guaranteed by: Onsager reciprocity, ') (B) = xiw’ (= B), com-

bined with either &z mirror symmetry or m-rotational symmetry about & to give X?SZ"“) (—B) =
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— XQ(CZL)(B) (for B in the plane of the interface). We get for the magnetic spin current,

N 3
J(T) = — (%—;) ey %mm(wm. (2.38)

2.3.3 Holstein-Primakoff result

The Holstein-Primakoff approximation (defined as the Holstein-Primakoff transformation
expanded to second order in the magnon over spin densities) results are obtained analogously
to the SBMFT. The HPA spin current is J; = JA+J5, where J is generated by the coupling
HA = (V/V/N) > kad Echch:;,i—l—H.c, and JE by HE, = (V/+/N) > kg Bkcq¢cg,¢+H.c, where
a, b are the magnon operators on the A, B sublattices, respectively. These results are a special
case of the more general Holstein-Primakoff results derived in Ref.[51], where the interfacial
Hamiltonian is treated as the sum of interfacial exchange coupling to each sublattice with
separate exchange constants. Our Holstein-Primakoff spin current can be obtained from
their general result as follows: J is obtained by taking their exchange constant for the 3
lattice to be zero, and J® by taking their exchange constant for the A lattice to be zero; then

Js is the sum of these two incoherent contributions weighted by the same exchange constant.

2.3.4 Schwinger boson result

The following section will be published in Ref. [31]. In the AF, the SBs on each sublattice

split into mixtures of the bogoliubons parameterized by momentum-dependent coherence
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factors. For the AF on the simple cubic lattice J2* # J5 and we get

JSA = 25&[2 Z {Z Rty [nl(eZT) - 711(62'@] [nl(yezl,’c,ﬂ) — ng(ueZ’,’c,N)} (5y7+uiTui,¢ + 51/,*7}%”12@%)

kK’ v

(o

Zg;ci_k_’acr [nl (eza) +n (61:'0) + 1} [nl(g;:k_'acr) - n2(’€;:k_’cro)} (5‘77Tuitfv?c'5 - 6‘77~Luilﬂvi0)} )

(2.39)

~— 4 = ==+ - = _ _ :
where €rprrt = Clt T €prpr Eppryy = Epry T €kps and 7 = —v, the sum over v runs over pseudospin

indices, and the sum over ¢ runs over spin indices. Similarly, we get

JB = 2?]th Z {Z €nrrry [11(ekr) — n(epry)] [n1(Vepion,) — na(vegim,)] (On,—ugquis) + 0y 4 Vg Vir) )

kK’ v

Zg;:k_'oa [nl <€;€~_U) +n (El:’cr) + 1} [nl(g;:k:_'acr) - n2(f€;:k_’0'0>] (507Tuilﬁvl260' - 60'»|/ui?01}12€l0)} :

o

(2.40)

Note that the terms in the second lines of Egs. (2.39) and (2.40), once combined in the
sum J, = J& + JB, vanish quadratically in B so they are negligibly small in the limit
B <« vV JK /Ry (the spin-flop field). Thus, to linear order in B we have

914
Jo = 25 N? Z ety [ (er) — e ))] [ (vegie,) — navegion)] (ugsuis, + v visy)-

v,k,k’

(2.41)

The condensate contribution to the spin current comes from separating n(€f) (n(e)) at the
points in the BZ where 6?— = 0 (¢, = 0). The sums are converted to integrals with the
contributions from the condensate density separated explicitly: for an arbitrary function z
and a single condensation point at momentum ke, Y, 2k/N = z(ke)ne. + V [5, @°k z(k),

where n, = N./N and V is the unit cell volume. Then, the contribution to the AF J; due
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to the condensate density n. oc L* is

s T 94 = {GIJ& [nl(ea) - n2(€z¢>] — €t [”1(61}) - ”2(€I;¢)} } (2.42)

ar_ 01, / B 277A
(27)? €5y + €y

where s = S/V is the bulk (saturated) spin density, with spin in units of A. The AF
Js has contributions at the two magnon energies, 6Z¢ and €, which come with opposite
signs since they carry oppositely-oriented spin-angular momentum, as discussed in Ref. [52].
The SBMFT J, reproduces the semiclassical Néel spin current, Eq. (2.34), evaluated at

temperature 77 minus the backflow at 75, in the limit T} < Ty.

2.4 Semiclassical spin current in Heisenberg antiferro-

magnets with easy-plane anisotropy

In the easy-plane AF (somewhat analogous to the easy-axis AF above spin flop), the high-
energy mode wy associated with rotation of the Néel order out of the easy plane is a linearly-
polarized mode in the nonlinear-c model. Therefore, in this model it does not yield a spin

current. In the canonical ensemble, the spin-spin susceptibilities which contribute to J, are

m) _ _om) _ IXB 1 1 9.43
Xyz Xzy 2 w—w1k+z’e+w—|—w1k—|—z’e ' (2.43)

The magnetic spin current for the easy-plane AF is

N 3
J2(T) = - (%) 2hxvB / %Wlk]v (wik)- (2.44)
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2.5 Dynamic susceptibilities from beyond the nonlinear-

o model

In the semiclassical treatment of the Heisenberg FM, we found a single circularly-polarized
eigenmode. In the easy-axis AF below spin flop, we also found two circularly-polarized
eigenmodes, which carry opposite spin angular momentum. However, in the easy-axis AF
above spin flop and in the easy-plane AF we found linearly-polarized eigenmodes. These
do not produce a spin current in the nonlinear-c model. This is because in that model
only transverse fluctuations are allowed, while the spin current requires two perpendicular
fluctuating components. In this case, there may still be small longitudinal Néel fluctuations
which are not captured by the model. One contribution arises if we relax the nonlinear
constraint 61> = 1, allowing for an additional term m x 6 /6l in the equation of motion for

. Explicitly, the equations of motion now are

ol

sa:—Hle—Hle, (245&)
P

sa—T — —H, xm—H xl, (2.45b)

where H, = —0E/6l and H,,, = —0E/dm are the effective fields. When we consider linear
excitations about the same ground states as before, we now find a Néel spin current that is
of order ~ (hwy/J)?, where wy, is the magnon frequency and J is the AF exchange constant,
smaller than the typical Néel spin currents in the nonlinear-o model. This arises due to the
new dynamical term, H; X m, which generated new (linear) source terms proportional to
mg. Note that Eqs. (2.45) still conserved the individual sublattice spin lengths. We use this

model below to compute the dynamic susceptibility components which contribute to J.
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2.5.1 Easy-axis antiferromagnet above spin flop

Here, the ws;, is associated with linearly polarized eigenvectors for 6l and dm, so it does not
produce spin currents in the nonlinear-o model. Solving Egs. (2.45) linearly about the same
ground states as before, we now obtain small elliptical polarization in 6l. This produces
a Néel spin current parallel to the field with similar magnitude to the ws; magnetic spin

current,

0 _ _ 0 _ xB L L 2.46
Xay Xyz 2 w—w3k+ie+w+w3k+ie ' (2.46)

In the case of CryO3 it pumps at glﬂ’ < gl so we later discard this contribution to SSE from

our Cry03 analysis in Chapter 4.

2.5.2 Easy-plane antiferromagnet

Here, the woy, is associated with linearly polarized eigenvectors for 6l and dm, so it does not
produce spin currents in the nonlinear-o model. Solving Egs. (2.45) linearly about the same
ground states as before, we now obtain small elliptical polarization in 6. This produces a
Néel spin current parallel to the field which, at low fields, is smaller than the magnetic spin

current due to the wy, mode. The high frequency mode’s Neel-Neel susceptibility is

0 _ _ 0 _ B ! L 2.47
Xay Xya 2 w—w2k+ie+w+w2k—|—ie ’ (247)

In the nuclear AF, this yields a Néel spin current at the high frequency mode, wo. This
mode’s nuclear hybridization is weaker, with the hybridized nuclear frequency being the
same after replacement wy; — wor. Generally, however, this spin current may modify results

quantitatively.
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2.6 Spin current due to nuclear-magnon-hybridization

in antiferromagnets

When nuclear spins and magnons hybridize, there is anti-crossing of the nuclear and magnon
bands, as discussed in Chapter 1. In this section our goal is to compute the spin current due
to the lowest-energy, long-wavelength nuclear-magnon hybridized spin excitations. With
hybridization, the AF spin current has an off-resonance contribution associated with the
adiabatic motion of the electrons in the AF at the nuclear frequency. In this section, we use
L, M for the electronic Néel order and normalized spin density, and I, m for the nuclear

counterparts.

In this section, we consider nuclear-magnon-hybridization in an easy-plane AF, treated
semiclassically. Our system is driven according to the energy density E(B,t) = E(B) —
M - H(t) — m - h(t), where H and h are conjugate to M and m, respectively. These
source terms allow us to calculate nuclear spin-spin susceptibilities. We know that when the
nuclear and electronic branches become decoupled, the susceptibilities should also return to
their decoupled forms. This occurs in the high temperature limit, when the nuclear spins
are totally depolarized, and in the large field limit, when the electronic gap is much larger
than the nuclear frequency. When nuclear-magnon coupling is turned on, both the nuclear
and electronic dynamic susceptibilities acquire poles at both coupled resonance frequencies.
In the limit where coupling vanishes, the other system’s pole must be canceled. Thus, in the
decoupled limit, each susceptibility should have a root at the other’s decoupled frequency.

This form appears after explicit calculation.

We analyze the electronic and nuclear spin currents with poles at the nuclear resonance,
Cen and C,,. Generally, w; > w,, so this will be the remaining contribution to the spin

Seebeck effect when the electronic mode is frozen out. On the other hand, this freezing
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out may not be as sharp as one naively expects, because of the band linewidth. To get
a quantitative estimate for the strength of this Lorentzian tail contribution, one can use
AFMR data to obtain the magnon linewidths. The classical limit for the nuclear frequency,
Bhw, < 1,1is valid down to 100’s of milli Kelvin, and it is therefore a good approximation to

replace the Bose-Einstein distribution for the nuclear resonance frequency as Rayleigh-Jeans.

The components of electronic and nuclear x;; contributing to spin currents are, respec-

tively,
22 1 1
(M) _ jyr Buy—2 —“n _ 2.48
Xyz A wWik - ik L‘)Q - ng w? — Wilj 7 ( )
hw, w?—w? 1 1
(1) — i\ B—— 1k — . 2.49
Xyz = PXTm kBTwwgnk — Wiy L’z —wr W wilj (2:49)

Eq. 2.48 tells us how the electronic and nuclear spins are dynamically coupled. Note that
the electronic part X?(f;[) now has a pole at the nuclear frequency, and vice versa for the
nuclear part. Note that the decoupled limit, wr — wix and w,r — w,, yields results
consistent with our expectations since the pole at the nuclear frequency in Xz(/];/[) vanishes
in this case, and vice versa. Finally, using the dynamic susceptibilities and fluctuation
dissipation theorem [50], we can calculate the semi-classical spin currents. Our formalism

does not take into account electronic-nuclear cross correlations such as (L;l;), (M;m;), which

may warrant future investigation, but whose physical meaning is unclear.
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Coupled electronic spin current

In X;’ZW), there are poles at w,,, and w,,. The coefficients at the poles, C,. and C,,, respec-
tively, are

iXVmB Wiy, — Wi iXymB
C..(B, T, k) = ~ 2.50
. mB 2.2 B2
Con(B, T, k) = WQ I Is < C, (2.50b)
(wmk: wnk)wmk

The on-resonance pole at the electronic frequency has a greater relative weight than at the
off-resonance, nuclear frequency. As discussed before, nuclear hybridization does not modify
the electronic resonance frequencies much, so the on-resonance response has approximately
the same coefficient as the decoupled one. The main effect is the new off-resonance (at the

nuclear frequency) contribution to the electronic spin current:

hgl* Bk wopN (W) w?
Joen = — | =2 ) 2hix~> BB “ nn 2.51
7 ( 4 ) X A/ (2m)3 ank Waznk ( )

Coupled nuclear spin current

In Xz(/?)a there are poles at w,,, and w,;. The coeflicients at the poles, C,. and C,,,, respec-

tively, are

. hwn 77, Ba
C.o(B, T, k) = ix,u B m Coms 2.52
( ) =B <€ (2.52a)
hw, w?, — w? hw
B.T. k) =iy, B— —1k “nk ~ v~ B—T 2.52b
Con(B, T, k) = ixVm kT ol o, XmBT (2.52b)
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and the nuclear spin current and Seebeck coefficient at nuclear resonance is

J J il 2hxv2 BBA
rz,nn ~ Yzrn — ( A ) Ak’BT

/ dgk wnkN wnk) (2 53)

where J, 5, is the decoupled nuclear spin current.

2.7 Direct nuclear spin current

The following section is published in the theoretical methods Supplementary Material of
Ref. [53]. When nuclei are excited in a metal, the dominant relaxation mechanism into the
Fermi sea is via spin-conserving flip-flops. Korringa originally described this phenomenon
in bulk metals subject to NMR excitation; similarly, nuclei excited by a thermal bias may
relax by the same mechanism into an adjacent metal. The result is a thermally-induced
spin current which is purely two-dimensional by virtue of the HFI’s locality. In this context,
we investigate nuclear spin pumping across an interface between an antiferromagnet and a
metal. Nuclear spins in the AF interact with the electronic spins in the AF and metal through
the dipole interaction. We consider the contact term, which is described by a Heisenberg
model. In equilibrium, the strongly fluctuating nuclear spins weakly anti-align to the Néel
order, which acts as a field of tens-hundreds of Tesla. Each nuclear spin aligns antiparallel
to the electronic spin on the same site, and the net spin current across two adjacent sites
cancels unless there is canting of the electronic spins with angle yb. We calculate the nuclear
spin current transferred into the metal due to Korringa-like relaxation [1]. As depicted in
Fig. 2.4, Korringa determined the spin relaxation rate via Fermi’s Golden Rule [!] and got
1

T, X a®T., where T, is the temperature of the metal. The factor of T, arises from the

density of particles and holes which may accept the tiny (on the scale of the Fermi energy)
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Figure 2.4: On the left, the usual bulk Korringa relaxation [!], where nuclear spins excited
by an NMR pulse relax into the Fermi sea. On the right, the similar process of interfacial
Korringa relaxation via the interfacial hyperfine interaction A;,.. In our theory, nuclear spins
which are out of equilibrium with an adjacent metal due to their temperature discontinuity
T, — T., interfacial Korringa relaxation results in a purely 2D interfacial spin current.

nuclear splitting. by Fermi’s Golden rule in the limit kg7 > hw,:
Jp = XbJpe = pler)?a*mxbhw, (T, — T,)/T,, (2.54)

here J,. is the spin current per site and .J,, is the average over a pair of sites, p(er) is the
density of states at the Fermi level in units of (energy - volume)™!, and a is the interfacial
hyperfine interaction constant between nuclei and the spin density in the metal. The tem-
perature dependence in J,. differs from the usual Korringa spin-relaxation rate, 7, U T,
since J,. is due to the spin flow, minus the backflow, into the Fermi gas. We define the
nuclear spin-mixing conductance per unit area as g\¥ = 4ws,p(er)?a? for saturated nuclear
spin density s, (s, = I /A, calculated for spin I = 1/2 and interfacial area A per site), in

analogy with the electronic result in Ref. [11].
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2.8 Spin current in strongly-disordered paramagnets

In Sections 2.2 and 2.3, we derived the interfacial spin currents in insulating magnet/metal
heterostructures at arbitrary temperatures in Heisenberg FMs and AF's using SBMFT. We
found a paramagnetic-like contribution, J™, that persists into the paramagnetic phase.
When we derived the solution to the SBMFT in Chapter 1, we found a liquid PM phase
at temperatures between the Curie-Weiss and Curie (Néel) temperature, © > T > Ty,
which then crosses over into a gaseous PM phase. In this section, we compare the SBMFT
spin current in the gaseous phase, to the Korringa-like [1] spin current from the previous
section, Eq. (2.54). Here, we consider electronic, rather than nuclear spins, but the result is

the same up to a change of the gyromagnetic ratio from the nuclear to the electronic one.

2.8.1 Korringa-like result for a single spin

Consider a single spin with S = 1/2, at temperature 77 coupled to an adjacent metal at 75,
in a magnetic field whose Zeeman splitting is b = hyB. We compute the transition rates I'

by Fermi’s golden rule, which treats the interfacial Hamiltonian as a weak link. We get

2

T4y (Ty) = %D2v2n2(—b)b, (2.552)
2

T (Ty) = —%DZVQnQ(b)b, (2.55b)

where V' is the strength of interfacial exchange coupling and D is the electronic density
of states at the Fermi level. The spin current density is then J = h(Py(T1)4 (1) —
P (T1)I'4T5)/ A, where A is the area per site of the interface. In terms of the spin-mixing

conductance gy, = 4rSD?V?/ A, we get for the interfacial spin current density

I = —ES [ (b) = na (b)), (2.56)
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where S* is the spin polarization due to the external field Bz. Since we are considering the
spin pumping from a single isolated spin, the field splitting does not contain the Curie-Weiss

effective field from neighboring spins.

2.8.2 Schwinger boson result

In the gaseous phase the spin Seebeck coefficient in linear response is

TN = Ly (e1) = ma(e)]) Ima () — o)) = 2L (h) [ma () — o)), (2.57)

where €;; = e — ¢;. This agrees with Eq. (2.56) in the limit where h = b+ JZS* ~ b is
the self-consistent Curie-Weiss effective field for Z nearest neighbors. They agree when the

Curie-Weiss correction is negligible — the limit where J < T..
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Chapter 3

The spin Seebeck effect in magnetic

insulators

The longitudinal spin Seebeck effect is the generation of a spin current J; along the direction
of a thermal flux Jy, [54, 55, 50], depicted in Fig. 3.1. This can be done with an attached
heater, or simply by heating the metal directly with an alternating current. Since spin
currents cannot be measured directly, we measure them indirectly by an adjacent metal.
Additionally, the symmetry in spin space must be broken in order for a particular direction
of the spin current polarization to be selected. This is done by the spontaneously-broken
magnetization in FMs, or by applied magnetic fields in AFs and PMs (in AFs, there is
a spontaneous Néel ordering, but the contributions from the two sublattices cancel one
another identically without an applied field). In ordinary metals, the magnitude of conversion
between spin and charge current, gy, is on the order of a few percent [57]. While the energy
losses due to dissipation in bulk insulating magnet can be quite small (e.g., in ferrimagnetic
YIG the magnon diffusion length [58, 59] can be as long as 10 pum, and the length scale of
the nonlocal spin Seebeck effect can be around 1um [60]), the spin-to-charge conversion is

a significant bottleneck in the overall efficiency of SSE devices. One route is to engineer
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or discover novel materials with larger spin hall angles, such as topological insulators [(1].
Another route is to use the thermally-generated spin currents to perform useful work within

a spintronic circuit [62].

magnet
heater metal

Figure 3.1: The spin Seebeck effect involves the conversion of heat into a spin current in a
magnet, which is pumped across the interface with magnitude proportional to the (real part
of the) interfacial spin-mixing condunctance g™. By the inverse spin Hall effect, the spin
current in the metal results in a transverse charge current with magnitude proportional to
the spin-Hall angle fsy. This charge current is ultimately measured as a voltage drop in the
metal.

SSE has been studied in ferromagnets [03, (1], ferrimagnets [65, 66, 67], paramagnets |2,

, 09, 70], and recently in antiferromagnets [71, 72, 73, 34, 71] as well as noncollinear magnets
[75, 76]. Our theory specializes to SSE from spin currents produced by an interfacial thermal
bias. The formalism may be extended to account for bulk thermal gradients, which produce
nonequilibrium interfacial spin accumulation p. The interfacial spin pumping due to pu,

could then be evaluated using the generalized fluctuation-dissipation theorem for the grand-
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canonical ensemble (derived in Sec. 2.1.2). However, determining p requires complimenting
the interfacial transport with coupled spin and heat transport in the bulk [77], which would
go beyond our work. The purely local SSE studied in this thesis should quantitatively
model SSE for interfaces with large interfacial thermal resistances and weak interfacial spin
coupling. In this regime, SSE would provide a noninvasive probe of the magnet’s transverse
components of x;;, much like scanning tunneling microscopy is an interfacial probe of an

electron density of states [75].

3.1 Phenomenlogical theory for the SSE in strongly

ordered magnets

Deep in the ordered phase of FMs (AFs) at T' < T (), longitudinal fluctuations are frozen
out, such that the order parameter may be described by a rigid vector with small transverse
fluctuations. The low-energy excitation spectra of these systems was described using a
classical, phenomenological framework in Chapter 1. In chapter 2, we leveraged the fact
that since magnets break time-reversal symmetry in equilibrium, the are spin currents in
equilibrium; and therefore, may be calculated using the fluctuation-dissipation theorem. The
semiclassical fluctuation-dissipation theorem related the spin correlators relevant to the spin
current in terms of the components of the dynamic susceptibility tensor which are transverse
to the order parameter. We computed these components x;; by adding infinitesimal source
terms for magnetic dynamics in the equations of motion. We now turn to an application of
this theoretical framework: the spin current generated at the interface between an insulating
magnet and a metal subject to a thermal bias. When the interfacial coupling to the adjacent
metal may be treated perturbatively to leading order with respect to the bulk magnet’s
Hamiltonian, this spin current is given by the bulk magnet’s spin current evaluated at the

temperature of the magnet, minus the same evaluated at the temperature of the metal.
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Besides the phenomenological parameters in the bulk magnet’s Hamiltonian such as the
spin stiffness and strength of anisotropies, there is an overall phenomenological parameter
which scales the magnitude of the interfacial spin current. This parameter is the real part of
the spin-mixing conductance [12], which describes the dissipative component of spin transfer
[19], and is a property of the interface, proportional to the square of the interfacial exchange
constant times the metallic density of states at the Fermi level [18]. The interfacial exchange
constant is determined by the strength of wavefunction overlap between itinerant electrons
in the metal and the localized orbitals in the magnet. In ordinary materials for example
the interfacial exchange constant is the following: in FM/metal heterostructures it is the
s — d type [79]; for AF/metal heterostructures there are two components [19], which may
be assigned to the magnetic part of the spin current and the other to the Néel spin current
[50]; and for nuclear spins in a magnet to an adjacent metal it is the interfacial hyperfine

interaction [30].

Lastly, a general note about evaluating the integrals over the Brilluoin zone (BZ) in the
expressions for the spin Seebeck coefficients. Since this theory is only valid when T" < T,
it will be generally consistent to assume the magnon bandwidths AE o< J oc kgTeny > kgT,
where J is the exchange constant. Each spin Seebeck coefficient contains a factor ex0rn(ex),
where ¢ is the magnon dispersion. Thus, when performing these integrals over the BZ, we
may evaluate them analytically by formally extending the BZ boundary to infinity. This
extension contributes negligibly to the final answer because it is cutoff by the exponential

tail of the Bose-Einstein distribution functions.

3.1.1 Phenomenological ferromagnetic SSE at T' < T¢

The dispersion relation for the Heisenberg FM with spin stiffness A, uniaxial easy axis

anisotropy constant K, and collinear applied field B is w, = B + K + Ak?, and the spin
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current is given by Eq. (2.24). The FM spin Seebeck coefficient is:

hg™ Bk

In the limit kT > A/a? > wy for lattice spacing a (thermally populated magnons whose

band width is much larger than the band gap), we get

hg' (kpT\*? [ T\**
S/kp ~ 2 (i> / dr z°2e*n?(x) ~ g™ <IT) : (3.2)
0 c

which agrees with the temperature dependence in Ref. [31].

3.1.2 Phenomenological antiferromagnetic SSE at T' < Ty

Easy-plane antiferromagnet

We consider a Heisenberg AF with spin stiffness A, easy plane anisotropy constant K7,

and within the easy plane mutually-perpendicular easy axis anisotropy constant Ky and

applied field B. The low-energy dispersion is wyy = 1/72(B2 + B2,) + c2k?, with magnetic
spin current given by Eq. (2.44), resulting in a magnetic contribution to the spin Seebeck

coeflicient:

hgt >k
Sm — 4‘(]—7’:271)(73 /BZ lekaTn(wlk)' (3.3)

In the limit kgT > v/ B? + B2 for lattice spacing a (thermally populated magnons whose

band width is much larger than the band gap), we get

hglt kgT\® 1 [ B T\
™)k~ —™ B — | dx zte™n®(z) ~ gt — . 4
S i = M (L) L [ an atenio) ~ gl (1 (3.4)

68



The high-energy dispersion is wo, = /72 B2 + ¢2k?, with Néel spin current given by Eq. (2.47),

resulting in a Néel contribution to the spin Seebeck coefficient:

hgt A3k
SW = %QHXVB /BZ WMQkaTn(wzk)- (3.5)

Easy-axis antiferromagnet

The following section will be published in Ref. [50]. We consider a Heisenberg AF with spin

stiffness A, easy plane anisotropy constant K, and collinear applied field B.

Below spin flop

The dispersions are wy, wa, = FyB + \/ (vB:)? + (ck)?. The Néel spin current is given by

Eq. (2.34), resulting in a Néel contribution to the spin Seebeck coefficient:

S =

glNFL2 / A3k w1k(9Tn(0J1k) - W2kaTn(W2k) (3 6)

B 2rxs? ) (2m)3 Wik + Wak

In the limit kT > B, for lattice spacing a (thermally populated magnons whose band

width is much larger than the band gap), we get

gl v BkpT _uMmB T

O} kn ~ — OOd 2 x 2 o
S, ks e /0 x e’ n*(z) ~ g, T T (3.7)

The magnetic spin current is given by Eq. (2.36), resulting in a magnetic contribution to the

spin Seebeck coefficient:

. Nh2 B
81( ) 4 S X / 2n)? (Wi + wor) (W1KkOrn(wik) — warOrn(wa)) (3.8)
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and in the limit kT > vB., we get

NaB(kgT)y [ mB ([ T\’
(m) kn A _gm'y ( B X/ d 4 x 2 ~ Tt 2
S kg 13 i x x e n*(x) ~ g,y T \ 70 ) (3.9)

Above spin flop

The dispersions are wsy, = ck, way, = \/72B? — ¥2B2 + (ck)?. The magnetic spin current is

given by Eq. (2.38), resulting in a magnetic contribution to the spin Seebeck coefficient:

St =

WhxyB [ &k
Im XY / wardrn(wa), (3.10)

27 (27m)3

In the limit kgT > ~B for lattice spacing a (thermally populated magnons whose band

width is much larger than the band gap), we get

Ny B T3 00 h’yB T s
glm) Im YXDRp / dr vie*n2 ~alt = ) 3.11
11 Am3c3h2 o v aetn(z) ~ g, kgTn \1Tn (3.1

The Néel spin current is given by Eq. (2.38), resulting in a Néel contribution to the spin

Seebeck coefficient:

32 3
n g hxyB [ d’k
SI(I): l o /(271_)3W3I<:8Tn(003k)7 (3.12)

In the limit kg1 > vB we get

N 473 poo 3
) o, 9 IXBEET 42 n B (T
SII ~ W ; dx x"e"n (.1') ~ g ]{,‘BTN T_N . (313)
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3.2 Schwinger boson theory for the SSE in ferromag-

nets and antiferromagnets

In the ordered phases, the condensates grow macrospically large and must be separated from
the sums over the BZ. The condensate-cloud scattering describes magnonic excitations as
shown in Figs. 2.1, 2.2, and 2.3, and dominates J, at T' < T (), where it reproduces the

usual Holstein-Primakoff results, as shown in Fig. 3.2.

0.3 10.3
02k oo >
% 2
o 0.1F N 0.1 >
Cﬁﬁ * . —
= | FM SBMFT S o
i —— FM HPA S

——- AF HPA
—0.1 025 050 075 rooYd

T/Ten

Figure 3.2: The spin Seebeck coefficients for the S = 1/2 FM on the diamond lattice and the
negative field derivative —0,S (with b = Ay B in units of J) for the S = 3/2 AF on the simple
cubic lattice computed in the limit B — 0 using SBMFT and HPA. The paramagnetic-like
contribution to the SSE is linear in field at b < T and therefore only enters in the AF curves
plotted here. It has the opposite sign to the magnonic AF SSE, resulting in a zero-crossing
at T* = 0.85T.
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3.2.1 Heisenberg ferromagnet

Cubic lattice

The contribution to the FM spin Seebeck coefficient on a cubic lattice due to the condensate

density n. oc S* is

gty o, [ Pk
SFM = QL;S /Wﬁﬂkin(eki), (314)

where s = S/V, and € is the magnon energy. In addition, there is a paramagnetic-like
contribution due to scattering between the two continuous spinon bands. For the cubic

lattice FM, we get

PM _ 91 ’k K’
S = Q_SV/BZ 27)? /BZ ([2m)s [n(ent) = nlewry)] Ornlernry), (3.15)

where €ggrq) = €gr — €7y and V is the unit cell volume.

Diamond lattice

The contribution to the FM spin Seebeck coefficient on diamond due to the condensate

density n. o< 5% is

P o
SFM _ %S /WaT [ean(ea) + €k¢n(€k¢)} , (3.16)

where s = S/V, and ea are the magnon energies. In addition, there is a paramagnetic-like

contribution due to scattering between continuous spinon bands, with scattering between
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pseudospin bands also allowed. For the diamond lattice FM, we get

g P’k d3k’ . o
SPM _ N Z /BZ /BZ EkT) (ek,i)] aT”(%k'm)» (3.17)

/ / . . .
where €ptrt, = €kt — Eprps and the sums run over the pseudospin indices v,/ = +, —.

3.2.2 Easy-axis antiferromagnet below spin flop

The AF SBMFT spin Seebeck coefficient is evaluated using Eq. (2.41) in linear response.
The contribution to the AF spin Seebeck coefficient due to the condensate density n. o< L?

18

v _ %Lz/ Pk 2074
2s (2m)3 €6, + €xp

Or [e;&n(ea) — El:Tn(EI;T)} . (3.18)

In addition, there is a paramagnetic-like contribution due to scattering between continuous

spinon bands, with the same pseudospin. For the AF, we get

SPM _ QN d3k dgk’/ v ) v 2 .2 2 2
Z s ( ekk'u[ (EkT) (Ek'¢)] Tn(”@ck:’ﬂ,)(ukTuk’¢+UkTvk’¢)'

(3.19)

We call this “paramagnetic-like” because it is linear in field at b < T', decays exponentially at
b> T, and persists at T' > T (). In order to carry out the two sets of integrals numerically

in S*M, we approximate the band structure with the low-energy, long-wavelength dispersion:

e, ~ (1 —0)b/2++/(2 — 2Z(J Ak)? for the AF. The SBMFT spin Seebeck coefficients are
compared to those computed in the same fashion using the Holstein-Primakoff transformation

[18], expanded to second order in the magnon over spin densities (defined as the Holstein-
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Primakoff approximation, HPA), and plotted as a function of temperature in Fig. 4.3.

3.2.3 Paramagnetic SSE near T¢(y)

At arbitrary temperature, J, also contains a contribution from scattering between bands
in the thermal cloud. We call this “paramagnetic-like” because it is linear in field at
b < T, decays exponentially at b > T, and persists at T" > T v). In order to carry
out the two sets of integrals numerically in S*™, we approximate the band structure with

the low-energy, long-wavelength dispersion: €; ~ JFk?> — (u + bo/2) for the FM and

6, ~ £(1 — 0)b/2 + /(2 — 2Z(JAk)? for the AF. The SBMFT spin Seebeck coefficients
are compared to those computed in the same fashion using the Holstein-Primakoff trans-
formation [18], expanded to second order in the magnon over spin densities (defined as

the Holstein-Primakoff approximation, HPA), and plotted as a function of temperature in

Fig. 4.3.

In strongly disordered spin systems, spin correlations decay on the scale of the lattice
spacing. In SBMFT, this corresponds to JF, JA < T and is described by the gaseous
phase of the theory (discussed in the next section). In the gaseous phase at b < T, we get
0pS™ = yg™ where y is the spin susceptibility, normalized by the spin length, defined as
0pS?/S. As T decreases below Ocyp in the SBMFET, there is a continuous liquid-gas phase
transition and spin correlations start to become significant. When JF or JA ~ T, 9pS™
deviates from y. Based on this analysis of the Heisenberg model in SBMFT, we introduce
a new frustration parameter p(7') = dS/x, whose temperature-dependence is an indicator
for short-ranged spin correlations as shown in Fig. 3.3 (for comparison purposes, x is also

computed in the same fashion as S*™ discussed above).
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Figure 3.3: Field derivative of the paramagnetic SSE relative to the spin susceptibility in

FMs and AFs. 03S/g™ begins to deviate from x at the liquid-gas crossovers denoted by
triangular markers.

3.3 Strongly disordered paramagnetic SSE

In this section we compare the SSE in the completely disordered (gaseous) phase of the

SBMF'T to the SSE due to an incoherent set of non-interacting spins.
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3.3.1 Non-interacting paramagnet

The spin Seebeck coefficient for a single spin is given by Eq. (2.56) in linear response:

SPM — —%S%@Tn(b), (3.20)

where S%(b) is the spin polarization due to the external field Bz.

3.3.2 Schwinger boson result

In the gaseous phase the spin Seebeck coefficient in linear response is

Sz
S = — T [nfer) — n(ey)] endrnler) = ~Lhorn(h), (3.21)

where €;; = ¢4 — €. The full numerical results with J = 0 are plotted in Fig.3.4; when
J > 0or J < 0 the curve is shifted left and right, respectively, such that the peak in SF™(B)

occurs at b~ T — Oy .
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Figure 3.4: The gaseous paramagnetic spin Seebeck coefficient, Eq. (3.21), with O¢y = 0 as
a function of b/T.

3.4 Nuclear SSE

While the electronic spin excitations in magnetically-ordered materials freeze out at low
temperatures, nuclear spins remain thermally active. In general, there are three requirements
to produce the nuclear SSE: splitting of the spin states, spin coupling to the heat bath,

and spin coupling across the interface. This is accomplished by the Heisenberg-like contact
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hyperfine interaction (HFT) of the nuclear spin (referred to simply as the nuclei with subscript
n) with magnons (with subscript m) which are coupled to phonons (with subscript p), and
electrons in an adjacent metal (with subscript ). The full Hamiltonian with a single nuclear

spin, modeled as spin-1/2 1, is

H=—AS, Spm—aS, Se(r) + Hpm + Hp + Honp, (3.22)

where all spins are in units of A, S, and S,, are the nuclear and localized electronic spins on
the same site, S.(7) is the metallic spin density evaluated at the nuclear site, A is the bulk
HFT constant in units of energy and the nuclear splitting is Aw, = AS,,, a is the interfacial
HFT constant in units of energy times volume, and H,,, H, and H,,, are the magnon, phonon,
and magnon-phonon interaction Hamiltonians [83]. We suppose that #,,, contains linear

coupling between the magnon and phonon field operators.

When nuclei are excited in a metal, the dominant relaxation mechanism into the Fermi
sea is via spin-conserving flip-flops. Korringa originally described this phenomenon in bulk
metals subject to NMR excitation [1]; similarly, nuclei excited by a thermal bias may relax by
the same mechanism into an adjacent metal. The result is a thermally-induced spin current
which is purely two-dimensional by virtue of the HFI's locality. In addition, there are nuclear-
magnon hybridized, long-wavelength spin excitations in the bulk which also contribute to the
SSE. With hybridization, the AF spin current has an off-resonance contribution associated
with the adiabatic motion of the electrons in the AF at the nuclear frequency. Our results
indicate that at low temperatures, the hybridized contribution dominates the magnonic SSE
while the Korringa contribution dominates the nuclear SSE, with the two possibly being
comparable to one another depending on system parameters. The two contributions are

depicted in Fig. 3.5.

!The Gorter relation may be used to describe the relaxation of larger nuclear spin [32] in detailed balance,
although we do not expect this to modify our theory qualitatively.
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Figure 3.5: The two contributions to the local SSE at low temperatures.

3.4.1 Hybridized nuclear-magnon contributions to the SSE

Since the magnon frequency disperses rapidly on the scale of the nuclear frequency, hy-
bridization is strongest when the magnon gap is small and for long-wavelength magnons
near the Gamma point. To capture the SSE due to the lowest-energy spin excitations, we
expand the Hamiltonian (Eq. (3.22)) linearly about the uniform, canted (for applied field

B > 0), Néel ground state, and calculate the semi-classical spin current densities,

hgw

Js=—"M X 0,M, (3.23)
4dm
hatv

Jof = 49; m X Oym, (3.24)

by averaging over thermal fluctuations in the magnet and the metal of the magnetic variables
where glt and gl [19, 50] are the (real part of the dimensionless) nuclear and electronic,

respectively, interfacial spin-mixing conductances per unit area. We use the fluctuation-
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dissipation theorem, along the lines of Reitz et al. [50], to relate the spin currents to dynamic

susceptibilities, thereby converting magnetic response into thermal noise [3].

There are two spin wave modes associated with rotation of Néel order either out of or
within the easy-plane. Since we are interested in the SSE at low temperatures here, we
discard the higher-energy out-of-plane mode (e.g., in bulk MnCOj the out-of-plane gap is
B, =~ 3 T [35]). The lower-energy mode has elliptically-precessing spin density in the plane
perpendicular to the Néel order with frequency gap wi; = \/W , where B, is the gap
due to anisotropies within the easy-plane (e.g., By = 0.2 T in bulk MnCOj [36], but may be
larger for thin films). For this reason, we have neglected the portion of the electronic spin
current due to Néel dynamics in Eq. (3.23), and here g} refers to the magnetic (rather than
Néel) spin-mixing conductance [19, 50]. Furthermore, we consider low enough temperatures
and/or large enough fields so that fus; < kT and the usual magnonic contribution to SSE

is suppressed [31, 50].

At first order in the HFI, the nuclei are polarized by the local electronic magnetization;
at second order the nuclei slightly shift the electronic dispersion; and at third order there is
effective nuclear-nuclear coupling (nuclear spin waves). The resulting anti-crossing of magnon
and nuclear dispersions has been well studied, e.g. [13, 14, 15], and is derived in Chapter 1.
We then determined the effects of hybridization on dynamic response which are exhibited
in the spin-spin susceptibilities, derived in Chapter 2. In particular, hybridization results
in a contribution to the electronic spin current due to its dynamic susceptibility having a
second pole, off of its natural resonance at w,;. The spin Seebeck coefficient arising from
this hyrbidization is discussed below. The four contributions to the spin Seebeck effect in a
nuclear-magnon hybridized magnet are depicted in Fig. 3.6, since we are interested in the

SSE arising at temperatures below the magnon gap we focus on S,,,, and S,,,, here.
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Figure 3.6: Qualitative depiction (not to scale) of the two semiclassical contributions to the
magnonic and nuclear Seebeck channels. The magnonic spin Seebeck channel has contribu-
tions S,,, and S, from spin currents with nuclear and magnonic frequencies, respectively.
The nuclear spin Seebeck channel has contributions S, and S, from spin currents with
nuclear and magnonic frequencies, respectively (and also direct nuclear spin currents, dis-
cussed in the next section).

Due to the larger mass of nuclei and consequently smaller nuclear gyromagnetic ratio,
the nuclear frequency is practically guaranteed to be below kgT (e.g., hw,/kp ~ 80 mK in
MnCOj3). With hybridization, the nuclear frequency is pulled downwards to form a nuclear
magnon branch, wy,y, with a continuum of thermally-populated modes (for the complete
hybridized dispersions, see Eq. 1.28). In this section, we assume the nuclear magnons are
internally-equilibrated to a common temperature and take it to be equal to the phonon
temperature (mediated by the direct coupling to magnons, which are in turn coupled to

phonons by spin-orbit coupling). As derived in Chapter 2, the magnonic spin current has
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a pole at the nuclear frequency due to hybridization resulting in a finite spin current at
temperatures well below the gap, Eq. 2.51. The resulting contribution to the magnonic spin

Seebeck coefficient due to nuclear hybridization is

hatt Bk BT
S, = ——fm 23 Bwlkp / oy { A } , (3.25)
T

(2m)3 wi@k

The nuclear spin current is also modified by hybridization, as shown in Eq. 2.53, resulting

in a new contribution to the nuclear spin Seebeck coefficient:

Rt L B 1
-S,=—"2 BB\ — — 2
Sun = Su = o BB, [ o | | (3.26)

where §,, is the decoupled nuclear spin Seebeck coefficient. Note that both S, and S,,,, are
enhanced at small fields where the magnon gap is small (closer to the nuclear frequency),
and at low temperatures due to a larger nuclear spin polarization from the Curie-law 2.
The integrands are also weighted towards the long-wavelength portion of the BZ, where

hybridization is strongest.

In order to evaluate S,,, we must generalize the semi-classical theory which is not expected
to be quantitatively-precise at short wavelengths. Instead, we should treat the process of
nuclear spin relaxation into the metal quantum mechanically, in order to properly evaluate
the net spin current as the flow, minus the backflow from the Fermi gas. This is discussed

in the next section.

3.4.2 Direct nuclear SSE

The spin Seebeck coefficient relates the spin current pumped across the magnet/metal in-

terface due to a thermal bias between them. In the magnet, the temperature is set by the

2 At very low temperatures on the order of fw, there are corrections to the inverse-T Curie law; we neglect
them here.
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phonons at temperature 7, and in the metal, by the electrons at temperature T, so that

the spin Seebeck coefficient (in units of inverse area) is defined as

S=J/ky(T, - T,). (3.27)

In Chapter 2, we calculated the direct spin current between nuclear spins in a magnet and
an adjacent metal by Fermi’s golden rule, .J,., given by Eq. 2.54. The nuclear-electron
thermalization is parameterized by the nuclear-electron Seebeck coefficient per site, I',.,
defined by J,. = Tyekp(T, — Te). Our next step is relate the nuclear spin temperature T, to

the phonon temperature 7),.

3.4.3 Thermal equilibration between nuclear spins and phonons

In thermal equilibrium, the rate of heat flowing into the metal from the spin carriers must be
balanced by heat flowing into the carriers from phonons. Throughout this process, we will
assume that for magnons, when the temperature is well above their gap, they internally equi-
librate to a common temperature. Then, due to strong magnon-phonon coupling the magnon
temperature may be taken to be equal to the phonon temperature [31]. For nuclei, there are
multiple phonon-thermalization mechanisms. At temperatures well above the magnon gap,
magnons can directly transfer the small energy fiw, to the nuclei by two-magnon (Raman
absorption and remission) and higher-order scattering processes in the magnon continuum
[87]. In this limit thermalization with magnons/phonons is much faster than with electrons,
so we have T,, = T},. On the other hand, when the temperature is smaller than the magnon
gap, virtual magnons can mediate nuclear coupling to phonons. As the temperature de-
creases relative to the gap, slow thermal equilibration of nuclei to phonons may limit the

rate at which spin transport in Eq. (2.54) occurs.

Thermal equilibrium is expressed by balancing the nuclear-electronic spin current .J,.
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and nuclear-phonon spin current J,, = I',,(T, — T},) in linear response, where I',. and I',,,
are the nuclear-electron and nuclear-phonon spin Seebeck coefficients, which are kinetic rate
coeflicients for the nuclei. In steady state the rates are equal [32], giving us (T,, — T¢.)/(1, —
T.) = I'yp/(Typ + T'e). This allows us to construct the empirical spin Seebeck coefficient,
Eq. (3.27), by eliminating 7,, from Eq. (2.54). The final expression for the nuclear spin

Seebeck coeflicient becomes

T hw r
S, = -2 b—= P : 3.28
arS, N kpT {an—i—f‘nj (3.28)

here, ybhw, kgT is the canting angle times the nuclear spin polarization. We may read
off T'ye o< 1/T from Eq. (2.54). When I, < I',, (corresponding to the high-temperature
regime of the previous paragraph), the bracketed expression on the RHS of Eq. (3.28) is
unity. Thus we need only calculate Iy, in the low-temperature regime in order to have an

asymptotically-precise expression for S,,.

The Hamiltonian allows for indirect coupling between the nuclei and phonons via magnons.
Let us define the matrix elements in Eq. (3.22) which linearly couple the dimensionless op-
erators of nuclear spin to the magnon fields, V,,,, and magnon fields to phonon fields, V,,,.
Then to first order in V,,, and V,,,, we transition to the high-energy subspace of magnon
excitations. We can eliminate these transitions to first order by the Schrieffer-Wolff transfor-
mation (SWT) [38, 89], which allows us to construct the effective low-energy Hamiltonian:
H = hw,S, - + H,, where n is the direction of the ground state electronic sublattice
magnetization. H,, now contains second-order linear coupling between the nuclear spin and

phonon field operators, where the matrix element V,,, o< Vi Vi -

We may now evaluate I',,, to leading order in perturbation theory for nuclear spin-phonon
thermalization via virtual magnons. At temperatures well below the magnon gap wi, the

mechanism driving J,, involves an elastic virtual magnon process (analogous to electronic
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elastic cotunneling through quantum dots [90]) which mediates a nuclear spin flip by trans-
mitting energy Aw, from phonons. The process occurs near the Gamma point since the
energy exchanged is small on the scale of the phonon dispersion. We get the rate from
Fermi’s Golden rule for the direct coupling V,,, averaged over thermal fluctuations. The
result is T, o< [n(w;) +1/2]2/Tw?, where n(w) = ("/*37 — 1)1 is the Bose-Einstein distri-
bution function; n(w;) comes from the magnons’ thermal occupation number, the 1/2 term
from virtual magnons, and w; * from the energy cost to connect nuclei and phonons. We will

take the remaining constant in the ratio I',,,/I',. from experiment.

3.4.4 Conclusion and outlook for the nuclear SSE

We have investigated the nuclear and electronic contributions to the local SSE at low temper-
atures. We calculated the contributions due to long-wavelength excitations semi-classically
in the presence of nuclear-magnon hyperfine coupling. With hybridization, there is spin
pumping via the localized electronic spins in the AF (with spin-mixing conductance g'¥)
at both the magnonic and nuclear resonance frequencies. We find that the additional con-
tributions to the magnonic Seebeck coefficient due to hybridization are second order in the
nuclear Curie-law polarization. In general, contributions due to hybridization have the great-
est spectral weight near the Gamma point and are enhanced by a smaller magnon gap and
softer dispersion. One significant assumption we have made, in the semiclassical calculation,
is that the the hybridized nuclear spin waves thermally equilibrate faster with phonons than
with electrons in the metal at all temperatures and fields. This is likely an oversimplification,
and a finite phonon thermalization rate should be incorporated into the SSE, as was done

for the direct nuclear SSE in Section 3.4.3.

The semi-classical theory for nuclear hybridization developed here is relevant for the

SSE at low temperatures in other magnetic systems such as Heisenberg ferromagnets and

85



antiferromagnets, easy-axis antiferromagnets above spin-flop, and other easy-plane antifer-
romagnets (e.g. RbMnFj3, CsMnFj3, CsMnClz [91, 92]). In terms of intrinsic parameters,
S < g (Ym B /wy) (dwy ) wy Jw2w?, where dw,, is the magnitude of the nuclear frequency
pulling, and w, = (xs,,)"". In AFs, the field exerted on the localized electronic spins by the
nuclei are exchange enhanced so dw,, is larger by a factor w, /w; relative to FMs. Thereby we
expect that the magnitude of the electronic dynamic susceptibility at the nuclear frequency

is smaller in FMs, leading to smaller S,,,,. For a precise comparison, one must also take into

account the changes in the magnon dispersion.

We also identified Korringa-like relaxation of thermally-biased nuclear spins into an ad-
jacent metal as a mechanism for purely two-dimensional interfacial spin transport. Since
nuclei have weak spin-orbit coupling, a theory for the nuclear SSE is incomplete without
a means for thermal equilibration of the nuclei with phonons. At high temperatures this
may be accomplished by Raman-like processes which equilibrate the nuclei directly with the
magnon continuum. When magnons are frozen out, virtual magnons mediate thermal equi-
libration with phonons. Comparing our theory to experiment in the nuclear magnet MnCO3
[80], we are able to rule out the magnonic contributions as inconsistent with the data in this
case, while the Korringa-like contribution with thermalization to phonons quantitatively re-
produces the data. The latter relies on a single B, T-independent parameter representing the
crossover of rate limiting from thermal equilibration with electrons to with phonons. This is

discussed in detail in Chapter 4.

Acrosss magnetic systems, the relative magnitude of S,,,,, and S,, may vary due to dif-
ferences in gl¥, gl¥, and the magnon-phonon coupling strength which affects the position
of the field-dependence crossover in S,,. S,,, and S, may be distinguished from one an-
other by the temperature-dependence of their crossover fields B. and S(B) at B > B..
The system parameters in S,, should not differ significantly between FMs and AFs while

Smn 18 likely smaller in FMs. Therefore it is possibel that S,, dominates in FMs at low

86



temperatures. Its contribution to SSE should be observable in any FM with nuclear hy-
perfine coupling, such as cobalt [93]. At the same time, in this comparison one must also
consider that the interfacial spin coupling of the nuclei is much weaker than the electrons:
gt /gt ~ a?/j% ~ (wp/we)? < 1 (e.g. in MnCo3z w,/w, ~ 1/1000), where a and j are the

interfacial hyperfine and exchange constants.

This work sets the stage for investigating nonlocal spin transport via nuclear spin waves
with dispersion w,;. Many of the aspects discussed in our theory for local SSE will be
relevant to transport, such as nuclear-phonon thermalization and ultimately interfacial spin
transport into the metal. Due to the low frequency of w,;, we expect a large nuclear magnon
lifetime, which when combined with its small group velocity, may result in a more modest
transport length scale. In this regard, we hypothesize that in the Bloch equation for nuclear
spin dynamics, the T; longitudinal relaxation time is more relevant to SSE than the T5

dephasing time, since the measured SSE voltage aggregates incoherent contributions.

3.5 Spin Seebeck devices

In this section we discuss a relation for the measured voltage due to the local SSE. The
following section was published in Ref. [50]. In a conventional measurement scheme, the
(longitudinal) SSE is revealed in a Nernst geometry as a lateral voltage induced perpendicular
to the magnetic field applied in the plane of the magnetic interface [(4]. This voltage is
understood to arise from the inverse spin Hall effect associated with the thermally injected

spin current. Normalizing the SSE voltage by the input thermal power P,,, this gives

Vase _ S(B,T)2€ A p(T)

_— 2
Py h wt k*(T)’ (3:29)
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where the materials-dependent interfacial spin-to-charge conversion length scale A* can be
loosely broken down into a product of an effective spin-decay length Ay in the (heavy) normal
metal and the effective spin Hall angle sy, which converts the spin-current density J; injected
into the normal metal into the lateral charge-current density J. = (2¢/h)fsuJs. The total
charge current is I, = wAgyJ. when \yq < t, the thickness of the metal film, where w is
the heterostructure width transverse to the injected charge current. In the open circuit, the
underlying spin Hall motive force [94] is balanced by the detectable voltage Vssg = pll./wt,
along the length [, where p is the normal-metal resistivity. Putting everything together and
expressing the spin current in terms of the Seebeck coefficient (3.27), we get the SSE voltage
(3.29) normalized by the input power Py, = (1, — To)lw. k* = k(T, — T¢.)/(T, — T¢) is an
effective Kapitza conductance, which can be reduced relative to k, if the length scale for
the magnon-phonon equilibration that controls the temperature mismatch 7, — 7T}, in the
AF is long compared to o/k. Kapitza conductances for metal-insulator interfaces have been

investigated in Refs. [05, 96, 97, 98], yielding nontrivial temperature dependences.
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Chapter 4

Comparison between theory and

experiment

In this chapter we develop quantitative comparisons between experimental data and our
theories for the AF SSE and the nuclear SSE at low temperatures, and the paramagnetic
SSE at high temperatures. In each case, our goal was to develop a basic understanding of
the relevant physics, while minimizing the number of undetermined parameters in our final
results. In the words of Von Neumann “With four parameters I can fit an elephant, and with
five I can make him wiggle his trunk [99].” In other words, a theory with four independent
fitting parameters that reproduces data doesn’t provide much in the way of establishing
credibility. Along these lines, after having developed a theory subject to a certain set of
approximations, we should be encouraged to find that our theory becomes inaccurate as
we approach the physical regimes where these approximations become invalidated. In this
sense, the precise scenario where our theory fails is, equally well, evidence for the integrity

of our scientific program.

In the nuclear SSE, we find that as we approach higher temperatures at large magnetic
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fields, our theoretical results begins to deviate from the data. In the context of our theory,
at large magnetic fields the nuclear SSE is rate-limited by its thermalization with phonons
in the magnet, rather than the electrons in the metal. Our theory for nuclear-phonon ther-
malization contains indirect coupling via virtual magnons, which reproduces the data well
at low temperatures where magnons are frozen out. At high temperatures, the nuclei can
directly thermalize to the magnon temperature by more complex two-magnon processes,
which are not contained in our theory. Thus, we expect this additional effect to enhance the
SSE relative to our theory’s result in a particular region of parameter space, which indeed

is present in the data.

In the final section, we use our Schwinger boson mean-field theory to develop novel quan-
titative predictions for several SSE experiments, which have yet to be observed. By analyzing
our theoretical results, we identify generic signatures of the underlying physics which do not
require fine tuning to particular materials, or depend qualitatively on undetermined param-
eters. The first prediction is a sign change in the SSE as a function of temperature below
spin flop in easy-axis AFs, whose location occurs near but below the Néel temperature. The
sign of the SSE encodes (up to the sign of the spin Hall angle, an intrinsic property of the
adjacent metal), the projection of spin-angular momentum (SAM) along the magnetic field
that’s carried by the spin current in the magnet. The SAM carried by a spin current at
T < Ty below spin flop is along the field, while the spin current due to paramagnetic fluc-
tuations, which grow with increasing temperature, carry oppositely-oriented SAM. The fact
that this occurs before the phase transition to a paramagnetic phase is a direct prediction

of our theory, which captures both contributions to the SSE on equal footing.
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4.1 Nuclear SSE in MnCOs;

In this section, we compare our theory for the nuclear SSE to ultra-low temperature SSE
data [30] at T" < 1K in MnCOg, a well known nuclear magnet [35, 100, 101]. We evaluate
the voltage which arises due to the local SSE, whose Seebeck coefficient has contributions,
in principle, from both nuclei and electrons. A priori we would expect the magnonic contri-
bution to be larger than the nuclear contribution since electronic exchange provides greater
interfacial spin coupling than the HFI. However, at large fields and low temperatures the
magnons are frozen out. While this directly affects the magnonic SSE, the nuclei are only in-
directly affected through their thermalization with phonons which is mediated by magnons.
Since the magnetic field controls the magnon gap, and the nuclei couple to phonons through
magnons, it will be the primary comparative tool of the measured SSE signal to theory. The

effect of temperature will be to shift the overall profile of the signals’ field dependence.

The magnonic and nuclear Seebeck coefficients both have non-monotonic field depen-
dencies which are superficially similar to the experimental data, shown in Fig. 4.1, from E.
Saitoh’s group Ref. [30]. They both have a linear-in-B factor since the spin currents require
canting of the two oppositely-oriented spin sublattices. The magnonic contribution S,,,,
which is due to hybridization of the magnon dispersion with nuclei, decreases monotonically
with field above the small gap B, within the easy plane. On the other hand, S,, looks much
differently in the asymptotic limit of large fields. As discussed above Eq. (3.28), S, is linear
in B up to a crossover field Bé") marked by I',,,, falling below I',,; equating I',, and I',,. shows
that B™ is approximately temperature-independent. In the asymptotic limit B > Bg"), we

get S,, « 1/B which further differentiates it from S,, and ..

Experiment shows disagreement with S,,,,, while most aspects can be reproduced quan-
titatively by S,. To start, the data is linear in B over a large range of fields (which rules out

Smn dominating the signal at B > B,/), so we use the low-field slope f(7T') to fit the overall
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common factors in Eq. (3.29). It goes as f(T) o 1/(a + bT¢) where a = 8.4, b = 2.2, and
¢ = 1.6. Since at small fields S,, o« BT? and S,, o< B/T, for the magnonic SSE we would
need s (T) oc 1/T3(a + bT*) and for the nuclear SSE we would need % (T) o< T/(a + bT°).
These predicted behaviors for k*(T") do not rule out S, because little is known about x*(T)
at low temperatures, but we would not expect higher-order inverse T-dependence. Strong
evidence for §,, comes from the T-independence of the experimental crossover field B,, and
the slow B-dependence at large fields. For B > Bgm), S,, is exponentially suppressed by a

~B/T wwhere the argument is in units of Tesla / Kelvin. To the contrary, the

factor roughly e
experimental signal is only decreasing by a factor of 1/B there. Furthermore, the behavior

of the data at large fields is consistent with S,,.

Having obtained the prefactors in Eq. (3.29) from the experimental field-slope at small
B and ruled out the magnonic SSE, we now compare S,, quantitatively to the entirety of
experimental data. As discussed, we expected the bracketed factor in Eq. (3.28) to go to
unity in the B < B{™ limit (which our lower bound for I, successfully reproduces), and
t0 Tpp/Tne &~ Cln(w;) + 1/2]2/B% in the B > B limit. We fit the B, T-independent
constant C' by aligning the theoretical and experimental crossover fields. We now have low
and high-field asymptotically-precise expressions for S,,, while our theory is still expected to
be imprecise in the crossover region around B,.. In order to predict the exact shape of the
crossover we would need a high-temperature theory for nuclear thermalization to the phonon
or magnon temperature. However, such a theory would not change the asymptotic limits and
only affects a small subset of the data near B,, so we do not develop it here. One discrepancy,
however, is that our theory underestimates the measured signal at large fields relative to the
small field data. This might be explained by additional contributions to I',, such as direct
nuclear-phonon coupling through crystalline anisotropies, indirect nuclear-phonon coupling
via impurities, and/or the same magnon cotunneling mechanism we have considered but
via the second magnon branch associated with spin excitations out of the easy plane. Our

theoretically-calculated contribution to I',, would then give a lower bound on &, at large
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fields, which is consistent with experiment.
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Figure 4.1: Interfacial nuclear-spin current and thermal equilibration of nuclear spins in
MnCOj3. An interfacial spin current, J,., is mediated by the Korringa process through the
hyperfine interaction between nuclear spins of 55Mn and electron spins in the metal at the
Pt/MnCOj interface. J,. arises in proportion to the effective temperature difference between
the electrons in Pt (7,) and nuclei in MnCOs3 (T5,): Jpe = Tpekp(T.—T,,). Here, the difference
T. — T,, may be triggered by the interfacial temperature drop 7, — 7T, between the Pt and
MnCOj3 (7),: phonon temperature in MnCOsg close to the interface) and the thermalization
between nuclei and phonons in MnCOj3, whose rate is given by J,, = [',kpg(T, —T,). b)
B dependence of the calculated temperature difference 7,7,,, normalized by the interfacial
temperature drop 7T, — T}, at T=100mK and 1K. In the steady state, Jp. = Jpp. B, indi-
cates the crossover field, where I, = I';,. ¢) Comparison between the B dependence of the
experimental V/I2 . (blue plots) for the Pt/MnCO3 Device 2 and the calculated V/I2 | for
the nuclear SSE S,, (red solid curve) and for the magnonic SSE S, (gray solid curve) at
T=101mk. The inset shows a blowup of the calculated V/I?2 __ for the magnonic SSE (mul-
tiplied by 10?). d) Comparison between the B dependence of the experimental V/I2 . (blue
plots) and the calculated V/I2 _ for the nuclear SSE S, (red solid line) at 100mK<T<1K.
e) Comparison between the T dependence of the experimental V/I2 . (green rhombus) and
the calculated V/I2 _ for the nuclear SSE S, (red solid curve). The error bar represents the
standard deviation.
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4.2 Antiferromagnetic SSE in Cr,03

In this section we compare our low-energy, long-wavelength phenomenological theory for
the SSE in easy-axis AFs to SSE data on CryO3 [73]. Our key contribution to developing
a quantitative comparison between theory and experiment on the AF SSE was to leverage
the changing behavior of the magnetic dynamics across the spin flop transition, which is a
metamagnetic phase transition. The overall temperature dependence of the measured SSE
is convoluted with thermal and charge conductivities (Eq. 3.29) and slower temperature
dependencies in parameters such as x(7") [ 1], which can complicate a detailed analysis. By
looking at the slope ratio of the SSE below to above spin flop v(7T"), however, we can eliminate
the common prefactor associated with the heat-to-spin-to-charge conversions, if the signal
is dominated by the interfacial thermal bias. The experimental v(7") for a bulk Cr,O3/Pt
sample is plotted in Fig. 4.2 along with theoretical curves. The experimental data points
for v(T) are obtained by fitting a linear-in-field line to Vggg in I and IT and taking the slope
ratio; the theoretical curves are discussed below. It should be safe to suppose that p, *,
and g™ are largely field independent, so that the field dependence in Vsgg /P, comes from
S. The relative value of S(B) across SF is determined theoretically up to the ratio gt/ glN

! which is a property of the interfaces.

Our theory contains two contributions each to the spin Seebeck coefficients in I (Egs. (3.7)
and (3.9)) and II (Egs. (3.13) and (3.11)) for b = hyB: GbSI(l) ~ —g'TT?, 8bSI(m) ~
—gh13 /T4, 3,80 ~ g3 /TS, 3,50 ~ gIT3/Th. The T < Ty data on CryOz was
explained using S7 =~ Sl(l) and Sy ~ SI(Im ), assuming gi¥ > glm. However, we see that at

g Sl(m) can become significant compared to SI(Z).

intermediate temperatures when gt > g,

The ratio of the Néel to magnetic spin Seebeck coefficients is Sl(l) / Sl(m) = Co(gt /gt (T )T)?,

ITakei et al. [19] concluded within their model that the two spin-mixing conductances may be of similar
order of magnitude, with g/ > glN7 and glN approaching g/t with increasing disorder of interfacial exchange
coupling [102].
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where the numerical constant C, ~ fooo dr ze*néy(z /fo dr zte*np(z) ~ 0.1 and Ty =
he/a ~ Ty. Thus, when (gt /g/*)(T/Tx)? ~ 0.1, the two SSE coefficients become compara-
ble. The ratio of the field derivatives of the SSE in I to II, up to intermediate temperatures,
is then —uv(T) ~ (g,%/gi)(Tn/T)? + Co, where Cy = 1. The best fit to the experimental
v(T), using a fit function which is a constant plus a coefficient times T2, gives Cy = 0.7 for
the constant, which lies reasonably within our expectations. In conclusion, we are able to
explain the data up to intermediate temperatures in our theory with the T-independent pa-
rameter g/} /g ~ 300. The parameters for Cr,O3 are: vVA/a = (xyys)~' ~ 500 T, B, ~ 6 T,

v & 7. [73] (where 7, is the free-electron value), Ky ~ 0 [11], T,, ~ 300 K.

While we see agreement, there may be additional spin Seebeck contribution(s) not cap-
tured by our formalism. The latter can stem from a bulk SSE in state I [103], since thermal
magnons polarized along the Néel order can diffuse over long distances [77]. In particular, an
additional linear in T contribution to S; would affect the estimate of g/¥/ glN from the low-T
data, while a cubic contribution would shift the constant offset in v(7") at larger temperatures.
Although the order-of-magnitude estimate for the mixing conductance ratio and the trend in
v(T) as a function of temperature are captured by our simple model, a more complete theory
(accounting for the bulk spin transport as well as possibly for disorder-induced mesoscopic

effects at the interface) may be needed for developing a complete, detailed understanding.
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Figure 4.2: The ratio of the spin Seebeck coefficient field slopes v(T"). Experimental data is
from the same device as in Fig. 4.3(a) and is obtained from the slopes of linear-in-field fit
lines. The theoretical curves are based on Egs. (3.7) and (3.9) below spin flop and Eq. (3.11)
above spin flop.

Since our theory succeeded in quantitatively explaining the low temperature SSE data
on Cry03, it was used as a baseline for investigating more complex phenomenon with subtler
characteristics. In Ref. [104], magnon polaron coupling was observed in the uniaxial antifer-
romagnetic insulator by subtracting the our baseline theoretical SSE from the observed SSE
at T' < 5K. At low temperatures T' < 7 K, the theoretical curves start becoming nonlinear

in B, so that S, S;p must be evaluated numerically using the full expressions for the spin
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Seebeck coeflicients.

4.3 Paramagnetic SSE in GGG

The following two sections will be published in Ref. [31]. In this section we reproduce the
temperature evolution of the non-monotonic field dependent SSE observed in gadolinium
gallium garnet (GGG) by S. Wu, C. Liu, et al. [2, 3]. The measured spin Seebeck voltage
V(B,T) = S(B,T)f(T) contains additional temperature-dependent factors parameterized
by f(T) [52]. Since V is linear in B at B < T, we can fit to f(T') using dgV evaluated
at B = 0 as a function of temperature. This procedure was performed in Ref. [2] giving
V o< T733% and we use the three T = 2,3, 4K datasets from Ref. [3] to get V oc 77245
for that device. After also absorbing g4 /25 into f(7T'), the normalized spin Seebeck voltage
in the gaseous phase of the SBMFT is dgV/f = x, where J is the only undetermined
parameter in y. The magnetic susceptibility of GGG is well known and from the theory
we have the relation ©cy /C = JZ where the Curie-Weiss temperature of O¢gy = 2.10K is
taken from Ref. [105]. This allows us to plot the theoretical curves shown in Fig. 4.3ab.
We can also extract the field B*(T') where V' is maximized as a function of field, a quantity
that is independent of f(7'), as a quantitative comparison to our theory shown in Fig. 4.3c.
From our theory’s point of view, application of the gaseous phase SSE results to this data
is consistent until near 7' = |@¢w |, where the theory’s liquid-gas phase transition occurs.

At T somewhat lower than |©cy | there may be enhancements to spin transport resulting in

IBV/f # x.
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Figure 4.3: Applied field-dependent spin Seebeck voltage data from Refs. [2] in a) and
[3] in b), is reproduced by the gaseous phase spin Seebeck coefficient, Eq. (3.21), times a
temperature dependent factor taken from the data where ©cy = —2K is used. In c) the
magnetic field where the SSE is maximized is plotted (7" = 2, 3, 4K from Ref. [3] and T' = 5K
from Ref. [2]) which depends only on the spin Seebeck coefficient. Fig. c) gives Oy = —2K
(antiferromagnetic J) as the best fit, which agrees with independent magnetic susceptibility
measurements on GGG.

4.4 Predictions for future experiments

In the paramagnetic phase, across the liquid-gas crossover, the quantity p(7') = 0pS/x gains
temperature-dependence before 1" reaches T (ny. However, analysis of experimental p(T') is
complicated by the fact that the measured spin Seebeck voltage V(B,T) = S(B,T)f(T)
contains additional temperature-dependent factors in f(7") such as the interfacial thermal

conductivity, metallic resistivity and spin diffusion length (see, e.g., Refs. [52, 70]). Starting
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at b < T and T > Ty, we have 9pS = g™y, so with an independent measurement of
X(T') we can accurately determine f(7') from 0V (T). The large-B dependence of V (B, T)
then provides a test of our theory, which quantitatively reproduces data at T > 2K =~
O©cw in GGG [2, 3]. Furthermore, our theory quantitatively reproduces the field B*(T)
where V' is maximized as a function of field, a quantity that is independent of f(T"). Going
forward, if f(7") remains valid at T < O¢y, then for devices where f(7') has been measured
using the program above, we could compute dgV/x f(T) from SSE measurements at lower
temperatures. When this quantity is 7T-dependent at T' < Ocy, it would indicate short-

ranged spin correlations are substantially affecting spin transport.

The sign change of the AF spin Seebeck coefficient as a function of temperature below
SF at T* ~ 0.85T is another feature which is insensitive to f(7") because it is unlikely to
change sign in the same region of T'. The spin Seebeck coefficient in a Landau theory for the
Néel transition has the paramagnetic sign [69], which is consistent with the SBMFT result
in that the latter finds 7™ lies appreciably to the left of the critical fluctuation range. While
SBMF'T is a useful starting point since it contains the basic ingredients needed for a sign
change, the interfacial coupling in devices may differ from the type considered here [106, 51].
Additionally, while a bulk thermal gradient can drive an interfacial spin accumulation with
the same sign as Eq. (3.18) [34], this accumulation may be reduced and possibly invert in
sign when Umklapp scattering becomes significant. Umklapp scattering reduces the diffusion
length and occurs when the temperature becomes comparable to the energy of magnons at
the Brilluoin zone boundary. This occurs for the lower energy branch before the higher
energy branch (with the two carrying oppositely polarized spin angular momentum). If it is
significant, then the combined bulk and local SSE may have a lower value for T%. To give a

more quantitative estimate for 7%, a spin transport theory for SBs must be developed.
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