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Abstract

Conformal Bach Flow
by

Jiagi Chen

In this thesis, we introduce a new type of geometric flow of Riemannian metrics
based on Bach tensor and the gradient of Weyl curvature functional and coupled
with an elliptic equation which preserves a constant scalar curvature along with
this flow. We named this flow by conformal Bach flow. In this thesis, we first
establish the short-time existence of the conformal Bach flow and its regularity.
After that, some evolution equations of curvature tensor along this flow are derived
and we use them to obtain the L? estimates of the curvature tensors. After
that, these estimates help us characterize the finite-time singularity. We also
prove a compactness theorem for a sequence of solutions with uniformly bounded
curvature norms. Finally, some singularity model is investigated.

Keywords: Riemannian manifold, Geometric Flow, Bach tensor
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Chapter 1

Introduction

1.1 Weyl Curvature

Weyl curvature, named after Hermann Weyl, plays an important role in mod-
ern physics. It is the trace-free part of Riemann curvature tensor, hence, it won’t
carry any information about the volume change but rather only how the shape of
the body is distorted by the tidal force [54].

One famous hypothesis came out by Penrose in [4I]. He argues that the
universe must have been in a low entropy state initially in order for there now
to be a second law of thermodynamics. There is no generally accepted definition
of gravitational entropy but Penrose argues that low gravitational entropy must
mean small Weyl’s L? norm.

In this thesis, we will investigate a new type of geometric flow defined by the
gradient of the Weyl functional. In dimension 4, such gradient is call Bach tensor,

which was introduced by Rudolf Bach [2] to study conformal geometry in early



1920’s, and is defined by

1 1
B;; = N Wi + ——=R" Wi, 1.1.1
iJ n_3v \Y zk]l+ TL—2R ikjl ( )

In general relativity, such flow is proposed in [B, Chapter 7] to investigate
the Hotava-Lifshitz gravity, but the short time existence of such flow was not
established at that moment. We will present later that some modification is

necessary and the gradient property of such modified flow will be preserved.

1.2 Conformal Geometry

Weyl curvature is also highly related to the sphere theorem in Riemannian
geometry, especially in dimension 4. This theorem states that under what con-
ditions on the curvature can we conclude that a smooth, a closed Riemannian
manifold is diffeomorphic or conformal to the standard sphere?

First result is from the work of Margerin, a sharp pointwise geometric char-
acterisation of the smooth structure of S*. The powerful tool in this approach is

the Ricci flow.

Theorem 1.2.1. [0, Thm 1] Given a closed manifold with positive Yamabe con-

stant and the following curvature pinching condition:
2 2 _ 1o
|[W|* + 2|E|* < ER

then M* is diffeomorphic to standard S* or RP*.

Remark 1.2.2. This theorem is sharp, both (CP?, grs) and (S*xSY, g,req) satisfies

the equality.



This theorem is improved by A.Chang, P.Yang and M.Gursky, a global curva-

ture condition is proposed to obtain the same result.

Theorem 1.2.3. [10, Thm A’] Given a closed manifold with positive Yamabe

constant and the following curvature pinching condition:

1
/ W2 + 2| E?du < f/ Ry
M 6 Jm

then M* is diffeomorphic to standard S* or RP*.

Later on, Q.Jie, A.Chang, P.Yang improved this result by directly comparing

the curvature quantity to 1672

Theorem 1.2.4. [I1, Thm A] There is an € > 0, for any Bach flat manifold

(M*, g) with positive Yamabe type, if

1 1
/ 3 B? + <R%du > (1 - e)167°
M

Q

then (M, [g]) Z (8, gse).

In this theorem, Bach flat condition is assumed, the proof of the theorem builds
upon some estimates in the work of Tian-Viaclovsky [53] on the compactness of
Bach-flat metrics on 4-manifolds.

Will Bach flow helps us here? We will see that both conformal Bach flow and
modified Bach flow we are going to introduced are gradient flows of L?-norm of
Weyl curvature in dimension 4. If we can prove such flow exists for a long time
with small initial data, i.e. L? norm of Weyl is small, such flow might deform the
manifold to the standard sphere and we have hope to improve the gap theorem in

[T, Thm A] without any assumption on Bach tensor.



1.3 High Order Geometric Flow

In this section, we introduce some histories in geometric flows.

Ricci Flow

One of the notable geometric flow is Ricci flow introduced by R. Hamilton in
his famous paper [25, Page 259].

Given a Riemannian manifold (M",go), the solution to Ricci flow is a one-

parameter family of metric g(t) defined by

0 .
Er —2Riclg]
9(0) = go

For an arbitrary smooth initial metric, the flow will always exists at least for
a short time, but finite time singularities may occur which causes the flow to
terminate. Ricci flow is used to prove Thurston’s geometrization conjecture and
the Poincaré conjecture in [42] [44] [43].

With a huge success in the Ricci flow, researchers start investigating some
other higher-order geometric flows. These types of flows mostly come from the
gradient of a certain energy functional. Such monotonicity is crucial in many
scenarios.

Calabi Flow

E. Calabi introduces a high order geometric flow in [7][8], he shows that the
Calabi energy is decreasing along with the Calabi flow. It is expected that the
Calabi flow should converge to a constant scalar curvature metric.

In the case of Riemann surfaces, Chrusciel [I7), Proposition 5.1] shows that the
flow always converges to a constant curvature metric. After that, X.X.Chen

proves the same theorem with a different approach.



Gradient Flow of L2 Functional of Riemann Curvature
From 2008, Jeffery Streets published a series of papers [51][50] [49][48] to dis-
cuss a geometric flow which deforms metric under the gradient of the following

functional,

.7::/ |Riem|*dp
M

Since the equation is fourth-order, maximum principle techniques are not read-
ily available, J. Streets used integral estimate to investigate properties such as long
time stability of this flow. We will discuss some details about J. Streets” work later.

Ambient Obstruction Flow

Another progress in this field is related to a family of tensors called obstruction
tensor O;; introduced by Fefferman and Graham in [20]. In [3, Theorem C],
Bahuaud and Helliwell studied the following flow

570 = O+ en(=1)3 (A2 R)gy
9(0) = g0

Short time existence and uniqueness [4] were proved. Since that Bach tensor
is the obstruction tensor in four-dimensional case, the modified Bach flow was

defined by

1
af = P o oy A

9(0) = go
1.4 Outlines

In this thesis, we first introduce some preliminary results in Chapter [ and
we also provide lots of the calculation details in Appendix. In Chapter B, we

prove the short time existence of the conformal Bach flow, and we also show the



uniqueness and regularity in this chapter. In Chapter @l we derive the integral
estimates for Riemann curvature tensor under the conformal Bach flow, the volume
estimate and finite time singularity are investigated. In Chapter [B, we present the
Cheeger Gromov convergence theorem, and we prove the compactness of solutions
to conformal Bach flow. In the end, we investigate a special singularity model

obtained by re-scaling the metric near singularity.



Chapter 2

Preliminaries

In this chapter, we will introduce some background in conformal geometry,
properties of Bach tensor and some motivation of conformal Bach flow.

Let’s first recall that on an n-dimensional manifold (M", g), where n is at least
4, Bach tensor is introduced by Rudolf Bach [2] to study conformal geometry in
early 1920’s, and is defined by

1 1
B;; = ﬁvkvlwikjl + mRleVikﬂ (2.0.1)

n —

where Wi; is the Weyl tensor ([A.9.3). We also introduce some equivalent forms

of Bach tensor in (A.11.2)) and (A.T1.6]).

2.1 Bach Tensor in Conformal (Geometry

One of the motivations we are interested in the Bach tensor is that Bach tensor
is highly related to the conformal geometry, it is a so-called obstruction tensor
in dimension 4. Such family of tensors comes out naturally in the ambient space

construction, this idea comes from Fefferman and Graham [20].



Bundle Structure of Conformal Manifold

Consider a conformal manifold (M™,[g]), we can specify the class [g] as a
subbundle of a bundle of symmetric 2-tensors on M"™. The reason is that for a
conformal class [g], each pair g; and g, in [g] is only differed by a smooth positive
function. This induces a trivialization of such subbundle, which is RT x M, we
denote it by G. The bundle structure of G is given by the projection and dilation

as follows, for any p € M and s € R", we have

m(gly) =p:G—=M and  4(glp) = 5°(glp)

This metric bundle induces a symmetric 2-tensor on G naturally in the follow-
ing sense. Let z = (a, p) € G, consider the vectors X and Y in the tangent space

T.G, we can define the symmetric 2-tensor by:

90(X,Y) := glp(dm(X), dn(Y))
Remark 2.1.1. This symmetric 2-tensor is homogeneous because 6*gy = s*go.

Let § = %‘ 71(55 be the vector field generated by the dilation. For any given

representatives g € [g], we can define a natural coordinate of G:
G={%gl,:a=Rt pe M"} = {(a,p) : =R ,pe M"}
With this definition, the projection and dilation will be:
m(a,p) =p and ds(a, p) = (sa, p)

which gives us the vector field generated by the dilation: & = ada. The symmetric
2-tensor can also be defined as go(X,Y) = a?g|,(dm(X), dr(Y)).



Remark 2.1.2. this symmetric 2-tensor is not Riemannian, because the projec-

tion will send S to zero. We can think S is in the direction of a single fiber.

Ambient Space Construction
Suppose that (M™,[g]) is a conformal manifold and G is the metric bundle we

defined before. We consider the space G x R which is identified by the map:

1:G—GxR
(2.1.1)
z€Gr— (2,00 € G xR
for any z € G.
Given a coordinate (z!, 2% -+ 2™) on M", a representative g € [g], we often
use coordinate (a,z', 2%, -+ 2" p) on G x R. Fefferman and Graham defined

the pre-ambient space which means the coordinate system is normal. This is the
analog to the normal coordinate system on Riemannian manifold. They showed
that such coordinate exists and it is unique. In fact, those two extra coordinates
are defined by shooting geodesic rays, which is also named Fermi coordinates.

Once we have this coordinate system, we can define a so called ambient space.

Definition 2.1.3. [20] A pre-ambient space (G X R, §) of a conformal manifold

(M™,[g]) is called an ambient space if:
(a) when n is odd, Ric[g] =0 to infinite order at p =0
(b) when n is even, Riclg] = O(pz~")

If we calculate the Ricci curvature directly, we will have the following ordinary



differential equation system.

p|20l; — 26" glg + Tr(g))gly] = Tr(g')gis — (2 = n)gly — 2Ry

19" (Vrgh — Vigh) = 0 (2.1.2)

Tr(g") = 39" 9"91.,91,

To solve this ODE system, we consider a formal power series expansion as

follows:

0 2 3
9ii = 95 + pat + 029 + pPg + - (2.1.3)

combine (2.1.2) and (Z.1.3), and we collect terms with the same degree of p, then

we will have:

~Tr(gW)gy + (2 = n)gy +2R; =0

Vhg) — v, Tr(gW) =0 (2.1.4)

2Tr(g®) — 19l =0

and

Dk (1 0
(8 —2n)gly — 297" ) — 2Tr(g®) g + WM gl) g

(2.1.5)
= —V*V,gl) — VEV,g8) + Agl) + Vv, Tr(gW)
take trace for the first equation in (21.4)),
R
Tr(e® _ 2.1.6
rg®) = (210

where R is the scalar curvature. With this result, we can solve for ¢(M. It turns

out we have:

w__2 (p 1
Jis n—2( T 9m —1)%

) =24, (2.1.7)

10



which is the twice of Schouten tensor(A.9.2)).
From the other two equations in (2I.4]), we have the following results which

will help us solve for g(®).

T,r,(g(Q)) _ 49( )kl (1) — AR A,
(2.1.8)

Now we can derive gm) by plugging previous results (ZL6), (Z1.7) and (2.1.8).

¢ satisfies the following equation,

(8 — 2n)g(2) = Z(AAU A% ‘Aik) + 8Az‘kA§ - QAMAMQS))

17

— 2VFV, A + V ViR
By the Ricci identity (A.6.1]), we have:

VkviAjk = VinAjk - RikijPk - RikkijP
1

_ P
= 2(n—1)vv iR — Ry Ak+RzkA (2.1.9)
1 1
=— —V,V;R—R, 'A — DA AN+ ——RA,
Q(n—l)sz]R Ryy" A + (n — 2) A, J+2(n—1)R ij
By the definition of Weyl tensor ([A.9.3]), we have:
Ry Apr, = A" Wi + Akl(A D 9)irii
(2.1.10)
- Alezk]l + 1Az] + QAMAk Gij — 4AzkA§
With Schouten tensor, Bach tensor can be rewritten as
By = AAy; — VRV Ay + AM W (2.1.11)

11



In the end, we have:
(4= n)gy = Bij + (n — 4) Ay A} (2.1.12)

This result shows that, when n = 4, if the Bach tensor does not vanish, the
expansion is inconsistent. When n is even and greater than 6, such tensor is

called obstruction tensor O;;.

2.2 Property of Bach Tensor

In this section, we will introduce some properties of Bach tensor. We also have

some variant forms for Bach tensor in Sec [A 11l
Proposition 2.2.1. Bach tensor is trace free.

Proof. Bach tensor inherits this trace free property from Weyl tensor, which is

the trace free part in Riemann curvature decomposition. O
Proposition 2.2.2. Bach tensor is divergence free when n = 4.

Proof. Tt is well-known that when n > 4, the divergence of Bach tensor is

n—4

VB oy

Cijn 7 (2.2.1)
where Cjj;, is Cotton tensor defined by
Ciji = (n = 2)(Vidjx — V; Aye) (2.2.2)

All details are in Proposition [A.11.2 This result also shows that when n > 5,
Bach tensor is no longer the gradient of L? norm of Weyl curvature because the

gradient of any Riemann functional has to be divergence free. O

12



Remark 2.2.3. We remark that Cijj, is skew-symmetric in the first two indices

and trace-free in any two indices:

Proposition 2.2.4. If the Riemannian manifold (M", g) is locally conformally

flat or Einstein, then it is Bach flat, i.e., B;; = 0.

Proof. First, we say that a manifold is locally conformally flat if and only if
its Weyl tensor vanishes|[16, Page 29 Prop 1.62], therefore, its Bach tensor also
vanishes.

Conversely, if (M™,g), n > 4, is Einstein, we have
Rij = —gij (2.2.5)
With Einstein condition (ZZ3), Weyl tensor can be written as:

1
Wik = Rirji — nf(Rz'jgkl + Rigi; — Ragrj — Rijga)

2
R
TS Dm =2 (95591 — Girgn;) (2.2.6)
= Rigji — i(g'gm — GiGrj)
' n(n—1)""" R

Since Weyl tensor is also trace free, we have:

R
RyyWii = EgleVikjl =0 (2.2.7)

13



With ([220) and (ZZ7), Bach tensor (Z0.T]) will be:

B;; = niiivkvl <Rz‘kjl - n(nR_l)(gijgkl — 9@19@‘)) 225
= i 3VszR¢kjl
Combines with the second Bianchi identity, we conclude that
ViRikji = —ViRij — ViR
= —V;Ry; + ViR (2:2.9)
= _vifgkj + kagij =0
O

Proposition 2.2.5 (Theorem 1.2, [9]). If (M™, g) is a Bach flat gradient shrinking

soliton, then it is either locally conformally flat or Einstein.

Proposition 2.2.6. Let (M*,g) be a closed four dimensional manifold, Bach flat

metrics are the critical points of the conformally invariant functional on the space

of metrics.
Fv = [ W,
w M | g| g
Proof. We have all details in Appendix : O

Remark 2.2.7. Another point of view to see the divergence free property of
Bach tensor is that all of the gradients of Riemannian functional are divergence
free(Proposition 4.11 in Page 119 [6]). Therefore, Bach tensor is divergence free
in dimension 4, since it is the gradient of Fy . In higher dimension, it is not

divergence free, but the gradient of Weyl functional B remains divergence free.

14



2.3 Gauss Bonnet Chern Formula

Give a closed Riemannian manifold (M*, g), the Riemann curvature decompo-
sition is given by:

1
|Rm|? = |W|2+2|E|2+6R2 (2.3.1)

We also recall the elementary symmetric polynomials

Uk()\17)\27"‘ 7)‘n) = Z >\i1/\i2"')\ik

11 <ig<-<ip

where \s are the eigenvalues of the contract tensor g~'A. We note that in di-

mension 4, 05(g ' A) = 5; R? — |E|? . For now, we simply write 05(A) instead of

24
Ug(g_lA).

On a closed four manifold M*, the Gauss-Bonnet-Chern formula is:
Bntx (M) = [ WP~ 2|7 + éRQdu (2.3.2)
In terms of oo, we have:
3272\ (M1) = /M W2+ do(A,)dp (2.3.3)

Remark 2.3.1. By the conformal invariance of Weyl curvature tensor and Gauss-

Bonnet-Chern, a9(A) is also conformal invariant.

2.4 Yamabe Problem

For a closed manifold (M™, g), one basic fact is that on such manifold, the
Yamabe constant Y (M, [g]) can be achieved by a metric gy € [g] which is called

the Yamabe metric with constant scalar curvature R[gy] = so. Given a closed

15



manifold (M™", g), the Yamabe constant is defined by:

/ Rgdpg

Y] . 2.4.1
o) = Jnf Vol(M". 5) (2.4.1)

By the work of Trudinger, Aubin[52] and R.Schoen[46], the infimum of Yamabe
functional for any conformal class [g] can be achieved by some metric, and this
so-called Yamabe metric § € [g] has a constant scalar curvature.

For a four manifold with positive Yamabe constant, follow the solution for
the Yamabe problem[52][46], we may assume that g is the Yamabe metric which

achieves Yamabe constant, then we have:

2 2

R,d R

[ o w</R%F1<mgﬂ)glUM£%9:mﬁ
24" 24 [, dp 24 [y dpgs

(2.4.2)

The equality holds if and only if (M*, g) is conformal equivalent to the standard
four sphere (S*, gd) with Vol(S*) = L and Ry = 12.

2.5 Sobolev Constant

In this subsection, we introduce the Sobolev inequality on manifold. And we
will show that in dimension 4, L? Sobolev inequality can be controlled by Yamabe
constant.

Sobolev Inequality

Given a closed Riemannian manifold (M", g), we define the Sobolev constant

to be the best constant such that the following inequality holds:

n—2

wansa@waﬂ+wwwwm> (25.1)

16



for any function u € C*(M).
Remark 2.5.1. The Sobolev inequality ([Z5.1)) is scale invariant.

Remark 2.5.2. In four dimension, we have:
1
lull7: < Culg) ( IVul72 +Voly ® HUHi2> (2.5.2)

We also introduce a multiplicative Sobolev inequality[33] here.

Lemma 2.5.3. Given (M™,g) be a Riemannian manifold, we have the following

multiplicative Sobolev inequality for all function u € C3(M)
lulle < CsCmyn,p) [full,, * (IVull, + [lull,) (2.5.3)

in whichn <p<oo,0<m<oo,0<a<1 and satisfied

1 1 1
Lol Ly
a n p
Proof. We present the detail proof in Theorem. [E.3.] O]

Sobolev Constant and Yamabe Constant
In four dimension, we have the following conformal change of scalar curvature.
If u is a smooth function defined on manifold (M%,g), let § = u?g, the scalar

curvature is

Ru® = (6A + R)u

The Yamabe constant can be written as:

/ 6|Vul* + R,u’dp,
Vg = img - T
u# (/ u4dug)2
M

17



If we assume that Y], > 0, we have:

maxge[g Ry

2
Y[ ||U||L2

6

2 2

lullys < o IVullfs +
9] gl

Then we have:
max{6, R,V 2}

Cs (g) <
Y[Q]

(2.5.4)

Therefore, in dimension 4, if Yamabe constant has a lower bound and RQV% has

an upper bound, Sobolev constant is bounded above.

2.6 Conformal Ricci Flow

Given a Riemannian manifold (M",g), the solution to Ricci flow is a one-

parameter family of metric g(¢) defined by

519 = —2Ric[g]

9(0) = go

For an arbitrary smooth initial metric, the flow will always last for a short
time, but finite time singularities may occur which causes the flow to terminate.
Ricci flow is used to prove Thurston’s geometrization conjecture and the Poincaré
conjecture in [42][43] [44].

In [2I], A. Fischer introduced a variation of the classical Ricci flow equation
that modifies the unit volume constraint of that equation to a scalar curvature
constraint. The resulting equations are named the conformal Ricci flow equa-

tions because of the role that conformal geometry plays in constraining the scalar

18



curvature. These new equations are given by

a—? = —Q(Ric + %Rg) —pg

Rlg] = -1

for evolving metric g and a scalar function p. The conformal Ricci flow equations
are analogous to the Navier Stokes equations of fluid mechanics. Because of this
analogy, the time-dependent function p is called a pressure function and it serves
as a Lagrange multiplier to conformally deform the metric flow so as to maintain
the scalar curvature constraint.

A. Fischer proved the short time existence to this flow with restriction to
negative Yamabe type. After that, P. Lu, J. Qing and Y, Zheng proved the short

time existence for all Yamabe type in [38].

2.7 Conformal Bach Flow

Analog to the conformal Ricci flow, we propose the conformal Bach flow as
follows. Suppose that (M™, go) is an n-dimensional Riemannian manifold with
constant scalar curvature sy and n > 4, the conformal Bach flow is a family of

metrics {g(t) }eepo,r) which satisfy

aatg =2(n —2)(By +pg) on M x[0,T1], (2.7.1)

Ry =so on M x [0,T7,

where p = p(z,t) is a family of functions on M. This is a fourth order evolution
equation. The pressure term p is the “conformal change” which keeps the metric

having constant scalar curvature. One key observation is that the pressure func-

19



tion p term also takes care of the role played by the term W(ARQ)Q in

[3].
Like conformal Ricci flow system in [21] and [38], we will first derive an equiv-

alent form of conformal Bach flow which is coupled weakly-parabolic and elliptic

equations system.

Proposition 2.7.1. Conformal Bach flow Z71) is equivalent to the following

equations:

0 1
ot 2(n —1)(n - 2) (Mg + o) (2.7.2)

—(n—1)Ap — sop = (n — 2)A“ B;; — V'VI By,

=2(n—2)(By +

Proof. Recall the variation of scalar curvature (B.G.T]) is :
0 A i ij
&R = —AH + V'V’h;; — RY hy; (2.7.3)

In this case, h;; = 2(n — 2) (Bij + WM(AR)QU’ + pgi]) and H = tryh =
= (A)R + 2n(n — 2)p, therefore, we have:

1
aatR = —A’R— ——RAR
(2.7.4)

—2(n—2) ((n —1)Ap + sop — V'V/By; + RijBij)>

Since scalar curvature maintains a constant, left hand side vanished, so do the

first two terms on the right hand side. Combine with the definition of Schouten

tensor([(A.9.2)), we have

20



Therefore, (Z7.1)) is equivalent to:

0
ot 2(n—1)(n —2) (AR)gs + o) (2.7.6)

—(n — 1)Ap — Sop = (n — Q)AUBU - VZVJB”

=2(n—2)(By +

O

Remark 2.7.2. Ifn = 4, we have a simpler version because of the divergence free

property of Bach tensor ([2.2.2):

9.
ot

= 4<Bw + 15 (AR)g” +pgw> (27.7)

Next, we will introduce some nice properties of conformal Bach flow.

Lemma 2.7.3. Given a four dimensional closed manifold (M*, g), under the con-
formal Bach flow, the L* norm of Weyl curvature is non-increasing and the o,

integral is non-decreasing.

Proof. Let (M*, g(t)) be a solution to the conformal Bach flow, we directly com-

pute:

d , 0
< d :/ 4B, L g(t))d :—1/ BJ2d
= [ WPdv= [ (<4Byj, Sq(t))dv = —16 | |BPdo

Combine with the Gauss-Bonnet-Chern formula (2:3.3]), the result follows. O

Lemma 2.7.4. Given a four dimensional close manifold (M*, g), under the con-

formal Bach flow, the volume of the manifold has a lower bound.

Proof. By a simple calculation, we have:

24 24
= R2 > 2

Vol = / dp =
(t)

21



Since the oy integral is non-decreasing under conformal Bach flow, the volume
of manifold will have a uniform lower bound depends on the initial curvature

quantity. O

2.8 Conformal Gradient Flow

In this section, we will introduce another geometric flow which evolves metrics
under gradient of L? norm of Weyl curvature. On a closed n dimensional manifold,

we define:

Fu = /M W|2du (2.8.1)

First, we recall that gradient of L? norm of Weyl curvature is given by:

 4(n-3) 2(n —3) 2(n —3)
gradFy = — p— AR;; + (=1 —2) ARg;; + — ViV,R
An—4) ) 4 5
— - RP g 8.2
g BBy + AR R — oy oy RRy (2.82)

o1
— 2quriqu j + §|W’29U

The proof in given in Sec[C.4l In dimension 4, as we mentioned before, this is Bach
tensor. For the rest of this thesis, we denote B = gradFy . We first introduce two

properties of this tensor.
Proposition 2.8.1. B s trace free and divergence free.

Proof. These two properties comes from direct calculations. Another point of
view to see the divergence free is that we know for any Riemann functional, then
its gradient is divergence free. See details in |6, Definition 4.7, Definition 4.10,
Proposition 4.11, Page 118-119] ]
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Similar to conformal Bach flow, we first define the conformal gradient flow as:

D) 1
or? = 2 = g gy B0 +pg) on M (0.7, 283)

Ry = so on M x [0,T7,

Next, we prove the following equivalent form for conformal gradient flow by

explicit write out the second equation in (2:83]).

Proposition 2.8.2. The conformal gradient flow is equivalent to the follow system

of partial differential equations.

0 1 1
—g=2(n—-2)(— A M T
5p9 = 2(n = 2)( = 3)B+ 2= 1) —2) Rg+pg) on M x[0,T],
—(n—1)Ap — sop = —mRic B on M x[0,T],
(2.84)
Proof. Recall the variation of scalar curvature (B.6.T) is :
9, _ A i ij
R = —AH 4+ VVhy — R, (2.8.5)
In this case,
h=—""2 gy L ARgtrom—2)
= — n —
2n—3)  (mn—1" Pd
and
H =tr,h = n 1AR+ 2n(n —2)p
n—
Therefore, (Z83)) is equivalent to:
9 —otm—2)——L By ! ARg+pg) on M x [0,T]
at? = dn—=3)" "2n—Dn—2 T o
—(n—1)Ap — sop = —mRz’c -B on M x [0,T],
(2.8.6)
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]

Remark 2.8.3. We notice that both Bach tensor and B have the same leading
terms up to a constant depending on the dimension of manifold, therefore, in
this thesis, we consider the conformal Bach flow, all of the results are valid for

conformal gradient flow, some of them are even simpler since B is divergence free

for any dimension greater or equal to 4.
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Chapter 3

Short Time Existence to

Conformal Bach Flow

In this chapter, we will prove the short time existence and uniqueness to the
conformal Bach flow. After that, a bootstrap argument will be applied for the
regularity. The main proof relies on the classical DeTurck’s trick, which helps us
deal with non-parabolic issue from Bach tensor. Then we use inverse function
theorem and contractive mapping theorem in functional analysis to derive our
results.

Recall that our conformal Bach flow is defined by:

aatg: 2(n—2)(B+ 2 — 1)(n_2)ARg—|—pg)
—(n—1)p—spp=(n—2)A-B—V?B (3.0.1)
9(0) = g0

Rlg(t)] = so

for some initial data (M™, go) with constant scalar curvature R[go| = So.
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3.1 Linearization

In this section, we will introduce the symbol of operators. Most of the elemen-
tary definitions can be found in [I5], but we will only discuss the Bach tensor and
conformal Bach flow in the text.

Linearization of a Nonlinear Operator

The linearization is defined in analogy with the derivative of a function. For
a nonlinear operator defined on vector bundle V', if w : [0,1] — C*(V) is a time

dependent section with

(3.1.1)

we define the linearization of L at ug to be the linear map D[L] : C*(V) — C>(V)

so that

DIEI(w) = LE(u(0)]

We now regard the Bach tensor B as a nonlinear partial differential operator on

the metric g, and it defines a map
B, : C®(S5T M) — C™(SsT*M)

where Sy T*M is the space of positive definite symmetric 2 tensors.

Proposition 3.1.1. Let g(t) be a one parameter family of Riemannian metric on

M™ such that g(0) = gy and Lg = h, the linearization of Bach tensor att =0
dt7 |10
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is given by

1

[D(By)(h)]i; =

1 kol
T2 —)(n— 2)A{V Vhigi; + ViV;i(Try(h)) — AT’rg(h)gij}

1 kx7l
~ 3=y VYV

Proof. Bach tensor is defined in (Z0.1]),

1
By = mv’“vlmkﬂ + AW

We only need to calculate the first term since it contains fourth order derivatives

of metric. Based on our results in appendix (B.4.)) (B.5.1) and (B.6.1)), the result
follows. O

Symbol of a Nonlinear Differential Operator
Let V and W be vector bundles over M", let
L:C*V)— C*W)

be a linear differential operator of order k, written as

LV) =Y L.d.V

laf<k

where L, € Hom(V,W) is a bundle homomorphism, i.e., a linear map on each
single fiber and « is a multi-index. If ( € C°(T* M), the we say the total symbol

of differential operator L in the direction ( is

o[L](¢) == > La(I]¢)

o<k J
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and the principal symbol of L in the direction ( is the top degree terms in the

total symbol, which is denoted by

[LI(Q) = >~ La(I]¢)

|lal=Fk J

Proposition 3.1.2. The principal symbol in the direction ¢ of the linear differ-

ential operator D(B,) is
G[D(B,)(C) : SeT*M — SyT*M

which is defined by:

[ﬂD(Bg)](C)(h)LJ. = 2&__32) (ClCleijlz‘k + QGCGihjk — QCleCkhz‘j)
-3
+ 2(n _nl)(n ~9) (CzCzCkaTmh)gzj - CkaCiCjTTg(h))
n—3 ~ n—3 ~
S 2>CquCkClgkzgij - mCiCjCkClgkl

Proof. By the definition of symbols, we simply replace all of the covariant deriva-

tives in (BLI]) by vectors ¢ with the same index. O

Ellipticity of a Nonlinear Operator

A linear partial differential operator L is said to be elliptic if its principal
symbol &[L]¢ is an isomorphism whenever ( is non-zero. Similarly, a nonlinear
differential operator M is said to be elliptic is its linearization DM is elliptic.

However, one key observation is that the principal symbol of Bach tensor has
some degeneracies ,therefore, Bach tensor is not elliptical.

Another way to see this is that from the result of principal symbols in (B1.2),

we choose ¢ = 0} (;, and the principal symbol in this direction will be:
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_2(7”;__32>q if i jandi,j#1
_2(7;__32)gf<hii —~ niléh’“‘f) ifi=j#1

[G[D(B)I(C)(M)]i; = § ¢ ifi=1andj#1
0 if j=1andi#1
0 ifi=j=1

It is clear that there are lots of degeneracies.

3.2 DeTurck’s Trick

Introduction

For Ricci flow, the local existence and uniqueness on compact manifolds were
first established by Hamilton in [25]. After that, DeTurck provided an elegant
proof in [I8], the method is called DeTurck’s Trick nowadays. Essentially, De-
Turck’s trick will eliminate the degeneracy form Ricci curvature tensor by adding
an extra term.

Ricci Flow

We will do a quick review for the DeTurck Ricci flow. The motivation comes

from the linearization of Ricci tensor. Recall this variation formula in (B.5.7]):

0 1
aRij = —5 (Ah” + vlva’l”g(h) - VpVihjp - vaj'hip> (321)
combine with Ricci identity (AL6.]), we have another form of this variation

0

1
o =3 (Aphij + ViV Trg(h) + ViVPhy; + YV, VPhy) (3.2.2)
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where Ay is called Lichnerowicz Laplacian[36], and defined by
Aphij = Ahgj + 2Ripjqh?™? — Righ% — Rjphy (3.2.3)
The degeneracy comes form the last three terms in (3:222)). We may write it as
— 2[D(Ricy)(h))i; = Aphy; — ViV, =V, Vi (3.2.4)

in which,

1
Vi= §gpq (vphqi + vthi - vihpQ) <325)

This is exact the same as the variation formula of Christoffel symbol(B.3.1]).
Ricci DeTurck Flow

Based on this observature, DeTurck modified the Ricci flow by adding an extra

term which cancels last three terms in (322]).

9 — _9Ric+ Ly(g)

o (3.2.6)
g(()) =90
V' is the vector field defined as
VF =g (T(9) — T(a)}) (3.2.7)

where F(f])fj is the Christoffel symbol with respect to arbitrary fixed metric §. We
need a difference of two Christoffel symbols to turn in into a tensor. And this so
called Ricci-DeTurck flow is a parabolic partial differential equation system, the

existence and uniqueness are well understand.

DeTurck Conformal Bach Flow
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Now we will discuss the conformal Bach flow, which is a little bit different.

Recall that the linearization of Bach tensor is

1

kx>l
R Q)A[V V'hagsy + ViV (Try(h)) — ATr,(k)gy]
1 kx—l
TR

Note that schematically the Bach tensor can be written as

1

(AR)g— V.;V;R+ lower order terms

1
2(n—1)(n—2) 2(n—1)

We notice that the leading term of Bach tensor is A Ric, hence we may modify
the standard choice of the vector field in the DeTurck’s trick for Ricci flow by
adding A, to eliminate the degeneracy in ﬁARU caused by the symmetry of

diffeomophisms. We define the first vector field to be:

Wi = —g"4, (T(9) - T55(9)) (3:28)
for some fixed metric g.
The term —W(ARM has to be taken care of as in [3] which partly

explains why we has that extra term in our conformal Bach flow rather than the
original one

Lastly the term —ﬁvivj}z is of Hessian-type and can be taken care off by
modifying the choice of the vector field, we define the second vector field to be:

n—2

k _
Ws 2(n—1)

(VFR) (3.2.9)

Following the choice of the vector fields and fixing a ¢ with enough smoothness
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as a background metric, we define vector field

n—2

W= g9, (Th(0) ~T5@) + 50—

(VER). (3.2.10)

Recall that the Lie derivative (Lwg);; = V;W; + V;W,. We define the DeTurck
modified conformal Bach flow as

0
g9 = 2n = DB+ gr =gy A9 T p9) + Lwg (3.2.11)

—(n—1)p—sp=(n—2)A-B—-V?B

We will consider its initial value problem ¢(0) = go where Ry, = so.

Suppose we have a solution (g(t),p(t)),t € [0,7], of (BZZI1l) such that each
g(t) is a complete metric, we call g(¢) a complete solution. Using the vector field
W we define an one-parameter family of diffeomorphism ¢; : M — M, t € [0,T],

by solving ordinary differential equations for each x € M

gt‘pt<x>:_wg<t>(%($>> with  @o(z) = . (3.2.12)

Lemma 3.2.1. Let (g(t),p(t)) be a complete solution of BZII) on manifold M"

with initial metric go whose scalar curvature Ry, = so. Let ¢, be the solution of

BZIA). We define §(t) = ¢ig(t) and p(x,t) = p(ei(x),t). Then (9(t), p(t)) is a

solution of conformal Bach flow with initial condition g(0) = go.

Proof. We denote every operator with respect to g with a hat over it. A direct
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computation gives us:

d.,.\ 0 0
Eg(t) = @t(&g(t)) + o

(pr+s9(1))
1
2(n—1)(n—2)

+@; (Lw,9) = Ligy.w, (919)9(t))

(AR)§ + pg)

s=0

=2(n—2)¢; (B +

(AR)g +pg)

=2(n—2)(B + 2(n—1;(n—2)

This verifies the first equation in (B.0.1]). The second equation in ([B.0.1]) follows

from the same calculation. ]

Remark 3.2.2. For the conformal gradient flow [284), the choice of DeTurck’s
terms are exactly the same. We define the DeTurck modified conformal gradient

flow as

g,
ag=2(n—2)(5+ Q(n_1)(n_2)ARg+pg)+£Wg (3.2.13)

—(n—1)p—sep=(n—2)A B

3.3 Inverse Function Theorem

To prove the short time existence theorem for the conformal Bach flow, we first
prove the existence to the DeTurck conformal Bach flow via the inverse function
theorem we will introduce in this subsection. After that, the lemma(@ZI]) we
proved before will give us the short time existence to the original conformal Bach

flow.

Theorem 3.3.1. Suppose that X and Y are Banach spaces and

M: X =Y
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is at least a C' map. Let DM be its differential. Suppose that there exists a point

xo € X and there are positive numbers C' and € such that
(a) (DM(z))7!| < C, for any x € Be(xo),
(b) [DM(z1) — DM ()| < 55, for any 21, 2> € B(wo),

Then if M satisfies

€

[M(zo)]| <

Do
o]

there is an x € B.(xy) such that M(z) = 0.

Proof. We are using the Newton’s law to construct a convergent sequence both

spaces. We start with xg, let z; be defined as

x1 = 19 — [DM(20)]7" - M(0) (3.3.1)
Inductively, we have:

Tip1 =T — [DM(z)] 7 M(xy) (3.3.2)

We want to show that {x;}5°, converges to the solution of M(z) = 0. The first

observation is

s = woll = [[DM(@0)] ™ Mao)| < [[[DM(0)] |- [ M(a0)| = 5
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by our assumption. Next, fundamental theorem of calculus tells us

M(Il) == M(CL’()) + /OI[DM(IO + t(l‘l — [Eo))] . ({L’l — xo)dt
— M) — /0 DM+t — 20))] - [DM ()] - M ()t

= Mizo) [ [DM(z0) ~ DM (o + s — 20))] - [DM(ro)]

11

1

In summary, we have the following results:
(a) flzr — @0l < 3¢
(b) M(z1) < 5M(ao)

Therefore, {z;}$°, converges to some point « € B.(zo) such that M(x) =0. O

3.4 Partial Differential Equation Theorems

In this section, we will introduce the functional spaces we are focusing on and
provide some key theorems we are going to use in our proof of the main theorem.

Parabolic Holder Space

In this subsection, we will state the convention and notation we adopt for
parabolic Holder space. There are many books that are good for references in
linear and nonlinear systems of parabolic equations. We will mostly use the book
[39], in particular Theorem 5.1.21 in [39] for existence and standard estimates. We
adopt definitions of parabolic Holder spaces from [[39], p. 175-177]. We use the
same notations for parabolic Holder spaces for functions and tensor fields when
there is no confusion. To define the norms for tensor fields we may use the initial

metric and local coordinate charts.
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Let u be a function defined on Q C R™, we define the Banach spaces of Holder

continuous functions C%(Q), C*t*(Q) for k € N and « € (0, 1) to be

C(Q) = {u e C(Q) : |Juflca < o0}
where the norm ||-|| .. defined as follows:
e = llull + luloe

and [f]ce is called the semi-norm,

Consequently, we define the C*(Q) for k € N and « € (0, 1) to be
@) = {u e C* Q) - u® e C*(Q)}

and the norm ||| gx+a is defined as

k
[ull ghra = ZHU”) o+ ™) e
=0

(3.4.1)

(3.4.2)

(3.4.3)

(3.4.4)

(3.4.5)

Now, for a non-negative integer k¥ € N and [ € {0, 1}, we define the parabolic

Holder space C*+{(Q x [0,T]) to be

CHFrel(Q x [a, b)) = {u € CM(Q < [0, 7)), [[ull grras < OO}
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where

. u(z,-) € C'([a,b]) for all z € O
C* (Q x [a,b]) =u: )
u(-,t) € C*(Q) for all t € [a, b] (3.4.7)

|lull chrar = Efa\:o HD'C”uHOo + %0 H@tﬁuHm + [D*) ga

Schauder Estimate for Elliptic and Parabolic PDE
Before we proceeding to the main proof, we need some preparation of Holder

estimates.

Lemma 3.4.1. Let k > 2 be a constant. There is a constant C' independent of T
such that for any function h € C**1(M"™ x [0,T]) and ty,t5 € [0,T], we have the

following estimate
1A G5 t1) = A ta)llgrzrao < C - [ty = Lo| - [[All grras (3.4.8)

In the following lemma, we will introduce a classical Schauder estimate for
parabolic partial differential equation. We denote an elliptic operator of order 2m

by L which defined in local coordinate system as follows,

2m
L= Z a,D”
jal=0
where av = (@, g, - -+, v, s a multi-index and D* = 9! 0.3 - - - Oz# is the spatial

derivative.

Lemma 3.4.2. Let L be a linear elliptic differential operator of order 2m with

C*V-coefficients on a closed manifold M™ acting on tensors. Then for every f €
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CO(M™ x [0,T)), there is a unique solution u € C*" L M™ x [0,T]) of
0
C=TLu+f (3.4.9)

ot

And there is a constant C such that the solution u satisfies the following estimate:

1wl gamian < Ol fllao (3.4.10)

Furthermore, if the function f has a better reqularity, i.e., f € C*9(M™x[0,T]),

then the existence theorem holds and the estimate will be also improved:

[l gamirtar < Clfllgrrao (3.4.11)

Lemma 3.4.3. Let g(t), t € [0,T], be a family of C*T*%—metric such that the
elliptic operator (n—1)Ayu) + so is invertible for allt € [0,T]. Then the following

elliptic equation

[(n = 1) Ay + solp(t) = (1) (3.4.12)

has a unique solution p € C**0(M™ x [0,T]) for each v(t) € C*°(M™ x [0,T]).

And there is a constant C' such that we have the following estimate:

||p||02+a,0 <C ||'7||(ja,0 (3.4.13)

Moreover, if g(t), t € [0,T] is a family of C***+0—metric and v € C*~20(M™ x

[0,T7), then the unique solution p also has a better regularity,

HpHC2+k+a,0 < C ‘|'}/Hck+a,0 (3.4.14)
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3.5 Short Time Existence

In this section, we are going to prove our main result, the short time existence.
Based on ([BZT]), we focus on the DeTurck conformal Bach flow ([B2I1]). This
is a partial differential equation system coupled with a parabolic equation and a
elliptic one. Therefore, we need to decouple the system first.

Decoupling

Let g(t) € C***(M) such that the operator (n —1)Ayy) + so is invertible. We
define an operator P

P CY (M) — C*(M) (3.5.1)
such that the image P(g) is a solution to the following elliptic equation

[(n — 1) Ay + solp(t) = —(n = 2)Agqr) - Bywy + Vi By (3.5.2)

And we have the following lemma.

Lemma 3.5.1. Let M™ be a closed n-dimensional manifold with metric g(t) €
C* (M x [0,T]). Suppose that the elliptic operator (n — 1)A, + sq is invertible.
Then there are positive constants € and C' such that the operator P we defined in

B50) satisfies the following Lipschitz property
IP(g1) — P(92) ||l cesa < Cllgr — g2l casa (3.5.3)

Proof. We define T'= —(n — 2)A - B+ V2B to be an operator acting on space of

Riemannian manifold. Let g1, g2 € C*T*(M x [0,T]), then we have:

[(n = 1DA,P(9:) = T(9:) (3.5.4)
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for + = 1,2. By a simple telescoping idea, we have:

[(n = DAG](P(91) = P(g2)) = (n = 1)(Ag, = 8g))P(92) + T(91) — T(g2) (3:5:5)

we see that the right hand side of this equation has the following estimate

1(Ag, = Ag)P(g2) | oo < Cllgz = g1llzra0

1T(g91) = T(92)ll cao < C'llg2 = g1ll casan

(3.5.6)

for some universal constant C'. Follow by these two estimate and Lemma (3:43),

we have:

|P(g1) = P(g2)llc2va < Cllgr — g2llgara
O

Remark 3.5.2. The second estimate in [B.5.0) is a direct result from lemma
(ZZ2). Recall that the divergence of Bach tensor is given by

) —14 .
ViBy = ——Cyy RO

(n—2)

The Bach tensor can be viewed as a fourth order operator, but its divergence is

actually of third order, this is why we have the estimate above.

Once we define the operator P, we now rewrite the DeTurck conformal Bach

flow as

59— 2(n = 2)(B + gy ARg(1) — Lwg(t) — 2(n — 2)Plg(t)]g(t) = 0
9(0) = go

Rg(t)] = so

(3.5.7)
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For our convenience, we define another operator F to be:

Flgt)] = 2(n — 2)(B + ARg(t)) + Lwg(t) (3.5.8)

2(n—1)(n—2)

and we consider the following decoupled DeTurck conformal Bach flow:

59— Fla(t)] = 2(n = 2)Pg(t)]g(t) = 0

g(0) = go (3.5.9)

Rlg(1)] = s0

Clearly, this equation is equivalent to ([B2ZI1]) and we define the following

operator:

0

Mg(t)] = p

9= Fla®)] = 2(n = 2)Plg(t)]l9(t) (3.5.10)

Our target is to solve M[g(t)] = 0 by using the inverse function theorem (B.3.1]).
Linearization of Operator M
We now compute the linearization of M{g(t)] by computing F[g(t)] and Plg(t)]
separately.
Recall that the definition of linearization. Let g = g 4+ sh where s € (—e¢,¢€)

and h is a symmetric 2 tensor. The linearization of operator M|[g(t)] is

DM[g(t)] == =|  Mlg(t)] (3.5.11)

For the first part F[g(t)], we recall that the definition of Bach tensor.
Lemma 3.5.3. The leading term of Bach tensor is

1 1
B = gt = g -y ViVt

2(n—1)(n—2) (AR)g;; + Lower order terms
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Proof. To see this, we use an alternate form of Bach tensor in terms of Schouten

tensor and Weyl curvature.

Bij = AA;; — VkviAjk + AleVikjl

The last term only contains the derivative of metric up to second order, therefore,
we only consider the first two term. With Ricci identity and contracted Bianchi

identity, one can calculate the following results.

1 1
AA;; — V™V, Aj — (ARZ] 2= 1) (AR)g”>
1 k
T h_2 (Viv R — Q(n_l)viij> + Lower order terms
1
-~ AR 44— " Y V.R_— AR

+ Lower order terms

The lower order terms come from the Ricci identity when we exchange the covari-

ant derivatives. O

From above lemma ([B5.3), it is clear that the term W(AR) gi; is taken
care of by the modification. As for the first two terms, the DeTurck’s trick will
exactly cancels most of them. Recall that our vector filed is given in (B210).
Schematically, we are doing the same thing as Ricci flow case. We refer the
details in [I6] Thm 2.43. By adding the DeTurck term, the linearization of Ricci

flow is

0

55 (—2Ri; + Lwg) = Aph;; + Lower order terms (3.5.12)
s

=0

where Ayis called Lichnerowicz Laplacian, and defined by (3.2.3)).

42



Similar to the Ricci curvature, the linearization of F is

9 Flg(t)] = —AALh + 22: M, « V*h (3.5.13)

Js s=0 k=0

In this result, we replace the lower order terms by Z%:o M, * V¥h where M}’s
are curvature quantities. One may easily verified this results. Also, in (B5I3),
the k is not for contraction, it is just the index, and the aster symbol means
contraction of tensor quantities, we will use this symbol a lot through this thesis.

The linearization of Plg(t)] denoted by P!(h) = £| Plg(t)]. To find P,(h)

Os |s=0

we compute the linearization of the both sides in equation (([B5.2)) with g = g,.

We first have the following lemma:

Lemma 3.5.4. Let g, = g + sh where s € (—¢,€) and h is a symmetric 2 tensor.

The linearization of rough Laplacian is

0

o A, = —hy V'V —V'h;VI +V'Tr,(h)V; (3.5.14)

5=0
Proof. Rough Laplacian is defined by

A, = g7V, V;
therefore, the variation will be

. . 0
(ngiv]‘) = —h”ViVj -+ g”arfjvk

y 1
— —hVV,V; + ig”g’“l(vihﬂ + Vjiha — Vihi;) Vi

ds

s=0

= —hijViVj — VZhUV] + VZTTQUL)VZ

in which we used (B.L1l) and (B.3.1)). O

43



With this lemma, for the left hand side, we have

a
ds
= —(n—1)h;;ViV;P(g) —

[(n —1)Agw) + so|Plg(t)]

n—1

s=0

+ ((n = 1)Ag + 50) Py (h)
For the right hand side, we have

d
ds

4
ol = (=2 Ay - Byy + Vi Byw| = X P+ V'h (3.5.16)
=0

where P,’s are curvature quantities depend on metric g up to fourth order deriva-
tives by using the fact of divergence of Bach tensor is of fourth order in (Z21]).
Again, the index [ is used to differ terms not for contraction.

Combine with these two results, we have

P00 = (= 0, + ™ (0= 1) ¥9,P()

(3.5.17)
n—1

4
L oV, — VT () VP + S Pk vlh)

=0

where we have assumed the invertibility of the elliptic operator (n — 1)A, + so.

We summarize the result as the following lemma.

Lemma 3.5.5. Suppose that g(t), t € [0,T], is a family of C***°-metrics such
that the operator (n—1)Ayw) + so is invertible for all t. Then for the linearization
defined by using gs(t) = g(t) + sh(t) for a family of symmetric 2-tensor h(t) we

have

DM(g(t)) = gth + AyALh — 22: My (g) * V]g“h —2(n— Q)P;(h)g —2(n—2)P(g)h
k=0

(3.5.18)
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where operator P, (h) is defined by ([B.5.17).

Short Time Existence Theorem
The following proof for the short time existence of conformal Bach flow is very
close to the proof for that of conformal Ricci flow in [38, §3.3.2-3.3.3]. First we

need to solve the linearized flow

o) 2 )
ah + AyALh — I;)Mk(g) « Vih —2(n — 2)P,(h)g — 2(n — 2)P(g)h =~

h(-,0) =0
(3.5.19)

for each v € C*°(M x [0, T]), namely,

Proposition 3.5.6. Suppose that g(t), t € [0,T], is a family of CYT*%-metrics
such that the elliptic operator (n — 1)Agw) + So is invertible for all t. Then for
each v € C*O(M x [0,T)) the initial value problem [B5I9) has a unique solution

h € CY*Y (M x [0,T]). Moreover there is a constant C' such that
7]l garan < C 17l oo - (3.5.20)

for all v € C*°(M % [0,T)).

Proof. To use contractive mapping theorem we consider the Banach space
Ey([0,T7)) = {h € C***(M x [0,T"]) : h(-,0) = 0}

where T* € (0,7 is a small constant to be chosen below. By Lemma (B.4.2]), for
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a given h € E1([0,T*]) we can solve the system of linear parabolic equations

) 2 .
ST AgALh =" Mi(g) * Vih — 2(n — 2)P(g)h = 7
k=0 (3.5.21)

where 4 = v+ 2(n — Q)P;(E) e Y.

Hence we define a map which maps all element to the solution
U E([0,T%]) = Ei([0,T*]), W(h)=heCte!

With this construction, the fixed point of this mapping will be exactly the

solution. Let h; € Ey([0,T%]), i = 1,2. Note that if we set
V= \I/(h1> — \Il(hg)

then v satisfies

S0+ By = 3 Milg) x Vv 200 = 2P(g)u = 20 — 2)(Py(in) — P (h))

v(-,0) = 0.
From ([B5TI7) and Lemma 5.0 we have

< C|lhy — hsl|catao, (3.5.22)

C2+a,0 -

[AERA)]

then it follows from Lemma B.4.2 and g € C*t*0 that

]| coran < C Hih - BQ‘

(3.5.23)

C4+a,0 :
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Hence by Lemma B.4.T] we have

o0, t01) = v(s t)llgava < C- fta = tol - ||Br = ho .., - (3.5.24)
In particular, using v(+,0) = 0 we get
@ (hy) = W (hy)| cirnn S OT* || = o) i (3.5.25)
for all h; € Ei([0,T%]), i =1,2.
To apply contractive mapping theorem to W we observe that
(YD) res < NTO)gare0 +CT* A .., (3.5.26)
by ([B5.28) and for some constant Cj
1V (0)||garar < CollVllgao (3.5.27)

by Lemma and the definition of W.
Let R = 2C; ||7]|go. Thus when T is chosen so that CT* < 1, the map

< R} — Bg (3.5.28)

C’4+a,0 -

W Bp={heE(0,T7): ||

is a contractive mapping. We get a fixed point of ¥ on Bg which gives the
existence of the solution of equations (B.5.19) on time interval [0, 7™].

Note that if v € C***0(M x [0,T]), then from ([B523) the solution h €
COtel(M x [0,TY).

To see the uniqueness of solutions to (BELI9), suppose that h; and hy are

two solutions, it follows from using h; = h; = \If(ﬁz) and CT* < % that
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hy — hy = 0.

Because (B.5.19) is linear, there will be no short time blowup, one may extend
its solution from [0, 7] to [0, T'] by steps over time interval of length 7*. Note that
when we extend the solution to [T*, 27|, we need to make some simple adjustment

to the equations so that the initial condition at 7™ for new equations is 0. Then

the estimate (B5.20) follows from the estimates (B.5.26) and (3.5.23). O

In summary we have established that the linear operator defined by (B.5.18)
DM(g) : {h € C***(M x [0,T)), h(-,0) = 0} — C**(M x [0,TY)

is an isomorphism, provided that g = g(t) satisfies the assumptions in Proposition
3.5.6l By the comment before the proof of the uniqueness in Proposition B.5.6] we

also have
DM(g) : {h € C* (M x [0,T]), h(-,0) = 0} — C**(M x [0,T]) (3.5.29)

is an isomorphism.

Now we apply the implicit function theorem B3 Tto the nonlinear map defined

by B.59)
M :{g € CT (M x [0,T), g(0) = go } — C=O(M x [0, T}). (3.5.30)

Here go will be defined later and we choose the metric § = go which is used in our
DeTurck’s term ([B2I0) as the background metric.

We begin with showing that operator M is continuously differentiable.

Proposition 3.5.7. Suppose that M™ is a closed manifold with metrics g(t) €
CHrel (M x[0,T]). Suppose that the elliptic operator (n—1)Ayu) + o is invertible
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for allt. Then there is a constant &y > 0 such that we have the following estimate

of the norm of the difference of the linear operator

|DM(g1) = DM(g2) | p(simr oy < C g1 — gll v (3.5.31)

for all g; € CH (M x [0,T]) which satisfies ||gi — g|lparan < 00, @ = 1,2.

Proof. This is another straightforward telescoping argument. For any symmetric

2 tensor h € CY4T(M x [0,7T]) and (0, -) = 0, we have:

(DM(g1) — DM(g2))(h)

3
= (A91AL791 - A92AL,gz)h - Z(Mk(gl) *g1 Vl;lh - Mk:(QZ) *g2 Vl;gh)

k=0

—2(n —2) (P}, (h)gr — Py, (h)g2) — 2(n — 2) (P(g1) — P(g2)) h.

Now we will estimate every term in this expression. For the first term, we have

the following estimate:

”(AmAL,gl - AngLm)hHCa,O
< ||(Ag1 - Ag2)AL791h||CmO + ||A92(AL791 - AL,QQ)thaﬁ (3‘5‘32)

<Cllg: - g2||c4+o¢,0 : ||h||C4+av0

For each £ = 0,1, 2,3 we have

|Mi(91) g, Vi T = Mi(g2) 50, V5, D

a0
|+ [Mi(g2) %0, (V2 = V1)

SC Hgl - 92HC4+%0 ’ HhHC‘l*kJra,O +C Hgl - 92”047k+a,0 . HhHC47k‘+a,0

<[ (Mi(gr) %5, ~Mig2))#5) Vi

Cos,0

(3.5.33)

From a proof similar to that on the bottom of [38, p.426], we recall the definition
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of P;(h) from (Z5.17)

[(n = 1)Ag + s0]Py(h) = (n — 1)hi; V'V P(g)

n—1

+ (2Vihi; = V;Tre(h)) V;P(9) (3.5.34)

4
+> B *V'h

=0

It is not difficult to evaluate such term. Telescoping again and with Lemma [3.4.2]

we have:

<C Hgl - 92”04+a,0 : HhHC4+a,0 (3535)

02+a,0 —
hence

|75, (g1 — P, (h)ge
S [CACE A

02+a,0

(3.5.36)

+ |75, () (g1 — 92)]

CQ+¢1,0 02+a,0

<Cllg1 = g2llcasan - |Bllcaran + Cllgr = g2llcztan - |2l caran
where we have used (35.22) with hy = 0 to get the last term in the second

inequality. Using Lemma [3.5.0] we have

[(P(91) = P(g2) hllcztan < Cllgr = gallgavan - 1Al carao (3.5.37)

The lemma now follows from combining together the inequalities O]

The invertibility condition for the operator M requires the interior estimate
for strong parabolic system, but we don’t have such condition for arbitrary metric
g(t). By the calculations before, we know that for any metric with constant scalar

curvature, the conformal Bach flow will be a strong parabolic system. In order to
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apply the inverse function theorem, we need to choose a suitable initial data.

Proposition 3.5.8. There exists a metric g € CYT*Y(M x [0,T]) such that
M9l o <C (3.5.38)
Proof. Let g(t) = go + th, then we have:
M(g(t)) = h — F(go +th) = h — F(go) + F(g0) — F(go + th) (3.5.39)

Let h = F(go), since go is the initial metric in our geometric flow, its con-
stant scalar curvature is a constant, R[go] = so. In fact, h = —2(n — 2) (B -
mARg + pg) because the Deturck’s term also vanishes. With the same

calculation, the linearization at g is a strongly parabolic system. Furthermore,

with small ¢, we have a nice control for the initial data such that:
IM(9) || gae < CT for tel0,T] (3.5.40)

]

With this choice of initial data, we are ready to prove the short time existence

of the conformal Bach flow.

Theorem 3.5.9. Let M™ be a closed manifold. Suppose that gy is a C%F<-
Riemannian metric on M with constant scalar curvature R = sy and that the

elliptic operator (n — 1)Ay, + s is invertible. Then there exists a unique C*!-

solution g(t), t € [0,T], of the decoupled DeTurck CBF (35.9) for some T > 0.

Proof. Let

M :{g e C*Y (M x [0,T]),9(0) = go} — C*°(M x [0,T]) (3.5.41)
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be a map defined in BEI0). We define g € C* (M x [0,T]) where metrics

g9(t) = g(t) = go + tF(g0). (3.5.42)

as we defined in Proposition We will apply inverse function theorem B.3.1]
to map M around g to prove the existence of a solution of equation M(g) = 0.
Note that linear operator (n—1)Agq) + 5o is a small perturbation of (n—1)A, + s
when ¢ is small. Since operator (n — 1)Ay, + so is invertible, we conclude that
(n—1)Ag) + 5o is invertible for each t € [0,7] when T is small enough. In general
metric g(t) does not have constant scalar curvature for ¢ > 0.
Note that
|M(g)||gaw < CT for te0,T] (3.5.43)

where C' depends on ||go|| 10+ Hence g(t) is an approximate solution when 7 is
small.

By 35.29) we have that for sufficient small T'

Q)

|[DM(g)] | (3.5.44)

<
L(Ca,O’C4+o¢,1) -

for some constant C. Let B.(g) = {g € C**Y(M x [0,7T)) : [lg — Gllcaran < €}
By the perturbation theory of bounded linear operators and Proposition [3.5.7]

there is a constant Cy and a small number € > 0 such that the operator norm

|[DM(g)] | < Co (3.5.45)

L(Co0,C4+a1l)y —

for g € B.(g). By Proposition B.5.7 we can choose e even smaller if necessarily
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such that for the constant C, above we have

1
| DM(g1) — DM(92)||L(C4+Q,17CQ,0) < 2700 (3.5.46)

for all g1, g2 € B(g,d0). We may choose an even smaller 7" if necessary to get

€

S
IM@lcwo < 56

(3.5.47)

Hence the short time existence of DeTurck conformal Bach flow is proved by the
inverse function theorem [3.3.1l Furthermore, by Lemma [3.2.T], we finish the proof

of the short time existence of conformal Bach flow. ]

Remark 3.5.10. We already proved the short time existence for conformal Bach
flow. As for conformal gradient flow (Z8A), the proof is the identical, and since it
is divergence free, the elliptic equation in conformal gradient flow system is easier

than conformal Bach flow.

3.6 Uniqueness

The proof is standard as the proof of the uniqueness of Ricci flow on closed
manifolds (see, for example, [16], p.117-118]) or the uniqueness proof in [51, p.254-
255]. The basic idea is that given two solutions (g;(t), pi(t)),i = 1,2, of confor-
mal Bach flow (B01]), from Lemma (B21]) we have two diffeomorphisms ¢;(t),
i = 1,2 which are solutions of the parabolic equations ([BZ11]) corresponding to
gi(t). Then the pushing-forward metrics (p;(t)).g;(t) are solutions of DeTurck

conformal Bach flow (B22ZI1]) satisfying the same the initial condition, hence by
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the uniqueness in Theorem .59, we have

(1(8)«g1(t) = (a(t))2g2(t) = g.(2)

Then ;(t) are the solutions of ordinary differential equation (B2ZI2]) for metric

g«(t) with initial condition

©1(0) = ¢2(0) = Idy,

Hence ¢1(t) = ¢o(t) and

91(t) = P1(8)"g(t) = a(t)" (1) = g2(t)

3.7 Regularity

In previous theorem, we found that given a suitable initial data, there exist a
solution in C***}(M x [0,T1]) to the conformal Bach flow for some small T'. The

regularity theorem implies this solution is actually smooth.

Theorem 3.7.1. If the metric gy in Theorem [35.9 is smooth, then the solution

g(t) is smooth in space and time.

Proof. Let metric g in ([BZI0)) to be go. Using local coordinates {z’}! ; we may
rewrite the DeTurck modified conformal Bach flow ([B2ZTIT]) in a schematic way

o kl pq . i — - ij =
59+ (6" 0kD1)(970,00) 915 + Asj (9o, 9) — 2(n = 2)pgij = 0, (3.7.1)

((n = 1) Ay + s0)p = —(n = 2)A(g(t)) - B(g(t)) + Vi) Blg(t)),

where A;;(go, g) depends on {g,,} up to their third derivatives. We want to prove
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Ok g;; is in C*T1 (M x [0,T]) for each k € N by a bootstrap argument. Below we
only consider the the base case k£ = 1, as an example.

By Theorem B.5.9, if g € C***!, the right hand side of the second equation in
B is in C*? and hence p € C***0. Since A;;(g0,9) — 2(n — 2)pg;; € C10
it follows from Lemma and the smoothness of gy that g € C5tL,

After we have improved the spatial regularity to smoothness, we can use the
equation (B7T]) to improve the regularity in time to smoothness. The theorem is

proved. 0
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Chapter 4

Integral Estimate and Long Time

Behavior

In this chapter, we will introduce the integral estimate of Riemann curvature
tensor when the metric is evolving under the conformal Bach flow and discuss the
long time behavior of the solution to conformal Bach flow.

In Secld]] we will calculate some evolution equations for curvature quantity.
Since conformal Bach flow is a fourth order partial differential equation system,
no maximum principle is readily available, and so we cannot expect to easily
bound curvature quantities pointwise. Instead of that, integral estimate is a well
developed approach, we will develop a integral estimate in SeclL3] follow the ideas
from[32, Sec.3| and [51), Sec.5]. We will also discuss how the volume changes under
this flow in SeclZ4l Also, a special case in dimension 4 will be mentioned. Once
we assume the Sobolev inequality, such global estimate can be turned into point-
wise estimate. In Seclhl we will see point-wise estimate of curvatures allows us
to characterize the finite time singularities.

We first introduce some notations in our paper. We denote any possible

contraction between curvatures by Rm x Rm. For example, this can represent
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3RikjiRpgrs or RijR;. Another useful notation in curvature estimate is P"(Rm),

which is defined as:
PE(Rm) =" Ciiyoi, VIRmM % V2Rm - - % V' Rm

where 7 + 19 + -+ - + 15 = m.
Before we proceeding, we recall that the conformal Bach flow (B.0.1]) is

gtg = 2(n —2)(B + pg)

—(n—1)Ap—spp=(n—2)A-B—V?B

From now on, we will drop the modified term which will simplify our calculation.

Also, we recall the definition of Bach tensor with Schouten tensor (2.1.1T))

= QARZ‘]' + mR Rikji — mRikRj (4.0.1)
n 1 12 1 2
(= 1)(n =22~ g0 Gy =gy s

One can verify this equation by using Ricci identity (A.6.0]) and the definition
of Weyl tensor ([A.9.3]). If we preserve the scalar curvature to be constant, the
highest order term in Bach curvature is AR;;, the rest term will be quadratic.

And we recall that the gradient of L? norm of Weyl curvature.

4(n — 3) 2(n —3) 2(n —3)
= 2T 9YAR. ARG Ave
B w3 ARt L gy AR+ ViR
An—4) . 4 A
B S A - - RP g 0.2
w g P B+ AR R — s R (4.0.2)

- 1
— Qqum'qu j + §|W|29U
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Since these two tensors are similar, in this chapter, we will consider the fol-

lowing differential equation system.

9.
ot? ~
—(n—1)p—spp=(n—2)A-B—-V?B

C, (AR@'C + Rm * Rm + pg) (40.3)

where C,, = 2(n —2) and sy is a constant for scalar curvature. Here we simply use
A - B, because schematically, B and B are the same. And the double divergence
term V2B will vanish when n = 4 in conformal Bach flow and vanish for any
dimension in conformal gradient flow. But this term will not hurt our result, we
decide to keep it. We will see in Sec. 2, V2B only contains the same type of

curvature quantity as A - B.

4.1 Evolution Equation

In this section, we will derive some evolution equations for Riemann curvature
tensor. Our main goals are deriving the evolution equations for the L?norm of
Rm.

Commutation of Derivatives

First, we will introduce a basic formula.

Lemma 4.1.1. Let T be a tensor quantity, we have

k
[VF, AT = VFAT — AV*T =3 V/Rm « V" IT (4.1.1)

j=0

Proof. We will use induction argument to prove this formula. The base case k = 1

directly coming from the Ricci identity (ALG.I]). Now suppose this formula is true
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for k — 1, then we have

VEAT — AVFT
= VV* AT — AVFT
k—1
= V(AVFIT 4+ 3" VIRm « VF1IT) — AVFT
j=0

k
= VAV T+ 3 V/Rm « V¥ T — AV*T

Jj=0

1 k
= AVV* T+ YV Rm*« V' IVHIT + YV Rm o« V9T — AVFT

j=0 7=0

V/Rm « VFIT

I
Mw

0

<.
I

Evolution Equation of Rm

We first introduce a fundamental formula in curvature estimate.

Lemma 4.1.2. Given (M™, g(t)) to be the solution of conformal Bach flow (301,

the evolution equation of Riemann curvature tensor is:

gtRm = —A’Rm+ P;(Rm) + P{(Rm) +T(V°p) +2(n — 2)pRm  (4.1.2)

where
T(V?p) = (n—2) [Vivngjk — ViVpgi — ViVipgi; + Vkvjpgil}

Here, we ignore all of coefficients by using aster symbol.

Proof. To see this, we recall that the variation of Riemann curvature tensor
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(B.4d))(also see [16, Page 120 Eq.2.67]), we have:

0
~ Rij =

1
T (ViVihj —ViNihj, — V;Vihy + V;Vihi) + 3 (Rijiphpr + Rijpihpr)

1
2
where h;; = 2(n — 2)(B;; + pgij). We will consider three different types of terms,
ie.

h = ARic+ Rmx Rm + 2(n — 2)pg = hy + hs + hs

First, we know that the leading term of Bach tensor is hy = 2Ric, therefore, if

%g = h; we have:

0
aRiﬂd = VinAle — VNlARjk — VjvaRil + VleARik

+ RijipAR? + Ry AR?
= A(ViViRj — ViViRjx — V; Vi Ry + V;V, Ry ) + Bm + V2 Rm
:A(—ARm+Rm*Rm> + Rm *« V2Rm
= —A’Rm + PZ(Rm)
(4.1.3)

where we use the result from [I6, Page 120 Eq.2.64] to get an extra Laplacian.
We also don’t specify A and V? when it is of the lower order term. And we treat
Sp as a curvature quantity Rm for our convenient.

Second, in the Bach tensor we have some quadratic terms ho = Rm % Rm,

therefore, if %g = hy we have:

0
QRW = Pj(Rm) + P)(Rm) (4.1.4)

For the last type, we don’t simplify any term with pressure function. Combin-
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ing with the previous results, we have:

;Rm = —A*Rm + P (Rm) + P)(Rm) + T(V?p) + 2(n — 2)pRm

where

T(V?p) = (n—2) {vivlpgjk — ViVpg — ViVipgi; + Vkvjpgu}

Evolution Equation for V¥Rm
Next step is raising the covariant derivatives. The key lemma is the following,

about commuting the time derivative and the covariant derivative.

Lemma 4.1.3. Let T be a tensor quantily, we have

o o k—1 )
SV = VRT3 v (V(
j=0

P ,
5 5 g) * V¥ Rm) (4.1.5)

ot
The extra term V(£ g) comes from the derivative of Christoffel symbols with

respect to time. With this lemma, we have the following evolution equation.

Lemma 4.1.4. Given (M", g(t)) to be the solution of conformal Bach flow (B.0.1]),
let k € N, the evolution equation of the k-th order covariant derivative of Riemann

curvature tensor is:

;V’“Rm = —A’V*Rm + Py™2(Rm) + P¥(Rm)
Ko . (4.1.6)
+ VAT (V?p) +2(n—2)> VIpV* 7 Rm

j=1
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where
T(V?p) = (n—2) {vivlpgjk — ViVpgr — ViVipgij + Vkvjpgu}

Here, we ignore all of coefficients by using aster symbol.

Proof. From now on, we simply write Bach tensor as some contractions of Riemann

curvature and its covariant derivatives

0
ag: VQRm+Rm*Rm+2(n—2)P9

With a direct calculation, we have:

gt (kam> = V*( = A’Rm + P}(Rm) + P{(Rm) + T(V?p) + 2(n — 2)pRm)

k—1
+> Vv [V (VQRm + Rm * Rm + 2(n — 2)pg) * Vk_l_ij]
j=0
= —V*"A’Rm + Py™2(Rm) + P¥(Rm) + V*T(V?p)
k—1
+2(n — 2)V*(pRm) + 2(n — 2) Y_ VI (VpV* '/ Rm)

J=0

For the last line, we commute the double Laplacian and the k-th order covari-
ant derivative, all of extra terms are absorbed by Py™*(Rm). Now we need to

rearrange the index to simplify the terms with p. First, we notice that

VpV* 1" Rm = V(pV* " Rm) — pV* 7 Rm
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therefore,

k—1 k—1
> VVpVF I Rm = Y VI [V (pVE T Y Rm) — pVE R
J=0 Jj=0
k—1 ) ) k—1 ] )
=Y VI (VI Rm) = Y VI (pVF I Rm)
=0 =0
=> "V (pV* 7 Rm) = > VI (pV* "/ Rm)
j=1 Jj=0

VE(pRm) — pV*Rm
In the end, we have:

gt<kam) = —V*"A’Rm + Py™2(Rm) + P¥(Rm) + V*T(V?p)

+ 4(n — 2)V¥(pRm) — 2(n — 2)pV*Rm

Evolution Equation of |Rm/|?> and |V*Rm|?

Lemma 4.1.5. Given (M", g(t)) to be the solution of conformal Bach flow (B0.1]),

let k € N, the evolution equations of |Rm|?* and |V*Rm|? are

0
a|Rm|2 = —A%|Rm|* + 2|ARm* + 4|V2Rm|? + 8(VRm, AV Rm)

(4.1.7)
+ P}(Rm) + P} (Rm) + 2T (V*p)Rm — 4(n — 2)p|Rm/?
and
0
aW"/’RmF = —A?|V"Rm|* 4 2|AV*Rm|? + 4|V Rm|?
+ 8(V*' Rm, VAV*Rm) + P2**2(Rm) + P (Rm) (418)

+ 2V* RmV* T (V?p) 4 8(n — 2)V* RmV* (pRm)

—2(k +6)(n — 2)p|VFRm|?
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where

T(V?p) = ViVipgix — ViV;pg — VeVipgi; + ViVipga
Here, we ignore all of coefficients by using aster symbol.

Remark 4.1.6. From these two results, we can see that after integrating over a
closed manifold, the first terms in (EL1) and (EIL8) are vanished due to the diver-
gence theorem. And we will see in next section that the following three terms will

contribute negative terms after integration by parts and commuting derivatives.

Proof. From Lemma [A.1.2] we have:

V'« Rm * Rm

immw = O (R, Ry + 2

ot ot?
= 2(R QR ) — 9 * Rm * R
T NI T T g g R e

= —2(Rm, A’Rm + P;(Rm) + Py(Rm) + T(V?p) + 2(n — 2)pRm)
- (VQRm + Rm x Rm + 2(n — Q)pg) x Rm *« Rm
= —2(Rm, A’Rm) + P(Rm) + P}(Rm)

+ 2T (V*p)Rm — 4(n — 2)p| Rm|?
Since we have:

A?|Rm|* = 2(Rm, A*Rm) + 2| ARm/|* + 4|V*Rm|?
+ 4(VRm, AVRm) + 4V Rm,VARm)
= 2(Rm, A’Rm) + 2|ARm|?* + 4|V?Rm|?

+ 8(VRm,VARm) + P(Rm)
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Combine with these two results, we have:

0
a|Rm|2 = —2(Rm, A’Rm) + P;(Rm) + P{(Rm)
+2T(V?p)Rm — 4(n — 2)p| Rm|?
= —A%|Rm|* + 2|ARm* + 4|V2Rm|? + 8(VRm, AV Rm)

+ P{(Rm) + P} (Rm) + 2T (V?p)Rm — 4(n — 2)p|Rm|?

From Lemma T4, we have:

d k 2 _ k Q k Q -1 k k
at\V Rm|* = 2(V"Rm, 8tv Rm) +k8t9 x V¥Rm « V¥Rm
= —2(V*, A*V*Rm) + P{*"*(Rm) + P{*(Rm)
+ 2V*RmV*T(V?p) + 8(n — 2)V* RmV* (pRm)

—2(k +6)(n — 2)p|V*Rm/|?
Another similar argument for A|[V*Rm|? is

A|IVERm|? = —2(VFRm, A’°V*Rm) + 2|AV* Rm|* + 4|VF2 Rm)|?

+ 8(VF Rm, VAV* Rm) + Pi**2(Rm)

Finally, we have:

gt VFRm|? = =A% V*Rm|* + 2|AV*Rm|? + 4|V Rm|?
+ 8(V* Rm, VAV*Rm) + P2*"2(Rm) + P*(Rm)
+ 2VERMVET (V?p) + 8(n — 2) V¥ RmV*(pRm)

—2(k 4 6)(n — 2)p|V*Rm/?
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4.2 Integral Estimate of Pressure Function

In this section, we will derive some integral estimate for pressure function p.
We remark that in this section, instead of assuming elliptic operator (n—1)A,+sg
is invertible, we assume that L?-norm of p is bounded, which is a more desirable

condition.

Lemma 4.2.1. Given (M", g(t)) to be the solution of conformal Bach flow B30T,
for any positive constant €, we can find two constant Cy and Cy such that Cy =
Ci(n,sp,€). Cy = Cy(n), we have the following integral estimate for pressure

function p:

| Vplan < o [ P+ e Rml?, [ IVERmPdp Co | RmllY, [ |Rmifp
M M M M

(4.2.1)

Proof. We first look at the elliptic equation:
[-(TL — 1)A — So]p = VZV]BZJ + AijBij

From (ZZT) and ([ZZZ), we know that the bouble divergence term V‘V’B;; is

actually a second order term, schematically,
V'VIB,; + A”B;j = VRm « VRm + V*Rm * Rm + Rm*> = P;(Rm) + P{(Rm)
Therefore, the classical energy estimate is following:

—(n — 1)pAp — sop® = pV'V’ By; + pA” By
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Integrate this equation, apply integration by parts, we have:

(n— 1)/ Vp[*du = 80/ Ipl2du+/ p-Pf(Rm)dqu/ p - Py (Rm)dp
M M M M

Then we apply Holder inequality with exponent % and Young’s inequality with

constant a and b which are decided later, we have:

2 So 2 1 2 ? 4 ?
< 20 o P
IRy (/M o du) (/M 4(Rm)du>
! ; :
( / |p|2du> ( / Py (Rm)du>
1\ Jum M

Sq -+ 1 + 1 b
w/ |p|2du+ﬂ/ pf(Rm)deLf/ PY(Rm)dpu

n—1

IN

Now we directly apply Proposition [D.1.6] to the last two terms with (s, k) = (4,2)

and (s, k) = (6,0), we have the following estimate.

/|vpyd S°+2a+2b/ Ip2dp + 2 /P4 Rm)du + - /PO Rm)du

80+%+%

<
- n—1

| WP+ SCallRmIZ, [ 192 Rml*y
M 2 M

b 4
+ -Cy ||Rm / Rm|*d
SCo IR, [ |Rm|dp
Now for any positive constant € > 0, we choose constant a to satisfies
a
§Ca S €

a1
and let C(sg,a,b,n,e) = % and Cy(b,n) = gC’b, we conclude that

| 1opPdp <y [ pPdpr e |Rml?, [ V2 RmPdp+ Co Bl [ [Rml*dp
M M M M

]
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Now we estimate the derivatives of pressure function. Note that we have the

following commutator equation:
VFIAp = AVFp + VL (p - Rm) (4.2.2)

Lemma 4.2.2. Given (M", g(t)) to be the solution of conformal Bach flow 301,
let k € N and k > 2, we can find three positive constants C; = Ci(n, k, so, || Rm|| )
fori=1,2,3, such that we have the following integral estimate for pressure func-

tion p:

/ ]VkaQd/LSCl/ \vk+1Rm|2du+02/ \Rm\2du+03/ 2y (4.2.3)
M M M M

Proof. With the same idea, we can raise the order of derivative of p. Let k € N and

k > 1, we have the following elliptic equation

_(n o 1)Avk71p o Sokalp — Vkilsz =+ kal(A . B) 4 kal(p A Rm)
Multiply this equation by V*~!p and integrate over the manifold, we have:

(n—1) /M [Vl dp — s /M IV plPdp

= /M VA - PEYY(Rm)dp + /M VElp . PFY(Rm) + /M VIV (p - Rm)dp

Therefore, we have the following estimate by Holder inequality, Young’s inequality
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and Proposition [D.1.6l The first term can be written as:

[N

| V5t P (Rm)dp < ( / |Vk1p|2dﬂ> ( / |Pf’“”<Rm>|du)
M M M

1 k-1, |2 1/ 2k+2

- ~[pr

3 [ 19 b5 [P (Rl

1 _ C(n,k
M

IN

IN

||, [ 19 2 dp

(4.2.4)

With the same argument, the second term can be written as:

NI

[, ¥t e < f 9P ([ i man)
M M M

1 1
5 J VR S [ R () dp

IN

<: / V= 1p2dp + ) C( %) \1Rm| /M IVEL Rim|[2dy
(4.2.5)
For the last term, we use integration by parts first
‘ /M VIV (p - Rm)du‘ = ‘ /M V# 2 p- Rmd,u’ (4.2.6)
we use a telescoping formula
V*#2p . Rm = V"1V p. Rm) — V*2(V*"!p. VRm) (4.2.7)
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therefore, the last term can be written as

|/M VIV (p - Rm)du‘

= ’/M VEH (VR - Rm) -pdu‘ + ‘ /M V2Vl - VRm) -pdu‘

- ’ /M V*1p. Rm - Vklpd,u‘ n ‘ /M V" 1p. VRm - Vkad,u‘ (4.2.8)
< 2’ /M v*1p. Rm - Vklpd,u‘ n ‘ /M V*p - Rm - Vk2pdu‘

<2 lRml. [ 19 w5 [V P Rl [ 9

where we use Young’s inequality at the last line. Now we collect all of these

results, we have:

3 _
(n=3) [ IV*pldn < (1+so+2 [ Bmll ) [ 9% pld
1 _
S IEml, [ 19 ap
M

(4.2.9)
+ =C(n, k) |Rm|%, /M IVHH R [2dy

N — N —

+=C(n, k) |Rm|/", /M IVE1 R [2dy

From here, we iterate this result, in the meantime, we use Proposition [D.1.4] to
raise any / |V’ Rm|dpu to / |V** Rm|dy, in the end, for any € > 0, we can find
M M

three positive constant C; = C;(n, k, so, || Rm/|| ) for ¢ = 1,2, 3, such that

/ \VEp|2du < C, / IVFH Rm2dp + Cy / |Rm[2dp + Cs / pl2dp  (4.2.10)
M M M M

]
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4.3 Integral Estimate of Curvatures

After deriving some key evolution equations and an estimate of pressure func-
tion, we are proceeding to the classical integral estimate of curvatures. In this
section, we rely on interpolation inequalities which are derived in Appendix [D.]
we also refer most of interpolation inequalities to [25, Sec 12]. Such integral es-

timates were showed on several papers to deal with higher order geometric flows

[30, Sec.3][51l, Sec.5][37, Sec.4].

Integral Estimate for/ |Rm|*du
M

First, we have the following lemma to convert [, |[ARm|*du to [,; |VZRm|*du

Lemma 4.3.1. Let (M",g) be a closed n-dimensional manifold and T is any

tensor defined on M, we have the following inequality:
[ \VATPdp = [ |ATPdp+ [ VTVTsRmdp+ [ VAT T Rmdy (43.1)
M M M M

Proof. This equation comes from the integration by parts and Ricci identity

(AET).

/M<v2T, V2T)dy = /MNNJT’ V.V, T)du
(

| ViV TV T)dp+ [ VAT T« R
M M

- /M<va, AVAV/LY /M V2T % T % Rmdy
= - /M<va’ VvV, V.V, T)dp + /M VT « VT x Rmdpu
+/ VAT % T * Rmdp

M

:/ |AT|2du+/ VT*VT*Rmd,u—l—/ V2T « T « Rmdpu
M M M

]
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With this lemma, combine with our previous result in Lemma [L.T.2], we have

Lemma 4.3.2. Given (M™,g(t)) to be the compact solution to conformal Bach

flow B0, we have the following integral estimate for Riemann curvature tensor:

8 2 3 2 2 2 2
— = <
o [1Emian+ 5 [ V2 Rmpdu < Coy(|Rm| .+ 1Bml) [ |Rmfdu

+C(n) /M Ipl*dp

(4.3.2)

where C(n) is a constant depends on dimension of manifold.

Proof. Under the conformal Bach flow, we have:

9,
Trg(agij) =2(n — 2)(T7’(Bij) +pTr(gij)) =2n(n —2)p
Therefore, from Lemma 1.0, we have

d 9, 1 9,
= [ 1BmPdu =2 [ (R, Rmydp+ S [ RmPT(S g)d
o [ \Rmldu =2 [ (B, Rmdp+ 5 [ RmPTr(Sg)dp
_ —2/ |ARm|2du+/ Pg(Rm)du+/ PY(Rm)dp
M M M
+ [ R T(V*)dn+ (n—4)n—2) [ plRml*dy
Now we apply Lemma [£3.1] and interpolation inequality [D.1.6], we have the fol-

lowing estimate:

0
—/|Rm|2du < —2/ V2 Rm|du + Cy ||Rm||00/ IV Rin|du
ot M M
+ Co|[Bmll%, [ |RmfPdu+ [ R T(Vp)dp
M M
+(n=4)(n—2) [ plRm|*dy
Also, we have the following observation, from the definition of T'(V?p) in Lemma
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T2 we have
/M Rm - T(V*p)dy = (n —2) /M RijuV'V'pg™ + RijVIVpg'dp
— (n—2) /M RaViV'p + Ry VIV pdp

After using integration by part, this term actually vanishes since we preserve the
constant scalar curvature under this flow.
For the rest terms, we use interpolation inequality (D.1.4]) and Holder inequal-

ity again, we have:

/ |V Rm|*dp < e/ |V2Rm|*du + C(n, e)/ |Rm|*dp
M M M

we can simply choose € = % And

[ plfmfan < ( / |p|2du> % ( / |Rm\40m)é

1 1
<5 [ pldu S Rl [ Rm P
2J/m 2 M

Combine all of these results, we have:

0 3
o [Rmidn+ 5 [ 92 Rmfdp < C)((Bml + | Rmll%) [ [Rmfdp
M M

+C(n) /M p[dp

here we don’t specify the constants but both of them only depend on the dimension

of manifold. ]

Estimate for / IVERm|*dp
M
Now we are ready to estimate the higher order derivatives of Riemann curva-

ture, we have the following proposition.
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Lemma 4.3.3. Given (M™,g(t)) to be the compact solution to conformal Bach
flow BOI)), let k € N, we can find two constants Cy and Cy depend on sg,n, k and
|Rml|, such that we have the following integral estimate for k™ order derivative

of Riemann curvature tensor:

a k 2 k+2 2 2 2
&/MW Rm| du+/M|V Rm2dp < Cy /M\Rm\ du+02/M Ip|2dy

(4.3.3)
Proof. From Proposition LT3 we have:
a/ IV*Rm|2dy = —2/ |AVkRm|2du+/ P§k+2(Rm)du+/ P2 (Rm)du
ot Jm M M M
+2 /M VERm + VF[T(V?p)|du + /M VERm + VE(pRm)du

Now we can estimate the right hand side term by term. First, we have the leading

term, with Lemma [.3.T],

9 / IAV* R 2dp = —2 / V2 R 2+ / PZ2(Rim)dy+ / P2 (Rm)dp
M M M M

(4.3.4)

The last two terms are absorbed and we use interpolation inequality in Proposition

D. 1.6l we have the following two estimates:
/ PZ*2(Rm)dp < C(n, k) || Rml| / V5 R 2dy (4.3.5)
M M

and

[ PR BRm)d < Cln, k)[Rl [ 9" Ry (13.6)
M M

We don’t specify the constants in these two estimates but both of them depend on

the dimension and the order of covariant derivatives. For the next term, we first
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use integration by parts twice, then Young’s inequality gives us desirable result.

/ VR % VF[T(V2p)|dyu = / VE2 R« VE2[T(V2p)]dp
M M

IN

IN

1 1
5 [ VR RmEd S [ 9
M 2 M

For the last term, we have
/ VERm * V*(pRm)dp = / V2*Rm * pRmd
M M

with a telescoping argument, we have:

k k—1
V*»Rm« BRm =Y V* T Rm*VIRm — Y V" Rm V7 Rm
Jj=0 j=0

= V¥(V*Rm * Rm) — V*"*(V*Rm x VRm)
therefore, we rewrite (38) to be

‘/ VERm * Vk(pRm)du‘
M

<

<

/ V*Rm % Rm Vkpd,u| + ‘ / V* Rm % VRm * Vk_lpdp‘
M M
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(/|VH%mwa (/\V%ﬁm>
M M

(4.3.7)

(4.3.8)

(4.3.9)

/ V*(V*Rm x« Rm) * pd,u‘ + ‘ / VY (VERm « VRm) *pdu‘ (4.3.10)
M M



We have the following estimates

| / V*Rm * Rm x Vkpd,u‘
M

< [[Bmll,

/ V*Rm * Vkpdu| (4.3.11)
M
1 1
< SURmlZ [ (VERmPdp S [V pPdp
2 M 2 Jm
and
' / V*Rm « VRm Vklpd,u'
M
— ‘ / V* L Rm « Rm * Vk_lpd,u’ + ‘ / V*Rm * Rm * Vkpdu‘
M M
< Bl [ 195 R V5 pldp+ | Rl [V Rmos Vipldp (43.12)
M M
1
< glrall ([ 950 R [ 19 )
2 M M
1
+ (/ |Vk_1p|2du+/ IV’“plzdu>
2\ Jm M
Collecting the results from (L30)-@37),[311) and (£3I2), we have
8/ \VERm|2dp + 3/ VA2 R |2 dp
ot Jmu 2/m
1
< (k) 1Rmll + 5 1Bl ) [ 95 Bmfdp
M

3 1
+(Con k) + 1) [1BmIZ, [V Rmdp+ S [ VP 5 [V bR
M 2Jm 2 /M

(4.3.13)

With Lemma and Proposition [D.1.4] we have the following estimate:

a/ |V’“Rm|2du+/ V2 R 2dp < 01/ |Rm|2du+02/ Ip[2dy
ot Jum M M M

(4.3.14)
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where we choose a suitable € such that the top order term on the right hand side
3
can be absorbed by 5 / |V**2Rm|?dp on the left. The remaining constants C,
M

and Cy depend on sg,n, k, ||[Rm/|| . O

4.4 Volume Estimate

In this section, we will derive a volume estimate of manifold under the confor-
mal Bach flow and conformal gradient flow. In general, the volume growth only
depends on the pressure function due to the trace free property for both Bach
tensor and gradient of L? norm of Weyl curvature. But for the conformal gradient
flow, a more desirable volume estimate is that using the gradient property, that
is L? norm of Weyl curvature is non-increasing. Furthermore, in dimension 4,
this monotonicity combine with Gauss-Bonnet-Chern formula ([Z33]) provides a
better estimate for us.

Volume Estimate

In this subsection, we will discuss the volume estimate for manifold deforming
under conformal Bach flow and conformal gradient flow. In the following lemma,
we will see that the volume growth only depends on the L? norm of pressure
function. Furthermore, in dimension 4, we obtain a volume estimate without any

assumption on pressure function.

Lemma 4.4.1. Given (M™,g(t)) to be a closed solution to conformal Bach flow

BOT) or conformal gradient flow (Z84), we have the following volume estimate:

vol(t) < (W /Mdeu)é (4.4.1)

Proof. By the variation formula of Riemann volume form (B.2.1]), for both flows,
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we have

d
—wol(t / dp =n(n — 2)/ pdp
dt M

by Hélder inequality, we have

Therefore, we have:

vol(t) < (n(n—Q)t /M]DQd,u)é (4.4.2)
[l

From here, we can see that if we assume the L? norm of pressure function is
bounded, then we have the volume control, volume growth is at most proportional

1
to t2.

Next, we will discuss the volume estimate for conformal gradient flow with
monotonicity property of L? norm of Weyl curvature.

Volume Estimate for Conformal Gradient flow

Lemma 4.4.2. Given (M™, g(t)) to be the closed solution to conformal Bach flow

(Z84), we have the following volume estimate

vol(t) < e vol / [Wig( Qdu) (4.4.3)

where C' = M |Rm||%,, vol(0) is the initial volume, and Wg(0)] is the initial

Weyl curvature.
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Proof. With the same calculation, we have

d

%vol( ) =n(n—2) /Mpdu

n(n —2)

|50]

/ Ric - gradFwdp
M

< <("_2 / |Ric] du> ( /M \grad]fwlzd;c>%

n?(n

— 92)2
< 8)/ |Ric|2d,u+f/ \gradFy |*du
0

- 252

2

< nin = 27 HRm”OO/ dp + - / \gradFw|*du
253

= C(n, so, || Rm||  )vol(t) /\gmd]—"w| du

Therefore, we obtain a differential inequality, and we have:

jt{e_()tvol(t)} = e_Ct[jtvol(t) - C’vol(t)]

1
< 76—015/ |grad Fy |*dpu
2 M

1
< 7/ \gradFy |*du
2 Jm

Integrating this inequality from 0 to ¢, we have:

e~ ol (t) — vol(0) < / / \grad Fy |*dpds

=5 [ Wl — 5 [ Wl
<5 [ IWlgO)] P

In the end, we conclude that the volume estimate is

vol(t) < vol / [W1g( Qd,u
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This result shows that under the conformal gradient flow, the volume growth
is related to initial metric and |[[Rm[g(t)]||.,. In next lemma, we will investigate
the case when dimension is 4. In dimension 4, conformal Bach flow and conformal
gradient flow coincide. Also, we are going to use Gauss-Bonnet-Chern theorem to
handle the curvature term showed up in previous lemma.

Volume Estimate in Dimension 4

Lemma 4.4.3. Given (M*, g(t)) to be the closed solution to conformal Bach flow

BT, suppose that the initial metric gy satisfies

/, 72la0)] > 0

then we have the following volume estimate

8¢

vol(t) < €5 (vol (0 / Wg(0)]%dp) (4.4.5)

Proof. The calculation is similar to the previous lemma. We replace the Ricci

curvature by traceless Ricci curvature and we have:

d
%vol(t :8/ pdp

/ E - gradFwdu

|50|

< (2/ |El2du> (/ Igmdfw|2du>

< 32/ d,u—ir / \grad Fw |*du

Recall the Gauss-Bonnet-Chern’s formula(Z3.3)):
3272\ (MY = / W2+ do(A,)dp (4.4.6)
M
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where 09(A,) = iRZ — %|E |>. By the property of conformal Bach flow in dimen-

sion 4, [,, 02dpt is non decreasing, that is:

| oalo®ldn = [ oalg(O)]d =0 (44.7)
M M
Therefor, we have:
Lo 1
— R — —|E|*dp > 4.4.
/M24R | ElMdp 2 0 (448)
for all ¢, and we conclude that
£ 1
——dp < —wol(t 4.4.9
and
ivol(t) < §vol(t) + 1/ \gradFy|*d (4.4.10)
it =3 2 J 19T WA -
By the same argument before, we have the volume estimate
1
vol(t) < €3 (vol(0) + / Wg(0)]Pdn) (4.4.11)
2 /M
In dimension 4, the volume growth depends only on initial metric gy and . O]

In dimension 4, one direct result from the volume estimate is the following

consequence of Sobolev constant.

Corollary 4.4.4. Given (M*,g(t)) to be the compact solution to conformal Bach

flow BTN, suppose that the initial metric gy satisfies

/, 72la0)] = 0
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and

Y[M,g] >0
The Sobolev constant C[g(t)] remains bounded.

Proof. To see this, we recall that in dimension 4, we derived the following inequal-

ity (Z54)

max{6, RQV% }
Yig

Cs(g) < (4.4.12)

Under the conformal Bach flow, the volume has an upper bound by our previous
estimate. We only need to show that Yamabe constant has a lower bound, then
we can conclude that Sobolev constant has an upper bound.

To see this, under conformal Bach flow, we have

[ aulgO] < [ olg®lan< [ ﬁRz _24W (4.4.13)

therefore, we have a uniform lower bounded for Yamabe constant such that

1
T /M o2[g(0)] > 0 (4.4.14)
and we conclude that Sobolev constant has an upper bound. O]

4.5 Long Time Behavior

In this section, we will discuss the long time behavior of conformal gradient
flow under some assumptions. Since this is the gradient flow for L? norm of Weyl
curvature in any dimension, which is more interesting than conformal Bach flow.

We are going to prove a long time behavior theorem, under certain conditions,

the conformal gradient flow will exist for a long time. Our proof follows [15], §7.2].
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We will use a proof by contradiction, if the solution to conformal gradient flow
only exists on a finite time interval [0,7") and T" < oo, and all of three conditions
in Theorem 5.1l hold, we will see that when t approaches to T, the metric g(t)
converges to a smooth metric g(7T") such that the flow passes T.

To show this, we first realize that Sobolev inequalities helps us convert all
global bounds for curvature and its derivatives to their point-wise bounds. That
is |[V*Rm|yu and [V*p|yq) are bounded. Such bounds induce the bounds for
|V* Rm)| 5 and IVEp| g for some fixed background metric g. Under these conditions,
Lemma 54 shows that g(¢) converges to a continuous metric ¢(7"), and next
lemma show that this metric ¢(T') is actually smooth which allows us to extend

the solution pass T" and contradicts to our assumption.

Theorem 4.5.1. Let (M™,g(t),p(t)), t € [0,T), x € M be a smooth solution of
conformal gradient flow on a closed manifold M™ with constant scalar curvature
so. We assume that there is a constant K > 0 such that the curvature of g(t) and

potential function p(t) satisfy the following conditions
(a) sup |[Rm(x,t)|,0) < K fort e [0,T)
zeM
(b) the best Sobolev constant satisfies Cs(g(t)) < K

(c) the elliptic operator (n — 1)Ayu) + so is uniformly invertible, that is

H(n = DAy + SOHL(C’Q,C”@) < Cp

for some constant Cg.

Then (M™, g(t),p(x,t)) can be extend to a solution of conformal gradient flow on
0,7 +6) for some § > 0.
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Our proof follows [15, Prop.6.48; Lemma 6.49; §7.2]. Before we prove this main
theorem, we state some key elements in this proof as following lemmas. First, we
show that under these conditions, all curvatures and their derivatives are bounded
in L>° sense. After that, we will show that the metric g(¢) converges to a smooth

metric ¢(7"), which allows us to extend the flow.

Lemma 4.5.2. Given (M",g(t)) to be the compact solution to conformal gradient
flow [284), which satisfies all condition in Theorem [{.5.1 Let k € N, we can
find constants Cy, = Ci(n, k, go, vol(0), ||Rm|| . ,T) such that such that we have

the following estimate for k' order derivative of Riemann curvature tensor:
/ \VERm|?dp < Cy (4.5.1)
M

Proof. Recall that by our volume estimate for conformal gradient flow Lemma
A7), we simply use a constant C' = C(n, go, vol(0), | Rm|| . ,T) to be the volume

bound. Therefore, we immediately obtain
/ |Rm|2dy < ||Rm|]>. C = C,
M

For higher order derivatives, recall the integral estimates we derived in Lemma

4.5.0k

O [ I RmPdut [ VR < ) [ | BmPdu+ Gy [ pldp (452)
ot Jm M M M

which depends on [y, |Rm|*du and [, |p|*du. We assume that the elliptic operator
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is invertible, that means there is a constant C' such that:

2 < - < 2 2 0 2
J bl < Il < Ci [ 1PH(Em)du+C [ 1P (Rm)dn
< CpCy(n) |Rm| / V2Rm|%dp (4.5.3)
M

+ CuCom) | BmllL, [ Rm|d

where we use the interpolation inequality (D.L6). Combine [@I52) and (EE53),
using the interpolation inequality (D1.4) to raise derivative, for any k > 1, we

have the following estimate:
0 k 2
&/M IVERm|*dp < C(n, k, go, vol(0), | Rm| ., T) (4.5.4)
Therefore, we find constant C), for k € N such that
/M [V*Rm[*du < Gy (4.5.5)

O

Remark 4.5.3. With this result, all of L*> norms of pressure function and its

derivatives are immediately bounded.

In the next lemma, we prove that under certain condition, when ¢ approached
to the maximal time 7', the metric converges to a continuous metric which is

equivalent to the initial metric.

Lemma 4.5.4. Let M™ be a closed Riemannian manifold. Fort € [0,T), where
T < o0, let g(t) be a one-parameter family of metric on M™ depends on space and

time smoothly. If there is a constant C' > 0 such that
1o
)

= <
8tg< dt < C

g(t)

x,t)
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for all x € M, then
e “g(x,0) < g(a,t) < e“g(x,0)

(4.5.6)

for allx € M andt € [0,T). Furthermore, ast approaches to T, the metrics g(t)

converge uniformly to a continuous metric g(T') such that for all x € M,

e_Cg(x,O) <g(z,T) < ecg(x,())

(4.5.7)

Proof. For any (z,ty) € M™ x [0.T), let V' € T,,M be any vector in tangent space.

The length of this vector |V, = g (V, V), we have

9(z, O
_ /O ag z,t)<vv V)
0

w0 (V.V)
<[5

< |ste

t)‘dt

we have

e_cg(x,O) < gz, tg) < ecg(x,O)

t
1og(g(”“) ‘ ‘/O 10g [ga.)( VV)]dt’

V Vv
o |V\ V]

(4.5.8)

This shows that for any ¢ € [0,7"), ¢(t) is equivalent to g(0). Therefore, we can

find a constant C' such that

Now we define

(4.5.9)

(4.5.10)



with this definition, we have:

T
ds (4.5.11)

g(0)

. _ 0
lim [g(z, T) = g(x,t)lge0) < lim || 5-9(z, 5)

T t—=T Jt

from where we see that metric ¢g(t) converges to ¢(T") for any x € M. Since M is
compact, we conclude that this is a uniformly convergence, so g(7T') is continuous,

furthermore, it is also equivalent to ¢(0). O
Now we are ready to apply previous lemma to conformal gradient flow.

Proposition 4.5.5. Let (M", g(t),p(t)), t € [0,T), v € M be a smooth solution of
conformal gradient flow on a closed manifold M™ with constant scalar curvature sq.
We assume that the conditions in Theorem [[.5.1] hold, then metric g(t) converges
uniformly to a continuous metric g(T') when t approaches to T, furthermore, g(T)

is equivalent to g(0).

Proof. We want to directly apply Lemma [4.5.4] it is suffice to verified that |% gl is
bounded point-wisely. Recall that (M™, g) is a closed Riemannian manifold, the
Sobolev constant C is the best constant such that for any function u € C§ (M),

we have (Z5.T)
lull | 22, < Cs([Vull o + Vol 7 [Jull 2 ) (4.5.12)

We also have the following multiplicative Sobelev inequality [25.3). For u €

CHM), n <p< oo, 0<m < oo, we have
lull < Cs - Cln,m,p) [lully, (IVull, + [[ull, ) (4.5.13)

WhereO<a§1andi:(%—%)m+1.

Our aim is to derive the L bound for all derivatives of curvatures, which

requires the L” bound for curvatures, in which p is strictly greater than the di-
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mension of manifold.

To derive this estimate, we will iterate the Sobolev inequality. For example,

see [51), Page 266], we have

Jull = ([ 1)

< G (|[vre]], + vor Ju2],)

< G- C( [ uvul)* + ¢y Vol Jull
<c.. c( full, + ||Vu||4) - Vol full}

< C(C5) [lullyas

As for the LP estimate of derivative of u, we need to combine with the Kato’s
inequality: |V|Vul|> < |V?ul?, the prove will be identical.

Therefore, these assumptions combine with the integral estimate for curvatures
in Lemma [£.5.2] we have:

z,t)]  =2n(n—2)|B+pglym < C (4.5.14)

—9(
ot g(t)

in which C' is a constant depends on n, K,T,Cs and C}, in Lemma 452 Then

the result follows. O

Now we want to prove that g(7) is actually smooth. We start with the follow-

ing lemma, then the smoothness of g(7") will be a direct consequence.

Lemma 4.5.6. Let (M", g(t),p(x,t)), t € [0,T), v € M be a smooth solution of
conformal gradient flow on a closed manifold M™ with constant scalar curvature

so. We assume that the conditions in Theorem [{.5.1] hold, Let U C M be a local
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coordinate patch, for all k € N, (z,t) e U x [0,T), we have:
0%g] < C (4.5.15)
for some constant C' depends on k,n, sg, K,Cs,T. And we simply choose the norm

to be Euclidean norm.

Proof. For our convenience, we define some constant Cy, such that for every k € N,
we have |V*Rm|, < Cy, and |VFp|,u < Cy.

In local coordinate system, we have:

0
0=V,gjx = O 9ik — Fﬁjgm - Fékgjl (4.5.16)
that is
9 l !
i Ik = L9 + Tiggin (4.5.17)

Since ¢ in uniformly bounded on the time interval [0,7"), we have:

gl < (4.5.18)

bz
for some constant C. To obtain an estimate for Christoffel symbol, we look at its

time derivative, and we adopt the aster symbol *x from previous proof. By the

variation of Christoffel symbol (B.3.I]), we have:

0 1 1
al“f’] = igkl (Vile + VjBil — leij) + 59“ (Vipgjl + Vjpgil - legij) (4519)

therefore, we have

1= C(VB + Vpg) = O(P}(Iom) + P(om) + Vpg) (45.20)
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The right hand side is clearly bounded since we have L> bound for all derivatives

of Rm and p. Also, for any two tensor quantities A and B

|A% B| < |A|-|B (4.5.21)

Therefore,

Oy

875 S C(g(0>7607él7627é3) (4522)

Integrating over time interval, we have

’F| < C(g(o)aéOaélyéQaé?))T) (4523)

Therefore, dg is bounded, where 0 is the ordinary spatial derivative. Inductively,
let £ € N and « is a multi-index of length k, /31, and |53| are multi-index with

length 7 and k — j, we have:

ak k—1 aj 8kfj

a1’ ~ & SN WAL (45.24)
and
o o 3+k k41 k+1 (4.5.25)
With the same argument,
oF ~ ~
axwr\ < C(g(0),Co, -+, Chys, T) (4.5.26)
and the result follows. m
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Now we are ready to prove the main theorem. In Lemma [£5.4], we show that
when ¢ approaches to 7', the metric g(t) converges to a continuous metric g(7').
We are going to show that this metric is in fact smooth, and use it as a new initial

condition, we are able to extend the flow forward.

Proof of Theorem 4.5.1. Suppose that all conditions hold. Suppose that the so-
lution to conformal gradient flow exists on a finite interval [0,77). Fix a local
coordinate around arbitrary point € M, let t € [0,T"),by Proposition L50] a

continuous metric g(7") exists and defined as
T o
9@.T) = gla.t)+ [ ——glz.s)ds (45.27)
t Os

For any & € N, let a be a multi-index with length %, by Lemma E5.6, 0%g is

uniformly bounded, so is ¥ Rm, therefore, we have:

o 0" B
9@ T) = gl 0) +/ aWag( s)ds (4.5.28)

Since k is arbitrary, it shows that g(x,T) € C*°(M™), and

T ok 9

ak ak
%g(x,T) - axag(l‘,t)’ =] 057 g(z,s)ds| < C(T —t) (4.5.29)

for some constant C', which shows that g(t) — ¢(T") in C'* sense when ¢ approaches
to T. Now, with a new initial condition go = ¢(7T"), the conformal gradient flow
can be extended by the short time existence theorem [3.5.9] this contradicts to our

assumption that 7" is the maximal time, and we complete the proof. O

Remark 4.5.7. In dimension 4, by Corollary[].4.], we don’t need to assume the

Sobolev constant since it comes naturally.
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Chapter 5

Compactness and Singularity

Models

In this chapter, we will prove a compactness theorem for conformal gradient
flow, we will follow Hamilton’s compactness theorem for solutions of the Ricci flow
[26, Theorem 1.2]. Some similar results can be found in [51l, §7] and [37], §7].

In Secl5.1], we will introduce some definitions and state Cheeger Gromov com-
pactness theorem. Some results in Ricci flow will also be stated. In Sec[b.2 we
will prove our main result. In Sec[5.3] we will discuss some singularity models
obtained by re-scaling metric.

Throughout this chapter, we will follow the notations and conventions in [14]
Chapter 3]. We use m for m' order derivatives. We use subscript k for any
quantities depending on metric gy, for example, |- |;, Vi and Rmy denote the
norm, covariant derivative and Riemann curvature tensor with respect to g. All
other quantities without any subscript will be with respect to a fixed background

metric g.
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5.1 Introduction

In this section, we will introduce the Cheeger Gromov compactness theorem
and some historical results.

Convergence on Compact Sets

We first introduce what is convergence on compact sets in manifold. Most of

definitions come form [I4, Chapter 3].

Definition 5.1.1 (Definition 3.1, Page 128, [I4]). Let V. C M™ be a compact
set in manifold M™, fix an arbitrary background metric g on' V', let {gi}ren be a
sequence of metric on V', we say that {gx }ren uniformly converges to a metric goo
on this in CP sense if for any € > 0, exists an index ko depending on € such that

for all k > ko, we have

sup sup |V (gr — goo)lg < € (5.1.1)
0<a<pzeV

For a non-compact case, especially such manifold comes from re-scaling, we
must ensure that this convergence still makes sense. In order to define convergence

on such manifold, we use an exhaustion on manifold.

Definition 5.1.2 (Page 128, [14]). Given a manifold M", we say that a sequence
of open sets {Uy }ren to be an exhaustion of M™ if for any compact set V-C M",

there exists an index ko € N such that for any k > ko, V C Uy.

With an exhaustion, we have the following definition about the C'*° conver-

gence.

Definition 5.1.3 (Definition 3.2, Page 129, [14]). Let {Ug}ren be an exhaustion

on a manifold M"™, and g, are Riemannian metric on Uy. We say that (U, gx)
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uniformly converges to in C'*° sense on a compact set in manifold if for any com-
pact set V-C M", and any p > 0, there exists an index ko depending on p and V

such that {gi }x>k, converges in C? sense to goo on V.

Pointed Manifolds and Solutions
We introduce the so called pointed manifold and the pointed solution to con-

formal gradient flow.

Definition 5.1.4 (Definition 3.3, Page 129, [14]). A complete pointed Riemannian
manifold is a 4-tuple (M"™, g,O, F) where O € M™ is a chosen point called base

point and F is a frame at point O.

Remark 5.1.5. In the rest of this thesis, we define a complete pointed Riemannian
manifold to be a 5-tuple (M™, g,p, O, F) instead of 4-tuple. Also, we say that this
tuple is a complete pointed solution to conformal gradient flow if (M™, g(t)) is a

solution to conformal gradient flow (B.0.J]).

Cheeger-Gromov Compactness
We first introduce what is Cheeger Gromov convergence. This definition states

that a sequence of metrics is convergent after diffeomorphisms.

Definition 5.1.6 (Page 120, [23]). [Cheeger-Gromov Convergence] Let {( M}, gx) }ren
be a sequence of smooth compact Riemannian n-manifolds. We say that this se-
quence converges to a limit manifold (M., goo) in Cheeger Gromov sense if there
exists a sequence of diffeomorphisms @y : My, — M, such that the sequence of the

pull-back metrics {®}(gr) fren converges to g, in CFFe,

The next theorem states that under certain condition, this convergence hap-
pens subsequentially. This theorem consider a space of smooth compact Rieman-
nian n-manifolds under certain conditions on curvatures, diameters and volume,

and such space is pre-compact.
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Theorem 5.1.7 (Theorem 8.25,8.28, [24]). [Cheeger-Gromov Compactness The-

orem] Let Mcg be a space of smooth compact Riemannian n-manifolds satisfies:
(a) |sec(M™)] < K
(b) diam(M™) < D
(¢c) T(x) = 7o

for some constants K, D,vy. Here, sec(M™) is the sectional curvature, diam(M™)
is the diameter and T(x) is the injective radius for any point in M™. Then for any
sequence {(My, gi) }ren, there is a sub-sequence and a C*T*-Riemannian manifold
(Muo, goo) with a C*T atlas of coordinate charts such that there exists a sequence
of C**< diffeomorphisms @y, : M, — My such that the pull-back metrics ®;(gx) —

Joo in O sense with respect to a fivred C*T atlas on M.

Historically, this theorem showed up on several papers [22][23][45] in 1980’s,
all of them can trace back to the original idea of Gromov [24] and Cheeger [12].
On can modify the last condition by assuming the volume lower bound since

the following Cheeger’s theorem.

Theorem 5.1.8 (Corollary 2.2, [12]). Let Mce be a space of smooth compact

Riemannian n-manifolds satisfies:
(a) |sec(M™)| < K
(b) diam(M™) < D
(¢c) T(x) = 7o
for some constants K, D,vy. Then there is a constant C = C(K, D,vy,n) such

that the injective radius has a lower bound, T > C.
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Cheeger-Gromov Compactness(Pointed Manifolds)

Next, we state a definition about the convergence complete pointed manifolds.

Definition 5.1.9 (Definition 3.5, Page. 129, [I4]). /Cheeger-Gromov Convergence
for Pointed Manifolds] Let {(M}!, gi, Ok, F) }ren be a sequence of complete pointed
Riemannian n-manifolds. We say that this sequence converges to a limit space

(Moo, ooy Oco, Fio) in Cheeger Gromov sense if
(a) there exists an exhaustion {Uy}ren of Mo with Oy € Uy

(b) there exists a sequence of diffeomorphisms @y : Uy — Vi := ®p(Uy) C M,
such that Py (Os) = O

such that (Uk, 0 [gk"/ D converges in C® to (M, o) uniformly on compact set
k

m M.

The corresponding definition for sequence of complete pointed solution to con-

formal Bach flow is given by following.

Definition 5.1.10 (Definition 3.6, Page. 130, [I4]). [Cheeger-Gromov Conver-
gence for Pointed Manifolds Solutions] Let {(M}, gr(t), pe(t), Ok, F¥) }ken, t €
(o, w), be a sequence of complete pointed Riemannian n-manifolds. We say that
this sequence converges to a limit space (Moo, Goo(t), Poo(t), Osos Fio) 5 t € (v, w),

in Cheeger Gromouv sense if
(a) there exists an exhaustion {Uy}ren of My with Oy € Uy

(b) there exists a sequence of diffeomorphisms @y : Uy — Vi := Oy (Uy) C My
such that ®p(O) = O

such that (Uk, O [gk(t)"/ D converges in C™ to (Mu, goo(t)) and py(t) converges
k

in C to poo(t) uniformly on compact set in My, X (o, w).
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Cheeger-Gromov Compactness(Hamliton’s Results)

In this subsection, we will introduce the convergence theorem proved by Hamil-
ton in [26].
Theorem 5.1.11 (Theorem 2.3 [26]). Let {(M}, gi, Ok, Fy) }ren be a sequence of

complete pointed Riemannian n-manifolds that satisfies

(a) Uniformly bounded covariant derivative of Rm

on every M}, for all m € N and C,, > 0 is a sequence of constants inde-

pendent of k.

(b) Injective radius lower bound
angk(ok) 2 To

for some constant

Then there exists a subsequence {k;}en such that the sequence { (M}, , gk;, Ok, Fi;) }jen

converges to a complete pointed Riemannian manifold (My, gooys Ocos Fio)-

We will use this theorem to prove our result in next section.

5.2 Compactness
In this section, we will prove a compactness theorem to the pointed solution
of conformal Bach flow.

Theorem 5.2.1. Let {M]', gi(t), pr(t), Ok, Fi }ren be a sequence of pointed solu-

tions to conformal Bach flow on a time interval (o, w) such that for all t € (o, w)
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(a) Uniformly bounded curvature

sup |Rmylx < C
€My

(b) Uniformly bounded L* norm of pressure function p(t)
| mw(t)Pdp < ©
My,

(¢) Uniformly bounded Sobolev constant

Cs(gr(t)) < C

Then there exists a subsequence {M,?j,gkj (t),pr; (1), Ok;, F; }jen converges in C*
Cheeger-Gromov sense to a complete pointed solution (M2, oo, Pooy Oco, Fio) to

conformal Bach flow.

Remark 5.2.2. In this theorem, we don’t assume all covariant derivative of Rie-
mann curvature bounded since that combine with our integral estimate in Lemma
[£-3-3, volume estimate in Lemma [{.4.1] and Sobolev inequality, we are able to

obtain the covariant derivative bound for Riemann curvature.

Remark 5.2.3. In this theorem, we don’t assume injective radius because the
assumption on Sobolev constant directly implies the lower bound of injetive radius.

We will see this in next subsection.

We also outline our proof here. In Hamilton’s compactness theorem B.T.TT]
it only focuses at a fixed time. In order to prove our main theorem, we first see
that at a single time slice, say t = 0, this convergence holds. Next, we need to

show such convergence still holds for all ¢ € («,w), for which we need to extend

98



bounds on covariant derivatives and time derivative of metric g at ¢t = 0 to the
whole time interval. This is proved in Lemma [5.2.5l Once we achieve this result,
Arzela-Ascoli theorem shows that such bounds imply a subsequence converges to
a solution of conformal Bach flow. This is proved in Lemma B.2.7

Injective Radius

In this subsection, we will sketch a proof to show that the upper bound of
Sobolev constant implies the lower bound of injective radius. We refer our proof

to several different chapters in [I6]. The main theorem we use is the following.

Theorem 5.2.4 (Theorem 5.4.2, Page. 199, [16]). [Cheeger-Gromov-Taylor The-
orem] Let (M"™, g) be a complete Riemannian manifold with |sec(M)| < 1. For
any positive constants c,rg, there is a positive constant 1y if p € M" satisfies

vol(By(r))

Tn

> ¢ (5.2.1)

for allr € (0,7¢], then the injective radius at point p has a lower bound, inj,(p) >

T0-

In order to apply this theorem to obtain the lower bound of injective radius, we
first realize that the Sobolev inequality (Z5J]) implies the log Sobolev inequality
[16, Page 184, Lemma 5.8, Remark 5.10]. The proof is just the Holder inequality.
Next, log Sobolev inequality is equivalent to the lower bound of Perelman’s entropy
W, this is a direct result from the definition of this entropy functional, we refer
this result to [16, Page 190, §4.2, §4.3]. W functional lower bound is equivalent
to volume ratio lower bound[16, Page 195, Prop 5.37|, by Cheeger-Gromov-Taylor
theorem, we have the injective radius lower bound.

Uniformly Bounded for Derivative of Metric for All Time

Lemma 5.2.5. Let (M™,g) be a Riemannian manifold and let U be a compact
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subset of M. Let {gx }ren be a collections of Riemannian metrics that are solutions
to conformal Bach flow on U X [a,w]| and ty € (o, w]. Let us denote V and V. to be
the covariant derivative with respect to the background metric g and the sequential

metric g, and the norms | - | and | - | follow the same rule. Suppose that:

(a) gi(to) is equivalent to g(ty) for all k € N. That is for x € M and for all
VeT,M,
Clg(V,V) < gilto)(V.V) < Cg(V,V)

for some constant C' independent of U, k.

(b) The m'™ order covariant derivatives of metric g, with respect to the metric

g are all uniformly bounded at t =ty on the compact set U. That is
V™ gi(to)| < C

for all m € N and some constants C,,, independent of k.

(c) The m'™ order covariant derivatives of Riemann curvature Rmy with respect

to the metric gy, are all uniformly bounded on U X [, w].

for all m € N and some constants C! independent of k.

(d) Sobolev constant Cs(gi(t)) and L? norm of pressure function pi(t) are uni-

formly bounded.

Cs(®) <C [ InPau<c

for some constant C' independent of k.
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Then we have the following conclusions:

(a) metric gi’s are uniformly bounded with respect to g on U X |, w], that is:
B~ (a,w)g < gi(t) < Bla,w)g

for some constants

B(a,w) = Cef@
independent of k.

(b) the time derivative and covariant derivative of metric gx(t) with respect to
g are uniformly bounded on U X [o,w], that is for every pair (p,q) where
p,q € N, there is a constant Op,q independent of k such that

01

7vpgk (t)

ota < Gog

Proof. For the conclusion (a), for any ¢; € [a,w], we have:

t1 9 ti| 9 t ng(t)
I gu()dt </ 9 tdt:/ ELIAP 5.2.2
[ 0 wgenat] < [ |9 o >\ N (522)
Note that we have:
9 2

where C(n) is a constant depends on dimension n. Therefore, the right hand
side of (BZZ) is bounded by a constant C' which depends on all constants in

assumption and independent of k. This argument is the same as Proposition
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155 And we have:

t1 -~
to at
which implies
gr(to)e™ 1) < gi(t1) < gilto)eCB ) (5.2.5)

But gx(to) is equivalent to g by our assumption, then the result follows. We define
a constant

B(a,w) = CeCwa)

such that we have:

B! (a,w)g < gi(t) < Bla,w)g
For conclusion (b), we will prove it after the following lemma. O

Lemma 5.2.6 (Page 134, Eq. 3.7 [I4]). Let g, and g be metrics, and Vi, 'y are
covariant derivative and Christoffel symbol with respect to g, V, I' are covariant
derivative and Christoffel symbol with respect to g. Under the same assumptions

in Lemma [.27F, the tensors Vg, and I'y — T are equivalent.

Proof. With a direct calculation, in local coordinate, we have:

0

Val(gr)ee = %(gk)bc — T (k) de — Tee(gk)ba

Then we have:

(gk)ec {Vll(gk)bc + Vb(gk)ac - vc(gk)ab}
=2(Tp)e — Ty — (gk)ecrgc(gk)bd — T
- (gk)ecrgc(gk)ad + (gk)ecrgc(gk’)bd + (gk’)ecrgc(gk)ad

- 2<Fk)2b - QFZb
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Therefore, we have:

3
‘Fk - F‘k < i‘ng‘k (5.2.6)
For another direction, we have:

V()b = (1)eb| (T)ee = Toe] + (0)ee(Tr) — T (5.2.7)

Then we have:

1
T =T, = 5/ Vaule (5.2.8)

In fact, since Vg = 0, we can write the conclusion as

1 3
§|ng—Vg]k < ‘Fk—F‘k < §\ng—Vg|k (5.2.9)

Proof for Lemma 5.2.5 part b.
Now we continue the proof to Lemma [5.2.51 We will prove the second statement

inductively. For our convenience, we define constants C., to be the bounds
VP Rmylp < Cp and [ V7pilp < O (5.2.10)

for m € N, and C,, is independent of k.

We first prove the case for ‘ng(t)

, which is equivalent to ’ng(t)‘k because
we already proved the first statement. Base on previous lemma, we only need to

bound I', — I'. We have:

0 . JA . _
’a(rk - F)’k = C(n)’VkBk + (Vkpk)gk‘k < C(n)(Cs + C1Co + Ch) = Co

(5.2.11)
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Therefore, we have:

(Tt / Ty — dt| ~|Co)t) ~ 1|,
< | |5 Tk = D)t + |(Ti)(to) — T
= Jio : | (Tu)(to) — T, (5.2.12)
< Co(t; — to) + 3C,
S éo(a — CU) + 301
and
V(1) < B(w,a)?|Vgr(t)|x < 2B(w,a)? r| <Cio (5.2.13)

where the % comes from the type of tensor, we view Vg to be a (2, 1)-tensor.
For higher order case, we are going to derive a Gronwall type differential
inequality for [V g.(¢)|7. Recall that we have the following telescoping identity

for any tensor T:

N
VT =Y VNV - V)V ' T+ VT (5.2.14)

=1

Also, from here, we simply use constant D,, for

0
‘ ?&gk(t) = ’V?(Bk +Peg)| < Dy (5.2.15)
k k
We first claim the follow inequality in true.
V" 0ugi(t)] < Cp V™ gi(8)] + O (5.2.16)
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When m = 1, we have:

IVOugr(t)| = |(V = Vi) Ogi(t) + ViOrgr(t)]

< B(w, 04)% <|F — Tklr|Ocgr(t) | + |Vkatgk(t)|k>
(5.2.17)

< B(w, )2 Do|Vgi(t)|s + B(w, a)2 D,

< B(w,a)%C'D0|ng(t)| + B(w,oz)%Dl

Inductively, suppose that (52ZI0) holds for m = 1,2,3,-, N — 1, for N, we have:

N
IVN0,gk(1)] < | D VNV = Vi) Vidgn(t)] + |V Ougi(t)]

=1

< B(w, ) |[V¥ (Y = Vi) Vidhgs (1) (5.2.18)

N
+ B(w, )| Y VYUY — Vi) Vi0igk (D) |1 + B(w, @)Y Dy

1=2

With the induction hypothesis, the results follows. Therefore, we have the follow-

ing differential inequality:

0
§|Vmgk|2 = 2(0:V" g, V™" i)
< 2[0,V"gi* + [V gi (5.2.19)
< (1+2(C))IV™gel + 2(C7)°
The Growall type differential inequality give us the desired result. This complete

the prove for ¢ = 0. For ¢ > 0, the proof is identical by exchange the time

derivatives and covariant derivatives. ]

Subsequentially Convergence
Once we extend all the bounds over the whole interval, the following Arzela

Ascoli theorem allows us to extract a subsequence converges to a limit manifold.
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Lemma 5.2.7 (Lemma 3.14, Page 137, [I4]). Let X be a o-compact, locally com-
pact Hausdorff space. If {fi}ren is an equi-continuous, point-wise bounded se-
quence of continuous functions f, : X — R, then there exists a sub-sequence

which converges uniformly on compact sets to a continuous function f : X — R

In this theorem, o-compact means the space is a countable union of compact

sets, hence, a complete Riemannian manifold satisfies such assumption.

Corollary 5.2.8 (Corollary 3.15, Page 137, [14]). Let M™ be a Riemannian man-
ifold let U C M™ be a compact set. Let m € N and g a fived background metric

on U. If {gk}ren s a sequence of Riemannian metric on U such that

sup sup |Vigy < C < o0 (5.2.20)
0<i<m+1 2cU

and if gy is equivalent to g, then there is a sub-sequence {gr,}jen such that gy,

converges to a Riemannian metric g, in C™ sense.
Now we are ready to proof the main theorem [5.2.1]

Proof. Throughout this proof, we don’t specify the sub-sequence {gx;}jen. We
also drop the local frame F}, for our convenience.

Under the assumption, at ¢ = 0, we have a sub-sequence {(M}?, gr(0), px(0), O ) }ken
converges to {(MZ, goo, Poos Oxo) }- We shall extend this convergence to all time
interval (o, w) such that g.(0) = go-

Since {(M}, gx(0), pr(0), Ok) }ren converges to {(MZL, goo, Pocs Oco) }» there are
diffeomorphisms 4, : Uy, — V), where U, C M., and V}, C M, such that the pull
back ®*(g(0)) converges to g uniformly on a compact set.

We are going to apply Lemma B.2.5 with £; = 0 and the background metric is

Joo and P*gy(t) is the sequence of metrics.
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We apply Arzela Ascoli theorem and its corollary to {®*gx(t) + dt*}en, and
fix the back ground metric g, +dt* on M, x (o,w). Therefore we extract another
subsequence {®*gx(t)+dt* }reny which converges to goo (t)+dt?. Since all derivatives
of metric converges, {px ren also converges to poo.

Then we conclude that {(M}, g (), pr(t), Or) }ren sub-sequentially converges

t0 (Moo, goo, Poos Ono) Which is also a solution to conformal Bach flow. ]

5.3 Singularity Models

As our first corollary of the compactness Theorem B.2.1] we show that under
suitable conditions, we can obtain a singularity model for the conformal gradient
flow. Similar argument can be found in [49, Theorem 1.5] and [37, Theorem 1.4]

Before we discussing such singularity model, we first look at the scale property

of conformal Bach flow.

Proposition 5.3.1. Suppose (M™,g(t),p(t)) is a compact solution to conformal
Bach flow, if § = /\g(%) for some positive constant A\, by the scale property of

curvatures, (M™, Ag(s5), A\7?p(t)) is also a solution to conformal Bach flow.

Proof. To see this, we have the following scale properties for curvatures. Under
the scaling, § = Ag, we have: Rm = ARm, Ric = ARic, R = \"'R, and B =
A7'B, then we conclude that (M", Ag(s5), A"*p(t)) is a solution to conformal Bach
flow. O

Remark 5.3.2. We also notice that under this scaling,

/ P = A%’”‘/ pldp
M M

By this remark, we see that the L? norm of pressure function is decreasing when

107



the dimension is less than 7. We restrict our singularity model in 4 dimension

since our integral estimate relies on the L? norm of p.

Theorem 5.3.3. Let (M*, g(t)) be a closed solution to conformal Bach flow on a

mazx time interval [0,T) with T' < oco. Suppose that
(a) Y[M,g] >0,
) [ alg)du >0,
M
(c) / pldu < K fort € [0,7),
M

for some constant K. Let {(x,t;) }ien be a sequence of points in M* x [0,T) such
that t; — T and |Rm(z;,t;)| = sup Rm(x,t;). Let \; = |Rm(x;, t;)| and N\; — oc.
M4
Then the sequence of solutions to conformal Bach flow {(M*, g;(t), p:(t), x;) }ien
with
t 1

(3

sub-sequentially converges to a limit space (Muo, §oo(t), Poo(t), Too) 0N time interval
(—00,al] in Cheeger Gromov sense, which is a non flat, non compact, complete
pointed manifold with zero scalar curvature. Here a = lim; oo N (T —t;) > 0. And

the limit space satisfies the following flow:

0

—0o = B 3.2

fort € (—o0,0]. Furthermore, on the limit space My, it satisfies Ey - Boo =0

Proof. First we see that under the assumption on o5[g(0)], by Corollary 44| the

Sobolev constant has an upper bound, and this bound is scale invariant.
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Under the scaling, we have |Rm|,, < 1 for all points on manifold. Furthermore,
if /M p*du < K, after scaling, we have /M p2du = 0.

We simply choose time interval to be (—1,0], and there is an integer k such
that when ¢ > k, \?t; > 1. We take the sub-sequence {(M", g;(t), pi(t), z;) }i>x and
relabel it as {(M™, g;(t), pi(t), ;) bien. This sequence consists complete pointed
solutions to conformal Bach flow. We then replace (a,w) in Theorem 2] by
(—1,0]. There is no hurt we take the closed interval since we can find a subsequence
for (=1, —¢;) and send ¢; to zero by taking a further subsequence. Thus we apply

the compactness theorem and we obtain a subsequence converges to a limit space

(Mooa 900<t)7p00(t)7 3700)

This limit space is clearly non flat since re-scaling, we know that at ., € M,
we have | Rmoo(Too)]g. = 1.

On this limit space, the conformal Bach flow will be:

ot (5.3.3)

where By, = ﬁB A = A, Ay = ﬁA. Therefore, the conformal Bach flow on

limit space is modified as follows.

0
ot (5.3.4)

We see that ps is a harmonic function. By our assumption, the L? norm of pu

is zero, by mean value property of harmonic function, for any ball with radius r
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centered at arbitrary point x € M., we have:

1 1 2, \2
) < o1 o P01 = it o 1) dy() |
9.3.5

Here we use Holder inequality on the right hand side and we see that p,, = 0.

Therefore, the conformal Bach flow on the limit space is

0
579 = Bac (5.3.6)

and by re-scaling, the product of Ricci tensor and Bach tensor will vanish. [

Next, we state another theorem about s special case of singularity models. We

will see that under a low energy assumption, the limit space is Bach flat.

Theorem 5.3.4. Let (M, g(t)) be a closed solution to conformal Bach flow on
a mazx time interval [0,T) with T < oco. Suppose that there exists some constant

K > 0 and a small constant € > 0 such that

(a) Y[Mo,g] > 0,

) [ aalg(0)du >0,
M

(¢) [ pdp<K fortelo,T),
My

(d) / (W2 + 2| E|?du < ¢ for t € [0,T),
My

By the same re-scaling in Theorem [0.3.3, we denote the limit space as M, this

limit space will be Bach flat.

Proof. Throughout this proof, we denote the manifold before re-scaling by M, and

the limit space by M instead of M. All of the curvature quantities are referred
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to the limit space M. By re-scaling, on the limit space M, we have the following

equation:

EijBij - O
Recall that in dimension 4, the Bach tensor is

1

1 1 1 1
Bij = 5AR;; — 5 ARg; — SViVi R+ RY Rigi — Z|Riel*gi; + 5 7055 —

2

Since the limit space is scalar flat, we have:

] 1
By = 5 AE; + B Ruji — - |E gy

Therefore, we have:

. 1 .. .
E”Bij — §EZ‘7AEU + EUEklRikjl —

(5.3.7)

1
SRy

(5.3.8)

(5.3.9)

(5.3.10)

Here we don’t specify the Ricci tensor and traceless Ricci tensor since they are

the same. Furthermore, by Riemann curvature decomposition, we have:
1
Ripji = Wik + §(E D 9)ikji
thus, the second term will be:

EYEM Riji = BV EM Wi + §E”Ekl(E D 9)ikji

= B"E" W, — E;E*E]
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Combine all of these results, we have:

1 .. . ) .
— 5 BVAE; = EYEMWy — E;E™E] (5.3.13)

We denote the quantity EZJE”“E,{; by TrE3. And in dimension 4, we have a sharp

inequality(Page 129, [10]):
1

V3

TrE* > |E|? (5.3.14)

Therefore, we have:

2

— E9AE; = 2B9 MWy, — 2B, E*E] < 2|E)2|W| + /3

|E|? (5.3.15)

To derive the Bach flat result, we only need to show that the limit space is Ricci

flat. To see this, we have:
_|E|A|E| = —;A]E\Q +VIE|? = —EYAE, — [VEP+|V|E|?  (5.3.16)
Here we use Kato’s inequality |V|E||? < |VE|?, then we have:
— |E|A|E| < —EYAE;; (5.3.17)

Let ¢ be a cutoff function which will be chosen later. With integration by parts,

we have:

| GIVIEIRdu+2 [ oVOlEVIEl =~ [ ¢*|E|A|E|du (5.3.18)
M M M
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Therefore,

2
2 2 < 2| 172 2 1713 3
/M¢ V|E|| du+2/M¢V¢|E|V|E| < /qus |E|2|W| + \/ggb \E)du (5.3.19)

Use the Yamabe quotient, we apply the Holder inequality:

-

([, iEan) < [ 19ale1 + iEiotan

9
<Y/ Vol EI2d 2/ 2 BI2[Wd 7/ 2 B3
<v [ IVoP|EPau+2 [ ABPWIda+ 2 [ #EPa

(5.3.20)
For the second term, by the same argument:
: :
2 [ GEPWldy < 2( / |¢|E||4du> ( / |W|2du) (5:321)
M M M
For the last term, we have:
2/ S EPdp < —= / 16| E|[*d : / |E|2d : (5.3.22)
V3 Ju = V3 \ a M a
We conclude that:
%
( / |¢|Ell4du> <c [ [ToPIEFdy (5.3.23)
M M
where C' is a constant defined by:
Y
C (5.3.24)

S 1=20 W, - HIEl,
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Therefore, if

9
2/ W2d f/ E2dy < 5.3.25
MH/H\@M!IMJ ( )

such that 1 — 2 [|W||, — % | E||, > 0, we choose the cut-off function ¢ as:

1 for z€B,

®»=140 for x € M\ By, (5.3.26)

V| < % for x € By \B,

with ¢ € [0, 1], we have:

: C
(/M !¢|E||4du> < C/M |Vo|*|E2dy < R (5.3.27)

w

By taking r to oo, we have |E| =0 on M, and M is Bach flat. O

In fact, this type of singularity will not happen. To see this, we first introduce a

gap theorem for non-compact complete Bach flat manifolds in dimension 4, which

is proved in [2§].

Theorem 5.3.5 (Theorem 1, [28]). Let (M*, g) be a non-compact complete Bach-
flat Riemannian 4-manifold with zero scalar curvature and the Yamabe constant

Y[M] > 0. Then there exists a small number ¢y such that if
/ W2+ 2|E2du < o
M

then M* is flat.
With this gap theorem, we have the following corollary.

Corollary 5.3.6. Under the low energy assumption in Theorem[5.5.4), the singu-

larity will not happen, that is, the curvature tensor |Rm| will remain bounded as
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t approaches to the mazximal time T'.

Proof. By the rigidity theorem [5.3.5] the limit space satisfies all conditions in the
gap theorem, and has to be flat, but we know that at a specific point x € M, we

have |Rm| = 1, which leads to a contradiction. O
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Chapter 6

Further Remarks

In this thesis, we study a fourth order geometric flow. Its shot time existence,
uniqueness and regularity are established. We also derive integral estimates and
volume estimates for this flow. Based on these results, we characterize the finite
time singularity. A compactness property of the solutions to this flow is proved,
and we study a singularity model obtained by re scaling the metric.

We remark some possible improvement in this chapter. In [50, Theorem 1.3], a
long time existence of the geometric flow is proposed by assuming the small initial
energy, i.e, a small initial L? norm instead of the point-wise bound of curvature. To
obtain a similar result, we need a refinement for our integral estimate in Chapter
[ without assuming the L® norm of curvature. Such condition is desirable since
under our flow, the Weyl functional is non increasing. The monotonicity property
might help us prove the gap theorem we mentioned in Chapter [ Another remark
is about the singularity model, in our theorem and [.3.4] we assume that L?
norm of pressure function is bounded, we may ask to questions here. One is why
this quantity remains bounded. Notice that we don’t discuss the invertibility of the
elliptic operator in this theorem, we might need to investigate some details about

it. The other question is that what if the L? norm of pressure function blows up?
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We might rescale the metric based this quantity instead of the Riemann curvature

tensor.
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Appendix A

Formulae in Riemannian

Geometry

In this chapter, we will list some basic formulae in Riemannian geometry and
we will use the same convention as [16].
Let (M™, g) be an n-dimensional Riemannian manifold. Let x € M be a fixed

point, let {z'}"_; be a local coordinate system.

A.1 Christoffel Symbol

Under the local coordinate system, the Levi-Civita connection is given by
Vi0; = TL0 (A1.1)
where Ffj is called Christoffel symbol and defined as follows

1
Ffj = 59“ (aigjl + 09 — alQij) (A.1.2)
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A.2 Normal Coordinate

For any point x € M, we consider the normal coordinate system {0;}!_; around
this fixed point . We have g;; = 6;; and Org;; = 0, therefore, the Christoffel

symbol vanishes, i.e., Fk = 0.

A.3 Covariant Derivative

Let T/5277" be a tensor object on manifold, the covariant derivative is given

by

T g T | ZT]lp‘..p...ynFJs ZTth gn Il (A.3.1)

1112 m 0112 im, 0112 Im, G142 q im

It is clear that if we choose a normal coordinate, the covariant derivative is

the same as the normal derivative in calculus.

A.4 Riemann Curvature Tensor and Symmetry

To measure the deviation of a metric from a flat metric, we define the Riemann

curvature operator:
R(u,v)w = =V, V,w + V,V,w + Vi, yw (A4.1)
In local coordinate system, we have:

R(0;,0;)0k = V; Vi — ViV;0, = Ry, 0, (A.4.2)

ijk
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where

R, =0Ty — T, + T\ I, — T, IS (A.4.3)

js— ik ks™ ij

Note that we choose to upper the last index as our convention.

We can lower the index by:
Rijkl = glmRijkm (A44)

The symmetries of Riemann curvature tensor are the following equalities. It
is symmetric for switching the first pair of indices and the last ones, and it is

anti-symmetric for flipping each pair of indices.

Rijri = Ryij = —Rjiw = —Riju, (A.4.5)

A.5 Bianchi Identities

The following two formulae are the first and second Bianchi identities.
Riji + Ryji + Ry = 0 (A5.1)

Fix the first index and the cyclic permutation sum for the last three indices is

Zero.

Vi Rije + ViRijmk + Vi Rijim = 0 (A.5.2)

Fix the first two indices and the cyclic permutation sum of the last three indices
is zero. From here, by contracting indices, we have two direct consequences. The

divergence of Riemann curvature tensor is

VI Ripjt = ViRy — ViR (A.5.3)
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The divergence of Ricci curvature tensor is

. 1
V'R = S ViR (A.5.4)

A.6 Ricci Identity

Ricci identity is a general case of Bianchi identity, it tells us how to exchange

covariant derivatives. For arbitrary tensor object Tk, ,...k, , We have

ViViTkkgtn = ViV Ttrhgdn = — O Rijil Ty oo sthoss b (A.6.1)

s=1

A.7 Ricci Curvature and Scalar Curvature

We define the Ricci curvature by contracting the second and fourth indices in
Riemann curvature.

Rij = gklRikjl (A?l)

And the scalar curvature is the trace of Ricei curvature.

A.8 Kulkarni Nomizu Product

In the mathematical field of differential geometry, the Kulkarni-Nomizu prod-

uct is defined for two (0,2)-tensors and gives as a result a (0,4)-tensor.

(T D S)irji = TijSw + TaSij — TiSkj — TrjSu (A.8.1)

121



From here, we have the following formulae:
(9 D @irjt = 2959k — 29u9k; (A.8.2)

(TP 9)ijug™ = 2T35 + Try(T) g (A.8.3)

A.9 Traceless Ricci Curvature and Weyl Curva-
ture

We define the traceless Ricci curvature by subtracting the trace part in Ricci

curvature.

1

We also introduce the Schouten tensor, which is a second-order tensor introduced

by Jan Arnoldus Schouten.

Ay = L(RU - 2(;%)%) (A.9.2)

n— 2

The Weyl curvature tensor equals the Riemann curvature tensor minus the Kulka-

rni Nomizu product of the Schouten tensor with the metric.
Wik = Rirji — (AD g)ikjl (A.9.3)
Proposition A.9.1. The divergence of Weyl curvature is
VWi = (n = 3)(Vidw — Vi) (A.9.4)
Proof. Follow the previous result, combine with the divergence of Riemann cur-
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vature tensor ([A.5.3]) and Ricci curvature tensor (A.5.4]), we have

VjVVikjl = VjRikjl — Vv (A O g)ikﬂ
= ViR — Vi Ry —

ViRgu — ViAp — Vi Ay + Vi Rgy

2(n —2)
= (TL — 3) (VzAkl — VkAzl)

2(n —2)

A.10 Riemann Curvature Decomposition

With Weyl curvature and traceless Ricci curvature, we have the following

Riemann curvature decomposition.

Proposition A.10.1. Let R;j be the Riemann curvature, we have the following

decomposition.:
Rirji = Wik + (AQ g)irji (A.10.1)
R = Wi + 1 (EQD )+¥R(®) (A.10.2)
ikjl = VVikjl n_2 g)ikjl 2n(n — 1) g 9)ikjl sV

where Wi is the Weyl curvature. Note, these two are orthogonal decomposition.
Proposition A.10.2. We also have the following quadratic decomposition:

2 2
(n—1)(n— Z)R

4

and

4
|Rm|? = |[W|* + muﬂ? + R? (A.10.4)

n(n—1)
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A.11 Bach Tensor

We define Bach tensor as:

1 1
Bij = ﬁvkvlwikjl + mRleVikﬂ (A.ll.l)

n —

With Schouten tensor, we have the following equivalent formula which shows that

the leading term in Bach tensor contains AR,;:
Byj = AAi; — VAV, A, + AM W (A.11.2)

Remark A.11.1. V*V,A;; is symmetric about i and j.

From here, one can calculate Bach tensor in terms of Riemann curvature, Ricci

curvature and scalar curvature.

Bij = AA” — kaZA]k -+ AklI/Vikjl
AR;; ARg;; _ VIViRj, VEViRgji

T h2 m—Dm=2 n-2 2m-Dm-z NI
1
+ o QRM (Rikjl - (AQ® g)ikjl)
For the third term, we use Ricci identity [ALG.T] as follows:
V*ViRji = ViV"Ry, — Ry Rie — Ryl Ry
(A.11.4)

1
= 5ViV,;R = R" Ri + R Rj
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For the last term, we have:

1
— QRM (Rikjl —(AD g)ikjl)
1 kl 1 2
= n_ 2R R'Lk’]l (n — 2)2 (RRZ] 2(n _ 1)R gz]>
o1 (|Rz’c|29~—;R2g~) +L<R- RF 1 RR'-)
(n—2)2 T on—1)" T T (n =22 UMY T g — )Y
(A.11.5)
Combine all of these results, we obtain:
B;; = ! AR;: L ARg;; — —V,;V,;R
U T T i n—2) T g — 1) Y
2 Kl n—4 & 1 9
+ R 2R Rzkﬂ (TL — 2)2 leRj (TL — 2>2 |RlC| 9ij (A116)
1 n
R%g;: — RR;;
T Dm 2 T D22
Specially, in dimension 4, we have:
1 1 1 1 . 1 1
Bij = §ARU — EARQH — EVlV]R + RklRikjl — Z‘RZC‘QQU + ERZQU — gRRm
(A.11.7)

We will show that in dimension 4, Bach tensor is the gradient of L? norm of Weyl

curvature in Appendix

Proposition A.11.2. The divergence of Bach tensor is given by:

L RI*Cy, (A.11.8)

VB oy

where Cjji, is Cotton tensor defined by
Cijr = (n — 2)<viAjk - Vink> (A.11.9)
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Proof. First, we derive some useful identities about the Schouten tensor. Recall

that Schouten tensor is

1 1
The trace of Schouten tensor is
1
The divergence of Schouten tensor is
) 1 )
iy =—— V'R A11.12
Vi 2(n — 1)v ( )

In terms of Schouten tensor and Weyl curvature, we have:

VIByj = VIVFV Ay — VIV, Ay + V7 (AM W)

= VIVFV Ay — VIVIVLA + VI (AR W)

= —Ryy! VA = RIVPA] — R Ay + VI (AM W)

= —V/AM Ry + V7 <Aleikjl)
We relabel some redundant indices and apply the Ricci identity (AZ6.1)) in this
equation. Next, we use the Riemann curvature decomposition (AI0.T]) to this
result, combine with the divergence of Weyl curvature (A.9.4)), we have:

VIBjj = =V A" Ry + VI (A" Wo)
= —VIA" Ry + VI AW + AN Wiy

= —V/ A" (A » g>ikjl + (n — 3)AM (Vz‘Akl - VkAil)
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For the first term, we have:

VI AM (A D g)ikﬂ = VIiAM <Az‘jgkl + Angi; — Augrj — Akjgil)
1 . 1

_ A 7 Akl Ay — ——

2(n—1) VA ATV 2(n—1)

= AR, Ay — AR A

AgV'R — AV Ay,

In the last line, we changed the redundant index. Then we conclude that the

divergence of Bach tensor is

VIByj = =AMV Ay + ANV Ay + (n = 3) AP (Vi Ay — Vidy)

= (n— 4 A" (V; Ay — Vi Ay)
on=4 4 .
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Appendix B

Variations of Curvatures

In this Chapter, we will give the details of calculation of the first variation
formulae of metric, Christoffel symbol and curvatures.

Let (M", g) be an n-dimensional Riemannian manifold, and ¢(t) = g+th be a
one-parameter family of metrics. where h is a symmetric 2-tensor. That is % =

For any point x € M, we consider the normal coordinate system {0;}!_; around
this fixed point . We have g;; = 6;; and Org;; = 0, therefore, the Christoffel

symbol vanishes, i.e., Ffj = 0. In this chapter, we will do calculations with the

normal coordinate.

B.1 Riemannian Metric

Proposition B.1.1. Variation of metric inverse

g = —h" (B.1.1)
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Proof. By a direct calculation, we differentiate the equation g*g;; = 5;, we have:

Gikr; = — 9" hij
Jik = —gkjh;

giw = —h™*

B.2 Volume Form

Proposition B.2.1 (Equation 2.11, Page 104, [16]). Variation of Riemann vol-

ume form

0 1
—dp = iTrg(h)du (B.2.1)

where T'ry is the trace with respect to g.

Proof. Recall that the Riemann volume form is given by [34] (Proposition15.31.)

dp = y/det(gij)dx' A da? - A da" (B.2.2)

In order to derive (B.2.1)), we need to calculate the variation of determinant of a
matrix A, which is given by the original definition of determinant and chain rule.

For a fixed element A,,, we have:

0 0 &
aqudet(A) = 8qu< > sgn(a)ZA@Ji)

oESy i=1

- Z sgn(a) Z Ai,m'

o€S, i#£p,0iFq
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which is exactly the adjugate element at index (p, q). Therefore, we have:

(9 L 69 8gz-j
2 det(g) =
5729 Z;JZI dgi; Ot
= Z Z adjijhi;
i=1j=1
= det(g)g~"'h

At last line, we use the definition of the inverse of matrix. With this result, we

have:

gd,u = gt det(gij)dx' A dx* - A dx"
1 1

2 1/ det(gw)
1
= §T’r’g(h)d,u

det(gij)gijhijdxl Adx?- - Adx"

B.3 Christoffel symbols

Proposition B.3.1 (Lemma 2.27, Page 108, [16]). Variation of Christoffel symbol

0 1
af‘fj = §gkl(Vihﬂ + Vhy — Vihij) (B.3.1)
Proof. We have:
0 1 .,0
&FZ = igklg(ngil + Vg — Vlgij)
1
— §gkl (thil + Vihjl - vlhi]’)
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B.4 Riemann Curvature Tensor

Proposition B.4.1 (Equation 2.66 2.67, Page 120, [16]). Variation of Riemann

curvature tensor

0 1 Vjvihkl + Vjvkhil — Vlehik
&Rijkl = — + Rijkph;) (B41)
—VZ‘thkl — Vivkhjl + ViVlhjk

Proof. With a direct calculation,

9
ot

0 0
R’ = g (ajmrfk - @atfﬁ-’k> + Rijephy

1
= 59’? <V]vlhkp + Vijhip — v]’vphik

— vivjhkp — Vivkhjp —+ vlvph3k> + Rijkph;;)
1
=3 <VjVihkl + V;Vihy — V;Vihi

— vivjhkl — Vivkhjl + Vzvlh]k> + Rijkphf

With Ricci identity (A.6.0]), we have:

0

1
aglpRijkzp = 5 (Vjvkhzl — V]Vlhik — Vinhjl + Vzvlh]k>

1 (B.4.2)
+3 (Rijipht = Rijiph?)

131



B.5 Ricci Curvature Tensor
Proposition B.5.1 (Equation 2.31, Page 109, [16]). Variation of Ricci curvature

1
O R = -2

a 5 (Ahlk -+ Vlva’l”g(h) — vaihkp — vakhip> (B51)

Proof. This follows from the formula (B.41]) by contracting the first and third

indices. We use rough Laplacian A = ¢V ,V, here. [

B.6 Scalar Curvature
Proposition B.6.1 (Lemma 2.7, Page 99, [16]). Variation of scalar curvature

)
o= —ATry(h) + VPV hy, — WP Ry, (B.6.1)

Proof. This follows from formula (AZ7.2) and (BT,

0 0 ..
_ 1] -
atR ot? f;

. 1 ..
= —hwRZ’j — igw (Ahl] + VZVJTTg(h) — vaihjp — vajhip> (B62)

= —ATr,(h) + VPVh,, — h"'R,,
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Appendix C

Gradient of Energy Functionals

In this chapter, we will calculate the gradients of some L? norms of curvatures.
All of the results can be found in [6]. Let (M™, g) be an n dimensional closed

manifold, 7" a tensor on this manifold, we define the energy functional to be

Fr= [ |TPdn
M

Let g be a family of metric defined as ¢ = g9 + th, where h is a symmetric
2 tensor. The gradient of this energy functional will be denoted by gradFr and

defined in the following way.

P
= Fr = /M<gmdfT, h)du

With this manner, we define the following energy functionals, and we will go

through details and derive their gradient.

(EL)
.; m — R Qd,u
R / ‘ ml
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]—“Ricz/ |Ric|*du

M

fRz/ |R[2dy
M

]:W:/ ‘WPdﬂ
M

C.1 Riemann Curvature

Proposition C.1.1 (Prop 4.70, Page 134, [0]).

1
gradFpm = —4AR;; + 2V;V ;R — AR R0 + 4Ry, RY — 2R, R + 3 | Rm|*gi;
(C.1.1)

Proof. With our previous calculation about the variation of Riemann curvature

(B-4T]), and the variation of Riemannian volume form (B.2.1])

0

0 1 "
ame =2 /M<Rijkla aRijmd# + /M<§‘Rm‘2gij — 4Ry i P hij)dp

= [ (Rt (V395 = ViV )b+ 2 [ (Rprs B i)
+/M<Rijklavjvkhil>dﬂ+/M<Rz'jkla_vjvlhik>dﬂ
+/M<Rijkla_vivkhjl>d,u+/M<Rijklavivlhjk>d,u

| r
+ /M<§|Rm|29ij — ARygri B 5 hij)dp

We apply integration by parts, Ricci identity (AL6.]) and Bianchi identity

(A.5.)) to this equation.
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For the first term, we have

/M<Rijkly (V;Vi = ViVj) hig)dp
- /M<ViVjRijkl — VIV Rijut, hua)ydp
= /M<_RjiipRpjkl - Rjiijipkl - RjikpRijpl — RjilpRijkpa hi)dp =0

At the last line, we simplified all of terms by contracting indices.

The next four terms are the same, we only look at one of them.

<Rz’jkla Vjvkhil>dﬂ

<VijRijkla hil>d,u

I

(Vi( = ViRi; — ViRie ), ha)dp

<—ARij + VijR,-p, hij>d,u

(—ARyj + VIV, Ry, — R™ Ry + RipR Y hij)dp

1
<—ARZ] -+ §V1V]R - quRiqu + Ripij, h”>d,u

Combine (C1.2) and (C.1.3]), we have

(C.1.2)

(C.1.3)

1
grad]:Rm = —4AR” + 2VZVJR - 4quRiqu + 4RlpR§) — 2qum‘qurj -+ i\Rm\zgm

C.2 Ricci Curvature

Proposition C.2.1 (Prop 4.66, Page 133, [0]).
1 Pq 1 ;|2
grad}"mc = —ARZ']' — §ARQZ] + VZVJR — 2R Riqu + §|RZC| 9ij
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Proof. Follow the same calculation, use (B.5.1]), we have

0 e 0 L 1o p
o | Ricldi = [ (R S R)dut [ (G IRicl g, — 2R, B, hij)dy
= /M<Rij,—Ahij>dM+/M<Rz’ja—ViVjTTg(h»du
+ /M<Rij,vp Vihjp)dp + /M(Rij,vp Vihip)dp

1 .
+ 5 /M<|RZC|29U, hij)dp

Use integration by parts again, the result follows. O]

C.3 Scalar Curvature

Proposition C.3.1 (Prop 4.66, Page 133, [0]).
1
g'r’ad]-"R = —QARgZ] —+ 2V1V]R — ZRR” + §R29ij (031)
Proof. Follow the same calculation, use (B.6.1]), we have

0 2, 0 1 )
- 2/M<R’ —ATry(h))dp + 2/M<R’ V'V hij)dp

=2 [ (R RUhg)dp+ 5 [ (RIPgi, hig)dy
M 2 /M

then the result follows. ]

C.4 Weyl Curvature

Now, we are ready to derive the gradient for L? norm of Weyl curvature.
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Proposition C.4.1.

4(n — 3) 2(n —3) 2(n —3)
— 2" Y AR, AN 2P SA v v
gradFy p— Ri; + (= 1)(n —2) Rgi; + p— ViV,R
An—4) ) 4 C4l
o Rigjg + ARy ] CEC Q)RRU (C.4.1)

Lo
- QRPqTiqurj + §|W‘ Gij
Proof. From the Riemann curvature decomposition (A.10.3]), we have:

4
gmd/ (W dp = grad/ |Rm|* — ——|Ric|* +
M M n—2

2 2
d
(n—1)(n — z)R K
= —4ARy; + 2ViV,R — ARP Rypjy + ARy, R — 2Ry R

1 4 1
+ §|Rm|29¢j - m( — ARyj — S ARgi; + ViViR

L. 2
- 2quRiqu + §|RZC| gi]’) + (n _ 1)(n — 2) ( — QARQU
1
+2V,V,;R —2RR;; + 5R?gij)
4(n —3) 2(n — 3) 2(n — 3)
— T YAR; ARg;; + gV
m— Rj—l—(n_l)(n_z) Rg;; + —3 ViV;R
dn—4) 4
_xn—Y AR RP — 3
p— RYMRipjq + 4R R (=)= Q)RR”
1
- 2quriRPQTj + §|W|29m
(C.4.2)

O

Proposition C.4.2 (Equation 4.77, Page 135, [6]). In dimension 4, we the gra-

dient of Fw is Bach tensor.

Proof. In dimension 4, we have:

1 2 2
grad / W [2dp = —2AR;; + = ARgi; + =V,V;R + 4R, R — ~RR;;
M 3 X 3 3 (C.4.3)
- 2quriqurj + §‘W|2gij
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Also, in dimension 4, we have the following identity:

. 1
Ripqugq — 1|Rm|2gw = gREZ] + ZRPQVVZ'qu (044)
therefore, for the last two terms, we have:
par _ Ly pq 1 I o 1
Ripgr R;™ — Z|W| 9ij = 2RMWiyiq + gREij + §|E| + ﬂR (C.4.5)

With this result, we have:

1 2 2
grad /M [W[*dn = ~2AR,; + S ARg, + ViV, R+ 4R, B, — SRR,

X 1 ) (C.4.6)
— 2(2RP Wiy + 3B + 51 Elgs + ﬂRQQZ’J’)
In (AIL5), we have:
RFWipjq = R (Riqu - (A® g)iqu)
1 1 1 , 1
= quRiqu — §(RR” — ERZQZ]) — §(|RZC|2QU — 6R2gw)
o1 (C.4.7)
+ (Rip R — 6RRij)
2 J | D
= quRiqu — gRRU -+ ER 9ij — §|RZC| Gij + RipRj
and we conclude that
md/ W |2dp = —4[1AR-- _ L ARg, —tviv,r
I A= TR A T R T g Vi
1 1
+ quWiqu — ‘RZ‘C‘%QU + ERZQU — §RR”} (C4S>
[l

Remark C.4.3. We use a different definition with Equation 4.77 in Page 135 [6]
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by a factor —4. This definition is adopted today.

Proposition C.4.4 (Equation 4.72, Page 134, [6]). In dimension 4, we have the

following identity

1

G REy + 2R Wy, (C.4.9)

s 1
Ripqugq - 1|Rm|29ij =
Proof. This formula is a direct consequence of the following identity
por _ Ly C.4
VVZ'quWj = 1|W| 9ij ( . 10)

then we have

Ripgr RY" = [Winge + (A® 9)ingr)| [WI" + (AD 9)7" |
= Wipgr W + Wipgr (AfgP™ + AP g — A%gP? — AP gT)
+ Wipgr (Al " + AP gl — AfgP — AMg])
+ (AigGpr + AprGig — AirGpg — Apg9ir)(A]g" + AP g — AfgP — AP gT)
= Wipge WP + AWy AM + ATr(A) Ayj + 2| AP g

1 1 1
= Wipge Wi + QVVikﬂEkl + gREij + §|E|2 + ﬂR2

combine with the curvature decomposition, the result follows. O

139



Appendix D

Interpolation Inequality

In this chapter, we will introduce some interpolation inequalities which plays
an important roll in the integral estimate in geometric analysis. In general, these
inequalities say that any order derivative can be controlled by higher order and
lower order derivatives. This is why they are named by ’interpolation’. Most of
results can be found in [25, Chapter 12].

We only consider a closed manifold as our model which allows us to use inte-
gration by parts. But all of these inequalities has the same local form with some
suitable cut-off function. These local estimates can be found in [30, P.332] and

51, P.270].

D.1 Interpolation Inequality

Proposition D.1.1 (Theorem 12.1, Page 291, [25]). Let (M™, g) be a closed n-

dimensional manifold and T is any tensor defined on M. Suppose that % +% =1

r?

where r > 1, then there exists a constant C' = C(n,r), such that:

{/'Vﬂ%dﬁ‘}i = C/V{/WQTI”du};{/|T|qow}é (D.1.1)
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Proof. With integration by parts, we have:

JINTdn = [T, Vi) (ViTh, VL) d
— — [{5 ATV VL)
—2(r—1) / (T, VT, VNG T VT4 dp
< n/ IT|[V2T ||V T2 2dp + 2(r — 1) / ||V ||V T ~2dy

— CO(r,n) / (V2T ||V T[> 2dp

T

Note that ]% + % — =1 — 1, apply Hélder inequality to the right hand side, we

have:

[

1 r—1

/|VT]2rdu§ o(r, n){/|V2T\pdu}p{/]T|qdu}q{/]VT|2Tdu} T

Then the result follows. ]

Proposition D.1.2 (Corollary 12.2, Page 292, [25]). Let (M™,g) be a closed n-
dimensional manifold and T is any tensor defined on M. There exists a constant

C = C(n,p), such that:

{/\VT]deu}p < Cm]\z}x\T]{/|V2T|pdu}p (D.1.2)

Proof. From (D.1.1), let p =r and ¢ = 0. O

Proposition D.1.3. Let (M™,g) be a closed n-dimensional manifold and T is
any tensor defined on M. For any e > 0, there exists a constant C = C(n,e€),

such that:
/lVT|2du < e/]V2T|2d,u+C’/|T|2du (D.1.3)

Proof. From (D.11)), let r = 1 and p = g = 2. After that, apply Young’s inequality
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with e. ]

Proposition D.1.4 (Corollary 12.7, Page 294, [25]). Let (M",g) be a closed n-
dimensional manifold and T is any tensor defined on M. For any ¢ > 0, there

exists a constant C' = C(n,€), such that:
/lV’“T|2du < e/ |vk+1T\2du+c/ T (D.1.4)

Proof. We prove this by induction. The base case is from previous lemma, assume

that this inequality hold for all £ < s — 1, then we have:

[ IV TP = [ 19(9*1T) g
S 6/’verlT’Zdlu_'_C«/’vsflT‘leu

<e [IVTPdp+ e [ 19T Pdp+ C [ VT d
Then the result follows. ]

Proposition D.1.5 (Corollary 12.6, Page 293, [25]). Let (M",g) be a closed n-
dimensional manifold and T is any tensor defined on M. For any k € N, kK > 1,
and 1 < i < k, there exists a constant C' = C(n,k,1) such that we have the

following inequality:
Tap< T

/ VT

Proposition D.1.6. Let (M™,g) be a closed n-dimensional manifold and T is

-2 / IVFT2dp (D.1.5)

any tensor defined on M. For any k € N, k> 1, and 11 + 15+ - - - +1is = 2k, there

exists a constant C' = C(n, k) such that we have the following inequality:

/WilT « V2T s -5 Vie|dp < C | T2 / \VET)2dp (D.1.6)
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Proof. We start with the Holder inequality, since ;—}c + ;—i 4+ ;—Z = 1, we have:

. 2k % . 2k ;72

For each term, we apply previous Proposition (D.L), we have:

/\V“T*V”T*--wvis

3

{fivoor®) " < et { [ 9Pl

i
2

k

therefore,

i is
or | 2k ] o | 2k
i . / VAT

< TN [ 19FTap

[V T V2T w5 VT < { [1viT
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Appendix E

Sobolev Inequality

In this chapter, we will introduce the Sobolev inequality on manifold. In Sec.1,
we will introduce the general Sobolev inequality in R™, in Sec.2, we will move to
manifold, and in this case, we will focus on L? Sobolev inequality, some variants
of Sobolev inequality will also be mentioned. In Sec. 3, we will show that how to

obtain the L* control by iterating the L? Sobolev inequality.

E.1 Sobolev Inequality in Euclidean Space

In this section, we will prove the Sobolev inequality for Euclidean space. All
of the results comes from [19] §5.6, Page.275]

Motivation

In this subsection, we assume that 1 < p < n, and we want to establish the
following inequality

||u||L¢I(]Rn) <C ||Du||LP(R")

for some constants C' > 0, 1 < ¢ < oo and all function v € C§°(R"™).

Since we want the inequality to be scale invariant, the choice of constant ¢
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is not arbitrary. Choose arbitrary function u(x), a positive constant A, if the

inequality above holds for u(x), we consider a new function uy := u(Az), then we

have:
LHS = [Juxllaggny = A7 [[ull ggny (E.1.1)
and
RHS = [ Dual| gy = A% (1Dl o (E12)
Therefore, the scale invariant property comes from the choice of ¢ with ¢ = n"—_’;).

Sobolev Inequality
Now we are ready to state the Sobolev inequality we state before. Historically,

this inequality was first proved by Sobolev [47].

Theorem E.1.1 (Theorem 1, Page. 277, [19]). /Gagliardo-Nirenberg-Sobolev In-
equality] Assume that 1 < p < n, there exists a constant C' depending only on n,p,
such that

< Ol (.13

el 2t ey

for all u € CHR™).

Remark E.1.2. This constant C' does not depend on the size of the compact

support domain.
For an open bounded subset in R", we have the following Sobolev inequality.

Theorem E.1.3 (Theorem 2, Page 279, [19]). Let U be a bounded, open subset of
R", and suppose that OU is C'. Assume that 1 < p <n and u € WY (U). Then

u € LW%(U), with the following estimate:

HUHL%(U) <C ||U||W1,p(U) (E.1.4)

the constant C' depends on n,p and the domain U .
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Remark E.1.4. This is the Sobolev inequality we want to used in manifold. Be-
cause smooth Riemannian manifolds are locally diffeomorphic to an open set in

RK

E.2 Sobolev Inequality on Manifolds

In this section, we introduce the Sobolev constant on Riemannian manifold.

We refer the following results to [35].

Theorem E.2.1 (Lemma 2, [35]). Given a closed Riemannian manifold (M", g).

There exists a constant Cg(M™, g) > 0 such that

1
||U||L%(M) < CS( [l 2y + volZ (M) ||u”L2(M)) (E.2.1)

Remark E.2.2. The volume term in this L? Sobolev inequality will guarantee it

18 scale invariant.

E.3 Multiplicative Sobolev Inequality

In this section, we present a multiplicative Sobolev inequality. This inequality

allows us to convert global bounds to point-wise bound.

Theorem E.3.1 (Theorem 2.2, Page 62, [33]). Let (M™, g) be a close Riemannian

manifold with unit volume. For u € C§(M), 4 < q < 00,0 < m < oo, we have:
lully. < Cs - Clm,n,p) ully, ™ (llull, + 1Vl ) (E:3.1)

Proof. The proof also can be found in several papers. In [30, Theorem 5.6, Page

336], author proves this inequality for surface, in [49, Theorem 19, Page 354],
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author proves this inequality for four dimensional manifold.
We assume that the manifold has unit volume, and we also rescale the function
u such that
Cs(llull, + IVull,) =1 (E.3.2)

for a fixed number p.

14w

Consider the function u for some positive constant w, by the L? Sobolev

inequality, we have:

14w

o] 2, < s (], + [ 7],

< Cs(1+w)(ue - ully + [[u* - Vull,)

(E.3.3)
< Cs(1+w) [[ull, (lull, + 1 Vull, )
= (1 4w) [lu”l,
in which we use Holder inequality and ¢ = p%. Therefore, we have:
1 w
[ull2naee) < (14 w) T [lu]| 55 (E.3.4)
We define j with jq = %, and we have:
1 w
[l g1y < (1 +w)T= [lufl 5 (E.3.5)

Now we try to iterate this inequality by defining a sequence of constants. Let

1
Wy = % and w1 = j(1 4+ w;), we also set C; = (1 + w;) =i and §; = - With

this setting, we have a sequence of inequalities

b (E.3.6)

wiq

Wi+1q9 —

I
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Therefore, we have:

el (H 0) a0 (B3.7)

We observe that 1+ w; = jwy + Yk_, 4%, therefore, we can find a constant C' =

C(m,n,p) such that

1 . .
6]” <l4w, <C7 (E.3.8)
with this estimate, we have:
i i—1 i-1
log [TCH = log(1+w;) < Cj *klog(j) < C (E.3.9)
k=0 im0 1+ wi k=0

where we use the fact the 7 > 1. We also have:

H op = hm 3" N im0 o1 (E.3.10)

k—oo” 14 wy k—00 (g + jiil

Then we finish the proof. O
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